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This thesis ·descr.ibes an expeT'imental study of the 
. ',.' '.' . . :~"" .. 

diffusion of dilute aqueous drag reduc:ing .polymers· when ej ectad 

from'a thin wall slo~ into a ,developing turbulent boundary lilyer 

(cxterna1 flow) • " 

f 
\ . 

A horiz.onta1 flat plate'locateo in a' O. iSZ4 m. (6 in.) . 

I .D. p1eXig1ass pipc was specifi*ally designed for obtai~ing 

diffusion data. Water .or aqueous' po1yme-r solutions which were 
. . - ." .. 

. dyed with a fluorescing. dye were inj ected tangentially .into the 

bbun~ary layer through a slot situated near thi'leadinsedge of . , . 
• , t " 

·ll<the flat plate. Samples were taken from the flow Held and ,by) 

. ' .. '" .;. ;~ '. : 

.' .... 

• 

using 'a spectrophotometer, -concentra tion profi1~ were est'ablished.' 
• 

• Th~ investigation was carried out for a constant free stream 

velocity of 5.4 m./sec. for. various inje'~.tion flow rates and 
'" 

conccntrations in the range 0 to 1500 w.p.p.m . 

. ,' It was found that the diffusion rate will increase for 

very low polymer con,centrations (of the o·rder of 0.75 w.p.p.m.), 

wh ile the diffus ion rate wi 11 be reduced for higher concentrations. 

The resulting data have been compared to Newtonian diffusion 

phenomena as well as the.available data for polymer additives. 

ii 



"",",;.' .. -", .. _ .... 
o -', ••• ', ..• / c· \., ,"' 

.-..... ".!- .. -.,:' .• .f. ," 
• :', I ,_ . : 

. '.': , ~.' 

. " .' '. 

'.: . ;"", 

" .. ' 

. :', . . .. : .... .~. :". - -.... ". ," ,",' " ' .. 
. ... ... -:: -... .. ' 

i;: .~ 
.,'", :0.:. 

. ,';' . ,: ," ': : . . . '. " .. 
CO.rrellitionsf~r .th~concentrl[ti~n.· profiles,diffpslon·bciundIlTY .~. 

... --".- -'._- .:---'~.:....-.--~.~:..~~-~~{-,,:,,_._.- --'---_.'.- ,---:.::--'''--.-' .. -.::.~'.~- _ .. , .. ----,:.....-_ .. ,:. ':,"' " .. " - .",'., . ,', 

... ' : layer: jlro.wtll ; wliHconc(!lltration arid eddy. diffusivi tyarc •....... 

/ 

• \ ·~presel.l tt:d •. ·Theresellrchcovers the four iinportant . zones or . 
'. cHffu~ion "'ithemphasison .the··ellrlierdevCIOpi~gzones.·for which. 

. therea:r~virtuallY no;data av~ilable.The results indicate 

. that a univer·saldiffu~ioncorrelat'i.on exist'S. which' rept;esents . 

the data for both Newtonian and pOlymer'solutionsforthe 'far . ." .' '., ' 

re'gion' do~nstream but indicate decided~y differe~t phenomena 

. Jlear the injection region, confirming a previously.published 

theoret ical. ·analysis. 

\, . 
• 

. / 

'. " 

.. 

iii 

" " 

.. ' . .-.:'" 

";/: . 

.. 



_ ... .' . 

.... ; 
,', 

, I, 
'''.' 

" ' 
, 0,' 

, ,,""" ' 

, ' 

, ~ , 

..... - . 

~,r 
; ... :.... ".;/. 

. ,', 

. '. :'. \ ' 

.. :.: '.: . 

, 
, ': . . . . . 

. .. . ~ . 

" 

'.' . ' ... , 

. . "': 

'~ , 

'v" . : . 

,ACKNOWLEDGEME~TS ' 

The 'author wishes to exp~ess 
. ',,'," r" 

.. ~ .. :.' 
'.' .' 

" .-: 
.. ~ . . .... 

.' ' .. "' 
' ... .. ' ....... . 

".: . 

..... ' . 

'. /'. 

, ' , .'.' 
hisgratltud~t~'his ' 

supervisor,Dr~B.iLatto, for his valuable advice, ' continuous ' 

'. ,." . 

.:' . 

enco)Jrage,ment and assistance throughout the duration of the 
\ '., . 

" present 
/ 

investig~tiori;' 

,The author alSo expresses, his appreciation toMs. Betty 
, " 

Anne ,Bedell, for typing the ,maJ:\uscript.' 

The financial su'pport provi4ed by the Nati,onalRese!lrch , 
. " . '., . .... . .\ ... " 

Council' through Grant A2937 ,and the Defence , Research Board of 

Camid'a through Grant 9550~5,6are alsoacknciwi~dged. . '. \ 

\ 

• '~ 

iv 

'. 

,- . 
, 

• • 

I 

., 

' . 

" ' 

I..: 

" 



" 

• 

• . ~ ) 

, 

' .. : .... ". ".'. . : ....... . 
..... . ': ........ . ' ... 

, , .. 

\. . ... TABLE~·bFCONTENT~ . 
. .... 

. ", :' .: .. '.: 

"'-: .. ' 

.. , .... ' . .. 
. . CHAPTER 1 'INTRODucrION' . 

. ' /'. ". 

.. 

CHAPTER.2. ..... 

2.1 

'CHAPTER 3.··· 

·3.1' 

. LITERATURE SURVEY 

Summary .. 

EXPERIMENTAL APPARATUS' 
·f 

Test Section 

3.2 The Water Flow· System 

, -

\ 

3.3 

3.4 

3.5 

3.5.1 

3.5.2 

The Polymer Solution Flow System 

Measuring Instrumentation . . 

Exp~rime,ntal Procedures 

System. Preparation .' 
,,' 

Additive Solution Preparation 

3.6 Test.' Procedures 

CHAPTER 4 

4.1 

4.2 

4.3 

. 4.4 

CHA.PTER 5 

CHAPTER 6 

. 6.1 

.. CHAPTER 7 

RilFERENCES 

ILLUSTRATIONS 

APPENDIX 

A'.'PENDIX 

'/ 
\ 

I 

II 

'" 

THEORY 

V~locity Profile~ 

Coricentrafi~n'Profiles 

The Continu'i ty Equa tion 

The Eddy Diffusivity 

RESULTS 

ANALYSIS AND DISC~SSION 

The'Eddy Diffusivity 

• . CONCL.USIONS 

CALIBRATION CURVES 

DATA TABLES 

v 

..•. 

: .. ' 

.' ..... 
.. : ... 

. ' 
. ... -Pagc y .. " . 

1 

'3 

. .~ 

. .' 



... '. '. : 

... ' . 

'. .~ 

. 

• 

" 

• Co '. 'c-. 

····l~B 

2 ' 

3 

4· 

5 

6 
~. -

'7 

, 8 

9 

10 

n 

1~ 

13 

14 

15 

·,16 
.' . , 

17 

18 

19 

20 ' 

. '.;" .. 
or:.-' 

: :.' , " 
... ' 

... -~ . 

..... : . 
-' . '. ..: .' 

, .' 
.. 

.: I 

.-

". 

.' :. J.I STOii FI GURE$ .' 
. ;'. 

of - ' 

:.:. 

. Test Section. 

• Se2tionai View of Slot. Plenum 

F,low .Diagram 

:Sampa'ng Locations' 

. Veloci ty Profiles 

Univer~alVeloci ty Profile" 

I 

, , ' . 
. Concentration 'Profil,es' (Water Injection) 

, , 

Concentration PrOfile~(ci·50 w.p~p.m.i 

'Conc:~nti&tion yroiiles(ci-100,w.p.p.m.) 

,Conce,ntration Profiles (ci·2~Ow.p;p.m.) 

~oncentration profll~s(ci-500/w.p.p.m.) 

Concentration Profiles (c:i~1500 w,p,~p.m,~ 

Universal Concentration' Piofile(Water 
Injection - All Data) 

" 'Universal Concentration Profile: 
w.p.~.m. • Intermediate Zone) 

Universal Concentration Profile 
W.p.p;1Ii. - ~inaf Zone) < 

Universal Concentration Profile 
w.p.p.m., - Intermediate ZOl)e) 

Universal Concentration Profile 
w.p.p.~. - Finlll Zone) 

Universal Concentration Profile 
"".p.p.m. - Intermediate Zone) 

Universal Concentration Profile 
w.p.p.m. - Final Zone) ~ 

Universal Concentration Profile 
w.p.p.m. - Fina1 Zone) 

vi 

(c, • SO 
1 

(c i • 50 

(c i '- 100 

(c i • 100 

(c. 
1 

a 250 

eC i • 250 

eC I -500 

("': .' 

< 

Page 

... 

57 

58 

59 ; 

60. ' 

61 

62 

63 

,64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

.' .I 

! " 



, .. 

\ 

.. ,.·n 

22 ' 

23 . 

24 

25 

26 

27 

29 

30 

31 

32 

33 

., . , . 

. ,': 
. ., .~ 

...... \ . . .' . 
: " , ..... . , . 

Univorsll Cortcontr8tion Profilo (c i -'1500 . 
w.f.p.m~ -.:Last~oe8tion)·· .; . 

cmumax 
c i u i ·· 

' .... 

vs. . ~f"(Wato'rlnjoeti6n) .. ' 

i 
>'V5 ~ x (Wn ter I nj oe tion) 

. '{ . X' . '6 vs. -~ - (Water InjectionJ 
11· av ,. 

vs. ~ (e i • 50 and 100 w.p.p;mj 

'" . 
. ). vs. x eCi • SOw.p.p.m.). 

vs. X (C i • SO and 
100w.p.p.m.) 

vs~ 

. ~ 

G. C. 
1 . 1 vs. 

umax X 

.1 

K1 vs. X 

Calibration,Curve for the Rotometer 

Optical Density (O.D;) vs. Exciting Wave 
Length 

. - . 

Calibratipn Curve for the Spec~roph6tometer. 

vii 

.. 1& 

·.79 

.. 

80 

81 

82 

83 . 

B4 

85 

86 

87 

89 

90 

91 



.,' . 

. \. . 
, '" 

. ..' -' .. 

. SYMBOL 

a, ai' az,;j. 
al,aZ'.'i' . 

.b, bl , 

B 
, 
'1 

• , 
, . 

m· 
e.' 

d 

h 

K 

n 

b~, ... 

.. 

. .\... , . 
" ... 
.0: " 

'.' , ,-'. 
. .. ' " 

. . . 
. .~. 

:1 " 

. /" ' .. 
'. 

.... .',' 
. NOMENCLATURE i . 

.. 
oaSCRIPTION 

C~nsunu . a' . 
. ..,,-

connant:':' [(nA ·f(~r d~ 
" 

. Connant:s 

. .' - . . . 
BatC;he10rconJtan~: */U(y) 

Polymer ,0nc:elltraHoni~w:. p,p. m. 

Va1uo ot'r; at tnJer;Uon 1I10t. 
flutd. . . 

Timo averaie value of r; at a 
potnt' . 

wan valuo'of c . 
ThO mat~ itreani 'meanr;on~tradon 
TUfbUl~nt condiUona1 avera; lalue 
of , at a potnt 

Hydraultc: depth: (4 area/wetted 
porimeter)' I 

Molocular diffus1vity 

Bddy d1ffulltvity 

Volume flux of polymer solution 
ptr unit span 

Slot thtr;jcneu 

Von Ktrm~n r;on,tant 

Velocity profile power law 
constant: 7 

viii 

. UNIT 

m', 

".?/~~g, 
.. ~/~@g, 

m~/~@g, 

mM, 

. " ' . 

" 



r 

, . 

. .' 

.Re 

t 

./ 

I 
;' . 

UiV,~ 

ii,v,w 

u'.,v' ,w' 

. U"max 

x,y,z 

x 

p 

\I 

) 

\ 

.. ' 

vOlumlfl~x' of polymorsOlutlon 

. . Radiu"s of tho test sectipn 

(umax x) .. " 
Reynolds'number 

.\1 

time . ' 

x, y,;'. - C"omponen.ts ofth~ ~elocity· 
vector 

Local value 'of the friction'vel­
ocity: .r:r;;rP 
Time.average value of u,v,w at a 
point '; 

Turbulent cO.ndi tional average 
va~ue of u,v,w at a point .. 

Mean free stream velocity' 

'Rectangulir ~oordinates: x measured 
along a surface in the flow' dir-
ection from the injection slot: a 
normal distance. from the surface: z 
span wise position 

Distance from the leading edge 

·Lit./soc. 

m. 

o 

sec • 

m./~ec. 

m ./sec ; .' 
.--------- ... 

~. 

·m./sec .. 

m./sec 

m./sec. 

mm. 

'Mm •. 

Mean vertical height of the particles mm. 

Boundary !ayer.thickness at which 
ii • 0.99umax . 
Boundary layer th1c:kness 

Mean boundary layer thickness: 
x 

. f 411 dX/AX 
-"0 

Value of y at which c/cm • O.S 

y/~ 

Water (or polymer solution) density, 
a constant 

Local wall shear stress 

Kinematic viscosity 

ix 

Mm. 

Mm. 

Mm. 

Mm. 

• 

' . 

./ 



'." ' 
.. ". ~ 

, / '~ , 

• .. , . 

J 
. . .;. 

I , 

. SubscriEts . ,.~ ~ 

• 

p polymer 

·w ,wa tIn 
• 

, . 
, r 

Abbrovia.tions, 

w.p.p.m. , weight parts por million 

. 0.0. r optical density 

I.O.D .. . injection op~ical density 

\ . I 

• 
, , 

\ 

, 
\. 

_----~,---~--~-II -

/ 
u 

" 

x 

• 
, • 1-, ---------' --' 



".~' .... -
, 

"" .. 

" '. 

• 

. ,' .' 

., 

'J 

s, . ,\J.' ' 
. .,.-

" '. ( ... - . -

.,' .... ~ ':I-;.'.~--,.' . .. :' 
...... 
. ' . 

.. . 

.... .:' . 

. , 

CHAPTER 1·. 

'INTRODUCTION 

'.- "-, , 

';'. 

'$~- . . ,---.\ 

.'--That additives can considerably reduce drag, in 
• 

turbulent flow has been well est~biished during the 'past' twenty .. 

seven yeatisince 'rom's first publication on'the subject.' The 

actual' mec.hanism invoiv~d haW.not been definitely established 
. . . .' . r~,' . , . 

but it certainly appears that 'the suppression of high frequency 
. . . .' '. '... ,,,(, '.;" ' . . , 

turbulence in· the inner wall or ibuffer zone .of the boundary, . I 
, . . 

layer plays an important role; i Con~equentlyi't is essential 
J 

to efficiently get and' keep th~additive in the inner wall 
" 

re,gion •. ' 

A number of methods may be usea to get 'the additive 

into the cruciai wall regiono£ the boun~ary ~ayer. For example 

homogeneous dispersion, injection or additive c.oatings'.may be 
, / 

used. Homogeneous flows are only' of practical' value in closed 

loop' or recircu1ating~ystems, whilst the latter approaches 

may be used on any practical system. 

Obviously it is necessary to have available methods 

of determining the dispersion rate of tqe additives from a 

coating or injection area if design calculations or feasibility 

studies are to be made. This thesis is concerned with the :," 

subject of the turbulent diffusion rate of polymer solution 

injected into the turbulent developing external boundary layer. 

'Since the ejected polymer solution is greatly diluted 

by the turbulent mixing in the boundary layer, the drag reduction 

1 

'. " 
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" 

is mainly determined by the ,d'iffusion rate of the polymer 

solution ,wi thin the Imler wall region .Thu~;the prediction of.' 

,th~mixing rate within the boundary layer becomes, very important in', 
I :':":1 ' 

,evaluating ,a particular system., 
L 

Obviously ,the- reduction of drag in' real systems may, , 

have economic or ' practical advantages.' For-exampLe,' injection 
~, - ". '~, " 

of ,polymer, into the ,bo~ndary layer on a sUbmarine' may' fa'cili ta te 
, ' , 

a considerable' increase irithe maximum speed of, the vessel. ,,-
• 

However, this lI\aY,be an, uneconomical ,operation whenc9nsidering 

the cost of ,the polylliers. being used. But the running arid 
, . 

,capjta'l costs of larger'engines operating below their maximum 

efficiency would make use of the po~ymer additive economic 

',from this point ':of"view. 

UnfortunalelY', the majority of research on polymer 

additives has been in drag reduction efficiency and methods 

of getting the polymer into the boundary layer. Very little 
\ 

. '" . 

, r'esearch, has been reported on' the pre'diction' of turbulent' 

diffusion rates. "Furtherm~re, very few papers have b~en published 

on, empiri,cal dat~, which are important if accurate me'thods of 

, 

- \ ' ' 

'preuicting dispersion r~tes and concentration levels are to be 

achieved. , ThJ.s research 'was invest.~gated to help fill the gap 

in the available empirical knowledge espeCially regarding the 

near injection region as well as to verif.y existing though very 

sparse data for the far downstream conditions. 

To this end,a small water tunnel in which a single 

flat plate model with inj~ction facilities was located was 

constructed in which concentration measurements were made 

with maximum flow velocity of the order of 6 m./sec. 
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, ' 

CHAPTER i \ 

LITERATURE SURVEY \, 
, \ 

\ 

" )' 
'\ .. ( ." 

As stated in the Introduction, :h is important to have 
, ' , ,\ 

available, reliable accurate information on' 'the ,turbulent' diHusion 

rates of polymers in order to assess, the requirements for 

prac,tical drag reduction systems ill ~xternai flows. Unfortunately 
. ~~. . . 

", 

very li'ttle~informad.on isavai~able i,nthe open literature on 

this subject. Xhe main emphasis duririg the past decade has 

been on the effect of drag'reducing additives on the develoPment .. . \ ' . . 
pf ,boundary laye,rs ancf the mechanism, involved. , 

In a study of t?e diffusion phenomena,... of drag reducing 

additives, it is n'ecessary to compare, the data :With existing 

theories and data for Newtonian fluids. Consequently, pertinent 

research on all aspects 'of diffusion in turbulent fluid boundary 

layers must be considered. 

Poreh and Cermak [1) studied the two-dimensional turbulent 

mixing of ammonia gas injected from a line source into a 

• turbulent boundary layer formed on the wall of.a wind tunnel. 

They found what appeared to be four zones of development of the 

~ean concentration profile which were: 

(1) The initial zon~ in which very large velocity and 

concentration gradients make it impossible to obtain 

reliable data. The length of this region is determined 

by the'iilitial conditions near the source, physical 

3 

, , 



~ .' . 

. ,.:: 
.... , 

. , ... 
\ 

size of the sourc.e relative to the:· thiCkness of}the 

sub~layer,the injection velocity and the magnitude. 

of the molecular diffusivi ty .~. 
~. . 

/. 
(2) The intermediat. zone in which longitudinal gradients 

are .small compare:d to v~rtical' gradients and. the ..-
boundary layer. appl'Oxima tion. for the .velocity and con-

centration ptofiles ~sed. ·Within this zone the 

'diffus'ing plume is totally submerged in the boundary. 

layer, .and the. rate of. growth of' the vertical dimension 

of the plume<is large compared_to.the rate of growth 

of the boundary layer itself. The mean concentration 

, ..... ,. 

-profiles can be ~escribed by the dimensionless universal 

curve: 

c =f (1;) 
c ·m 

,. , 
\. 

l2.1) 

It appeared that the function f (1;) is independent 

of·ii max and 6 in. this zone. 

The data. were ~itted for longitudinal variation of 1 

using 

1 (2.2) 

- -and the variation of cm umax could be approximated to 

c
m 

ii = a (x) - 0 . 9 (2 .3) max 2 

The intermediate zone extends 20-40 boundary layer 

thicknesses down5tream from the injection slot. 
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(3) . The transient z()n( inwhicht/1e effect of t~e mild' . 

mixing process in. the ambient air decreases the rate. 

(4) 

of growth of thedi££usionplume .andgradually·changes 

. :the shape of the co~centrationprofi1e.· 

The final 'zonein which the diffusion of matter beyond 

the bouildarylayer into theainbient.fluid is controlled 

by the molecular a"ction and ·the· turbulent fluctuation 

in the ambient fluid. The concentration profiles within' 

this zone can be: described. by 

. -c 
-c .... m 

(2.4) 

o (2.5) 

The major difference between .the intermediate zone' 
. . 

and the final' zone is' that the characteristics of the 

diffusion {ield are independent of the position of the 

source in the final zone. 

Fabulaand Burns [2] studied the mixing with and without 

friction reducing polymer solution in approximately two-dimensional 

open channel flow. Dyed polymer solution or dyed water was 

injected through a tangential wall slot extending across the 

channel near the eff~tive start of the boundary layer. They 

applied the negative roughness analogi which is useful in the 

case of low polymer concentration and moderate wall stress. 

Samples were taken far enough downstream of the injection slot 

(5 and 12 m. from the injection slot) to ensure typical final 

zone behaviour. Good agreement was obtained between the 
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expression for ·t c;Iescribed by ~Iorkovin [3] and a: ~rrelation .' 
. if. . m -
.I;t,~~ej. oil .their own exper~mentalresui 1:S which was: 

c= exp [-0.693 (iJZ~ISl 
C .m 

They used thisexpres'sion for the concen:tration ratio 

. \. 

(Z.6) 

together· 

with the velocity defect similari.ty law of Coles [4] to obtain, 

the following expression: 

G~ 
1 

<5 
1J 

c. 
1 

= (0.606 (2.7) 

The compariSOj between the, p~edicted law and. the experimen(al 

results supported the,negative roughness analogy .nd showed good 

. agreement between the calculated and experimental wall concentra-
, . 

tions. The results for both the water and polymer solution 

injection flows were quite similar. However, there was large 

disagreement for A between the calculated and the experimental 
/ 

values which showed that the agreement for cm was partially 

accidental. They attributed this to .the.. fact that either the 

flow was three-dimensional or that the approximation of substitut-

ing uc for uc in their analysis produced a significant error. 

However, they recommended the three-dimensionalities effect 

as the primary reason for the difference. The dimensional 

comparison of prediction with experiment showed that there was 

qualitative agreement for the mean concentration profiles but 

a sizable underestimate of the concentra·tion all across the 

profile. This was at least partly due to the large experimental 

/ 
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difference. in theresul tsbetwe~n .G·c .. and the uc· int.egra.l . 1 1 
. . 

. which should have. been. very nearly equal. 

7 

"y. 
Jfn ,Wu [Slmea-surej the c6ncentratiori . profi:le' for drag, 

reducing polymer ejected ·from·a thiJiwall slot into a developing' 

'turbulentb'oI.1Jldary·layer (external floi() using a lase~ phot-. 

_yansistO\Unit.Theresearch inclildrd te~ts of ,ejecti~gpOlymer 

solutions bf various concentrations a~ various inje'ctfon rates. 

The experiments were performed. in a recircul,ating water channel 
• 

and drag reduction studies weredoneata constant free stream' 
(,~ . 

,. 

velocity •.. It has been observed that;'polymers thicken the viscous 

sub-layer which' appreciably increases the flow rate in the sub-. 

layer. 'TherefQre~,the turbulent mixing' br' the dHutionof polymers 
. . . . , . 

. outside of thesub-lay~ .takes place . with a smaller fraction' 

of the ejected solution than. for 'water injection ... , There is some 

disagreement between his concentration measurements and those 

reported earlier in [1] 'and [2]. His results indicated a 

\ suppression of the diffusion of drag reducing polymer within a 

" turbulent boundary layer when the concentration of the ejected 

solution is greater than 100 w~p.p.m. and there is very little 

cha:lge in turbulent diffusion with pflymer' inj ection concentra tiops 

less than 100 w.p.p.m. 

In a later work, Poreh and Hsu [6) calculated the 

diffusion in the intermediate zone when a fluid ejected from a 

continuous line source by usingPoreh's previous data for 

ammonia air diffusjon. They modified a method originally pro­

posed on the basis of Lagrangian similarity conditions [7) to 

describe the mean position of an ensemble of particle release. 

, 
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(t was, sU'ggest:cd', on the basis' of, the observcdsimiiari tyof the 

". contentration profi les' downstream ora continuous liJiesource 

at the ground level, that: the mean vertic~l height V,of particles' 
, , 

,at.adistance x from the source wasapproximatelyequal'tothe 
, :. '-'. f 

mean vertical h'eight of an ensemble of single particle released 

having the same distance fromthe'source. This theory was 

supported by [8], ,Accordingly the , rate of ... growthof the' 
. \. . 

diffusing boundary layer hid been calculated by integrating 

the equation: 

since -y. =:0.76 A 

1 

\iCy) =umax (yI6)n 

;. 

(2.8) 

'(2.,9) 

Comparison with the experimental da,ta [9] showed that 'B' is 

constant, and' approximately equal to ,the Von 'Karman constant K 
, . 

only when the diffusion boundary layer is completely submerged 

in the logarithmic layer of' the velocity fie~d' (i.e., i ~ 0.15). 

When the thickness of the boundary layer becomes larger than 

'this value, the diffusion rate decreases as a result of the 

reduced turbulent mixing in the outer region. Consequently the 

integration of Equation (2.8) should be done with B = K (1 - rio) 

which gives a reasonable agreement with the experimental data of 

[1] throughout the intermediate zone. They studied the effect 

of roughness or polymer additives and found that the diffusion 

increased in the case of rough surfaces and decreased for drag 

reducing additives. 
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• II! a later 'work Porch' and list! [1,9.1 analyZed, the 

diffus,ion :of diluted dragreducing poly-mersandtheeffect of 

thl! diffusing polymers on ,the, development of tli'e~oundary layer.' 

'Their analysissu~gested that both the di(fusionrateand the 
, , 

drag were r'educed. Howeve~ in ,most practical situations, since 

the required ~oncentration is ,small ,the reduction in the 

diffusion rate will,be smal~.In their analy5is they concluded 

" that except in very slowly moving ships, the initial stage of . . ' '.".' 

diHusionwould be relatively short and insignificant. ' ,In the 
, \I I ' 

final zone of diffusion" on the other, hand, there,'would be hardly 
, "\ 

any p,olymers left in the viscous sub-layer~' Since the structure 

of the major portion of the turbulent boundary is not affected 

by the polymers, the,ir prediction for the distribution in the 

final stage is expected t'o be similar to the distribu'tion of 

inert tracers. Thus the main change would be in the intermediate 

zone. They found that the longer the plate the larger were 

the quantities of polymer required to achieve the same percentage 

of dra~ reduction (Le. , the absolute power saving due to the 

polymer ejecting did not decrease). Furthermore, they found that 

the drag reduction per unit discharge was larg~r for small value~ 

'of Qi , indicating that it might be more' economical 0 obtain 

only small drag reduction. They also concluded t at in high 

speed flows, the effect of the viscous sub-lay r on the diffusion 
" ~ 

was limited to a short distance/near the ejection line, Further 

downstream, diffusion was similar with and without polymers, 

In both cases the diffusion rate was proportional to the shear 

velocity and inversely proportional to the mean velocity. Thus 

/ 
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. thediffusio'n rate· was dec.reasedin .. the. case of drag. reduction. 

The~ffect, however, was~riot v~ry large and. the pplymers "fill" 
. . - -, . 7' .. : /, 

the e~iire boundary iayerw{thin~.distan~e smaller than 100 

times the bOlulda'ry . layer thickness. 
.' I . 

Walters and Wells [.11]; [12] experimentally studied the 

mechanics of tur.~t·diffusion when uniformly injecting drag 

reduCing polymer .S~ltition through'a porous wall into fully 

developed 'pipe flow of wat~r •. Their data were obtained using 

. very low injection rates and indicated an increase ,in the viscous 

sub-layer thickness which ·is.accompanied by an increase in the 

diffusion sub-layer thicknes~.'. Furthermore, empirical diffusion 

coefficients were obtained; .... Their .data ~howedi:hat .f.or the 
"I 

polymer·diffusion, the diffusion rate i'n the region of the polymer 
, :.1,., 

deficient turbulent core' is:;great'er than the Newtonfan fluid or , 
water diffusion. Consequently there is a significant ret!'uction 

• in' the turbulent' diffusion near the wall which leads to a higher 

concentr.tion there than for the case of water injection. 

I 

2.1. Summary 

From the available data and .analysis, it can be concluded 

• that for diffusion from a line source into a two-dimensional 

turbulent boundary layer, the·downstream diffusion may be divided 

into four zonesJ 
. I 

1. Initial ~one 

2. Intermed~ate zone 
• 

3. Transient zone 

4. Final zone 

.-
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It was fourio that themain·difference between the 

diffusion of polymers and,other tracers wourd b!l in the inter-
, 

mediate zone. Furthermore,. it was observed that the diffusion. 

rate and drag were reduced •. Howeveri for most practical situa­

tions the reduction in the diffusion rate may be expected to 

be 'small. It 
-. . 

is also suggested that the p~ediction of the. 

negative roughness ·analogy· is useful and that the drag reduction 

per unit discharge is larger for small values of the discharge 

rate. 

Finally it is apparent that Y~ry~few experime~tal 
studies have been completed, and those which have been don~ were 

mainly concerned with the diffusion far downstream from the 
.~ 

injection si'te (Le., for' the final zone). ' Verification of 

Poreh et al.'s analytical studies as well as more extensive 

research for a greater range of velocities for the four proposed 

zones of diffusion needs to be done. 

" 
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I I CHAPTER 3 . . 

. EXPERIMENTAL APPARATUS 

,"-- , , 
At the commencement of th~ research an experimental 

apparatus existed. However, the operating criteria were, 

considerably changed f~om the previous requirements and con-
, 

sequently the apparatus i!; essentially a new design. As 

previously stated, the research was to obtain empirical data on 

f"the diffusion rate of drag reducing additives in two-dimensional 

external tuibulen.Lequilibrium bounaary layers with no pressure 
, ~. 

grad~ent. TOc-this. end, an existing flat plate apparatus, see , 

Figure 1, was redesigned to comply with the following.criteria:, 

(1) To achieve the highes,tpossible mean water flow 

velocity in the test section· given an available static 

head of 3.3 m of water. 

(2) Tangential injection of water or polymer solution at 

~ifferent flow rates and different concentrations. 

(3) To"be able to obtain velocity and· concentration profile 

data in the longitudinal and vertical directions in the 

flow field. 

(4) To simulate a semi-infinite flow field. 

3.1. Test Se~tion 

The test section was comprised of a plexiglass pipe 

1.3 m. long and O.152m. (6. in.) 1.0. which permitted visual 

12 

. 
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observation. A.horiiontal flat plate.l.3m. long by 0.15~ m. 

wide with 12.7 riun. thickness .was centrally located in the pipe 

wi th its large surfaces horizontal. At the leading and trailing 

,ends of the 'plate,' 63.5 mm·. long wedges were fitted to minimize 

pressure gradients. A 76.2 mm •. (3 in.) wide by 0.64 mm. 

(0.025 in.) deep transverse inj ection slot, see Figure 2, located 

0.137 m. downstream from the leading edge on the upper·face of , . . 

/ the flat'~latewas used to tangentially inject the solutions into 

the boundary layer. The solution to be ~njected was supplied to 

both ends o.f a transvers'e chamber situated behind the injection 

slot in an attempt to obtain a uniforl1!'injection velocity 

profi~e. In order to o~tain liquid samples in the longitudinai 

direction,. 36 ·locations fpr probes' 3i.8 mm. (1.25 in.) apart 

along the centerline on the top of the pipe were produced. 

These probes, which couldb~ used either for concentration or 

velocity measurements,were attached to a crossbar. which could 
, 

be moved vertically. The .loca tion of the bar with respec't to the 
~ 

flat plate was measured with two micrometers, having an accuracy 

of 0.025 mm. (0.001 in.), which were located at the ends of 

. " 

the bar. At three cross-section sections 0.44 m. (17.5 in.) apart, 

provisions were made to locate 4 probes around the upper semi­

circular periphery, as shown in Figure 3, such that one probe was 

~t the top, two at 450 to the horizontal and one 50 to the 

horizontal. The first cross section was at 95.25 mm. from the 

injection slot. These probes were used to obtain cross-sectional 

concentration profiles, total and static pressures required for 

the calculation of the velocity profiles and the pressure drop 
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'i. 
over the test· se<;tion. _ Right angle probes with 0.5 mm. LD. 

and 1 mm. O.D/ were 'tised' to collect. the s.amples and also to 

14 

.. 
obtain velocity profiles. The sampling stations·', see.Figure 4, 

... 
were at distances of 0:'.050 , "0.146 , O.30A. ~,0.558 and 0.844 m.· 

.(-2, 5.75, 12, 22 ~nd 33.25 in.) downstream from'the:injection 

slot and c.ould cover the foul;' zones, of diffusion previously defined 

in Chapter 2. The probe stations. for measuring the/ veloci ty' 

were at distances of 0.095 ,0.539 and 0.984 m. (3.75, 21.25 
-

and 38.75 in.) downstream from the injection slot. 

3.2. The Water Flow System 

The water' flow system could either be open circuit or 
, 

closed loop~,the latter arrangement, see Figure 3, was used 

when the flow rates were greater than that which could be 

accommodated by the .drains. The system was comprised of a 
3 50.0 ,m capacity in-ground storage reservoir (sump tank), 

from which the water was pumped to a 3 7.5 m capacity constant 

head header tank situated above the apparatus. This arrangement 

produced a maximum of 3.3 m. static head at the test section. 

An axial single stage centrifugal pump~, driven by a three-phase . 
+ a.c. motor , pumped the water from the sump tank to the header 

tank. The water then flowed through a 0.203 m. (8 in.) diameter 

pipe vertically down to a cylindrical plenum chamber thence to 

a plexiglass tubular test section. A cylindrical-type brass 

~ 

+ 

Canada Pumps Limited, 1400 u.s. gal/min., 1150 r.p.m., 
lO ft. head, 10 H.P. 
Robbins and Meyers Company, 30, 55 V, llA, 1140 r.p.m. 10 H.P., 
continuous duty. 
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screen at the (!ntranceto'the 0.203' m. (8;in.) vertical pipe 
'. ~. 

inside, the (;ons~ant head'timk stopped foreign, ma-tter "from 

imtei"in'gthe te~t section and also reduced the tendency to " 

. produce entrance vortices .. The 'flow area of the'screen .was higher 
. .-. 

t~nthe area of the pipe which avoided excessive losses. 

Furthermore, a cro;s piece .~asfixed in the ·0.203 m.·(8 in.) 

vert,icalpipe .at.the exit from the constant ,head tank, to avoid 

vortices being generated· in the constant head tank with. ,the 

consequent air injection; A butterfly valve situate~ in th'e 

~ 0.Z03m. (8 in.) vertical pipe before the plenum chamber was 

used to control ~he mass flow rate and consequently ·the velocity 

of the water .inside the test section. Ail upstream cylindrical 
, 

plenum chamber situated prior to the test section was used to 

ensure damping the vortices, and" to.avoid .excessive boundary 
. ,i 

layer thickness in the test section and thus produce cored flow 

in the test sec.tion. At the entrance to the plexigl'ass pipe a 
\ 

honeycomb was used to align the flqw going to the test section. 

The velocity was measured at the inlet to the test section using 

a pitot static tube. At the exit from the test section an 

inverted'U' type elbow and bend was used to ensure that the 

flow would fill all the test section, the flow, then discharged 

to the sump. 

After the assembly of the apparatus, the velocity 

distribut~Jn vertically across the test section just upstream 

of the test plate was measured. It was found that the velocity 

at the top half of the plexiglass pipe was much smaller than 

expected. After several trials, it was found that the smaller 

velocity was mainly due to eddies and disturbances at the inlet 

----------------

\ 
, '. 

( 



..... 
'.:' . 

.. . 

• !.: 

. t-, 

" .. , . 
. , , . 

. to . the· plexi.glass pipe from the plenum chamber : .. Thi.swas o· 

yil'tuallyeliminated by changing the eIitrance froln reentrant 

to sharp edged~ .. 
;. 

/ • 
3.3 • The Polymer Solution Flow Slstem· , . 

. . 

The, supply of the pblymersolution,. see' Figure 3,· 

~as fr,,·a 

a constant 

.pressurized storage ve~s~l~ which was connected to 

689,5 KN/m2 (100Ibf /in2) . pressure air supply. 

The. air pressure inside the vessel could be maintained at any 

desired value· using a pressure:regulato~: The compressed air 

above the polymer solution was used to discharge the solution 
, . ' . 

to the apparatus via apil'eline at the ·bottom of t!J.e vessel. 

The pressurized vessel was fitted with a safety valve set faT. 

103.4 ~/m2 (15 Ibf /in2). A rotameter tYP~ flo~ meter which 

had been .. precalibra1:ed with various polymer solution concentrations 

was used in the polymer solution .. flowline to measure the 

injection flow rate. The solution· being injected to the opposite 

ends of ~~e injection slot, in an attempt to obtain a uniform 

velocity profile at the exit from the slot. The polymer solution 

was pre-prepared in plastic lined bins and supplied to the 

pressurized vessel by means of a variable speed peristalic pump*, 
+ driven by a three-phase a.c. motor . 

. , 
* All speeds Limited, -type AI6FS, 1 H.P. 

+ Brook Motors Limited, 3-~, 865 r.p.m., 1 H.P. 
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3.4 .. ~Ieasuringlnstrumentation .. 

(1) 

(2) 

Mean veloci typrofiles were measure( a tfour locations. 

'ThefirstlocatiOll was just pri.~rto the test' plate 
/ 

using ,a pitot static tub¢ :W:l!.i·le the oth~r .three ... • 
. : .. 

. locations were· along the:plate .. The measurements 

we.re. made using _the' difference between the total head 
. . 

measured by the pi tot -tubes in the' centerline and the 
• , 

static. head at the same section usi,fig a mercury in 

glass U tube manometer. 

The pres~ur\ drop ~lOng. the upper half of the test 

section was measured using aU tU,be manometer filled 

with carbon tetrachloride dyed with rodine. 

/ 

(3) The discharge rate of the inj~cted solution was. 

measured using a rotameter which·was.calibrated prior 

to the experiments for various polymer concentrations. 
" / 

(4) 'Concentration profile mea~urements were made using 

the total head probes to obtain samples which were'­

collected in small test tubes~ The flow rate into 

the small bore sampling tubes was sufficiently low 

that no disturbance in th~ flow would occur. The 

samples were taken at different locations and different 

heights above the flat plate downstream of the injection 

slot. The local concentration measurements of the 

injection fluid in the test section was base'd on the 

measurements of the concentration of a fluorescent 

tracer dye solution mi~ed with the injected fluid and 

detectedtin the samples. The fluorescent concentration 
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... . ... 
in the samples was measured using a. spectrophotometer which 

gave excellent.sensitivHy "fthe· order of O.OOSw.p.p.in. 

and. specificity· at .verylow:concentr:a'tions.<.The levelef 

...... fl\1orescent· radiation is usually in direct proportion to the 

·concentration of the fluorescing. molecules and linear response 

.is possible over a broad range of concentrations. Rhodamine WT 

wa\ used as a fluorescent tracer which gave linear response in 

the range.of O·to 8 w.p.p.m. ~hich covers the"range used in the 

e.xperiments. 

3.S. Experimental Procedures 

3.S,1.System Preparation 

It was initially necessarybefore·each experiment 
I . . 

to drain off tp.e water f:.om the header tank and th~ sump and 

'Fhen refill the system with clean untreated mains water 

to reduce the accummulation of the dye in the water system. This 

was usually done 12 hours or more before the test. The water was 

circulated through the system prior to the experiments to ensure 

isothermal conditions. 

3.S.2. Additive Solution Preparation 

The solutions were prepared in plastic cans each 

having a capacity of 60 Kg. of· water. The plastic bag was replaced 

prior to the preparation of each new solution after which the 

solution was pumped into the storage vessel. 

• Gilford Instrument laboratories Inc., Oberlin, Ohio, 
Automatic recording spectrophotometer model 2400, 
Form No. 04-2400-6-1-69. ' 
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5a) Water Inj ection' . 

The experi~lE!ntal: measurements were' performed, by 

19 
. 

/ / . 

injecting 

slot into 

an· aqueous rhodamine solution through the injection 

'the" boundJ~ ·layerover . ~he' ~1a't'Pla te. The.concentra-

tionof!he injected rhodamine WT solution was 100 w.p.p.m. 

run • 

. '. (b) Polymer Injection· 

~he additive used was Reten 423 (obtained from Hercules 

Inc.) which is.an anionic acrylic 
.' . 7 

molecular weight of between 10 to 

polymer with an assessed 

108 and is known to have 

,high resistance to s.heer degradation. The experimental. test 

runs were performed by inJecting a _mixture ,of aqueous polymer 
.. .• . y ". 

and' rhodamine WT dye solution. The polymer solution was 

prepared by carefully weighing an appropriate ql\antity of 

polymer, then dispersing it in a small quantity of alcohol 

and gradually adding this to the homogeneous rhodamine water 

mixture. (The polymer should not bt added to the water all at 

once since it does not_~isperse an.{ flacculates.) The mixture 

was then periodically stirred. This procedure reduces the 

time required to obtain a homogeneous solution and the alcohol 

has little effect on the solution if only small quantities 

are used. The solution was prepared between one and three 

days before the test to ensure complete mixing. 

.~ 
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<5~6. . Test Procedures 

. The header tank and. sump were filled with untreated 

>mains wateriZhours before thete;;~andc.ircui,.ati6nof the 
. I . .. . . . , 

water continued until steady state isothermal conditions were 

. achieved. The veloc~tydatawere, taken vertically across the 

test section at fo.ur locations usin~ 'the pitot static tube in. . . . ', 
conjunction with the total and static head probes. The vert1cal 

location of the probes' was·obtained from the micrometers.· 

After starting the main flow and allowing a st~ady 

state condition to be reached ,the discharge valve. from the 
. ~.~ 

pol!,mer solution. vessel was . turned on and the.rhod~mi~e or 

polymer-r.hodamine solution was then injected at a constant 

predetermined discharge rate which was achieved by adjusting the 

air pressure to a desired constant value.. In order to avoid the 

effect,of the decreasing solution level inside the polymer 

solution vessel on. the flow rate, A fine adjustment valve 

controlled the polymer solutIon flow rate. The system was 

operated for some time to achieve steady state conditions. 

To prevent the effect of eddies and disturbances 

created behind each probe on the diffusion data, the samples 

'were collected at only one longitudinal location each time. 'The 

samples were collected within the bound~ry layer for each 

longitudinal location. In addition, samples were collected at 

the top part of the test section to check the free stream 

concentration. The location of the sample points above the flat 

plate was determined using the micrometers. 
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The capacity of the injection vessel'was such that 

it. wason1ypossiible·toobtain samples in five longitudin~l 

locations before it ~mptied.At l~asttwos~mplesw;'re taken 

at each location .to check reproducibility of data at givep 

flow conditions. 

... '. '-.=~~. , 
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4.1. 

• 

.CHAPTER 4 

··THEOky· 

V~loci~f Profiles 
. . 

. '.', 

In ord·er .to. avoid the necessity cif using numerical 

data in subsequent calculations and correlations·, the veloci ty, 

data were correlated using standard techniques; A.simpl~ power 

law rela tionship was initially used and subsequently was found 

suitable for the range of Reynolds numbers used in the .eJSperi­

ments . /That is, the. velocity profile correIa tion ~h~Ch. was / .• 

found to.b.est· fit the experimental data was the wel~ established 

seventh power law. [14] . 

1 I 
n , 

u 
(f-.) 

.< 

( 4;1) = 
u 11 max 

where n = 7 

4.2. Concentration Profiles 

In a turbulent boundary layer over a flat plate any 

quantity such as the instantaneous local concentration of the 

polymer or the dye will be a function of the location compared 
/ 

to the injection source, the time t, the injection rate and 

concentration, and the free stream velocity, thus 

c = c(x, y, z, Qi , c i ' umax ' t) 

22 
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. . 
. For two-dim.ensional flows and,taking· ti.nie average values, 

'. . ·_:·r •. ~ •• l.... ;,," .• 

. the mean concentrat10n will be independent .of .z, i.e.·, 
J 

'';''l. 
'- " (4.3) 

Introdu-cin·g a convenient dilJ!..ens ional charac t'eristic of the 

diffuSion~9undar-y 
-----

layer X, defined by 
.) .. 

-
_c_ = 0.5 at y = A 

and also the mean concentration on the wall .which will be a 

function of (Q~, c i ' x, umaxh we obtain an equation for the 
-

:Dean concentration asa fUnction of (x, A, em)' i.e., 

From dimensional analysis and similarity to the velocity profile 
• 

within the boundary layer over a flat plate, we may expect that 

f (0 (4.4) 

. 
Morkovin (3) developed the following expression which 

; 
describes the data of Poreh and Cermak [lJ for (c/cm) versus 

(y/A) with the following expression, 

- . 
_c = exp [-0,693 (Oa) 
cm 

(4.5) 

where a = constant which depends on the diffusion zone w~ich 

. '.' 
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'-
will satisfy the intermediate, ~transient and'fimi~ zones. 

\ 
_ 4.3. _ The:Continuity Equation 

Assuming thai the flowis approximately two dimensional 

and -that steady state conditions prevail,/. the continuity equation_ 

between the- injection slot and any location downstream may be 

written as 

, 
0> 

G. c. = fu c dy " (4.6) 
- 1 1 

0 

where li = -u + u' 

and c = c + C;' 

assuming C' and u' tend 
0-

to zero. 

Then 

0> 

f (u -G. c. = c + u' c ') dy 
1 1 

0 

since 

- -u l c l <" U c, then u l c' = 0 

This is a reasonable assumption since even if u' and c' were 
- \ 

"perfectly correlated", i.e., if ii' c'l = (~~)1/2 and if 

t~e relative root mean square amplitudes of u' and c' were 

each about 201 of the mean value, -the error in neglecting u' c' 

compared to u C would be only about-4% at the most. Thus 

neglecting u l c l is reasonable. 

, 
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Therefore 

~ ---G. c .. = J - c dy 
, 1 ·.1 Or -

.6" 1 
~ 

I. - -. .:L n 
=. umax · (6 ) 

·0 11 

c f (E;) m dy + J umax em f(E;) dy 
6 

11' 
" 

Since A is independent of y. 
6 

1 " fT 1 Gi c. . A n 
(E;)nf(E;) 1 dE; = ("6\) 

UmaxACm 11' 

0 

'" 
+. J f (E;) dE; (4.7) 

6 
" A 

4.4. The Eddy niffusivity. 

The continuity equation of the dye without chemical 

reaction can be written as follows: 

ac 
at 

= _. (2.. ue + 2.. ve + 2.. we) - (2.. urcr + 2.. urcr + 2.. wrcr) 
ax ay az ax ay az 

2-
;+ n (4 + 
/ ax 

2-a c 
;;Z 

For steady state conditions and t~o-dimensional flow the 

continuity equation can be reduced to 

ac ac-u-'" v ... c ax ay 
(au + av) = 
ax ay 

a (nac _ utc') + a (nac 
ax ax ay ay 

(4.8) 

V'C') . 

(4.9) 



-, ' 

26 

. /{ .. 
,The.contintJity equation of an incompressible. mixture can be 

written as follows: 

au + av + ax ay 
aw az - 0 

, ,1, 

For two-dimensional flow 'the continuity can be reduced to: 

au + ax 
av 

= ay 
, , 1':'-----

From Equations' (4.9) and (4.10) thecontinl!i~~ , 

__________ diffusioll of the InJected Newtonian (dyed) solution will be 

- ac + v ae = 
U ax ay a~ (D ;~ - u I C ') + a~ (0 ;~ v' c') 

Except near the source, a bound,ary layer approximation becomes 

possible [13] and gives 

, the 

- ac - ac 
n ax + v ay = a (0 ac _ vrc:r) 

ay ay (4.11) 

Integration of E~uation (4.ll) may be achieved by using 

distribution functio~ of the concentration obtained from 

the experiments. Furthermore, by dividing Equation (4.4) by 

Equation (4,7), the following equation can be obtained 

c = 
G, C, 

1 1 f(O 
1 ro 

(~)n A + f f(~) d~ 
1T 6

1T 

A 



IE we assumed 'that the diffusion will. on1~be wit in the' 
~ . : 

Dounda ry la;yer, i. e. , 

o 
f(2.) -> 0 

A 

- 'ac 
1 do 
n 1 (+-):"''' (n+ni) 

G.c.f(~) (~) d' - u Ud 

u = ax 
~ 1 A • (cfx )(:.:.n_....:"~--..,. ____ ) 

, A 2 

(hI) 
G. c. f' (E;) (E;) n 
~ ~ 

A 

From the continuity equation for the mixture, 

y 
- I au v = - ax 

0 

1 -= - - u n max 

1 = n+T 

dy. 

y 

J 
0 

1 
yn d 0 

" dy """Qj( 1 
(6 )n+ 1 

" 
A n+ 1 d 0 

(_)11 ~ o uX 

" 

From Equations (4.12) and (4.14) 

- ac 
v ay = 

1 
n+T 

G. c. 
1 1 

A 

d 0 
1T 

CIX 

, 27 

(4.12) 

(4.13) 

• 

(4.14) 

(4.15) 
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By intrcidticing Equations (4.13) and (4.15) 

Equation (4.11) 

a G. c. dA 
(D~·- V'C'")= 1 1 ( ) ay ay A Ox 

.. (1.+1) (4.16) 
1 f' (E;) (I;) n 

+ n+l 6 A 
11 

By partial integratio~, Equation (4.16) can be reduced to: 

D ac - V'C'" 
ay = -

o 

, 
I 

(4.17) 

Since the molecular diffusion is very low. compared to 
., 

the turbulent diffusion, it is justif~ed ~o neglect the molecular 

diffusion except near the surfac·e. An equation for the turbu-

lent diffusion can be deduced as follows: 

G. c. (1.+1) ! 
1 1 dA 1 A V'C'" f(~) (~) n [1 = Ox - n+l 6 A A 

'The order of the dimensionless factor 

much smaller than one where, 

n = 7 A = 0 ~ 0.6 6 
T[ 

'-.. 
"\ at the most 

11 

( 

d 6 

cri-l 

will be 

is much smaller than one and equal to zero at the final 

zone. 



.' .. . .. : . : .. 29 , .. -.... 
.. ,,, . 

.' .. ' . 

· r·.···· 
..... Therefore it is justified to 'ieduccthe equation of th,e'. 

turbulent diffusion to .. 
. 

. G. C( . d). 
v'c' =( ~ A ),Jax)f(~) 

By introducing the eddy, diffusivi ty defined by 

= - [v'c'/(ac/ay)] (4.19) 

, 
, . 

,-:,'ref'ting Equations (4.12); (4:,18) and (4.19)~imultaneously 

we obtain 

. . 1 
(t) _). - ., d). ). n 

D . = umax' (ax) (6"'") 

I 11" .. ~ . 

f(E;) 
f' ( ~) 

, 

(4.20) 

EquationS, (4.18) and (4,20) give the 'turbulent diffusion 

and the eddy diffusivity'at: any location in the 'longitudinal 
. . 

or vertica~ directions,and is valid except near the injection 
, 

slot cOr at the ~urface where the molecular'diffusivity will be ,/ 
"r 

. prominent. Equation (4.20) shows that the eddy diffusivity is ,-
proportional to the diffusion boundary layer growth where it 

'can be used for diluted pblymer solutions at low concentations. 

By introducing Equation ,(4.5) into Equation (4.20), the 

~ollowing general equation for the eddy diffusivity at the 

different zones can be obtained. 

D (t) = 1 
0.693a .l. 

1 (2+--a) 
(0 n (4.21) 
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CHAPTER 5 

RESULTS 

. , 

/'. 

,. / 

.' . .. ,-.. . . 

'! I-n this chapter .the e:x:peri~ental' data are, presented' , 
, .' 

with some explanatory comment. The experimental data 'are 

tabula ted in Append ix 2 . • 
Figure 5 shows a plotofnon~dimensional velocity 

profiles, i. e., ii/iimax. ,versus height over the flat plate for 
. /' 

a location upstream of the test s~ction and'at three locations 

over the test section for a fully opened inlet valve. 'Also 
; 

shown. in this graph is' the boundary lay"er growth profile together 

with a llith power law profile [14]. F,igure6 shows a plot of 

noncdimensional u!umax versus non-dimensional height y/o" at 

the three locations over the test section together with aI/7th 

power law., It is apparent from all the velocity profiles and the 

• boundary layer thickness growth diagrams ,that a 1/71:h power 

,law quite, accurately d~scr.i,~es the empirical data, thence the , ' 

velocity profile and the bound;ry~l~yer thickness can be 

approximated by the following equations." "~' . -~ 

\ 
u 

\ 

0 ,. 
--x 

= 

= (1..) o 
" 

1 
n 

t 

30 

. (5.1) 

(S.2) 
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Figures 7, 8, ,9,10, ,II' and 12 show plots of, ,the 'con'~, 

c,entrationprO~i1es, clc i versus th'e, height o,ve,r, the flat plate .. 
,wi thin~he" test section" at five 10ca1:'ions ' downstream" fronl the' 

'iiij ectiori s'lot for water and polymers~ludon injection a (dif-

'ferent injection ~flowrates and 'concimtraticins. 
" :/'" ." 

It, is s eeri ' 

,that forw~ter injection all the concent,ation profiles have 

" the same tr~nd, whereas the concentration profiles for polymer 

solution inj ection can be divided' into at least two, zones. The, 

first zone is one in which, the concentration' gradient is very' 

steep and the, second is a zone in which,the concentnitiori grad-

'ient tends to approach that of the water injection. It seems 

that the length of the,first zone is a function of the polymer, 

-injecti.,?n concentration and the injec'tion ,flow rate. Figure 13, 

shows a plot o.f non-dimensional concentration profile clcm 

versus t!te non-dimensional height y/)" at the five locations for 

water injection. It is apparent that ,the non-dimensional 'con­

centrat~on profile clcm for the water injection is a function 

ot' the non-dimensional height ( only and independent of the 

location from the iqjection slot. It is seen that the result 

can be presented by the following equation: 
,,' 

-& = exp [-0.693 (f)a] 
c m 

(5.3) 

where a = constant. 

Figure 22 shows a plot of non-dimensional wall concentration 

c. u_ 
1 1 

versus the non-dimensional location (li) for the water 

injection. The result can apparently be presented by the 

/ , 



equation: 

- -c umax m = bl c· u. 
J. J. 

,", ' 

a 
(~) I 
h··· /' 

i 
I 

., 

" 
0.32 

'. " . 

(5.4) 

.Figure 23' shows: the growth of a representative diffusion 

thickness· defined by .. ). versus·' the location downstream from 
. 

. the injection slot for· water injection. It is apparent that 

wi thin the velocity ratio' (ii /u.) used in the experiments that .. '. . max l. .' 

).·is a function'of only the location downstream from the' 

injection slot, and the results can be presented by the equation: 

a 
). - b

2 
(x) 2 (5.5) 

Figure 24 shows a plot for the growth of a representative 

diffusion thickness with respect to the boundary layer. thickness 

()'/6
u

) versus the non-dimensiortal location defined by (X/6 av) 

fro~which it is apparent that (~) tends to approach'a constant 
. 6

u 
value of 0.45 at ~ = IS. 

6av 
Figures 14, IS, 16, 17, 18,.19, 20 and .21 which are 

only for the developed concenLration profiles· show plots of non­

dimensional concentration c/cm versus a non-dimensional height 

y/). for injections of polymer concentrations of SO, 100, 250, 

500 and 1500 w.p.p.m. 'It is apparent that there are four zones 

that may be described within the test section length. The 

length of those zones depends on a number of factors. 

Figure 25 shows a plot of non-~imensional wall coneentra­

t.on (c ~ /e u,) versus the non-dimensional location down· 
~ m max i 1 

\ 
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./ 
stream from the injection. slot (li) for. polYmer injection con-

. 
. centrations of· 50 and 100 w .. p,p~m. The data of· this cali be 

presented by an equation of the form: .' 
\. 

-j 
- - / cm umax b3 

.(~) a 3 
. -c. u. h 

(5.6) 
1 .1. 

Figure 26 shows the growth of a representative diffusion 
r '.' '. . 

thickness· A versus the location x .for' a polymer injection , . 

concentration of 50 w.p.p.m. It is seen that A: i:s a function of 

the location downstream-from the. injection slot for .the range 

of umax/ui. used in the experiments. .,' . 

Figure 27 shows a ra-tio of a non-dimensional polymer' 

wall concentration compared to the non-dimensional water wall 

concentration defined by 

-u 
max) . 

u. w 
1 

versus the location x for polymer injection concentrations of 

50 and 100 w.p.p.m. in which case the wall concentration for 

polymer solution injection is smaller than for water injection. 

This means that the diffusion rate for polymer injection is 

higher than for water injection for the low injection concentration 

used in these experiments. 

Figure 28 shows the relation between the ratio of non-

dimensional concentration 



". ,', 

, versus the 'rlOn-diinensional polymer inj ect10n flow rate 

G. c. - ~ ~ 

umax d 

.It appears'that the wall concentration for the po,lymer injection' 

flow low, polymet;: inj ettion flowra tes liill'decrease when compared 

to water injection as ,mentioned previously, and liilt'increase 

again as the polymer, inject-i<m flow rate is progressively 

increased.' .' 

Figure 29 shows 'the non-dimensional diffusion boundary 
). 

layer growth ~ and th~ wall concentration versus'the non-
, 1T 

dim~nsional' polymer inJection flow rate 

G. c. 
~ ,~ 

I 
It appears that the representative diffusion boundary layer thick-

ness ). will increase in the region on the graph representing the 

low dimensionless polymer injection flow rate and then decrease 

again for the higher non-dimensional polymer injection flow rate. 

The representative boundary layer g~owth can be approximated by 

the following straight line equation: 

for 
G. c. 

1 ~ 

umax x 

\ 

It seems that the wall concentration will be proportional to the 

non-dimensional polymer injection flow rate such'that 

\ 

G. c. 
= b S C11

) 
Umax x 

for 
G· c. 

1 1 < 4 x 10- 8 

. '~ . 
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". whet'e for higher values of the non-dimen~ional polymer inj ection' " 

flowr~te, the .wall concerit~ation wiliincreaS.e veryrapidly., 

Unfortunately, there are insuffiCi~nt data a:vai1abl~ to determine 

the exact shape of the curve for values' of' 

-G. C, 
1 1 > 5 x.lri~6 

-umax x 

Figure 30 shows a plot for the. ratio of- the. calculated 

inj ection mass flow rate to the measured;'alue versus' the location .. 

x. It appears tha t the~.calculated rna's 5 'flow rate ,will decrease .. 
for higher values 'of x, which means that the diffusion will,. 

extend outside the hydrodynamic boundary. layer. 

I 

\ 
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CHAPTER 6 
-, 

AN LYSlSAND DISCUSSION 
. :: .f; 

I . • . 

I~etion the re$ults will be discussed in detail. 

f(lf' (HmV{!Jl~!;lIW!;l, th~ ldata havebeend'efined by the"1~iIOWing: 
.r ~. . . . . , . 

/' I 

lilllalle$t injection flow rate 

medium injection'flow rate 

§{lfi~1 ~, hiihe't injection flow rate 

I,(I!;3Ht;>n J. x .. 0.050 m. 

L@~llt;j.9n ~ x ;'0.146 m. 

L(I~3t.ion 3 x • 0.,304 m. , 

LQg;J.tion 4 x .. 0.558 m. ' 
\ 

L9gllHon 5 x " 0.844 m. 

fyrth{!TMOre, the deductions arc made with respect to 

tR(I t!~p~r~mentaJ. range o£ the ,parameters which are: 

,i 
, ", 

1 

~ varies between IZ.S to 8Z 
!'3V 

Ymax ' 
--' -'-' varIes between 6 to 36 
~ 

Tnt! gOncentration profile" se~ Figure 7, for dyed 

W3~~r ~nje~tion at various injection flow rates and at the 

fivt! !o~3t~ons downstream from the injection slot can be 

transform'ed into a universal diagram as shown in Figure 13. where 

, 36 
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it is apparent· that the mean conceritration·distribution ~/~m·· 

within the experimental scatter is-a·functionof the dimensionc 
. . . 

less· height y/A alone and is independent of. the ·loca tion and 
. . . " . I 

.. the injection flow rate. There are no distinct. zones in ·/the 

_----,-..,--J.ong-i-tudi-na-l-rangeused, -.coKtraryto-wha t- in 1 gnt be expectE;d fr-o-m-c 

[1] which indicated four zones within the sam~ran!)e. -,!,his is 
. u 

,11Iainly because the non-dimens.ional veloc:;i ty defined by max. is 
. .... / ,u-

1 
very high which means that the. dispersion asa res1,ll t of the. 

high velocity ratio will play an·active role in the diffusion 

in the initial three zones and . will reduce the length of these' 

zones enormously. It is found that the equation obtained by· 

~Iorkovin [3] based on the collected data of Poreh and Cermak [1] 

for the final zone of the diffusion from the line slot can be 

used to represent the present data as shown in Figure 13 by the 

following equation: 

c = exp [-0.693 (f)2.1S] -(6.1) 

which fits the data with an accuracy of better than +4%. 

It was found that the mean velocity profile within the 

hydtodynamic boundary layer can be represented by the following 

equation: 

-u 
-
u max 

(6.2) 

By substituting Equations (6.1) and (6.2) into the continuity 

equation (4.7), we can obtain the following equation: 



G. c. 
l. l. 

U·AC· max m 

. . 1 
•. A 7. 

= ('6) . 
~ 1f': 

o· 
11 

fA ... (E;)} exp . [-0.693: (E;)? .15 

o _.~ .. 

exp [-0.693~E;}2.l5jdE; 

'. 

in ·which th1e numerical value of the second term approaches 
I 

zero. ThefunctiQ.n 

Ii 
2-

38 

(6.3) 

f exp [-0.693 (E;)2.l5 j dE; = constant value 

., 

since from the experiments A 
r 

11 

;; 0.45 

are also constants for a given tes·t .run. 

-and G!, ci and urn ax 

The continuity equation, 

Equation (6.3), tnerefore may be reduced to 

-A cm = constant (6.4) 

-By substituting the values of A and cm from Figure 7 

into qquation (4.4), it was found· that the value of (A cm) is , . 
" .a f~n~tion of the location downstream from the injection slot, 

where b 6 < 0 and therefore, the value (). cm) is decreasing in 

the longitudinal direction downstream from the injection slot. 

This means that the flow is either three-dimensional or that 



39 

Equation (6.1) is not valid for·the high ~al~es of the dimension-

less neight E;.,. since A cm should be a constant. 

Measu~ements of the mean concentration in~the transverse 

"direction indicate~ that althohgh the 'injection ~elotity was 
~ . 

not strictly uniform; the flow field was approximately two 

,dimensional since the concentration ratio between two longit"udinal 

.locationsforthe same height was independent of z. It is 

apparent ~hat Equation (6.1) is not valid for high values of'the 

non-dimensional. height E; • • This is mainly because of the eff'ect 
. u,. 

of the hi'gh v.alue of the d . . 1 l' max h' h . 11 l.menSl.on ess ve OCl.ty -u:- w .1.C Wl. 
l. 

reduce the length of the first three zones. Consequently the 
I ' 

injected solution 
. x 

will fill all the boundary layer at -0- = 12.5 
av 

and then diffuse out of the boundary la~r which expl~ins why 

at the first location that the continuity· equation is approxi-

mately satisfied by Equation (6.1). Thus the concentration c = 
in the mainstream when y/o" ... = may,represent not only the 

upstream concentration coming with the recirculated water but also 

the diffufted solution from the injection slot. Since the area 

of the test section is about ten times that of the diffusion 

area described by Equation (6.1), the concentration of the 
'/. 

'diffused solution outside of the boundary layer will be negligibly 

small. Hence the continuity equation can be written as follows: 

1 
G. c . 

(2..) 

.,. 
l. l. = Kl -

A em 
0 u " max f 

° 

1 

(0 7 Exp [-0.693 (E;)2.15] dE; , (6,5) 

where Kl = 0.31 (x)0.26 (6.6) 
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_ Fr.om the plot of Figure 24 of 1 
05" 

versus 

apparent that .1. 
05 , 

" x ;: IS 
05 av ' 

0.45 

approaches a /ons;ant value of 

ic -- it is 05 av 
0.45 at· 

I 

(6.7) 

which is the condition of the final zone described by [1] where 

1 
'6 ". 

approaches a constant ;: 60. This 

explains why a universal 

value of. 0.58 at /. 
av 

equation can be used. Comparison of 

the present data and the data of [1] shows that the condition 

of the final zone should be cldse to the injection slot. 

This 'is mainly, ·as mentioned previously, because the length 

of the first three z~nes is reduced. Consequently the value of 

1 
'6 
" the 

will be reduced as a. result of the diffusion outside of 

hydrodynamic boundary layer. 

From the plot of Figure 22 of non-dimensional wall 

concentration 

versus (li-), it is apparent that the value of em is proportional 

to c i and u i and can be approximated by: 

- -cm umax 
c, u. 

1 1 

(6.8) 

-The rate of decrease of cm in the longitudinal direction 

is in good agreement with thelexperimental data of [1] for 

the intermediate zone and is much higher than the experimental 
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data of [1] for the final zone •. Consequently, th~ diffusion 

rate o~tside of the.hydrodynamic boundary laier will be higher 
, . 

than for the case of [1] for the final zone since the diffusion 

of the additives beyond the hydrodyJamic boundary liyer into 

the mainstream ~ill be mainly controlled by the turbulence 
"- " ..... 

there which seems much higher than for the;'case of [11 .. 

From the plot of Figure .23 of ~ versus x, it appears 

that A is approximatJl~ independent of. the velo~ity ratio 

, and can be approximated by: 

A = 0.284 (x)0.47 

" . The rate of growth'of A from Equation (6.9) for the 

final zone is smaller than th~t described by [1] in the inter­

mediate zone, and higher than that described by [1] in the 

final zone. Consequently, as mentioned previously, the rate 

of diffusion is higher than that for ~he cas~ of [1] in 

the final zone. 

Attempts" to obtain a universal relationsh~p between 

the concentration distribution ~/~m as a function of f for a 

so w.p.p.m. polymer injection concen"tration gave considerable 

'scatter of points which infers that there is more than one zone 

within the longitudinal length. Since it is seen from the 

c::>ncentiation profiles, Figure 8, that the initi111 zone w'ould 

be prior' to the first location in which there is a very 

large concentration gradient. This suggests that the longitudinal 

range represents the intermediate, transient and final zones. 

It was found that the concentration profile, Figure 14, for clem 



for .the first loc;:ation for all injc'ctitn 

and third loc~tions for the~third series 

the following equat~on: 

_c = exp [_ 0 . 693 ( C ) 1. 7] 
cm 

42 

rates, and the second 

can be representcd by 

(6.10) 
r " 

, . 
It apP!ars that the length of the intermediate zone is 

-' 
dependent on 

umax 
u. 

1 

and Qi , but the intermediate zone will 

only cover the first location for the first two series and will 

cover the first three locations for the third se~ies. this 

can mainly be attributed to a decreased eddy diffusiv~t:Y as the 

injection rate ibcreases. Determining the length of the 

transient zone is difficult because ii requires excessive data 

to cover ~he longitudinal length completely. 

It was found that the concentration profile clcm for 

polymer injection as shown ln Figure 15 for the other locations 

downstream can be represented by the following equation: 

-
: = exp [-0.693 (C)2.1s] 
cm 

(6.11) 

'which is the same for water injection data for the final zone. 

,It appears from the previous two equations,lEquations (6.10) and 

~6.11), that for the intermediate and final 7<9l11".,5, the following 
";.f,, "<l 
"1}~t." 

general equation may cover the intermcdiate, ·':e:.vansient and 

final zones: 

-
_c = exp [-0. 693 (~)a] 
cm 

(6.12) 

" 
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The .c6nstant 'a' 
.' t\. 

\o[illibe dependent on'the locationdo\instream .", 

.. ',' 

from the injection sioOt and· the non-d'imensional velocityrari~·.· 
. " -" :"" . ". 

(umax/ui) and is expected to be dependent cinthe slot height, 

h' and the inj ect"ion ~oncClltration such that, " 

'-U· x 
a = f '( max ) 

u. c. h (6.13) 
1 . 1 .' 

. From. the concentration profiles, Figure 9,' of. 

c i = 100 w.p.p.m. for polynier.injection"it appears that all the 

!ones are represented. 
. . , 

The .initial zone exceeds the·first ------"" . . . 
location in the. first ·two series and ·the second location in the;-' 

, . 

th~rd series< Unfortunately, a general equation for ~his zone 

cannpt be obtained since a~ exact value for em cannot be 

accurately obtained by extrapolation wh~n the concentration~· . ... / 
• gradient adjacent'to the' wall is very large. Consequently, A 

,cannC!t be determined in this zone. I t is seen that the length 

·'of· ,the initial ione will be .. d.ependent upon,' U lu and Q .. . max i 1 

." .and 't, higher Qp u . will be accompanied by a longer ini ttal 

zone. ' The int"ermedia~~. ~:., Figu~e Itl,covers the second 
¢ 

location in the first series, the second and third locations 

,in the second series,. and the third loc~tion in the third series. 

In the last case, the intermediate zone'can be represented by 

Equ~tion (6.10) which is the same as that used for a c i of.SO 

w.p.p.m. in the intermediate zone. The final zone, Figure 17, 

will be the same as for the case of water injection and extends 

downstream for the rest of the test section. The general 

equation, Equation (6.11), cah be used .to describe the final zone , 
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, . '. 
of 100 w.p.p';m;·bfpolymerinjection. 

) ... ' ..' ..' ,:' . " . " . . . '. . 

,tIi the ,case' ofa ci ,of :250,,,.p.p.m; of polymer injectiol),' 

Fi~~re 10, th~'inttialzone ,extendsupto the third location 
--"" . .~ .. .' ~ .'. '. . . ,", . 

for all' values' of Qi'h,and the intermediate zone, 'Figu~e 18;, 

covers the, fourth location for ,the second andthird.s~es; 
\\, , 

It also appears 'that the intermediate zone is confined between 
. . . . 

the third and fourth, locations in the firstser'ies. The' 
. . . '. 

"general equation, Equafio'n (6.10), used'previouslyto describe 

die 'intermediate zone ~an a~so be used for ;the" case of a ci ~'f 

250 w.p.p.m. The final zone,Figure 19, wi'll extend to the . 
rest of' the test s~~~~n. The same general"equation,Equation 

'C6.11}, for the final zone is applicable for this case which 
, , 

fits the data withih an accuracy of,: 3%, which is in good 

agreement with the data of [2]. 
/' 

, In the case of,~ c i of 500w,.p'P'!II" Figure ll,the 

initial zone stretches to cover'a distance up to the third 

location in the first tW(} series and the fourth location in the 

third series. The fourtn location in the first two series will 

not satisfy the general equation, Equation (6.10), for the 
" 

intermediate zone. It is apparent that the fourth location is 

'somewher; between the initial and intermediate zones. Under 

these conditions', the final zone, Figure 20, will include the fifth 
~.\, 

location only for all values of Qi' The same general 

'" 
equation, Equa~ion (6.11),will sat~sfy the final zone which fits 

'the data within an accuracy of ! 3\, The data is in good 

agreement with [2]. I.t is apparent that by increasing the 

quantity of the polymer injected, the initial zone will be greatly 
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'extended compared to .the intcrmediatearid the transient zones. '. . -. - . 

This is mainly because thebulkcif the. additives win be . 

~ubmergedin the viscous sub-layer and·. since the 'molecular . 
'. '" .' -. ' .. '. . . ....... . . . . 

diff~sivi tyofthe high polymer solution corice~tration i.svery . 

small, i:t is expected that the· diffusion rate willbJ very 

small which will result in a greater length for, the initial 

zone.' 

·In·the case of a c i of 1500 w.p.p.m., Figure 12, the . 

initial zone covers up to the third location for all values' 

of. Q. • It' seems ,that the condition of the. intermedia te zone 
.~ 

described by Equa don (6.10) wi 11 not be achieved wi thin the 

longitudinal range and the' equation describing the last loca,tion 

as shown. in Figure 21·is:. 

_c .; exp [-0.693 (~)l.S] 
cm 

,/ 

/ 

~.- .. 
(6.14) -

i.e.; the last location·will be somewhere between the initial 

and intermediate zones'. Equation (6.14) suppo~ts the hypothesis 

mentioned previously. that the general equation, Equation (6.12), 

wili satisfy all of the zones. 

A c9mpar~on between water injection and polymer 

solution inje~tion can be made. The first three zones in the 

case(of water injection will be relatively short and insignificant. 

The first three zones and especially the initial zone, will be 

very significant particularly for high injection concentrations 

and flow rates which disagrees with the analysis made by 

[6] . 

, ' 

\ 
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" .\. '- .. , 
The wall'coilcentrationf{)r c.'s of 50 and 100 w.p.p,m. 

1 

shown· in Figure 25 can be approximated by the following . /. . 

equation: 

. -' -

.cm urn ax 
c·. U, 

1 1 

From the plot of Figure .27·of \ 

cu· 
I( m max) 

c. u..w 
1 1 , 

(6.15) 

versus x for ci's ·of. 50 and 100 w~p.p.m. showed that. (Cm)p is 

,smaller than that for water injection. This means that ·for 

very low (Cm)p in the range of 0 to 0.75 w.p.p:m. that -the 

diffusion rate .will be greater for polymer injection than. for 

the self· diffusion of pure water which· i.s. in a,greement. wi th 

[121. 

From the plot of Figure 26 of A versus x for c· = 5Q 
1 

w.p.p.m., it is apparent that A is approximately independent 

of the velocity ratio u lu .• and is only a function of x max 1 

and can be approximated by: 

A c 0.186 (x)0.55 (6.16) 

It is ~ apparent by comparing A for c i = 50 w.p.p.m. to 
'l 

that for water injection that at low values of x near the injection, 

that A for water injection is higher than for the polymer solution. 

Then A will be the same for both water and polymer injection 
, 

if (Cm)p approaches 0.75 w.p.p.m. ~here A for pOlymer injection 

-.-., 
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starts to be higher than.that··ofwater irijection;.,Ho\>le~er 

the· change·in th~ diffusion rate is-small> 
. . f· 

From the. plot.of Figure 28 ·for the ratio of. the 

dimensi.onless wall concentration of the pOlymer arid water 

'. injections 

c~ iimax 
( c. u. )p 

~ ~ 

- -cu· r m max) 
c. u. w 
~ . ~ 

versus 
G. c. 
~ ]. indicates that the diffusion rate starts to 

-. iimax d 
decrease_· when (c ) . > 0.75.w.p.p.m •. A general equation for 

m p. 

as a. function of 
G. c· 
~ ~ 

ii d 
cannot be obtained because of the· 

. max . .. 
scatter of the points in the graph, however, the trend of increas-

ing diffusion for low polymer concentration and then decreasing 

diffusion for high wall concentratiori is shown in·the graph. 

-

/ A G.c. 
From the plot of Figure- 29 for 6 versus ~. ~ 

11 umax x 
the following approximate general equation can be obtained: 

for 

A = 0.5275 _ 0.18 x 108 
6 

11 

G. c. 8 
~ ~ > 10-

umax x 

(6.17) 

/" 

Equation (6.17) .is only valid for a location downstream from 

the injection slot where > 50,. i. e., for the final zone. 

. ... 
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. This g.raph shows that>. incieasesfor· low (Q ./~ .land then·· ./ . 
. 1 1. . 

decreases· for high (Q •. c.), which supports .tne· hypothesis that 
. ,1, 1 . 

the diffusion: rate. williricrease for ·lOw~m)p· and decrease 

(em)p' Th,e ·wall concent~ati~n as .a function of 

can be obtained from the ·same graph by the following 

equation: 

8 G; c . 
em = O.8lxlO . (1 1) w.p .• p.m. 

U ·x 

. for 
/ 

. . 

max. 

G. c. 
1 1 

umaxx 

..£ >. 50 
°av -

<3.5x 10- 8 

(6.18) 

Unfortunately, there are not enough data to obtain an 
G. c. 8 

appropriate equation for _1 1 >3.5 x·10- , since in this umax x . ..-
region cm will increase very rapidly. This c·an be attributed 

to the fact th~tthe initial zone will pr~vail over large distances 

of the test section w~iCh leads to a high em in the final zone. 

However, Figure 29 is very useful for the design purpose. For 

a (em)p required to achieve maximum drag reduction at a given 

x, a value for (Qi c i ) can be determined from the graph. Hence 

the values for (em)p for the entire surface ~an be obtained from 

the appropriate relationship between em and x. Hence the 

drag reduction over the surface can be obtained. In this 

case, a comparison should be ·made to obtain an optimum design, 

keeping in mind· that increasing the polymer injection flow rate 



/ 
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- . 

. . "will lead. to ~ longer ini tia1 zone and a very high c • which, .... 
. '" .. . ) .... . ... m

/
:, . 

·.mayincre~se the drag in that ',area but still !ichieves t9-e ' 

r,equired optimUincon~ ~ra don downs tream. However, decreas ing 

the injection flow.ratewil1reducethe·leIlgthof the initial 
. -. 

zone but: ~m downs tream may be lower than the optimum value for· 

the drag reduction. In this type of analysis, the cost of the 

polymer should·be included. 

6.1. The Eddy Diffusivity. 

From Equation (4.21) ,the eddy diffusivity can be . 
• 

written as follows: 

D 
(t);, . 1 

0.693a >. umax 

where a a 2.1S for the final zone. \ 
BY,introducing the 'correction factoF Kl into the 

continuity equation, 'Eq~ation (4.7). EqUatio~\ (6.19) can be 
" \ 

modified for the final zone as follows: 
n 

n+l 1 

(6.19) 

( ) d(Kl . >.) >. ii -0.07 
D t • 0.67 Kl ). umax ax (6) (t) (6.20) 

" 
\ 

Therefore. within the boundary layer. it is apparent 

from the above equation that the eddy diffusivity ~s approximately 

independent of the height above the flat plate. but is a function 

of >.. In the final zone, (t)-0.07 approaches one for water 

or polymer injection. For water injection. by substituting 

the values of >. ~ • Ow and Kl from Equations (6.9), (6.7), 



'/ 

\ , 

so 
, 

.' 
and (6.6), into Equation (6.20), the following equation can be 

,obtained. 

'K ... ' 

(6.21) 

-where x is in mm. and umax is in m./sec. 

Hence the eddy diffusivity is apPllrent1yproportiona~ 

to um'ax and x. 

For poly, mer, injection with a 'c. of 50 w.p.p.m. in tbe . ~ 

/-' final zonetheeddydif~usivity ,can be obtained; as, before, 

from the following equation: 

where x is in nun. and umaxis in m. / sec,. 

2' , 
m /sec. (6.22) 

A general equation can be deduced for the eddy diffusivity 

for each of the'different zones. There are insufficient data 

to obtain the correction factor for the initial zones. Hence, 

an equation for the eddy diffusivi ty. in the final zone only 

can be obtained. By substituting the value of 6 from Equation 
,rr 

(6.7) into Equation (6.17), since the hydrodynamic boundary layer 

thickneSs was assumed approximately the same for water ane 
• 

the polymer solution. Consequently, the eddy diffusivity 

equation can·be obtained by using Equations (6.7) and (6.17), if 

G. c. 
1. 1. -8 

> 10 as follows, 
umax x 
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(6.23) 

Consequently the following comparison can be made for. 

x = 800 .mm. with u· '=- 5.4 max: m./sec. 

net) (water) = 36.5 x 10-~ 2 . 
m /sec. 

D(t) (c. = 50 w.p.p.m.) = 50.18 x 10~S 
~ . . 

2 m /sec. 

. For polY1ller injection with cm = 6,5 .w.p.p.m. 

which shows that for a low (Cm)p the dif;fusion will increase, 

while at .high (cm)p the diffusion will decre.ase 'when compared 

to water injection. 

Additional.experjmental studies are needed to obtain 
'!1 

more data in all the zones of diffusion to investigate the . . 
effect of the size and location of the injection slot on 

diffusion and also to obtain the exact value of the wall con­... 
centration for the different zones, in order that the relation-

/ 

ship for' the drag reduction per unit discharge of the polymer 

as a function of the length of the flat plate can be obtained. 
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·CONCLUSIONS 

" 

\ 

_. As a summary to the previous discussiori, ·the follow-"· 

. ing conclusions may be drawn: 

1) A general equation for the co.ncentration distribu­

tion for· water injection from'a line slot i~ a 

.. two-dimensional 'flow can be approximated by. the 
. ,r 

following equation for the final zone: 

_c = exp [.,0 •. 693 Cr)2;15] 
cm " 

(7.1) 

There being no distinct zones noticeable within the 

conditions 

= 12.5 to 82 and 8 to 18 

,.- which were used in the experiments: the first three \, 
I zones must therefore be within the range of ~ 

Qav 
for wa~er the functions 

= ° 
to 12.5. 

~'Q~ and 
1T 

equations: 

!:ur!hermore, 
cm umax can be approximated by the following c i u i 

~ -.0.284 (x)0.47 

. ~ 
- " 0.45 0, 

1T 

(7,2) 

(7.3) 

52 
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, , (7.4) 

2) The diffusion field for polymer solution injection 

J can be divided into four, zones; an initial, an 

. intermedi'ate, a transient and a· final' zone. A 

general equation (or, the concentration in the flolO/ 

"fiet for 

ing form. 

all the' zones can be' wri tten in the fOllow-

-c = exp [-0.693 (f)a] (7: 5) - . 

where 

a = 1.7 for the intermediate zone 

a = 2.15 for thlfinal zone 

The length of the different zones will depend on the 

actual_polymer injection rate Qi c i and the velocity 
umax ratio u i 

3) A comparison between water and polymer solution 

injections shows that for water injection the length 

of the first three zones is relatively short and 

insignificant, while for polymer injection the length 

of the first three zones and particularly the initial 

zone is very significant. 

4) ln general, it can be stated that within the range 

of the flow parameters for the present research, 

the diffusion rate of diluted drag reducing polymer 

is increased for very low wall concentration, that is, 
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when 0 < c <0.75 w.p,p.m. \~ith a maximum diffusion . m . .. 

rate when cm ,is about 0.5 w.p.p.m. 
/" 

It may al~ be stated that as the concentration at 

the wall increases above the increased diffusion~ 

rate range, the. diffusion is greatly reduced with 

increasing concentration. 

6) Lastly, fo~ cm > 0.75 w,p.p.m. (i.e., above the 

increased. diffusion rate range), the function for 

the relative diffusion thickness- AI Orr' can be­

approximated by th~ following equation. 

8 G. c.' 
= 0.5275 - 0.18 x'lO (:1 1) 

umax x 

where > 50 

, 

'I 

(7.6) 

/ 
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CALIBRATION CURVES ... 

• -.Calibra~ion curv~s'of thc:rotomctcr readin~vcrs~s 

.<il1jcCtion flow ra~c fo-r various- polymcr conccntrations arc.' 

shown' in Figure 31. 'Thcs~ d-a.~ for. thc curvcs wcre obtaincd 

'.: . 

.. /' " 
by 'passing -a known conc.cntratiO)l of polymer solution through/ 

/c. 

therotomctcr and volpme~rically mcasuring thcflow rate by 
. - .. . . . . 

timing givcn values of fluid to pass through th~ mctcr. 

The calibration curve ford~tcr~ining t6eoptimum ... ./ 
exciting wavc lcngth for 'Rhodaminc wr ,is. shown in Hgure 32. 

. . / . . '.' . . 

The· data for this curv.e' were obtained by applying various 
. ." .' I 

exciting wave lcngths for thesamc concentAtion.: The calibra-'. ' . 

tion curve for the relation bctwecn thc conccntration and the 

optical dcnsity is shown in Figure 33 and was obtained by 
I 

applying the optimum exciting wave length for the known con-

centration. 
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APPENDIX.2 

DATA .TABLES· ... / 

. . 

. 
'. 

.' - -. ~ 

Thc ·cxpci-ilTicntal da ta for thc concentra'tiOn\measurc­

menU fOT •. c·i ,-0, 50., 100, 250, 500 and·)SOO~,p.p.m. for the 
, 

various injection flow rates· arc· shown in Tables I through 18 

inclusive •. 

.-: 
. ." 

I. 
The'vclocity raCtio r . data arc also sho.wnin Tables 

. .. max . 
19and 20. Al1thc data in thc· "tiablcs are sclf cxplanatory~ ,. 

"'. 

I 
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