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f} ratlonal function :over A

After Bav1ng determlned an exact expre551on o

investlgatlon 1s made into the category whose objects are the ratlonal

formal group laws bver  5“, and whose morphlsms are Just the1r formal

3
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/
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“'hiCh s J.a:ter genera.l:.zéd 5-11 chapter four che.pter ‘t'.hree, thls result E

a.rising su'bcategoz‘y af the ca.tegory of formal group laws over an arbltra.tv_ FL

v '

..~

is then used ex‘t‘.ensively in the investigatlon of a. certa.ln na.tura.l]qr

fiElﬁ I ‘ . " :

R ,‘

The nota.t:.on used in the thesis whn.ch differs from sta.nda.rd

. ma.thema.tic&'l. notat:.on wil_l 'be deflned as it is used s R
oo L o, . A
e o [ E . .
N ‘t " - .
B IR .
‘.' - T * B
= ) R
A ~ . [
g SRR : T' iy 7 ' a
Ly . -l )
. W . B - N L N o E
s - = } S =iv= s SR N o S o
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et -, R A
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"'a- the field oi‘ ra.tion‘s.l :t‘unc’ci'ans in the indetermlna.te X :

over the :t‘;.eld A e

e -

5.

LRI s

o the category of all ra.tiona.l formal group 15.ws over R

"5T the fie;a’d:'reai,humpéfs. SN

- “‘the ring of integers. - ol P T

-;.-'- the ca.tegory of aJ,l one d.'lmens:n.onal :t‘ormal grf:up laws
- over R )

"o e

".{'

- a. ca.tegory of‘ complete; —a.léa'bras* défiped--ﬁ,n ,'§_l.‘,1:_.'
: ‘_— a ce.tegory of forma.l power series rings over - R ,"‘ . -."
. filtered wlth respect 'to the order flltration, defined
“din 511 ESLL : . .

-“‘"-l.

P )
Yeew Ut LI -

SR T W . B f [t
. R T : . . | S

' -f-l_thga,set'br, pq's:_i.ti_v_er' :i'.'n't.eg'ers_._\f.:' TR LR SR

- ‘the ;set of non—nega.tive integers. o R W
Svii- o EL
. i .. -y v .
. . . ) 2 - i .
1. . ' T




ot L s

.-; ft»f‘;if; T‘ is B morphism in (R) lff 1*.;{;':]?diil:?l ;f.i"rf”Ahr‘fd}fdl“; " :

’ o For all seS with v(s) > 0 We have' v ( 8(5) ) > 0 .f-;f P ‘1

‘J'#‘ Now let FP( R ) denote the full subcategory of CAlg(R) whose objects &re i
‘._--/ S g :

. the order flltretion. -f iy :f o .“--; f: N -,1--' ’ -5"-i u“ RN

.'? Remarks,i.' R 1tse1f is obiously an obJect of FP{R}, the filtration being the o ;

<r~;”ff; 'ii:;The objects of FP(R) are just the free, complete R—algebras on

: Prop051t10n 1 l 2' 1.. R is & ZEro ohject for’ the cetegory FP(R), end :"df‘f'}ih

CHAPTER -1} - GENERAL, THEORY ‘OF  FORMAL ‘GROUPS.

.\

Pr;perty 1, 1 1 Given two R-algebras 1n (R), S7Wehdits"' with riltrations

“,:.qrfand.:v'h respectlvely, then a continuous R—algebra homomorphism,jf; d;-

S 2-:.a,‘y;.3t-
[eis — s s' RN

the Formal Power Series rings ‘over. R ; each considered filtered with respect to ﬁéﬁ,'«'?

s -
‘y . -

..:discrete filtration..jzﬁ:;fﬁlﬂ,”:‘ s

- . R L ‘.

'{'finitely many generators. Since ell the morphisms here sat?sfy

N

S “Property I 1 1, Proposition B 3'1 5uerentees the universel property\\

-

;“of free objects..a morphism~1s Uniquely determined by the 1mage of d‘\

c ithe generators under 1t5 actlon.r~f' L -
These remarks directly 1mply :: S ];‘ -E::.”‘ LY .
¥ . ' SR ' . T T y ’ ..v." ST

.
[

& FP(R) has all finlte coproducts, +in particular, R

. . ((Xls'ﬂ"' )) U. R((Yl,....,y )) ?-‘_-' (.(x-l,.”.-..Xn’f},_'-':"‘.',’ym)i]
n,,‘._"‘ '. ; . . l ‘l‘_- . | . ‘:: ::



-qb§1 2 Formal Group Lewg over R ‘va:.- L T At ‘ ‘ff.ﬂ‘

l indetermlnates-'

‘;ihere.‘ X, Y are the opvious ebbreviatlons for the indeterminates Xi;tJ:;;k3"'}

_.coproducts, we may con51der arbltrary oogroups in FP(R)

l“'f_fthe augmentation map._'

'-.Ja

.‘.'-.
- R -

-;?;ﬁfﬂjﬁ}qff;uniQne. On the other hand the augmentatlon e is uniqne 1n view of

. . e -

L o=
s Lt o

0 .".- . -.,_

‘I’NOTE Fbr the remalnder of thlS chapter, we shall adopt the notatlon of Appendlx B

B - \

L and let the symbol Rk represent the ring Qf formal power series in k

indetermlnates ( k 3 0 ) over R The precise indetermlnates of Rk shall

be indicated only if they are not clearly indiéated by context ”l "!”

. .
i - X . B .

‘," : . -:‘ X .t PR
b o oy . - N

Slnce we have shown that FP(R) has eh 1nitial obJect and all flnlte

Lo

Do ' ‘ v S T
H ,'_‘- -

.
..v_-

s T R ) .:_\ . . | .@-' e :.‘ o :‘:‘ " -
The map, EREEERE ﬂ*.=‘m‘f,l'¥”,‘“‘.f?. T S R
et -‘r' g c‘i.R':——éé;—4+ Ro. . . ;;:jj‘ '

. ; N oy b e :‘-A.._. . - .. "

is completE1y detenmlned by.the following vector of n formal power serles in 2n

‘

~

Lo e
4

—

. R

' -and Y},.... resPectlvely, end for all 1, '~¥‘i 413‘?n ff‘}uﬁ\~."3 .:f -

e

il As we are dealing with free obJects, the proof of ii is immedlate.

PN : R .o l,'_' I
s R ST S A -Y e g ‘.7-. -

.’.‘-

Suppose that (Rﬁ;c;n,&) is a cogroup 1n FP(R) :,f'_ RO f'"“;‘ ';...ﬁ“

:;;‘A?If::'-  Cleerly,_as ve'! a;e dealiqg with R—algebra homomorphisms, the map 1 is

e Pr0perty 1 1 1 Hence R is a zero object in FP{R) ':-?'ef"‘ﬂ?ﬂf;”f* ¥

(see Appendlx A for the

' general background materlel) {...7e-" | ij”' RTINS """"

TN e T e




g 'a.nd, similarly, ST T s e T

dd;aséoFi§£1Yi£x-6? ;cgqypa;;:_

'j:where, X Y Z are the abbreviations for the indetermlnates of R

- <

R vt ""'

Xl,..-.x !, Y1,..,.,Y£  and Zl,..n.;Z# respectively.

- ="

F(X 0) -

1
»
-
-
3
‘
]

ll-
[

f F(O Y) :

La.stly, /the antipodismma:p, AR TR

! : i ; S e LU . : ; L

is unirmel;y’ determ:l.ned by the vector of m formal POWEI‘ Benes in n mdeterminates, o

- --_,\“ . ! . - "“ BN . ' ! L - ! ‘
R R T(x) (Tl(x),....,T (x)) Sl oL e
"vvhe.re, for 1’< £é n, T L o r SRR ‘,
. ) ' . \ ' : & o
S -3~ e y :
) . 3 " i-.‘m! K LN S .
A"D-__._.. R * ,...,;_"".‘ . "“‘ g 7-,' N ¥

S 2ol ¢ et ey r-o T g‘.,‘ ? "M; L WATETNS P AT




o S PG
f%t’%” ﬂﬁilg?rhshows s that fl" ‘T‘ l' “;:-?”f' f:,%
X e o SR
i e ((}f'f(‘x)) 0
"ﬁ ;f“ A 51m1iar arguement shows that ‘:f-ip !?J‘
R CR(T(, Y) =‘ 0.. ’
.i'f7 Note T(X) is. the enlque vector ef }ormel‘power series w1th thls roﬁerﬁy. ; 5,
7‘. “gumming‘ei’theﬁabove aiscu551en,‘we h;ve sﬁe;n ;.‘ﬁ?‘ii,-; ":f,t-_kj:.”‘ “ .j_zae;i
iemha 1.2. 1 Glren 2 cogreep. (R ,c n a)? n rhe category EP(R); then there is "53 L?f?:
h -r‘a ﬁﬁiqué veetor-ef n-;erEelyéower.eerles 1n 2n in etermlnates bver R ;U
- -:-{ .‘ ”  ‘ F(X Y) = (Fl(X Y),.:.,F {X I)) f determlned by; (R ,c,n a) ;" f{" ;
L _ S Y Lo :
i;fé”V;':Lf #. t,. o7 satlsfylng i.. (X O) ‘= X.,. anﬂ,‘ F(O Y) 'and,\ vr
TR | ' ',- L RETY F(x F(Y, z)) -F(E(}o Y) ) ﬂ R oo

N ; . Y I‘ .'-.I ) __}_,_/' \ T(X) -(T:'[{X),.,....,T (X;S) ‘l" ‘ ) ) .

SIE A

OIS, ST

u-...-...—-.).RJ‘

R ﬁ.f

Furthermore there exlstsla unlque vector of n formal power series .

IR . . .
e ' in n indetermlnates over R !

. T such : Do R _
- ( - e . ’ N L . [
. : S . : A . ' o
. o Cddde F(XJTEX)) = 00, and,. F(D(Y),X} =0 . .
s . e . s oo SR .
R < o i -E‘.ET_.‘ ‘-‘ . - . . . ‘. . .. -’:“- - A 'A .
. AU . . 2 v . i - . L '.r o . . e
- Definition: a formsl grouwp law of dimensionm over R is.a vector of m formal *
s 'power geries over R ip‘Eh @ﬁdegerhinates, ‘Xi,..r.,Xn,Yq,..;.;Yn,
) each Wlth zero constant term, ‘
— F(X,Y) SS:R10.9% SPRRPINS ) (x Y)) s .
. S . s
_ g ot
. ) - ki I .
. 1 S ;
- \ . -
. ") . ; . , 1 L .
! R ‘ -



Note:.

.’m %he above th

n-;; obvious fashion,“asavectors-of 1ndeterm1nates.-, )

;and,

s

Lo ,If. in addition to the abovq, hF(X I)

ii. F(X F(Y z))i A__.'F(F(X Y) z)

F(O Y) —-Y

satlsﬁes g

e symbols X Y and Z are to be 1nterpreted in the B

Lo~

-,gi:;r “ ?. ";.43;}.;.-—““ 3

5 ‘ F(X Y)-—F(Y x} s -
2 then we _BBY that the formal grcup law F(X Y) lsﬁcdﬁﬁutﬁtiGQ;P‘. : '
. . LT . V»‘. xjo ) ’ : PR Sl Lo .

> e -~

"“:.ﬁ:f'- S .. R R
I We have immedlately -_ﬂ;--f '”f:'i '}ff“V-“’ S N ‘ -i‘fﬁrl W
then ‘théfé L :" -

i

group law of dimen51on n over R

}j Lemma 3. 2.2 If F(X Y) 15 a formal

I

N R

Buch that

Then, -sirce:

'

fe,

T(X)

. F(X,0) =X

(T1(X),....,T

.«
.

F(x T(x)) =0

s " . Furthermore; siich a'vectpr77T(x):

.
-

y end,:

F, (X,1) EXl * Y,

e : ) - power series in the indéterminates

’
.

Lol

R((Xi‘, X))

,.énd,v
X =E G s

mbd'deéreq.E

F'(‘;i‘(w)?,x)‘_; 0

~

T

F(O,Y) = ¥

~

)

Yl{"'Yﬁ

is unique. .

N _'-13‘ L Jexists'a vector of formal poWer serles over R

(x)) B

for i, 1 <

i$n .

PN

-

» 1< 1 <£n

o - o ) . We see thet G:(X,Y)} hes zero constant téfm, when considered ss aiformél

W

: R
"over the ring:.

.

<k<n ,

1n n’ 1ndeterm1nates,}-;

e
el

3

i
K

$ 4

i -

-




: \

suéh that' \f,ﬁ

o ;:here; fo-x) denot.es the, v |
\ i H(X ¥) = (HX Y),....,H (x I)) |
B Pu"‘\ T A P \ SRR
Thee,Vﬁ;;Pave:E', .A_ ‘&?_. ,'{;T e A \\ g N :
' jo ‘vxi = ci(x,};f%,x-ij S .'_ leign .

) ‘ - . \

= xi \
Thus the requlred result follows immediately upon taklng

(X H(X X))

Co(x) = RGX) . L

Unlqueness now follows dlrectly from the formal assoclat1v1ty of F(X Y)

\¥Femma 1.2 l together with Lemma 1 2. 2, 1mp11es. - o

-

Prop061t10n 1. 2 3: There is_ a bljectlon between the: set of formal group laws of

Note: Sance FP(R) is a full subcetegory of CAlg(R) , a cogroup in FP(R) is

e ' dimension n over R and the set of cogroup structures in

the cetegoryf~CAlg(B) lon the obJect Rn .

. v . .
- : “ ' - . .
o~ H

also a cogroup in CA 5( ). ) . :

s et L e eyt LA Tr e v b e o e




et

RIS U]

+
|

'”:{ in the category of FP(R)

m“‘ Ry y

—_— . , ' J
. : CE LX) = 8w )

“whe:e,‘the Xl,..i.,kn
those of R . Deflne a8 vector,

(fl(X),....,

Sf(x) =

. of m formal powver Series Jinn indeterminates over' R. .

are the indeterminates 6f R_

(X)) o

cogroups, 1s a morpthm, T 1:'ag.71’f Sl ‘,rf A

s 0 : o .
. w o

comnutes .

x\*//;;} 1 4‘% £m |,

0
; .

Chasing around the dbove dlagram, and recalling that the contlnuity of the .

maps 1nvolved gives, in the usual notatlon

- cplo() = £(F(K,1)Y

s (C4(N) = BEE(X), (1)

v
Cwe see 1mmed1ately that-‘ ‘ el

T, Y)) = G(f(x) f(Y))

i
. f

,- and, tﬁé Wla,:J.Wh s

T




| a.nd We- ha.ve 'bhe commutat:.ve square.‘ DI T
LS . .l. e ' ;.“. . - ’ _‘n |
i R =B R
. <0 mim
R, ——+ R,
- N ) QID»BUS 2!1 7 i -
29V . .
. : - . T L L
" Hence, the vector of formal power.series g(X) ,.determines a morphism- BS in

»
. .

the.cetegory of FP(R) . 'cogroup.s.'- - N N

We may now dei‘ine the category of a.ll formal group laws over to be:

:_the ring R , and, for any two formal‘group laws over R, F(X Y) and ‘GQW,Z)
of dimensions

- Ky

£ 1 F(X,Y) ——c(W,2) ., . . R
":Ln the ca't.egory "Fml(R)

—d

. ~ each fi't‘h\'zgro constent term, which satisfies cbndi‘tion_ (*} above.

s

.‘The.gbove discussion has showm,

hism between the category of FP(R)

Theorem 1,2.4: There is a natursl isomg
aof ;ll formal gro_uﬁ lews ovelr H, Fml(R).

-.‘i': of m forma.l /power senfles in n indeterminates over R-, ea.ch with zero consta.nt
'I:erm, satisi‘yiﬂg b ) B ; -
o sy e (w )= g (x} g e e L

“the category Fm.‘L(R) whose Ob,]ects cons:.st of the formal - group laws defined over . '
h and m respectively, & morphism, - . - . S i ) ,

is a vector of m formal power-sefies in n indeterminates,

,




'fCorollaryflreis"'i,“‘

';ii..

- iwv.

-

For ﬂny bject s of c

U of d:l.mens:.on o over R

:‘.l_i‘-Denoting the group\c\peratlon 'by F

,;iror ¢,¢eHomCAl (R)§R s) " ¢F¢ is specifled t

ST e s
-for glil - E,J;eHom (R)(R S) "5 we have,”

(R) ; &8 formal group 1aw (x Y),

e

defines a. group structure 'on-

CAl (R)(R S) ,_.,;;i"

rb*q»(x ) = F{¢(x1),....,¢(x ) w(xl),.._:.,w(x })

€"1f=im is any object or: c E(R) then, for all

\
ysHomc Al (R

'.we have \ \ g

Yo(wn ‘ (yoq»)*(yow) |

-.\

If G(W Z) 1S e.n' ther forma.l group 13,1,; OVeI‘ R , of

-_‘ d:l.mension m, then, ‘glven a8 morphlsm 1n le(R)

N r : G(W z) — F(x r) i_f.ﬂ:rﬁ;t?

(555109:_= (Eon)%(Coef)‘ . ';f

~

where 8 £ is the contintous ring homomorphism associated

"to the morphisn f (by the’above Theorem).

hwit‘h G(W,2) "as above, a.nc‘f, assuming F(X Y)' to el

comutetn%;/ )(G F) has th? structure of an

B a.belm.n g'roup-, a.nd, _:.s cs.nonically i'somor.phic to a sub-

- , o .  ——
group of the group, Hom., (R)‘(Rn’Rm'-)'

Proof: The above Corollary follows directly from the various definitions 1nvolvedb

’ together with the elementary propertles of COgroups, discussed in Appendlx A,

e

| L

-9+ L

PR e e

ot S




.

: Pro_posi;bion 1'.3.-2:‘ i.

-

given by, . . oot

denote a. commutatlve formal group

Throughou‘b th:l.s serﬁ;:\.on ‘let F(X Y)

mdnnl(R)(F) = Hompm:[ (R') (F F) L .
Corolle.ry 1 2 5 :.mmed.z.a.tely gl\res—\. o .\f X \\ .

a.nd ’ring multiplica.tlon glven 'by composrt:\.on of morphlsms.

. | Thls‘ r:Lng has the obvious multlpll,ca.tive identa‘ty g:Lven 'by ST

‘ o ~f e lFeEndF J(R)(F) e
Proof. Trn.via.l in t.he 1ight of Corolla.ry 1.2, 5 e . e BEES

-~

S'in'ce ‘hhé i‘ihg “'oI‘( "int‘eg'ers Z is an initia.l o‘b;]ect 1n~ the ca.tegory of all

rings wi‘ch ident:.ty, ve ha.ve a, uniq_ue ring homomor-phlsm,

o e - e
. S o _Z_. _—-——_" End-F\ml(R)(F) s A' ‘- //._:/" ) N A p .
. . » . , ./». R —. . e

m ———'—*(m)F : C o

n-

()p(X) = { ™X) for m

]

S ‘F(x(m-l))

otherwise.

_ It now follows, imediotely:,/tﬂot:

For'F(x Y) 'a.nd G{W,2) a.n)'r two comut‘a.tive formal” group | '

.

il : - ’ 1&“’5 over ' R , . Holi(R)(F G) is ﬁ. left End‘FEﬂ_{R){G)_

'.module a.nd 8 right Endm-l(B)(F)-module .

.
. AT ) - : & L ; oo,

R R o ..10_. - ‘ S

. . - . R “- i ' ' D . . ’ L.
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"'ﬁﬁemark.

. ie. F(X Y) \15 Just a. formal power serles 1n two 1ndeterm1netes,

hfor all mﬁZ .;eﬂ? '.
'Note' the compositlcn above meens co osltlon component—:n'

af @ (x)

vise for the vectors f(X) end

If the dlmen51on of both F end G above.ls 1 and R 1s a fleld of

’ hO(q) (q) oh , and, h(o) ;ﬁg LL?TQ*T:~1
1 h 1—D1menszonal F rmel Group Laws over A Semi—Prlme Ring_ .

e

1s a. seml—prlme rlng,

‘._‘- »w,..

“'ﬂ the rlng R

'f;the 1ntersect10n of ell the prime 1deals of R 1s the

e

( .~ S
zero‘1deal.‘15 S
\ ey

Let F(X Y) be any arbitrary formal group law of dzmension i ‘over R

X and- Y

F(XI)-Z T xi

i, a"o I i By L0

”If t(x)eR((x)) is the formel 1nverse of F(X Y) put.-
e t(x)--x+{ xi I

12 b, BgER e

Set,- o L I= ker(E) :. :I ', vhére, -

a'g no nllpotent elements, or equivalently, ; " v

-~ E

- R((12)) — =

I

”‘ is the augmentation map, ie.

is -just the set of formal power series in-one

ﬂgpdetermlnate over R wlth_ze;o eonspenﬁ'term. . ’
~"Theofem 1.4, 1 F(X Y) is actually a commutative formal group law,' -
je. F(x ) = F(Y,X) . . o .

T R N T T R A S L T R T A I I g AT T AL T T SR T e

'fﬁ characterlltic OL then 1t cen be shown (Frohllchtaji that e formal power R




‘aeéine; & Binary' .

Proof (Lazard.[fjﬁ For allvfbrmal power series u,veI

SO gy e b il

:Hfthe operatlon * deflnes a‘group structure on the set‘ I .;f;'l s RN

.
™

.

RTINS T’Let h(u v) denote the commutator product of = wlth v,

e

2 h(u v) Sy v - t(u) * t(v) leéif;f;:{f::w

R

)

;~’ Lo o ‘_

_ . iiet'.‘ ;
:{Slnce the 1ﬁdeterm1nates X and Y are elements of I s we may cons:der {f

s pTiian

"rh(x Y) s which«is clearly a formal power serles ‘in X and Y alone, say J_Vsi

"

h(X‘Y) X 3_0 13

. f;Obviousiy\ F(X Y) is commutative iff cid :pijfbr:éli¥71gjéd‘; ;”n'“‘t‘it;:iﬂl

_ and so, it will sufflce to shiow that. S e e
. - . T . Lo e . e . N

e
.
.

For each u,v I, 1et '; e T TR SN S
. ' . o T .
N . - - o e o . .n

- 1,. o ﬁvv— v * a* t(v) —-h(v u) * oo ..

' With this notation, Hall's 1dent1ty for ‘the inner automorphlsms of groupsii

L l Gives.i ‘ ) o ‘,. - : : . ¢ .
L n(nlx, r) z )( " h(h(Y 2), xz) . h(h(Z 1), rx)-— o ——————-(3)

A

‘ In order to analyze thls relationshlp, first, define a lexicographic orderlng

. .
~ » . ,-. . . . - : B
- . . e

of the monomlals of I —_— . !
roE

given two monomzals c-Xi IJ-Z

e xi yl.gk < c‘ el YJ

};2;, '

1
and c!-xi -YJ)'Z#

k]

CAfE, .

- B

then define:




e

‘n

",zero monomial

"’g Obviously, ﬂ?i'gh(x o) 2 h(O Y) -‘o
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and let B be the smallest integer such thatjffrﬁ\

# o ﬂ;.f1¢: é;igf:?
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We shall shov that the left hend side of equation (3) conte1ns the non—._if —

( )B+1 u uB B

' of minimal rank vith respect to the ordering ebove ‘ e?;iw;'
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‘Note th&t' e, ‘ # 0 1mp11es that Kc. )B+l # 0 only because we have

' assumed R to be a seml—prlme ringl

uB.
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‘In this faghlon, we shell obtaln a- contradlction to our choice of a, B

-and, the required result will follow immediately. :
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Before Ve can show the existence of this monomial .we- first qeed o' prOVe
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Slmllarly, notlng that the Lemma 1m911es that irgff" "7\\;""'1 -
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the mlnlmum degree in, X found 1n the expansion of :ff"e T }?1 L

K h(h(Z x) Yx) L I
On the other hand in. the expanszon-‘ N
h(n(y, z) xz) { g 0 i [Zk 120 k!. Yk 2 ] ,(xZ). s

one can ea51ly see thet the. term of mlnlmel total degree 13.:‘ ' . *

e, )“*‘l s, “3 zB

© since, . - - " i

X * Y * Z

X+ Y + 2 mod total degree 2
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it is clear that the monpmlals of degree' o in X in the expansion of
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' is, in £act the ponomial of minimum

-¢iin the expan31on of‘Equation (3) i‘fl"1=3ﬂi--" -f‘fﬂfg.ffff“;“w

In vzgw of the above remark concerning the expan31on of _31{: fﬁf;y'ﬁf'*i?ff' :
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'f-the sum of the terms of degree one 1n X 1n the expansmon of equatlon (3) g

L,ls just the sum of the monomlals of degree one in X 1n the three express;ons,.'
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B h(h(x x) 2 )sh(h()Z) FOR a.nd h(h(Zr x) Yx) SRR |

,l '_Now, by deflnltlon of the varlous entlties, . N o . B )
h(h(z X) YX) 21 370, ;j [Xk 2= 0 kR. Z X] F(zr = o °rs xr I Y) S ¢
li : 'f_=‘Hence the sum of the terms of degree l in. X 1e;$iﬁply; ;"'
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‘.'_ o o = .'h’sa" L 13 1’ Yk (2 )‘1 . —-——-—\—-(5)
| .IAddlng together expre351ons (h) and (5) 0" determlne the: contrlbutlon - ;
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o r - in the expan51on ;r tHe left’ hand 51de of equatlon (3) and bearlng 1n. ->
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leen two formal group la.ws ove

T
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Throughout 'th:.s/ chapter A :;::'.'1_1 aendteanarblt{&ry :f;élq.; e
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Let F(X !) denote a. r_a.tlonal ﬁmd::l.on m the two mdeterm:.nates X a.nd -

S fii‘;i‘;'over the fleld A .»"; i E :., '_ - _h‘.f '

: Defn.nlt:.on e sha.ll ca.ll the*ratlone.l .ﬁmctlon F(X Y) a, ra.t:.ona_'L forma.l group
R 1,~‘f';}- jﬁ'_‘law over! ‘A .lf F(O o) = 0 ) and F(X Y) satlsfles
P I A “‘“ a. F(x o) =X o and F(O Y) = Y .:;_,ana,

AR '5., R ? i3, PG, x) z) F(X #(y, z))

T Choose relatlvely prime polynomla.ls P(Q{,Y) and | Q(X,¥). "P.Vé-‘r” A such that:’
AR COP(X,Y ‘ T o

o F(XY)—EEY’?%' T T : . o

" and write: . : . o

P(X,Y) ;-;igo 2320 e 3‘~Yj. . am0 .

Sy e v g

/ - | .
\L

% .. . -' ) . o .
. : Coelx Y) = {r o ZS_O oy xr Pl b L0,

. F ) .
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. anj#c : m.ld Jaim#.o ufoz- sromeia_ndj.,

,. ’ . . 'bg,s £ 0 ”‘a.pd b k,# 0 lfor some sand _r" . :
Clea.rly, the above definition tells us the.‘b ‘
7 ;  P{0,0 =0 , and, Q(O 0) Lo -
‘and, I‘%.xrthemore, | a ’ ’
: - 810 = 801 = Pgo . .

TR Hence, we may a.sxsa;n?é w1thout any ldés of genera.]:_it.y, that Q(0,0) =1 ,
3 s‘g;itha.{:: .. 810 = 80) - 1 . . o I
o L Coa1g- B :
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o A ThlS aSSOCJ.E.thD* oi‘ a formal group la.w to-a. ra.'bional formaligroup le.w 1s SRR

'ext.rea.mly mportant and., must a.lweys be kept :Ln mlnd la.ter when cons:.derlng
. : N

We ma.y now associate to F(X Y} the formal power series' o - ,, R

'ﬁ@}q;; P&r)—ﬂxﬂj&o(dﬁ(mXM-l)}y 7] E
. ' w AT T " . . ‘f‘ Lo e ‘ - :_:,
S:ane F(X Y) is s. ra.t:.onal forms.l group la.w, i't is easy to; see thst F'(X Y) i

is B formal group ‘.La.w 1n the sense of the prevmus eha.pter. Thus, _wha.t we 1 o

T N

shall be concerned w:Lt‘n shs\:\ll be Y very spec:Lal class of forms_'l. group ls.ws over _-.-‘l. s

Wl .
R

]

f]

W F L kel

the f:l.nal resu.'l.t of th:.s cha.pter, e.nd, At pa.rtn.cula.r,. 1‘bs generallza.tlon i‘ound

_ 1n Chapter h Lok ' : o o ?
' We sha.ll now abuse our notatmon by lettmg F X Y) denote both- the rat:.onal :
funotlon,, ' - . “ Lo N a o . .. U
S .az%ﬁfy : :’_ oo 3 . o
and, the assoc1ated formal pover ser:l.es F‘(X Y) . ‘
, By Lazard's result (Theorem 1. h 1) ,‘ we know that:
F{X,Y) = F(Y,X) s ‘
and sc;, » . : ) ‘
. L S 8.0 .
'I'.I‘hus, - ' - . | -
Sy R - REXAAY) =0 .
It n‘ovl follo}rs.; irnnediately toet: ‘ - )

T edxY) | any) I

since, P(X,¥) --and Q(lx;Y)_ were chosen relatively prime, Similarly:

oy, x) | alx,xy- .

[}

and, therefOﬂe, S,y = Q(¥,x) .

Hence, . 4 T ‘-P(X,Y).“—‘P(Y,'k).‘ S : . o .

. / . B : s ’
that is, P(X,Y) and . Q(X,¥) ere symmetri¢ polynomials . : e
'< . . : . . : g S
: ) - —20- ; o
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S

Deflge a map,-i-

. I .
\- . <+ de, ‘
VoL RN ! .
i L L . i~

" : - N
8 .

s T ‘ g ' '”""},'; ot
T T '\-‘ deg ( G(x Y Z) ) 'the degree 1n x or G(x Y z) SRR
SN for eny. polynomal c;(x Y z) A(_"'Y z] SRR

, Note the degree 1n X of G(X Y ) is 51mp1y the degree of the polynom1a1 G(X Y Z)

BN .
A

“when con51dered as a ol 'omlal 1n X over the rlng A[Y Z)

.

Obvlously, edegx is well deflned asa’ set-map, end has the following

'
AT

- propertles. L "~§;
‘ Lemma 2.2.1: If h(X,Y;E)f&nd;S(X,Y;Z) are any-two polynomials in three indeter-
: minetes over A ,land,

N
foe -

o ".ags'(ﬂ(x;Y,z)) sx L aegS(x,1,2) =

then: /é“‘f JY,2)+8(X,¥,2)) = r +"8 -, and,

irl deg (R(STX,Y,2),Y ) = s
Proof: Trivial. =
. -‘ ' -_—__—-‘I !_——-
‘We may extend deg, to a-maﬁ: R T S ‘
N o 4 .
(\ Deg  : A(X,Y,2) — 2 ,
by defining, \

‘ y Ilesx{g'@':—':—ﬂ =.des.x(R.(X,Y,Zﬂ - degx(S(X,Y.Z)) -

. - ) “ . “

It is easy to see that this does in fact define a . well defined set map, aﬁd,
. - i ' '

furthermore, the mapping Degx has the same mﬁitiplicative p:operﬁy as degx s

. steted in part i. of Lemma 2.2.1 (. note that pert ii. of the lemma is false for

the map Degx Y.
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W f: a.nd so 11: follows tha't : PURITR
- sinee,. [

. by the multlpl:l.ca.tlve properby of Deg we he.ve, o g . e P R

) vé tey define <"

two new ra:bional i‘unct:.ons over A 3

‘ .-,_-‘.F(x Y z) F(F(X Y) z) s, a.nd G(XlI‘I z) = F(X F(Y z))

By the defixut:l.on of a. ra:blonal formal group la.w, we must ha.ve

~
. -a.:,_; S

. F(X Y Z) = G(x Y Z) .,, :

ST Des (F(X Y. Z” = Des (G(x ¥ z))"---'_”i'-’.“;x'f.ﬁ

DEE (P{X F(Y z)\) degx(P(X,Y))

Deg,(a(x, F(1,2)) éfliée‘ @y hRy

Deg (G(X Y z) = aeg;x(P(x Y)) - deg (Q(x y))

":i?e. : Deg(G(XYZ))\- —_2._;‘>.4

‘On ‘the other hand, comput:.ng the-left hend s:.de of equatlon (1) is somewhe.t

" more compllcated. Put: - N N - ) . =

P(X ;f)

B(x,Y,2) = [’dﬁ’ﬂ’z} , end, Q(X,Y,2) = Q[gﬁ’ﬂ-,i] ".‘g *

Cleariy, . ) .
_n n n‘ -t ) i I . n’_i J .

p(x Y z) = Q(X Y) (Zi=0 23=0 8y P(X,Y) -Q(}.{,lY) ‘2 ) , 5
" so that, wrltlng, : : o ;‘ . .
i n-i .5 R - Ll
| NEX,Y-,Z) ):i_o { 420 13@(}{ Y) -Q(x Y) o A ‘
we have: . - ' | “
Deg, (F(X,¥,2)) = aee, (8(x,1,2)) - degx( Q(x ) '_ i B
thet is, by Lemma 2.2.1,
Deg’x-(i(X,Y,Z)) = degx(N(x_:Y:Z)) = nI'R- -7 .
Similerly, ve must have:
| Deg, (AX,¥,2)) = deg (DX, ¥,2)) - 22 -,
_22-
.-f.)"




The compute‘clon of the fJ.rs

- eq_ua.tlon spll‘ts na.tura.lly J.nt.o

e F:.rst, suppose\tha.t n>£:.

P(x Y) Q(x Y)""r.

. _i:, Deg (F(x X, z)) ._=.
-..:'negx(F(x Y z)) = &f_g (J(X Y z)) - deg (D(X Y.Z

t 't;wo. 'herms cf the ra.ght ha.n

two ceses. L

.‘.-

1 tha.t 15' deg (Q(X Y})

After a. momenﬁs, reflect:.on :Lt becomes clee.r that. ‘

S 3: deg (N(X Y Z)) = :1'2." , a.nd degx(D(X Y Z)) =

:_ 80, the.t ‘by eq_ue.ta.on (2) must have. SRR ‘_j'
Deg (F(X, )

But by equat‘.\.on (1) we ha.ve a{Lready,

. Deg (F(X,

a.nd s:mce we' have assumed tha.. 2. >n ,

. -

Y Z)) - Q ‘\

YZ))-—-n-R..',

. He.nce-, only the second case cas'x occur‘,- tha.t is,
. . o - . C- N

If we actuelly’ ha.ve‘: n>g

]

ue ha.ve e. contra.dlction !

im (:" _5':_,.'- *

d. s:Lde of the a'bove
- vk h L -_.' o

.
) o
- e

> desg‘(P(X Y))

we must have: - ‘nb 2 .

- it is not l‘\tgo difficult. to see that:

|
des (n(x, Y Z)) =II1 , 8nd, 'degx(D‘(X,Y,Z)jj= n'SL : ; - : _‘l

“ therefore, eq_uatlon (2) ‘How givesr

Deg._ (.F(X
Equa.t:.on (1) now 1mp11es that:
E?‘ that, we must ha.ve:.

. We have now shewn above: *

Theorem 2.2.2: Fozj ,any rational formal group lev,y' F(X;Y)

N = in2 o
./(n'_ 9‘)2 =1 - 2 _:, s . .'. O
=2 +1 .. ) : .

.il i
D

Palpd
tefe
',

i

j= 8

3

. deg, (Q(x Y)) < deg, (P(x ) < deg (Q(x,¥)) + 1° .
- i —23- | ‘ ‘l‘
| } ‘ ¢ . —
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P(X,Y) = 21_0 ): ) j;“jj‘_.;‘_",:anﬂv Q(X Y) -ff r=0, Zs =0 B xr Y® -

AT

"'_.',b,_‘where, if b 0 i‘or a.'Ll T, Osr@n then i‘or some T, :- rm-l % 0

RIS ;Coz‘olla.ry:?.?.‘ 7._-.}5‘0’1‘ B,ll“-ig', Os

‘ .I '*'.‘ T:"' “_i '_I“l._ bOi 01+1 \' R . :

e vrbh the a.bove nota.tloe. : e : -

A L
D :.Remark By symmetry ve must have : --  1+l 0 i _\_.“ E
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! ‘Corollery' 2 2 [; F(X Y) 15 actua,lly a polyncm;a.l over A 1ff i‘or some ) a.eA

P .
£ . . PR

»

F(x Y): -x+‘z+e.xr : v s T

i :
R
*

. PrOOf If F(X Y) Cis a; poly'nomlal then by the theorem, deg (P(X Y))
Hence, Yo F(X Y) = X + Y +aXY. for solne a.eA e s -

o ‘Conversely, any polynom:.al X+ Y + cXY s CA . o , -

! - ; | ‘can Be seen to be ‘& rationa.l forma.l group léw over A : ' :
:! §2 3 D1v151b111ty Results-\ IR B a C . . D
We now wish to este’blish rela.t:.onshlps between the coefflcients of P(X )
_and Q(x%,Y), us:.ng their“rela.ta.ve primeness, 'I'he associa.ta.ve property ‘of F(X Y) -
s‘ta‘;t.'és: _ " B ? ’
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Sunnmng up, _wa‘ ha.ve"
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@We shali‘( now derlve a Slmple form needed in the next sectlon

Bbt, P(er) and Q(X Y) are relatlvely ﬁrihe i TA[ x]

R T “_ﬁ;.3;‘L'FJ;;_<;%_F_.ﬁ4 _:
.. - Hence, by Lemma 2.l.T, we have: . :
o "&_1;()‘(“,?‘)‘- = e "(,1, = o)k (1 2 eyt
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Lemma 2. h 3: Suppose that F{X,Y) is = rational formalcgroup le, and for some
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‘ "\\.“ .‘- Let Q(A) denote the aigebralc closure of the fleld A .‘, n“

. - Before g1v1ng a; general-form for a ratlonal formal group 1aw over the
E - Tield A ; WE need two addltlonal lemmas concernlng Q(A)
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Lemma 2. 5 1: .For an x retional -formal group law F(X,Y) over @(&)', we have:
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'is a finite set. N'ou, by" Theorem 2.4.2, Pa.(}[,‘.() and 6&(}{,!) are relatively
prime pélyno'm'iells, so, by Proi:)qs‘i:tion‘ 2.3.1, for all BeM\E, we have: - S
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Comparing the constant termé-in eguafiqq‘(*) abéfe,'we see that:
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m.
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, , ‘ ) 10" P1m = Py - , for all i, 0 g i
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Remark:This lemma is, of;course, thé;generalizationlof P;opositién.Q.i.i .
Togéther‘wiﬁh the Prop;sition 2.3.é it ‘gives the'proof_qf.the main
. ‘ theorgm of'this section, first dirégtiy implying the next'iémma s
. whiéh forms the'heart of the maiﬁ proof. TLe mein technique'used here'ié
| o :the spec1a1 subset of the isomorphlsm class in Fml(A), of-ghe rational ‘¢ ‘_‘

formal group law in questlon, yhlch we obtain via our 51mple‘Mob1us

transformations. Their importance with respect to the thepry of raticnal

PR . ~

formal groups is far more than accidental, as we shall see‘in‘Chapter 3,"

f i i .
y ‘ ' where.they turn out to be fundamental objects of study when examining
\‘l . . .

the isomorphism of'ratibnal}gprmal group laws over /
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LT,

oS- aes (g En) casamn ) T

By Lemma 2.5.1 we have: |

a OCQ)‘blm(F) = brm(u) _ . fqr 0O<r<m’ -

" Now,

o’

Zu+v==l Ep+q—m u
Ogu, v<ih O<p,q<m . S N
Ao [Ti Ty [ 52 [0 ) us ]
o . _ kis=1 Lgttem 07 - k st
L ' : g 0<k,s$m Q€L ,tsm .

4 ("°?P+l';[ 1 ]';bOm-;a' N

1)

P, [';n-_v ][ u;_q]_b_.‘__l_ o

r
n-

D
: 2p=0 L g

- : - "1_:&1:0 (<1)%- (o322, + (- 1)“1 (0)**2. {I;_].E'Om—-ﬂ.l‘ ’

lm!?.

5 . . ' o R ‘
cE . | Clearly, the coefficient of o 1 on blm(u)'is:

1

R ' _I-l)mﬂl'[ 1 ]'bgo + {0 ey, T (‘l)m[i }'*’*‘01

) L

— . . . . L _36_A
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‘k.
%v

SER el o] o)

o Ma.nd"'so,A b (u) 1s._no'h a. constantr polynom:.al 1n u..

o offt('ﬁ‘)
(ao) %f

Thus, the) .é'\"eﬁc'ists suEh’ tha'

1
o
3

Al ;'f?'f,?i:"‘.}'s{ﬂ,i' iy

O L L Tart AL AR U
. oL

;‘ 0 ol ger Al 0€r <ml . by Lemme-2.5.1°),

w

“..".'.
on

It fOllOWs 1mm£'d:l.s.te1y -th&‘b,

- _. i degx( Q (X Y) ) m-—-l o : : e

"iil‘{t_ﬂ:"'-.‘j 7f";.~;; ee.l:f¥ degx( Q (x Y) ) < deg (x YL ) ' ”j-:é'f""

o : ‘ w',;-n_ SR
f“""’ Theorem 2 5. 3: Suppose tha.t (X,Y) Cisa ratlonal formal Eroup la.v over QGA),
i R , S i : : ‘ P
= ) FlX,1) = %.+ BYYL . > Tor some a’ben(%J_\{_' o
N . ) . - . toe o . . ) ' i ' X ‘ e

Proof: Cleerly,.in view of Lemma 2.4.3 , it suffices to show F{X,Y) is isombrphic'
P . to some polynomisl formal.group \].a.w'by ‘Fd(}()- for some aeQ(A) .

7 'We have, L Co .
P(x P(X,Y)
Q(X Y)

F(X Y) =

“ * By P:roposﬂn.on 2.3. 2, :Lﬁ, ‘ o ' ' ° ' - .

. w‘here: _ deg;c( P(X,Y) ) =

eg Q0N )em
-'t.he‘n,‘ F(X Y) is actually 8 polynomlal formal group la.w, e .
fe. a(%,1) = N ' |

- Thus, suppose tha.t.wé he.ve:v ‘ '
- o . degx( alx Y) ). | | .

( Note that it 15 mposs:Lbie by Theorem 2 2 25 to ha.ve, B

—y

) deg(Q(XY))>dEE(P(XY)) .

-

C g T .




‘f\iﬂdﬁ;fif:;j‘ deg ( P

"fhen;fv (x Y)

-

(xx) )>deg(Q (:ér))

1s & pqunomlal formal group law (by Prop051t10n'2 3 29,: ,-:

¥ E :-dnd hence,. F(X Y) 1s 1somorph1c to a polynom1a1 formal grouﬁ law._' if
‘ ;fiIf hOWEVer, we have, ;_ : - o J%,-.:723: J{‘”" 7-”:5.‘v1~‘ R
s B0 2 s (TN
 fﬂ-ffﬂ”LJﬂ %MY)—P(XH o S R
‘ R : oo i .
| Qu(x x} = Q (x r) yand , R
S W . Y g
Fo(x;r). :{ CEh \ ol
rAwe mey apply Lemma 2. S 2 to the group law FO(X Y),'obtalnlng o

"(-'F:o‘)

(Po)

(X Y)

(_x,Y)

(@}, (x,1)

. By the cbvious.computation, * .~

(?o?al(an);= F#é

4

+u1(x,1) C '. 3 o ‘é :}. : {_

'-1’7' B

a
3
L4
E

I

Lot ia

et i

N .’and‘so‘%e shell write, | ‘ . 5 ' R :
. ' Fl(x.ay) = Fdoml(X?Y)' ) - l ' . ) ! » ' °
:PﬂXJ)=IEO (LEL , and, - :
o~ | gl(x?r? = u0+01{x Y) .
-As before, by Prbposition‘2.3.2', if,
=, . Lo -
degx( Pl(X,Y) ) s degx( Q'I(X,Y) ) ,
- then,. Fj(X,Y) is a“polynomial formal group law. -
“ Q@ . s ;- _38_ v R
T DT ¥ ’,;'-T.“; R [N R A H AT N T




NG s

"'."?_".On the other ha.nd, 11‘%& ha.Ve- -

des ( P1(X Y) ) des ( Q1(x Y) ) m.,-f{if't :‘-

T Lo ra.ta.onal i‘orma.l g;roup la.w :|.somorph1c to F(X Y) . N
‘-"In th:.s fa,shlon, we. may bu:.ld dp 8. sequence ofv ratlona.l formg.lgrouplgms, v
b .. . o . . S
o ";_ea.c'h 1somorph1c ‘to the orgmal group 19. F(X Y) S
Deflne., FO(X y) F (x Y _ i.: L
Y D . B _- . - : - .. ,‘ /v ) “.
' n0w for each ksN dei‘me- . N ST
: )fﬂ5 ,} degx( Pk 1(x.Y) ) >. deg ( Qk l(x y) ) R
S /" then: " E (x I) = F,_ (x x) R SRR TENE

L e LT N S N
e o c A:,lefi.'r P (x yﬁ\\\ e ltx r) . Qk(;,x) =q ,(XY)
©and, if we ha.ve, '_,:’ - o a : - )
deg(Pkl(XY))—des(le(XY)} ,

then,' a.pply Lemma 2 5. 2 to Fk (‘X,!)—; and set: . l

|

~—

o}
S
—
k]
<
Nt

| P G0Y) = (7 ), (60) send, o

.ob\(iously, if! the sequence s .{i“k(}(,Y)}k:b , of rational. formal .gr.oup-_la:ws,-‘r .
eventually becores a constant sequence,

“ ie. for all” k » % ,say, F(XY)=F (XY}
then, FE(X,Y) is -actually a polyncmial foxfmé.l group law . =<’



A AT

TOTTY

K0

Ll

FALES v

=3

Y= N
T s

S degx( Qk(x y) ) > deg ( Qk+l(x y) N for a11’ ke;i\]("f

:-‘Heuée ‘51nce F (X Y) is 1somorph1c to F(X Y) uﬁQEr thefiépﬁpfﬁhiéﬁfff
glven by _'y (x), v\t'here, RS

B = zk—o k ; ’ -
- to prove the theorEm, 1t sufflces to show that fcr any ratlonal formal"“

F(X Y) the derlved sequence, {F (X Y)} f,, 1s eventually 5-22

group law,

I PN .

l’.

constant.

Suppose for -a: contradlctlon, that F(X Y) 1s a ratlonal formal group.la 3

- for Vthh the sequence, {F (X Y)} N 1s not eventually constant. ?h _
f}_'ﬁ¥tf'uuilct:;;flgli_i'dégxﬁ:%(x Y) ).':J" ; . . . &?Y‘&f
We must have, -'uf:.l:“- Fﬂ” {f }‘?'fq"f.“ﬂ“.' .,":7 o ;u:_

T deg ( P, (x x) ) deg ( Qk(X Y) ) ,fora.ll ke ,

* . gnd also,

v .
-

Hence, it follows'dlrectly that" s LT Y
I --degx(P(XY))>deg(P o (X1) ), for a1l keN “.

i ~ But, this implies, that: .

‘ - L deg'( P (X,¥) ) <0 ; for mll k> 'm ..
L LS g BN ) < ) o
-This is impossible, since the numerator of any rational formal group law -

[ -

. © must have dEgtée in X &t least 1, and, obviously for each keN,
" . F (x,Y) ’is a rational formal'g;éup‘law; ‘5,Contradiction ! "

~

! 5 ‘ va sl . : . ' ‘
Therefore, for any rationsl formal group law,’ F(X,Y) , the derived-sequence1

. ) ) {Fkﬂx’Y)}k=O o > - - R
is eventually constant. ) " Lo
Hence, every rational form_al group lew is 'isoﬁldrphic"to a polynomial formal
group law, and so, the.required result-now follows directly from Lemma. 2.h.3
S - . '_ .’I'-.. : "._’ " T . ——
o, S L 3 . “ . ct
: e o . ' R 1 o .
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: -'-.'_1‘9 prove 'bhe result of the corol

o apply:mg the theorem to the 1mage F(X Y) oi‘

N
-
.
i
t

v

Corollary 2 5 l; A ra.tlonal ﬁmct:.on F(X Y)

F(X Y) =

for some b & bEQ(A) we have.:’ :'

| .,hfF‘(‘x,‘Y)‘--

*
-~

- ?(Xa¥) (X +Y + aXY) [Z (bXY)l}'

e _’F(x Y) =
Now, suppose that qs_have,‘ . L
- F(X,Y)

By‘the defimition of # we haVe,.h

v

50 that; ‘
(X + Y + axt)- (1,7, (oxt) J = Limo Ly=o

-Comparing coefficients.we see'that:

fbrmal group law over A 1ff

. : F(X,Y)

Q“

x iy £ axXy "'='J"
l + be for sdme

raw:

AL(x Y)) —————'—-—-» n{A)((x Y))

e, xtended 1nclus‘mn. /‘ -7 L

1 +bxr _’_ DR,

- . -

In i‘a.ct we are dea.l:Lng wlth 'the power ser:.es._

r

\

8

% vd

o

Lo Lo

RN

o

w({ay;) =a., and, *mlap) =

ey =

'

_Define a new rational formal group law:

X+Y+ B.]_.IH"

1 +"821Xf
b

z10230 i3 L

“(hlj)'si‘xj.: >

. R L
. i S

. - i
. » ‘
R -

. . -

‘ —_—

" - .
[}

-

over a fleld °A ds g ratlon&l

a.,

ij

e PrOOf AS ln the proof of Lemma. 2 5 l let, R Lo
a- CT .

x + Y + aXy + bsz + bXYz + ab(XY)2 e

“(ald?;xi.yj

\..__4

F(X Y) Th:l.s tells us that

-
.: AL
- ¥
Sy
.
4

€A for all 1,330 .

I

R ‘be th natural 1nclu51on of A in J.ts algebralc closure Q(A) : and, let

_.\..

l{?e sha.ll ma.ke use of t.hu.s embeddmg,
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“But, ‘tHe map 'F is an-in}

: = G(X,Y),

. N
- P . .
L - .
" .
.o ) : _ A J
N - n '
N - 0 . - -
- n v, . .
s . [N . . -
. - ~ . . ," * .
. - ! ’ = - r . -
- N ’ + ,
- -
il \
' ‘ o -5 .
» - . -
. ) - N
. - .
. .
N .
“
, .
. .
' . . .
. . ¢ \
' . f N
B .
- * ¢
N .
- -
N
h \ - .
N
* ' ~
.
\
7 R .
. - R .
- .
\
. o . .
* - - -
N
; ; -
. . .
. .- . .
- - .
N
- - =hoo .
- . .
- L e .\ N
i [l ' -
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§3-l 'I'he def:.n:.t:.on \ !

end -s0. e deflne .a; ratlonal morphlsm of formal group 1aws to be a morphlsm of '

o is, therefore the subcategory of Fg(A) ,j Rat(A .

' ratlonal formal group 1aws over A and

T A S e B
‘Lemma 3.1.1: If A is a field of.characteristic O, then, the additive formal = ._

o ur-r'*rf;)c

gatiry

-.0|\

o

Throughout thls chapter let A denote an arbltrary field
Let Fg(A) denote the category-whose objects are &11 the formal groups over.;:'

the fleld A ,\and vhose.morphzsms ere the formal grqup homomorph1sms deflnedﬁlnﬁﬂ“.j‘e

Chapter l pr’ a morphlsm Qﬁ FG(A’ is glven by a formal Power serles over A fﬂ -“:'
._'\_- \

'-."-.

Fg(A) glven by a formal power serles over A whlch 15 actualIy a ratlonal functlon

R
over A. The loglcal chozce for the category of ratlonel forqal group laws over A

ay, whose objects are the :jeﬂ

the ratlonel morphlsms of Fg(A)

The category Rat(A) ie nof,'infgeﬁerel, a full subc&tegorv:o%' the‘cateéoiz’_;/

o o N Sl
F, (X, r)-ﬁ X¥Yo. o T

and the multlpllcetlve formal group lawf

~
. .

F (x, Y) =X +Y + XY IR

. are 1somorph1c objects of the category Fg(A) the 1somorphlsms g1Ven

" by: ¢ : F F " the formal power senles
s’ a . )/__ m
. v . X
® (x)'f Zn=l;n! // e. ¢.(X) =e"~1),
. .¢mv: F — m : the formal power serles
@ i el ‘ ’ e
= -1 = . + .
Sexy = (- n o o (e 8 () = log(x + 1))
_ . . .
. oh3o | : T - -
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characterlst;c

W.fl ThlS Lemma generallzes to state

Over a fleld of characterlstlc D all commutatlve formal group laws

1somorph15m 15 glven b& the power serleS"*'

=1 ‘, and s the two power serles are unlque._‘

4
A proof of thls may be found in Frohllch [3]

§3 2 Ratlonal Isomorphlsm'i.,'

fa

By Theorem 1.5.1 ,

:these_two maﬁs both produce:endomorphisms of ~the power -

. - . . . N . ,
series ring A{[X]). Denote each of the respective endomorphisms by:

M) —— a()
: a((0) —— a(®)
Tﬁe same Theorem also shows that f(X)

and g(X) produce inverse .isomorphisms

Jim Rat(A) are inverse aﬁtqmorphismslof the power seriéé-ripg.‘



nns

el L SR

IR Ry R R T LS
R .

(X)
x)

m w

Let _}f(x --'

E—-

?f ”pver;£_ Then, deflne.{q‘, B

e By ( H(x)

. .‘ ~7. . : N e
b ; j_.; .7
.

B f_¥

a .

‘ Clearly both ﬁhe maps é-" and 08

R+

T

‘transéendental ‘extention’ A(X)

It now follows from.elementary Galols Theory that for some n,B,y A

Al

. A

T
i
(L]
S
¥y
o
[}

o

L
-
oy

o

BX ' -

£(x) = T ox

( For a proof that the elements of the Galois group of ﬁjx)

Summing up, we have shown: <
1.1' . . . .

:lf-.*e ( H(x)

)

}

ll

.

of AL

50

. es(x) =

» and,

EXSERE
9y ( s(x)” )
'-‘-';,@ (R() '-)" B

e ( s(x) )

- lf(J;:) .

g{X}

wlnverse autamorphlsms of the field of ratlonal functlonsl

..defln;tlop of“the¢maps o, ‘and G » they both flx.the base fleld A

n

and,

*" the Mdbius transformations over A , see Van der Waerden

”'1f_the fleld of ratlonal functlons over °A in terms of the maps ﬁ 'and G .jijf”,ﬁf

be a.ny ratu}nal funct:.on over. A R(a{) a.nd s(x) pol'imomals

. P
‘- Co .
Sttt
'.r'
LA
T
.-
. ) - A
a
o,
L

"are well deflned and ,ufurthermore are _ri"

9

Also by the

,HenEe"é :.and' éé _are actually members of the G3101s Group of the szmple -

“
S
T
[

-L' .

.
<,
' ’
' . 5 .
.
.
>

ovqr A are just

 [10]-  pages 21?—18 )




and G(X I) a.re e.ny two ratlonel formal group la.ws

Theorem 3 2 1 I:{‘ F(X Y)

ST over a I‘leld A s then- F(X Y»(} is: 1somorph1c to G(X Y) :Ln the
LT A :‘ '...,", | o
': ca.tegory Rat(A) ‘ 1ff there exlsts u,B,_YeA .. such th&t the Mob:.us -

'i;rensi‘orma.t:.on ’ _;_'»

.(\_ R _"l:‘m L
: ' o RX . SRR
: f(x). _ Y = uX _ I -1 R
:-‘:A'ﬁia_p:s F(X Y) to G(x x) din. Rg.t(A) [

: R wé. ha.ve new‘ redu-ced the problem .orfrﬁece.ese.ry end sufi‘.lca.ent cond;Ltlons‘ for -
~ ) :I.SO]’nOI‘phlsm 1n Re:b(A) to the questlon of the exls‘l?ence of 8 Moblqs transfomatlona‘"
' | F:Lrst let us determme necessary cond.:r.t:.ons for ‘bll'le ex1eta.nce oi‘ e.n 1smorphlsm .
: f between two ratlonel formal groups, 1n the catesor:r Ra\t(A) w ' r',.": : "".
DR Suppqse that F(X Y) and G(X Y) e.re two‘ratlonal forma.l éroup J.a.we ‘over A, -~
~, \ ";,'_i' vhlch are 1somorph:.c {mder the map 1nc1uced by. L -,'.‘:-‘__-" e ‘ - ‘ .
S EC o 400, "j’“i”x_a'f S :

T e er e e mesA)
: ."‘3‘) . . wri\ting" ’ S

- " . ‘ R T S o ' -
- ‘ . it follows that: . ' a s " . : C
A ) ___F(x,Y)

1
-

| 6((x),8(x)) A4
T il ) Now by Theorem 2.5. 3 for 'sc)me a,b,a”,b7eh, ‘-‘}e)"a"e d s
. : _ S e ey Xt Y A
o S . R 0 - Y
. . \ - - ' .

b
P
o

L+ aXY .

R ' L GXY) = ATy - :

Substituting for ¢ "and ¢t in equatipn (*), ve se€ that:

cih T . . ) T .
. . .Y‘G[ Bx. ' _Bx ) -
F(X Y) —aX "y—eX ] . - .
8 ¥ oo BX . . _BY . L
- ) q- .Y _ax 3 .Y _:aY . - .

1

.f R .- i o ] B _1}6,_._ Ca
| )
1




i

L

i Sty

SETTTET S e S 0T
T IR
+

by s ety e T

: so that wé may assume that ??:; ;n

"-'f < (Yx + YI +] (aB 2a)XY) :9*55‘ }
- (b82'+ aaB + uZ)XY'V : - i:‘i
A X_.‘i' ¥. £ 'Y ‘1_. (a.B - 2(1‘_)."XY S :‘;’ : . R

‘_;Tt‘k; w%ﬁl€;j. - d&fh_" L s
- x wxaExy e e
e l-'b'X'i'. T

\ -“ A -l T Lo

1n vhlch case we have

b'=b82— B.C!ﬂ & 32 . :.'---' _i'. . -: .’_...‘-‘

Ncw, 1f the characterlstlc 6f the fleld A -15 2 then.,.'{

= a»s T e

: Hoqewer; if A 1s a fleld of characterlstlc mot 2 , then:

: o v N ¢

. af - g’
« = a8 - e

,;) ) 5 .-:

s0 that, substltutlng we have

-

2 af - ef - a”)?
Gl sy

'

v

2

ie. Lv-

It

Hence, we have:

ey

hoe - (a” )2 = sz(hb ~.a?) ) e,

Conversely, with FLX ) and G(x, Y) the formal group laws abbvé, and,

LT E T ST O S S S R
SN a” _.9-8";'20‘" o ‘ ‘.‘_ l"v:an.a,../ R ST :

bop? - 22262 + 2aa°f + aZp? - 2aa’B + (a7)2

s ..
" .
>
.
. -
.
)

A any field of charac eristic not.2,isufficient conditions for isomorphism’ -
v . . . . “

in the cetegory Rat(A) eare immediately produced frdm'theiabove arguement :

i

if there exists a -BeA such that:

kb - (a”)2 = g2 (bb - a?)

,ﬁ7_



arny

{ ! g:.ves a.n 1somorphlsm between F(X Y) a.nd G(x Y) in 'the category Rat(A_) o
E :‘ Deflne thei D:Lsc:;:a.mlnant of a ratlona_l fermal group le.w \E(X Y), .:. l':-' w
:,: .‘ fo be ‘the squa.rl'e cie.ss ‘essoclated to (hb - e ) ,.1f (1439/— az)# O:E-_U_d_:
i - = : dei‘lne it tobe 0 otherw:.se. o i, ;'
3 : ,' n.- SR PP . ‘ ' (hb _ a.z) (A )2 ,if hb _ &2# O ’
3 L g rcx“,x-) )‘ R e L
2 ' el , if ¥b.-e2 =0 .
] AN -
ﬁ \ : ! Summ:.ng up- the bove dlscussmn ve ha.ve shown
k : o"\ratlonal i‘ormal group le.ws over a field A he.ve the same
_'_.j;_‘ B o ‘ 1scr1m1ne.nt ‘when they are 1somorph1c 111 the cetegory Rat(A). | ’<\
E B 'If in addltloq, the.charecterlstlc of- A 15_ d_lffereni; f’rom 2,
'_;‘ ) then we have: - ) | '
3 k Two ra.t:.cnal fomal group laws are 1somorph1c in the
: 'cgtegory 'Ra.t(‘.{\._)‘ iff they have the eame dlsc;':.mlnant . ‘ © T
Su‘ppﬁcme 'for the ‘.rema-inder' ofl .t-his .Cheptex'-, that 1:.he. cﬁaracﬁe:istilcl‘o‘f A .
:\.s dlfferent from 2 .. . | cL ‘ _ ) - R
With - F(X Y) ‘ee_vabove, we- have the. first consequence ef Theorem 3.2. 3
-~ ' .P:lropos:.tlon 3.2.4: In the category -J-Ret('ﬁ) “we l_'xgve: .
p - B A F(X,Y} is isbmorphie to the sdditive group law, . .
e T R RO =x+y o .
! T - i"‘i-ff)_ llb—a2=0‘ kR .
b | . | ii. F(X%,Y) is :|.somorph1c to the. mult:.pllca.tlve group 1a.w,
N o _' ' o ‘ ‘F (x Y) =X+ Y XY , o
A ey S S



*"Proof Flrst note that'- ; jf;j;if};fts:" '

-—.-._-_ aore a

dlsc( F, (x z) )

s
o

2 SR

'.f“p"- B e

Proof Suppose i‘:.rst that A is qua.dra.tlcally closed U e T

s "‘a.hd_"so,‘ ‘.i:é.'i't‘s.'ﬂ. i and 11.:‘ follow :umnedlately from Theorxgm 3 2 3
.‘ -l :’. "_. ..- ; " . '. . ) ' .
e Part - iii. - is clea.rly true.. Lo, T '_ el PR A
¥ Co T S e UL LA AN S
If we have:; - s '". S ,g§ L e e T
Coe L A oo TN T e T
N Q_.)z. . S B o
Lo e o ‘ ] EET * .
_then we' say that the field: A is guadratieally closed .
Note: . since -the characteristic of ‘A :'1'.5‘ ndt_ 2,' this is equivelent to every
quadr:a.t‘..ic"polynom_ihl over A splitting- over _.‘P_L .
Corollery 3.2,5: A .is quedratically closed iff there are exactly two
_:i:somorphi_sm classes in the 'category Rat(p) .

‘Then, for-any &;béA such that a2 - hb # 0, IS
2 _ ko 1sasquare1n,_£}_-.

Hence, for such' a,b , by tlieorem'B‘.2.'h,-writing:
- v X+ Y +aXy ' .o .

F(X,Y) = TooRY , . | ‘
we have: o ' I .

F(X Y) is 1somorph1c to F (X Y) in Bat{A)

‘

. Thus the only tv‘o 1somorphlsm classes :Ln Rat(A) are the addltlve .class -

’

a.nd the mult:.pllcative class,

~

Cdg.

LY , -
- N .
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Hence the fleld A 1s que.dra.tlcally closed

categor:r Ra.t(A) . Then, for a.ll ‘a; bGA

Choosxng the pa.t“b:.cular cese when

thls 1mpl1es the.t for all beA-, ;"hb :Ls ‘a square 111 A PEE e o

Slnce 1& :z.s a square :Ln A '-re must he.ve that

KA

‘.-J
:|.s a. squa.re 1n ;A

SRS

I(‘

RS §3 3 The Relat:.onshlp to Quadrat:.c Forms-""‘_ NN

. . '

‘ As we she.‘Ll only be consldermg ‘D:Lne.ry g_uadra.tlc forms over the fleld A

forms. Note a.ll forms cons:Ldered w:Lll be: non—degenerate. : : § A

"If we disregard i‘or the moment the 1somorphn.sm claSs of the a.ddlt:we group

le.w then we ha.ve shown that there exa.sts & one .to one correspondence between
the 1somorphlsm classes of the \ca.tegory Rat(A'). a.nd the elements of the squere

-
cla.ss group of the field A 'It is. well known that theref—lre. c’lose connection
; We-. koown Thet

‘between the_classes of con-gﬁent”q;adratlc i‘orms over A- a.nd the elements of

P

.

‘the square claes groﬁp of A The immediate guestion to a.nswer(is 't what

possible connection is there between the isomorphieﬁ' c':le.sses_ of fRa.t(&) and

the set of all congruence clesses of quadra.tlc 'forms over A ?

h

o T
. Let F(X Y) be a.ny ra.tlonal formal group law over A. .
' X+¥+axy . - :
ie, _ F(X,Y) Il = . C for_. scme . &,beA .

Then, we may associate to’ F(X,Y) the two by two matrix over A

Of course, the matrix ~M(F)

N M(._F ) =

3
2
b

Rlp =

L. T

defines a qua‘di'etic form over A , and, in this

=30~

7 -"_:s:.nce confus:.on mll be 1mp0551b1e, we sha.ll refer to them as, simply quadre.tlc

B

»

-b lS ‘8 squa.re in’, A

-
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5 dlscu551on we: heve. “.f?i v g- .

LA
v . i .

- all retmonel formel group 1ews over A to the set of ell quadratlc forms over A je‘

We cen ehgy 1mmed1ate1y thet thls map 1s 1nject1ve' ~k’“T.C'T5j

_ SR JEERIR S N 0 SRR RS R :
fashlon we mey associate a_quedratlc form to the rational formal group 1ew F(X Y)

Slnce we ere excludlng the 1somorphlsm cless of the eddltlve group lew from our ;f,i

_7-‘_1 o det(M(F)) -‘—:."”"h' 75 0 o f /

. ‘_-_.—..,.-_-‘ - H P -.,',;-. T .
e ___,‘-(r pad -~ .n_ .

'n—\‘ e

so that we do 1n fect have e non—degenerete quadretic form '3,--?lf¥3”‘

Clearly thls correspondence deflnes ‘a well deflned set mep from the set of

PR |
a .

Do

Theorem 3, 3 1: Let F(X r) and G(x Y) .be‘._any-,'_t'v.:o’-_;'-afcipnql_-féi-ingl_'gifox_:'g_’iaws_f-‘*-‘-"'

fﬁ_-z ¥ ---f,“ over A Then, we.have."t;"?;,".xﬁ'_ _ Q f“',_.‘;5.g - e
F(x '-Y) i : 'i'somorphm to G(X Y) dn the category Bat(A) o
\ . : * -
Uthe quadretlc forms assoc1ated to the metrlces M(F) and M(G)

o M"are‘congruent;. o _il' .1 T i_;;i
of: First_suppose thei e ere'gifenftwo isomorphic.retiohel,forﬁei group laws,
©F(X, X)-” .end_-"’- Celxyy o - |

Then, there must. exist & Moblus trensforﬁetlon,

@(x)'e-l-c_%% L 8 #0N, , o

1

such that: AR P

. F(X,Y) : ¢“:".‘(é(¢(x),¢(r)-)-)' B
. Put: . . - | \'
o .'-M_(e)'? 1; ol
| o: B )

-and, write: - . v U -

+ Y+ . oy X+ Y+ all o -
G(x ¥y = x__g__g_xg , and,  F(xy) =32 e .

1-~0XY

1 } . ' o oo - .
Since & is an isomorphism, we have previously shown that:

._51__ N . — l . -
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ant

ARSI

’ We also ha.ve

Y Hence, .
Sy

““f%ﬁQ;@f 'mm-mw)mwymm

two matrix ‘B , with,

| such that:

s0 that:

~M(¢) -M(G} M(¢) ;

-~

a.nd, _sinpé B # 0 ‘ve, have

~ T

‘ det(M{o)) # o :*'.f ';.f S

’ ‘so tha.t ‘bhe assoc:.a.ted qua.dra‘t.:.c i‘orms are’ congruent

Suppose
‘matrices M{F)__ {a.nd M(G) '

’

aet(B) £0 -

M(F) = BEM(G)-
Heﬁce R D . .
det(M{F))

fe. “det(M(E))

def(ﬁ)é:det(M(G)) .

LI

But » )
Qet(M(F))‘Q b' -1£E&li

&
4

aet (u(F))

disc(F(X,Y)) .mod {A™)?

det(M(G)y.; disela(x,Y)) mqﬁ' (a¥)2

=52~

aen(uic)) © " mod (A2

, and, det(M(6)) = b - &

, and,

‘'on the other hand” that the qua.dra.t:.c Torms assoc1ated to the

_ a:e‘congrue‘gt. Then, the;‘e exists a two by -
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G o i .

- AT NN

3 3 ISEAN

?? ‘fT; o B ;f ‘ f

fﬂ 1:',It now follows immedlately'thet oo . :

5: f-. - - - l ‘ ' .

o dlsc(F{X Y)) "‘"di'sc(G(X rJ) --fj mod (A )2

&:_ﬁi:g_a f_:filf;7ﬁ“;and so by Theorem 3 2 3, F(X Y) and G(X Y) are 1somorphlc in- the_fr'

i-‘ﬂ;"ff- ‘,j:}j:;*"”category Rat(A) .;1?".715“?_' . f .;‘[;f;:ﬁ:,'?f?iv*f5f”;117

E C Of couree 1n general thls map is fer from belng & hljection.of sets..One -';?3
‘ 3 hes only'to examlne the f1e1d of P—&dlc numbers, for any prlme p, to see that
'?5 L there are" twlce the numHer of classes of congruent qnedretlc forms as there are
.. ‘,-'V‘.A..‘. - ; -, )

elements 1n the squere class group (see Serre [8]) However 1n the cese of
'P L et . S L '. S e o .
E' ]Jp‘fhljf flnlte flelds the 51tuatlon.1s somewhat dlfferent '*T.f‘?';r»l L
v U . e e ST e St

If M 1s a two by two mEtrlx assoc1ated to the qnadretlc form f(xay)

;;-:ffﬁﬁ_ then we may deflne the class1cal dlscrlmlnent to be the element of the sqnere

EARV AR

T
EF st e T Al
y =

a,'class group glven by PR _
LR o _ﬁ,.;_.“ Dlsc(f(x,Y)) = aet(M) (A )2 f“']“[_ o
Clearly, by wham we have seen in the abqve proof of the lsst Theorem, two
. N

‘e -

: quadratlc forms over ‘A have the same clessxeal-dlscrlmlnent:when theysare'

LY congruent For the above correspondence to be bljectlve, it 15 necessary -and
suffic1ent that aﬁy two quadratlc forms hav1ng the- same c15851cel dlscrlmlnant

be congruent.z- R S

~\—'.

' If A is -} flnlte fleld then thls condltlon is met and, 1) any qusdretlc

o -

form over A will be congruent to?one derlved from & ratlonel formel group

»

law. The proof oT thls result can,be found in. Serre EB]

Furthermore, 1f A is & flnite fIEld then the}squsre clsss group of‘ A

has exactfy two elements.
SuPPOSE'thet ‘A'= ]Fq T where' g = p° <.; for some'prime pPF2. .

?

Deflne a. group homomorphlsm.on thJ‘multlpllcetlve group A s

ok A _-._>{_1+1}~= D

:e .-53“
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‘ .j':Now, for each

: HEﬁCE, we must ha.ve- : ‘. -

¥ -
polynomial EEE
KRS show:Lng tha‘t ker(q;) (A )2 .| - -“j'; ~
4 ] Furthemore the ma.p 4: is ectua.lly sur,jeo{crve s::.nce the pol;gnomial
LI IR . o - Ltip : . P S ‘- S i /'A of - _","':'\ - . .
has .ﬁ,‘t ‘mosit 9:2-:-"- roots. in the f;eld Aﬁ. IS f"kl./’."". .
* L = N Bence we have the follow:mg ‘shor’c exa.ct sequence of groups and\homomorphn.sms. g

U = (a7 >£"' : {1+1}———>{1}
. ) . : ‘.‘. . . . . ‘-\v

O ©,+ - This ‘diseussion &irec‘tly gives: o

- . . B .

: Theorem 3.3. 2 I A is a.ny fln:.te fleld then there a:re onZLv 3 1somorphlsm

cle.sses of re.tlonal i‘ormal group laws over A s in the ce.tegory _‘;._: o

.
Cw

A4, Co _ ‘ Rat(A) s whlch have obmous represents.t:n.ves.
. '_'.‘ FE(X,Y)=X+VI_ . F(X,Y) X+Y+XI . for"b’anon—squa.fe',‘
. M , ~ . s ' 7 .
o BN ETI

T} " . . Proof: Immediste 'frozh'}he above. . - o c

Lo T




§3 h SOme Endomcrphlsm Rlngs in Rat(A)

%g:'le.ff?-f So far we have only c0n31dered the problem of_1somorphlsm 1n the category
:TV;:':' Rat(h) Naturally,-one would WlSh to have some 1nformat10n concernlng the

.'- e .‘

e \structure of the Hom—sets of Rat(A) ; and to do thls 1t 1s necessary to conszder

J'

2 the endomorphlsm rlngs of the addltlve and multlpllcatlve group laws, ;_ i
R me) x+x mﬁ,!rmx)-x+«+XY jw?ﬂgﬁﬂj -7
%f,i;_'7,~. Note. by Proposmtlon 1 3 1 5 we know that the sets Enng )(F ) and EndF (A)(F )

;E'Tfn"'ﬁ"3‘2‘~are rmngs, 51nce Fg(A) 1s a Tull subeategory of le(A) y and so, 1t is.

[ oo % j

ﬁ@fii'f:*‘ﬂf,f';,J'obv1ous that the sets- EndRat(A)(F ) -and EndRat(A)(F ) are rlngs w1th

. 55 f?funlt 31nce compositlon of ratlonal funétléna ylelds ratlopal functions.; - ;
N ,. BefOré aeté?nimiﬁé théséseﬁdomoipﬁlsm Tf 8§?2P§t?}ﬁﬁ?£ﬁit"f?éa%v:?°ﬁ5FbV7f;-: :
”‘ that, for any neZ ;7 54-:-_5?“?;‘1»-“ R 3 e g
IR Lol T TR e e |
N ol . . - Y. m . . . T . ‘ P
o Sy B N

A e . L . - . N o : ’
Proposition 3.4.1: Suppose that ¢(X) is a rational function over: A s then.

. i. if A has characterlstic zZero , o

¢(X)EEndBat(A)(F ) 1ff ¢(X) _. :i,‘for-séme  ach ,

. _ ii if the chaxacterlstic of A is @ ,gan‘odh pbsi£ive_pfimé?‘;
H ¢(x)sEndRat(A)(F ) Are ;'-‘ o -“;"*' : ~f; .

‘ . . " '. . . " ' A #-._ ) 3
¢(X) Ei 0 Re P Af} for some a.ie '.) ;

. Proof First’ con51der the case when the. charactermstlc of A 15 zeroh

f- - ) . Suppose that ¢(x)eEndR t(A)(F ) , then, ‘we mustlhave (see §1.3).:
for all neZ

oo TJT”a' S (R = (n)y ob " 1", o
P B ¢féa ,nﬂﬁi_/f”;J:.__ﬁa Den R

.. =55-




Hence s

Conversely, :Lt 15 obvious 'bhat' ¢(X) a K(EndRat(A)(F ) for a.ll a.eA

| Now a.ss”ume ltha;o 1‘:he ﬂc‘haralcter:.stlc of A is p, S a.n- odcl poolto.ve iar:.me. ) o
L , - Suppose tha.t the ra.tiona.l funct:Lon, ¢(x) 5 is’ a.n‘e‘ . : ‘ \h:.su\;ofthe o
" addl‘blve -g.r‘oup la.w, 1n » Ra.t(A) Thenﬂl'l‘We s;that s .
‘ U .‘ E ‘:.¢(x * 'r) = Tclil-:) + tb(’f) , E S
AN - 'éii;g_ie;;f;-:__ o ;'_'-'?.,,:¢(F (x m F. (¢(x) ¢m) IR

¢(X) El_l . Xl o o.—e:ft a-. __ .‘ I-

‘ 6 “ (Reca.ll ¢(X) B _whlle 'be:Lng a. ra.tlonal functlon over A p _must a_'Lso be—-

L representab}.e as a. formal power ser:.es. ) .' e T e

We must have‘ :

ELAREE, v e
1
.

g

T 1-‘1 1

n‘-‘. ‘_I . . e ) - / . e N B ) . N LN L
A R -“Thls impl:.es that ‘j A AT ‘ . S
— ai‘-'[';:) =0, forall i»2 ,endall O0< & <i . .
J 2 , there exists £, 0.€ L ¢ 1 , such that,.

N sEe. . 120 , 'bhen. : a.i' = o, e !
. \ . ) B‘PJ .‘ .- . for 320 B

\ | Ir ¢(X) is to be 8 morphlsm in the ca.tegory Ra.'t:(A) ,. then it must
: oo ' ' be 8 ratlon%l function, that :Ls, there exist poiynomm.ls p(X) and q(x)
T
L : ) S -MX)FR(_TCL(X) - e

=)



p(x) ¢(xlﬂq( 5-£.F§j}¢%i'5-"“':?"

_-r;l';r;ﬁf [Z E

LI D " .".'. _.' ". ! .. ’ ‘."3 ;.-;-A . --l ';.‘ R ' ‘ . | .::.. ‘.. ': 'I )‘ L + -.t: . K ". } ‘.. : ‘::--_' [ " ., ' “‘_I ' 1-"' .:‘,.‘.-\-...E' ,
‘fgzi‘i’]‘f Cent e .‘f p A m > E 3;..and h,~“ge:‘pkh;.,lpg,>¥mrf-:- B \ Lo
g gra-;jftlearly thls ch01ce of k ensures that the the coeff1c1ent of XP-+m*ip
N ' DR S S . .
. ! ‘ﬁ "ithe expan51on of therighthand szde of the aboveneqpatlon 1s
. 'a whenever we have.ﬁ.i j >k fl-' ' ‘ ‘ It
é@ i ) " ‘“'S1nce we may assumeb w1th out 1055 of generallty that dm’#”b; ‘,
éﬁ e 1t follows 1mmed1ately that '
(£ DTSR NS :-‘;h;:j'fﬂ'ﬁi =0 \'L‘. ; for all j>k o '
B ~ since the degree of the left hand 51de is. & ;'Lf'; R . >J_.

;ig R ‘ Hence: . . |/ :s g '..' . : S _ .8

- ‘(x)—Z_O o ® L

! T ' Converéely, give enx1 olynomial _

rs o AR ' . - R . - .

since,

S T S, o L
.(X.+‘Y)P = xP" + ¥R Do, for el) -teNp ., .
i X 'obvioﬁsly‘defermines an -endomorphism of the additive group law . °
. . T ! ‘ group b

BRE . ' . . " - .
L. . b B - . ) . . . . f . .
e LN : _ ¢ - R - '

. Remarks: We ‘have shown above that if fhe-chéfacteristic of the field A is
‘ze;o, then;
S EndR t(A)(F Enng(A (F ) 1_ S

57— , o
. : : N
Y . " .

. . : L . .
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1ew, wé shall need to prove the follownng Lemma._f';AH?

Lemma 3 h 2 Let q(XJ be a. polynomlal over the algebralcally closed f1e

S

Proof: Suppose that‘.q(f)'risexpolynomiai over a(a) , with constant ferm 1,

Furthermore EndRat(A)(F ) iée?e;fiela;ﬂin{this10d$§;fi$§mefphieffp‘ﬁ‘}f';":f

L

Qe TP S L. P -
. A e o T ol . . Y S ' St e R .
: -A._‘. G SRR S e e )

Note tha$ none of these comments are true for the case when AT_,PS
P h PN i, !
cha%acterlstlc an odd p031t1ve prlme. Here all/we can note‘f

EndRat A)(F ) | 1s a non~commutat;ve rlng,r 1th unlt

ES - 1

- L : N T - .
P Lt N

L . .

P L. R .

‘.}

with constant term 1 Then-,'

EETY ;Mi) satlsfles the fUnctlonal equatlon, oy

T gt Say et o,

. for all nE_D . iff‘f' N ﬁl - - E . ’ "V_.l L o

q(x) =1 ‘;‘dr, Cal¥) = (x +.ﬁl)m 5 fe;,eomeh.uEN .

.

end, e have

N 1

'n e (x + 1) -1 ) = q(x)2. , for all mely .

Slnce thls equatlon is tr1v1ally satlsfled 1f q(X) = 1, We shall assume’
. vy
that --q{X) is a non—constant polynomlal

Thus, there exists at least.one xo

eQ(A) such that: e

and so,:fpr.each-.ﬁeo*, we must have:
al (x5 + l)n ~1) =0 o .
But, q(X} is a polynomlel, so that the expression,’ :

&

(x + l)n S,

" must ‘only assume a'flnlte numbef"of distinct‘values in n(g)

Thus, there exist integers.m and m'. , with, m'>w>0 , such that:

e . . '
.r

=58~ .-




e 7(* '+%11  ?| (x & 1)m _ S .
e g :L) ('0: +1>m

‘cg.‘ PREEERES . e L ] 0

Tf-Then We may d1v1dg both 51des of the above equatlon by (x + 1)

f . ".'- ‘ "":- ! ” ) '- Tl - . N P T .': )
B .;=.1 -.@x 1)m T S T :

L
I
.% =
,“‘.
"""‘”..‘ - H ' . . . " i
?. - , _ N L. S e e
SRS - - o . .:_: - ¢ ﬁ' ;. - g ) ‘. L A AN

AN But},. m‘-m -1s 3.9051t1ve 1nteger, and so we have ' R

K

T

DR rif.g;f:;;--E q(:(x +. 1} ed 1 ) =, o ffi,3f5'-"_15_fvg‘@:u‘;-h“

‘%’ " -“ i

Ty

-

T w TKWe nOW'have a contradlctlon, 31nce q(x) has constant term

. . - ‘
] . BN . I

; __Therefore‘the;pnly‘p0551b191root‘of--q(x) ';S:é-':¥#0'$ éi:-*
. ¥ _‘Hche,fﬁe"mﬁst héye;; L e .

-
S
1

j.

Caq(X) = {x +,1)k o , for some . kEN

e

S B - L lConferéély, for dny n€Np-, the_polynomia1:~ o °

. . —

obwiously satisfies the required functional equation, an ,chsAconéfant

N A

K p .., term 1.,

| %

| Ve may now look at,the‘ring Eﬁdﬁat(AS(F Yu )

4

¥

X)eEndRat(ﬂ(A))(F } iff ¢(X)-(n) m  Ji:fofsome.:ggg_z.
N\ . /e st - *

" Proof: Let ¢(X) be a rgtional function over Q( A), wlth p(k) and alX) two
s C ‘& i ‘ . :
s E ' "~ .. polynomials, over 9(&) relatlvely prlméi End, such that'-

—-fr"”

¢_(rx)=%—)y R

'

.

4
ie
.

- . '.?
. Ly S F 2% Y) =X+ Y+ XY S ‘

+

‘”V.Assume, for a contradlctlon that'-‘ifﬁ'o;#:-l ‘f "1__‘42;-2 ﬁ.‘§<;§f";:g

C L - LI B “‘.

Y PrOPos1tlon 3.4, 3 Suppose that @(X) 'is a ratioqgl fﬁncﬁion over ﬁi&)}'mhen;:
. e 7 o : :

o

'Suppose “hat $(X) is an endomorphlsm of the multlpllcatlve group law, _



'By deflnltlon, we must beea.ble to express ¢(X) as ‘a 'i‘orme.l power serles

1n }{ w:u.th zero constant term. Hence we have 'cha.t

pe ¥ v PR

e.nd we ma.y\ a.ssume, wlth out loss of generallty tha.t

Qy*f-“

- so 'I:he.t tb(X) m“5t setlsfy, fOr e,e.ch neN the i‘unctlon ;leqilla:t_:":i.'i‘:;ﬁ_:‘:

u(x+1fh.1)-ﬁ¢u5+1ﬂ‘- }ﬁ*ffh%;73,5f153

o ThlS :.mmedla.tely glves us

‘ffﬂ}éiﬂtxfﬁ“ f? “‘x*”.‘l)[&%%+q& ]e

:.e 0 p( (X + 1)n - :L ) Cl(}{)n - q( (X + l).zl‘ -_-_1 ) ((p(x) F q_(xl))?.;. q(x)n)

i
N .
1

Thus, q( (X\ l) - l ) must dlnﬁe the r:.ght ha.nd sa.de of thei a.'bove

. ot e . equa.t:.on. Bu’;, sipce p('x) e.nd q_(X) a.re relat:.vely prlme, (. .
: L 3:) I n( (x 3 EOLEEN 1) - ERIPIIE
B o " S . unless: N " . ; oL . _ ;:!;'

ol . Suppose that - q(X) # T - , then it follows that: o - , ¢
ATy s o S R A
R «4:;)1 ‘ n_ et (e 1)“ 1] q(x)n' R e

. 0bv1ously, both q( (x + 1)n -1 )“ end. q(X) have the same degree

| " . - e .
‘for any "' nsy_ Thus, for ea.ch neN s there exlsts ‘k EQ(A) such that

~

S S i ‘ . {
. S - a(x)? = kl:l:q( (X+1)2=1) - _..._.(, —(¥)- ‘
T ce B : S .9 S e R N
ST . writing, - . R o oL VRN
S . . o : S ! L S
Sl co o : = A i A - x
S . i e Cl(x) i=0 bi X -
Clt - s . . . /\.) X ,r * o . . )
' . we have, for each nsg_- "y o R ' T
. s ‘ A ‘ SN

L - -d(x+nn-1)=Lob “X+nn_n1 e T
,—/ . . -. . ' . M s : ) . . .
LR ' sh'Bwing ;dhat the constent term of . q( (x + 1) - ;L) is ;just' bo
- o

OA the othe:r ha.nd thT consta.nt term of q{}')n is smply ' '_bo.

weL
.

mw
S

-
~

]
g

Lo v . . - ] S o
. S Equatlon (*) above :melles, o ‘ Lo . 3
B R T
SRl e e ees L ‘
o ! . PR N . i L T e T N N . B
a9 v /;..‘, ‘ . . ) ) | s
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TIATPLRTAT TN by e o

FERIEL

TR,
TR

et A )
- - B . Y

iI‘l'. follows tha.t

] ':and 80, apply:.ng Lemma. 3 k., 2 . we ‘see tha.t T

. Settlng XY= Wmmedmtel‘y ha.ve S .

“Then, it follows tggté

'1'e_;l;.. | _'.‘E k=20 for,allMsli v

q( (X+ 1)  )' q(X)n'.,. A PR
LT ~,~-.ﬁf1..-Ajfh;j“:-~é'“'%

Q(X) (Y- + 1) for some 2.5_1\_1_0. .' o

U:"I'he proof now spln.ts ;Lnto two ca.ses when ¢(X) :Ls R polynom:.al a.nc‘l

L

',when z>o "-?*'L;;V:‘7‘47 flVif"l{fx"' e

‘ ~Case . Suppose ths.t 2. = 0 that 1s, ¢(X) is'a polynomial

,' o

¢(X) p(X) ‘,-;¢:~§“aiff;f:;ﬂj~

..-.We may wrlte the multlplicatlve group 1a.w :Lu a. sllghtly dn.fferent wa.yj. ;

*\

k '_‘:3 ‘I O F (X Y) ;) (X + 1) (Y + l) ¥ l _ ; ._Z ‘

.'th theis :Ln m:.nd s:.nce p(X) 15 a.n;:ndomorph:.sm of "F_ (X Y)

i

have,-,r o : T., ' #‘f-]:' e

-

p( (x + 1) (Y+1)-1)= (p(x)e+ 1) (p(Y) + }f;il :

Bl -1 ) = (p() +1)-(p( 1) * 1) -1
from thch it 1mmediate1y follows that o
N plX) =0, Do, p( a) -
It _p(x) ~0. then' ”‘-7/ﬂ{' - |
| ¢(x) (05 s o

Suppose that: p(x)“¢‘o . thax"is: cpl-ry =

Let "aeﬂ(_é_) 1?e' a root of tl;e'.poiyhoﬁxifé;r':--' p(X) + 1, v

Coa( (X F(a ) 1) =2 *L.
,He_f:fcé, (x + i)f(a. + i)‘ -1 must 'be 2. consta.nt polynoma.l ie..g = 1.

.' . .. , . . . o - - ‘;\n .

—
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o deflne._ f“-

ey, R

a exists teNg such that°f

' Hence: e

Therefore for some

?Coﬁsiﬂernﬁhelééée wheﬂ .ﬂ.= L .

.and, siﬁée ¢ (X) is an endomorphism, Case

££N

Tt

q‘»(x) (z) (x)

‘:fl Case 4. Suppose now that ¢(X) 1s not a poiynomlal 1e.' L # 0

] Slnce (x) 15 af endomorphlsm of F (X Y)

® ('q,(X) (n) )

‘m

- St L .

whlch is- clearly an endomorphlsm of F (X Y?

s

-

L]

I S oL
pfx)f=e(X'% ;)# - (x +1

RN R

. Clearly, ve must ha¥e: t<& ., and so:

)

(X = (xx V¥ e p0 17

i gbove implies that there

(m cx+n ST

for “dach negﬁ\_ye may F; .wf},?

Cla

ux“‘

= : = [T—LYX _('_xi ¢ + 1] (x + 1)n_1 , e

{>

X+ 1)*

El

: But . we have assumea that - p(x) gnd q(x)

it follows that o t.=.0*-:_i .,. RN

¢HV/H+1)(1éu41ﬁ*

)
. L "..&,
are relatively prime, and so,
: ‘ S ~

-




‘qf:Hence,owe have shown :ig_"i:fi Sl T g

¢(x) --(-9.) (X)

e SRS ; i
i sufficlency is tr1v1al L ‘_ﬁjf .:'r_
;. R S - e . o o A :
N X S e T g

‘-T’Corollary 3 h h If ¢(X) 1s & ratlonal functlon over A then._,

| “'i;‘%f ¢(x)€EndRat(A)(Fﬁ) 1ff ¢(X)“‘(n)F(X) for some .eeé ﬁf fﬁr»x":

’e9Pr00f Obvnous, 51nce the category Rat(A) is}& s@ptategoryﬂof,tﬁéfoEﬁegor&'ﬁefﬁ.ﬂﬁj

. T “‘--—-—:__ ;._ } ( ) . 5

0 .

TFF'Remarks we have shovn that for any fleld A the rlng of endomorphlsmscﬁ?the fjfﬁiﬁ

t
tlpllcatlve group law 1s 1somorph1c to the rlng of 1ntegers Thls

s completely unllke the case, when we' con31dered the addltlve group :};Zif:?
law, &nd is somewhat 51mpler, as the result is. not compllcated by

_‘con31deratlon of the characterlstlc of the fleld in’ questlon.

e et T

- A ceam -

' §3.'5 TheMorp‘nisms of Rat(g_)_:

.
—

He ‘have alreedy mentioned that Rat(A) is & subcategory of the cetegory

'Rat(n(A)) . Bearlng this in mind, the mérphisms of’ the larger cetegory w1ll be '

- used to gain some 1nformat10n-concernlng-those of the smaller categpyy\

v

|
Suppose that F(X Y) and G(X I) are two rationaiufofmal group lavs over
- /

the fleld ﬁ(A) end, h(X) is & rational function over Q(A) glVlng 8 morphlsm
in the caiegory Rat(n(A)) S I:_" | _ i E -:l T

R :F(xx)--——--re(xx) . I : | \
"By Corollery 3.2.5, ve know that there exist two non—zero-Maoius,ﬁransfor_; )
mations over @(A)., ; |

P
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\respectlvely . fi;-f-ﬂf "7[f..gl“j',/.nu

i Tl § L e O R T .- 5

s . e R TR R AN
such that one of the following four statements 1s true‘~

iy .‘/' '

u ﬁ»;i;fh‘;F(x I) and G(X Y) are both 1somorph1c to the'addltive group law,

'“f\4ii{i*:F(X Y) and G(x Y) are both 1somorph1c tOfthe multlpllcatlve group

e e . . ‘/ .
e T T I T T e e T
B 1aw,- N \“".Q'i"' : ﬁa-ﬁf ﬁn 4‘7'3"Fu

....

A £ 8 -."F(x ¥). ‘is. :|.somorph1c to the additwe group la.w, d , G(x Y) :|.s :I

= .

..-_;f'isomorphlcpto the multlpllcatlve group law, and 1astly, L -
R U statement 111.§ holds, but vith the roles of_ F(X r) and G(x ‘.()

- Anterchanged P T .‘7'?,3

N

J“f};“'where 1n each case ﬁhe 1somorph15ms %;e glven by m&K) and m (X)

A PN . H _s.‘.

-5Clearly we: need only examlne the flrst three cases above/to compute h(x)

.-~‘ : \ '\

RSN , 7 : _ . N
" Case i- Suppose that F(X Y) and G(ﬁ Y) are both 1somorph1c to the hddltlve

i group law.‘we have the follow1ng commutatlve sqparet. f“n

- . ' ')

F(}C Y ———-31-—--—+ G(x 'r)

' o m [ [ mi ”-:.‘“; -. kr

where: ¢(X) is the endOmorph:Lsm of F (x Y) induced by n(X)-,

lI

iie,’ ‘¢(X) m ohomil(k)" '“. .

Hence, we have: '\ e e . ﬁi‘. _
; o h(x) (m), o¢om('X) e h
' The computatlon of- h(X) now spllts 1nto two cases‘ - IR '

ll

Suppose that the characterlstic of Q(A) 15 zerp. Then; we have:
¢(x) ’ ﬂ_-; for same ceQ(A)

By 81mple camputatlon, it follows that S - LT o'

. i CBX o . »
hﬁf) B' +‘(f]BC = uB )X - s

!

and so we .see that in thls casey the only possible morphisms between-

L
oo

: F(X,Y) and G(X Y) are 1somorphisms, or in the. case when thﬁ-p

'A'iii _sh_

A v e
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,uthe zero morphlsm.;gﬁ'

'3fi'If the characterlstlc of R(A) ;s not zero then we no longer have thls

W'ﬂf'nice ‘a result For if R(A) haS characterlstlc P 5 gn Odd p051tive

“ffaprlme then{‘for some neHD x and some. & eQ(A) , 0\14n °i‘fff L

ii;ﬂfjf :ﬁXﬂﬁB(1-ﬂW +uﬁroa(l-dﬁ P(MP]

.. ”‘_ . “-. o -_,» "'._ . o .“ . . “,, ._: .. .. ‘ y ".-
o é(X) T 1?0 X -;'-= ;.'ff_L.g;ﬁ{’- . ;.f.;:“j”;‘;fxéf."
?f -:fliso that f;};f5?1°:ff'f”‘~ 'fﬁai‘{7ﬂ£;':;j f_;f§;3ffr'

| '*".5:‘9(5:)' ) 1o¢(m(x)) R O AT

’%au-mﬂﬂmwj

d@g;ﬁ@

';Unfortunately, this expr3551on'for h(X) does not simplify 1n general.g
‘If howemer,' n-= O then,'elther h(X) 1s an 1somorphlsm, or, the f DoE

‘“.zero morphlsm. .f"-f i 7if:-f e

b

Case ii,.Sﬁppré:tﬁé£|ve have the ﬁéilowing.cémmutétije.diagfah'iﬁTtﬁé'éétégory -

by Propositlon 3 k., 31.

Ret(a(a))s | TR
F(X,Y) j___.__._+_%i S
E I I m'

F(xx)————“’——rF(xI) IR S

_vhere as 'before, o ‘. L 7:‘ o S

¢(X) = m‘°h(m 7 (X)) e ’..~‘

T,-is the induced endcmorphlsm of F, (x, Y)

Iq,thls case, _regardless of the characterlstic”ofllg(g)s :

¢(X) (}{ + l)n . for some n'eg s

We pan 1mmediately see that 1f n>0 :then-

| n(x) = .; ((B - a) -X + 1) -'(1‘:-ax)n
B (1 - uX)n + u [((B - al)s X 3 1)“ - (l _ ax)n) }-

R



:3-1n particular, when n-—-l . we have an 1somorphism An: Rat( (A))

son the other hand if n<0 then. ,;_7_‘j‘:"

- ax)‘n. = ((s S s 1)-n
: h(x) : ‘ =
Itﬁ"li B ((B - o) X + 1) é + o [(1 - aX) n:_ ((B o o) X + 1) ]

O T L L A BRI PR S
P

'.i-f;' g1v1ng an isomorphism when n ' 1 U

-

Clearly, if n’= 0 then we have “the zero'morphlsm

» I

Note that for - # 0 the Ebove expre551ons do not in general simpllfyibg ff

.°¥570gse iil\_§EEBPSE that we have in' fact a morphlsm, J_fl”“ B

. F. (x Y) —— F, (x ) S ,

 é;ven by tholcomp051tlon ?{;ﬂ:;”?j j‘f;f;of;iﬁoi;f?.t}; ;o ff{ﬁ:5"‘

- ¢(X) =‘m oh(m(X))k; 'o‘fh::iég.irg_kyji

:LWe must have for any neZ s .f7 !‘£iht.tj;:f:gjlilvi:fif - '
o ¢dw ;(m o:]jjﬁgfggﬁff}”“'

: tha.j.;;'.-is_, ¢(x) must ss;.t:l.sfy the’ mnctional equa.tion

R

¢(n x) (¢(X) + 1) o ';":_ e

}Now, there exist polynomlals p(X) and - q(X) over Q(é): suoh;thaﬁﬁ

. ?. _p{x) - i \< A
o _¢um_§gf_ L
L RS Lo S o
with p(X) 'and 'q(X) relatively‘prime and . 'Q(O) =1

'The above functlonal equatlon states that for all neZ

. so that: B o“.ﬂ “”l”.. | ., .flj o
um-ﬂﬂ)fuu)umm+qmnn;dmﬂ R
' Suppose _theb ,ozp A' then, 1t follows immedla‘bely from the sbove thatg,

R : . . . - Yo «

LT

cw et PRI



and so, since p(X) and q_(X) a.re rela.tlvely prime we may conclude'

q(X) | q(nx)

Clearly f q( 0) Q(n‘ 0')

s

“ Therefore, q(X) ; ""

b L N et

‘,'tha.t is\ ¢(X) is actua.l];y a polynomla.l over 9(_)

R Now suppoXe that n<0 mth 'bhe chsra.cterlstlc oi‘ n(A) is differenta

L L8 ko5 il o)

e must ha.ve - . s RV
N ¢(nx) («b(x) + 1>“ L

AR

j -conste.n'h poly‘nom:.a.l\ then., ¢(nx) :Ls also non- constant

. r \
1 ‘is certs.:.nly not ‘a. polynomiq,l over Q(A) !
SN

4
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u
0
o

-
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o~
Pe.

e
i’
(=

s eij_ei_féfe, :‘-'in'_tﬁis :-‘c.gs‘e,'"_l:ﬁéj:éhly\n;@fphigm'Bet.wée_n ;_.'-:1‘%“.(}(',‘.‘{)‘ and G(X,I) -

’ [ ~

TR ATE L

'. . in ‘the ¢‘Etégorj -'-'Rajb-(ﬁ(ﬂ) )xlsthezex‘o :i:idrph'i‘sm'.‘ S S ARSI »

R

Summ:.ng p these dlscuss:.ons, e have ' _' B \ ;

fw

v

A -,-Theorem 3 5 1 ‘If F(X Y) a.nd G(X 1) - axe any. two rational formal group-lavs’

-

.'o er Q(A) ,*then N - \ \

. .
£ F(X 1’) is’ 1somorphic in.- Rat(n(A))\\to G(X I) then

( \ : ,'. t ere qx:u.sts a group iéomorph:.sm 'between,\HomR t(ﬂ(A))(E G)

F(x ) a.nd G(X Y) J.ie in :

L SR £ '.Lf F(X, vJ ‘and’ G(X Y) :Lie\_h. different isomorphism classes

£ R Bat(s (@), , thens -\




IO RREA

N Ly

‘:'xiiWe in fact demonstrated thet ue have en.lnjective set map in the '

'.f¥prev1ous discussion..The fact thet thlS mepplng 15 bijectlve 15

-“i:tr1v1el We mey-conclude that 1t 15 in fect e group isomorphlsm'ifﬁf?f B

AT AR
-

‘dlrectly from statement ili of Corollary 1 2 5 ;Q";“ﬁg'ﬂl':ﬁ; : jquiz

~j-111. Obvlous from the discu551on..;‘f“.';':ff,-'j f&jﬂ; e T

. o
oraes 'y

Remark The 1somorphlsm of abellan groups 1n part i above ellows us to deflne o

X £ che structure of a rlng with unlt on the abellan group A
T N H°‘“nat<n(A))‘F 0. e
. ‘ ' . . . . - e e .':'.‘.”'_. .. . _‘..“‘:_'...ﬁ
c - ?gIn view of statement 11 X we mey conclude thet all the hom-sets of the"~
b omegry” Tah)) ey pacenge T D

Statement i of the aboVe theorem, togfther wlth the preV1ous dlscu551on, i LTFL

does glve some 1nformation concernlng, but obv1ously not preclsely determ;nlng, ‘53

LR AR e

the set HomR t(A)(F GT for ratlonal formal group lews F(x Y) and e(x x)

ot e L

tover the field A . However the second pert of the theorem does glve a complete

_ result--' '

'jbﬂf' N o ‘Corollary 3.5. 2 If F(X Y) and G(X Y) ere two ratlonel formel group lews l“

: '" 4ovef A whlch are not 1somorph1c in the. category Rat(ﬂ(A))
RO Cgmenss e ;

oy () P0) -:{_oi-( o

iﬁPrcof' Obvious by con51dér1ng '_ - T ‘j-::‘ ﬂ,‘ ";-m.~
R - -.'_' E _‘“.21 | . . _
e Hmﬂat(A)(F @) H°"’Rat(n(A))'(F @ L
.A. ) . . ' . .‘ A n . .
P L Remark thls corollary shows thet the\two izstlnct theorles of ratlonal formal '

e of.a flelq trenslates-to‘glve tyof :t

B

'group 1aws over the algebralc,clos

: _'."'a,-.

dlstlnct‘tpeorles'of ratlonal-formei grgup lews,over‘gheffield in

1 . e e A R . : - o . - -
! © ..question, since, we have: : .. . L RV
' ) , , ' “. oL . _ ‘ )
(I)' ) - ." 1
. : -682 b
.l'
L]
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CHAP‘I’ER ll RATIONAL FORMAL GROUP LAWS
OVER COMMUTATIVE RINGS
LA ’* RN ,

For th:.s chapter, _1et R denote a.n arbn.trary commuta.tlve rlng wrth non—— ,\'

"'f_-zero um.t, a.nd any subr:mgs cons:.deredl of a.ny r:Lng, "H'lll contaln ‘bhe ¢u.n:l.t.

[ TR . " R e P

51: l Prel:.mlne.ry De;finltlons'"\_.'_-?;___.;;':_‘5.- .

e

For aa a.r trar:r commﬁ'l:a:t;lve x :|.ng, R s lt iS lmpossn.ble to de:t‘lne a
. .__: :‘ra_tlone.l foma:l group la.w over R 1n the manner se‘b out :Ln 52 1 , S:ane one

'.

: '_ca.nnot spea.k of: the f:.eld of ra.tiona.l functlons defined over R However it

":13 poss:Lble to c:.rcumvent th:.g pro‘blem a.nd define a. su:l.ta.'ble set of objects for

Gl

-,“study, wh:n.ch 1n 'bhe case when R is & f:l.eld, préclsely co:l.nc:.des w:.‘bh the set

'of a.ll ra.t:.onal formal grcup la.ws over R a as . deflned :Ln- §2 .'L
W:Lth 'bhls :m -mlnd a.nd s:.nce the only rationa.l E‘Tunct:l.ons whlch were

W -

1nvestiga.ted :Ln Che.pter 2 3 were those to wh:.ch “t:here were :Ln ‘an obv:Lous fa,sh::.on,‘ -

' &ssoelated forma.‘l. power sera.es We sha.ll ‘ma.ke the followmg def:mltlons- -

Let f(X) be a forma.l power sern.es ;n one . indetermlna.te over .R..
. . v e . .a . o
o We sha.ll call f(‘x)p Y re.tlonal formal power serles if there ex_w_st polynomlals

p(X) end - q(X_-) ‘over R réla.tlvely prime, w:.th q(O) a un:Lt of. jR , such tha‘b'

.' B 0 = ﬁ%é[i;o (-1) [%%%"}] -'

- .
u - - .

Clearl:,r, p(X) and q_(X) a.re unlquely determ:.ned 'by r(x) "‘up ;to a. nn::.t of R

Y -

S:.mrlarly, defn.ne e.Ta.tlonal formal power seri\es in two 1ndeterminates to be

8 formal power serles over R > F(X Y)eRz ,'_ for wh:.ch there ex:.st relat:.vely

,. ,~t R A B

".' .pr::.me @olynomlals P(x y) and Q(x r) )+ aith Q(O o) ‘& uni‘b- of, R, such tha«t-“ .
| o F(x Y) %’%’%%‘ [):n-o (- l)n .[%%_%% :1] ] ! .'

Again, ‘the poly’nomials P(X Y) a.nd (x, Y) a.re uniq_uely determlned 'by

".F(XY) s UP th.u.m.t of R o " - S o '

..d"



o - ,.'

-: éégles ( 1n the sense 1mmed1ately above ) whlch is.a formel group law over" R

. . . ‘.-
', . . oo B

]

Notatlon 1f F(X Y) 1s a ratlonal formal group 1aw over R and

Sty (00 Y) 2
AT : spfiteble polynomials P(m) and Q(X Y) cover B, e shal1’

YY e et T T e

F(x Y) Eﬁﬁfﬁ?f : ¢-_;é ]fd-‘?"".F‘ ﬁ“rff*.jﬁ"

.3 X P(

£ o S

'é{ SRR and, shall assume, wlthout loss 6f generallty, that o0, o) N

l‘i; . - Clearly, w1th thlS eeeomptloo;ei.lve;{'j e'::igi;:;ifﬁ;“it;”if;.efb;;‘:.f
jié' : R : | P(X Y) X + Y 5” mod total degree 2 jif;;;tij‘;llﬁf}“ilp
ﬁf ESEEEE one cao‘e3511y see ﬁhat thls def;hltlon ofla fatlonal formal groupulewf;f
2 - ‘

.- ’ |'--‘

7

]

[ - S f,”.i e over R «c01nc1des w1th thet given 1n §2 1 for the case- when R ig -

‘u . . _,._“

- fleld o ",:'-;‘,‘l ‘:,j; ﬂ““ S
§h 2 The General'Form of Ratlonal Grouﬁ?LaWS- . L o . - ”?“'.
The main result demonstrated 1n this sectlon w111 be the generellzatlon of '
f ‘u -/I ‘..'
Theorem 2 5 3 en& 1ts Corollary. Thzs w1ll foliow almost dlrectly frOm the '_

follow1ng four lemmas.-" _“ Coe :. e

~ . \.

Throughout the followmngdﬁlscu351on we Shall flx thls notation: - - -

SR ‘}'Let,-' . PR ;. “_,‘jf" 'j IR fv L - "'.' S coY

) . . " .' B " " . o . : ) .' ) ° ° i - l " : .‘ * ' - .

. i . - ’ e = | F.; a0 . . o .nl A
|| i . . 2 . .

'.. be_EQi‘product'6£'fielgs;.]Fi . indéked\ﬁy the set ' .I'.

a.& RS Thg'n@turel prodectioﬂs, L o . ?.‘ ' .e"_i - :5.
Byt F ——— F, -, for all iel-,
'v . . “ . .. o I '

Sl o glve rise. to rlng surjectlons..

o ) o o o :_‘.: .o o . o .
P 'i‘ - e - L - . -l ,;' o - ] . "T.l"h _\‘ ) . )
L et L - '.. . . . . ' - N L - o o . - ..
Do e R - P . : : A ' 1
Y Wl oy -
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yProof Cle&rlv, if F(X Y) :|.s a. ra‘blona.l forma.l power series o\fer ]F ‘ rbhen, Con

e

I

Lemma. h 2 1 If@F(X Y) J.s s. ra.t:.onal forma.I group la.w over ]F then,

o

If F(x Y) JF ({x Y)] , then def:;n.e g o

F (x Y) - P (F(x Y))

for a.ny 1eI F (X Y) is’ & ra.tlona.l forma.l group 1a.w over ]F
S '.‘ ‘o - . '.'- '.-‘- __‘ .-‘-' T "’- ' ‘_ T o "". .... ..‘_-_;_ . o "'.'.'L. N - ".:

J¥

F (X Y) 1s a ra.t:.onal formal power senes ovF_-r ]F . h -.

~ ot \l

‘:"Hence 11; suff::.ces -bo show tha.t "for all 3.eI F (x Y) 15 a. forma,l group

S g ,J..

: "la.w over JF Q vhenever fF(I{ Y) :Ls & forma.l group law over IF

def:.ned component-w:.se in. ]F

-

oLemma. 1& 2 2 If F X Y) ié 2 ré.tibfxp.lﬂfdiﬁé;f gr"_éup daw over F , ‘_I"t._her'e exist

.'But th:Ls 1&5{; sta.tement 1s 1mmed1ate, s:mce the r:.ng opera.t:.ons a.re e

vl e E -.‘_ : :r.l- . F, "_ . : :
. Ce . oL ‘m-‘! -

& .' T
' - N T

\

. el

,bE'.IF -such tha,t oL s e
(-‘1)n ('bXY) ] A

FOGY) = (X ¥ e, [z

« Ve } P

n=0*

" Proof- Let F(X Y) be any rational formal group law -over ]F P .

'-2?3-ui*,-theré- Eiist "a.. ,'b.e]F. :ﬂch-that: ) B

Tt T

F(x Y) = Ek,j =) a.kj xk;x c L
\ o co - P~
By the prenous 1emma. for ea.ch iel‘ » Fj/(,X Y) is a ra.tlonal forma.l

i

"group.law-over_. ‘.IF _ ..But, each T . 5 1s a f:.eld S0 tha.t by Corolla.ry

s

F(XY)—(X+I+axx) [Z‘ l(-@x\:)] SR

~ . .t :\.._\

Hence for ail.l eI , we ha.ve' B
1, (a‘kj) - 0 -, “I;‘lii-essn;k =3 ,k= 3._1 ,"qrgj = %=1 ,

a.nd. furthermore, for a.ll keN L R N

o Pi(a'kk) Py (8'11 P (8’12) - K o \\.

-

: . . .
ot . I‘ ‘_. ‘ . _.k—l _-.‘-‘ ) . . . ‘.' - .
Pi(akk 1 ?i‘_("'k._igk -?-'Pi(ﬂ?l,z') . 5 andthy
T ‘ B ) R . ‘ ! o ' ...o-'_. S i . : ,_“ - :\‘ ' :
.“.';\".‘ - L. ;'72_—- L. R ' - ' . L \_:.



[ g pi(&OU) = 0 Pi(alo) —'Pi(ﬁ-m) — o

The req,u:t.red result now followa medlately. o B

-

Lemma ‘h 2 3 Gn.ven 8- subring S of ]F\—;*and a. rational forma.l group ls.w
'; nl ) ‘-."_'..
then there exn.st s. beS P

2 F(X Y) over” S
L R A F(x x) —’(x % Y 4 ) [): ( bXY) ] oo
_jl'_I_‘gpiF(x i) - :LS obv:.ow.;.sly .a.‘ r-a.t:.ox;a.l forma.l group la.w over JF oy 5o 'tha.t "
- R 'bhe pre';rlous lemma., ‘there ex:ust a. beIF‘ Such "c‘.ha.t. ’ . : “ ‘
T {“‘ #

E "F(X:,Y) = (x + RS aXY) [Z “6' (:-'b};II) ] CTELs

v

. .,- ":f::' .:;.- LY

“av
LN

F(X Y)

B ) . . 0\_}:&1‘- S_-. ,

o
R

B -Rinaliy‘; wé"hdv&: . 5

-

¢
-

; A - e ‘ product of fn.elds.
“of R, then the residue ring,

- Proof: If, wé-’ha.ve_a pr‘ime ‘i;ieal P of R
is sn intégral domein..Let IFI‘,' “denote its rield of ftctions S

4

S ; U For each p;'imé ideal P ., we&ave a na.tura.l ng homomo‘rphlsm,
o e e
P h given by -the :na.ﬁura.l. projection é.n&.:;ﬁ.nclﬁsion maps: .
. L - S ko
‘ , 'LIE}_; e G
N Hence, there ts8-a . ring homomorphism, 1 : &
: ' A BT N
L LY

P_eSp-'ec(Rl)‘ .

.
- P K i Y
- te . : " - - .
. :r LR ° . . ' to .t
’ . ' . . . N . : Lo O . (-
. . . L . ’ L . . " LI - N . - LI .
i RN PR . . . X . A
. 5‘ ' ..
- - (e T T ra .. .
' . : n
. [ = N a

such tha‘b' e

x + Y + aJ(Y < bx2Y - b){!?F a‘DXZI2 o

'Hence W must ha.ve 8 beS . ,smqe F(X Y) :LS a forma.l power ser:.es S

BT .
. R T - Lot e o . ;
Lo T d ' - — 'n o
B . ' . et . B

R ;

Lemmé. b2, h Ifr R is a seml—prlme rn.ng, then R ;.s a.ctua.lly Y su‘brmg of a’



R :LS a.s,sumed to be semL - prlme ‘therefore )

Hence the ma.p i 1s an mjec‘blon, so that

..,_‘

. .,_‘.

l"‘ ‘Ii‘ R :le ‘& seml—prime rrng, and F(X Y) :Ls 8. ra.t‘iona.l

s : .
forma.l group 1aw over R . then there exist a. beR such tha‘b .._,_1

' . group 1a.ws have ‘I:he form

ST - ‘5 Y aXY i for so_me,. aeR >
o B ‘.,'- ) ot - [ ' , . - . '.'." w T '-"--‘ -. o S

o Proof Statement. 1. of the theorem clearly follows directly’ from Lemma. h 2 .3

L s . '.‘._‘ o

appl:Led to R , 'in view of Lemma. L, 2 h ’ : :' -‘. . ! L s _:/, ——.~-.;.

. \ug . v.__, @ ﬂl .

s . C:Lea.rly, if R is a semi—prlme ring, a.nd F(X Y) is a ra.t:.ona.l forma.l o
T L _..'——*&""
TR R Agroup la.w over R, then 'by i, F(X. Y) is & péa.ynomls.l group law iff N

:,-7-‘F(xx)=x+r+m N-, forBome ca.eR

.
B L : - .
A A . '

SR ;Laws* ~ov R )“ ' '- : :::_ ; * '. e
, ‘.". :‘\E e ‘ LR v
¢2 To show the con.verse ofr statemente i:.. ,' suppose that R ;i.s not 1; semjm

L l - »

Neo e T e ._'-‘_i- o ~ __.A.q‘,"




"x

we ha.ve. .

for -all ‘ n)k

'i. 511 3 The General Ratlonal Ce.tegory

-~

As 1n sectlon 3 1 let FE(R) denote the cetegory of a.ll formel group 1a.ws

i '7 ' 1(3 (ie.; one diinens:.onal formal group laws) and’ ﬂll fo}ﬂnel group 13“"
S Sl O :
"f‘morphisms. Cons:n.der 'the subca:begory of Fs(R) whose o‘bjects\consn.st °f B'll L

‘_,I.ra.tlonal forma.l,group laws over ‘R- a.nd whose morphisms a.re =s:unply those

PR
" g 5

. morph:.sms of Fg(ﬁ)’ whlch a.re glven 'by ra.tiona.l forma.l _power serles 1n one .

- indetermms.te. C’lea.rly, 1n the cuse when ,R \:Ls a field th:r.s 15 Just the

‘J e

et

ce:begory Qat(R) 3 .es defn.ned in §3 1 Hence, ce.ll thn.s category, for a.ny R
,the ca.tegory Ra“b(R) of all r&tiona.l formal group la.ws over B"r-.—a '

. To. esta.blxéh a.nelogous results to those founcl in §3 2., ve. must };rst" o
L‘?':-»‘-' RN conslder the fdllowing proposrtion together with its corolle.rles' ' : .

D TR L

,- -

Do S = Recell flrst the nota.tlon of the previous sectidn as regards the product

= offields C e T T

Let 'h(x)c-JF ((x)j , with h(x) Zj 0 ey )c‘1

y&he, .for ea’eh ‘ f:; | :' ‘ .f' o A . .—‘-:-‘ —

oy
"_“_.

\;* -"f; ‘-;.;-:i_:.l} (X) ):3 \o ¥ Cc ) X . R P R

Sup_pose 'Qhe:l: h(x) ;is & rationa.l forma.‘l. power series over :IF B wi-th h(O)

then, :t‘or e.ny pa.ir o&re.tionel 'form&l group 1ews, ; F@( Y) and G(X Y) over ]F f

. . -
el . ST s 1 . ks b L
RAEREY . .“_‘ F- R T ] AT . '»' A, ‘\
L. z. . S y R SR X : . B 9 Y
e . N Jf‘ D .t Yiote . RS
- Wl v L " . R

PR S o, - - .
. : - . A : .
v, L% N ' .
A -~ A = = ] K
» ; SR GTEN ~ !
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L T Y T Ty,

“ " Proposition b/3.1:

- 0

: .._.: ’

- - LA
“:' |
D

R

m Rat(]F

i

" Corollary 4.3.2:

.o .

-

iff,\; for gu_'L 16.1 5. Ve ha.ve ke morphlsm in* Ra.t(JF )

then, for all :I.eI (recall:n.ng the defin:.ta.on of the.\ms.p p )

' so tha.t,\ HEL j T_

'_-Converselmf i‘or eLa.ch ieI RN

h(‘X) _.udefines a. morph:.sm 1n Ra.t(]F)

F(x Y) ——-1—-:- G(X Y)

L hi F ("X Y) —— G (x Y) r S

L {»’2-':-:

Proof If 111 the caﬁegory Ra.t(JF) ve ha.ve ;“-; ( Pl L

h : F(X Y) -—\——-:- G(x Y)

oe

'(h(F(X I))) (G(h(x) h(‘f)))

\
. . ‘

‘Eicatesorv Ra‘u‘(lF s e T o

i"

-

i J: o

nyt (x m - g cn (x) SHCSIN

. ‘rHence, h (X) def:l.nes ‘a morphism from F (X Y) to G (X Y) in the N

o n lF (1) i (x x)

.-'_'..._'.._ . . .

W .

s .
) tﬁen Qne can easily see that. SRR

: F(X; !) . G(x FOR TN

in the ca.t.egcr:,r Ra.t(]F )

oF . o ‘ﬂ

o 'r'-‘_ | '.' .. .‘.4. :“ e S 5 >-‘ " : - .
:|.f h(X} defines a.n 1sqmorphism in the caﬁegor}r Ra.t(]F)

) ,".beltwge,r_{ F(X Y) a,nd G(X Y) then,lfor sc:tme a Be:IE‘ ,'

Ve

e.nd @It@ ore, B is a.unit of ZIF .'?,-r'.‘-‘-

R Proof: Let h (X) denote the invex\se 1somorphism oi‘ h(X) in Rat(]F)
@By-the prevmus pr_position for each iq‘-I : h— (X) a.nd h .«(X) must

'E-be invérse i omorphia'ss :.n Ra.t(]F ) & Since each IE‘i'- is a field

Y @l

T ~ s
. B S N
H ‘ R e B o

.Y

mplies that \for each 161 'phere exis‘b ai,ﬂ €1Fi ,



\':ffsuch tha -'93-7: '

s:.nce B #0,

»: B.'L‘\d

- .'.If follows mediately tha.t.

2k _"—Hh(x) = BX [{ (ux)“J |

: -‘?-where k cr. B.nd B e.re thOSe um.que elemen'ts of ]F v:l.th

L.

pi(u) = “i" ,-.-a.nd . p (B) - for all ieI . -

S j_-",'_'t‘.*,_Obviously, B 15 & un:.t of lF ', s:mce pi(g) # 0 for all ieI .~ i
Coe Suppose now that S 1s & su.bring of the product JF. . Then, if F(X Y)
g e.nd G{X,,Y) are ra.‘b:.onal formal group la.ws ovei- S ,' w:.th h(X) ‘& ra.t:l.ona.l

;. ,' forma.l pl:mer series over S > giv:mg an isomorphlsm between F(X Y) e.nd G(X Y)

in the category Ra.t(s),_there ex:Lst u BelF . B a mnt of ]F such tha.t'

.-

. ’ e h(x) o BX' [z (U.X)n l"“'l

'lf-: ‘h (X) denotes the mverse isomorphlsm oi‘ lh(}{) in Re.t(S) lizlhé':i,?.f‘ R

P _h;“ "1:51 :;jrf‘f h (x) ‘X'[Eh—o ( B
D Lo oo i . : R
s 'which implies that both B a.nd B are elements of the rlng \S a.nd so, we

- '., - must ha.ve cu-:S o -t. ‘ '-? _:I,._«“'I- ‘ ~‘ ‘ o
v e .,_-‘_ LI R L S s, e - st

N In view of this rema.rk, ;we now ha.va the generaliza.‘tion o;’ Theorem 3 2 l
et ,Theorem h 3 3 If R is any semi—prime commuta.tive r:.ng, the isomorphisms in
the ce.tegory Rat(R) are given by re.tiona.l forms.l power Senes
L of the form \;;;.;“‘ Co '

Lo _--‘;.:‘ f_‘]-'ffex [Z (ax) ] for- 0 BER and, s 8 unit. o

T e el T “;‘ - ke
Sy, , - .
LT ‘Proof Since by Lemma. h 2 1& e ca.n cons:.der R ‘as’ a. B‘ubring of a product of

fielda, the required resu.lt follows from the precedlng comment -."



j;:.'_ of a. Mo‘bius transforma.tlon. "-_-,-f- : :

r the rest oi‘ thls sec'l:'ion R ‘H’lll 'be assumed to 'be a. sem:.-pr:l.me rlng.
X ’ ‘f"‘\-‘:'-."...l-.’ i3 . e - " ‘-."/"-- v ,' A - - L - ‘~ - . T

‘ R denotes the multlpl:l.ca:tlve group of un:.‘bs of R then, we may S

Let F X Y) be & ra.t:.ona.l forma.l Sroup lew over R ‘Ehen, by Theorem-lt.E 5,

S . there .exist e beR such thet

Pl bl el kas )

e *. IR F(X"Y) Clas bXI o e

‘. ‘ : Def:n.ne the discr:l.mlna.nt of the ra.t:.ona.l foma.l group law F(x Y) to 'be* SO VR

(m, - EZ)(R )2~ iy # a’- . f.'-';-:sr, ff.--i" A

. [ AR LT

L ;'--.Note. t]ns agre’es with the discrlmina.n't definetl in §3 2 when R is 8. field

ne
s

P We have.r T ;'-'--‘.'t"‘";".‘ ~ . L - e '. .

I
d

‘.w ‘If two rationa.l forma.l group 1aws over - R are isomorphic in \

: -
Y c
| .
:
i >

: ‘I\.

AN :i.t is true for ea.ch component of he product (th:l.s is actually Theorem o

'( R 3 2 3) The required~ result will now be immediete. |

’ S -‘. ,-v..' R ] .
\ o "—-,:."»r. R a: SRR A

. AEEEE N e - . "

. Corolla.ry h 3 21 ’I‘here a.re a.'t. lea.st two isomorphism classes in the ca.tegory

i Proof Smply no’ce tha.t disc(F (X Y)) = 0 ’&nds disc(F (X Y)) ,-..-"

i~



K

-three utlllzlng the methods whlch we have developed Indeed these methods are fi

“e",-.far tod 'coarse' for the gener&l 51tuatlon.lHowever they do ellow us“to deelf

;d “-;f;.;'sfjw1th the cese of an. arbltrary product of flelds falrly adequately one can’ see.
58 L pa :
E_ : ﬁlf"qulte ea51ly, thet, glven any product of flelds I’ > none of whose chereef’“j
E  ‘f"1st1c 15 two the dlscrlmlnantqlnvarlent completely determlnes the 1somorphlsm f:-
"-*:.jy"J“f f'classes of the cetegor%_xRat(IF) we may even carry on to examlne the hom-sets
”;,'-and endomorphlsm rlngs of\vRet(E‘) by pleclng togeﬁher whet is elreedy knowniﬁl
o : /
. for each of fhe components of the product Cleerly, thls becomes ‘50 complex thet
g'f:f?d7~ 1t 15 not worth consxdermng here 1n full detall “'l ﬁ.’;"b‘f' Lo
;g.'.--. ._;'
SO i
¥ - : RS . .
) . j - \
'
:" 2 A S~
. ’ - |
." .‘(.‘ 2
4 . k R :




no'

'l‘he symbol A shall denote e.n arb:.tre.ry ca.tegory in th:Ls a.ppendlx. B

— ; §A l Groun OTLjects :Ln A LT Sea o

". Suppose tha.t the ce.tegory A‘-' ha,s a.ll f:.n:.te products a.nd ha.s a. f:.n&l

-.

S ra ' @ TR S
S, ob;]ect T. . denot:l.ng 'bhe m:?ﬁa.l ma.p from a.ny object A to T 'by A

A.n o'bject A of )il is a g_oup object of A . 1f there ex:.st morph:.sms ofA,_ o

v -
S ,"‘ :

..\ “o -'. .
& ' _
o o
\“-.‘" . - ) L"-

B REPOURTE ; R RN RN AT = B -: BT
4 .

i B "",_-':'_ We define a.n A—group to 'tre the quadruple (A,u ,T,i) '

el I 'f. If in addition the diagram, : "--_ " 5".:-_. R _:"‘ /e,,g\ T

(where T is 'bhe twis}:)ng\map}
T hY




“ counnutes, then, we sa.y the:b the A—group (A,u,y,:.) :.s a.belie.n. 'f o

t

Given two A-groups (A,u,Y,i)

a.nd (A' ,Y ,:l. ) then dei’:l.ne a.n A-group

- morphlsm, ‘-“ . t't" »';": ', : .
e Y
o ’ A—\—-—-—*——-’- A commntes. s »_ . R
- We may now def::.&e a. ca.tegory, Grp(A) . whose o‘ojects a.re the A-groups and
' 3 morphn.sms the A—group morphisms'defined above.... = '

Slnce, we ha.ve ‘an eq_ulva.lence of sets'

Hom (B A) x Hom (B A)’—.Hom (B AXA) i"kffﬂ7

for a.ny two objects A,B of f._ . when A :LB the group ob(ject dlscussed above,

‘. we may define a. 'bine.ry opera.tion on the set Hom {B A) in the follow:.ng me.nner. g

"g:"¥i ' for all ¢,¢enom (B A) define~'{L]J §* uo(¢ w) f“,f‘;f5”'

o L qw

' associative proper:by of the morphism u glven in diagram A 1 1. the opere.tio—t}

v where, (¢,1p) ie the u.n{que morphism, determmned by ¢ a.nd I]J :
f.. '..' P < , -.,“ . o - N ‘? k R . o

Clearl—y the operetion x 1s well dei‘ined as e. set me.p, a.nd in light of ‘bhe e

is ee.sily seen to 'be associative. Furthermore, diagrams A 1 2 show the.t the -

composite morphism, oo e R T R SISO -.p' .
- : L — 3 . .t - :‘ _ A( . ‘,. ot A .‘._ N' e ...-; ;'- ‘ ‘_ L - L .
_.'-- - e N ’, -7 ._. B 'Y “-‘ VY e St O 5‘.- ~ !- -_’)‘ ot T et
Lo M) B L -ﬁ T N A f", ,-,' : N, g .‘-‘ f
is a neutra.l element of HomA(B A) w:rth respect to 9'* Fina.lly,‘the la.st eet '
of diagrems impl:n.es the.t for each ¢€HomA(B'A) ,' we hs.ve‘ J :' *
" s AR ' .'1 B g Sl
) .‘..- B ,- 'r “'I .-
2 ¥ . o N:‘, . . oo - S




O AT LT ey R
e AT

(18N

b,
P
tw -
I

’ .*fa'?ﬂ:@fj€” .';:r,1J- then, ¢ induces a group homomorphlsm, LR

DT A S

el ¥ won, (B A) o Ko, 4(C A)

‘C rollary;A.l 2 A group object 1n the cetegory A glVES rlse to g’ contravarlent«

'W-;;E{_ggﬁ;'u'ﬁﬁqﬁ};'. g*Q'f functor from A to the category of ell groups.kf;f%"'

. : oAl : . . JRE

Remark A morphlsm of A—groups cen eeszly be seen to give rlse to e natural flo
transformatlon between the associated functors. Thus the category s

'“'fol,lfj::jf: = Grp(A) is aotually e subcetegory of the eategory of ell contrevarlent

L e functors from A to the oategory of ell groups. f?”_ﬁififj“eff:";;'J

Tarew -

EEET sA'.-a;;cagfcsgg oB‘j‘eé'té- 1n A__ L RO o

.

Suppose now that A hes all flnlte coproducts, and en 1nitial object I ._

N If A is eny object of A then denote the inltiel map from I to A, by. ;A
: L We ehall ﬁow define the categorlcel duel of the notion of a’ group dbject
which is celled“a cogroup object Thus e cogroup object in .A is en object A
SO of A .'~ together with morphlsm, B T IR A
b S - K BT '“" n "‘“7fjuff‘ oA e e
) f" ; et A —-~——+ A U A STt i ' E -
- :-:'J “ '. 2 A—“_*A -9 a.nd., '



A——rc——'-ALJA

A L .A .__...}_.. A u A u A '_,_\:- RN

A u A A

I - ff";A 2 3 (Antlpodlsm) S IR ' “g_u‘ T

Foe e T T B NP RIS L A ‘
SRR S e ———+“ I Cend, AT I o TS
R e T l l 1A ~ cl l iA

% f. ¥ Clearly, a cogroup object (A c,n,a) 1n the category A def1nes a grogg
{; object 1n the dual category;.A In viewJof this the natural deflnltlon for
Y R , - T e e
,éﬁﬂﬁj,ﬁ_anmmmmmofAﬂmymmm .wlmﬁ%"ﬂg‘mpjfm‘Tjﬂ~ig~gﬁﬁ‘}pu-ﬂ

R

L ..: :‘:. e . (A c’n’a) —"“—-i' (Al c' n ’al) C ’ ‘~. ‘—' v

N , AN Lo '

L ) o o ”';.--'ﬁ;__, PR - T .
D AP would be- a morphlsm of 4. ," o '-ml'“ I P BRERET
P D R = o Lo "-‘ .- 0l . .. : N " el e T
‘ . P L3S . et . \.'-‘ “- ‘r o . ‘,’" . -.- - . . _,-n - .\‘:.'. o
10 .. \for whlch the dlagram, .I:-_f;uij;’:_ .‘_;fxw B L R
Sb ,":‘Ju'“ . ) . - T 'H:ﬁ:;- L .

A EER o o e 8 e e T L e

1 '-V}J,iccf-:;;*;;i‘?- R P

..‘.; commutes T

SRR REEREEE A
;.I:\ ‘..'l.-'- B -!..._:..:"‘ l
". N N ‘ “-. .{“‘ .-.,__- . o <‘ }

With thlS deflnltion we have the category CoGrp(A) of A-cogroups and their 1!ﬁ@

W

-

}§<f}_2“f¥j‘f morphisms. .ﬂUQ.LTTﬂ"3v'Lf- 1f}’”*'.

Clearly, by applying Propositlon A, l 1 to the category A s e, immediately

have for any cogroqp object (A,c,n,a) of A,". e

. . : -1 .
K . PN
T = ; .- L . .. N s R . " . a
ade ' S . 5 . R . P L T a e e I D L R
b . s - ' . 1
b ‘ H _"83- E] - ! N .
- M P - -y A
- h S : .- v
. f SN . A -
37 . ] . Rl
¢ .. . . » - &
. A " o
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D e e o in the obv:,ous fa.sh:.on. o
. N D ".“. PRI . TS ~" . i - N e T N R
. T . . AR __m.. -_. *
D ?\«q . beon -
N g e
L :‘- Rema.rk5' For i‘urther 1nfoma:t10n concerning group a.nd cogroup ohjects, wrth
ST special emphasn.s ]on forme.l group la.wa, see D:Leudonnée [2] .
S e N e . AP l':‘
Lo : . T AR
B A oo o ‘ S-S _
. / ' - - . o ) v - ‘e o
. ' . - SRS . .
. N T ; Wt _ L ‘
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Thus, the set M .
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If xl,....,xn-,l.’ is any colledtion of indetermingtes;. thén we may write -

: a.n element ;i“ g R."."‘in -jﬂi‘é‘ﬁusua}_’. fomal ‘:;ﬁ‘é;shiop_:j‘ B E LR ST .
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abuse,?ur notatlon and wrlte R for any rlng of formal power serles over R

1n a speclfled set of 1ndeterminates.;32;fif 1”J e o e ;;g€
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The constant term of‘a formal pow;; serleé over R 5 f(Xl,....,X ) A ;:-

(here 0 denotes the zero n—tuple.);fq“y
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by mapping ojory element. r R to-the uplque formal powér Serles deflned
SRR \"‘ ST Sl - _ ” /‘ "*: e :.1: K
Wi T Tggs R ey 5o0 feIAS ._
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o : L B Y : : . e
e . ) S : . S . . AN

‘ﬂ‘gomponitn}

IR ”Jf“'r(xl,;{.é;Xn);ﬁ(Xl,,,..,kh)cl(n) ;nhon,1p'qu'Tit;y5nanuu.hdfdcflné the N

S ol ) = (e ()

vhieh L# clenrly & formad power sorfes in n indeterminntes over R with zero

conptiant Yorm, 16s° I(") in cloned with rospect to composition of formal, power
el , . - oo .
serlos, . -

Notatlon:
Irom now on, where there 18 no ponsibility of confurlon, we nhall denoteo n
. ‘ 1

formed power aerles In n indeternilnaton over’ R, Tr(x,.....,xn) by !

-
\

r(x) .,
und, n gJVUn"vccﬁor of m formnl power serien,
(glixl,.....Xn),....,gn(xl,.....xn)) ’ ,

nhall be denoted by:

(00 = (2100, pp () .

-

"Only where 1t becomen nocensary to diﬁtiqgulﬂh between thene two concopts

!

phall we une the complete notatlon.

B.2 filng Flltrations:

Define N* to be the not: Npu {=} .
There I an obvioun order relotion defined on thins set, glven by:
; for ull  a,bcN%My , define agb in the usunl way, und,

for all ceN* , define egm

Now let & denote any commutative ring,
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v, ‘Q(n)_ﬂ'm‘ﬂff. gm0 , for wld - tefl R

in-which cnke wo mey dofine o metric,.

e i e oA

A5 R — ,
plven by: 4 ’
Ve _E]trt,,ﬂ' ) = E-U.( H-r::f y ., !
) ¢
wad, #ith rcnbnct to Lhis topolegy, 1t 1o nn eany oxercise to show that O 1n f’
© Hhﬁnﬁnrff topologlen) ring. i

n

. : 3
et be any sequenco of clomonta of {1, [

Lot Aw {flr

Wo say that on elemont o of
La‘thc filtration v 111 . .
‘llm
%{ noven ("n‘" n) = .
In which cane wo wrlte: L
1im . AT 4
B R T . .
—~ nw’ N . ; a k!
Nete that 1 v Lo Housdorff, then all limits nro unique, g f
. , N , g
Lommi B.2,1: For nny two nequencon {un)n-O nnd (bn}n-O in R, N
i
1im 1im lim ;
1o v (o * by) = Y " * ¥ P y ond, / 3
1im 1im Mm ' .
11, nvmﬂ\J (!Ln bn ) [n.rwv .'Ln] [Tl'"ﬂv bn] ) .

Proof: Thepse resultn rollew dlrectly from the properties of v .
e {] e
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(Nobe: thin implies that £ 18 actunlly hn R-pleobra .)‘ i e

'Ir uff ‘ then let a(k)- denote 1in kth component {n the above product, nnd,

| {Le. aln)

write,

AT e e T
[

for the element of § plven by:

v : — (mympy [ O for ksn
p ot (k) (k) for ken

Bt .

e et

Derine, for all rely , ‘

1.- {uqﬂ | (k) = 0 ror wll kcr} , and,

Pr - {neﬁj (k) » 0 for nll kbr} '

Clonrly, wo have! ‘ . i

Lomma B.2.2: For eneh reNp ,-1. 1. 18 an idenl of  , ond,

11, & 1s Jemorphic to: 1r o Pr .
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Proot 1. ny our conubruablon or tho nob mnp v ' und our nnnumptlon on tha

-

idcu1n Ir ;f u in obvihug1y u r]ng filbrub!nn.,

CLourly v 48 & Huundarrr P11Lrublon, RO JL Jn nn1y naaunnnry Ln nhow’ -

thuL n11 Luuchy naquoncau in ﬂ with ranpnut to v_ hnva ]lmLLu Jn H]

eq“, a .
th {?n}nﬂo ho Cuuchy naqucncn ln b.‘ﬂhhn, nlneu.
o 14m. . ‘ : o s
nwmv'(nn+1 -‘uﬂ) 3:0 ot
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for each -kelly thero oxlety n noﬁ:neghbivc jnbagor; n, such that!

k
) . n,(k) » 4 (k) , for w1l dzn, .
o S . _ . Tk
1%
Lat & bo Lthe glemant of £ glven by: . .
alk) o n (k) s IOr nll  kpD .
n . ‘
k. P
Clearly, for n*n,
vin - n") » k , for all kg0 .

and, by construction, Lhe soquence K = {n } is elther Incrensling,

k 0
or, ovantually constant, It follows fmmedinlely that:

1dm

O G n) w0 .

i1, By the definltion of v and of n(n) , it rfollows immedintely that,

31: (n) “n) =0 .
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Wo ohall now return to a digscussion of the rings of formnl power series

over the ring R

Consider tha case in the above construction whan i = Hn y for nome n .

Define Hn(k) o be the R-module of Homognnloun polynomials of total degres k,
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#o ‘that, for reNg , oL R ' , j ' T
. N - ‘ . - . . -

] u.{ £(X)ek_ | ¥ = 0 for nld . [T|«r }t , and,
L Y o
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{ r(0er_ | £, w0 for a1l | Ifar } -

By the provicun dlisdysalion, weo may def'ine n complete filtration on Rn by !

pup

ord(1(%)) = F(X)et

o

Thin 1ip called the order filtration of thé\ring Rn ,

~

o,

s A e R LT g ey w o D

LTS T A A et I

Note: if we formally conslder R Lo be the rlng of formn) powei sories over R
fi ‘k '

o » then, In this case the order flltration iu the

dfﬁéreto‘flltrutlon.

T

Lemma B.2.h: for the ring Ry o T 01, =1 , for all r,teNy .

Proof: Trivianl!l ,

-
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. \ 5 - .
Notution: For any two formal power norksh, f(X) and. g{X) , in n indeterminates,
v \

- N

wo shnll write: r{x) - g(X) mad'(totul) d&kngo ro,

for: r{x) = g(#) S omod 1 R thra“ r&ﬂg\
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_é, The mupping 0. 18 said. to 'be continuous with respect to v und :Q' if wo(]
. ) . : _ .
haveo: fog all mt:,l*_lr0 y there axlnts nn  Lell, such that: . " A
PlA, ks AL IR "
) We ney thut O I blcontinuous 1f O 1s an Iromorphism of ringﬁ, und, both
! U and 0"1 ure continuous,
; > Buppotie now thet §  is o commutative ring with unit, and, 0 cantﬁinn
: , ‘
| I np o subring (here wa nusuma that the unit of & and R colnclde).
Lot f Dbe complete with reespoct to nome filtrution v .
. ‘ We hnvo lmmedintely: . ;
. L | -
1 Propon{tlon.H.1.J: (iivan olemnnts ul!..f,nn of #§, with:
| u(ni) w1 . for n11 1, 1 ¢ 1 £ n .
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0t R vy,
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u(u ) » III , o
so that, B ' ‘ . :
- (f(q )(tl.l,-”.,ﬂ. ) - f( )("ll'llf',n 2) * q\
Thus, tt follows {mmedintely that: .
im +1 {a), ' o
;.mv (f(q )("]'llalpun) - I(Q)(nl '.'.t.’nn)) s 0 . )
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Bince v' is o complote riltrntion of B, wa may dofline o uot map:

0 Rn — y
byi-

o(r(x)) n iimu f(q)(ul,.....a Y , for.all r(X)} R
In figw of Lemmn E,2.1, wo noe thut 0 16 a ring homomorphiem, nnd, hy
Aitn vory construction, © is obviously continuous. Clenrly, © i# tho

- " ddentity muﬁ on the subring R,

The uniqueness of © follown directly from conbinuityﬁ

1
supposc wo have & continuous ring homemorphiem,
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n !

fixing K , and, such that: o'(xi) - , for 1°¢ 4 ¢ n ,
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limv f(Q)(u]',,..,h ) " o'(r(x))

fl‘r&

”r'rund'c?:”-;{. 0' 507

'tha ﬂanro nr aacbion n ie.: F(q (7) ir a po1jnom1nl ovar R_ or

tobnl doyrco ut mort q-l ) nuvhflhat, 1} *

f(X) 4 f(Q)(X)‘ mod . dogreg q';;::';‘;;“ﬁfr L

" Conslder now thafc&sq-ﬁhéh:'-ﬂ'Q'nm ;,;f5r sdmp_lmey_} Sy

o . . . - . K . . - .

S

RO _ G; nn'--—--r Hm- oy fixiné thg ghbringi R,

N

with tho rollowing propafty: ) - ; | /

finco, by Propcéty H.3,2, ordY(HL(?)) #1 , for 141 &n, the gi(Yl must

Property I,%,7: For u]] f(x)skn with ord ( (%)) % . Wo have:

T .ordY(O(f(X))) 1l . ".

Denoting the indeterminates of un by X],....,Xn , nnd, thoso of Rm by

P L Ty R T TP T T S e TR

Y,,....,Ym y the previocus proposition states that © in complately doterminod

by the n formal power meries in m Indeterminantes: '*\

WA

By (L eonn,¥ ) = 0(X)) ﬂmr1<1gn~t

and, we murt havo: , .-

L ote(n) « B0 00,0 e (00) .

have zero constant term, and, so by the remarks of fection B.1 we may consider:

. rozui).- r(mcw.....yni' K

which {n o formal power 'series in the ring Hm .

Zy

Proposition B.3.3: With the above notation: o(r{x)) = rogly) ,

ie. i%ﬂo r )Ggl(Y),...u,én(Y)) - f(gl(Y).-....En(Y)) . ‘
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betweon rings ef formhl power serles over R shnlli satiefy Property $.3.2 .

no that, writing:

n(u )

(n)

1
D T

o

Connidey the ldoald in R, ana R,
(0}, ker (e ) , and,
10 (et donoto by
I(n) ) I(n)
(I(nj)z
. -
Henco, 1f we have:  f(X) = 51 ay 8% # Fo(X)
. .
than:
— n —
PX) = §iag 8%y

i & free H-module of the generators: f{:;.

Clearly, for any continuh\? ring homomorphiﬁm,

]
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Lm)

- ker(cm)

L)

, vhere:
L

R}

lt,xn 4

?Tfﬁ"?‘itu imnge under the canonical wsurjection:

-

19 ncbuully a polynom1n1._; x

We now unﬁu%u that all continuous ring hotiomorphd sme that we ghnll conuider

N

ordx(foTX)) »2
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“1'ao.thdt,' 0 inducos .4n H-modu]e homomorphjrm'-

E’.f “”"".'."’ “.

ol (s ‘“’)? ) e (1)

: o D(o) n(n ¥ ’ n(n ) TN "
Furthermore, if we have two‘continuoun_ring homomofphinms, B
. . - . “a v ’ : . i - g

fO,: R i nm ' © 4 and, _ Y . L - o

n-

¥ s Ry = Ry , .o

1t 48 elonr t'hnt:

D(¥o0) » D(¥)o D(O) ~

L N
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Let  X1y..0.,X, be the determinutes of R, and, lot LORRERRRY N he

thoso of Rmu Writilng, for 1 &£ § & n ,

a
L]

m .
o(x,) = Xk-l Fik.yk + g, (Y) , whore ordY(gi(Y)J % 2,

we have,
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(o)X = oy e T '

glving the matrix representatlon:

L

p(0) = (e4) 1qten .
lgkgm

Adopting the usual partial dorivative notation, wo nee that:
ae(xi)‘

Y

ot ade g Tk Chimi

‘ , for 1'¢ 1 § n , and, 1 & k & m.
k/ ¥Y=ao0
Now suppofie that we have an R-module homomorphlem,
¢ : D(R ) ——— D(R ) '
glven by:

“%)“Ekz.%iyk ,for 141<n,

\
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-‘ f,"ﬁff.rgbpoﬁitibﬁ¥?13.l,;thcfﬁ*qgiﬂtﬂfu dqﬁtipﬁbpbiriﬁgthmpﬁdfbhinmil;;‘j

SRR j?c_(-ct) ﬂ,,; 2

’

E(¢)(x1) ’)‘k"lcik'yk ey fOrl_s i‘ﬂ .,

T Cleardy, woThﬁ?dftheﬁrolldwingrbroppftiéb“df“tha_unnociutibn E'j;.'gjluj;;‘ 

4 D(E(e)) W 0T yend,

‘ 11. for any othcr"ﬂimddula‘hdmomorphiqm!

]

S
;,' '
A .I;(.nm). ———r r)‘(‘np) _ ' o,

'a 1

we have:
E($'o4) = K(¢')ok(4) . ' \
We now have the necesnary machinery , and, notatlon to ntate and prove the

.Inverse Function Theorom: ' b Eﬁ

Al .
" Theorem BN, 1: Supposo that we are given n continuous ring homomorphism,

0 1 R ————r R ,

Ay

ie an ipomorphiom

it o blcontinuous ismorphism Liff D{0)

Then, o

of R-modules,

Proof: Cloarly we need only prove the sufficiency of .the condition.

Lot ,xl,....,xn be the indeterminates of Rn .

]

Suppose we are given o continucus ring homomorphism,

e Hﬁ T Rn . '

]

for which, the H-module homomorphism , ¢~ D(0) , is an nutomorphism

of the R-module D(R ) .

Define:

. ¢ = E(¢) y :

8ince, ¢ 418 an automorphicm of D(Rn) , it is easy to sde that ¢ is

& blcontinuous autom&rphism of Hn .
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" Bo @hut'itvsufficbﬁ‘tb'5h°“~th“@ 0°¢f‘ 1€ an’ igomorphism:
*Hohcc,_with.outﬁlohﬁ:offgcnérality,ﬁwa,muQ ﬁuhumovfhnf{; o
AR D(°’ oty _ o ‘
¥or 14 i $n writing," ) | . - f '
hi(X)i-O(xi) 1' T L} : v

we péQ thet:

mod dogroo 2

hy (X) 2 X, ' . .

Fix 4 ,1414n , an ,dcfiﬁe:

0(X) Ny, oo () L

For onch ncﬂ wo shall now construet, by induction on 2 , a polynomial

g(f)(f) bf:totnl degree nt most - £-1 , with the two proporties that:

. ()
{ (o(%))

a. ‘x1.= £ mod depree % -, and,

b, g(f)(x)'z g(i+l)(i) mod degree 2 .

Define, o ‘ J
Woex,

both of wﬁich clearly satisfy both n, and b, above .

Now .suppose that we have constructed g(k)(x) satisfying both . and

b, wbove, for all k4%. In particular:
) ey o i
: kg =gy (0(x) F L) oprn o god degree sl

’ IR R

b

end, so, in view of our above remarks concerning o ,’ o

) xi E‘i)(O(X)) + zlJl‘ﬂ éJ-O(X)J ' mod -degree £+1 .
T A .
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et L g
L I LR e e e rpewan
-y e

.\-‘. (E'l'l)(x) " E(L)(x) * z J| u XJ,“ : ' ‘ :
. R ¢ R R
thich clcur]y nutinfiuu both . und b. abOVc. o T N

"'Thun, for cuch i , R huvo conﬁtructcd o ncqubncc of po]ynomJaTL,
(9;} . " . } . . v ' 1
- { (x) puo ' fl ] | 2 “ .
' ' s

¥hich, by p}opcriy b. nbovc, is n Couchy noqucnca with respect to the

ordér“riltrution.'For 1l g i < n , define: L ‘,
- lim (2) o .

' . . “ s — “ N
It follown 1mmodiutoly from property a, above that, for ench {1 ,

xi-gi(efx)) L _ L
and, by the definition of 0O , Y
. . <
: g 000) =olg (X)) . -

Now define a continuous ring homomorphiem,

v: R ——* R ; ‘
/by: '
y(X,) = g (X) - for ‘14 1%¢ n, .
We ‘see immediately that: <
oY = 1R .
n -
Obviously, since,
ple) = () ’
ve must have:
D(y) = 1D(Rn) , - ‘

and so, we may apply the above construction to ¥ , obtaining e continuous

.ring homomorphism,
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n .
&

-A”j'Thércfbrc:,{ ,x‘FL(OoW)dx_ -

. S showing that @ end ¥ eare Inverse continuous isomorphioms of ﬁn .

‘Corollary”B.h.2: Given n formal power serles, % s (7  °
' ‘:_,‘f; h o o ¢ J

%

fi(xl,.}..,xn)eﬂn , lg i <;n .

each with zpro constant term, then:

.‘ . N ) ) ) af'i. (_,
T - det 3%, | X=0

18 a unit of . R iff there exists n formal power serles,
o Lo ' ‘g (X1,.0. X )R T, lgien
each with zero‘EOnﬂtantvtcrm, such that:
Xg = rl@m(X), e (X)) for 1gdgn ; ;:3
Proof: As<direct Iinterprctation of Theorem B.k.1 in light of the rcéaqk.aften

Proposition B.3.3
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