INTERNAL REPORTS IN

SIMULATION, OPTIMIZATION
AND CONTROL

No. SOC-243

POWER NETWORK SENSITIVITY ANALYSIS AND

FORMULATION SIMPLIFIED
J.W. Bandler and M.A. El-Kady

January 1980

FACULTY OF ENGINEERING
McMASTER UNIVERSITY

'HAMILTON, ONTARIO, CANADA







POWER NETWORK SENSITIVITY ANALYSIS AND FORMULATION SIMPLIFIED

J.W. Bandler, Fellow, IEEE, and M.A. El-Kady, Student Member, IEEE

Abstract

An approach for direct and compact derivation of sensitivity
expressions in electrical power networks is presented. The approach
utilizes a compact complex notation to facilitate the derivation and
subsequent formulation. It employs only complex matrix manipulations
and exploits the elements of the Jacobian matrix already available from

the solution of the load flow problem.
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I. INTRODUCTION

This paper presents an approach for compact derivation of
sensitivity‘expressions in electrical power networks. These expressions‘
for first-order changes of system states and other functions of interest
and their total derivatives w.r.t. practical control variables are
required in a number of applications [11.

Several approaches to sensitivity calculations in power systems
have been described [2-5]. Those approaches which utilize the Jacobian
matrix already available from the solution of the load flow problem
[2-4] employ the power flow equations, originally complex [6], in a real
form, |

Ease of derivation and compactness in formulation of the required
sensitivity expressions can, however, be gained by preserving this basic
complex form. Furthermore, the conjugate notation [5] provides a useful
tool for formulating sensitivity expressions in terms of formal partial
derivatives. In this paper we exploit the conjugate notation to derive,
using only complex matrix manipulations, the required sensitivity
expressions in the compact complex form.

The notation is described in Section II while the problem
formulation in terms of complex state and control variables and the
method proposed for sensitivity calculations are presented in Sections

III and 1V, respectively.



IT. NOTATION

In the conjugate notation [5], a complex variable
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and its complex conjugate 25 replace, as independent quantities, the
real and imaginary parts of the variable. Hence, the first-order change

of a continuous function f of a set of complex variables arranged in a

column vector ¢,

L=y + 5, (2)

~

*
and their complex conjugate r can be expressed as

*
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where § denotes first-order change, T denotes transposition and 23f/ag

*
and af/3r are column vectors representing the formal [5] partial

* .
derivatives of f w.r.t. z and ¢ , respectively.

It can be shown that, for a real function f, we can write
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III. PROBLEM FORMULATION
The power flow equations of an electrical power network are
represented by a set of complex equality constraints in the form
*

*
Sy~ Ey I Yy = 0 (5)



where SM is a vector of the bus powers,

S =

Su =Pyt 3 Qe (6)

YM is a vector of bus voltages, XT is the bus admittance matrix of
dimension nxn, n denoting number of buses in the power network and FM is
a diagonal matrix of components of YM in corresponding order.

The variables in (5) are classified in practice as complex state

and control variables. The complex state variables include the

load-type bus voltages arranged in the vector

L
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the generator bus state variables defined as
G A .
5 9G +J f ' (8)

where GG and QG are vectors of phase angles of generator bus voltages

and generator bus reactive powers, respectively, and the slack bus power
o £s =P+ 3Q. (9)
Al so, the complex control variables include the load bus powers

§L:EL+39, (10)

the generator bus control variables defined as

= P +j IV (11)
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where IVVI is a vector of magnitudes of generator bus voltages and the
~\J

slack bus control variable
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o, fey t 3 IVl (12)

where |Vn| and 6n denote, respectively, the magnitude and phase angle of

t

the slack bus voltage Vn' We may also consider the line admittances g,
contained in bus admittance matrix YT.

IV, SENSITIVITY CALCULATIONS

When solving (5) in the conventional 1load flow problem by the

Newton-Raphson method [6] using cartesian coordinates, the state

variables Cg of (8) and c: of (9) are preferably considered, in

formulating the equations, as

~G A .
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and
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Hence, we may write the power flow equations in the form

* t L m¥*
E(Ex’ Ex’ Eu' Eu ) = Su (15)

where
Ex = Ex1 +J Ex2 (16)

is a vector of the state variables ct, ;i and c: of (7), (13) and (14),

~

respectively, and
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is a vector of the control

variables cL. ;G and cn of (10), (11) and
u' ‘u u
(12), respectively.

We write (15) in the perturbed form
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where g, g, gzu and ﬁzu denote, respectively, the formal derivatives
* *
(an/ac )T, (anT/ac )T, (an7ac5)T ana (an'/actHT

We remark that the elements of the complex matrices K and K
constitute the well-known Jacobian matrix of the load flow problem in
the rectangular form.

We now write (18) in the consistent form
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where f__, fm
~CX

derivatives of f w.r.t. Cx' cm
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Using (19) and (20), it can be shown that

and Eu'

and fiu denote, respectively, the formal partial
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where V are complex adjoint variables obtained from solving the ad joint

equations

W T (22)
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The required total formal derivatives of f w.r.t. cﬁ and cE are

obtained directly from (21) as follows

~%
af vt . O (23)
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In practice, gradients w.r.t. real and imaginary parts of the

defined control variables are of direct interest. These gradients are

simply obtained from

df df
dz = ‘az } (25)



and
df
4

) at
T -2 mlg ), (26)
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where ¢ can be cz or ;E.

For a given real function f, the adjoint equations (22) are
formulated using the elements of the Jacobian of the load flow problem
at the solution point. The solution of (22) is then substituted into
(23) - (26) to obtain the required total derivatives of f w.r.t. control

variables.

V. CONCLUSIONS
A compact complex notation has been utilized to describe an
approach for compact derivation of sensitivity expressions required in
power system studies. The approach has been described using only
complex matrix manipulations. It exploits the Jacobian matrix of the
original load flow problem. The approach has been illustrated using the
cartesian coordinates. The approach is also applicable to the polar

form through suitable transformations.
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