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ABSTRACT _ _
Tﬂhs thesis is an 1nterpretation of the" logzcal modalitiea

- with the formulatiop/of a sultable semantics. The-system

Jﬁdevised, QS4 3n, ig based on the modal system S4 3,'with the - .
.defining axiom, E][Elp 20q] VD[Uq:JUpJ, and the addition of
quantlflers.A The "accesszbllity relation™ for the system
uls reflexive, transxtlve and antl—symmetrlc whlch defines~
a partial-order1ng of poasxble‘partlal worlds, rather than
of the usual posslble worlds.i The need for. a partial-order—
ing allows for a fuller interpretation of truth in all/some

p0931b1e partial worlds w1th respect to states—of—affalrs

N and. sub—states—of—affalrs. Thla 13 possible w1th e reatrzctA_

- ed meanlng of the posslble world as’ a posslble partlal world.

iii
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y prbach the topic was to concentrate exclﬁ:::ely on . the ‘gen— .-

. for the logic.

PREFACE . -_3;,.-_;

NPk

The origige;\:mpetus behind the theels wag & gen_;‘p_

e:gl diseatiéfactlo ith what appeared to be going on. 1n_'
modal logic.- The "Hintn 1 found in Wittgensteln e Phal-.'

oeopgical Investlgatlons- ne smlllng mogi? smiles only in a

human . face“; 1t madenme wonder if such 1nteneionel con31d-,

eratione ought. not be brought 1nto an analyela of modal ‘f

1ogice, especlally when it oomes. to consideratlone of pos-

: elblllty, 80 that what is construed as p0531b1e has.some

‘ring of- truth and relates to the way things tend to go in
the ectual world; namely, from past to future,'and from

a oonslﬁerat;on oflle:ger states of affalrs_to smaller,end'
sméilef etatee“of affairs.' There would be meﬁy'ocourrencee

whlch could logically be poaeiblea but could also not be..

~ On the other hand, there is a senee in whlch anythlng is

poeeible. Exactly what such claims could mean puzzled me,"

gince current modal gics did hot eppear %o .be too well

gnounded phllosophlcelly, even though their elgebrelc enaly—

\p 8is seemed %o please everyone.

N/ Orlglnally it was thought that the main wey to ap-'

esis of pOBBlble worlds. This approach would eaemly have

made use of a theory of actuallty/pote allty. This voy—

.

age 1nto metaphy31ce, though would POt have 1eft much room

. // <
" The problem of eeeentiel and accldental attribution-
eeems %o - me not to be a 10g1ca1 question, but one Wthh re-

iv
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Vhere is - that if there 1e no theory(of eseentlal and eccident-

'-analyele of the nature of poeelblltly.; : ”%%

| entl-eymmetrlc._

'euireé a clear'enalnge of'the.nature of po ibllity (this
| miéht heve brought us back'to the acfual/’ ntial) 80 that

feeeential attribution and necessary statements become con- f

~

nected.. If an indiv:dual I hae enlattribute, P, essent-

1ally, then in all p0931ble worlde it hee P, so that the

}statement nI has P" is neceseerlly true, i.e. “I hae P“
. must be true .in all poeelble worlds. Slmllarly, in order to’
understand whet an’ accidental attrlbute is ﬂe must be able to

| “make sense of eltuetlpne in whlch I lacke P (1 e, has some

other. attrlbute, without loss of 1dentity) What happens |

¢

al attrlbutlon, we admit of an 1ndlv1duel having-any eccid— -
_ental attribute we pleeee (and even eome other 1ndividual'

eesentlal ones), without any’ concern for what is being' eeld; '

There 1s a connexxon between accldentel/poselble and

'I‘eesentlal/necessary which can only be understood threugh en

ﬂ

~nE

This-thesis 1e-
) ,.ﬂ?

eents a8 semantics ba ’d not on poseible worlds, bqtg@ﬁ$e;ble'

partlal Worldﬁj ly/OIVIﬁg the "nesfingn Of Bu0h part§ﬁ1

"""-.. (- jl

T
.worlds, thue requiring %hat the 8008881blllty be at leaet

»

;ft In formulatlng thie the51e in terms of eon;ent ‘T
thenk Dr. N.L.’ Wllson, who patiently\helped 1mprove it,_ f

’enalysle of poseiblllty enéfpre-‘. |
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: especlally W1th some dlfflculties concerning the anti-sym-x_-

metry of the accesslblllty relatlon. I would also like -
”.to thank Dr. M. Radner for some 1nterest1ng discusslona

on certain aspects of thle thesis coneernlng eplstemology.'
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s
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-of loglo -:L.oh auq.a t:i.th tho L
o natura of ntcossity and osaibility ‘called -J..mo 1ogic,

.l trautnmt of uodnl lbgio -

<L muro is'a brln

' or nore oomon’.ly, noda.l 1
in a aomtic (nodol—thoo
uith tha vork: nai.nly o:r S.

otio) ‘sense has’ been availa‘blo ..
Eripke end others: Although |

therc arq nmcroua trea.tn 'ts and diacuasions by I.ow:ls.

‘\|

A Qu:lne, Ca.rnap, mm, and thora = ‘guch a aﬂan'tic troa.t—
nant has boan dnbbed 'possiblc worlda semantics* after the
, | contral :Ln'hutivo ideas. or I-oibniz' poaaible worlda.: I-oil;-
' ~ nis rooogn:l.nd tha.t, ina thoologica.l contoxt, God ha.d a.
- choice about which. world he would aetu:liso, from thia, -
| reaaoncd Loihcnis, there mt ‘oo ‘gome plothora of possible
. worlds (posaibly :I.nrinita in number) in addition to the one.
- world aotually chosen [1 abn.i.-., Sol-ctiona] . mPko took
thia noti.on and relatod. it to & ao:untic ma.lyais of neooa- '

sary ana contingent truth. rosulting in 'the view of & neces- S

aary propoaition as bains true in all poaaihle worlds.  The
idoa horo ise that posbiblo wurlds, boing anrﬁoiontly nni- |
foru, allow ocrtain propositiona to be d-tcnined as. oithor .

truo or :falso; thlt ia, the; truth hl\u o:r a giv.n proposi-; o

' ticn la &ettmubla [aa tru or aa ralao] in a‘.’l.l, or in any
5 3  --  arbitra.ry aubut of thtso, poaai}ﬂ.o worlda. o
o o Qh.:LB noﬁon' .though intuitivoly adcqusto, ia not
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-.ception' ‘and so on.

:‘< - 7, ; 

suffioiéntly well 6hn.r5tood._ It aosumes “that any proposi-

L tion ia detcrninﬁble under any and Ill cirounatunoos, it

oould bﬁﬁngro appropriato to considcr such propositions

a8 being detorﬁinnble in ‘some snbaot of these pouaible worlds.
g,and indctorminnblo in the Test. ' With that type of proviao '

we introduce tho notion. of 'relcvnnce' Th;t ia, & propo-

',sitinn is nooossary if lnd only if it is truo in -11 ralth

snt poagihle‘yorlds. Rulovnncy,"in such -1 caso, can mean

& mumber of things auch“la 'all possihlo -orlds-epiatqnically
~ accessible to tho'inhlﬁitants of some base iorid“,'or "all

poaaihle worlda within-the range of the hnmnn powors of con-
P

The claim made by the propqnanta of thia poasible
worlds aenantioa is thet it supplioe 8 foroaful explanation .

'_of truth in general and modalized truth in particular,
* through. the conatruotion of suitable models. ?hoae nodols

‘are of a possible . atato of the world, not of . aone nctaphor--

ically fanciful cosmic antity (thaugh from the talk nbout

~ the- iasue, one would think they could be found in tho New
<Galactic c;t ggg). Poesihlo wonlda can bu no more than
"countorfaatnal situationa, Eripko hna noted thia in 'Iden—
'tity anﬁrﬁeoeseityl [Innitz, Iden Ex;ﬂcap 147/8]. .. On
.,problcn'olailnd to bo lsaocinted wiih“nodai‘iogic is of
"'identifying & certain .ntitr in & counterfactusl situation. -
. For qxamplq,.ir.gno sayss “If Ir. G, were suoh-nnﬂ-suoh
then. .f.-,fhoy_a#.sfag..asoox¢a¢p.thay.lr.ﬁe. in such &



o

| 'atata-tnt 1u thc lr. G. th:t livta n.xt door and about whon

one is upotking Thia, though. ia ' grosa liaundoratanding

‘or tha prﬂblcn@ In suah a statnltnt, lr. G. is giv in - thc
'~diacouvao.b ' |

If poauihlc worlda ars. np npro thln countorfactunl ,_'
aituutiona, thqn. thoy are govoznod by the: same phyaiotr B

laws which govorn thia world, the aotunl one [q.vk'Sndbury,. .

,Lawa].‘ Given that, th.nl w. wonld wtnt to0 impome on- our a

semantics considorationa which roapoﬁtfwhlt it means to snw

that & propoaition is true, or could be trun. !he ‘human. ‘
fnculty of inagination is orten ‘invoked as apecifying what ‘

e amounts to an. oxplanation ot poasibil:ll.F almost as though

hnmnn 1mngination had some priviloged aceas to knowlodgo of

what ox;ata or can exist, Ihat ia impoaaible is oftcn 1dcn~

tified an baing 'inconcoivuhlc', or 'uni-aginnhle' sinco

logical oontrndictionu are hard to inlgina — for cxannle,
aomothing.boing rgd and nonprod.gll over at the sane time.

ﬁowovcr, there are*variétiea of inpbhaibility'nhidh dolnot

enbraoe the prohibition ugainat being inconceivnhle. Whit

counts as logical poaaibility oan turn out to ba rathor vague,‘

 ifwe do not Pay closs encugh sttention to wlut the modali-
. tiou are all ahout. This disouaaion, then, hinges.on a clesr

undorutanding of uhat it means to conceive gr to imagine sono-‘,'

thing as hging possiblo. Such an und.rattnding prodnces &

nodifiod conoopt of uhat a sulantic cxplanntion of nodal

’1ogie nnat aqr.q

i
B



PR
‘The semantic conatruction lhich nrisea frol these

initial oonsidcrntions oaptur-a uhut is folt to be & philo-

- ?aoph;cally more aoccptahlo oxplanation of the relntion of

aoeoaaibility, based on the notion of Hintikkn'a model-aeta,,

"Z,Or partial stlte-doacriptions. S a

chaptor I mets tho attgc for such anllyaia, wherein
'wa inroatiguto. in an- historical~dialootical manner, initial |
,_attempta to inwoatigato nmdal idioms lnd nstabliah a rigorous :
'modnl 1ogic. Kripko's lritings form.the core of chnptor II,
'qince his constructionu nore so thnn provionn onas deal. with
a generalized notion of logical trnth, rathor than tho aynp
N taetio ‘notion of provubility and. 'boing deducible frcl'
‘ This ohnptur evnluntea tho varicus mechanisms of 8 undal—-
theorttic npproaoh and preaenta what is felt o he a more
:'philosophiollly aatiaryxng aocount, whioh rolioa quite atrong-.
.1y on notnplinguiatic uonsidcrations. The finnl chapter ex- '
fpounds the. philosophical argunantion which undcrlies the
) :samnnxic ayptqm’of chnpta: II.



w . .  CHAPTER I
Y . THE POUNDING OF MODAL LOGIC. = r
o 81__Introdugtion
in'this—inwoafigatidn,'io uro;gding to,baftorn between
.two philoaophioll porapcotivoa. Ona naka the very baaic qnes—_
tion about uhothor nodllflﬁgio actunlly nlkea any sunse at
all; this is the Bhrgnann position [Phil, §$5.] which ques1§
.tzona ita T0le in philosOphical annlyaia and philosophy of
logic, as woll tho other’ is the poaition which raiscg-baaic ‘i
quoutions nbont tho lapoct of nedality coneerning & 'IOgic
of entailnant* ‘which' attalpta to mnko sensa of 'noceuaity'
gt o ayntnotic ‘sense of dcduoibility, or of 'B following

;.;from A", The second major porspectivo takes it cum 5355_
“snle that modal logic has utility and proceods to invostigate
it through quitahle ky?ul—thooratio toohniquea--— the so-

- oalled 'posaible worlds aennptica'.=\gheso ‘models raprusant |
a way of interpreting nodgl logic (nlso with qunntifiera) |
and tha genpral model-theoretic qpproach is o atudy tho log- N

; io undor all poaaiblo intorpretatiqns.. Ona intorprttation

...r;_-will bo the intorprotation 1ncorporatiﬁg the elenents of the

| ~Teal or the actual world. As .one makes chnngea in the actual

world one conatructs altornativaa to it. For example, count

factunl‘situntions rnproeunt_altornnte atétoé of the world

R

N
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" and henoe, by incorporating them into & nodoI, a poaoibls“
‘ world.‘ Poasiﬁle worldu forn the intuit;on upon which sonnn- |
.tic truth 15 baseds: a8 wo hnvo notod noceasarily truo pro-
pooitions are. truﬁgin all poesib&o ﬂorlds or- truo in aono
‘end (in some wny) nonrfaloo in the rout. whilo posaihly true
ones are ‘true in some. and false (or indeterminahlo) in-tho,
;reat (or poasibly not—flnao in tho rest — this baaod on B
Modern nodal logio has its roots in “the work of Co I.,.
. iowial His analyaia oonstrues necesaity in the context of )
'doducibillty. Qhoro utill romaino the ordinnxw 1angungo us-
.age of the modal operators and exactly what they moan._ 1% mo-._,
. dal idioma embody linguistio redundancy, thon ordinary quanﬁ .
| tified logio can handle it- if, on the other hand, modal

-idioma‘refloot 1ogitimnto diatinotions in langunga, then thore

 is mnoh toibe gained by an analysia of ‘them,

.In order to. appreoiate the need for modol 1ogic we
'-oanonamino a nnmher of atatomanta ‘and aeo hol\the variooa
~ types of 1ogic reprooent their logioal struoturo. 7 .
Considor thoso two sontenooa. - o_‘; IR R
"'1 .Soms knoln sontenooa are possibly faise, ]
. ffé; ,It ia-posaiblo that some known sontencoa.aro‘faioe;r
- In tho firot aontonco, we can havo a predioato G:  ‘'possibly -
,falso' el g L
L _3'. (3 x) [Kx & Gx] L , _ &
'tbut, 3 doos not ggmplotoly reveal the logioll Btruoturo, if o

~



' by appending 'poeeibly' to 'falee' we. were trying tc aay

" something more about the . eentence. If we want this then we‘

'ﬂﬂhculd want Jes L to be an abhrevintion of ihe ccnjunction of -

’:twc more logically prinitive predicatee: !het of being a

false aentence and that of being 2 pceaible one, i.e., Px
&FI‘ » .

,-»3' (3x) [xx&an:rx] -
thie prooedure of treating possibility as a type of epecial

, pf%gicate ia inadequnte nhen one: ccneidere 2y which aaye,

| _4.* it is poeaible that (3:) [Kx & Fx]

. Tc be ccneietent with 3' 4 should beccmez-

S 4. P(( Ix)[Ex & Px]).

4

| 'P' ‘being an operator . cperating, in this case, on eentencea,
14

‘while in 3' it tcok eentence nenee, unless, in 4, -1 takes

nnmcs cf sentences. However, Af thet is- the case, the whole

" point cf talking abcut modal diatinctione seams . rather pcint-‘

leas, Ccneequently, we want to write 4! in such a wny as to

reveal the logicnl fcrce of appending 'it ia pceeible that'

to a sentence, ‘It nust be defined in such & way that it can

hanci’/lcgi/;ily intact eentencea, and predicates, and in

‘such a way that it refhlle ecmething abont the etatenent'

logical Bﬁrcctnre. Ihie is the reascn why we feel compelled

to seek a icgical.pcdal oparator, which operates not as a.

”"predicete'doee‘iﬁ,taking nemes &s vaiues, but as a eeﬁtence

‘cperetcr‘takicg pfcdicetee crrlcgicclly complets statements
<aéfvalnes; or.more'precieely, thelttnih‘valuee,of eﬂch[entitiee.

Y
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ie end up with an operator which 'alters' according'toftne'
| interpretation we give to it, the truth value of ‘the Operand .
| in such 8 way as to reflect on 'nornel', ordinery language o
| use . of it. In this way, we claim to- be rornalising conpleto— .
1y a modalized etatenent. The inadequacy of the various '
types of logic. to reveal'oomplete 1ogical atructure can be
‘revealed with some exanples. Conaider,
(a) 1% is necessary that if aonething is going to
" happen tonorrow, then eomething is .going to
_happen tomorrow; PR N
this can be fornalised in & number of ways. In non-modal,
propoaitional logic we havc' ' R
(a') P o .
since the modal cperator applies +to the whole statement, we
cannot extract the 1cgical structure of. the contained sinte-

ment._ In modal, non-quantified logio, we have :”:j L -1-;3":~

Cyoeep) L T T

but since we . oannot utilige qunntifioationnl 1ogic the etruc-
ture of tha contained sentence oannot bc nade explicit.
‘ Howevor, in qunntified modal logic,fwe heve ‘ '
@) ol(Ix) Hx>(3x)Ex], where H: @u going to |
-'nappen. A8 another exanple consider these two: ‘,,; -
(b) Some thinga are going to happen tonorrow. . |
(o) Some thinge ure going to happen’ tomorrow of

. necaaaity._ f',j-‘, . uz\

The two oannot be distinguiahed exoopt in quantified moddl‘“'

. El



'-'ipgic, ainégiin ordinaryfpro;oaifiéga%;1ogic they are
'. (v*) p'- | e '
o (e')aq s |
" in quantificational logic thoy are
_ _(b") (Bx)H::, !here *H' as in (a"')

| .(Ic' ") (3 x)Gx, where G: @ia goi_ng to happen tonorrow

, of naoesaity, -

_and in non—quantif:cationnl modal logic, the nead to nake
;distinctions bocomea claar-' | '
fk<b"') r

(ertr) .8 | |
“the two above not. aufficiently different even though "sﬁ[]r'
A.becauaa we must recognize the diatinction batwien (i) of the
i things which are going to happan tonorrow, same are neccaaary,
7.and (ii) it ia necossary that -something iilisgz;pen tomorrow,
It is only in s quantified modal logic that the 1ogical struc- .
'Aiture of (b) and () ia made clear: ‘ . |
| (h"") (ZHx)Hx T e :
(et o(Ixmx - 0 T
Thaso examploe seem to indicate that nodal logic in

.{,

the general aenaa ia ﬂeednd 1n order to expresa the conpleta
. 10gical structure of ordinary language. '

| Conaider, now, this example:

\ It is necessary that Socrates be human

-, That ip (in propositionnl 1031c]:'
DP
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'Here we meet tho problem of eeaential and accidental attri- ‘
bution. In order to make full sense of thie kind ot state- -
ment, ‘we pust’ mako an appola to some noaningful coneept of
this type of attribution by which ‘one can deternine whnt

:Lara the esaential aapeets of Socratea and what are the acci—

?f dental'ones. Aristotelian eseentialism is the more conpr.-

hensive analysie of essentialism- to understand the neceeaity

of Socrataa' hnmanity as 8 necessary property me a that if :

ho were to lose that property, he would cease to be.- That‘

is,\an indiv1dual has a property essentiglly, if_it ceases
%o exist as that individusl when it loses that ewsentisl pro- .

~_perty; it mey ‘also g0 out of ériotenoe-comnietolya‘7The doc-

trine of esaentialisn wrapped up‘here ia that of 'coming to

- be and pasaing away' — individuals como to be because of

_{their exiating properties whioh aro oseential, and pass
S'away as that individual when auchepropertiee are lost,

A\clear underatanding of eeaentialism can provida one
.way out of the morass of modality, but only with a complete
| philoeophical analysis of the nature of the modalities. The
easential property quaeiton is. ono thing the other involves
an interpretation of D[p:q] whioh is used. ‘oy C. 1. Lewis
to oharaoterise deduction. i

The following provides aLma perepective on. problens

to be encountored in an analysi of this. The general orien-

tation im to show that B[p:)q means that q is deducible from -

4

Dpes The modal 1ogioiana! commitment, or non-oomnitnent, to .
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essentialism arises only in the non-logical philosophical -
investigations'éf uodal:lOgid.-'Ih.thiB regaid- it-is pérﬁnpg--

- to 8 purse logician a radeherring of a problen, howovor, in

the context of this thesia, sueh quoations are . eeen as hawzng‘
priority -— it,ia not & question of the logic.beipg committed '
to aaaeﬁfiﬁligﬁ (thnugh;it=6arthinlxﬁis oommittad‘tﬁ its

meaningfulnesa) but of rhether the esn) tialiste' argunents'
.. are accounted for in tho logic (modal‘ gic appearing to be

the main candidate in this mattor)
© We begin with Lewis as the aodroe of modern work
6n modal logic, and- show how various subsaquent logicinna

,havgugftempted to ground a philosophy of modal 1ogic. "”.

g2 c. 1. Lewis - |
ok

c..I. Lewia was the . first to. attdnpt to- como 10 grips

'with the problem of implication and dednction along nodal '
‘"1ines in [ngbolic] B. Russell has mado an attampt to andlyzo:
‘the two modalitica in an. unpuhliahed nanuscript 'Necaseity

and Poaaibility“ L Thore is much to be said ageinst modal

-1ogic an G. Bergmnnn has notod in “The Philoaophical Signi-

ficnnce of lodal Logic' [vide Phil. _}g ]¢ Bargmlnn's over-

- riding concern was to0 ahow thnt modnl logic hed ne use: in
7philoaophica1 annlysia (Pnil. Sig., 466]. As J. ningikxa

hes notod, Borgmann'a.protoatationa‘a;q foun@ad‘oh§hia'ﬁ:oﬁiaa -

1. In the Bertrand Rnnaell Archivas, MoMaster Univeraity,

: Hanilton.
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| thn.t all the urliar dodnctivc ayatems of nodal 1ogic [fail-}
-ed] to be basod on & aatiafaotory acmantical e s e charactor—*f 
ization of validity (Logical truth)' [lodels, 84] However,.-
with the d.evelopment of & suitable.semantics for. modal Logic,
| ’Bergnann's objectiona no longer hold, although thera ia 8ti1l
'jdebate ‘over analytic/aynthetlc distinctions. ' S
. As wo mentionod,.Laniu was the first to attempt %o
_analyze nacesaity for use hn a logiatio by coming to grips
with the nature of & duetion. His motivation was = disliko |
of Ruuaell's_material plication as an alleged account of
_ doduﬁibility. Lewis ealled his typo of inplication, baaea .
on daduotion, 'atrict implication' Tho Kneale'a obuerve in

The Devalogg.nt of ogic that the nerit of Lowis' modal . syatem o

is not -so much thnt it was a 333335 way to. reaaon, bt that
.'it attenptod to graap the maaning of 'neccsaity' ihd honoe,‘”'
to ‘make sense of alothicfnodality.' clearly, then, Lewia
‘bolioyed nodal 10510 tQ be of utility and have soopa boyonﬁ
the questlons of aqgebraio concarn._*

" In the following we analyze-Lewis' nction of neces-
Bity &g he preaanta it in torma of 'antailment“ ‘ In essenoe, _
the argument to follou will e concerned with entailment aa .
'-hlving any moaning-anﬂ noeousity as being a nnoful operator
in- this oontext. !ho main source of difriculties though.
cantro*on Lowr# inaanaitivity to the 'usa/hention' diatinction
. Hhioh oauzcd him to confuac~tho objcot languago and the meta—  ,
*.1angungp. eapeeially with roappct to tha object langungo*a |
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'y s and the netalanguage's (for Lowia) 'striot inplioation"

We bogin here by considering 'if-thon" the truxh
table is:

»la,
B I
P S
AN v |
- et | v o

Notice that p::q is true for q true and p either trns or - -
'falae, and that it. is %rue for p false and q eithar true .
or. falae. Putting thia another way. we havaz
' (a) a true propoaition is uatarially impliad by any
proposition, uhather true or- false,'
',1.e. to say that p materially impliea q is just to- say
that the conditional 'poq' is true; - ,
(b) 8 false. propoattion naterially inplies any
, propoaition whether true or falsa, \
'(a) and (h) are ropreaontod in the sentential oolauluo as:
(a) polaopl | .
(b')‘-po[p:q] - o
Theae two are traditionnlly roforred to &y tho paradoxos :
;of matarial implication.' It followa readily from (a')
and (b') that for any pair of propo:ifjﬂns-'
| (c) [poq] v [aop] ' |
The ahovu uaage is conaiatent with tha oonoopt of N

-'imply' as uaed by A, H. lhitohaad and B. Ruosoll in



'[ incipis, Part I, sebt. A, 1 o1, 1. 1], though Towia did "
, .not qunntion this type of inplication. Hughoa and crosswell
hava aaid or Lewis that he mnintainad [Introdnction, 215]: B

‘There is nnothor, stronger sense of “1np1y' Y aenae
\\“\in_-hich when we say that p implies q, we mean that

| follows from p; and that in this s nse of "imply”.
o %f in no? the case that every true proposition what—
' soever, or that every false proposition inplied any
. propoeition whatsoever. - . .
-Under nuch an interpretation of ':_, (c) is not a tnntology,_f
., ' the grounding of thia nonptautologousness being'thq inter- a
- pretation one aasign‘ to - 1mplxca$£on. Lewis referred to :

cation' -= P stnictly impliee/n if-
and only if it is impoasible thet P be trne and q be falae, -

t(there are other definitions -of entailmant whtnh ara
even atrongor). 'ﬁfrfz_ L _'w |
‘ ' . The nninhconcern.of strict implieation is 1n the con—
-~ text of the doduction of the consequcnt fron the antocedent,
fi.e., of q following fronnp._ Strict implication intends | _.
- to.answer tho questions 'can there be &. relation unnmbiguous—,
1y determinad, which holds of p and q 1f and only if qQ is

| deducibla from p [sxgpolzc, 236]. -The. answer ia in the-
affirmativo"lt is tho conversa of deducibility. As Lewxs

" and Langford say [ xgbolic, 235]: .._==? L n

The. chiaf businona of a canon’ of deduction is to
- delineate correctly the properties of that relation
- ‘which holds between any premise, or. set of preniaas,
‘and & conclusion which ocan validly be inferred..
.commonly thia relation is called 'implication'

In the overall senae of modal logic. wa must coma to gripa'

e



"e with “nebeeaarily, P then-q"aa well as such atafemente as-

l“neceeearily, that p*. and 'necessarily, for some x, that Fx'
§ :'2 00neider the rule of detachment (modus gon ens) where
':D' has been ‘replaced by 'I' but which has, as yet no .
(truth—tabular) iﬁtg?pretation, but which must aatiefy

"_ certain crlteria to be adequate, e.g.._

[ & [pIq]) Iq] must be & ‘theorem
:;_;'I' iigfharacterized generally as follows. 
ey : - When the anteeedent P in any relation pIq is
o [?i aeeertable ae true, the consequent must also be
_ | aseertable as true.' ‘ |
*‘ﬁThe requirement here is that pIq not be true when p is true
ﬂ;and q is false, _ o .
"Q;: 2.. pIq will hold when q ie dedueible from P and fail\
o to hold when q is not deducilbe from p.
“prq holds for ggx pair of true prOpoeitione pand q; accord—
.'-'ingly, p a.nd a would be interdeduciple. Non-deduc:.bility
r’fwould obtain only uhen one wWas true and the other'falee.j
-:;The nndeeirable eonelueion is that every true propOGition
" is dedueible fram every other true pr0position.' On this-
'basie, pIq could never mean 'q ia deducible from p“, Binee ‘
e‘rit could conceivably hold when p .and q were true, but q
not deduoilbe fron p.;g_.. _
: _Since all .'. . true implioatione hold whenever p
 'and -q. are bothetrue, every su¢h relation is teo

.. inclusive in its neuning to be- equivnlent to q is
. EeEucIBIe frem p' [ bolic, 289] S



: What is roquired, than, ia that riq hold when and only when
-p and q are true and q 15 deduoibla from p, our only concern .
being for valid deduotlons. - | _
- To clarlfy thla, ono nust diatinguiah "pIq is true“i-
from “plq is a. true oonditxonal“ Lewia and Langfbrd writo
[Smbolio, 244)}: -, _ o : , .
When pIg is true but not tautological, q can be'de; :
duced from the two premises p and pIg, but only be-
cause '{p and pIq)Iq' is a tautology. When plq is
a tauxologx q can be doduood from p.

‘Prom this, the nature of 'I' follows. |
'I' must ‘ba some oonnect:we 't such that 'p@a'
me&ns "p true and q falae is a logically‘impoaaible

_ comblnation“'f

~ that is,
| -O[p & -q]
.Vor, | _ . ‘
D[qu] ‘ S RS

which is %it is nooesaary that if p then q“ and'bacomea.
p3q | | | ;
| in Lowia' notation.

This is tha meaning that is to be attached to strict .
implication, and it holds ‘when q is deduoible from p. With
| tha dafinitiono '

. pag=af olpoal |
lone oan specify its fundamental sat of truth tablea for each
of-thpo(z 2~1) logically posaible aaaignmenta of logioally

"F
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: , ’ “g‘f\_. . e
poasible:aasignments of logically posaihle truth values
40 the fprnula within ita aoope. ,

| The idea is that Op is true on- avery lina (of a o
truth table), if and only if p is true on every 11ne (of - - &;'j"
| the truth table), and false if th:?@ ia at least one’ falme |
interpretation. (Each line can rapraaent an interpretation o
Tof the relevant formula in some possible world ‘and hence
ar is true if and only if p is true on- every line (in all ’
poasible worlda)) Lo

" The met. of truih—tablea depends on not only the

”‘ftfuth-talﬁe for 'Q', but also. o whoae fundamental aet

U

- of truth—tahlea is given as follows-

p| ap. P | ap
" t A

it fdllbwa, then, that in ah&ltheorgm where !:)')ia
" the major comneotive, '-3' can Be subgtituted. 'For'exanplez'
1. aslp>al o
beédmes K ‘..
1 g3lpoals
2. -pofpoal |

2's. =p3lpoal; B N

[p & poaloaq -

bacbmas

.becomes

3'. _[Ip & poal3a.
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The last one, for instance, says that p is daducible from
the two prmaes p and P:q.
Associated ‘with strlot implication are two para-
_ doxea, the so-cnlled paradoxes of strict implication:
Ce 4~ —p%[p%qj
3 1.am; if p. is necaaearily falgp, then 1t atrictly impliea
- any propoaztion q. . ‘ R “ L
5 p—a[q-ap] Coa | _
i.e., if p is neoeaaarily true, ‘then any propositlon q o
- strictly implies it. ' / 4? B
Some have abjeoted to these two statemnnts, [Anderaon..'..
-& Belnap, Entail] on the grounda that necessary statemeénts
'cannot be strictly implied by,eor strietly 1mply, any ar-.
bitrary statenent, unleaa there is some meaning relationship
batween antooadent and oonaaquent similar to what one finds
in Ockham's theory of conaequancea. |
Wo can amilyse this in the following way. If there
is -no meaning relation, then 4 and’ 5 do appear to ganerate |
puszling circumatancea. If one. claims that an anteoerdent'
truth followa from-its meaning and the consequent’s truth
~ follows from the meaning of the antccadoﬂ% then one hias
8 maaning relatlon, and hence,'strict inplicationa obtaining
between atatementa such that it the stateuant ahould, due
" to its meaning, be true, theg-the.oonsequent;will 1ika-* |
fwiﬁe be true, chbrdingly}“éne must rﬁiu‘oﬁtapﬁecaaéary
statements: | C N 5 =
o Georga ia an unmnrriad man atrictly implies 1f
S

N e
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A}

A4

Y 4

L

'for exanple, whan ‘one ‘says that Goorge is 8 mnn' is analy—

E]

LI .
141 Q-2}’Lthéii 14+1=2
in f&vour of: : *\;f4\\ | '
X Goorge ia an tnnarrled nan strictly inplies George
is/a bachelor. SR : 5‘7‘ .
auppoaudly on'ﬁont (intensional) notion of neiﬂing synoh-~
‘;ny and in order to kdep our language levels from bcconing
 confused. In adaltion to statenenta snch as\this, one must .

'.also recOgnisa atatenanta involving analytic deduction, as

<

tically deducible fron 'Georgo is a bachelor' on the basis
that *bachelur®:is the neaning—conjunction of 'msn' énﬂ
"unmarrad', ‘either conjuct haang dedunible.

. Synonymy is something whioh seens~to be basged. firm-

'ly in intuition yet its oxplication ia not all that cle&r

Carnap, for oxample, naeda.synonymw and defines it in_ terms

of. 'deszgnationﬁ- two expressiona are symonyms when the" two

expresaionq have the same daaignﬂtiona (an extensloanl de—

) flnition) Carnap 8 f&rtioular formulation-allowa for -

‘croas-langunge doternination of axgpnyny: auch as Ease'

in Gernan and hare in Engliah uhich have the game desig-

. nation._ !e ahould note here what Carnap meana by deaig—

~ na&idn. In aeniotic, one must distinguiah among the, apeak—

.er, xhn expresalon, and to what ie being refnrrad, The

‘laat ia called the dlsignatum,&being the expresaion which

is said to deabgnu%a. lhat is dasignatﬁn is various, for

 exam e, it mny be a pr0porty, relation, function, or. thing

." _

Loy

. P

q



"

- q - | L
.(a concrete individua.l), given by ‘a proper name, such as
'Toronto' ’ .
We can give a sketch of synonm in the following

wa.y, let eynonyny be repreaented by i o' and ¥ ve the -

' .«_funotion wh.ioh pisicks out the meaning of sentences, then:

‘l[Georga ia an unmarried man) ;4 l[ if l+1= 2
, than1+l=2]_' ._“ '
_ while o o |
![Georgo is an unnarried man] =g l[George is a bach- a

(4]

elor]

,and that obviously dapending on.

.'Tv\" ‘ I[unnarried man =g l[baohelor]

meaning, .of course, that they a.re interchn.ngeable in aent-

‘nnces in uding referentially opaque contoxts, salva voritate.
‘ However, if. that is the ca.se, to cone to grips with
_ logic&l&deduc:.bility ivonld\ require 8 criterion for meaning
smonyny"and hence, for analﬁicity. I.e., why are’ 'un—
' 'ma:rr:.ed man' gmd 'bachelor' interchnng‘eable and meming

oo ‘synomous? At thié level,, an&lyticity and synonyuy come

;out sinpl? as . aspects of the langusge game and mean nothing
- ‘over and ahove 'their use. ‘.Ehia operationaliat stance ia '

\quite tenahle in this .oaese. ainoe it doea answer the quas—

‘»tion of vjlhat are analytiqj.ty and synonyny in a langusge
expreasod by Y minimvoébulsry, thqre is mo’ roon for _-.' -
-"': .op?mtional definitions, but noither ie*thero\roon for negn—‘_
anel tieity and aynonm, they arise as funotions of.

.20 .

£




. an augﬂéﬁte& Vdcahuldr§‘(i.e;, the-mininﬁi ?6ca$u;arj'
o p1u§ a lexicon of defined words).
o 7 The paradoxes of naterial implication mentioned -

) earlier cease to ba 'countar-:ntuitive' 1f it can be uhown
-“thgt' o IR . .
H[p] ll[q] | | .

.for then analytioity would rest on maanlng synonyny and hence,
 ‘strict inpllcatzon would go through triv1ally. The prohlpm,

~ th ough, that 8till remains is ‘whether necessariiy'trué o

”propoaitlons 1ncorporating meanlng synonymy are analytic,

-&nd whether there are analytic statenants ~ im the analy—
'1 tlc/synthetic diatinction é v1ahle one. I% would seem,

;.on the above notion of meaning synonymy, ‘that analytic
atatemanta turn out 16 ba based on linguistic convant;on,. f
which is arrived at through raoigrocal and efficacioua |
'language use. . That is, given some state of affairs that
p and q_purport to deacribe -‘say I George is an un- ;

' :marriedtmﬁn; qs Georga is a bachelor —— the use of p and

‘iisﬁenérj.and hence, \p and g would neceaadrily:havthhe

‘same tmtﬁ vdlue-" i,b., they would be atriotly“equivalent'. -
A completa cyharnatic modalling may provide the anawer,
but this is another matter altogether, |
Lawia claims that these two statementa are not
.‘ paradoxos, but say aomething about deduction [s bolic,'

'252]

N
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The tautological ohnractor of’ ttntologiea is sone-‘
thing which ordinary logical. prooodurea assume, and
in that sense, all tautologies are already given. .-
This merely reflects the . . . fact tha¢, when de-
ductions are made, 1ogioa1 principloa the-solvos
_ are implicit. '
He ooncludes that they are inovitablo ana 'unawoidahle
' conaequoncea of indispensable rulea of inforenoo' (sym-

bolic, 252] _ _ '

Hughee and Cresswell note that on LGWis**interprata—j'

- tion of strict implication, these paradoxoa do not consti-

"tute any violation and, in. fact, a correct logic of entail-
'mdnt must include them [Introduction, 336]

‘Furthermore, striot implication-pornits the disting-
uishiog of tautologies fron more truths.. Tho corresponding
Toonditional for modus ngggg is a tautology: 7 ,
| '-OEEP&-PDQJ&-ﬂ]-",‘ ST
'!odus g_gggg can be takon as e of inferenco, aince )
it ddes not admit of the drawing. of a false conclusion
from truo p:emiaoﬂ. Deduction proooods algorithmioally'iﬁ
accordance with such rules. in‘a logical oyatén with this
as a rule of inference, q beoonoa a neoeaaarily true con-

soquenoe of tho premises, which must &lso be true. Ihot

N

we want is- .

) [Dp&-p%q}eq- | |

- _Bowoier, thie-is only valialif the rule‘af detechment per-
m:l.ts Dq to be conoludod given op and p-a q, i.e., if |

p—;q.:). UPDUQ-
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In uuch a way, given that the prenise Bat oonaiste—in _
tautologiaa, only- tautologies aro to. be deduced.; Under the
firat intarprotation, '

P%Q-—-DPDDQ
,iscfalse, becauso.
. @meoge.s -{)'-pvth

whlch is trus for any non-tautologous p or tautologous .13
regardless of whother there ia any meaning relation. rhe_'
._.aecond intarpretation o
| | p—m-—--otp & -q] e

L

captures the notion of deducibility. only in so far as- it
involves a meaning rolation betwean P and q.

The Eneale's have observad [Davaloggent '559]: |

If strict‘implication j tifies deduction there aan

be no difference, except in vocabulary, between the
assertion that inférence fron tha first to the eeoond
is valid. -

Deduotion is invalid when it proceeda from’ trua premiaes

' to 8 false conluaion, and is sometimes invalid when it |
proceeds from true pramisea to a trna-ooncluaion. Certain
'rules, such as modus poncna guarantes the validity of .the

deduction givnn the truth of therprenisea.

Woat we have up to hore been ‘doing is showing how
Lewis attempted to characterize deduction. His attempt was
N ;nportant and nvt without merit, and nbflwithoﬁt.ar?or.-
 What _i.ewia calls deduction and _chmgtérugd vy strict ime
%}éation 1_5 what we want %o mean by_‘ dédﬁction; h,ou_-g\_rar,'

AT

b}
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it does not help in ﬂe-explicatiop of the logical nodai-_f
ities as he does not provide e_(eeme.nﬂoal)' intefpretatj.on -
'ofthemaz | | T
In the following we consider further the nature of
Aentailment, the arguments given turn'on the difficultiee
of quantified modal 1ogic. | | '
| The Kneele'e obeerve that Lewie considers *-3' as
'though it were a eign of the eeme grammatical etatue as
1O, However, Lewie ineiete that etriot implioaxion ie
| a non—truth-funetional relation whioh holds between & con- . -
clusion and a premiee eet taken as propoeitione. It is
'intended to ehow, now, that beoauee Lewis neglecte to con-
eider the difference between a binary predioate and a b1—
nary oonneotive, some confusion is generated, with Lewis
-treating '—%' as relational, but on a par with a etetement
oonnective. . ,
The Bnglish languege rendering of '3 is “that . . .':
entaileﬁstriotly implies that . . « "o The nlanke are filled
e by sentences, not nemee of sentences, the difference here
'.1ying in the distinction between a binary predicate flenked
by statement namee.and & binary etejement conneotive
flanked by. afetemeﬁte. A binary predioate occurs 5etween
nnnee of objecte end a binary oonneotive between etetemente,

not nnmee of etatemente. That is:

For 'Nl'«and '32 s the nemee of the statements
1 enﬂ 32' reepeetively, '*that S enteiiel that



82' is true if and only if the. expreaaion 'Hl
entaila Hz ia true.

,‘] K

?or example, consider° :  l o b.ﬁftf'

Sl that it ie raining entaila that tha ground ia
"wat .

ip oonxraat to-- , . .
| 2. 'it is- raining entails 'the ground is wet"
h.The first requires that the entailment be a relation be~
‘tween propositions while the sacond requiras that entail-
ment be a ralatlon between atatementa.
_ This is not by any means & trivial point‘ it is’
fundamentel to logic. Quine writes in (ML, 28]:.
 The verb - 'implies' belongs betwaen nanas of atate-
" ments precisely because, unlike '=>' or ‘if-then’,
it expresses a relation between statements, it iB
a binary predioate by means of which we talk about
aemantics. _ : : .
_ Accordingly, with the atudy of the logio of entailment,
we' invite oonfusion by using a statement connective, which
is - a non-relational operator, in. the same way as the reélation
.of entailment. . :
' Binary étatement oonneotives, ‘such as ', are
‘placed between statemants to form new. atatementa. On the
other hand, banpry, or-dyadic, pgedzcates, such as '=',
are placé&'between names (of.hnﬁhera, for example) to form
| étataﬁenta. (Predioatés must take names sin ce, for
example, '@ is equal to @' lacks a subject and 8 pre-

 poBitionnl object,) Statmment comnectives can be iter&ted
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- and,etill nniegooe'eenee, while predicetee'cennot. For
example' ‘ | o
A:a[B:ac] B L
ie., if A then if B then ¢ |
but not,
A[B>CY
~ -d.e., A is greater than B is greeter than C.
"‘ 13 ie a etetement connective of the seme gralmati-
.cal type as &', w1, or 1, and ‘is not a binery predicete.
It ie placed between the same eymbole ee are truth—function—
al statement eonnectlvee, and can be- iterated, Since
it is mieleading to read t o as 'impliee' ‘ag Qnine has
noted, and-due to the definition of '3', the preferred
reading of it 'is "necessarily, if A then ei;';ror‘axamplé:
Ae[eee\' : | -

if A then neceeeeriiy, if B then C. :
Hughes and Cresswell fail to be firm on this issue
in [Introduction, 23]

1.0.,‘neceeeerily,

Another important modal dotion is thet of entail-
ment, - By this, we‘understand the converse oI the
relation .of following 1ogicelly from, -

1. Bey entailment is a relatQBn, yet [Introduction. 24] |
'Entails' and follows ' ogiocally from*" [eic] are’

dyedic propoeition-forming Operatore which are not

which conetruee 'entaile' as perf ing“the same role as
any etetement connective. |

Andereon and Belnep make a eimiler equivocation. on
/.

/

/.
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tho one hanﬁ, they regard '3 aa a8 atatement connactive
| and hence. flanked by ‘statements [Entail, 79]:

[We take] the h%'-)as the formal analogue of the oon— |
nective 'that . . . entails that . .:.'. o

yot they insist [Entail, 80]

”*’f/f//’ We wish to interpret 'A—aB'; 'A“entaila B' or
‘ 'B is deducible fron A,

_ Lewis claims that '-3!' represents deducibility.
'_ that 18 the case, then the moat that one ean hope for is _
that a logic of entailment, or a 1ogic of implication which
'recognizos the role of nodalities, and hance. a naking gense
.of 'B follows logically from A' involves just another dye-
idc predlcata. e ~33 . . ;_, 7} N,i:?'_ ",
' If that is the case, - “then the most that one can hope
v _:f:‘or is that of a 1ogic of entailnent, or a logic of im- :
’ plication which takes into account distinctians‘ona"mustt
~ make hetween'tHe'oﬁjeotilanguage and the ﬁeth-laﬁguage.
(ﬂ/agrtain,diétiﬂctioha.can‘be-ﬁade'in therﬁeta-language.andt
counterpart of B follows logically form A as well as the
more broad considerations suxroﬁnding'true stateménts,‘and ';
/ theorems. | ‘ o S - .
| Lewis was the first ayatematloally “to-try 4o meet : B
auch a need howevar, he clearly neglaoted the'use/hantion
- distinction which led him to see & solution where he had
only provided for oonfuaion. The atrength of Lewis' work
is not td be'deniad; In Bubsoquent diaouaaion herein, we
shall see how othars havﬁ attempted $0 equip suitably the

- object languago. i":_? . : .‘l
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83 Identity anﬂ Ibdal LOEE_

- Subacqucnt to thc appearcnce of S!Epolic Log}c by
C. I. Lewis and C. H. Langford which prcecntad - atudy of
: modal prOpoaitxonal logic, there was a publication in a
short period of time of a nunber of papcra which dcalt
wzthkthe prohlem of idcntity in.mcdal contexts. Thc con-.
cern was for the substitution.of 'identicala' in contexts'
.govcrned by modal operatora, it belng claimed that truth
. was not. preaerved in such contexts. The rule of univcrsal
subatitutability iB based oni the Vicw that this identity
means that the names of an idantical objact — cc-refercn—

tial terma-— are eubstitutable in all contexts. Howevex,i

problems arise, in e.g., belief Oontexts, as well as, hhd:‘pA:.J

c

importantly. in modal contexte. Cons:tder, L
' Az Walter Scott ia identical with the: author of

Wavcrlex. Nacesaarily, wBlter Scott is- idcntical
with Walter Scott.“:\ _ . '.- »
';; Necessarily, Walter Scott is\idcntical with the.
' author of Waverlex. "" B R _
By acmc, nctahly Quine, the conclusion is claimed as falae.
“since, it is argued, it ia plainly a contingcnt fact that
-Scctt wroto Iaverlgz With another example this baccmes
more clcqr: ia it a nacasaary truth that Shakeapcarewrctef
'Hamlcf; or ie 1% to. bc taken as contingcnt on tho cvidonco"h
'that Bacon may have been the cuthor. (The countcr—arguncnt,

cf cou.rse, would have to bc thct if Shakespca.rc did @t

-

¢



i ‘Haﬁlet, or Scott, Wavarle , then thc identity of the nane '

. and the desoriptive phraaa is affirled as neeoasary) Quine

f;oonsiders thls difficulty to ve fatal to modal logic aince
_he ia obv1ously conatrulng identity as- inyolrlng snhatituti-
vity ealva veritate, the non—direct referential character _

- _of definlte descriptions being the Btumbling blook.

L In//;der “to solve problama of this type, ‘we' have to
be very cloar about 'hat it means to use’ the term 'identical!

' in a eentence. If in the case of g.and p, either ‘we have
.,'two things on we have only one.: That is, if g and b

-~

-~ \__‘-
identical, then thera is’ only one thing, it they are two

- things, then they are not identioal.. What else can we

_ mean by idontity? Clearly, we do not want grades of
 identity, beoause identity turna out in the. long Tun to be
_self—identity.- Of courae, identity statemanta ean be used
to convey new informntion as, for exnnple Binatains 8
Eélcz' or the (errronaona, in fact) clain that Mt. Evenst:
aurishnnkar However, in . auch casaa, the differnnt namaa

'“used ers ahown to nane the sane individual Even with Scott o

and tha author of wav la ” co-reforentiality is one part
:';of tha prohlan, the conveyance of infornation is the other--_
"otharwiae, why would one be inclined to conjur; up some -

| nsmeless referent to ba (1) not identical with Scott, (2)

' identical wi'th the author of'ﬂaverlel?

If we follow the above through a bit furthar and ar-

' gue that 1d0ntity statulonts ars not real z oo—referential—



'ffaffirning statemonta.!but expross a- contingeney, ‘then the .
- _most: that we can ‘mean 1s that it 15 goaaible ‘tha.t Scott
is 1dentical with the author of Waverloz. With this,_the
) concluslon (that necessarily, Scott is identical with.the 5.
*'authozr of Waverlex) hecomes the affirnation of 'Scott is
-either 1dent1cal with, or not identical with, the anxhor of';
Waverlex" i.e., that it is neceasary that it is posaible
that Scott is the. author of Waverlex, or, is not the anthor
| fof Wavérlez.f;g o, o . ;_'
R We do not ‘wish to deny that some name identities -are
"~ not necesaary Consider the example of Hesperus and Phos-"
:phorus (two “names“ for the planet Venua) It is'an'aetro—-.'
nomioal discovery that the two nsmes were found to refer.
%o the same individual, viz. Venus; accordingly, ‘we do not
:want to. say that there ara two individuala, each named by

one of the two names for Venus: after all the name 'Venus'
" does refer to each of the. individuala named abo e. It they’
named two individuals, then, of course,’ they could not name
' Venus, and if they name one mdividugl, then they are just
different'ﬁamps fér_the seme thing. In any case, We are B
trying'fo'afdid tﬁe cage of saying that two nemes oan ve
B co-referr;ng and yat refer to different things. |
: An argunent which can be invoked here, but which has
a duhioua philosophical atatus, ia baaed nn shouing that if
identity atatemants are neceasary, then their denials are
_;ppntradictory. Thia, though, foroes the modal logiciah to
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ltako the‘noaition'wﬁich rednires -acceptance of soho-typaAof
, esaentialiam. In an ontologioal sense, this oomea out as.
being the author of wnworlez is essential. to Scott. ' How-' '
_  ever, as Linsky notes [Beferance, 9] qnantifiod modal IOgic"'
"‘ is committed only to the meaningfulnesa of essentialism,
Tnot to its truth, einco it ia in terms of that symbolism'
“that one framos_statemanta concerning essential (and aociden—l‘
ial)jpfOpeftynpredication;' Uﬁtil, though, we are prepared
. to accept the truxh of essentialism in the sense that "Ne-
oeesary and contingent propertles do belong to objacts ir-=
respeotite of their modes of Bpeoificatlon' [Ibid ], this
will remain en ares of acadenlo interest only. - \
N In the following,‘we turn to a further consideration
K of aome of the problems raiaed in this introduction, with
- consideration of Barcan Iarous, Quine and Smullyan,

§4 R. Barcan Marcu32

_ Baroan Naruus aupporta modal propositional logic and T
its quantified.extenslon'as.being efficacious_in nnde:atand- ‘
ing suoh-intonoional contexts as‘belief'oontexts,'and‘the
alethic modal ones in'pnrticular Aooordingly she argues,.

- we nust he prepared to allow 'degraes of extenaionality“ as
ahe calls it (actually, it is varying~degrees of substitut- :
ability) to aooount for the variona equivnlenoe ralations

P
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by'which7terﬁs cen be related. This etretified extension- |
ality means that in addition tOwthe identity relation,

there are meny others- similarity, eongruence, and in-

'dieeernibility. From thie, model logic eomee out ae a

fullyfledged inteneionel logie, with the *normel"

"abeolute" extensional relation of identity being eimply
the strongeet inteneioanl equivalence relation.

Identity means same ob ect -— i, e. that there is

one thing and not two. For Leibniz, it meant heying ell

proPertiee in common. There is mo property poeeeeeed by —

one and not by the other —- they &ars indiecernible, i.e..
 (®)(@)(xey & F)oFyl. |

This holds, though, only in purely exteneionnl contexte..

However, as Lineky notes [Beference, Introduetion], what ie

indiecernihle in nonpmedal IOgie, becomee discernible with

theﬁintroduetien of modalities, einee, then what beeomes

important is intensional’ identity, not . extensionel identity,

as in the case of" 9 and in the number of planets being 1-

dentieal._ Barqan lareus, though, opte for the following

88 being definitivez

2, x and y are ind:.s&emible at .(cp e x::tpy'_].
" (in non-modal systeas) ' '

or = af (Q)[QI=Q.‘I]
(in.modal eysteme)

KAgain thie ie e nice ney of 8 ying that x anq,y are Leib—

niz-wdee indieeernible einee what appliee to one applies E



n_;_tional.;‘;'

; Lw
.aone justification. In effect,.there is a choice to nake_f

—_—r

-

‘ ’intensional objaots (conoepta) as valuea. :

“ niz'¢Law as defining identity in intensional logic}

er, though in this case, the clain is - ;,
in Leihnis&-ﬁﬂl by using the bi-oondi-"

equnlly to the"‘
made atronger

»

-x,!gréovar,-ror ner’ to clain 2 as adtquata raquires :

conoerning hoﬁ wa are 1o deci'e the criterion of adequacy t
for the calling oﬁgdertain eq :valnnce relatﬂ%n, the idenr .

tity re%ation.. Ph§ choice is betwean (a) rejecting Leib—

'-(b) rejecting intanaional logic and ita attendant contexts,
,and praabrving Leihniz' Law, Obviouslx. Barcan larcus

hed decidad in- fax\gr of (a) hecause of her decision to '
‘allow varying degrees of auhstitutability, and henee,'- e
Aof intensionality ;n affect, there ia no one. relatiqn of

i'identity, but maﬁy context dapnndent, and taking carnapian

: Ho-ever, we do not want to redect Leﬁhniz' Law’ which

.means aubetitutability in all contexta, ainca we would

| ‘be uneble to assert EEI identities at all and end up witn

- ioeo' - » 3

@

”purely intensional'names. 48 Quine says in Carnap's
[X & K, 197] thig would happen if thé modalities were given -

' f?ea.rein. We would lack even the ability to eay:'

b

The numbar of planeta is a power of three.

-

"‘(3 n). [n is &, natural nnmber & the nnnher of planata~
= n] ' B
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feince we heve nunbers (Ilth an exteneion) as velues for n.'

'The 1ogica1 predicate 'ie a netural nnmber' o« o weuld :

_have to give nay to a logical predicate having - the senee"'
is a natural-nnmber concept' [ibid.] | :

We would furtherhhave the difficulty of eeeerting '

, 1dent1ty between entities, which in an exteneicnal lcgic St
o might he at least . substantive, but uhich in an intensional
_logic beccne pure concepta — e.g. the concept of being,

,_eay, hnnan, ¥8.. being a humen (i.e. a’ member of the claee

of hnmana)

+

Barcan larcue adds’ [Boeton Studies, Diecueeion, 106}

' "that a1l terms may refer to objecte, but that not all .
T .,‘objects are thinge, where a thing is at leest that about

whieh it is. appropriete to aseert the identity relation.

" Thie deniee appli?ation of the identity relation to thinge \ﬁyf‘
'euch as propoeitipne. COnBequently, identity holds betwecn

individuele only (and not individual concepts), the naxes
of which hawing reference to some 'concrete' thing (her
'thing—reference'), however, on the 1eve1 of predicate

clasees, attributee and pr0pasitiona, there are other e |

_quivelence relations which are applioable (and which are

weeker that identity between individuela) For exenple, 9_'

;_'and the number of palnete may he releted by tha general
- equivalence reletion of. equelity, but equnlity-ie noﬁ fe.
: dentity. Since 1the number of plenete' iB not a name, it



" In light of this approach to the modalitieﬁ“‘sh |
"[Boston Studloa, lodalities -and Intenaional.Logic, 89]

A The solution, 2s far 88 aha sees it, lies in reallzing that‘
 things dther than inﬂividuala can be qnantified (o040, X

‘can be interprotad by default aa a predicata or 2 descrip-

tion [1bid., 107] .
| This problem over the valuos of variables in the

' identlty relation is rejected in the nore general discussion
'aurrounaing the interpretation of functional logic. The '
" dlfficulty arises in giving a clear translation of:

(3 x)Fx

For if quantifioation has to do with things and it
variables for attributes or classes can be guantified
upon, then in mccordance with [the common reading
" of existential quantification as !'there is/axista at
least one/some thing/person which/who . e e ]‘they.
[variablos] are things.

laeses, attributos, etc.), and thorerore, not to take the

're_'there ax;sts' in a too empirical aanee.

With Quine, we. havo the definitive objections to

;any‘quantified modal loéio on the grounds that no sense can

be’ madewof idnntity in these so-called intonsional contextsi e

~of Barcan larcua. ro this we now. turn

M e

X

7‘.=\J §5 W. V. Quine3
Quine'! s'objeotions to Barcan !arcus in partioular

" ‘refleot his general reductionist standpoint, from which he

o 3. 'Vido.Quina‘in the Bibliography. ‘
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‘has ehoun ihat all constant eznguler terne are elininehle

in fevour ‘of general terme anﬂ bound variables (refleoting

his ontological maximz to be is to be the valne of & (bound)‘j
' var1able) . Acoordlngly, aince slngular tenms can be- renov-‘
'ed, the charge of referential opacity, or non—interohenge-

' ebllity salva veritate, muet be shown: to &0 through in the_

general case. For example, [Llneky, 4] from: -

(3:)[neoeeearily, x is odd]‘

'w1th X uniquely speoified by

2. (37)y £x= =y 4y + y]
we'oan.éet: _ '
Y 3. x is odd -
. .and hence, |
m.[x=1e odd]

but not, : | _ .
' 4, there ere‘n nianefe. _
2 ené'4'aachlﬁniquely epeoify'the-eane‘objeot'-hence; 1l

is entailed by 2, but 4 does not entail 3, (the idea o
being that it is incoherent to. eay thet there is an objeot'
which is necessarily odd) Thise type of argument, claims
Quine, is even more insidious in thet the unintended re\‘\'

“sult is a plea for eeeontialiem.

Furfhor objeotione lie in Beroan Harcue' type-.
theoretio stratifioation of exteneione whloh providee for

 various equivalenoe relatiOne obtaining betwoen thinge of

different logioal typee. Each euch.equivelonoe_re;et;on

<4



_ 3{1.
being an aséertion of a-épebiea of iddntify'in thé relevant
context. However, theae equlvalence relaticna are not near-
1y equal to the strength of the idantity relation batween
nemes. As‘we hawe notad, identity either involves an ag~-
‘sertion of identity between two entities, or it is lacking
in- meaning.__Consequantly,‘batween Hesperug and Phosphorus,
..ue-have'(aocording td Barcan larcﬁs)é B -

D[Phosphorus Hesperus]

Furthermora, the invocation of theae degrees of
,subatitutability reflects the circumstancea that a logic
can'ﬁhly be dediphefed'onea one -has determined which are
predicates and thlch are individuals - i.,0, one must
‘become familiar with the ontology involved.

' The Quinean approach is to racognize only two
ontologioally relevent typee of expreaeion — (bound)
variables and predicates. From this stanapo“‘ int, Quine is
. more or leaa required to accept the strict interpretation
of identity as defined by Leibniz' Law, and henoe, to ‘
‘accept the following:

S Px =y & El(x = x)20(x = y)]
where s, y are varisbles of quantifioation, not names or
desoription. ‘ )

However, if there is to be an identity relation in
modal logio, then it cannot be the 'usual' Laihnisean one,

‘since as we noted above, what is indiscernible in non-modal -
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- logic can be made discernible in modal logic due to its

intensional nature, hence the identity rolation must ohanga. .

Aocordingly, we find Quine following in the steps of Car-
nap [M & N, esp._173ff]_in prefprring some principle;of
odngruénna.' The resﬁlt of this is that the vnriablés in
quantified modal logic range over ooncepté (intenaionnl |
objeots) rather than concrete objacta. With regard to Ve~ .
"nus, Morning Star and Evening Star, we discovar not one
entity, but three.' That is, [q.v. Quine, Problem, 271/2]

- (with '0' being the relation of congruenoe) we have. _

l. Kor:aing Star € Evening Sta.r .3 D[Horning Star
€ Horning Star]

"_Next, inqorder to use ‘congruence, we. must admit that ex-
istential qunntification holds when there is eome suhstitu—
'itable constant which would make the statement true, i,e.

T2 (Ix)xg¢ Evaning Star & [[x C Morning Star]}
' . (Beplacing 'Horning Star' in 1. by 'x')

FAs an alternate to 1, we can says: -

‘3, Evening Star C Evening Star & EJ[Evening Star
' . . € Morning Star]

~on the basis that it is not neoesaary that the two names of
Venus . actunlly Qame the same individual -= it is an astro-’

-

nomical faot that they do._ From ey we. ‘haves
4e (3 <)z C Evaning Sta.r a:-EJ[x c !oming Sta.r]. :

Tha oonclusion from 2 and 4 to thra, then, is that there |

are two objeots which eatiafy the- two incompatible operands.
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(As Quine‘notee, if- we introdﬁce"?enus' we would have

. . three such objects.) The reault is that naterial objucts -

are eliminated, anid raplaoad by intonsionnl obJeots. 'the"
' concept of being the lorning Star' 'thc concept of being _
- the Evening Star', Congrusnce seems to be ‘elther nelning-'
less, or such 8 weak relation between terms ag to aaaart, -
it anything, concaptual divorgence. The final resnlt is
',that when the relation of congruenne obtainn betwean two
terms, they are related by two suhspecies of the relation.l
First, they can be said to be naterially identical; by which
is meant aimply that they involve the aame object -~ in’
this senge Leihniz' Law suffers no undermining since what
ﬂcan be Baid of one can ‘be. aaid of the other.- Second,
. thay can be-said to be contingently co-conceptual inkso -
far as they do not make nutually excluaive statemants
"bout ‘the same object. The contingenoy arises aa_the re-_
cognition that conceptunl'iﬁentit; arises only in cases of
fself-idantity, but'when diffefnnt words -are uae& to malke.
" the same thing, diffarences arise from the different mean-
inge the words have —- “nﬂny“ d 'few' can be the count
~_adjective for the same nunber of objects as, e.g. the num-
ber of‘plnnots, yot one would hardly want fo say they are
atriotly identioal Leibniz' Law faila in this regard then,
'booanse of the falsity of epeaking of conceptual identity.l
'_ The unfortuante result of this is that we are no
longnr ab;e to doallwith ooncrete,individuala -= the -



" which is ooncerned aolely with

'g # the number of planeis'-
~ what we mean.by'predicétion)

-'When we say that the number

‘machinery fof'télking'abdut them (has been replaced by_tha%.-'r

tenéionhl objects. With

.Quine we go the other way and have the elimination of con-~

cepts.

Quine notes that since We are talking sbout modal-

‘ities in a propoﬁitional {(or a functibnal);logié, certuin
tcohstructions are posaible'i' ch fequire making a. distinc-'

tion between necessary and co tingent attributes -— i Bey

a plea for essentialism (hope ully, Aristotelean) _ For--
example, it ia 8 mathematical'requirement that 9 necessarily
exceeds 7; however, the numb

T
ceeds 7, even though '9 = th nunber of planets'. To take

of planets contlnganxly ex-

_’the ideﬁtity-relatioﬁ too seriously would be to claim that

® a contradiction; which

it is not, so the solution i to‘hegin equivacating about
i.e.; ‘.tlliat‘ what oaﬁ be said

of one cannot, without quali ication, be said 6f the other, -

' planets is nine, we are ex-

[preasing at moat a contingent fact of astronomy, from this

it follows that there could hive been ten planets (the aster-

oid-be%ﬁ ﬁay'ﬁé e broken up p aneig. Two statements followz._
L Ole> 7 |

and. , |
2. O [9 £ the number o planets]

whioh means that



1'. the attribute of exceeding 7 ie a neceeeary ate
| ftribute of 9 S -
~2'. the mttribute of s'that-it,numbers the. planets
" ie an accidental attribute, o
Thie‘dietincfion,‘reaeons Quine, ie enough to require of‘
the modal logicien the acceptance, in principle, of the

- meaningfulnees of eseentialiem.*

The dietinction, though, . eeems to sey more, The
first is 'a mathematical truth, and it would be hoped that
‘mathematical truthe wereinot-contingently true, but neces— -
sarily true., However, the eecond is a etatement of empirical
- fact and euch statements can be denied without eliciting
iundeeirable coneequencee. It is the old analytic/eynthetic
distinotion all over again, but caet in a new rcle, this
type in terms of eeeenxialiem. If, as Quine erguea, modal
~logio is committed to essentismlism then it is similarly
committed to the analytic/synthetio distinotion, and hemce,
the proponent of modal logic must advance arguments:fo try
to clarify the distinotion although it is. too much-to ask: .
for any oriterion for determining eynonymy In sddition to |
“this, the modal logician has the task of making a dietinc-
tion between accidental and eeeential attribuxee, eince
" he. is committed to ites meaningfulness. o R
Quine's claime appeared to heve some plausibility,
however, in the following dieoueeion we ahell gee how ™

Smullyan tries to meet Quine 8 objectiona.‘




§6 A, F. Smulll__ _
The central prohlem which Quine hee raiged with euch

a devastatmg effect concerned iteelf with the 1dentity re-
'lation and the interchangeab1lity of 1denticale.i Thie eub-f::
stitutivity, clained‘Quine,‘broke down in inteneio :l cona.:
textis and eepecially in caeee wherein the identity relation '
' involved a proper name and a deecriptive phraee._ Smnllyan
has investigated this queetion and’ preeented what could ‘be.
the definitive—enelyeie of the queetion.A
| Smullyan, in 'chality and Description! inveetigatee
© the controverax concerning eubetitution into modal contexte'
as it is affected by identity and definite descriptions. |
With Smullyan, we ncw consider the forual analogue cf the
argument raieed above about Scott and his ' being the author
of ¥averley. | o o .
' Let 'y represent ' D is the author of Waverlex'
and 's' represent 'Seott'; we then haves .|
| A. B = (2 x)wi: ) | |
[s = 8]
[e = (7 x)¥x] |
the conclueion etating that it is neeeaeery that SOott be
the author of Waveglez! and which is preeunably talee since
lit.ie qnife conceieable that eqnecne elee could heve wfitten
,Wavirle[:' It is ef this point that Qnine, ag neted, levels

R AT R R
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hei criticism of modal logic 6n thé'grgunda.of;referdntial_
opacity (or non-intarchangeability in all contexts, salva
- veritate) Quine's concluaion from thie type of argunent

-wag  that individual varisbles in modal 1ogic range overin-\
. tensional ob;ects, not concrete individuala. What is invol--.

"rkved are concepte, which ‘clearly differ according to the lin-

. guistic mode of presentation whether it is by means of
'prop r namas, or definite descriptions. )

licit in Russell's definite descriptions is an

| ambiguity
form of ar ant A, in regard to the placing of thecmodal

arding scope, which arisea in tha primitive

-oparator._ At a more elementary level let's consider. this
ambiguity with regard to negation gpd the resulting conse~
quences. Consider the first premiaa of argument Az

_ = (7 x)(Wx) | | :
this statement can be rggatgd‘in'two,hon-equivalent ways:
nl. S # (7x)(Wx), S

emd
n2.  -[s = (7x)(Wx)]..
From these we derive the following expansiona into primitive
notations: ' o _
~ nl', S# (7x)(Wx) - af (gb)(wx X=b&s ',4 v}
which reads that there exiats ab, identical to x, and |
satisfying Wx, but which is notidentioal to Soott. On the
other hand the secongd - one becomee o '
| n2'. r-[(f}_'p)(ﬁx =X = b& s =b)]
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 and says that no b exiata which meeta the neoossary requlre-?
ments for satisfying Wx and being Scott. . _
o Smullyan pays olosa attention %o this distinotion
ondFoffera a_definitive_interpretaion of a valid conclusion
from;the'tﬁolpreﬁiaes in A; By conatrulng the description
““=-H‘_as taking small scope we got tﬁe false conclusion, i.o.,
" mm»}}zhpmmu_\ﬂ_uﬂj_xuw\_
' " - o ¥ = x&s=x)]:.
‘ however, the modal operator, lzke tho negation aign in nl*
and . n2', ‘can be in ona of two plaoea. Acooi?zngly, by
"_taking large ‘scope we get:

[(71)(“)]0[5‘: (7x)(Wx)] = af (3x)[Wy—-y-"
."-. ' o Y=X&D(B=x)]

VAnd this moy be taken as tfﬁo.‘ As smullyan.notea in order
to obtain the: conokusion cl, one of the pramises nust be -
strengthenod, i.e., we need
Qls = (7 x)(¥x)] | | -
1which, when conjoined with Ofs = 8] reodily givoa'theloon-
'cluelon cl. , '
v The above is obtained without the loss of Leihniz"’{
L Law (the demiae of which aurely results in oonfusiono, the

‘second premise can be paraphraaed as:

(Bx)(Wy=',x =y &8 =x)
'_When oonjoined with the fzrst premise yields ,
1 2. (3:)(Wy——yx=y&s=x& D[s:s])

Thia atatement, reduces to (via Lelbniz‘ Law)

¥=f~——_q_5



o3 ~(3x)(wy£,x =¥ & 0lx = x]).
:i,e,, B , _ 7
[(7 x)(wx)]D[s = (?x)('Wx)]:
nence’ ‘the above.' | |
Smullyan appears to have met Quine 8 objections to
modal logic, by ehowing how the paradox reeulte from ecope‘
ambigulty. ‘The result is-that concrete individuals are re-
_ talned becauae Le1bnis‘ Law stays, but 80 do modal operar
;??5“*_%;“‘“*“—tere——because~of“the‘reeolving of the ahove eoope-ambiguity |
Smnllyan 8 tactice neetly handle this standard caee, “but ;
t;eeem not to be 80 eaeily applied to any‘noeeeeity~of iden~ﬂ'
tlty betwaen Phoephorue and Hesperus, particular&y because
there is no paradox reeolmable in primitive notation re-"-
garding the locating of the ecope-eymbol.‘ If “Hesperus =
.pPhoephorus“, 1e it neceeearily the: caee? If we stick etrict-_'
'ly to Smullyan 8 ‘use of Leibniz” Law then there ehould be
no diffieulty - identity comes down to there being no
“mentionable difference" (indlecernibility), and our falth
in ontology reetored by there not being two objects g and
‘pouch that e =%b.

- Moreover, etatemente sueh as 'g = (7 x){Wx)!* badome,‘
in primitive notation, oontingent existence statements --
i.e. gggridentlty Btatemente. . The neceeeity of the identity

'statemeht“aiande, but given the individual which meets cer-
tain e:’:istenmenta_ laid down by the expansion of

the deecriptioﬁ.‘

e




§7 Concluaion '

From the preceding, ‘we' see that the initial argument
'againat modal 1ogic, namely Quine B objections, fail when
we considerHSmullyan.s analysls. The idenity relatlon_ls.‘
présérved in italLeibnizeah‘bééufy; and then we do ﬁdt'haﬁe._
the 1oss of concrete 1ndrviduals for 1ntensional objecta,
of which no meaningful identity relation can be assertqgl\hﬁh_;;ﬁffd

N
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CHAPTER IF

THE SEHANTICS.OF HODALITY

-

ey T A-::glmfiﬁiiédeéiidﬁ -

In the preceding chapter, the concern was to pre- .
sent an hietorical—dialeotioal analyeie of the foundations
of contemporary modal logic. Quine 8. objections have a
firm beeie, ‘but ocan be met-by some ehifting ‘of the very
.grounde upon which modal logio is founded (the purely eye-l
-'tematio problem of substitution and Leibniz' law is Qeci-

_ eive), Smullyan hae ehown thet wo can heve both modal lo-
'gic and Leihniz. Subsequent to the worke referred to in
Chepter I, oomee the work of Seul Kripke who baeed hie
analyees of model iogio_@ertioularlywthe Lewie,eyeteme)

; on thefoonetructionrof a. euitable eemehtio'fremework,'fhe
ggggl. In this chapter, the approach is first to become
olear about what &' model ie, second, to explxcate ex-
_-amplee of Kripke 8 eemantio systems, end finalif, to oon—_
etruct a model eemantio whioh reflecte oertein preoonoeived J
notione of whet a modal eemantic ehould involve.. The

~ system which results is,.54.3, (in the s4-ss spectrum) 34
.being too weak end SS being (to put it in uneoholerly fa—
ehion) ebeurd ' '

- . (%3 : “+ ' . "
. o ' ‘
p S ,
2 ‘ ‘ i
. - . . . N ) . 1
L ! . ! »
. .
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" A conaequencé of the ﬁodal semantic constructed
herein ie that, unlike Kfipke;,nédélizad;truth ié.not'thé'
goal, but simply aﬁ explication of "true®. That there can
be, to use Russell's words, LI no'dné fundamental logi-
m ca1 notion of necessxty, not conaequently of poseibility._
[and] ,'. no such comparat;va and superlatlve of truth
- ag is: imylied by thp notions of contingency and necesslty"
.'[Necessity & Posaibzlitz] results from the semantic. The -

t modalities do not express a Exg_ of truth but are, instead,
ways of talking about statements 1n the language. That is,

f on the one hand, to say a statement S is true in language L, °
means, in a. llmlted Tarskman sense, that S is satiefied by
every sequence of the domain of L,_on the other hand, that

S is neceasarily true in L means that L is structured with
respect to the elements of its domain 1n auch a way that

S is true Egg_;s unfalaifiable (after all, &'nacessary.trgth;,

in the model theoretic sense, has no countqumodei).

§2 Concept of a Model }

The concept of a model is related to the concepts
of satisfiability and- validity. If we consldar some ar- |
| bitrary wif, A, a model of thie 'ff is any valuation v
.sueh that - V(A) = T(rue) That is, ;f A is the formula®

(3 x)(Px &~Gx), A
. then any value aasignment uhich renders A true is a model

- of that,mormula. A valuation function perfonms this task




. by being a function from formulas to truth vaJ.ﬁé‘s_. Inclu- o
ded within a valuation function is an inte'rﬁfetafidﬁ'bf\mc-r  ' .
‘tion which is & mapping from predicate lettars onto clasg- |
es%nd constants\t}individuala. The model is fully ‘speci-

_ fied with reference to thg domain of individuals and. the .

valuation function wh:Lch assigna predicatee ‘an expension :

| * from among the membera of the domain. PFrom- this, two defi- '

. nitions follow, A is aaid to be satisfiable if it comes

out true uﬁder at least one value assignment, aﬁd valid
if it comes. out true under all value asaignments.,

, We can extend the above to in clude consideratlon
. of farying domains of individuals. In this ‘case, A is’
| satisfiable in a domain oB iz & is the universe of. discourse
of model of A, and A is velid in a doma;n o if every inter-
‘pretation of A in o is & model of}_. ' In all cel.sea',k b is
'a__non-empfy. o | |

For example-

~(3 x)Gxx & (x)(3 y)oyx & (X)(y)(Z)[ny & Gyz: ze]

" is satisfiable in the domain of positive integers, where

'G' means -@>® (but if o is finite, obviously it is
not aatisfiable sinoe thare would be & great est [or laastJ
| member)

_' The basis of th‘aae models is & "posaible world®,
.-Each possible world can be. gsaid to be "m'habited" by the .
~get of "i_.ndividuala which is the domain of individmé which
exist;"ix'i' that'w‘c‘)x:ld , and each world is described by a set

o .
[ . -
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of propositions. For example.some wff, (x)?x,[eay,‘ig

true in some poeeible world if "F* is true of every indivi-
S ' = s

'dual & in the p0951ble world,

Te.

Obtaining emong the membere of & will be va.rioue '

relations Rl"‘ .'. ’ Rn repreeanted by the eet of predi—_“;f RN

fi'catee {Pl ;oo }-. ’ P‘i A statement will be true, or
felee, accordlng as the 1ndividuju. involved ie, or ie not,
- member of the set which is the exteneion of the inVOIVed '

predlcate.' For example let-Rl be the monadic property of

o being red represented by the predlcate P ¢ CD is red-

_then, letting 'my copy of thtle Red Book! refer to some

.member of x of.ﬁ the eenténce 'my copy of Little Red Book -

is red' ie true if x 15 a member of the spt of all red

| thinge repreeented by Ri' i.e,, if. xe Rl' Polyadic predi-'
‘Qcatee are treated similarly, except that we say that the
tordered n—tuple {Xys o 0 0y X 18 in the extension of

the appropriate relation, i e..(xl, . ._ . }e Rn

In additlon to the above deecription of .& model we
‘need to be able to get &% all the true sentences which the
model repreeente. In that caee,'we need what'hee alternate- |
.*uly been oalled a "poeeible world"' that is, & world which

Teuppliee us the facte Which the model purporta to model,

; The teet of the model is its ooneietency with the faote of

the world (and, of oourea, not the other wey around).

In .general, thie "world' ie a eet of propoeitions deecribing
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! world or some part o/f;;:it.' Fifidlly, we: need a valuation,

K

l, - or 1nterpretation, function on. the set of predicates onto
the domain, |

-

S A model, then, becomes an ordered triple Ch, £,0°),
, where D is a non~-empty set of individua.ls, £ is the valua-
Vtion function agsigning to each predicate Pa relation R_
' e.mong ® , and % is & non-empty set of propositions,
| | Each sentence in thie model is truth-functionally
— detamina.ble. The fo,llowing epeclf:i.ee the conditions when
| ‘& given fomule., A is .tr'ue in a med_ei M. \?'é ebbreviate |
thus; | | , |
| M A=dr A 13 eatiefied in M; i.e. f(A) = T
for M = <48 f, WS , we heves | : \ .
i, Mk Pay. . . &, iff <1’(a1) f(az), c o e
| f(an)>e f(P) in W',
. 2. M 'k ~A iff not [M} Al
3. B F[A&Bliff MF Aand ¥ F B
4. M F [AaVB]iff ‘either Mt A or M.k B or both
5. MK (x)A iff M _f= (a/x)A for every conetent
acd . o | '

- Other 'fomelations follow. A. Robinson construes

-

a model structure M as a aet-theorefio .construction consist-
ing of [mibansky, Philoaom 61=73]:
(a) a set of individuale, ,
| (v) a quantity of relatione, R'l, . s sy R,

(e¢) a.function, fp‘, from & intodd .

S '
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 Prom these three, we find thaet an interpretation of some
i
eentences X in ¥ "preeuppoeee a oorreepondenoe which Af= -

signs to each relational eymbol eeeurring in x a relation '_ T

of H and to each function eymbol of xa mnction of M+
[Klibe.nsky, Philoeogu 64]. ‘The aeeumption‘ia that for
every individual, xed , them is some correeponding oonetent
.a in the language (which the model models) which denotes
X, We have a correepondence- 'between_the set of terms, T,
built up out of fhe individual c'onetante which denot‘e %he
membere ot & by mee.ne of function eymbols which- denote
' functions in M. Thet ie, letting —rp' represent the cor- '
respondence between the abovementio‘ned terms and a? » WO
' have, for example, ' | 5
if- aET—?nxleoﬂ and b¢ T-vX, ed and

| E@, then f(a, b)-ﬁ@(xl,xz)
In this WAy we arrive_ et Robineon'e cha.raoterization of
: truth conditions., For R e.n n-ary relation eymhol whioh .
denotee the relation P in M, a.nd Byy o o e _,r awteme _
in T (aa d@e) denoting X1s v ¢« oy X, in d, reepectively,l

| MER(B, « o« »8) LEECX), o o o, X I6P
(and so an, again as above), [q.v. Bell & Slamson, Models,

esp. 50=57; 72=-79]
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L -§3 Kriﬁke!s.Semsntics'

In- commenting on Kripke‘s semantics, Hekineon
'notes [Meaningful, 332]

At the centre. of Kripke's approach is a concept <::‘~
of a -collection of all (possible) sets of all .
possible werlds, which is tiself rather unolear

and in need of explanation, and which one.mey (
argue has only a tcnuous and heuristic link with

the formal details of modelling. In: ‘certain of
Kripke's modellings (for proper ‘sub-systems of 85)

we are also faced with a relation of "accessibility"
between possible worlds, whose nature and pro~

perties are éven less clear, '

-Makinson prOtests justifiably. I# the following we will
present exsmples of Kripke's semantics and in so doing

~ clarify the nature of the relation ef accessibility. Ac-
cording to-the_way we construe this relation,.the modal
semantics will ohsnge, with‘the optimal choice being made.
manifest in our conetruetion presented herein.

- Kripke began by assuming in [completeness] that

whatever ‘exists in any poesible world exiets in every pos-
sible world.. That is, for & some non—empty set, & is
the domain of individusls thet exist in some poeeible
,world W', (which may be the actual world), What eonsti-
tutes an individual,‘and hence, & member.ofcﬁ y is left

as indefinite,_teeeuee it'isielqimed that one'can eeeil&.
imagine an individual having different'properties and
standing in different relations to the other members of
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the possib?world. T I N :
Sifice we are dealing with a variety of pos PN

' worlds, or situations 1nvolving & variety of ingividuals, one

.. must be able unambiguously to specify the refere\nce of any
arbitrary n-a.ry predicate, say ¥ , not only in possible .
world, but in every possibdle wqud./ﬁtkthis ﬂr re-
Aquirem'ent, a proposition is necesaé.ry if and only if it is
" true in all poesible worlds, that is, for formula A:
' A' is true in ?J’ifi’ A is true in _avery possible orld.

The truth of A in W/ depénds on its truth as determined by
reference to its extension in each possible world.

This semantica is developad more fully as followe.'
P hon—rempty domain of individuals, is interpreted with
reference to & system of'po‘seible worltie,_a.nd. the ordered
‘peir <S,°9> , where S is the set of é.l-lﬂpossiﬁig worlds,
and # s sbove. An inter'p.retaﬂtion I on this ordered pair
is a f\lmct‘ion‘on all the ord_erad-parixl's <\},’ZJ‘>, ‘where_ %-is
. some variable, and %45 such that @

' (1) if v is an individual variable, I (v, )609

end for any arbitrary Wy, W,, € s, I(v,wl) = I(v,W,);

(ii) if v is an n-ary predicate letter, I(v, 'ZJ‘) is
a_set of n-tuples of & ; that is, I assigns an extension to v.
| A wff A is eatisfiable in ¢S5, if and only if it
p c_mﬁee out true in some W € S under some I on <§,60> ; & wif |

N ¢

F .
ET N
. -



A ius valid in <8,9> if and only' if it comeé_ out true in

f

_ avery LA S u.nder every I on ¢S, oE)> and finally, A is

| ,universally valid if and only if it is valid in avery non-

empty domain,

We get in this model the following asaignment of

truth values [with 'T!' raprasenting 'true'; ' re‘present-“
ing 'false']: :

L.

2.

3.

4.

De

if A is a aententia.l vari&ble, then V(A) I(A,W)

under I, on ¢S, a9>,

if A is an atomic wff yxl e o o X, then
V(A) = T under I on (S B, if the n-tuple
(I(xl,w), « e oy I(&,W)) is a member of tha

,aet I(¥ ,W) of the n-tuples of individuals,

other#ise V(4) = F. / |

if A 18 ~B, then V(A) = T(F) ‘under Ion.
¢5,®> if and only if v(is) = F(1) unaér I on
S0 ; | ' |

if A is B‘V’G, then V(A) = T under I on

(8,®H> if either V(B) = T or V(C) = T or

V(B) = T'and V(C) = T under I on ¢S, ; other-

wise, W(A) = F, ER

if A is OB, then V(A) = T under I on (S,0>
if for m’mr& Wte' S, V(B,W!) = T under I on .
{8, éa> ; otherwige, V(A) = F. RO

if & is (3 a)B, ‘then V(a) =1 under I on .
<s 0> it for at 1eaat one :Lnterpretation I" |
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;on'<349> which iz a variant'of I-in the I'
aeeigne different values to A, V(B) ' under
I' on (5,0 ; otherwise v(a) = 7. |
For example, for any wif A, A is valid iff EJA '

ie ve.lid, as are Q{A:‘J B) of DADDB), and the eo-called
'Bercan fornmle. (x) DFxDD(x)Fx, end its converse, giving
‘(x)DFx—-D(x)Fx. This tends to collapse any- dletinctione

which one might like to make between entological neceeeity

-and linguistic necessity, i e, between neeeesity which at-

techee to indiv1duale -8 1e neceeearily F - and neces-

. sity which language attachee te propoeitione — it is

-

neeeeeary that g is F. :
in the preceding, Kripke made use of the aeeumption

?ithat whet exiete in eny poeeible world exists in every pos=
eible world. This eeeumption, though, can be repleced by

one that elaime that the differsnt poeeible worlds may ‘have

deffering domeine. Cpneequently, there may be eome predi—

::oete'}xl .« v o xn_with a (non-empty) exteneion in Wy,

-

but not in W,, thoegh fxl e e e X nonetheless, may be
true on Wz. This opens the door to expressions whieh.have'

sense, but no reference, e.8., 'Pegasiis'. We are not com-

mitted to super-domains; that is, the intensional object,

)

'f'dubbed 'Pegeeue', is not a member of an auxiliery domain

‘which we conjoin to the domein of individuele for W,, pro-

ducing the domein for wz. There is only one domain of ex-

teneionelly detenmined objeets. Nevertheleee, Pegeeue EE
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a member of thie universal domain.

The above model is modified by allowing the domaine

.of different possible worlds to be different, .thus. making
our system of worlds anm ordered triple, <, 8,t>, where é
is a non—empty get (of poseible worlds), d is & non‘empty

- set (of things that exiet in one poeeible world), fa func-
tion from membere of S to eubaete ofcﬁ y .such that o9 is-
‘the union of all sets f(W), We S; that is, f(Wl) DlsaQ,
f(wa) Dg-°9- and 80 on euoh the.t Dlﬂ e R

| Clause 6 is/changed in the following way in order.'
to accommodate the ohangee in the model, The ohenges re- k

-_fleot’the model'e relational element f, which “pioks out" -

‘a possible world W, and aesigns a member of f(w) to the
variable of quantification, so that & predioate may have -
a different exteneion from world to world. I.e..

' 6'. Aif A is (3 a)B, then V(A,W) = T under I on
- £8,d8,%>, if for at least one interpreta-

" ‘tion I' which is a variant of I and which as- |

- signs & member of f(w) to,g, V(B,E) = T;
otherwise, V(A,W) = F. |
In this semantics, the Barcan formula ie false,
. Pegaeue is handled in the following way., Since the do-
mains may differ, Pegeeue may exist in some possible world
_‘(and not in every), but the predioate, '@ is a winged
“horse', may be true in some possible world of ‘'which Pe-

"geeue,ie not & member of oorreeponding dbmein.H

L

1 tea
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Instead of the above two eysteme one might replace
the aeeumption that a propoeition is necessarily true 1f it

is true in all poeelble worlde_wlth the assumption that a

' _pfoﬁoeition is neceseerily true if it is true in all possible

-worlde relatzve to Bome beee world, or the actual world.

. are self-relevant.

,[Kripke, Cone;deratione] That is, the get of all poeeible "/f‘\\\\

worlds contalne all end only those worlig poeeible relative
. _ . Y

to" this beee'world The eeeumption is that what exlete in

- any’ poeeible world exiete in every possible world relevant :

to -1 baee world.,

“This model is an ordered relational trlple, <s, 99 R)’,

-where S 9 as above, R is reflexive. relation on S, euch that

WlRW2 means that W2 is pgeeible relative to Wi, or that what

. is true in W2 is poeeible in Wy« Every world is poesible re{:

ative to 1teelf because every true. proposition is poseible.
By R being at 1eaet reflexive, we eneure that possible worlde
To-tu;n thj model structure ‘into a model, one modi-

fiee claﬁee‘5. The modiflcation reflects the change from one

l‘ world, to a.system of worlde (possible worlds) related to

_ each other by the relation R B8O that, given a base world --

.the actugl world -- the truth value of the same statement can

be determined in some poeeible world. The change. we make takee
into account this divereity of worlds; consequently, (1A is true
in W if and only if A is true in all possible worlds (truth-

wise) related‘to We Teeoz =
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51 ._-‘i_f A is Dﬁ; then V'(A,W)‘: T under; I on
--<S,09 B> if ‘for‘ every possible world W; 'th‘at _
-ieerelevant to W (alternately: 'fof'eveiy wofld
| W' that ielpoeeiblelrelative to W; or, for
evefy W'e S such that WRW!, ihreach case W
' being the actual world,~or some baée'worldj,'
v(B, W!') = T under I on (S H,R;. otherwn.ee,
~  B(a, w) = F, T |
If we construe the relation, R, ae’reflexiee aﬁd-
'traneitive, then it repreeente,Lewis' S4, and if R is an
’ equlvalence relation, then it Trepresents 85. If the rela-~ .
tion is reflexlve and symme trical then it repreeeﬁte tﬁe
ABrouwerechce system. Tﬁe axioms for theee systems can be
summarised as follows [following van Fraaaeen, Formal, 145].
'R0, If A is a theorem of the eentential calculue,
| eFA;o | _ |
'RL, If kA and LAE, kthen ¢ B;
Re. If A, then HIA;
Al, gH'.'IA'DA, -
A2.  +O(ADB)>(DA>OB);
A3. O oA -
| -A4; i-DA:JDDA. |
'.anh eyetem has RO, Rl Al, A2; the Brouweeche eyetem has
in_eddition~A3, S4 edde A4, but lacks A3;. S5 adds both A3
and A4. Bélow, we shall return to this and relate the mo- -

e

dal eemantioe developed to the above eyeteme.
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In additlon to the above eysteme, othere canqgaeily
: be obtained.;\for example, one need only to reatrict the fo
~,doma1n<£ 80 that domains .of the- other different poeeible '
' woride can  be mutually diejpint, i,e.t |

e -~(3x[D _,eensa&[xen 2xeDJJ

The above modal semantics. all seem. to indlc&te a

general lack of concern for the nature of the relation: of

‘ relevance, or acceeeibillty. It ne trotted o;f almoet |
".with impudence as thOugh it were intuitively clear. Mere :

'meta-logical interest in con51etence proofa seems for eome!
to be eufflclent Juetification for making whim-like changee
' 1n;the relatlon, without trylng tc ensure that it serves
to explaln the ordinary language usage of modalized state-i
ments, It is central bﬁ’thia thesis that we must moie
full}‘underatand this relation in its philosophically
;illuminatlng eenee - 88 explaining aomething rather than
' nothing. '

' The “poeslble worlds" metaphor appeals 'to our se-

'mantic imaglnation by allowing almost uninhlbited genera-
tion of worlds into. a loglcal coemoe, we are, of couree,
.conatrained at the meta—level by demande for completeneee.
Aside from the purely logioal demande which in terms of
pure algebraic tinkering, will admit the legitimacy of ‘such
alternative modele, there remains the baeic question v which “

_demande oﬁfthe modal logician that he’ provide some Juet-
‘ification for his’ field of study and that whe.t he ia doing



- ~ ‘these model eets was initiated by Hintikka who viewed them

[t

N e

"¥.gennine1y illnminates the problem, .The author is not argu-

ing that logioal problems are not philosophical problems
(whatever philoeophy is, if anything more . then scholarly

:5parasitism), “put just as’ K. Popper says, [Conjecturee and

VRefutations, 72], “genuine philosophical problems ‘are always'

ﬁ.rooted in urgent problems outside philosophy. . o end

?‘their solution demands a “sensitiVity to problems"®,

“In the following section, we try to be sensitive
to the problem_qf truth by oonstruoting a suitabls semsntic
A A - | _ -

fremewo:k.

§4 The General Semantics of Modal §yetemef'

Infthis diecussion We. w1ll be using the notion related

~ to Hintikka's "model set", which is just like a model except '
that it.models a finite sub-portion of the actual world,

rether than of'the whole of oreetion'-'for Eintikka a set of

-model seis comprises a Kripkean model struoture. ‘The use of

:ss a "pieoe" of the ecyusl world, thue requiring domeins of

of the actual wonld.' Each such ‘possible partial world" (as

- we ehell cell them) is to be underetood es an extension, taken

in isolstion, of what part of the actual world would be like

——— "

- individuele which would be subsets of the domain of individuals -

if euch-and-euch were to happen, or not to- happen.. Epistsmic'

L

l‘and causal modalities come creeping in here as qualifier's of

logicel modality, We do not engage in ontologicel importation

| / | | . '
b .
. I i
Lo '

. \ A -
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or exportation, that ie, we do not have an uninhlbited rebblt-‘

‘like breeding of a1l manner of pOESlble or necessary objeote. -
The 1nd1Viduale in any euhdomain for eome poesihle partial
world are all’ membersxof the domein for the actual world —-
there ie'no'indivldual which is a'member of'a.eubdomein-for
7‘some poeeible partial world and not a member of 'the domain for
‘the actual world. Similarly for predlcatee, though not nec-~
’_ eeearlly for predicﬁ&ion, since eome individuals may be in the
-extension ‘of different predicatee 1n different eubdomaine of
fdlfferent possible pert1al worlde (ae in involved with gen-
5uine poeeibillty, we can view 1magination as making controlled

-.Fcetegory mietakee)

The eemantice for modal logic to Dbe deveIOped requiree _.t3f

that ne begin with the notion of normal model etructure. A
model structure in thie case is an ordered triple, <A,A R) ’ -
where A is 'the actuel*world“, or some baee world, .A_ie the
eet of all poeeible partial worlds and R is “the reletion of f;~
aoceeeibillty between A and membere afJK. . the membere of,ﬂ_‘”
are7\, 1"{'-' . The relation, R, is conetrued as reflexive; g
traneitlve and anti-eymmetrio, for reeeone made clear below.
We epecify & funotlon, f, taking as argumente membere of.[L
,‘and therefore epecifying the domain of individualis in. the
_poeeible partial world., I.e.: )

o~ f('«\ ) =4 %9 ; £(2,) _nasﬁ ; &o.

We allow that the domeine.Aw, &c, ‘may or may not overlap,

)

-



63

however, we do require tﬁat- e - :,e_
(x)[xea..o xcas] and
(x)[xedd = (HAJ(xeA &ASGS)] . _
i To turn thie into a model, we . require a valuation function,
| vV, euch that V(Pﬁ,-L) and-V(Pg, %) return truth values, where
P rangee over m—adie predieate letters,“A ig "the actuel world"
and L ranges over the membere of the eet.!L(i.e. ranges over
poeeible partial worlds) - , N
difficulty encountered in any medal semantics con-
efne the nature of the “actual world", ) We can do one of a
numb@r of thinga. (i) leave it undefined but specified in
the semantics; (ii) take the naive approach and try rigidly
to epecify it == in the sense of eeying.thet there is jgg
. actual world as an'ebjective, net perspective-relevant, eniity;
'Qiii) specify it in a reletive way, which is our tack.
' The problem with the actual world ie quite complicated.
On 6ne hand we know what it is —- in a least a naive empiricist
gengse —-- yet what that means eludes formelization. The gques-
tion centres on whet "actuality” ie:. Leibnig' God knew which,
of all the poeeible worlds, was the actual one. We mortals
are not so blessed with this omnieeieneee_ If one of us mort-
als could know the identity of the actual world in comparison
to any other possible alternative, they should be able to
"determine the eetual truth value of any given proposition...
| . by eimply taking the Lalue -0f the propositon at that world*®

~ [Tiehy, What 91] whoee ectuelity is known. The conclusion
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is that one cannot know which is the actual world

| Tichy's point’ bears important fruit for this dis-
’caaeion. He says that bezng the actual world  is eomething
that this, that, or the other world may be: it ia a status
which worlds may enjoy" [ibid] Hence, ‘'we cannot leave it
- undefined; there is eomething which has this etatue, but it
Acannot be determined which world has thle etatus. The pee-
ition tﬁat emerges is the final position abeve which is com— -
piete‘relativity. What the actual world is becomes determin~
ed by raference to some. point of view. That ie,‘"my world" \\

- 1is the actual world, and we get full play out of the token-

reflexivity of "my",

This doee not reetriet knowledge to pereonal experience
as 'is the case in eolipeiem, however, what is known by me
doee‘conetitate3ay-world apd in a true-eepse.I expand my hor-
izons through learning.'lIt'doee help answer the question of -
‘actuality in a weak way —- what is actual is what ie'acfual.
fer me. . The objeotive world takes on & tinge o:lconvention- :
alism when, on this model, it turns out to be a world which.
everyone can agree about -'or-the.world of which we have
‘commen perception;

We conclude»in‘agreement with-the above, that the Vf
closest we-ean come.te the‘é;kaal.world is to consider it as
a “baae“.world, grounded in some point of view, all such base
worlds being equal contenders as "the actusl world, = All .

" these base worlds appear to comprise the set of all possible
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worlds, and for some semantioieta this ia the case; however,
the concern here is to narrow the members of the set of all
possible worlds to what can be conceived as possible from

- any one point of view in which caoe we get the set of all
possible partial worlds. '

We allow for & certain amount of lee-way in one's

t 4

oonsiderationsof actuality and poasibility, without ocomprom- '
" ising any analysis.
The poésible partial worlds we hinge our semaﬁtics'on
" bave their genesis in the actual world ‘are not A "complete"
world by . being negation-complete, unlike the actual world.
Tho parpial worlds capture both epistemological and logical
reasoning. First, epistemologically, thon involvelpossibility
which ie_always with regard to what we kmow, and 88 such, pos-
sioility‘io thus firmly rooted in knowledge and actuality --
‘and not the other way ‘round, and‘henoe'we gee the need for
-anti-eymﬁetry'in the aooeosibility fe%aﬁion. Second, logically,
we capture the notion of "the actual oorld“, A, s & base
world thua:
. A =df (?W)(p)l.'pe wzpl |

where w io a world, and p is a prOpooition in w. A becomes
in jargon *my world", or, for logicel arguments, a ;given"
world. | E

A poseible partial world containe at 1east one few—

er individual than the base world, along with a euitably re-

"striocted set of propositions, Therefore, for arbitrary world,

&
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2, : the domain of that world is & eubaat of the domain of "
' {ike actual world. A .
‘ ‘The set of possible partial iorlda,j&', 1a.the‘§et
of XNa: o _ I o .
T P A R S |
where the arbiirary possible partial wor;d is:
M=t (17 (3p) P e = p] & Rww |
where P, is a proposition, R'is thg relation of accessibility -
such that w‘; is accessible from w, and £( A, )c £(A). . There
is no Ay suoch that f(’A'j') = £{A);  this can never ‘be the |
- ca;e.bQCauae of the restricted view taken'és to the ha&ﬁre of
possible worlds as possible partisl worlds. - Pinally, -for
B ‘f('A ) =4, ond £(A) s O,
| (xnxeA 7xe£]
The next thing to do is to show how A and zﬁ_are re-
lated. There are a number of possibilitiee.

(1) Naotually Mesenta "new" posaible futures for A,

A YV N
x——_

Whiohaver member of Adis realized beoomea the future course

"Diagramatica.lly 1

of A and oonsequontly, our ooncofrn in this matter muat &0 be-‘
yond ),, 7‘;.' 'l as logically poaaible futurea, to treat tham

as causally poasibla ones as well,
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(2)'1§nmay involve some determined aspect of A |

N ' 5_}/ o j_

~ in which case 2;,1AL,33' beqomea_simplj logically. possible

alternat,ives, with no causal oommitmént gs in (1),

- (3) Here we take (é)\abgve and introduce the notion of

causal commitment:

~in which case 2y A; (as the dotted lines) are not ceusally

possible alternatives (&s the case in (1) —- except %&yhich
is) since they are alternatives to 9, not A and hence, have
logical status primarily, and epistemological status incidente
ally, <= ) |

| When we talk about some formula, F, being possibly
true, what we mean -is that there can logically exist some
possible world in whioh F ie frue;-and aimilarly for e heé-
gseafy truth, wé_mean that there is no possible world in whidh
F is falee (note that F is then true in all possible and im-
poasib;e.worida). This is the back-door way‘oflgetting'at
neéeseqry tru%hs,'by_asserting that their deniaie are 1ogioéliy_

' (dhd'caueally‘and epiatemoldgically)."unreali:abla“, since
\\\;:étraaictions jﬁat are not, And siﬁﬁe we (as 9elf-prbolaim-
" 8d“'philosophers) ought to have a passion for reality, we real-
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ly do not want to clutter up our universe with logically
contradiotory objects. -_ |

Iu_the above_diagrame we have repressnted A and uem;
bers of A as being in some "spatial" relationehip. The
question that uow erises concerns this relationship's log-
ioal status. It does not matter which diagram is taken as
the one, except one ought to be clear about the commitments
one makes in choosing any particular one, The question is

"thie- What is the nature of the ecceeeibility relation between
-A and members of\fL? | = '

Let 'R' be the relation of acceseibixity between A
and the membere of A, ' |
Lot R@@:df @ is eccessible from (@

. then 'R' ie characterised in the following ways )

1. 'R' is reflexive in that RAA and RAA, ,A6A ;

2. 'R' is traneitive in that if R)A and R2 } then

RA A, .2 a0 €A
3. 'R! is a.nti-eymmetrio in that if RX,}, ,_an& RXA,
| then _,?\‘sll b ARt As .
These are tne conditions that 'R' must meet and which we ehall
uowljuetify.' For now, what 1s meant by an aooeeeibility rel-
ation is left undefined, but oan ‘be underetood‘more clearly
when 'R' hes been more‘fully explained, thus demonstrating thet
.our eyetem is the more philoeophioally appealing and that our
model is the oorrect repreeentetion of the philoeophical re-

di

A
~
SR ¥
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quiremente.

| The requirement for reflexiveness reflecte the claim ‘
that what is true need not be, (it is possible that 5 }_;).
But, we aek, are not true statements merely true and nothing -

else? Well, in this case, we appeal to_something_ee'yet un-

eriticised, i.e., our powers- of conceiving, A true statement

can be conceived under‘other eircume%ances as being feleef

with appeal to empiriciem we say that what makes a statement

, fectuelly true need not have occurred, in which case we get

factual truth implying factual oqntingency,

. . 3
To get oloeer to‘what we mean by reflexiveneee, and

coneequently, the other two conditione for 'R', we must under-
stand how the logical modalitiee are related, If a etetement .

ig impossible, then one would, say that it is unrealizable, in-

'.oonceiveble, cannot be the_eaee; eto. If a statement is not

impossible, then it 'is celled'poeeible.‘ Wefcan, though, get

-at the'logieal modelitiee in'a-more'factual way. Impoeeible‘

statements can never be reaiized in a faotual sense., Possible
statements are always true'in some poseible world, though;

feotually they can be oontingent, or can be unfaleifiable, in

' whieh latter case, they are termed necessary truths, Necessary

truths are falsifiable only by impossible statements by whieh

we then understand & necessary etatement ee one which oan

" never be falee, except statements about impoeeible objeote

which can never be (in any ontological sense). Now we ocan see
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' whyiwe waht refieiivenese;.faetually-contingent’statementsf
‘ere peeeible;.therefore, factuelly;trde etatemente_ere
.poeeible. The-eimple'eounterpart of factual truth'ie'formal
truth which in terms of ite relation o factuel truth yielde
modal truth. To deny reflexiven s seems pointleee._
Traneitivity follows from this diecuesion, though

”not as a requirement but as a eeideratum, it also followe

".@as & symmetrical reeult of accepting reflexiveneas. Trans-

itivity would 1ead us from a statement being poeeibly ‘true
R to ‘the poseibility of that statement, ite., poeeibility is
" implied by the possibility of possibility. Similerly, nec-
espity implies ‘the neeeeeity of necessity; i.e., necessary |
'etatemente are neoeeeary It should be noted thet we can -
have fbflexiveneee without traneitivity, but because of the
way in which the logical modalities ‘are. to be oonetrued ‘here~
| in; it is needed. It is a simple matter to rejeet traneitiv—
‘1ty, but more diffieult to Juetify the rejeotion. In this .
case, the rejection of transitivity -is entailed by the faot
that there ie gsome A whoee domain of individuels ie not a8 sub- -
eet of the domain of individuals of A.

‘Finally, the decision ‘that 'R' De anti-eymmetrie is.
"baeed ‘purely on philosophical grounds.

Before we get to that, what does it mean to have an
anti—%?mmetrio relation? If transitivity holde, and symmetry -

is not considered, then transitivity is commutative —= the



'f\\\\\\“\\\;;
_ 7;_.
terms are_or@ered one way by the rel&tion;ehd'in the other
by the converse of the‘reiatier ~Such‘a condition opens the
;way for eymmet:y. I e., if we allow: ,
1f R))\ and R2,, and R?t',\ and RR,ZL thenRD\ A3
then we allow' ' ‘
IfR?\) thean)\,_ .
given the additional requirement that 3 ‘is identical to 13 .
However, the'felation, ‘R'; does not say that if, for ex- -
emple, a° etatement 'p'; ie poeeible w1th ‘respect to A .and
'poeaibly possible with reepect to A, , that P is possible with
respect to A, and poeeibly poasible with respect to A '
‘Traneitivity, as above aeeerted allowe the: iteration of
modalitiee only in one "direction" because, in each case, we
haeve & theory of neeted domainsg of poeeible partial worlde-
| ‘with the actual world, A, the "lergeet" By_going to more
restrioted poeeible pa:tial‘worlde we can say that we are

taking increasingly more microscopic views of the world in ‘

terms of what prepoeitiohe constitute these "smaller" possible
partial woride. ~Smaller worlds mean limiting the more extra-
Vneoue effecte of parte of the actual world by seeking the

gltiqgte "ceterie paribus world" wherein only Erimg;x feetureee- -

“logical, causal and epistemological -- are ceneidered: Now,
why.éo we want anti-symmetry? Mainly to avoid a logical abg-
- urdity. The condition for anti-symmetry asserts that if we '

have what eppeareffo be a case of eymmetry,'we really have the

-
“
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_identify ef-the relevent ﬁoeeibte partial worlds f—,the& are -
~ the same world, _ - , '

We can ergue further for the 1mpoeition of anti—eym-
metry as follows. " We lntroduce the notion of "eeniority!s.
Senibrity-ie-an aspect oflthe relekion ef ecceeeibility in
 that it specifies, given two poeeible partial worlds and
where one is &ccessible to the other (in thie cage R being |
reflexive, traneitive, and’ anti-symmetrie), thet one is -
‘ngmaller® than the other by containing at leaet one fewer
individual the smaller such partial world being a poeeible
- aepect of a more embracing etate of affaire.' The moet senior
world is the bage world which, in eh'epietemOIOgicel.eenee,
is a lmown state of affairs., Less senior pa?tiel woflde re-
'preeent poeeiele states of affairs viewed in isolation frem‘
circumstances which do not change (hence the negation non-
-.oompleteneee) For example, coneider'the preeent world ln |
which we hava a particular occurrence, viz. the reeignation
. of Richard ‘Nixon. Then, there can exist a possible partial
'world which is Nixon not resigning; it is thie state of affeire
thet we considexr possible, not the whole world in which this™ =
takes plece.’ We need not epeoify‘exectly how big this pee- .
sible partial werld is ‘except to say that (1) it is poeeible

with respéct to the base world; (2) it involves at least one

5. This term %ae suggested by Prof., Wilson during a dig-
cussion on the eoceeeibility relation. .
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less indlviduel than the bage world and therefore, in thie o
case (3) it is immediately euhordinate (1.3., ‘non~genior) -
to the base world. Therefore, we do not epecify exactly how
-l:lerge the possible pertial world is, but we know how small
it is. ' - ' l ‘
o . One cah understand the relation between knowle@ge and
poeeibility‘ee that'between khowledgeIEnd imagination, oﬁé'
ie the converse of the other, such that for an- "ideal ell- _
knower" one eays thet he hae no imegination, holds no beliefs.:
As one becomee-lees than perfect, one knows less. and’ﬁelievee
more, hence invokes imagination more, Thue, poesible states
:of affairs can ariee only from a context of knowledge of 1n—
cod“iete knowledge, ZTor ‘this reason, anti-symmetry is the
logioal.oharectizination of the epietedological generation of

2~

possible statee.‘f affairs as poseible'pertial worlde._ ‘

 We cap'eee that the anti~symmetry of the.aooeeeibility
relation makes sense pbt only 1ogioelly; but usefully, epist-
emologioally,'by chareoterizihg our'ordinery 1angoage.uee of -
‘modal idioms -- logioally beceuee truth in & possible partial
world ie always with reepect to the baee world or in some .
-‘caeee to the 1mmedietely senior possible partial world, and “
epistemologically because possibility is always in terms oful
what is known. |

To revert to a metaphyeioel etenoe, 'R' ie preeented

in this way so as to reflect our concern that we view possibles

"
C]
-
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- from.the'firm ground of actuality-'thie'being“madc'moet'ex_

plicit in regerd to the condition- cf enti-eymmetry in our
eyetem'e accessibility relation. Caeee of symmeiry really
mean- wcrld-identity, the-reaecne fcr‘juetifying the-impoeition

of eymmetry in any other being mcre imaginary than apparent.

Concerning other ccmpetitlve eemantic eyeteme, we

‘rule'out Brouwersche, 54 and SS Brouwereche ie reflexive: end

symmetrical -the latter condition being fatal because of the.

reasons above, which apply equally to S5, which has an equiv—

alence ecceeeibllity releticn. 5S4 is reflexive and traneitive,

making iv tcc week, it being unepecified in terme cf eymmetry.f

The conditicn for enti-eymmetry makee explicit hcw pairs of

worlde ere to be ccnnected H0wever, of couree (and-ee an

M

ecademic disclaimer or. dogmatiem), if it can be shown that .

t

eymmetry can be introduced withcut doing violence to impcrtent
philceopnicel‘underpinninge (which I eericuely doubt), then ‘

there is no reaecn'fcr 'R"not-to be an equivalence relation, -
\) ‘ ' - .

 or for that metter, any juetifieble elternetive.

The eementical truth—conditione for ‘the ncn—mcdel con-
nectives and’ the quentifiere are formuleted as fcllcwe, for
the actual.wworld A in the model (A, /. ,R) : -

cl. V(anl.'.\. xn, A) = T with reepec; tc an eeeign-

ment of al, ¢« s o 3 By tc xl, 0.y Xy iff ‘
(el, sy a, ) € V(Pn. A); ctherwiee,

V(antl. . xn, A) =. F..

Ly
b,
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. . . . , A
v C2. V(-p,. A) = T with respect to an aaaignment
' .al,_ Ce e a.n iff V(p, A =P with reapect to
the ’eame aseigmnent, otherwiee it is felse., o
C3. ’V(p & q, A) = T w\i\?h respect the eesignments
s o - .,anandbl, .« + s by 1£F both’
V(p, A) = T and V(q, A) = T, with respect to thé-
- same aesignmente .3 otherwise 3.1'. is false. il
04. v{(3 x)p, A) = T with respect to an assignment
Byp o o eh iff there is eome e.cf(A) such
~ that V(p, A) with respect to an assignment
8y 89, o' » Bh’ otherwiee it is fe.lse. ' .
and .for some arbitrary poeeiele world J\e@ in the model <A,

A R> * -

,ﬁ,,' - ‘_.- ,'V(?nxl-"p o Xy ) = 7 with respect to an asgign-

- " ment 8y o ."-.I,‘-. 8y, iff <oy s ai0 o arP&V(Pn A )
| - and R .A and v(P?, A ) e £(A); otherwiee : |
W . axp A ) =R B

C6. V(=p, A") = T with_.-respevdt' to an aes_ignment ~
| U 7By 1f£V(p, 2 ) = F and RAA and
:E(P\)C f(A); otherwise it i{s false. 2 o
G}:; V(p & q, A ) =.T wi res%aet to . ae'signmente
;‘el, . .'.- anend bl' o « + by 1ff both
-~ .V(p, " ) = T and V(a, 2 ) = T and R A ‘end
- - A&)Cf(n), Q,therwise it ie :g'else. |
* 'C8, V((‘?x)p, A 83 = 'L‘ with re‘apeet to an assignment

o

4
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. 4 - 831+ o ,' 8, iff there is some aéf(A) such

that V(p, A } = T with respect to an aeeignment
a, el, + « '+, 8 s&nd R2A and %(2)5- f(A),

otherwise it is false, . .
The eemantioal truth-condition for the modal oper-—
ator . 'EI', haes the following formuletion-

09. V(Dp, A) = T with respeot to a given assignment

iff, for every Aedy, V(p, A ) =
£(A) &

falﬂeo

Y and R A and
f£{A), and V(p, A) = T; otherwise it is

One:aspect of possibility aione is the notion of a
. oounterfaotual oonchtional i.e.; statements of the :f'orm-'

if A were the ‘case, B would be [i. e. A —>B]

It 1e important to note that etatamente of the form 'A - B!

If

are non-truth—funotional in a purely logioal -aenge.
"they wera_,gruth-functiwonal, ‘then they would be analyeed as

(perverse?) conditionale eimply by putting. the logioally olear

'1f—then' into the etrictly subjunctive form. Conditionale

do not :foroe us to aooept any oonnexion between: anteoedent and

consequent, since "truth" is our only ooncern. On the other

ha.nd, oounterfaotuals ‘commi t us to the ooneequent, qg).ven the

truth (aotually the realization) L2 the anteoedent. If. the

statement is_: "if the moon were me.de of grﬁen oheeee," then

it would be raining*, then if we accept the.t the anteoedent

.18 true, we are oommitted to rein.

.\
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85 COunterfactuals

One further, aspect of modal semantics must now be
'presented Counterfactual condjitionals seem to ‘be saying 2
-something true about a state of affairs iﬁ some upédtual- :
_ized system —-_i;e., in éomeipoasible world., Stalnaker in'
[Conditipnals] has presented the definitive analyais-of éuchf-
- statements by reabrting to & poésible worlds explanation in -
a xripke-typé semantic framawork.7 As he says [ibid., 102]-

N ..."How are we to decide whether or not we believe
a conditional stetement?"...[Tlhe problem is to make
. the transition from belief conditions to truth con-
ditions; that is, to find a set of truth conditions
.. for-°statements having conditional form which explains
" why we use the method we do use to evalute then,
The concept of a possible world is just what we need
“to make this transition, since & posgible world is
© the ontological analogue of & stoock of hypothetical
.baliefs.;

Stalnaker proceeds to analyse‘auch c nditionals along the
'following lines. " For the condi ional 'M-adw, find circum—
stances for whioh the antecedent is. true. Tq::conditional

then, is true, just in case N is true j? those same circum-

-~

stances. - That is, M->N is true -in aoma possible world if N

ie true.in the same possible world that makes M true. Stal-
naker embellishes the typical semantics with a selection~fun-

~otion, s, whioﬁ éelebta

* " for each antecedent A, a particwlar possible world in
. " which A is.true. The assertion whioh the conditional:
- makes,.then, is tha the consequent is true in the-
world selected, - A- ditional is true in the actual
* world when its ooneequent is true in the selected
'world. [ibid., 103] .

A

In addition, he- adds the 'absurd world" (called 'X') to the

R '?
K : : N . 1
’ o : T3

S
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‘ sy;tam, fo_acoount for the 6aaes in which X is imposeible. B
" We can now fomulate'St&lnak%i-'a account in our terms:
g1o. 'K->N' is’ true in some ~poa.s.ib1e- partial world "A
{or the actusl world A] if (3;\)(5(’6)
s(N) = T), and RA A S
The following oonditiona must all be met by 1] ?

(1) for all antecedents, M, and worlds A -y [world Al,
M must be true‘in_.s(lil, P Y, [a(m,A)], and R AA;
(11i) for all ant'ece‘den_ts, M, and worlds A , {world A].,

(M, A ) = X, [8(K,A) = X], only if there exists
no X' such that RAX and RXN'A and in whioh A is
tfue; . | D | ' |
(114) for sll antecedents, M, and worlds A , [world A1,
| if M ip true in A [ fin Al, then B(M,')\ Y= A
[8(M,A) = Al; o
(iv) for all’ ‘antecedents M and M' ana worlds A ,-
[world Al, if ¥ is true in s(M', A, [s{n’, A)J, _
and W' is true in s(M, A ), [s(K, A)], then }
Co(M, A ) = s(M', A ), [8(M,A) = B(M'.A)].
These conditions on M ~>N aliow us Lo analyse such condition-

als in terms of what truth condit';j.qns' must obtain (in a pos-
_\&ible’ partial world, or in the actual world) before we -oan
assert the oénditional_, since, 'given the posgible partial wo_rld‘
vghioh aati'sfies M, 1’.1: must also satiefy N, for M-»N o ,bé
ﬁxeaningfizlly' aseerfé‘nlé of the _aotué.‘l. world (in particular).

* .

e
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of domaina <D1’ . "
common member: ‘

(x)(y)[xen & yeD .2x £yl

 In effect. then, therd may be.“ectuel" (relative to a given

\

domain) individuals wh; h are in prineiple laeking any counter-
parts. (to use a term of.

Kripke-

D. Lewie) in, say, the’ eetual world,
ype eementiee do not generally give A a preferred

or pertioular etatue. The semantics here givee the actual

* world preferred etatue, embodied in the egoeentrie olaim,

"It ie my world“ However, the cruoial difference is thet
once thie actuel world ia deolared, only partial worlde fol~ -

The advantage of this lies in the fact that, like

‘low and are eoeeeeible,_with domains suitable nested. -;\f

logical atoﬁiem, there is only one set of individuals, the
poeeible partial worlds involviné_varioﬁe sub=domains of that
domain which eomprieee the individuals 1n the aotual world.
With the model semantics developed herein, there ie_
no. qunntifioation of domaiﬁe, no diejoint domeine, no over-

lapping domains (though all these are quite possible ae-epeei '

-

oy
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caseo)'einoa there is only one'domain, £(A). Although tho'
‘truth definition c9 oxhibita the. ‘usual form for nooeoaity
there is an important and fundamental dirferanoe. Rather

than ‘this "planetary“ quantifioation leading to the dofin- '_
itions of truth, we approach the problem from the other end.

1’That is, a potatement F is possibly true if ¢ : ’
- such thgt_(l) AFP and (2) RAA, The first oo d‘ition__apeoifios"

trﬁth, or. falsit&; the eeoonﬁ oondition,-though;

and acceasibility, but also oompatibility.

" 'With model operatoro a8 qunntifiero, we say that £
come etatomont is possibly true, then there exiotn a A whioh
exomplifieo the truth of F, and also, if come utatament io n o;.
opparily true thon overy A whioh/oxiato exomplifiee the
truth of F. . | | '

- Wo ohall find ouroolveo oonoluding an Ruasell did
that there is no suporlative pense of true, It is not truth
which we modaiise; it is foaliy the ﬁaturo of the world; A .' Q\E
necessarily true etatement is no more then a true contingent
_otatement; it makos g "meta" statemant about the domain & |,

_by aseerting that if a atatement b hao 1ts truth conditions

in the aotual world, faloifying oonditiono are not alno present;
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faimi%?rly, a poseibly true atatement makes & meta—claim about
the domain & , by asserting that if F has its truth conditions
in the actual world, felsifying oonditiona mey be present..-
We say “may"-because~neoeasarily true statementa imply pos-
Bibly true statements, of couraa, we are not saying that
contradiotione are true in the. actual world; no logioal con=-
'tradihtion is pﬁyaically realizable, '
- The following characterises the modelities at the

meta-leval._ - - : _ .

Cll. 'OFi i:e true adf for'aomf.a' Ne A, X.t:F and RJ\"A.E

'0212'. 'DF"'ia trﬁe =df ARP B;'nd"for every ?\G_A_, 2-I= P

" and there is no ‘A’c.A. such that ’A’t:-F and RAA
-R?UA.;

The firot clauae, c11, saya simply ‘that poauible mtatamenta
- are true in eome poseible partial world. " We requira-R'A'A 'Eo
enaure that the claima of poseibility expreseed by F are Teol-
atod to the actual world ag being’n olaim of poasibility in
the aotual,worlq.'-lf A 10 necessarily true,_it ig true in
the actual world, and also %rue in any A you cafe to choocee.
In addition, it ie,égg 22152 1n any other 2' you oare to.
ohéoae. Theexlmay‘bo made acéguaiblé Just in ca@e 1t‘ié (1)
 en impossible world and (2) we deoide to make it & A (by fiat),

reflecting & concern that 2' may not be relevant to A, for

oonfoxtua.l’-roaaqns, foeraueal, and/p’r epistemologicel reason

"1t may, though, be relevant in another context for better redgons.
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In addition to that approaoh, we ocan aay that we do not need
the etatement,_“all baohelora are unmarried®, as a neocessary
truth (apart from linguiatio oonvention), but there are con<
texts in which we ‘have no use for the statement. |

- Sinoe the modal semantioce davelcped -above i conoern—

'_ ed with domaina, it seems obvious that astatements which say

things ahout the domain ahould go into the meta-language. '
After all, we oould not. really mean that there is such a thing

ao neoeseary truth, in 1tself; & neoessary truth is a ﬂtatament )

“about (l)_the kind of world we live‘in._(z) alterationarin

the actual world which can be made -- the poseible partial
worldn result; (3) the otatements that.are trué,of (1)

| §7 Q34.3% |
Our modal semantics is analogous to S4.3 [see

Dummqtt\ahu'Iemmon,‘Logioej. Pollowing ie the axiomgtization
of the oyotem with the addition of quantifiers -- i.e. QS4.3%,

Wo precent aome intereating and important reeulta, in a con=-

: text of oomparison with other systema whioch have purported to .

do the same thing.-‘The 1qgiatio syatem is systemizged ag

followai'
Rulee of Inferenoez :
‘_ Rl. Rule of Substitutions from bA inferi—Ap/é;
R2_.l- Modus Ponenss If FA a.nd k(ADB) ‘then F3B;
R3. Rule of Neoesuitatiom If FA then H:IA..



".'.Axiomaz | o o - - o

- A, [pVplop.
K2, aola Vil
A3. [pvalalq vyl -
a4, [aor]2l(p Va)2(p V1))
A5. OPOp |
A6, Cl[p::q]’:[DpDUCL]
AT, gp-00p '
| A8, 'u['d po0q) Vv 0{o q>0p]
Aicidm A8 -ig the defining axiom of the syatem, and ia equiv-
‘alent to the set theoretic [aﬁb] Vv [bsal.
| Since 4.3+ is a qusntificational model by the intro<
duotion of the binary funotion, V; we,therefore, must add the
following rule and axioms: | _ '
R4. Rule of Universal Generaliza’tion. If kA then F (a)A.
'PorAandBa.nwaf,wehave:" | | o
'“A9. . (a)ADB, where g does not ocour frae in A ‘.
- A10. (2)[A>B]>[(a)A>(a)B] |
All, (a)[A‘DB]‘:[A':b(a)B], where g doee not ocour
 free in A. ' | '
In the naxt section we présent pome of the properties
of "the syatem. -
58,\ QS4,3%* Properties end 0-omga:"is-ons b |
We p:o#q thet the Barcan formule and its oconverse ,
are invalid in QS4.3%. | o u

e
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Consider first the Baroan formula: (x) DPx :G(x)Fx.
WG have two partia.l worlds 2 a.nd'a\,_ such tha.t R2 2, (A may
be A) and - . - T
(A ).= {a,b} a;ﬁb
£( A ) = {a}
‘ therefore | el
(1) V(Px,%y) = 0
(41) V(Fx,A,) = T
(1i1) " V(Fy,a.) = undefined
_ (4v) “V(Fy,A) = F |
given that
V(x) = a
a.nd fo:‘ a.ny :I.ndividual variabl__
and’ V{F) = {(a Ad> i <ay, >3
By (i) and (11) ' V(0O%x, M) =
and 'thei-efore . V((x)CIFx, L) = T

Y, other than Xy V(V) ab

For the consequent we have from (iv)
CV((x)Fx,A, ) =F ;

and. given (111) and thet RA A ( end not R,
V(D(x)Fx?\):F | o

' therefore ,
V((x)DFxDU(x)Fx, ) = F |

and the Barcan. fbrmula is invalid in QS4.3%, Similerly,:

the  oonverse, D(x)FxD(x)CIFx, oan be shown to be inVali\d |
The distinctive axiom for the syatem 15 AB, which’ we

now ehow to be valid. 'I‘o ghow that A8 is QS4.3%*=~valid, we
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‘need to show that A8 is ‘true of all po-laaibl"a partial worlds - |
acceesible to any given baae world - given the epecified

——ﬁf——restrietior{uonﬁthe acceaaibility relation.

For 'e valuation function, Vv, and distinct pos&ible |

. partial worlds 7\ A}, ‘A‘_, )\
sibly A), we havag
o \ V(D(Dpvqu)vm(ﬂqvop) ))=F

‘Prom this, for the f} st dis;junct we have, given R'A 3\,:_‘_.. :
| v( npanq,zz)\w

f.e.  V(Opy2) =T
‘end V(O A) = F

- a.nd the ‘paee world A , (pos~

For the second disjunct, we hav ,; given RA,A ¢ -

V(@a>apy) = F |
.00V D-q,%)':} P SN
and' . V(Qpy2) = F | | \

. ‘
 We 'still have to de‘termine the truth values of both p and q

in A, and 25- . Given that R is- anti-symmetrio, _we “have one ofs
RA A or R?&g?\q. . Ve now determine the truth values of p and Qe
CIf RA.,, then RA O
therefore V(_p,?\s.) = T
which 18 inconsistent vdth . . _
. ‘ ‘\‘r(p,h) = P, given RAD ;. ‘ .
It R&}%i then R 2, |
“therefore v(q,}\“_) =1 _
which is inconsistent with S N
V(a;2) = F; giverlpid,, | | \
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For either'caee of'anti-eymﬁetfy, we have an inconeistency§
therefore, ‘the original assumption is false and A8 is valid
in- QS4.3%. : . _
e e According to Zeman [Modal, 235ff] the following re-

‘eulte are true of S4 3, - » EQ
1, Ifa formula A is valid in the model for S4.3%, : oD
then it is & theorem of 54.3%; |
. 2¢> The model for 543 pro#idee:”a decision procedure-
“ for S4.3%. - R
. | In oomparieon, Kripke'e axiomatization of S5 reeulte | N
in the Barocan formula and the converse being invalid We -
demonstrate as followe [after Hughee and. Cresewell Intro—
- duction, 181]: | _ _
For an S5 model we have ‘two dietinot poeeible worlde wl a.nd
2 such thats
f(wl) = {a,}, agb
. f(wa) = {a} |
V(F) = [(a. W < e w2>'§
and that Rwl o1 Rw2 .1’ Rwl“’l and szwe.

3%

For the Barcan formula we have:
vV(Px, wl) = T |
and  V(Px; w2) = T '
- therefore V(O Fx, w2) =7 | . -
and” ©V((x)OFx,wy) = T | o
but V((x)Fx,wl) = F ainoe {b, w?& V(F)x
and thérefore V(D(x)Fx,wa), =F «



" 0. Finally V((x)QE20()Px,w,) 2 B
i.e. the Barcan formula is invali&. In & similar way, the
*_converse formula is proved invalid in SB,\aa well as S4.

One property of. this system that we have insisted T
upon is ‘that whenevar R?\A, £(A)e f(A), 1.8, that every
member of the domain. of A48 & memygr of A In fadt therél
'is ‘no individual whioh io & member of. a. poasibla partial world,
}I} which is not also a member of A. It may, in these oir— |
cumstanoes, be the case that the'valuation function, \F'E may

" not be able to assign a value to a wff in a given poasible\ =
"lPartial world | - : o \‘\‘--\\
i\ ' : (F A;) = T if the value aesigned to any individual
O ' | ' variable in F ig in £(},) and |
V(F A)=F if it is but does not ‘apply to F and
V(F,)l) = undefined whan the needad_value for thp'
' individuel variebls is not
“in f() )e

Strictly spaaking, the semantioal truth oonditions (given )

above pp 74-76) ought to take into account cases where the

formula is Bimply not Bignifioant\in gome poasible partial -

world, and hence be undefined ~- not either true or false.”
' Formulas aregb;ther evaluated, as trua or false, or

left undefined, a recognition of their non—signifioanoe in

- some possible partial world. It it is not poseible to ver-.
ify or falsify a formula in aoma possible partial world, then
the formula is neither true nor false, The abeenoe of an

oy



extension is 'h_ot a félsifyixig_ céndition, but ie merely

craéogni‘tion' of the corre‘s‘p'pna,ing formula's ins.ilghificanc_e.
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CHAPTER. III 4

CONCLUDING REMARKS

Ry

It should be’ conceded thet a philoeophical analy91s

of the nature of necessity and) possibility is & pre-requisite,
if not at least & concomitant’ of formalieatlon, by means of
which one ought to con¥§§;%é the modalities within confines
which owe thelr existence Qo a concept of reality. We muet,
of course, recq_gnize that there are various types of necessity
and poeeibility which are affegted by contextual considerations.
| It is not felt that modality be taken in the narrow sense
dictated by contexts; but only that there are contexts within
which logical ﬁodality does not reflect what we maf‘intend.

o &n the semantic constructions currently in vogue,
the construction relies on a relation of "‘accessibility" or
"alternativeness", which hae'been mentioned above. This )
‘relation is central to any modal semahtice, as ¥t is in terms
of this relation that we: have made sense of truth "in all/
gome poesible pertial worlds", With D. Lewis we have the
quite vague concept of counterparts which supposedly are
"very much like" things in the actual world. This type of
thinking cen only lead to more problems, of a different sort,
than were.claimed.as solved, For Lewis a possible world is

a world very much.liﬁe the actual one, whatever that means —-

o
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the identification problems.aldne seem formidably cqﬁpiex:
for example consider the classical questign of perégnal
identity thrpugh time. |
| ' The counterpart relation refersé%% indiviguala'which
are different-iossible partial worlds which are themselves
rélatéd ﬁ?‘the relation of acceésibilify. It is notorious
how vague semanticists become.when talk of this relation_
_crops-up. There does, though, seem to be some agreement
about its rough outl%ne. Hughes aﬁd Cresswell in [Introduc-—
tion] have an interesting discussion of this relation, They

note that when one said spme statement was necessarily (or

was possibly)true one meant that the statement was ' true

il (in some) possible worlds; there are no posoiblg worlds,

though, pnly'possible partial wdflds, 'Hughes and Cresswell
acknowledge this; they sayffhat what would convey the idea
better would be "conceivable or-envisagable state of affairs"

[Iﬁtroduction, 75] which is quite close to dur ﬁgsition. o

Pursuing.this qlaim, a possible-partial world becomes a

segment of the actual world which differs in conceivable

ways from the actual® world. Théj“xhgn make an important
quallflcatlon [Ibid, ,771 |

. .+ our ability [to concelve of a possible (par-,
tlal) world] is at least partly governed by the kind
of world we live in: the constitution of the human
mind -and the human body, the languages which exist
‘or do not exist, and many other things, set certain
limlts to our powers of conceiving. -
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Wilson has shed some light on difficulites here..
We can qsy‘that a posgible pertisl world is limited by our
*_\T}ngulstlc apparatus for describing or concelv1ng of worldé
[Color, lSl] ' f.
Qur usable grasp of the descriptive primitives of our

language involves factual knowledge of the entities
signified by those descriptive primitives. -

The po gan be/%ﬁg another way. 'In order for us to.lkmnow

whethegkg'sfa ment is true in some partial world, we must be
able to eonnegQ\tau? language to the objects in that partial
world. "Wilson' re™ oint is that there mey be a poeeible partial
world in which{objects have a completely iﬁc&mprehenslble
colour-scheme, Accordingly, a languege user of this. partial
world cannot determine the truth value of statements about ’
that world -- being unable to link up his colour words with
the colours that he finds an ebject haéing. I.e.'ﬁ[one'gﬂ
grasp of thekeignifieance of [the] word 'green' requirés [one)
to have factual knowledge about the entity, green —- aboue
ite exemplificstiens.“ (Ivid.]

~ These provide sOme notion. of what counts as.a possible
partial world snd hence whst meaning oan be given to the ac-
ceseibility relatlon. Anyway, .as has been made abundantly
clear, we really do not want to conceive of a ﬁEElE possible
world, just the parts of it that we (know anything,about; the
loggﬁal ﬁodalities‘QO say somdthing about the nature of sueh

. a partial world; hence, the most we can hope for is an under-

1

~—

standing of alternate states of affairs. _ A
N ) : g\\,_.kﬂ
% -

- . . : R
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The human mind's ability to conceive does notl funce
tioﬁ in aﬂvacuum -— it requifee input, in the way of & rieh
enf;ronment, (a reason for education?) which can provide "raw"
material and set certain limits on the extent to which the
mind can enjoy a freerein. This is also recognised by Rughes
and Cresawell, wpd note [op. gii.}'YBJ that in order to con-

ceive of a certain state of affairs one must have some insight

into what it would be like to ‘experience that state of affairs,

Within the logical framework, many possible partial
worlds can be conceived, none of ﬁlie@ need violate our
logical preeubpesitiens (i.ev, as mébunderstand logic to be ==
particularly as expieihing the relationships bet@een'objecte
in the world -- but bivalent legic won't help us, for ‘example,
" in an analysis of the world‘of quantun mechenics)} According—f
ly, one ocan distinguish two'typee of conceiving; one is pure-
ly deecrlptive, the other involves & conceiver: i.e. [Ibid ]:

The difference is that between knowing what -a certain

state of affairs would be like [the first] and knowing -
what it would be like .to live in that state of affairs,

The requirement of involving the agent putsconstraints on the
modal system which logicians would not be prepared to accept.
However, we can relax the requifegggt, leave the agent out,
‘and only deem it neceeeer;\that the -state of afiairs be ex-
pressidble in language — i.¢., require ccherent describability.
It cowld be the case that nothing be known about the state of
affairs, it only being possible to describe soem state of'

affaire without being assured even of its exietence. This

latter, though, cep admit of dlfflculites; being purely deg=
/ , ; .

——
B EV
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3
[

criptive, it may nonéfheless be unsound in some way -- for
example: the -golden mountain, the son of a barren womén.

There are & number of questions which must now be
answered, ‘Aé we have shown, the accessibility felation is
an ordering of possible partial worlds, primarily in terms of.
containment of d;mainé of individua}s or of relation of senior-.

-

ity of worlds, The fact that there is only one domain of

1

individualls has a number of philosophical consequences in-our
understanding of modal.logic. If the relation is one of cong
téinment, in the logic, what can be said of the relation in.
a non-logical sense? We have characterised it by the term
epistenic, whichrmehﬁs that we must consider the logical ..
relatidﬁ as having consequences for epistemology‘ahd one's
log?cal orientation to knowledge. |

A stgtement of modality is merely a statement about
the kind of world we live in, or the kind of world we could
be living in; it is a statement, based on what is the case,
which purggrts.tofpmbody knowledge of what might be the case.
In the case of thg modalities it is not sufficient to—%reat
them as purely logid4l operators, because of their ;:lose
cgnnection to q&gstions of essential and accidental prgperties.
In effect, then; the modalities have a distinective oﬁtologic-
al nature not completely like that of non-modal logics.,
. Tfeéting the modalities in a purely lqg%cal senéé, one al-
lows that only contradictory objects‘be excluded from reality'

o

N
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(Meinong might not approve), and in some sense one can say

that "anything is possible", but surely not logically possible?

We must try to understand the accessibility relation as one

which takes into account the various epiBtemological/ontologa'
ical éuestlons one can ask of modal statements: (1) How
does ong.know-that the possible statement could etpress the
actual? (2) What kind of. ontology do we need whlch is the
broundlng for anything except the logically contradictory
(Pace Meinong), (3) How are we to interpret the modalities!
appar arent commi tment to the meaningfulness of essentialiam?

In terme of knowledge the difference between this view
and any other is this: the other view holds that what we
know constitutes qlwhole, and étatements of possibility are
extensions of our'knowledge, (hence, the commitment to talk
of possiﬁie worlds each of which cen’ form the basis of the
whole of knowledge -- this appears to be Kripke's position;
our view holds that knowledge i=s a fixed whole (however, un=-
defineable that may'ﬁe) of which we can be said to posseés
a part. Knowledge i; of what ig aotual; coming to know what
is posaihle'is the extension of the frontier of thé known
with the knowable —- the basis of all this béing firmly
rooted in reality. The system rejectsfthe view that poasible
worlds are on a par wifh the actual ﬂorld;'there is one world,

the actual world, of which we know a part and then there

are the pértial'worlds. The coming-to-know is the extending

-~
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of&whdt we know, and the relation between this aﬁd the what-
~ is known is expressed by the écceaaibility relation being
defined as above, particularly, its being snti-symmetric,
since we always‘move from the kﬁqwnrto the unknown, or as
Arigtotle variously puts it, from the more familiar to the
less. (This is, of course, to pass only but the most
generalcoﬁments on epistemology\)? - |

‘The connedtion we have made above, then, is between
.tﬁe-purely logical nature of the accessibility relation as
"containment" of domains and its epistemolpéicél limitations
ﬁicta;ed by the nature of modalised statements, (

. Under the above interpretation, thékmodallties take
‘on. a rather interesting interpretation; We do not' éed the
modélities:in ordinary\discoﬁrse about things in the world.
In the epistemological sense delineated above, the modaiitiee
concern certain aspectis of knowledge, which are made explicit
in modalised‘statements -- for examplé; necessary property
predication. The modal sementics presented in Chépfer 1T
showed that the modalities, granted, of course,-the inter-
pretation of the accessibility relation as qxpounded‘in this
chapter, logically are statements of the nature of the“world,
and epistemologically chéraéterisfié‘of fhe relation between
the world, and our knowledge of it.

The question of possible worlds arises again:  are

there any? —- No,just possible partial worlds. But depending



on how good one's imaginé}ion is, one could conjure all manner
of possible worlds, each describable by a suitable set of |
gtatements embodying the modglities. In our modal semantics,
we have_giveﬂ pntologicél priority to the actual world as T
epistemoiogically represented by knowledge, and logically by.
a set of propositigns. The_actuai woylﬁ is given pfiorit}

" by not allohing the. accessibility relation to be symmetric.

Kripke allows for a symmetrical relation (;n his semantics
for $5) with the result that anything is possible relative to‘.
anything else; that is, accessibility can proceed in either
direction between sny two possible worlds., Hence, for Kripke,
we &dmit either that there are no possible worlds at all or
that they are unordered. - Each such possible wdf;d in the
‘1after casé being capable of priority of accéssibility.

A If on the other hand, we grant one world '_priority, %
in our case A, . posqible partial ‘worlds are iﬁvoked and are |
partially ordered by the relation of oontainment, as well as
the relestion of epistemic accessibility. The members of pos-
8ible partial woflds are the individuals we talk about in
language, or express in non-modal quantlficatlon logic,.of '9. o
. first order at 1east: This reflects our ordinary 1anguage _
réferénce td possibiles, which when added . to metaphysfc
bonslderations introduces the notion of possible parti orld
as an extraéllnguistic construct.

Finally, let us say that the system provmdss a holis- \ng»

tic account of modal statements. The original p051t10n of
: ) ' 5
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of Lewie'ie abendoned as not being representative of the‘uee
of the modalities —— though it still remains a problem to
characterlse deduciblllty. Nec9831ty of deductlon seems to
need & Mink" betweeh entecedent andfconeequent, & link which
can be understood as an appesl to a meaning relation.. But ’
then do we really have neoeseity of deductioﬁ, or juet-an an-
alytie consequent? In the latter case, it is Juet a property‘
-of the meenlnge "of the statements in the langusge and does

not seem to require some eddltlonal logicel machinery (Eiﬂf
' modalities) to account for the deéuctigp Absence offeﬁcb a.
i link would seem to deny any necessity.of deduction, and hence
restrict deducibility to meanlng-related terms —- i e., to
languege—based terms. Quine's problem is certainly interest-
,1ng and to Kripke, who utilizes a p0591ble worlds framework,
it also is appeallng. The problem ig "solved" by the notlon
of "transworld identity" in the modal semantics; however,
" Smullyan's enelysie-seems to show that a solution is available
which does noR\resort to Kripke's semantlc structures. In our
system, with only one domain and a plethora of possible part-
ial worlds whose domaing are sub-domalns of this domain, the
problem is brought back down to earth. It is restricted to
the solution of the problem of oo—referentiality betﬁeep proper .
names ‘and deflnlje desbrlptlons (Scott andfthe auth\r of |

Waverlex) or two. proper names (Morning Star and Evening Star)..

K
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Finally, theléharacperization-of the modalities as
. in Chapter II allows for the elimingtion of this "pseudo-
prbblem" of reference. It also provides e framework for
recognising the importance -of undersfanding essentialism and
also the notion of potentiality. ‘ 4 '

_\ged is the notion of p0581b1e worlda with weird

onflerful domains in favour of the more manageable domain
A and possible partlal worlds &as reflectlng a more aat—
1sfa tory-: analysia of poss;bxlity. ST

The old-prqblems remain, but the new ones are goﬁe.

L
= p
Ls]
- .ﬁ}{)n !
k2
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