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Abstract

A new approach for time-domain analysis and design of lumped networks
is considered. The lumped elements are modeled by transmission-line
sections or stubs and the modeled network is analysed by the transmission-
line matrix (TLM) method, which provides an exact solution to the model.
Compensation of errors arising in modeling thé network elements is dis-
cussed. Sensitivities w.r.t. design variables can easily be obtained
and thus used in oﬁtimization. Sensitivities w.r.t. time and the time

step are also obtained and used to improve the model's response.
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I. INTRODUCTION

The transmission-line matrix (TLM) method of numerical analysis
provides a new approach to the time domain analysis of lumped networks.
The method has previously been extensively used for solving electro-
magnetic vector field problems in two and three dimensions [1]. The
technique has also been used for solving the diffusion equation [2].

In its application to lumped networks [3], the TLM method has some
advantages bccause it provides an exact solution to the transmission-
line networks used to model the actual networks. The paper demonstrates
how the transmission-line models for lumped networks can be derived, and
how to compensate for modeling errors in terms of additional network
elements.

The TLM method is easily programmed. Calculation of exact sensi-
tivities for the model w.r.t. design variables is possible. A symmetrical
LC lowpass filter has been optimized in the time domain using TLM analysis,
the required gradients being obtained from the sensitivities derived in
the paper.

Sensitivities with respect to the time step is also derived, from
which an approximation to the time sensitivities are obtained. Using
these formulas and the TLM results, we can extrapolate to the near exact

impulse response.

II. TRANSMISSION-LINE MODELING

The time domain response of a lumped network can be found using the
TLM method, after choosing an appropriate transmission-line model for
the network. Inductors and capacitors are represented either by trans-

mission lines or by stubs.



Link Modeling

First consider the modeling of a series inductor and a shunt capacitor,
each by a transmission line. To simplify the analysis,.certain assumptions
must be made. We will let all the transmission line models have the same
length, and let the time taken by a pulse to travel along each transmission
line be the same, namely, T. The lumped inductor L shown in Fig. 1(a) can
have the transmission-line model shown in Fig. 1(b) with an inductance per
unit length Ld’ where

L, 2 =1L. 1)
The velocity of propagation on the transmission-line may be expressed

as

2
=75 (2)

and hence the distributed capacitance Cd is given by

2
T 1
Cq = H I G)

The basic parameter which determines how pulses are scattered through-
out a transmission-line network is the characteristic impedance ZO’ which

for the model of inductor, is obtained from (1) and (3). Thus,

(4)
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The error associated with the model of the inductor is due to the
distributed capacitance given in (3). This may be approximated in the
lumped circuit by a lumped shunt capacitor Ce representing the error,
which is given by
)2 ®

d



This lumped capacitor is shown dotted in Fig. 1(b).

The characteristic impedance for a transmission-line modeling a
lumped capacitor (Fig. 1(c)) may be derived in the same way, the result
being
Zy = & (6)
and the error this time will be represented by a series lumped inductor
Le (Fig. 1(d)) of value

T
L ='(’:-. (7)

It is clear that if T is small then for the model of the inductor Z0 and

Ld are large while the unwanted shunt distributed capacitance Cd is small.

On the other hand, for the model of the capacitor Z, and the unwanted Ld

0
will be small if T is small. So, as T becomes smaller, the transmission-
line model represents more closely the lumped element.

Consider the lumped network shown in Fig. 2(a). It is composed of
M'simple resistive networks with scattering matrices §1, ?2, ey ?M’
connected either by a simple pair of wires or a pair of wires containing
a series inductor or a shunt capacitor or both. In the transmission-line
model these connections are replaced by transmission-line sections of
propagation time T as shown in Fig. 2(b). 1In this case the model is
called a link transmission-line model [3].

The numerical method operates by considering a pulse to be injected
into the input terminals of the whole network. The pulse scatters on
reaching the first subnetwork being partly reflected and partly transmitted.
This scattering occurs at every subnetwork, pulses racing to and fro between

subnetworks. The output impulse function is the stream of pulses at the

output terminals.
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If the mth network has N ports with incident and reflected voltages

given by [3]

[ i ] [ ]
le le
. i r
Lo Vol T V2 (8)
~m ~M
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jﬁmg _YmNJ

then the scattering equation is

T _ i
kYm - ?m kYm ’ (9)

where the subscript k denotes the kth time step. If all the incident

and reflected pulses are assembled into the partitioned vectors

f‘." r

i ]
Vi Vi
i T
. \') \')
V1 - :2 ) Vr - :2 (10)
i .r
Vy Vi

then the scattering equation for the entire network is
WS, (1)
where § in this case is a block diagonal partitioned matrix with §1, §2,
o §M on the diagonal.
The reflected pulses are the incident pulses at the next time step,
and they are related by

i_
k+1Y - 9

T -
W (12)
where C is the connection matrix indicating the transmission of reflected
pulses from one subnetwork to become incident pulses on a neighbouring

subnetwork. The iteration equation is

vi=cCs

i
k+1. kY ' (13)



The method will be unconditionally stable for a passive RLC lumped network
and, therefore, it will be useful for stiff networks [3].

Stub Modeling

A lumped network consisting of resistive, inductive and capacitive
elements may also be modeied by stub transmission-lines. In this case,
the time taken by a pulse to travel to the end of the stub and back again
is T. Following the saﬁe procedure used in the link transmission-line

models, an inductor is modeled by a short-circuit stub with characteristic

impedance
_ 2L
ZO =T - (14)
and the modeling error is a capacitor given by
2
_T
C = To- (15)
A capacitor is modeled by an open-circuit stub with an impedance
T
Z0 = 3C (16)
and the modeling error is an inductor given by
2
_ T
L=2c - (a7

The elements with these models are shown in Fig. 3.

Consider the lumped network in Fig. 4(a), which is represented by a
resistive network with N pairs of terminals to which all of the inductors
and capacitors are connectgd as shown. A transmission-line model of the
circuit is shown in Fig. 4(b) in which all of the inductors are replaced
by short-circuit stubs and all the capacitors are replaced by open-circuit

stubs. The reflected pulses



(18)

T
N
will be scattered instantaneously into the N stubs. These pulses will

travel to the ends of the stubs and be reflected or reflected and inverted

for capacitive or inductive stubs, respectively. The pulses then return

to the resistive network and become incident pulses

i“!
v1

. i .
vh = V2] . | | (19)

If the scattering matrix of the resistive network is the N x N matrix S

then, at the kth iteration,
Gt Y

Reflection of the pulses at the end of the stubs gives the incident
pulses at time k + 1, obtained using the same formula as (12), where C,
in this case, is an N x N diagonal matrix with an entry of 1 for a capa-
citive stub énd -1 for an inductive stub. The iteration routine is there-
fore exactly as (13). |

To enable the incident pulses Vi to converge simultaneously it is.
sufficient that the propagation time T be the same for all the stubs.
This propagation time is therefore the same as the iteration time. This

method is also unconditionally stable for a lumped network of positive

resistors, inductors and capacitors.



-8 -

Discussion

It should be noted that the stub modeling leads to an implicit
routine. The reéson is that the scattering matrix S involves the
entire resistive network. Thus, to calculate S it is necessary to invert
a set of simultaneous equations describing the network. If the network
is nonlinear, then this inversion is required before every iteration.
In link transmission-line modeling, however, the iteration routine is
explicit, the complexity of equations béing independent of the number of
subnetworks or nodes. The scattering matrices of the networks are small

enough to be calculated by simple formulas, for example, the scattering

matrix of the subnetwork in Fig. 5(a) is given by

‘R(R+Zl+22) + 221(22—21) ’z
R+2Z ’ 1
1
i
R+Zl+Z2 (21)
2Z2 R(R+Zl+22) + 222(21—22)
n R + 222 |
and the scattering matrix of the subnetwork in Fig. 5(b) is
ZZZS—ZlZZ-ZSZ1 22123 22122
1
22,2 Z.2.,-2.2-2.Z 22,17 (22)
7 ,
u122+2123+2223 273 173 172 7273 172
i ZZZZ3 22123 2122-2123—2322‘

In general, a network may be modeled by either

model. The LC lowpass filter in Fig. 6(a) can have

one or both types of

the 1link model of

'Fig. 6(b) or the stub model of Fig. 6(c) or the mixed model of Fig. 6(d).

Example

The'f011owing example illustrates the TLM routine for link modeling.

Consider the circuit of Fig. 6(a) [4] and its link transmission-line model



in Fig. 6(b). Let the time step T be 0.1 second and the component values

L2 = L4 =1, CS = 2‘éﬁa"R1'= R5 = 1. The characteristic impedances 22’ 23 and
Z, are 10, 0.05 and 10, respectively. An incident pulse of value 0.5 is
launched into the transmission-line representing thé source resistance

and hits the first junction at time t = 0. The pulse scatters producing
reflected and transmitted pulses. The transmitted pulses travel towards

the output, seing scattered at the other junctions. The pulses propagate

forwards and backwards between the junctions. Table I gives the incident

and reflected pulses at the junctions of Fig. 6(b) at different times.

III. COMPENSATION OF ERRORS

Errors in the TLM method arise only from how well the transmission-
line model represents the actual circuit. Errors do not arise from the
numerical solution of the model. In certain cases the unwanted distri-
buted elements are reduced when the step size T is reduced. A distributed
capacitor in modeling an inductor is an example of such a case. We have
to note.that this capacitor is known before any calculation is started,
since T has to be chosen. If the distributed error capacitor is taken to
be lumped and half placed at each end of the transmission-line, each of
these lumped capacitors has a value of Cd %2/2. The inductor and the two
capacitors representing modeling errors are shown in Fig. 7. To compensate
for modeling error (to some degree) we can subtract the error capacitor
from the original neighbouring network components. As T increases the
amount to be subtracted increases and it becomes obvious that there may
be a limit to such compensation.

The impulse response of the Chebyshev filter shown in Fig. 8 [5] was

found by Kutta-Simpson, Euler, TLM and TLM with compensation. The results
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are shown in Table II. The advantage of compensation is clear from the
table comparing the percentage error between the Kutta-Simpson integration
method and the other methods. The actual components and the new compo-

\

nents after compensation are given in Table III.

IV. SENSITIVITY EVALUATION

One of the features of the TLM method is that simple calculation of
exact sensitivities w.r.t. design variables are possible. Sensitivities
are calculated iteratively in the same iteration process for calculating
the impulse response.

First-Order Sensitivities

Equations (11) or (20), describe the relationship between appropriate
incident and reflected voltages for the whole network and the derivatives

w.r.t. the k parameters of the whole network can be written as

- _ ) S
kY 3 0 e 0 Y
T i
35
%Y > S 0 2V
3 5o
%, N %,
= (23)
: 0 . 0
akv]C 39S i
= = 0 s 9
36 y > ~
¢p 99 a%

The right-hand side vector is obtained from an equation of the form of (12)

after differentiating it w.r.t. the jth parameter, viz.,

vio (24)

where C is constant.
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It is clear that the matrix in (23) is very sparse since, for example,

3S
—™ yanishes if S_ does not contain the jth parameter. Although this

30

4 mairix is sparse, the two vectors on the left and right hand sides are

full and all the information has té be transferred in eachiiteration.

So in calculating the sensitivities, we have to find the sensitivity of

all the incident pulses w.r.t. all the parameters. In the case of link

modeling the subscript m is applied to (23), which is then valid for

the mth subnetowrk. All terms ;%T-exist since § contaiﬁs all the para-

meters. The sensitivity of the impulse response will be the sensitivity

of the stream of pulses at the output port w.r.t. the parameters.
Consider a subnetwork which simply connects two transmission-lines

having Z1 and 22 as their characteristic impedances. The scattering

matrivam is given by

1 ZZ'Zl 221
°n = 7z, (25)
172 |2z, z,-2,
Let
Zp =94 Zy = 9541 (26)
Then
3, i 2z, {-1 1}
6. 2
j (Zl+22) -1 1
(27)
3S 2z 1 -1
“m 1
3. . 2
541 z,+2,)° 11 -1

The expressions (25)-(27) can be fitted into the scheme of (23) for this
subnetwork.

Second-Order Sensitivities

Differentiating (11) or (20) w.r.t. the jth parameter, we get
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r

3,V s i .V
—~ = _=_ V- + S = ’ (28)
¢ . 3¢. k. ~ 9
¥ ¢J ¢J
o, vt
where 3¢” is found from (23).
J

If we differentiate (24) and (28) w.r.t. ¢2 we get, respectively,

32 vt 32 yh
a¢k5¢ =C3 k_;~ (29)
0% - 9%y 99y
azkvr 3%s ;08 akvl 3s akv1 azkv1
= \% > 4 S (30)

-0 . o= " - . .
39,305 36,34, ko 395 39, 39, 065 7 34,30

Equation (30) holds for subnetworks when subscript'm is applied to both

sides but some of the derivatives of Sm are zero.

~

Examples

The symmetrical LC lowpass filter shown in Fig. 6(a) has been optimized
in the time domain. Fig. 9 shows a specified impulse response for L2 =
L4 = 1.0, C3 = 2.0. Taking 100 sample points, using TLM analysis, least
4th approximation yielded the solution in 21 seconds (24 function evaluations)
and 17 seconds (19 function evaluations) from stérting points a and b,
respectively,with a maximum error of about 3 x 10_7. The specifications
of Fig. 10 were met with a minimax error of .0021992 after 37 seconds
(46 function evaluations) using 33 sample points for optimization. The
starting point was L, = L4 = C, = 1.0 and the optimum point reached was

3

L., =L, = .76645547 and C 2.3739403. The minimax solution was reached

2 4 3

using third-order extrapolation, after a sequence of least pth optimizations

where the values of p were 4, 16, 64, 256 and 1024. FLOPT2, a program

described in [6], was used in these examples. The computer was a CDC 6400.
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V. SENSITIVITIES WITH RESPECT TO TIME AND T
Differentiating (11) or (20) w.r.t. T we get

: 3, V"
Y + § ST . (31)

k
Usually the scattering matrix S includes the parameters ¢ which are functions

of T as obtained from the modeling.
The term :: can be obtained from
Z § a¢.
L s (32)

-—3|z &

Suppose ¢j is the characteristic impedance of a line modeling an inductor.
If ¢j = L/T then 3 ¢j/8T = -¢j/T. For the capacitive case, a¢j/aT = ¢j/T,
The second term on the right-hand side of (31) is obtained from (12), where
T 9“T‘ k-er- . (33)

Note that the differentiation is at discrete time steps and the information
is transferred iteratively with the original iteration scheme of the TLM
method. Thus the above derivatives can only be obtained at points corres-
ponding to fixed numbers of iterations k, i.e., at t = kT, where t is time.
Let f(t, T), be an interpolation to the approximation of the impulse

t

response obtained at discrete times t., t . by the TLM method,

1 722 "3

where
t.-t. . =nT |, (34)
where n is an integer.
The parameter T is chosen arbitrarily, although it is known that the
smaller the T the more accurate is the modeling.
Suppose that the analysis is done twice with two different time

steps T, and Tz,respectively. In the first analysis we will get f(t, Tl)

1
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at points, in general, time n T1 apart, and in the second analysis f(t, T2)
at points n T2 apart. Fig. 11 illustrates the situation.
A first-order change in f(t, T) is given by

_af Y3
§f = At'l'—a—T—

55 AT, (35)

where At and AT are changes in t and T, respectively. Thus,

Sf _ 9f At . of

ﬁ——i—t—ﬁ-%'ﬁ . (36)
From the relation t = kT we have
At = k AT (37)
therefore, for a particular k
§f _off _ , 9f of
aT =51, = K3 taT o (38)

AT>0 k

The term %%~ is obtained from (31).
k

Table IV shows, for the circuit of Fig. 6(a), where fj(T) = ivg/ZT,

%-%%- Versus %% calculated by the central difference formula given in
k
the appendix. There is a difference between the numbers in the two columns

which we can attribute to %-%%- and the inexactness of calculating %%n

However, it is clear that this difference is very small.

Table V compéres the results obtained for %%- obtained from the TLM
k

routine, and the ones obtained by perturbing T to 0.101 and 0.099 from
its initial value 0.1 (i.e., repeat the analysis with these new values
of T), and using central differences.

Two analyses were performed with two different time steps, namely,

0.1 and 0.5/7, and Eﬁ-at constant time was estimated by perturbation as

oT
Af . Af t
NG This AT Was used to extrapolate to the exact response. The extra-
polation formula

(39)

STE |
'l>‘l>
=3 Hh

fextrapolated - fTLM
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Table VI compares the exact response obtained by the inverse Laplace
transform and the extrapolated response. Table VII, on the other hand,
compares the exact response and the extrapolated one, where %%—was

calculated using (38) for which %% is calculated by the central difference

formula given in the appendix.

VI. CONCLUSIONS

The TLM method is a new approach tb the analysis of lumped networks.
The distinct advantage of the TLM method is that the numerical procedure
used solves the transmission-line model exactly. Errors arise only from
how well the transmission-line model represents the actual circuit. To
a certain limit the compensation of these errors by additional elements
yielded more accurate results.

Another advantage is that if the transmission-line network is physically
stable, which is true in the case of passive linear networks, then the TLM
solution will be stable. This means that stiff networks which give rise
to instability in most methods do not cause instability in the TLM method.
Different transmission-line models can be obtained for the same network,
some of the models can be viewed as implicit methods and some as explicit.

The simplicity of calculating the sensitivity of the impulse response
with respect to design parameters makes the TLM method suitable for automated
network design. Sensitivities with respect to time and time step can be
easily obtained and it has been demonstrated how this information is used
to improve accuracy.

Possible developments in the method lie in improving the accuracy by
using more complicated transmission-line elements and models and the
investigation of limitations on modeling general sets of coupled ordinary

differential equations.
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APPENDIX

The formula used to obtain %%-from the response is [7]

1 3
hf! = § - = §HEf.
3 (u ¢ M ) 3

where .
bE(E) = 5 [E(e) + £(e-D)
and

§ £(t) = f(t+%-) B} f(t-_}zl)

Equation (Al) can be rewritten as

8]

1

£ [£(t+h) - £(t-h)] - {5

V=% [£(t+2h) - £(t-2h)]

In the tables given h was equal to 2T.

(Al)

(A2)

(A3)

(A4)
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TABLE I
INCIDENT AND REFLECTED PULSES OF THE CIRCUIT IN FIG. 6(b)

(szc) lvi lvé 1V§ Zvi 2V§ 2V§ ng
0.0 0.5 - 0.90909 - - - -
0.1 - - - .90909 -0.90004 - 0.00904
0.2 - -0.90004 0.73639 - - - -
0.3 - - - .73639  -0.71125 0.00895 0.01619
0.4 - -0.71125 0.58193 - - - -
0.5 - - - .58193  -0.54452 0.01589 0.02151
(szc) Svi Svi Své SVE 4Vi 4V§ 4V§
0.0 - - - - - - -
0.1 - - - - - - -
0.2 0.00904  0.00895 - 01800 - - -
0.3 - - - : 0.01800 -0.01472 0.00327
0.4 0.01619 0.01589 -0.01472 04680 - - -
0.5 - - - - 0.04680 -0.03829 0.00851
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TABLE II

COMPARISON BETWEEN DIFFERENT METHODS OF INTEGRATION AND
TIM MODELING WITH AND WITHOUT COMPENSATION

t Kutta percentage error for T=0.1
(sec) Simpson

Euler Link modeling Link modeling
with compensation

1.1 0.003981 -38.5 -8.3 -6.9
2.1 0.035665 -12.8 -2.3 -1.4
3.1 0.101499 0.0 -0.9 0.1
4.1 0.160644 8.2 -0.3 0.3
5.1 0.161516 13.1 | 0.3 0.2
6.1 0.094384 11.1 1.3 -0.3
7.1 0.002772 520.3 48.9 -21.8
8.1 -0.054462 57.9 -1.2 0.5

9.1 -0.051167 45.6 0.7 -0.7
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TABLE III

COMPONENT VALUES OF THE FILTER SHOWN IN FIG.8
BEFORE AND AFTER COMPENSATION

Component values in Ohms, Henries and Farads

State

R L C L C L R

1 2 3 4 5 6 7
No compen- ;4 ] 7058 1.2296 2.5408 1.2296 1.7058 1.0
sation
With com-

pensation

1.0 1.7017  1.2247 2.5327 1.2247 1.7017 1.0
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TABLE IV
i %¥1k OBTAINED FROM THE TLM ROUTINE VERSUS
%%—BY CENTRAL DIFFERENCES WHERE T=0.1
(szc) %-%%-k g{- . Diiiirence
(central differences)
0.5 0.13999 0.14638 4,56
11 0.13649 0.13771 0.89
1.7 0.05300 0.05315 0.28
2.3 -0.03086 -0.03101 0.48
2.9 -0.08180 -0.08206 1.54
3.5 -0.09538 -0.09569 0.32
4.1 -0.08170 -0.08202 0.39
4.7 -0.05493 -0.05521 0.51
5.3 -0.02705 -0.02727 : 0.81

5.9 -0.00535 -0.00549 2.62
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TABLE V

A COMPARISON BETWEEN 3f/3T FOR CONSTANT k OBTAINED
BY TLM AND PERTURBATION

-0.00061299 -0.00057152 -0.02073 -0.02050

k f(t, T) of af .
T=0.101 T=0.099 3T 3T Difference
k k (%)
(central

differences)
11 0.13581327 0.13281062 1.50132 1.50137 0.006
41 0.04989793 0.05659663 -3.34935 -3.34976 0.019
71 -0.01400295 -0.01576903 0.88304 0.88397 0.105
101 0.00345630 0.00371329 -0.12850 -0.12911 0.474
- 131 1.109
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TABLE VII

USING 3f/3T TO PREDICT RESPONSE FOR T=0

(sec) fexact fextrapolated Difgirence
0.5 0.044141 0.044152 0.014
1.1 0.134981 0.134992 0.008
1.7 0.193099 0.193111 0.006
2.3 0.198260 0.198272 0.006
2.9 0.162173 0.162183 0.006
3.5 0.106988 0.106994 0.006
4.1 0.052558 0.052561 0.006
4.7 0.011055 0.011054 0.009
5.3 -0.013432 -0.013435 0.022
5.9 -0.022686 -0.022690 0.017
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Fig. 1. Lossless transmission-line models of a series

inductor and a shunt capacitor.
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Fig. 2. Lumped network and link transmission-line model.
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Fig. 3. Stub models of an inductor and a capacitor.
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Fig. 4. Lumped network and transmission-line stub model.
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Fig. 5.
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Example of two simple subnetworks.
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Fig. 6. LC lowpass filter and different types of models.

(a) the filter, (b) link model, (c) stub model, (d) mixed model.
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Fig. 7. An inductor with two capacitors representing modeling error.
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Fig. 8.

Chebyshev filter with 7 elements.
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Optimization using TLM analysis. Starting point a: L

peint b: rw = rh =
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10. Optimization using TLM analysis. Starting point rN

Solution: rN = ra = 0.76646, nw = 2.3739.
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Abstract: A new approach for time-domain analysis and design of lumped
networks is considered. The lumped elements are modeled by transmission-
line sections or stubs and the modeled network is analysed by the
transmission-line matrix (TLM) method, which provides an exact solution to
the model. Compensation of errors arising in modeling the network
elements is discussed. Sensitivities w.r.t. design variables can easily
be obtained and thus used in optimization. Sensitivities w.r.t. time and
the time step are also obtained and used to improve the model's response.
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