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Abstract

The single machine total weighted tardiness with release dates problem is
known to be strongly NP-hard. With a new lower bounding scheme and a new
upper bounding scheme, we get an efficient branch and bound algorithm. In
the paper, we first introduce the history of the problem and its computational
complexity. Second, the lower bounding schemes and the upper bounding
schemes are described in detail. We also present all the dominance rules used
in the branch and bound algorithm to solve the problem.

In the dominance rules part, we describe the labeling scheme and suggest
a data structure for a dominance rule.

Finally, we implement the branch and bound algorithm in C++ for the
problem with all the techniques introduced above. We present numerical re-
sults produced by the program. Using the same instance generating scheme
and the test instances from Dr. Jouglet, our results show that this branch
and bound method outperforms the previous approaches specialized for the

problem.
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Notations

N: ={1,.,n} asetof jobs,

p;: the processing time of job 7,

w;: the weight of job j,

7;: the release date of job j,

d;: the due date of job 7,

Cj: the completion time of job j on the machine,

w,;C;: the total weighted completion time for the set of jobs N,
55

T

;1 = max(0, C; — d;) the tardiness of job j,

w;T;: the total weighted tardiness for the set of jobs IV,
L3

o: partial sequence for the set of jobs N,

C(0): the completion time of the last job in the partial sequence o,

Cj(0): the completion time of job j in the partial sequence o,

TWT(o): the total weighted tardiness of the partial sequence o,

ix



WT;(o): the weighted tardiness of of job j in the partial sequence o,

1| > w;Cy: the single machine total weighted completion time problem,

1lr;] > w;Ci: the single machine total weighted completion time with release

dates problem,

1|| > Ti: the single machine total tardiness problem,

1|r3| > Ti: the single machine total tardiness with release dates problem,

1] >° wiT;: the single machine total weighted tardiness problem,

1| > wiT;: the single machine total weighted tardiness with release dates

problem,

EDD: Earliest Due Date,

WSPT: Weighted Shortest Processing Time,

SPT: Shortest Processing Time,



Chapter 1

Introduction

1.1 Problem Description

Lots of scheduling problems happen everyday in many production compa-
nies. Those companies need to assign their limited equipments to different
operations in such a way that they can achieve their business goals with the
minimum cost. In the scheduling models, equipments are defined as machines
and operations are defined as jobs.

The scheduling problem addressed in this paper is the single machine
total weighted tardiness with release dates problem, denoted as 1|r;| > w;T;.
The problem can be described as follows: there is a set of jobs N ={1,...,n}
to be processed on a single machine. The single machine can process only
one job at a time and begins to process jobs from time ¢ = 0. For any job
7 € N, it can only be processed after its release date r;. It needs a positive
processing time p; to be processed uninterruptedly by the machine. When the
job is finished at time ¢ on the machine, the completion time C; of the job is
set to t. If the job can not finish before its due date d;, i.e., C; > d;, then
this will cause a positive weighted tardiness: w;T; = w; max(0,C; — d;). The
objective for this problem is to find a job sequence or a job permutation of N

with the minimum total weighted tardiness » | w;T;.
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1.2 Computational Complexity

Different scheduling models have different computational complexities.

Lawler [23] proposes a decomposition theorem for problem 1|| > T; and
points out that the problem can be decomposed to two subproblems with
the job which has the largest processing time in N. The two subproblems
can use the same decomposition method recursively. Thus the decomposition
theorem gives a pseudo-polynomial dynamic programming algorithm and this
algorithm takes O(n* Z?Zl p;) time. Du & Leung [15] show that problem
1|| > 7T; is NP-hard in the ordinary sense.

For problem 1|| > w;T;, Lawler [23] and Lenstra, Rinnooy Kan & Brucker
[25] show that this problem is NP-hard in the strong sense.

Because problem 1|| > w;T; is a special case of problem 1|r;| > wT;,
problem 1|r;| > w;T; is NP-Hard in the strong sense too.

1.3 Enumerative Algorithms

This problem has received less research attention. Akturk & Ozdemir [3] pro-
pose a branch and bound algorithm combined with some dominance properties
for it. Their algorithm can solve test instances with up to 15 jobs. After that,
Jouglet, Baptiste & Carlier [21] present a more efficient branch and bound
algorithm with new dominance properties. They can solve problems with up
to 30 jobs on a personal computer.

Branch and bound algorithm is a powerful enumerative method, which
can find the global optimal solutions for many combinatorial optimization
problems. This algorithm was proposed originally by Land and Doig [22].

For the scheduling problem, it is better to use a tree structure to present
the work flow of a branch and bound algorithm.

The branch and bound algorithm begins from the root node z, in which



M.Sc. Thesis - Wei Jing McMaster - Computational Eng. & Sci.

no job is sequenced, i.e., the scheduled partial sequence L, = () and the un-
scheduled job set M, = N. Then, for each job i € M,, we branch to level 1
with a new node y; and set job 4 to the first position of the scheduled partial
sequence Ly,. If there is no release date or the maximum release date of the
unscheduled jobs is smaller than the completion time of the scheduled partial
sequence, jobs can be scheduled from right to left in a backward mode. Thus
in level 1 of the search tree, there are n branches with n new created nodes.
For each new node in level 1 of the tree, n — 1 branches can be created with a
second fixed job. Continuing this branching process, we get a fully expanded
search tree with n factorial leaves in level n. The best upper bound UB is
updated whenever the search tree expands to level n. It is easy to see that the
best upper bound U B equals the global optimum.

In our branch and bound algorithm, the bounding schemes and the dom-
inance rules are employed in the branching process. Every time a new node
y of its parent is added into the search tree, we compute a lower bound LB,
for the new node. If the lower bound LB, is greater than the best known
upper bound UB, this new node y is discarded without further branching
process. Otherwise, the node is kept in the search tree. We then apply sev-
eral dominance properties to filter out some jobs in the unscheduled job set
M, = N —{i|i € L,} and decrease the possible branches from the new node
Y.

The branch and bound algorithm will stop with an optimal sequence

after all the nodes have been eliminated.

1.4 A Simple Example

Suppose we have a 10-job instance as in Table 1.1 for problem 1|r;| > w;T;. If
the initial scheduling sequence on the single machine is (1,2,3,4,5,6,7,8,9,10),
then the total weighted tardiness for this sequence is 1175. While the optimal
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Table 1.1: Data for a 10-job instance

1 2 3 4 5 6 7 8 9 10
4 11 16 9 34 21 31 5 7 33

p 6 4 210 10 9 9 8 6 5
9
4

48 31 30 62 49 40 15 16 44
6 3 10 &5 2 9 2 10 7

sequence for this instance is (1,9,4,3,7,10,2,5,8,6) with a minimal total weighted
tardiness > w;1T; = 181.

1.5 Main Contributions

First, we find a new lower bound method for the problem. For problem
1] 3> wiT;, Potts and Van Wassenhove [29] propose a quickly computed lower
bound, which is based on a multiplier adjustment method. We adapt this
method to problem 1|r;| > w;T;. We identify decomposed blocks of schedule
based on the release dates and apply the multiplier adjustment method [29]
to each block by relaxing the release dates of jobs in the block.

The second contribution is a new upper bound method for the problem.
For problem 1|| > w;T;, Congram et al. [12] propose the iterated dynasearch
algorithm, which searches in an exponential size neighborhood to find the
local optimal solution. We adapt this algorithm to problem 1|r;| > w;T;. Our
new upper bound method takes the same time complexity as their algorithm,
while the size of the neighborhood is usually smaller than theirs. Because of
the release dates, searching for the local optimal solution in the neighborhood
would require optimization by two competing criteria: the completion time
and the total weighted tardiness of a partial schedule. We present the new
dynamic programming heuristic, which finds good quality but not necessarily

optimal solution in the neighborhood.
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Finally, we suggest a data structure for an important dominance rule. In
[21], they use an hash table for the dominance rule. Our choice is a red-black
tree, which guarantees that read-only and insert operations take O(logn) time
in the worst case. It improves the performance of the enumerative algorithm

for most test instances.

1.6 Outline of the Thesis

In the current chapter, we outline the problem of single machine total weighted
tardiness with release dates. In addition, we introduce the computational
complexity for the problem. Then we describe current enumerative methods.

Chapter 2 contains the background of the two lower bound schemes in
our branch and bound method. The first lower bound scheme is based on
a multiplier adjustment method for problem 1| > w;7T;. The second lower
bound uses job splitting technique. Chapter 2 also contains all theoretical
results necessary for the implementation.

Chapter 3 is devoted to the different upper bound schemes we used in
the branch and bound method. Hspecially, we describe the new upper bound
scheme in detail. The new upper bound scheme is based on a swap neighbor-
hood heuristic method.

In Chapter 4, we present all the dominance rules in the branch and bound
method. We provide the necessary background, prove some properties of the
dominance rules and suggest a labeling scheme and the data structure.

Chapter 5 describes the generating scheme of the test instances and pro-
vides the computational results of the branch and bound algorithm. We give
detailed comparison and discussion in this chapter.

Finally, Chapter 6 contains concluding remarks and suggestions for fu-

ture work.



Chapter 2

Lower Bounding Schemes

In this chapter, we present the details of the two lower bounding schemes in

our branch and bound method.

2.1 Lower bound I

The first lower bound is based on the multiplier adjustment method proposed
by Potts and Van Wassenhove [29]. We review the method in the following

sections and then describe the new lower bounding scheme.

2.1.1 The Lagrangian Problem

We relax problem 1|75 Y w;T; to 1|| >~ w;T; for the first lower bound calcula-
tion. Here we recall how they [29] relax problem 1|| Y~ w;7; to a Lagrangian
problem first.

Suppose there is a set of jobs N = {1, ...,n} to be processed on the single

machine. The tardiness of job 4 is defined as
T, = maz(0,C; — d;),i = 1,..,n
From the definition of the tardiness T;, we know that

T% > Cz—dl,’L: 1,...,n
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Then we can describe the problem 1|| > w;T; as (P [29]):

n
min ZwiTi
i=1
(P) st. T;>0,i=1,..,n,

where the domain is all the possible permutations of job 1 to job n.
Their Lagrangian relaxation is then based on constraints (2.1.1). Con-

straints (2.1.1) can be transformed to
T4 (C—d) <0,i=1,..,n (2.1.2)

Suppose u = (u, ..., Up) is a vector and subject to u; > 0,2 =1,...,n. It

is easy to see that constraints (2.1.2) can be transformed to

By adding constraints (2.1.3) to the objective of problem (P), we get the
Lagrangian problem (LR [29]):
L(u) = min Y o [(w; — w)T; + u(C; — &)]
(LR)
st. T; >20,u;, >0,2=1,...,n
Even if we choose the nonnegative vector u arbitrarily, according to
Fisher and Geoffrion [16, 17}, we know that the Lagrangian problem (LR)
gives a lower bound for problem (P). In [29], they point out that it is possi-
ble that L(u) = —-o0 if there exists some 7 such that u; > w;. To avoid this
meaningless situation, they restrict the choice of vector u. Besides 0 < u; for
every 4,7 = 1,...,m, vector u is chosen subject to u; < w;,72 = 1,...,m. After
setting T; = 0 for every 4,1 = 1, ..., n, by the weighted shortest processing time
rule [31], they point out that the jobs in weighted shortest processing time

order with the new weight u; and the processing time p; gives the solution of
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the Lagrangian problem (LR). The question is then transferred to how to find
the value of vector u to make L(u) as large as possible. In section 2.1.2, we
introduce the multiplier adjustment method and give the detailed steps to find

the value of vector u.

2.1.2 The Multiplier Adjustment Method

To compute a lower bound for some single machine problems, Fisher [16]
uses the subgradient optimization technique to find the multipliers for the La-
grangean problems relaxed from the original problems. The subgradient opti-
mization is a pseudo-polynomial dynamic programming method. Van Wassen-
hove [33] proposes the multiplier adjustment method to replace the subgradient
optimization technique and applies it to some scheduling problems with better
results. In [29], a corresponding multiplier adjustment method is proposed for
problem 1|| > w;T;. Compared with the subgradient optimization technique,
this multiplier adjustment method is not necessarily optimal, but it can be
quickly computed in O(nlogn) time.

To find the value of vector u, an initial sequence by some heuristics is
needed. Suppose the initial heuristic sequence is renumbered as (1,...,n) and
the completion time for job 7 in the sequence is C}. From section 2.1.1, we
know that vector u is chosen subject to u; < w;, 4 = 1,...,n and the weighted
shortest processing time rule, i.e., u;/p; > wi1/piy1,%2 =1, ...,n — 1. To make
L(u) as large as possible, the Lagrangian problem (LR) can be transformed to

(LR(C*) [29]):

max Zuz(C’f —d;)
i=1
LR(C*) st. wy/pi > U1/piv1,i=1,..,n—1 (2.1.4)
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By Lemma 2.1.1, they show that constraints (2.1.5) can be transformed
to [29]:

where w; = p; minpeqr, 1 {wn/pr}-

Lemma 2.1.1 [29]
The solution of problem LR(C*) stays same with constraints (2.1.6).
To find the solution of problem LR(C*), we first need a procedure to get

set V = {v1,..., v}, where vy, ...,v. € N and can be computed as follows [29].

Procedure SV. [29]

Step 1. Suppose the initial heuristic sequence is renumbered as (1, ..., n).

Let S; = Zzzlpi(C'f —d;), for j=1,..,n. /*— S is an array —*/

Step 2. Letv =0,k =1,5=0and V = {§. /*—hereweset vg= 0,59 =0
—*/

Step 3. If Sy > S, thenset V=V U{k}andv=1F;elseset k=Fk+1
and goto Step 5. /*— Based on the set V = {vy, ..., vs—1} we have found,

we select the smallest vy, which needs to satisfy: vg > vgp—1 and Sy, > 5,

_*/

k—1°

Step 4. Set k =k + 1.
Step 5. If k < n, then goto Step 3.
Step 6. Return set V, stop.

The following theorem shows how we use set V' to solve problem LR(C*).
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Theorem 2.1.2 [29]

The solution of problem LR(C*) is given by u; = uf fori=1,...,n where

u; = uf+1(pi/l7i+1) 1€ Vi#£n (2.1.7)
U =Wy, eV (2.1.8)
Uy, =0 ifndV. (2.1.9)

In Theorem 2.1.2, if the initial heuristic sequence is given by weighted
shortest processing time order with the original weight w; and the processing

time p;, then w; = w;, 1 =1, ..., n.

2.1.3 Implementation of Multiplier Adjustment Method

The multiplier adjustment method computes v} for i = 1,...,n, which satisfies
(2.1.7)-(2.1.9). The input of the method is the unscheduled job set N. Instead
of sets, we use four arrays to store the necessary data. Following is the detailed
computing procedure.

Procedure MAM.

Step 1. Sort all jobs of N in weighted shortest processing time order and

renumber the sequence as (1, ...,n).

Step 2. Set 00:0,%:0,50:0and I/VO:O Lett=1land k—=17—1.
J¥— C,V,S, W are arrays —*/

Step 3. If 4 > n, then goto Step 7. /*— from Step 3 to Step 7, Procedure
SV, —#/

Step 4. Set ‘/z == 0, Cz = Ci~1 +p2 and SZ == Sz'—l +pz(C’z - dz)

Step 5. If S; > S, then set V; =7 and k = 4.

10
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Step 6. Let W; = w; and 7 = 1+ 1, goto Step 3. /*— because the initial
order is WSPT, w; = w; —*/

Step 7. Let 7 = n and LB = 0. If V; = 0, then set W; = 0; else let

Step 8. Let 5 =5 — 1. If § <0, then goto Step 11. /*— from Step 8 to
Step 11, compute u} and LB —*/

Step 9. If ‘/j = 0, set I/VJ == I/V}‘+1(pj/pj+1).
Step 10. Set LB = LB + W;(C; — d;) and goto Step 8.
Step 11. return LB, stop.

It is clear that the multiplier adjustment method contains one sort-
ing step and two loops. The computational complexity of this method is

O(nlogn).

2.1.4 The Heuristic Decomposition Algorithm

In this section we propose the new lower bounding scheme. Suppose the un-
scheduled job set is N. The basic idea is: first, we sort all the unscheduled jobs
in nondecreasing release date order and renumber them as (1,...,n). The jobs
are decomposed into different blocks. Then we compute the total weighted
tardiness or a lower bound of it for each block. In the last step, by adding the
contribution of each block together, we get the final lower bound for the whole
job set N. The idea of decomposition of jobs into blocks is not new, see [19].

By Figure 2.1, it is clear that this decomposition is based on the distri-
bution of the release dates.

Here we give the detailed steps of the decomposition algorithm.

11
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For n unscheduled jobs: 7, 2, ..., n

ol

blockl block2 block3 block4
12| [3]4]5] |6]7]8]9] |10]1:] -

».
»

Fy F3 Fs Y10

LB(blockl) + LB(block2) + LB(biock3) + ... = final lower bound

Figure 2.1: Idea of the heuristic decomposition algorithm.

Heuristic Decomposition Algorithm.

Step 1. Suppose the unscheduled job set is N. Sort all jobs of N in
nondecreasing release date order, renumber the sequence as (1, ...,n) and

let S ={1,..,n}.
Step 2. Set A = rq, start the first block B; and set By = 0.

Step 3. If S # (), suppose the current first job is 5,7 € S and current
block is By, set B, = B, U {7}; else goto Step 7.

Step 4. Set A=A +p; and S =S5 — {j}.
Step 5. If S = 0, then goto Step 7.

Step 6. If 741 > A, start a new block Byy1, set Bpp1 = 0 and A = 7jy1.
Goto Step 3;

Step 7. Compute the lower bound LB, of each block B,.

12
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Step 8. Let the final lower bound LB = )" LB, return LB.

It is clear that the final lower bound generated by the heuristic decom-
position algorithm gives a lower bound for problem 1|r;| >~ w;T;.

The question is how we get the total weighted tardiness or the lower
bound for each block. According to the survey by Abdul-Razaq, Potts & Van
Wassenhove [1], the fastest algorithm for problem 1||> w;T; uses a quickly
computed lower bound method, which is based on a multiplier adjustment
method and takes O(nlogn) time, see [29]. For Lower Bound I, we choose this
method to compute LB,. In the previous sections, we have given a detailed
introduction to the multiplier adjustment method proposed by Potts & Van
Wassenhove [29)].

2.1.5 Computational Complexity of Lower Bound I

Section 2.1.4 gives the detailed steps of the heuristic decomposition algorithm.
We have eight steps for the algorithm. The sort operation in Step 1 takes
O(nlogn) time. Step 2 takes O(1) time. From Step 3 to Step 6, it will cost
O(n) time to find all blocks. Then in Step 7, for each block, we apply the
O(nlogn) multiplier adjustment method by Potts & Van Wassenhove [29]. It
is easy to see that the one block situation takes the largest time O(nlogn).
Step 8 takes no more than O(n) time. Finally, the time complexity of the

Heuristic Decomposition Algorithm is O(nlogn).

2.2 Lower Bound 11

Similarly to [2], we get the second lower bound from the single machine total
weighted completion time problem with release dates. This lower bound is

based on the job splitting technique proposed by Belouadah, Posner & Potts

[5].

13
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2.2.1 Job Splitting

In [24], Lawler uses the job splitting technique to minimize total weighted
completion time with precedence constraints. The basic idea of job splitting
can be described as follows: suppose for any given sequence ¢ of N, there
is a job i € o, and if we split job ¢ to two new jobs 4, and 4y subject to
Di = Diy + Dip, W; = Wy, + w;,, then we get a new sequence ¢’. In the new
sequence o', job 4; is required to be scheduled before job iy and there is no
other job scheduled between them. Suppose the weighted completion time of
o is WC(g). Compared with the old sequence o, the weighted completion
time of o’ is WC(0') = WC (o) — pi,wy, .

For the situation of splitting one job into more pieces, we first recall some

definitions from [5].

Definition 2.2.1 [5]

Let P denote the original total weighted completion time problem without
job splitting. Let P; be the identical problem to P, except that job ¢ is split
into k pieces iy, ..., 1, where p,;, + ...+, = p; and wy, + ... +w;, = w;. In
problem P, these k new jobs are required to be contiguously sequenced in the
order (i1, ...,%). Let Ny = {1,...,4 — 1,4y, ..., 4,7 + 1, ...n} denote the job set
of problem P;.

In Definition 2.2.1, if the k pieces i1, ..., % of job 4 are subject to

Wiy [Piy = - = Wiy [Piy, = Wi/ Ds,
then this is a simple split [5].

If the k& pieces %1, ...,7; of job ¢ are not required to be contiguously se-

quenced, problem P; is further relaxed to Ps:

Definition 2.2.2 [5]
Let problem Py be the identical problem to Py, except that the new jobs

11, ..., 1% are not required to be contiguously sequenced. But the k pieces iy, ...,y

14
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are required to be scheduled in consistent order, i.e., job 1;_1 must be sequenced
before job i;(j =2,..., k).
If there is no limitation on the weight of the k pieces 41, ..., of job 4,

problem P, can be further relaxed to PQI:

Definition 2.2.3 [5]

Let problem P, denote the same problem as problem Py, except thal the
weight of k pieces i1, ..., defined as will, .‘.,wikl need to satisfy only wil' +
I wikl — wW;.

Using the 2 job split iteratively, we can achieve the k job split. Tt is easy
to see the relation of the total weighted completion time between problem P

and P;:

Theorem 2.2.4 [27, 5]
For any given feasible sequence o of problem P, if oy is the corresponding

sequence for problem Pi, then
Dien w;Ci(o) — ZiENl w;Ci(o1) = CBRK,
(2.2.1)

where
k—1 k
CBRK =}, wi, Ej:thl Dij-

By Definition 2.2.2, Theorem 2.2.5 shows that the optimal solution of

problem P, gives a lower bound for the original problem P.

Theorem 2.2.5 [5]

If 09" is an optimal sequence for Py, then
ZiENl ’lUiCi(O'z*) -+ CBRK S Z’iEN}_ wiC'i(al*) -+ CBRK = ZiEN wiC’i(a*),

where o* is an optimal sequence for problem P and o1* s the corresponding
optimal sequence for P.
To get a better lower bound, based on Theorem 2.2.5, Belouadah et al.

propose the following result.

15
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Theorem 2.2.6 [5]

Suppose o3 is an optimal sequence for problem P,, as* is an optimal
sequence for problem P and CBRK’ is obtained from (2.2.1) by using w;,’
instead of w;, . If 22:1 wy, < Zfzzl w;,, for j=1,...,k, then

> ien, Wi Ci(an®) - CBRK' > 37\ w;Ci(02*) + CBRK.
2.2.2 Lower Bound From General Split

In Definition 2.2.1, if the k pieces 11, ..., 7; of job 7 are not subject to

wil/Pil = ... = 'wik/pik = wi/pi,

then this is a general split [5].

In [5], the authors present a greedy heuristic for problems with paral-
lel chain precedence constraints. Then based on the heuristic, they give the
procedure for finding good general splits.

Heuristic H. [5]

Step 1. Let S = {1,...,n}. For each job i € S, let B; be the sel of
predecessors and A; be the set of successors. Let w = 0,1 = 0 and

wC =0.

Step 2. Let S" = {i|i € S,B;NS = 0}. Ift < minges{r;}, then set

t= miniegl{n} .

Step 3. Find job i € S' such that w;/p; = maxjesn{wy/m},S” = {l|l €
S'r <t} Letu = u+1,0f(u) =it =t+p, CF =t, WC = WCH+wt
and 8 =8 —{i}. If S # 10, goto Step 2; else stop.

The following result shows under what condition, the Heuristic H can
give an optimal sequence for problems with parallel chain precedence con-
straints - precedence constraints which consist of several chains of otherwise

unrelated jobs.
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Theorem 2.2.7 [5]

Heuristic H generates an optimal sequence for a problem with parallel
chain precedence constraints if the following condition is satisfied throughout
the execution of Heuristic H: for each j & A; with r; < cH < C'jH and
ke A; U{j}, we have pifw; < pr/ws.

The conditions state that if a job 7 is processed before an available job
7, then job 7 must have a ’better’ p/w ratio than job j or any of its successors.
The job splitting in the following procedure always ensures that all pieces
satisfy the conditions of Theorem 2.2.7.

Procedure SP. [5]

Step 1. For each job i € N, let vy, = 14,piy, = p; and w;, = w;. Let
S={1,...,m}tu=0,t=0,WC =0 and CBRK =0.

Step 2. Ift < mingeg{r;}, then let t = mineg{r;}. Find job i € S such
that w;/p; = maxies{w/m},S = {ll € S,m < t}, and set iy, = 9. If
there exists a job j € S such that r; < t+ p;, and w;/p; > w;, /D, goto
Step 4.

Step 8. Letu =u+1,0(u) =i, t =t+p;, Copy = t, WC = WC +w;, T
and S =S — {u}. If S =10, goto Step 7; else goto Step 2.

Step 4. Find job j € S such that r; = miyeg{r;}, S = {I|l € S,w;/p >
wi, /P, . Split 4 into two new jobs ¢ and i". Sel vy = v = ripy =

75 — 1, Pin = Py, — Dy

Step 5. If this is a simple split, then set wy = pyw;/p; and goto Step 6;
else let By = {h|lh € S — {ix},mn <75} and By = {o(h)|h < u,o(h) #i;
forj =1,.,k = 1,Cony > 74, Do(i)[Won) > Pirfwi}- If By = 0, set
p1 = +oo; else set p1 = minger, {pn/wn}t. If Eo = 0, set pa = pufwi,;
else set py = maxpem,{pn/wn}. Let wy = max{py/p1,ws, — pir[pa}.

17
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Step 6. Let win = wy, —wy and S = SU{i"} — {ix}. Rename i’ to
ix and " to g1, Set u = u+1,0(u) = igt = 75, Coy = t, WC =
WC +wt, CBRK = CBRK + wy,py,,, goto Step 2.

Step 7. Compute LBgp = WC + CBRK and stop.

By Theorem 2.2.8, they show that Procedure SP provides a better lower
bound if the split in step 5 is a general split.

Theorem 2.2.8 [5]

If LBgg denote the lower bound generated by Procedure SP with simple
splits and L Bag denote the lower bound generated by Procedure SP with general
splits, then LBgs > LBggs.

The computational complexity of Procedure SP is given by the following

result.

Theorem 2.2.9 [5]

Procedure SP takes O(nlogn) time with simple splits. Procedure SP takes
O(n?) time with general splits.

From Procedure SP, we get a lower bound for problem 1|r;| Y w;T;.

Corollary 2.2.10 2]
If LBgsp is generated by Procedure SP, then LBgp — Y i, w;d; provides
a lower bound for problem 1|r;| > w;T;.

2.2.3 Implementation of Lower Bound II

Suppose the input of lower bound IT is the set of unscheduled jobs N. In our
program, we use three arrays S, C and T to store necessary data to compute
the lower bound. In this implementation, only general splits are used. We get

FEq from S and Fy from T

18
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Following is the detailed computing procedure of lower bound II. A
dummy job 0 is needed. For job 0, we have rg = wy = pg = dp = 0.

Implementation of Lower Bound II.

Step 0. Sort all jobs of N in nondecreasing release date order, renumber

the sequence as (1,...,n) and let S = {1,...,n}.

Step 1. Let Cy = 0 and Ty be the dummy job 0. Set t =0, WC =0, sn =
nytn = 0,WD = >  wid; and CBRK = 0. /*— C,T,S are arrays; C
and T' are used to compute Fy; T' = {o(h)|h < u,0(h) # 45,7 =1,...,k -1}
and C = {Cypylh < u,0(h) # 45,5 = 1,...,k — 1}; sn is an index of S's last

member; ¢n is an index of 7"s last member —*/

Step 2. If sn = 0, goto Step 8. /*— if S is empty, return the final result

and stop —*/

Step 3. Let 4 = 57 . For each m € S, if r,, < 7, then set ¢ = m. If
t <7, set t =71 For each m € S, if 7, <t and wipm/pm > w;/p;, then
set ¢ =m. Let iy =4 and 7 =0. Foreach m € S, if r,,, <t+p;, and
Win/Pm, > Wi, [Ps,, then let 7 = m and goto Step 5. /*— if S is not empty,
find job ¢ (S;) and job j (S;); same as Step 2 of Proc. SP —*/

Step 4. Set ¢t =t +p;, WC = WC +w;,,tn = tn + 1,1}, = S;, and
Cin =t. Let S;, = S, and sn = sn— 1. Goto Step 2. /*— if job j is not
found, then job ¢ is processed without split; update S,C,T,WC, sn and tn;
Sip = Ssn,sn = sn— 1 means § = S — {S; }; tn = tn + 1, T}, = S;, means

T =T U{S; }; same as Step 3 of Proc. SP —*/

Step 5. For each m € S, if r, < 7; and wi/pm > wi, /pi,, then set
j=m. Let p =r; —¢,p" = p;, —p'. /*— find job j with the max w/p

and split 4 to 4’ and i”; same as Step 4 of Proc. SP —*/
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Step 6. Let Ey = 0. For each m € S, if m # 4; and r,, < rj, then
set F1 = FyU{m}. Let Es = 0. For each m € T, if C,, > r;, and
D W, > D" [wi,, then set By = Ey U {m}. If |Fy| = 0, set p; = +o0;
else let py = minpem, {pn/wn}. I |E2| = 0, set ps = p"/wy,; else let
p2 = MaXpem,{Pn/wp}. Let w' = max{p'/p1,w;, —p"/p2}. /*— compute

B, E2,wy and wgr; same as Step 5 of Proc. SP —*/

Step 7. Let v" = wy —w',t = 7, WC = WC +w' %t,CBRK =
CBRK +w'+p",w;, = w" and p;, = p”, goto Step 2. /*— update S, WC
and CBRK; w;y, = w",p;, = p” means S = SU{i"} — {iy}; same as Step 6
of Proc. SP —*/

Step 8. Let LBgp = W(C + CBRK and return LBsp — WD.
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Chapter 3

Upper Bounding Schemes

In this chapter, we present the details of the two upper bounding schemes
in our branch and bound method. The first upper bound scheme is based
on iterated dynasearch [12], a fast swap neighborhood heuristic method. The

second one is a dispatching rule [34].

3.1 Upper Bound I

The iterated dynasearch is proposed by Congram et al. [12] for problem
1| >° w;T;. This heuristic is a large neighborhood local search algorithm. The
iterated dynasearch is based on the idea of dynasearch by Potts et al. [28].
Using dynamic programming techniques, the iterated dynasearch algorithm
takes O(n3) time to search in an exponential size neighborhood and find the
local optimal sequence for problem 1|| >~ w,T;. We propose a modified version

of this heuristic algorithm to get good upper bounds for problem 1|r;| > w;T;.

3.1.1 Swap and Independent Dynasearch Swaps

The domain for problem 1|| > w;T} is all the possible permutations of job set
N ={1,..,n}. It is clear that the size of the solution space for a branch and
bound algorithm is n!.

Different from the branch and bound algorithm, an iterative improve-

21



M.Sc. Thesis - Wei Jing MeMaster - Computational Fng. & Sci.

ment local search algorithm searches for a near-optimal solution in a smaller
neighborhood. The main idea of these local search algorithms is to get a better
sequence by exchanging jobs in the initial given sequence. If a better sequence
is found, then the algorithm starts a new search based on the new sequence.
The algorithm will repeat the search until any job exchanging can not generate
a better sequence.

In [12], k-ezchange neighborhood refers to all sequences that can be gen-
erated by exchanging k jobs from a given sequence.

Based on the definition of k-exchange neighborhood, we can define what

is a swap.

Definition 3.1.1 [12]

For a given sequence o of N, swap is a 2-exchange neighborhood and the
size of it is n(n — 1)/2.

In each iteration, a simple iterative improvement local search algorithm
searches for a better sequence in the 2-exchange neighborhood of the current
sequence. There are two types of search strategies: first-improve and best-
improve [12|. The first-improve local search algorithm searches for the first
better swap in each iteration, while the latter searches for the best swap.

Different from the simple iterative improvement local search algorithms,
dynasearch performs a series of swaps in the given sequence. The swaps must
be independent [12]. The search strategy of dynasearch is best — improve.

Here we recall the definition of independent dynasearch swap.

Definition 3.1.2 [12]

For a given sequence o of N, we choose m pairs of jobs to perform the
series of swaps. If for any two swaps (i,7) and (k,p) we have max(i,j) <
min(k, p) or min(s,j) > max(k,p), then the swaps are called independent dy-

nasearch swaps.

22



M.Sc. Thesis - Wei Jing McMaster - Computational Eng. & Sci.

max{i, j} < min{k,p}, independent

swap i,j swap kp
I || w k.| P

Figure 3.1: Independent dynasearch swaps.

max{i, j} > min{k,p}, not independent

swap i;j swapik, p
i |..| k Jle|p

Figure 3.2: These swaps are not independent.
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Figure 3.1 and Figure 3.2 show whether the swaps are independent.
The neighborhood size of the independent dynasearch swaps is given by

the following result.

Lemma 3.1.3 [12]

The neighborhood size of the independent dynasearch swaps is 21 — 1.

3.1.2 Dynasearch for 1|| " w;T;

In this section, we recall how they [12] construct the dynamic programming
algorithm to find the independent dynasearch swaps for a given sequence.

Suppose the initial given sequence is o = (o(1),...,0(n)). The new se-
quence ¢’ is built by the dynamic programming algorithm in a forward enu-
meration mode. In this algorithm, we build the new sequence from the 1 job
partial sequence to the n-job sequence. In each step, a new job is added after
the last job of the current partial sequence. Then the dynamic programming
algorithm enters into a new state and searches for the best independent dy-
nasearch swaps of the new partial sequence. Considering the situation when
no job is selected, it is easy to see that we have n - 1 states in the algorithm.
In [12], after searching for the best independent swaps with the partial se-
quence (o(1),...,0(k)), where k € {0, ...,n}, they define the new sequence to
be in state (k, o), for £ = 0,...,n. The sequence in state (n, o) with the best
independent dynasearch swaps is the new sequence o’ we want.

Suppose for i = 0,...,k — 1, where k € {0,...,n}, we have found and
stored some information of state (7,0), such as the sequence o; and the total
weighted tardiness TWT'(0;), where o; is a permutation of the partial sequence
(o(1),...,0(i)) derived through the best independent dynasearch swaps for
these jobs. Then for state (k, o), finding oy must rely on the information of
previous states from (0,0) to (k — 1,0). Following is the detailed procedure

to find oy and TWT (0%).
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Procedure SK. [12]

Step 1. Suppose we have found and stored o; and TWT(o;) for i =
0,...,k —1, for some k € {0, ...,n}.

Step 2. Let j = k — 1. Job o(k) is directly added after o; and no need
to swap job o(k) with other jobs in ;. Let o, = (04, 0(k)) and compute
the total weighted tardiness TWT'(oy,).

Step 3. Let j =4 — 1.

Step 4. If j > 0, construct the sequence o}, = (0j,0(j + 1),0(j +
2),...,0(k —2),0(k)), then swap job o(k) and job o(j + 1) in sequence
oy,; else goto Step 7.

Step 6. If TWT(0,) < TWT(0y), let o, = o, Goto Step 3.

Step 7. Return oy, and TWT(oy). Stop.

Their dynamic programming algorithm can be described as one recursion
function with two initial conditions( G(oy) [12]):

(0,k=0
We (1) maX(O,pa(l) — dg(l)), k=1
G(ok-1) + W) max(0, 22;11 Pola) — do(k)),
G(oy) = ming<;<k—1{ ,
min G(o;) + Wo (k) max(0, ZZ:; Da(q) T Po(k) — d'a(k))
Y s Wots) max(0, 327 _, Po(g) + Pok) — Potitn) — o)
{ F (i) max(0, Y Po(g) — doirn))}

(3.1.1)
For job set N, it is easy to see that o, and G(o0,,) can be obtained from

the dynamic programming algorithm in O(n?) time.

3.1.3 The Modified Dynasearch for 1|r;| > w;T;

The idea of dynamic programming algorithm proposed by Congram et al. [12]
can be used for problem 1|r;| > w;T; too. The modified dynasearch takes the
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same time complexity O(n3), while the size of the neighborhood is usually
smaller than 2! — 1. In this section, we give detailed introduction to show
how we construct the modified dynasearch for problem 1jr;| " w;T;.

Suppose the initial given sequence is 0 = (g (1), ..., 0(n)). Similarly to the
original dynamic programming algorithm, see Section 3.1.2, the new sequence
o’ is built by the modified dynamic programming algorithm in a forward enu-
meration mode. In this modified algorithm, we build the new sequence from
the 1 job partial sequence to the n-job sequence. There are n-- 1 states in the
modified algorithm too.

Different from the original dynasearch algorithm, in state k, k € 0,1, ..., n,
the modified dynasearch searches for the good independent swaps of the new
partial sequence (o(1),...,0(k)). The reason is that, for problem 1|r;| > w;T;,
different permutations of o generate different completion time C(oy). To get
a good upper bound, we also need to consider the right shift of jobs after oy.
In state k, the order of the right shift sequence is fixed as (o(k + 1),...,a(n)).
So the choice of sequence oy, is possibly not the best. The search strategy of
the modified dynamic programming algorithm is not the best — improve. In a
word, the modified dynasearch searches for good but not the best sndependent
swaps in the neighborhood. That is the reason why the neighborhood size of
the modified dynasearch is usually smaller than 271 — 1.

Suppose for ¢ = 0,...,k — 1, where k£ € {0,...,n}, we have found and
stored some information of state (i, 0), such as the sequence o; and the total
weighted tardiness TWT(o;). Here o; is a permutation of the partial sequence
(0(1),...,0(4)) and contains the good independent swaps for those jobs. Then
in state (k, o), finding oy, relies not only on the information of previous states
from (0,0) to (k—1,0), but also the right shift of jobs after job o(k). Follow-
ing is the detailed steps of the modified dynasearch.
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Procedure SMK. [12]

Step 1. Suppose we have found and stored o; and TWT(o;) for ¢ =
0,....,k — 1, for some k € {0, ...,n}.

Step 2. Let 7 = k — 1. Let oy = (04,0(k)),S = (ok,0(k+1),...,0(n))
and compute the total weighted tardiness TWT(S).

Step 3. Let j =75 — 1.

Step 4. If 5 > 0, construct the sequence o, = (0j,0(j + 1),0(j +
2),...,0(k — 2),0(k)), then swap job o(k) and job o(j + 1) in sequence
0. Let 8" = (0},0(k + 1),...,0(n)) and compute the total weighted
tardiness TWT'(S"); else goto Step 7.

Step 6. If TWT(S")y < TWT(S), set o), = o},. Goto Step 3.
Step 7. Return oy and TWT({oy). Stop.

Following is the implementation for the modified dynasearch in our pro-
gram. A dummy job 0 is needed. For job 0, we have g = wg = pg = dy = 0.
In the implementation, for any given partial sequence o of N, where |o| < n,
the total weighted tardiness of the partial sequence TWT(0) can be computed
in O(n) time.

Implementation of The Modified Dynasearch.

Step 1. Suppose the initial given sequence is (¢(0),0(1),...,0(n)). Let
TWTo =0,00 = (0(0)),01 = (0(0), 0(1)) and TWT = TWT(01).

Step 2. Let TWiy =

min{ TWT(00,0(2),0(1),0(3), ., o(n)),
TWT(o1,0(2),0(3)), ..., a(n))

and record the best partial sequence as o5.
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Step 3. Let TWT5; =

TWT(00,0(3),0(2),0(1),0(4), ...,a(n)),
ming TWT(o1,0(3),0(2),0(4),...,0(n)),
TWT(02,0(3),0(4),...,0(n)

and record the best partial sequence as o;.

Step n. Let TWT,, =

TWT(og,0(n),c(2),...,0(n—1),0(1)),

| TWT(01,0(n),0(3), ..., 0(n— 1), 0(2)),
fZ:T/VT(anﬁz, o(n),o(n —1)),
TWT(04-1,0(n))

and record the best sequence as ¢,. Return o, and TW7T;,.

3.1.4 Implementation of Upper Bound I

In [12], their iterated dynasearch works as follows: the iterated dynasearch
starts from a given initial sequence. After each iteration, they perform some
prespecified type random swaps in the current new sequence and then start a
new dynasearch with the new sequence. The iterated dynasearch stops after
a total number of iterations. The number they choose is 100.

In our program, we don’t perform any random swap in the new sequence

after each iteration. Following is the implementation of the first upper bound.
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Implementation of Upper Bound I.

Step 0. Suppose the given initial sequence is renumbered as (1,...,n).
Let S = (1,..,n),S = S,7 = 0 and sort S’ in non-decreasing release
date order. /*— §,5’,5" are arrays; S is used to contain the final sequence

—*/

Step 1. Set D = {TWT(S")}, K =100, =0and 8" =5. /*—Disa

set; S’ contains the temporary result —*/

Step 2. If i < K, set ¢ = 1+ 1, apply the modified dynasearch to S”
and record the new solution sequence as S”; else goto Step 5. /*— apply

dynasearch to S” and get a new sequence —*/

Step 3. If TWT(S") € D, goto Step 5; else set D = DU {TWT(S")}.
/¥—if D contains TWT'(S"), stop the iteration —*/

Step 4. If TWT(S") > TWT(S"), let S’ = S". Goto Step 2. /*—if §”

is better than ', record it as §" —*/

Step 5. Let j = j + 1. f TWT(S) > TWT(S), let S = §'. /*— update
5 —*/

Step 6. If j = 2, return S and TWT(S). Stop. /*— if both orders are

done, stop —*/

Step 7. Sort S’ in earliest due date order and goto Step 1. /*— loop for

the earliest due date order —*/

In the implementation, we apply the modified dynasearch to the sequence
in non-decreasing release date order first and then to the sequence in earliest
due date order separately. Using the two initial sequences makes the method

generate better results in most cases.
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3.2 Upper Bound I1
3.2.1 Apparent Tardiness Cost Rule

There are many other heuristic algorithms for scheduling problems. Compared
with the modified dynasearch, they need less time but the solution is weaker in
most cases. In our program, we use the Apparent Tardiness Cost([34]) rule to
give an upper bound for each node in the search tree. The modified dynasearch
is only used for the root node in the search tree.

' Under the Apparent Tardiness Cost rule, every time a job 7 € N is
processed by the single machine, the new job 7 is selected to be processed next

by an index function. Suppose the processed job set is Ny and the completion

time of job 7 is ¢. Then job j is selected by the following function [34]:

] dj —p; —t,0
Iiy1(t) = max &ea;p _max{ J 133 ,0} _
jE{N—Nl} p] Kp

Here K is a constant parameter and p is the average of the processing time

for the job set {IN — N;}. Similarly to [34], we choose K = 2 in our program.
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Chapter 4

Dominance Properties

In this chapter, we present the necessary background for the dominance prop-
erties used in the branch and bound method. We suggest a labeling scheme
and the data structure. We then describe all the dominance properties and

prove some of them.

4.1 Preliminaries

In this section, we introduce the background of the dominance properties and
recall some definitions.

The framework of our depth first search is based on the branch and
bound algorithm in [21]. Their branch and bound algorithm relies on ILOG
CP optimizer, the ILOG constraint programming libraries. In the search tree
of their branch and bound algorithm, the node is generated by functions of
ILOG CP optimizer. At each node, there are two job sets of N: the scheduled
job set N7 and the unscheduled job set Ny. For each job i € Ny U Ny, we
have a constraint variable C;, which is the completion time of job 4. If the
unscheduled job set Ny of the node is empty, that means we obtain a job
sequence of N and Y, w; max(0,C; — d;) is the total weighted tardiness of
the sequence. The aim of the branch and bound algorithm is to find a job

sequence of N and the value of >, w; max(0, C; — d;) is minimum.
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In [21], they use the FEdge — Finding [7] branching scheme. In this
scheme, the algorithm sequences the jobs one by one on the single machine.
At each node of the search tree, we choose a set of unscheduled jobs. Then
the algorithm generates a new branch with a new node for every job in the
selected job set. At each new node, one job from the selected job set is fixed in
the first (or last) unscheduled position. With the depth first search strategy,
their branch and bound algorithm sequences the jobs both from the left and
from the right. There are several job sets at each node of the search tree. We

recall them in the following definition.

Definition 4.1.1 [21]

At each node x in the search tree, let Ly be the scheduled partial sequence
i the left. Let R, be the scheduled partial sequence in the right. Let M, be
the unscheduled job set, i.e., My = N - L, — R,. Let MF, C M, denote the
job set such that every joby € MF, can be fized immediately after the last job
of L. Let ML, C M, denote the job set such that every joby € ML, can be
fized immediately before the first job of R,.

In the algorithm from [21], every time a new node z is added into the
search tree, we filter some jobs out from M F, by some dominance properties.
Then the algorithm selects a job 4 from M F}, and branches to a new node y,
in which job 7 is sequenced after L,. We remove job 4 from M F, when we
backtrack from node y to node z. At node y, after filtering, if set MF, = @ or
ML, = 0, we backtrack from y to x. If there is only one job left in ML, after
filtering, then this job is immediately sequenced before the first job of R,

In this chapter, we have an assumption ([21]): at each node z of the
search three, the release dates of jobs in M, are adjusted according to the
completion time C(L,). Suppose the completion time of L, is C(L,), then for
each job i € My, we have r; = max(r;, C(Lg)).

Before we introduce all the dominance properties in our branch and
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bound algorithm, we recall some definitions.

Definition 4.1.2 [21]

For any two partial sequences oy and oy of N, if {i|i € 01} = {j|j € o2}
and one of the following conditions is salisfied, then the partial sequence o is
said to be as good as o9.

1. If C(o1) < C(o2) and TWT(01) < TWT(03).

2. If C(o1) > C(o2) and TWT(01) + (max(C(o1),7) — max(C(o2), 7))
* ZleN—{i[ieal} wy < TWT'(02), where ¥ = mingen—{ijico,}} -

Based on Definition 4.1.2, we have the following definition of better se-

quence.

Definition 4.1.3 [21]

For any two partial sequences o1 and o9, if {i|i € o1} = {j|j € 02} and
one of the following conditions is satisfied, then the partial sequence oy 15 said
to be better than oy.

1. If oy is as good as oy and oy is not as good as oy.

2. If o1 is as good as o9, 09 1S as good as o1 and o1 is smaller than oo
by the lezicographic order.

Most of our dominance properties are based on Definition 4.1.3.

4.2 Dominance Property From Visited Nodes

In this section, we first introduce a data structure. Then we describe how we

use it within a dominance property.

4.2.1 The Red-Black Tree

The red-black tree is a type of height-balanced binary search tree, a data struc-

ture proposed by Guibas and Sedgewick [18].
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The binary tree is an acyclic connected graph such that each node has
zero or at most two children nodes. The node without a parent node is the
root node. Except the root node, each node has a parent node. Each node
contains a unique key, for example, an integer. Besides the key, each node
contains pointers pointing to its children and parent. If a node does not have
a child or the parent, the value of the corresponding pointer is NIL. A leaf
node has no children. The height of a binary iree refers to the size of the
longest path over all possible paths from the root node to a leaf node.

A binary search tree is a binary tree and every node in the tree is subject
to the following constraints:

o 1. All the keys of the left subtree for the node are less than the key of
the node.

o 2. All the keys of the right subtree for the node are greater than the
key of the node.

For a given set of integers H, it is clear that we can construct lots of
corresponding binary search trees. Among all those binary search trees, a
height-balanced binary search tree refers to the binary search tree with the
minimum height. It is easy to see that the height of a height-balanced binary
search tree for set H is bounded by log, (| H]).

A red-black tree is a binary search tree with the extra color property per
node and the tree is subject to the following constraints([14]):

e 1. Fach node s either black or red.

o 2. The root node is black.

e 3. Fach leaf node is black and doesn’t contain a key.

e /. For each red node, both children are black.

e 5. For each node, every path from the node to any of its descendant
leaves contains the same number of black nodes.

If a node is black, there is no restriction on the colors of its children.
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There is no binding relation between the key and the color of any node. Be-
cause of the five constraints [14], a red-black iree is approximately height-

balanced. We have the following result about the height of a red-black tree.

Lemma 4.2.1 [14]

A red-black tree with n non-leaf nodes has height at most 2logy(n + 1).

Suppose a red-black tree contains n keys. For a given key, we can search
in the red-black tree to see whether it exists or not. The search begins at the
root node, pointed by a pointer variable p. We compare the given key with
the key of the node pointed by p. If they are equal, we stop the search. If
the given key is smaller (or greater), we set p to its left (or right) child and
continue the search recursively until either a leaf node is met or the given key
is found. The read-only operation doesn’t modify the red-black tree.

If the red-black tree doesn’t contain the key, we can create a new red node
with the given key and add it into the tree. The insert operation modifies the
tree and possibly makes it violate the five constraints. Extra work is needed to
restore the five constraints. First, we search in the tree to find the parent node
for the new red node by key comparison. Second, we repaint the colors and
change the pointers of the new node and some other nodes according to their
colors. In [14], they show that read-only and insert operations for a given key
in the red-black tree both take O(log,(n)) time. For the detailed procedures of

the operations, see [14].

4.2.2 The Red-Black Tree and The Dominance Prop-
erty

Problem 1| >~ w;T; is a special case of problem 1|| > k;(C;), where h;(C;)
is a function of C; for j = 1,...,n. In [26], there is a dynamic programming

algorithm for problem 1|| > h;(C;). The dynamic programming algorithm can

35



M.Se. Thesis - Wei Jing McMaster - Computational Eng. & Sci.

be described by a recursive function([26]):

(V) =i =1,
VL)) = { V() = minges (VT — (1) + hy(Tey o))

In this recursive function, J is a subset of N. To find V(N), we need to
compute all V(J). If |J| = k < n, then there are n!/(k!(n — k)!) subsets of
cardinality k. The number of all the subsets is 2.

In [21], they use the no-good recording technique [35] as a dominance
property. The idea of this technique is similar to the above dynamic pro-
gramming algorithm. During the searching process of the branch and bound
method, every time a new node z is added into the search tree, for every
i € M F,, we use the bit set of the scheduled partial sequence (L, %) to query
in the no-good list. Suppose there exists a visited node y in the no-good list
such that {k|k € (Lg,7)} = {jlj € Ly}. Node y contains data of the comple-
tion time C(L,) and the weighted tardiness TWT'(L,). Then we know which
partial sequence is better according to Definition 4.1.3. If L, is better, we re-
move 1 from M F}; otherwise, we add some information of the partial sequence
(L, 1) into the no-good list.

In our branch and bound algorithm, the no-good list is a red-black tree,
see Section 4.2.1. We use the standard binary labeling scheme [30] for all the
feasible subsets. In the standard binary labeling scheme, the information of a
job set is stored in a bit array. In the bit array for a job set, if the value of bit
1,2 € IV is 1, then this means job ¢ is in the job set, while 0 means not. For a
given feasible subset, we use its bit array as the key to perform read-only and
ingert operations in the red-black tree.

Besides the unique bit array of a visited partial sequence o, each node of
the red-black tree contains data of the completion time C(o) and the weighted
tardiness TWT'(0). Because the maximum number of the bit arrays of feasible
subsets for the problem is 2", the height of the red-black tree is bounded
by 2log,(2" + 1). Considering the second condition of Definition 4.1.2, we
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maintain a list of pairs of (C(o), TWT(0)) at each red-black tree node. In
most cases, it takes O(log,(2")) = O(n) time to perform the read-only and

insert operations in the red-black tree.

4.3 Dominance Property By Release Date and
Processing time

A sequence is active if it is impossible for us to find a new sequence by changing
the job order in the given sequence such that there is at least one job that
is finished earlier and no job is delayed. In [4, 13], they show that the set of
active sequences is dominant. We have the following result for the unscheduled

job set.

Theorem 4.3.1 [4, 13]

Given a new node x in the search tree, for any job k,k € M, if v >
mingea,} {rs + pi}, then MF, = MF, — {k}.

This dominance property filters some jobs out from the unscheduled job

set based only on the release date and the processing time.

4.4 Dominance Property From Local Optimal-
ity
In [11, 9, 8, 10], Chu proposes a local optimality condition for a single machine

problem with only two adjacent jobs. The local optimality condition can be

applied to the total weighted tardiness problem as follows.

Theorem 4.4.1 11, 21]

Suppose that in a single machine scheduling problem, there are two ad-
jacent jobs 7 and k to be processed by the machine al time t. It is optimal
to sequence job k after job j if and only of TWT(t) < TWTy;(t), where
TWTi(t) = w;max(0, max(r;, t) + p; — d;) + wy max(0, max(max(r;,t) +
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pj, max(ry,t)) +pr — di) and TWTy;(t) = wy max(0, max(rg, t) + pr — di) +
w; max (0, max(max(rg, t) + pg, max(r;,t)) +p; — d;).

Then in [21], the authors modify this result to find a dominant subset
for problem 1|r;] > w;T;.

Definition 4.4.2 [21]

A job sequence o is said to be LO-Active (Locally Optimal Active), if
every adjacent pair of jobs j and k ( in which job j precedes k) satisfies at
least one of the following conditions:

1. max(r;, Cj-1(0)) < max(rg, Cj_1(0))
2. TWTik(Cij-1(0)) < TWTk;(Cj_1(0)).

Theorem 4.4.3 [21]
If a sequence is optimal for problem 1|ry| >  w;T;, it is LO-Active.
Based on Definition 4.4.2 and Theorem 4.4.3, we have the following re-

sults.

Definition 4.4.4 [21]

A job sequence o is said to be LOWS-Active (Locally Optimal Well Sorted
Active), if every adjacent pair of jobs j and k (in which job j precedes k)
satisfies at least one of the following conditions:

1. TWT(0) < TWT,,(0)

2. TWTi(8) = TWTi;(6) and max(r;,d) < max(rg,d)
3. TWTi(0) > TWT,(0) and max(r;,d) < max(rg, o)
where § = C;_1(0).

Not all LOWS-Active sequences are optimal. In [21], the authors use the
following two results as local dominance properties in the branch and bound

algorithm.

Theorem 4.4.5 [21]
The subset of LOWS-Active sequences is dominant for problem 1|r;| Y w;T;.
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Theorem 4.4.6 [21]

Given a new node x in the search tree, suppose job j is the last job of
the partial sequence L,. For every job k € ME,, k can be removed from ME,
if at least one of the following conditions is satisfied:

1. max(rg, 0) < max(r;,d) and TWT;(8) < TWT;(5)

2. max(rg, §) < max(r;,6) and TWTy;(6) < TWT;,(0)

3. max(r, 6) = max(r;,0), TW1Ty;i(6) = TWTi(0) and j < k
where 6 = Cj_1(Ly).

4.5 Dominance Properties From the Scheduled
Partial Sequence

Compared with the dominance rules introduced in the above sections, we have

a more general result.

Theorem 4.5.1 [21]

Given a new node z in the search tree with the scheduled partial sequence
L, for every job i € MF,, i can be removed from M F, if there exists another
partial sequence L, such that {k|lk € (Lg,3)} = {j|j € Ly} and Ly is better
than (Lg,1).

4.6 Dominance Properties Based on Unsched-
uled Jobs

In this section, we recall two important dominance properties based on job
interchange and insertion. The dominance properties introduced in this section

only take into account information for unscheduled jobs.
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4.6.1 Dominance Properties By Interchange and Inser-
tion

Given any two jobs j and k in the unscheduled job set M, we recall under
which condition [21] job j dominates job & in the first unscheduled position.
For the situation of job interchange between j and &, we have the assumption:
Wi > W

At a new node z, L, is the partial sequence fixed in the left and R, is the
partial sequence scheduled in the right. Suppose a feasible partial sequence of
unscheduled job set M, is given by (k, Az, j, B;). Here A, is the partial se-
quence between job k and 7 and B, is the partial sequence between job 7 and se-
quence R,. We get the full sequence o = (L, k, Ay, J, Bz, Rs). After exchang-
ing job k and job j in o, we get the new sequence o’ = (L, j, Az, k, By, Ry).
Let TWT(o) denote the total weighted tardiness of ¢ and WT'(k) denote the
weighted tardiness of job k. If TWT(¢") < TWT(o), then job j dominates
job k in the first unfixed position. Thus, job k can be removed from MF,, [21].

We can expand the total weighted tardiness of the two sequences o and
o’ to:

TWT(0) = TWT(Lg) + WT(k) + TWT(Ag)
FWT(j) + TWT(B,) + TWT(Ry)

TWT(o") = TWT(Lg) + WT(j') + TWT(A)
FWT(K) + TWT(B.) + TWT(R.)

Then TWT'(0) — TWT (o) can be transformed to:
TWT (o) — TWT(0") =
WT(k)+WT(5) — (WT({")+WT(K)) + (4.6.1)
TWT(A,) + TWT(B,) — (TWT(AL) + TWT(BL)) + (4.6.2)
TWT(R,) — TWT(R.) (4.6.3)

To get an estimation for TWT' (o) —~TWT(c'), we first recall the following

definitions.
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Definition 4.6.1 [21]

Let s;(0) denote the start time of job j in sequence o and si(c’) be the
start time of job k in sequence o'. Let Cy(0) = i, + pr denote the completion
time of job k in sequence o and C;(0’) = r;+ p; be the completion time of job
7 in sequence o’. Let ¢1 = sg(0”) — sj(0) and ¢o be the mazimum shift of job
set Az U By in o', i.e., ¢po = max(0, C;(0") — Cy(0), Cr(o’) — C;(0)). Let ¢35 be
the mazximum shift of job set Ry in o', i.e., ¢p3 = max(0, Cy(o’) — C;(0)).

By the above definitions of ¢1,¢2 and ¢ from [21], we get an estimation
for (4.6.1),(4.6.2) and (4.6.3) [21]:

TWT (o) — TWT(c") > ®;(si(0), b1, b2, d3), (4.6.4)

where function ®;(s, ¢1, P2, ¢3) is defined as [21]:
D, (8, P1, P2, P3) = w; max(0, s + p; — d;j) — wy max(0, s + 1 + pr — di)
+wy, max(0, r, + pr — di) — w; max(0,7; + p; — d;)

—2 Z{ngmugz} wy — 3 Z{LeRI} wy
(4.6.5)

It is easy to see that ®;(s;(0), d1, P2, ¢3) gives a lower bound estimation
for TWT (o) — TWT(o") by (4.6.4).
The following results show under what conditions, we can remove job k

from MF,.

Lemma 4.6.2 [21]

For given ¢1, ¢ and ¢z, ®ji(s, ¢1, o, d3) is a function of s. If w; > wy,
®,j, is nondecreasing on [d; — p;,+oo| and obtains its global minimum at s =

dj — p;-

Theorem 4.6.3 [21]
Given a new node x in the search tree, for any two jobs j,j € M,

and k,k € MF,, if w; > w, and i)jk(gbl,qb,gbg) > 0, then job j domi-
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nates job k in the first position after the scheduled partial sequence L., where

O (1, b2, Bs) = Cjr(max(d; — pj, 75 + pr), b1, o, P3).

For the case of job insertion, we construct ¢ and ¢’ as follows

o = (Lm)k)A(lHj) B:c;R:v)
o = (ernj) kaA:mBa:;Rm)

With a same analysis as for interchange, we have the following result for

insertion.

Theorem 4.6.4 [21]

Given a new node x in the search tree, for any two jobs j,7 € M, and
k,k € MF;, if ®,(ru+p, 75+Dj —Tk—Dx, 7+D0; —T, max(0,7;—7%)) > 0, then
job 7 dominates job k in the first position after the scheduled partial sequence

L,.

4.6.2 Eight Cases of Interchange

In this section, we give all possible eight cases [21] to show how to compute
the values of ¢1,¢2 and ¢s introduced in the last section. For the detailed
discussion, see [21]. Figure 4.1 gives a tree of different conditions of the eight
cases. Table 4.1 shows values of ¢1, ¢2 and ¢3 for the eight cases.

Eight Cases.[21]
Case 1. If’l‘j +p; < 1+ P andpj < pg, then ¢1 =0, Py = ¢3 = py, —Pj-

Case 2. Ifrj+p; < 1itpr, 0 < Pi, Tk D5 < MaXgep, 3 {73} < Th+pr, and
r; < T, then ¢ = Hlax{ieMw}{'ri} — Tk — Pry P2 = P3 = Hla'X{iel\/Im}{Tz’} -
Tk — p]

Case 8. Ifrj+p; <tk pj < PryTj < Tk, and maxgien, 3 {r:i} < 7e+pj,
then ¢y = max(r; + pj, maxgepm{7s}) — T — Pr> 2 = ¢3 = 0.
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Table 4.1: Eight cases of interchange [21]

Case Values of ¢, ¢a,¢3

1 ¢1 = 0,02 = ¢3 = pr, — p;

2 ¢1 = maxgiep {7} — Te — Pr> P2 = 3 = maxgep, i} — T — P;
3 ¢1 = max(r; + pj, maxgep, 1 {7i}) — T — Py P2 = ¢p3 =0

4 ¢1 = max(r; + pj, Maxepm, 1 {7i}) — Tk — Dks

b2 = ¢3 = max(r; + p;, Maxgen, 3 {ri}) — Tk — Pj
$1=¢a=¢3=0

$1 = max(r; + pj, maxgerm 3 {1i}) — T — Dk, P2 =3 =10
pr=1;FP; — Tk —Dr, P2 =Pz =1T; — T

$1=7;+Dj —Th — Dk, P2 = T +Dj — Tk — Pk, $3 = max(0,7; — 1)

o 3 Oy

Case 4. Ifrj +p; < 7%+ pr,pj < Do, maxgenm it < 7% + Dk, and
r; > Tk, then ¢1 = max(r; + pj, maxgen,}{ri}) — Th — Pk, P2 = P3 =

max(r; + pj, maxgeam{rit) — T — pj-
Case 5. If rj+p;j <7+ Dk, Dj > P, then ¢1 = ¢a = ¢3 = 0.

Case 6. If rj + pj < 1% + Pr, Pj = P and maxgem,}{rs} < 7% + Dk, then

1 = max(r; + pj, maxpem,}{7i}) — T — Pk, P2 = ¢3 = 0.

Case 7. If j +pj > 7 + Dk, pj < D, then ¢1 = v +pj — 1% — D, P2 =

3 =715 — T}

Case 8. If rj +pj > 1K + Dk, Pj = Pi, then ¢ =15 +pj — 1% — D, P2 =

T +pj — T8 — Pk and ¢3 = max(0,7; — 7).

4.7 Some Other Dominance Rules

In this section, we give some other dominance rules for problem 1|r;| > w;T;.
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max‘_{rj} Z NPy » Case 1
ieEM}
max{r} > r+p;
! Case 2
P < (S
P < Py P iEMY
max{r} <r+py ma){(j{rej}l\j r}K+pi » Case 3
ieMy x
r+p; = ]
i ,J-k+E,k h>T » Case 4
max{r} 2 netp » Case5
ieM}
. g pj = Py
max{r} <retpy » Case 6
ieM}
» Case7
Ly rJ'+pJ'>
WP C 8
» Case

Figure 4.1: Tree of the eight cases [21]
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Theorem 4.7.1 [9, 2]

Given a new node x in the search tree, for any two jobs j and k in M,,
if wi > wg,pj > Pry T +Pj < T+ Dr, and dj < dy, then job j dominates job k
in the first posilion after the scheduled partial sequence L.

Theorem 4.7.2 [9, 2, 6]

Given a new node x in the search tree, for any two jobs j and k in My,
job j dominates job k in the first position after the scheduled partial sequence
L, if all the following conditions are satisfied: 1. 1; < 1, d;j < dy, w; > wy,

and r; +p; <7+ pi, 2. max(ry, ) < mingea, {7 + pi}-

Theorem 4.7.3 [6]

Given a new node x in the search tree, for any jobs 7 € M, and k € M Fy,
if wi > wg, i +p; < e+ P oand wi(ry + P — T — ;) WPy — WEPk >
(Pr = P5) D f1e(Ma—tiyuRe} W then job j dominates job k in the first position

after the scheduled partial sequence L.

Theorem 4.7.4 [6]

Given a new node z in the search tree, for any jobs j € M, and k €
MF,, if w; > wg, 75 +p; > 7%+ pp, and wijp; — wepy > (r5 +pj — 7% —
Pk) 2 gempurey W+ max(0,x — Pj) 2ogens, — i kpursy Wi then job j dominales
job k in the first position after the scheduled partial sequence L.

Theorem 4.7.5 [6]

Given a new node x in the search tree, suppose the scheduled partial
sequence is L, = (L., k,y). For any job j in MFy, if there are no inserted
idle times in sequences (4,y, k) and (k,y, 7), then sequence (L., j,y, k) is better
than sequence (L., k,y,7) such that (r + pr, — 75 — pj){w; + wi + wy) + (wy —
wi) (py + i+ Py) + wip; — wipk = max(0,15 — Tk) D genr, -y W
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Theorem 4.7.6 [10]

Given a new node x in the search tree, for any job j in M F,, j can be
removed from MF; if there exists a job k € L, such that max(r;, Cy_1(Ls)) +
p; < max(rg, Cp_1(Lg)) + pr and max(r;, Cx_i(Ly)) — max(ry, Cy—1(Ly)) <
(P — pi) (| Me| — 1).

Theorem 4.7.7 [10]

Given a new node x in the search tree, for any job j in MFy, job j can
be removed from MF, if there exists a job k € L, such that p; > py and
Py — o > (max(ry, G (L)) + p; — max(r, G (L)) — pe) (1Ll — i+ 2),
where k = L;(4),1 <14 < |Ly|.

Actually, the above dominance rules are included in Theorem 4.5.1 and

Theorem 4.6.3. For the detailed proof of following results, see [20].

Proposition 4.7.8 [21]
Theorems from 4.7.1 to 4.7.4 are included in Theorem 4.6.5.

Proposition 4.7.9 [21]
Theorems from 4.7.5 to 4.7.7 are included in Theorem 4.5.1.

4.8 Applying Dominance Properties

Every time a new node z is added into the search tree, the possible first job
set M F, is equal to the unscheduled job set AM,. Then we apply dominance
properties one by one to filter out as many jobs in M F}, as possible.

Theorem 4.3.1 is the first dominance rule [21] applied to M F,. If the
distribution of unscheduled jobs are not dense in release date, Theorem 4.3.1
can filter out most of them.

For every pair of jobs in the possible first job set M F,,, we apply Theorem
4.6.3 and 4.6.4. By inserting and interchanging [21], we also generate the

46



M.Sc. Thesis - Wei Jing McMaster - Computational Fng. & Sci.

permutations of ¢ and jobs in L,. If there exists a better permutation of
(L, %), then ¢ can be removed from M F.

In [21], for every job i € M F,, they generate all permutations of last 5
jobs in [, and . If there exists a better permutation of the 6 jobs, then 7 can
be removed from M F,.

Finally, for each job 7 in MF,, we use the bit set of (L4,1) to query
in the visited no-good list [21]. According to Theorem 4.5.1, if there exists
a visited partial sequence which is better than (L,,17), we can remove ¢ from
MF,; otherwise, we need to add some information into the no-good list for

future queries.
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Chapter 5

Computational Results

In this chapter we provide the computational results for the branch and bound
algorithm. Our program is based on the solver from Jouglet et al. [21]. We
add the new lower bound and the new upper bound modules. We rewrite the
old lower bound and modify the dominance rules modules. Codes are written
in C++ and all computations are performed on a Windows PC with Intel
Core2Duo 2.40GHz processor and 1Gb RAM. All running times are reported
in seconds.

The generating scheme of the test instances is from [9]. Suppose the
input size of the problem is |[N| = n. For each job i € N, the processing
time p; and the weight w; are positive integers randomly chosen from [1,10].
The release date 7; is an integer randomly chosen from [0, > p;], where v is a
float parameter from {0.0,0.5, 1.0, 1.5}. The due date d; is an integer randomly
chosen from [(r; + p;), (ri + ;) + 6> pi|, where g is a float parameter from
{0.05,0.25,0.5}. There are 12 pairs of (o, (). For each pair of («, ), ten
instances are generated randomly. For a |[N| = n jobs problem, we generate
120 test instances. Test sets are generated for n = 30, 35, 40,45,50,60. In
total, there are 720 test instances. For every test instance, we set up one hour
time limit for the program.

First, we report the computational results of the new solver and the old
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solver in one table for instances with 30 jobs to 60 jobs. Table 5.1 reports the
total number and the percent of instances solved by the two solvers. For the
hardest instances, the new solver can handle up to 40 jobs in one hour time
limit, while this number for the old solver is 30. For the 60-job probiem, the
old solver is able to solve 74.2% of all the test instances, and the percentage
of instances solved by the new solver is 92.5%.

Second, considering the maximum problem size of all instances solved
by the new solver is n = 40, we give the specialized computational results for
40-job problems. Figure 5.1 shows the distribution of solution times for the
instances of the 40-job problems. Source data are from Table 5.7 with the new
solver. By Figure 5.1, we know that instances from (0, 0.5), (0.5, 0.05), (0.5, 0.25)
and (0.5, 0.5) are hard to solve. And (o = 0.5, f = 0.5) is the hardest parame-
ter setting. Table 5.2 reports the percent of instances solved by the two solvers
for hard instances with the parameter sets of (0,0.5), (0.5,0.05), (0.5,0.25) and
(0.5,0.5).

Table 5.3 gives the comparison of the two lower bound schemes for 40-
job instances. For each pair of («, ), we report the number of times LB,
is greater than L By, the number of times LB; is greater than LB; and the
average difference. In most cases, the new lower bound scheme (LB;) brings
us a better lower bound. In Table 5.4, we report the number of times U B; is
smaller than U By, the number of times U By is smaller than U B, the average
relative deviation (ARD) and the maximum relative deviation (MRD) of the
two upper bound schemes. If UB is the value given by an upper bound scheme
and OPT is the optimal value for a test instance, then the value of relative
deviation is (UB — OPT)/OPT.

Finally, for each set of the 120 test instances from 30-job problems to
60-job problems, we give the computational results of the two solvers in a

table. From Table 5.5 to 5.10, we report the number of unsolved instances,
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Table 5.1: Comparison of the new and old solver and percentage solved.

New Old
n Solved Perc. Solved Perc.
30 120 100% 120 100%
35 120 100% 119 99.2%
40 120 100% 115 95.8%
45 118 98.3% 106 88.3%
50 115 95.8% 104 86.7%
60 111 92.5% 89 74.2%

Table 5.2: Percentage solved for hard pairs of («, ).

(o, B) (0,0.5) (0.5,0.05) (0.5,0.25) (0.5,0.5)

n New Old | New Old | New Old | New Old
30 100% 100% | 100% 100% | 100% 100% | 100% 100%
35 100% 100% | 100% 100% | 100% 100% | 100%  90%
40 100% 100% | 100% 100% | 100% 100% | 100%  50%
45 100%  90% | 100% 100% | 100% 70% | 80% 0%
50 100% 100% | 100% 100% | 100% 40% | 50% 0%
60 100% 0% | 100%  90% | 100% 0% | 10% 0%

the average and the maximum running time for each pair of (o, §). 1t can be

seen that the new solver is able to find the optimal schedule for more instances.

Furthermore, it requires substantially less time to solve most instances. Tt is

easy to see that the relation between the instance hardness and the pair of

(o, B) is not linear. If & = 0 or @ = 0.5, the hardness of instance increases

with 8. For large values of & and 3, because the distribution of the jobs is not

dense, test instances are easier to solve.
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Table 5.3: Comparison of the two lower bound schemes for 40-job instances.

o« B | LB,>LBy Avg.Diff. | LB, > LB, AuvgDifJ.
0 005 486 33.7 7 11
0 025| 14906 289.6 42 16.5
0 05 187051 977.3 720 42.3
05 0.05| 32054 86.4 17410 90.7
05 0.25]| 363325 619.2 1013 54.3
05 0.5 | 12617816 252.2 304 37.9
1 005| 29383 103.8 33299 98.0
1 025| 42251 360.6 0 0
1 05 39 9.3 0 0
1.5 0.05 954 91.5 35 37.5
15 025 428 39.4 0 0
15 05 8 9 0 0

Table 5.4: Comparison of the two upper bound schemes for 40-job instances.

a p UB1 <UBy ARD MRD |UBy<UBy ARD MRD
0 0.05 9 0.00  0.00 0 0.00  0.00
0 0.256 10 0.00 0.00 0 0.01 0.02
0 0.5 9 0.01 0.02 1 0.02 0.04
0.5 0.05 3 0.11 0.31 2 013 029
0.5 025 9 0.06 0.18 1 020 049
0.5 0.5 6 0.55  3.62 4 0.57 1.49
1 0.05 3 0.67 133 7 036 094
1 0.25 7 13.06 125 3 9.87 93
1 0.5 1 9.92 39 ) 6.09 27
1.5 0.05 0 6.57 16.10 10 0.96 249
1.5 0.25 3 17.98 147 2 1.17 10
1.5 0.5 0 1.73 17.3 1 0.03 0.3

ARD: the average relative deviation
MRD: the maximum relative deviation
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Avg. : the average cpu time of the 10 instances for a pair of («, §)

Max. : the maximum cpu time of the 10 instances for a pair of (¢, )
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Table 5.5: Results for 30-job instances.

New Old
o I5} Aug. Mazx. U Awvg. Mazx. U
0 0.05 0.1 0.1 - 0.1 0.1 -
0 0.25 0.2 0.6 - 1.2 3.0 -
0 0.5 1.0 4.4 - 10.6 31.8 -
0.5 0.05 0.2 0.3 - 0.5 1.0 -
0.5 0.25 1.1 5.8 - 24.0 108.2 -
0.5 0.5 14.0 40.7 - 65.9 201.4 -
1 0.05 0.1 0.4 - 0.2 0.5 -
1 0.25 0.1 0.2 - 0.1 0.2 -
1 0.5 0.1 0.1 - 0.1 0.1 -
1.5 0.05 0.1 0.2 - 0.1 0.1 -
1.5 0.25 0.1 0.1 - 0.1 0.1 -
1.5 0.5 0.1 0.1 - 0.1 0.1 -

U: the number of unsolved instances

Table 5.6: Results for 35-job instances.

New Old
oY% J5] Auvg. Maz. U Avg. Maz. U
0 0.05 0.1 0.1 - 0.1 0.2 -
0 0.25 0.4 1.1 - 5.6 21.0 -
0 0.5 2.2 4.7 - 151.3 869.1 -
0.5 0.05 0.4 0.9 - 2.4 8.6 -
0.5 0.25 6.6 21.6 - 155.4 395.2 -
0.5 0.5 53.7 208.8 - 774.4 3600 1
1 0.05 0.28 0.9 - 0.2 0.6 -
1 0.25 0.3 2.0 - 0.3 2.4 -
1 0.5 0.1 0.3 - 0.1 0.5 -
1.5 0.05 0.2 0.3 - 0.1 0.2 -
1.5 0.25 0.1 0.1 - 0.1 0.1 -
1.5 0.5 0.1 0.1 - 0.1 0.1 -

U: the number of unsolved instances
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Table 5.7: Results for 40-job instances.

New Old
o Jé; Avg. Max. U Avg. Max. U
0 0.05 0.1 0.2 - 0.2 04 -
0 0.25 0.7 2.7 - 11.1 74.0 -
0 0.5 10.1 54.3 - 263.1 903.6 -
0.5 0.05 1.6 3.8 - 7.3 17.5 -
05 0.25 7.3 13.7 - 565.6 3284.5 -
0.5 05 502.7  2604.8 - | 2301.8 3600 5
1 0.05 2.6 9.9 - 3.7 144 -
1 0.25 2.0 8.5 - 2.7 12.6 -
1 0.5 0.2 0.5 - 0.1 0.5 -
1.5 0.05 0.2 0.4 - 0.1 0.1 -
1.5 0.25 0.2 0.5 - 0.1 0.5 -
1.5 0.5 0.1 0.1 - 0.1 0.1 -

U: the number of unsolved instances

Table 5.8: Results for 45-job instances.

New Old
o 0 Avg. Maz. U Avg. Mazx. U
0 0.05 0.1 0.2 - 0.3 0.8 -
0 0.25 1.5 3.7 - 61.3 152.0 -
0 0.5 14.6 37.9 - | 1570.6 3600 1
0.5 0.05 1.8 5.1 - 13.7 67.3 -
0.5 0.25 25.9 54.8 - | 1827.7 3600 3
0.5 0.5 1549.1 3600 2 3600 3600 10
1 0.05 1.8 4.1 - 2.0 6.1 -
1 0.25 1.0 3.3 - 0.7 3.1 -
1 0.5 0.2 0.3 - 0.1 1.0 -
1.5 0.05 0.3 0.4 - 0.1 0.2 -
1.5 025 0.2 0.5 - 0.1 0.3 -
1.5 0.5 0.1 0.2 - 0.1 0.1 -

U: the number of unsolved instances
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Table 5.9: Results for 50-job instances.

New old
o Ié) Avg. Maz. U Avg.  Maz. U
0 0.05 0.1 0.2 - 0.3 0.6 -
0 0.25 2.9 9.1 - 101.7 330.4 -
0 0.5 56.6 197.9 - | 1522.1  3227.9 -
0.5 0.05 4.5 18.1 - 19.7 67.4 -
0.5 0.25 73.7  142.1 - | 3006.8 3600 6
0.5 0.5 2466.6 3600 5 3600 3600 10
1 0.05 1.9 4.5 - 2.4 6.5 -
1 0.25 2.1 13.7 - 2.6 21.2 -
1 0.5 0.2 0.4 - 0.1 0.1 -
1.5 0.05 0.5 0.7 - 0.1 0.3 -
1.5 025 0.3 0.4 - 0.1 0.1 -
1.5 0.5 0.2 0.3 - 0.1 0.1 -

U: the number of unsolved instances

Table 5.10: Results for 60-job instances.

New Old
ol J5] Avg. Maz. U | Awvg. Max. U
0 0.05 0.4 0.7 - 1.6 3.5 -
0 0.25 18.7 51.1 - | 834.3 2189.8 -
0 0.5 570.2  1676.1 - | 3600 3600 10
0.5 0.05 38.8 112.1 - | 564.1 3600 1
0.5 025 | 1380.0 3457.6 - | 3600 3600 10
05 05 3388.5 3600 9 | 3600 3600 10
1 0.05 29.1 148.9 - 50.2 330.2 -
1 0.25 59.6 564.0 - 93.8 798.6 -
1 0.5 0.6 0.9 - 0.1 0.3 -
1.5 0.05 1.6 2.3 - 0.5 1.6 -
1.5 0.25 0.7 1.0 - 0.1 0.2 -
1.5 0.5 0.5 0.6 - 0.1 0.1 -

U: the number of unsolved instances
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Chapter 6

Conclusions and Future Work

In this paper, we introduce an efficient branch and bound algorithm for a
strongly NP-Hard problem. First, by utilizing the multiplier adjustment method,
we get a new lower bounding scheme. In particular, we show that the new
lower bounding scheme gives better lower bounds than the lower bounding
scheme from the weighted completion time problem in most cases. Secondly,
based on a modified local search heuristic, we get a better upper bounding
scheme at the root node of the search tree. In Section 4.2, we suggest a data
structure for an important dominance rule.

Numerical results show that utilization of the new lower bounding scheme
significantly decreases the computational time for difficult test instances. Work-
ing together with the lower bounding scheme from the weighted completion
problem, the new lower bounding scheme enables the branch and bound al-
gorithm to solve the hardest test instances with up to 40 jobs in one hour
time limit. Compared with the results of the old solver from Jouglet et al.
[21], our numerical results of the new solver show that the three new tech-
niques decrease computational time for most test instances and require less
computational resources.

There are a few issues that need further exploration for the single machine

scheduling problem. First, our enumerative algorithm is still a kind of branch
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and bound method. It seems that the dynamic programming approach may
be an attractive alternative, see [32].

Secondly, we point out that both the new lower bounding scheme and
the lower bounding scheme from the total weighted completion time problem
can not be directly applied to other single machine scheduling problems.

We note that in [32], the authors propose an efficient enumerative algo-
rithm for the single machine total weighted tardiness problem without release
dates. This algorithm is based on the successive sublimation dynamic program-
ming [32] method with some improvements. They use state-space relazation
[32] to get a lower bound. The lower bounding scheme is improved by the
dominance of two adjacent jobs. Combined with other improvements, their
algorithm can handle test instances with up to 300 jobs. Our next step is to
explore these ideas and test for the problem with release dates.

Finally, the ideas of the three new techniques can be applied to other
single machine scheduling problems with release dates. It will be interesting to
test and compare the three new techniques with other techniques for various

problems.
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