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Abstract 

Dynamic absorbers, including the tuned mass damper (TMD) and the tuned 

liquid damper (TLD) , have been widely used in buildings to attenuate dynamic re­

sponse. As the complexity of buildings increases, their response may become suscepti­

ble to torsional motion. The induced torsional motion can be suppressed by utilizing 

TMDs or TLDs. As such, the performance of different absorber arrangements are 

important for torsionally coupled structures. Also, a rapid design tool to reduce the 

computational effort for the design of the absorbers optimal parameters in torsionally 

coupled system is essential. 

In this study, the performance of different TMD /TLD configurations under 

both random and harmonic excitation are studied and evaluated. The effectiveness 

of the absorber configurations considered is accessed by the response reduction factor, 

which is defined as the ratio of the response of structure equipped with absorber(s) 

to the response of structure without absorber(s). Also, a preliminary design tool to 

determine optimal TMD parameters is developed by introducing the concept of a 

generalized structure-TMD system. 
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Notation and Abbreviations 

Ceq 

Cs 

C(J 

ClYI 
CR 
D 
DE 
DMF 
DVA 
es 

fo 
f(t) 
fd 
9 
h 
I 
keq 

ks 
k(J 

L 

length of the idealized structure 
tank width 
contraction coefficient 
drag coefficient 
loss coefficient 
equivalent damping 
total translational damping of structure 
total torsional damping of structure 
centre of mass of the structure 
centre of resistance 
width of the idealized structure 
energy dissipation 
dynamic magnification factor 
dynamic vibration absorber 
eccentricity 
amplitude of applied force 
external forcing function 
drag force 
gravitational constant 
quiescent fluid height 
moment of inertia 
equivalent stiffness 
total translational stiffness of structure 
total torsional stiffness of structure 
tank length 
equivalent mass 
mass of the ith number of absorber 
non-participating fluid mass 
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q 
R 
Ro 
RMS 
r 

S 
So 
T 
TIvID 
TLD 
t 
V 
Wnc 

X(w) 
X 

Wi 

Wn 

Ws 

We 

we/ws 
n 
Os 
¢ 

mass of structure 
generalized coordinate 
dynamic magnification factor 
response reduction factor 
root mean square 
radius of gyration of the structure 
screen solidity 
constant spectral density 
kinetic energy 
tuned mass damper 
tuned liquid damper 
time 
potential energy 
work done by non-conservative drag force 
mechanical admittance of the system's maximum corner's displacements 
spatial coordinate (horizontal) 
corner displacement of structure 
screen location 
relative translational motion between the structure and absorber 
translational motion 
distance between the C IvI and the location of the ith TMD /TLD 
spatial coordinate (vertical) 
forcing frequency ratio, w/wn 

forcing frequency ratio, w/ws 

free surface response 
modal participation factor 
excitation factor 
total mass ratio 
mass ratio of the ith number of absorber 
tuning ratio (wi/ws ) 

excitation frequency (rad/ s) 
absorber natural frequency (rad/s) 
structural natural frequency (rad/ s) 
uncoupled translational frequency (rad/s) 
uncoupled torsional frequency (rad/s) 
uncoupled frequency ratio 
tuning ratio (wi/wn ) 

torsional motion 
mode shape 
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p fluid density 
O"q root mean square motion of the fluid response 
0" Xc corner root mean square displacements 
( damping ratio 
(ej j effective damping 

Common Subscripts 

a dynamic absorber property 
eq equivalent mechanical parameter 
opt optimized parameter 
w water 

Common Superscripts 

* generalized parameter 
modified parameter 
velocity 
acceleration 
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Chapter 1 

Introduction and Literature 

Review 

1.1 Introduction 

Advanced analysis tools, modern construction techniques and materials devel­

opment have led to economical structures that are light weight and flexible. These 

slender lightly damped structures, however, are susceptible to dynamic excitation 

(Kareem, 1983). Consequently, serviceability requirements, which include limits on 

deflections and accelerations, can govern the design. In order to satisfy serviceabil­

ity requirements, passive energy dissipation devices, including dynamic vibration ab­

sorbers, are increasingly being used to reduce the overall structural response (Kareem 

et at., 1999). The two most common types of dynamic vibration absorbers (DVAs), 

are tuned mass dampers (TMDs) and tuned liquid dampers (TLDs) (Soong and Dar­

gush, 1997). They are passive devices since they are only activated once excited by 

the response of the structure subjected to the excitation force. The main purpose of 
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adding these devices is to dissipate part of the energy input by the excitation force 

such that the dynamic response is reduced to an acceptable level. 

1.1.1 TMD Applications 

One of the earliest buildings to be equipped with a tuned mass damper is the 

278 m tall Citicorp building (Figure 1.1), in New York, United States in 1978. The 

TMD system was installed due to the building's aspect ratio (i.e. building's height to 

width ratio) and dynamic features. The TMD system consists of a 410 ton concrete 

block with two spring damping mechanisms, one in the north-south direction and 

one in the east-west direction. The system, located on 63rd floor, has dimension of 

9.14 x 9.14 x 3.05 m. The system is activated at a critical acceleration threshold 

of 3 milli-g's and is able to attenuate the response by 40% in both north-south and 

east-west directions. (Kareem et al., 1999) 

More recent applications of TMD systems include the 508 m tall structure in 

Taiwan, Taipei 101. The building process started in 1998 and entered into service in 

2004. The TMD, located between the 87th and 91st floors, has a gross weight of 660 

metric tons. The TMD consists of 41 layers of 12.5 cm steel plates welded together 

with a maximum centre diameter of 5.5 metres. The large mass is suspended by a 

total of eight 9 cm thick steel cables hanging from the 92nd floor. Also, eight hydraulic 

viscous dampers are installed beneath the mass to absorb and dissipate energy. The 

building's vibration can be reduced by 40%. A schematic of the TMD is shown in 

Figure 1.2. (Taipei Financial Center Corp., 2005) 

Other notable buildings equipped with TMDs include Toronto's ON Tower 

(1975), Nagasaki's Huis Ten Bosch Domtoren (1992), Washington D.C. 's vVashington 
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National Airport Tower (1997) and Sendai's Sendai AERU (1998) (Kareem et al., 

1999). 

1.1.2 TLD Applications 

The installation of TLDs in structures began in the early 1980s. For instance, 

a TLD system was installed in Japan's Nagasaki Airport Tower in 1987. The steel­

frame tower was constructed in 1974 on an artificial island on a low-rise reinforced 

concrete building. The TLD system consisted of 25 cylindrical multilayered vessels 

containing water. Twelve units were installed on the air-traffic control room floor 

and remaining thirteen units were placed on the stair landing. Study results have 

shown the wind induced response was reduced by 35% in 20m/s wind. (Tamura 

et al., 1995; Kareem et al., 1999). Since 1980, other TLD installations include the 

Nagasaki Airport Tower, Yokohama Marine Tower and Shin-Yokohama Prince Hotel 

(Tamura et al., 1995). 

Recently, a TLD system was installed in the 51 storey residential building, 

One King 'Nest, located in Toronto. The tallest residential building in Canada, it 

was completed in 2005 and is one of the most slender buildings in the world (see 

Figure 1.3). The building's height to width ratio (aspect ratio) is approximately 11:1 

as compared to the more usual values of 4: 1 to 6: 1. Owing to its slender nature, 

the building is very susceptible to wind induced excitation. A TLD system, located 

on the top of the building, was installed to reduce wind induced accelerations. The 

TLD is capable of reducing the building top floor acceleration to an acceptable level. 

(OeeDe, 2005; Halcrow Yolles, 2007) 
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1.2 Literature Review 

1.2.1 Dynamic Vibration Absorbers 

According to Den Hartog (1956), the idea of a DVA was first introduced by 

Frahm in 1902. The first DVA was developed to reduce the rolling action of ships 

in rough seas when waves strike periodically. Different types of DVAs have evolved 

over the years. The most common type of DVA is the tuned mass dampers (TMD) 

(Kareem et al., 1999). For instance, two TMDs were installed in the Hancock Tower 

back in 1977 to suppress torsional motion, which is one of the earliest applications of 

TMDs (Kareem et al., 1999). Recently, TLDs have become an increasingly popular 

damping device since they can utilize the existing water tanks in a building without 

adversely affecting its functional use. 

1.2.2 Tuned Mass Damper 

A tuned mass damper is essentially a large mass m a , attached to the structure 

through a spring ka and a dashpot Ca as shown in Figure 1.4. The main structure can 

be represented by single-degree-of-freedom (SDOF) system with the generalized mass 

!vIs *, stiffness Ks *, and damping Os * corresponding to the mode being targeted. The 

natural frequency of the TMD, Wa , is usually tuned to target the natural frequency 

of the structure, Wn , such that the TMDs vibrates out of phase when the structure 

is at resonance. Thus, the TMD exerts an inertial force back onto the structure such 

that the structural response is reduced. Following Den Hartog (1956), the natural 
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frequency of the structure and the TMD are defined as 

(1.1) 

(1.2) 

According to Asami et al. (2002), expressions for the optimal parameters for a damped 

DVA attached to a undamped structure under sinusoidal excitation were derived by 

Hahnkamm (1932) and Brock (1946) and later introduced by Den Hartog (1956). 

It was shown that the performance of the damper is dictated by the two optimal 

parameters known as the tuning ratio, 0, and the absorber damping ratio, (a' The 

tuning ratio is defined as ratio of the natural frequency of the damper to the natural 

frequency of the structure 

(1.3) 

and the absorber damping ratio is given by 

(1.4) 

The optimal parameters for sinusoidal excitation for an undamped primary structure 

are related to the mass ratio j.l, 

(1.5) 
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(1.6) 

where It is defined as the ratio of the mass of the damper to the mass of the structure. 

The dynamic magnification factor, defined as the dynamic response divided by the 

static response, is given by 

R - (1.7) 

where a is the forcing frequency ratio, defined as the excitation frequency divided 

by the natural frequency of the undamped structure. To illustrate Den Hartog's 

work, the frequency response graph is plotted for a mass ratio value of 5% along 

with the optimal tuning ratio, Oopt, as shown in Figure 1.5. As shown in the figure, 

for (a = 0 or (a = 00, the peak response is infinite. vVhen (a = 0, the two masses 

behave independently with the two peaks appearing on the frequency response graphs 

tending to infinity. When (a = 00, the damper is fused with the structure and the 

system behaves as a single-degree-of-freedom system. When the damping ratio is not 

at its optimal value such as (a = 0.5(opt, two peaks of different height appear. When 

both the tuning ratio and damping ratio are at their optimal values, two peaks of 

equal height occur with the lowest peak response. As demonstrated in Figure 1.5, 

it is important to properly design the tuned mass damper to achieve its maximum 

performance. The performance of a TMD is often evaluated in terms of the effective 

damping added to the structure by the TMD. The effective damping, (eff, is defined 

as a single damping parameter in a single-degree-of-freedom structure that will give 

the same performance as if the structure is attached with a TMD (McNamara, 1977). 
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The mechanical representation of the effective damping parameter is shown in Figure 

1.6. 

Warburton and Ayorinde (1980) studied the effect on the tuning ratio and 

damping ratio of a lightly damped structure equipped with a TMD. It was found that 

the effect on the optimal parameters values are negligible if the damping in the main 

system is smalL Subsequently, Warburton (1982) provided simple optimal parameter 

expressions for an undamped structure under both sinusoidal and random white noise 

excitation with force and base acceleration as the excitation input. The tuning ratio 

and the damping ratio were optimized for different response parameters. Warburton 

(1982) determined the exact optimal parameters for an undamped structure under 

random excitation 

-- 1+-1M 
l+p 2 

(1.8) 

11,(4 + 3p) 
(1.9) 

8(1 + p)(2 + p) 

Asami et al. (1991) determined a numerical solution for a damped structure subjected 

to unit input acceleration from ideal white noise with optimization criterion aiming 

at minimizing the performance measure, defined by the mean square acceleration re-

sponse. Asami et al. (2002) published series solutions for a damped structure under 

sinusoidal excitation using H(X) optimization technique. He also provided the exact 

solution for a damped structure under stationary random white noise excitation using 

H2 optimization technique. According to Asami et al. (2002), Hoo is a optimization 

criterion proposed by Den Hartog and Ormondroyd in 1928. The Hoo optimization 
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technique minimizes the peak response such that the lowest possible response is ob­

tained. As for H2 optimization technique, which was first proposed by Crandall and 

Mark (1963), it minimizes the overall vibration energy over all excitation frequencies. 

Mathematically, the area bounded by the frequency response function is minimized 

to achieve the lowest possible vibration energy for all frequencies. Ozer and Royston 

(2005) extended Den Hartong's optimization technique to a multi-degree-of-freedom 

undamped main system by deriving an expression that would yield the invariants 

points of an undamped multi-degree-of-freedom system using the Sherman-Morrison 

matrix inversion theorem. The absorber optimal stiffness and damping were obtained 

based on the derived expression. The study showed that the absorber location can 

influence the response of the neighboring modes such that the response of an active 

mode, which the absorber is attached to, was attenuated even though the absorber 

was not tuned to that particular mode. Petit et al. (2009) further studied on the 

placement of the DVAs. It was found that, for a DVA with large mass, the efficiency 

of the DVA can be improved by maximizing the spectral gap between the resonant 

mode and the eigenfrequencies close to that mode. A procedure was given to deter­

mine the DVA location by maximizing this spectral gap. 

1.2.2.1 Torsionally Coupled Structure-TMD Systems 

Research has been conducted on buildings with unsymmetrical shapes equipped 

with multiple-tuned mass dampers (MTMDs). The main concern with an unsymmet­

rical building is its torsional motion. Hence, most of the research has focused on the 

effect of multiple TMDs on the torsional motion. Jangid and Datta (1997) studied the 

effectiveness of multiple-tuned mass dampers on reducing the response of torsionally 
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coupled system, which consists of a two-degree-of-freedom structure with rotational 

and translational motion under stationary random excitation. The frequencies of the 

MTMDs is uniformly distributed and they are located at fixed locations. It was found 

that the optimal frequency bandwidth depends on parameters of the torsionally cou­

pled system such as the eccentricity of the structure, the damping of the MTMDs 

and the ratio of the uncoupled torsional frequency to the uncoupled translational 

frequency. Lin et al. (1999) studied the response of a multi-storey torsionally coupled 

shear wall building under earthquake excitation with one and two TMDs. They first 

identified the dominant mode (i.e. provides the greatest contribution to the total re­

sponse) and obtained the optimal parameters for the dampers by minimizing the root 

mean square response of displacement of the dominant mode. The study indicated 

that tuned mass dampers should be located as far from the centre of mass as possible 

and the vibration direction of the TMD should be along the moving direction of the 

dominant mode. vVu et al. (1997) studied the optimal placement of DVA for three­

dimensional structures by taking into account the translation-torsion coupling effect 

in the structure or the unsymmetrically placement of the DVAs. The interstorey drifts 

of the 3D structures were taken as the performance index to evaluate the safety of the 

structures. The study showed that the structural performance cannot be improved 

significantly by adding more than a certain number of devices to the structure. Also, 

the placement of a limited number devices can have a significant influence on the level 

of response reduction. Singh et al. (2002) presented an approach for optimizing the 

design of multiple tuned mass dampers for a torsional multi-storey building subjected 

to bi-directional seismic excitation. Optimal parameters were obtained using a genetic 
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algorithm (Holland, 1975) to maximize the performance function, such as floor accel­

erations and storey drifts, that quantify a reduction in response. The study showed 

that it is beneficial in the design of TMDs to have greater flexibility in the selection 

of parameters. For instance, during the optimization process, imposing a fixed mass 

ratio value to all TMDs does not minimize the response as significantly as that when 

the mass ratio value for each TMD is permitted to vary. Pansare and Jangid (2003) 

studied the influence of tuned mass dampers on torsional systems with two-degree­

of-freedom, rotation and translation, under harmonic excitation. Different ratios of 

uncoupled torsional frequency to uncoupled translational frequency (0.5, 1.0 and 1.5) 

and different arrangements of TMDs were considered such as (i) single TMD, (ii) two 

identical TMDs, (iii) two independent TMDs, and (iv) four TMDs. The TMDs were 

optimally tuned by using a numerical searching technique that minimizes the peak 

corner displacement response. Comparisons were drawn for different arrangements of 

TMDs corresponding to different uncoupled torsional frequency to uncoupled trans­

lational frequency ratios. Zhang et al. (2009) established a mathematical model of 

a multi-storey building structure including a bi-directional TMD system subjected 

to 2-dimensional earthquake ground motions. The TMD was optimized by using a 

genetic algorithm method to control the translational and rotational response. The 

study indicated that the mass centre displacement in both x and y directions of each 

floor were reduced. Petti and De Iuliis (2009) studied the robustness of a single TMD 

to control the torsional response of asymmetric-plan systems subjected to earthquake 

excitation. The performance index was defined by the Hoo norm. A detail parametric 

study was carried out to obtain the design formulae for a single TMD. The design of 
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a single TMD position and stiffness were optimized by optimizing these design for­

mulae. The robustness of a single TMD was confirmed by different recorded seismic 

events. 

1.2.3 Tuned Liquid Damper 

The tuned liquid damper was first employed to reduce the rolling motion of 

large ships by Frahm in 1902 (Den Hartog, 1956) and has also been used to reduce the 

oscillations of space satellites (Carrier and Miles, 1960). Research on TLDs applied to 

civil engineering structures was initiated in the 1980s by several different researchers 

including Bauer (1984), Kareem and Sun (1987), Fujino et al. (1988) and Weld and 

Modi (1989). A TLD consists of a rigid tank partially filled with fluid, typically water. 

The shape of the rigid tank can be of many forms, the most common shapes include 

rectangular, cylindrical, annular and conical. A TLD utilizes the sloshing motion 

of the fluid to reduce structural response by absorbing excitation energy as kinetic 

energy through liquid motion and dissipating the absorbed energy through friction 

between the liquid and the container wall (Tamura, 1998). A structure-TLD system 

is shown in Figure 1.7(a) and a mechanical representation of a structure equipped 

with a TLD is shown in Figure 1. 7(b). 

TLDs can be broadly categorized as either shallow water dampers or deep 

water dampers. The classification is based on the water depth to tank length ratio. 

In shallow water dampers, energy is dissipated through the action of internal viscous 

forces and wave breaking. For the case of deep water dampers, energy can be dissi­

pated by viscous forces and the presence of damping devices such as screens or baffles 

which increase the inherent damping of the TLDs. (Kareem, 1990) 
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The basics of applying TLDs to reduce the dynamic response of a structure are 

quite similar to that of TMDs. However, in contrast to a TMD, the response of a TLD 

is non-linear due to the nature of the fluid motion. Since the damping mechanism 

and natural frequency depend on the liquid motion, the response of TLD is amplitude 

dependent. In addition, not all the fluid participates in the sloshing motion. Thus, 

TMDs models can not be directly applied to TLDs. An equivalent TMD analogy of a 

TLD system is represented in Figure 1. 7(b) in which the non-participating fluid mass, 

m o , is added to the structure. The viscous damping and the gravity force on the fluid 

are represented by an amplitude dependent dashpot and spring, respectively. 

A significant amount of research has focused on the modelling of the sloshing 

fluid motion. In early TLD applications, shallow water TLDs were utilized in order to 

take advantage of the inherent damping achieved through wave breaking. Shimizu and 

Hayama (1987) modelled the fluid response in a rectangular tank, which was subjected 

to horizontal excitation, using shallow water wave theory. A finite difference approach 

was used to restore dispersion characteristics in the fluid motion. Good agreement 

between simulations and physical experimental results were obtained. Sun et al. 

(1989) proposed a nonlinear model by extending the model adopted by Shimizu and 

Hayama (1987) by introducing a rational damping term to model the vicious damping 

in fluid motion. Good correlation between experimental work and simulations at 

low excitations was obtained. At higher excitation levels, simulation results began 

to deviate from the experimental results at the onset of wave breaking. Since the 

proposed model did not include the effect of wave breaking, simulations tended to 

over predict the results. Later, Fujino et al. (1992) utilized this model to study the 

response of a structure-TLD system. Sun et al. (1992) subsequently extended the 
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original model to account for the effect of wave breaking by proposing two empirical 

coefficients obtained from shake table tests. These two coefficients were introduced to 

account for the liquid response behavior once wave breaking occurs, which includes a 

change in wave phase velocity and increased energy dissipation. 

The inherent damping in a tuned liquid damper is often significantly less than 

the required optimal value. Thus, energy dissipating devices, such as screen or baffles, 

are placed in the TLD to increase the inherent damping. Fediw et al. (1995) proposed 

a linear model for a rectangular tank with damping screens under small excitation 

amplitudes by solving the linear wave equation with proper boundary conditions 

incorporated. Kaneko and Ishikawa (1999) developed a nonlinear model for a TLD 

equipped with damping screen using shallow water theory. This model was validated 

for a 0.0025 excitation amplitude to tank length ratio (AIL). Kaneko and Yoshida 

(1999) also proposed an analytical model for utilizing deep water in a rectangular TLD 

with submerged nets by employing finite amplitude wave theory and subsequently 

confirmed this model with experimental work. Tait et al. (2004) performed extensive 

experimental work to study the effect of damping screen on the free surface motion, 

base shear forces, and the amount of energy dissipated. An equivalent TMD model 

was also developed using an energy equivalence approach. Tait et al. (2005) utilized 

the linear model from Fediw et al. (1995) and the nonlinear model from Kaneko and 

Ishikawa (1999) to study the effect of damping screens on a TLD. In this work, the 

numerical models were validated over a larger excitations amplitudes, A, larger fluid 

depth, h, to tank length, L, ratio, and for the use of multiple screens in the nonlinear 

model. In this study, the nonlinear model was validated for 0.0026 < AIL < 0.0414, 

and for hi L values that are approximately 1.5 times larger than those from pervious 
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studies. The nonlinear model was also able to model a TLD with multiple screens 

at various locations. Tait et al. (2007) performed experimental work and numerical 

simulations to study the behavior of a 2D structure-TLD system. The TLD was 

equipped with damping screens in both principal directions. The results indicated 

that a 1D nonlinear numerical model could be used to predict the response of a 2D 

structure-TLD system. This greatly reduces the design effort of a 2D structure-TLD 

system as the system can be design as two uncoupled 1D structure-TLD systems. 

Recently, Cassolato (2007) studied the influence of inclined and oscillating damping 

screens on a rectangular TLD while Hamelin (2007) investigated the effect of screen 

geometry on a rectangular TLD. 

1.2.3.1 Equivalent TMD Models 

As previously stated, a TLD can be modelled as an equivalent TMD with the 

mechanical properties, m a , Ca and ka , being amplitude dependent. The reason for 

developing such an equivalent TMD model is to provide a quick way for preliminary 

design and to investigate its performance. Several researchers have modelled a TLD 

as an equivalent TMD. Sun et al. (1995) utilized the concept of virtual mass and 

virtual damping to express the nonlinear TLD properties using a TMD analogy. The 

properties considered include the effective mass, frequency and damping. A series of 

shake table test were carried out on different tank geometries including rectangular, 

annular and circular. Results from TMD analogy were found to be in agreement with 

experimental results, which showed the basic properties could be expressed qualita­

tively by TMD analogy. However, as stated by the authors, the conclusions could not 

be considered as general in nature since limited experimental cases were presented. 
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Yu et al. (1999) developed a nonlinear numerical model for a rectangular TLD based 

on energy dissipation equivalence. The nonlinear damping and nonlinear stiffness 

model was derived empirically with the assumption that the entire water mass par­

ticipated in the sloshing motion under large amplitude of excitation. Warnitchai and 

Pinkaew (1998) developed an analytical model for a rectangular tank by employing 

the concept of a velocity potential and generalized coordinates. The influence of a 

damping screen, located at the centre of the tank, was also taken into consideration. 

The proposed model was validated by a series of shake table test under sinusoidal 

excitation. Tait (2008) extended the analytical model proposed by vVarnitchai and 

Pinkaew (1998) with multiple screens to evaluate the equivalent mass, stiffness and 

damping under both sinusoidal and random excitation. The model was subsequently 

verified experimentally. It was found that for both sinusoidal and random excitation, 

the equivalent damping of a TLD can be expressed in terms of the relative motion 

between the damper and the structure. A preliminary design procedure was also 

outlined for a targeted structural response level. 

1.3 Research Scope and Objectives 

Owing to the increased popularity in utilizing multiple dynamic vibration 

absorbers to suppress torsional motion, the objective of this thesis is to study the 

dynamic response behavior of torsionally coupled systems equipped with different 

types of dynamic vibration absorbers (tuned mass damper and tuned liquid damper). 

The idealized structure is subjected to harmonic and stationary random excitation 

with different DVA configurations. The overall structural response is minimized using 

MATLAB (R2007b) optimization toolboxes (fminimax and fmincon), such that the 

15 



1.4 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

optimal parameters ofthe dynamic vibration absorber(s) are obtained numerically. A 

method which permits a torsionally coupled structure equipped with multiple DVAs 

to be expressed as an equivalent generalized structure-DVA system is introduced. The 

closed-form solution for a two-degree-of-freedom system, available in the literature, 

is subsequently utilized to target the response of a particular mode. Comparisons 

are drawn between targeting the entire system and a particular mode such that an 

efficient way to estimate the structural response and optimal parameters for the DVAs 

can be provided to the designer. 

1.4 Organization of Thesis 

Chapter 2 presents the idealized structural model with multiple TMDs along 

with the derivation of the equations of motion. Important structural parameters are 

introduced. The equivalent mechanical model for a TLD, developed by Tait (2008), 

is presented and then the necessary modification of the TMD model is presented. 

Chapter 3 presents the numerical simulation results for torsionally coupled 

structures equipped with TMDs under harmonic excitation. The efficiency of the 

TMDs is studied for different torsionally coupled systems. 

Chapter 4 reports on the dynamic response of torsionally coupled structures 

equipped with multiple DVAs under random excitation. The efficiency of TMDs and 

TLDs is subsequently discussed. 

Chapter 5 discusses the use of a closed-form method to target the response of 

a particular mode. This solution was developed for a structure with three-degree-of­

freedom. The response behavior obtained from targeting a particular mode to that 

obtained from targeting the entire system is compared. 
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Chapter 6 summarizes the major conclusions of this research and provides 

recommendations for future extensions to this research. 
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1.5 Chapter Figures 

Figure 1.1: Citicorp Building, New York 
(taken from <www.nyc-architecture.comjUESjUESOOl.htm» 
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Figure 1.2: A Schematic of the Taipei 101 TMD 
(taken from Taipei Financial Center Corp. 

<www.taipei-101.com.tw/en/OB/about/damper.asp> ) 

Figure 1.3: One King 'West, Toronto 
(taken from OCCDC (2005) 

<http://occdc.org/pdf/1%20King%20vVest.pdf> ) 
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Figure 1.4: Mechanical Representation of a TMD System 

2or---------~~~.-TT~==~====~ 
-~a=O 

15 

a: 10 

5 

,. 
, i '. 
\' \. , 

/.,:/ .............. : ~.... \. 

... ' I \ .' 

.... ~/ 
~ 

- - - ~a - 00 

....... ~a = ~oPt 

. - . - . ~a = O. 5~oPt 

OL----------------X~----------------~ 
0.5 1 1.5 

a 

Figure 1.5: Frequency Response Function Plot of Structure-TMD System with 
fl = 0.05 and Dopt 

20 



1.5 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

Figure 1.6: Mechanical Representation of Effective Damping 

(a) Structure-TLD System (b) Mechanical Representation of a Structure-TLD 
System 

Figure 1.7: TLD Modelling (a), (b) 
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Chapter 2 

Structural Modelling 

2 .1 Introduction 

This chapter focuses on the details of the structural model with n number of 

TMDs used as well as the derivation of the equations of motion. Important parameters 

related to the structural model are introduced. An equivalent mechanical model for 

a TLD with rectangular tank is presented, followed by the necessary modifications to 

the original TMD model. 

2.2 Structural Model Descriptions 

The structural model is shown in Figure 2.1 with n number of TMDs at­

tached. The structure is idealized as a rectangular block with two-degree-of-freedom, 

translation, xs , and rotation, ()s. Hence, the entire system has a total of n + 2 degree­

of-freedom. The idealized structure has a length of B and a width of D supported by 

two springs located at a distance of Ysl and Ys2 from the centre of mass, Ck!, of the 

22 



2.2 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

structure. A total of three aspect ratio values, B / D = 1, 2 and 3, are considered. The 

two springs have independent stiffness values, ksl and ks2' such that the total lateral 

stiffness provided ks is equal to ksl + k s2 ' The damping of the idealized structure is 

represented by the two dashpots with damping values of Csl and Cs2. The structure 

is designed in such a way that the centre of mass (C JvI) does not coincide with the 

centre of resistance (C R). The centre of resistance is defined as the location where 

the resultant stiffness (ks ) acts on the structure. Thus, the structure will experience 

both lateral motion and torsional motion even when the structure is only excited 

in the lateral direction. The total torsional stiffness provided by the springs, kl}, is 

equal to k s1Ys1 2 + k s2Ys2 2 . The eccentricity (e s ), which is the distance between the 

centre of mass and the centre of resistance, of the structure can be related through 

the following relationship, 

ks1Ysl - k s2Ys2 

ks 
(2.1) 

and it is selected to be 5% of B, which indicates torsional motion arises only due to 

accidental eccentricity in the structure (Uniform Building Code, 1997). Two impor­

tant parameters that define the torsionally coupled system are the uncoupled lateral 

frequency, ws , and the uncoupled torsional frequency, WI}. The two uncoupled fre-

quencies are defined as 

Ws - ~ ms 
(2.2) 

WI} {!!; msr2 
(2.3) 
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where ms and T are the total mass and the radius of gyration of the structure, respec-

tively. The ratio wo/ws is defined as the uncoupled frequency ratio. A total of eight 

uncoupled frequency ratios, 0.5, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2 and 1.3, for the numerical 

studies are investigated. The ratio is obtained by adjusting the structural parameters 

(ksl> ks2 , Ysl> Ys2). For wo/ws > 1.0, the structure is defined as torsionally stiff while 

it is considered torsionally flexible when wo/ws < 1.0. For wo/ws = 1.0, the structure 

is strongly torsionally coupled. The modal damping ratio is assumed to be 2% in 

both the torsional and lateral modes of vibration, except for studies investigating the 

response behavior corresponding to structures with equal modal peak amplitude val-

ues. TMDs are placed at distances of Yl! Y2, Y3"'Yn from the CM of the main system. 

The properties of the ith TMD are characterized by the stiffness and the damping, 

and are given by 

(2.4) 

(2.5) 

where mi, Ci, ki , Wi and (i are the mass, damping, stiffness, natural frequency and 

damping ratio of the ith TMD, respectively. The tuning ratio, Vi, which is defined as 

ratio of the natural frequency of the TMD to the structure's uncoupled translational 

frequency, and the mass ratio, Pi, for the ith TMD are defined as 

Wi 
(2.6) Vi 

Ws 
mi 

(2.7) /-li 
ms 
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The total mass ratio of the TMDs is given by 

(2.8) 

Note that the tuning ratio, Vi, is different from the definition in Chapter 1. The 

tuning ratio, previously defined as n (in Equation 1.3), is the ratio of the natural 

frequency of the TMD to the natural frequency of the mode being targeted. The 

tuning ratio parameter is defined as to the ratio of the natural frequency of the 

TMD to the structure's uncoupled translational frequency (see Equation 2.6) in the 

remaining chapters of the thesis. 

2.3 Equations of Motion 

The equations of motion are derived by applying the well-known Lagrange's 

equation (Beards, 1995) 

(2.9) 

where qi is the generalized coordinate, T is the total kinetic energy, V is the total 

potential energy, vVnc is the total energy dissipated and Qi is the external forcing 

function. The total kinetic energy, potential energy and energy dissipation can be 

expressed as 

T (2.10) 
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v (2.11) 

(2.12) 

where VI, V2 and Ui (see Figure 2.2) are expressed as 

(2.13) 

(2.14) 

(2.15) 

Substituting Equations 2.13, 2.14 and 2.15 into Equations 2.11 and 2.12, the total 

potential energy and the total energy dissipation are expressed as 

v 1 ( )2 1 2 1 2 2ksl Xs + Ysies + 2ks2(xs - Ys2es) + 2k1(Xl - (y1es + Xs)) 

+ ... + ~ki(Xi - (Yies + xs))2 (2.16) 
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Applying Lagrange's equation to Equations 2.10, 2.16 and 2.17, the equations of 

motion are obtained as shown in Equation 2.18 

[iVJ]{X} + [C]{X} + [K]{X} {1} j(t) (2.18) 

where {X} = {xs,Bs,Xl,'" ,xn } is the displacement vector. The mass, damping and 

stiffness matrices of size (n + 2) by (n + 2) are given as, 

ms 0 0 0 0 

m,sr 2 0 0 0 

ml 0 0 
[ iVJ] (2.19) 

m2 0 

sym 

Cs + ECi CsB + ECiYi -Cl -C2 -Cn 

CB + ECiYi2 -ClYl -C2Y2 -CnYn 

Cl 0 0 
[CJ (2.20) 

C2 0 

sym 
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ks + Lki ks() + LkiYi -kl -k2 -kn 

k() + LkiYi2 -k1Yl -k2Y2 -knYn 

kl ° ° [K] (2.21) 
k2 ° 

sym 

The above equations of motion are found to be in agreement with those obtained 

by Jangid and Datta (1997). The element Cs , es() and c() are the modal damping 

matrix elements of the main system and can be expressed as Csl + Cs2, CsIYsl - Cs2Ys2 

and CsIY;l + Cs2Y;2' respectively. The element ks() can be expressed as kses. The 

external forcing function, f (t), applied at the centre of mass can be expressed as 

{l,O,O ... ,O}T. 

2.4 Equivalent Mechanical Model for TLD 

An analytical model was developed by vVarnitchai and Pinkaew (1998) to de­

termine the generalized properties for a rectangular TLD using Lagrange's equations 

and Morison's formula. The rectangular TLD is equipped with damping device lo­

cated at the centre of tank and it is subjected to sinusoidal excitation. Tait (2008) 

expanded the model with multiple damping screens under random excitation using 

the concept of virtual work. The details of the analytical model are presented here 

and will be employed in the numerical studies. 
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2.4.1 Fluid Response 

A rectangular TLD with damping screens is shown in Figure 2.3. The rect-

angular tank has a length of L, a quiescent fluid depth of h and a tank width of 

b. The screens are located at position Xj. The assumption of a rigid tank, inviscid, 

incompressible, irrotational flow and negligible surface tension are made. The slosh-

ing motion in the damper with damping screens is formulated using potential flow 

theory. It is further assumed that the screens do not significantly alter the flow of 

sloshing fluid, and the response amplitude, fJ, is small as compared to the quiescent 

fluid depth, such that h »fJ. Employing the above assumptions, the velocity of a 

liquid particle relative to the tank can be expressed as the gradient of the velocity 

potential, ¢(x, z, t). The kinematic continuity requires 

(2.22) 

The kinematic boundary conditions require the component of the velocity perpendic-

ular to the ends walls and the bottom of the tank to be zero and can be expressed 

as 

8¢ 
8x Ix=O,x=L a (2.23) 

8¢ 
8z Iz=-h a (2.24) 
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At the free surface, the linearized kinematic boundary condition requires 

O'f/ 
ot (2.25) 

The solution that satisfies all boundary conditions is given in a general form as a sum 

of infinite sloshing modes, n, as (vVarnitchai and Pinkaew, 1998) 

¢(x, z, t) 
h(n7r(z + h)) (n1fx) 

00 • t cos L cos L 
L qn( ) n1f mrh 
n=l L sinh( L ) 

(2.26) 

Substituting Equation 2.26 into Equation 2.25, the free surface response can be ex-

pressed as 

00 

'f/(x, t) ""' n1fX ~qn(t)COS(L) 
n=l 

(2.27) 

Therefore, the liquid sloshing motions can be described by a set of generalized coor­

dinates, qn(t) where n = 1,2,3 .... The gravitational potential, V, and the kinematic 

potential energy, T, for a system of standing waves of simple harmonic type can be 

expressed as (Lamb, 1932) 

V 1 1L -pbg 'f/2(X, t) dx 
2 0 

(2.28) 

(2.29) 

where p is the density of the fluid and X is the horizontal velocity of the tank. 
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2.4.2 Additional Damping Due to Screens 

The addition of damping to the TLD due to the installation of damping screens 

is attributed to the drag force, h(x,z, t), which is a flow-induced force in the hori­

zontal direction of flow (Morison et al., 1950). The drag force is proportional to the 

square of the fluid velocity and can be expressed as (Tait, 2008) 

(2.30) 

where Cl is the loss coefficient and p is the density of the fluid. A set of virtual 

horizontal displacements is given as 

h( mf(z + h)) 
cos L mfX· 

mf L sin( -T )8qn(t) 
sinh(L) 

(2.31) 

The virtual work done caused by the non-conservative drag forces can be expressed 

as 

(2.32) 
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Substituting Equations 2.30 and 2.31 into Equation 2.32, the work done can be ex-

pressed as 

1 L:ns 
[ (n7rxj ]21 n1TXj 1 --pbCI sin --) sin(--) * 

2 L L 
j=l 

(2.33) 

h(
n1T(z + h)) 

1
0 cos L 

[ . n1Th p dzlqnlq~aqn 
-h smh(T) 

Alternatively, the work done can be expressed in terms of the non-conservative non-

linear damping forces in the direction of qn as 

ns 

and Qn can be expressed in a compact form 

in which 

1 1 
-+---=--
3 [. h n1Th]2 sm --

L 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

The solidity value, S, is defined as A/bh where A is the area of the screen normal to 

the flow. The drag coefficient, Cd, and the loss coefficient, Cz, are related through the 
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solidity as (Baines and Peterson, 1951; Fediw et al., 1995; Tait et al., 2005) 

(2.38) 

For steady state flow, Baines and Peterson (1951) suggested the loss coefficient can 

be estimated as 

(2.39) 

where Cc is a contraction coefficient and can be estimated as (Tait et al., 2005) 

0.405e(-7rS) + 0.595 (2.40) 

for solidity values greater than 0.30. For solidity values less than 0.30, the relationship 

between Cl , Cd and S can be obtained from the modified curves presented by Baines 

and Peterson (1951), shown in Figure 2.4. 

2.4.3 Generalized TLD Properties 

By applying Lagrange's equations 

(2.41) 

the resulting equation of motion can be obtained and can be expressed as 

mn * iin (t) + en * qn (t) + mn * Wn 2 qn ( t) (2.42) 
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where n = 1, 2, 3 ... 00. Hence, the generalized mass, mn *, generalized stiffness, kn * , 

the natural frequency of the nth sloshing mode and the excitation factor, In * can be 

expressed as follow 

m* n 

k * n 

1 pbL2 

2 mrh 
mrtanh(L) 

pbLg 

2 

mrg h(mrh) -tan --
L L 

pbL2 (1 - cos(mr)) 
(mr )2 

The modal participation factor, r n, is defined as 

which can be expressed as 

2 nffh r n - -(1 - cos(nff)) tanh( -L ) 
nff 

2.4.4 Linearization of Damping Term 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

(2.47) 

(2.48) 

Since a TLD is usually designed to operate in its fundamental sloshing mode, 

the linearization of the damping term is applied to this mode exclusively. Consider 
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the nonlinear damping force as shown in Equation 2.35, the generalized damping force 

can be obtained by minimizing the error, t, between the actual damping force and 

the linearized damping force (Caughey, 1963). The error can be expressed as follow 

* . * . c q - Ceq q (2.49) 

C pbL A ~I '1 . *. 
t - I 21T' u.=. q q - ceqq (2.50) 

To minimize the error between the nonlinear and linearized terms, the following con-

dition is required 

o (2.51) 

where EO is the expected value. The linearized damping term for the case subjected 

to random excitation was solved by Tait (2008) and is given as 

(2.52) 

where (J"q is the root mean square (RMS) motion of the fluid response in the funda­

mental sloshing mode. 

2.4.5 Equivalent Mechanical Properties 

The equivalent mechanical properties can be obtained by modifying the equa-

tion of motion for a structure equipped with a continuous vibration absorber similar 

to Figure 1.7(a). Langrange's equation can be applied and results in the following 
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equations (Jacquot and Foster, 1977) 

[(M,::bhL) ::]{ :' } + [~' c~]{ ~' } 

+ [:' k~q]{ ~' } ~ { F~t) } 
(2.53) 

where q, !'vIs, Ks and Cs are the generalized coordinate related to the free surface 

motion, mass, stiffness and damping of the structure. In order to allow the direct use 

of linear TMD design procedures, the TLD properties has to be expressed in terms 

of an equivalent or effective TMD properties. This can be done by introducing a 

displacement variable, X r , and can be expressed as 

q (2.54) 

where Xr is the relative motion between the motion of the structure and an equivalent 

TMD as shown in Figure 2.5. Substituting Equation 2.54 into Equation 2.53, multi­

plying the second row in Equation 2.53 by r and modifying the mass of the structure 

to account for the non-participating fluid's mass associated with the fundamental 

sloshing mode. The equation of motion of an equivalent structure-TMD system can 
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be expressed as 

(2.55) 

where Ms' can be expressed as (Vandiver and Mitome, 1979) 

(2.56) 

Thus, the equivalent mechanical properties for a TLD with multiple damping screens 

subjected to random excitation can be expressed as 

(2.57) 

8pbLg h2(7fh) --tan -
7f2 L 

(2.58) 

C 16pbL jg2 h3(7fh) t\ ~ 
1-- - tan - U='WO'r 

7f3 7f3 L (2.59) 
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2.5 Modifications of TMD Model 

To utilize the equivalent mechanical model developed by Tait (2008), the mass, 

stiffness and damping matrices shown in Equations 2.19 to 2.21 must be manipulated. 

Since not all of the fluid participates in the fluid sloshing motion, the non-participating 

fluid's mass, mOil must be added to the structure, as shown in Figure 2.6. Introducing 

the relative motion, xrn = Xn - x s, between the equivalent TMD and the structure, 

and substituting Xn = xrn +xs into Equations 2.10,2.16 and 2.17. Lagrange's equation 

is applied to modify the equations of motion (Equation 2.18). The modified mass, 

damping, stiffness matrices and displacement vector can be expressed as 

ms' + Lm'eqi 0 men m eqn 

0 J' 0 0 0 

m eq1 0 men 0 
[1\IIJ (2.60) 

0 m eq2 0 

o 

Cs Cs(} 0 0 

Cs(} C(} + LCe%Yi
2 

-Ceq1Yl -Ceq2Y2 -ceqnYn 

0 -CenYl c en 0 0 
[GJ (2.61) 

-Ceq2Y2 0 c eq2 0 

o o 
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ks ks() 0 0 

ks(} k(} + 2:.keQiYi2 -kenYl -keQ2Y2 -keQnYn 

0 -kenYl ken 0 0 
[K] (2.62) 

-keQ2Y2 0 keQ2 0 

o o 

(2.63) 

where m/ is the summation of the mass of the structure and the total non-participating 

fluid mass, 2:. m Oi ; l' is the summation of the moment of inertia of the structure and 

the additional moment of inertia from the non-participating fluid mass, moiyl. The 

modifications made here allow the use of the equivalent mechanical model for a TLD 

developed by Tait (2008). 

2.6 Verification of Numerical Optimization Tech-

. nlque 

The equations described perviously and the mechanical model developed in 

this chapter are utilized for numerical studies, which include torsionally coupled sys-

terns installed with TMDs under harmonic excitation and torsionally coupled systems 

equipped with TMDs or TLDs under random excitation. Numerical simulations are 

performed by employing MATLAB(r2007b) optimization toolboxes (fminimax and 

fmincon) such that the optimal parameters, which include the tuning ratio values, 
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damping ratio values and mass ratio values are obtained by minimizing the targeted 

response parameter. The fminima.,,\: toolbox is employed to target the peak response 

of the system whereas the fmincon toolbox is utilized to reduce the overall vibra­

tion energy of the system which is related to the area bounded by the mechanical 

admittance function. 

The optimization toolbox fmincon is employed to minimize the area bounded 

by the mechanical admittance function when a structure is subjected to random exci­

tation. The fmincon optimization toolbox is able to find a minimum of a constrained 

nonlinear multivariable function. The area bounded by the mechanical admittance 

function is expressed as an input function and solved numerically by inputing an 

initial estimate of the absorbers parameters. By imposing a convergent criterion to 

the optimization toolbox, the area bounded by the mechanical admittance function 

is minimized such that the corresponding absorbers parameters and the minimized 

response are returned. The optimization toolbox was verified by comparing the ab­

sorber parameters and the minimized response obtained with results obtained by 

Asami et al. (2002). The tuning ratio and the damping ratio values for a two-degree­

of-freedom undamped structure-TMD system with a mass ratio value of J-L = 0.01 were 

found to be 0.932 and 0.153, respectively, which match closed-form values obtained 

by Asami et al. (2002). 

The optimization toolbox fminimax is employed to minimize the peak response 

on the frequency response function plot when a structure is subjected to harmonic 

excitation. The fminimax optimization toolbox minimizes the worst-case value of 

a set of multivariable function starting at an initial estimate. The maximum peak 
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response is solved numerically by inputing an initial estimate of the absorbers' pa­

rameters and expressed as an input function. By imposing a convergent criterion to 

the optimization toolbox, the maximum peak response is minimized such that the 

corresponding absorbers parameters and the minimized peak response are returned. 

The optimization toolbox was verified by comparing the absorber parameters and 

the minimized response obtained with the result obtained by Asami et at. (2002). 

The optimal tuning ratio and the damping ratio values for a tWQ-degree-of-freedom 

undamped structure-TMD system with a mass ratio of fl = 0.01 were found to be 

0.909 and 0.185, respectively, which match closed-form values with those obtained by 

Asami et al. (2002). 

41 



2.7 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

2.7 Chapter Figures 

o 

Ie ~ I 
B 

Figure 2.1: A Schematic of Torsionally Coupled System Equipped with TMDs 
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Figure 2.2: Symbolic Explanation for the Development of Equations of Motion 

z 

~ X(t) ~ 

Figure 2.3: A Schematic of a Rectangular TLD Equipped with Damping Screens 
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10 

" ~ ! Modified 01 
O~1+-~f_· -+----~----~-----F--~~~~4_----4_----+_~__4 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

s 

Figure 2.4: Relationship between Ge , Gz and S 
(taken from Tait et al., 2005) 

x =x-x r s 

Figure 2.5: Equivalent TMD Model 
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"'I 
B 

Figure 2.6: A Schematic of the Equivalent Mechanical Model of Torsionally Coupled 
System Equipped with TLDs 
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Chapter 3 

Torsionally Coupled Structures 

Equipped with TMD(s) subjected 

to Harmonic Excitation 

3 .1 Introduction 

This chapter reports on an investigation into the response behavior of torsion­

ally coupled systems, equipped with multiple TMDs, under harmonic excitation. The 

numerical study is divided into two parts. Part 1 investigates structures with equal 

modal damping ratio values of 2% in both modes of vibration. Part 2 investigates 

structures with unequal modal damping ratio values such that two peaks of equal am­

plitude appear in the frequency response function plot of each structure considered 

(without the presence of dampers). The uncoupled frequency ratio values are selected 

to be 0.5, 0.7, 0.8, 1.0 1.2 and 1.3 for Part 1. For Part 2, uncoupled frequency ratio 

values of 0.8, 1.0 and 1.2 are considered. 
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The response parameter of interest, which is used as the objective function in 

the optimization program, is first introduced. Next, results from the numerical study 

conducted on structures with equal modal damping ratio values and equal modal peak 

amplitude values equipped with various TMD arrangements are presented. Finally, 

the efficiency of the proposed TMD arrangements for both Part 1 and Part 2 is 

evaluated and discussed. 

3.2 Minimization of Response Parameter and Per-

formance Indices 

3.2.1 Response Parameter of Interest 

In this chapter, the excitation force acting on the structure is modelled as a 

harmonic force 

f(t) (3.1) 

where w is the forcing frequency, fo is the amplitude of excitation and 'i = vCI. 

The corresponding steady state response of the system can be obtained by solving 

the equations of motion of the system (see Equation 2.18). The maximum dynamic 

response (maximum displacement) of the building, which this study focuses on, occurs 

at the building corners. The corner displacements are expressed as 

(3.2) 
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where B is the length of the structure (see Figure 2.1), Xs and Bs are the structure's 

translational and rotational (torsional) motions, respectively. Thus, the dynamic 

response represents the maximum displacement that the building experiences. 

3.2.2 Performance Indices 

The maximum displacement serves as the objective function, which is min-

imized by utilizing MATLAB (r2007b) optimization toolbox (fminima.,-x) such that 

the lowest peak response is obtained. This numerical optimization technique was 

previously verified in Chapter 2. In addition, a numerical searching technique, which 

involves inputing a wide range of tuning ratio and damping ratio values to study the 

structural response, is used to confirm the results obtained from the optimization 

toolbox (fminimax) in MATLAB (r2007b) are the lowest response values that can be 

obtained. 

The dynamic response is normalized by the static displacement 

(3.3) 

where ks is defined as ksl + ks2' at the CM of the main system and is defined as the 

dynamic magnification factor (DMF) 

R 
Dynamic Response of the .AI[ ain Structure with T 1\1£ D (s ) 

Ost 
(3.4) 

In order to evaluate the effectiveness of the proposed TMD configurations, a response 

reduction factor is introduced and is defined as the ratio of the peak dynamic response 

ofthe structure equipped with TMD(s) to the peak dynamic response ofthe structure 
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without TMD(s) 

Dynamic Response of the lvIain Str'Llcture with TMD(s) 
Dynamic Response of the lvIa'in Structure w'ithout Tl\!ID(s) (3.5) 

Therefore, the response reduction factor, Ro , indicates the effectiveness of the TMD 

configuration. A value less then unity indicates that TMD configuration is effective for 

vibration control. The efficiency, 'ljJ, is the parameter used to compare the performance 

of different TMD configurations and is defined as 

1- Ro (3.6) 

The forcing frequency ratio is defined as ratio of the forcing frequency to the uncoupled 

translational frequency 

{3 
w 

(3.7) 

Note that the forcing frequency ratio differs from that of a previously defined in 

Chapter 1. 

3.3 Study of Structures with Equal Modal Damp-

ing Ratio Values 

The frequency response function plots of the structures considered in this 

study (without TMD(s)), are shown in Figure 3.1 and the corresponding undamped 

mode shapes are shown in Figures 3.2 to 3.7. The peak dynamic response values and 

49 



3.3 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

undamped mode shapes are given in Table 3.1. Listed below are the structure-TMD 

configurations considered in this study 

1. - Single TMD Configuration; 

2. - Two Identical TMDs Configuration; 

3. - Two Different TMDs Configuration; 

4. - Four TMDs (Approach-I) Configuration; 

5. - Four TMDs (Approach-II) Configuration. 

For each TMD configuration, two total mass ratio values, f-L = 0.01 and f-L = 0.02, 

are considered in order to investigate the influence of this parameter on the dynamic 

response behavior of the systems investigated. 

3.3.1 Single TMD Configuration 

Typically, a single TMD is placed at the centre of mass of a structure which 

only responds in translational motion (i.e. no torsional motion). This section inves­

tigates the influence of the location of a single TMD on a structure with combined 

translational and torsional response motion. The following seven TMD locations for 

each of the six uncoupled frequency ratios considered in this study are listed below 

(see Figure 3.8). 

1. Yl = -B/2; 

2. Yl = -B/3; 

3. Yl = -B/6; 
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4. Yl = 0; 

5. YI = B/6; 

6. YI = B/3; 

7. YI = B/2. 

3.3.1.1 Single TMD Results - Harmonic 

The rationale for placing a TMD at various locations, other than at the centre 

of mass of the structure, is to minimize the torsional response component. Frequency 

response function plots determined from the numerical optimization process for four 

different uncoupled frequency ratios are shown in Figure 3.9. The frequency response 

function plots shown correspond to TMD locations where maximum and minimum 

efficiency was found to occur. In addition, the frequency response function plot 

corresponding to the centre of mass TMD location is also shown; The remaining 

frequency response function plots corresponding to other uncoupled frequency ratios 

and TMD locations can be found in Appendix A. 

Interesting dynamic response behavior characteristics can be observed from 

the frequency response function plots shown in Figure 3.9. For example, for wo/ws = 

0.8 and 1.0, a double peak occurs on the lower frequency mode at the location where 

minimum efficiency is achieved. This occurs as a result of the coupling between 

modes 1 and 2 and the lower frequency mode having a significant torsional response 

component. 

Response performance indices are summarized in Figures 3.10 to 3.16. Figures 

3.10 and 3.11 show the minimized response (R) for different TMD locations for ~L = 
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0.01 and fJ, = 0.02, respectively. It can be observed from Figures 3.10 and 3.11 that 

placing the TMD at the centre of mass does not result in the lowest response of the 

system for a given wo/ws ratio value. In fact, this location results in the minimum 

efficiency for the torsionally flexible structures (wo/ws = 0.5 and 0.7). It can also be 

observed from these two figures that for wo/ws of 0.8 and 1.0, the dynamic response is 

sensitive to TMD location relative to other wo/ws ratios. This can be concluded from 

the large variation in R obtained for different TMD locations within each wo/ws ratio 

(see Figures 3.10 and 3.11). This sensitivity to TMD location is due to the strong 

coupling between modes. This coupling between modes causes the response of one 

mode to be significantly influenced by the contribution from the other mode. Also, 

as the TMD location is modified, the response of the two modes change. Thus, the 

change in response, due to a change in TMD location, is amplified due to the strong 

coupling. As a result, the response becomes sensitive to TMD location. Finally, 

Figures 3.10 and 3.11 show that the torsionally stiff structures considered in this study 

are less sensitive to TMD location. The reduction in sensitivity to TMD location is a 

result of the negligible torsional contribution to the overall dynamic response of the 

structure. 

From Figure 3.12, the influence of TMD location for each wo/ws ratio can 

be readily observed. For wo/ws=0.5, which is the most torsionally flexible struc­

ture considered in this study, placing a single TMD at the centre of mass results in 

the highest response reduction factor (Ro) , which indicates the lowest effectiveness. 

For the strongly torsionally coupled system (i.e. wo/ws=1.0) , the highest response 

reduction factor was found to occur at B /3 and not at the centre of mass. This high­

lights the importance of considering TMD location during the design of a strongly 
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torsionally coupled system. For the torsionally stiff structures, the highest response 

reduction factor occurs at B /2. This is due to the reduced motion experienced by 

the TMD in mode 1 (see Figures 3.6 and 3.7). 

In Figure 3.12, focusing on the torsionally stiff structures (i.e. we/ws = 1.2 

and 1.3), a clear trend can be observed in the reduction in response for we/ws = 

1.3 as the TMD is moved from -B/2 to B/2 for both mass ratio values. However, 

for we/ws = 1.2 and a mass ratio value of 0.02, a different trend is observed. In 

order to verify the optimized results, a parametric study is conducted to investigate 

the response behavior of we/ws = 1.2. This study involves utilizing the optimal 

tuning parameters obtained from the literature to target the response of mode 1 (the 

translational dominant mode). The TMD is located at the centre of mass and mass 

ratio values of 0.01 and 0.02 are considered. The frequency response function plots for 

the two mass ratio values along with the peak response values are shown in Figures 

3.13 and 3.14. It can be observed from these two figures that the response in mode 2 

is insensitive to the change in mass ratio value. These findings are in agreement with 

the results obtained utilizing MATLAB (r2007b) to target the response of the entire 

system. 

Figures 3.15 and 3.16 show the minimum and maximum efficiency for each 

we/ws ratio with corresponding TMD location. It can be observed that the lowest 

TMD efficiency is obtained for the torsionally flexible structures. As the structures 

become more torsionally stiff, it is found that the efficiency increases. However, the 

efficiency reduces for the strongly torsionally coupled system. The efficiency is found 

to increase with increased mass ratio for all uncoupled frequency ratios investigated 

in this study. 
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3.3.2 Two Identical TMDs Configuration 

This section discusses the dynamic response of structures equipped with two 

identical TMDs. The two identical TMDs have the same mass ratio, tuning ratio and 

damping ratio values. The locations of the paired TMDs are as follows (see Figure 

2.1) 

1. Yl = -B/2, Y2 = B/2; 

2. Yl = -B/3, Y2 = B/3; 

3. Yl = -B/6, Y2 = B/6. 

3.3.2.1 Two Identical TMDs Results - Harmonic 

Frequency response function plots for w()/ws = 0.5, 0.8, 1.0 and 1.2, respec­

tively, are shown in Figure 3.17. The remaining frequency response function plots 

can be found in Appendix B. It is noted that for this particular TMD configuration, 

a double peak in mode 1, which was found for the single TMD configuration, does 

not occur in w()/ws ratio values of 0.8 and 1.0. In addition, the maximum peak ampli­

tude corresponding to mode 1 is significantly less for the strongly torsionally coupled 

system equipped with two identical TMDs compared to the same system equipped 

with a single TMD. 

The plots of the dynamic magnification factor for all uncoupled frequency 

ratios and TMD location are shown in Figure 3.18 for {l=0.01 and Figure 3.19 for 

1J,=0.02. Results indicate that strongly coupled systems (w()/ws = 0.8 and 1.0) are not 

as sensitive to TMD location when equipped with two identical TMDs. Furthermore, 

as the structure becomes torsionally stiff (Le. W()/ws = 1.2 and 1.3), the dynamic 
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response converges within each W(}/ws ratio, even when the TMDs locations are ad­

justed. This is a result of the insignificant torsional response when the structure is 

torsionally stiff, and unlike a single TMD, the two identical TMDs do not induce any 

additional torsional motion. 

Figure 3.20 shows the response reduction factor for all six uncoupled frequency 

ratios investigated. For all cases, the lowest response reduction factor was obtained 

when the paired TMDs were placed at Yl = - B /2 and Y2 = B /2. Thus, placing the 

two identical TMDs at the ma.'<imum distance from the centre of mass gives the lowest 

dynamic response. This is in agreement with research finding by Lin et al. (1999). 

Finally, it is noted that torsionally stiff systems are insensitive to TMD location for 

this configuration. 

Figures 3.21 to 3.22 show the maximum and minimum efficiency values for 

this TMD configuration. These figures confirm that greater efficiency is achieved 

as the TMDs are placed further apart. It can also be observed that increasing the 

mass ratio increases the efficiency independent of TMD location. This configuration 

is inefficient for torsionally flexible systems and most efficient for strongly torsionally 

coupled system. 

3.3.3 Two Different TMDs Configuration 

This section investigates the response behavior of torsionally coupled systems 

equipped with two different TMDs. In this configuration, the two TMDs have different 

mass ratio, tuning ratio and damping ratio values. However, the total mass ratio 

values considered are {L = 0.01 and {L = 0.02. 
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3.3.3.1 Two Different TMDs Results - Harmonic 

The frequency response function plots for this configuration, shown in Figure 

3.23, are significantly different than those obtained for the two previous TMD con­

figurations considered. It is evident from the double peaks occurring in both mode 1 

and 2, for the torsionally flexible and strongly torsionally coupled systems, that one 

of the TMDs is tuned to mode 1 while the other is tuned around to mode 2. This 

highlights the benefit of employing two independent TMDs. The remaining frequency 

response function plots can be found in Appendix C. 

Figures 3.24 and 3.25 show the dynamic magnification factor for two differ­

ent TMDs configuration having total mass ratio values of f1 = 0.01 and f1 = 0.02, 

respectively. The two different TMDs configuration is found to be significantly less 

sensitive to TMD location for the strongly torsionally coupled system compared to 

two identical TMDs configuration. This is a direct result of the ability to target both 

modes, 1 and 2, simultaneously. However, the dynamic magnification factor does not 

converge to a unique value for the torsionally stiff structures as rapidly as that of the 

two identical TMDs configuration. This is due to the fact that the unequal TMDs 

masses, for the case with two different TMDs, induce additional torsional motion to 

the system. 

The influence of TMD location on the response reduction factor is shown in 

Figure 3.26. The trends are similar to those of the two identical TMDs configuration. 

However, inspection of Figures 3.27 and 3.28 highlight the robustness of this config­

uration. It can be seen that the maximum efficiency remains relatively constant over 

a range of uncoupled frequency ratios. For this particular configuration, significant 

reduced efficiency occurs for both the torsionally flexible and torsionally stiff systems. 
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3.3.4 Four TMDs Configuration 

3.3.4.1 Approach-I 

Numerical simulation results for structures equipped with four TMDs are pre­

sented in this section. In Approach-I, the four TMDs, which all have the same mass 

ratio value (i.e. Jl1 = It2 = Jl3 = Jl4), are grouped such that two TMDs form a pair 

of TMDs located opposite one another with the same tuning ratio and damping ratio 

values. Thus, a total of two pairs of identical TMDs are used. For instance, TMD-1, 

located at - B /2 is paired with TMD-3, located at B /2, having the same properties, 

mass ratio, tuning ratio and damping ratio values (i.e. VI = V3; (1 = (3; V2 = V4 and 

(2 = (4)' However, the non-paired TMDs have different tuning ratio and damping 

ratio values (i.e. VI =I- V2 and (1 i=- (2). The arrangement of the TMDs considered are 

as follows (see Figure 2.1) 

1. Y1,2 = - B /2, Y3,4 = B /2; 

2. Y1,2 = - B /3, Y3,4 = B /3; 

3. Y1,2 = -B/6, Y3,4 = B/6. 

3.3.4.2 Approach-I Results - Harmonic 

Inspection of the frequency response function plots in Figure 3.29 show that 

the two double peak modes observed for the two different TMDs configuration does 

not occur for this configuration. This is a result of enforcing the same mass ratio 

for all TMDs. The remaining frequency response function plots corresponding to the 

other uncoupled frequency ratios considered are shown in Appendix D. 
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The dynamic magnification factors for both mass ratio values investigated 

are shown in Figures 3.30 and 3.31. Similar to the case of two identical TMDs, 

the dynamic magnification factor converges for the torsionally stiff structures. The 

sensitivity to TMD location for the strongly torsionally coupled system is found to be 

greater for this configuration than for the two identical TMDs configuration. Again, 

similar trends are found for the response reduction factor, shown in Figure 3.32, as 

those observed for both two identical and two different TMD configurations. The 

efficiency plots shown in Figures 3.33 and 3.34 indicate this configuration is most 

efficient in the strongly torsionally coupled systems. 

3.3.4.3 Approach-II 

Numerical simulation results for a structure equipped with four TMDs (Approach­

II) are presented in this section. The difference between Approach-I and the Approach-

II is the difference in TMD mass ratio values. The mass ratio values of the paired 

TMDs located opposite one another are equivalent, however, their mass ratio values 

are not the same as the other paired TMDs. For instance, the mass ratio value of 

TMD-Tis equal to TMD-3 and the mass ratio value ofTMD-2 is equal to TMD-4 (i.e. 

f-ll = !l3 and !l2 = f-l4)' Note that the mass ratio value of TMD-l is not the same as 

that of TMD-2 (i.e. f-ll =I- f-l2)' However, the summation of the mass ratio values for 

the two paired TMDs is equal to the total mass ratio values considered (i.e. 0.01 and 

0.02). The tuning ratio and the damping ratio relationship of the TMDs are the same 

as in Approach 1. The TMD locations selected are the same as that for Approach 1. 
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3.3.4.4 Approach-II Results - Harmonic 

The frequency response function plots observed in Figure 3.35 are found to 

differ from those obtained for Approach I but are similar to that of two different 

TyIDs configuration. This is a result of allowing the mass ratio values of the TMDs 

to be varied. Thus, each of the TMDs can be optimally tuned to target the re­

sponse of the two modes. The remaining frequency response function plots can be 

found in Appendix E corresponding to this TMD configuration. Observing the dy­

namic magnification factors in Figures 3.36 and 3.37, the response reduction factors 

in Figure 3.38 and the maximum and minimum efficiency obtained in Figures 3.39 

and 3.40, similar trends can be observed as compared to Approach 1. Although both 

approaches perform approximately the same when the structure is torsionally stiff, 

as the structure makes a transition from strongly torsionally coupled to torsionally 

flexible, Approach II performs slightly better than Approach 1. This further validates 

that a more efficient system can be obtained when greater freedom is permitted in 

selecting the TMD design parameters. This finding is in agreement with previous 

research finding by Singh et al. (2002). 

3.3.5 Evaluation of Different TMD Configurations 

Frequency response function plots corresponding to TMD locations that re­

sult in maximum efficiency for each configuration are presented in Figure 3.41. These 

frequency response function plots clearly indicate that the two different TMDs con­

figuration is most effective in simultaneously reducing both modes 1 and 2. As stated 

previously, this response behavior occurs as this configuration allows a TMD to be 

tuned around mode. This is evident for the torsionally stiff and strongly torsionally 
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coupled systems. For the torsionally stiff structures considered in this study, mode 1 

amplitude is significantly greater than mode 2. Thus, for these two torsionally stiff 

systems, both TMDs target mode 1. The four TMDs, Approach II, produces similar 

frequency response function plots. However, the constrains on the mass of the paired 

TMDs (i.e III = 113 and /t2 = 1l4) reduces this configuration efficiency compared to 

two different TMDs configuration. The additional mass constraints placed on Ap­

proach I, (i.e III = 113 = 112 = 1l4) further .reduces the efficiency of the four TMDs 

configuration. It should be noted, however, that all configurations lead to a reduction 

in the response of the original uncontrolled system. 

Figures 3.42 and 3.43 compare the maximum efficiency achieved for five con­

figurations investigated. It can be observed that at least two TMDs are required to 

reduce the dynamic response of the strongly torsionally coupled system. This is due 

to the mass coupling term generated by a single TMD do not aid in reducing the 

response effectively when two modes are strongly coupled. Also, at least two different 

tuning ratios are required to suppress the dynamic response of the torsionally flexible 

structures effectively. This is due to the strong torsional motion associated with the 

structures. Thus, the two TMDs (or paired TMDs) can be tuned differently such that 

one can be tuned to target mode 1 and the other can be tuned to target mode 2. As 

for the torsionally stiff structures, the dynamic response is insensitive to the five con­

figurations that have been considered. It is evident that a single TMD is inefficient in 

reducing the response of strongly torsionally coupled system. Also, as expected, the 

efficiency of the TMD increases as the mass ratio value is increased. It can also be 

observed that the efficiency of the TMD configurations can be categorized according 

to the nature of the structures, which are torsionally flexible, strongly coupled and 
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torsionally stiff. For the torsionally flexible structures (i.e. wo/ws = 0.5, 0.7 and 0.8), 

the descending order of efficiency is as follow, 

1. Two Different TMDs 

2. Four TMDs 

3. Single TMD 

4. Two Identical TMDs 

whereas for the case of the strongly torsionally coupled structure 

1. Two Different TMDs 

2. Four TMDs 

3. Two Identical TMDs 

4. Single TMD 

For cases when the structures are torsionally stiff (i.e. wo/ws = 1.2 and 1.3), the 

descending order of efficiency is 

1. Two Different TMDs 

2. Single TMD 

3. Four TMDs 

4. Two Identical TMDs 

In all cases, the two different TMDs configuration is the most efficient configuration 

considered in this study. 
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3.3.6 Optimal TMD Parameters - Harmonic 

For the six uncoupled frequency ratios considered, the optimal parameters 

corresponding to the TMD location resulting in maximum efficiency are given in 

Tables 3.2 and 3.3. The parameters optimized for each mass ratio are the tuning 

ratio and the TMD damping ratio. The optimal parameters determined for all other 

locations considered for each uncoupled frequency ratio investigated can be found in 

Appendix A to Appendix E. 

3.4 Study of Structures with Equal Modal Peak 

Amplitude Values 

This section investigates the dynamic response of structures with unequal 

modal damping ratio values such that the modal peak amplitude values of mode 1 

and mode 2 are equal. The two peaks in the frequency response function plot are 

adjusted to the same amplitude by manipulating the damping parameters, Csl and 

Cs2. The damping ratio value in each mode of vibration after adjusting Csl and Cs2 

deviates less than 0.5% from the original damping ratio value of (2%). The uncoupled 

frequency ratios investigated are 0.8, 1.0 and 1.2. The objective of the study is to 

investigate the response behavior of structure-TMD systems having equal modal peak 

amplitude values and compare this response behavior to that of structures having 

equally damped modes. The same structure-TMD configuration, TMD locations and 

two mass ratio values were investigated in this study. Frequency response function 

plots of the structures without TMD(s) are shown in Figure 3.44. The undamped 

mode shapes corresponding to these three structures are shown in Figures 3.4, 3.5 
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and 3.6 corresponding to we/ws = 0.8, 1.0 and 1.2 respectively. The peak response 

and modal damping values are presented in Table 3.4. 

3.4.1 Single TMD Results - Harmonic 

The dynamic response of the structures equipped with a single TMD are first 

investigated. The TMD locations are selected to match the previous study for struc­

tures with equal modal damping ratio values equipped with a single TMD. Consis­

tent with previous study, the response behavior for two different mass ratio values 

(/t = 0.01 and fL = 0.02) was also considered. 

Comparing Figure 3.45 to Figure 3.9, it is evident the frequency response 

function plots corresponding to the torsionally coupled systems differ significantly. 

This is a result of both modes having the same influence on the response, unlike 

the previous case where a dominant mode (mode 1) was clearly evident. Additional 

frequency response function plots corresponding to this TMD configuration can be 

found in Appendix F. 

Inspection ofthe dynamic magnification factor given in Figures 3.46 and 3.47, 

shows that for the single TMD configuration the torsionally stiff structures are found 

to be sensitive to TMD location unlike that of equally damped structures. Again, 

this is due to the increased level of torsional response for the structures having equal 

modal peak amplitude values. 

The response reduction factor plots for this TMD configuration are shown in 

Figure 3.48. The shape of the response reduction factor plots are different than those 

for the structures having equal modal damping values. For example, the response 

plot, corresponding to we/ws = 0.8 mirrors that of we/ws = 1.2. In addition, the plot 
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corresponding to the strongly torsionally coupled system indicates that there are now 

two TMD locations where a single TMD is ineffective. For the torsionally flexible 

systems, the optimal location is found to be at B /2 whereas for the torsionally stiff 

systems, the optimal location is at - B /2. Interestingly, for the strongly torsionally 

coupled system, the optimal location is either at B /2 or - B /2. Comparing Figures 

3.48 and 3.12, it is evident that the structural response patterns have changed as 

a result of modifying the modal damping of the structure. Thus, the dynamic re­

sponse behavior appears to be sensitive to small changes in structural damping. This 

sensitivity to structural damping appears to contradict previous research findings. 

vVarburton and Ayorinde (1980) have shown that the damping in a lightly damped 

structure can be completely neglected without influencing optimized TMD perfor­

mance. However, this previous research focused on targeting a single mode whereas 

this study focuses on reducing the response of a coupled structure. In this single 

TMD configuration, only one tuning ratio value can be selected to reduce the re­

sponse of the coupled system. Thus, the TMD is either tuned to one of the modes 

of the structure or tuned to a frequency falls in between the natural frequencies of 

the structure. As a result, either one mode is neglected or the TMD is mistuned to 

both modes (i.e. the reduction in response in both modes is not as significant as that 

obtained from tuning the TMD to reduce the response of a single mode). Thus, a 

slight adjustment in the modal damping ratio values results in signifiant changes in 

the frequency response of the optimized system. 

The efficiency plots, shown in Figures 3.49 and 3.50, indicate the lowest ef­

ficiency occurs for the strongly torsionally coupled system. Furthermore, for this 

particular uncoupled frequency ratio, as the mass ratio is increased, the location 
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resulting in maximum efficiency changes from B /2 to -B /2. 

It can been seen in Figure 3.51 that for the damping ratio values and wo/ws 

ratios considered, a single TMD is more efficient in reducing the dynamic response 

of the torsionally coupled structures with equal damping ratio values. As mentioned 

previously, for the case of a structure with equal damping ratio values, the TMD can 

be tuned around the largest contributing mode, which is not the case for a structure 

with equal modal peak amplitude values. Thus, a single TMD is more efficient in 

reducing the response of a structure which has two modes that contribute unequally 

to the total response. 

3.4.2 Two Identical TMDs Results - Harmonic 

This section presents the dynamic response of torsionally coupled structures 

with equal modal peak amplitude values equipped with two identical TMDs. The 

TMD locations examined in this section for wo/ws =0.8, 1.0 and 1.2 are the same as 

those investigated in Section 3.3.2. 

Figure 3.52 shows the frequency response function plots for the three uncou­

pled frequency ratios investigated. The remaining frequency response function plots 

corresponding to other TMD locations can be found in Appendix G. The shape of 

frequency response function plots for wo/ws = 0.8 and 1.0 are found to be similar to 

those corresponding to the structures with matching wo/ws ratio values having equal 

modal damping values (see Figure 3.17). As for the torsionally stiff structure (i.e 

wo/ws = 1.2), the frequency response function plot was found to be different than 

that corresponding to the structure with equal modal damping ratio values. For the 

case of equal modal damping ratio values, the two TMDs are always tuned to the 
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dominant mode whereas for the case of equal modal peak amplitude values, the two 

TMDs are tuned to target the system when they are at ±B/6 and ±B/3. However, 

when the TMDs are placed at ±B /2, they are tuned to the fundamental mode (mode 

1) as they are spaced sufficient far apart to reduce the torsional response introduced 

by mode 2. 

Inspection of Figures 3.53 and 3.54, which show the dynamic magnification 

factor for mass ratio of f.L = 001 and f.L = 0.02, respectively, reveal that the response 

does not converge for W(}/w s =1.2. The reason these curves do not converge, unlike 

those for equal modal damping, is due to the increased amplitude of mode 2 (see 

Figure 3.44), which has a significantly large torsional response component (see Figure 

3.6). This plot also shows that even for the torsionally stiff system (we/ws=1.2) , if 

the second mode has a large torsional response component and contributes to the 

response, the structure will be sensitive to TMD location. 

For this particular TMD configuration, the lowest response reduction factor 

(see Figure 3.55) is achieved when the TMDs are placed at ±B /2 for all we/ws ratios 

considered. Figures 3.56 and 3.57 show this system is most efficient for the strongly 

torsionally coupled system. This is similar to the case of a structure with equal 

modal damping ratio values equipped with two identical TMDs. As shown in Figure 

3.58, for both structural configurations, the efficiency is increased as the mass ratio is 

increased. Again, the lowest efficiency was found for structures having equal modal 

peak amplitude values. This is due to the fact that, for the case with equal damping 

ratio values, the two TMDs can target the largest contributing mode, which is in 

contrast to the structures with unequal damping ratio values. 
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3.4.3 Two Different TMDs Results - Harmonic 

The dynamic response of the torsionally coupled structures with equal modal 

peak amplitude values equipped with two different TMDs are presented in this section. 

The TMD configuration and TMD locations studied in this section, for we/ws=0.8, 

1.0 and 1.2, are the same as those investigated in Section 3.3.3. 

Similar to the two identical TMDs configuration, the frequency response func­

tion plot corresponding to we/ws =1.2 differs due to the increase amplitude of mode 

2. It is evident from Figure 3.59 that one TMD is tuned to mode 1 while the other 

is tuned to mode 2. This is not the case for we/ws =1.2 having equal modal damping 

ratio values (see Figure 3.23) where both TMDs where tuned to mode 1. This is 

confirmed by comparing the optimal tuning ratio values obtained for these two sys­

tem. For the maximum efficiency location (i.e. ±B/2), corresponding to the equ~l 

modal peak amplitude values structure, the tuning ratio values bracket both mode 

1 and mode 2. However, for the equal modal damping structure case, the tuning 

ratio values only bracket mode 1. The remaining frequency response function plots 

corresponding to this TMD configuration can be found in Appendix H. 

The dynamic magnification factor (see Figures 3.60 and 3.61) for this particu­

lar configuration is very similar to that found for the structure having equal damping 

ratio values. This highlights the flexibility of this particular configuration as it is 

capable of being tuned to one or both modes. 

The response reduction factor plots shown in Figure 3.62 have similar trends 

as those in Figure 3.26 for all three uncoupled frequency ratios. The location that 

results in the lowest response reduction factor is at ±B /2 for all three uncoupled 

frequency ratio values. 
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Inspection of Figures 3.63 and 3.64 indicate that this TMD configuration is 

less sensitive to TMD location than that of the two identical TMDs configuration. For 

example, for a mass ratio of 0.02, the difference in maximum and minimum efficiency 

for two identical TMDs is approximately a factor of 2. However, for two different 

TMDs, it is approximately 1.25. 

Figure 3.65 compares the efficiency of the two different TMDs configuration 

for the cases of equal modal damping ratio and equal modal peak amplitude. Again, 

the efficiency is found to be lower for structures having equal modal peak amplitude 

for all three uncoupled frequency ratio considered. This configuration is best suited 

for the torsionally flexible and the strongly torsionally coupled structures. 

3.4.4 Four TMDs Results - Harmonic 

The dynamic response of the torsionally coupled structures with equal modal 

peak amplitude values, corresponding to Approach I and II, is presented in this sec­

tion. These TMD configurations have previously been described in Section 3.3.4. 

3.4.4.1 Approach I Results - Harmonic 

The frequency response function plots for we/ws =0.8, 1.0 and 1.2 are shown 

in Figure 3.66, while the remaining frequency response function plots are shown in 

Appendix 1. Similar to the case of two identical TMDs, the frequency response func­

tion plots for the strongly torsionally coupled and the torsionally stiff structurep do 

not show significant change in shape when the modal damping ratio values are modi­

fied. However, the frequency response function plots for the torsionally stiff structure 

are affected by a change in modal damping. This changed in the frequency response 
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function plots as mentioned for the two TMDs configuration is a result of an increase 

in the amplitude of mode 2 which has a strong torsional component. Owing to the in­

crease in amplitude of mode 2, one pair of TMDs remains tuned to mode 1. However, 

the second paired is now tuned to between mode 1 and mode 2. VVhen equal modal 

damping was presented in the structure, both pairs of TMDs, were tuned to mode 

1. This change in tuning ratio values are responsible for modifying the frequency 

response function plot. 

Comparing Figures 3.67 and 3.68 to 3.30 and 3.31, it can be concluded, for the 

structures investigated, the torsionally flexible structure with equal damping is more 

sensitive to TMD location whereas the torsionally stiff structure with equal modal 

peak amplitude is more sensitive to TMD location. Again, inspection of Figures 3.1 

and 3.44 can be utilized to explained this behavior. For wo/ws = 0.8, the structure 

with equal modal damping ratio values is found to have a large peak amplitude 

corresponding to mode 1, which has a large torsional response component. This 

modal amplitude is reduced relative to mode 2 for the case with equal modal peak 

amplitude values. In other words, the mode that has the largest torsional component 

has been reduced relative to the mode having the largest translational component. 

The opposite is found to occur for wo/ws = 1.2. Here, mode 1, which has the largest 

modal amplitude for the structure with equal damping, has a large translational 

response component. For the case of equal modal peak amplitude values, mode 2, 

which has a significant torsional response component, is increased relative to mode 1. 

In order words, increase torsional response is introduced. Therefore, the torsionally 

stiff and flexible systems are less sensitive to TMD locations when the peak amplitude 

of the torsionally dominant mode is reduced. 
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The response reduction factors shown in Figure 3.69 shows similar trends for 

all three wo/ws ratio values. The highest reduction factor is found at ±B /6. As with 

the previous two configurations, the most effective location is at ±B /2. 

The maximum and minimum efficiency plots are shown in Figures 3.70 and 

3.71. Similar to the two TMDs configurations, the system has the highest efficiency for 

the strongly torsionally coupled structure. Finally, Figure 3.72 compares the efficiency 

of the Four different TMDs, Approach I, configuration for the cases of equal damping 

ratio values and equal modal peak amplitude values. Again, the efficiency is found 

to be lower for structures having equal modal peak amplitude values for all three 

uncoupled frequency ratios considered. 

3.4.4.2 Approach II Results - Harmonic 

The TMD arrangement and locations match those introduced in section 3.3.4. 

The frequency response function plots in Figure 3.73 show the response behavior is 

similar to that found when the structures have equal modal damping ratio values. As 

with Approach I, the most significant change occurs for wo/ws =1.2, which has been 

previously explained. 

The dynamic magnification factors and response reduction factors shown for 

all three wo/ws ratio values can be found in Figures 3.74 to 3.76. As with Approach 

I, the TMD location that results in the lowest reduction factor is at ±B /2. 

The minimum and maximum efficiency plots are shown in Figures 3.77 and 

3.78. Similar to Approach I, maximum efficiency is found for the strongly torsionally 

coupled system. Finally, the maximum efficiency obtained for structures with equal 

modal peak amplitude values is compared to that of structures with equal damping 
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ratio values in Figure 3.79. It is found that, for this particular configuration, higher 

efficiencies are achieved for structures with equal modal damping ratio values. In 

addition, as mass ratio value is increased, the efficiency is increased for all three 

uncoupled frequency ratios considered. 

3.4.5 Evaluation of Different TMD Configurations 

Frequency response function plots corresponding to TMD locations resulting 

in maximum efficiency for each TMD configuration are shown in Figure 3.80. It is 

evident that two different TMDs configuration is most effective configuration con­

sidered. These plots highlight how different configurations influence the frequency 

response of the structures. For all TMD configurations considered, the TMD (s) re­

duced the uncontrolled response. 

Figures 3.81 and 3.82 show the maximum efficiency achieved for all five TMD 

configurations for !t = 0.01 and It = 0.02, respectively. It can be observed from 

these figures, for four TMDs configurations, that the maximum efficiency is found to 

be approximately the same for Approach I and II for the torsionally stiff structures. 

Approach II, however, has higher maximum efficiency values for the torsionally flexible 

structures. Also, from these figures, the efficiency for different TMD configurations 

can be determined. For the torsionally flexible structure (i.e. wo/ws = 0.8), the 

descending order of efficiency is as follow, 

1. Two Different TMDs 

2. Four TMDs 

3. Single TMD 
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4. Two Identical TMDs 

whereas for the case of the strongly torsionally coupled structure 

1. Two Different TMDs 

2. Four TMDs 

3. Two Identical TMDs 

4. Single TMD 

For cases when the structure is torsionally stiff (i.e. wo/ws = 1.2), the descending 

order of efficiency is 

1. Two Different TMDs 

2. Single TMD 

3. Four TMDs 

4. Two Identical TMDs 

Also, as with the case of the structure with equal modal damping ratio values, at 

least two TMDs are required to suppress the response of the strongly torsionally 

coupled system and two tuning ratio values are required to reduce the response of the 

torsionally flexible structure effectively. 

3.4.6 Optimal TMD Parameters 

For the three uncoupled frequency ratios considered, the optimal parameters 

corresponding to the T?v1D location resulting in maximum efficiency are given in 
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Tables 3.5 and 3.6. The parameters optimized for each mass ratio are the tuning 

ratio and the TMD damping ratio. The optimal parameters determined for all other 

locations considered for each uncoupled frequency ratio investigated can be found in 

AppendL,( F to Appendix J. 

3.5 Dynamic Response and TMD Location 

This section discusses the relationship between the dynamic response and the 

TMD location. This is accomplished by using the concept of generalized mass ratio 

values to investigate the influence of TMD location on the dynamic response of the 

torsionally coupled structures. 

3.5.1 Generalized Mass Ratio Values 

Calculation of the generalized mass ratio vahtes can be accomplished using 

the mode shapes of the structure, ¢n, the mass matrix of the structure, IvIs, and 

TMD mass matrix, IvItmd . Note that the subscript n represents the structural mode 

of interests. The mode shapes of the structure can be calculated by solving the 

following eigenvalue problem (Chopra, 2000) 

o (3.8) 
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The stiffness of the structure, Ie, and the mass matrix of a torsionally coupled 

structure can be expressed as follows 

(3.9) 

(3.10) 

The TMD mass matrix can be calculated by transferring the mass of the TMD back 

to the centre of mass of the structure. This can be achieved by direct equilibrium 

method, in which a unit acceleration is imposed on each degree-of-freedom, and the 

mass influence coefficients determined. The derivation of the mass matrix of a single 

TMD is represented in Figure 3.83. The TMD mass matrix is found to be 

(3.11) 

vVith the mode shapes, mass matrix of the structure and TMD mass matrix calcu-

lated, the generalized mass ratio value of a specific mode can be calculated as 

(3.12) 
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where the generalized mass of the TMD, mtmdn *, and the generalized mass the struc­

ture mSn * are expressed as 

{cPn} T[Nltmdl{ cPn} (3.13) 

and 

(3.14) 

respectively. The generalized mass ratio values obtained from Equation 3.12 can be 

used to investigate the relationship between the dynamic response and TMD loca­

tion. Note that the generalized mass ratio values are employed here as a way of 

qualitatively predicting the effectiveness of a TMD at different locations. However, 

this approximation can provide a great deal of insight regarding the least and the 

most effective TMD locations. 

3.5.2 Relationship between Generalized Mass Ratio and Dy­

namic Response 

The generalized mass ratio values for structures equipped with a single TMD 

are calculated and plotted in Figures 3.84 (p = 0.01) and 3.85 ({l = 0.02) for differ­

ent TMD locations. The generalized mass ratio values for each mode are shown in 

Appendix A, Tables A. 7 to A.12. 
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3.5.2.1 Structures with Equal Modal Peak Amplitude Values 

A discussion on structures with equal modal peak amplitude values is first 

presented. In order to reduce the response effectively, it is necessary to provide 

sufficient generalized mass ratio values in both modes. Observing Figures 3.84 and 

3.85, for we/ws = 0.8, it can be seen that a low generalized mass ratio value is obtained 

in mode 1 when a TMD is placed at B /6. Thus, it is expected that this would be 

an ineffective location to place a single TMD. In addition, it can be concluded from 

the generalized mass ratio values presented in Figures 3.84 and 3.85 that the second 

least effective location is at the centre of mass of the structure (i.e. Yl = 0). At 

TMD location B /2, relatively large generalized mass ratio values are obtained for 

both modes. Thus, it can be postulated that B /2 is the most effective TMD location 

for this uncoupled frequency ratio. As for we/ws = 1.2, based on observations, the 

least and second least effective locations are at - B / 6 and the centre of mass of the 

structure (i.e. Yl = 0), respectively. The most effective location to place a single 

TMD is at - B /2 as high generalized mass ratio values are obtained for both modes 

at this location. The above observations drawn from Figures 3.84 and 3.85 are found 

to agree with the results obtained from the numerical simulations. 

As for the strongly torsionally coupled system (i.e. we/ws = 1.0), a symmetric 

shape in the generalized mass ratio values plot can be observed. It can be concluded 

from the plots that both B /2 and - B /2 are very effective locations to place a single 

TMD as high generalized mass ratio values can be obtained for one of the modes. 

Also, it can be observed that - B /3 and B /3 are ineffective locations to place a single 

TMD. This is due to the fact that a small generalized mass ratio value is obtained 

for one of the modes. 
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3.5.2.2 Structures with Equal Modal Damping Ratio Values 

A discussion on structures with equal modal damping ratio values equipped 

with a single TMD are presented in this section. As shown in Figure 3.1, a structure 

with equal damping ratio values, does not have equal modal peak amplitude values. 

Thus, in order to utilize the generalized mass ratio values to predict the most effective 

TMD locations it is necessary to first understand how the structure behaves without 

TMD(s). Therefore, the frequency response function plots of structures without any 

TMD(s) (see Figure 3.1), need to be considered along with the plots of generalized 

mass ratio values. Although it is more challenging to predict the response of structures 

with equal modal damping ratio equipped with a single TMD, a general indication of 

the least and most effective locations can be obtained. 

For W(}/w s = 0.5, it can be seen from the frequency response function plots 

that the peak values of mode 1 and mode 2 are similar (see Figure 3.1). Thus, it 

is expected that locations resulting in relatively low generalized mass ratio values in 

either mode 1 or 2 will result in poor performance. Based on Figures 3.84 and 3.85, it 

can been seen that the centre of mass of the structure and location B / 6 are locations 

resulting in low generalized mass ratio values in mode 1. Thus, it is expected that the 

amount of reduction in response at these two locations will be less than that obtained 

for other locations. Based on the generalized mass values, it is expected that placing 

a single TMD at location B /2 will result in the highest efficiency. 

For W(}/w s ratio = 0.7, it can be seen from the frequency response function 

plots in Figure 3.1 that the peak amplitude of mode 2 is larger than mode 1. Thus, 

it is expected that at location B /2, where the highest generalized mass ratio value is 

obtained in mode 2, will result in the maximum efficiency. However, at location B /6 
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and at the centre of mass of the structure, negligible generalized mass ratio values 

are obtained in the mode 1 also resulting in low TMD efficiency. 

For we/ws = 0.8, it can be seen that mode 1 has a higher peak amplitude (see 

Figure 3.1). Thus, based on Figures 3.84 and 3.85, it can be expected that the least 

efficient TMD location is at B /6 since the generalized mass ratio value is negligible 

at this location for mode 1. As for the most efficient TMD location, it is expected to 

occur at B /2 as large generalized mass ratio values are obtained for both modes. 

For the strongly torsionally coupled system (i.e. we/ws = 1.0), mode 1 has 

the largest peak amplitude (see Figure 3.1). From Figures 3.84 and 3.85, the lowest 

efficiency is expected to occur when the TMD is placed at B /3. Since a very large 

generalized mass ratio value is obtained for mode 1 at - B /2, maximum efficiency is 

expected if the TMD is placed at this location. 

For the torsionally stiff structures (i.e. we/ws > 1.0), mode 1 has the largest 

peak amplitude value (see Figure 3.1). Thus, the most efficient location to place a 

single TMD is expected to be - B /2. The least effective location is expected to be 

B /2 as a small generalized mass ratio value is obtained for mode 1 at this location. 

The above observations drawn from Figures 3.84 and 3.85 are found to be con­

sistent with the results obtained from the numerical simulations utilizing MATLAB 

(r2007b). In general, generalized mass ratio plots can be used as a simple design tool 

allowing the designer to quickly evaluate efficient TMD locations and the method can 

be applied for multiple TMDs systems. Chapter 5 investigates this technique in more 

detail. 
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3.6 Summary and Conclusions 

This chapter presents the results of torsionally coupled systems with equal 

modal damping ratio values, and equal modal peak amplitude values under harmonic 

excitation. Different TMD configurations are utilized to study the dynamic response 

of the structure-TMD systems. The following conclusions are summarized for the 

particular types of structures that have been considered: 

• The efficiency of different TMD configurations can be categorized according to 

the nature of the structures; i.e., torsionally flexible, strongly torsionally coupled 

and torsionally stiff. 

• The dynamic response for we/ws = 0.8, 1.0 and 1.2 was found to be sensitive to 

the structural damping which is in contrast to previous finding by 'Warburton 

and Ayorinde (1980). This is due to the differing objectives in the optimization 

criterion. This study focused on optimizing the response of the entire system 

whereas the research by 'Warburton and Ayorinde (1980) focused on optimizing 

the response of a single-degree-of-freedom primary structure. 

• TMD(s) efficiency can be maximized by locating the absorbers at the edge(s) 

of the structures as this provides the greatest mass coupling terms and mass 

moment of inertia. 

• The two different TMDs configuration was found to be the most efficient con­

figuration for all the torsionally coupled structures as each of the TMDs, with 

their own unique mass ratio, can be tuned to a particular mode. 

• The efficiency of a single TMD configuration was found to approach that of the 
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two different TMDs configuration for the torsionally stiff structures. 

• The design of single TMD without considering the torsional motion can be jus­

tified for the torsionally stiff structures with equal modal damping ratio values. 

This is a result of the response motion being dominated by the translational 

motion. 

• The response behavior and TMD location resulting in ma.-ximum and minimum 

efficiency of the torsionally coupled structures equipped with a single TMD can 

be predicted using the generalized mass ratio values plot. 

• A single TMD was not efficient in reducing the response of the strongly torsion­

ally coupled system. Therefore, TMD configuration is an important parameter 

which should be considered in the design of TMDs for strongly torsionally cou­

pled structure. 

• The efficiency of the single TMD configuration was found to exceed that of the 

two identical TMDs configuration except for the strongly torsionally coupled 

structure case. This can be attributed to the mass coupling term generated 

by a single DVA that aids in reducing the response when two modes are well 

separated. 

• The additional mass constraint placed on the four TMD configurations (Ap­

proach I and II) limited the efficiency in this configuration for the torsionally 

coupled structures as compared to that of the two different TMDs configuration. 

The four TMDs configuration (Approach II) was found to be more efficient in 

reducing the response of the torsionally flexible structures compared to that of 
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Approach 1. This indicates the importance of minimizing the constraints placed 

on selecting TMDs parameters. 

• The TNID configurations considered are more efficient in reducing the response 

of structures with equal damping ratio values than structures with equal modal 

peak amplitude values. For the case of equal modal peak amplitude, the total 

response is equally comprised of both modes. As a result, the TMDs are not 

as efficient in reducing the system peak amplitude as it cannot be tuned to a 

dominant mode. 

• At least two TMDs are required to reduce the dynamic response effectively of 

the strongly torsionally coupled system since the mass coupling term generated 

by a single TMD does not aid in reducing the response when two modes are 

strongly coupled. 

• At least two tuning ratios are required to suppress the dynamic response ef­

fectively for the torsionally flexible structures as the mass moment of inertia 

generated by the TMDs tuned to the torsionally dominant mode do not aid in 

suppressing the response of the higher frequency translational mode. 

• For TMD configurations where only one tuning ratio can be employed ( a single 

TMD and two identical TMDs configurations), tuning the TMD(s) around the 

translation dominant mode can reduce the response of the torsionally dominant 

mode in the torsionally stiff structures as a result of the inertia forces generated 

by the TMD(s). 

• All TMD configurations considered were able to attenuate the uncontrolled 

dynamic response and the efficiency for each configuration was found to increase 
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as the mass ratio was increased. 
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3.7 Chapter Tables 

we/ws R Mode 1 Mode 2 
0.5 34.01 {I -1.5161}T {I 0.0615}T 
0.7 34.83 {I -1.1067}T {I 0.0867}T 
0.8 40.83 {I -0.8350}T {I 0.1150}T 
1.0 40.89 {I -0.3098}T {I 0.3098}T 
1.2 27.34 {I -0.0981}T {I 0.9781}T 
1.3 25.61 {I -O.0664}T {I 1. 4464}T 

Table 3.1: DMF of Structures without DVA(s) and the Undamped Mode Shapes 
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-....l 
I 

wo/w.s Yl Y2 Y3 Y4 fJ.l fJ.2 fJ.3 fJ.4 VI V2 V3 V4 (1 (2 (3 (4 R 
Single TMD 

O.G B/2 om 0.6231 0.4486 24.8824 
0.7 B/2 om 0.8702 0.1936 17.9840 
0.8 B/2 om 0.8206 0.1351 16.9127 
1.0 -B/2 om 0.9728 0.0507 20.2683 
1.2 -B/2 om 0.9645 0.0939. 9.9085 ~ 1.3 -B/2 0.01 0.9727 0.0863 9.7155 

Two Identical TMDs >-
0.5 -13/2 B/2 0.005 0.005 0.7139 0.7139 0.3981 0.3981 26.3921 en 
0.7 -B/2 B/2 0.005 0.005 0.9329 0.9329 0.1696 0.1696 

() 
19.7885 

0.8 -B/2 B/2 0.005 0.005 0.8609 0.8609 0.1750 0.1750 18.669S t-3 
1.0 -B/2 B/2 0.005 0.005 0.9305 0.9305 0.1050 0.1050 14.3146 t:J' 
1.2 -B/2 B/2 0.005 0.005 0.9638 0.9638 0.0681 0.0681 11.597'1 

<1l 
CJl ..... 

1.3 -B~_. B/2 0.005 0.005 0.9710 0.9710 0.0659 0.0659 11.0429 CJl 

Two Different TMDs 
0.5 -Bj2 B/2 0.0044 0.0056 0.4541 1.0022 0.0725 0.0603 12.2132 ~ 
0.7 -B/2 B/2 0.0018 0.0082 0.6505 0.9966 0.04S81 0.0758 10.6199 "rJ 
0.8 -B/2 B/2 0.0031 0.0069 0.7396 0.9948 0.0618 0.0753 10.3127 t:q 
1.0 -B/2 B/2 0.0074 0.0026 0.9015 1.052G 0.09981 0.0611 10.5584 0 ex; 
1.2 -B/2 B/2 0.0093 0.0007 0.9590 1.0193 0.0859 0.0171 9.767.5 ...,. 
1.3 -B/2 B/2 0.0089 O.OOll 0.9641 1.0251 0.07561 0.0217 9.5021 ~ Four TMDs (Approach-I) () 

0.5 -B;2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.4577 1.0081 0.4577 1.0081 0.1032i 0.0477 0.1032 0.0477 14.5448 ~ 
0.7 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.002G 0.0025 0.6870 1.0141 0.6870 1.0141 0.1729 0.0481 0.1729 0.0481 14.3540 §; 
0.8 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.7498 1.0178 0.7498 1.0178 0.0918 0.0501 0.0918 0.0501 12.7260 c1-

<1l 
1.0 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.8944 1.0085 0.8944 1.0085 0.0587 0.0804 0.0587 0.0804 12.9243 '-l 

1.2 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.9326 0.9994 0.9326 0.9994 0.0445 0.0468 0.0445 0.0468 10.7439 C; 
1.3 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.9406 1.0055 0.9406 1.0055 0.0434 0.0462 0.0434 0.0462 10.2450 ~ ..... 

Four TMDs (Approach-I) C13 
0.5 -Bj2 -B/2 B/2 B/2 0.0019 0.0031 0.0019 0.0031 0.4569 1.0067 0.4569 1.0067 0.0602' 0.0511 0.0602 0.0511 13.7374 '-l 

CJl 

0.7 -B/2 -B/2 B/2 B/2 0.0042 0.0008 0.0042 0.0008 1.0084 0.6520 1.0084 0.6520 0.0617 0.0393 0.0617 0.0393 12.5776 
..... 
c1-

0.8 -B/2 -B/2 B/2 B/2 0.0018 0.0032 0.0018 0.0032 0.7441 1.0146 0.7441 1.0146 0.0562, 0.0565 0.0562 0.0565 12.1313 '-<: 

1.0 -B/2 -B/2 B/2 B/2 0.0046 0.0004 0.0046 0.0004 0.9102 1.0848 0.9102 1.0848 0.0805; 0.0271 0.0805 0.0271 12.4069 

I~ 1.2 -B/2 -B/2 B/2 B/2 0.0026 0.0024 0.0026 0.0024 0.9333 1.0001 0.9333 1.0001 0.0459 0.0455 0.0459 0.0455 10.7430 

U -B/2 -B/2 B/2 B/2 0.0026 0.0024 0.0026 0.0024 0.9410 1.0062 0.9410 1.0062 0.04391 0.0448 0.0439 0.0448 10.2442 

Optimal TMD Parameters for Torsionally Coupled Systems (Equal Modal Damping Ratio Values) 
t.r:l 

Table 3.2: I~· subjected to Harmonic Excitation (J.L=O.Ol) 
<1l 
'-l ..... 
~ 

()'q 



UJ 

--:r 
I 

wo/ws Y1 Y2 Y3 Y4 fJ-1 fJ-2 fJ-3 fJ-4 £'1 £'2 £'3 £'4 (1 (2 (3 (4 R 
Single TMD 

O.G B/2 0.01 0.5913 0.4483 20.2962 
0.7 B/2 0.01 0.8346 0.2135 13.4953 
0.8 B/2 0.01 0.8331 0.1499 11.7144 
1.0 -B/2 0.01 0.9321 0.0439 16.9398 
1.2 -B/2 0.01 0.9541 0.1356 7.8849 ~ 1.3 -B/2 om 0.9624 0.1220 7.7362 

Two Identical TMDs > 
0.5 -B/2 B/2 om 0.01 0.6673 0.6673 0.4300 0.4300 22.4252 CJ) 

0.7 -B/2 B/2 0.01 0.01 0.8896 0.8896 0.2066 0.2066 
(") 

16.0920 
0.8 -B/2 B/2 om 0.01 0.8689 0.8689 0.1881 0.1881 14.2750 r-3 
1.0 -B/2 B/2 om 0.01 0.9169 0.9169 0.1317 0.1317 10.2648 p-' 

1.2 -B/2 B/2 0.01 0.01 0.9533 0.9533 0.0951 0.0951 
([) 

9.1786 CIl ....... 
1.3 -B/2 B/2 om 0.01 0.9601 0.9601 0.0926 0.0926 8.790G CJl 

Two Different TMDs 
0.5 -B/2 B/2 0.0091 0.0109 0.4426 0.9910 0.1001 0.0800 9.5900 >-< 
0.7 -B/2 B/2 0.0035 0.0165 0.6351 0.9748 0.0639 0.1021 8.1758 ~ 
0.8 -B/2 B/2 0.0040 0.0160 0.7200 0.9607 0.0662 0.1062 7.9427 ::q 
1.0 -B/2 B/2 0.0140 0.0060 0.8873 1.0290 0.1401 0.0871 8.208G 0 

00 1.2 -B/2 B/2 0.0176 0.0024 0.9413 1.0285 0.1131 0.0319 7.6262 CJl 
1.3 -B/2 B/2 0.0171 0.0029 0.9467 1.0333 0.1011 0.0367 7.4374 ~ Four TMDs (Approach-I) (") 

0.5 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.4478 1.0024 0.4478 1.0024 0.1334 0.0654 0.1334 0.0654 11.5043 ~ 
0.7 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.6755 1.0081 0.6755 1.0081 0.1930 0.0669 0.1930 0.0669 11.1389 ~ 
0.8 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.7420 1.0107 0.7420 1.0107 0.1258 0.0693 0.1258 0.0693 10.0200 c:-t-

([) 

1.0 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.8717 0.9981 0.8717 0.9981 0.0802 0.0950 0.0802 0.0950 9.3493 '""i 

1.2 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.9119 1.0025 0.9119 1.0025 0.0625 0.0657 0.0625 0.0657 8.4081 c::::: 
1.3 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.9196 1.0084 0.9196 1.0084 0.0595 0.0639 0.0595 0.0639 8.0681 \::j ....... 

Four TMDs (Approach-II) cB 
0.5 -B/2 -B~B/2 B/2 0.0041 0.0059 0.0041 0.0059 0.4476 1.0002 0.4476 1.0002 0.0870 0.0701 0.0870 0.0701 10.9467 '""i 

CJl 

0.7 -B/2 -B/2 B/2 B/2 0.0018 0.0082 0.0018 0.0082 0.6380 0.9984 0.6380 0.9984 0.057] 0.0847 0.0571 0.0847 9.8579 
....... 
c:-t-

0.8 -B/2 -B/2 B/2 B/2 0.0032 0.0068 0.0032 0.0068 0.7265 1.0035 0.7265 1.0035 0.0724 0.0803 0.0724 0.0803 9.4520 «: 
1.0 -B/2 -B/2 B/2 B/2 0.0097 0.0003 0.0097 0.0003 0.9026 1.0937 0.9026 1.0937 0.115] 0.0291 0.1151 0.0291 9.4444 

1.2 -B/2 -B/2 B/2 B/2 0.0053 0.0047 0.0053 0.0047 0.9131 1.0044 0.9131 1.0044 0.0639 0.0636 0.0639 0.0636 8.4063 Q :;::. 
1.3 -Bj2 -Bj2 Bj2 Bj2 0.0053 0.0047 0.0053 0.0047 0.9212 1.0101 0.9212 1.0101 0.0623 0.0626 0.0623 0.0626 8.0667 ....... ........ 

Optimal TMD Parameters for Torsionally Coupled Systems (Equal Modal Damping Ratio Values) 
M 

Table 3.3: ~ 
Q'"q 

subjected to Harmonic Excitation (f.l=O.02) 
....... 
\::j 
([) 
(D 
'""i ....... 
\::j 
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0.8 
1.0 
1.2 

R 
28.03 
33.35 
19.18 

Translational Damping 
2.01% 
1.79% 
2.13% 

Torsional Damping 
1.84% 
2.41% 
2.49% 

Table 3.4: DMF and Damping Ratio Values of Structures with Equal Modal Peak 
Amplitude Values without DVAs subjected to Harmonic Excitation 
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WO/W8 'Vl 'Y2 'U3 'VI! 1'1 1'2 1'3 1"1 VI v2 V3 1'·1 ~1 <2 <3 <.1 R 
Single TMD 

0.8 B/2 0.b1 0.85<13 0.1519 16.1430 
1.0 B/2 0.01 0.9744 0.0~72 ~1.9203 

1.2 -B/2 0.01 0.9847 0.0993 9.5201 
Two Identical TMDs 

0.8 -B/2 B/2 0.005 0.005 0.9082 0.9082 0.1582 0.1582 17.9893 
1.0 -B/2 B/2 0.005 0.005 0.9524 0.9524 0.1.117 0.1117 15.0529 
1.2 -B/2 B/2 0.005 0.005 0.9646 0.9646 0.0805 0.0805 10.0501:1 

Two Different TMDs 
0.8 -B/2 13 /2 0.0024 0.0076 0.7401 0.9975 0.0542 0.0791 10.0444 
1.0 -B/2 B/2 0.0064 0.0036 0.9024 1.0490 0.0951 0.0700 10.4551 

00 1.2 -B/2 B/2 9.969s- 3 0.308s- 4 0.9684 1.2306 0.0984 0.0083 8.8048 
-:r Four TMDs (Approach-I) 

0.8 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.7641 1.0197 0.7641 1.0197 0.1134 0.0503 0.1134 0.0.503 12.9891 
1.0 -13/2 -13/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.8972 1.0394 0.8972 1.0394 0.0593 0.0766 0.0593 0.0766 12.6124 
1.2 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 1.0069 0.9467 1.0069 0.9467 0.0817 0.0584 0.0817 0.0584 9.9441 

Four TIVIDs (Approach-II) 
0.8 -B/2 -B/2 B/2 B/2 0.0038 0.0012 0.0038 0.0012 1.0140 0.7425 1.0140 0.7425 0.0612 0.0473 0.0612 0.0473 11.9315 
1.0 -B/2 -B/2 B/2 B/2 0.0011 0.0039 0.0011 0.0039 1.0777 0.9061 1.0777 0.9061 0.01116 0.0749 0.0416 0.0749 12.0331 
1.2 -13/2 -13/2 B/2 B/2 0.0007 0.0043 0.0007 0.0043 0.9343 0.9812 0.9343 0.9812 0.0380 0.0824 0.0380 0.0824 9.8983 

Table 3.5: Optimal TMD Parameters for Torsionally Coupled Systems (Equal Modal Peak Amplitude Values) 
subjected to Harmonic Excitation ({l=O.Ol) 

w 
-:r 

~ 
> 
W. 
0' 

r-3 
i:Y' 
CD 
C/.l ..... 
C/.l 

><: 
~ 
::r:: 
0 

~ 
0 

~ 
~ 
C"!-
CD 
I-l 

c::: 
~ ..... 
~ 
I-l 
C/.l ..... 
C"!-

'--< 

Q ..... 
::J . ....... 
tIj 
~ 

oq ..... 
~ 
CD 
CD 
I-l ..... 
~ 

oq 



we/ws Y1 Y2 Y3 Y4 J.L1 112 113 J.L4 1/1 //2 1/3 1/4 (1 (2 (3 (4 R 
Single TMD 

0.8 B/2 0.01 0.8545 0.1569 11.2650 
1.0 -B/2 0.01 0.9456 0.0330 18.9525 
1.2 -B/2 0.01 0.9601 0.1346 7.2453 

Two Identical TMDs 
0.8 -B/2 B/2 0.01 0.01 0.8978 0.8978 0.1801 0.1801 13.7968 
1.0 -B/2 B/2 om 0.01 0.9341 0.9341 0.1316 0.1316 10.6272 
1.2 -B/2 B/2 om 0.01 0.9539 0.9539 0.0970 0.0970 8.1242 

Two Different TMDs 
0.8 -B/2 B/2 0.0033 0.0167 0.7205 0.9682 0.0619 0.1067 7.7191 
1.0 -B/2 B/2 0.0127 0.0073 0.8893 1.0260 0.1364 0.0947 8.1416 

00 1.2 -B/2 B/2 O.OHiO 0.0040 0.9434 1.0308 0.1085 0.0594 7.0838 
00 Four TMDs (Approach-I) 

0.8 B/2 B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.7551 1.0129 0.7551 1.0129 0.1444 0.0702 0.1444 0.0702 10.1305 
1.0 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 0.8750 1.0220 0.8750 1.0220 0.0795 0.0929 0.0795 0.0929 9.2468 
1.2 -B/2 -B/2 B/2 B/2 0.0050 0.0050 0.0050 0.0050 1.0040 0.9116 1.0040 0.9116 0.0688 0.0649 0.0688 0.0649 7.5229 

Four TIVIDs (Approach-II) 
0.8 -B/2 -B/2 B/2 B/2 0.0077 0.0023 0.0077 0.0023 1.0026 0.7245 1.0026 0.7245 0.0850 0.0631 0.0850 0.0631 9.3400 
1.0 -B/2 -B/2 B/2 B/2 0.0087 0.0013 0.0087 0.0013 0.8971 1.0842 0.8971 1.0842 0.1076 0.0493 0.1076 0.0493 9.1009 
1.2 -B/2 -B/2 B/2 B/2 0.0051 0.0049 0.0051 0.0049 0.9l19 1.0043 0.9119 1.0043 0.0653 0.0687 0.0653 0.0687 7.5228 

Table 3.6: Optimal TMD Parameters for Torsionally Coupled Systems (Equal Modal Peak Amplitude Values) 
subjected to Harmonic Excitation (,u=O.02) 
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3.8 Chapter Figures 
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Figure 3.1: Frequency Response Function Plots of Structures with Equal Modal 
Damping Ratio Values without DVA subjected to Harmonic Excitation 
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13/2 Mode 1 -8/2 

8/2 Mode 2 -8/2 

.. I' . 

Figure 3.2: Undamped Mode Shapes for Structure with we/ws = 0.5 

8/2 Mode 2 -8/2 

Figure 3.3: Undamped Mode Shapes for Structure with we/ws = 0.7 

-8/2 

Figure 3.4: Undamped Mode Shapes for Structure with we/ws = 0.8 
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8/2 Mode 1 Mode 2 

Figure 3.5: Undamped Mode Shapes for Structure with wo/ws = 1.0 

812 Mode 1 -8/2 

Figure 3.6: Undamped Mode Shapes for Structure with wo/ws = 1.2 

8/2 

812 Mode 1 -8/2 
:': 

Figure 3.7: Undamped Mode Shapes for Structure with wo/ws = 1.3 
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Figure 3.8: Single TMD Location Description 
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Figure 3.9: Frequency Response Function Plots (Equal Modal Damping Ratio Values 
- Single TMD Configuration) 
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Figure 3.10: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Single TMD (Il = 0.01) subjected to Harmonic Excitation 
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Figure 3.11: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Single TMD (I-l = 0.02) subjected to Harmonic Excitation 
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Figure 3.12: Response Reduction Factors for Structures with Equal Modal Damping 
Ratio Values Equipped with Single TMD subjected to Harmonic Excitation 
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Figure 3.13: Frequency Response 
Function Plot of Structures Equipped 
with Single TMD (f-i = 0.01) using 
Optimal Parameters from Literature 
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Figure 3.14: Frequency Response Function 
Plot of Structures Equipped with Single 
TMD (f-i = 0.02) using Optimal Parame­
ters from Literature 
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Figure 3.17: Frequency Response Function Plots (Equal Modal Damping Ratio Values 
- Two Identical TMDs Configuration) 
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Figure 3.18: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Two Identical TMDs (t~ = 0.01) subjected to Harmonic Excitation 
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Figure 3.19: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Two Identical TMDs (It = 0.02) subjected to Harmonic Excitation 
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Figure 3.23: Frequency Response Function Plots (Equal Modal Damping Ratio Values 
- Two Different TMDs Configuration) 
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Figure 3.24: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Two Different TMDs (IL = 0.01) subjected to Harmonic Excitation 
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Figure 3.25: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Two Different TMDs (IL = 0.02) subjected to Harmonic Excitation 
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Figure 3.26: Response Reduction Factors for Structures with Equal Modal Damping 
Ratio Values Equipped with Two Different TMDs subjected to Harmonic Excitation 
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Figure 3.27: Minimum Efficiency 
Obtained for Two Different TMDs 
subjected to Harmonic Excitation 
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Figure 3.28: Maximum Efficiency Ob­
tained for Two Different TMDs subjected 
to Harmonic Excitation 
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Figure 3.29: Frequency Response Function Plots (Equal Modal Damping Ratio Values 
- Four TMDs Configuration Approach-I) 
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Figure 3.30: DMF of Structures Equipped with Four TMDs (p, = 0.01) (Approach-I) 
subjected to Harmonic Excitation 
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Figure 3.31: DMF of Structures Equipped with Four TMDs (p, = 0.02) (Approach-I) 
subjected to Harmonic Excitation 
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Figure 3.32: Response Reduction Factors for Structures with Equal Modal Damp­
ing Ratio Values Equipped with Four TMDs (Approach-I) subjected to Harmonic 
Excitation 
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Figure 3.33: Minimum Efficiency 
Obtained for Four TMDs (Approach-I) 
subjected to Harmonic Excitation 
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Figure 3.34: Maximum Efficiency Ob­
tained for Four TMDs (Approach-I) sub­
jected to Harmonic Excitation 
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Figure 3.35: Frequency Response Function Plots (Equal Modal Damping Ratio Values 
- Four TMDs Configuration Approach-II) 
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Figure 3.36: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Four TMDs (JL = 0.01) (Approach-II) subjected to Harmonic Excitation 
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Figure 3.37: DMF of Structures with Equal Modal Damping Ratio Values Equipped 
with Four TMDs (JL = 0.02) (Approach-II) subjected to Harmonic Excitation 
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Figure 3.38: Response Reduction Factors for Structures with Equal Modal Damp­
ing Ratio Values Equipped with Four TMDs (Approach-II) subjected to Harmonic 
Excitation 
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Figure 3.39: Minimum Efficiency 
Obtained for Four TMDs (Approach-II) 
subjected to Harmonic Excitation 
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Figure 3.40: Maximum Efficiency Ob­
tained for Four TMDs (Approach-II) sub­
jected to Harmonic Excitation 
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Figure 3.41: Frequency Response Function Plots of Structures with Equal Modal 
Damping Ratio Values with Maximum TMD(s) Efficiency Location 
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Figure 3.42: Maximum Efficiency for Different Arrangements of TMDs (IL = 0.01) 
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Figure 3.43: Maximum Efficiency for Different Arrangements of TMDs (IL = 0.02) 
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Figure 3.44: Frequency Response Function Plots of Structures with Equal Modal 
Peak Amplitude Values without DVA subjected to Harmonic Excitation 
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Figure 3.45: Frequency Response Function Plots (Equal Modal Peak Amplitude Val-
ues - Single TMD Configuration) 
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Figure 3.46: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Single TMD (Jl = 0.01) subjected to Harmonic Excitation 
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Figure 3.47: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Single TMD (Jl = 0.02) subjected to Harmonic Excitation 
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Figure 3.48: Response Reduction Factors for Structures with Equal Modal Peak 
Amplitude Values Equipped with Single TMD subjected to Harmonic Excitation 
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Figure 3.49: Minimum Efficiency 
Obtained for Structures with Equal 
Modal Peak Amplitude Values Equipped 
with Single TMD subjected to 

Figure 3.50: Maximum Efficiency 
Obtained for Structures with Equal 
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Figure 3.51: Maximum Efficiency Comparison between Structures with Equal Modal 
Damping Ratio and Equal Modal Peak Amplitude Equipped with Single TMD sub­
jected to Harmonic Excitation 
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Figure 3.52: Frequency Response Function Plots (Equal Modal Peak Amplitude -
Two Identical TMDs Configuration) 
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Figure 3.53: DMF for Structures with Equal Modal Peak Amplitude Values Equipped 
with Two Identical TMDs (J--l = 0.01) subjected to Harmonic Excitation 
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Figure 3.54: DMF for Structures with Equal Modal Peak Amplitude Values Equipped 
with Two Identical TMDs (~L = 0.02) subjected to Harmonic Excitation 
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Figure 3.55: Response Reduction Factors of Structures with Equal Modal Peak Am­
plitude Values Equipped with Two Identical TMDs subjected to Harmonic Excitation 
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Figure 3.58: Maximum Efficiency Comparison between Structures with Equal Modal 
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Figure 3.59: Frequency Response Function Plots (Equal Modal Peak Amplitude -
Two Different TMDs Configuration) 

120 



3.8 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

35~--~--------~r=====~~~~ 
-e- Y1=-B/2, y2=B/2 

30 -y1=-B/3, y2=B/3 

25 -e- Y1=-B/6, y2=B/6 

20 
a:: 

15 

10 ~-I---------a;??::::s 
5 

-o~--~----------~----------~----~ 
0.8 1.0 1.2 

roiros 
Figure 3.60: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Two Different TMDs (/~ = 0.01) subjected to Harmonic Excitation 
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Figure 3.61: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Two Different TMDs (/~ = 0.02) subjected to Harmonic Excitation 
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Figure 3.62: Response Reduction Factor for Structures with Equal Modal Peak Am­
plitude Values Equipped with Two Different TMDs subjected to Harmonic Excitation 
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Figure 3.65: Maximum Efficiency Comparison between Structures with Equal Modal 
Damping Ratio and Equal Modal Peak Amplitude Equipped with Two Different 
TMDs subjected to Harmonic Excitation 
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Figure 3.66: Frequency Response Function Plots (Equal Modal Peak Amplitude -
Four TMDs Configuration (Approach-I)) 
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Figure 3.67: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Four TMDs (JL = 0.01) (Approach-I) subjected to Harmonic Excitation 
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Figure 3.68: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Four TMDs (JL = 0.02) (Approach-I) subjected to Harmonic Excitation 
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Figure 3.69: Response Reduction Factor for Structures with Equal Modal Peak Am­
plitude Values Equipped with Four TMDs (Approach-I) subjected to Harmonic Ex­
citation 
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Figure 3.70: Minimum Efficiency 
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Modal Peak Values Equipped with 
Four TMDs (Approach I) subjected to 
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Figure 3.72: Maximum Efficiency Comparison between Structures with Equal Modal 
Damping Ratio and Equal Modal Peak Amplitude Equipped with Four TMDs 
(Approach-I) subjected to Harmonic Excitation 
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Figure 3.73: Frequency Response Function Plots (Equal Modal Peak Amplitude -
Four TMDs Configuration (Approach-II)) 
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Figure 3.74: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Four TMDs (p = 0.01) (Approach-II) subjected to Harmonic Excitation 
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Figure 3.75: DMF of Structures with Equal Modal Peak Amplitude Values Equipped 
with Four TMDs (~L = 0.02) (Approach-II) subjected to Harmonic Excitation 
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Figure 3.76: Response Reduction Factors for Structures with Equal Modal Peak 
Amplitude Values Equipped with Four TMDs (Approach-II) subjected to Harmonic 
Excitation 
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Figure 3.79: Maximum Efficiency Comparison between Structures with Equal Modal 
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Figure 3.80: Frequen~y Response Function Plots of Structures with Equal Modal 
Peak Amplitude Values with Maximum TMD(s) Efficiency Location 
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Figure 3.82: Maximum Efficiency for Different Arrangements of TYIDs (p = 0.02) for 
Structures with Equal Modal Peak Amplitude Values 
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Figure 3.83: Development of TMD Mass Matrix (Single TMD) (a), (b) and (c) 
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Figure 3.84: Generalized Mass Ratio Values of Structures Equipped with a Single 
TMD (f-b = 0.01) 
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Figure 3.85: Generalized Mass Ratio Values of Structures Equipped with a Single 
TMD (p, = 0.02) 
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Chapter 4 

Torsionally Coupled Structures 

Equipped with DVA(s) subjected 

to Random Excitation 

4.1 Introduction 

This chapter investigates the dynamic response behavior of torsionally coupled 

structures equipped with DVA(s) subjected to random excitation. Structures with 

uncoupled frequency ratio values of 0.5, 0.7, 0.8, 1.0, 1.2 and 1.3 are investigated in 

this study. The structures are assumed to have equal damping ratio values of 2% in 

both modes. The response parameter of interest, which is minimized to obtain the 

optimal DVA(s) parameters, is first introduced. Part 1 of this chapter investigates 

the performance of various TMD configurations while Part 2 investigates the response 

behavior of torsionally coupled structures equipped with TLDs utilizing the equivalent 

mechanical model developed by Tait (2008). Subsequently, the efficiency of the DVA 
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configurations are evaluated and compared for a given structure. 

A total of five different TMD configurations are considered for each uncoupled 

frequency ratio value. In addition, for each TMD configuration, the influence of TMD 

location is investigated. The efficiency of the TMD configurations are evaluated and 

compared for each uncoupled frequency ratio considered. 

A similar study is carried out to investigate the response behavior of same tor­

sionally coupled structures equipped with TLD(s). A total of five TLD configurations 

were also investigated and the same absorber locations employed. 

4.2 Minimization of Response Parameter and Per­

formance Indices 

4.2.1 Response Parameter of Interest 

In this chapter, the external force is modelled as a random white noise excita­

tion with constant spectral density, So. The objective function, which is the maximum 

mean square corner displacement, (J";c' can be expressed as 

( 4.1) 

where IX (w) I is the mechanical admittance function of the system corner displace­

ment that is obtained using the equations of motion (Equation 2.18) and Equation 

3.2. As the structure-DVA systems considered are subjected to random excitation, 

which contains infinitely many frequencies, the H2 optimization criterion is employed. 

As discussed in Chapter 1, the objective of this optimization criterion is to minimize 
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the objective function, (I;c. As the systems investigated in this study are subjected 

to white noise excitation, this implies that the area under the mechanical admit-

tance function is minimized. Therefore, the optimal DVA parameters are obtained 

by minimizing the integral in Equation 4.1. 

4.2.2 Performance Indices 

The response parameter of interest for the case of random excitation is the 

root mean square (RMS) corner displacement. This is expressed as 

(lxc - (4.2) 

To evaluate the effectiveness of the DVA(s), a response reduction factor, Ro , is intro-

duced as follow 

R1VIS of Structure with DV As 

Rl\II S of Structure wdhout DV As 
( 4.3) 

The ratio Ro is a measure of the effectiveness of the DVA configuration being inves-

tigated. A value less then unity indicates that absorber configuration is effective for 

vibration control. The efficiency, 'l/J, is the parameter used in this study to compared 

the performance of different DVA configurations and is expressed as 'l/J = 1 - RD. 
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4.3 Study of Structures with Equal Modal Damp­

ing Ratio Values Equipped with TMD(s) 

This section presents a numerical study of torsionally coupled structures with 

and without TMD(s) subjected to white noise random excitation. The TMD arrange­

ments and locations are selected to match the configurations previously investigated 

under harmonic excitation. Total mass ratio values of 1 % and 2% are again consid­

ered. The mechanical admittance function plots for the six uncoupled frequency ratios 

studied are shown in Figure 4.1, with the corresponding undamped mode shapes pro­

vided in Figures 3.2 to 3.7. Also shown in each plot is the percentage contribution to 

the total variance of the maximum corner response as a function of the forcing fre­

quency ratio. This identifies the amount each mode contributes to the total variance 

or the area bounded by the mechanical admittance function, (J~c' The normalized 

RMS corner response values for the torsionally coupled structures considered in this 

study are given in Table 4.1. 

4.3.1 Single TMD Results - Random 

This section presents results obtained for torsionally coupled structures equipped 

with a single TMD subjected to random excitation. Mechanical admittance function 

plots corresponding to TMD locations resulting in maximum and minimum efficiency 

and at the centre of mass are shown in Figure 4.2. For the torsionally flexible struc­

ture (wo/ws = 0.5) selected in this study, the percentage that mode 1 and mode 2 

contribute to the total variance can be determined from Figure 4.1. It is observed 

that approximately 35% of the total variance can be attributed to mode 1 and 65% 
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of the total variance attributed to mode 2. As approximately two-thirds of the total 

variance is related to mode 2, it is expected that the optimized single TMD would be 

tuned around this dominant mode. This is confirmed by the mechanical admittance 

function plot shown in Figure 4.2 for wo/ws = 0.5. Notice that for all TMD locations 

considered, mode 2 maintains a double peak response indicating the TMD is tuned 

to this mode. For the case of wo/ws = 0.8, mode 1 and mode 2 contribute approx­

imately equally to the total variance (see Figure 4.1). Inspection of the mechanical 

admittance function plots corresponding to this uncoupled frequency ratio reveals 

two tuning strategies are employed. The tuning strategy employed depends on the 

TMD location. For the minimum efficiency case, which corresponds to the centre of 

mass location, the TMD is tuned to mode 2, which is dominated by translational 

motion (see Figure 3.4). This tuning strategy is employed as the TMD is ineffective 

in reducing torsional motion at this location. However, when the TMD is placed at 

B /2, which corresponds to the location resulting in maximum TMD efficiency, the 

optimal tuning ratio is found to lie between mode 1 and mode 2. This tuning strategy 

is employed as the TMD is effective in reducing both translational motion and tor­

sional motion at this location. Thus, the optimized TMD at this location is effective 

in reducing the response of both modes 1 and 2 simultaneously. For the strongly 

torsionally coupled structure, approximately 65% of the total variance is related to 

mode 1 and the remaining 35% to mode 2. However, it is important to note that 

there is strong coupling between modes 1 and 2. The optimal TMD tuning ratio 

value obtained indicates the TMD is tuned around mode 1, which is expected as a 

large percentage of the total variance is contributed by mode 1. The mode shapes 

found in Figure 3.5 show that, for mode 1, location -B/2 experiences the largest 
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response motion. This can be employed to explain why TMD location, - B /2, results 

in maximum efficiency. The mechanical admittance function plots shown in Figure 

4.1 for wo/ws = 1.2, indicate that over 85% of the variance can be attributed to 

mode 1 (translational motion dominated response). As a result, the TMD is tuned 

to target this mode for all the TMD locations considered. The remaining mechanical 

admittance function plots for this TMD configuration are found in Appendix K. It is 

evident that by determining the level each of the structural modes contributes to the 

total variance the tuning strategy employed to optimize the TMD can be predicted. 

The normalized RMS corner response value shown in Figures 4.3 and 4.4 

indicate that the torsionally flexible (wo/ws = 0.5 and 0.7) and torsionally stiff (wo/ws 

= 1.2 and 1.3) structures are less sensitive to TMD location compared to the strongly 

torsionally coupled case. This is again a result of the modal contribution to the 

total variance. For both the torsionally flexible and torsionally stiff structures the 

translational mode is the dominant mode, resulting in reduced sensitivity to TMD 

location. 

From Figure 4.5, which shows the response reduction factor plot of all six un­

coupled frequency ratio values, it is found that, for the torsionally flexible structures 

the lowest reduction factor occurs when the TMD is placed at B /2 whereas for tor­

sionally stiff structures, the lowest response reduction factor occurs when the TMD 

is placed at - B /2. The location resulting in maximum efficiency can be explained 

using the mode shapes plotted in Figures 3.2 and 3.3 for torsionally flexible struc­

tures and Figures 3.6 and 3.7 for the torsionally stiff structures. As stated above, for 

both the torsionally flexible and torsionally stiff structures, the dominant mode is the 

translational mode. Inspection of Figures 3.2 and 3.3 show that the largest corner 
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response corresponding to this translational mode (mode 2) of the torsionally flexible 

structures occurs at B/2. Conversely, Figures 3.6 and 3.7 show that the largest corner 

response occurs at - B /2 in the translational mode (mode 1) of the torsionally stiff 

structures. Maximum TMD efficiency is expected to occur when the TMD location 

coincides with the largest corner displacement location. This is confirmed from the 

response reduction factor plots in Figure 4.5. 

Minimum and maximum efficiency values and corresponding TMD locations 

are shown in Figures 4.6 and 4.7. As expected, an increase in the mass ratio value 

results in the higher efficiency. For the TMD locations investigated, the lowest max­

imum efficiency corresponded to the torsionally flexible system (we/ws = 0.5). 

4.3.2 Two Identical TMDs Results - Random 

The mechanical admittance function plots for the two identical TMDs con­

figuration are shown in Figure 4.8. For the torsionally flexible and torsionally stiff 

structures (we/ws = 0.5 and 1.2, respectively), the mechanical admittance function 

plots are found to remain relatively constant for all TMD locations considered. This 

is due to the fact that for all TMD locations considered the TMDs are always tuned 

to the translationally dominant mode which does not have a significant torsional re­

sponse component. For we/ws =0.8, unlike that of the single TMD configuration, 

the two identical TNIDs configuration is found to be tuned to around mode 1 (tor­

sionalmotion dominated, see Figure 3.4) when the system is optimized. A different 

tuning strategy is employed for this TMD configuration. As both modes contribute 

equally to the total variance a single TNID, which is more effective in reducing trans­

lational motion, is tuned to the translational mode (mode 2). However, two identical 
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TMDs are effective in reducing torsional motion. As a result this TMD configuration 

is tuned to the torsional mode (mode 1). For the case of the strongly torsionally 

coupled system, the TMDs are tuned in between modes 1 and 2. 

The normalized RMS corner response plots shown in Figures 4.9 and 4.10 

indicate that the strongly torsionally coupled system is sensitive to TMD location, 

whereas the torsionally stiff and flexible systems are significantly less sensitive to 

TNID location. This is confirmed by inspection of the response reduction factor plots 

in Figure 4.11. For the case of wo/ws = 0.5 and 1.3, the response reduction factors 

remain nearly constant for all TMD locations. Note that for all uncoupled frequency 

ratio considered, the lowest response reduction factor occurs when the TMDs are 

placed at the edges (±B /2) of the structure. 

The minimum and maximum efficiency plots shown in Figures 4.12 and 4.13 

indicate that for the two identical TMDs configuration the greatest maximum effi­

ciency is obtained for the strongly torsionally coupled structure. The lowest maximum 

efficiency is obtained for the torsionally flexible structure (wo/ws = 0.5). 

4.3.3 Two Different TMDs Results - Random 

For this particular two TMDs configuration, significant differences in mechan­

ical admittance function plots (see Figure 4.14) are found compared to the two iden­

tical TMDs configuration. For all four mechanical admittance function plots shown, 

it is evident that one TMD is tuned to mode 1 and one TMD is tuned to mode 2. 

As two different TMDs are employed in this configuration, each TMD has a unique 

mass ratio value. The TMD with the larger mass ratio value is found to be tuned to 

the mode that is the largest contributor to the total variance. For example, for wo/ws 
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= 0.7, about 70% of the total variance can be attributed to mode 2. It is therefore 

expected that the TMD tuned to mode 2 will have a larger mass ratio value. This 

relationship is confirmed (see Tables 4.2 and 4.3) for all uncoupled frequency ratios 

considered. For the torsionally flexible structures (wo/ws = 0.5 and 0.8) considered, 

it can also be observed that there is a rapid change in peak heights in the torsional 

dominant mode (mode 1) due to a change in TMD location. This indicates that the 

response of the torsional dominant mode is sensitive to TMD location. 

The normalized RMS corner response plots in Figures 4.15 and 4.16 show that 

the torsionally stiff coupled systems are less sensitive to TMD location as compared 

to the other systems. However, it can also be observed, by comparing Figures 4.15 

and 4.16 to 4.9 and 4.10, that the torsionally flexible systems are more sensitive to 

TNID location for the two different TMDs configuration than that of the two identical 

TMDs configuration. This is a direct result of targeting the torsional dominant mode 

and the additional torsional motion induced due to the unequal masses for the case of 

two different TMDs configuration. Also, compared to the other systems the response 

reduction factors shown in Figure 4.17 indicate that the lowest response reduction 

factor occurs when the TMDs are placed at the edges (±B/2) of the structure. 

Similar to the case of two identical TMDs, the maximum and minimum effi­

ciency plots in Figures 4.18 and 4.19 corresponded to the TMD locations of ±B/2 and 

±B /6, respectively. The maximum efficiency plot indicates that this configuration is 

most efficient when applied to the strongly torsionally coupled system. 
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4.3.4 Four TMDs Results - Random 

4.3.4.1 Approach I Results - Random 

The mechanical admittance function plots shown in Figure 4.20, corresponding 

to this TMD configuration, indicate that the paired TMDs are tuned to each mode 

for the torsionally flexible and the strongly torsionally coupled systems. However, for 

the torsionally stiff systems, both sets of paired TMDs, are tuned to mode 1. Again. 

this occurs as mode 1 contributes over 85% of the total variance for the torsionally 

stiff structures. The remaining mechanical admittance function plots corresponding 

to other uncoupled frequency ratio can be found in Appendix N. 

Inspection of the normalized RMS corner response plots shown in Figures 4.21 

and 4.22 for the four TMDs configuration (Approach I) indicate that the torsionally 

stiff systems (W(}/w s = 1.2 and 1.3) are less sensitive to TMD location compared 

to the other uncoupled frequency ratios. This sensitivity to the TMD location is 

found to be less than that of the two different TMDs configuration. Again, this is 

attributed to the fact that the sets of paired TMDs remain tuned to mode 1 for all 

locations considered in this configuration for the torsionally stiff structures. As with 

two identical and two different TMDs configurations, the lowest response reduction 

factor occurs when the TMD are located at ±B /2. The efficiency plots in Figures 

4.24 and 4.25 show that the largest maximum efficiency is achieved for the strongly 

torsionally coupled system and the maximum efficiency is found to be approximately 

the same for the torsionally stiff and torsionally flexible systems. 
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4.3.4.2 Approach II Results - Random 

The mechanical admittance function plots (see Figure 4.26) for Approach II 

are found to be very similar to those of Approach I. Additionally, similar normalized 

RMS corner response values and trends shown in Figures 4.27 and 4.28 are also 

found to exist between Approach I and II. The lowest response reduction factors 

(see Figure 4.29) are found to occur at ±B /2, which is in agreement with the other 

multiple TMDs configurations considered. The minimum and maximum efficiency 

for all uncoupled frequency ratios investigated are shown in Figures 4.30 and 4.31. 

The largest maximum efficiency is found to occur for the strongly torsionally coupled 

system, which is consistent with Approach I. 

4.4 Evaluation of Different TMD Configurations 

Mechanical admittance function plots corresponding to maximum efficiency 

TMD location for the six uncoupled frequency ratios investigated are shown in Figure 

4.32. This figure highlights the different optimized tuning strategies employed, and 

resulting frequency response behavior, which are dependent on the TMD configuration 

selected. 

Figures 4.33 and 4.34 compare the maximum efficiency obtained for the dif­

ferent TMD configurations, considered for It = 0.01 and J-L = 0.02, respectively. The 

two different TMDs configuration resulted in the highest efficiency for all the un­

coupled frequency ratios considered. The single TMD configuration is found to be 

the least efficient configuration for the strongly torsionally couple system. This is 

due to the mass coupling term generated by a single TMD do not aid in reducing 
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the response effectively when two modes are strongly coupled. However, it results in 

approximately the same efficiency as the two different TMDs configuration for the 

torsionally stiff structures. Thus, the single TMD configuration is suitable for the 

torsionally stiff structures. The maximum efficiency of the two identical TMDs con­

figuration is found to exceed that of single TMD configuration only for the strongly 

torsionally coupled system case. The efficiency of the four TMDs configuration (Ap­

proach I and II) was found to be lower than that obtained for the two different TMDs 

configuration even though both configurations are capable of targeting both modes 

simultaneously. This is due to the additional mass ratio constraints placed on the 

four TMDs configuration. Furthermore, for the four TMDs configuration, Approach 

II was found to be more efficient than Approach I for the torsionally flexible struc­

tures. This is due to the released constraint enforced on the mass ratio values. It 

can be observed from these plots that at least two TMDs are required to effectively 

suppress the response of the strongly torsionally coupled system. As expected, for all 

configurations, the maximum efficiency is increased as the mass ratio is increased. 

4.4.1 Optimal TMD Parameters - Random 

For the six uncoupled frequency ratios considered, the optimal parameters cor­

responding to the TMD location resulting in maximum efficiency are given in Tables 

4.2 and 4.3. The parameters optimized for each mass ratio are the tuning ratio and 

the TMD damping ratio. The tuning strategy employed can be determined from these 

values. Note that these optimized values are different than those found for the same 

structures subjected to harmonic excitation. The optimal parameters determined for 

all other locations considered for each uncoupled frequency ratio investigated can be 
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found in Appendix K to Appendix O. 

4.5 Study of Structure with Equal Modal Damp-

ing Ratio Values Equipped with TLD(s) 

This section investigates the response of torsionally coupled structures equipped 

with TLD(s). For comparative purposes, the same configurations and absorber lo­

cations specified for TMD configurations are used. The TLD utilized in this study 

consists of rigid rectangular tank(s) each equipped with two damping screens (see 

Figure 2.3). The two damping screens are located at Xl = O.4L and X2 = 0.6L, each 

having a solidity value of Si and selected such that the system response can be mini-

mized. The quiescent fluid depth, h, to tank length, L, ratio is selected to be 0.125. 

In order to match and compare with the results for structures equipped with TMDs, 

mass ratio values of 0.01 and 0.02 are used. The mass ratio value is defined in this 

section as 

(4.4) 

Expressing the total required water mass in the tank as mw = pbhL, and substituting 

into Equation 2.57, the effective mass or mass of the fluid that is participating in the 

sloshing motion can be expressed as 

8Lmw h(7rh) 
h7r3 tan L (4.5) 
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vVith hi L selected as 0.125, and the required effective mass known from Equation 

4.4, the total required water mass can be obtained. Hence, the dead mass or the non-

participating water mass, m Oi , can be obtained through the following relationship 

(4.6) 

vVith the dead mass added to the structure, the structure's total mass is modified 

(see Equation 2.60). Thus, the structure's dynamic properties need to be modified. 

The modified uncoupled translational frequency can be expressed as 

(4.7) 

The modified tuning ratio values, v/, and damping ratio values, (/, are expressed as 

v' 
w· 

(4.8) ~ 

L 
ws' 

and 

(/ 
ceqi ( 4.9) 

2meqiWi 

respectively. Substituting the modified mass, stiffness and damping matrices shown 

in Equations 2.60, 2.61 and 2.62 into Equation 2.18, the tuning ratio and damping 

ratio values can be optimized utilizing the MATLAB(r2007b) optimization toolbox 

(fmincon). Subsequently, the loss coefficient, Ct, can be obtained by solving Equations 

2.57, 2.58 and 2.59. vVith C1 obtained, the optimal solidity values for screens inside 

the TLD can be selected either through Equations 2.39 and 2.40 or Figure 2.4. As 
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perviously stated, the forcing frequency ratio for a structure-TMD system (defined 

in Equation 3.7) is expressed as 

{3 
w 

(4.10) 

However, for a structure-TLD system, due to the modifications in the structural 

parameters, the forcing frequency ratio is defined as 

{3' 
w 

ws' 
(4.11) 

It is important to note that the inherent damping ratio in a TLD is amplitude 

dependent. As such, a change in the value of So would modify the mechanical admit­

tance function of the structure-TLD system. This study only considers the response 

behavior of the structure-TLD system at its targeted design amplitude (i.e. the am­

plitude at which it has been optimized at). The TLD performance at non-targeting 

design amplitudes is beyond the scope of this study. 

4.5.1 Structure-TLD System Response Behavior 

Mechanical admittance function plots of the torsionally coupled structures 

equipped with a single TLD subjected random excitation are shown in Figure 4.35. 

Comparing Figure 4.2, corresponding to a single TMD configuration, with Figure 

4.35, for a single TLD configuration, it is observed that there is negligible differ­

ence in the mechanical admittance functions. This was observed for all uncoupled 

frequency ratios considered. Furthermore, similar mechanical admittance functions 

were found between all matching TMD and TLD configurations investigated. It can 
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be concluded that the frequency response of the torsionally coupled structure is sim­

ilar when equipped with either an optimized TMD or TLD (at the target design 

amplitude) having the same mass ratio and absorber location. 

Figures 4.36 and 4.37 show the normalized RMS corner response of the tor­

sionally coupled structures equipped with a single TLD for J-t = 0.01 and J-t = 0.02, 

respectively. Comparing the normalized RMS values to those found for the torsion­

ally coupled structures equipped with a single TMD having the same mass ratio, 

negligible difference is found. 

The response reduction factors shown in Figure 4.38 for the torsionally coupled 

structures equipped with single TLD are found to match those shown in Figure 4.5 

for the torsionally coupled coupled single TMD systems. 

Inspection of Figures 4.39 and 4.40 show minimum and maximum efficiency 

obtained under random excitation along with the corresponding TLD location. Com­

paring the maximum and minimum efficiency obtained for the TLD to that of a TMD, 

it is concluded that both optimized DVAs provide approximately the same level of 

efficiency. 

Figures 4.41 and 4.42 show the maximum efficiency obtained for all the TLD 

configurations considered in this study. As expected, for all configurations, maximum 

efficiency is increased as the mass ratio is increased. Similar to that of the torsionally 

coupled structure-TMD systems, the two different TLDs configuration resulted in the 

highest efficiency for all the uncoupled frequency ratios considered. A single TLD is 

as efficient as the two different TLDs for the torsionally stiff structures. However, a 

single TLD configuration is found to be the least efficient for the strongly torsionally 

coupled system. Furthermore, the maximum efficiency of the two identical TLDs 
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configuration is found to exceed that of single TLD configuration only for the strongly 

torsionally coupled system. Finally, it is found that at least two TLDs are required 

to reduce the response of the strongly torsionally coupled structure effectively. These 

findings match those observed for the TMD configurations investigated. 

4.5.2 Mechanical Admittance and Optimal TLD Parameters 

For the six uncoupled frequency ratios considered, the optimal parameters 

corresponding to the TLD location resulting in maximum efficiency are given in Tables 

4.4 and 4.5. The parameters optimized for each mass ratio are the tuning ratio and 

the TLD damping ratio. These optimized TLD parameters differs from the optimized 

TMD parameters. Finally, the optimal parameters, response reduction factor plots, 

normalized RMS corner response plots, minimum and maximum efficiency plots and 

the mechanical admittance determined for all other TLD configurations considered for 

each uncoupled frequency ratio investigated can be found in Appendix P to Appendix 

U. 

4.5.3 Evaluation of TMDs and TLDs Performance 

The performance of TMDs and TLDs are compared in Table 4.6. The table 

compares the minimized lowest response achieved between TMDs and TLDs. A '-' 

sign is assigned if TLD performs better and a '+' sign is assigned if the TMD provides 

a better performance. 

In general, for the absorber configurations and the uncoupled frequency ratios 

considered, TLD(s) are more efficient relative to TMD(s) for the torsionally flexible 

structures. This is attributed to the dead mass added to the structure. The dead 
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mass due to the non-participating fluid mass helps reduce the torsional motion as 

the structure's mass moment of inertia is increased. However, for we/ws = 0.8, the 

lowest response achieved for two identical TLDs or a single TLD may not result in 

a more efficient response as compared to that obtained for the corresponding TMD 

configuration. This is due to the strong coupling between modes which causes the 

response of the structure to be sensitive to the increase in mass ratio value. As for 

strongly torsionally coupled and torsionally stiff structures, TMD(s) results in higher 

efficiency than TLD (s) for all configurations considered in this study. 

4.6 Summary and Conclusions 

This chapter reported on numerical simulation results for torsionally coupled 

systems equipped with DVA(s) under random excitation. The finding for these par­

ticular type of structures are summarized here: 

• The modal contribution to the total variance plays an important role in deter­

mining the tuning strategy. 

• Greater efficiency can be achieved by placing the DVA(s) at the edge(s) (±B /2) 

of the structure. This is a direct result of the additional DVA(s) mass coupling 

terms and mass moment of inertia that develops from placing the DVA(s) away 

from the centre of mass. 

• Greatest efficiency was achieved for the two different DVAs configuration as 

this configuration permits two independent DVAs to be tuned to two different 

modes. In addition, the mass of each DVA reflects the percentage the mode to 

which it is tuned to contributes to the total variance. 
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• For all the DVA configurations except the single DVA configuration, the greatest 

efficiency was achieved for the strongly torsionally coupled systems. 

• The efficiency of a single DVA configuration was found to approach that of the 

two different DVAs configuration for the torsionally stiff structures considered. 

This is attributed to the negligible torsional contribution to the total corner 

response for these structures. However, a single DVA configuration was not 

efficient in reducing the strongly torsionally coupled system response. 

• For the case of four DVAs (Approach I and II), the constraints enforced on 

the mass ratio reduced the efficiency of this configuration as compared to that 

of two different DVAs configuration. However, Approach II was found to be 

more efficient than Approach I for the torsionally flexible structures. This high­

lights the importance of the freedom in optimizing the DVA parameters for the 

torsionally flexible structures. 

• At least two DVAs were required to suppress the response effectively for the 

strongly torsionally coupled structure considered as the mass coupling term 

generated by a single DVA does not aid in reducing the response when two 

modes are strongly coupled. 

• The efficiency of the single DVA configuration was found to exceed that of the 

two identical DVAs configuration except for the strongly torsionally coupled 

structure case. This is attributed to the mass coupling term generated by a 

single DVA aids in reducing the response when the two modes are well separated. 

• Targeting the response of the torsional dominant mode was found to amplify 

the sensitivity to changes in DVA location. This can be concluded from the 
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response obtained for the two different DVAs configurations. 

• The response behavior of the structure-TLD systems at its targeted design 

amplitude was found to be similar to that of the structure-TMD systems. 

• Higher efficiency was obtained in the structure-TMD systems for the strongly 

torsionally coupled and stiff structures (wo/ws = 1.0, 1.2 and 1.3) as compared 

to the structure-TLD systems. The opposite was found for torsionally flexible 

structures (wo/ws = 0.5 and 0.7). 

• All DVA configurations considered were able to attenuate the uncontrolled dy­

namic response and the efficiency for each configuration was found to increase 

as the mass ratio was increased. 
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4.7 Chapter Tables 

we/ws (JxJks/ VSo) 
0.5 11.2419 
0.7 12.0774 
0.8 10.7306 
1.0 10.9082 
1.2 8.9172 
1.3 8.1881 

Table 4.1: Normalized RMS Corner Response of Structures without DVAs subjected 
to Random Excitation 
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Single TMD 
0.5 B/2 0.01 1.0077 0.0622 8.5022 
0.7 B/2 0.01 1.0057 0.0673 8.4067 
0.8 B/2 0.01 0.9041 0.1101 7.6847 
1.0 -B/2 0.01 0.9238 0.0663 7.2425 
1.2 -B/2 0.01 0.9706 0.0674 6.0182 ~ 1.3 -B/2 0.01 0.9739 0.0631 5.6902 >-Two Identical TMDs 
0.5 B/2 B/2 0.005 0.005 1.0081 1.0081 0.0518 0.0518 8.9314 
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(") 

0.7 -B/2 B/2 0.005 0.005 1.0114 1.0114 0.0546 0.0546 9.0823 
0.8 -B/2 B/2 0.005 0.005 0.7925 0.7925 0.1189 0.1189 8.0580 r-j 
1.0 -B/2 B/2 0.005 0.005 0.9537 0.9537 0.0772 0.0772 6.8842 

p-
ro 

1.2 -B/2 B/2 0.005 0.005 0.9723 0.9723 0.0570 0.0570 6.5133 Ul 

1.3 -B/2 B/2 0.005 0.005 0.9761 0.9761 0.0528 0.0528 6.0828 
00' 

Two Different TMDs 
>-<: 0.5 -B/2 B/2 0.0032 0.0068 0.4585 1.0119 0.0470 0.0512 7.7601 

0.7 -B/2 B/2 0.0023 0.0077 0.6527 1.0125 0.0395 0.0575 7.88:34 ~ 
U.8 -B/2 B/2 0.0033 0.0067 0.7431 1.0091 0.0484 0.0563 6.6911 II: 
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1.3 -B/2 B/2 0.0096 0.0004 0.9733 1.3320 0.0613 0.0171 5.6668 ~ 
Four TMDs (Approach-I) (") 

0.5 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.4615 1.0128 0.4615 1.0128 0.0549 0.0362 0.0549 0.0362 8.3121 ~ 
0.7 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.6613 1.0198 0.6613 1.0198 0.0577 0.0368 0.0577 0.0368 8.7270 ~ 
0.8 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.7550 1.0233 0.7550 1.0233 0.0550 0.0379 0.0550 0.0379 7.3069 et-

ro 
1.0 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 1.0200 0.9031 1.0200 0.9031 0.0460 0.0458 0.0460 0.0458 6.6298 I-i 
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FoUl' TMDs (Approach-II) -< ro 
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Ul ...... 
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0.8 -B/2 -B/2 B/2 B/2 0.0022 0.0028 0.0022 0.0028 0.7533 1.0215 0.7533 1.0215 0.0504 0.0405 0.0504 0.0'105 8.5529 '-<: 

1.0 -B/2 -B/2 B/2 B/2 0.0029 0.0021 0.0029 0.0021 1.0157 0.8988 1.0157 0.8988 0.0507 0.0416 0.0507 0.0416 8.2469 
Q 

1.2 -B/2 -B/2 B/2 B/2 0.0030 0.0020 0.0030 0.0020 1.0083 0.9341 1.0083 0.9341 0.0428 0.0316 0.0428 0.0316 6.9602 ...... 
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tr:l 
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wo/Ws Y1 Y2 Y3 Y4 11-1 11-2 tL3 11-4 /)1 /)2 /)3 /)4 (1 (2 (3 (4 O"x c ( :ff.:) 
Single T1VID 

0.5 B/2 0.02 0.9948 0.0872 7.8776 
0.7 B/2 0.02 0.9813 0.0962 7.3910 
0.8 B/2 0.02 0.9068 0.1098 6.2348 
1.0 -B/2 0.02 0.8880 0.0726 6.5547 
1.2 -B/2 0.02 0.9619 0.0869 5.2458 ~ 
1.3 -B/2 0.02 0.9651 0.0858 5.0310 "'" 

Two Identical TMDs >-
0.5 -E72 B/2 0.01 0.01 0.9990 0.9990 0.0749 0.0749 8.4057 en 

0 
0.7 -B/2 B/2 0.01 0.01 0.9955 0.9955 0.0831 0.0831 8.2608 
0.8 -B/2 B/2 0.01 0.01 0.8632 0.8632 0.1554 0.1554 7.0391 1-3 
1.0 -B/2 B/2 0.01 0.01 0.956:3 0.9563 0.0976 0.0976 5.6897 p-' 

([) 
1.2 -B/2 B/2 0.01 0.01 0.9682 0.9682 0.0797 0.0797 5.7064 CJl 

1.3 -B/2 B/2 om 0.01 0.9699 0.9699 0.0748 0.0748 5.4228 
o3' 

Two Different TMDs 
~ 0.5 -B/2 B/2 0.0063 0.0137 0.4503 1.0052 0.0648 0.0706 6.8715 

0.7 -B/2 B/2 0.0041 0.0159 0.6393 1.0006 0.0510 0.0783 6.8099 ~ 

0.8 -B/2 B/2 0.0051 0.0149 0.7254 0.9886 0.0555 0.0778 5.6542 0:: 
I-' 1.0 -B/2 B/2 0.0124 0.0076 0.8876 1.0788 0.0817 0.0848 4.9717 0 
CJl 1.2 -B/2 B/2 0.0174 0.0026 0.9578 1.2408 0.0819 0.0484 5.1358 CO 

1.3 -B/2 B/2 0.0189 0.0011 0.9638 1.3341 0.0828 0.0299 5.0029 ~ 
Four TMDs (Approach-I) 0 

0.5 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 0.4551 1.0097 0.4551 1.0097 0.0779 0.0510 0.0779 0.0510 7.4767 ~ 
0.7 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0170 0.6551 1.0170 0.6551 0.0518 0.0838 0.0518 0.0838 7.7322 g; 
0.8 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0185 0.7486 1.0185 0.7486 0.0529 0.0788 0.0529 0.0788 6.3758 c-t-

([) 

1.0 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0270 0.8884 1.0270 0.8884 0.0627 0.0618 0.0627 0.0618 5.4634 t-; 

1.2 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0312 0.9250 1.0312 0.9250 0.0566 0.0498 0.0566 0.0498 5.6218 ~ 
1.3 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0262 0.9261 1.0262 0.9261 0.0501 0.0462 0.0501 0.0462 5.3403 ~ ...... 

Four TMDs (Approach-II) <: 
([) 

0.5 -B/2 -B/2 B/2 B/2 0.0035 0.0064 0.0035 0.0064 0.'1549 1.0069 0.4549 1.0069 0.0631 0.0584 0.0631 0.0584 8.3560 
t-; 
CJl ...... 

0.7 -B/2 -B/2 B/2 B/2 0.0026 0.0074 0.0026 0.0074 0.6480 1.0101 0.6480 1.0101 0.0545 0.0632 0.0545 0.0632 8.6738 0+ 
'-<! 

0.8 -B/2 -B/2 B/2 B/2 0.0039 0.0061 0.0039 0.0061 0.7424 1.0131 0.7424 1.0131 0.0667 0.0588 0.0667 0.0588 7.7778 
1.0 -B/2 -B/2 B/2 B/2 0.0057 0.0043 0.0057 0.0043 1.0210 0.8825 1.0210 0.8825 0.0670 0.0571 0.0670 0.0571 7.2713 

Q 
1.2 -B/2 -B/2 B/2 B/2 0.0058 0.0042 0.0058 0.0042 1.0233 0.9193 1.0233 0.9193 0.0602 0.0449 0.0602 0.0449 6.3750 ...... 
1.3 -B/2 -B/2 B/2 B/2 0.0053 0.0047 0.0053 0.0047 1.0237 0.9242 1.0237 0.9242 0.0516 0.0446 0.0516 0.0446 5.6736 5. 

>-' 

Table 4.3: Optimal TMD Parameters for Torsionally Coupled Systems Equipped with TMD(s) (/L=O.02) subjected 
trj 
~ 

(Jq ...... 
to Random Excitation ~ 

([) 
([) 
t-; ...... 
~ 

(Jq 



~ 

--..:r 
we/ws Y1 Y2 Y3 Y4 ~L1 J.L2 ~L3 J.L4 III 112 113 114 (1 (2 (3 (4 O"Xc( !/i:) 

Single TLD 
0.5 B/2 0.01 1.0062 0.0620 8.4971 
0.7 B/2 0.D1 1.0043 0.0671 8.3990 
0.8 B/2 0.01 0.9080 0.1099 7.6821 
1.0 -B/2 0.01 0.9209 0.0663 7.2807 
1.2 -B/2 0.01 0.9693 0.0673 6.0274 ~ 1.3 -B/2 0.01 0.9725 0.0631 5.6951 >-Two Identical TLDs 
0.5 -B/2 B/2 0.005 0.005 1.0065 1.0065 0.0517 0.0517 8.9241 

[J) 
(J 

0.7 -B/2 B/2 0.005 0.005 1.0099 1.0099 0.0545 0.0545 9.0710 
0.8 -B/2 B/2 0.005 0.005 0.7893 0.7893 0.1189 0.1189 8.0561 r-3 
1.0 -B/2 B/2 0.005 0.005 0.9524 0.9524 0.0773 0.0773 6.8873 p-' 

C1l 
1.2 -B/2 B/2 0.005 0.005 0.9709 0.9709 0.0571 0.0571 6.522!-l C/l ...... 
1.3 -B/2 B/2 0.005 0.005 0.9747 0.9747 0.0528 0.0528 6.0891 C/l 

Two Different TLDs -< 0.5 -B;2 B/2 0.0032 0.0068 0.4570 1.0104 0.0469 0.0511 7.7553 
0.7 -B/2 B/2 0.0022 0.0078 0.6505 1.0ll0 0.0394 0.0573 7.8768 i-:rj 
0.8 -B/2 B/2 0.0033 0.0067 0.7407 1.0077 0.0482 0.0561 6.68.50 p::: 

I--' 1.0 -B/2 B/2 0.0058 0.0042 0.9095 1.0531 0.0610 0.0499 6.0173 0 
O":l 1.2 -B/2 B/2 0.0090 0.0010 0.9661 1.2332 0.0630 0.0262 5.9348 0 

1.3 -B/2 B/2 0.0096 0.0004 0.9718 1.3273 0.0612 0.D172 5.6707 ~ 
Four TLDs (Approach-I) (J 

0.5 -B72 ···~E/2·· B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.4599 1.0ll2 0.4599 1.0ll2 0.0547 0.0361 0.0547 0.0361 8.3049 ~ 
0.7 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 1.0182 0.6590 1.0182 0.6590 0.0367 0.0575 0.0367 0.0575 8.7174 ~ 
0.8 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 1.0217 0.7525 1.0217 0.7525 0.0377 0.0550 0.0377 0.0550 7.2990 n-

C1l 
1.0 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 0.9014 1.0196 0.9014 1.0196 0.0459 0.0466 0.0459 0.0466 6.6352 

...., 

1.2 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 1.0129 0.9377 1.0129 0.9377 0.0397 0.0359 0.0397 0.0359 6.4587 c::j 
1.3 -B/2 -B/2 B/2 B/2 0.0025 0.0025 0.0025 0.0025 1.0139 0.9412 1.0139 0.9412 0.0344 0.0326 0.0344 0.0326 6.0144 ~ ...... 

Four TLDs (Approach-II) < 
C1l 

0.5 -B/2 -B/2 B/2 B/2 0.0033 0.0017 0.0033 0.0017 1.0098 0.4598 1.0098 0.4598 0.0417 0.0441 0.0417 0.0441 8.2450 
...., 
C/l ...... 

0.7 -B/2 -B/2 B/2 B/2 0.0037 0.0013 0.0037 0.0013 1.0147 0.6559 1.0147 0.6559 0.0451 0.0381 0.0451 0.0381 8.5779 ~ 
0.8 -B/2 -B/2 B/2 B/2 0.0028 0.0022 0.0028 0.0022 1.0199 0.7509 1.0199 0.7509 0.0404 0.0028 0.0404 0.0028 7.2910 
1.0 -B/2 -B/2 B/2 B/2 0.0021 0.0029 0.0021 0.0029 0.8962 1.0120 0.8962 1.0120 0.0411 0.0508 0.0411 0.0508 6.6298 

0 
1.2 -B/2 -B/2 B/2 B/2 0.0020 0.0030 0.0020 0.0030 0.9326 1.0066 0.9326 1.0066 0.0315 0.0431 0.0315 0.0431 6.4570 ...... 
1.3 -B/2 -B/2 B/2 B/2 0.0026 0.0024 0.0026 0.0024 1.0131 0.9405 1.0131 0.9405 0.0349 0.0321 0.0349 0.0321 6.0144 :S. 

>-' 

Table 4.4: Optimal TLD Parameters for Torsionally Coupled Systems Equipped with TLD(s) (/£=0.01) subjected 
tr:J 
~ 

()"q ...... 
to Random Excitation ~ 

C1l 
C1l ...., ...... 
~ 

()"q 



~ 

--.;r 

WO/Ws Yl Y2 Y3 Y4 J.tl J.t2 I L3 J.t4 1/1 1/2 1/3 1/4 (1 (2 (3 (4 axc (*.) 
Single TLD 

0.5 B/2 0.02 0.9920 0.0868 7.8720 
0.7 B/2 0.02 0.9792 0.0956 7.3877 
0.8 B/2 0.02 0.9050 0.1106 6.2437 
1.0 -B/2 0.02 0.8835 0.0713 4.5303 
1.2 -B/2 0.02 0.9593 0.0864 5.2589 ~ 1.3 -B/2 0.02 0.9624 0.0856 5.0380 >-Two Identical TLDs 
0.5 -B/2 B/2 0.01 0.01 0.9960 0.9960 0.0745 0.0745 8.3943 W 

0 
0.7 -B/2 B/2 0.01 0.01 0.9929 0.9929 0.0825 0.0825 8.2472 
0.8 -B/2 B/2 0.01 0.01 0.8603 0.8603 0.1569 0.1569 7.0452 rj 
1.0 -B/2 B/2 0.01 0.01 0.9538 0.9538 0.0973 0.0973 5.6915 

p-
(l) 

1.2 -B/2 B/2 0.01 0.01 0.9656 0.9656 0.0798 0.0798 5.7181 r:Il 

1.3 -B/2 B/2 0.01 0.01 0.9671 0.9671 0.0748 0.0748 5.4323 
00' 

Two Different TLDs 
~ 0.5 -B/2 B/2 0.0063 0.0137 0.4475 1.0022 0.0645 0.0703 6.8653 

0.7 -B/2 B/2 0.0042 0.0158 0.6354 0.9978 0.0[)06 0.0779 6.8047 7:J 
0.8 -B/2 B/2 0.0051 0.0149 0.7211 0.9863 0.0550 0.0765 5.6531 P:1 

f--' 1.0 -B/2 B/2 0.0121 0.0079 0.8830 1.0721 0.0808 0.0850 4.9723 0 
O"l 1.2 -B/2 B/2 0.0173 0.0027 0.9550 1.2324 0.0815 0.0491 5.1408 f--' 

1.3 -B/2 B/2 0.0188 0.0012 0.9610 1.3246 0.0825 0.0302 5.0079 ~ 
Four TLDs (Approach-I) 0 

0.5 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0066 0.4521 1.0066 0.4521 0.0508 0.0774 0.0508 0.0774 7.4655 ~ 
0.7 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0138 0.6507 1.0138 0.6507 0.0516 0.0834 0.0516 0.0834 7.7202 5S 
0.8 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0154 0.7438 1.0154 0.7438 0.0527 0.0784 0.0527 0.0784 6.3702 c-t-

(l) 

1.0 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 1.0212 0.8845 1.0212 0.8845 0.0618 0.0620 0.0618 0.0620 5.4694 '"1 

1.2 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 0.9227 1.0290 0.9227 1.0290 0.0498 0.0570 0.0498 0.0570 5.6333 c:: 
1.3 -B/2 -B/2 B/2 B/2 0.005 0.005 0.005 0.005 0.9236 1.0232 0.9236 1.0232 0.0462 0.0502 0.0462 0.0502 5.3504 i::J ....... 

Four TLDs (Approach-II) ci1 
0.5 -B/2 -B/2 B/2 B/2 0.0065 0.0035 0.0065 0.0035 1.0038 0.4519 1.0038 0.4519 0.0582 0.0627 0.0582 0.0627 7.4072 '"1 

r:Il ....... 
0.7 -B/2 -B/2 B/2 B/2 0.0074 0.0026 0.0074 0.0026 1.0070 0.6439 1.0070 0.6439 0.0630 0.0541 0.0630 0.0541 7.5891 c-t-« 
0.8 -B/2 -B/2 B/2 B/2 0.0061 0.0039 0.0061 0.0039 1.0100 0.7376 1.0100 0.7376 0.0586 0.0660 0.0586 0.0660 6.3516 
1.0 -B/2 -B/2 B/2 B/2 0.0042 0.0058 0.0042 0.0058 0.8776 1.0140 0.8776 1.0140 0.0562 0.0672 0.0562 0.0672 5.4661 

0 
1.2 -B/2 -B/2 B/2 B/2 0.0058 0.0042 0.0058 0.0042 1.0208 0.9170 1.0208 0.9170 0.0605 0.0448 0.0605 0.0448 5.6318 ....... 
1.3 -B/2 -B/2 B/2 B/2 0.0053 0.0047 0.0053 0.0047 1.0204 0.9215 1.0204 0.9215 0.0518 0.0444 0.0518 0.0444 5.3502 $. 

>-' 

trj 

Table 4.5: Optimal TLD Parameters for Torsionally Coupled Systems Equipped with TLD(s) (/.l=0.02) subjected i::J 
()"q ....... 

to Random Excitation i::J 
(l) 
(l) 
'"1 ....... 
i::J 

()"q 



4.7 M.A.Sc. Thesis - YF. Ho - McMaster University - Civil Engineering 

we/ws ratios 0.5 0.7 0.8 1.0 1.2 1.3 
Four DVAs (Approach II); f-t = 0.01 - - - + + + 
Four DVAs (Approach II); f-t = 0.02 - - - + + + 
Four DVAs (Approach I); f-t = 0.01 - - - + + + 
Four DVAs (Approach I); f-t = 0.02 - - - + + + 

Two Different DVAs; f-t = 0.01 - - - + + + 
Two Different DVAs; It = 0.02 - - - + + + 
Two Identical DVAs; It = 0.01 - - - + + + 
Two Identical DVAs; It = 0.02 - - + + + + 

Single DVA; f-t = 0.01 - - - + + + 
Single DVA; It = 0.02 - - + + + + 

Table 4.6: Response Comparison between TMDs and TLDs 
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4.8 Chapter Figures 
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Figure 4.1: Mechanical Admittance Function of Structures without DVA subjected 
to Random Excitation 
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Figure 4.2: Mechanical Admittance Function Plots (Single TMD Configuration) sub­
jected to Random Excitation 
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Figure 4.3: Normalized RMS Corner Response of Structures Equipped with Single 
TMD (J-L = 0.01) subjected to Random Excitation 
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Figure 4.4: Normalized RMS Corner Response of Structures Equipped with Single 
TMD (J-L = 0.02) subjected to Random Excitation 
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Figure 4.5: Response Reduction Factor for Structures Equipped with Single TMD 
subjected to Random Excitation 
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Figure 4.6: Minimum Efficiency 
Obtained for Single TMD 
subjected to Random Excitation 
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Figure 4.7: Maximum Efficiency 
Obtained for Single TMD subjected to 
Random Excitation 
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Figure 4.8: Mechanical Admittance Function Plots (Two Identical TNIDs Configura­
tion) subjected to Random Excitation 
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Identical TMDs (It = 0.02 ) subjected to Random Excitation 
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Figure 4.14: Mechanical Admittance Function Plots (Two Different TMDs Configu­
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Figure 4.26: Mechanical Admittance Function Plots (Four TMDs Configuration 
(Approach-II)) subjected to Random Excitation 
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Figure 4.27: Normalized RMS Corner Response of Structures Equipped with Four 
TMDs (f~ = 0.01 Approach-II) subjected to Random Excitation 
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Figure 4.28: Normalized RMS Corner Response of Structures Equipped with Four 
TMDs (J-t = 0.02 Approach-II) subjected to Random Excitation 
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Figure 4.29: Response Reduction Factor for Structures Equipped with Four TMDs 
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Chapter 5 

Torsionally Coupled Systems using 

Closed-Formed Parameters 

5.1 Introduction 

The optimal tuning and damping ratio values corresponding to five differ­

ent TMD configurations were determined in Chapter 3 (Harmonic Excitation) and 

Chapter 4 (Random Excitation) for torsionally couple structures based on numerical 

optimization. This chapter investigates the application of closed-form optimal tuning 

and damping ratio parameters, derived for single-degree-of-freedom (SDOF) systems 

(Asami et al., 1991, 2002), to torsionally coupled systems. The optimization criteria 

employed in deriving the optimal parameters for the two excitation types are also dis­

cussed. Approximate solutions, which can be applied to damped primary structures 

are also presented for both harmonic excitation and random excitation. The opti­

mal parameters for a single-degree-of-freedom system described in this chapter are 

derived for a single-degree-of-freedom structure experiencing translational motion. In 
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contrast to a SDOF system having pure translational motion, the mode shapes for 

the torsionally coupled structures investigated are comprised of both translational 

and torsional motion. As a result, a procedure is introduced that allows the general­

ized TMD mass ratio for a given TMD configuration to be determined. Expressing 

the TMD configuration as an equivalent generalized TMD permits application of the 

optimized SDOF parameters. The response behavior of the optimized generalized 

structure-TMD system is subsequently compared with that of the torsionally-coupled 

system. In addition, comparisons are made between the response of a system equipped 

with TMDs designed using this novel technique to a system equipped with TMDs op­

timized using the numerical procedures introduced in Chapters 3 and 4. 

5.2 Theoretical Background 

Two different optimization criteria are considered with regard to the two types 

of excitation considered in this study. Hoc; optimization technique is employed when a 

structure is subjected to harmonic excitation, whereas for a structure under random 

vibration, H2 optimization technique is applied. 

5.2.1 H 00 Optimization 

According to Asami et al. (2002), Hoc; was the optimization criterion proposed 

by Den Hartog and Ormondroyd in 1928. The goal is to minimize the peak response 

such that two peaks of equal height appear for a two-degree-of-freedom system or a 

structure-TMD system, in the frequency response function plot. The resulting opti­

mal parameters of a damped vibration absorber attached to an undamped structure 
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1 

1+,u 
(5.1) 

(5.2) 

where ,u is the total mass ratio. As for a damped structure, Asami et al. (2002) 

proposed an approximate solution for the optimal parameters, expressed as follows 

n 1 /" 1 1 (3 + 4 AoBo) 
"Opt 1+,u -':.sl+,u 2(1+,u) ,u- 2+p, 

(2 Co - 4(5 + 2~l)AoBo 
+ s 4(1 + ,u)2(2 + ,u)(9 + 4,u) 

(5.3) 

3,u ( 60 + 63~l + 16~l2 - 2(3 + 2,u)AoBo 
8(1 + ~l) + s 8(1 + ~l)(2 + ,u)(9 + 4~l) 

(5.4) 
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where (8 is the structural damping ratio values and Ao, Bo, Co, C1 and C2 are defined 

as follow 

Ao V3(2 + p) - y!{t(2 + p) 

Eo V3(2+{t)+y!p(2+{t) 

Co 52 + 41ft + 8{t2 

C1 -1296 + 2124p + 6509lt2 + 5024p3 + 1616p4 + 192p5 

C2 48168 + 112887p + 105907lt2 + 49664p3 + 11632p4 + 1088{t5 (5.5) 

5.2.2 H2 Optimization 

H2 Optimization was first proposed by Crandall and Mark (1963). Owing 

to the fact that random excitation contains infinitely many frequencies, the objec-

tive of this optimization technique is to minimize the overall vibration energy of the 

system. Thus, for white noise excitation, the area under the mechanical admittance 

function of the system is minimized. The optimal parameters for an undamped struc-

ture equipped with a damped absorber were derived by ·Warburton (1982) using this 

optimization criterion and are given as follows, 

1 At Dopt = -- 1+-
1 + {t 2 

(5.6) 

8(1 + p)(2 + {t) 
(5.7) 

190 



5.3 M.A.Sc. Thesis - YF. Ho - McMaster University - Civil Engineering 

As for a damped structure, the approximate optimal parameters are expressed as 

(Asami et al., 1991) 

(5.8) 

,u(4 + 3~L) _ ( ,u3 

8(1 + ~L)(2 + ~L) s 4(1 + 11)(4 + 3/L)V2(2 + PY 

( 
2 -64 - 8011 + 15,u3 

+ s 32 

(5.9) 

where b1 and b2 are given by 

(5.10) 
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5.3 Generalized TMD Properties 

This chapter evaluates the applicability of the available closed-form, tuning 

ratio and damping ratio values (Equations 5.1 to 5.10), in order to target the response 

of a particular mode in a torsionally coupled system. This section first outlines the 

procedures used to apply the closed-form parameters on an undamped torsionally 

coupled system equipped with two identical TMDs (see Figure 5.1). Subsequently, the 

outlined procedure is extended to a damped torsionally coupled system. In order to 

apply the optimal parameters, it is necessary to obtain the generalized properties (see 

Figure 5.2( a)), which include the generalized properties of the structure, mSn *, ksn * 

and Csn *. In addition to the generalized mass of the TMDs, mtmdn *, the generalized 

stiffness of the TMDs, kn *, and the generalized damping of the TMDs, en *, are also 

required. 

According to Chopra (2000), mSn * and ksn * can be obtained using the following 

relationships, 

o (5.11) 

(5.12) 

k * Sn (5.13) 

where CPn is the nth mode shape, JVIs is the mass matrix of the structure, Ks is the 

structure stiffness matrix, and Wn is the structure's nth natural frequency. Note that 
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the subscript n corresponds to the mode being considered. The corresponding mode 

shape and natural frequency for each mode can be obtained by solving the matrix 

eigenvalue problem in Equation 5.11. 

As the mode shape has both translational and torsional components, the re­

sulting mass coupling terms introduced by the TMD must be considered. The gen­

eralized mass of the TMD(s) corresponding to the nth structural mode is obtained 

using the following relationship 

* mtmdn (5.14) 

The TMD mass matrix, lvltmd , can be obtained by transferring the mass of the TMDs 

back to the centre of mass of the structure. The TMD mass matrix can be determined 

by direct force equilibrium method. Thus, a unit acceleration is imposed on each 

degree-of-freedom, and the resulting mass influence coefficients can be determined. 

The derivation of the TMD mass matrix for a 3-dimensional mode shape is represented 

in Figure 5.3 and expressed as 

o 

193 

m2 ey2 - mleyl 

m2ex2 - mlexl (5.15) 



5.3 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

5.3.1 Two Identical TMDs Configuration 

This chapter investigates the two identical TMDs configuration. The TMD 

mass matrix, given by Equation 5.15, corresponding to the two identical TMDs con-

figuration is given by 

(5.16) 

It is evident from Equation 5.16 that the additional torsional component introduces 

both coupling terms and a mass moment of inertia term. These additional mass terms 

depend on TMD location (i.e. exl and ex 2). Once the TMD mass matrix is calculated, 

the generalized mass ratio for the targeted mode can then be determined by 

(5.17) 

Substituting the generalized mass ratio value back into Equations 5.1 and 5.2 for 

harmonic excitation and Equations 5.6 and 5.7 for random excitation, the optimal 

tuning ratio and damping ratio values for the mode being targeted are obtained. 

The generalized stiffness, kn *, and the generalized damping, en *, of the TMDs 

for the targeted mode can be determined using the relationships (Chopra (2000)), 

(5.18) 

(5.19) 
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where Wtmdn is the natural frequency of the TMD tuned to the nth mode of the 

structure. As the generalized stiffness and damping of the TMDs calculated using 

Equations 5.18 and 5.19 correspond to the targeted mode only, the modal response, 

which will be discussed in more detail at the end of this section, does not take into 

the coupling between structural modes. 

For a damped torsionally coupled system (see Figure 2.1), the corresponding 

generalized system is shown in Figure 5.2(b). The structural damping ratio value, 

(Sn' of the targeted mode is required to obtain the closed-form tuning parameters 

(see Equations 5.3, 5.4, 5.8 and 5.9). The required damping ratio values can be 

obtained by first calculating the generalized damping of the structure, CSn *. Similar 

to the generalized stiffness of the structure, the generalized damping can be obtained 

through 

(5.20) 

where the damping matrix of the structure is expressed as 

[ 

Csl + Cs2 CsIYsl - Cs2Ys2 ] 

CsIYsl - Cs2Ys2 Cs IYs1
2 + Cs2Ys2

2 
(5.21) 

Finally, the required damping ratio values for the mode being targeted can be obtained 

through 

(5.22) 

Once the required mass ratio and damping ratio values are obtained, the optimal 
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stiffness and damping values of the TMD(s) can be calculated for a damped structure. 

The modal response of a two-degree-of-freedom system can be obtained by 

employing equations provided by Asami et al. (1991) and can be expressed as follows 

in terms of the generalized properties of the mode being targeted 

(5.23) 

where constants aI, a2, a3 and a4 are expressed as 

a2 2 o'optJ3n (optn 

a3 o'optn 2 - (1 + 400Ptn (Sn (optn + (1 + It )Ooptn 2)f3n 2 + f3n 4 

(5.24) 

where f3n is the forcing frequency ratio for the mode being targeted and is expressed 

as 

w 
(5.25) 

Note that Xn represents the modal response of the mode being targeted. The trans-

lational and rotational motion of the structure for this mode can be obtained by 

(5.26) 
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The maximum corner response is expressed as 

(5.27) 

As stated previously, the modal response obtained through Equation 5.26 does not 

take into account the coupling between modes. To fully capture the interactions 

between the structure and the TMDs (i.e. the coupling between structural modes), the 

equations of motion (Equation 2.18) developed in Chapter 2 must be used. However, 

this requires transferring the generalized stiffness, kn *, and damping, Cn *, of the TMD 

configuration from the centre of mass to the actual TMD locations (i.e. Yl and Y2 see 

Figure 2.1) such that the required stiffness, kl and k2' and damping, Cl and C2, are 

obtained (see Figure 2.1). This can be achieved by utilizing Equations 5.28 and 5.29, 

C * n 

(5.28) 

(5.29) 

where K tmd and Ctmd are the TMD stiffness and TMD damping matrices, given by 

Equations 5.30 and 5.31, respectively. 

(5.30) 
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(5.31) 

The development of K tmd and Ctmd are similar to the approach taken to develop 

TMD mass matrix in Figure 5.3. Once the stiffness and damping values are obtained, 

Equation 2.18 can be solved by substituting the mass, stiffness and damping matrices 

from Equations 2.19, 2.20, and 2.21. Thus, the response of the structure, including 

the coupling between structural modes is obtained. 

5.4 Response Behavior of Generalized Structure-

TMD Systems 

5.4.1 Undamped System under Harmonic and Random Ex-

citation 

This section investigates the response behavior of undamped torsionally cou-

pled systems equipped with two identical TMDs located at the edges (Yl = - B /2 

; Y2 = B/2) of the structure (see Figure 5.1). The corresponding undamped gen­

eralized structure is shown in Figure 5.2(a). Structures with uncoupled frequency 

ratio values of 0.5, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2 and 1.3 are considered. The structures 

all have the aspect ratio value of 2. The optimal TMD parameters are determined 

using the available closed-form optimized parameters derived for an undamped single-

degree-of-freedom system. The response behavior is investigated for both harmonic 

and random excitation. 
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Figures 5.4 and 5.5 show frequency response function plots of undamped tor­

sionally flexible (we/ws = 0.5) and torsionally stiff (we/ws = 1.3) structures, respec­

tively, for a mass ratio of 0.01. Each frequency response function plot shows the 

dynamic magnification factor, R, defined in Chapter 3 (Equation 3.4) of the un­

damped structure (uncontrolled), the modal response of the structure-TMD system 

obtained using Equations 5.26 and 5.27 which neglects the coupling between struc­

tural modes (uncoupled), and the coupled response of the structure TMD system 

using Equation 2.18 (coupled). For both the torsionally stiff and torsionally flexible 

systems, the dynamic magnification factor (DMF) corresponding to both mode 1 and 

mode 2 have two peaks of equal height. This is the anticipated frequency response 

behavior corresponding to an undamped structure equipped with an optimized TMD 

for the case of harmonic excitation. Note that the uncoupled plots do not indicate the 

presence of an additional structural mode. In contrast, the DMF determined using 

Equation 2.18 (coupled) captures the response of the untargeted mode and coupling 

between modes. 

Inspection of Figure 5.4 shows that for torsionally flexible systems, where the 

modes are well separated, reduction only occurs in the mode in which the TMD is 

tuned to. In other words, if the TMDs are tuned to mode 1, there is a negligible 

response reduction in mode 2. Similarly, if the TMDs are tuned to mode 2, there is a 

negligible response reduction in mode 1. Note that the natural frequency of mode 1 is 

reduced slightly due to addition of mass resulting from the addition of TMDs. For the 

torsionally stiff structure shown in Figure 5.5, it is found that if the Ti\IDs are tuned 

to mode 1, a reduction in mode 2 also occurs for this particular TMD configuration. 

This is consistent with findings in Chapter 3. However, if the TMDs are tuned to 
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mode 2, this has a negligible influence on mode l. 

For the same undamped primary structure, the TMD configuration was opti­

mized for random excitation and the corresponding mechanical admittance function 

plots are shown in Figures 5.6 and 5.7. Note that the uncoupled mechanical admit­

tance function plots are different than those for the harmonic excitation case. Here 

the first peak corresponding to the targeted mode is slightly higher than the second 

peak. This is the expected frequency response behavior of an undamped structure 

equipped with TMDs optimized for random excitation as the area bounded by the 

mechanical admittance function is minimized. The same general trends are found 

for the torsionally flexible and torsionally stiff structures under random excitation as 

those observed for the harmonic excitation case. 

Figures 5.8 and 5.9 show the frequency response function plots and the me­

chanical admittance function plots of an undamped strongly torsionally coupled struc­

ture subjected to harmonic excitation and random excitation, respectively. The shift 

in the natural frequency due to the addition of the TMDs, in the untargeted mode 

is more prevalent as a result of the strong coupling between modes. Additionally, for 

both harmonic and random excitation, the coupled response obtained using Equation 

2.18 shows that the targeted mode for strongly torsionally system is influenced by 

the untargeted mode. 

5.4.2 Response of Damped Systems with Equal Damping Ra­

tio Values under Harmonic Excitation 

Figure 5.10 shows the frequency response function plots of the torsionally cou­

pled structures with uncoupled frequency ratios of 0.9 and 1.1 for an aspect ratio B / D 
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= 2. These additional uncoupled frequency ratios are considered along with those 

previously studied in Chapters 3 and 4 in order to better understand the response 

behavior of strongly torsionally coupled systems. In addition, this section also in­

vestigates the influence of the aspect ratio parameter. Two additional aspect ratio 

values of B / D = 1 and B / D = 3 are investigated. The frequency response function 

plots for B / D = 1 are shown in Figure 5.11 while those corresponding to B / D = 

3 are shown in Figure 5.12. For all torsionally coupled structures considered in this 

section, a 2% damping ratio is assumed for both modes. 

5.4.2.1 Damped Systems (B / D=2) under Harmonic Excitation 

This section compares the response obtained utilizing optimal tuning and 

damping ratio values derived for a damped single-degree-of-freedom system applied 

to the generalized structure-TMD system outlined in Section 5.3 to that obtained 

using the optimization technique employed in Chapter 3. It should be noted that for 

this particular TMD configuration considered, only one mode can be targeted using 

the generalized structure-TMD approach whereas the entire system is targeted using 

the numerical technique employed in Chapter 3. A total of eight uncoupled frequency 

ratios are investigated. 

Figures 5.13 to 5.18 show frequency response function plots for each of the 

uncoupled frequency ratio values. Two plots are shown for each uncoupled frequency 

ratio value. The plot on the left corresponds to the TMD system tuned to mode 

1 whereas the plot on the right corresponds to the TMD system tuned to mode 2. 

Both plots also contain the response of the uncontrolled structure (no TMD) and the 

structure-TMD system (system) optimized using the technique employed in Chapter 
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3. 

For the case of the torsionally flexible structures, the generalized structure­

TMD approach developed in this chapter is ineffective in reducing the peak response 

of both modes simultaneously. However, it can be used to effectively reduce the 

peak response of a single mode. As the natural frequencies of the structural modes 

approach one another, for example (wo/ws = 0.9), the generalized structure-TMD 

approach is found to reduce both the targeted mode and the untargeted mode peak 

amplitude value. For the strongly torsionally coupled case (wo/ws = 1.0), when mode 

1 is targeted, the reduction in peak amplitude values are found to be similar to 

those obtained when the entire system is targeted. Note that this is not the case 

when mode 2 is targeted. For the torsionally stiff structures, using the generalized 

structure-TMD approach, and targeting mode 1 is found to be as effective as targeting 

the entire system. This is a result of mode 2, which is torsionally dominated, having 

a relatively low peak value. As such, even when the TMD configuration is optimized 

using the numerical technique in Chapter 3, the TMDs are tuned around mode 1. 

For the torsionally stiff structures, as the uncoupled frequency ratio transitions from 

1.2 to 1.3, the reduction in response in the untargeted mode is reduced. 

In general, as observed from the frequency response function plots, using the 

generalized structure-TMD approach and targeting the dominant mode results in a 

frequency response closer to that using numerical optimization technique as compared 

to that of targeting the non-dominant mode. 
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5.4.2.2 Damped Systems (B / D=l and 3) under Harmonic Excitation 

Figures 5.19 to 5.21 show the frequency response function plot for B/ D=l and 

wo/ws = 0.9, 1.0 and 1.1. Similar trends to those observed for B / D = 2 are found. For 

the uncoupled frequency ratio value of 0.9, targeting mode 2 using the generalized 

structure-TMD approach results in modal peak amplitude values similar to those 

obtained using the numerical procedure to target the entire system. For wo/ws = 1.1, 

similar response behavior is found using the numerical optimization procedure which 

targets the entire system and generalized structure-TMD approach targeting mode 

1 as mode 2 has a low peak amplitude value. Frequency response function plots for 

B / D = 3 are shown in Figures 5.22 to 5.24. The frequency response behavior of the 

strongly torsionally coupled and torsionally stiff structure-TMD systems is similar for 

all three aspects ratios. For the torsionally flexible structure, the largest discrepancy 

between the two optimizations technique occur for B / D = 3. 

5.4.3 Response of Damped Systems with Equal Modal Peak 

Amplitude Values under Harmonic Excitation 

For the case of equal modal peak amplitude values (see Figures 5.25 to 5.27), 

the numerical optimization targets both modes (i.e. the TMDs are tuned between 

mode 1 and 2) for wo/ws = 0.8 and 1.0, whereas the generalized structure-TMD 

approach is limited in targeting a specific mode. As a result, the effectiveness of the 

generalized structure-TMD approach is less than that of the system approach. For the 

case of wo/ws = 1.2, targeting mode 1 results in similar performance as that obtained 

from the optimization technique (i.e. both are targeted to mode 1). Therefore, similar 

response behavior is anticipated. 
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5.4.4 Optimal Closed-Form TMDs Parameters - Harmonic 

The optimal TMDs parameters and the frequency response function plots 

for the study conducted under harmonic excitations are shown in Appendix VV for 

mass ratio values of 0.01 and 0.02. For reference purposes, the optimal parameters 

for torsionally coupled systems (B / D=2) with equal modal damping ratio values are 

shown-in Tables 5.1 and 5.2. It is observed that the TMDs parameters obtained using 

the generalized structure-TMD approach are different than those obtained from the 

numerical optimization technique described in Chapter 3 (Tables 3.2, 3.3, 3.5 and 

3.6). 

5.4.5 Response of Damped Systems with Equal Damping Ra­

tio Values under Random Excitation 

The three aspect ratios investigated under harmonic excitation described in 

Section 5.4.2 are investigated here for the case of random excitation. The mechanical 

admittance functions for B / D = 1 with wo/ws ratio values of 0.8, 0.9, 1.0 and 1.1 are 

shown in Figure 5.28 along with the contribution to the total variance as a function 

of the forcing frequency ratio. The additional two uncoupled frequency ratios, 0.9 

and 1.1, considered in this chapter for B / D = 2 are shown in Figure 5.29. The 

mechanical admittance functions corresponding to the largest aspect ratio B / D = 

3 are shown in Figure 5.30 for five different uncoupled frequency ratio values. The 

mechanical admittance functions shown in Figures 5.28 to 5.30 are for torsionally 

coupled structures having equal modal damping values of 2%. It can be observed that 

for a given uncoupled frequency ratio an increase in aspect ratio results in increased 

contribution to the total variance from the torsionally dominant mode relative to 
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the contribution from the translationally dominant mode. In addition, for B / D = 

2, mechanical admittance function plots corresponding to uncoupled frequency ratio 

values of 0.8, 1.0 and 1.2 are shown in Figure 5.31 for torsionally coupled structures 

having equal modal peak amplitude values. 

5.4.5.1 Damped Systems (B / D=2) under Random Excitation 

The mechanical admittance function plots for six different uncoupled fre­

quency ratios are shown in Figures 5.32 to 5.37. For the torsionally flexible structures 

(wo/ws = 0.5 and 0.7), targeting the dominant mode (i.e. the mode contributing the 

largest amount to the total variance) results in similar response behavior as that 

obtained when the system is optimized. Mechanical admittance function plots for 

wo/ws = 0.9 and 1.0 indicate that the response behavior resulting from targeting the 

dominant mode is not the same as that obtained when the TMDs optimized using the 

numerical approach. For numerical optimization case, the TMDs are tuned between 

modes 1 and 2. However, when the generalized structure-TMD approach is employed, 

the TMDs are tuned to either mode 1 or 2. Although, for wo/ws = 1.1, there is also 

coupling between the modes, the same behavior is not observed as the contribution to 

the total variance from mode 1 is significantly larger than mode 2. As a result, both 

the numerical approach and the generalized structure-TMD approach tune the TMD 

to mode 1. Similarly, for the torsionally stiff systems targeting the dominant mode 

using the generalized structure-TMD approach results in similar response behavior 

as that obtained using the numerical optimization approach. This is due to the fact 

that the translation dominant mode contributes significantly more to the total vari­

ance and the frequency between modes 1 and 2 are well separated. This prevents the 
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TNIDs from being tuned between the modes as this is ineffective in suppressing the 

total response of well separated modes. 

5.4.5.2 Damped Systems (BID = 1 and 3) under Random Excitation 

The mechanical admittance functions for torsionally coupled systems with 

BID = 1 are shown in Figures 5.38 to 5.40 and for torsionally coupled systems with 

BID = 3, the mechanical admittance functions are shown in Figures 5.41 to 5.43. 

For the uncoupled frequency ratio value of 0.9, a change in BID ratio results in a 

substantial change in mode l's contribution to the total variance (i.e. for BID = 

1 approximately 80% is contributed from mode 2; for BID = 3 mode 1 contributes 

approximately 45% to the total variance). As a result, the coupling effect has a greater 

influence on the optimal TMD parameters. For BID = 1, targeting mode 2 (the mode 

with a greater contribution to the total variance) results in similar response behavior 

compared to that obtained when the numerical optimization approach is employed. 

However, for BID = 3, as comparable contribution is found between both modes, the 

TMDs are tuned between modes 1 and 2 when the numerical optimization approach 

is utilized. As a result, reduced effectiveness results when either mode 1 or 2 are 

specifically targeted. 

5.4.6 Response of Damped Systems with Equal Modal Peak 

Amplitude Values under Random Excitation 

The final structures investigated are torsionally coupled structures with equal 

modal peak amplitude values with welws = 0.8, 1.0 and 1.2. The mechanical admit­

tance functions for the three wIJIWs ratios are shown in Figures 5.44, 5.45 and 5.46, 
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respectively. 

For wo/ws = 0.8, it can be observed from Figure 5.31 that mode 2 is the 

greater contributor to the the total variance. Therefore, targeting mode 2 results in 

similar response behavior as that obtained from optimizing the TMD to reduce overall 

torsionally coupled system response. Similarly, for wo/ws = 1.2, mode 1 contributes 

approximately 75% of the total variance (see Figure 5.31). As a result, targeting 

mode 1 results in similar response behavior as that obtained when the numerical 

technique is utilized. For the case of the strongly torsionally coupled system, where 

approximately both modes contribute equally to the total variance, it can be seen that 

similar response behavior cannot be achieved by targeting mode 1 or 2 using the gen­

eralized structure-TMD approach as that obtained using the numerical optimization 

technique. This is due to the TMDs being tuned between the modes when the nu­

merical optimization approach is applied whereas for the generalized structure-TMD 

approach, the tuning is restricted to either mode 1 or 2. 

Tables 5.3 to 5.10 provide a qualitative measure indicating which tuning 

method results in a greater response reduction. In these tables, the performance 

achieved of the approach utilizing the generalized structure-TMD approach is com­

pared to that of the numerical optimization approach by introducing the performance 

index ratio, Rmode/system' This is defined as the ratio of the reduction factor (Ro) ob­

tained from targeting a specific mode to that obtained from targeting the entire 

system. For B / D = 2, equal modal damping ratio of 2% in each mode, for cases 

where the uncoupled frequency ratio is well separated, i.e. wo/ws = 0.5, 0.7, 1.2 

and 1.3, the generalized structure-TMD approach is found to perform as well as the 

procedure outlined in Chapter 4 if the correct mode is targeted. This mode can be 
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easily identified by determining the mode that contributes the largest percentage to 

the total variance. As the uncoupled frequency ratio approaches 1.0 (i.e. cases of 

strongly torsionally coupled system), optimizing the entire system results in better 

overall performance. This is particular evident for the case of the strongly torsion­

ally coupled system (wo/ws =1.0) where both modes contribute equally to the total 

variance. For example, in Table 5.10, a 7% greater reduction is obtained when the 

TMDs are tuned to the system using the numerical technique. 

5.5 Optimal Closed-Form TMDs Parameters - Ran­

dom 

The optimal TMDs parameters and the mechanical admittance function plots 

obtained froIn utilizing the generalized structure-TMD approach for systems under 

random excitations are shown in Appendix X for mass ratio values of 0.01 and 

0.02. For reference purposes, the optimal parameters for torsionally coupled sys­

tems (B / D=2) with equal modal damping ratio values are shown in Tables 5.11 and 

5.12. 

5.6 Conclusions and Summary 

This chapter presented a technique to target the response of a particular mode 

using available closed-form parameters under both harmonic and random excitation. 

A general 3-dimensional TMD mass matrix was developed in order to permit the 
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application of SDOF-TMD optimization techniques to torsionally coupled structure­

T:NID systems. The two identical TMDs configuration were studied and comparisons 

were drawn between the response obtained from targeting a specific mode using the 

generalized structure-TMD approach to that obtained from the numerical optimiza­

tion approach which targets the entire system, as outlined in Chapters 3 and 4 for 

harmonic and random excitation, respectively. The findings in this chapter are sum­

marized as follow: 

• As expected, the 'uncoupled' response did not capture the response of the untar­

geted mode and the coupling between modes for the entire torsionally coupled 

structure-TMD systems. This is attributed to the inability in capturing the 

interaction in the two-degree-of-freedom structure TMD system. However, the 

'coupled' response has successfully captured this interaction by employing the 

equations of motion developed for the entire torsionally coupled structure-TMD 

system. Thus, the generalized structure-TMD approach can be employed in the 

design of a torsionally coupled structure-TMD system. 

• As the uncoupled frequency ratio approaches one, the response of the untargeted 

mode is found to be influenced by the targeted mode. 

• The generalized structure-TMD approach for the two identical TMDs config­

uration is limited by the fact that only one mode can be targeted at a time. 

However, as for the numerical optimization approach, where the entire system 

is optimized using the procedure outlined in Chapters 3 and 4, the two TMDs 

can be tuned to a frequency that falls between the natural frequencies of the 

structure. Thus, when strong coupling exists in the structures, the general­

ized structure-TMD approach is not as effective as the numerical optimization 
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technique. 

• In general, when the uncoupled frequency ratios are well separated, the response 

of the untargeted mode is not influenced by the targeted mode. This is due to 

the fact that negligible energy is transfered between the two modes. 

• The efficiency of the generalized structure-TMD approach is dictated by the 

selection of the targeted mode. The designer should select the mode that domi­

nates the overall response. This can be achieved by inspection of the frequency 

response function or mechanical admittance function for the case of harmonic 

and random excitation, respectively. For a structure subjected to harmonic ex­

citation, the mode comprised of a higher peak amplitude should be selected. As 

for a structure subjected to random excitation, the mode which is the greater 

contributor to the total variance should be selected. 

• For the torsionally coupled systems studied under harmonic excitation, the gen­

eralized structure-TMD approach is not effective in reducing the overall struc­

tural response except for the torsionally stiff structures. However, it can be 

used to effectively reduce the response of a single mode 

• For the torsionally coupled systems studied under random excitation, targeting 

the correct mode results in a response comparable to that obtained from tar­

geting the entire system. The greatest difference in the reduction in response 

between optimizing the entire system and targeting the correct mode was found 

to be less than 8% for the strongly torsionally coupled system. 
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5.7 Chapter Tables 

Targeted Mode: 1 Targeted Mode: 2 
we/ws v ( R v ( R 

0.5 0.4548 0.0966 32.7320 l.0017 0.0653 30.3175 
0.7 0.6498 0.0953 3l.6904 1.0073 0.0667 22.1831 
0.8 0.7444 0.0925 22.9840 l.0119 0.0696 33.0592 
l.0 0.9006 0.0820 16.5151 l.0521 0.0825 26.8213 
l.2 0.9599 0.0683 11.9284 l.1890 0.0937 24.0673 
l.3 0.9687 0.0666 1l.2283 l.2780 0.0950 23.8250 

Table 5.1: Optimal Parameters for Torsionally Coupled Systems (B / D=2, Equal 
Modal Damping Ratio) utilizing Closed-Form Solution under Harmonic Excitation 
({~=0.0l) 

Targeted Mode: 1 Targeted Mode: 2 
we/ws v ( R v ( R 

0.5 0.4436 0.1335 30.8384 0.9904 0.0907 30.1591 
0.7 0.6342 0.1319 28.0171 0.9953 0.0928 20.6479 
0.8 0.7276 0.1286 19.8963 0.9988 0.0964 26.2709 
l.0 0.8845 0.1139 1l.9203 l.0331 0.1143 18.6552 
l.2 0.9478 0.0949 9.4956 l.1617 0.1300 20.1199 
l.3 0.9571 0.0922 8.9543 l.2478 0.1319 2l.1466 

Table 5.2: Optimal Parameters for Torsionally Coupled Systems (B / D=2, Equal 
Modal Damping Ratio) utilizing Closed-Form Solution under Harmonic Excitation 
(~=0.02) 
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Ro (It = 0.01) Ro (p, = 0.02) 
we/ws Mode 1 Mode 2 System Mode 1 Mode 2 System 

0.5 0.8888 0.7945 0.7945 0.8527 0.7478 0.7477 
0.7 0.8849 0.7521 0.7520 0.8276 0.6850 0.6840 
0.8 0.7649 0.7965 0.7509 0.6984 0.7005 0.6560 
0.9 0.7738 0.7059 0.6948· 0.6656 0.6074 0.5842 
1.0 0.6546 0.7198 0.6311 0.5502 0.5932 0.5216 
1.1 0.5826 0.7920 0.5814 0.4944 0.6449 0.4919 
1.2 0.7315 0.8859 0.7304 0.6417 0.8048 0.6399 
1.3 0.7430 0.9363 0.7429 0.6626 0.8798 0.6623 

Table 5.3: Ro Comparison between Targeting a Mode or a System (B / D=2) with 
Equal Modal Damping Ratio under Random Excitation 

Rmode/system (It = 0.01) Rmode/system (It = 0.02) 
we/ws Mode 1 Mode 2 Mode 1 Mode 2 

0.5 1.1188 1.0001 1.1404 1.0001 
0.7 1.1768 1.0002 1.2100 1.0015 
0.8 1.0186 1.0607 1.0647 1.0678 
0.9 1.1138 1.0160 1.1392 1.0398 
1.0 1.0372 1.1405 1.0548 1.1373 
1.1 1.0020 1.3622 1.0050 1.3110 
1.2 1.0014 1.2128 1.0027 1.2576 
1.3 1.0002 1.2604 1.0004 1.3284 

Table 5.4: Performance Index Ratio Comparison between Targeting a Mode or a 
System (B / D=2) with Equal Modal Damping Ratio under Random Excitation 

Ro (It = 0.01) Ro (fl = 0.02) 
we/ws Mode 1 Mode 2 System Mode 1 Mode 2 System 

0.8 0.7471 0.7943 0.7336 0.6799 0.6949 0.6402 
0.9 0.7542 0.7156 0.6956 0.6487 0.6116 0.5782 
1.0 0.6459 0.7161 0.6209 0.5412 0.5865 0.5110 
1.1 0.6035 0.7933 0.6014 0.5115 0.6493 0.5076 
1.2 0.7231 0.8803 0.7219 0.6312 0.7954 0.6294 

Table 5.5: Ro Comparison between Targeting a Mode or a System (B / D=3) with 
Equal Modal Damping Ratio under Random Excitation 
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Rmode/system (p = 0.01) Rmode/system (p = 0.02) 
W(}/w s Mode 1 Mode 2 Mode 1 Mode 2 

0.8 1.0184 1.0827 1.0620 1.0854 
0.9 1.0842 1.0288 1.1220 1.0579 
1.0 1.0403 1.1534 1.0592 1.1479 
1.1 1.0034 1.3190 1.0077 1.2792 
1.2 1.0016 1.2195 1.0030 1.2638 

Table 5.6: Performance Index Ratio Comparison between Targeting a Mode or a 
System (B / D=3) with Equal Modal Damping Ratio under Random Excitation 

Ro ({l = 0.01) Ro (p = 0.02) 
w(J/ws Mode 1 Mode 2 System Mode 1 Mode 2 System 

0.8 0.8295 0.8018 0.7973 0.7657 0.7190 0.7029 
0.9 0.8143 0.6779 0.6756 0.7009 0.5921 0.5855 
1.0 0.6865 0.7358 0.6679 0.5854 0.6214 0.5649 
1.1 0.5226 0.7723 0.5224 0.4447 0.6222 0.4442 

Table 5.7: Ro Comparison between Targeting a Mode or a System (B/D=l) with 
Equal Modal Damping Ratio under Random Excitation 

0.8 
0.9 
1.0 
1.1 

Rmode/system (p = 0.01) 
Mode 1 Mode 2 
1.0405 1.0057 
1.2052 1.0034 
1.0279 1.1016 
1.0004 1.4784 

Rmode/system (p = 0.02) 
Mode 1 Mode 2 
1.0895 1.0230 
1.1971 1.0114 
1.0362 1.1000 
1.0011 1.4006 

Table 5.8: Performance Index Ratio Comparison between Targeting a Mode or a 
System (B / D=l) with Equal Modal Damping Ratio under Random Excitation 

Ro ({l = 0.01) Ro (p = 0.02) 
w(J/w s Mode 1 Mode 2 System Mode 1 Mode 2 System 

0.8 0.8259 0.7804 0.7774 0.7552 0.6958 0.6824 
1.0 0.6788 0.6957 0.6353 0.5631 0.5819 0.5219 
1.2 0.7747 0.8451 0.7677 0.6791 0.7791 0.6724 

Table 5.9: Ro Comparison between Targeting a Mode or a System (B / D=2) with 
Equal Modal Peak Amplitude under Random Excitation 
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0.8 
1.0 
1.2 

Rmode!system (IL = 0.01) 
Mode 1 Mode 2 
1.0624 1.0039 
1.0685 1.0950 
1.0092 1.1009 

Rmode!system (p, = 0.02) 
Mode 1 Mode 2 
1.1068 1.0196 
1.0790 1.1150 
1.0099 1.1586 

Table 5.10: Performance Index Ratio Comparison between Targeting a Mode or a 
System (B / D=2) with Equal Modal Peak Amplitude under Random Excitation 

Targeted Mode: 1 Targeted Mode: 2 
w(}/ws II ( (]' Xc (ks/..;:s;) II ( CJ Xc (ks/..;:s;) 

0.5 0.4593 0.0759 9.9919 1.0064 0.0511 8.9320 
0.7 0.6559 0.0752 10.6875 1.0121 0.0523 9.0837 
0.8 0.7500 0.0741 8.2074 1.0181 0.0538 8.5467 
1.0 0.9067 0.0648 7.1402 1.0597 0.0648 7.8515 
1.2 0.9657 0.0529 6.5227 1.1986 0.0747 7.8996 
1.3 0.9742 0.0513 6.0838 1.2887 0.0758 7.6669 

Table 5.11: Optimal Parameters for Torsionally Coupled Systems (B / D=2, Equal 
Modal Damping Ratio) utilizing Closed-Form Solution under Random Excitation 
(IL=O.Ol) 

Targeted Mode:1 Targeted Mode: 2 
W(}/ws II ( (]' Xc (ks/ ..;:s;) II ( CJ Xc (ks / ..;:s;) 

0.5 0.4513 0.1065 9.5860 0.9983 0.0720 8.4065 
0.7 0.6447 0.1054 9.9954 1.0036 0.0736 8.2730 
0.8 0.7377 0.1039 7.4943 1.0088 0.0758 7.5164 
1.0 0.8951 0.0910 6.0014 1.0461 0.0910 6.4710 
1.2 0.9572 0.0745 5.7219 1.1786 0.1048 7.1764 
1.3 0.9662 0.0723 5.4251 1.2666 0.1063 7.2036 

Table 5.12: Optimal Parameters for Torsionally Coupled Systems (B / D=2, Equal 
Modal Damping Ratio) utilizing Closed-Form Solution under Random Excitation 
(IL=0.02) 
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5.8 Chapter Figures 

I· -I 
B 

Figure 5.1: Schematic Sketch of Undamped Structure Equipped with Two TMDs 

(a) (b) 

Figure 5.2: Generalized System: (a) Undamped Structure and (b) Damped Structure 
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(d) 

Figure 5.3: Development of TMD Mass Matrix (a), (b) (c) and (d) 
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Figure 5.4: Frequency Response Functions of Undamped System subjected to Har­
monic Excitation: W(}/w s = 0.5, B / D=2, f.l = 0.01 
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Figure 5.5: Frequency Response F\mctions of Undamped System subjected to Har­
monic Excitation: W(}/w s = 1.3, B / D=2, f.l = 0.01 
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Figure 5.6: Mechanical Admittance Functions of Undamped Structure subjected to 
Random Excitation: wo/ws = 0.5, B/D=2, f-l = 0.01 
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Figure 5.7: Mechanical Admittance Functions of Undamped Structure subjected to 
Random Excitation: wo/ws = 1.3, B / D=2, /t = 0.01 
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Figure 5.8: Frequency Response Functions of Undamped Structure subjected to Har­
monic Excitation: we/ws = 1.0, B / D=2, !t = 0.01 
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Figure 5.9: Mechanical Admittance Functions of Undamped Structure subjected to 
Random Excitation: we/ws = 1.0, B / D=2, !l = 0.01 
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Figure 5.10: Frequency Response Function of Structures (B / D 2) with Equal 
Damping Ratio Values without DVA subjected to Harmonic Excitation 
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Figure 5.11: Frequency Response Function of Structures (B / D 1) with Equal 
Damping Ratio Values without DVA subjected to Harmonic Excitation 
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Figure 5.12: Frequency Response Function of Structures (B / D = 3) with Equal 
Damping Ratio Values without DVA subjected to Harmonic Excitation 
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Figure 5.13: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: W()/ws 

= 0.5, B / D=2, f-b = 0.01 
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Figure 5.14: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: W()/ws 

= 0.7, B/D=2, f-b = 0.01 
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Figure 5.15: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: w()/ws 

= 0.9, B/D=2, f-b = 0.01 
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Figure 5.16: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: Wf)/ws 

= 1.0, B / D=2, It = 0.01 
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Figure 5.17: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: Wf)/ws 

= 1.1, B/ D=2, fL = 0.01 
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Figure 5.18: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: Wf)/w s 

= 1.3, B / D=2, fL = 0.01 
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Figure 5.19: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: we/ws 
= 0.9, B / D=l, It = 0.01 
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Figure 5.20: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: wo/ws 

= 1.0, B / D=l, f-l = 0.01 
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Figure 5.21: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: wo/ws 

= 1.1, B/D=l, It = 0.01 
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Figure 5.22: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: wo/ws 

= 0.9, B/ D=3, ~L = 0.01 
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Figure 5.23: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: wo/ws 

= 1.0, B / D=3, M = 0.01 
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Figure 5.24: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Damping Ratio) subjected to Harmonic Excitation: wo/ws 

= 1.1, B/ D=3, M = 0.01 
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Figure 5.25: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Peak Amplitude) subjected to Harmonic Excitation: wo/ws 

= 0.8, B / D=2, P = 0.01 

40 

a: 
20 

....... Uncontrolled 
'.'.' Mode 1 - Uncoupled 
••• Mode 1 - Coupled 

~ ~System !; I; 

o~~--------~--==~~~ 
0.5 1.0 1.5 

~ 

40 

a: 
20 

....... Uncontrolled 
·····Mode 2 - Uncoupled 
• •• Mode 2 - Coupled 

II f"m 

o~~~~----~--~~~~ 
0.5 1.0 1.5 

~ 

Figure 5.26: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Peak Amplitude) subjected to Harmonic Excitation: wo/ws 

= 1.0, B / D=2, P = 0.01 
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Figure 5.27: Frequency Response Functions Comparison between Targeting a Mode 
and System (Equal Modal Peak Amplitude) subjected to Harmonic Excitation: wo/ws 

= 1.2, B / D=2, P = 0.01 
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Figure 5.28: Mechanical Admittance Function of Structures (B / D = 1) with Equal 
Damping Ratio Values without DVA subjected to Random Excitation 
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Figure 5.29: Mechanical Admittance Function of Structures (B / D = 2) with Equal 
Damping Ratio Values without DVA subjected to Random Excitation 
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Figure 5.30: Mechanical Admittance Function of Structures (B / D = 3) with Equal 
Damping Ratio Values without DVA subjected to Random Excitation 
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Figure 5.31: Mechanical Admittance Function of Structures (B / D = 2) with Equal 
Modal Peak Values without DVA subjected to Random Excitation 
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Figure 5.32: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 0.5, B / D=2, fJ = 0.01 
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Figure 5.33: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 0.7, B / D=2, fJ = 0.01 

20r-~--------~--------~~---, 
....... Uncontrolled 
.•.•. Mode 1 - Uncoupled 
• •• Mode 1 - Coupled 
-System 

O~~~----~~~~~~ 
0.5 1.0 1.5 

P 

20r-~--------~----------~---' 
....... Uncontrolled 
.•.•. Mode 2 - Uncoupled 
• •• Mode 2 - Coupled 
-System 

Figure 5.34: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 0.9, B / D=2, fJ = 0.01 
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Figure 5.35: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 1.0, B / D=2, P = 0.01 
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Figure 5.36: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws =1.1, B/D=2, P = 0.01 
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Figure 5.37: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 1.3, B/D=2, p = 0.01 
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Figure 5.38: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws =0.9, B / D=l, P = 0.01 
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Figure 5.39: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 1.0, B / D=l, {t = 0.01 
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Figure 5.40: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws =1.1, B/ D=l, P = 0.01 
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Figure 5.41: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws =0.9, B / D=3, fl = 0.01 
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Figure 5.42: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws = 1.0, B / D=3, ~t = 0.01 
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Figure 5.43: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Damping Ratio) subjected to Random Excitation: 
we/ws =1.1, B / D=3, fl = 0.01 
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Figure 5.44: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Peak Amplitude) subjected to Random Excitation 

wo/ws = 0.8, B / D=2, p = 0.01 
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Figure 5.45: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Peak Amplitude) subjected to Random Excitation 

wo/ws = 1.0, B / D=2, p = 0.01 
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Figure 5.46: Mechanical Admittance Functions Comparison between Targeting a 
Mode and System (Equal Modal Peak Amplitude) subjected to Random Excitation 
: wo/ws = 1.2, B / D=2, p = 0.01 
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Chapter 6 

Conclusions and Recommendations 

6.1 Introduction 

This research focused on the response behavior of optimized torsionally cou­

pled structure-DVA systems. Research reported on in Chapters 3 and 4 focused on 

studying the dynamic response of torsionally coupled structures equipped with differ­

ent types of dynamic absorbers (TMD(s) and TLD(s)) under harmonic and random 

excitation using a numerical optimization approach. Chapter 5 focused on the devel­

opment of a preliminary design tool for torsionally coupled TMD systems. 

In Chapters 3 and 4, series of simulations were performed to study the response 

of different torsionally coupled structure-DVA systems by utilizing MATLAB(r2007b) 

optimization toolboxes (fminimax and fmincon). The efficiency ('ljJ) of different dy­

namic absorbers arrangements were accessed by introducing the response reduction 

factor (Ro) such that 'ljJ = 1 - Ro, where Ro is defined as the ratio of the response of 

structure equipped with absorber(s) to the response of structure without absorber. 
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In Chapter 5, closed-form optimal parameters of a two-degree-of-freedom struc­

ture -TMD system in the literature were employed in developing a rapid preliminary 

design tool to target the response of a specific mode in torsionally coupled structure. 

By introducing the concept of a generalized mass ratio for a structure with 3 dimen­

sional motions such that the TMD mass and mass moment of inertia were taken into 

account, the closed-form TMD parameters (tuning and damping ratio values) given 

by (As ami et al., 1991,2002; 'Warburton, 1982) were applied to the torsionally coupled 

TMD system. Detail procedures were given on the design of a torsionally coupled 

TMD system. The structural response of torsionally coupled system equipped with 

two identical TMDs subjected to harmonic and random excitation obtained from the 

method described were verified and evaluated. 

6.2 Research Findings 

Conclusions obtained for the studies conducted are summarized in this section. 

The conclusions and findings are valid for the structures selected. 

6.2.1 Torsionally Coupled Structures Equipped with TMD(s) 

subjected to Harmonic Excitation 

Numerical simulations were performed on structures with different TMDs ar­

rangements using MATLAB (r2007b) optimization toolbox (fminimax). The study 

consisted of two parts. Part 1 involved structures with equal damping ratio values 

(2%) in both modes of vibration whereas Part 2 considered structures with equal 

modal peak amplitude values such that the response of structures without TMD(s) 
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are equally dominated by the two modes. For Part 1, structures with uncoupled fre­

quency ratio values of 0.5, 0.7, 0.8, 1.0, 1.2 and 1.3 were considered. As for Part 2, 

uncoupled frequency ratio values of 0.8, 1.0 and 1.2 were considered. The following 

conclusions were obtained for the structures considered under harmonic excitations: 

• The efficiency of different TMDs configurations were found to be related to 

the nature of the structures considered, which are torsionally flexible, strongly 

torsionally coupled and torsionally stiff. 

• Locating the TMD(s) at the edge(s) of the structures maximized TMD(s) per­

formance by increasing the mass coupling terms and mass moment of inertia 

that develops from placing the TMD(s) away from the centre of mass. 

• By allowing a unique mass ratio values for each of the TMDs in a two different 

TMDs configuration, the greatest efficiency was achieved as compared to all 

other configurations considered. 

• For the structures with uncoupled frequency ratio values of 0.8, 1.0 and 1.2, 

the dynamic response was found to be sensitive to the structural damping. 

This is in contrast to findings by VVarburton and Ayorinde (1980). However, 

this research focused on optimizing a two-degree-of-freedom primary structure 

whereas VVarburton and Ayorinde (1980) focused on optimizing the response of 

a single-degree-of-freedom primary structure. 

• The efficiency of the single TMD configuration was founel to exceed that of the 

two identical TMDs configuration except for the strongly torsionally coupled 

structure case. This can be attributed to the mass coupling term generated by 
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a single DVA that aids in reducing the response when the two modes are well 

separated. 

• At least two TMDs are required to reduce the dynamic response of the strongly 

torsionally coupled systems effectively as the mass coupling term generated by a 

single TMD does not aid in reducing the response when two modes are strongly 

coupled. 

• At least two tuning ratios are required to suppress the dynamic response of the 

torsionally flexible structures effectively as the mass moment of inertia generated 

by the TMDs tuned to the torsionally dominant mode do not aid in suppressing 

the response of the higher frequency translational mode. 

• A single TMD was found to be inefficient in reducing the response of the strongly 

torsionally coupled system. Therefore, TMD configuration is an important pa­

rameter which should be considered in the design of TMDs for strongly torsion­

ally coupled structure. However, the efficiency of a single TMD configuration 

was found to approach that of the two different TMDs configuration for the 

torsionally stiff structures. 

• The additional mass constraint placed on the four TMD configurations (Ap­

proach I and II) limited the efficiency in this configuration for the torsionally 

coupled structures as compared to that of the two different TMDs configuration. 

The four TMDs configuration (Approach II) was found to be more efficient in 

reducing the response of the torsionally flexible structures compared to that of 

Approach 1. This indicates the importance of minimizing the constraints placed 

on selecting TMDs parameters. 
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• For TMD configurations where only one tuning ratio can be employed ( a single 

TMD and two identical TNIDs configurations), tuning the TMD(s) around the 

translation dominant mode can reduce the response of the torsionally dominant 

mode in the torsionally stiff structures as a result of the inertia forces generated 

by the TMD(s). 

• All TMD configurations considered were able to attenuate the uncontrolled 

dynamic response and the efficiency for each configuration was found to increase 

as the mass ratio was increased. 

• The generalized mass ratio value plot can be used to evaluate the response 

behavior and the TMD location resulting in maximum and minimum efficiency. 

6.2.2 Torsionally Coupled Structures Equipped with DVA(s) 

subjected to Random Excitation 

The response of torsionally coupled systems with different DVAs (TMD /TLD) 

arrangements under random excitation was studied. Optimization toolbox (fmincon) 

from MAT LAB (r2007b) was utilized to minimized the mean square corner displace­

ment. Numerical simulations were performed on structures with 2% damping ratio in 

both modes of vibration. The response obtained for the structure-TLD systems, at 

its designed target amplitude, was compared to that of the structure-TMD systems. 

Structures with uncoupled frequency ratio value of 0.5, 0.7, 0.8, 1.0, 1.2 and 1.3 are 

selected. The following conclusions were obtained for the structures considered under 

random excitation: 

239 



6.2 M.A.Sc. Thesis - Y.F. Ho - McMaster University - Civil Engineering 

• The modal contribution to the total variance plays an important role in deter­

mining the tuning strategy. 

• Greater efficiency can be achieved by placing the DVA(s) at the edge(s) (±B /2) 

of the structure. This is a direct result of the additional DVA(s) mass coupling 

terms and mass moment of inertia that develops from placing the DVA(s) away 

from the centre of mass. 

• Greatest efficiency was achieved for the two different DVAs configuration as 

this configuration permits two independent DVAs to be tuned to two different 

modes. In addition, the mass of each DVA reflects the percentage the mode to 

which it is tuned to contributes to the total variance. 

• For all the DVA configurations, except the single DVA configuration, greatest 

efficiency was achieved for the strongly torsionally coupled systems. 

• The efficiency of a single DVA configuration was found to approach that of 

the two different DVAs configuration for the torsionally stiff structures consid­

ered. This is a result of the negligible torsional contribution to the total corner 

response for these structures. However, a single DVA configuration was not 

effective in reducing the strongly torsionally coupled system response. 

• For the case of four DVAs (Approach I and II), the constraints enforced on 

the mass ratio reduced the efficiency of this configuration as compared to that 

of two different DVAs configuration. However, Approach II was found to be 

more efficient than Approach I for the torsionally flexible structures. This high­

lights the importance of the freedom in optimizing the DVA parameters for the 

torsionally flexible structures. 
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• At least two DVAs were required to suppress the response of the strongly tor­

sionally coupled structure considered effectively as the mass coupling term gen­

erated by a single DVA does not aid in reducing the response when two modes 

are strongly coupled. 

• The efficiency of the single DVA configuration was found to exceed that of the 

two identical DVAs configuration except for the strongly torsionally coupled 

structure case. This can be attributed to the mass coupling term generated 

by a single DVA that aids in reducing the response when two modes are well 

separated. 

• Targeting the response of the torsional dominant mode was found to amplify 

the sensitivity to changes in DVA location. This can be concluded from the 

response obtained for the two different DVAs configurations. 

• The response behavior of the structlire-TLD systems at its targeted design 

amplitude was found to be similar to that of the structure-TMD systems. 

• Higher efficiency was obtained in the structure-TMD systems for the strongly 

torsionally coupled and stiff structures (wo/ws = 1.0, 1.2 and 1.3) as compared 

to the structure-TLD systems. The opposite was found for torsionally flexible 

structures (wo/ws = 0.5 and 0.7). 

• All DVA configurations considered were able to attenuate the uncontrolled dy­

namic response and the efficiency for each configuration was found to increase 

as the mass ratio was increased. 
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6.2.3 Torsionally Coupled Systems uSIng Closed-Form Pa­

rameters 

By utilizing the concept of generalized properties of a structure-TMD system, 

a design method for a torsionally coupled TMD system under both random and 

harmonic excitations using the closed-form parameter was developed. The method 

was verified by comparing the response obtained from the closed-form solutions and 

those obtained by solving the equations of motion of the structure-TMD systems. The 

torsionally coupled systems were optimized using the method developed to target the 

response of a specific mode and the numerical approach utilizing MAT LAB (r2007b) 

optimization toolboxes. The results obtained from the two different optimization 

approaches were compared and evaluated. 

• As expected, the 'uncoupled' response did not capture the response of the un­

targeted mode and the coupling between modes for the entire structure-TMD 

system. However, the 'coupled' response successfully captured these interactions 

by employing the equations of motion developed for the entire structure-TMD 

system. Thus, the generalized structure-TMD approach can be employed in the 

design of a structure-TMD system. 

• As the uncoupled frequency ratio approaches one, the response of the untargeted 

mode is found to be influenced by the targeted mode. 

• The generalized structure-TMD approach for the two identical TMDs config­

uration is limited by the fact that only one mode can be targeted at a time. 

However, in the numerical optimization approach, where the entire system is 

optimized using the procedure outlined in Chapters 3 and 4, the two identical 
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TMDs can be tuned to a frequency that falls between the natural frequencies 

of the structure. Thus, when strong coupling exists in the structure, the gen­

eralized structure-TMD approach is not as effective as numerical optimization 

technique. 

• The efficiency of the generalized structure-TNID approach is dictated by the 

selection of the targeted mode. The designer should select the mode that dom­

inates the overall response. This can be accomplished through inspection of 

the frequency response function or mechanical admittance function for the case 

of harmonic and random excitation, respectively. For a structure subjected to 

harmonic excitation, the mode comprised of a higher peak amplitude should be 

selected. As for a structure subjected to random excitation, the mode which is 

the greater contributor to the total variance should be selected. 

• For the torsionally coupled systems studied under harmonic excitation, the gen­

eralized structure-TMD approach is not as effective in reducing the overall struc­

tural response, except for the case of torsionally stiff structures. However, it 

can be used to effectively reduce the response of one mode exclusively. 

• For the torsionally coupled systems studied under random excitation, targeting 

the correct mode results in a response comparable to that obtained from opti­

mizing the entire system. The greatest difference in the reduction in response 

between optimizing the entire system using the numerical technique and target­

ing the correct mode using the generalized structure-TMD approach was found 

to be less than 8% for the strongly torsionally coupled system. 
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6.3 Future Recommendations 

The study conducted focused on a 2-dimensional torsionally coupled struc­

tures equipped with multiple TMD(s) or TLD(s) subjected to either harmonic or 

random excitation. The objective of this study was to investigate and evaluate the 

performance of different DVA configurations. The following recommendations are 

suggested for future studies: 

• An experimental program should be conducted on the numerical studies per­

formed to verify the results obtained. 

• The studies carried focused on a 2-dimensional torsionally coupled systems. An 

investigation on a 3-dimensional torsionally coupled systems should be consid­

ered. 

• For torsionally coupled structures equipped with TLD(s), the study focused on 

evaluating the response behavior of the structure-TLD system at its designed 

target amplitude. Further studies should be conducted on the performance of 

torsionally coupled structure-TLD system at non-targeted response amplitudes. 

• The rapid design tool proposed in Chapter 5 was verified by two dimensional 

torsionally coupled structures equipped with two identical TMDs. This prelim­

inary design tool can be extended to two and three dimensional structures with 

different DVA arrangements. 
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Appendix 

Appendices A to X, which include the optimized structural response, optimal 

DVA parameters, frequency response functions and mechanical admittance functions, 

are contained in the CD attached. 
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