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ABSTRACT

Variational'methégs using the‘leavt action pfin—
c1ple are used to set up cquatlono for the v1bratlon of

systems.,U51ng varlatlonal methods, flnlte elements of

’structures can be formulated on the space tlpe domain, to

allow calculation of transient vibratory response to ini-
tial condlt;ons and forclng functions. This work attempts
to systematlze ‘such formulatlons, discuss limitations in,

P

the methods, and cod%are the accuracy of the two simplest

methbdglto conventional finite difference techniques.

Examples. are given for single degree'of freedom sys%ems,

the streteched string, Simpiy supported beam, and pléte., .

'

Ho method éﬁperior to the Newmark [Bmethod‘has béen deve -

-
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CHAPTER I

1.1 Introiuction.

In the dyncmic analysis of continuous systems, ana- .
lytic¢ solutions for motion, or cther dependent variables,
are possible fo¥ only certain simplified boundary condi-
tions.\Ehuilibria of quantities associated with a diffe-
rential element of the domain of the system lead to forms
of differéntial equatlons : ordinary differéntial} partial

differential, integro-differential, and of various orders.

_Tor real problems with domeins of complex properties end

boundary conditions, the engineer may resort to numerical.

@

solution, obtaining satisfactory information about the

‘particular system concerned.

The finite elément method aescretizes a continuous

'

gsystem 1nto smaller wits of the domaln. Prcpertles of

these unlts ( elements ) may be descrlbed by)dlfferentaal

uequaﬁ;ons but their 1nteractlon wzth.respect to the de-

‘pendent variables of these dlfferentlal eoustlons is .ob-

talned by ;1n1te sum:at;on over g1l the elenments. Solutlon

fdi'these dependent varldbles is obtglned by the solution’

of the resultant Systems of algebralc or ordinery diffe-

- "0
_—

-

The usefuilness of ;1n1te elements deflned or the space

time domeln for dynamlcs problems hds beecn 1nves$1 cted An |

\‘thls btudj. Systemaﬁzc ways to set up clemenﬁ mé%rlces using

%, % . " + e,
' v ‘. . t ¥ F - CE- -
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amilton's princinlc hive been found, cnd & computer proz

oo

grar te automéve construction of un clement matrik froo

first pranciples hes beern written.. liethods applicebie to

.

transient structural vibratione including damping have - -
’ \ hd . . s
been investigated. Stubility and accuracy comparisons with

g
finé%b diiferencec methods have been carried out. ILimita -

Y

tions in space tine clement technigues have been found,

& A - .

and several methods affecting the technigues have been used |

* y

to achiev é%tiﬁum quality. Quality is a result of accuracy, .

stability, and necessury computer storage.
- Applicatiopns to motion «of- sinple degree of freedom

d strings, beans, ana;pléteé have been .

systems, stretcel

carried out. enents ‘can be creatveéd 6n the space and time

domains sirmultanecusly or on the time. domain alone for dny
. J < . AN 's

cstructural model. The former generalized space time element

P

has not been found adgventageous for structural dynamics.
. . N l - .

4 ¢
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1.2  Litercture survey. .

+

The form of t{he fundamencil &if Llunulul equsyion of

Cr

ctructural vidbrution is shured vil ch thoze of, elertroncone-

. tic waves, acouvtiCQ' ajui :urfucemanes, ILCR circuits,

d
o ' \ PR PR B : : :
ané many. othexr llnear premle.s «E,*J . Direect integration
. s s
!

in .£ime of the equation

-

. . . 6. - ' -
[M] x+ [c]_'§: v -[1] % = £(t). L (1.1)

It ~

has commonly been dOne bv finite ddifference aprro:iimations

-

+*

. [ﬁ] whlch “esult 1h recurs1on formulae.

e

)
Ih 1969 the e\ten51on of flnlte eleuent into the

-

tinme dxmen51on WG sug ested bv 21eﬂk1ew1cz anda - rekh [ ]
and Rehs Daen.[4] 1n a paper, ekemollfylng aspects of the ge—

neral method of finite elemenos [5}. Oden showed *be p05°1-

- Al e’

blllty of solutlon 1nva recuwsmon scheme form, ahd its rre-
S £erab111ty to slmultaneOus solutlon at 2 vaﬁleuy of tir

becones cu;ckly obV1ous. he matrlk ctorage becones restr1c~

‘ﬂ» ted to one*la"er d; eler epts in time per ulre step. Zizuli-

taneouSly, ?ricq [6} and Argyris andé Sbharpf {7] brougsht

. . out papems detéilinw in viriuslly identiczl fesiicn appli-

?'catlons or 11n1»e»e3e 5. des cretdzation, pheno;ena using

i b B : o
~ IHamiltbﬁ’_.'__s.' pjrincipl'e . as' *a_  suitable variatione l state~
,——" " ment Of properties over. an ‘element. The tech-. o

. ! . . M . .\ .

. , Q'. . M N ¢ . o ., o ) .
P Lumbers 4n ucuurc bracleus desigcnate reicrences at the .end
DY ¢ 3 A the the51s. LR : . S e :

by

\0d

e
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ni~ue 'is ~ceu feor ony ouasc and ctiffness mutric p;ir, be-
ccuce of the nessitili¥y of decoupling [ ] cguaticns into

single de~ree oi freedon gyﬁte"° Lo wnlch analysis can be
x . :
roedil;r derived,

loulonfhnnro"lmatwcnﬁ based cn a variational brinciple

k
werae 11r:t used by Pian and Cltrien [ ] wvith Hamilton's prin-
ciple of lecust action in an extended fora allowins veriution
cf the Aisnlacenent field at the eitrenitics of the time in-

¥, .
terve 1. Pricewise centinous approXimetion of the displace- . .

ment field in the tine domﬁintand substiﬁution:iqto Hanil-
tons leusst actioﬁ functional vere carried out by fried {é]
develobin: shace time finite eleuents; Gerédin [50] con~
tructed a c¢cocnsistent inteygraticn owerator sinilariy, but in
the extended form of Pian & Obrien [9]. in intesration one-
rotor is defined ;s a transformaticn on the acceleraticn,
VQlO%itf, and diéblace:ents vectors at tine tn’ and passivly
rlier tines, o the acceleration, velccitv' and GlS tlace—
ment vectors at time.t, EV@ Acceleratlon and veloc1tv
‘may oﬂly be implicit ior somq”operators. Geradins technicue
was alloved to circunvent the skctéhily expiéined boundary

conditicn preblen in the methods of Fried, and of Arcyvris &

Scharr?, Gerudain rencrtved the first accuracy and svatility
an.lcis ol the space-tinme tu~hnigue ané °reatef an e%solute
N .

stcbilivy coneme Zeor Lic. vechnigue .’anOluLG snablllt" e2ns

2 scluticn, in our cuse disvlacencnt, will ncs diverge for
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\

.

4 broad review of noct convéntionaffzntegration orzri.=~
tors for tansiont structural response ic the.cl:ssifinsction
study of Geradin [}2], t7hich coﬁciéély pives v- rious techni-
gues and inciudes : | a

weduction of the cquasioans ol notion to a systen of

2i¢ first order equctiong, und their colution.

0]

iultistep wethods swveciulisecd to second oxden equcﬁion
- nany ‘nown techniques. ‘ : '

The variational aﬁpréach.

Stabilitieé and accuracies of those ?echniques.

Tho time intezravion techniques for eguation (1.1) of

the finite difference method scem to £&11 inbo two classes

. . x
[1], Finite differcnce approxiuations give the velocity and

accelerztions at the varicus time steps for substitution in-

v .
o

o' the zoverning differenticl cquetion (1.1). For exzmple at

ct

7]

te

=Y
o/

v, = (Kpq - X q) /248 . : (1.2a)

a_ = (x

N 2 : \ .

s

"lead to the well known central difference oporator

. s

2

vooooc |7 f e

. C 54
v =~ 4 —— Il - E)Jx +{ — -— ) %
o A 2as] | \es” n 2°At 52/ o=
~ b - ‘ ! . (‘};5)

s
3

unon substitutiosi, vhich lacks absolute spability.

In the absence of danping, C,, Hhe class of tee
: 2o ’ pInEe, . e
i 3 .
1 .-

inveolving the zroduct M T' X at the new Hiue step x T, , as



~

6

classificd us i-plicis. IZlc explicit clsss is exemplifie: by’
r lescc ~utriil storee srace 1L the nusso matr;x is dicgonal,
cnad o £fo» Jictecr run on she computer. lrieg [1] exe:'nlifics
bosh £t .35 <nd s.oous the i. possibility of finding en absclu-
tel s statle o ster explicit 6per:tor. '"he implicit opera-
tors, houvever, can huve Uhis absolute stability. Hiymark [9]
developed .n implicit method, now called the "liewmark B8 me-
thod" in which stability is controlled by & parameter . It
reduces to zqn. (1.») uvhen g=0. A recent analysis of exis-
ting technigues is that of Bathe & Vilson [8] which shows the
.
superiority of the Newmark B method to other common techni-
ques. This conclucion is echoed by Geradin in his classifi-
cation study [12], and by Nickell [M] in his survey, which
sives a good introduction to the definitions.involved. De-
tails of liewnark's method, uwith cttention to zlternate deri~-
vetion, interpretation, and starting proccdure are given by
Chan, Cox, and Benfield [.é], and the Newmark nmethod is en-
ployed in the NASTRAN package l}&}, with g = 1/3 fér stabi-
1ity in nonlinecr problems. . ) o
Different tyres of spproxination replacing the first
.and seccond cderivatives have been prososed, resulting in dif-
ferirg detrees of accuragy [1{]. A stability proof of a four

éféei;t sarlwards difference technique is iven by Jobnson [}5]

.

Al -

uwsin, roc’ locus analysis, and u«hsBlute stubility can result.
Leecn et al [ﬂﬂ did a similar work to that of Krieg [ﬂ] on
the esp’icit onveratcrs, and rcached the sgme conclusion j :

‘uprer bounds ou time ctep size were unavoidabvle. Zquivalence

-~

]



o1 the matrix equetions to decoublecd prodblers 8] with dia-

sonalized matrices lends explanztion to the result that tiie

step size ve .70 hie shortest ei .enpe i d [}6 « Thic caui-
valence leaus Bathe O Y/ilson to cenclude [3] that the rost
critical ractor cifeecting choice of tie step size for a
ctable inrlicit method lLe irecuency content in the forc cing
function. llodes a%ove thé masiiszum freguency will not res-
rond in any event, and tiume ctep zize choice can vnluce thea
in the region attenucted by the implicit method [}1] The
effect of attenuation is, in fact, beneficial for it removes
the” "noise” of the hizier nodes' responses, and c¢-.n stebilize
nonlipear vibration studies [14]. High Ifrequency respcnee is
'imPOrtant for many wave propugation proalems, however, espe-
cially .where discontinuities in velocity or acceleracion per—-_
sist. Tihe steps cin become go small that the c‘f=m:“'1 dirfe-
rence metiiod with a lunped mass natrix hecomes attractivg-[VJ.
In the stebility study of Nickell [1'7] the "Gurtin i‘e-
thod" is det¥eloped, using a Lapiace transforn, a modification

.

is developed to stzbilize it, dnd “nother to reuaove the arvi-

izl danping of the Lechniques, if deerrbd In gene“dl“E - .

M
e
0
,.:

IS

' ’J
}
:J

tificial damping und period diletion 2re induced by all in-
. +icitv eapprouimation techni.ues ; these cre minimized in vhe
"Gurtin iethod" ond the result is slightly superior to the

!

ue:marh gethod, g= 1/4.



Yol

éx*e’=103° of stctiliv; ctudics to the nornlincer
transienﬁ response problen have been cerried out by Mu et w1l
[}8], by Belytcchlio & Schoeberle [}9], and a variety of vorks
‘by Ar;yris et al [?d]. nelytschﬁo cchieved an uncondit}onally
stable uvlporathm for the Newmarl: (mothod, dependent on the

boundedness of the internal enerpy of deformution, znd thHe

Ilinetic ener,y. .

Torced response calculations for rnodally deconposed syc-

5

tems were the forerunners of the modern direct integration

%

operators. The emphasis v 28, purely on tle lowest modes of the

svsten ETQ. The integrution operators have a cutofif in res-
ponse above & certoin frequency ; for a stable method the res-

ponse does not become influenced by modes cbove, this {reguengy;

hence the feed for the stability studies finding the cutoff
rzte and frecuencies.

Matrix storaze,space and speed of the slgorithm are the

other influence uponwéhoice of. a method. The Newmark operetor

is [35] in the zvbsence of & forcing function
3 Cat n [ _ é '
o 3 + B ALK X4 = |21 < (1-28) 57K | x

N c At : 2 ; ‘ i .
m&t Klx, 4, (1.4)

"
-l -

It can be ceexn that in the absence of danmping the cofactors
i1 gnd %,_4 8re identical ; this reens thet for undanped
problems the ilevnzarl: 6 nc“hod reguires less storage {(and time)

than any other lDLllClu scheme. ‘ ™



~

"\
e s 0
Flnlte eleuent upproxination as given “' Friea [f]

~

used p051u10n and velocity as noual degrees of Ire dom, LT
5yris & Scharpf [7j considering these a neccséit;. ‘“he method
allowed insertvion of the usual mass and stiffnecs mapricss
created by standard finite element procedures. Cden [4] and

later Ricardo [?1] in a paper detuilihg in al condition and
X

force application, and Kaczliousl:i [éé] successfully enployed
a "linear time element" using only nodal displacement as a

degree .of freedom. The size of the matrices necessitated by

Fried® technigue and artificidl damping have lead to an early

dismissal of its‘usefullness [;j;gé] but the linear time ele-

uent need use mo more storage than the explifit finite differen-

;.i

ce, technlcues with a consistent mass matrizz.In this theéis'worg

novever, it was found that what ic achieved 1is rerely a spe-

al casevof the Newmark.g method. ~pplicaticen of the,methgé
T spccé—tiﬁe:elementé to heat conduction hes been mentionqé;
by Fried [?] nd carried out by Ebhler & Pﬁttr [?s] who also

examlre the use of tlne donain elements of three and four no-

ol

‘1

‘\}\

des. ippllC&thﬂ o£'°pﬂce tine elements to nonlineaxr vitration

bave been currlea out by Jrgyris & Chan [?5], and 1n ot“er

-

WO““ by the Argyris group [20,2?].

The boundzary conditiqns [’ ﬁé] of Haxllton functional

l’;

lipited the scope of the pres sent work. A nunber of modifici—
tions to Fried’s 'and Geradin's techniques have been developed

- i “ - -
ana onti: zed for aﬁcuracy. More elaborate modifications

N

could c*:xz'o'z from tnls WOISle <o ' , .

. . . .
4 . Y * . - "
* - N .
P * .,
N . B . “ - . A
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i ~__/i:> CILLTTER II

THECRLRICAI. BACKGRCUID
e

N

\
2.1 an clement and its intervolation function.

We consider, in finite element methods for structurszl
analysis, 2 displdcement field we shall call u. We mey also

vish {0 consider spatial derivatives of this displacenent,

- /\

Theyr are organized in a vector {u} ..

fub = Ju{ o (2.1)

‘Je shall let the prime (') dendte a spatial derivative, and
gn@ a dot (* = %€ ) denote a tine derivati§e.

Over a finite"elemegt“we normally modelythé displace-
ment with a poliﬁomialk; for example in one dimensiog :

T

2

u = O‘.,.' + a‘.-):t 4 15:{ ‘ .o.oo‘ . ' 4 (202>f
or . %;q | '
S DRSO (2.3)
P ~ s 0o ‘ 2 o ]

FY

R
M

>
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or .
u = {IHa} . (2.4)
where P is the veétor {‘1 x xE ...}
a is the vector {a’l Qo a3 ...}T or

|
" coefficient vector.

Tor the mentioned spatial derivotives, then :

u' = Pl'a . - . (2.5)'
un‘ = P"a
_etc. h

In generai for the displacement vector u = {u,u’,u"...} T

{u} = [c] . ' (2.6)

Yhere /[C] =[P A : (2.7
. D
“ Pn

L |
If we insert the coordinates of an elemeni's corner
des in the C meitrix, we get the displzcement at that

Rode ; we 'shall -¢all it &; wvhere i specifies the node's

_ nukber.

{ai} - {u"f(::i‘)-}i S - "(2.83



12 .

L3

c CHIEE | (2.9)

-

{os)

The vector of all nodal displacements for an element

is culled {5}
e

64

boeod -l
o

wvhere : ¢ (Xq)-
[A] = | C (}:2)' ' 3 : (2,11)
C_(x3) '

!

-

The rurber of polynoumial terms in {P} and, therefore
the nunmber in{&}, and the number of terms in{G}e (degrees
of freedom) are chosen to make A] a sguare ronsingular ma-

trix. Therefore :

{a} = _A““'*{6}e ' . - ¢ (2.12)
NI 11 A
}" —n-{‘d}e S (2.14)

e

is the “shape function" matrix ; each term in N is a polyno-
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-

Eial. It should be noted that :

’

u = PA-1’5e z : : (2.165)

u' = pra”’ §, , S (2.16b)
indicating the relationship between the rows of N . If the

time dimension were included in the original polynomial (2.2),

it would be found that -
‘4 = PATVE - ~(2.178)
U = pa 1S : (2.17b)

in which c¢ase nodes of the element would be found at diffe- i
rent points in sPace~tiﬁe, all the nodes not in one single
flat plane in the space-time domain;'otherwise the A ma-
trix would be singulér. Thus, we have a finite element of
space;time. It will be found that the best proceduré for
éalcuiating structural motion, as for anyﬂcausﬁal syétem
evolving in time, is ta use elements of constant shape -
in the spetial domaip, and defined by flat hyperplanes per-~
pendiculer to'the bime axis. 4 recursion forn of solution

2

for the state in time results.



A £
2 » -
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2.2 The voriational vrircirle, for vitrations.

> . Y
.

~

Eamilton's Principle ctates :
. t, ‘ . -
8L = {[' (P -V)at = O . (2.18)"
. t . - Coe
- 1 , .

&

For a more detailed exposition sce Lanczoes [Zé], or Cou-
. rant [29]. ) - i, . .
Direct insertion of mass_and stiffness matrices in '
the kinetic ond potenticl energy terms of the variatidﬁal
ftatement were used by Fried [6]3 Argyris & Scharpf [7]
Zienkiewicz [‘] _Gerzdin [}ﬂ] and Oden [9@] and ?or the.
linecr time element by Ricardo [é{]. e atuempt to provide
&n automated‘%échnique for fhe‘procedure.
wo approaches-exist ; one substltu es d128001y into
Hamii;ons functional (2.18) as above.; the other éqgﬁiders
the eguilibrium of net forces acting on an element and as-
_sumes minimum action, in the manner o;‘Kaczkowski{?é] or
Oden's ezanmple [4]

In the first case :

to, L |
5 n .
L - i‘-J (of [uJa-u" [xJudas = o S @A9)
2Jt : - h
1 ,
" shere ! - ) |
u = I bg ’ (E.EC}&)
6 = s ' T (2+20D)

e

iy



and .
M

= .

=

mase netrix

Stiffness matrix

+

N

“of {u

7
r

1.

¢/

2

' collected.velocity ‘terms of {u}; or derived via

' [N] L

collect?ﬂ position terms

- A matrix multiplication producing the integfand is

- A%’ thls po;nt 1t ‘hes become obV1ous that the shape

a}

~K
0

0
M.

Y

Y

a7

4

‘(2;21)‘

(2.22)

——

_ functlon matrix [N] 1nclndes terms for tlme dependent dls-

'?h placement. To allow the above expre351ons; the time dependent

. pert of a term ﬁi

part, if K and M are. for descretized structures.

Q

-1d

~

2 (%)

(]

‘I’(sta'-.,- )

-

. must have been separable from the spatial

(2.23)
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/

‘e can elpress L P
1 ]
u 1 -
N I 3 u (2.24)
a i
Dt

co we definc
%

. ,
“1 . ' -

{3} | | o (2.25)
2 R S
3t /o
. ;o
* , <
le see {a}is an operator matrix. : ' .
su = aud, = B, : “ (2.26)
& A ) '
so o ' ' -
B = ON . : L (2.27)

-

end in gzeneral, B converts nodal diééiaceménts‘{ﬁ}é into
internal movements, or "strains". Zquilibrium within the
element is calculated with res?ect fo these "strains;. ’
Behaviouxr of the entire struc;ure is represenfed Qith the

alzebraic equations éreated upon finite summqtion’over ali
the .nodes. This'implieé that u apékﬁ are strains in the
space time domain. This further‘implies that ;E: is an

"elasticify" matrix by analopgy with conventional finite

element technique. The integrand of (2.418) becoines :
m . . . 2 . . ':‘ > " ' .“' s
63tz ws, - o o (2.28) -



* ﬂ?
Upén taking viriational derivatives, we get ‘
Gmu ) -
- m ‘ .
f ( B = B ) dt Se = 0 (2.29)
t

1

Cince we are dealing with general stiffness snd mass na-
trices, the’terms'{éi} nay include spatial derivatives,
wiﬁh the result that we may rcpresent the stretched strins,
beam,_plate, or any %tructurc.

The sgcond apprqach is that of the general spuce- ,i

. : o

time finite element, which does not ﬁge any pfeagtermined
masstér stiffness matri:. The ecuilibria over an clement,
which’in’general vas used in deriving the partiel diffe-
renticl egquation desefibing its vibration (for examﬁle ,
‘platé vibrations), are orjanized and put into a matriz for-
- nmation, this tinze including mass acceleration reaction
terms,-lﬁteératiOn bi parts with respect to time, and ta-
king’variaticnal_derivations leég us to a repeat cf the:

‘least action. principle. Agein

’

: u ;[N]G’e . S fz.w)'

nd 1n the ﬂeneral case the polynom1a1 .terms 1n{:*]bcan
have tlme, T, and the spatlal dlhenszonp, X, Fr e mixed.
Strains ih the «pace time domaln (d&sglaéementu in a aif-

_ ;erentlal element whlch 1ead to forces) .are defined by

»
«
N
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(a.ﬁOa)

€ = B 6 . ’ . (2-50b)

Conceptually, strains are related to "forces" eccting

on the element (stresses) :
¢= Ee = EB§, o (2.31)

Stresses now include inertial reaction to motion ; this ex-
plains”presence of the mass' or deﬁéity term in‘tﬁe matrix
[E]. The uaklng of the partlal 1ntevrot10n with resrect to
time [2%], Fxﬂ can be implied® by assoclatwna the mass or
density term with % and setting ap the sign propeply. e |

fineally end up with

t2 . T ) ’ R . I . \ . ‘. "
8 v e at av s O S (2.32)
t v : - :
v belng -the volume in space of the element.
‘The two approache° ere equlvalent, *he firsy belvg a
special case of the second ; when terms in H are’ separuble
into tlme and space co£QCuors, the volume 1ntegral is taken

flrst,-and rows and columns are properly arranged, tbe ngss

. ‘ \ Lt ) 2 - o
© The by-product {26, 1 O} inlMa su lt . . is the source ‘of pre-~

. ) . . 1 N 1 1 " ot - N : :
sent limitztions with this work.



and stiflness nmetrices, [H] ond [K], come out und we have

the specielized first cuse. "
- 3-
U2T
The motrix B~ Bdt 0of the first caze haz the
. tq
structure

S u (2.33)

»

1

when the nodes for the degrees of freedon are orgénized

e

5, =5 " o (2.34)
b - : Lo ' .

Given the specified layering of elements with res-—
vect to the time axis, upon sssembly we get a matrix of the

form : Ce o . .

4 t

-

- T8 T 0
- .K i ) 8 \ ' . .
1+2 ﬁé . §~ g t2 . (2.35) .
‘ T4 0 Rasa 227 (Ps T
‘—'Q.: -0 n . = 5 > 1
. 0 T, e Oy

0
o

-

.- . -
oo . ‘ . - L 4

.

’

* Yhich. leads to the following recursion scheje :.

.+ starging :- 6, = "T,;;f r{q .54‘,"

R R IE T LI I N TP SO -
C. s, eral,, . . "a - v, -
sﬁnlv : )8”‘ )1‘}?2 .\f‘qu-_a. i1 T 75

T " - [
3. - ,
3 N -7

e = PRI
el *
P - te - n
v e o n - .
L M s g -
- Lo ~ .
- N B
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When velocities were incorporated as nodal degrees
of freedom by I'ried [6] and other subsequent workers, it

was as follows :

5,

) ‘ 5 Lo . e
Terns in [N(ti] come Irom Hermite inteérpolation.

u = e |6, (2.38)
8¢
where 501 is displscement and spatial derivative
O, is asat (8,)
e - [f¢e)) 6e£ o _ - (2.40)

Yhen put in metrix formation Hamilton's functional

looks as follows :

it HE <>



2.3 Develovment of snace time finite element patrices.

Rearrangement of rows and columns is normally needed

for a recursion scheme ; .

|

e 3T

/A:5e Be} are reorgan%zed to g?ve i6t=1 St-4 5t=2 65=2} .

For further develOpment we shall consider M and F]to
represent a po;nt mass on a spring (51ngle degree of free-
.dom system) ;'the results can be generallzed [8] to allow
these to be matrices. '

"Foilowing‘Gerhdén I}O], we can create the matrix de-

fined by“exbreésion (2.41), partitionable as

1 : 51
5 0 I 5, v
[ X N J ‘. o> ® 0 .E > a e e & 0w 8 .8‘ » ,
- - ’ 2
L R AW
: 82

. —t

,With 55’ Sqi as an 1n1tlal condltlon, there is suffi-

cxent 1nformatlon to predlct

V4

5

21

T

(2.42)

2.'};"_ ‘"Ta Kq Oq L (2in3a) o
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Gerudin uses equation (2 45b) as his operator. Be-
cause of the y@metﬂy of tlre (2.453d) can also be used.
‘Dechnique (2.+3a) has numerlcally induced negative darping,
while (2.43b) has positive damping. Geradin proceeds with

2 stability analysis in the following manner :
A pe;gurbation Y would oscillate :

Y- qei®® L  (2.usa)
Tor th§ nunierical technigue .-

Y - aeicP('n-A;") , a - 4,2, 3, . (2.44b)
where 'A+t is tine stqg/gize»; n is nunber of steps. ‘

Y= aA" S - R (2.45_?'
where | A= eiqb[gt oo o (,2.4'6)“

Substituting into (2.43b)

a 2™ = St map® - (2.47)
yielding" . o ) L N
. .-J] , ' T . . “ . . -
Al = K5 T, | } _‘ (2.48)
. or K3 T, +7\1 R S (249)

Solvihg for tbe’ﬂarnltude of elqwﬁt tells us 1f *be

“oseillation ¢iverzes or is stable '; hence we solve the
f./: ' X . ® '
f.
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’” ~ 4

eigzenvalue problem

N
Q
N

-1 ; . ‘ " -
det ( 1\2 T, + AI) =0 < (2.

. . >

for the magritude of A.

»

Geradin did not consider (43%a). The solution can be

set up as :
Ky 8, + 1, 6§, = o . (2.51)
T, 6, + X, 52 = o’ : (12.52)0
Ve can take awlineay combinationr of the two

(BK,] .'*" (1"'3) K2/>/+ (BTZ + (1 ﬁ) K )62 = 0
o ’ (2.53)

where [ is an arbitrary weight. Then, instead of equation

(2.5Q) we get :

det { (BT + (=B, )™V (PRI, ) + AI{ =0  (2.54)
When [}- 1/2 . w1th1n the range of stablllty, no, 1ndu—

’ ced damvlng 1s present, and the accuracy is ezcellent, as is

’, seen upon solvzng thls equatlon for a range. of v°1ue= Zkt

s



o4

To develop & "linear time elenent" with only displa-
cenent "u" at the nodes, we shall normualizec the element on

>

the intervral (<1 to *ﬁ). Then we set
e (-t ety ) 2006 -t ) L (2.55)

whare t1 and t2 arc tre time extremities on the time inter-

val.,

2a = t, - b, (2.568)
. At = 2a (2.56b)
=1 =€ <41 (2.57)
Consequently
4 1 4 _ :
_— = — .(2.58)
at a df ‘
fat = o fa¢ - | , (2.59)
This leuds us to the interpelation ‘ . 3 L
.*‘_5‘""
)

£

/

»

;
/

/

o= [( 1-£) (1€ )]’ L 1 - (2.60)
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Cubstitutaon into Hamilton's functional (2.41) leads to

4

+1 "
(=€) (€] [-x ol (=€) (1+&) 5.
L 1 1 g (a ¢&)
- b — o I - + — o)
a a a a 2
-1
[ ok i © Ka N ]
— e —— — o —
3 2a 3 2a
= i (2.61)
Ka s 2Ka I
A — — - —
| 3, .~2a 5 2a |
F T2
_ (2.62) .
LTﬂ K2

The recursion cschemes resulting from assembly are sub-

”

ject to the problems documented in the text by Fox & Mayers

[51]. | - - / %

In the case of no demping, we¢ see that

. = ' (2.63)
$0° our recursion scheme.is v " ,
6s = C-T3 K50 854 = 64z (2.6%)
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Tne 1..troduction of viscous damping brings the atten-
dont pronrlem of juctification of its use in the variztional
princiwle. Therc is no generul theoretical model for struc-
tural deauiing 3 in general engineers try to .approximate it
with o viscceus dompini yielding equivalent eneryy discsipa-
tion. : -

Simple consideration shows the damping force to bte

E

-C 1 ’ (2.65)

s
-

In the differéntial equation desc¢ribing & vibratory

-

systen

i + ¢4 + Ku = F (2.66)

.

irnoring the force, for the integroénd of Hamilton's func-

tioral we ge%b

Mma 506 + ¢ca Su + Ku Su . (2.67)

~

viaich is often given in the foru

S(a2etna-uTca-12u Ku) - (2.68)

=3

uith no duraivutive tzken with respect to G- 0 in the term

N e

=
Q
oo
L

-
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)
. r~
This nondiffercntction of Cf is noted by Trie.l [6], cnd
taxen up in @ paper by Levincen [5%].
Production of the terms (2.67) and (2.63) will cone

from dcfining the "elacticity" matrix as
E = . ' (2.62)

at this point the cign of E does not really matter.

Hence, nonsymmetric finite element mctrices result.

Iin general, X T X 4is a symmetric matrix. Ve.get
~~ . -

BT EB and if E is non-symmetric, we lack the symmetric
result.

i
For the linear time element, taking the integrels,

we get :
) \\ ) -
2Ka c M Ka C M
 —— = = — — +'; 4 —
3 2 2a 3 2a
: L g .7 (2.70)
' Ka C M 2Ka C. i
| —— e —— —_— ¢ - - —
32 2 2a. 3 2 2a

The similar approaches for the time elemeént modelling po-
51t10n end Veloc1t;es at the nodes are Gocumented by Frlcd

ATgyris & Schazpf, ZlenkleWLOa, Cden, and -Geradin. They have

; ‘tuzlﬂ ‘ ) : . ' .
6 = {u L | . (2.71)
.
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Upor. thc cise of the uppropraate Herritian interpoletion

[ BN

unctione in prorerly orgcnized exprescion (Z2.41), the fi-

~

nite elerens natris:, rodified by Geredins inclusion of the

boundary terwc

is

(2

22—
A)-ZO

' 58 ap
G20

420

L

aek- _‘C"_ ) 75:7 tkhdé M)(za LS )(4‘29 LK '—“tM)

v

t,
® o t (2.72)

1
t/<-~c-3-;¢m) (32, ot'Kk+25C -1 M)(——‘f-atK«J—c £ m) (ke “c- )

Atc./c:"vlﬂ(lmo K~ """t"'/ )él ZflC-l‘fC IOM) C‘f-" Agk‘L +;—:§M>

K-5C+ &, 77) (FootkfaC M) (ZLotk+4C -£,0) (Bathriic + 2L m)

. —

(2.73)



Z e DLveavolii.e 0f © dampan” natrix.

At this point we shall digress to develop a danmping
netrax thet will allow study of the space time finite ele-
nent techniques. Given the mass and stiffness matricer, we

can develop the modal metrix Q . For cny eipenvalue
det (E VK- AI) = O ﬁ o (2.78)

there will be an ussociated eigenfunction ( displzcement

vector ) satisfying the above equafion. The full set of

véctors, properly normulized, gives the square matrix ™ Q ..
Then the nodal matrix can be used to découple the

equations ¢,

.- < ' N .
Q"M Q = M a diagonal matrix . - (2.758)
"QT K Q =,,ﬁ& a diagonal matrix . (2.75b)

- .
L

'If the damping matrix were proportional to either K or W

cewn o (2.60).
or . C = K - . . T " .(2‘76b)
v QT\C Q = ‘%i which- is 4 &iagonal matrix, (2‘77)' -

+



- N | ' 50

r’\"q - V -
T L3 r"'1 . . -

9
"
Vs
Ke)

L3

since,for a single‘dcgree of freedom system
c = 2 &Jxkm ’ (2.79)

£ = damping rate
9 .

P

%, 'can be constructed from. ﬁ&‘ and K +to give the

¥ - ‘ »

desired degree of damping in zny modc. Then C. can be

developed in full form with equation (2.78).

- .

)
i -
- - .

- -~



2.5 . Stabilities and accurccies.

We shuall now do a stebility analysis of the lineer

time element tedhniqué. For the recursion formula
5. = P(H,K,A) 854 - 6;.5 (2.80)

we have obtained :

s

‘T/KAt M\ 72KAt  2M\T
6. '= -— / E— ! — - — .
v [\ 6 +Afr> ( 3 At )]81”" %12

(2.35)’

AS noted in the first chapter, equlvalence of tne problem
to the modaly decomposed problem allous study of Stublllty
» and accuracy to the technique with a 31n51e degree of free-
dom syster. Proceedlng as in equation (?.46) and substitu-
tfﬁé in.equatiﬁh (2.81) we get '

-

S

14

FAS 1 . - (2.822)

Eence

N . _’ -“’. v‘ F . . . ‘ c ’ 5 ) - v
SR (PSRRI Ju S e . (2.82b)
: C 2" .. o PR e

_“-



fnclysis of (2.3Gb) yields

1 for -2 < F < +2

S i,\[:{ . (2.83)
>

-

1 for TP < =2

This cof}esponds to At being roughly 1/2 of* the period

of the system, above w@ich the solution divergev..Sincc

‘the analysis is for any mode, At " must be less than half

the‘shortest natural period for the system. 3 |
The technique implied by equation (2.44a) can further

be used to find the periodicit& resulting from the‘numeri-

cal technigue. From the theory of conplex varisbles, where

A= eifl;&t | ) - (2.46)
‘lRwe Al = JcospAt] ' (2.88a)
[ImX| = |sin @.Aé[ : (2.840)
Co ‘ \ ) a
1 #f?\ -




i
(2}

-

-

This techrique is Jjust as true for zny order of'modcl, ac
in expression {(2.5C). Periodicity ‘errors of the various

~ methods will be investigated in the next chapter. ‘

cy -

2.6 Analogy with finite difference methods.

The central differcnce technique (1.3) is an obvious

alternative to (2.81), and in the absence of damping is

A\
;

,’8—

R o
™ Y -

i
The two differ in accuracy propertiés ( pe&iodicity error )
but &re of exact amplitude (A= 1 ) within their respective
ranges 6: stability,.bbtﬁ‘héving thmax near 1/2 of the
natural perlod of the system. Obviously (2.86) is superlor
when M. 1s dlabonal because of the resultlng matrlx sizes.
The followxng, hovever, we note :
wamark‘ [3 method 1 4), in the absence of damplng and

forcing function, can be written :

P
-

(5epAt?K) 8, =2 (1= AvP(1/2-fOR) 65 - (4BAEE) Bs

‘ ée..éf)a>f .



"ration in the interval =

34

The linear timne element methoed, equation (2.831), can be put

in the form

\

~(M + /6 A2 K) 5, . 2 (M - At® (1/3) K) 5.,
- - (I-l + 1/6 A_t2 K) 8 5 (2.87b) -

and the central difference technique, equation (1.3), is :

(m) 5y = 2 (u- A2 (1/2) k) 554 - M) 65

(2.87¢)

The last two are mefély speciél\gfi§§/ﬁf/;;:~first (B =1/6
and O respectively ) and <he work was covered, implici@lj,bV.
eighteen years égo.'The minimun periodicity/ error posgible.
seems with a hybrid betweenﬂ(2.87b) and t2.'7Q} ; this is
simply L3= 1/12. o ‘ 7 - .

" Chan et.al. [1%] note that‘thé:signif cance of [can
be shown by its correspondence to the varia -Qgiin'accele;
ration during the‘time interval : . !

b= 1/4 corrbéponds to ‘a constant acceleration during

thedtime ;ﬁterval eqdal toﬁthe mcaA'of thé‘initiél and final
accclerations - r

0= 1/5" corresnqnds to a linear veriation of accele-

-



( 2M

: "Gurtlr me hod" [1%] in its stabilized forn

B= © will be similar to the central difference
method, -

At this point it is informative to record the Houbolt
method, as studied by Johnson [ﬁ5} |

/

. M . - .
i K) 6;= FG) -+ (A-;z)'( 50859 - #0630 +63.35)

(2.88)

vhich, besides requiring a little more vector manipulation

has less accurecy than the Newmark [ method [12] , and the

£

Mo+ K)B. 5 er— (F + 1/2 F)
(' 12 l. 42 . VL0 1-1

(s S

—— ’ . <

35

M+ K)&ij‘" (12 w)g; , (289

24

Thi's cannot be used as written ; the time step.taken,

q by - b5 ) is half of [&t as wrltten ; the reader should:

. consult reference [37] of Ulckell's work [ﬁi] The artifi-
cial daL01ng of the techn;guu can be reﬁuced_uluhAa method

in ﬁlckell's paper, but %he aCCurédy inﬂredse'évef Ke%mar"s
B ﬁ? method is too sllght to Justify the 1ncreage 1n matrix

.utorage space, in the case of no damnlns. . -

_1-- " ., N Ve
. ..
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qQ - .
Ce7 Modification of Geradin's method.

The varizctional method conventionally assunes no vi-
riation of displacement at the ends of the time interval.

- t
This means that the term nf 5xlt2 drops out of the ex-
. - 41
pression (2.18) in the wvork of Fried [61 and of Argyris &

Scharpf [7], who use this as a reason for dropping lines 1
and 3 from expression (2.73) and being left with an opera-~

tor in the shape

X X & i ﬁ ¥ Si—ﬂ-
+ ’ . (2.90)

p x o x x ’ 61—4

. b

‘Geradin modified the method by keeping (2.72) and

used'expression (2,45b)“which has the form of (2;9b) above,

, LX]{B;;}’* EY]{61-1} Z o | | R (2.92)_:.:’,

in the homogeneous case. - 3

which we shall rewrite as

matriz X - dis 2H x 2N -for a structure of N degrees

of freedom, after constraints. The following method is pre-

-.}
M
N
.
'

ferable to inversion of X +to solve fdr_{é {} .
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i

Ve represent (2.90) as

- . . - '
+ = O (2095)
C D 5; G H 85 4
A b, + B, 5 + E 834 ¥ F 8.4 = 0(2.942)
‘G §;v+ D & + 6 8§; 4 + H 84 0 (2.94b)
- * -7 ° i -1 - -
Substituting in (2.24b) :
..ct,;qsé-_A~1E . - A- Fé' )
, i - A1 i-1
. % D & +.G Gi—'l + H ‘Si—’l = 0 (2.98) -
“(p-0e'B)YV(a-aaE) 54
= > (raaaT P Y B, (2.97)



I7 we define
w o= - (D- ca ')l (e-ca M E) | R
v o -(p-catBY (-t E) (2.98b)
Then
5, = ¥ 8, + %X b4 . (2.99)
Then @ |
A.éi s BBy 4 +BYX Dy 4 xE §; 4 +E b8 4 =0 (2.1C0)

S =~ (B BBy, - AT (BT ) b, (2.101)

Defining
T = -a% BY 4 E ) : | (é.doza)
o \E:> . |
2 = =iV (BX+T) \d/r . (2.102b)
ve zetb 61 =Y .61*1 + 2 81_1 R \.(2.10385
Sik;‘w 51-1:f:> X éih%, :" L E : 3(2.103?)



!
0

and the total worl: is

M

)

Invert ( A ) ( banded symhet:ic, NxN)

-1

Invert ( D - CA”" B ) € full matrix N x N )

Several matrix multiplications.

W, X, ¥, and Z are N x N full matricés.
. ) L , .

This is much preferable to inﬁérting the 2N'x 2N
matrix in (2.90), The aginal sto?:§e occupied is é@e same :
'( 2N x 2N ), four times that of the Newmerk [ method vith- .
out damping, if no Cholesky decomposition methods® are used.
In a compﬁfer of- finite size, this limits space.time finite
element app}ications ‘to only the smailer problems, if rela-
tive accurécies rule in‘their'favour? A

In the next chapter the acouracy of this order,of

space time finite element is explored.

o A symmetrlc matrix cen be broken (A= IxT ) where L is
a2 triangular matrix j; only L need be stored ; if A is also
banded, L is banaed .

‘ A7¢ is in general ‘full. Back. transformatlon ic done Xlthn

resPect to L, rather than 1nver51on~

-

Lo
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2.8 Tinite difference modification of Geradin's method.

The nmethod (2.¢0) (and its analogy,(Z.10%)) can be

he following modification ¢

t
The tern § and the term Bi can be represented by

i-1
finite diffcrence cpproximatiéné&hpsed on 61, 61 4 5i 59

and the cev of matrices stored becomes only hLalf. the pre- =<
sent nhmber.
We derive the finite difference equations :
The 3 points can be fit by a quadratic : i .
- ¥y = ‘a + DX + cx2 (2.1048a)
or . 86= a + bt + ct® (2.104b)
S, = {1- Q@ © b (2.105)
2 h " "
1 6 c
63 i |
if they uare equully spaced, and the points are located at
-t, 0, +t respectively.
lThen
- / - !.
a o 1 ol "51“ o ) . <‘~’
b\ = |- 0 A q.aﬁi a . (2.40&§§
2t 2t = ‘ o :
1 -1 1 ’ t
- C — == — &
e - R .




That is
G
b
c

Then

So

One

[}

n

<)

¥ |-
O O
S

“
& I
2

combination of rowvs inn(2.%5) ; we have

. reéﬁlb,

El

48; 4 + ©0;

N
A\

Y
1
- A

+‘I35

" Two families of finite difference apprd:

K

41

(2.1C7a)
(2.107b)

(2.107¢)

(2.108)

(2.109a)

(2.109b)

(2.10%¢)

. Let A, C, B, D§ represent the terms in any row, or

:imation can
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“. In oune Si is eguivaleat to 65 above.

b. In the other §, is eguivalent to 8., ubove, and the
- n

approxinasions are mude accordingly, and the terms re_ rocuped

»

to solve .or 6i>' An equation of the form
4 * Y85 5 (2.110)

vill result, X and Y are N x I natrices.
Hybrids of the above two types have also been tried, in this
work, for optimal accuracy while rémaining stzable. |
Gerzdin [Kﬂ developed an absolute stability schere
for his technigue by finding displacement at a later time
ty s GANT ,A d is aropitrary.
Using equation (2.S2) we modify to get o

o

x‘ o) ieq * Y 62i = 0 ] (g.“qQ)
uitsh | ' . ‘ )

X' = X ({@At) , " (2.112a)

v o= Y (QAs) : - | : (2.112b)

L

Placing bthe Hermition interpolation functions in matrices . .

a

pronerl;, Geradin -jets

' (2,113) .



and the statility eéquation lor this nmodificztion cen talke

the form
det |AX! Ay + (Y' =X Ag ) = 0 (Z.114)

This feature was added to the modification of Geradin's

’

technigue in this wvork.
A similar mo§e~to develop absolute stability for\egua-
. . ‘ ‘ 3
tion (2.110) is to interpolate from 6i+'l -,-51_ s 8359 /,,rto
“ 51+a 05 Bi—a' This is done by substituting +qf , ..
0, -0t in equation (2.108). We then rearrange to again

)

sclve for 6:’1.-1-1 in terms of Si v § 4.4 » OF 5.

51_1 ) 1o , (there being no difference).

-

e get
N
: 2041 & - 2a 2g-1 i
Oiva = Sag %im R 0s v Shp %4 (21752)
X 261 2 2aq+1
] = - 2a-1 =L 5 . 2.115b
6'1_ ZAt D + At 81 EA{;’ 51 1 ( el )

}-fbep C£=."‘ » ve get equation (2.1C¢).
" Additionally - -

‘ 5 a  as A .
65.1&0:,” ’§i+1 (:g“f "'2"_)* 5:; (2.

By
Y
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_ fa . a a2y L
51—(1- 6i+7’ (—2-1- 2)+ 5i_(1 -?s ) o+ 55__1
@ 1
The two families are nov
r, <
Ca Bsi+a+ D ( 5i+a) + }‘t 8i -+ C 51 = O

Substitutions lead to equations

in 6«1-}-‘1 ] 6i 9 6 -

and get : .

we shift .to 51 ’ 8;__1 s 6\1_2‘ , b
Case a : 3
~ a . o o20+1 1
65_ 3 (-—- + —-—) + D ( ) + G (—-—-»)
2 2 2t. /. 2t/
| ‘ o . " '
o+ 85.5 | B (1-0®) + D (—-?a ) + A
: 26/, 7
200) (X
g \2%

2\
B,(—Q +g-)+. D(
S22

85 o

_1.) - (.?_95_'."1
a - ¢

v

- -
‘K a
Vot

(g_
2

0

i—-1

. . .
<, -
* L4
PP .
,
\ = .
o
- '.1 -
-,
: +
x o

L)

Ly

2
+£\
2
{2,116b)

1

(2.1172)

(2.117b)

-
3

G_L‘ v . ,

Lm0 (2e1Eb)



'dlfference equutlons Ulll rroduce v?rletv of methods.

U Byee By 4 B (85 Byp) /°2At .

Accuracy of frequency ( ¢ , eqn. (2.85)) ‘uni anpl:-
. & h " -

tude, A , have been optimized vith respect to blends of the
above two equations and A, under the constroints of sta-
oility.

Whole nev . families ol approxinations can be develored
oy aporoximating;-5. s Oz s 68: , 8. with paraemetars

= : i i-1 i i-1 *
free for manipulation to provide stability. A large number

of three step equations can be greated in this way. Cne of

" the simplest, which was studied, is of this form :

§, = 28, - 2 6, « 15§,

1o Y A A ot~ 172
( -,' _ 3 " 20 A -1 o 1o
Os 2% 031 T At 8.1" T 2Ae Oi.5  (2.77%0)

Uszng foruard dllference, centxral dlfference, and bac“wurd
$

Another 1nterest1ng pOSSiblllty ;o to apnroxlm

- H

S Y
< g . . . R
s BN v S i 2
+ ~ M - . i v
- « X o -t - N 3
5 . J . N - - .
.
.
. - v
B - -
- N # & - ’_'
b t, .
. v
- ) . LI
H .
<
» 1 -
“ ~ - x
- ' > *+ > u ~
- . * ' >
- N K
N - .
L S -~ ] +
L) ' "~ - .
- 4 P - .
L P - . .
“ ' - *
-

45

(2.171¢a)

" eouatlon (2 1052) : : - ,
D . ‘ , ' . : v | .
. ‘ ., . ] R ;«. . \ .
% o Y 6 =t ,n+ Y 6i""] - - - - (2,']09&) |
By‘dethod§ such as ’ . e



-

so thut e et

61 1 - Z’ZZ&-; + 51_1 Y + 51_2 L - -5-3; = 0
.o o | | (2.120)
or to nodify this with methods such as. those used in de-
veloping the Hewna ﬁiﬁe thod, or the A techrigue (2.115,
2.116). o - . ‘
. | -
2.9 pasis for oro~rans written. B ~ - ,‘; - %

Edrly in this wor: it waé hoped to creave some gene-

0 - < 3 L4 ';f .
ralized space tine eluwcnuJ, aftecr Kaczlowslt [2@], incoxr-

porating. 4 and rlnlla; Terms as nodal degrees of freeaom, -

'so that for a plute element we might. use |

(u ) ) :
» | y
* -~
! u\r ‘ "
A R
. {u = {u > . , (2 12'1)
| N O L T RN
i R . . . . L) i
u N : : :
‘—/ ' ‘ \ut/‘ ' ,.' i 'k. . .-1
. . N e I
The problem th.ey zsscnbled equations as. 3I1<a.)63 udulo o
_ " aob worl with uObnﬁ Y ooqultlonq at thc ends of tne time ';'ﬂ*?



interval [?,*1@] prevented this development in this work

" "Then the element matrix is formed :

47

~e

its soluvion may lced to interesting results in problens
of engincerins-physics, vithout leading to mutrices of un-
desirabie size as in (2.7531 ! -

Iﬁ order to develop the matrices for any of the above

7
worli, & computer program was writiten to create rectzanzular

‘finite element matrices uith the general method in the

first »crt of the chapter. Trhe dimensions of the element,r
degrées of freedom at each node, and polynomial P} {aiT
Ol X : ) ‘

are selected.

From this the matrix ([C] is fd:med. : {
“From node coordinates ( apprcpriéteiy normalized )
(4] se tormea.. N
Then | | _ ’ )
, 'N .= C "A'ﬂ’ ‘ _ - T (2.{22)

The matrix operetor _[3] is read in,

3N : - E .. (2.123)

i

"B

»fBT'.E,-B.dv, R e S (2.128)
»ha%ihé- DBCI;le& matrl [E} ' ",, _:
F ey e N :"-‘ :



The polynozials arc or~cu1ucc, differectl ated, multlplleo,
cnd integruted by the procram. The program has created
space time elements, stiffness matrices, consistent mass
mctrices, and clements of higher order for fhe single de;.
gree‘of freedon mass‘spring sretens,

It was* luter realized amore efficient way to proceed

+

would bo to f£ind . .
T | T B B g s
A [eacHT E (eey avpa™t o (2.125)
; , N ’

'?l"
especizally when various elements were to be formed in
real applied work. - ’

Studies of *he use of space tlme #1n1te elementc
were furtner enhanced by & rogram wrltten to calculate
mode shapes and natural léequencn_es ofa structure fi'om con-

ventional mass and stiffness uat 1ces. The program uses a

well known procedure [55] in order to 8implify matrix al-

gebra : ¢
Boixl o+ K= 0 0 .- (2.126)
using e N .
- ] . "\ t ) . :,
ixd = {|x|} gin w t R . :";ﬁ2,42ﬂ99 .



wve et

R W PRI

I
€

Moo=l 2.128)

ofxl o= o K f1x1] ° o (2.129)

=1 - = 1 - ' ’ ' =
X M §x3 | = (1_)-2 (4‘5} (2.’1/9)

-1 - _ P - | .

b LT . rIJ'”/l B I(y l‘ ' B (;‘ ‘ .' r . ) (2.152)
ko= gEx L o a3
Fru T Ity - o 2oy - Cauammr

x
E

Shrtar® o gt vy =2 (1t k) L v (2.135)

o « .-, S v - R N . . . . "
P R L R IR s ; B . N .. - . .
SRS /L ~ -  (2.136
A R A : . c N (2.3 ,
R Y, . - f « a7 - . . T ) L .
% . L A - . i ) ) . ’ i .
" . N B . - » . . - A .
L, N . »
. Lt .
- R -t .
s = b . M -
L .
- - - i [
- P . s .
= u . - ’ - El
v amom e N - . e
¥ s [ . . .
- B .
iy - > N v f . .
- - - DA 3 "
-, N .
? -
“ - P ¥ .



and ve get

-1
L—’l N mn

&
}

H

i

H
~

'
[ ]

.
2!
-q

NS

If we stuaort

-’

—
n
.

td

(2.138)

3

w0 (2.139)

‘ ) ) ) K , .

whiéhnean be solved colﬁmn'by'column foxr B, after the -

H
bd
<
n

'
- . -
®
-
3

decomposition of - Ka

= . ' . e ) 1 o
B L* = A SR (2.140) *
or T

since- A is symmetric, . - oo
"hen . . g S

2

A .I' =", >3 co - R )
~wc_ - , ”'“ “ \ . Wi

-

and A is symmetric. . . . .i T R

- 't [ .
a - - -
5 . M T
- - N . T P - L e, L e e <
o ~. o W om e M . . o
. L K . - .
i > —y ) P
! . PO
' v ’ s < - . T
» I'4 [ + - . T By = o
! . o . -
- g . ‘ *
.
. T3 » b “pr \
- L * kd - -
~ - L T Moo
}"« x(, " - A
-~ f - e e - -
-~ - b R
¥ L] - - . A‘
% R o - *‘
- T = - -
-t LI



Demonstration of symmetry :

-

™M
N -
-2

=,

"

Then

AT -

=

Also, i% is knowﬁ&xxm X is syrmetric, X real general

. Pinally,

.
<
N -
. »
)
. .. .
;
®
[
. »
P ’ - .‘
Sy
.s . .
RS
e
b -
T s, ae - A
5 ?‘
- roe TE oy € =2,
. . Y
. "
> -y
- <3
., 1
- T L

(3

~-

i

=T ,
T, ' (2.143)

-

-1
¢V my 1T (2.144)

-1 ‘ .
rlhomt ) - . (2.145)

1, ot . -

I ( M L ) M being symmetric (2.146)
R B o o |

L' ML ' . (2.187)

p— ‘ | : ,
' m ot = A .- A (2.123)

°

s

. . m * R . . . , .
- natrix. 5o, X*MX is gymmetric .if H s symuetric.

-

_33

N = - . . -
N
. . .
-
"
S -,
A3
.
< »
S ¢
.
- - 1
. -
* ‘ -
.
. »
- N . - N .
.
. B P
- [ " -
B r ‘ .
+ . @
. ‘. “ ) s -
i - - .
- * . .
- = . -1
d *
r - s .



240 A £iart voint Tor furbther modification.

final note on another form of future development

is to note (2.92) L
X8; + Y834 = O : ~ (2.150)

and try such innovations as
; . g _ -

X 6 1+ Y 8 i-2 = O . - (2-151)

X 8y +A(32+'1f)5i__,] +WYM63'-~2*= 0 - :(3.152)
\ i} . ‘ / | _. . -, -
This leads, substituting (2:46) the stability study fech-

y ) .

«nique, to

MPx o+ A(x+Y) +. ¥ = 0 . (2.153)

-

a quadratlc ei; en" lue: problem. This is taken uv by ree-
rences [9] epd [22 of Geraalﬁlﬂ OIESSlfICaulon stu ir [}3]

-



‘‘‘‘‘‘

! ‘ ' CHAPTER IIX

Formulation of an element matrix is the first step

-in proceeding with the work. Aside from the two space -

time elements of the previous chapter, few element matri-

ces lend themselves to easy manugi computafion.~The com-
putgr progrg&ﬁDINO hag.beeﬁ gritﬁep to _create an element
matrix by the system described in Sections 2.1 and 2.8 .
The rectantular elemenus can ey1qt in from one to. four

! ns1ons, and the polynomlal {P}{q§ , therefore gle—.

ment éatrix.width,'can have up to 32 terms. In its pre-

fsént form, the program is,only neant for the creation of

one elemenﬁ, whlch can be as ssembled with copies of itself
:Lor stralghtforward accoemlc stualesf#%he progran sets up
Elts own interpolatlon function matrlx N , and could be
used for thls end only, bj anj lntereSVed person. ‘The in-—
'uerpolatlon 1s betucen nodes at Uhlch any nuuber of deri-
vablve mav be spec;fzea ,1n addlt;on to dlsnlacenent.

,I* should e noted that calculatlon of- I Dbecomes nume-

~ 1=T\r1c4111 unstable fnr hlbh orde; der1Vat1vés.-

S HEN R M - N . =av - : . N .
. ‘ < : . .
. . P .l v . Y . X - -

53



5.2 The Strin-.

We can create & string element with two desreces of

freedon per nodc :

u
u~— L]
u = Q. +CQ.20 +d %2 +Q %> ' (3.2)
1 2 5° 4 *

Figure 11 illustrates this rodel for the string element.
llodal coordinates, normal'zéd,*afe at (—1,+4). Res%oré—
tive force. is Tu,  for smallxdisplacements where ;

- The x subscript denotes qifferen%ietion_uith res~
-pect to this subscript
> -~ T is tension, znd we are using the theory of the

stretched string. ' e

Then, follé@ing methods for stiffness matrices :

—

5 - f €fg av = o | L "(33-..3)'
77 — o
we"set
€= u, _ (é.#ﬁ) f‘
g = Tu} | (S,Qb) -



5

-
Y
Je can use either
.. 7] Coe Lt
9 = 0 e (5.6a)
EEN ,
2 = o) 1" (3.6b)
L . :
E = [7] (3.7)
vhich gives the terms for
' T . - ' -
f B E B dVSe : . .(3.8)

. This is sufficient information for the program to produce

S

a etiifness matrix.

To get the mass matrix we let

E ={p] - o | o (3.9)

where QO is fhe density of the length of the string, and

1

A

o= B a (3.10)

. since we are interested in mass to be moved vertlcallJ.
Uﬁen these elements were used in the mode "and fre—

quencJ Drogram, EMVIB, frequene;es predlctedsuere in ex-

cellEnt agreement ulth thedr and Qemonstrated that the

:’” nraﬁrdms crented uere worklng proverlJ. Table 1 presents:

naturel fneauencles as culculated for a. four element

"etrmng denamty 1 unlt/u it 1ength ten51on =1 unit,

»



W

W

@ 5

W,

“s
3.3

CALCULATZD

. 392700
.785506
1.17919
1.58114
1.98506

Y

\
The Bean.

xQB 56

STRING VIBRATIOCIH

THECRY

.39269§:j

. -785598

© 1.17809

1.57080
1196350

The easiest way to proceed is" to know the elastic

enersy stored by a displacement of the beam.

This is [34] : |

/

.
24

4
"

il

I

+
4

My uw_ dx (3.11)
E Ly, - ! (3.12)
Y - DI, 30
o (3.130) -
2. .
é’?:éﬁ O O ‘- .,.] g‘ : (3.14) - :,
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| a,, +a24c +a-x +a4x3 *as *51645 (B0

&
2] L

)

He can expect high accuracy i1f we choose a six de-~

u é%\gdch of two no-

gree of freedow element Do, X’ “x

des. Figure 11 shows the element.

I$ we let |

T | R (3:15)

O
o
I

then . - ¢ ’ T - w

Nodal cborainatesxare”éga}n (-1,+1).

E'= [BI] - o (3.17)
Mass matiixfagain.domes from ~ . ’ e Lop ,l
E-=[p] - e e - (3.18)
‘ a= "o o} . ' (3.19) .
Polynomlal g R : L . . | ; ’ 7
T o < x e =" -v—" i “, . N B 0.'3

l-'{\ % -
X , @
- o

.y -
« ” w . -
! . ° . s ' . ’ ’
- oo - .
- - .
. - » ’ ¢ ,
s ‘e
s
o - N
PR
s e . K *
) PRt - B
. P R .
- 2., B LN .
Y . K] - %
. FERES . . - - LR - & ’ “
AR i - . - T + ¥
o, v W & r . .
. -
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5
N -

Frequencigs for simply cuppnorted and cantilevered
beams were conputed, and guve exqellent agreement with
MM} ) . . M . ~
theory [55 Figure.1 shows bthe first two modes of vibra-

tion as Predicted., u B . ' -

/ , ' - - . . - -
Téble<2/presents frequencies calculated.

~

. b
: . &

~

. TABLE 2 BEAM VIBRATION L
1/’) L ’ ‘ ' u= , ¢ - " ) . ¢ .
S ~. CALCULATED  THEORY . .
g . .0385531 ° . .0385531 . :
Wy 582426 WASe2i26 - o0
" ® ’ o o 8 '
: @ 3469783 3469783 P
W, 6165509 . | .6168503 ,° . - Y
’ SWwg -+ .9638352 ° .9638286 N
. . : . Lo - < ) & S
This is with E I =1., p = 1.,%8 elements ; total léngth
16 uiits. o B |
“ " . & , ; Y !I" . )
me ‘ ‘,, A ﬁ
'3 ’ o ";:“ 4 N )
» e Y " - v
! . cT “’:i\: -




. -~ 1 TWOMODES .~ -. |
\ ’ ‘ . , ‘

.. ... DOUBLE HNGED = - =~
) e BEAM T
8 ELEMENT | =~ .-~ - T,

.~ 6DEG FREE/ELEMENT . .

T A - f , v
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Ve A .

R . l - . B p . . ‘ ' ‘, ~ . ' .
‘ " -, - For & high accppracy plate study, we cun select -
. - - ) LP' , \ - N ) ' Ll .
| - - L ' . (3.28) -
. f . o . . - .
© 7 7. qhe elemeht*iS'présehbed_in”Eigure4j1. 1 e
. .. - '‘The polynomial coefficient set found to work was, for B

7 xP ", (n;m) pairs as follows : - L _ ‘

- R - . . ~ P an

*

’ .“' ’ - . ‘ 00’- 10’ 04’5‘ 20; 11’ 023‘ 301 211 129 03;14‘07 313 R :
S 22, 13, O, 50, 41, 32, 23, 14, 05, 51, 33, 13,

:i7 .. -The -nodes bedimg at: < . o o S0 L L :

e T () e T

T T LY G P ) B e

. 4‘::. ;-t-’,-:u";;é 3 :'_{ :,w'.‘,- 2 ,‘f:&q","’l’l)-’- . ) ..“ "' | L :‘. .‘

oo Y

Cafoew 00 The: m@ss ‘matpik ¢omes-from

k]

area

- P -




.,@ o2

' @

Reasoncble results wvere obtuined for predicted patural ¢

frequencics of a simply‘suppofted platef Tigure 2 shows ?
o the firss node of vibration. The plate is of 16 e;eMGhts,v o
25 nodes, 8 units x 8 units size ; 0 =1., D = 1. ) ‘
TABLE 3 PLATE VIBRATIONS -
- CALCULATED ~  THEORY ~ L
, , W, ‘ .34%08s . '-.30843 . S

| w, . 7 C7es S
Ce @, S7A1 .. J77106 e

- w 1.25961 ‘1.25370 o | L
1.52063 158213
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5.5 Tir~e elements.,

' ¢

N

< . »

For time elements for dynamic provlems, the ap- S

. . ‘

. proaches are $traightforward : ' , .

| 8;
\:,)
...K ‘
+ B. =
. 0
L4 a j ‘~ . .
N
. ‘ . ,] -
. 9 =1 .. -
D B
, 19%

However, us noted, boundury

present work.

..

* Polynonmial = CL,] +a2t +a5t2 P %("9’.29)

Ll

B

¢ 3

e -
. .
. . - -
.
. ’ : . (3.30) - -
.
I3 . .
- e
: a } -
. . e ‘ -
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- o . -
o ., T 5
- M - . 9 = . *
Lty 1‘, L ox , )
R ’ - “ » - -
- ’
E - — ~ \ - *
L ! - N -
= ' - . . - < v .
. oy v . ° 3
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" 3.6 'The General Space T;me.Elementf

The procedure for organizing the” terms is easiest

o if terms for e ang QI“ Fre @ollectéd out of considera-
tion for the terms which shoﬁld.cnter the action integral
(2.18). In that cése, a possible generalized element for
the string- -would have :
8y = {Si}" (3.33)
that is, displacement at each node the only degree of :
T f:éeﬂom; Wgth four nodes for the string interval in Spaie' ’
time,.the polynomial is : :
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This gereralized element -was nobt researched fur -
' ' » ¢

ther, begcause of the lacl: of ‘a facility to determine ac -

curacy oi the inplicit mass and stiifness, and the lack

of a wa; to-insure absolutg stapility.“Tﬁe method might

still be of interest for systems of other than physical

structures.
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'5;7 ‘Results for Direct Integration.&ebhniqugg.

. . The accuracies of Yewnark's (3 method (2. 87a) inclu-
iing the lineaf tine element and the central differazéé
operator have been studied and cémpared with the Gurtin
method. Studied and optinized have bcen blends of (2.43a)\
and . (2 43b), based on the wor done by Geradin and his
stability techniques (2. 11)). Accur301es of methods in
Section 2.7 have been optimized. This is done by plotting
values, of;ampli%ddé;h_, éonstra;nei to be stable, while
iodkidg;ior optinmal accuracy of qb} the frequency predic-

o téd'fdr tﬁe'numérica;;tecﬁgiqhesi | _

| As prefidusi? pointed out, Geradin proceccded to ise
thevl;st fwo row% of (2 73). Any two rows can Ue selected;

Ar*yrls and Scharpf used rous two and four. Further nod

] ;,

e flcatlons can be mude by adding two_rowg, and us*ns this
new row with the sum of .the two other rows The best re-—
;'~{; sult comes lrom rovs two and four, and is presented Ve

present granhsfpf fAJ fOr optinmal acouracy of<$ under the

constralnt of stabzllt 1ﬂposed oy the a,technlouo. These"

e are~folloued bJ “; uﬂe 2 ccaparmng errors ing . A dnd

tnereiore(ﬁ dre cﬂlculated us 1ﬂg eauaulon (2.174).
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' fore is not ::.nhe‘rently st&ble. Flgure 4 is da plot of ]Al
, stablls.zed based on lines 2 & 4 of. quatlon 2.73 as -used
by Argyrls & Scharpf instead of 11nes 3 & 4 as used by
Geradln This method produced the best accuracy of ¢ .
T Figure 5. is the value of [Al associated with the optimum
- ~of Ei;uétio‘n 2. 53; an imprdvemént upon the previous two
‘ metthdS Fz.gure 6 is JA] for the finite difference simpli-
fmatmn oi‘ the method of Geradm. Method (2. 1'18& 2.118b)
. can be appln.ed o any rnw or co'nblnatn.on oi‘ rows from
| (2 79). Results have been op'blmlzed for values of . a and
blends of technzques (a) and (b), a two degree of frea}-
dam -cpt:m:x..zatlon problex The results are all smn.]ar, ano.
. have accuracy of cp almo b :Ldentlcal to uhav of the Nex}-
2 mar.L ﬁ me‘chod, ’out the dlsadvanuage that there arve tuo
i‘ull matm.ces even ulth no damp;ng.‘The \’ewmark ¢ method -
’ ; ;’ x:emalns sn.mpleﬂ and su'oerlor. Another mod:.f::.cau.on lS ‘bhat o

;'. ::"-' a‘be ﬂa.i‘ferent for techmques (a) and (b), a three ae- '

2 gt - \'-

=

greé o‘f‘ £reedom .problem, but no g:ceat ac:euracy 1ncrease

=
v -,

,51~§‘ l-occured *f‘ sg*fﬁs\" f" gﬂvff ‘iﬁi

,' . ‘. T,
>

ﬂt"emp‘ts sr:u{:h equation (2 ‘121)) a1l i:alled wn.th meg-

P .
e LR e >
B N . ne

\ -:'fi:;f; riu.ngl sly sca*&ﬁerea polnts. f;-.-" :'.q}: ~ L e

. . * 3 - '. . -;.L u.( -

R ',:}ff;r‘_ R\ ) - o;f.‘ Ge:r:ad:.n s met!‘tlod was per.formed i‘o:e a s:uu-‘
LI AR - ,\3:—'- et "-‘ e 1 IR ¥ e

BRI ﬂ-”x“ IR

jgle mass spr:.ng system w::.f:h relatz.velv la:cge t:.me stena,

i
fﬂ“' ! at o Lm

& u LA
Lors Pe mem :r.,, FE A S

and the mpt:r.on was as am;n.clgateﬂ ;. oscml?gﬁ‘aory uth r,-.om " e

réqi: i‘ﬁ:equenq*ﬁr an«‘ Sll”‘ht :mﬂuced’

~P—T:esez1t§d :m Fizmne 3.

K o T
> = et
\eren ns, . .

dampmg. The rpsult 3.s .
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L§ . . ,
> k - L3 - L
Frequencies of oscillation for displaced strincs,

" beams, and plates agreed vwell with theory transient be-
. ’ 14 J 3

havior with initial displacement equal to a natural node
é@s‘made with the linear time element technique, and then
the Newmark ( method in general, and motion wac correct.

It occa ed . at the natural frequeHCJ for the given mode,

and mode shape was malntalned. Ap initial el ity pro -
: biém also ran éppropriately, at the cofrec requency,
and reaching the coryéct.amplitude. Figurye is‘a graph

of thé mo%idn'ofia node of a squére'ﬁlate civen first 1m0~

de lnltlal dl p;acement and is stable, using the Newmarkﬁ

methoﬁ, B = /4, Plgure 10 is a graph of motion of a no-'

.

S de of a 's:.mply suﬁported beam, ‘with ,B 1/6 » and tog
"h~_ large a tlme step for stabmllty.‘, . “ L
o IFlgure 4% shous elements ‘as useu for the str g"‘ .1?
heam” and plate stud;es. They are normalized 50 the nodes
aremat (-4 #11 Jn space ; the scallng factor to the real

positnons at Q—l +1) are a part Of the computer program

s . . @
"y

‘ EINﬂ‘s zmynts.,:.u'"_; ¢}q “:l&. s v;.;;”,,‘
jgij}f&:r,ﬂ _ " 3 L
!

.?.. The mamnta;nance af node shane 1s a demonstratlon

cd

. n U
-~ " = .k
v . . .

- . ™
. P e . ,,)
LN S

e - of the fact that tha t:an;iﬁnt analysms methpds wonk. r"he

:.;A_ﬂ, progngmglpiepared are eééli} moalfle& ta 1ncorporate a

-
'1‘-

dampxnv-matrlx and.a forclng Iunctmon. In thls way any .

e s x’,ﬁ_ .4,,»., vi -n,. r "‘ -\ R ‘.‘ ka
- CA

”L struct ﬁalhsy tem can he ﬁodelicd* he accuracy of th

., \-..' .
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. " enoush that for the study time of interest, shift in pha- )
", sé‘will not letd to inaccurate response, within the tine
o . - -

. that a disbluéemenb is naturally damped out, This becomes

_a second eriterion for time step size sclection beyond ~
.2 ek Sl g ‘

A . 1

. - .

. forcing function harmonic codtent. Its consideration will'
‘ ’ : - . . e - L0 L ’ ‘
~lead to more accurate studies, and more optimal computer
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' integration’ operators.

CHATZER IV
: (- ; \)

Conclusions. : . . s

F

. -
*

' liajor computer programs ‘have been written to create
\1nd1v1dual flnlte elements, for vibration mode anﬂlyuls,\
and to prodlct'trqo51ent vibrations glth the .Newmark 3
method. liany simpler progfams'cxperiménted with'digéot"

.-t

Program DIKO created mass and stlffness matrloes for
strings, beams, and platestgnd vere - used in prOgram VIB
to obtain natural modes 1n agreement wlth tyeory. Correct
tran51ent vibratory EESpOhSG followed a modal dlsolacement
ond the 1n1t1a1 veloc1ty problem in program FDLVIB. Space
. time elements in agreement with hand derlvable elements o
also were creaued and danpmng was propenly 1ntroouced.
uttempts to use the ganerallzed space "Time elements ere

undes;rable for structural dynamlcs because of th@‘bounda-

-
Y] -,

Iy value problem ana because StublllfJ oondmtmons uould he

”. . o . - . "
N ai-r ie .

unique to every staucture. ‘, "-‘ o, :ﬁ‘q PR

. ‘ ),

InSpectlon of Flhure 7, Pen;od Erroqs, glves 357‘1. N

view of desirable methods, whon tgmpormi by cons;qera—

.
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\ tion af mc.tr:x.,. s‘uorageJ &pacé‘*requlxeau I‘or a g:wen level ‘
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of error it is seen that the method of Geradin - Argyris
and Scharpf allows double the time step of liewmurk, how-
ever double the storace space is required in the case of
denping, four times 1in theﬁcase of no danping, and the

advantage is lost. The fact that [A] in Geradin's method,

Fisure 3, breaks prematurely into two real roots was not

.noted by Geradin, and leads to the "poor" optimum found-

end represented in Figure 7, where we must constrain| )|
to remain < 1. This optimum allows 5 x the time step of
Newmarws13method, reagonable for small systems with no
damping, but unlikely to be adébted in view .of the con-
plications. The finite difference substitution into the
finite elément technique , represented in Figure 6, leads
to an accuracy almost identical to Newmark's [ method, but
lacxlng its simplicity. This worlk finds the Nevmark L}
method the simplest method to employ and of conmpetitive
accuracy.

The advancement of uses of genera}ized'spgce time

elements awaits insight into the boundary value problem ;

,clues offered in the oubllshed viork of Argyrls & Scharpf

L

were found insufficient. . -

That the space - time finite element methods can

work has been demonstrated with simple and complex-sys-

"

tems, and consxderatxons and comparlsons have been glven,

,and gzve more suldance than‘anf previous wori,

9 <
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