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ABSTRACT e
i - .
This dissertation reports the develbpment of a flow visualisa-
] - -
tion technique which was used to study the flow pattern generated by an

abrupt expanéion in a cighulﬁr scction oemduit, Experiments were perform-
g ; . . v.
cd at Reynolds numgbefs (based on upstrcam tube diameter) ranging from 222

to 755 and for tube diametoer ratios of 0.63, 0.19 and 0.93, = | -

Y

"Velocity profiles were obtained at each of two different stat- )
ions beyond the vortex and these were used as upstream boundafy conditions
for the* linearized axial Navier-Stokes cquation fo? thg purpose of predict-
ihg dcve}opment icngths. A correlation was ;btaincd for chcIOpméht length
as follows:

o s

0.94

L/D = 0.27 RcD {1- (d/D)2'77 ]

Measurements of vortex length were made for a tube diameter

ratio of 0.63 and the results correlhted,in the form

.1
xR/h = 0,048 Réd

11




Hence both vortex length and development length increase almost lionc‘arly

<

with Reynolds number.
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NOMENC LATURE

<

DIMENSIONAL

T radial coordinate g

28

axial coordinate

Vm mean ﬁluid velocity

v; radial velocity component ) -7 i !
v? " axial velogity component

(v,) ¢4 fully dcvelop\e‘d velocity

g, axial comp&nent of ‘gravitational acceleration

P static pressure .
Q, Q . flowrate )

o ‘density 4
U dynamic vié%osity - /

v _ kinematic viscosity

A o cross-sectional area of Iarger diameter tube

h step height at expanasion

R - radius of larger tube l )

NON-DIMENSIONAL

©d/D tube diameter ratio (g 1) ) !

-

P particle to tube diameter ratio

-~

Rcd, Rc[j Reynolds Numbers based on mean fluid veloéity

n non-dimensional radial! coordinate, r/R
w © non-dimensional axial velocity, v_/V ’
‘
{
X




0
< . - .

non-dimensional axial pargmeter, (z/R) / (V_RAV).

1 3

THEMATICAL -

B Functions of axial coordinaté, Z, which appear in
Langhaar's solution - ' |
A Funétiqns of Z which appear in the scolution of Sparrov et. al,

D/bt Total Differential
Laplacian Operator
;3 (%) Bessel Function of First Kind of Order N 7 y

(x) Beasel Punction of Second Kind of Order N

o~
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1. INTRODUCTION

1.1 General -

- —

The primary object of this work has been the development of a Simpic
flow visualisation technique in which the flow pattern is revealed by the
presence of small, neuirally buo}ant tracer particles. It is then possible
to obtain reaéonably accurate huantitative data wita cheaid‘of a high-speed
movie camera. This technique should be particularly useful ﬁor-revéal%ng
jsccondary flow patterns in more compl%cated geometries such as & three-dimen-

- .
sional bifurcation. The latter geometry is of special interest in biologic-

al work in connection with studies of the circulation in the cardiovascular

i

system and of the flow of;;ir in the respiratory tracts,

Because of‘its geometrical simplicity, the abrupt, circular channel
expansion is ideally suited as a model for illustrating the above method.
Further, although numerical solutions have been obtniped for the governing
equations, there appears as yet to be no information in the literature con-
cerning flow development beyond the step and no values have been presented
fﬁr development length.

.1.2 The Vortex Region

o e - B - -

The flow pattern gonerated by an axisymmetric step expansion in a
circular condult may be visualised as consisting of a separated region of
circulatory flow separated from that of the mainstream and held captive bot-

£ .

ween it and{;hc tubo walls. Macagno and Hung (1) have analysed the dyntaic

‘intcructian between the annular vortex and the sustaining flow for a tube




diameter ratio of 0 5 and for upstreaﬂ'Reynolds numbers (based on tube digm-
eter and mean velocity) of up to 200. It appears from their 1nvcstlgat10n

_thnt the main role of the vortex is that of helping to shape the main flow

wzth Very little: exchange of energy between the two.

. Mcasurements of vortex length and position of the centre of rota-
[tion obtained from photographic records and by dlrect observat1o; of dye fila-
ments 1ndicate a Ilnear increase of both quant1t1es with Reynolds number, A

with a finite value of vortex length (0.27 x upstream diameter) in the re-

gime of creeping'flow . Two add1t1onal kinematic characteristics may be de-

—

N
fined for thc vortex region:

(1) - relative vortex intensity, defined as- the
" ratio of the absolute value of maximum stream-.
,function in the region of separated flow to the

boundary value in the upstream developed flow

and

(2}  the ratio of the maximum absolute wall vorticity
: o
in the backflow region to the upstream boundary

vorticity,

hese two parameters increase in a similar manner with Re}nolds number and app-
T to have nsymptoiic limits. Hence, although its length continues to in-
préase linearly up to a Reynolds number of 200, the relative strcnhth of the

R

Tortcx does not appear to increase much beyond this limit.

-

-
ot




1.3 Flow Regimes at Higher Reynolds Numbers

e~ S et D e

At higher Reynolds numbers a second flow regime has been observed
(2), where shear laﬁer wavcs’and thelr stability play the dominant role.
.Its onset is marked by the attaimnment of a naxlmun value for reattachment
lcngth. Thcreafter rcattachment is dctern1ned uhen the lateral extent of
the undulating waves in the shcar layer, which increase 1n anplxtude as the 3
Reynolds mumber is increased, spreads to the tube walls. Hence, wlth1n this
flow region, the reattachment length decreases with increasing Reynolds
mumber. In thé turbulenf region the rcattaghnent length remains fairly con-

stant at a value of about 10 step heights and is ﬁpparcntly not affected a

' : y
great deal by cither Reynolds number or tube diameter ratio (3).

1.4 Flow Development in the Laminar Regime

e e o e L e - . ——

Y
.

" At the reattachment point the velocity gradient is zero. Thehvcl-
ocity profile changes froa bell- shaped )ust beyond this poxnt to parabolxc
in the fully dcvcloped reglon with a correspondxng decrease in ccntrelinc

velocity. The flow is norwally considered to be fully developed when

the centreline velocity is within 1 % of the'equilibrium value (2 vm ).
an

i

The dcveloyncnt ‘length may be predxcted from an expcrlnentally dcxcrnxncd
vclocxty profxlc, uhlch xs used as the upstrean boundary condztlon to the
solutlon of the equations govcrnxng the flow of an LnCOlprcssiblc fluid in

~

a straight tube of axially unchanging cross-sqction.




2. " THEORY . .

Three general analytical techniques have been developed for dealing

with the problem of laminar flow In the entrance region of a tube of circu-
lar cross-section. Two of these (Atkinson - Goldstein (4) and.Schiller (53) )
rcquire the formulation of equations which apply to the region of the devel-
oping boundary;lgyer. The third method consists of linearizing‘the inertia‘
terms in the axi;l Navier - Stokes equation and solving the resulting, much
simplified equation of motion. It is fhis last method which appears to have
greater flexibiiity and might ﬁc particularly useful in certain cases for
redicting flow development when the upstream boundafy condifion is known,
e.g. frém éxperimenthl measurements. a

*This type of solution has becn deveiOped by Lnﬁghnar (6) and ngg
(7), who applied it to the case of a gircular section tube with uniform
el;citf at inlert, 1In gubséqucnt papgr'by Sparrow et al., (8) a refinémcn{
f'Langhaﬁr's,tcch;ique is prosonted s;lving the linearized axial momentum
quation‘for the same tondition at pra inlet, assuming ra@ial modentum
erms to be negligibly small. This nssﬁmption'has been dcménétrated to be
uite reasonable (9) fof the cﬁse of Reypolds nunﬁcr? above about.lod. Fof"
ety small Reynolds numbers, the radial velocity component may be as high

”

s 30% of the axial-velocity component and therefore it is not really justi-
. L‘ '

iable to neglect rhdiql momentum terms in this case., However, the rndiql

~

elocity component decreases fairly rapidly as onc moves downstrean from the
ube entrance. - . - .

The axial Nivier = Stokes éqgniion for steady, axisymmetric flow-

y be written- - g




Vr vV + vz v - gz -3
ar 3z ' 3z

+
ST
Two approximations which-have been introduced info this .equation are
- (%) that the static pressure is a .
; - . function of z alane aﬁd‘
{(2) that the temm azvzlaz2 m;y be - - -
| neglected. The latter is'equin

alent to the assumption that the

derivative of the normal stress
!

30,,/3, is the same as the pressure
- gradient.
Adopting for the present the notation of Langhaar (3}, the

terms on the left hand side may be approximatcd by‘vazvz, where B is

a function of‘z only. This yields A
sz = ¥V 3V +. ¥V _3Jv =N 82 v o 2.2)
——— r — 7 —I 4 .

bt ar 3z

This equation.is satisfied by 8 = 0 in the rcgion Qf-fully developed
flow and is always sntisfiéd at the fubé walls, where v, and v, are
bqth zero. Fﬁf-gho inviscid core of audévoIOPihg boundary layer model,
7c&uat}6n (2.2) is satisfied by avz/az‘ -V 82; The eéuation theréfore
appiies exactly to regions where there is no radial momentum exchange

| taking place. Its application is not strictly valid within the devel-

L

13
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pre

’

~

oping boundéry layer. However, it may be argued that linearisation.

based on equation (2.2) will allow a justifiable simplification to be
made to the equations governing flow, provided that radial momentum

exchange is always only a small proportion of axial convection, over

-

most of the,tube cross section.

Equation (2.i) may be written in the 'form
. \\‘“‘av ’ -
B v, =_a+1l 3 (r z © o (2.73)

‘ r d9r ar

where o” and 8 are functions of z alone. Langhaar introduced the up-

' : '
stream boundary condition as the limit on an integral and obtained the
: . , ‘
solution to equation (2.3) in the form of a family of velocity profiles .
with parameter expressed as 3 function of the axjal coordinate. This

technique does not allow the introduction of a boundary condition which

is a function of the independent variable.

_ - Equation (2.1) may also be linearized by writing
c@ V. Mz = a@ o+ vy (2.9

. 3z N | . 1

\‘\

.~ ' . n s rd i
in -which Vm is the mean velocity and ¢ and A are both functions of z. .
This obviously has the same form as equation (2.3) and no further justi-
fication for it is neccessary. Its solution for an arbitrary upstream

boundary condition is presernted below. >




7
Integrdting equation (2.4) over the tube cross-section and -
\ .
noting that 3/3z / v, dA = 0 from continuity
: A
' : v - - ' .
Az = -2 (%2 | . (@.5)

, and . . ; ' \\(-
nk/m_._(__]_ ) e
' az’ - Ir ar ar /1 R ar- ’

A-stretched coordinate, z*,may be defined such that ’

]
P dz

e (z) dz* . | C@.7) -

Also, writing

+

P . = -
| . .vz _ (Vz)fd + v, _ (2.8)
1 .
kY - . .
Equation (2.6). may be ecxpressed in terms of the difference velocity, !
v_*, since it is a linear equation: . - A
A(v_*) -t ave .
v taw [lg_ (r * )\ 2w [ (2 9)
az* . “broar ar /1 R \3r / re=R )
. .y B o (
\_

Introducing the following non-dimensional paramoters

g '\

' ) -
N R \{pR/u [ VmR/ v Vm \{m
- : ! ,
the above equation may be writtén .
dut = [fl 3 (n y)]-é wt (2.10)
aze n an \ an an [ns=i ’
’ E ra f




and is to be solved subject to the conditions

5

(1) w* 0 when n = 1 for all Z*

(11) w*

s
£ (n) when 2* = 0

It is first necessary,‘however, to .obtain a relationship between Z and
Z*. The following expression for ¢ may be derived by making use of the
axial momentim cquation and-a mechanical energy equation‘derived from

the former by multiplying throughout by v, (Appendix 2).:

1 |
I (2w -‘1.5w2)n 3w dn _
€ 2 n= 0 9Z* 1 (2.11)

(E&l + I Qgif dn
In ml n=0 \3n

With'w a known function of n and Z*, the right hand side of equation

(2.11) can be ‘evaluated. Hence ¢ may be determined as a function of

-

Z* and the relationship between Z and Z* is given by

Ze . ) 1
2 = [.c dz® . (2.12)
w0 ' ‘
S,

The solution of equation (2.10) has the form

e 2
W oL oo g (e M1 E (2.13)
\\[ i'l - ) -
‘ o
yhcré _J ; .
gi(‘n) -2 {Jo (ag n) -3, (ap) o (2.)4)
ay Jo (31)




and the a, are the roots of the equation

J () /3, (a) = 0.5a; . ' (2.15)

The coefficicnts-ci are obtained by making use of the upstream bound-
ary condition. If the non-dimensional axial velocity, w, is expressed

as a polynomial in n of degree (N-1), i. e.

0 = £(n) = B(1) +B(An + B)a® + -t B!
(2.16)

then it may be shown that - . B

¢, =2 - _4{BQ) mwmg

a. a, 2 3 4 ' N+l
1 1 .
M 4. B(l)(ﬂl) + 8(2)(¢2) + -t ﬁgnlggnl . (2.17)
agdobop | o a’ a; (1)
where
. o
QN = é X JO (x) dx

A detailed cxplanation of the procedure for obtaining the solution is

presented in Appéndix 2.
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3. DESCRIPTION OF APPARATUS

A schematic diagram.of the fiow system is p?esented in Figure 1. The
csscﬁtial components of the system were as follows:
(1) Fluid Suspension
1 (2) Model of Circular Tube with Abrupt Expanéioﬁ
(3) Mixing Chamber .
(4) Motor/Pump Unit
(5) Pulsation deper
(6) Venturimeter . I . | 5
.

3.1.1 The Fluid Suspcn51on

The Eomposition.and properties of the suspending medium are detailed

in Table 1. The graph of Figure 2 shows its viscosity - temperature charact-

L

eristic over the tcmpcraturc_runge.encouhtered during the experiments. This

data was obtained with the aid of a cone and plaie viscomcter (Nells - Brook-
field, Micro Viscometer) which allowed visccsity to he méasured at constant

shear rate. It was poauible to affirn that the fluid wvas Ngvtoninn in behaw- -
iour, since the shear rate could ba varied by changing ‘the cone lngle andlor .
the spced or rotation of the cone and ilnie. for a Newtonian fluid, lhear

acrcésfiand hence the restraining torgque on tha-cone) is dliectly proportion-
al to shear rate. The reftactiva index of the solution was matched to th;t
of a 95X by weight glycerol. aqueous’ glycarol solution (nectlon '3,2.1), and
the -pecific 3ravity was adjusted, by addltion of n-alyl alcohol, to that of

-

the polystyrune particles vhich constituted the suspended phlll (1. 0&). The

N
nuapenuiun contained pnrticlen of up to 420 u dismster, the majority of which f;/o

had been sclectcd from a batch of bctveen 150y and JDOu.

r




es o

DESCRIPTION OF SYMBOLS USED IN,//’\trg
FIGURE 1

Mixing Chamber

~. Teflon Expansion Piece

Viewing Cell

Optical Table

Mercury Manometer R

Motor

Pump . (
Speed Céntrol
Veniturimeter
Double U-Tube Manometer

QVF Thick Wall Glass Tubing

11
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Observation of a sample of the suspension over a period of several days,

through a temperature range of 20 - 25%, led to the conclusion that the

density difference between the two phases was so small that sedimentation

]

I
rates might be considered negligible. The concentration was adjusted to a-

. bout 5 particles/cc (except for direct visual observation of the vortex,
. where the concentration was considerably changed).

3.1.2 Medel of Circular Tube with Abrupt Expansion

. S e e e A e e m m m m m m m e -

The vertical limb on the left hand side of figure 1 constituted the
model. It consisted of two lengths of glass tube connected by a teflon
transition piece (figure 3) with viton "0" rings on the inside periphery
to ensure effective sealing, the total length of the limb being 90". The

" length of the upper tube was sufficient to allow the development of a
Poiscuillc;n velocfty distribution just upstream of the expansion at the
h;ghégt flow rate rcquiréd.(chapter 4). This tube was interchangeable
with thréc others, euch'of different diameter (table 2), providing step-

. diameter ratios, d/D, of 0.63, 0.79, 0.93 and 1.00. These values were ob-

" tained from the tube ihternal diameter, measured with the aid of vérnicrl,
calipers at thg'e&pnnsion end of cach tube, as indicated in Figure 3.,

i

3.1.3  The Mixing Chamber :

Fiiﬁrc 4 shows the mixing chamber, which was an aluminium cylinder
with ﬁrovision at tho base for a concentrically located aluminium insert
+ attached to the top of cach of the smaller diametor glass tubes. The in-

ternal profile of each of the four inserts was machined to blend with the
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sloping base of the chamber.
Homogeneous mixing of the suspenSion was ensured by forcing it to

pass through a matrix of 1/16" diameter holes drilled into the lower

~ i

two inches of the_aluminium tube, Any small-scale turbulence thus gcn—-
erated was removed by the presence of a double layer of wire mesh. 'In
order.to faciliflate the expulsiOn of air from the system when charging
with the fiuid sudpension, the inside top of the chamber was machined to
slope upwards ffom.fhe yalls; A 0.2°C thermometer was provided at the

top of the chamber for recording the temperature of the fiuid prior to its

entry into the upper glass tube. o 5 K

3.1.4 Motor/Pump Unit

Thcipump'used was 2 Moyno type SSF pump driven by a 1/2 h.p.,
d. c. motor with a 110 volt SCR speed control. This pump, which is of
the positive disg;ﬁcement-type, is ﬁarticularly suitable for handling
solid/1liquid suspénsions and provides a fairly uniform flow. fhe stntof

and rotor were of viton and stainless steel construction respectively so
- ot
that no problems were encountered with pump corrosion or contamination

of fluid,

+

A pulsation damper was incorporated into the system'in order to re-

move the smatll pressure.fluctua;ioﬁb produced by the pump. It consisted

-

of an inverted glass bottle with three tappings at the top, one of which

b

was connected to a mercury manometer and another to the pressure regulat-

or of a nitrogen cylinder, The third was a blcodlto atnosphore. The
. 7 L ,
_ :




purpose of this arrangement was to keep the pressure in the bottle con-
stant as the flow rate was changed. However, as the pressure variation
was.found to be guite small over the experimental range of flow rates, this

was considered unnecessary and the function of the device was solely as a

P

_damping systen. A ’ \;)

3.1.6 Venturimeter (Figure 5) - “
Rt Tt i ".‘

The vcntu;imeter was made of aluminium with two piezometer open-
ings set 1-1/4 inches apart. It operated in conjunciion with a double
U-tube‘manometer which had two air columns of cqual length sepgrafihg
thc¥%anometric fluid (water) from the éirculating fluid. The two air columms

could be bled together to level the liquid surfaces before the commencement

of an experiment. The characteristic curve for this flowmeter is _given

in Figure 6.

3.2 Optical Equipment

e e Ak e

(1) Vie;ing Cell

‘(2) Opticﬁl Table -

j [Sj High Speed Camera
t4)- Camera chulafbr

) fininé Light Generator
(6) Arc Lamps and Plano R Convex Lenses’
{(7) -PhOto-OpréaI Da?; Analyser )

3.2.1 Viewing Cell (Plate 1) ‘ ”

The region of the flowfield that was of experimental interest ex-

tended from a few diameters upstreas of the expahsfon to about 20 diam-
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eters downstream. This section of the model was enclosed in a rectangular
perspex cell, 30-1/2" x 9" x 2-7/8", which was secured to the top of a
steel table. Inside the cell wére two front surfdce reflecting mirrors,
2-1/2" x 3/4", each set in a brass mount with i;s surface inclined at én
angle of 45° to the base of the mount and positioned so as to ﬁrovide a
two dimensional view of one of the upper quadrants of the glass tube
(Plate 2). . l L .

The mirror placed above the teflon expansion piece was constrained
5

to move horizontally. Its purpose was to allow a section of the tube up-

[
£

stream of the expansion to be.filmed to determine whether the upstream
boundary condition was satisfied at the hikhest Reyndlds‘number (i.e. to °
determine whether the velocity profile there was parabolic). When the

upper tube was replaced with one of smnllef diameter, éhe mirror was mov-
ed to the right to bring its edge in contact with the tube wall. b
The brass mount containing the second mirror movcd vertically in an
-aluminium track, its position adjusted by means of a steel rod passing
through the mount and through the top ‘of the cell and retained there by
a stecel collar. The flow pgttcrn.cquld thus‘be rec;rded phongraphically
at any axial location throughout'thc region of interest,
To facilitate changing the upﬁer glass tube, tho face of the cell
was removable, with sealing provided by.a 1/16" ailnater rubber cord set
in a groove machined around the perimeter of the cell; The cell was fill-

ed from.the bottom with an aqueous glycerol solution. ‘By matching the

refractive index of the glycerol }o that of the fluid inside the tube (1.466),




PLATE2

- FRONT SURFACE REFLECTING
MIKROR TN BRASS MOUNT
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optical distortion due to refraction of light was reduced consi&erably.
Since the glycerol ﬁas diluted with 5% water, its viscosity was reduced
by about half, thus making it much easier to fill the cell,. Tﬁgﬂzaximué
error incorpor;ted not having the refractive index of the glycerol

and circulating fluid matched exactly to that of glass (1.474) was estim-

ated as 1% of the tube diameter (Appendix 4) This error appears in

the form of a lineal dijplacement of the image of the particle centre,

3.2.2 OPtlcal Table

i

i A table was constructed to provide a riéid support for both the
viewing cell gnd the high speed camera. It consisted of a frame 30" x
24" x 36" high, fabricated‘from steel angle with levelling screws at the
base and a 10" widc\nluminium plate fitted to the top. The camera was

‘carried by a onec-inch diameter brass. rod which could slide vertically in a
sleeve attached to'the aluminium~p1nte. Slots milled into the plate en-
abled the sleeve to be moved toward or away from the cell, allowing the
camera frccdom of motion both vertically and horizontally.

The viewing cell was positioned eccentrically with one side nligncd
with the edge of “the aluminxum plate. This arrangement meant that with

the axis of the camera lens at right angles to the face of the coll, the

outer wall of the larger diameter glass “tube would be located at the ex-

‘act ccntrc of the fiold of view.

IOl AP ey

8

e Photographic data was gbtazined with the aid of a Hycam cine camera




PLATE S-

'SIDE VIEW OF HIGH SPEED
MOVIE CAMERA & VIEWING CELL

3
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3

(model KZODIR): This was a 16 me. high speed caméra utilizing a rotatihg
prism for optical compensation. With rhé aid of an electronic speed con-'
. / b . )
- trol unit, it was possible to vary the¢ frame rate from 10 to 3,000 full

i ' :

frames per second. A 55 mm. § 2 Asali Pentax lens was used, togeth-

5
'

er with a small extension tube, to-prgvide an image of amr area approx-
imatély‘one inch square, the depth of field being about 1/2'inch,

The film used was Eastman Kodak Double-X Negative 7222 and Eastman
Kodak Plus-X Negative 7231 dn-loo'foot réels, the latte; being a‘material
of finer grain.: Boéh types preduce a hegative image when p;ocessed ani

for this particulay application there appeared to be ver} little to choose

between then.,

The chart of figure 7 gives the speed curves throughout the regul-
ated range. " These curves were used to determine the ex-

posure time for a given frame rate as outlined in Chapter 4.

A recasonably accurate estimate of frame rate wﬁs‘obtaiped with the
aid of a Milli-Mite TL9-4 timing light generator. This resulted inla ser--
ies of pulses, 30 microseconds in width, appearing on the side of the film
hat a selected frequency of either 10 or 100 pulses/second, to within MBS
3.2.6 Ilumination - -

A strong point source of light was providéd by a 100 watt carpdn
lapp which wn§’plnced at the focal point of a 6‘incb foc{l length, plano-

convex lens-to produce a parallel beam 2 jnches in diameter. The object
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e

was illuminated by two such beams, one from the side and one from the
rear, intersecting at right anglés. It was necessary_to reduce the

light intensity at most filmingSpeeds in order-to avoid over—expo;ure,

j and this was accomplished by placing a shade plate in front of the camera

lens at right angles to its axis,

3.2.7 'PhotokﬁrOQtical Data Analyser

e S R e ) S

Film ahnlysis'wa; carried out with the aid of an L. - W Photo Inc.,
Photo - Optical DatarAﬁalyéer (model 224 - A), which was set up .in a spec-
ially cqnstr;;tcd rig to allow back-projection on to a transparent screen.
The frame rate could be sét, from a remote hand-held unit; torany of sever-

al different settings between 2 and 24 f.p.s., or the film could be project-

ed frame by frame,




EpeTm

4. EXPERIMENTAL PROCEDURE -

In setting up the apparatus, great-care‘uas taken to ensure that
the left hand limb was as near vertical as possible and, more imﬁoitant,
that the two tubes were coaxial. A piunbline was used for this purpose
and lay along the axis of the.tubcs when viewed from two mutually perpend-
icular directions. Observation of the vortex led‘to the corclusion that
there was very little asymmetry present in the flow.

The aluminium track had horizontal l;nes scribed at intervals of
1/2 inch aldng the length of the land adjacent to the tube wall. li;h
the camera in its lowest position, the nafking located at a distance of
14.875 inches f;uﬁ the step appeared in-;he centre of tﬁc field of view.
When the camera was ;Aised to a new poéit%Q::usually ihroqgh a distance
of tkree or five inches, a short exposure was made uith‘thé track illumin-

("‘ a .
ated from the front. Hence a horizontal line appearing on the first film

5équence provided the axial location for the determimation of the velocity
profile. “The magnification factor was obtained from the width of the land,

which had been acéurately machined to 1/4 inch. The internal diameter of

. the larger tube was also determined photographically, with the camera dis-

placed 1/2 inch to the left. The tube was found,Eo be of uniform diameter
over the first 18 inches of its length.
In order to obtain sufficient qccuracy”in measuring particle yeloc- '

- 2
ities, the frame rate was set to a value of at least 40 q / ¥ 47, q being

the flow rate and d the diameter of thp'slal)er tube. This -éant.that the
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L motion of the fastest moving parficlb (assuming it to Qo;c with the upstream

i fully developed centre line velocity) would be recorded on at least 10 framés
as it moved across the field of view, which was approximaﬁely 2 cm. in height.
The time reqﬁired to expose a 2S'ft. length of film (1000 frames) was then
obtained from the curves of figufeIT.. The timing light generatar was set
to give at least one pulse per 30 frames.

With the camera in its lowest position the cobject was brought into
focus in the normal way. The arc lamps and plano-convex lenses were care-
fully aligned to produce two mutually perpendicular, intersecting beams.

The flowrate wa§ adjusted to the desired value and the fluid suspension
circulated for a while to allow it to become homogeneous. Its tcmperaturé
was then rccordc&. A film was loaded into the camera and the first 25 feet
exposed (this included a view of the aluminium track, taken under normal
lighting cogditions). The camera w;s then raised to its'ncxt position and

a check was made, by looking through fhe eyepiece at the image on the film,
to ensure that the outer wall of the glass tube was located‘at the centre |
rof the fi%ld of view. Aéother 20 to %5 féet‘of/film was exposed, The temp-
erature was again recorded and the flowrate increased to a new value. It
was then necessary to make a new frame rate setting in the manner outlined
above. The remainder of the film was used up, with the camera finally back
iﬂ its original position, the objective lens level with the 14.875 inch
mark on the aluminium track. In this uﬁy, five film sequences were usually ) -
obtained for ecach experiment, ‘Lastly, one more tenpcratufe reading was

made.
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Figure 8 iIIUStraﬁes the way in which quantitative data was obtain-

ed from the cine films. The inner wall of the tube appeared clearly in
each view and the‘centreline was conséructed by taking the distance R to
be one half of the photog?aphically detprminc& d{;metcr at #xial 1ocation
Z. Hence, non-dimeﬁsiénal,paLtiéle coordinates Ny and ny were determined
by direct measurement. Particle velocities were obtained z:, or very
close to the horizontal line drawn at Z by allowing the parﬁiclc to move
through a distance of 1 to 1-1/2 Em. either side of the line and dctcrmin;
ing the corresponaing time increment, 2At, from the camera’ frame rate.

Each veleocity profile was éonstruétéd from 20 to 30 sfich velocity measure-

»

ments.

il
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5. RESULTS AND DISCUSSION

5.1 Flow Development

Experimental and computational results are presented in the follow-
ing tables and charts. Figure 9 illustrates the scheme whereby cach
velocity profile is dehoted by two characters and a ;inglc subscript.,

The subscripts.l and 2 refer to the upstream and downstream' stations re- -
. spectively, these being exactly 12.7 cm apart, with statio; 1 located 25
cm. from the step. | | ‘

No.mathematicéﬂ!?gﬁreséntatibn is providea for the velocity prof-
iles in one case (d/D = 0.63, Q\ = 53.94) because very little experim-
ental data was obtdingd iﬁ the central region of the tube aé station 2,
where it was found that the velocity gradient at the wall was close to :
zero. Hence, for this.particular case, the reattacnment_length was app-

. . . ’ .
roximately 38 cm. and station 1 was situated inside the vortex region.

The experimental data listed in appendix 7 and plotted in figures

10 to 17 was obtained by mcaﬁuring éhe'velocities of the smaller part- .

icles in the flow, However, velocity mcasurcgents taken from partic;es

with diameters of at least gwicé those of the ﬁmaller particles are in-

cluded in figur‘e,il for c.o::parison. The particle/fluid slip Veloci;:yk -
-has been s;own (Appendix 1) to be inertial in origin; i.e. it is-dépcnd-

ent upon particle si;e_and vclocity; The functional relationship is giv-

en in the appendix in terms of tube Reynolds number and particle to tube

diameter ratio. However, althopgh the experiment to which figure'14 refers

was not carried out at the highest tube Reynolds number, particle velocities

M
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d/D
Q 0.63 0.79 0.93

[ ]
to
o
tJ
-t
Fad
s
]

38. 14 X : X _ X 2

S5 . | |
53.94 - X X 3
N -
A B C

F1LGURE 9 -EXPERIMENTAL NOTATiOl - X INDICATES THAT
. ~ DATA IAS BEEN OBTAINED FOR THIS EXPERIMENT
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near the centreline were higher for this experiment thap for any other
experiment. Since velocity values from large partic}es lie within the
scatier band fof velocities obtained-from small particles, it may be
concluded that parficle inertia cffects are negligible for the range of
particle sizes and Reynolds mumbers cncountered in.this series of ex-
periments. _
In all but one case the velocity data-was reasonably well pres}\»
cnted by an even least squares polynomial of degree 4 or 6 (table 12).
The upstream velocity profile for experiment A2 was better approximated

by a function of the form

- : 2 | . l . ‘ - -
v, = 23( 1 -n .) +a, 8y 3,8y + "oromtdg B (5.1)
P
~where ﬁ
) i J (a.n) - .
gy = 2. o1l -l (Equation 2.14)
a, J (a.) N
i o' i =

1f the mean velocity, V , is computed from
1 - _ .
Vm = 2 J v_. n dn .+ {Continuity) (5.2)
n=0

| it may bclsﬁoun, by making use of thc.orthogqgility properties (cquatiop

A2.15) that

-~

N

‘ yﬁ = A
Vo
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and equation (5 1] may be written in non dimensional form as

2(1 - n ) + a‘ gl 2 gz + - ‘?5 gs * (S.’S)
with al = a1 / ao etc. .
-~

In this case, since

w = “% 6t w* for gll Z (equation 2.8)
and

w* = ii] ¢ 8 - (equation 2.13)

Z=0

It follows, eithcr.by comparing terms directly or by using equation

A2.20 together with A2.14, that the coefficients, ¢;, are given by

(5.4)

A}

For the cases treated by polfnamials,;the non-dimensional form of the
curve was obtained ﬁy dividing throughout by the mean velocity domputed
from equation. 5.2. With this as upstream boundary condition to equation
2.10, continuity was automatically satisfied within the mathematical sol-
ution, the non~diménsionnl centreline Vo;ocity tending to an equilibrium
value of 2.

The mean velocities cnlculated by means of equation 5.2 were found

to be within 12% of the corresponding values given by Q/A, where thc flou-
‘rates,~@;-were obtained. from figure 6 sand A is the cross-sectional area

\

T
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of £Lc tube,

This curve gives the theoretical flowrate (from continuity and the
Bernoulli ecquation)} for a venturimeter with a throat to main diameter rat-
io of 0.303. An,i;dcpendcnt calibration was carried out using water
(specific gravity 1 c.f. 1.04 for suspending fluid) in an open system,
the flowrate being measured with the aid of a stopwatch and a large grad-
uated cylinder. }alues obtained in this way were within 3% of those
giveﬁ by the theoretical curve. The large discrepancy between the theor-
etical flowr{tes and those from equhtioﬁ 5.1 is explained by the fact
that camera filming speeds wcfe lower than anticipated.  Great difficulty
was cncbuntered in obtaining timing puiscs on the sidc.of the film. This
would have allowed the filming speFd to be detormined to within 1.0%

A -
whereas the speed regulator was only accurate to +5%. However, for the

-

purposc of determining dcvelopment lengths, this is of no consequence

since the maximum value of the non- d1men510nal axial parameter Z, given

[N

in table 12, is dependent only upon the shape of the initial velocity
profile. The partial development length, z, mcasurcd\Yrom the axial loca-

tion of the initial velocity profile is- then given by Y

e

z = 2. Rey . R/ 2 . ' __(5.5)

i

The generation of a set of velocity profxlcs from equation (2.13)
is 1llustratcd for two different upstrcan boundnry conditions, Nith

cquation (5. 3) as upstrean boundnry condition. a set of velocity profilces

-




51

was generated from the equation
\ w =2(1 -n7) +.Z <4 gie 1 (equation A2.17) .

and_a;c presented in figure 18  Figure 19 shows a similar set of curves
for the case of an input profile with non-dimensional‘nentrelinc velocity
less than 2. Also presented for eﬁch'of the above cases is the graphiéal
form of the relationship between the stretching factor, e, and the stret-
ched coordinate, ‘2%, both of thch appear to tend to an asymptotic limit
of about 1.83 (in this figure the curvés have been truncated.nt a value
of Z* correspénding to a non-dimensional centreline velocity of about
2.04). For the decreasing centreline velocity case, the maximum value of
Z‘HaS obtained by numerically integréiing under the ¢ versus Z* curve up
to a value of Z* corrcgponﬂing 10 wy ® 2.02 i.e. up to the point where the
centreline velocity was within 1% of the equilibrium value'(z v

Table 13 lists the partlal development lengths, z, and z,, that’
were obta1ned by using the exper;mentally determined vclocity profiles at
stations 1 and 2 as upstream hggndary corditions to cquation 2.10. The

dcveIOpmcnt length, L, measured from the step, was “taken as (z + 25) cm.

The percentage differences listed in the fourth column were couputed as

% Difference, 8 = | 12.7 - (zl - 22) | (5.6) -

3y
i.e. the absolute value of the difference between the true distapco from

station 1 to station 2 and the predicted distanéo\(zl - zz), expressed as
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a percentage of the distance Zy. This is not the same as the true error

in z, but provides an indication of the relative magnitude of the "error

from one experiment to the next., Where no value is presented for §, it

was found that all approximating pblyﬁohials, up to and including a sixth

degree polynomial, gave a non-dimensional centreline velocity of less
than 2:02. It is probable that the velocity profile was not quite fuli}
developed, but that the difference between the actuglrvalue ;f mt.and the
fully developed vﬁlpc was quite smﬁll.' Considering that the Qifference
velocity, w*, decreases e#pone;tially‘and that the flow here was very )
nearly fully develope&, it is conceivable that the lengfh of transitiomr j;
required to accomodate the correSponaing cépfreline velocity change might
be of the ordcr‘of several centimetres.

The smallest values:of & werc obtained from velocity profiles

which had non-dimensional centreline vé&bcitiés greater than 2.41 Recall-

ing the approximation by which the inertia terms ip'the axial Navier-

Stokcs\Fquation have been linearized, viz. -
. ' -

’ R Y | .
. D_- VZ = e (z). Vm _Z : | ) (5’.,7) .

Dt 3z

it is evident that if lv, 3 v, / 2z |>> l fravz/arc], which is the cqfé
for a high’Rcynolds number flow; prov{#ed also‘thét theQ;xial rate .of
change of velocity is greater than the velocity ﬁfndient,.avzlar, then
the lincarization i$ quite valid. Upstrean, in the region of Ehc centre

of the tube, where both Ve and avzﬂgiharc.small,_the approximation is gopd.

.
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e

On the tube waT}\equation (5;7) holds w?ll-because vz.and V. are both
rero. It is not strictly valid in the annular region just away from the
wall. Figure 20 indicates a decrease in the value of € with increasing“
z, and this is to be expected sipce £ is a.weighting factér applied to
the mean velocity, VB, apd the velocity is decrcaging in.the central
regidﬁ of the tube. For the case of an increasing ccntreliné velocity
(figure 19 ), the velocitydkradient in the central region is always small.
This is similar to the case of a uniform entry profile, where an inviscid
) L]
core flow in the centré of the tube gradually tapers off in the z direct-
ion as thé annular boundary layer surroﬁnding it thic}ens. Here, since
the velocity increases in the z-direction and the linearizing approximat-
ion (equation5.7) is goﬁd because avr/az is zero, the stretching factor,
¢, increases with Z, : : - “.
Where the percentage difference, 6 {and hence the error)‘is lu?ge,
the explanation lies in .the fﬁct.thﬁt the magnitude of the second inertia
S
term, v_3v /ar, is of greater s1gn1f1cance than in the previous cases. |
It should be mentioned that although the term A(z) may 1nc1ude the resid-

™~

wal of the inertia terms which is a function of the axial coordinate (8),
' S

both V. and avzlar are strong functions with respect to r, the former
being zero at the centre anpd at the wall;and attaining some maximum in
between, and the latter being zero at the centre and attuxning a maximum
value between the centre and the wall. The larger the. initial non—dimcn-

sional centreline velocity, the smaller the resulting percentage €rror.c

v
~

~
i
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provided that the corresponding station is far enough downstream from
the reattachment point, the radial velocity component, Ve i; s;ill small -
campared with the axial components v_. The films that were taken did not
indicate an appreciable radial velocity component at station 1 (the par-
ticles movq& parallel to the tube axis).

A correlation was obtained for development length, L, as

L/D = K ch [1 _@/m™ . (5.8)

- e

This is a simple functional form which ieads to a value for L/D of zero
when d/D is unity. This must be the case since the flow.upsfream of the
step is,alrcady fully developed. A non-linear least squares curfe fitt-
ing program using Marquardt s Maximum Nexghﬁorhdod Method wgs used to ob-

o

tain the values of the threec unknowns in the above equation, This yield-

ed

) ™~
- K = 0.27
m = 0.94 +

n = 2.77
~ with the sumeof squarcs of residuals equal to 152.4, the r. h s. value
equal to 6,17 and the largest r051dual 8.62 for an observed L/D of 21
It }4 to be expected, from the magnltude of the percentago difference,
& (table I3), that this ‘data point ‘is rather_ innccuratc. The preceding

value in table 13 was omitted because it was not-possible in this case

to make an estimation of development length.
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5.2 THE VORTEX REGION

With an increased particle coﬁcentratiop in the flow, ob-
<ervations were made -of vortex length for the case of a 0.63 diameter
ratio cipansion (since this produced the largest vortices). The re-
attachment length was determined by noting the farthest gistance that a
particle would travel from the step before turning back and moving up-
stream again. In figure 21 the reattachment length in step heights 1is
plotted as ordinate agﬁinst the upstrean Reynolds mumber. ‘This allows
direct comparison to be made with the results of Back ;nd Roschke (2)
which were obtained for a tube diameter ratio oé 0.385 and for upstrean
Reynolds numbers of 20 to 4200. Ii should be stated hére thni for the
latter case the velocity profile in the §mzller diapeter tube was uniform
and not parabolic as for the present experiment. The curve must pass
thrbugh, or at ‘least very close to the origin and hence its slope in-
creases slightly over the lower Reynolds mumber range, but is fairly
unif;rm over its latter portion (Red between 600 and 1000). The value of
the slope of the straight line which is the best fit to the last 6 points
was found to be 0.1187, compared with a value of 0.11 for the linear
bortioﬁ of the curve obtained by Back and Roschke (2). A11‘8 datﬁ peints
(including 0,0) wcre correlated by the equation

X = 0.048 RE)' ‘ (5.9)

o
!

o

the residual sum of squares here being 44 and the residual root pcan

square 2.7. It is interesting to note that, as ui;h the dcvc10pmcﬁp lcngth
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'

correlation, the exponent of the Reynolds mumber 1is apﬁroximately unity.
whereas the above authors discovered ;heionset of instability at a
Reynolds number oleSO)marking the attainment of a maximum vorteX length
of 25 step heights, it was.found in the present case that an unstable

flow regime was encountered at a value of upstream Reynolds number of 1090
which corresponded to a vortex length of 113 step heights.

The reverse-flow region extended beyond the area in which insta-
bility, in the form of periodic turbulent pulsing, was first observed to
ocFur. As the Reynolds number was‘increased the turbulent pulsing be-
came more random in nature and the region of onset* of instability’mOVcd
back towards the step. It was very difficult here to define a réattach-

ment point. At an upstream Reynolds number of 1560, only the first 10

cm (27 step heights) beyond the step was free from turbulent instability.

1
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- CONCLUSIONS

A flow visualisation technique has been developed which allows
fluid velocities ta be determined by pﬁotographically recording the mot-
ion of small, neutrally buoyant tracer particles with the aid of a high
speed movie camera.

Using this'fcchniquc, the laminar flow downstream of an abrupt,
circular channel expansion was stiidied for the case of fully developéd
poiseuille flow upstream of the step. Experiments were carried out uiﬁh ‘
tube diameter rat10§ of Q\63 0.79 and 0.93 and Reynolds numbers (based
on upstream diameter) between 222 and 755. Velocity profiles were ob-
tained at each of two different stations déwnstrcam of the reattachment

}
point.

These velocity profiles were used as upstream boundary conditions
for the linearized axial Navier - Stokes equation for the purposec Ef
predicting development lengths. When the non-dimensional centreline
velocity of the initial velocity profile is greater than 2.4,'develop-A
ment length values may be obtained tornn accuracy of 10%. Valgcs obtain-

ed over the above range of Reynolds numbers and tube diameter ratios were

correlated by the equation

L/D = 0.27 Rc Q.94 [1- ¢ /D)Z’77 )

with an increased particle con entration in the flow, dircct
ncasurcmcnts were made of vortex length for o tube diameter ratio of 0.63.

The gradient of the flat portion of the curve relating non-dimens?Qn re-

f
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attachment length, xlllh and upstream Reynolds number, Red was found to
be 0.1187. This agrees well with the value of 0.11 from the work of
Rack and Roschke (2) for a tube diameter ratio of 0.385. A correlation

was obtained for the whole laminar region as

x . 1.1
/b 0.048 Re)

Hence both vortex length and development length increase almost linearly

with Reynolds number.
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APPENDIX I

PARTICLE INERTIA EFFECTS

4 1
It is necessary to consider the accuracy with which a small element

of the flqu continuun may be represented by a solid, spherical particle
af fin;tegsggss It is known that the shear stress distr1bution at the
<0lid/liquid interface, together with the particle's own inertia, results
in a radially dirccted force causing the particle to migrate, iﬁ a fully
developed Poiscuille flow, to an equilibrium position at about 0.6 x tube
radius and that this occurs even under neutrally buoyant conditio&g. The
equilibrium position has been obseryed to remain Fonsthnt, F;cegt for
very small tube Reynolds numbers [zvmean Rlv],_uith both tube Reynolds , l
number and particle/thge diamete£ ratio, P | (10). _At‘tubq Reynolds
numbers < 141, the equilibrium position appears to vary with P (11).

The theoretical work available at present provides some i;sight in-
to the reason for particle migration away from the wall, but there is,
as yet, no theory which is able to chIainicompletely the two-way migra-
tion observed in Poiseuille flow. Segre and Silberberg (10) have demon-
strated that the origin of the fofces causing:fadial displacements i§ in \
the inertia of ;he fluid, and that a particle moves along that part of a
unique trnjectory‘which leads from its initial position to- its equilibrlum
position such that, for a given Rt:.r and P;~the radial force causing dis-

placement is a function of radial location only. Correlation of the

experimental results, for Reynolds numbers betwecn 2 and 30, indicates
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\"h-}

*hat the transverse velocity is directly_prOpoftional tq,Ps.

Jeffrey and Pearson (12) have obtained correlatioh'of their results,

for Reynolds numbers up to 80, by plotting the dimensionless parameter V}

(RQT)"I/Z p~? against n, where

<l
l

V. (the radial migration velocity)/ v_ (the centre-
line velocity)

and

n - /R, ’_—___-_‘____’

The theoretical solution due to Saffman (13), for the case of a
spherical particle in a uniform simple sheared flow, tends to support
the above correlat1on Snffman s analysis takes into consideratxon only
one effect of the prcscnce of the particle walls i.e. that the additional
drag caused by the'walls makes the particle lag behind the fluid. The
sccond effect, which is ignored for the sake of simplicity, is thnt the
flow field in the vicinity of the particle is a{tcred by the presence of

the walls. The expression derived for particle migration velocity may

be written as follows:

b 2 1/2
v = kv V ra . (1)

In v R?

where k is a constant, a is the particle radius and v is the fluid/
particle slip velocity. Introducing the expression derived by Sinha (14)

for slip velocity




v, | = 43 v p? + 0 [P] 3 , 2)

and substituting this into equation (1) with the assuﬁption that P is

small, so that only the leading termin (%) need be considered, there
N
results ) -

v = 2/ 2k v P3 Ré42 T 1/2

T ———r . m — v (3)
On - R ’

e

which appears to substantiate the émpirical correlation of Jeffrey and
Pecarson in terms of tube Reyn01d§ number, although the exponent of P
suggests a greatér increase of radial migration velocity with particle/
tube dlameter ratio than was observed by the above authors.

A criterion for determining whethc; the deV1at1on from fluid behav-
iour is significant may be developed on the basis of the relationship bet-
ween Vo and P. Firstly, as P tends to zero, V. does likewise irrespect-
ive of the value of Rer. It is assumed thatfvr increases monotonically
with respect to P iﬁ the case of steady flow with local spatial acceler-
atiOn'compdnents, as ueli as for a fully developed Poiseuille flow. Supp-
osc¢ that at some point, A, on a streamline where the fluid velocity is v,
two particles, having a diameter ratio of ;t least 2:1, have velocity vec-
tors él and §2 . Departure from fluid velocity is brought about by two
components; v, tﬁc slip velocity parallel to the tangent-at A, which
reduces the mngnitudc of the vector, and vr, the radial nigratién velocity,
which produces the angular deviation, If the angle between tho tuo vect-
ors 15 small, i. e. (v -V, ) , then it follows from a consideration of

T2

the relationship between V and P that both vr, and vr, are closo to the

origin, Hence, if v, is directly proportiomal to vs. as indicated by




mation (1), then :S’l
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\ APPENDIX 2

THE_SOLUTION TO EQUATION 2.10

I3
s

}% iS-éSsumCd that the solution has -the form

»

Lowt o= g . N@EM o , ~(A2.1)
{ e
Hence , ' N ' - I
awt = g () AN\ o
cYA RS YA <
' (A2.2)
W = N@Y &
an ' . an
)

and. equation 2.10 becomeS
goN = N _a__(ngﬂ - 2nfog. : (A2.3)
N n ] " N .

or, by separation of variables,

] ='1'-11.a__.(n-9_a“-»39.x RN CUN
n

1
Nz g n 3 an g\an/ n=1

Since N (Z*) and g (n) are indepcﬁdent variables, they are both equal‘
to the same constant, say - @ . B
g =

—

N dz*

N (ra@_* . 2@% (2.10)
-Z* n  an an n/ n= 1 o




Y1

has the solution

- 2 Vi ‘
- a Z1*
N = c € 7 (A2.5)
where ¢ is a constant.
!\150 .
d 0 N
. -afg e 1 d [ndg\- 2 (4 . (A2.6)
o dn dn dn n=1 i
2 7+ : .
However, if w* = c g (n) e ¢ is a solution to .equation (2.10), then,

since the equation is linear, the most general solution is given by

’

- *
Wt = I c. g () e%i C (A2.7)
. 1 1l
i=1l
where g; satisfies ﬂ;
¢ [n%\+ nal g = 27 dg; \ (A2.8)
°© dn \ dn ' dn / n =1

The left hand side of this équa}ion may be obtained from Bessel's equation

~

!
xd  [raa} (F-vP)m=o0 (A2.9)
dx dx o0

by making the transformation
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anyd putting v=0, £=0,a =1, B= ai

The general solution to equation (A2.8} 1is then“obtained as

gy = Ai Jo (ain) + Bi Yo (uin) + C.1 (A2.10)
iut the second term tends to - = as M tends to zero
Therefore

. = A, . . AZ.

8; JJo (@ym G (A2.11)
is the only solution which is valid for all n.
On substituting

(A2.12)

\ = a.n -
gi(n) 2 Jo (Ci) 1
a, Jo (ui)

into cquation (A2.8) it is found that the equation is satisfied provided

3, (a)) /3, (a;) = 0.5a, (A2-13)/_

{
{

The latter equation ge tes the eigenvalues, ., of equation (A2.8) and

the g, are the corresponding eigenfunctions.
{

The following orthogonality préperties may also be verified by substitution:

_(A2.14)
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; g, g. dA = 0 io% . j (A2.15)

It recains to determine the coefficients c,. The initial velocity

}
profile may be expressed as

w = £ (n) (A2.16)

N

The non-dimensional difference velocity, w*, is given by
- 2 .
W = e - 2 -n) (A2.17)
Hence

w S r g =fm-20- nY)  (A2.18)

Multiplying throughout by g3 and integrating over the tube cross-section
1 1 1

i ) : 2
. = £ p. dn - 2 . n(l -n") dn (A2.19)
z :/ cjgigj n dn g; " ¢én g; ( ) ,

j=1
"'l:O ' n=10 _ . =0

Finally, making use of the. properties of the eigenfunctions, g;» (equation

A2.15)
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APPENDIX 3 ““

NERIVATION OF AN EXPRESSION FOR e

By using the continuity equation, the left hand side of the axiall

Navier-Stokes equation may be written

v_ V
r 1

' 2
3 v v) s+ 3 W) e
ar 9z T

'\

Integrating both sides of the equation over the cross-sectional area of

the tube and noting that

R R
r 3 f(r) dr = -  fi(r) dr (A3.1)
0 ar - 0
with £ (r) = vyv, = Don the boundary, we obtain
R R
2 T 9 (vi) dr =/§g, - 3__(%) +2v 13 |~ avz }r _ (A3.2)
RZ az \ 3z R2 ar ar
0] -0

Again using the continuity equation, the mechanical energy cquation may be

written as follows: s
13 (v .3) 12 viv) Vr‘r2 v. -3 B -
13 (v, +123 (vyviise T2 = ¥y B, T =%
2 3z 2 or 2r 9z :
. (A3.3)
w li1a [e 22
. 13 -z
T, 8y~ 8r
P

e maam i T AN



‘\\ _ o
\——\

A< hefore, the equation is integrated over the tube cross-section and

nquatibn {A3.1) introduced, ‘this time with f (r) = vrvz . This yields

3
v - _ P. : —
ra (_z dr g, g_;p) L dr +v
3 2 3z
Z
!
r=0 r=10
(A3.4)
R
v 3 T avz dr
z — _
ar ar
r =10

-
_ : . a B
For an exact velocity solution, the term [gz -5z P ] would be the same

whether obtained from equation (A3.3) or from (A3.4). Equating for this
Fcy

term and rearranging gives

R 3 ’ R R

2
ra (z)dr - 2 rv, dr. ra_ (v)dr -
az* 2 R2 az* )
i'..*_' r= 0 - . = 0 = 0 ’ (A3.5)
R R ‘ R |
Y .
v v, a r avz dr - rv, dr| 2v | 3T 9 z Wr
L - ar ar _ R2 ar\ ar J
t=0 L * 0 r=0
' ‘//
. - P
o

which may be written in temms of the non-dimensional parameters as follows:




1
. 2 ‘
(2w - 1L.5w ) n 3w dn
aL*
=0
1
dw + n ?.9. dn
an fn=1 an

-

-y
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(A3.6)
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APPENDIX 4 -

ESTIMATION OF DISPLACEMENT OF PARTICLE IMAGE DUE TO
REFRACTION OF BOUNDING RAYS AT LIQUID/GLASS INTERFACE

The maximum error is incurred for the gase of a ﬁafticle situat-
ed close to the tube wéll and a bounding ray which is at right angles
to the line joining tube axis and particle centre. This ray strikes
the tube wall at the largest angle of incidence. For a particle of
diamcgcr 300 p in contact with the tube wall, this angle may be found

. 0
construction to be 79. .

by a geometric

~ Since the radius of curvature of the inner wall is large comp-

ared-with the wall thickness, t, the angle subtended by the two radii,

oy .
wh#Lh intersect thg incident and refracted ray at the inner and outer

wall'?espectively'ﬁs small and the incidernt and emergent rays are par-
!

allel. J
The anglptéf refraction at the inner wall‘is given by
sin i = ¢ ug%:
sin T .
where
i is the angle of jncidence at the inmer wall
r is the angle of refraction

g¥g  is the index of refraction for a Tay travelling
from the liquid to the glass
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"or a compound wall ~
1 %2 = My
Wy
Hence g Mg = Ve = 1.474
, 1.466 ‘
For an angle of incidence of 79°, r = 77° and the angle through which '

the ray is deflected 1is 2°. The path length is npprokimately 2t. Hence
the image of the particle centre is shifted through about 0.168 mm, Or

less than 1% of the tube diameter, for the worst case.
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APPENDIX 5

ERROR_ANALYSIS
The following were measured qﬁaniities:

(N Flowrate
{2) Viscosity of Suspending Fluid
(3) particle Velocity

(4) Nor-dimensional radial coordinate of partivie centre
(measured directly)

(5) Tube Diamecters

Accuracy of Venturimeter Calibration Curve = '+ 3%
Maximum Error in Reading Pressure Difference = + 5%
Total Error in Measuring Flowrate . = + 8%

\ - . o,
Maximum Error Incurred in Making 2 Viscosity Measurement at T C

. 1% of Full Scale Reading = + 0.1 cP
Lowest Viscosity Value Recorded = 6.45 cP
Therefore instrument error - . - = + 1.6%

< o
Thc temperature wWas measured to within 0:1 c (0.5% of lowest
tcoperature encountered during experimentation).

Maximum €rTOT in measuring viscosity of susperding
=

fluid 2.1%
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The distance between particle centres was measured to within 0.5 mm.

Smallest distance measured = 20 mm.

!

frror in Measuring 2 Distance Directly from the Screén = * 2.5%
The magnification factor was obtaihéd to within 1.8%.

Therefore maximum error in obtaining the distance travelled by 2
particle in time At = * (2.5 1.8) = % 4.3%

The errof in At depends upon the error in filming speed. Figure 7
gives the setability in the regulated rangc as 5%. Values of vmcan

obtained from particle velocity data were within 12% of the values giv-

en by the curve of figure 5.

The error in determining the radial position of particle centré, due
to refraction of light at the liquid/glass interface, Was estimated as

< 1% of tube diameter (Appendix 6). Hence maximum error in n = $2%.

Internal diameters were measured at the expansion end of the tube with
the aid of vernier calipers'(accuracf 0.001% per inch). The mean of
three diameters wad taken as the diameter d (Figure 3) and the cut-of -
roundness exprcsscd as (largest dinméter - smallest diameter) / mean.

The largest value of this parameter wWas 0.6%.

PR

£
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APPENDIX 6

COMPUTER PROGRAM

The following progran has been written in Fortan IV.

NOTATION

DENOM
DWDETA
DWDZ

EDENOM
ENVM
EPSIL

"ETA

FDENOM

Eigcnvalue; as

Product of a5 and n

Coefficient of Non-Dimensioqal Input Profi?é}\\\
w=f ()

Coefficient, C;

Coefficient of Velocity Profile, v = £f (n)
Value ﬁf Denbminator on Right Hand Side of Equation 211
First Derivative of w with respect to n

First Derivatife of w with respect to z*

Leading Exror Term Associated with Numerical
Integration of FDENOM

Leading Error Term Associated with Nuﬁerical
Integrat@on of FNVM

Seretching Factor, €

Non-Dimensional Radial Coordinate, n

Expression under the Integral Sign in the Denominator

of the Right Hand Side of Equation 2.11

LS %

g
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3
NOTATION
G Eigenfunction, 83
VDENOM Value of an' term in denominator of 211
VMEAN Mean velocity, Vn
VNUM Value of numerator of right hand side of :;
equation 2.11
-
W Non-dimensional Axial Velocity, w
WFD Fully Developed Velocity, we 4
WSTAR Non-dimensional Difference Velocity, w*
iSTAR Non-dimensional Axial Parameter which is a

Function of the Stretched Coordinate, ™

ZSTMAX Maximum Value of Above Parameter
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FLOW CHART °

BOX_NO. COMMENTS Lo
1 Input Parameters - Coefficicnts of v Polynomial -

and Maximum Value of 2* (corrcSponding‘to v, =
2.02 + 0.00005) | F
2 Calculation of Coefficients of,Non-dimensionﬁl
Velocity Profile, w = £ (n)
3 The first 100 eigenvalues, ;. are calculated,
together with the corresponding coefficients, ¢4
4 The cigenfunctions, g;» 8I€ computed-from the ‘. ~
above values of a, and for n going from O to
1 in steps qf 0.025.
5 w is calculated for Z* < 0.005{using first 100
-u? rA SN '
terms in series L €. gy © i ‘
6 w is -alculated for 2* > 0,005 using first 25
“terms in above series (convergence is far more Tapid .
now - taking more terms results in f£loating overflow)
7 Terms on right hand side of equation 2.1} dre computed
for Z* < 0.005 using first 100 terms in corre;ponding
- series. _
8 Terms on right hand side of equation 2.11 are computed .

for 2* > 0.005 using first 25 terms in corresponding

"

series.




BOX NO.
9 \
10
11
&

* integration and the value of Zyax 13 printed. - .

 COMMENTS

A

21 values of ¢ are computed at equal intervals, H,

from Z* = 0.0 to Z* =lzfﬁAx

[N

value of € at 'Z* = 0.0 is replaced by value at Z*
= H/40. (Slowness of convergence of series- when
Z* = 0.0 generally leads to- too lafge a value for )

. I . . .
Area under € versus I* curve 1is found by mumerical

~

-
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FIRS

Tay

ALTOUDY s

BN STOR

Y YR R AR AL

S-nEGSFL FBNCTTONS OF OXDER 1 anh 7 ARE COVPUTED USIRG

R SURROITIKE BeSJ
CALL 3F5J (A11)50
CALL AFSJ (A1)l

FALI!=“J1—ih(I

. L ' ‘
CPEDT OF e panGPAN COVPUTES AND PRUS DE VALGE
«;’QF he C?CSFFF19RSL¥S PIJGP 0 ?JT S ﬁVJ PR!QTS,THE VALUES
1100),FIA(AJ].AN(
zni:nv.nwm,TFQ&tiﬂo{a1);
.guanA(vﬁ.n\)yhTCDH(1nﬂ.L1)-QTVP”!1ﬂ0sh
:“U"(;O\‘Vﬁcﬂﬁ?(?ﬂ)!CDENOW(?Q)sCPSIL

+BJ0s1sUE=101
oRJI-I.GE-IOleRI!
n37 = 5. /ALE1#801-8J0

172012800
nprt1)=n.no(Al!)qu1-aJaa‘

l L ‘; "86

-

lGO'LL]vq{7){Q(f1, .

ﬁc0ln1};wSTAR(a1},tho.aly.nwnr(zo,gll,
) QFNL{M( 20561) 1FDENQH ’
(20, s TERMY (21

v B3

t)1TF?V?I7UIaD?H09(?G).F;:lﬂﬁlsoFﬁl]OC) ‘ .

o (1) AND ZSTHAX ARE THFE 1NPULT PARAKETERS -
7aTvax = e1451 : ‘ Co
o= ZSTVAXEQ.SEhOI
7671 = t1/7. e
Py = 2.0071222 -
N2y = Ny '
n{a)y = -2«54RC6FF - .
neay = 0.0 R

g onLsY = 2.77419297 - : e F

Nte) = Usb ¢/ ' :
0(7)- = -0422325392 L/ - - .
Uy = D12 - C R
nn 15 ¥ o= P - :
g o= ¥+ =
T = J : .

R Vi - suMan (v /T . -
VMEAN = SUM®*2. . - \ 1
Nn.5 13117 ’ ) P 3 1

= m(1) = DLIV/VMEAN , ‘

WBITE (6+300) o .

s FnetAT t1ul-10x.aqn1t1.3%vaHC(l!-levaIERnszx.aHlERm)
T=1 : ’ ’ -
'\([l:‘s.l"\‘\ﬁ?’)_ - ’ -

1 CONT INUF

L IURARY -
‘\ 3

) - . b
- .

1ZR0O}

N

!

A(IizAlI)—FA(l\/DFA(I) -
IF tnnqcFﬁ(r1/0FAt11i.at.1.nE—101 GO 70 1
iy = Lt?-*“l1l+h;*8(f1/1.+1.=*%(?l)lh(1l
« ﬁhﬂ.GS(T!—lﬁo‘Blﬁillﬁtl)‘*%)
WEITF 1687 t.nllx,Ctr».lgao.;Enl .
FoRMa T (1”59lWX.!?!3Xt€15.101?0x0518510|5Xs?‘519l]yl
1F Ui WLGE43E)TCO 0 & '
1=1+1
LYY = ALT-1)+3414155 . '
en TO 1 . ) . -
conTIRUE \
FaR L ARGE VALUES oF THE ARGUMENTontIIqTﬁE
cuny) AND SuRt eRF USED 1A COVPLTF THE. J~
ngy = SURDIALINY Y e . ]
ngy o= SUATLALIND . | . R
Ty PesAtTIERYIEDIT O _ . ) - ¢
FA(:!-“J!—tA!l)I?.GlOQJL‘ . ‘ ' g
bfﬁt:auu.%'tacx:an1-nJ3\ A _ ' _
tillvﬂ(il—F&tl!thLI!3 . : . o
13 (A&a(#fl[lln?hll)i.ﬂT.l.OE-JP! TG, &
IIAlfi)st(*Tﬁ.'PlT)/&ll"l?

ciyy ® (l:.onlqr.n.anlclI3.+l,5lﬂi1!

-

!+(IR76.'B(7\IAIII**?

rY

3

N

FUNCTION SUHPROGRAHS’
FSSEL FUNCTIORS ™
AR

(Y

IR Y




-

#* "l»“.*P(7\-16-*n(5'})/fh\**'.%} ' . ) >
LR | TF (As34) T+A(T)1»C(TY»IFPOSTERL, ' o S
ar oAl (1Hu,tax-1?»3Xsﬁ18.10»?OX-E18.1035X.?(5x,11;1
[F (1.GE.100) GO 016 : .
[ = I+l '
A1) = AL1=11+3.14155
GO TO 4
14 ONTINUE ) . )
SFCOMD PART NF PROGRAM GENEPATES GlIsJ) AS »/ FUNCTION OF ACL)
. aup FTA () CT/A Yo .
ho 10C 1 = 1,100
FETAL11=0.0
{FrAN=0
RJO = SURCIALLM
1F tARStaJ01.LT.1.05—0615T09'
G(I,Jaz(R;/A(I11*(1./%J0—1.1
po 10 J = 2261
cTaiJ) = ETalJ=-11+0.025
ANITsJY = A{T}#FTACHY
, 1€ {ANCIsJ)eGTe5a) GO TO 16
CALL BESY :AN(I.Jw,O.BJAN.1.0E-10,IERAN1
Go TO 17 ‘ - : .
16 BRJAN = SUBD AN T »J))
17 Gj{.J)=(2.U/A(1))*(BJANIBJQ-I.O%
1N cONTIMUF _ . :
1an  cnntinuE .. o T -
WSTAR AND W ARE COVPUTES‘AS a FUNCTION OF ETA FOR ZSTAR = (0

»

~4

-
r TO ZSTAR(MAX} T
C 7STAR (MAX) CORRESPONDS To wiCL) = 2402 CORRECT TO & DEC» PLACES
s ThE FIRST 10U TERMS [N-THE SERIES ARE USED TO COMPUTE WSTAR
r yp YO 2STAR = 2.005% , :
257ap = 0.0 ‘ ’ - o
-x = 1. . .
2 WRITE (6H26) ZSTAR : . /’// o
XS FnPVhTr*1HJv60X-5HZSTAQ=F10.3//17Xs?HETAo&OXoSHHSTAR.QOX»lHNl
ne 25 J = 1s41 . . T .
¢’ THE FULLY DEVELOPED VELOLITY PROFILE 1S COMPQTED ‘
WFDLJ) = 2.8 ({1e~ETALIIRS2]) : . ,
S weTAR({JY = Jed Co :
pr 2?24 1 = 14100 . o )
: IF (K=1) 12+2+12 .
S0 TERWM (TeJ) = CLIIGHTWD)
o TO 220G - - )
19 TFRM (Iwd) = C(lL*G(IsJ)/EXP(A&II'*?*ZSThR) _ -
530, CANTIRUE - - : ) ]
54 WSTAR(JY) = WSTARLIY + TERMI 12 J) o ,
: WiKsJd) = WFDUJY + HSTAR(JD .
se,  WOITF (As2T) FTAlJYoNSThRIJ)'HleJ! ~
27 FEpnepd (_1q-1.Mx.f:ﬁ,:..'mx.f-'_z'v.10.?5!.?2'\.101
¥ (75TARENLZST1Y GO 10 199
75TAR = 7STARAH . i
¥ = K+ : ‘ .
IF (25T RWLE«0eD0%) Go 170 23 . _ s
a9 CNNTINUE a i . g
22272 wQITF-(b.133alzsrnR !

1Y F'ﬁ'?'.‘qu F1Ms e ik Q(]EQZSTAQ:‘:F“]O.HI}ITRQ?IH:-‘&‘\Q’.CX 05”‘.‘]571’\['20“010 1HWY

1

pr. 922 J s Yabt )
WwgTARLI) = e :




Tme CIRST 257 TERMS ARF ROW USEDR TO COMPUTE wWSTAR v
ey 1141 ; Z 1425 . - - . .
. TFR¥UT+JY = C(Il*G(IoJ\/EKP{Al!)**P*ZSTAR)
yir o HSTARTJY = WS AREJYHTERME D)
vy = WUFDUJ)HUSTARLEY)
2o lr’_lr-"[rr({ﬁi?jT]FTr‘(J!!l'.'ST"\R(J]!“’t(’.]’ . .
~n7 ENPUAT (1un,1Rx.ta.a.ﬂcx.ﬁzn.1ﬂ.7%x»¢2n-1n)
7eTAR = 75TAR+H :
v o= KH) ) _
IF (7STARLLELZSTHAX) GO TG 33 e
THE NEXT PART OF -THE PROGAAM GENERATES THE RELATIONSHIP
AETWEEN-Z7 AND ZSTAR ‘ o )
TuF FIRST juu TERMS ARE USTD 15 coMPUTE THE SERIES WHEN ZSTAR 15
LFSS THAN OR Z0QUAL TO 24705 - ; .

75TAR = 0,0 . S ) . . .‘ .
v o= 1 ) . ‘
1an HWRITELR2L2) ZSTAR ’

202 FAPUAT t]Hl.aux.eHZSTnQ=r10,8//2x.3HETA.12x.qHDtz.2cx.6HDwDETA-
1 2uXs AHFNUW.;cx,bHFDENq%.12x~7H10.3x.3H1An.3x,nH1AN1:
NO 62 J = 1la4l - ’
DUNZ - LK) = ULC
NUNFEFTA (Ked) = 43 RFTALD)
A 631 = 14100
A’“(I’l) = ?o
a)y = SRANALT))

n = 4. X
CIF (AN(T143146GTe50CGO T0 18 - ;
CALL PESY (AH(I’J}'G,RJAHslocE—IOs!LN) ; o
CALL HESJY (hN(IvJI.l-FJIANsl.ﬂE-lboIANl) )
Gn TN 19 ‘ ' A
4R PJAM = SURLDLAN{TJ))

_aJ1AN = SURT(ANCT<J))
1a  TF (J-1) 120204120
20 AN = 0O
(' AJAN 1.0
I A I
A1AN = 0.0
120 cnNMTINUF .
17 (¥.=11 YaG & 100 ¢ )
oG ATER (leJl = 1.*Ctl!*hll)4(HJD-RJAN)/9J0 .
ATERY (T+d) § —2 LTI RRIVAN/BID
6o 10 240
146 ATERM (1) = 7.«C1twunt1wutRJo-eJaxwftBJc*FthAl!1'??'ZSTAR11 N
L AaTFRFLT Y = —?.*C(!)*HJIANIIBJL#EXP(A(llFi?*ZSTARl}
260 CONTINUE :
' MPZIK e S = ﬁHDZﬂ(le+ﬂTFQVIIoJ)
ea DUNFTA(Ks) = NYRETALYR « JI+RTERMIT s J) .
EMIALE s J) = {§.=M(K-J}-1.SﬁhtK-Jl5*?\=GRDZ('oJ)*FTA(J1
EREMOMIKJ) = ETALJYRDYDE 214 e} #22 ; ,
Cph WD TELR20) rTnch.Dwn;t&.Jl.nsnFTAG<.J).FNUMtr.J1- -~
VEDFNOMA (K ed) » 1S e TARS TAR] . ‘ ' :
rRale) Fonval ("4.‘QF5.4|1'|'|SX‘F_.?"‘-.'A'")s3(5x!ll‘) . '._.\.)
1F176TARLEI.25T) G0 IO 10935 ‘ "
76TAR = ZST.5+H - . ’ .
v = ¥V )
1E (7574018 ,D,N0y 7D I teo
139 C?“QT]‘.‘U':
nhbLh Wl TF (ARS8 IS5TAR .

-

Hon

e




6 G T cnovaa T (]“?‘F‘GX"()HZSTAB:FIT\
' 3 LK 3 S HENUM s 20X s GHFDERCY
oMLY THE. FIRST 75 TERMS ARE
no A62 ) 141"
A7 (¢ s )) 2.0
HunFTAIKJ) = —h*FTALY)
ne 653 1 1925
e n sURO{A{T))
[F (AN(I»J).GT,S.) GO TO 28
CALL agsd (."\N(ItJ'!OtRJANOT
caLL RFESJ (ANC(T Y el sRJY AN
an Tn 29
pJarn suns
o J1AN sufy
L CORTINUF
1F (J-1)
IAN = O
AJAN
1ani
ag1aAlk = 0.9
CNNTINUE
ATt (1 4)
gTERM (1.1
win? (KsJ) = PWDZ (K )Y +ATE
DUDETA [KeJ) =
FNLMIK s J) I VT ESN B B
FRENOMIK s J)
W TFE (Re?227)
,PDENO?(K'J)olﬂleNslhﬁl
cnowAT L1z s Thobstul GXpE210
Z26TAQ = 7STEP+H
v, = K+]
1¢ CZSTAR.LE.ZSTNAX! c0o TO
THF NEWTCH-COTES & STRIP
1A EAvpUTE VMUM AAND VDENNM
wolTE 1631748}
17 £opuAd t1H] s 12X s LHVMUY
SR 20X$5HFPSIL)
nn 1065 X 1+21°
TFQII LY CeU
no 1TL IR 13704
TERYIX)
fq?.'F
M eey = yea (%) /900
, AN FSTIMATE
Fa(vy w aasioe
=20, FENUPI LY e 21 b4
TeQueptvy = UgU '
Bn 176 N s LepTen :
TEanraiy) = TEQM?21X)+7
] FnFNn“(Y-H+?}¢1?.
yneENovix) = TERMW? (¥ ) 7900
nEratird CwDETAIK-41i+VGF
rﬁrﬁﬂvttjghﬂﬁl7.e(cnrun"tv
Y- -9C.lsnrnbﬂ(:,7
179465 .) ]
£PSILIK) = VALK ) ZDENOY.
VR RPITE (ALYTT) K o VNUVI%) s

(ANLT»J))

29

20 .
1541509150

o

50

1.0
n ) .

150

667

AR

222

it H

A
1

f

-

e LFRUMIC 24

hi

17°

tra

DWDETA (K s )} +RTERN
S (KeJ)®
- ETALJI#NDWDETA(CsJ) 222
eTat ) »OWNL LK)

5 POINT INT

o . T
TEQMI(KI+?,'FNU“((1NI+1?-‘FNU1(F;N?1!+]2.
NUL L o N4 )+ T #F MUY :

nF THE LEADING ERROR TERY '
q.aaﬂgu{:.$01-ﬁ.m:vur|q.1o1+Fnuv(x,1qi\
CFDERO2IK ™I+ 22
s FOFHDY
HOVAY )

ety =ke

11+\«.~;n;wnvtr.70)

EaL?in) eV

89

.azzzxsiHErns12xlanowaz,zux,sug:n§TA,
v 12X ZHIOa3)(’3'11.’1-"5137.9‘05111\“1)
N0w TAXEN 17t COMPUTING THE SERIZS

.‘gncE‘-ln"A‘:l]

7.*(11)*Al])*GaJh—RJAN)I(HJG*FXP(A([)§u7¢ZSTAR)1
2 wCU11%RI AR/ (BIOREXPIALL)#=23ZSTARYY
il T eJ) ¢

B
(IsJ}

*7)*?“02tst1nETA(J)°

\‘DWDETAl(-Jl'FNUMiKsJ)v

101 s3(EXA 11

233 . . ) ’
EGRATION EORNULA 15 UscD

.?rx.angnuvv?CX1aHVQFNCN-19x{6HFDEnnwg

n

1

s -
L

eENUMIKIN+2)
(KJ¥+5) . -

16 ALSC OBTAINED” .
\-ﬁ.'FNUF1K-?1)%15.'FHU?le?2I -
3 /L%,
Y I N

SFDENOMIKINSLIS1 208
tFOENR P LY aNenY. C

{Rehs21 470

scnrghle,111;1%.'FFF”??{K9?7t
-a.iFQ¢NOMluoIO|+FDr?nh!(-l&}

DEROSE <) s CAENDIER sFRSTLIKY




’ 4

90

177 FARtAT l]HQvI?»ixvh(F?Q.lOvWXlnF?O.lG)

e = 22 : o =
S 2STAR = 25T - : ,
G T0 253 s ~
yone TERMIIK) = N0 -

Ny 1740 N = 13706 : : .

y7a0 TERVLIKY = TERU1LK)+7.*FNUH(K.N)+3?.*FNUM(K.N+1)+12-vFHUM(KsN+2)

1 +ﬂp.*FNU%(K.N+3)+7.ﬂFNUM(K-N+&) _ ! - :

AVASTRIAN LA TERMY (KXY /900, * : | -

s AN ESTIMATE OF THE LEADING ERRER T¥RiA IS ALSD OB TAINED
enytLY) = ARS(7.§(FNUM(Ky?b}*6.>FNUH(K’2%)+j%.*FNUM(Ka22l
N —??;*FHUH(Kq?]}+]%.thUM(K»ZOY—ﬁ.*FNUMtKle!4FNUW(K-19))/9&5.)”

Fepuzi) = 060 ) ) . . ' '

PO 1750 N =01+37 84 - '
1750 TERMZ2 LK) = TERM?(K)+7.aFDENOM(K,M1+32.bF0tﬂ0MlK,N+1)+12.*

) FDENO”(KaN+’)#7?.5FDFQCH(<~W+1)f?.*FD[NOV(K.N+&)

ynERAe vy = TERM2{X)A900.

NFNOMIK ] = DMDETA (K 441 1 +VTINCHIK]

FDFNO“lK)=&95(?-*lFDENOMfKs?h)-&-*“DENOMlKJ?11 164 #FDENOMIK»22) .

1 -79.*FDEN0MtK.711+1R.nFDFNCM(K-?O)—a.rFDFMO.t<.IQ}+FDFNGM(<s18)

) 1/9654) ) : . :

EPSILIXKY = VNUM(K) /DENOMIX) C -
1ran WRITF (As2779) K;VNUM(K)!ENUM(K)1VDENOM(K)vEDENQM(K)vEPSILlK\
1770 FARMAT {1H0s12'vx'n1E70.10o5X)-F70.101 o

FosILlYY = EPSILI(22) ' B

. ©  THE VALUE OF ZMAX IS NOW GBTAINED 3Y NJS%RICALLY INTEGRATING

r UNDER THE CURVE CF EPSTLOA VSe ZSTAR
TERY2 = Q40 . // i
po 123 K o3 191962 7 :
122 TFRMA = TFRM?+EPS]LlK)+&.*EPSIL(<+])+EPSIL(K+2) Cod
79X = TERM3ISPLRH/AS. | , L
wWRITF {he?30) Znax ' ‘ . .
24 FpnvaT'x1H0.50x.aszax11aox-Ezh.19} ; ‘
END : S Y :
. THE FOLLOWING FUNCTION SUBPRCGRANS APPLY ONLY FOR A VALUE OF X
FAQUAL TO OR GRIATER Tﬂf“ 3. .- ' .
FUNCTION SU3D (X)) ’ o P
NIVENSION A0} .
i =1 ’
A(lY = X7 ’ . '
t-cn,*'ﬁ;"nvn°h¢%h6.0ﬁ00C077*(’./hlT11—0.00%&71&0ﬂ(1-/411“'“2

» -0.000rn=\7t(ﬁ.15lt)ll!1&0.00117?°’§(ﬂ./!(l)ll'ﬁ-0.0007780%?

2%a

1

s - ‘(1.lht|}1&I$+019001h676'l?.lhiIll'*ﬁ ‘
. THFTIAL = ﬁ!l)—.VQ&iﬁﬁTﬁ=:v%+6hJ°23lZ.IA!III-.0000305a»(1./Arl)1*02
. +.ﬂC?ﬁ7“71lt1./&(:}Sﬁﬂ1-.00ﬂ=hf?ﬂ*L1.IA|]l)f'h—.0009613%=
. iW.IA(i1)*=G+.00911%59¢(1-1Al!r}'bh‘ IS -
SURD = FﬂICOSlTHFTAﬁ)ASOQT(A(Il) ) - o
oFTHIoN . - ' ‘ 7
a0 - . s
cunrTInt SUNY tXY ‘ ' . ¢
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TABULATED EXPERIMENTAL DATA

ATA




/ »
N

STATION-1 - —

vz(cm.lls'ec.)

1

STATION 2 -

\
v, (Cm/séci)

0.83086
0.85675
0.83789
0:83157.
0.83481
0.85186
0.18595
0.83170
0. 19307
0
0
0
0
0
0

. 33187
.41437
.756852
.73843
.81732
.91558
0.16555

0.23876 -

vy

0.58499

1

- 15.4290
4.04760
3.57140
4.07140

4.15580 .

3.49210
"16.6670

3.96100
. 16.6670
13.8100
. 12.8570
5.71430
6.07140
4.28570 -
2, 46750
17.4290
9.52380

4.48980 . *

' 0.41498 °

0.45677 «

. 0.76226

0.71723
0.71949
0.61414
0.749f2>
0.91871

" (.74701°
0.64701

0.38744
0.89613
0.83211
0.58977
0.83643
0.42837
0.83423

. 0.69756

0.88276
0.63331
0.70684
0.34089
0.22f16

-

12.8570
12.2860
6.57140
7.67860
7.42860
. 9.2857.
6.78570 .
2.41760 °
6.42860
8.57140
12.8570
3.17460
., 4.95240
. 9.79590
 4.76190
12,3810
 4.64290
»  7.6190
3.92860
. 9.28570
.7.8571
14.0820°
15.0000

" TABLE.S3

i~

_VELOCITY DATA FOR EXPERIMENT Al
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bl
—

—

-

. . D
X STATION I STATION ¥
4
r/R , v, (cm/sec.) r/R v, (cm/sec.)
0.50533 20.8330 0.43171 > 26.6670
0.31739° 33.0000 0.784ST 9.6875
0.39306 - 27.5000 0.59148 20,0000
0.58801 15.2780 0.71870 13.0770
0.36207 31.8750 0.40092 29.3750
0.61866 13.4380  0.48162 25.7140
0. 14520 56.2500 \ 0. 60644 18,0000
*0, 38113 32,5000 0.68536 14.5000
0. 18089° 48,3330 0.75067 10,0000
.0.52336 179170 0.64993 Y 14.0000
0. 083157 58,7500 0.57533 19.5000
v 0.23059 47.5000- 0.22811- "37.5000
© 0.47788 21.5000 0.29870 35.8330
0.61170 12.5000 0.13052 41,6670
0.45455 23,7500 ' D.71440 14.3750
0.80721 3.1944 0.87064 5.8333
0.62368 . 12.1430 '
0.85835 3.01470 —
0.77849. 7.8125 .
0.72221 7.,0833 ‘ -
0.58801 rgfzsoo -
0.33691 36.6670 //”_
0.36756 - 31,2500 4
0.098265 57.5000 C A
0:60372 14.5830 -
. 0.50403 20.8330 ! i
0.038961 - - 58.0000 ¢
0.82842 4,7059
v, |
\

TABLE® VELOCITY DATA FOR EXPERIMENT A2

2
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STATION I - STATION 2
r/R vz(cq/sec) r/R v, (em/sec.)
0. 36300 19.4290 0.68259 12.2860
0.81000 7.45340 0. 18089 22.8570 .
0.51952 16.0000 0.55651 16.4290
0.54025 15.7140 0.89566 6. 25000
. 0.48192 16.7860 0.37421 20.5710
0.87267 5.35710 0.087361 .. 22.8570
0.34342 20. 0000 0.81280 ' 8.85710
0.75559 9.10710 0.20779 22,8570
0.63603 13.0950 0.86268 6.34920
0.63640 13,1430 0.89770 5.19480
6.26528 21.0710 0.38662 19.6430
0.11507 23.5710 0.57158 15.5840
0.67147 12.4810 0.55742 16.0000
0.38580 19.6830 0.41741 20.4760
0.54515 15.4760 0.34714 20. 0000
0.514-1 16.0710 0.070238. 23.8100
0.87662 5.32470 0.55737 15.7140
0.37104 20. 4080 0.43171 18.3670
10, 70803 11.0480 0.57334 16,4290
0.30291 21.0710 0.86087 6.15380
0.098265 23,5710 0.35714 20.0000
0.74932 9.52380 0.42283 19.2860
@. 00000 23.8100 0.91215 5.05490
0.58442 16.1900
0.75576 10,1590
n 0.84665 7.42860
0.012987 23.5710
§
i

TABL

E 5 VELOCITY DATA FOR EXPERIMENT Bl
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STATICON 2

STATION ‘1 | ' ,

r/R

r/R vz(cm/sec.) v, (cm/sec.)
; —
0.54177 21,8750 D.75361 14,1670
0.44327 . 26,8750 0.60783. 19,0000
0.58571 20,0000 ° 0.34342 28,1250
0.60414 19.1670 0.55980 - . 21,0000
0.32758 30, §330 0.88321 6.7500
0.82743 $.9583 0.14286 - 32,8570
0.68253 17.5000 0.67723 17.5000
0.20749 36,0000 0.42372 26.2500
0.80864 10.4170- 0.74701 14,0000,
0.58962. 20.0000 0.73766 - 14.1670
0.51610 22.5000 0.62243 18.7500
"0.83081 . 9,1667 Y, 0.4317) 26,0000 *
0.67185 .16.5000 < 0.19307 33,3333
0.86841 7.1875 0.86714 7.81250
0.73517 .13.5000 0.17290 32,5000
0.79978 10,2780 0.43117 26.0000
0.72832 13.7500 0.89380 6.8750
0.76681 12.0830 . 0.25258 32.5000
0.10807 38.3330 0.26750 31.4290
0.12252 39,0000 0.15435 ‘32,0000
0.04158 38.7500 0.83844 9,28570
-0.09297 38.0000 - 0.74661 15.0000
0.26631- 33,3330 0.071429 " 34,3750
0.301307 31:4290 0.73120 14,5830
0.09740 40.0000 0.28512 30,0000
’ -
3}
\‘ ,’!




STATION I

STATION 2

r/R v, (cm/sec.) r/R - v, (cm/sec.)
0.86256 9.32330 0.29983 -43.8100
0.69699 19.0480 4 0.86792 10.0000
0.31845 44,5710 0.91844 - 7.39500
0.60166 25.1430 0.10081 55.2380
0.13387 57.1430 0.68456 21,7140
0.57276 26.8570 0.30712 45.7140
0.52613: 31,0200 0.74245 '20.0000
0.56925 27.9370 0.50152 33,1430
0.62598 24.0000 - 0.44199 38.5710
0.83930 10.4760 ©0.67257 - 22.8570
0.62080 '24.4160 0.33288 - 42.8570.
0.45994 37.1430 0.17156  51.4290
0.57147 28,0000 0.81117 . 14.6430
0.16883 57,1430 0.44725 . 35,7140
0.77273 1672860 0.61770 25,4550
0.34071 43.8100 0.67981 7121.7140
'0.58499 28,5710 0.49491 33,3330
0.68182 18.7760 0.86490 10,7140
0.43681 37.1430 .0.23947 ' 62,3810 -
0.55575 26.8570 0.81944 13.3330
0.14991 57.1430 0.64210 23,5710
0.81689 . 10.8570 0.14991" 53.7140
0.48266 33.5710 0.55712 29.3880
0.58719 25.7140 0.35358 41,9050
0.11616 57.1430" 0.63067 25,4550
0.87593 . 7.77140 0.84578 11,4290

- S 0.74052 18.0950
. 0.67663 21,9050
)
'.'-A
. ) o _
. <8
:‘Eq - f:
=t ~ :
/
TABLE 7 mncrn DATA FOR mmm«u
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-

STATION 1 STATION 2
/R v (en/sec.)
0.87489 6.55460
0. 75663 10.4760
0.69417 12,8570 )
0.56765 17.1430
0.88321 5.89290
0.60292 15. 0000
0.49708 18.8570
0, 80648 8.28570
0.51031 19, 2860 s
0.25974 23,1430
- 0.25216 24,0000
" 0.65931 113.0360
0.46409 19.7140 .
0.54332 17.9460 )
a: 88321 6.10710 2
0.16695 . .123,8390
0.41726 20,5710
- 0.72765 10.7140
0.68972 12,3210
0.78192 . 11,3270
0.75518 10,7140
|
%\ ¥
. : \

TABLE 8

Lo

VELOCITY DATA FOR EXPERINENT c1
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STATION 2

STATION I
L
~ - 5
r/R v, (cm/sec.) r/R v, (cm/sec.)
.0.70265 17.4110 0.79245, . 11.4290
0.24131 33.9290 0.44089 26.3390
0. 62544 20. 5360 0.70325 17.1430
0.93482 7.50000 0.19631 33.0360
0.89330 - 7.58930 0.27740 31,2500
0.35215 31.2500 - 0.29163 29.7620°
0.49098 25.0000 ° 0.77371 15.0000
0.69027 17.8570 0.65081. 22,3210
0.69371 17.8570 0.49167 » 28,5710 :
0. 36698 29,4640 0.28843 29,1670
© 0.063954 37.50000 0.77371 15.0000
0. 65401 20.9820 0.59532 - 23,2140
0454048 23.8100 0.40888 28,5710
0.73766 15.1790 0.84478 9,09080
0.49167 27.3810 0.27094 32,1430
0.50940 25,0000 0.58152 21.8750
0.66996 18,3040 . 0.53346 23.2140
0.71635 16.7860 ° 0.66532 19.1560
0.69711 ° 17.5000 0.75016 15.3060
0.25974 33,9290 0.30547 30,3570
0.78700 - 14,8810 - 0,40370 2914640
0.73388 '15.0000 0.44099 26.7860
0.74687 14,2860 0.36762 - 29,7620 )
0.18876 35,7140 . 0:55176 24.1070
0.84468 9.37500 0.59094 22,6190
0.40165 28,5710
0.65588 22,0240
X 0.4210%» 28,1250
0.84408 10.0000
‘ /
T . ) l
\ S
h\
X
TABLE 9 VELOCITY DATA FOR EXPERTMENT C2
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STATION I

- STATION 2
T/R v, (cm/sec.) /R v, (cm/sec.)
C .
. 0.42452 34.2860 10.37217 , 38,5710
0.75173 . 18. 2860 .0.51377 31,4290
0.89037 §.52380 - 0.64935 24,4900
0.88333 8.80950 0.48822 33.4690
0.69611 ~ 20,5710 0.29451 41.9050
0.61743 24,4900 0.27990 39,1840
0.48680 30.8570 0.78794 16.7620
0.12791 44.0820 0.56288 28,5710
0.64613 25,1430 70.19481 42,4450
-0.55651 29,3880 0.72614 20,0000
10.63577 24.0820 0.22681 41,9050 |
0.78528 16,1340 0.89077,, 9.25170 1 -
0.23520 41.4290 0.13698 43,5710
- 0.81850 14.1180 ¢ _ 0.24641 43,4290
0.071429 45,0790 ° 0.34878 40.9520
0.74245 18.5710 - 0.66634 23.6730
0.24244 40.7140 - 0.45570 33,5710
0.36364 38,0950 0.56702 28,0000
0.22087 43.4290 0.29983 39,2860
0. 38983 36.1900 - 0.54064 30,0000
. 0.62503 27.4290 .0.13698 432860
0.79645 '16.3270
0.86969 ~ 10.1100
0.77732 16.5080
» .
o .
1 3

TAD

L E "1 0 VELOCITY DATA FOR EXPERIMENT C3




