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. ,,,This' the.sis : is:conb~riied: wi ththe; geii;r~ : form ,of those one,.' , . 

aimen~iOI.'"aifo~~'gr~~ a~';~~~e~~rfiei~ .. ' ·!;.:~!llCh'je . given as .' 
• '. • :'.' •• '.. • "'.' ,.\ , 0'" .'. • .:. • .': '. " " • . '. '~ ::. .' _." 

. r",tl:9n~' functions\' over' ,!;.~ .. Mter having'd~terniined im .e~ct' expre~ioll," 
• .... • :' •.•..• • ~ ...... '." , ... ,. , .' c",,:" 

\ '. ,'.: \ ' . 
. for. any :r\'ti0Il~ ~ction which is a formal. group lawover.·!;, .• '8.Il'" .... . 

investigatio~,is madeintqt~ecategorYvilci~e objects are ,the r~tiona..l 
, : ~ . ~ . .' . '. 

formill. . group .1a\1s,'b;v:er A •.. ;.Jd, whOsemo!]?bisms, .are just their. ,formal ' ..... ;: 

(~"o;,p'm6rphi~m~ Wh~ch ,ai-"e'g~V~ir bir'7tiQna;r fun,.~tions. The iSOlDOrphiSJll , . 

" '.' cl-as.ses df. this cat~gorya.I-e. then:c6~pl~tely,deterniiri~d~ and,., e::te show 
.,.'.;:. . ' '., 

tobe· ... 'essentiillyeqlrl viIlent :' .. 1:0. the classes'· ofcongruentquaaraticforins .. 
. :,.'" 

,. .';' '. . '.' - , .. .," 
", ,,' " ... 

'over !!:. .... tIjr6Yid~d •. of.~our.se.tllat th~ c;haracteri·stico:f .. ·!;. is alffei-;mt 
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.. ', 

.: ','.' .. ~ .~ .. '. .' 

ftom,two; .. 
'1.( 

, . ',',' .', ..... 
, '.:. 

.\ '.' . .' '. \ .". . . 
·Filially. we 'gene~¥i,ze most of. the.results .:blthe c~se ,Of.f'ieldS 

... ' 
\.: 

to the case .of senrl.-pi-fue Hngs .• making.a .. ·suita'!:le de,fil}ition of,a ' '.' 

. .;.1. '.. .' ' I ' _ ... ...:.. -:,'~' . 

ration8.1"fo~ groUpla';:6':;er a i?~-:-prime rl.ng. :.In parlicule.::· we :show'· 
\ ~:. . .',' .. 

:'1.' . . 

determit;'es, ancl., is deterinin,ed"by. 
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.'~;. , ." PREFACE:.':' '.'.' . . "'.' . 
,:',': ··c.; 

.'. ,,', '~:-:" ' ..... ,,;~ .... , ."'<',.,',,.\-< ",:.:. "',: '\~..; .' . ~. 
. ..... An, attempt haSbeen.ma'de vhile wrt.ing ,tliis ,\:ile~is:to .lIliike ... the .. : .. 

. .. -:.:._ .... ' . - • : ... i . -. - . . ...• -.. '.' .. '... ','. 

,:. materiu' co,!,efed .• and •.. tne.resUlts pied ce'd.,a¢cessible to,those.r-eiiders:\ 

'. 

. :,' 

. ;".~' • ·:'e·· . \~> ... , 
oi:: rings. and.thetheor'y-:·oi 

, .. '.~- , ' :',: ::', '::, >::'.".- .' • 

th~thes:is as self~o~t8i~ed\ .. " .. 

: ... 
. ;~ 

With olily a.slight·lqlovlEidge ofth~th;i, 
.. "' . 

cate~o;i~il.F~r: th~ir benefit ;'~d.to.m 
0,:" ,", __ ' •• ; .' _'-':':._' • - •••• "':.,:": 

. - \ . . 

• a:spossible; mostof;:th~ specializedbac gr.s' .. 0l. •.. u.ngn •• di·f·.·.·,i:frC··· anomc.·e:roinfg .... fano·lltgr· .egooup' ~ ..• ' 
• theciry';- vh:!,chis needecl'to tri,derstand .the 

: '.' .~...' -.' . : . 

~:, .·i'ii,vS;:h~S' bee~incl~d~d;' and., cari be foun i~~~et~o' appendices. 
. ,: .. "." , .... '; . . ,..... ','. ", ,"' :<: ' . ... . 

ThE!: f'irs~. chapter ix:t;oduces the .• c'oiJ.. ept! 6f. a~.fOrm~']~~O~"'Ii.1; 
·f ,..... -' ... _ '. \. '. . . - .: . . . . 

• and •. thl! ~ev results'vhichshal.J:'be Ileeded.\:!: ,la.ter d1sc)lssions,. Chapter 

.,;- • t~ci,sihe'core~f .th~' ·tMs:i.S:iti,~he;et at t~e, n:~inresti1tis':pro\<e; • 
.. '\).") " \' 

vhitlh::isl!Lter·generaJ.ized itlcilapter fow.<chapter- t~ee~ this,esult 
..... " .. ~ .. ~', ,.' ... - ,'< .... -.: ........ :, ...... -.:',> .. :,:.', ,': .':,.," :> ';-:':","':'" ~.: ,-,,: : -,',' ::~~." ",' .. 

.,... is' th.en' used eJCtensively in the invest:l.gat·ion· of a certain .. naturally· 
" ••• ' • " ," '., I '" ' •••• -- ",,',.'., ". •• ".' '," ' " • 
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: I '~sh' tothiuik every~ne' Wi\;bvhom I c~e ~iito :contact:!,n:the ',,; 

,:prel>8r~tionaz:~'yr~1;.·~n~ d1" thi~tbe~is;the'~;~~l~b;e ~~~nts '~d~ 
" .', 

'oyerwhel.nrl.~g p.atie~ce· h~v:e, b'~~n .more than ·~elconie. lrip~i.ciular! the,' 
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" "thanks, as ,Vi thout ,'them; I ~ouldD"eyer have been ,!'oble to :t'UJiycOlIlpie~e 
•• ~ .' " .::, '. ,:.,,;'" •• ' • • ~.. I~ • , • " •• : "'-

lIlY. ~ork; 'N~tur'::l.l:Y-, thE; greatest part of JJIY thaIlkS is );'served·.for JJIY , .. 
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. " ' .. ".~:""i'.. " J', ~ ... ',': .'. :"': ..... : ,:'. '.' " ••. ', ... ': .. ' , 

·,:"e,·;- 's ~ .... " r S '.' ,~.~<: ,'" 

.: '. lot 

. ,:,' 
.", 

, , 
';' ." , " 

',' . 

, F~r'8J.i,&s' wfthV'(Sr>. 0" we "ha.ve:, Vl( e(s)>o ,', 
.': :',::.'.'." ...... ':':' ";:":'::~':. ",' ", : ... ' " .. ",' " ",""~'~,<~,' : .... :. ". ',' .' 

,Now let ,. FP( ,R.): denote'the"full stibcat,egory of,: (jllg(Rr~.',':Whose. ,objects are 
/' .• ,.' , ' ".1 .• ':'. • .... 

, the Formhl.PowerSe~ies 'rii:;g~"oy~r, R ,',each considered' filtered ,with resPeC!t, to 

. , 

_ ..... 

the order ,t:iltraticm" .: •. '" 
. ..' ': -t. " ' ; .' \ . 

R~arks;:i.. R itself.,i,.sObiousl~anob.lect<ofFP(R); tQ~, 'fi~tr,'at,.i, ~n, b, ein.g, A,t,h, e',:', 
.discret!,,~il;~~,at:i,on. ....', , " 

11: ,The Objectsof'FP{R) \ are just, th'e :free ," complete R-algebras· on ' , 
'. " ' .. - .. 

, " 
finitely many gene~ators.,~ince ,all the ~o:phisms, heresa:\isc:." " \ 

. 'Proper.ty' r.Ll; PropositionB,,3.'l g)larantees the universal,proper;!;! \' 

. \ , 
~. 

<the, ge~erators unaer its' 'act'ion:' , 

,These reinark~directly U;ply:", '\ 
, ," 

.• ': .I' 

,ii., FP(R) , bas ;Ul f'in:l.tec9P'rodu'ct,s, ,in particular , 

R( (Xl,'" ;, ~icn)i URC(Y~"': ':::~m)) "~R ((Xi ,.:, jCn·'Y~,;:·: ," Yn)) " . "', . _. .... . ". -~ , 

" 
.. ,,' 

" . 
'''. '.' " 



I. 
I' 

... 

.. : ":',~ '.-: 
.. ;." 
.". 

'. 

'.'" 
.. ," 

'::, -;( , '" 

.. . .... 
, ' . ,~: '.;" . c ""," '. " '. : r 

. :e:' :R((xl·; •. ;.;x)).--'--,->:'::R_· 

',''-:;;-~:~:':'':'"'''~'';,:''' ".' .. .- .... , ... ', ..... :.::. 
.••• :. ,.:.' .1, .. ' • 

'." ,:'/' 

,: . .,. 
, .:. 

" ;.' ' .. ,' 
,.' 

, ..... . 
" '.' ~ , 

. "': .. ' ,...:. . ... 

" "1.'" 
..... 'I'" 

.,! .. 

"':-. 
.... ."., 

I .... •.... :. 
':"',' ,:.: II' 

~ ''' •. ' t.·. ". 
. - '. . ~',~'.' .' 

..... : .. >,<.: ...... ' 

.~ 

, .... 
. ". 

, '" .' ~ . i..' •. ,' ::'. 
I", '>\'. . ... " '. 

\,;" . .. , 
. "~ . .~ ....... --

···.1 . 
. :.".' . ". ,': .. '. ", ' " : .,' ,.' " ,n,' .. ' : ." ',' .>' 

..•. ; ......... . 
the :'a~gm~·nt~ti~ifmap. "', .' • ... 

.. 

" .' 

...... , 

'. '. 

. "' 

\'. 

. " 
. \ 

, 

. , 

"'" 

. ' .. 

'. 

. . .. -.. ' -. ''' .. -.:~ .' " ' 

. . ciear~y.~s-;~: ~e:~e~in;:witb.;R~aige~r·a,;;o~;;in~~PhisDis.the.·l!'ap . i IJ" 
, "';-." .... '-'. '''.',"> ..... ~,,~'., .' ..... '. '." '·:, .. a,' .~>./ .... ' . 

• .. unique, Ori the. tltherhap.a:,th~aUgm'mtation·. e: .• is ;mique in .vi.ew.o!"::· 
. :~. '. -, 

... "." ',.' 
'. '.' 

., . Ptop.erty 1.i.l,·Hemce,·R·.,is a. zero' object,"iri '-, .. _,.::' 
',.'- ".'" ..... ' ... ' ." . 

.. ' .' '. ':' ·r,·:. ' 
ii""~:AB we aie.deal.ing with free objec1fs, .. tlleproofqf ·ii' .. is :immediate; .. . ".,' ',.' . .. -

".~ . '.' . . 
'. ,; .' 

';, . 

". " " 0.'., • ',. ' 

andlett1W.~~b~i .1\: .•.. ~epresent ther{ngqf .formal. power s.eries. 1D.k. 
;':' . 

·'indet~minates.( k >:0: ) over· .. R. ;. The:preciseindetermin~t",sof R,: sllall. , . ,. ' '. ., " k ' :.' .. ~_'. 

: b~ indicated~nlYifth~y are not 61'la~ly'~tidiJaie~ bicontext.J· ,,'. 
" ....',.' - ~ '" 0" -... 

., ,'.' 

",' 

" .. 1 . '/ 
': ".: .. R ' . .' 

s:i.nc~ weha'Ve,.shown thl'tFP(R). ~s ah:~I\itiai ·obj'ect, 
.. '. 

and. all finite: 
... 0· 

. .' 
'coproaU:ctl? , we may consider arb~1<r8i-yo ciogroup~. in 

., '. '. ,., 
, . , . 

general' background material):. 
. .. ,"'. . .. ~. ... ,"'. 

'Suppose that .. '<R~;C;Tl,a) .1s a cogtoup' :i.n.FP (R) • 
. '. .. , ~ 

The map, 

-. . ~ 
, . . c,: .. R .,.. -:-,--,-+-, R

2
·
n
· 

. n '", 
" .. (, 

' .•.. ' 

,"" '. I ,.: \ 

.. ,. " ,':",.'" 

'.' , .' . .. ',: 
~s .compl~t~y·determined by.the follo.wirig ve.ct91' of n fo:r:naJ;. po:wer. serie.s in '2n 

indeternunates :: 

F(X,y): (FI(X,Y) ••. :~,F (X,y)). , ," 
.' 

.. 

'.~ .. . .". ' .. n . , 
.' ',." 

where: ',X,y . .-,' .. ,' ", . 
are the KiOUS abb,reviations 'for the inde.t~rminat'¥s: Xl, ',.' •• '~n' 

and,. Y1',:" .~' res~ectiyelY, ·and, for ·ru'.l i, ~ . .$ i ... n , .. . . 

.,' .' 
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,. '. 
.,. " . . / 

.... 

.' 

: .:' ; 'j; 

,> . 

, ',. 

" ".:' 
, :1 



'".' .. " r.'., .. .. 
...... " ",: " 

"','. ",: 

.... ~ I:: 

.. ' 
" 

". 

'". " 

. 

".:. 

..... ,.. 

: .;. 

' .. 
.'~, , 

'; 

·:1"· .. ····:· 
.: : 

.~ , 

'" . ':i p) 

a.rtd~~':i. t' :f()l~OWS~ i.mined~t"~iYfro~~tiiE:,: ··co-~ssociati ;ity "6f' 
.. . ".. • " .~ .• ' • '" ';", :: •. '''. . '<III!' .• ~ . ',' ":,,, " ... : ~'.;. ':' 

.. ~. '. F(X,F(Y,Z)) F(F(X;;Y).,Z r 
';'. "'. .' .. 

where, . ~'Y.' Z a1-~ ~h~:;a.bb=v:i.at~6As fo:?' the .J.ndet~rmina~~s <;>f'R3n ' 

, 
. ... 
.~ 

.... 

.. :xi t '. ~,. '~x.·'~.~· 'ii,·. ~:~ ... ; ~'y .. : and:':, il'~ ...... ~~ ;'z'~<:··:;~s~ect:i.~el~.· ~. ,": :; ~ . ··n .. .... ',': n . . .. n ... .. .. . ..... '.. ,.,' ... .'.t',·.:.·.: ..... ' .,'" 

,':':11 

Since R 'is ,,:ctueily a.zer~ ·obje?~iP:·.FP'(R},the ma~,.:,y~ 
i .. J. 

..'. 

n·· ·-·R .,., ,n 
, .. '. , 

.. ' 

must be' 'theaugmentation map';. e: .• :Hence, the commute;i;iye di.a.gram: .' . .' .. ' .. ,,' '" . , , .. ,.'.;'., : ,- "" .. ' '.:.' . .- "" .:: 

:'- '1 ":<>' 

~ ??&~"" ......... ' .' :", .... . 
.~ ~!. . 

.,. 
'R: ". . " 'RlI,J:l 

2n ,lU .. e:' 11..· .. j: 

.J 
• ,"9 __ ; 

., 

'.':.~ 
~.' : . ,. " '. 

"~'~ 
"',' 

.. ' , \. 

• 

ie. 
... ~, 

•.. ,; " 

" " 

'.' ,,' 

' .. I' 

.. 

. 
.i 
,',. . ,', 

-~ -; . 

'. 

,_,.: -e-. 
, .. :} 

.. 'j:: ',;. 
;. :. , , 

.' . 
, r·· 

• \' w' r'·~, 

, ", 

~""'>: 

,,'.:, 

' .... ' 

'". 

. ~" 
:'.. .(~" 

, , ...... , 
"'" 
." 

.. '. .r .. ~ , 

.. With the obvious nota.tion. this, 'pliows 'that, '. \> :~.:';; 
,:~ ... ~.'./. :~',:;' 

' .. 

., 

. . 

.... ! 
X· 

',',', 

,ami,' ~~iLll'~~"" 
. . t'. /. 

,. 

,I 
/. I 

~~stiy/tM, a~~ipodismo m~p, 
. I' a R' ';;"'':---+-'·R 

. / '. n· . n· 

• 

" 

. , . 
. . 

.', 

.' ., 

..' 
':' . 

,. 
, . 

, . 

.' _:' 'I I . r' I ... 

uniquel;r dete~ined by the ·.vector orn formal pqwerseries inn' indeterminates,' 

:,:~~; 
,'j. 

..... 

. .. ' i~ 
... -.\ 

~' : 

I \." a' ' 

: T'(:iC) = (Tl('xl,·.·.;·.,Tn(Xll ."' ~,~. 

'0'1' f:~ 
" . 

'- .' . -3':" 
-';'.,:.: 

.. ",' 
;., 

" ...... 
·r' . 

.' , 
" 

\ 



..... 

' .... 

, " 

,I , . 
:."- I" ro' ·d.. .! 

: -." .; 
'" 

t ", 

'!" , ' 
" . 

. r' 
l , . 

..... 

... :.,' :-':':'''. 
~' ...... 

, ' 
" ' 

.:-:.' --: 
. '. :' .. ' 

. ~; ': 
, ' 

. ' ..... 
.'.:. ' .. 

. ,~;- , Ti,(X);:a(X
i
1:,; , 

shci~sus ,that: 
"1 ,',' 

:1. e • :'.' 

A, s:iini~ar arguement 'show's that: . -",', '. . , 
:..' 

: .... 

'. .. ;' 

. ..,; .. ,' 
:." 

.:' •... 
'. :.:. 

t'" '. . .... ". 
'.:.,'~ .. 

, " 

.' ;'. 

, 
'J , 

.: ... ;'.' 
. ", 

e' .• .', . 

,,' 

.... 
" 

'" 

. ,,',, ," . ','. ..... . ;-" '.;- " ~ ... , .' . 

,.':-'" 

" , ';". 
, ". 

,; '.:' 

':, .. 
~. ~ .... 't.~.' 

'.~ .. ' 
'.'.'" 

. ,'. 
, , . . . 

',': " 

'~' .. 

I ' . ',' 
.~. ., : 

'. ~ ' . 

.. :, .. 
·r 
I ' 

'," 

. ' .. 
' ..... 

-, ' .. 

'.' 

•..... 

'.', 

• .. . ',1 ' .. ,~. 'i 

,Note: T(ic), : is the ilnique~ect'orof forma:!,' po"e~ ,seriesw:(cth tbisifoperty.:' 
• I " • - .' 

" 

\, ' 

'. -.\ 

, \ 
• L '. 

; .. 
" 

'. ~ , 

',", 

, '.' ,: '., ", , ", ~:,' .. ".. "., . . . . .' ,(. . ... 
,',,', "!3u:nming- up the.~abovediscussion,. we .. hre sl),bwo:, :, ", " 

L~e.'L2.1:' Given,~ co'group{R':,c,Tl,a) '!:rn 'th~c.i.tegorY:'EP(Ri, then there, is' 
.,', ' ·'n,', : .. ' .. ,1 ",; .. '. - ~-,- I ' 

, ' 

" a. unique vec~~r, Of n fO,rmali, po:"er, series in 2n in 
.. l:. .. .. 

,F(X!Y) ,= (Fl(X,Y'j,.:.,Fn{X,Y» ,;"d!"termi'ned,by' 
). ." I ," " 

,satisfying: i.' F(X,O) '';'X:', , ll.Ilil,? F( 0, y)'=y 

(R ,C',Tl ,a) 
',n " • 

'and,' 
I ' .~ . " 

'~'--'\. " 

ii.'F(X,F(Y,Z>') =F(F.(XJ,Y).Z) 
'. ' .. 11 

t-here e'xist's ,'a 'wi.iqu~' vector 
'i " , , 

indeterminat;esover i R: ' . 
--.13. :.' ~, . , 

, ' T(X) = "(T~(X), .,;:i .. ,Tn!XII) 

, "'" 
• 

Furthe,rmore, of \ n, ;formai power series 

',." l, 
! 

" 6UCh~" , 

, ' , ' ' ,~ii' .. FiX;T(:~» ~= 
, ~.' .. , . 

. , -Definition: a formal group law,o'f dimension 'n over , R is. a vect-or of 'll formal 

power !~eries' over R in 2ilind~:j;,erininates, 

'each 'With 'zero constant'term, 

F(X,Y) = 

\ 

') & 
(F l(X'Y)' .... ,F (X,Y) 
• n' 
, '--......./ ' 
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.. 'j.: ":. 
..•.. #. ~ .. ::~ ' . 

"'- ~' .. ;., . , 
.. :' i .: '.:' ';', 

... :.:: .. ..--:~;' ... 
.. 

"':,' .. .. .. ;.;,.... .. " .. :'_:;..... ..: .... 
··i,·i:·:··· . ..... ,'. 

'r:' j _ia:.A.izaz:wiU.jJ .. ·9~WSH , " ", .. ;,. ' .. ; : .. ' .. .; ' .. __ , ;,;;~"W~~~!irilW~!.'!2~~~,i . i:·i;;·;' 

". 

" . 
;: ': . 

". . ~ ..... 
f 
f 
I.··· 
I 

" . 

.1' 
" ). ':" 

, 

. I 

i . , 
.1 

) 

I 

.', . 

." .. .... 

. ,. 

" .' 

" 

.'-" 

... j. 
':~.:." 

" .... 

." ' .. 

: .. ~. ,'. . 

.~. ". :. 
.:" ..... -. I,:, 

," ':. '.: ....... . . . ' 
; .. ::' 

., ." ... 
" '. . ..... _. '.,. . .... 

.: .. )';" . :.' ":.:.::'.' 
" : ,satisfying: .' ... . 

" "'., . . . ".,' 

;' ..... 

.~ i, 'F(X,O) = x', ,.and,' F(O,'y) ;'y,.~d:, 

:.ii~~,.!(·i,·r(.;'~·z)·',rl~~ ·,F(F·(X.~.~')·~·Z) ,'," ,'" .• 
,,'.' ':'. ," ';' 

< .. ~:.in~eab~ve,~th~'s~bOis i;Y~.·ari~ 'Zare,~6be :i:nter];lret~ainthe .' 
. . : 6bviousfashion,',,9.s .vectors -of 'iIideterMinates·,·'· 

.. ~~; :'ida<1d~~ion~o '~he'abov~; ,~(~;y)'sa~~~~~sJ " 

, .' , . '.' .... . ~' , . . '. -:'. 

. the.n ':!~ say that the :fOnna;lgI'ohplaw .' F(X,.'y') .' j,s cdJl!!llUt8.ti~e. 

.\ . : 
. ,", 

". " 

ro·, , : '. 

. ,J '.' '" ..' 
Wehave·immediate1y: 

::--~~ ',"', 
., 

. '. 
,-

'1' 

" .. 
:."-

/ 
Lemmai.2..2:, jrF(X,Y).is.a fo~ai group 1e.w or'dlnuinsio'n'n over R: then there 

. . .. ~\""". . ' . - .~. : 

. 
'. ,';,., 

, .. 

" 

., exi6t~ 'a vector of.nformal po~erseries over .' .' " ,:"~ . . _ .... , . " Rinn indeterminates; 

. T(X) = (Ti(i),.;.; ,T "(ic)}'F' 
.... '. n. ' 

.•.. 
such the.t,.' 

F(X,T(X)')·= 0 and, .. F(T(Y), y) =.0 

Furthermore; such a'vectpr :T(X)' is unique. 

( 
\. 

f!££.f.; Let, 

G
i 

(X,Y) = X:f'-'r.:i (X;y) for i, 1 '" f~ n .. 
.,' 

Then, ·since: 

F(X,O) =, X and;. F( O.y}- = Y , -
i-e • 

:~' . 

we S'ee' that G:,(X, y) 
l., . 

has zero constant t.erm, when considered as a form~:j., 
. . 

powe.r series in the in'determin!'-tes 

R((Xi,·· .. ·,x )) 
n 

.aG
i

, 
.. '--aYk 

;""0 
Y=O:- - ik 
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.1,'; i .. n , 1 '" k <; n 

i' 

''<In ;f{i" 
'1~ 
\~< 
:~ 
,.~ . 
" , 
, 

'~J: . . r 
, '. ';. . 

" 

# 
" 

.0'; 

. ", . '1 

l 
.' 
.' . 

.. 
.~ " 

'. 

. '. 



" .. 

-\\., ' 

.;. 

,. 

...... 
'. '. 

. . \ ".,.: .. ' . 

's.otjJ.at: ". 
. 

... -i"~ 

:,'; 

' ... 

'. 

.... ~ .. 

...... ..:,. 
,.'. " .... 

. ..;.," ..... 
...... '.' . 

,'.:,. ..... 
, .' 

\ .. ' 
·,·.··V· 

_,(:;l)n " '. " . ,;,j 

.... 
. -:. 

. , . . 

".' .... 
. :. -:.:." 

',' .' 

, .... 
. .. :.:-.. ~ 

. ... '. 

- '.~' . .:......:_.)... •. ;_ ••.•. : •. -=----,'.:. ..... '. 
: ..... 

" ... .: 
... r· 

.' .. .,'-.' . 
"\ . .. 

;;;. ... ": ".c'l . _, 

. . 

'. Henc~,,:by 
'. . ...... Fuhct:ionThe6~~i ,'there'eXist' ':''''', 

. ,,'~ . \ . ' .-....- -. . 
n· fo~aJ.po"er ·sef,ies.; . 

rl····;~j (x,i) ·':~·f. J < il .... ' , >t'. 
"~U:~''''''.:.\.'.\ .. ''!'v ... ::>~~ ... ,., \:' " '. \\.\ ..... 

. --: ... I' 'i"G:i. (X,HeX,"!) i' , '\T~i'~. n', 
.. /' ' " ~ '::. ',;\~,.' :'.\". '" ,,,.' '\ ~'\, --.:' '.' "". 

where"H!X;:~)\ depote: .~h\:~~tor \ of fO~l.PO~~. ser:e.s:. 

'\. ./~·H(X,y) - (Hl('x.y)/ •• · •• 'Hn(X~Y)'\ .• 

Ptit:\ .' y".:;" X, ,J:~~ i·.(; n .' .. \ .. < .:. 
, ( "i··1. .'~', ",' 

/ " .;./. ..... (l : •• " \ 

~en)vw./~\\ave: , . \/'\/ .\ 
. ;' .. ' ~i - Gi (X,l!~~X,X')).., l·~ i -< .n' 

./<' .. ' 
=X

i 
\' F i (X,H(X,X)) 

. ' \ /' , 
Thus, the requi'red re.~ult' follows. innIledi",tely upon 'taking: 

'", ~ . '.; . 

" ".: 
.'. 

.. " 

''" ... 

.. 

T(X) = H(X,X) . , 

Uni.queness· now folJ.ows directly 'from the formaJ. associativity of F(X,Y) 

\~~a' 1.;,.,1, tOg~ther with Lemma1.2 .. 2, implies: " .J! 

Proposition 1.2.3: There is.. a. bijection 'between the' set of formal group laws of 

,T' dimension n over R. (;Uld, the s'et of cogroup structures in 
., 

the category:' ,CAlg(R) the object " R 
n 

---J!-~-

Note: Since 'FPeR) is a full subcategory of CAlg(R), a cogroup in FP(R) is 

aJ.so a cogroup in CAlg(R) 

'. 

-6~ 

.... : .. 

. .. ~ . .. j,;' 

..' 

'i~ 

. ;, 

' .. 

"." 

\.:, 



... :'" 

", 

.... -... 

., " 

•• ,.Q. 

" I 
I 
! 

i , , 

I 

. '''' 

,'.,.; 

, . 

.:'.' .... 

iritheicategory of 'FP(R) '<;'O~~~ps;,:'iS amorphi!lm, 

"e£H~mch~~R)(R~,Rn)' ,', , " 

,,'; ,',," ',' ' (-
)d!or which the' diagram: ' , ' 1.,' 

• .' . '.J e 
, . ,. 

1\' '\ 
, " cClmmut~" 

Put: 

'. ".' 

, ,:, i 
fi(Xl' •••• 'X) = e(w,)) n ~ ~ :-"'f",m 

R " and, trie 'whe~e, the Xl,":' ,X n 
are the indeterminates of 

those of R • Define a vector, 
m 

n 

, 

of m formal power 'series, in n indeterminates over' R. ' r 

" 

, I' 

" 

Chasing around the above 'diagra:m, and,re~alling'that the/continuity. of the 

maps involved gives, 'in the usual notation, 

cF(e (W)) = f(F(X,Y)) 

eue(Ca(W)) = (}(f(Xl~f(Y)) 

we see iminediatelY 'that: ' 

r(F(X,Y)) = G(f(X);r(y)) 
.. 

i 
I 

(), -' \ -7-

), / 
-/ " '. ' 

" 

/ "-

i 
! 

and; l 

I 
i\ I !' '" 

.' 



~. : 

'" ." . , .' 

., 

f'· .... : : ". 

" 

r' 
I'·" r .'. 1 .·f· 
f 

., . 
" ~t 
~:: 

I~ .. ', 

: .. 

i ' 
.\ 
I 

i 

. ,'.': 

'. 

', ....• 
'., 

. ' 

. '"8"" 

".,:.,<-:" . ':';'''':' . 
" :., . 

.~. . 
. '~ . 

:., . 

' .. 

e.'" ':' R . .,.. -.,.--,+, R . 
S;,' .:m . n 

': :' . . 
. with,' for 1 ... 'j,. m· 

\' 

: .; 

. e(w~)=g. (-xf: . 
g:J. •. J. ... ,. 

and. we· have the commutative' ~quare: 
." . '. ' ',' 

e ' 
Em ;;" -!;gL... ...... R: .. 

. n 

CG 1 . l'cF 

R ---,'--, R
2n 2m. eue . g. g 

.. ",. 

Hence, the vector of formal power. series 

th~., category of FP(R). cOgrO~P~~ " 

-. 
. ,." ".< 

. ' " 

, . 
-'.-; 

. , 
.... '. 

j 

. " .... ': . 
. .' 

:",' 

. ........ .-

;.-, . 

',.' . 

. :--

\ '" ... 
g(ic) ,. determines. a m,?rphism- . e.~ 

\", . . 
We may now define the category of all formal group laws. over to be: 

.. ' .. 

.\ 

.-;. 

''the category Fml(R)wl.'0se object~. c~nsist .of the fo.rmaigroup iaws -defined over 

the rin'g R , .and;· for any: two fOrmal group laws over·' R, F(X,Y) and G(W,Z) 
. '. 

of dimensions .h an.d m :resp<;cti vely , amorphism, 
". 

f F(X,Y) ---'.G(W,Z) 

. in the category . ~(R) is a vector of m formal power· series in n ihdeterininates" 

each ~ro c.onstant term, which satisfies condition. (*) aboye. 

The·above discussion has shoWn, 

Theorem 1.2.4: There is a natural isomo hism between the categorybf FP(R) . , 
'1 .' cogroups,and the catego of all.formal group laws over R, ~(R). 

<. 
-8-
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! .:." . 
~, ' 

~ : , 
'" 

", 

" 

• 

I 
, \ 

11 

" .. 
~ .. , .... : 

\ . 
i 

':'1' 
I 
\ 

i 

) 

.. '. 

~ .' ... 

'. dim~l)sion ~" th';n, given< a m~rph{~min,,' Fmi(R J ~ . ,.- .. 

, i': G(w,i)'--'-'-t-. :F(X;~) 
, , -, 

• E;~~ HOmC~g(R) (Rm ~S) 
(E;!t)08

f 
= (E;08r );(t08

f
) 

,,:for aU " 

'" 

.. : ... 
we .hav~~ . 

, " 

., .. 

-.' .. 

" 

where 8
f 

is the contiriuous ring \ ' ' 

homomorphism associated 

to the morppism f (bl,the' abo~e, Theorem). 

'iv. 'i.lith G('W~Z)"'a$ above" and', assuming F(X,Y.) , t~ bel 

~oimnutati~~(R)(G,F} has th~ st~ucture ,of an 

abelian group" and, is canonically i~omorphic to ,a sub-----
,~: 'The above Corol,lary follows directly from 'the various definitions involveC\., 

together y'i'th the , elementary pr';per~ies' of cogroups, discuss,ed in ApperidiX A. 
, , 
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j' 
i 
I 

J ., 

'.' .' 

, ..... 

~.' 

" ." 

. :. 

, -~--., 

'. \;; .. , 
~. :'<;"~':J " 

'. '. . . 
~ . ,." .. ' 

:;-', '" 

-.:'" 

..... 
..... writ in£;,,; 

. .'.. . -
.' . 

.' . '. . . i,' 
o , 

En~(R).(Fj:;H()~(R1(F,Fi··· 
--. --'.'1,",' 

6oroiiaryi.2.5:iilimed.ia.t·~ gives~' • " 
.' ~' ", '. - .. ' .. '. \.,' : ,"' '. .... . 

' .. \. 
-\.' 

. \:"" ,\ . 
' .. } ... I , 

':':', 

~ ; . " 

'. 

PrOEoSitiOil1.3.1:En~-(R) is 'a'ring!a~ditive s~ructu'l'e'g;iveri; by . F(~,Yt: 
"; 1 

.. , '. ..... . .' . '. ,.... '. . 

.. ru.d, .. ring inultilllication'given by .·col!'p:6sition·. 6f Dlorphisms; 
. . ,. '.' '.. ',:'.: ""' . .'" 

'This/ring .has: the: o'bvi:ous,'mUJ.tipli.c~tive;ident:i,t:f :giveil 'fiy: 
; - "" '.. ::'., , . ,,' : '.. . '. " .. ' 

.. ', . 
. '.- .... ,"." . 

;! .', \. .. '., " -.," 
'. "." '.' 

. Proof: Trivial.In the. light or. Cor<;>;I.lary 1,2.5 •. 

. '~ .':,.;. ... ,- . 
.. j': ... .' . .;.' ".-.. ' 

oj . 

\,. 

'- Si~ce th~ ri~~ oi:i.nteg·ers ." Z 
, 

is . ~ in'itial obj ect iri.,thecatego:rY cif all. 
. 

rings with .identity, we have a unique r.ing homomorphism, .' . 

given by, 

. ' 
where: m=l 

., 
m '" -1 

otherwise. 

It now foJ.1o\lS./I immediately, ,th~t: 

Proposition 1.3.2: 1. For .F(X,Y) and G(W,Z) any two commutative ·f.ormal group 

·l8.ws over R , . llo~(R)(F.~G) is a left ~~(R)(G)~ 
',. ," 

module, and a righ~ En'\mi(R)(F)-::modirle .. 

~ : . 
-lO~ 

,. , 

.' 
}!- ... ",.' 

' .. : /: 
, : .)1 .C', :.; 

~~ l~ . ___ 
.> ! 

f· .-.", ,,~ 

, (, ',~ , 

;, ,,- :~ :~' .. :: 

. f ,;:..;- . 
.\ ,', 

1.".' :1 :~ 

1 
' .. ,,. .. 

f' 

." .. 

" ,.'. 

.. ,,,: 

~o " c· 
I
· .. 

" -' 

I~ 

I
,·,' , 

' .. 

i 

I
,· , 
.. '. 

..t· . 
.. 

I 
( 



,':. ."'" ;:- -"'-:' .:.:-.:~f/.'- ;':: ::.:-, -"'.':rr' ". '.~\' ,::>::' ::', ""'(" ~.: .. : '-:'," ." .;:"' •. 
~~i:' , ........ 1'-'" '-db , ,',,' 

L:, ::~r': . \" L.-
!-. :.' . . '~."': :: ... :.,. : If .. · ... , .. : •. _ ... ".: .... · .. "'. -,' 
.:; ,.',"'. ", \ ' -,. ", .' .. ' . -'." :-' ,., .... ,. 

ll'·-'; :. ". '. . ."\ .. ' iL~~' f(li6"~ffiGY;:the1:;':" 
F.i. ," .... ,. . .... "':\ •• ".. (a)',········ .. , 
~. . . '.., .. : 
~,I:· ,-
,.;; .,'" .:: "'" - . '? .l::~r':;U1.:.1"-~! ,,' ... : 
'".\ .'. ,'. :-, :>'~ ", '.~;:,! 

~'!,> ".:1; "N?~F ~he c,?mp9s:i.ti,?naboV~;n~~s ~~osft~on compone'nt~ n '-·-,~-'~'/7:~'i' vise fort~e vector~f(X) ··an~ (m).F(. X,) 
; \ \" • .>,' ,'-7' . /~ ,:". ,", ,,' .~ . 
., 1, /~:- ~iyiaJ". ." ", 
~' .\ ~-:- ';I,i, 'I IX: 

-:' ," 

a:s: . '.; '.' . ' . 
.. ~. ::: ..... 

, 

. ' .. ,> .,,:,., 
", . :', " .. 

\ 

",-' . 

.1 
. ';' 
"'~ 

.( 

. ,;.-:~: ;:'::r, , 

·d rV

" :;- .• 'Remark: If the, dimensio~!oni6th F'.md, G. abo~e,is 1., and, R ,is afie1.d:f 

F,:' :. ". ch~~cteri~ti~O ftheri1t, canb,~,,~h~~ " W~hJ.~Ch[.3]rt~~~~' f~~~'p~ve;: :: .• 

i series,b.( l€RHx}} 'i~a,inorphism,fromF'to.Gin., Fml.(R):iif~ .', 

i, '·:f~~som.e,q~ ,~.~ :h'~O(~);='(~)GOh ,an'i.,.ll(O) = a ,.' • 

L "§1..i i~riime~S'iOna1. F~JG;LpLa'WS ov~ra Semi-Prime Ring~. " 

, 
" 

. ., 

j 
I 
: 
I , 

i 

J 

J 

..• \ .. · . - . 

· " 

, . 

'. " 

, 

If 

\ ." ' .. ,'~, ..... , .. :.,' 
'Inthis' d.e'e'tion e shal.l.assume. that the ring, 'R: .is a. semi,..prim.ering, 

. : .', \' .':.~ ',,",: : . .l5'i . .":: .. ::,," ',":" .... :.,'., , ;,' . ,'. ~.~'I·· . '.; 

" 

'1'he: t~g, .. \ '.~ ,n~'ni~~<?te~telem~nts,~r, equi~alent1.y, 
. the l.ntersectl.on of ·a1.1.., .. the· prime ,l.deals·of .. ' R, is; the.·· 

; -: '. V ~,.' ,.:', " " .' ~ .. 
. zero !ideal, 

,",\.' -
Let .F(X;Y) . ·be.anY arbk~rru::Y form8.l. group lavof dimension .loverR, 

. ", \ . , 

F(X,Y» is just a:f6rmal. pover seri!,,~in tvo,indeterminates, ·x. and··1' ,. 

.j 

t(x)eR ((X)) is the, formal'. inverse, oJ: F(X,Y), put': 

'b eR 
i ", . 

, i,j",O 

Set,' I = kei(£) 

R((X,y,zJ) E : ~R', 

is tDe augment';'tion m.ap, ie,. I is ·just the set. of' formal. pover series in· one ' 

(\¥Jldetermin~t,e oV,er 
\. . 

R With. zero cons:t<ant '·term, 

'. TheOl:'em 1..4,1: F(X,Y) is actual1.y a commutative formal group lav, . 

ie" F(X,Y) = F(Y,X) 

-1.1.'-
, 

" 

. . 
" 

, . 

, 

'., . 

•... 

.,,' 

, .. 

.. ( 
'~".~' 
'. 

"1"" ~ - .: 

I:: ~ 

I
, .: ; 

':," 

I 

I·.;, 
'. 

, 
"., ' 

-.-.---.---------- --'--------~~.-, - .. -.~~....,.,..""::- .. \".:: . ...:.::<. __ c-- ~;!~'!,-,,_ .. <,-; ,-.-: :-:'7"<'~ _ .... :;,,1;",.:w.~_":'f,";~.~::_:_~;;~r:: .. ~~~_~~T~ ;~:::~_~:: }::;~ 



.... 

",'. 

';, 

. : '. .' 
'.-:' 

, ". 

..... 

.-.,' 

z . I·. 
I 

-, .. 

.: .~ .: .•.. 
' .. 

c' 
, '( 

. " 

'1 

.;,.;: 
-:. '~, 

:Nov; Cieat:ly:. 
j 

, . '.' ; 

. '~' :. . ....• "., 

':and, 
,,-', . 

, ,:', 

" -.:. " .... i' 
. t(u) = -'U +'1:'-1, . (u) .... 

.... i:-:2. i... 

. ', .' ',' . 
u"*t(ti)= 0 

: .. 
"'. 

. '." • ,--:.-. -c. ----: •. -'-.. -'., -. ''-l'' (il, 

.' 

s'o\tbt, 'ilY ~ii--!;~etii~~e p~bp,erties>o~..F(X;Y) ,as.a fprmalgroup . law", ' 
-.. ' 

the. operation * :defi,ties a group. structUre. on the.-set.' 

. Let . h (u,v )., denote. the' cominutatorpro.d~~t of.ll.: with 

i~~_ ' .. h(u,:;") ,'= u * v*t()i)*.t('v)--, 

I '.' '.' ' .. : ' 
c· 

. 

", 

. '.' 

.i 
,.' 
.' 

. . ." ': . ,,,,. .' 

f)incetheindetermin,ates x ahd . Y . ¥"~elem~lltsof;r, ~e' ine.yconsider, 
., 

heX,Y,) ,vI:iSh-'isciearly a. formal?over: s.eries'in.X .and .. Y~ !Uohe,.~aY: 

z; 
· .• ·Obviously; 

. li.(X,'t) ': .• ~ ..... ,_c_:. _. _...,---:-~. (2'\ 

," 
Fe-X, y). 'is ccimDiutat.1Ve iff'· c = 0 for 'all' i,j~O , .. ij· 

:,., 

'. 

"" . 

arid' so; it v:\.l1 sUffi~e to shovthat:' .. ~. 

h(x,yi ,= O. 

. For each u,v I, let, 
.... 

.' 

With this notation, ,Hall.'s identity for the inner 

gives: 

, 
..' 1· . , 

I 
I , i 

.-f 

., i 
automorphismS ,of groups 

i' 

I) 

.. 

,In order to' analyze 'this rela:tio\,fl¥-P, ffrst, define a. l~idograpliic ordering' , 

:.1 : 
of the monomials of , , 

',i j k i' 'j' k' 
given tvo monomials c'X-'Y'Z and cl·X .y, ,·Z. then define: 

, i j k ' ',.i,' .~1" k' 
c-X ,-y -z" < ct,-X- -r ,-Z 
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't/·~~W;"~{D;\·:·;·~>~: . '.:,':'~ ~:~ . 
. ~ 
J: . 

''1 
'I'" 

J 

··'i 
, I' 
"! ' 
, , 

.-'.' 

"', 

", :. 

",' . 

.' ~; . . ,,- .. ' 
. .. .;. . .:"': 

....... 

',:-' 

'. " 
.,',", I" .'~ ••. -: • 

,.. -':.": . .".' . '. ,,:'::" . " -. .,,' '.. "\ 

.',' ... '\i':'~:' i''-'' 0" 'j".','. 'j' . 0···· ki ·".·k:··O··'·~a .. ·~O· ·····,' . .l .. ··O·; .• ·\'~ 
\ -' >. ': ...•. " ....• '" >. !.:' .. -:,':' :> ...• ·an .• ·e." ·.·e .. ·" 

. \'. '..' ". . .. '.'! 

. ;.- . ~'.,,:,-. . ",' .. "' .. :--. 

i .. ,," .,: '. 
.'::". 

.' .. ::. ~ \ .... ... '. . ... 
J\~sUllle;y~r .. a~ecin.t~a\l,i~~ion\' that:.~· - ." ",. :, 

:-",', 

; .. 

. ,"' 

I, 

. 

, '>y' • <-h'(x.'.{J;i 0.';'; 
· . ,: \", ,', :.' ',.: .... ' 
· "ie,>'eij 1: 0 ·:,'.f.or _some,1:~j~O" 

..... ,,' " 

,',' .~. 

• b~the, i;~;Les.t ,i~tegeri~u~h·,tha:t;.:· '.' 
'. ' .. 

'-"', ", 

• -', :-', '. 
... ~ .. 

• C', :010 -,as· .' .... ," "' .. 
... .:' .... , 

.,: 

Oeviously, h(i,o) =h(O;Y) =:'00 . , . 
'.' 

ro' 

" 

- ,., 

. "e,e= e"=·O' 
',,,OJ, ,jO " ". 

': ..' 
'so that: 

.. : ,~. . 
, .' ~ 

,';-. 

Weshall:shov·tha.:t theie:rt: 'l1and "ide ofeqitation .(3) e~ntainsthenon.." 
• •• 1 -

zer6,monciini8.1',·· " 

" .. 
',:: . -' .. 

',!P, " 

of mirtim!U' rank vith respect to th~ :o,~dering above. 

Nc;>t,,',that eall,oI Q, iniplies that' ,(ecill 1 11+1 4 0", oilly because ve have 

assumed R tcibe asemi-prime,ringl 

'In this,. fal'hion,ve shall obtain a· eontradieti?D. to our choice 'of '11,,8 

-.and. the ,required resultvj.llfc:illc:iv ilnmedj,at,ily; 

.... :. 

, BefO;~ ve can sho\( t'~e existEmee' of 'this 'lllononiia:1, ve first I}eed ,to prove 
. '-

,the. folloWing .lemma: 

Lemma: for all . i"" and a:1l' j ~O 
.1) 

• . , ". '. I~ 
~:' By Elquation (l)'~bove, 

." 

= O· 

. Clearly •. a:11 the monOmials' in ,the expansion of,~ 
, .;" '. ' .. : k 
, Lk=2 bk'{h(X,Y» --, .' 

.. ' 

..... 

,-



s 
:":'. ". .. ~, , 
.~ 

, .: 

... :-

'. 
", to' 

'.,-" 

. . ~. 

, .' 

. .. '-~- -.. -:, 

.. . 
&4" 
, .~. '-.':. 

'; ',' 

'; .' 

;.; , 

':: ." .. 
' .•.. 
. "" 

. ',. 
',. ' 

.;.\; .. :.;.t .. · 

r:.:: 

-.' ...... ~ .. -.,. .. ,.,~ .. . 
',:.. ..' ... ; ... ; 

.... :; •.... 
.~. a : .• ' 

'. '., 
'~ .. ' 

, . '. ~ .', 

. . 
1 •. ' 

ha:.;;~~'de~fee in' X. ~Clri~:at ie:~t2cl_'; 
::-.': (>' ....... ", \. 

.Rene.e ... , ~ . 

. '.' 

..... C·._ , '. ,'., 
. h(Y X).;: .;.1i("X·Y) 

, . '.- .,' •. ~ u .:::: 

.ReCl.uir~cl: 'resUJ.t :i.~ now .irilInediate;·· 

":,:' 

:: ' .. ' 

, .,. , 
~' .' 

'.' .' :;.' . 
, ,'. 

.~. ",' 

.0 

'. ~ ... 
.•... 

. ' ~ .. 
Th~ 'proOf" of the' Theor~' now splitfj" into .twciea.ses~ • de:»ending on .. whetb,er . >- "',; 

"-', .. 
-:,. 

"CaSe .1: . Suppose : that . ·a>-1. • 

" ", , ~ . -" .. ;.-.:~,.' 
~n .the expr.ession;:- .... 

:--~,..-.~ _.'.' . ':" .~,.:." -, .'.' 
',: ...... h(h(X,~) ,z'f) 

~ ... 

, " 
it 'is easy to see th8.t tn~. min~ ,degree1'o.uIld iriXis a2 " 

.... ", 

'-,. 

. Similarly~ noting: that:the.:Lemme. :j.IiIplies, that: . 
' .. " . -, '/ 

. . ,. '. a·,,1l . 
.,.' , 

~h~miriinluin deg.ree in,. X" found in the expansion·' Of', 

. h6~(z,ic') ,0), . 

is ·als~. (i2 . " .. 
,,:', 

·On the oth.er nBnd,' int~e .. exp~sion: 

h(h(y,.Z),r) ~ I; ·~o . [,i j= . , . 

'Il_"', 

, . . . 

·'a', 

one qan elf'sHy see that thete:i:m of 'mininial totai. degr,:,e is:. 

,.' 2 
'( )f\+1 Xa .yall Zll - c .•• • all' . 

Sine.e~ .. 
. ' 

.X *'1' * Z· _ X +y "":Z; mod total degree 2 .. , 

":1 

'. 

it is elear that' them~~omial~'-Of degree a inX in the,~aD.s·ion of . 

'.-,' 

" ... 

.. I" . i. . . 
the. left hand side of "nu.ation (3) are just the·t.enns of. dea"ee ·.a in' the . . j. ~-. . ~ 

th.1i expans:wn of: 

i h(h(Y,Z).,~) 
so that ". tJe monomial, 

1 

., 

.. ~ .. .:1." 

f' 
1 
~ 
.. . . 

t· 
l .. 
j .. 

1 

I·' \ ., 
t l 
1".1 
\'0\ 

J~, 1 .I 

,.....----:""""·.:.,..---:-::'=.+17.~ •• "'· ---:---:".".' . .". ",:.",. 7--0' +1:;-:=-~'::-;4::-;"",.,.,:c.:-<""",;'j"'" .::«O',.",:c,::,.-.~"-~ .• =."&~~ ;;~ ,'L • _ .• ~'".-r~~,~ .. ".:." . 



:~.;~~'~.'.~. ,~: ::'-': '.>. .' :<':~_)?\2f .~ '. :,>' '. :~ ,,':1', ,:, :. \ :~1/;~:.':':~:<, ;',: '~":?:'-~~'~::~::\'): :'.:~<\){~i.::~;::~·:·:: " .. -~ . .":':' :: ._ \>< .. ' ':.: .,:-.. ~:\;)i,~;.:. ;~'::.> <, .. :::' ,:,'" ':,:" ',' .-.. <:'< .. , ',' " -,' ','- ':: ... < .... ';-<:.:: ,":, "~' .. ' ~"'" " 
':t:"-',; ~·:.c 1lI~_ '.S' . ··~i··' .: a If\EtbP!jt\1fJ6fJfffJif&&;it!CtY4 .... w;.t.h:a;f.!&4iEii ... ¢.% .. ~ :':.":'~.t: 

_ ·'.,.\,i, 1,;' :~'<' .,_," "\' -, '., :,:'" .. " ',,~ 
,';. "" '~.. <:.".'\'.:,,, •. ', .• " .,' '.' ,: :.:": ,".: ' .• ' "' ' - ,.,f) . .... ",; ':>. ;.. , . 

. ' . '". , ., ''''.,'''' .---.:.'-"-'- '.,. .:~ ; ... " .', :-',:: ," .'. "". '. " " ' .. ;' a.~ 

.' .' '. \.. . . '. ·'.C ··.··'6+1 a.'atr 'a i ".; - '. '. " 'i~ 
{"'. . ,.' ," .-(ca~)_: · .. X'Y·Z ,'. " ':'0 . 
• :",::, •••••• '6> •••• " ." '1 " :'" .... '>:~1~ 

~.:"::, .~\ - .-.\ 16.; in fact; : th~,!Il~no~ial OfIninijn~:rMk'( with;reSpecl;'t06~rorde.,ri~~}, '.' .. ' '1,] 

. ""in'theexpan~ion oi~quation'(3)." '.' n.,,;,,;., ~;'~ .,'. ';. 

,~ . 

, , 

' . 

. ' 

...... 

I 
.'i . 

. , ,. 

'. 

.' >. 

"], ", .' • .. .. ' '. :J! . . ,.. " .. ' :~~ 

se'2:Supppss'that a. ~1,.ie..a2,= a. ' .... ,"', .' "- '-;:i 
". in ;,-ig.;,' ·ofthe'a~Ov.er.:mark;con,?erJting the' expansion'?f". ' "J' 

.~.. . '. ~ 
" .. .' j(:* y :.* ,.z ~ . ," .. .' . '. ," o· l Or, 

'th,e' suIn--6fth~t~rIns~f degr~e:n: iriX in the eXl?~~ion;'of equat'io~ C310,j 
'i~ jusi;' the 'sUm' of the monomials ofdeg;reeomi iii ~. in thet~reeexpr.E;s~ion~; . j 

} " .... ,-,.'} <.;~. _",.,~:: ,'.: ,',." ",' z-. :.O\""~ "',' "'".\ '.'.~ 
h(h(X,y},Z );li(h.(.9Z),~ ), an~;h(h(~~~),~) I 

C

. • Now, by.defhition of the various' entities, ,'j 

'~': h(h(Z;x)~0);= 'i.:j:oc'j-;[L·~:~ ck~ zk,.x~)i'Fir~ocr y~,y)j - J 
, " 

..•. ". ,: ...•. ". '. ~, ~" '.~ . ..' -..' .... . r,s:-., .rs . r 
Hence. the' sum of the tei;ns .of degree.l.in. X. is:siii!ply; 

. '. '.' ,,' :k.:-
s ='i.: c' 'c·Z·yj·X· 

'. 1. . j,k-ll,j .... kl. , 
• 0 

.'. 

= a for. all 
'1, 

We also have: '.' 

. .' 

., . 
' . .' 

.' 

Hence the 'sum of .the terms ofdegreec.i. in x, in the above expansion, is: . 

Adding together expr~6si'6ns (4) and (5) ·to "determine thS' contribution 

lind '. ~(h(X, y) ,zYi to the terms of degree 1 inX . . . ~.., . . " 

'". X' 
of. h(h(Z ,x) ,y) 

,': '. 
in the expanSion.·of tjie left'hand side _of equation (3)', and,. pearing in· 

mind the results 'of the. Lemma, we 'lee that: 

"S'+ S ' .. ~. OD. C .c .x.yj.«zY)k._ zk) 
. 1 . (= l.j ,k=l lj lk " ' --'--,---( 6) 
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" 
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" . 

., 

i 

" 
:'1~" .. 
',' ,. 
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. '.' 

~ . .' . 
:i'", .. ' "', 

,', .: 

: -". ,; ~ 
. :.- ...... . :.,'. 

"','. .~:"'" ",~.' 
.. 
"". 

. . ' ':; . :#'l.:. 
, ' 

"~. , ~, 
.'1' . " .. :.,'~ :~ ~ , :. ':. '; ,,. '.," 

~~._ks;...u49z~Gxi~.' :~! .'<, :>~:'{;'')f;' y 
.:',:. . " "';", 

.... 
, 

,".' . 

;., .... , .... , .. ,- . 

'" .. : ~ " , 

"" 

" 

" "" " . ' .... 
', . 

.' .' :.' 
'.'., > Fcir. k~l,i'\i-e, have: 

. ' './~~ . :" ":' . : ... ,.' . 
, .. , ,,' ,'. 

:> '" y' 'k' k" ' ...... , . -', ",10'" .' r·.". "8' . '.' ":k" 
'. " '. :." .,' (z) - '.Z ='r:t}> , =_" '. c"J ·Z.· "ZY " ',""" . r,B. 0 '. ' 

'k' .. 
'Z : :;,'-.. -" -(,7) 

'. ..,. 
"., 

",' " 
. I:' '. 

~~o'that every,monomial in t~~'.~XP~SiOri· (7 )h~s;degree at least ,l' 
. .., '" '. t ' ',. 

_." j. .,. ' . . _" ,: : . - ,' . .' '., - ,',' .', '"'' " -,r. .. ,v," .;." . ' 
'in 'Y. 'Hence,alithe'terIlls of' equation (6),have:degree .at'lea"!:t;,' 

'J,'" '"7""'-'''-~'' . ',' .' ,_ ... '." :.'., " ,.. .' "','." ,. ...,'. :"':-' . .' ~'" 
' .... 

",Il+l in Y .; " 
:' 

" .: 
' ...... 

, 0;> the. dth,;,;r hand.. . "'. <\' 
"'~ 

'k)i'" " ' .. '. ,:'S '. i··: 
.z'·· ... 'FO>··~c.,.r,zx) , 
,".' . r,.s",Q .1"8·".:,· • '.- ., '" .. h,(h(Y;~) ~XZ),~I£,£:o;~;.tLj, ;k:~ :(!j:._~j 

" ' 

has' o;UY: ,the two. ;teI'!ll~;, 
.' " 

: .,1: ,,' 
..... 

. "', 
'.' '" equatio,:: (3) . isci~ce again, )I,' ~ 

. ~. . , , 

,', 

.. 

•. ' _'(~ ) 1l+J..Xa.ytill. Zll2 
all. " 

.. ,.. 

wAlch ~s non-zero a~ the ring R' is.semi-pr~, 

c' 1- 0 
all . 

, Thus we have' arrived at a complete ,contradiction; '-

J. '.; 

Hence, 

'c - = 0 ij' 
, .. ' for aU i,j;iO . 

-'l. 

F(X,Y)' is a commutative formal group law 
., ' 

.. \ ' 

", 

" 

,y 
. \\ 

·r \ 

" - .. 
. \ 

must aSsUllle ·that: 

'\ Remark: If' S _i~ any commutativ:e ring with 'Wlit', ran G. ConneH has 
\ 

shoWn [\] 
, \ . 

s to be \ 

commutative, it,is nE!cessary and sufficient that the dilra.di~al of S\ 
'~. • 1 \ . 

' 'that, iii. ord&,..:for .a.ll--l"q.ime!],~i~na.l . fOrIll~~roup laws \ over 

\' 

I 

S ), be torsi~n fr_ee \', " (ie. the in~ecti,on 'of all the prime ideals of 

as an abelian group. 

: -' 

, "=:-'-.. ' \,'~~~~~ 
, '\ .' I, .' 



-.. ' '" .. 

·9 ~,: R" ~-...,..+)' R' 
. h· . m!. ' . n· 

• to_", \' :.~ r ' .. " ~, '. , 
• , " .:> . \. '. ," 

In pari!icuiar, whim '.n" = m ; "e~' is '.B.? endomorphism 

" . 

of . Rn.,so that', if. ,h 
. :. 

(, . in . CAlg(~) '. _ R 
..... n: 

" '" \ 
.. / .. 

e:R .R " 
~: . ~f.· ~ _ 

.... ~., , .. . '. ,'~ ....: 
: Xl', ••..• "'X for ·the irid,e:termine.tes of Rand'" f6~' 'i~ 

,.' .. ' 
':'.;'., , . 

.' . 

··:.·writing 
<,' !, " . '\" 

, " n ,n"? .', , ' 

fi (X).;". e(xi) ' .. ; . an~, f~J.(;) ='.e-J.~Xi)· i 

r 

I 
I 

\ 
I .> 
I·' 
'-.' 
i 

..... ' 'f. 
~ '.' 

define, ~ r '. F(:X:;Y). any' form:il.J..group J,ai/' over .R 'c;>f dimension 
-, , 

" .- F' (X,y) =. i-J.(F(f(X) ,f(Y») 

an f-:J.(X) 

:rriV'iaJ.ly we have: 

F' (X,O) 

so that, 

CJ.early , 

,; i 

F' (x,y) 

F'(X,Y) 

We'have shown: 

... 

,'. ~' 
~, 

'. 

'\ . 
\ 

'. \ , 
\". \. 
\ 
\ 

: .- J 'J.' 

" 

..... ~ 

n : 

'. 

is 

".'1. 

. . 

,'.' . .. 

~" , . 
;"', 

~-\\'-:.; 

I ~····':· . " ~ ,'.--

".' .... 

" 
.1; , 

: '.:;' 

, ' . j'.,. 

,~ J.:: 



...... 
I .... :.J '.>(~~ .. :.'" t' •• ,' '~":T .:~' .,~~:~~ ,. ,", "1\'~' ., -I 

~~ ;"':-;" 'i="~'.' ',,' :,,-!::'~,.,' ~.~: ...... ,;"~"".,,;"1':""_..,,,....,,:.:, ....... ;..;;; ... :..'!"'_;;..~.;... ;;;.1 ... ~. ~";;" ·M·:;;..,;;;.._..,...j;,';".;.;.j __ ~··;;"'_";;".,., .. ;;,L"~~""'iJ';~'~"~"~.:"i :;~,.;:'\.;~.<jj'}'~':;~ 8";'~~~;'f .. ' ''''': 
t:·:./~.·::.:. 'i.:··::··~"·- ...... ~:._.::.~ '.... :.-,T'f!:.,. ,:. ...... '".; .:'~":.r ':.:~ :,; ... q;' " . '.' ..... '.' 'l' -". ,. '. .....; ...... ., .. 
;' .. ' '~:... v I""""". I: 
"., • :.... i .1 ~,' ::.,' ••.•• '/.. :,' :"."}~':'--•• , .• k' 
~:... '. • •. ,:" ,I.., ", \,' .• .': ." 

'~.' .' 
,Theorem:' 1, 5,1.:' Gi";ent~~ fc~ai. gr6il~ 'la~S6';~i' R·· ,F, ;ruIq' G', :~f')iiiriens16n~' i 

.. ' . " .... n .... arid "'~ ;:, ;;'SP~'~~i';e~yJ w:i~-iJ a:~C;P~i~;;' ihFinl (R.·. )., .:. : . . •.... ; ..... 

:,.' 

':,.'.' 

" 

. ;'/0;' 
tiJ 

, 'I 

..... 
f":-
,~ .' 

t ~ 
• 
r.- ~ 
i· 

f 
1\. 
I.: . 
-~. 

" 

i 
I 

. I 
1 

L 
'1 

, ., 

. .. 

, 
". 

" 

, · . . , . </ .. 
~ ... , ", . 

" 

. ..... 

;-: .. 
· , .r 

..~ .... 

• I' 

. 

~ '. 
';' . 

" . 

.-.' 
t. 

. " '! '., .... '; . 
h:F" .i, G.··· I.' ". .' :. • • '.< '.' 

.. '. . I " '. ....,:.. .,.... 
""'.' t~en,' h '. is .. ~ . isc~.brfhts~.· nFniL(.R),:~f~tpe;, induced 

morphism in CAlg(R).· ,I . . ..' .. . 
. I " ,.,' 

," \ 
. ·.9h,. ::Rm-:--·-i'I .... 

:is ana).l~c)ilo'rphism c{. Rn; (note that if h' is an iscmorphism;' 

.• 1. '.' 

. 'f"'" 

, ,j;he~'~~~ ~):, ••. ·!·:d. , . 
.Second:),y, given a.rlY 'iscmorphism . .01' R. then 'We may;.p.e:f'· e 

_" '. . i ·n 
., '. a •. ~e;'" .f'crniai,group law-sover .. R" .of.' d;j,meIfsion '. n:which s 

iscmorphic tc F(X!Y)··.i· , .. ~ 

~: 

/~. 
/ ~. r .. , 

~cr t~e .iremainder' .of this thesis,r .only the .the~ry !~. dimenSicn'~l 
.fotma.lgrc~ laws' wi:!fL lbe ibvestilgated, / 

'", ,:.,. ".' " ",.'/ :. 
'. . '.·Henceforth, th~ expressic~: ·r';.F..:o::r..:m::a::l=-==i"'--.F==.:.:::::.....:.:.R" 

.. '- ,,' .. 

I 

, ... 
):. ..,/ 

· "\ 

sha~l act1:tal1y' ~ean: 11-1, dimensiobal formal 

,. 

\ 
\ 

:: 

-/ ~,,,, 

,. 

" 
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law. over· R II~ 

" I 

I , 

" 

:.-

. "'-
-, 

.. 
' .. :~ ;. 

. '. ~" 

" 

. > 

.' 

) . 
. i 
r 
i , . 
'.' 



.. ,",::.,";" :', ',':'. '; .,.' " .. ,; ,'. ':'1": ". , '" .',. :. .:" 
''':'~}'.:~.:: ... :\-. ' .. j-:-":1...J;'.:, ..... ::. :::":-:'-"::",:: ":'.: ..... :' .. ,>- '. :',"-." ',,', ,', 
': :7"""':!'W~N!"~-:t>.'!P.i'B"",,,,""":"L s r " -. .·ii~'FZ" .s ~;,..;..~~~"'.;."),.,,~~:~,<,~~.~.<,lt,,~~fc<:':~.: <j '. \' " .... ,' ' , " . L'~ .. '· " '" ,", :~J, 

- - l ",,~ ··':,'·L:.r ~ .. . ,.,~ , . ':': ," "" . .'--' .. "', . ~- .. ~-:. 

f .<, C . 'TER 2:.RATIONALFORM!d GROmi.LAWs.;:" .. I· .. · .. ·:~ Z····, ... ~. ':':~ 

"~, "'" .. Th~~UghOU~ ~h~S/Ph~Pte~,A: .willcie~O'teanar~~traryfi~ld., • ..'. I) 

!"," . ·§2;1~efinitionandt~i~~;~:e~s.:'. • ,.·1. <. '. ", ,.~j 
''. " .. Let· F(~,Y)·· dealte ~';r.ati6n~. :rurictioninhe' :tw~ indetermin~t~s',i''- ~nd.. "'~ 
.... \. 'Y',~ve'rth'e fiel.d l:;.·, '. ",,' >""" .. , .~ 

.. D,efinitio~:. ".e SheJ.1rC~l ,the"~:ti~niU.'-fun!'tion .F(X,Y)· :~,re,ti~nei formal group' .. < '~ 

:. , ,"-

' . .,' 

. " ,: '. i~w~verl i "if FCO,O) = O' ,.and,'F(X,Y) ~S~~_j:sfies:)j 

. 
;- .; 

l 

t ,: 

I 
"I 
I 

i , I 

--~-

, .l .i.:,., F(,X,O). =, X and , ' F(O,Y)' .=.:Y . ,:and, r: :j 
\.- ~ 

".~ ii. F(f(x,Y) ;Z)· = F'(X,F(Y ,z)) i 
-j 

From now on,' let F('X,Y) represent any.~ational formai'grouP'law ov¢r A 
., 

Choose re:)..atively prime poIYllomialsP(.lC,Y) .andQ(X;'c) qver A such that:· 

and Write: 

.... 
'1 , 

,wbere,.':' .. 

./ 

F(X y.) = p(X,Y) 
.'., Q(X,Y) 

anj t 0 and .aim t 

. b t ° 2.s ~d b t , rk, . 

. , 

0 for some 

0 for some 

Clearly, the above definition tells us that, 

I p(o,O)' = 0 ,and, Q(O,O) t 0 
. . 
and, rprthermore, 

i and j 

. .;. 

s and' r 

" ... · .... -.....:f-
~-.;;;~--. He¥ce, we may assume, without any loss of generality, tha.t Q(O,O) = 1 

, 
. alO =:aOl = 1 so-that: 

,~, I '. 
1 

L 
;. 
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.... ':. 
.': . .'~. " . ':,,". '. :-. ' .. ~~ 

"','. , ....... ; 
.. '- .•.. 

. ". . ...... '.,'" 

·0:!!ChiY4G.itMf¥u4ssas; ;n. _cim .. 

.;'.' 

r. " .' 

: " 

"" .. ' 

" ..• :...:::. 

','. \.' 

" 
,': 'II" 

~ 

. " ' "", .' 

~ '" , " "(, 
'.' . 

\ 
.... . ,' 

..... ;. 

'J .. : .... 

. ',., 

'. 
'" 

we'me.yno~ 'associatetcr' F(XiY:)the":fo!:,;;,.al powe;series: '" 
. .' ,~..,.....,.-,,-- .. .', '- ',,'-.~': '. '.' ' .. ,,' ''''', ~', .' '.' ",: . " 

'F'(X:,y) ='~(X,Y2:'0:~:o (_l)t'(Q(~.'Y) _ l)t) " .... 
',:.,~ ..... 

si~~eF(x,y) "is:": ;~tion~l f~rmiil,gi'6uj/law ; it': easy to s~e that ,F ,(X; X) 

i~<~fo~',~r9~1~w ,in'~he' sen~e~f.\lle ·;rev~Oll~.chaPtei'; Th,is~~hat~e>, 
.s~all. be ,~onc~~~~a: ~ith Sli~l :be" a :erysp~daidlass' Of.~orri,al group .law:sqver ' 

,.! ' ~is a"sOciation'~f a .fOrmaJ.~;upbW to. a'~a1;i~nal fo;;'~l grou~ law is ' 
, .1 ' 

" ',ext.r~amly, impbrt~t, arid.; , must always bek.ept in, xnind' l'ater, ,When ;consid~ring " 

" 
, 0 

. , ''"'::\' ','\ .",. , " ' 

• " " ,the final resUlt.'oi"this :cha.pter., ~d, .in-'partichlar;. its generalization found 
" .,;,'. .~. ....... :.' ,'. ~ ", .' '. . . . 

iri~haPte; 4' , , . 
. \ ',' 

'We ,shall now abuse our'lJ.otatiori bY,letti,!g 'F(X,y) 'd,enote both the ration'al 
';> 

funs:tion. , ( . , \ 
,:ti&n 

, ,Q(X,Y) 

and, the ass'ociated formal power s.eries F' (X,Y) 

I By Lazard' s re~ult (TheorejIl' 1. 4 ,1") we know that: 

an"d so, 

Thus, 

F(X,Y)= F(Y,X) 

'p(X,Y) 
Q(X,Y) 

= p(Y,X) 
Q(Y,X) 

p(X,Y) ·Q(Y ,X) p(Y,X)'Q(X,Y) = 0 

It now follows .. immediately thE!.t: 

Q(X,Y) I Q(Y,X) 

,.since, P(X, yj "and Q(X, y) were chosen relatively prime, Similarly: 

. , i 
and, therefore, 

" /' 
Hence, ! ' 

I 
that is, p(X,Y) 

I 

I 

Q(Y,X) r Q(X,yj 

Q(X,y~ = q(Y,X) 

"p(X,y)'= piy,k), 
" 

" 

and ,Q(X,Y) are symmetric polynomials 
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·1 
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" 
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" 
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". ' 
" >\ .. I " - :! 

:,:,;".,~~~tb<:'i&: .. ,<ttlL!!iS<,; ,', 
~, . 

.;. 

.. ". 
..... '. ;".' .' .. ' - .... :e_ . 

,' .. 

...... 

'."~ . 

, , 

',> 

','; . '.~ ... -.-~' .~:., . ... 
'-. 

'~, ' 

for anypolyriomial G(X;y,Z)iAC,y,z) 
, 

• < . . .... 
" ~: the. deg~eein Xof G(X,Y, ) is ~~PlY .the. d~~ee of. tJie:p~lyriomiai ,G(X,Y iZ)' 

, when ,consi'dered"as ~m:i'~,in x over the ring " 

Ob;:'iously, .deg 
., J:C 

is weu d~fined as' a 'set-mal>, an'ci. he:~ the following 

." .. ~ 

''', Lemma 2.2.1: If R(X,Y,Z)'and_S,(X,Y ;Z) are any'two polynomials in three ind,et.er-

then: 

Proof: T;:ivial. 

We may extend 

, by defining, 

J ..... 
" , 

deg (R(X,Y,Z)) = r deg (-S(X,Y,Z)) ='s 
x . x' , , > J'~rRTJc,y,Z')'8(X,y,Z)) = r +'$ ,and, 

l.r.' deg (~(hx,Y.Z),Y,Z)) = "'s' x ' 

deg to a,map: 
,x 

Deg : A("X.,Y,Z) ->- Z 
x 

\ 
Deg (R(X,Y,Z)) = 
- x S(x,Y,zl) 

, 
, 

It is easy to see that this does ,in fact define a,well defined set map, and, 

furthermore, the mapping Deg has the same mUltiplicative property as x deg " x 

stated in part 1. of Lemma 2 • 2.1' (. note tlfa:\>· part i1. of the lemma is false for 

the ma,p Deg 
x 
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" 

. , ~" 

";. "" 

0, 

...... , 

...... , .. ,.;" ,", ". 
,- ... , 

,?*Je~ .. 

.: .. 

" ' , . 

. " 

", " 

~.. .'~' 

t-wbnewra:ti~nB.lfunctionsover!, ( , ", ___ " __ "_'-c, -- -- ," ' ' 

.'~ . , ' ":':',' " . . . ' ".' "~' .: . : f, . 
, :\F(x,Y,z)dF(F(X,Y);Z), ,and;G(X;X,Z)';F(X,F0Y,Z», 
... : .... ~- ; .... <. .. ," "'-.'~' ';',> :',' ".- .. :' .' :, ,': ",'-,' ' •..• ' : .. , .. " 

B:Y';the definitioIlo:f a_ fa:tionaLforinEil group la,,:, ,wemusth~v~:' 
, -' 

.F(X,y;Z) =q(X,:y,zi" 
"'. ", - " 

.", . 
", ':,j' 

I 

a;"d ~,o " it ·:folJ.ows.th~t: " 

De~(F(X YZ)i=:Deg(G(X·yzlr 
~x· .'.' ," , X"'. 

_' ,"': \" I " ' 

-.'. 
'. 

[' 

~eg (p(x,F(y,i~) = deg. (p(X,Y» 
, 'x ;' "', 

" Deg(Q(X;F(Y ,Z)} ';'deg .(Q(X;Y}) 
" _ x, , ';' x,, , 

S;Lnce " 

by ~he multiplicative property of Deg we· have, , " x, ' 

Deg/C;(X, Y ,zn= d~€:,c(P(?C, y)) ~-dee;X< ~(x;y)') 
...~ , 

ie. Deg '(G(X,Y,Z» = ,n - i, , ' 

.-
.:.. .- . 

C'\. 

,. ;-

, ' 

"" . 

·x \", . " 
computing th,e'~,:f:ft, hand side_ of equa.tion' (1), is 'somewhat 

\ - Q(P(X,Y) Z) ~ "'" 

'On 'the other hand, 

more complicated'. ,Put: 

-( ) '_ [P(X,y») -( ) P X,Y,Z - P Q\X,Y) ,Z, ,_and, Q X,Y,Z - Q(X,y.), " : .. ;. ~ 
Clearly, 

p(X,Y,Z) ~ Q(X,Y):'Il'· (Li~O Lj~O a ij p(~,y)i'Q(x,y)n-i.zj) 
so that, writing, 

N(X,Y,Z) ~n,-n __ )i (, )n-ij' 
= Li=O L'j=O aij'T\X,Y 'Q X,Y ",.Z--.. 

we have: 

Deg (p(X,Y,Z» = deg (N(X,Y,Z)) x " x , 

that Is, by Lemma 2.2.1, 

De!!;x(p(x, Y ,Z» - degx(N(X,Y ,Z» ..: n-1. 

Similarly, we must have: 

Degx(Q'(X,y ,Z» = deg (D(X,Y,Z)) _ i,2 
x ~ 
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.' ~ 

I " 
i 

" .. ", .. 

. . 

. ' 

.': . 
...... 

~ .. 

'. 

:":"" .; .. 

equation 6pliti..,~atlll'alli int6 
.' t., 

",First',suppose~~a.t.'o:'n>, that is:,' degxSQ.(:X~Y» >'degr'(P(X;Y» 

,After~mom~nils.reil,e~t~!(~, ,it, :becOmes>cl';arde:h~(tD"(:X','y'" Z»" __ ' J!.·2'·' " > 
'deg

x 
(N(x;:y~zi 'f",; 0 J!.--, . and, -x . 

. '. ': ! 

" ' ·so.'that" ,by, equ~tion' (2) ; :we' , st ha.ve: .. ' ~', 

. .. : .. :' 

~eg}F('XY;Z») ,:,"~ 
'.. .'.' " 

........ 

But, by equat'ion (i)' ~~ h~ve , . 
, , . , 

, Deg (Fexh ,Z))=,n , x : 

and, since we have a~surilea:tha" J!. >'n 'We ii.a.ve a con~radict{(Jn' 
" . ! I" 

Hence; onlY the second case 'c .occur, that is , we must have: ' 

'If we' act)J.al.ly· have: .n>J!. , , it ,is: n.ot '~,?o diffi~ul.t to 

and, 'deg (D(x,Y,z)i= noR. x I. 

n ~ J!. 

see that: 
.' . , , , " 

,'degx(N(X,Y,Z» = 0,2 

therefore, . equation (2) 'riow gives: 

D~gx'!(X.,\,Z)~, = (n J!.)2 

'Equation (1) now implies that: ,/(n - 2,)2 = Ii ,... J!. 

~ that, we m~t have:. 

we have now shown above: 

,/ 

Theorem 2.2~2: Fo,,: ,any rational. formal group law, ' F(X;Y) 

,; 

, . ' 

P(X,yj 
::: Q(X,Y)' 

deg (Q(X,Y» ~ 'deg (p(lC,Y)) ~ deg (Q(X,Y» + l . 
x . ~ , x. x . . ' 
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,I we·"have: 
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'. Q .' 

'," 

I,' 

. 

" 

, , 

, 
" 

~; '. 

i 

i 
.'\ 

. ' 

".-, ...... 

,;: , 

:.' 

-, .- ::. -', .. ' 

" .. ·.bOi '=, aoi+J: ' '" ,end 
.... " 

: ,J. 
", ,'.~ . 

" ..... 
" 

.' " ',' ' \ ,",' , ',' ' "" .; ,,',' , " ".' '., 
:Reina.r.k:By',,,,jmmetiy 'We ,must', have: , biQ'= ii.iH;,Q ,'for all . 0 ~i ~J!l-1 "' 

.. ,0" _. 

Corollary '2', 2, 4:: ,F(X;.n' is: actually a polynomial over I!. iff 'for some:, a~ 
F(X,Y)-='X+'y .; aXY 

o ," . 
, " 

" 

I'i'oof :.IfF (x, Y) is a p~lyriomial, then by the :theorem, deg (p(X~y),= 1 , 
) . . J/; '. . .: " 

Hence,' , .'F(X, y). ,; X + Y ~aXY a'A " ' 

" 
Converseiy,eny polynOmial: X + Y',+ cXY, ,"c"'I!., , , ' 

can oe seen to be '8. rational',formal group law over, I!. : 
-:"~-'l.~--

§2:3 Divisibility Results~ -,-, 

'We now wish to establish relation~hip'1'bet";een the ;:oeff:i.cients of ,P(X,Y) 
t.' \ 

end Q(X,Y), using their relative primeness, The' associative property 'of F(X,Y) 
. , . , 

states: 

F(X;F(Y ,z» = F,(F(X, Y),Z) 

which obviously says that·, 

P(F(X/tl ,z)" 'Q(X,F(Y ,z» = 4(F(~,y},Z)'~(X,F(Y,Z» -, 
Thus, we have:' , " 

'. \ .' 

\: ,(Li:O Lj:O ai{F(~,y)'i.zj tl Lr:o· Ls:O 'brs·r ,F(Y,Z) s J = 

" 

, . 

= '(L~~o Iu:o Ptu·F(X,y)t.zu). (Lk: D L.i.:6 ~.i. ~'F(Y ,Z).i.) . " 
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·:-:·~~·fiA!i'k< ".< .' .' .. " :- ',:" -. :J'" .;>:. 
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:,"'.: 
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'..-' ... ': ..... 
'. ; ':. '~ .. ;',' ... -

'.' :"" .. ':":' 
", :.' ... ..; ", . ',' .. ", .' 

: .. . ... ,:'.', : 

.. ":" 

' ..... 

" 

. , 

.' 
.~' . 

',' 

.... 

'.' 

:\ ' 

...... ,.".' 
...... '" -. ':, . 

~ . . :'\ ~ " . ":.:" 

.' ~" .',' " . 
", : ~ 

".;". 

.' " 

..' .... 

:,,' .. ,. '. '. 

Multiplying both si~eso:r~he. ';'bO~~,.~~uatioiibY:.Q(~,y)m~Q(Y~Z)Dl .. , 
"- .,' 

;,' ,-•. arid . wi ting: ... : : .. .-' ',,' . . 
" }, ~ ': ;., .". 0 

···.~R:i('·X······Y·~··Z·) '~\'m-'i:~n; .b· .,;.r ...• p. (Y':z': )s··Q·(Y··Z·)·~.~s 
-. "'_". " ',' . Lr~O l..s=D."· rs. A ' .. - -.~. - .' ," '. ' ,'" .' :- .' ., •.... ' 

" 

J>1e. have: . 
• . :. " 

, 0 ';H(X YZ)"'i: :msm a~~'(xYii Q(X'y)IIi-izj , 
.' .. ,.': '.[.1.=0 [.j=O . lj. . ',.,. "'., ' .. 

t\ ~. 

,'. ; 
, '. 

.•... 

." - :-, 

,. ~S(x;y,zi:It:oIu:O~btliP(X~Y.l1; .. Q(X;Y)lll:'t; 'Zu 
','-" 

.~. . '.... ;~ 

' ... Tr:L:vi'aJ.iY~·P(X,Y),divid~~ the zero poly."omiil iIl!(X;~};:o ~hat P(X,Y) . must!divid ... : 

Diustdi vid.i.the· poJ.)momial: 
~. " 

.... :'. 
. " 

.' . , 
"(R(x,~,zi" ~j~O:~Ojzj - S(~,Y,Z)" Ih:(l bOu zu) "Q(X,y)m .,' 

in~(X,y ,Z) , But~ P(X,Y)'B.rid Q(X;Y) ar'; rela~1velY prime in~(x,*~z),' hence: 

I 
Thus~ 

N~ sUbstitute: Y=O 
:) 

we have: 
.1 

Obviously, 

.,' 
. P(:x';Y) r .Q{X,y)m , 

, 
\ 

", ..' 

.' 
:;~, .. 

,P{:,Y') I [~(X;Y ,2:)" Ij:o\~o~ zj - S(x"Y~zHu:o bOu zu) 

, i~i:~~inCe;',p(o,Z) = 
/ ',. . z"Q(O,Z) 

R.t~,O,Z) ~*r:o Is:o brs y! zs) :Q(O,~jm 
S(X,O,Z) ~(Ik:O Lg,:o iki' Jf zg,l",Q(O~i)m 

, , 

: ; ~ " 

" "j ,and, 

,in ~(X,Y ,.z)" so, that,' 

... " 

.) 

". 

p(X,O)' I {(lr:'o I~:o brsK ZS)"Lj:O ao~ zj - (Ik:O,Ig,:o ~g, 1:< zi)"Iu:o~u zu} 
," , 

in '~(X,y ,.z) Collecting together the various pow,ers of X and Z " we have, 
. .' , 

p(X,Y) i '{ Iu~ zu'" ~k:O'~" [ Ii +j;;;,.':(aoj' bki - '1ci"bOj »)} 
Oo;i ,j,m . 

'", 
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" 

,', 

" 

I ., 

-." " 

iSuPPcfSe ", " 

',' 

: .... :.: ~ , . ',' 

.......... 

: '. 

','-." . 

~qv that: ..• , ' B.mo ·':/-r . 
,Clear.J.y,the. de in 

.... ," ..... " 

. ,-, 
... .. : ..... 

, , 
\ :. ,:. 

"'.: . 

',. : 

.',',', 

".: : 

deg;(p(x,O})' = m 

", :'.'; 

• 

, .' '.'." 
/ .. ,-.-

. . 

..... ., \ 
ofthe.rigIJ.t.hitnd·side,of~l~'e '(i) is at most "m', 

t.hus, there' exi tgi€.!·;O"T~ 2m ~ ·suCh that: 
.) "'., 

p(X,o}-I. 2Di
o' g;Zf_ 

'J 

. ,"'. - 1.= . 1. ',': 

'G'," ,", ." . 
Since, 

J: ........ . 

pc' X·6}. ~ sma, r"o' Y!. ',' , 
. ,.. Lr=O " 

, ' 
equatingcoefficientsafthe VrioUS,pow~r.s ci:i:'z i~ .equaticin. (2) w';.·obtain: • 

. . ,giJr:~~rox'"T~k:00-[I~+j=i (a:Oj-bkS-~S-bOj.») • '. 
,.' . O<s~jQl' " .~'.. .' . 

. 

Equating co,efficients in the 'ab.ove equation !lives:: 

", 

fOr all i,r ; 

gi-arO " LS+j~i ( 
O<;s,jQl 

'. ' 

o .. i .. 2m , 0 .. r' .. m 

a -b- Ii -b) 
oj, rs rs OJ 

In par.ticular., when r=l; we 'have: 

• 

But, by Corollary 2.2.3, 

hence, 

gf= Ls+j=i ( aOj-blS 
O';s,j<;m 

"-_ = ~ ('a -b - a.. -b 
~= I.s +j=2m OJ 15 .LS' OJ 

O<s;j';m 

" • = 'a -b -·s..:-b 
Om 1m . .Lm Om 

·b = 0 , Om 

,'Thus, for 8IJY r O";r,m , . . ~ 

=:Ls+j=2m'(·aOj-brS 
O';s,jQl 

-26-,· 
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, , 

.~' 

": 
"' ....•.... : 

.' .. 
I',: "',',' 

:',' ... 

'.,>. 
" . ;' . ."' 

Proposition2.3;1:n:amo:,t,0,tpen:',: .'.' 

" '. , ,', 

. :'; 

\ 

........ , ' 
", ;-

. " . :. .. ,",: ;, 

: .. ; ..... 

:~ ,,' ';' .' 

''':':: .... 

\" a- -1l' = b, " ':"!-or; :O.;.r< m 
',' ':, ' " rO 1m rm ", '., " ' " 

, ,P;60fi.Use the 'sXitunenta'bove"together, witll the sinun~tr;;..,orp(x, y) ; 
. ,··1:., . 

" 

. . ,-
" - , 

':,' 

'o";: 
"'," 

:- ::-

... : 

-..,;-"';,1%' , '" ' . 
. --:~-,,-,,-'-' ---':':",,~.:..:.;.,-,; 

. .'~ t' : . , . , i 

l>, _, 

Re,turn now to: the ()r:igine.l equation,; , .... .... 
, 

!, '.. 'p(X;r(y,Z) ):~(F(X,Y);zj'~Q(ic,F(Y ;Z)J;P(FtX~Y),;Z},-, ,---({*) 

Supposetha,tF(X~ if isa ra:tion'8,l f~nnal ,group >iith; ,,':,,) " , 

,-'. 
.. de!Sc(Q,(X,Y),l.<, de"xf P(x,y») ., 

. :- :. . . '. 
. .. ' . 

. :,' 

ie. b' =b =0 :Mn mr for all Ii" .0 ... 'I', ,,' m 

We shall show that 
~, ' .. 

Q(X,Y) is'a'constant polyn9mial, 'm = 1" ie. 

The expansion bf equation (*) is'-

, Q(Y,:Z)-m'-[L~:o L~;O~iJ Xi~(y,Z)j Q(Y,~Z)m~jl-:', 
'-Q(X y)-(m-l) _ (Lm":"l Lm- 1 b' P(x y)k Q(X y)m'-l-k Z1) '= 
," '. k=O 1=0 kl!.' ,., " 

= Q(X y)-m~[<; m, . <; .m ' a' p(X yjr Q(X y)m-r .zs),_ 
.' Lr=O Ls=O rs ' . , , '.' 

, ''-Q(Y Z)-(m-1). [,\11\:-1 <;m-1,b, xt p(y Z)u Q(YZ)m-~-ul' 
, , L.t,:,O' L.u=O tu ' " " , 

.. , 
~ence: 

o = 4(y ,.zr-R(X,~ ,Z) -Q(X,Y) -S(X,y ,z.) where: 

'. ' 

R(X,Y,Z) = [Lr:o I~:oars p(X,y)r Q(X,y)m-r .zs](L'~::; L::; btuXt'P(Y,:Z)U Q(;'Z)m-l-~l. 

S(X,y,Z) = [~i:O Lj:O aij Xi 'P(y,z',JQ(y,zt':
j
) (L~:; L~:; bkl!. p(;,yl Q(X,y)~-~-k zl!.)~ ,- ,. 

ObViously, ,Q(X,Y), I 0 in_~.(X,Y ,Z) :' and, Q(X,Y) i~(x,Y) in ,'A(lC,y,Z) 

Furthermore, Q(X,Y) I Q(Y,Z) ill A(X,Y,z) iffQ(X,Y) "is t polYnomial 

, '> ." 



.:, .. 
""':'.-

...... 

'. 

' .. -.: . I .. :." . :,' 'i' ." '.' . 
.:.. '. ,:. ' .'. ',". 

'-", ," 

"':." .. '. 

., ".,: 

..... 

/. 

, .', 

¥!4B2i¥iif, a ¢r , .. 
,. 

'c' , • . ... '.' I 
' ..... . 

....... 
: ':",' 

" I ',' 

'- ' ,~ " 
.;.... ; >,." , , . . 

,". 

' .• Suppose-, 

',: . 

I . 
f?r 

,:,:., 

'I'> . 
, , " 

i,.· ... : 

. .... 

..' .' 
. ~:'. 

Hence~ci.ua.ti6Ir(*}; impiie5 tb'a.t': ',',.' ':-',., 
. _,'.: "' ,:\7,..., '. • ... :. 

" -" Z,;.Q[x,hb,~ \X,Y :2.). .;. "., ;. 

i," 

.. -:',; 

. ?Ons:i.de;i~'g R(x:,Y;zh~ a. ~~~~~~~a:i ,in Q(X,Y) ,clea.rl~ Q(~;Y) mu_stri.div,*d~', the 

, " -\" ~ ,,'. . ":' ") . . . .... , 

• _ ," ~,\" 1;. , " ." . ' ~ __ ' ," \ • 

.' "ie: ::/'Q(X;Y) I :[Ls~o.'~'a.m~,·zs).J L~:,~'I:~~btu~~P(y,Z)uQ(y,Z)m:l~ur ' 

" Since, 
" 

deg ( p{x;y», =' 'in " titer.e e~'ists i' :". ,x... ',' ..... _ ,', 
0· ... i .... m 

, ~m·a.' ,z·s,,,.O I. 
l.~, :l.s=O ms l' 'I 

, . 
.' C,leiol,rly •. 

.. 1 , . 

Q(:X:;Y) l ts:~;.~~ ZS . ". 

hence: 

Now set: z = ic 

I ~in:::l v,ni:::l b xt~(y ,Z)u Q(Y,Z)m-l-u 
,l.t-:o. \~o tu, .' '., " .. 

~ \' , . ' 

. . 1 . '., . . 
~m-l ~m-l' t ( )u ( )m-l_u 
1.t;:"0 l.u=O btu X P! ,XQ Y,X, . . 

I ' 

Q(X,y) 

Q(X,Y) 

!Ie know t·ha.t: Q(X,Y) = Q{Y,X)'~ and,P(X,Y), = p(Y,X) 

and so, r 
'I 

Q(X. ',Y.) .1' ~m':'l b '~:"-_.,...:...------:---:---==---:-
l.t=O tm-l. -

By symmetry-, Q(X"Y), is not a. polynomial in X aJ.one', ther,efore: 

ie. 

Cqntra.diction 

~m-l '. t _ .' : 
1.:t=0 b tm_l X = ° ..... ,'. 
b tin_l = ° 'for al.7 ° .... t ... m: 

We know tha.t Q(X, y) has degree exactly m - lin, bo~h 

and we have assumed that: 

ie. ' for som~ t , ° ~ t <I m , b " = b : f·d ' 
tm-l m-J.t.:.....------

Hence we have in fact shown 'that Q(X,y) 

" 
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~,' :~:\. :.,'] ">~,":':"~".,~ "'.: :... .." - ,'. '. 
'.:' '. ":.'\.;,,:\.'\:: ~.':":,'" ':"., .:' .," ':' '.< .• :' ...... ':"~iA,e",i.~ ;:~~'~r'~':':~"6~d,~}>.~, .. i~ .. ~.: .. ::;,;.:!i.~; .. 

,.' . 

• 

. ' . 

.. .' . ,.": <.,,' .. "~1'i" . 
. . ", \: ,"J. ;. ~ , .' .' . 
. \\.: .. ";'.'.;:;'1 

':.\\,:', • ' .. '. ". '.' ....... '.";' '<J.!l '. 
>, ......... y, -.' .;'. .... . <~~< 

.s~~·gUP, :W:~\Jia"e:,-, '.' ", ..• ,'.'>' ;"'. '. 
, . "::.'1 

"J,'roposi tiori2 ;3.2: If'F(X ;Y) is.a ration8.1foi:maigr~up:ti;.wo,'·over. ~, 
;: -, , ') , \ . . - '. • ·1. ' '. . ..... ,I.,:.',. 

" .' '. " . ·t:ie.'F(X~i),,: ~fi:g,,'p(~~X) ~~:"q(X,~r.~ei~tivel~ p.r~m~;·< ' 
. , 

., . 

.. ' . 
.',-" 

,',. \ and,: ·.,aegxCQ(x:y)) <di~/ p{X,Y) )'; ',':,'" 

•. \-':"th~ri,F(X,y) is'actu.uly a' pO~)'IloIDial .formal gr;u~',,:law -overA;'~' 
\. . " " . " ,;::-". 

'. \ ie.~F(X,y)='X+y ~ .. aXY"'" .;:rorsome a€E •..• 

.:):.... " : ~ .'~"'.'. \.,' " " . :1. 
. . §2.4Mobius Tr.atisf.orn!ations and. Isomorphism, .. 

" . ,,' .' . 
. , 

," Le.t 'i" (X)' ';deh~te t~e Mobi~s. t~anSformatio~: 
a '. \,',. . ,X 

." ··'i'n (X);:' :). _ it.X 

. , '. ' 
• 

I~<:,. 
(aear:LY, 'i' (X) . 

. a. ,un~er, substitutiqnof 

"form'aJ. po"erseries; the inverse transformation'· given' bY: 
. . '. . ,. .- - <'.:", • 

, . 'i'.-1 (X) = . X 
I a 1+. a'X' .''' 

and so we may.conside\·t):1e rationru:,;~~~'gro)ip iaw, 

the 'morphislI! . 'i' (ic) (i: Theorem' 1. 5.). ), ifefin~d by: " 

isomorphic to~F(X,y.l under 

:rJ1us, we have: 

Put: 

a· , 
. . 

F (X,y} = 'i'-loF('!' (X) ,'i' (y)) 
a -. a a a 

F('!'. (X) ,'!' (y)) 
() " a _ .. Cl.. 

.. . -
, 

. , . -- ~'!".~. 
", 

F X,;t' = . __ " 
a~.....-r-+::J...F-('!' \5n,'i'. (Y)) __ ,~. 
~ ____ '-" ... __ ~ ~ - a, 

------.-- .~ .. -- . , 

p (X,Y) 
. F (X,Y) = a . 

a .Qa (X:Y) + a'P
a 

(X, Y)·. 
, 

, , , 
, , 

, 
, 

. I~ 

'p (X,Y) = (1 - aXim'(l - ay)m.p('i' (X),'!' (y)} and,. 
a ' a a 
., ,'ni rri· 

Qa(X'Y) = (1 - aX)' (1 - a'l) 'Q(~a(X) ,'i'a(Y)) 
.... 
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. .j, ,t 
'" .. . ;~ , 

; 'I r ] . 
. ~I 

:~t . 
:~ . 

.. , "t
. '''j 

.. ; 

J. 
I. 
.
l, .... 
j . 

l:~' 
1 

Y', 

, 



',;', ,:.-';', .... --,' ': 
':, .'.-.... 

'._ ., -i'"' 
. :; 

r',"·", ,' •. ,.", c'-:"",' '" 

"" ,"' ~ 

". ,,' 

, , 

.. ':'1 

i " . 

I d(X,y)'= COO ... the~: 

! ' 

'Proof:'Given ,that" 

d(X,y) '= cob 

obviously: 

" '\" . 
" 

l 
d(X,y) , ye 

" ' 

" Hence, by the definition of 

( 

Therefore., 

cOO 

, L 1 
= d{X"y) ,(1 _ aX) • tl y,) 

~ r \' ' 

, . 
• 

\ d(X,Y) = cOO' (1 -a.x)k. ;1- aVR. __ -cII_.,.-,,_ 

I 
I, 

'We can noY prove: \ '\ 

Theorem 2.4.2: p(X,Y) and Q(X,Y) are ,relatively prime in ~(x,y) iff: \ 

p' (X;i) and ((X,Y) are relatively prime in ~(X,y) for 
a a 

" 
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"';'';'' .. .'."":. 
,'. ," 

' . .-- .. ,' 

. . '. '. 

'" .. ' 

o 

o 

'.: ,,',: 

.':. 

,. "'"; ..... . 
/" ; '-:.,~.'.:' '.' '.'.' . '.,' .',;'-

. ", . ~ . .., ....... ",,' 

,,' "ie" . :~e~) u(1(X',Y) ) 1 k >0 '.:',. '. 

. "It fOl~~ws imm~di"te~; 't~a~; '. ;; "': .'. 

~eg ('~·(X,Y).)· ... I '>.0 :. . y::: (1, . , 

'. . d(1\X,Y) I. Q(1(X,yr . , ' 

;..~ Let P~(:i;Y)'~dd~{;'1/) h~ p~11omial~'ove'r Ii S~ch_t!)at: 
'P(1(X'Y) = p~(X,y 'd(1(X,Y') "and, 

J . ", ~ 

Q (x;i) =" Q~(X;Y 'd (X,Y): ~ , \ 

/ 

I, 

Since, 
( 

" , 

Cl Cl. a·' 'c-' 

by the defi:r1iti~n of P(1(' ,Y), • 

m 'm' ) ~ 
P(1(X.;Y) ~ (1 - (1 ) • (1 - (1y) ,p('l' (X) ,'l' ('y)) " I, 

,I (1 (1 ':~) 
" 

:we. have, 

-m .. 
+(1Y) .p(~,y) 

~here: 

anc1, 

" 
NO\l, I,'(X,Y) is a POlynOmi~r~ Ii, and, clearly so is d(1(X,yj, therefore, 

P;(X,Y) must',al~O be a POlyn0tf~ over Ii, ., 

d(l(X,y)- l,p(x,Y) in ~(X,Y) ".~ 
, '~. 

ie .. 

By a .similar argum<cnt , 
\ 

,Q'(X,Y) = Q'(X'y) (l d (X,y) (1 , . , 

"'- -31-
',' , 

.' 

'" '."1·-;" .. - ~ 

'. f: 

j: 
. ~ 11'l' 

l '. ',J', " ~ 
' .. ( 

··.··i ~ 
1 i ' . 
. , 
1 . 
1 

... 1 

1 
1 
; 
!': 
, 

I' 
I", 

r' 
;,: 

" 

. ' 

Ii 

I: 
I: 
" ," 



". 
,,-":t.." 

I 

. : .. ' 

" , 

-;-.' . 
·1 

..... -. 

I . 

! . 

t ,r, 

, , 

.:. '.: ~, "'. .' . . ' ... .. ....... 
' ..... .. ..... . . ~. '., 

." .'. 
'".':.' 

';:. 

' .... 
''''., 

", .. 
.; .. 

. ' 

...... 

," 

"' .'. 

',' 

, " 

... ",. 
>~< ' , Hence ,by 

.. ' . 

, 

I " 

'.': 

i 
i :.: 

" 
' .. 

l 
.!'; ~, 

! ' 

, 
'\ .... 

.•.. 

: :.,' 
.,-', -,:.,.., "'-'--,..-., .' 

, " .. ', . 

. " ....... 

,''wllich says th';'i,':' ", , ., 

" ' '.,', ,'m'" '-::, 'ro':' f', " "":, ,", ",', . 'k" '&' 
, (l-aX).:(l-:- aY) ·p(,!,:(X),'¥. (y)) = p'(X"Y)'c~(l :c-aX) ·:(l-aY).--',., 

.' '. . ..~ S1 0; '. 0; ., . '. • 

," '. ,m k" "ro·R.' :, ',' , 
. c"P-(x~Y) = (l~aXj - .(1-aY)" :p(,!, (X),'!' (Y)) 

, 0; :. .',".1' ..... a.·o; , ' ' 

'''ie' . 'f- .• 
, ' 

, 
. ~, . 

Now; jP'.(X,Y) is a polYnomial over A, ailci:-so, . ex ' • .' ~' . 

( ")m':'k ( )m-R. '( (')' "('))' " 1 -: aX,' • 1 - ~'~,-X,'¥a,'Y , 

-----: - .... 
must be a polynomial over-A. ,However, 

,~ ---. , . 
.. ~ 

deg ('p(X~"YJ ) =1 ' 
• x' ~ 

\lhich. implies ,t'~at: k ;" R. ,;.' 0 

" 

-' 

" , ,.' .~' 

'. 

~.-.--.-.' )-'~ 

Hence the only common divisors Df Pa(X,Y) and Qa(X,Yrin,~(x,y) are the 

'constant polynomials, and; this is true for any.value of aE~. 

Conversely, :if Pa(X,Y) and Qa,(x,1) a;e relativ~ly prime for' every y.alue 

l' 
, ' .. 

aE~, ,the~ obvi~usi-y P(X,Y) and Q('X,Y) are relatively prime since: 

Po(X,Y) = p(X, Y,) ( and 

4 We Shal.~' nO\l 

Qo(X,Y) = Q(X,Y) --....,11---
, 

derive a simple form needed in the next section: 

,Lemma 2.;4.3: 
; 

I 
\. 
I 

\ 
\ 

Suppose that 'F(X,y)' i,S e ratioh8J. formal~roup 1:m<,; 'and, for some 

aOE~ \Ie have: .' F '(X,y) = X'+ Y+ aXY aEA, then: 
,aO ~ . -(". 
, \ 

f • X + Y + (a'of 2ap)XY 
F\X,Y) - 1 (a0 2: + a'CiO ))['{, 

o 
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§ 2.5' The' 'General Form of a Rational Formal Groun Law;' 

) 

',Let n(~)' deilotetheaig~braic clo~ure 9f'the field ,~ • , 

Before giving' a:'gimeri.l:"form ,for, a rat.ione,lfo~ai',group law ov;er the 

" 
,field !::.' w,e need two additional le,mmas concerning n(~) 

Lenuna 2.-5.1:"For any rai;ional ,formal group iaw .F(ic,Y) over n(~)', we have: 

ar~·blm =Prm for. 0..;' r .. m . " 
" 

Proof: We shall make use of the :fact that n(~) is not a finit.e field. 

Write: A' = n(~) . Recall: r 

F (x y) = 'I'-loF('I' (x) ,'I' (y)) 
a.' . ex ,0 a aEA' - . 

and, 

P (X,Y) = Li:O Lj:O a . aG-Xi'(l ')m-i j ( aX .y. 1 aY )m-j 

" ' . ~th:' ~. wi1 oj. 

Q~(X,y) = L m' I m b r (1 aX)m-r"ys'(l aY ym-s 
r=O s=O rs' • 

, 

; Let 

',., 

, ' .... 

Q (X,Y) = Q (X,Y) 4- a'P(X y) 
a . a . (l' ' 

denote 'the' coefficient of ~yj" in P ('x,Y). Then: 
a 

\' \' , (-a.) Hk, : [ 
Lk+s=i LHt=;j 

p,;,k ,S{'m , " t<im 
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f 
\ 

" ~. 

~ 

v 
" 

., 

I 

\ 

..... 

:" . 

:'. 

~ .. 
'. ~ .. ' 

., 

. ,' . " ....... ':.:', : 

.B b .. t,; ~::i",ri4"'.4l6!l.iu:i~'4_"· .., . 
• :.. IJ • 

. . ", .. ''''; .' . ... : . 
. :. 

: .... 
., .... . , .. " :.'., 

.',.,; 
.' . 

'~" ." 

Similarly; if'll, (a) d~~ote~the co~h{ci~nt6f.:2:Y~ in 'Qa' (.x,y)~\:,' 

. ~', . 

, < 

, ~j.. '. ' 

, ', •. ( ) , " . ~i '( ')p+u ,t:::~~~'J' r ~-q'J' b' 
bij , a = l'u+r-i ":?p+q=j' , -a 'l . u· l P',: vq 

. '\. 

O«u ;y~ CXp ,q",m, .\ ' . 

)yJ in:Q' (X,Y)'( .~. ' 
. ,a : ..•.. . :' 

,. ... 
.... . ' 

~.' . 

,. 

.\ 

'. " 

Since: ' =1" 

'. 

. neitber 
, .... c/ 

alO ',:,aOl 

·8.
Q

th(a·) , n~r is 'constantly zero" wlien viewed ~s 'a polynomial . 

in a . 

.I 

Thus.,' the C set; . 
'.:':' ::. :!." 

= 0 ,lor, aam ( 8) = o } . I . " 

is a fihite.set, Now, by'Theorem 2 .. 4.2, P ,(X,Y) and Q' (X,Y) are relatively 
a' a 

prime p61ynoffiidls, so, by Proposition 2.3.1, for all a€!~E, we have: 

a.'o(8).iblm(8i = b. (8) , ·for any i .. ; 0 ~ i .. m 
l.' l.m.'""-\.. 

.. \' 

ie. is a root of the polynom,ial: 
, ' 

b]" (a)' ~ a.
O
· (a)'blm(a) -'b. (a) 

l. l.m I,· 

Hence, since !!.\E 
\ 

i'j an infinite set, for each i " 0 ~ i ... m , b,(a) 
], 

./ 

must 'be constantly zero, ie. the zero.polynomi~ in ~(a) 

This says: 

a'o<'a)'blm(a) = b. (a) 
l." l.m " 

----''----( * ) 

Now,. 

',m k(') aiO(a) = .Lk=O (-a)', .~ 'ai_kO 

~(a) '= blm(a) + a'alm(a) 

-34-
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~" ... 
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"; ", 
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.:. 
,I" .' .. 

.... ; 

. I 

.' ; .. '.' 
aU=- •.. j ••••. _"; .. 

'. ';" .. 

. .. '",. 
'.: : 'r~ 

\ ". . .. , .... ", .,' .:i." " . ~. . " 

,. ~e •. b 'Ceil' "':ti!' :~:"(_a)?+U-;( ni.:-V:~ .. )1,(.Ii1.-q,'):b.·: .::',+' ...... . 
" .. lIn·'-- .£;"+';';'1' Lp+q=m . ,..... . .u J! . . p' vq .' .' . 

. ,': .: . . O~~"~~ :'Q'p,q~ni ~\ .. ' . . / .\. ' .. " ... ~ .. :-

..... ~. \', -'--.L'a. (~ ." ~ .'-' (-a)t~~.'( m~s~J:.-(:m-~0.a'·):: 
,. ocr . Lk+S=l,\J:R.~t=ni' .-'. k ..... :t 'J st' 

:.' . , ·p"k,s~. 0"£,, t...<m" . .... . , 
. -~ . 

:'.' . 

.. 

. and, similarly, < 

" .. ' 

" 

+ a'(£k+S~i:' l£+t~·(-a)~+k: (.m~s )·r mit] 'ast] .' 
O<k,s<m 0<£, t<m' . . . ,. 

'.' 

Comparing the constant terms· in eg,uation,(*). above, 'we see that: 

for all. i , 0 " i " m. 

--~l:!,---

Remark·:This lemma is, of, course, the .generalization of Pl?oposition 2.3,.1 

Together .with the Proposition 2.3.2 it 'gives the'proof .of the main 

theorem of this section, first dire~tly implying the next lemma , 

wh~ch forms the' heart of the main pr~of. The ~ain techn~que'used here is 
.", 

the .. special subset of the isomorphism class in FmlC~), of the rational '(,) 

f~rmal group law in question" ~hich we obtain via our simple Mobius 

transformaticms: Their importance with respect to the the pry of 'rational 

formal group;; is far more than accidental, as we shall seE! 'i'n Chapter 3,-" 

where. they turn out to be fundamental object~ of study when examining 

the isomorphism of rational formal group laws over ! .r.r 

\ 
\ 
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· .. ~·.:t~.-;:,h:i: J. At:*,..:, .:4+-.. 't'.~.?\I~:;~;:';: .;,~ .. ~~.~ .. ;~.~,.~,~:+>:: .. 
. \'. 

.:i 
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'."'" 

...... 

, ' 

. ',-'. ~. ..: . . ~ -' : .' . '" ..... 
. "/:, , .":"f , " .: .... 
": .. ,' .. 

: '. 
-.',". 

Leinma 2.5;2; Let'~(X;'l)be anyrati~~ai forinalgro1'-p l~w over, n(~).,with: 
. -: .. 

; .'. ."' .. 
.': 

','. 

F(X'y) =p(X;Y} 
, ,','" 'Q{,J(,Y) 

,\ '. . 

, " 
'\, . 

'.: ~,~d, . 

d~~(Q{X'~Y)},~deg/'i(x,Y). ) 

. ' .-. 
'.' . 

,.. then': 

: !: 
, , 

. ... '. . ...... 

::. .~-
,ther~ eX,ists imother ;ratio~al-f~,rnial grOUp law; 'F'(X,~) , over n(~);,' ',' 

, . 
r- ~" 

which'sat.isfies! ' 

" 

'-." j., • "> /'" ' 
:,' F,' (X,',Y) _, ,p,' (X, Y).:' ' 

Q'(X',Y(' 

" 

. ~'. , 
;ii. F(X,Y) and'F'(X';Y) 

. , -:' and~.·· 
-'-

,iu-e, isomorpli.ic, 'forn;ai e7oUp'laws 

,OQviously"for aiJy a€n(~)" .F',,(x,Y)' is isomor.p?ic to' F(X,Y), hence, it 

suffices. to find an ao€n(A,), such that!' ' 
" , . 

deg T"Q,TX;y), ) 
• x aO ' 

, , 
< deg ( Q(X,Y-) ') 

... X . (. 

By Lemma: 2.5; 1 we have: 
/', 

,'t;or 0 ", r" m " 

. Now, 

arO (0) ''blm (.a) = b (al 
rm 

+ a' (Ik+~=l I Ht';1U (_ajHk. ( m~s 1· ( 
O(k,S(m O(~,t<im " 

(_a)p+l.fm):b ',+ 
. :-ll Om-p \ 

m-t 
~ 

+1 ' (_ll~+l,. (a\H2. (l m ).a ' 
• alm':~ .+ >! • 1 Om-~ 

~learly, the coefficient of 

(_llm+l. ( m l: b + 
. 1 00 

-36-
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I 

1 

"" -'., . '. " 
',.' 

.4U;'_4A l. '" 

... , .. ,.. " 

P cV k. \0 C<$iLi4 ,:",-'.:* ( 'i? .. 

. .. ..' .. ,". -:.; 
·u ;;:i'_JUt J ... O:.~~"""~~"""'!.~"".!'··;';~:·':~""t":. .. ~o ,! 

.. ••• ',' • < '. • • :, -,':::~. ~ ' • .... " '. ' .... ' .. ,:'. 
.'-;,-.. 

. ,<.. :~ ',. 
. ' '.-.'. 

:,;. . . ." . " .,.' ' 
" ,'. ' . 

. -:: . 
,', , , 

'" . 
: .. " .... 

". '~"" .. .'" '. .. , . ' . . 

~~ SO; ,bin,(a)':i~ npt a ~0~sta.ht~o.7ynO~~8J, in !to 

, Thus, thJre'exists ao.:n~) su~h tbat~ -,', ", 
"':, ':":" .' 

" •. '1. 

~. , , . 

'\ , ; " 

,:,rblm(ao), ,0 

H~~qe ':/~' ' .. ~' .:: It. ..... 
--.: ,". 

'" . 
f' . 

." 

'. '.' ... :.> ..... " 
stid, :by 

bead) - 0 
:rm'"" 

sy:rnIDetry; " 

.,1'cirah,o:;'r", m • (byi.emma~2.5.1 ), 

.\ 
" 

'';'" : ' '. :.1 ,': 

\' 

. '. ., - . 

;~,~ ,(ao) - 0 
~ '_, .. mr., 

",' 1""" all ' '," . or . 
", ..... 

r 

, Itfolioi;s~immediatelythai" 
. .' "';:' . •. 0', . " I ".": 

. 

'-----'Theorem 
,I' , • 

, , . .." 
Proof: Clearly" in view of Lemma 2.4.3 " it suffices to show F(X,Y) is isomorphic' 

to some polynomial formal group law' by 'I' '( Ji:), 'for some a€ n (~) 
--.. \ \, . a 

We have, 

F(XY) = p(X,Y) 
, Q(X,Y) , , vhere: de~( p(X,Y) ) = m " 

", ' By Proposition 2.3.2, if" 

deg (Q(X,Y) < m 
,x , 

then, F(X,Y) is actually a polynOJriial formal group 'law, • 

ie. Q(X, y) = ]: 

Thus, suppose that we have: 

de~( Q(X,Y) ), = m' 

C, Note that' it is impossible, by ,Theorem 2.2.2" to have,-

> deg ( p(X,Y) 
x' 

, , 
-37-
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I -- _. 

I. 

" 
,,' 

' .• i 

.;, ... ' 

: .. ":' -,.' 
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. , 

\, 
,\ 

I 

.: .. ' 

'. 

. '. .'. _.' .. . - , ~; . " 

= ~ ucc ~ .. ,~ .... , .i .• _ ~~U,,-'" . ,! ; .. !. f".,'~:c:~ . ..:,,!,;~_.~.~.~ .. 
.... ' 

'. '.: .~-

: .•..... .:: '. I. "':' : 

, . 
. '.' 

~ ".~ ", 
, ..... 

We, may n~i-a.ppiy-tenimi.. 2.5 ~~ to'Ff~:;Yl , • o~tai;'ing:- ,-' 

'_" .7c-~:p. (x.b ,,/--,,:~ 
'F' (x' xl'" an - _,:> 
. ~o' Q.;(x,Yr, 

• -,,!o ',: '-

.d~~~r':Q~o(~'Y»):< deg;/ .Q(X;Y).·)~ ._ 

. .. ' .... 

'",here: 
:,: 

'd~g{'-P(X.Y) l' >deg( "Q-- (:x;yiY , : .. . ' 

';': 

:"'. 

.. ".' , , 
" 

. '< ::., 

.. :-,,:., ... :-

, . , :'~ 

'._··i~ 
.. " " 'Co', 

r .. 
I"~ 

"\. '.:.. 

'. ~ ~ , 

'''', 
':. 

: '.' 

" 

.. ' 
p, 

,: x ,ao .. ' ,,:- x' ao', ' ' 

then.? ' , ex. Y) :~iS ap~yIiomiBl :('6rinalgiQu.p lB.",: :(by' prppo~iti~n~~::3; 21;. ,"_ 
','ao':' -. - , ',,' _' .. , " " ,'" ' -, - ,-

.: . 
•· .. 1 

, 
'. '".! 

. ", ~ " - '. ' " . -' .;' , .. 
~d.lieiice._'F(X.Y)is iso";'O~hict6a ~?lynpDiialforma1 group'ia",:' 

. -.-' ' '. . " 

If .• 'l!oyeve:q "'e. -have .. 
.;.::-~ 

, .. 

" ,.,-v 

. 'Po(X.Y),=P(xiY)-; ,'" 
, ..... ~ ~o· , : .• 

.,,-~:', '~.' . 
QO(X.Y)= Q ,(X.Y) and 

_,:' ',' aO _"-. . 1 .;. 

FO(X;X) ',,; F,' (X.y) -. 
, aO' 

''''e may apply Lemma 2.5.2 to the _group la", Fo'(X;yj: optainirig: 

, ,(p6) (X,Y) 
'(F.o) (X,Y) -= -, a] -

al ,- (-) ( ) - Qo- X,Y 
Ql . .'. 

, By the obvious compu1;ation, 

(FO)' (X,.Y) -= F -+a (X.Y) 
a 1 'aO, 1 

and so '~e shall vrite. ' 

= Fa' +a (X,Y)-
o 1 ' 

Pr(x,Y) and, 
---

~s before. by Proposit10n 2.3.2 • if, 

.. ,., 'J 

'-'- . 

.-,:. 
" 

, 

, . 

G_ 

• -then" Fl (X.y) ,is a .. polynomial formal group 'la"", 

';. q' 
-38-
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" -' ~; 
~r 
;: 
.'~ . 

I 
. ' , 

" 

. , 

." 

. 
p 

.•••. ..!. ....... ,. 

. . 
• 

:c~. ~ 
.... ,'".' 

.," 

" 

' .. 
" 

.... . ... " .. ' .. ~ .' ';:; . '.:'" " .' ~ ; , . "":'.' . 
':; :. 

.... , . " . 
." 

'.On t.he otherha.n:d,i:f~e'have: 'c:._ 
':.' :--

.. ' ..... '.- . . ' ." 
" .. 

... . .. ' 

'. 

'.' ,'. - :.-

.. ,. _ _ ._..r. 

.. ,:.,,/ .. '.. .I\(X,Y) '. , 
:F'l( x ;'y), =" . ..' 
. . ' .' '. Ql(X;n 

" 
'1 

- , . .. .. 
.' ... ".' .. ,: 

a rat5.?rlal ':formalgi-oup .l!,'W',;isdmorphic . 'to •. ' :F(X, Yt ' 

eacb isomorphic to th~ ,,;ginalgroup la 
, ". .: . . .' . . . 

' ... 
,:' . 

'. 

" . . 

no;w";.:for each·k~!!.; defin,e:. 
/" 

. ' 
.' 

.k, 
........ / .... 

/.th~n:·-:-Fk.ix:~) =Fk_l(~:Y~ 
.« . '. '. 

, .... ). . . 

ie.- . Pk (x,t)'Z Pk- l (X,'Y) .a.n:d, ~(x,y) = ~-l (x,y) ,! 
" . -.. ., 

. and,' if we have;. ':1 

•. :' .. 0 

degx ( Pk_lIX,Y.) ) =degx( ~_l(X,y) ') 
o 

then, apply Lenima 2,.5,2 to F k~l (·X, Y) ;' a.n:d set: 

Fi(X,y) - (Fk_l:\ (X,Y). ' . 

Pk(OX,y)= (Pk-l)a' (X,y) 

Qk,~(X'Y)' 
. ·k 

a.n:d, 

' . 

'Obviously, ifl the sequence, .{Fk(X'Y»)k:O ' o:f rational- :formal.group'·laws, 

eventually becomes a consta.n:t sequence, 

ie, :for' ~l' k ~ 1 , say, 

then~ F
1

(X,Y) is actuallY a.polynomial :formal group law 
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. ~ .. . .... 
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" ., 
o .. . ' 

. '." .' " . 
. . ' . ,' . 

~ to provetheoth~o~em" J.tsufficesto Sl1o'W'~hatfor;any~atiOnal ·formal 
'.; .. 

. , 

.~ . 
r(x~Y)', theci.eri:ved.s:q~erice;{'F~(X~Y) }k,:ci.' ~group ·la .... , is 'eventually:" .. ...... .. . ... "'< 

i 
"i, 

.. 

I . .' . : '" :;'" 
~6ristant: " 

" ..... . ..... 
. . , 

" .. .. " ... ' 

Suppose, for a contradiction, <that .. reX,Y) is a.·~t;:tonal· formd group .la .... · 
. ,:for W~~~h the .~equence, {Fk(X;Y)}.k:O·'· is not even.tu"l.iyc~~st;nt;"'\ ... ' .' .. 

. -\ 
de€;. ( ~~x.' y)Ol, = m . . • "~':J. " . x .. Let: "', . 

, ... -
. p" 

= 'deg),~ (x, Y)); .f.o~ all k€N.; . 
; ., 

.. and also, 

Hence, .it follo .... s' directly that: . ~ . 

. ,,: 

But, this.imp~ies. that: 

de~( Pk(~'Y) ) < 0 " for all k > '.In 'a , 

,r. 

'This is imp'ossible, since the nume~ator of ~y. rational 'formal group la .... 

must: ha,ve degree l.n x' a.t least .. 1', and, obviously· for eachk€!, .. 

is a rational formal group la ..... .. 0. . . Contradiction 

" 

.\ 

. 

,Therefore, for any rational,.fo~ group·la .... , F(X,Y) , tqe derived.sequence, 

.' , ' 

is eventually constant . 

Hence, every rational formal group la .... i's 'isomorphic"to a polynomial. formal . " 

group la .... ,. ana. so, the. required result·no .... ·follo .... s directly from Lemma 2.4.3 
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. :'.: . '.' ~ ': . ~ . 

., 

: ~.' , .. :.: 

... 
'-

.,': . . , ... 
.. - ' .. : ~ '. 

. .. 

'., . . 
. -.' '. .. ~ 

. .... ' .. :': 

.. . ... ' ., .. 
: ..... : ' . 

,~ .. ..... : .. ' . 

.... CoZ:~11ary:2.5'4;[ratiorial.~ction,. F(xiyi·· ov.er a field- 01. .. is.~rationai 

:, formil.1·group·iawoverA ... iff :' . 
, . 

. ~. . 

.:,'" . 

." .. 

<.' . ' •. : 

':'. 

.' " '. '.:.'; 

.'. Proof:·A5·int,he.···p .. r .. ·o. 0 .. 1'." of .. ' Lerinna.~ 5 1 let' ..•. • ,!.~ , ~'" 
' ... <1 

' ..... , . 

...•. 

,,': 

, . 
.' " 

.. ",/'/ 
· beth natural. inclusipn 61' Ii. in its aJ,gebraic 'closure Sl (A) ~. ru;td.,.iet,; .. 

":'" .-. 
:if; A(.(X,y» .-,'-..:..-,.,,:::. ":-",O{AJ! (iy»' 

. . . -, '. ./" '.~' - ~,. 

xt~odedin~~us~o~~· /..' 
., . 

" .. 
. '.' 

~~e'~~roi~~' sh;':l1' in.rl.:e use of t~is embeci.dJ.ng,. ' To .. prove .the· ~;;Su1t of 
•• 1 , • . .. . 

,~ .- .. 

aI;Plj:i.~g thetiieoremt~~:the . image ,'P(X;y}· .of F(X:Y) •. This tel),s ustl)at . 

for some . a:; ~ Sl(A),.~e· have: . i .: - ..... 

'-' . . x +Y +ari' 
F(X,Y).= 1 + bXY ~ 

.' 
. .... 

· . In .fact, ·we are 'deali~g w:i:th "'the power· series: 

.: .' 

- '., 
... : 

" ie . 

F(X·,X) = (X + Y -+- ~). (h:o -(b~)i)
'F(X,Yt"'·x.+ Y,.+ aXY + bX2Y+bxy2 + ab(xy)2 + 

'Now, suppose that·"'.have, 

F(X,Y) = ... ~ .... ~ X~-yj 
l.i=O l.j=O a ij 

, 
By the definition of if we have, 

• 
F(ic,y) = ... ~ .... ~ 1TCa<j) ·Xi.yj 

l.i=O l.j=O ~ 

· so that:· 

. Comparing coefficients ·we see that: . '. 
1T(all) = a·. , and 

Define a new rational formal group law: 

X + Y + al'IXY 
.' G ex, Y J = ---'">---'--"" 

, . 

a. j.tEA for all i,j >0 
~ -



" 
", 

i 
I 

j 
I' 

I 

I 

I 
:1 

But, 'the 

't:: .. 

, " 

" 

" 

, , 
,',' 

.\ .... 

.... ' 

(7 ~. 

.... 
, ' 

Hence; 

.-:: .. : : '. ...• -'~. ..'. "-"-'.' ',",. 
tOC·.'-k.1,,(~.;"ts .. ~i. ·.:.i;tL:Ji.'ciL· .. ,,~~~.:-~:·~~vf.~~.~"; ~~~.i . 

. . ,. 

. '" 

.. : " 

'.'"':-' :.' 

" ..... 
',l' 

:, '., map",1T is an{n;lect.:i.p;"i 
,~' ... ' ,",~~~~-',::"

,,~~:>F:(x,y) ''7 G(x,Y) 

'", ',." 

.-;: 

,-
.... 

" , . 

..... ..•. ,', 

'---" ..", 11-,"""--'-,, 
, 

. ~ " ,.' .. 
", . '.,' 

'f! ' 
" 

, , 

"f'" , " 
',' , . 

" ,', " ' 

,,' , , ' 

" ' 

\ 
.~.~. 

,,' 

\ 

/ 
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" . , ':'.'.-' ,,' . \. ". .' '. r' ~ "'; /'. ,'~:"GHAP~R; 3iTHERA;rONAV.C~T~~~Rt~ ... ,.,.,. ;<, ,. 

, ',' 
',. " 

:., ...... .' .. ' .. - ,,, 

" :~ .'" 

,", ~: 
.oJ'_·. 

.;',1'.' 

, u "'" . :- • 

", :" ~. \ . . '" '~. 
: ... '.0'. .•. : ....•... ::·§j~t The' definitidn;,': '"': ~"" .' .:.' ".' ... :: " . 

, , 
~ . .. 
" 

'. 
" , .' 

,: 

;'.". .' 

t 
t 

.. . .' . . ~, , '. .. ", .' ' .' 

·:X •. TJ,;eUgbdut this:ch~Pter;le:t .:·A." denbte'an "a:i-bit~,u:Y'·ffe:rci..i\ 
,-. ,'-" " •• ' .:.- -'\. - • ::. ' -'.' ':.' .•• ,., ... ,'~ ___ 0.,·0' 

, . Let .. F~(~:l denot~ the 'c::~;ego~ :WliOS~:.~Pj~cts:'~~ aii' 'th\i forwiigroups ovet .. ." ~ . 

. , ... :th:'fl~id.A·;~~d·;~ho~eJn6~~id~~ C~'~~e 'f;~~:b-qUP'li~;"em;rphi~~S clecf~ned,:in;' . ... -. ,. .,:-:'. - ,-",:.', , ",.' - .. ,.' ',,". '. .. , .. . -... ' '.: ... ' -, -.' 

·.;Gha:pte~~>~pw; ·~;n6!Jlhis~;a{:Fgi~i.' is given .by ,'a, .formai~~'wer series 6v.er '!." 
-".' " ; .. :..... "',,'. ....' .. ". . " '--. ~ -... .-, ~ . . ' ....:. . . .' 

.:. ru;ci..so· 'we d,efin~. aJa~iena,l merPhism .of ,iermai group lawstebea·~~rphism'of.·' 

"'FgCA) . given by' a .:re;;;aJ, power series ever ~which' is act~alii' Ii; rational" i-ciictien 
',' . . . . . " . .. .' 

. .' ! ' 
ever A.The:j.egicai.cheice.·fer the cate'goryefratienal ferm;al greup.laws ever~' 

'., '. ·'1 ...... " .' ..... - : ,~. 

is. ·th~ref~r~th~:·s:ubc~teg~ry· . .of; ~.F .. ,g.:.·a:n(~d)".'~::" •• eRrp. ath~.· .·ta.'~·e". whese .objects are the ' 

t~ti~nal:jermal.group .. ia~s eyer .u rational inerphisms.of • Fg(~) 
.,' " 

between' them. ' f·'· '., '. 

Fg(~) 

~, 

.The ·cate£;ery. Rat(~)'is net, in general, a ft;.li subcategory,oi" th~ cat gory . . 
. ; . 

"~~" !, 

Lemma 3.l.l:' If A is a field .of-characteristic' 0, then, the ada,itive' r.ormal 

group laW'; \ 
F '(X,Y) 

a . 
~ "-.'''' - X + y ... 

. , 
< 

are isem~rPhic ebje.cts ef,·the ,~ategery Fg(A), the isemerphi'sms g~v'en 

by:. <1>' 
a 

<I> (X) 
a 

F ----------+. F 
a /. m 

=~'" 'J!' 
£n:::1 'n! I 
-~-,->-" • 

F • F 
m . m 

, <I> (X) =~ '" (_l)n-l 'J!' 
" m 'l.n=l n 

. -43-

the fOrmal power se:!:ies i,. .. 

the fermal pewer se:t'ies: 

, (~e. <I> (X) = leg(X + 1) ). . m • 

.' 



..... . 
,:,~.,;; .. 

'. :.: 

~'.' 

.. ~ 

" 

i' .' i 

~i . 
! 

.1 
·1 

:. -' 

'1 

I 
. 

. ..... ' .. "'. " ;.:'. .... 
"':'. ' , .... .'. " .. ' 

'.' .' . ,'.'. 

..... ' 

..... .' 
'. -. '. ", . 

. , .... , (, .'. 
. '.', ",;,~ . 

" . ,". r·· .... , .......... '" 
R~marks:, i . Nediher , <I> '(ic) 'ri6r. ~(X) -is ~~b.t:LO~9.:t, fUllctic;>ii:over',a:.fie~dof' 

. .. '. ." : ...... :. . . Il;1 .... .• :' . ';. B:........ .li.: '. • . \ 
:.; .' 

cha:racterist:i.cO·~ 
. :.: 

ii ... This ·LemmagenerB.liz",s, tost.ate: 
...• '. .... . .. ' .. 

.'.,' 

. "~' ... 

.:~'.' '. 

<i~~~. a: ~iela.{)f ~har.act~~istic 0 all" cominutati ve'f~rmal : grouP.'laws' 
.' ' ~\:.' . , , _ are iSO~O~PhiC .to .the adcli tive' group;a~::,', arid . fu;t~e~o.re, if 

.' '.' ". ", ',:.... .' :. . ...• '-1 ...... : 

:lsomqrphism .is .. ·~i;imbY-.. · .. the powerseiri",. s:,·· . , , 

arId, 

with: = .. 1.: , . 
. .. ~.'. 

-tl)",n, . ,bl'~ i 
\ 

arid the two power series·ar~'unique, 
'. '.' 

.. ' 
A- proof of this may .... ") be found in Fi?11licp: [3] .' 

§3.2 Ration;,j Isomorphisni:' .. 
. ~ .... 

. at~gory . Ra.t(~)~,one, cer1;a:i:~y would like to 1)e able to 

'state the' n .esse,ry and condi t;ieins': for t"Woobjects; of . Rat (A) 
., . 

to/be 

iSODlCirp c .. ' 

. ' . 

,\pp"se 

Let f,X) 

that F(X,Y) d' G(X,Y) ·are two.rational formal group laws OVer A. 

. , " funct~on 

g(X) be 
", 

wei power series over ~, which are actually rational, 

and, 

" " 

By. The!'irem 1.5.1 " these two maps poth produce endomorphism'; of -the 'power' 

series ring ~((X)) . 
, 

Denote each of the respective endomorph-is1"s by:' 

Sf ~((x)) 

S g ~((x) ) 

-,--~:" ~((x)) ,and,' 

---->-·r ~((i)) 
'J!be same Theorem also shows that 
! 

f(X) and 

" 
g(X) produce in;'erse.lsomorphisms 

'in· 

• 
iff e 

.f 
and 

. , 

e g 
are inverse automorphisms of th,e power serie!~' rip.g. 
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C, 
I' 

i 
! ., ' 
1;: •. , 

.' 

',. 

.: .. :' 

. 

.~ 

. .., . 

/ 

.:.~ . \ ':~ .... : ' ...... ' ." .. ' 
:' .. ' 

. " '(. . '; . 
. i· 

,',,:,: ........ ~ .. 
4$S 

'. ". 

. ,~ 

. 0 ( R(X)) 
~ 0 ( H (X)' '}! ,,' -s' g>---,-,-,-,--

g • ' 0' ( sIx) ).', 
, g ", .... 

? 

' .. : 
, , .. ,' 

'. ~ and, 
'. \ . 

;'\' '. 

'. '. ' 
,: 

. c~ear1i JJot~ the' inaps 0'~' and .0· are~'Wellilefined; and ," ~1ll"tlIeI'l)lore, ar~ , 
~ ': f: :,., g . \ .Q 

in:':'~rseautOmorphisms of the fle1d of. ratl.6,na1 rUnction:s '. !(~) ; Also;.bY,the' 

,defirrition of the· maps: H f and 0 g ~ they bo't;hfi", -th~ base 'fi.e1d !i:. . 
,Hence " 0 f ,arid' ,0 g .' ar~:'~ctUal1Y .inem1:lers ,of the G""lois Groilp:,-of :the' ~:~,~pie 

trari~i:enderita:l extention ,A(X) o·f '!.' ,.,. , ' \,-

'It no!" follo'W"" from.eiemcintary Galois Theory, th~t',' ;or S'6me a,a"Y!; >: ", 
• • c 

But, since.: 

, , 

we !,lave, 

" 

'- ' ax 0r (X) " '<"< ~~ 
Y - 'aX 

'0 (X) 
,g 

'yx 
" I! :; a~' 

0
f

(X)' "0
f

(X) " f(~) 
. '. . .' 

,0 (X) " 0 (X) " g(X}-
g '. g 

r() ax " 
.·X "y _ aX and, . 

, " 

y ., 

" 
end, 

. ',' 

. ',\ , . 
g(xl " yXI 

a' +aX 
. 

" .. 

For a proof that the elements of the Galois grou~of !(X) ov~ A are,~us~ 

: .... , . 

. '.' 

, 
theM5bius transformations over A see Van .de'!' Waerden' [10]' pages 217-18.) . 

Summing up, 'We have sho'Wn: • 
"j 

: .. 

" 
, 

: 

" 
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." 
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,.',,-';:. '" '. 
~~ :~. ;~~ 
:,:. ,"". -.~'. "'.: .. -" . 
~,," '\~ 

r,' 
~, '-: 
'.". 
~:: 

. ",.' 

, " 

;: .. 

,.' 

.. 

.. ' 

.. ' 

-'-.. 

; 
I 

.,'/ .. :r.:"' . ::, .. ,.. '~'" 

'/ 
,,' l.i 

~. ;:. 

" ':,J-<:.:: .. :,.~'.:: '::-. ", .::. . ...... ;.~.::-
": : ~jq ·4;' . -';-: .. ;;~"; ~', ~" ,,:.~'~:;~t.L·; .. :,~~·.~;.:·.t~~, .. ?~~~~~.~~~:!.~·~~~-·~:.~~.i{~!; 

-"': ~~. ,..... 
:\" " ~~ 

; ,.;',: ... ~--.~:- .... '. '" , , 
.... 

" 

....... ". ; .... 

'-',' . 
'fheor~in' 3.2.l:r,r ,F(X,Y)aridG(X,y), are ~yt¥ciratiorial formEA 'group law~ ,,' 

over' a field ' ft:~' th~~' F(x,A' 'is'isom~r~h~~tO"¢(~,X;i~the '" ," "<, ' , 
Rat(~); iffth~re exists a:,a~y€!,.'suc~\he:tithe Mobiu~ 

:';', ,'!. 

,. ' 

...... -~ 'r-: 
, :category-

\ ~. 

, , .,: , transfo~a.tion; 
- I . ~ :~:'P..;> 

'" , \'" .. .." (" " "", ",', aX "- ~~:~~C- ~ 'J :'f(~X=y<~~ 

", 
f 

:.," 
" 

, , 
", maps F(X,Y), ,to .' G(X;'!), ,.' inR~t(Al 

., :.1 

.,' ::. ,,;;' 

"'We ,have ~o..j reci.uc~d the ,problem of nece<;sary and~Uff~cient C?~~itionsi'6r 
isomorph~sm in Ra.t(~)to the:question 'o'i the existence of a Mobiu,s trans1'Or:mation.,:.. 

.:; . '. '. " ~ , ", ;" . "~' . 

First 'let, us ~'dej;errilinen~cessa.ryccinditio~~ for:the' ~x':i.sta,;,ceoi:anismorphism:' 
. ' .. ".... -". • • 0" ' .', ',~ . . . ' . .: . 

'b~t..j~en two rational fOI'l!\~l groups', i~thecategory lla,t(!l:, r 
" . " 

Suppose that F(X,y) 'arid G(X,Y), '';'r~ tworational,'foriitai,group laws overA,., 
" 

which are isomorphictnder the niap 'induc'eid by: 
" 

,', 
,I 

, , 

ie~ <l> :' F -,-------+-. G in Ilat(!) ,',' 

Wri'ting, 

yX .. 
B + aX 

it follows that: 
-...:. 

------l(*) 
, 

Now 'py Theorem 2', 5 ,3 for some 
~-.:''''-'-.... 

= 

G(X,Y) = 

Substituting for and 

, ' 

X,+,y ,I- a'Jd 
,:l bOXY 

X + '£ + an 
1 - bJCY 

\.', and, 
,.. 

, , 

(*), we se~tha:t,: 

y'G ax, ax 1 
,.. aX ',' ,- aX 

F (x, Y) = ---"-'-+.;,........;:=;----"--':2-L..-f , ax ay a +, 
y aX ' y 
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~~~~'d:~;':~~";<l.~"""'"'"'-".. : • ". ::~~i.~·~.-;·~~-'~lS '~~!+";_,,,~0); .. :~,,.1~~~_;'_·'1'~o.:.~",:~ 
:.:, .... :~~.',.~~.,J.', ..... ~ ....... ; ... ::._~~; ., .... : .. :;.,:;;/!-.,' ....... ' .. , .. :: ... . ,.y.,~> ...... : .. ::., .. ,. ··x"~ . ,," 

1'\ I • I • - • • '. " ~ • , • . (:!. • • . ' • • 

,I: .' ~. .'"1' " . • " 
I.f, -' ~. _ • \ • • .,' . • ", '. ':(; ,":. . ." ~.:-.. . .' _. 

-. ", ," ',' '. .~, ::., 
~. . '\ .' ~ . . : . .. -; : . :,. . ":', .. ," '. ',' ' . " .. " - \ t- ,'," " .r \ • 

. )" .. \ ., •. : . YhY'-:":Ylaic":"}~"-:"dxjiY +';a2nr 
F(X\Y,}' = ., , ',' .... .. .' .. .... ' 

<\ :.a'(y -<;tX')(y:-.'<;tY) - .bll~XY),+ a(y- a.Ylax+ (y'-::,alc~aY + -al\2xy) -.' y" y.(yx + 'yy ~ ,(~a : -~ai~Y: . _ : .. ' : '" 0\' , , , . 

.... ' 

. . . . 
-"',.,.,,' . . ':' 

..... 
. , 

',"' •. Cl 
....... 

._. \ =~ :2 _ (b~2,'i ~all f:u2)~ .", .. ,) ...,'., . . ~. '.' 

~, ... 

" 

", 

! ' 

, ·1 

., 

· · ,'" 

,. 
'--1- :. 

,"'.-t ~ f ~. -f X~l~ (all 2a-l'XY, :~ 
.' '., ,'. :z . ·t: 

• '. J>o.; y" ~.:, y ~~ .. ~tDa.2 .!. aa_a.. of: .~~ )~'.: " 
". .. ........ .: ..... 

.: .- " . ,~~~ . ., . 
'i(x Yl =:X +.,Y·-+a:'XY 

".i: .', ·'l 7',.b'lCi:. .. ~ 
.J' .: L 

so thliJ.t·,~ ~J' mSo! a~ume that:: .. 
.. ~.\ .. .' .. , .. '.' .. 

. in which c·ti.se; wehitve:' 
. '. ".. 

'. '. ' 

y = l', , 
' . 

the charact.eristic of ·the fieid 

" 

" .. 

...... ' 

" 
.'.: 

." .,." 

. 

/ ..... 

. , , 

A "is '2, then:., 

'. 

.. 
.. 

\' 

.' " ~.' .... Now, if. 
... . . \ . ~. 

· , 

Ho,:ever; if 'A is a field of characteristic ·.not 2, t1ien:. 

;' a 
2 

so that, substituting we have: 

0' =ba2y'[~a ;a'jB + laa;:a'r 

ie, 4b' = 4ba2 - 2a2El2 + 2aa'B + a 2a2 2aa'B + (a'-)2' 

Hence, ·ye have: 

.4b' 

Conversely, with ~{J{,Yl' ~a: 
! any fi~ld of ,cnarao~eristic 

G(x,Yl the fQrmal group laws above, and, 

not 2, ·.sufficient cpndit{ons for isomorphism' 
, ""1 

in the category Rat (!l' ax:e immediately produced from the above arguement: 

if there exists a .BE! such that: 
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-I . ! 
, . 

i . : 
.... 

".;\.' .~' .. -.: 
', .. ;' ...... :.;. 

'. 

'.' . 
•... ' 

.. .... 
'<' .. 

.' . 
' .. 
. ;' 

.. -,: 
s:= .;;u:.~: ." -; _ .~-;_...:.~~~:-zW~"'~· ... ~j:;h:' ).~- ~.{ .... ~~::::7\·~"S-

' .. ' --; ... : : '. ·.i .' 
: J; 

...... 

,. 

'J .... ".'. . .... 
the. Mobius transformation , . 
.. \' "~"" .' .. 

. ";. -. 

o . 

.' . .... .. : 

., ., " 
:" \f .. 

. giv~ an isotiKll:phism b~t';een F(ic)).'ima GiX,Y).in. the catego.ry Rat(A.)'. '. :.. ...... -. '. . '. . . " .'; -~ .. 

. Define . t!J"eD~~c~iminant of· a rational forma.l gr;'Upl~J\F!(X,~): 
. .'. . . ~, . .' .. , ;.' 

, 
'., ... : " 

.'~ .' . . , 
.... .... / . , F(X y),~,x + Y + aXY 

, . l-b'XY 
.. ' .. ",' 

; . 
.' .... , '1 . '. :" ., 

. .... 

. "" . 

., 

"-j;' '.' 
. to be the sguare class associated ·to ··(4b. ':"8.,' 2.)·... (4i/'-: ';'2)' .::,. 0 ' ;'. if:: '~.J '. ,T ,: .and" '. 

" 

'define it tabe o otherwise. ;'.' 

.. 

~ .~ 

ie\; 
\ . 

\ 
. .. \. 

, . 
Summing.up th~ 

., if 

o 

we hav!"- shown: 
\ ',.. ' 

4b.- a.2 = 0 

. -

Theorem 3.2.3: o\rational. f.ormal group laws o~er a ·field.!!:, have the same 

/' 

'. 

iscriminant when they are isomorphic 'in th~ category Rat (!!:,J'. 

If .in additio~., the . characteristic of A is different from 2', 

then we. ha"",e: -

Twq rationai formal group' laws are isomorphic in the 

C'il;tegory . Rat(!!:,) iff ·the,Y have the 'same discriminant . 
, . 

Suppose for the.remainder· of this .Chapter, that 1;he cha)."acteristic of !!:. 

is different from :2 
, 

With' F(X,Y) as abgve, .ve.·bave the. first consequence of Theorem 3.2.3:: . '. 
, . 

Proposition 3.2.4: In the category .i.Rat(A) we have: ~ 
.,- ~ 

. '. 

- --'-i-; F(X,Y} is isomorphic to the additive group law, 

iff , . 
F (X,Y) = X + Y : a . 

4b - a2 = 0 " 

ii.. F(X,Y) is isomorphic to the multiplicative gr01,1p law, 

F (X,Y) = X + y'+' XY m .. 
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I 

I 
, I 
.. "! 

" , 
~~:.-.. ' . ;.,-

, , 

" " 

: .. 

. '-, 

" .. ~ ", " 

,', 
,-

'. \ 
" '-,' . 

. ',' 

'. '.:.", '~ .. . ,' .... , , 

4bi5a: non-:ze-rd,s,quar¥'in '!. . . .' . 
", . ," --, 

,.-' . 

c' , ,,'> ::'Fi.Theaddi:tive grpupli.w is. never 'is morphl:.c to th,e, 

r" 
:~ .. 

,', 

group.:l~w;' 'I " 
, ' 

, ' .. -.. 
. -: 
. ",' 

'Proof:, First' not" 'that:' 
. :: . .' . 

.i. 
, , -
" 

/' 
1,-

-I. 

.. ", .. " . ," ~ .. 
disc( F CX;Y),.l = 0 

. .. , " . a ' ', .. 

.- ~-. 

. :' _ . "'", x. 
,-a.isc(F(X,Y) }= {-1}.(A },2 

-~ m . :-' .' . -."-
" , 

," 

", 

. , .'. 
."-

" 

and so ,parts '. i: and' ii: follow 'immediately frOJJiTheor~ :3: 2, 3 , 

Part iii. 

, '\: 

is' clearly 'true ; ,- " , 

"If 'Ile have: ' 'J.' 
,,~ 

," . 

'.. -. ~ 

x' '(A }2 - \ . '-' 

={l} 

, ~ " , 

, then Iwe' say that the fil'ld \ A is guadrati>=ally closed 

Note: since the 'ch~acteri~~ic' of,.'! is not, 2, this is' equivalent to every, 

quadratic pOlynomJal over A splittirig'over ,! ' 

Corollary 3.2,5: A, is quadratic'ally c'losed it:f there are exactly two 

isomorph~sm classes'in the' category Rat(~) 
" 

. " 
Proof: Suppose fir'st t\lat A i,s quadratically closed. 

--------- - -'--,---- -

',Then,-,for'any" -"-ibiiX"s-uch that 8.2 - 4b f. ,0' 

a 2 _ 4b is a square in, A , 
Hence t for suc"fi- a,b, ., by theorem 3,2;4,' writing: 

we have: 

- F(X,Y}= X+Y+aXY 
1 ..:, bXY 

, ' 

F(X,Y} is isomorphic toF {X~Y} in Rat(~) 
m 

'''-..... 
" 

-', . 

.... 

"~'-':: .. , 

.. '. , 

Thus the only tvo isomorphism:classes in Rat(!} are the additive ,class 

and the multipl:i,cative class. 
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'.-'- tcU£ 
I! . ~ ."'.;, . 
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;'.' 
. ,'. 

.~ 

" 

f· . 
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, 
,I . ",: 

~ , 
~,' 

i 
t 

r 

.. i 

I 
\ , 

' .. '. 

. ''; 

.'., . 
~.~.': '"', 

.,.. ;"::". .:'. ,": ','" .... 
. ''':.-.' ,' ... ' ,- .; .... 

,'. .', .;;~·:'i" :·¥·i4£~P'~;·:·~~~~~p~t;.~~>is:;0:~ 
. .:' 

'" ': ., . :'.: . , ~'.' , " 

., .:. 

' .. ' 
" 

.. : ..... .' 
: '.~ . . , 

" .. 
. ,.' ." . 

.. .. ;:.. 
. ~: ." .'. 

" ..... 
'.: 

'.'". " '. '., .,.. :"' .. 

~ : 
'CoDverseli, ,suppose that there. "a.r~,o~lytwo isom~iphismci~sses' in, the 

.... 
"~ . ". ':-

"'-:" 
.;-' , 

'. "-. "'. 

'" 
~ , . ,,- .. ,.,' ". " .. :' -,' : -, ' 

Choosing the particular' case when' " 
. - '.' .' . ',' - ,'. ,;. 

" 

a =, 0 ' , ' '" ') " 

, ,this. implie,s that~or a.ll,b~A .. ;'-4b'is a. squ!U",e,in:A. ' .' 
., 

, ". .. \ 
.' ::-. 

, ,since4,is a,'squ~eUl'A,;re must, have that ":"'b,i.s' a squ~e in i A. 
.. ..•. . . ' I . "~' 

, ,Hence ; the field A, is qua.a.rati~a.11Y 'close,L' ,", , , 
~-'--!n'-' ~.:.. 

" 

, §3 .3The.Reiatio~shiptoQuadrati:C Forms: 
0' 

..... 

forins. Note: all forms, co.nsiderecl. wi11be' non-deg~nerate,; .' , .... 
'If we 

( . 
la"" then 

disregard,., for the moment" 'the isomorphism claSs of· the ad,ditivegroup 

we have shovn that ther~ exists' a one .to" one corresp6nde~ce' between 

- .-.:' 

J , 
the, isomorphism c'lasses 0'1' the \category Rat(Ai, and the 'e:l~ents of the ~quare '. 

- a," ~ ...:~ 

class,' group of the field A. 'It is well kn';~ that_theroe-i5--a:-c",ose connection' 

'between the_c1as6eS'''0:r,'-o~en:t quadratic forms over A' and the elements' of --------_.-------- " 

the Squ/Lre class group of A. ,The immediate ,question t9 answer ~s ,: what 

possible connection is there between the iSO(llorphism classes of " Rat (A) and 

the set of all congruence' classes 9f quadratic forms over A '1 

Let F(X,Y) 
. b' 

be,any"rational formal group law, over A'" 
"- • ' Q 

ie. F(X,Y) = .,X .... +,;-.;Y'-;'+-;::;;a::.:XY:,. 
1 - bXY 

for, some, a,~A 

Then, we may associate to' F(X,Y) the two by two,matrix over A 

'-, M(F) 

= (: '!] 
.2 ' 

I:' 

Of the matrix, 'M(F) 
\.. 

defines a qu~dratic form over and, in this A course, 

",,' 
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~, 

" , 

, . 

.; .~." ... .' , ,~ .. " 
. ' .. :- :',' .. 1,-":.,"""': . . ,: : 

. -,' ~" ", . 
'.: ',:" .. .. ".,;' ", " .. -. ',". -," 

.: ,", 

-',' 
",:,\,,<' '.: ," 

. ,- ,.- :'" ;"';"'" 

"'. 
.:. ~ .. .... ':: .' .. ," 

. ..' . ~~~';~~.;~: .. :~.'~~;. ~.d, ~L"*:'!::~ ~:(.'~';~74o/~; .. ;~? 
. ':: ..... .: ': r .• 

," .,". -
" '\: .. ~ 

'" •... 
"',' 

.' , '. ".:. : \. 
.. : ... ""\ ',:"" ;: . :.' : .. , .: 0'-

, ,'\ .-,' "",'.' . ~ . : . 
',' ",' "'",,,,',',"" ;"""'\\"':,,, -,,' ,,', ,0" '.C'-, 1L _ -"'-;.:,', '-'\"~"""'~ -., •• ,-: ... ~:.'. ",:. 

','tashionwe may associate:a quadratic form to' th~rational ':ro~al: !9::0UP law:'F(X"Y);" 
.• " . .. • ' .- ~;' .. ~.' , ' .. . -'" • . . . . ,,' , ,<' ~ 

',' .. " '. . .~. . . ," -'. . :.'-' 

, Sillce: we are exclllding the 'isomotphiS~;lass ,~f:, th",ad~tive 'gro'up, law from our 

"'.di~~~ssion'; we'h;":"e: ' 

• . ." , , 
" .' .:: .' 

, .... 
. .: :, I,' .'. :" 'a2:.: 

.'<." d~'j:(M(Fn=,b -1j:'f 0, ", 
" ", 

, , .. -:. .... _.:. , ..... - '-~".~-':.::..:--"~::-::.~~~.' ,-.: ., - ... 

"~sothat w'edoitifact havea:nd~:"d~gener;'te quadr;"t~6 io~ .. 
" . . .. , . '. - ,.... .: . .'. - ' . . 

.' 

" '. 

',Clearly,this 'corre'sp~n~ence aefinesa'~;ll defined ,se.tm;i.p·f;om,,:the:s~t of 

. all' raticinal fOrmod s"rolip: laws over A to. the set of ;;,ll \!.uaa.rati~'fo;m5~ver~, ,. 
' .• ',' v'" . '.- '" .. . " 

.We .can 9l\Q,wimmediatelythat >this map iJ inject'ive: +;~ 
" . "', ..... '. ", " ,.,. -.' ,"" .,' - . ' 

' .... 

,-
Theo~em '3:3.1:· Let .F(x, Y)'aiJ.d G(X,Y,)be . anY,two,ratione,l i'qrlnal grouP. 'laws 

, , . 
....... over A:'The~, we, ha:V~: ... 

' ....... -.' ',' ' ' .. - , , ' . '" 
-<>0': 

.' " .' : 

, " ", .. 
, , F(X;Y) is isomcirPhic!tci 

\' , I 

.the qu~aratic terms as'sO,ciated tc>'tlie matrices. !-i(:i»,!Uid ,M(G), 

'Q are congruent' •. , , 
:-: 

...l-_-'-''-----~f:' Fir:aLs.UPPO~e thatve '~~ :gi.Ve~it~oisomorphicrational ,formal grouplaws, 

! ," 'F(X,Y)' and!, , G(X,Y)' 

\ ,.' 

I 
.I. 

" 'I' 

Then, there must, exist a Mobi,~,s"transfor!a.tion, 
'. .:. . 

such that: 

.Put: 

'and, write: 

G(X, y) = 

ax ~(X) = It...-aX 

" 

X+Y'+aXY 
1,- bXY 

. , 
, a I- 0, 

, ... 

, and, F(X',Y) = 
x + Y + a',icy 

l-b'XY, 

Since ~ is an isomorphism, we have pr;viouslyshown that: 
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. ' , ..... ",' ': ~ . .. , ... :> ~.: ':;',.' ~'. , .. : .'. '... ~ ;.. "', . 
..:':.. ':-0' ,_" ,c-'-"'-'O' ''':';':'';0.', .c,' .:-." 7--:'--'..;,.": :_::'-.;.' '..;...;..' . __ :._':'..,.:'''-,C':'''' '-.: •• ::......:~,::. . ...:':::..:.~ •. ",,::..;,.' .::c..:-,-.. ,::.: .:.c"':';' '~, L....=.,:... :..:,.. .... '-' -'--~~~--'---,-. '_'., ..;,.' ::~. '",," _~~.~ •• ---'-

' .. ' . , .... ;. , . ......... . .-' .:", 

.. ~".' 

. :.' , 

: .. 

) 

i: 

I 

I 
I . , , 

. . :.:' 
':, .. 

., ... .. 
" .. ', 

, .... .. ,' . .. ''; 

. i.· .r· 

• 

:"-' ,'. 

':": .. 

'.:". " .. ,,:,: 

, , ',,~, 

, .. '; .... , . '. ;-> ':', :.':' 
..,' . 

". : 
. ;', ':. . .... 

'.\ a' ... ~ :.~~'~:~. ,~~i:' ,... : ~: ,", ano .. ~, 
:.:bi =a2 '~+btl:i'" .': 

.. ' 

' .. 
,"., 

'.We .. also ·have·:: ' 
, .. ", 

, ··:M(~lt;M{G}.;M(:~~) 
,= .[ l. . 0 1 [. ~ . ~ 1 '[ l. -'. ~a'l 
.' -a tl· ?b .0 tl .. 

.Hence, .
'4 

'" , ... • . ' .. 

.' . , 
'.' . 

.... ,' 

I . . . .'." . . 

M(F)-~M(~) t.M(C;) 'M(~) 
'. 

,t:nd, .sincetl #-O,veliave: 

. . -

-~"2'. ~ ;8 -: a', ' .. :- '.1' '.. . 

:a:·.-'- aatl +tl2 ·.b:· 

,. .' 
' .. ' 

. ' 

.. 

. 

.. ...... 

:~ , .. 

. ". 

,.~ 

,',. 
",' . 

.. '.' 

. '. 
" . 

'." '. ". " ., -,' '". .'. .' .' '". . '. 
Suppo'se, on the· other hand., tlia:!' the quadratic 'forms .associated to the 

matrices. M(F) i;Lnd' M(G). are congruent. Then, there exists a two by'. 
.... 

two matrix 'B with; 

.det(B) #- 0 .' 
such that: 

Ijence, 

ie. 

But; 

det{M(F) ) 

so that: 

M(F). =: ~t'~(G>;Z . 
cl,et(M(F») = det(B)2'det(M(G» 

det(M(F» _ det(M(G» . 

(a' ) 2 
= b' -.~ , and, 

det(M(G)) _ disc(G(X,Y») 
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I' 
\: 
I 

.;.: 

. , 

.~ . 

'. 

' .. ,"' 

.. . -:-: . . ..... :,.'.-. , ;' '. , . :." .,.- " . ' .. " .'1-- .'" 

Ii; now foliow.s iilimediateIi that : 

" .. , .... 
.. ;, 

.' 

. and SO;bYTheor~~3,2;3,F(X,y) .' .. and '(1(x~Y):ar~ :i.somo~lii.c in the 

;,~. : ,.. .' ..... 
category ., l:{at(p . 

..;. . .-' 

: '-' . - > . 

, \ .-

Of.co~se ,in gen~ra;l~ 
.. ' .' i" "'~: 

this map is far f.rom. being a bijection.. of sets ,"One' 
".' . . '-' . .. .".' , .' . . t. 

.... , . ' ,. 

.. hasorily. to exainine tbe field "Of' p-adic numbers. for any pr~ep,tosee that .-,,'. 

" 

, ' th~i-e are' twice. the. numb'er'of,c:).·as.ses:6f' corigrueIitquadratic:: forms as the:teru,e . . ... . '. . .'''".,' -". . 

·.eiements iri. the. squa.reciassgrOllp (see Serre Is] );U';wever, in the'cB:~e of. . .. '. . ~ . 

.. ' finite fieldS; the situation, i~' sOinevhat differe'nt~ 
.' . '." ••... '., • .' ,.-.. . .'". '",' .. '. ' . . , '.' .'.'.1". 

e, ..•. '. . . 

·.If· M,' is'a: tw~ by t';omatrixa~sociate,dt~t(J.f('ci.ue.dratic .fOrn., f(x;Y') ", , 

.. then. 'lie may define t(J.·e cia.ssica.1disci-iniinant. t'bbe the element or'the s.quare .. 
~ '" 

class. group given by: .. 
, , . 

", 

Disi:(f~x,y) ) 
,.. 

. Clearly, by . what· we bave. seen iIi th<;!' abqve proof of the' last Theorem, two 
- .. . \ - . . 

'. qu~di-atic forms' over .. !' ha.ve the same clf!,ss:\:ca.1 .iiscriminantwhen the~·are 

congruent, For the ab'ove correspoIidence to be bijective, it,;ts necessarY . and 

sufficient that any two. quadratic forms h';<iing the·.sa:m~· c1assical discriminant 
. j 

" 
be congr.uent.' , ' .. 

:. -:. 

If 
' .. 

A . is. a finite .... field, thep. th.is condition is met; and. so &,y quadra.tic. 
, 

form . OYer ! will be congruEmt t'Ot 0t:e derived from a rationa.1 formal group 
. . \ ..: , ' 

law. The,proof oT this re'sult can..be found in, Serre [S] . 
• 'j:t .. .' . 

' .. 
Furthermore, i'f A is a finite field,. then, the jsquare class group of' A· 

,~ -
, 

has exactF two: elements: 

Suppose·thatA = IF 
. \''', ' - q 

, where for some prime p # 2 

Define a ·group homomorphism on:thJ·m.~tip1iC~tive group A 

, '.' 
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I.· ... 

... 0 

,- ,. 

" 

, , 

" 

.: "'.: .. 
I .• 

:'i" 
, -.: ... . ... : . 

'::.:' ' .. : 
... ·S:"~· .. :';:.~' .•.. '.' ... ':~ ~'. '.' . .\ .. ' 

/ l' S . upic L':'1fllI!Wa!if3:b.i)G!",!~,4.j.t"~:,~i(~:ffl'!:'~W~.;~,~~ 
.'.'. 

» 
.. ; .•... 

" 

, " ........ 
. ~ .. 

:' . 

':, ': .:." 

,given by: 
.... 

.... 
., :. 

Helice'"we must: have:: " 

" 

" .... , 
. •. ! .•..••• 

: .. , , 
.... . .. , . 

.';'. 

. ... 

, . '." 
V ... 

': 'for ,aIia~! 

y2='a 
. '.' 

:." 

, , 

: •... 

..... 
" ' 

..•.. 
: ' q-J.., -,' +J..': y ',--

;~ " 
. ,'. ~ .. ' 

, ... 
If 

" ":1. 
',Y~'" :1 ,'then, sinc'e, A ',' ~s, the Ilpli~tingfi'Ud''o~the pcil.ynomiiu.: 

" 

.; . 
it f~llo';'sthat ' yeP:. 

then, '- .... 

2' -y,= ,~" 

X', 
", ~ 

, , , 

" 

impJ..ies tha 

q-1., 
,has at most "2' roots, in the fieJ..d 

{l) 

ie. ,---= 
(t)~ 

{-l,+l) 

This discussion directly gives: 

.:' . ...:'" .' ,'. 
:" " .. , 

, 

have: ..... 

", • , , 

" 

-,.--+1 \! 1} , 

''', 
" 

.', I 

Theorem 3,3,2: ,If '!:. is any finite' field, then, there 'are' only '3 isomo~Phisni , 
classes of rational : formal group laws 'over ' ,A , in'the ,category 

Rat(!) , which have ob~ous'representatives: 

.,. 

>, 

F 6:,y) = X + y 
• a 

for b a non-square, 

" 

~: Immediatefrom:rp-", above, 

X + Y 
1 bXY 
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. " .... 
'.f" '.- .• ' 

,.':.' '.'.>,' ., . . . , . ": .. , .•.. .... . '.:.1.: .., 
'~>_E!dit :a:::i~ ... Li a . '. ·r'· .. ,. :c. 54; !.~e7 • .' ~; 'ij2(~",!l~~~.~';S1;,,"f.~"::.f:,.?~YS:~~~ .... 

. '. ':. ".:. '" ' .. ' .. ,~ 

'; " 
. ', ~ 

~' .. 

. :. (":.' 

, . ,' . 

.' .. 
. ' .. . "' .. --- .~--. 

.... ' 

. ... , 

, .. ' 
.~'. . . <-. . :;.~.:. ' 

.' '. 

,. 
'.\' 

.~ ~. 

~" . '. .,' , ... ." 
'~" .. 

.. ,/' '§3.4 Some ·En.clbmbrJlhisinRingsinRa.t(A)~::" '.,'. 

\-. '/ .. ' -Sci . far·.wehii.v~· oilly' c;iiSid~r~d the problemof~sQJllOi:phism' in' th~:categorY 
a· . '. . , R~t(~).~~tural1Y, . o~e~oW:~ 'w~shio :h~;~ . some. inf6rniatipnc~nCe~ningt~e 

, .' r". . ..;. ~.' . :'. ...... . . . 
'.' ) str~cture01'th~Hom'::sets ofRat(~.l, a,nd,. ;toclO.: thiS.~i;i~;ne~ess.ai::r:to c()nsid~r : .... . 

. ". 

the :end'omorphisnl ringsbfthe ad,J.itive: and: 'muitipl:j.ca1;ive~rouPlaw~,: ... 
. ". ',,' .. . . ..' ..... '.,' ... ~,'" '... .' .. ". . . ':" 

'. ,F(X,y);'x +y ;" and ~·'.F·{X;y):i. Xi- .y+, XY . " .' 
'... 'a .. :, ." .. ,:," . ' .. ' ,~ _ ,.m " . .' .,.... .' :~, . _, 

.', '. 

. ':~'.'. , Note:b/PrOp~sihon-i.3;i< we,laiow thatthe~ets ~~g(A) (Fa) ~nd in'~g(A) (Fm-) ( 
,.. - ~. -' ,f"' '.. . • . . c 

.,., , .' " . . 
Fg(A) is a'Mi sUbcategorY' of . Fml(A) ,and.so,itis·.j 

End'. .. "" t··.(.A··)(F J. 'and' EItdR··:t.'(·A·)(F. }"e;e rings:w1.th ~ / 
~ ._ <;;II .... a _ m. '. .., .. :... -:-~.~ 

'-.-' .- ... -'~" 

, , . .' . .' 
" .. : '~e 'rings" .. sin·~· 

. ' .. 1 

'.,' .' . :obviousthat. the. sets· 

':," 
: ' .... unit~'" '!iinc~ cOIilposi'\;ic;lO of rati();'ai.funCti~na YieiciS"" r~tiOp.airuhCtiOriS'. 

.':.' \. 

. , 
,Be1'ore': detEirmining the~eendomorphism riote .. tliat it is easy to show 

'. ',,'.' 

" that.. for. any n€~ ,,: 
. ,",' 

(~)F(X) ";.·n .• {.: .. and .' 
a 

,. 
1 " 

... , 

I' 

Proposition 3.4.1: Suppose that ~(X) is a rational :runction over' E.~; then: 
. ! 

i. if A: has characteristic zero', ... 

.. .-. 

- oJ"'. • 

, . for' some a€~" 

Ii. if the chro:acteristi~ of A is' p ,:!in" odd positive prime ,. 

'. ,~(x)an~att;)(Fa)' . iff: 
h', .... J1 

(. ) '" ~npi.J":': 
.<1> X [.i=O at X( . '-"'1 I for. s,ome . ai€~ 

Proof: First' consider ·the case· whEm the. characteristic 01'. A ,is zero.': 
\ 

, 

'~ . Suppose that. ~('X~€En~at(!f~Fa) ,then, 'we must have ("see '§1.3) . " 

for all n.:Z , , . , 

" .1 

-55-
" 

.\ .. 



' .. , .: ". :. ,''''':=: ;.' 
"'< ,; .'",.'. 

.~.". '.: '" . . ......... . 
' .• ill. : ' ".:. ,. ':"', ',' '. . ': ,.' 

. '.', .. ",.:' ,'.' 
.' .. , ''' .. .. '- .. ,: . . ,.; .~. , 

·.1'~:-C ,;-:~''''~' .. ,-

" .. ',' ~ .",! ;--:' - '.>,. :. <:;. -.. 
'. .' ~.;:i .'~.';;,..;;:;;.'jo;~-',~,,~.~;,;.,.~~.:: '. '. ~ 

.~ 

':'., 
.f .' 

': . 

'. -." 

' .. , 
; : 

':., ":. ,.' 
": .. ":,' 

.. '" 
.... , . 

1 1" 

.' .' 
". :" ........ 

"' .. .' 
" .-.. ' , . ':' , 

' .. , .... ;.. .. :: .. ' 

-. :. , .,', .' .. 
'. :0, .. ' 

.'~., 

. ie; i(rix),,;~.(~(:lc) Y., . " -- """, ' . 
. - .... 

~ " .. ' .,' . 
. .. ~ . ' '. ' .. - , 

'. ','. 

•• 

, 
'.t~ .' 

, ' . . ' . 
'.J 

'. : 

. "" - .... : 

' .. 

;, . 
~~.:;---: .. ;-; .. -

J :''-
-.1.· 

. ..... 

. , 

.. ".~, 

.' 
.. , 

~.cqnverseiy •. it 
: ~ . 

iSObY~O~s}hat:<~(x)"'.a~xiEn~a.t(A.)~(F a)' rOrall.&A ... 
,'., .~, ::, .. '. " , -,', ' .. , '. - '. 'to: . 

; ' . 

iiow~ssu:me.t~e.tthe eh!u-acterist:tc of A.iS P'. an odd:p6sit_i;'~pr~ine. 
, . i . . _ . .' ,. . .' . ' " . ..... '" ~ . ~ , ':.. " 

• 

Supp~se that.ther;':ti~n!!.lfunc;tion'i .. ·4>(x);· j.s ~S~O:fthe' '. 
. ,.': .. ,' . ':.~. '. " ..... ,," .. ::: '," .' :"'," :,.",,, ':-.)".:~~' '," ",:.,', .,(. : : . : ..... .. 
'. : additive gro.¥P la"i<. in.Rat(~) ·.·.~n..,.;we. see thai.:·····...,·· 

;. .' . ::~/ . '''' ... ' . 
4>(X :+"X) =~4>(X) +4>(Y)':' •. 

. . 
. : .. .' . 

since: 
," . 

. ' ··HF .(x;!» ·=.F (~(.X).4>(Y» 
'. " .. !' '. . '. a:· ... ;'. '. 

" 
:., " .. ,' . 
,':- '. ," 

. ' .. . ~ . 
. :.: 

". : 
~: ' 

. . .' '. "~ 7',· .. _ o· "~ ~, ;~ \ ~ 

'4>(X} :£ L~_ a::r ..• ·.-·'- .. a~"A " . 

'.' .. 

'( .. ' '.' .171 .. J. . , .... 1-, .. '. ' 
,' .. 

. , 

''\' :'. . ": ':'. 

• must also;be-
.' '. . . 

;whiie bein'g' a rational f1.Ulction:o";er Ii. 
. . . . '~"':' ._ .. '-

r<;pre"lent able as ·afomai-.p-:ow"·-<:>r-. -s~e"" r-1~' e-s=-.-:·"") 
. -" .,' -' - ;~. 

.' 

'" . ........-----. . '. 
, " _.... .. ~This· implies that: 

=-~ . ai'f~r-o .. ~ for all .' and all .. 0 ~ .1;. < i 

, 

Obviou~ly. 

~
. . nee. 'if 

. ..... so.: h~.t.'writirig: .. 
'. il~O • then.: 

", ·for 

',: 

a: = 0 
1 

such that.· 

If 4>(X) is to be .a morphism in the. category Rat(~)' then it IIiuSt 

: '" 'd, 

be a ration1h function. tl\at is. there exist p01;YllOlllials _.p(X) and q(X) •. 

and, 

"'(x)' = ci&: ... . q(X) . 
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;,' ... 
. ,,".,' '.': ' .. " 

,", ." , ",\' , 'i' 
..... 1" 

:;'.': .' i'. 
'-':~ :,' .' 

" . .'. '. . .... ' ~ .:' 
.' ; 

'.' ,- . ,::~, . 
:"'" .... ,. " .. 

,::' 

" '\ ,'. ",' 
. :',.' ~ "; 

:-:".'. 
, .... 

,~t~~; ::··~_iE#.ou!v~ki- ,roo 
-' 

'; < •• t., 4.Q' _;;';9,& ,~·~~~~;f.l.;.i~~1 "'. ' 

~' . 

•. , j 
I 

" 

; 
" 

',,', I 
, 

I 
I, 

,', ". ~'. , 

: : 

, , 

;. .. 

'\ 

":' 
; , 

.' 

',: 

? , 
\ . 

. .... 

..... 

"'. 

" 

. ,' , 

, , 

) , ' 
" 

' ... ,' .. , .... ~., \ " . ;; " 
'" " ' . " '.' 

.. , .. 
.:'.': 

,'.' ~ -' . 

, ~,:, 

'., .cJ.,>.:' 
:;.. ... .... 

,,~hus: '~ . ~,: 
': .. : and so'-writirig ,',' .. ' , , ~ --':,. ,. 

, " 

, .... '.' . . 
" ,and , 

" ,." .,.-:a'·};::·m' .' 's' \X '= ' , , d"X ' 
.If( - '~-:-.- s=0, , s,' , ' 

~,,' 

.,. - t· •. 
, " 

.. 

.... 

,'_)~!16;:~., ~" [Lj~:~j~~jlJ [L~:.oci~';xsj 
, , .-," ' . ... .'-, . 
,'" .:. '. "". 

Choosek£fuj 'such' that :" ' '~. . 

. ~. ' 
'I .. . " 

and , 

." .' 'i 
; , 
.: 
.;., . 

" \ .t.l· 

' .. ' .. 
" " .. 

',". ' 

'Cle';lythis,choic~, 6{ k enllures that-the'the coefficient,o,f x~j+m in, 
, • • 'j • 

-, 
whenever we have:: ,j > k ",, 

-' 
S:\'ncewe may ;'~ssume"w~th O)lt 

it follows 'immediately that: 

loss, of generality that: 

sin,ce th., degree of the left hand side' is £ 

Hence': 

"-

Conv'ersely , 

, 

since,,' 

(X,' +, y)pt. = xpt 'ypt + " , , 

d ';/'0:-
m 

, . 

~,' obvio~ly' d~terndnes an 'endomorphism of t,he additivegr<;>up law 

---11:---

. ',,; 

-, 

1, 

.. ,., 

Remarks: We ,haye shown above that i-f the ch~acteristic of the field A, is 

zer;o, then: . , • .; . 

-' 
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',',' 
.•.. ,~, " , 

: ., " ' 

. ..... : ... '. -, " 

.. ~ . .' ; 
'.j'.' 
, , 

. ' '. 
'~'. 

'-~:. . .:., ... 
in .this :case,' i~omorphic to 

'," ,. 
. ~"" .Furtherni~re, "EncJ1M(Ai(~ e)~ 

~ .. :'.' .J" - . 
. . >-. . .' . . 

C"· .-,i .', 
~'. . 
::~. . "1, ... ' 

.... 
,'" "j" 

" 

r :/ 
\' I }/, 
E-. -, " 

, .... 

,; I 
. i 

",j. 
. i 

0', 

• 

J ' 

.... , 
.;..:. 

. ft.. ':'.,~~ , 'I t>. 

,~~:'tthJ:n6n~.Ofthe~~~oDmlents ¥e tiue: tor ~he lcise: ~hen\.~yjs;. 
.. ' :ch~a.·cteristlc an odd po:;ltive prime',,' Here ,Iil,]/we can: ·note 's .that, ... 

. '., ":' . . "., .'., ~ .. '. 

.'e·; ', .. 

" 

.. ". 
" ".' . 

,<:J •• 

" ... 

. iaw,~{sB~li ne~d to prove .the folloWin~ Le~a: 
. , ... . . .' 

. . 
','1.. 

.'. 
" " . . ...... '.' . 

. LeIiDna 3.4;2:·i.et q(le-) , 'lie a polynomial over the 
., .. , 

., 
algebr:,icailYcl~~ecJJ fie 

, 

1 '. ~en:.,· "'~ . 

,'satisfies the functional equati.oll,? ' 

. , 

for all ' nE:!!.ri iff , , 

; q(X) =' 1 ,. or, 

.. 
" 

.... 

.' ~ /.' 

fol:", some" .m! N 

". ' .. ',' 

Proof: Suppose that .q (X) . is a polynomial over 

. I 
, with constant term 1 . ~ . ., ,~ 

and, ~e have: .. .. 
1 , ,for all 'n~ 

Since this equation is trivially' ·sati>;fied it' 

that .'·q(X) 'is a nQn-c'onstant pcilYno¥-8:J.. 

q(X) " 1', we shall assume" 

Thus, there -exists at least ,one "xo"n(!!:) such that: 

)q(x ) = 0' . o 

and so, ,for each· .n>O ., we must have: • 

( ( , )n ') , 
q ,xo + 1. - I,.' = 0 

',' 

i 

,Bui;, , . qCx} is a polynomial"so that, the expression, 

(xO +,l)n - 1 

.. 
, , 

.must 'only assume a finite number 'Of distinct values in ·n(!!:.) 
\'," 

Thus, there exist integers.m .!l.Ild, m'. , with, m':>.m>9 such'tha'!;: 

" ., , ' 
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:".-.~ , .:" .. -; -i. ;.,.:. .... ,,-:. ·1 .~ .. '.; .. '.-
. ," .1 ,.' :: .... \ .. ' ',' ":>.!:,\,"':' ',:: 

,' .. '" ... ~ ",;~:;",;~:'.,~i~;~:;,.k ;;.;,';~,!~(¥,)\~~~ 
: .. \ ' .. :- .••. :.: ' .. ", , 

. ,'.,. : '~I '. ~..' . 

'~.' ~. ";.: :,: . ' 

.. •.. . '. . ", ,.:,.1,"., . ;}": I . . . , . .'" 

. ' .. " 
•• ," ,1.': ' •• '. • \ • f' . \., 

" " .:a:: ?124). ., t ~;\~'.~.",~'. ~e~&+d~9 i,a ''', 0;' 
',' .. ' 

, •.... ' 

.. , 
',' 

,;.. 
. ~ . 

,-'.' . 

.)' " 

.:' .. 

~' 

, .-' 

. 

.,i ." 
... :' , 

. ' 

.: ~,,:'- .. '-:: 
• 'I', ." 

, .. , 
.... 

• 0 
• ,0 :.' 

I '.'-' 

" 
.. 

, '1.. ...... 

.' 

" ' .. : ." 
.,,>': I.' 

" . 
,,: . ~ . 

0-•• ' .. ~, 

......... ,: .,:,_.< m,l ' 

1= (x +,1)
. . 0 .', ~ . ~ 

... , 

1
,,' 

'.' 
. , 

. . (Xo'+!rt '=(x()' .+i)m' .' 

/. , . 

'ie .. 

. : Assume ~:'for . a ~o;'ti-adictidn, ':that~ 
, ',' \, , -' ., . 

'. ~. ' ... , 

\.' '. 

. ,-. ~ .. ' .... 

.... . , . , ..... 
. '" ..i 

. : . 
: .. ,j. '-, 

i .. 

Then, We. may di vi dl' bb~h':ides :6f,theabov:e:~q1,laticinp:y-(xJ~~1)~ 

. . ... ~ 
). ":Z· 0 

,;,.,.,., .. 
.~. 
'. ," 

" .:' 
' .. :' 

.' 

. j '.' .' 

'. . '.' ." i' '\" ..... . 
. ' ( ,)m.-m 
",1=· 'xQ. t1," . 

'. ~ , 

.' 

: 

'. 

. , 

" 

. " 

. ,,1>:\ '.' '., " ,. 
J:\ut', .• m'-mis appsitive. integer', 8.nd'so;'we have: 

,'" '_ ";'_"," .' ': • ".;,0 • 

. '{. . ' . .~ 

.. "'. ,.' 
' .. ,' 

. ,J. 
'. " 

• -0." ., }m' -m, .. ) 
q(. (xo' + 1 ",-1 - 0 .. 

.- : 

.. .-ie. q(,·O )= b· 

'.' 'Wenbw have a ,contradiction';' since. q(X) 
. '. ~ . 

Therefore the· only possible', root of 'q(X) 
. . ". 

Hence, 'we must have:: 
'.J ' 

q(X) = {'X + I)k 
• 

for sOIl!e· k€! -. Conve;sely, lor any n€!!,o ", the polynomial : • 
',' 

. ·1, 

o~viou,hy satisfies the rell.uired functional equ"t~on, an ,~~ constant 

term 1· , " 

-,-' :.;...' --f--,i!'---, 
-/ 

./ 
I 

\ 

Proposition 3.4"3: Suppose that' cjI(X) is a ratio~ iimctio~ over n'(~): ,Then.: 
7 

</I(X) !En~at (n(A) ) (F~) iff '</I (X) = (n)F .. ' " ,for somenE! 
. - "m 

. '\ /'. ," ' ' 

Proof: Let </I(X) be a r':!-tional function over n(~), wi~h p:{X) and q(X) two 

.. . 
U 

t" 

polynomials, over 
~, ' " ' ~ 

n(~) , relati vely,:prime-; 

</I(,X) = p{"X) 
, 'q\xT 

'\ . 
a:nd, s).lch that: 
'.' '-1.,-') , ' .. 

'Suppo s <; ,ii;ha t </I(X) is an endomorphism of the multiplicative grOUp law, 

". " 

F .(X,Y) °X+ y + xy. 
m· .' • 

' .. 
" , . " .,.5.9-" .<;: , . 

.-, .' 

: .. 

J 

'. 

"C 



.' , ,- n' 
: .. < .... 

.,. e :, \~:: 

. , .... ' . ":"Jt.~:~; ;;":;~i d4id;;·M<;·~~r,"~~$.j~~~~~:k;l!. 
" '. ~. . " ,. 

:.,', ~·~.~i~",,:,~h;.)·t..;;2N~:~:·1.f_C. • .;ki:.:,;~;· :';:;.0 j"-' 
~."'; . . .... ",,' 

.,f,. 
<', • ',c-, ,,' 

. ., 
. ~~'. '. 
... \" (: 
. \ :.' .' 

.. ' 

: .... 

',," " 

.... ,. ,> . 
. ',:; . ,.. 

. -.',' ", ': ... . ' , . 

~.~ .. . ,' ..... 
" . 

" " 

. .... 
.. ; .'.- ,,: 

' ... ,.-', '. ,,' '. " .' ~. .,:, . . .. ,', .:. .... ,"\ . :',: . "',. : . 
"', ~. 

. ..... . ".' --.':-

. 'BY .. definition, we ·niustbe'>e.bieto e<tpress q,(X)' as: a'~rmal' power sed.e..s .. 
.' t ".. '., .' _ ".'. ~.' 

":. ",,-

: ..... 

in"'X .'ir:!.tIi.~z~ro c~~stant 'ter~, H~nceweha';~ 'that:; 'p(O) =; 0'. (; 
:·.·.·.j::t: ... · . .,,:~··'(.··.· .. · . . f ;.,' . " ;' ,.:1 ..... ,'" .,.,:.~, ... '.' .. ' .":--":'.,::',:' ...•.. : ..... . 
,"" :' and;.we. ma.y,·assume·, with.outloss"o:fgenerality' that.:,;·:~q(Ql·,:" 1 

~. -,""J.'''' .. :,-:.' " ':'.'~ .• : ' .. ' .. :- .. " .. ',,:'. " .. ,.:: '. ~ ,::' .. ' \. ..... "" .. : 

Asq,(X~'i~a:~ en~6n;6rphiSiri. ci:f ~ niu.ij;iplic~ti~e·· group .law, we have:' . 

_.:11···· .·~o(n)F =(ni'~~" '.' ~orEiJ.ln~z":"· "'\1., .' 
'f - F. ,., .. 'r. , .. .:'. 

, -m.· .m· 

so that 'q,(~}:"must ~iMSfy,:for e~ch. n€~·,. the·:f:ctionS .. ~~uat:i~~: .,'. 

. "' .. 

.... : 

" "")1 
1. . ... I.: ..... 
'("." '<~':'" ".! 
'; .... " 
~., " 

'. 
.... '. 

' .. '. ..' . . . ,", .\~. . .' 

'. "-"", .q,~~ (;c +'l)n 1 ).' ~)1.~(·~j ~·~i·n .~ ~".' " '. '.' ':" ; . 

. ' ~: This' immediately : gives 'us: { 

···.:.}~(.:·~~~+l)n .. 1) =.~q(.·(x+, l)D -l·)"[(~f~l+ It -~) .. 'J,.. _ 
.: ...• ~ .. 

.. 
" -.', ., 

r.: ., 

i. 

.'" . '" 

. - "0. . 

,' . 

. . 
'"t 
1~,' ·,0 •.•.• 

'I ' 
.1 , 

:1 
, 

ie b'=p( (X:r l.)n l . ) 'q(xjn - q( ex ~ 'l)n -,1.) •. (p(X) + q{X»~ _ q(x)n). 
,-' '. •••. 4 _., , I' 

Thus; q(' (X,;.(l)n - 1.) must a.iVidet~e right hand Sid~'O(thel,ab'O":e 
p(x) and ·q{xi..,ar~ relativei1yprime, ! ,: ". 
. ·l)n "". ~- ) ¥ p(' .(X + l.Jn -1 )' , ., 

. unless: 1 .' 

Supppse that q(X) t ]: " then it follows that: .' 
" .. , '. n 

have the same degree, 

J 

'~', 

Ob-:'iousl;r, both 1 }.~ an.d, q(X) 
I . .. 

for any' n~!', Thus , .. :for each· n~N . . .- ,.there· existsk ~n(A) 
n .-. 

Writing, 

we have, for , 

'," ., 

,'I 

=.f 1 b .(eX +'l)ri _ l)i 
l.i=O ~ 

sh'llwii:lg ' ~~at the const.ant term -o:f . q( (X + l.)n 
r .' " . ' 

.~.rl ... ·the oth!!r hand,. the constant term o:f 
. I, . 

'E~ation (*) above imp~i!es: 

". '. 
. " 

l: .. _;.: ! 
'" : 

I • • \ 1 '. 

;1.) .i,. just: 

~s simplY 

.. , '. , 

f.. J 

such that; 

.' 

bO = 1 , 

b~.= .1.. 
'i' 
.1 
.' 

.-



'..,.. .. ' 
. . , .~ 

' ... ' 

: '. 

,'. ~ 

'\.~~. 
.i·· 

I . 
i • , 
, .' 
i 

. i . 

. 1 
.1 

.... J, '. 
.. ,. 

. ~. 

.t 
" . . Ji. 
Tl ... 

.... '. '. 

',' , 

. ' 

. . ,', 

" .. 

:." 

". 

\ i • 
~ ~ 'I 

. " i 
.' 

:'f: ' 
• 0 

..... ..... , , 
':'.' 

'. ,'.~ :' 
'. ~ ..... 

:~ - ':. . : ... ' 

. ,-
. '. : .. 

;>." ..... 

... :::('~'::.:"" 
.,' : .... 

.. '. '-. . ..~: '.: ' 

' ... ,-:' - ~ 

'::-" . 

." 
' .. '.: 

., , 
. :/ , . , . 

; .~ 

. ' ... ' ". 

.... ; --.q\..' 

. , 
'., ....... ' 

..... 

. '.' 
.'~ . 

" . 

.' ~, 

.' ., . ... 
:.: ... ' 

.... ,' 

,'. ; .. 
( 

' .. -.' .. ". 
:~~ . 

.; ....... ' ." ·il . , :' 

. ' ,." 

..... 

.' . . ' . k"'bO = .. bO· .·n. . ..... . 
.,. ' . .. , '. 

. .,' '.:,., : 
. ','. 

..... . " 

. k; - '1' 
!l' . 

. " ~ 

'0). .• • . 

;:tor ,8J.ln .. i .• 
.-.'- ... 

.. ;' I 

'. .:. n' .' " .. '. n • 
"', 'q{ ('X:"1)-F ).=:q{X).·, .. " 

. .... . 

...... ~ .. ':. 

" ' .. 
. " . 
" ... 

' ... 
. : .:.: -.. 

. , 

. ..;,' 

; 'for .~' '0;>:1 , 
. "f. 

..' .'. , ~ . 

.' " .. 
and· sp,app1yiogi~a.3.4,2, w~s~e that: ,-
",', ,'" ' ... - , ,,; .. '., . 

. '. '., .' '.. . i. 
·q{X)";.(~ +i) .' .'. , .;'. :fo.r sorile 

. , .... : \ 

.' 

, . 
.. ' 

. : . 
' .. 
'. 

The.prp~f nowspJ.its~ntot.wo.case~: }ihen J(x) ·.isa polynomial, and, .. 
": " 

. -.~ .. 
..•.. 

Case i. .. Suppose' that· .i. =0 . 
. . •. ,Ii-' ~:.. • " .. 

that is ,. <I> (.x) ., " " " .. 
. ' .... '., .. ' ~(xL= p{ic) . . ' ...... 

' .. . . 

. . . , 

'.' ", ".\ . 
is' '8: .polynon4al ; 

",' .: f'.~! .' '. 
.' ~' . 

' .. 
,.We niii,y write· the multiplicative; group.:Law"in a s.J.ight"iy different· way;: 

.. ! ;'-:" :' ..... .'.," ..... .- .~"~".- •. , ... '.'.: .... :-' .. \.'.,:.- .,'\' 

, 

.. . 

<.' " F (X,Y) ;., (X·+.1)·(Y+ 1)''::1 m ....• , .. " . .' 
. . .1- ..' .' .'" .. ; 
'th 'j;his,in mind, sincep(X) .. is'an-ln~omorpl)iSDi of:!m(X,Y) one 

·have~. ',' 

p{:{X+1)' ('1 + J;) 1)'; (p{X)<.t.:\.):, •. (p(Y)+/{) 

, Set~ing '. Y ~,. ~mn;edil'i:e1Y, have;' ( .. 

p{ -1 )' =. (p{Je) + ,1)' (p{. -1 )-f '1) 1 .. .' . . . . 

from whi~h it ~ediateJ.y follows that: 

'. pIx) = o. ~'or, 
.' " .. 

If.p{ X) ,=0· ., :then: 

, <I>(X) = (olF (X) 
'm 

. , 

.. p{ .-1 ) 

.... 

. 
= . ..;1 . 

Suppose that: ;p{X)' i- 0 , that' ,is :p{ ,-1 ') = -1 

Let a€n{~) be a'root of tne',pOlynoIrlaJ::'- p{X) + 1 

. Then, it fo11ows tp-at:· 
, . , ,,\ 

-pC (X of-' 1)'{a +,1:) 

, . 

1 .) = ... 1 

/ 

-' 
.' . ~-

- 1 

.Hence, (X+ i)' (a + 1)' - 1. must 'be ,a. coostantpolynomia1; ". . . ' . 
" . 

·/~X'·'· 
.. / .....•.... , .. 

.' ... ~ 
,..61::; . . . 

" 

,.' 

. 

. ' 

., .. ' ." 

.' ,.' 
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~'r , 
:,' .'. 
' .... 
'::.. 
't. , 
~.;. , 
I;' . 

( .. 
~ .. 
> b: 
C 

~. 

I·
' 

t 
.... 
;. 

f • 

. '.' ' 

. '., 
.... : ... 

t· ..... . 
J

r
··/······ 
'f.-- ': .- . 
: .. ' .. ': 

:, , ... 

i' 

I 

',:', 
' .. '.- . 

..... 

.. 

.', ,. 
.... '.' 

.. " -~ . 
: ;.'. 

• . ,~ . . 
.-: ' .', ' 

., 
' ... ' .. . .', 

.. ' .: .. " ... 

•... Theref6re, .. :t-qr}ODle,· 'R£N:; ,: . . , 

.: "f • .. 
' .. ,'" ',' (x) ~ i.' =i~.· *. '1)1 .. .1' . , 
.: ;. 

" .. ' 

;':' . , ..... 

.'. -..: 
.. :-. ' 

,{ ..... , ..•... 
.. -.. _. 

, ' .. , 
,- .' 

.', : :;.' 
"i"; 

", .... .': . 

.~ .. '. -; . ,.,~ .... ' . 

. ... , '.' '. 

, . 

" . that· is: . ' .. ', 

'.:'" '. 

.~ .') .. 

.' 

.. ; 

.,. 

. , . 

" yo " .. 

.~ ·i· . 
, . 

' ... ' , . 
· Case ii, Suppose noO( .that ': 4,(X) is .nota. po.l.y'nomiaJ.,ie,.1 t-. 0 .' . 

. . 
, .' , . 

. Since .~(X},: :i.5~;eil(ioinorphi·sm.of FJii(X,Y)" for each .n~~ welliay, ., 
1.-" ' ... '.' 

.. "define: . , . 
. ' .. -' 

.r~· 
· C' ' ..... . 
· whiCh is clearly an endomorphism of . Fm(X,T)': 

:Consi'der . the case when' . n. = 1 " 

'Obviolll;,ly, " <. 
cl>1(X) = (X + li~' +p(X) -'1 

'., . 

" . 

, 
" 

and, since cI> 1 (x)' is an endo!"orphism, Case .1 l!-bove implies that there 
..... 

exists M!O' such that.: 
I '. 

, Hence: 
•• 

" 

Clearly, we 'mu~t halJe: t<;1·., and .. so ~ 

" \ . 

and q(X)' are relatively',pri:gle; and so, , . 
it·.follows· that: . 

" .... 
t. = O· . 

"' . 
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I 
I 
r 

... 

r . 
! 

.. ' ". 

..... 

': " 

" . 

.-

. -.' 

, .. 

.... 

" 

.,::~. ' .. " 

. . ' "':.' 

;-., . 

' ..... 

...... , 
.. ,~ 

:': . 

'. ~(:ic) 

. :',:."" ; ... 
.... 

~ ... ' 

.' 

.~ . 

'.' ' .. " 
. . 

=C":t) ' .. '(X) " .' 
.. .Fm· ". ...... 

" .: .: . 
", ':' . 

6M3 :. CSiE 

. "." . '" ...• ." . 

..... ," 

'-;;: .. ,' 

; .... 

<r" .. ".' ~ ..... . ' ..... '.; 
'. ':' 

-.-.-. -' .-' ":-.: .. :.' 
~ . ' . 
. . ',' 

. . i .... . '. -.' '. ,..... '. _. '- . 
'we b'a.,fe· nov.demonst~a1;ed· the' nec.essi ty 

. '. ".~' .' . in our. pr;'posit:i.()n~ :Ciear~y the' 
" .' " . . .. ,-. 

. ' ... , -.. ' .. ' ~" '., 

. sUrfic~E!xiCY.is .t!-ivial.:. 
! 

. ...... 
:' , ':. ," 

. ... 

. ... 

' .. ' ,': . 

. .. 
' ... : ., ~. 

'-':~- . ,'. 

coroliary_ ~.ti; 4: • I:f~<"X)i~·ara;iOxial.:flmctionover A , .then: . 
1," • 

. . "'. 
.. 

category Rat (A) . ·.is a ,,¥bcategoryo:f the categ~ry 
..... .- .. ..:.::::~.:~ .. '. _, .i .'"c;, " 

·I'roof:~~ous-,. siIl~. the 

. ......... _-- .. '-'. ' .. :~ .,: 
• -.... U -_" 

Remarks: We ha"leshoVti that :fOranY:fie~d . A ; the ring o:f endomorphl.sms ofth~""" 
. ~tip;~catiVegrOUp~aV'iS ;~sOtqO~~.ict~ th~. ring o;ixitegers.Thi~" .....•. 

iscoinpletely un~ike the caSe vhem we ~orisidered .th~· addi tiV~group , 
" . . ,. 

~a"', 'and, is somevhat simpl.,i,. as the re.srut is not':conrplicated by . 

coilsideratio~ o:fthe'characteris1;ic' of th~ :field inquestior .. 

, . 

We' have il.lready mentio~ed that Rat(~)' is a subcategory o:f the .category 

'Rat(n(~» • Bearing this in irind, the morphisms .. o:f" the ~arger category will'be 
" .' . 

Used to gain some in:format'ion concerning those of the .smal.ler categpry .. ·.· " , . t' 
Suppose that F(X, y) and 'G(X,Y) . 'are two rational. .. :form~ group ~aws .over 

.. , , 
the f:i,eld', n(~}. ,and, h(X): is e. rational. i'unct:!:on over ·n(A). giving a morphism 

in the category'Rat(n(~» " 

h : F(X, Y) -'"--... ci(x, y) .\ 
BY Corollary 3.2.5, we knov that there exi'st two non-zero Mobius . trans:for_ .. 

. -,~----:--
mat ions over neAl " , . 

m(X) < ~X:±~ , and, S'X m I( X) = -:-'~=-:-::, 
1 - ·a-'X 

, 
\ 

. .,' . 
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" ~. 
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,. :.~"~' 

, :. 

.\;:. 

. ,,' .:':;. 

-

" .. 
"".J .... 
':",'1 

';""1 
'..:. ~ i 
. , 

! 
i 

·1 
j , I 

• 
..... '.

.,.-' 

. ~" 
..... 

" : . 
. ::. 

.... '. 

: ';"',' 
such'that . one "of th~ fOnO~g 

.' ; 

'~ '., 
.' .: 

" :; .. . .,:. ',:.' ' .. ' ' .. '.~ .. ' ~.>. ~-:-~.-"-:'-':" . 
&" . . 

. '. - .~',. . 
",,\,:: 

,. ,'. 
, four. statementsist~e!',:' 

• , F(X,Y) '!1Ild .. G(x,Y) "are, bothisciin;r,pbi~ 
. ': "~:r,:/-~'" . ,.,.' - ,"", ," '. ' . 
to . t~e': additive 'group ·.lav " 

. ',7 . . ,:.. " 

ii. 'F(X;Y) and G(X,Y)< e.reboth isomorphic tq/theinultiplicativi!' grclUp -, . . . .. '. / .' . . . '''' . 
.. •• 1" • ';" ' • '/ ' 

.... 

: :.-: ./ 
/ 

; 
, " 

.... , . 

... : .' . -"l ., • 
, . 

, . '. 

-" ' 

:i.i:i.~ ,F(X,Y):Ls' isomorPhic to. the addhive:.grouplav; ~d"G(X,y) '"is .... 
:" ".:.,.. "..j ••. ~' ',.,/ ... '. . 

'J 
.. ':7'.' .•. 

.-' .. ,'. -' . ..' ,', , "-',' ,- / . -: - ' ," . ';." .' 

is~morphic2tothe'multiplicative: group, lav,:,!!-Dd; lastJ,y',' 
.', ... .' .•. ," -, ,;. /' ~ ,', '-r:, F' . ""' . 

'.' iv. . statement. 'iii'.' holds .. but,,' \lith/the: roles 0:1:. F(X,Y) :and G(X;Y) 
. - ./ "'.' . 

.. interchangeci~,: /" . . '1: ,.'., 
. " . / ~ .. ? 

vhere, .ine~chcase:;t~e iscimoryhisms ~e g:Lven'by' ~(i). 'ana.. ni' (:i) 
. " '.... '" /.:' : . 

" 
. .... 

. '.'. 

'.,,::. 

" , l 
. /..... ,., .:' 

.' Clearly we need only examine tb,e :i-U:stthree' cases abovi:t·o c6m:put~. heX) " 

. respectively, 
. .' . 

. .. , . . ·'f . -' ,I. .., .; ...... .. 
. ";: .. ' . ~. . '. ' .. 

Case L SUi>~ose'that F(X,Y) 'e:ndG(>I:, Y)ai~b6t~ i~a'm~Tphic 
". '/"" 

to.·th~ 'additive 

.' 

. • ,. '. "J " 

group lay. We have the ,::rolioving commute.tive:·square~ 
I . 

:(~t/h G(X{~, ... 
. F (X, y) -.,.-.;4>,--' ......;...'*' F (X, y) • a . a . 

\ 
r;/'-

vhere' is the 'endomorphism Of F (x,'ll·. induced by h(X)·, 
a ... 

4>(X) = m'ohom-'l(X) 

Hence, ve have: \ 
\. . \ . 
! heX) =' (m'lk-,104>om(X) 
" '\ .-

The c6mputation. of h( X) Inov splits into tvo cas'e"s: . . \ 
I ~ 

Suppose that the characte:[;istic Of n(!) is zer,\>; Then, ve have: 

" ,for s,ome. 

By s,imple coniputation, it follows that: 

h,(f) = ,a' + (<<,~~X:" «a'.j.X 

\ .' 

" 

and so ve· see that, {rithis' case, th~,onJ.y possible ;'~rphiSin~ betveen· 

and G(X, Y)' are iso~orphismS, or, ,in the"case vhen c· = 0 • 
, ., ~ 
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. ' ..... 
. .;,...: '.; ,": 

~," ~,' ' 

~l': 
/::; 
" 
~ ... . 

.~~ .. . 

~: ,,, .. ' 

" 

.:". 

" 

'] 
I ,. 

"i 
, I 

• , 

,(' 
, ,I 

" .... -,-., 

, , 

" 

,,:, 

. ..... 

, ..... 

2:....4 

.. ,,' 

. ~.' 

."" . "", . 
...• . ,'.: .... 

,," 

. ' .\,:: ":' :'\.'.:: 
" ' 

. ~ ..... 
" ' 

. ,~ 

, , '. " . .... :. 
~.' .. 

the" z~r'omorph, ism. " 
'.~~ 

' .. ". 

" 

:.:-.. 

. ,~ 

' .. ', ' .. '.' ..... : 
. .' . .. .' .'. ' 
i)_iix6it_ .. a<::£Sj;ik.t.h~1~~ 

' .. ' 
"-', " 

. ';'. . .', 

." . 

" 
' ...... 

, , 

...... 

If the che.racteristicof, ,n(A) .is not zei'o .,thenw~: no longerha.Jethis 
~.,. '-". .' .. ': ...... ~. '. 

'."', 

. .',' 
'nice '~'~e~).U.t~FOr~ tt:' 'n(~) , ~aScharacteristic "p {"-t.! oddpositive.', 

f, ". ":' .. ;:., 

, prime;, tb.eii~ ;forsOlnen~!!o, !md,'~6me :ai£n(A) ,Ck;:i,,;n 
'-", 

..... 
'.', ,'. " 

.( " .. ' 
' .. ":",. 

. , ': : . .. ,' . .. . ' 

, . , 
. . .. ' 

,,'sci'that,' 
,', 

'. :.. . 

": .. 
. 0;-' • 

::.," 
..... :. " l' 

,heX) = (m')- o~(m(X» 

. , -" 

~ '. 

, , ' 

, 
. ~ , .. 

" •. 

Unforturiate'lY; this, eXpression 'for "h( xl d6esnot simplify ,in' genei,u,; 
:. ,; '., ,.' 

'If ,:h6r~er, n'= 0 ,then; eitherh(?Ci iSM isoJl1orphisni, or,the 

, ~ero,morphism. 
,.;. .':.' 

, , , 

Case ii., Suppose 'that ,we have the following commutative diagram 'in' the category 

Rat. (n(~) ): 
• 

. -,.., h 

. 

,Where, as before, 

~(X) = m '.oh(m -~(X)) , , . 
,is the induced endoino~phism of F m (x, y) " 

In this case ,':'regardles's, of the characteristic of Q(A); 
" -

'>!>{X) ,,; (x' + i)n ,- 1,' . : 'J . , for some , 

by Proposition 3:.'4.3,. 

• 
l'Ie {:Im immediately see that, if n>O 'then: 

" ' 

..... ' .. 

, , ' 

. ' ... 



" , 

. 
I 

I 
! • 
i 

i 
I 
I 

.... 

, . . ... , .. ~ ': .. :'.:.;' .. ; ....• '. 
'~. ,'. '., ,.' >.~ : '.' .... 

." .'. "-; ',:,:,.' 
..'; . ... 

.... ;' .' . '\' . ","', ': . ~ 

';'. 
, . '-... .... , ... \ . 

: ~ .. ' 
. ~," . 

.. '. . 

.. 'f .: " 

iri'partic~~r; vhe;;'n,;,i, ve hav:~ ~isomorPhiSmiri:~~~«~»: •• <· 
--' ' ,.: ' ... , .. '..... .. -. ... 

'.',' . 
. ':.'. .: :.' '. . . :~ . . . 

' .... , . h (X j = :.:..' __ "-,-,,-,-.,.:-"(,,,1:.:..,: -_······..::a::.::~."") '"..;..n-:-:_;.;.· . .,.,C->.( ::.S ,_. ';',...' . ~::,,),," • .;:.:;x_· 'rc..' ·""i",,)-.-;.n_· -;-'-_ ...... ",...'--,-,::- -< . 
. .. ~ .S' « S"' ~) ~X+l)~n + a,'(L_.aX}-n.,. «.6- a/"X+ l).~n.r ' 

".- . .~ .'. 

-, giving an isomorphismvhen' n=-i.: 
'.:' 

. Clearly, it' .ri=O , thenve' haveth~z~rOlll~r;hi~ •. , ..... 

Note. that.. f,?r .n';.: ci .' theabo.veexpressions . do ~ot(ingeneral~' simplit'y.' 
','. . '.~ . 

··caseiii",su~6se that ve have in·fact·a morphiSm,··.. .' 

" . 

'. 

. ':,' 

.~ . given. by the cOmposition: 

. , :~(X): = m 'oh(n:i(X» " 
. .' 

··Wemust . have; fo~any.n~Z'·, 

~6(n)F. ','; (n)F 0<11· 
,a : .. , ,m 

: " 

, .. '. 

. '. 
,,' , .. -. 

. , 

that is, . ~ (X) 
-r ' 

must, sati'sfy' the: functional equation: 
I . 

'I .', 

" ' 
,Nov,.there.·exist.pqlynoini8.J.s· p(X) and' q(X) over fl(~) such:that: 

Hx) = p(xL 
9:\xT ,. 

vith, . p(X) .and 'q(X) 
. ' . 

relatively'pr;ime, and,.:ci.(O) =1: 

The above functional equation state·s.that, for all. n.:!, . 

. p!nXj .. ;' (pfxf+. l)~''': 1 .' . 
- 'q IlX '. q X .. . .' . 

, 
. . . 

'. 
80.that: 

q(X)n:p('nx) ;, q(nX)·' «p,~xi + q(X))n _ q(X)n) 

. -

Suppose that . n:.O,tben, it follovsimlIie.~iately from the abov,e' that;,. .. 

q(X) I q(nX)~ (Li~:J. (~J.p·(X)i~q(X)n-i) 
7·' . 
( ... 
\:-6~ 

.. \ .. ' '.' 

,. 

:' .. 

.. '-

: '.' 

. . 



,. 
~. 

.,' .: .. 

;,:' . 

'.". 

" ,. 

. ,,' 

:. -,' 

, . : " 

.:' .. ' 

'.L 

, . 

. , 

'. , 

" .: 

, ' 

.\ .. 

':", 

.:.," ." . 
:", ; '-,' . .:.. ,': . 

... .- ". '. ~ . \, I ,',. 
".I.itm:::!S IS 1.( a sa: iJ;:t;=4£S:i~"::l~ 

. " -' ' . . ,'~, 

*-= 
.. ,.; \ .,' . "";" .. ,. ::: :," 

'" "" .. '. . ....... 
. "" .. :: .. , . " ~ . t· 

.;. , 
":, . A." •• 

":' .. ; ,'-" " .. :,' 
.' . .:-. .'. 

. ", ~ 
" . 

." . 

and so, since, p(ic) : and .q(x) ". ar.~ rel~tive~pruri~',-w'ema~'c6nciucie;" .' 
'" ''',:---'"':'"~ .... :. :.:.:~, ... -:. 

' .• " ~(x)lq(~) ;.' .;' 
' . .' . 

. : .','. 
'. (:iearl~:. ,.,' ,.q( O)~ q(Il'O) : ' ,and, '. ci~g:x; q(X);: ~"egx~(n:x), " 

wben~ve':'n is.b~t equai to ,the ch~acte':':i:stic of,n(!) " 

The¥~fOI:e" q{X) :i,l' , i' .....,' ". 
\ '. " 

t~at :i~'~ <j>(X) , is'~ctua:lly'a'po1Ynomial over . n(~). 

N~W' s~pp~ that n<O, \lith, th~"characteristic or'Q(il is di:f:fer~nt. 
from" l'n'I:"~~ must"have: ' '\', , ;' . '.", "',\ . 

\ ' , ' 

\, cj>(nX) = (~(X) + l)n _ 1 '.\ 
, \ 

'. . , '- '. . 
If .:<j>(xi is a no :-constantpolynomiBJ.,\:thep',' <j>'(nx).is 'als6.non"':constant. 

: . , c .. ',,,'::.\ ,'. ' .. ': .... " • 
Btit; ;::(~(x) +l)n , 1 is certainly'not\ap~lynomie,lover fl(~) I ,. 

" \ ,', . 
erice, ·"<j>(X) =0. \. ' .. 
erefore '. in' this case, 'the only \D;orphismbetween,.F(X, Y)·and. G(X' .. ~) 

.' he catego:y "R~t(n(~) l\' . is'theZe!OiriOrphiSril.~ .. . \.,.' . 
'... . '" . '\' ,\., 
'.'. Summ;ing' p these discussions, . e· have: :",'. . \' '. 

. \. "" ',;' \ .:. ,', ., .. 

. Theorem 3 .. 5.1: ~t:':.FCic,Y.)and.'G(x';y\) 'are any.two'rational·formai group:la'!s' 

" 0 er 'n(~) ,then;' \ ' .' , " \' \ .-

\. i. f. 'F(X.~) is isomor'i,,hic ;in Rat(n(A» \to . G(x,Y) ,then 

\ " 'ter~~x~~tsagrou!l i~omorp~ism .bE;twe~n;\ HO~at(n(~); (""~~), 
and eith~rEilC1Rat(n(~» ,Fit} or., En~(n~» (pm) ~depen~g 

.. . \' 
upon w~ich 'pf the two isom rphism classes of ': Rat(n(A» both \ 

,,' '. . - "'::: 

. . 

. \ 

. . 

isomorphism~l!1~ses 



" . '" -, 
;;. :,.:' .. 

. --:,~ , '. ..' '.\ 

~',~, ~t-:!i;i,,:i '-
.. . . 'r·" .;.' ,", . 

~. 

~ 
~: .' ',,' 

. .-.... 

r'> 
~ ...... , ... 
~ .. 
I~ . 
~ 
~ ",' 

. : . 
. . ',' 

", ..... 

: .. . ': '.~' - ',~ . : ',.' . ': 
'.: 

'. , .... 
';: : ~,' 

",' . 

&';":±· .. si;ce:5;'.;J':;L:~~_:tW.!h3t!.4.j;§.ii~.~ . . -', ' .... "," .. ' .. "- ," '." 

'" ".' '.', ,'. , 
. ~., 

: - ,'., . " _0.' ':. "'. 
....... .: .. :~ -' . 

" .' :"" ,' ... ,~ .~. ::-. 
"' .. " 

' . 
... .' 

. . ~. '. . . ,., .... '. 
PI'oof: ).'.\we ~n factd:.;moIistratedthatve hav~'ani"nji;,~tiv:e's-et map ~~th~ '. 

.. ~ " 

. . previetisclls"cllS·S10.ri •.. The . .ra~t.~hatth;is :mapPing isb1.Jecti';'e.is·: ..... . 
" ' . '. '.' - . .',", . '.. . .... . 

::,~, . 
. .... 

" . 

t;ivial. }lenia,.., coxiclUi;le thatitis.iIi.·fa~.£a gro~p i~6~c;ri>hlsm . """ ~ . 
.' 

"-', '." 

~
t~...... .:-;;. ..:':'c", 

. 
',.:' _. . ." .. ' 

. :' .. ' : 
'~.' 

d:i.rectiYfrom.stat~ent ·iii·· ofCorollru,-y' ~;2:f" ,,' " . ~ 

l 

... . ' ... ' 

"".,l , . 
,"\ ' 

" 
" '. , .. 

. , 

i i.· '. 

r . , 

.' ," 

ii,.ObVi~~S fr6mth~d1SC~~sipn:" ..' '\ ' ... , 
I . " . 

-,:' , .... .' . . . l!-~ .: -." 
.. . ":.- .... 

. Rema.rk:. The,isomorphismcif/l.beliari.groups.in.pait<·~ .aboireallows: us to define .... 

'" . 

... ..... . '- .. 
:th~' structure".Of. a 'ringWi th·. unit en. the ' abeli~ group:. 

. ,,' 

...• ' .' .Ho~ati fl(A» (-F ,G). 
. .... 

. .IIlview cif.statem~n-t ii,liemaycOliciude th8.~ 'all~he hoin-seisof the 
" .' 

category, Rat ( flCA))' are 'in fact rings i 
.... ' ... 

...... ; . . .. . --. 
.~ ..... 

'. ~ 

. \ :., .. ... ' .. ' 

... .. Statement i' of .the abO\Tethe~ren!;., tci~the:r: vit~; the previous .di·scussiclD, .' 

does give· somei#orniation . concerning ,but ;~b\riously 'not precisely' d.~teI1J1ining; . . .. " . 

. . . the set; H0inR'at(A) (F,GJ ,'~~r rational t'~rmaigroupiaws :F(X,Y.) and .ci(x,x) 

. I 

.. 
'over the field A H0'feve~,the sec.ond "p~tof .thetheorein dge.s'.give. a.compi~te.· 

result:· . 

Corollary 3.5.2: If F(X,Y)and G(X.Y)ar~ two ra'tionalformal gx.oup. laws 

. " 

, . 

·over !!.. which are not .isoljlorphic ?-n the. categq;t'y.Rat(fl(A)), . 

. then:_' 

... 
. :' 

'-Proof:' Obvious by considtr.irig: ~ ..... 

" 

HO~at(A)(F>q). ~HO~~t(fl(A) )'(F;G) 
'. ..-. ':.' /' .~.-. \ ,/ il---

Remark: thi". c~rol.l~ shows that th~\ two dfstinct theori<2s of rational fO~ 
. group 'laws~ver the algebraic.- clO!iJ.e of. a field: translates to give two 

distinct'tpeoriesot: rational'ro~ grQup lawsove;r the 'field in 

. question , since; ·.we have; • 

(,J 
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':,-
'. ',' 

.... -, 
"'. ;.. . 

. ' .. . ..... . ", 

;..-'" 

:: . ,: .'. • ,'r," 

:., ' 
.' " " . . , 

" 

. 
:: . '," '.' 

.. " 

,.', . 
of ," 

" 

.- •. ':1" 
. ~ . 

ir r(X,Y}aI).d 

the , 

are .twonon.;..isomorPhic 
.' . . ... ,',- '.' '.:.' - " 

I . : ;~ • I 

categoryR;"t(~) .,~heil; .t~e~do. not'ii,~ i}\~he' ~iime ':t~cimorphismAass 

Rat (n(M)· · .• in.··~.is· ~sonio?J\iC, ~.~ t)1e' a.~~~tiV:~ gr~upiaw' ~n. Ra~(A);' 

roi-ma.l :group';la"s. in , 

'. . ,', 
: 

..•. .', .1 '. '. .... 
: ' '. , .' . " 

1

1
: 

.. '. 
< .. 

1 

,'. : 

.... 

. ... 
\ 

,.,,', . 

" . ',. 

. .... 

." .... 
. :'," .. : . " '. 

, . 
. .' , 0 

': .. 
,'. >. -,-- . ~. 

: .. 

)",,, 

, 

'. ~ . 
" 

i 

( 
, 

" 
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: '. 4' 

i, 
I ' •. :" 

;. : 

!. 
" .' 

• !'. , .. 
< r 
1'. ' 
I .. 

; 
I ,.: .• 

'. 

.. ', 

I: • 

:.' . 

' .. ' .. ' . 
':';' , ...• :. 

. , 
....... 

'- .. ; .' 

" .. ' 

, . 
.' ,',~ 

I." 
' .. -, \ :.. ',' . 

; .. " 

. ~:,." 
. ,:' 

' ... ',' . 

.. ,..' 

.- ~ '. ...; ' . 
" :.' :'.: . 

. :.:.' • ' ," . ": '.' • ;'.,,, •.•• ' .:;,1'> " .. 
.. ....... ':.' .. 

4 _" / • 

\"':. 

.... :-_. ' 

, :,' ::. . ~ . 

. '~' , 

" '., 

.. ," 

..:, 

"'.' 
. . - '-' '.' ".' ... 

. 'i ." . ... ' 

zero ~it; "~d,. anYSUb~,ing~.c~~'\ider~d:>~f'·a.ny rip.~,wil1:.contail)..the,unit •. 
:. :' .~"' .. , ..... - .. \: 

. " 

. §4'.1~~limin 
,- . ; . . . ,. , . 

initiOlls :. . ,-., .. , .. 

, .', 
ti~c6~~t~ii>,:e:"ing ~ .. ' Ii " it' is:l:mpos~:i,b~e. to define a .. 

r~ti6nB.lform.d g~ouP=!.aw'ove;R :i,n the ·m8Ill].~r, s-et out· in . § 2.1 , sinc,e,' on~ 
• . <:~.'. 

•• ", ;,. '- • ,'. • • , - ~ • " -,',', '. • ' Jo" • 

is ~O~Sib1e'to Circ~vent·:thiliprobleine.:'d defin~a,suitable setof.o:bjects. f?r : 
. ". '., , " 

study, whi~h, in the case ,when' R 'is a field; preciselY 'coinci:des .:with the' set 
, \ ',' .: 

" , ~ ," 

ofal=!. ratio~al"forine.1 ~gto;"p iaws over R ,.~~definea:,in.§2.1.'· ....• 
'.' 

"'With thi~ in :mind;::B.l1d~. since ·the .oniy rational fUnctions, which were 
c,. . <: < " .' '. .', ."".... . '.. . . , ': 

i~vestigatea: 'inChapter' 2' were .thoseto.whi.ch ·the.re were, .1nan obv:ious. ~fashion " 
. : .. , .. , -. .' ...., .' '. , '., .' . - , .... . , .. 

" -,.-. . . . . . ~ - .' . . ' .. .', -' 

c,ss,?ciated f.ormal power 'serie~, 'We ·shall'm9.ke-· the.fol~o~ing definitions.: . 

. 'Let· 'feX)': be .aformalPowersel-ies:j.n one .indeto;;rmine.te. over ,H. ,,~, . 
." ", " •••• '. :, • ' '.:, .... '4' ,.. 

vie shall call i'(X)" .;: rational. formal power. s"':ries .if there ex:l.i3t ~olyncimials 
, . .. 

p{X) andq(X)' ··ov.er .R,. relatively pr:!.me, with q( 0) . a.1,Ulit of. H , such that: 

f(X)=p~Xl"(L : .(_l)n •. ·(q~Xl';: l}n) 
.q .0 . n-.O " q 0, '. 

" .'. , . ' . 

'. \ 

. ~ . 

q(X)' ar'e' Uniquely. determined. by 
J . 

f(Xj,"up ;to almit of . R. 

Simi'lar.lY, define a 'J:'ation;u formal power,;fier~eso In two. indeterininate,; to be 

'. a fornia1 pO'fer series over' R,. F(X,Y)<:H~ ... 'for :wtd,ch .there exist relatively: .:. 
" . . . . ' .. ,,' 

'.' .' .' ," .' p(X,Y) and Q(X:Y) ,.with .,QCO"O).·a uni-O:o±:R;sucJ;J.tha:t: 

F{X~;)'= p(X,Y) '(I';' (~)n [9iX'Yf l)n} 
. ~ Q(O,O) "n=O - • Q 0,0" " ... ',. 

,. 
" 

" 

are, uniq,uely determin~k'bY, ASai.~,. the.·l?o~omia1s, P(X,Y). and. Q(X,Y) 
I, r, . .. ---;, 

.," 

F(XSl. .. up to a unit· of R-. '. 
. " . 

.' . 
. . . .. ~ . .' .. 

. " 

. -7P~ 
.J " ;' . 



. _ '.~" :·:'~-::S.:,::.:._:> -.' ._ ...... ---: ..... , .. : ....... ~. 

. ..:;. '." . :':. . '-":. '. 
,.,::. '.; '. 

. .\ ',:~:, . ~ '. ,," 
',:, . 

:;". ". '. '. ." .~' .. ~,: .. 
.~:, .... . ;,.' .• ~ :, :0" ;" . 

. ) ..... !J,U. ziaS.:\ 2i-; ::. 
. : . . . . " ..• :"~;;-'.'=": .. ~ ~.!~':'t;S~.~'~ 

.... '. 
", . 

'. ,.:' '.'. 
( . ..... '. , . -'. 

. ". '., ;", .• :: . , : . .' ,' .. s. '. ,; .' ..... .. " 
. '.' " 

. ~' . 
, - .' 

,'. ~.' . . ... 
".,' ..•.. \'1-.. : .. Y .. · .. .. I -,., .' .•.. 

; .. --: " " .'. ' " ,:" 
. Define a.Ra:t£cinal: ForiD!l.l 'Group Li..~ over uR' tobee:r.ation'll formal power 

. ';' '.' 

. . :,;: '-~~.: .~- ' . .' ..... ' 

.,," , '. . . .. :; '.;:-' 

·NQtation:H.F(X;ii, is·:~rat~(:mB.l formal gro~p law over R ~. and, 

'~" F.(X· Y'}.·; ,P(X,y( r.~.' .• ~ ........ _. /1. (Q(i,t)i . 
.. . . .: . " Q(O,q). In=O, .', Q(O"o) 

:,for s 'table .polyno~als >p(:i::~Y) and. Q(X;Y) over .R ,weshe:;l.l' 
" '. . " 

'.' ',' '- ';:: . 
. write: 

. , 

. \ , 

, , ,: 
',' 

-' 
" .', 

" , :'c " .. . '.' .' .' I . 
", ..~ '" ( . ) '1-:: . .'.' .':"P X,Y .. 

\,-.~. F(X,Y) -:-. Q(x,Y)', 
'. 

" 

'. 

'. 

,,_.r; 

. ~i 

,'1, 

. ", 

'., ' '. ,. 

. . . .. ," ., 

','and;; ~h.a~l":ssum~, without loss 6fe;eneralitY;t)1at.Q(o,ol. = i, ',;' 
',#; ' . 

. Clearly.,' . with this assUmption; 

modtcita.l deg.ree 2 
~ •. , . 

. '. 
Remark: one c~ ~~s,i1yseet'hat ,this def:i:nition. of a rational formal ~ro~p.~l:~W 

",'" 

R is 
o 

'.' . 

, . 

. " . ~ . 
. ·§4.:2 The General:.fbnn:of.RB.tional Group Laws: " . 

~ 

:The main ;es\ll t dem6nstrate9-in this section will be the generalization of 
" , -1 . 

Theor,em 2. ~ "3, and, its Cor.ollary, This will follow almost directly from the .. -", 

followinS four. 'lel!lI'las: . 

Tlu:'oughout .the follciwing<t\lis,cussion we "Sh~' .f;ii<:this· :notation: 
.. 

Let; 

t, 

,,' , 

, 
:IF' = liJF,' 

. i"I. . .~. 

be , an:( product· Of fie~~s; . Jli' ,i 

The'n'!-J;ural projections, 

-,.--+' JF. 
:It 

. gi~e. ):':ls.e .'to r:ln~ surjec;tions': 
, 

' .. ','. JF ((X:Y))->-
:' , 

,i 

. , '., 

for ail i"I ", 

t· 

:iF : ((x,yJ) . 
l. . . .' 

~ ... 

.' . 
. , 

, . 



. "':' . . ;: 
.. 1". '-. ". 

. " ," 

.. -:,". ">.:. 

, 

r. ,. u .. , 

1· 
I. 
:t' 

: ,1· , 
1',' 

.J , 

,.,' 

. ~-

, . 

, . 

~., . 

, .. ' " \ ':i.' .. .. .. .'." :'-,' ...... 
.. ' ... , ...... -; 

.... ::". 

"'. " 
" /.' 

. .... '.,:,' ';.. 
..... . .:-

".' 

.. ' ' 

. , ..... 

.'. ~ . ,',., 

, ' .. 

:' .' 
. .~. 

.. , ... . \. . . 

". If ~(X;yl..JF((X,Y)J, ,thend~fine'o/ 
...... , .. ;. 

F~X,y) '.:'p;{f(:X;;Y).), 

, .... 
, . 

i~'± 

, . . .... 
.. ' 

", .... 

, 'J. . .• . ... J. . '. 
'I~' '.' . . ~ . ,,' . 

. . Lemma 4.2~1:If~r.(X;Y) is arat~.onal fol;xP~.group law'. over"')!? "th~~, •. '. 

4 '.'. 

. '. :'f6~' e:iiy 
., ". 

. - ~. 

id 
, '.: 

;' . F, (X,Y) 
... ' J..~.~ : .. , 

'. : ' . . 

, to • 

. ' 'rJ>i,1of::Clear~'Y;' if.:F(X;Yl..isara~ionalicil"lllal powerseries.o~er .. JF'. :,theri'; 

. · ... ./L 
.·F ,.(X, Y). i'sa ra.t·ionaJ.. formal power seri"", over. JF, .' 

. .: ).. ,', .'.-' . ..:, '. ~. i. . ,~ ... 1. , .' 

Hence' it'sufhces'to : show that·, 'for all . i€I,Fi'(x,;i):tsaformai"rOtiP',: 
. . ';.'. '. '. ' .. ' ..•.... ,.' f .... . .' J 

law over. JF,,' ~ 'WheneverF(X,x)i'la fornaJ.groupj,a;;overJF • 
1. ,. ,. : : '. , .. , 

, But ,:' this l'ast statement is immediate ,'sl.nce th~ ring op'~~ations are 
, ..' 
detinedcomporient~vise in. JF 

\: ' 

. " 

.. 
. ,~. 

"~, 
. '%\0,-' ~'--

.. ", . ., ,I 11 ' •• " ~ 

~ Lemma 4'.2; 2: If F( X·,:y)·. is a ra.tioilaJ;-c formal' group law over JF ~ there 'exist 
" " 

" 

'. a,b€JF '.,such that,: ,~ 
:" . 

¥(X,Y) = eX + 
••.•• 1 

,,;-' 

1 .. 

. Proof: L.et. F(X',Y) . be B+lY rational formal group. law over JF 
.' 

, .. 

" . ' ........ . 

.. 
.,. 

By the previous. lemma,. for each id, F JX, y)', is" a raFonal formal 
.. . 

group law over .. JF i . >But, each JF i ·is a field, so thl'-t, by Corollary' 

--
" 

. 2.3',4, there' exist a. ,b,€JF, -SUch that: . 
'. '. • .}. 1:" 1. .. ' ",., '. ': i . 
Fi(:JC,Y) = (x+), +,aiXYl-(ln:o (~d.XY)~l 
, . . :'£4,. . • " ,....: '< 

Hence ;'tor ej,l' id , :we have: -~.' 

". p,(a.
j
)= 0 

. J...l< . 
k = j:"l ;or .j=.k:::'l. , 

~d •. furthermore, for. all k€!!. ., 
• 

p fa... ) 
. i =-1 

• . 1 '. - :', 
.- ( , ') . - ( )k-l, 

= Pi ~-ik = .Pi au 

::'72':' . '~" 
I . 

, . 
,\' ,; 

" 

! 
, .' 



, , 
.',;, 
~' 

'I' 

,0 

.. 

. ,", 

~ .. 

. . '-',' 

".~ .. 
:.~., .. 

:' '. 

· ", ...... 

,".; . 

. , ' 

, " 
, , '-"'. 

,", 

. .... 

, . 

, , . . , ': " .. ~ . .... , ... : ..... :,:;. 
. ":". ".·.1 

,'.' . " Ii 

.' .. ....,- ". " 
,",I ;;_, " .. , 

. .-: 

F, ' ... :,.' 

• , . 
, , i , .'~ . 

: ... ',. . . . ':'-:-. 

..... ',0' 

'f 

Lemma '4;2.3: ,Given,a.'subring.' 5,' of 'JF,~d, .a hti~;~'f~rm~i gl'O;iip~iiW". 

.' ,i(x";'y)"' overS ,then, there e~i~~a,b,;rS ' such that:; , 

"-~. 

. ';':' ~.' 

, ''1,;', ';.", ;(x yi=.'(x ~y:+ '~X:il.r\ "", (~bxy;n)" <,. ,r'···~' 
... , ," . I...;"""" .' tLn=o: ',' :) ' .. . I,' 

Pr06f:'F(X~Y) is obViously a ra~i~,~ar formalgrbup 'la.,,;:over '.JF,. ~s~'that"bY ~ 
· ':', ... : . . ': ~ . ",-

. . . ~ 

leririna; there, exist, ,a,b.oJF such ,that,: 
'. '. ,-'.' . ',.' ,." . ,the previouS' 

. . . i . . - " '". ',' ',;; 

i(J;;yj= eX +y~aXY) '[In:o(~~xY)~r' : ,,' , 
. . .- { ~~... " ... 

.' 
" f' .... 

, 
. .'. 

,"," ',' ..... ' .. ' ; 

ie. 

: Hence,w~, U.sth. av~ , a;;b.oS 

o~r, 5·.',' , 

'I 

, sina.e F(:X:,Y}is aio~. po~~r . series 

, . 
.' I " 

, . 
. ~,' 

""\', . , 
':Mna,lly'; we' hav<2: 

" . ", 
'\ 

. " , \, 

:-t" : 
" , 

'.\ 

......... ~ .. ' 
;" .. 

", , .. " 
;'" 

'. ' 

I 

Lel'nmA 4.2.4:.If, ,R is a semi-piime ring, tl1~n' Ris actually aSJlbring of. a. 
product 9f.fields. 

", . 
Proof:I:t: we ' have"a prime ideal p' of,' ~, then the ,residue ring, Rf P , , 

• 
is an intiogr'BJ. domain., .Let ,'denote its 

For eacl} prime ideal' P ., w~a.v~ 
.~ .\ 

a ,natUral . . . ~ 

f~el~.of ~\:ctions., " 

rn~h.'omc;in~'rPhi~m, ", 
, " 

, Il~: R I JFp 
, 

\ , . , .. 'I. 

, , 

given'},ythe' natural projection li.nd.,;incllll;ion maps: , 
.: . . , '. ,'. .-' 

,Hence, there 

j 

R--f-... Rt 
,P , ' 

ts.a.rip.g homomorphism, 

.' 
• .1. R ~--+l 1T :np 

P€Spec(H)' ., 

-73-

, . 
',', 

'. '. 

, , 

", ~ .. 

, " 

.. '; 

" 

'.' . 

.. 

'\ 



.:',.: .. - . 
.. c '.:' ": ....... ,'.,.; -._\ ,,';~. : 

'¥"t¥.~":S!ElM" 
',: ..... . 

......... .': 

.. ~:., 

-iI;'. 
,," . 

",: 

", 

".:'~ :. , 

'.' o 

", 

;. .. ' 

, " 
. ~'~,1 . ' ., . 

. ' >!. 

~ • I 

" 

/" , '4 

formaJ."group ,J.aw over' R ,'then,there:,e1iista',~~'R,s:tcli:that:~ 

~: "i: ,- :'F'~~'Y; -~X+' y+ '~XY;:{Lrito,(~~xy)Jl;,:;( "', , 
.;- ''7 ." .. ', .,.~,.'" .:~ .......•. ',;' . ',' . ;",," 

is a ~emi~:pr;ime'ring .. i:t:~ 'a.n'p"ly'nomiaJ.rationaJ. fomah' 
. ,,' .,-, .. ~ . ..... 

.', , '. 
.:, . ,- , ..- . 

.. 1," 

.~ ',,' 
ii;' ,R 

',' [, ;' ,,~ 

, ':ro:' of· " 

. ~. 
" ': .. . 

",. 
Jl +1 '+ aXY ,\!ir.· , " 

,.w ", ,' .. 
" . :1'; ';: for' some,"a.£R ", 

l' .. -

., . 

. i, . 0 
applied to, 

. ~';. ,'.-

o'f tlietlieor,em',~J.eariy follow~ girectJ.y,fr.:lm U;;""" 4.2:.3 
J"" ',' ""., '.' . .;' ... '~.' • 

R, :iI!yi';" ofLemina 4.2.4 .. 
',~ . 

." '" 
Proof:Ste.~6ment 1. 

" 

.' ' .. " ,0".,. , .. ~ 
c'learlY, if R isa r:;.emi:'pi:1me ring 1 ~d, ;F(~;:Y)' is 'a rational. formal. 

: groUP (J.aJ(ov~r -r:thc:~: ~i. F(X,Y) ····is ,a pk~dmi~'grou;J.a~ iff' 
,. . " .' , . -', -':". 

.1, 

..... 
.t. "-

, . . ' 
up 

.;'" , " 

..•. . .. 



': 

.' . 

.. 

. 
'. 

-,.:. 

-.''' 

. ' '. 
;",.) 

·.r "'. 
.i 

, .. 
~ ~ . 

.... 
" . 

, .. ' 
.~. 

, ,- . 

. , 
' .... .... . i. ..... . ........ 

;. 
" 

. . 

.,.,.,.\ .. : .• '1. . 
. ,.... ': 

. +-:' '.': . .. " 
..•. 

' .. : 

'.' 

---".lX ., ' . .. .. 
',' . . . 

. ". 
~. . ~ , 

' .. ' _§4;3Th~ Generiu Rational 'categ~ry:, '.' ~: 

--.' ~As '{n section 3.1, let . ,F~(R) '.' de~ot'e t)1e -c'stegoIj' of "ai~' -form~~' .~r6up laws' 
.. ,,_. • J ' ~ •• • " ...... 

.... :._ove(R·-·(·{~ •. '~ 0~~"~:~6iori~ fOi-mal~O~' laws )rui~~i.11.f~~~ ~o~~~;'w 
::-::moi1?A: p.ons~~e~_~he·subcat~gorYofFg(R) . who~e ob~ects\ c~nsi~; ~f _~ .' 

. ,'. ·.,rstiona1. 'fOrrilali,group 'lavs' OYer R .. ,. and, .whose-.!"orphisms ar.~ .simply those .. 

). 

':.,(., ,.' ,.' .' '!i~ .:. ,.:'" ";:., .... '. , . <\.: :." .. : " '. , : . . \ . '", 

J. .... In0'rPhismsor:,Fg(R}:'·Whicli·e;e'give". by.ration~ formB.l'p6w~r series.ili on~ 
":.-" ' .. ',' 

. \;indet.ermilJ.at·~. Clearly, in the casewh~' ,R\is a fi'eld,1;l'iis is 'Just the 

',' . ca.tegOry~at(R);;as defined it,;-§3.l.HenCe; :'Call thisca~egory " for'1:;,; 
. "', ' ... . .'~' -', .'. . .," ..... 

.thecat~gory 'R~) '_Of all r",it~nal ;Cl~1i.l 'group laws civ~ ~r-'I-« 
To .. est'abl;i:sh~alogous results.·t'o those .. found ill §3.2.· , we, must .first 

.~ .. ,. 

R'" '. , . 

.. 
• ..I., '. . • r . ' ....... . ' ' " ,.. .. 

consider. the·f.ollowingprOposi'tion, together with its corollaries: . 
. . ~ ,.' (.... ," .... ';-'.;' ,' .. ~ 

-~, .. -
noxation 'of .the previous section as regards the product 

" . .... : 

'-' Recall f:j.rst the 
. . '.\1)' • ", , . 

of fi~ldS,' .. -'. 
":" . . 

'. . , 
.\ 

. . 'n.··.·,.·· 
~ ~/ ,. 

" '. 

.-

'- \ 

...... 
.. I.' ., . '" :. .' '? .:';': .. ,; 

. t..-r~ \,:', : 
,-

, :: ' 

:- :,.' . -. - - ~ 

.\ 



", J,I"~ ". 

. - .. 

,'" .' 

," . 

, . 
" 

.. , 

: .. 

':-'. 

':t 

'9~ :, 

", .... , " 

.. I' ~ : ... ' 

. '.~ .. '--

..... . . "- .-. 

~ .. ', .... " '.' . 
.", .' 

, .. ; . 
,'." ~,,' -.. . ,",;.-

, .... ., 

.. 

Pio~Positicln 4·.3;i:libc·L:def:i.n~s a morphism in, Rat(JF),.: . 
j' 

. '·1'... h.: F(X,Y) ...... \ .'·.G(JC,Y)·, ,..., .' 

i' 

,: 
.,' ~" 

.. ·:.·iff ,\t'~;~·i~i., w~ have. '}J.' morphism .in'll.at(,JF ii'.: '.' 
.,; 

" ~ .. 

· ',' . .... 
,,":", 

t; .. ' .. .... 
. ' . · : " ,', J' 

'.' Pro~f: If i.n'the~a-eeg6~Rat(:JF.). ,'we !Jive,: .. 
• . " .. :" ... 0 ::,", ":-.._ .' ",~"', ._' ..... '- ~ .• 

":" 

' .. - ~". " : '- . 

".'; . 
. :- ' 

. : "," 

" 

· '" . 

.' " 

, . 

." 

. .," 
" 

. rl'" . -, ,;: :. ." ·h. " F(X~Y), < ,,'.G(X,Y) "': :' 

.... ·.theb:; for.ail.. i£I>. (recalling the defhli:tion 'of th<ma.:PPi~ 

.~ ,'.', "';'~i'<4(F(X;Y)J)~:Pi(G{h(~),h(:Y)) \, -
. '- . " I.' .. , .' .... .,'.:. ". -: ': ... " ,;.' . 

~--- ~-

l3~tliat j~ . : ... ~ ." ,", 

, ..•.. -" . , . ~' 

hi(F.~tx,Y):=~(hi(X);lli (Yl) " •........ . , . 

, '. 

.. ',' ' " ':". ',.",. . 
Hen~e, hi;(X) .defiri~s a ~orphism·fr~. ;Fi (X;Y). ,oto?:i. (X;~) .' in .the 

.,. , .. ',' " ..~., ... \:... .. :. 

/" 

'. :.eategoryRat(JF .. ) ·.i;:·' ' .. ': 
" .. - '. . .: .. ~ . 1.. ", .• ~ •. : -" . .' ;, 

. :. Conve#sely~ ;if for ekch i~I ," 
\ -- : . I • \ 

." . ).:\. ;:ri(X,~)~"",:-->- Gi(X"Y) 
. . . " .'" ~ .. .r--'-.~ -' .. ' ~,"" ", 

~ .Rat(JFD, tileD 9be i:;an'e'~silY '~~e ~~at~: 
.,.---..;......~'i:l G (X ,Y) \ 

, 
in 'the category ,'Ra:p(F i). 

'.1 . 

. :. '.', ./' . 
• ~,; .. , ..{;I . 

Coroll'ap: 4'.3.2: ifh(Xj ~efines'an 

: .. ' .... ," " ..... 
. . 

. . , ~. ;~ '. 
,', . 

.' . . ~ . 

"" ' 

, 

-"","""::.1.1:-;...-,--). 

~. -I 

pet;we~,ri,· F(J(,y).and G(~~Y)', t~~n;.f6r~ClineC1,B~JF, 
'. ," ~., 

h(-~);'~X~ [r~;o/ C1X)'~) 
~ .. 

. ",. 
, . : . 

" ' 

.. ,',," .' 
·.an~ •. :t::rrt~ore, B isa unit ofJF .'1 

Proof: 'Let 'h-~(X)' 'denote ~e' in~e~s~,' iSClm~~Ph~:: ~i'h(~)in Rat(W) 

.. ' .. 
". ," 

. ' . 
. \ , 

.. 

'.' '\'. . . '. ':- : ',' . - '. " '';' 

BY'- th~pi:-eVi~us pr: pb~ition ~fOt each i~I, ,hi{X) .. ·.and 'iCi~(X). must 
, .' \ . ,~. ~ . "., ,," '. \' "." . . '. , : ,; ." 
be ~v~rsei o~6rphi~ ,j.n Ri..t(~ ~r. Since. each'JF ~ is a,fie1:d,; < 

. ..' \. 

j ;2::implies that "for each .. '. "'... , -.':' .. 
~eo i.q ;.1:heref!!xistl ~~~ei~:ri <~ 

, , . ... :. .. 
-':", .. ,' ~. .' 

" .. , '. 

. ,. 

'-16- ; .. " . ~' .. " _ . 
. ; . '", . . ," , . 

."'.:' . 

.r 



~. , 

"., ~.;. 

.... ". :'. 
, ' 

. ~.:-.:.:. . .... :., 
'. ',.' '.:'., . 

. ;~;.' \ .. -: . 
..... 

:.~. 

.... . ',' 

.." .... 

.', .. --' -.' . .... ' 

, . 

'.' ' .. '''' 
'.:'., .' 

. ':. 

.'.,' 

,. 

. ' . 
. . ' 
' .. ~ 

" '.: 

'~ .. 

\ 

" ' 
~ 

\ 

.". 

. " 

. " .... 

f ... r. 

.. ' '.' 

, ...•.. : .... , 
. ...... '.'" 

.' ." ,,, 
.,' ·:c· .... .- .... :: . 

; , . '~. :. : . 

. ' su:~hthe.t : 
. ~ . ..... " ... 

, ..... 

. ,~i(~f::;:e~~{ In:o,<aix)'o), r-),c"" an~, #nce Lli'lU,' ... 

li~l(Xj' ~ •• ei1.x:[I~:o(::~it:~':.:~~) . .... ' .. 
... :-", ' ,'.' -'. , .... 

., 

; .. 

,;, 

• I1'.fol10;.~·immedie.telYthe.t: 

. .... 

" 

'. 

.;:-,. 

:·:~~f:.-,if·J~ (xt=,;/( In:~ .',(~~)~J', .. ' '. -. ' .. :. ":.' 
...... I.' " 

';.'" .. " 

i 
'.' . . ..... . 

.. Obvio:us1y, 
. .." . 

;.and"p:Ce)·'; ,e', .. ' "fo~ 8.1),1£1 • 
. . .l.' .' . l.'" '. ' . - -, ... .' Pi·(a) = ai~ 

),' '. 

e. is a: unit of· ':IF, . for !'11i"]:. since 

. .... I.!;-'-,'-~ 
,. ~ . 

" ,:' 

.• .. :,s\,.ppo~~iiov that. s~ isa~s$ring~oftlieproil"ct ]F. ,Then, .if .F(X"Y). 
~' ", .. '-'. '. ~:, 

and (>(x.,Y):· e.re rationeJ.: formal !>roup 1e.v~ ,over S ; !'{th ,'b. (x·i . ~.re.tioiiill' ::., 

:'forineJ. 'pbv~~ serie~ .overS,giv'ing an. isomorphismbetveen' F(x',yj . and •. G(X,Y) ..... 
. ! ". -. ',' ' " '. " .'" •. - .' .,-.. : 

• ' ... ,""j, 

in thec'ategorY- Rat{S).,:..tl:>ereexist a,e~lF ,.:,' ff·e..unit of' :IF 'such 'that: 
' .• '1) 

h'(xl;,' LlX"(\ '?(ax)~)'~""'·':~· 
. .... " Ln=O :'.,' .. ' . "., . ' .. 

;, 
", 

If 'p.enotes the iDver;~ 'iSomorphismo'£"·h(X)·:in 
. '.1 '. 

' , ' h':'l(,~} ,:' e~1~x; (~=. (_a-.1 .,la '·X)n]_ 
, . '. I:n=O ~ " ' 

: i'. , 

Rat(S),. then, 

• , . , 
" 

;!' ." ~ 

~hich :i.m:pii~s that both Ba.ild B-:-lare\e1ement~~ft~e'ring 'f),and soi i~El' 
.. 

must have . ·.a~ S .' 

In viev'oftirl,j reinark,ve 'ncni'have 1:):l~~~~ei-a.iization,ol-' Theorein 3.2.1: 
, ... :., .• ' ....... ··<ii· .. ':' .. ' .. ' . ':".: \" 

Tlieorem 4.3:3: If R.ls.ru:!Y semi-primeconiinutative ring,theisomor'phl.Sms' ill' 
'. ..... '.', .. . -'-:' . , 

the 'cS:t:egory . Re.t,(R ) 
. ".' . 

,. 
are ;giveD. 'by. rat1oneJ.·formal pov~r. series'· 
,', ,. '.' .. . . ' 

, .,; . ,.' 

,,-.- . 

." ',: 
a unit .. 

. " "--\' 
. I . '. 

'Proof: .-
. . 

as' as'ubring of. a product· of 

. ' .--~' .',' . .'.~ 

... '.' 

.' 

, . 
" ... -.~ -.' . , 

I. 

, . .' . , - ."' 



'. 

" ! 

r. 

~ .. 

,. 
. , 

l 

' .. : 
. , 

:., \ 

.. ' 

"r. ''-: .. 
:.',;': .. 

C. I 
'1'. ; 

i', 

: . 
: I' ., 

". 

... 

.' ..• 

" 

,. 

.. ' . 
. ~- ; . 

'0 

.' 

,;' 
.. -:'. ' ..... :.' 

.; .. ' .:." . " ... ' .' r :.". "~." 

are mereiy" an extelision tif.the~ nbtioIl~~ . . .•.. 
.......... ' .. .' ..... ;.' .... ~ .. 

'. . . . . I ......• ,'J •.. : .. : ·l·· " 
'1. 

:to be asemi-pri!ne ri.rg;. 
; "\ .... , ." 

..... . ~'..,(~ ... ';:.'::.; ':"" '.. ";'. . " '. . " . '.,' ' " .' 

EX. aenotes ~the.niul.tipliC~tii~ group or llnitsof.:Rithen,.wemay 
:; ... C/.:.... •.....•. : .... : ..• ' .... :' 

the; sqUare class .gr~tip~f.R: to b,e.the quotie.nt:group: '. .. '. 
".~'~.> x': ..... ~. .:.'. 

' ... : '. c' R .' '., 

'. I. ~ , ., 
..... 

.' .1 

defin .' . 
", '. 

. ', 
' .• .I' 

..... \. " 
: ..Rs;= \'R"J2 ... 
'.' ;, : . 

. " '<"' .. I ,,' . ',' ,..... .. :',. . . . 
.. Let ·.F. X,Y)· be:a rational formiU ·group ;taw'civerc:R 

. ,! . .". :.'. . . .' .~.\ " ". :. .' . . . 

". "'. . .... ,. : .:. \ ':" ' . 

Then, by ThE!0reniJl ~2 .5,;,c~·'· 
. I '. ' 

therE;! 'exist' .iL,bER ·-srichthat.i . 

. ', 

:~, .' ~ ... ' .. 
( .!.' .. ' .' 

X+Y+-axY· 
.1'';''bXY .' . '.' -. 

- . \ 
< .• \ 

. .. ' . 

" 

.., DElfine the d:i!scr:Uidnant; ol.the ratioIl~ .. foririai!9:0UP law·F(X,Y) : to be: .' 
... . . . 

'. 

. . ' 
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. :. ,"}, . . , \. : ' /. I· 
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.' .·APPENDIX: A:' SOME CATEGORY THEORY:' 
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. The . s~b.ol· "A".' shli+ldenote·. an, arbitrary-categorY; ,~rith:i:r; ,appelldix.· 

§A'.lGrciun Ob,j~ctsin'. '.~ .:.:'. 
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. < ',:.: 
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Suppose· that the'categorY Ii. . has .. all finite . products , 
,......... ::',' ..... : " .. ,' : .... \ '" ,... " ., .:~( " ' .. ,' 

and,· has ·"a.final· . 

. object, .T,.;qd;notin~ ihE!~~4 ma;, ~~om'an~object A 
.... . . '-" . 
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. ; .... . 
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All<~bject Ailf .J! ··i~ a group obJect/of A ,.if 
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commutE!s"then,ves~ tb.atthe~:cgr~tip (A,,,;y ;i)' illa~eiian •.. 
' .. " . :.' .'. 

···G:i.v:en:t:wo;!-gr~uPs, ::(A;J1;y,;i) . and' (A' ,p,;y,,:i/)·,thendef':i,rie~!-g:fou~ 
.. " '" ," '.1 

" .. ' .,'. ': .. 
morphism ,o. 

.' " 

.' . 

"'S' {A,Ii,y.~i),... ---'-,-. ..;/:...-,. (:A>.,Il',!Y',i')-.· 
.. ,. --.,' , , .. " 

... , . , . 
.,,".' .. 

to be ~~._m. orp~ism; of' ·.Jl, .' '. 
'. e : .. A,-:.,....,..., .. ...;,' ,-h, .'. '. , .. . , 

. . , 
We mainov slefi~~. a c~tegory,Grli(~) . ,v!l0se .o1ij~?ts 

• • . , I. ~ . ~ . 

morphisms :the A-group morphisms defined above, . - . . 

'ai-~ .. the. !';'groups' and 

. .. 
" " " .r 

.. '-. ' 

',::. 

Si.nce., vehave an equivalence. of sets:' ..... . 
.': > . 

. 'HomA(:B,A~" XHo~ (:B~A)= -HOID.A}B,AxA) 
"'- " -

,--,'. i . 
.. ;', ... .. \, 

.. .. 
, .forariy't;vo ~bjects A,B of" A when A': 'is thll group obdect dis,cus~edabove •. 

:' \ 

. . . 

'forali4>,1j><;:Hom (B';A) define: 
. ··.·a.: . 

(4)', ir : B . ...,..-....-'-.... , ·..'A ·.x ;A. . ... 

~, . 
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.. . . 
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"GJ.ea.r~the. operation .. !,'" is 

-.' I" ...... 

vei~,define.d: asa se;~a~~~d:~ inllght of the 

", ' 

1 _ " .. 

'asj3o~ia;ti:v'e ~roPeX.ty .or th~morphism:,")l . given ~in diagr6!llA.1.J.., the' oper~ti~} 
." .' .. :: .. ' . - . .. .. 
. ..' 

· . * :' is easily seEmt'~ bea~soci~tiv~.Fui-therm_ore, diagrams A .. 1.2 show. that the 
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"PrOPOSition!.: i. i: ;i:' , ,FOr' any, O~,j'~C1; '.',~ !'e~: ',(: ',; 'H.~mA(B::A),iSagrOUp" and", 

", '. ,-, . ~ . '~"."';, '". ~ :'-

'." . ii; 'ii'G, is any ~thei' ~o}lject of' i: ,~iI, ,ther~ is ,a 
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. '~ .. ~ . "q,',;;,C"-~.,:...' ,"''',B , ,~n:, !"" mory~isll\: 
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" .. ~ . 'then ;' "~' ind,ll.cesa" gtoupi;.o~8in:8rPhi sm , 
'j'.. , 
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Ai a: contravarient. 
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~ ... • " 
'Remark: A morphism of A~group9 can easily be s~en' to, giv'e, rise ,to· ane,tural . 

. ,,:"",<' ..... :·1··~/·· :.' ': ." ...... ' .. 

t~a.D.si'orin:ation 'bet .... een th~ assoch.ted f1lJictors .. Thii!;, the category . ,. 

'G~(A) ·.is~b.t~aliy '~~ubc;"teg~;y;f the ~~te~6ri o,i,aii~oritr;"v~;~e~t" 
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. Clearly,.a cogro~PObje'bt (A,c';Ti',a)' in 
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the .. cil.tegcn"Y . A.d·efi.n~Sa"group '. ,' . 

. In :;"~e.w' of t):lis, the naturru. detirii tion· for .. 
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,", .;. 

.' ". 
" 

';'.1:,: ; 

" 
:.',,0 

.',' . ,~ , 

,.' 
) 

~, .' .. 
c.,', 

',-

", .. 
":." 

" 

" ' 

' .. -' 

;';,:.' 

.", 

, .... 

.... 
, 

. ' .. 

'. t:'. 

~', 

'\ 

, .. -.. 

:. 
", 

:' 
'-84-

'.,. ':.,:: 

" 

,,;. .' 
,', 

'" 

". ,. ' .. ' 

i, 

"'. 

" 

',':' 

" 

'" ,t 

, ,'. 

, ' 

" 

.. 
, " 

.. ' 

~.' 

';: 

" 

" 

" 

'\ ':.,,'.' 

[2] • 
. ~'. 

.~ . 

..•. .. " 
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" 

" 
, 

'0 ' 

l' 

,,' 

.'\' 

\ ' 
,,' 

" 
\ 

" 

." '.' 

·f· 
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.. ','. 
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:t" ' .. " 

:\ ..•.. :. ~ 

:, ' \ . . ~ . 

.... 

." 
" 

; . 

~. . 

'.'" 
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~' .. 

"-- . 
, .... ·r. ,~, .' . ' ; §li.1. Formal ;PciwerSeries Rings: .. 

. .- ,--,-.;..::::=:.,.:-;.:.::" . .=..c=.=;::,,== . ,',' 
. ..... :. 

...... : 

" 

, . 

~ " 

a.e~trt{:~h.e.set~fr.;.tupi~s. of :ni:;;l-neg,,-tiv~i!1f.ege~~;n~!!o. ' . 
. '.' .' - .'" .~ '. . ":,; :;Let,.Mn . 

::, . , ,'. 
.' -? . ,.ie; (iI, :,.:,in )·'- , h~!o: ,l.;j.;n .• . 

. j:: :" :F.O. 'cr' 
, ' "";". 

· ..... : 
· ,. . · . "'. '.' 

. ,'. . :::: 
, . .. ' 

<!-efin~: . "", .' 
c, :e ." , 

"'); 

, '~, ' . , 
iff,;' ~~:~ .lk ( for . all l~ k:~ n > , 

• , ..... 

. ::" ,I i·', and, 
'~" .-;. , 

.. .. . , 

." ..... 

''''', .h'~ J. = . (j;l~) 1,' .:<~.in.:+ jn)': ": .. ' .. .'. ;' 

. ,;' 

., 
"<;1 ~,: 

'Tliu~,:th~"set .M
n 

qn..it. 
;'.' 

,,"' . .' ",' . ~', :':,', '. " 

:Let-R .'denote 'the :set of set maps fromM . ,to the underlying set .. of 
,n .... ;. ..;, ,'" '" .~: .~'"'.; :; . n .... .., ...... ;:. 

For :all' 

define: 

. f': ·M . 
. 'n , and, g 

"1: .. + .g 

I 

, " 
. , 

M --:"-~ R'.· . ,n ", ...... ,'. " 

.' 

R .. --. . -. 

~ '.' 

, ," 

. ' ...... ' 

!', . 

; .. by.:.· , , 

'.1'. 

land; .define: 
• .'1 , 

\ . 
. by: , ~ ) 

,' .. ...... 

'(f + ,,. g)(1);", :f(I)'.+. g(i) .. ' '" 
. ~. ~, , . '..,.," ". ' :' 

f: g : ,Mn.· -. ...;,...--' .... ,} . 
. ".' .,' ':,. 

- . 

. ,'J ,K~M 
. . '. ·.n . ~" ~ , 

, " ~ 

~ . , . 

, ' , . \ 

:Glee.rlj; tlie, set map 
. -

is wen ·defined.,. and, since :the gumma;tion ,in1volved 
. ',i ' ~1 

f + .g 

is ,tinit~;' Sq is. the. map J' ~;:'.. o. . , .,. . .::'.\ 

tjle set 

It.isa.n ea!;y exercis~:to. ,showtha.t ·these· t.wo'binary 'operations d;;fined on: 
. : ' .. :,' . . .' ,'. ',. . . . ~. ~ .. ' .. 

~ . . , . /'.. .' ~ 

~;; ,satisfy .the :ririg .a.Xi()m:,'a.nd;~th~~ore, defirie ~li~ ·str~'t_u_.r~;~; .. 

.·.·/.~r ~..' - '.~., , .'<. .c.85·": .• , 
,'" ,/. :---

.. ", 

: ., o • 
;" . 

'.', . 



,' ... 

\' ." 

~, . 

::. 

" 

.'. I,. 

".'," 

:. 

"~" ; ... \ .•... ~ ... 
',j. 

".', 
'.' ... ~ ... , .. .... .,. ".'. 

• 4:'1' •. . ...... . " .: 

;'.' " .. ' 
:.1 ..... 

. :~:; ., .. ) .. ........ \. " 
. . .,. " .' . . 

. , 

.. 

: .' . : .~. ' .. . ", 

. '.'.' 
... 

, '.' 
'";', 

...• : 

:~. 

.~ ' ... " . , ., .... .. ' . .. ;' . 

aco~u;~tj ~~ ~f~~. ,~): th ~i t~ \~hese1;: R . ~together with thi's' :ringstrjl.cture": 
n . , " , 

".\ ' .. .... 
. " 

' . .1scalled·.phe ring:offorDull .power series. 'in 
. .' .. " :: .' 

" .•.. 
narbitrary indeterminates over 

":;"1 .~: -, , • '" ' I 
: . 

'. 

.c, .• ~,s 
1\· 

.' . 

thi.'ringR - .: 
. ; . -~. 

' . . . ' 
'. 

we may 'write' 

-: • .,-0;-.: .• 
'~'. 

'wper~, ... if . 

,'. 

the :SymbOi'. 
:, . ~ 

) ,," 

.•.. 

'.< 

..' 

~. . . 

.... . . 
. '~ , 

. ;~. 
.:."' 

. t' 
. , 

, ' . .; ... 

We"may now.dl'fine,the r~operationsin. the following .·fomal·mariner: 

(i cj:·g}(Xl;.;:' ,il - LI·'~M·'·····if.· I····.:.'.·~ .. ::' 8:
I 

1 ';<.1 ... ,' . ~ . 
~ _ .. ' .. ;, ·· .. n· ... <;;. ~ 

n " 

' ... . . . ': . 
·~d, . 

., '. 
, . .'. " 

.; 

are.any two. elements of 'R~' • .... .', '. ,.,"'.', . n 

·The .a:t>ove formB.l notation,and.·the.. choice of·the'indetemnates 
... ., ,_. . .. , . 

.\ 

L, 
';",' 

. ." 

., 

" 

',' 

'.': 

'" . 

." . 

.-:,... 

. -I 

' ... ' 

" 

'.' 

.," 

' . 

.-

.' 

., 
. , 

..... 

.. , 
'formal' pow~': :series .in:the· n indeterinitia:ees Xl', •••• ,X • 

", "-:', n,- '-. 
" .. _, 

. ~, \ 
:.' 

which 'shallbe-denoted by:. 

'; .. . ' 

"elha"e i~ea::!.'a:tely::' , . 
.' 

'., 

.. 
.. , 

.' 

". 
'. • 

I' 
,'. 

::. . 
," 

'. , 
:.~f 

. ',' Leimria B.:L.·l,: ·If y~".: :.· .. yri·. isany,:dther colle;ct:i.oh ·of .inde1;e~na~es·, 't~e~; .~ 
"'." '. ,~,,' -:' '. .' , ;: 

~: .. 
.. , .. .. ,. 

. anc1,~'~J(Yl>,; .:;,;Y~JJ . '. 
, 

i ·F<·theri~gs .. RC(Xl; .... ,x fJ 
'. '. n . ' 

o· .... . '0" 

--'::"';11---'-"":"'.'-, .' -J 
' . .' 

'''.~' . '. ::,.' 
.' '.~ 

, :\~ 
"'. .,. 

,', , 
,,' . 

'!.". .. -86- ,.' . 
" ". ,; 

. . . . .::, 
•... 

. i. '. ' .. ():. I ' 

" 

"~' '; 

,.:. '.;,:, 



:.' 

J:'. 

. ,',' 
" , 

, " 

..... 

,." .. -.:.:: -'... .'.~: 

...... ~.:~ .. \, 
.", .'~ . 

. :" 
../".:.:. 

' .. t : .. 
;.": ' . ,U,-

i{ ','. '. :', . . .... ·t.· .. . •.. .' 
" ' 

',': . ... '. , 

. ' " 

..... 

.... . 

·l .. · . ';:" 
~ .. ...... 

. ,;,:: ." .' 

." 

.:, "':I' 

. '." 
......... 

' .. '~ - .. " 

Now; if' . r(Xl,,:",; ;X).R 
';. ," '. '.-" " n·· ,n 

" . ;, , 
.-' -

,',',x! ' 
'. 

'" 

.... 

...... :, 

;-' . 
','" 

, . ~ . 

. , , . 

. ..... 

"" 

.' 

:.' . .. ~: 
". ,. . . , 

. . .\ . } " -.. \ .' 

"'The qonstantterm 'of,' a;t~r;nii1 pow;r,~e;i~~ 'o~e;"'R,;, "',' f{Jh·,;. ,~',X,) .,:' . ~' , . . '. '\.'., ,. -: .: ' . .n . , .. : ,.' 
1" ,t.he coeffiq;ient':: ' . 1'6 ,< '.(l1e~e 0.- dE7nOj;,e~:·tlie'z·eI:c?n.tupie) , 

< • . . '.'~ " ~. ~:', ' ... 

. w' ""'. "':'in' "!' ';'0:";1 oJ . ,,,"0'. "; . """". ""'''.' • :i~' homom",,,,,,,,., :. " , 
.. , ..... . 

.~. i: R .-. R ' -,' I '. . .' . 

1'·- n'-' . ' " 
~. f 

.by, mappil1g every: element, .r, '. R' to the: i.ipique-- formal, pqwElr -series defined, 
.' 

""1'0 .= T. " .', and, 
.h: 

f' 
I 

, .. , ..... 
=0' 1'(11' ,;If .0: • 

" ' 

': -. . ... '" 

On the.othel:" hand,- we may -d~fine.t~e augmentation map" , /" 

"-£,'":,,R " ',' R':> ,. . " ·,i. 

: ., . 
'. ''--

'..1:: . 

, ',.,s.' . ( .' < .... ;' 

-,'n' 'n "! I-
,I", i:';' ",... ,~' I ,,~.,~. /. ,' •• : .~ •• ;_ ' • .1 "'\' 

, .'wJlic~seridsev-eryformai .PClwer 's'erie~' t(Xl,." ,,~-,Xn)' of Rn (toi ts .'c.iI'ns~ant 
term,~toH Again, we obyi~U~lY hav!''!-'riIlg' h~U:-O~~,r:Phism:(-, ," 

. " . -' , , 
" , 

. " )' ." . \, 

Rl~" ",,< 

.~ "'~R 

, :' 

.- .- "-.! 

J 

.. ~... ":',. 

. '. ' 

·"'L, 

. / '. '0 .~~ .. ~' 
-t / . ~)' 

· .. //·t 
oj>. 

.. ~' . 

. ,7' . 

" :1 

, , , ., . 
'. ': .... ,,,' .j " ...... .'1' '~'. ';'" ' .. ' 

" 

" , 

'/", 
.... ,'R'-"',',' ~ . ,£ l!, . : r:' "" ", n,. '.;-

/,E. ".' .'. 'D,;'.:- .... 

./ ... ' ' .-::,' ":f' ." -'.' :-
, ., 

'. 

" .. 

LemmaB,l,.:" ~{;cleaf~Y~·.·.·(Rni_lli -:: n~ 
/' ' , ,',or 

.. ,I. 

. . '/·,;'i,. If-', .. ', _.,' (R '),' . -' R' , " " 
•••• ~.o .. Q,' .... ~m" "nm ,n' 

~. ~ ': -' >- .... 4r." " :'-'.' . " ... ' ""/ ..... '>" ..,. " .. '.' 
"" . < are:-t;he' twb·e.ugmenations, the.n,~'.· . , .:-....a .. - .. ~ '-. ., 

' ........ . 
: 'i ,';"';; .. '-' " , . 

. '. i . 
-:0.. '1.'_ 

':,. .: \ -, 

"' " ,. 

.. :. 

'~ .... ' 
.' :Q - . '" 0 

'(R' )"---',-' ;,-' ,,:-+,. R· " . 
". 11\ n ':.. " m.· •. 
"._, .9 •. 

~:.'E .oc' 
·.m· n 

.; '-'; 

. 
:' . i' • 

: '. ~ .. ,.," .. 
"..... . ~',: ~ , . . . '" " .:",. 

' . .- '.' .. 



... . 

~. ' 

'. 

'. 

.\ 

, 

r 

.' ..... 
. ... ~ 

,', ... -.,.....;.c._~.~~.:....:: ......... _:-:-.... "'~ ._ .... _'.~~. :"~ __ . __ ~ 
. ,; 

I,tltl'(n) .. kllr( r. ) 
n 

.' 

.. ,. 

I( n) . luthb. ldvtrl 01' 

'Lholl(1 /'ormlLl p(Jw~r fHlrl ~il wi til 7,oro aonlltfmt t'llrm •. 
.\ 

. .......,.,.-.' 

\ n 
n· 

which 111 c111,",'1y I. ,'orm,,]. pO,wor lIorlOl' in n inilutllrm.lnTtttJIJ OYOr Ii I/Jth ~oro 

111 cIonnd with rnnpl1ct tci compollltJon o/' ro~mlLl powDr 
i 

,-' " \ 

lIorloo, 

"'rom now on, whllro thortl :111. no 1.1(""d1>11I.1.y o/' "onI'Il1l1(m, 140 nh"n d~n()tl' .Tt 

form,,] pow"r II"rlo11 In n Indat,ermin(.t"," Oyor' n , 
t'( X) 

l1nd, n gJVcno'vDctor (Jf m formal pownr florIn", 

IIhuU bo denoted by: 

, 

by: 

'Only whoro 1 t. bocome" noco"ultry to dl11ttnguluh bctween tW,II0 t\ol(; concopt" 

f:hl.ll we U"e t.he cornploto not"t] on, 

Defino !!.* to bo the "01.: !!.o u (~) 

'I'horo III Iln obvloun order relut.lon donned on th!." net, given by: 

, for u11 " , lY. !!." n !!.o , dot'l nn It~b in t.he UlJu"l WilY, [mel, 

I for ,,11 e< !i." , derIne c.(tn 

Now let 8' denot.e flOY commututlv" ring, 

-88-

" . 

.. ' .. 
" 

I 
" 

. , 
, ~' 

. 
" . :",. .. 
, 

.~ 

.' 



., 

'.' .. , 

.' ,,' ~ 
, ",V' ..... : ....... .' \ .. ~'!I.", ... --..-.... : : • '" • :-;-:. • • • • /" • • • 

. '. __ .-... --------.- ... - ~ • ... -..t •• • ,.-••• -~.~ -~'. - --,,_., • - - .:. . ~ . ~ . . . . 

'.", Dllflno I, 'rJ.ltrl<loion.v on'tho rl.nll :Ii :to 1'11,11. rio~ ml<p, 
, . 

v :,', (J , N* - , : 
, . 

'1lfit.J.ury In/{ I ' ' L • .... : . 

.,.. • (11/ • • ,:/,:. 

:'\~:i ~~.:' _H N' ,'~ 1n'~(y( "' ,vI II' )), 'C t'~:'!'tn.,'l\~t-l 1I"lrl, ,n 't fJ' • 

HL V(tI'"" ~ ,i(tI)+V(II", 

'J'lill '1':tJ.trllt1 Dn v' (,I' 'fJ 111 'tlft.l.c1 ~o 1,,, H',lUn!1ort't' J J' ImHN "J.ONI 

/{J.von hYI 

. 
iv .. V(II) or H'J 1'1', (I" 0 

'" A-{f,) () n nlil 

, 
, ,tl I II " If --. :ac 

hn llny lIoquonr:o or alojllllOt.1I ot' 

Wn lilly l,hut ftn nlnm!mt II or r: ~ 01' t.ho 

v 1 t'l': 

~ lim (II _ II) _ '0 
n-)UI n . 

in "hleh Cllfl" "0 "rHo: 

.. fL 

, 

fl 

(In'lunncn 

Nota t.h!,t. I I' v 
/ 

i(l lI11utl(lorrt' I t~,on ll11 llrnitll fLro uniquo, 

L 
lim 
n')Ulv 

A "J t.h rOllp"ct; 

, !'lnc1, 

Pro(rf: 'l'hoflo rOflult" {'ollo" diroctly from t.ho proportion or v 

--11,--
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j 

'1 
'~ 
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\ 
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/, 
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.. 
, 
; , 

. I 
;, , 
i' 

( 

' .. 
'. 

:,' 

...... 

. ",' 
'. ' 

\I 'Hrs 

A rntrl\Uon 

• ',1 

·V or thb rJ.np, 
~ 

.,' . 

'; .... 

• 

(-I IN ~1\:lt1 '~rJ 1>0 Ii . r "rnI!'1J2L~ r1IL,'ltUrm 

. :A If .H 1M irl.ufHlor rr , rmll, tJvbry C:/I,uchy fHlIj1l01\(Ja 1n fJ hLIM /I. 11mt i .In t: 
'. 0' - . . 

Wh chl\l1now ouVl11',o.I,r,Mol'ltl 

(JUppo~O. :thnrtlax:t M'I. H-moalllo~ 

,. 

C('flNI,),U(:tlcJn fr)!' comp:l.nio 

fllx) x:o -..,,:UcJ,I.hrl1;·: ,-, 

(NotlJl Od fI 1mpJ:toMLhflt. fJ JI1 fI(,tUfIl,.ly Ilfl H-"Ir:ohrl',) 

,4,r . (J t, 

, ( ) 1. t.h 11' fl(,fl', thon lot ,It k . atJnoto It" r. CC)JriPM'ont. In tho IlbClvn pre,auot, IIfHl, 

wriia, ,,(n) 1'01' thtJ olNntJnt Cif fl I(:tvlm loy: 

I)ofino, for ,,:1 .I. rc lio • 

1 H {1Ir.O III(kl 
l' 

I' M {IICG J lI(k 1 
l' 

C.1 ollrl y, "''' hllvn: 

"'0 1'or 

.. 0 for 

1I1l 

11.11 

fc,r 
ror 

k<r} 

k .. r} 

k;'n 
k< n 

• I1nc1. 

I,llfJlmtl. H, P,?: li'or' OllCh rC lio • ... <j .• 1 In Ilnlt10111 or [,. 
l' 

ii, B 1M JnmorphJc to: 

OUPP()"" now thlll 1010 hllv,,: 

flnc1 , 

--11,---

I • I I 
r t 1'+1> 1'01' Illl r. t.r.!!.o 

. IIn~. <lorlno: 

"",( 

.; 
~':' 

'::: 

"',' . 

) 

! 

" 

i 
~. 

" ',! 

.) 

, ' 



. , 

',: , 
t 
, .. , 

I 
\ 
r 
; 
~ r , 
i 

'.'" 

.... \ ',' ~(r+:fof'i~~~';""~':<r~~~~~~':~'~~.~ .. ~,:.. _. ~", ".'-' 

-
~ 

I 

'"" 

i 
~: 1. lIYCJur conwtruatioo ·.Mthf7 ~tit. rn(,p . v ,(\TIa ,. CJu·r (,~"urnpLltjn .onthn. 

lalllllu>l
r 

,. V iN ohY16u~ly ,; ·ring r1:ltrl,l;:\'on. 

()ltJI1rly \I .iN 11 UI1uNQOrrr--rllt,.r(,tlc>II, NCJ H ·iNonly noaIJlw(,ry Lor.hrJW 
? 

. thl,t !i1i Clluohy NIlt(1l0nCOIl in fJ wHh rONpovtt(J~ V h(,ytl.Hrnitu J n 

I,t,-!. (t\ ) In' 

n- fl',O )JollClluohy NocjUtJTlctJ iTl . 

",,(k)." fi (k) , . ftJr 
\~ n

k -, 

I,ot 
" 

btl LhtJ N1mnNnt. ()r c' 
" (;J YNI by: 

,. 

GltJllrly, for n>n
k 

111:1 9.~nk 

~ 

v(" - II ) > k I'M alJ k"O 
II 

!,nel, )JY c()riuLrucLicJO, Lho floquonco K" fllk}k:O 111 olt.hNr incrllll!lln!;, 

or, ovontlllllly r:OIlN1.!1fIt. It. fCJl10wN Imrnoalat,~ly l,h!,L: 

IJ. By tho dorinltJon of v Ilna of !, (n) , It follow" immodll1toly thilL, 

-~a--

W,O uhlll] no~ roturn to !1 cl1r.cunnion of Lho ring" (>1' form''] powor norion 

ovor th.o rl iiI'. H 

Connlelor tho CIUIO In tho !'"OYO con"trucilon whon o • l~ t for noma n t 

n 

!Jorino H (k) lio bo tho H-mocJulo of homo!;Nltoun polynoml!d.1l of tott,] eloll,roo k, 
n 

cont,d noel in II 
n 

-9J-
. ~-' ....... 

,/' 

,:! 
'':'; ., 

,) 
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',: " 

~'" 

i,' 
( 

, 
,i 
i 

, ~ , 

1 7-

I 
I 

' ...... . 
.. ,' . 

. . '. '". . -,.' . " ..... .'. 
. . . . .- ' - ' ';' • . . ~";'.""<""'~.,.'~' .~', ...... ~'''' ,,.,~ -,-..., 'i~~" ' ---'"7 .. ~-:~ ... ,,:,-,,:: :- w'...-...--: ........ :r--.-~.-.-.-.' -;-.,.: :' ..... 

. . ,': 

.;, " 
I, , 

'." 

\ 
I II (11,'" ,i. ),,~ 

'" n,n 

.: '" 

..... 

' .. . ,', \ 1 r 1 ~ i.1 ~11.j. ' 
.":', " ' , ". ",~' 

thllil, 

. 

r ',x1 
1 ,: 

" 

'. :' 
), 

Cloarly,' Wn hlwo: ' 
'. 

c. M' . 

II:: IT II ( 
n, 11: .. 0 n, 

./
" '.. " '. 

:, ': . ; .-
, , 

, with, In' tho 
. ' 

(,\J(.>vo n('t!1.d~n :. L 
r(X)(k) .. L.!.II"k 

T r(.>r !1.ll r(X)sll ,ktlli> fi';: , , II 
UM n 

/ HC> 'th/,t, f(.>r rS!io '>(.. 
, \, 

J .. { r(x)sll I f}-I .. Q tor 1l1.1 ,I t 1 (r, } , und, r n O. 

1 r(x)sll I fr .. () for ull 'lll~r } n 

By tho prllvloull ~[IIC ""10n, wo mny e)"f'l.no n oomplntn r1ltr/,Lif>n on H \Jy: n, 

r 

'l'hiu 1/1 clllloil ttlo ardor flltr"tion H 
n 

Noto: 1r wo fc!rmLilly cOIIl/lilnr n to bo thl, ring of formnl powor nod 0[1 ovor H 
./ ~ 

In ,1,oro Ind"iormln"toll, HO " thon, In thill cn"" tho orilor flltrntion ill tho 

~1f"ciroto 'rJ ltr"tl (J~, 

I.ornmn n,?,ll: for tho ring Hn .... Ir'I t • Ir+t 

Prodf: 'J'rivlnll 

\ 

--11:--

, 

" 

Notlltion: 1·'Dr "ny two rormlll power nor.¥"n, r(x) "nel,.e(X) , 1n n indotorminntoN, 

wo nh(Lll wrIto: 

for: 

r( X) 

r(x) 

g(X) "" .. 
mod (totul) aog~oo r 

" ... " 

- g(X) :', mtH! Ir 
, 
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DMnnrl< I ~'rom' now,' on, tho crinll,n c.r fClrmn], powIJr m;I'J ,,~" uVlJr· 11 l/iH n1iln:f"" '.: . 

, . htl dorwl dora a rlHarnt!l/J,th rMpocU()thoordtlr r~.1.t_r(.tii:,". 
. .~. ':-... ,' 

. C

o n"~i.CiHlt' nu!>uN HI nf: Hr>w.tnr'l'{.iH "m~ M~ "hN ()'r<1f1r i"'j 1t.r,";"r,n I 

1>i1 1,1/0 cornmu I, nt tv " r 1 nell i w!th r y trlltic>flN v 
.. ':' ,j.. \ 

rl>!lpoctJV!1Jy. '(JOn"", for 11).:1, m~!!.o , .. ' 

Am H{ N~ 01 v (u )~mt 
•... 

lind. 

/ . 

• 

& ," • 
. (lupprJfII' th,.t I/O hnvall r1 np, 1J('omomorphl"m, , 

- . 0 : U ,. fJ I 
~ . 

'l'hlJ rnnpplnll, ('), 111 "nJd.l.e> 'blJ cr.mt'Jnuouli wJ t',h rnllptJct tel v 110(\ v' 

h",vCJ : ro; nll 
) 

m~N 
• '-0 

• thorn oxlntn nn 

n (A )0" A I . 

" t - m 

. --- ,"..,. -_ . 

v' 

1 f I/O • 
(' 

, "\... 

Wo 11ny "hilt 0 111 t,lcontlnu(>utl Ir 0 In nn lr,CJmc.rphlnrn or rinEl," , r.n~, hoth 

tr IIna 0-1 IIrt! cCJntlnu()\w, 

fluppCJlln nCJw tt.l.t 1" 0. comrnutl>'.Ivo rJ.nEl, 'oil t.h unit, llOil, n contl.1nll 

lin II "ubrl nl( (hora '01" IUlllumn th .. t tht! unl.t or c· 
" n.nl! C!olnc Ida), 

(.lJt fl bo eompJatlJ with ron/.oet tn "orno rtl.trl,tlon v. 

W .. h .. vn lrnrno~ll,to]'y1 
\. " 

" 
l~opCJ"lL10~ 11.1.1: Glvnn olornontn "1' .... '" or f! , wlthl , n 

for I,ll 1, 1 " i .:; n 

thon, thoro oXintn 0. uniquo eontlnuoun dng homomorphinm, 

---. f! 

nuch thnt 0 io tho ldontity on R , und, 
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fix) ,,"\' .... l' • Xl 

/·reM I . 
n 

, 

····1 
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.' 

.... " 

HI .. (.fl , •••..• ;l)(Mn ;thtJn IIrHb: 
~. . n . 

. I 

" ,,1 " ~ll ... ~(,lr; 
'.' ··.Il 

I'"r MY q~!!.o, IItl. hI1.V!!: 

.. r' (q~l y( '. . ' .. ) 
... ,nltf'·'""tJ..n ,: 

. ... .'. '" 

(linco v(u1' ~l · r"r 1 <1t; 

V( a:t, ~ III 
"" thl'~, , 

. ' . 

n, ,\fO.)l,IWO:.· 
';':-'j \ 

\ 
\ 

' . 
. ' 

. '. ,.1 

o 

<. 

(q+J) • vir . (11.10 .... ,l1.n) " (q)( I) - r (1.1 " , , I ttl.{. :,. 
. '.. n 

'l'hUIl, tt rollm/N irrtrn!Ja11<ttlly thn.t: 

lim ( ( (I +1) ( )' ( q ) '( , ) ) v r II.I • I •• I ,u. -! It 1 .. ' •• , ,(t. q-"" n n " 0 

o 

., . 

.. 

itl. tho noquonco 
) 

(q) M 

-Ir (('I'.·.·'I1)} 0 n q" 
In " CI<uchy """luonco In 

Of nco v in I< comploto rlltr,.tl.on or fl', wn m(,y annno It not ml<p: 

0:B--C. 
n 

, for .ltll r(x} Jl 
n 

fl 

In v1O\f of J.ommll 11.2.1, 110 nOll thl<t 0 II, a rIne homomorphiNm, McI, hy 

1tn vory conlltructlon,' 0 111 ohv1ounly continuoun. C]"I<rly, 0 in 'tho 

Idontlty map on tho nubrlnK H. 

''ho unlquoTilJnu of 0 roll own diroctl,Y from continuity:; 

NUppOOO 110 hllVO I. crmt1nuCJuII ring homom6rph:tllm, 

0' · B • fJ · , 
n 

fixing H , nna, nueh thut: 0' (X ) 
1 

• u
i

· , ro,r: 
1 '" 

1 .: n , 

them, by continuity: 
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Of. (r(x)) .. ' " 

' .. ' 
11.rn,; r( ct) (' .. '. .• . ')" .. 

v .. ,,·t1..1f""f~ . . ct· .... ·· .'. . n. 
': 

Honea I 
" "1 

'1{1lIIl/,!'k: I~tl1o: 11.1,(wo proM i tho !'ymbDl., r( q) (X) . "" 

. "thll ~onNll Mfllloti(mB;2, .10, II(q)(X) 

io. tc>' bu' Jnt.!Jrpr(T~oa in.' 
' .. 

. totlll 1101'.-1'00 l1.t mDr.t q-]. , Nuo;r"t'ht>t: 

f(~)~: f(i1l ('X) mD(lcloll,rlJlJ' 'I ' , 

,," 
' .. 

., 
C.onnlaol' now thi.· Olleo IIhon: . fl .. Hm ,rDI'. ~ompm~!!. 

,'. 

f)uPPOSti . th/,t lIoh~vOl1. conti ntl(lun rJ~;". homC'JInor·phJ 11m, 

0' Il ---. H • n m fixing thQ Nubrlng' H 

with tho roJ.lolI!ny, prDpor~y: 

I'rDI>nrty 11,'~, i!: l'r)!' all. f(X)~Hn lIith orcl
X

( r(X)) ;:.1 

/ 

, 
! , , 

, wo hl1.vn: 

I 

Ponot1nVo tho Inclotorminl1.t.on Dr H by Xl,. .. ' ,x ,,,nei, thC>NO Dr Hm by . n n 

Yl , .... ,Y • tho prov1Dun proponit.1on f1tl1.ton th/,t 0 1.11 complntoly clotorminod 
m 

by tho n formt,l pOliOI' nodo" In m InQotorrnin"ton: 

, for ) 4 1 ~ n 

O(f(X)) • 11mo r(q)( (y) (y)) Vol.' , ••• I'.n q'''' 

h"vo zoro conntant torm. tllld. so by tho roroark," of Goction n,l 110 may conl11clor: 
" 

fog (i'). f (Vo d y) ..... 5>( y) ) 

IIhich in n forma] pOliOI' 'florlol1 in tho dn" !I 
'" 'm 

Propelf:! t lon, B. 'j. 3: WI th tho "bovo notl1.tlon: 

10'. 

. ... a· 

0( f(X)). fog(Y) 
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. .... :' 

'.;" 
" ' ;~ .. '.' ", :' .. 

:'. ' 'I' 
.... . \ .' . " 

" 

" .,', 

.... " . ,.' 

Pri;nl':'I'h!J litut!Jmont<in Ob~loU~lY truoi'r ~,( X) ,J.u r.~tlluliyti polYriOmJ 111. '. ',' .. '. '. ~:""'" .' ,; '. ' .'.' 

1.I~nt:'~'" bycthil continuitYf oro tho Ntut,!Jmont J)f tho propoNitJon 1" 

,truo'1'or nny t(X)~R ,.' " ' 
" " , . ,:.' ' , " n ,.' , . " " If~, _...,. 

" 

; 

I 
, ' 

, , 
"'. , " ' 

~: ~'hir. l'roplJNltlofl llotUlI.l iy Ntr.yr. th"" 
''', 

,Any voatpr.of n 1'onnulr,()1,jor H ' \ ,in m, in(\otormin;tor..·, 
,,' .. 

, , , 

ol1Ctlw~ th~aro 'unQ j IN unlrluolY (\ottirminoll 

o : H 
n 

, , . ' 

I: I'roporty 1I.3.~lI.b6vo. \ 

fi lI.h 'I'h" ,In Vf1i'r.r, ~·ilni.:t 1 on'l'hoMarn: 

'\ .. , 
Wo nil" UNNUmO thut ul,1.. aontlnuouN ring homorilOrph1NmN thut wo r:tm..ll. c0nr.i(\nr 

bOtWOllfl rl n~r. br ronor.], plJ .. 'or narlon ovor R chull, !I/lt!" ry l'rr,pnrty h, 3,2 • ' .. 

COIINld4(tho laoul!? in H /lna Hm n 

I(n) .. kor( c
n

) unel, I'm) .. kor(c ) 
, m 

If r(X"~I(n) , dt/Ooto by "fm--;, ito imllgo undor tho cu'nrmicl.l nurJoctlon: 
..... r· 

I (n) 
I(n) 

• 
(r{n))2 , 

" 
'!lonco, 1r wo hl1vo: f( X) .. Y.l~l '1'1' Xi + 1'0 (X) whoro: 

\ 
" thon: 

7(x) .. li~l "1' Xi 
'., 

NO thllt, <ori ting: 

? D(R ) .. 
I(n) 

n (1(nl.)2 
" 

" 

D(H ) 
n 

IN a rrOD H-modulo or tho Rcnoratora: 

Cloarly, ror /lny contjnu~ ring homomorphinm, 

' .. D ' 
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.... '. 
.': ' ..... 

,. 

w(! htl.Vo: 

'" 0ln
n 

~"""""'.,;..., [(m . 

. ~l(n). 
I Cl.na , · 

. . 

) !:,l(m) 

.: , .' 
s.o thCl.t I o Inducoll 1m [(-modul.o .hornomol'phJ!:m:· 

D( 0) • D(n) -"--. D(n ) • n :m 

Ji'urtharmr;ri. I Jr WtJ hCl.vO two continuoun ring hornom()rphinmn I 

'0 n . • Hm n: 
0/ Rm . [( 

p 

it 111 clolLr" thlLt: ,", 

0(0/00) • D(O/)o D(O) 

!'ot XI I •••• ,X btl tho dotorminaton or n ,nnll, lot YI' •••• ' Y ho 
n n n 

thOM or 

wo hlLvo, 

n • Writlnp" for). " 1 ,; n , m 

gl vIne tho rnr,tr Ix roprooontCl.tlon: 

D(O) .. (c 1k) l.(1'n 

1,k"m 

AdoptIng tho unuCl.l pru't1CJ.l dorlvatJvD notCl.tlon " w6 

[aO(X l )} 
c

1k 
• , for 

a Y . 
k y .. 0 

NOO thCl.t: 

• 
1 .. 1 , n , nnd, 1 ~ k , 

Now n~pp()r.o thflt wo havo fln R-modulo homomorphl 11m, 

~ : O(R ) --'--' o(n ) . n m 

glvon by: 

for 

, 
-~. " 

m, 

.'. 

.1 . 

., 

1 
l 
I '. 

;1 

'~ 

,:1 

-,1 
o!,l 
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'".C, 

','- . 
'-' 

,,- -' ... --'~.--~'" . 
. ,", 

. : -. .'. . . 
_',' •••• - or ,'" • ~'.'.' , .. ,.,' " ,', • 

-:--:c.,,:,~ . 
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.. -, -' 
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. fiy PrOpofti ti.on-ll; 3.1, thoro' oxintn 11 continuouu . ring ,hrJmprnorphinm, ' " 

'J!:( 4» ,: Rn' -'--,...... .• H m , 
with: " 

. .------
.~ 1" i~n • " 

Clt1l1.rly .. wo -hl<VO thElfol1owin~ proportlorl or 'tho a"noeiation E.:, 
\ 

- / 
ii- for any other H-modul.o homorn6rphi nm , 

4> I , :1>(Hm) .'. (J'(n ) 
p t. 

wo tlIlVO: 
' , 

\ 

Wo now hllvo tho necouullry mllOhlnory ., Ilnd, notation to ntllto ,md provo tho 

,Invorno I,'unction 'J'hoorarn: .,0 
• 

Thoorom IJ. 1i.1: nUppO{lO thllt wo Ilro givon 11 continuouu r~ng homomorphlnm, 

O'H .R • n n 

'I'hon, fJ io 0. bicontinuoun iumorphium 1ff D!O) io an inomorphium 

o~ H-modulou. 

Proof: Clol1rly we noed only provo tho nUfficioncy of-tho condition • 

. Lot . Xl' ..•• ,Xn bo tho indotorminlltoo of Rn 

SUPPoDe wo Ilro givon a continuDun ring homomorphlom, 

e'R' .R • n n 

for Which, the H-modulo homomorphinm 4> ,- D(O) ,in o.n clUtomorphinm 

of the H-modulo D( R ) • 
n· 

Dofine: 

, 

l 
; 

Sinco, 4> in an automorphinm of D(Rn ) , it 'in oany to udo that 4> in 
, 

a bicontinuoun automdrphlnm of Rn 
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. . . .. . '.' 

. I , .:-:. 
. Obviouoly., . 1 

• "J 

. ,. 

.. ~,. 

• YO that 'it uUfficou to ·uhoW. thf.t 
-1 . 

Oo<p .• ill ari: lu()morphlnm' • 

( lIonoo, loll ttl out Joiw. or' gO,noro.l J.ty '. 110 rnr<y aur:umo·. that:' 

<p -D(O) • 

~'or' 1 ~ 1 , n , 1I1'H:1ne, 

,- , 
hi (X) " Xi mod dogroo 2 

~':1x :1 , 1 .. :1 "n ,nnldoflne: 

O(X) ~) '"'' ,hn(X» 

For ol.ch ~l.!1 110 nhall nrM conutruct, by induction on 9., a polynomial 

g (~) (X) of. total dogroo at mont . ~-l , 1011 th tho tllO proportion that: 

- (~) 
a. - Xi. = g i (El(X» mod dogroo J, and, . 

b. g(~)(X) _ g(:+l)(~) mod degreo ~' 

',' 

Defino, 

both of IIhich clenrly aatiofy both n. and b. abovo 

NOII.OUppONO thnt 110 have conotructod oatiafying both n, nnd 

b. abovo, for all k<~, In particular: 

Hl 

and, no, in viell of our abovo remark" concerning 0 

\ 
Xi - g(:)(O(X» ~ IIJI.~ cJ'O(X)J mod-degree ~+r 

A. 

'. - .. 

. .,:. 

.. ,'j 

.} 
"1 
I'i 
:.~ ., ., ., 
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, 
, 

l 
J 
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I 
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.~ 
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1 ., 
J ", 

.~,;l 
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. L· 

,'.' 

. 

. , 

'. 

'.~ 

J • 
C 'X . 
J . 

'!'hUrl, for ouch 1 , ',10 huvo conotructod u N!1'1uonco' of pCJl.ynomJulr:, 

{ (t)( )} (. '! 

" 
g 1 X 9,"0 

Ithich, by proporty b, nbovo, 10 /, Cnuchy 

CJrdor fUtrut1CJn ,F'or 1"1,, n , dor1oo: 

It follCJWO irmnodlutoly from proporty 11, 

un,d, by tho dofinition of 0 , 

Now darine n continuouo ring homomorphtcm, 

Wo '000 immodiutely thnt: 

00'\' • 1 

Obviouoly, Dince, 

we muot hnve: 

R 
n 

D(,\,) " I D(R ) 
n 

; 

/' 
uoquonco' wItt, ror.poct to 

• 

• 

.... - ~ 
ubove- thut, for o'1oh 1" 

• 

\ 
\ 

> 

'\ 

tho 

nnd 00, we mny upply 'the above conotruction to 'Y obtn'1ning a continuouo 

,ring homomorphiDm, 
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, J-

'3>'.' 

" X R • R n' n' " 

I:' 

1 ,''fox ,= 
Rn, 

,', 1" , 

').; 
"" 

Therefore: , X = (eo'v) ox - 0 .~~'J;~ . 
~ ':" .::.-."": -. 

. .. ~ .. ,- . 
and If o showing 'that 

i' . 
arc iiIvc:rse continuous ioomorphiomo of 

n 
".r' \ _--'11---

~ \ 
\ 

, , 

each with 'z,ero constant term, then: 

is a unit of. Riff there exi,gtn n formal power series, 

each wIth zero constant term, such that: 

for 1" i " 'n 

. '. ~ 

Pr.oof: A' direct interpretation of ~'hcorem B. h. ] in light of the remark after, 

Proposition B,3.3 

c, 
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