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CHAPTER 1
QUALITATIVE ANALYSIS OF ION IMPLANTATION

OF FERRIMAGNETIC THIN FILMS

_lLéi}Introduction

In recent years, considerable interest has arisen in the
potential ability of magnetic domains in thin film ferrimagnetic
materials (g.g. orthoferrites, garnets, etc.) to act as memory units,

due to their stability, reliability and alleged superior performance

<

in moderate speed memory systems. A trend to attain a high packing
density can be observed; in the case of ferrimagnetic domain
memories, such as garnets [21] and recently certain am&rphous films
[6,19] which can supﬁort domains in the micrqn and submicron range,
packing densities of 106 bits per sq. inch are prophicied.
Unfortunately, in the case of garnets, the so called domain
wall may not be of the simple type, namely the Bloch type or the
Neel type, but is actually a mixed type wall which changes from Bloch
type to Neel type in cycles around the domain boundary [4]. Domains
with this type of the wall are called "hard bubbles" [2].

s

Hard bubbles have anomalous dynamic properties. Unlike
>

"soft bubbles" that propagate along tfle direction of the field

gradient, hard bubbles move at an angle (or several possible angles)

r——

»



to this direction; this could be the direction tﬁat requires the
least energy to start flipping the spins, effectively moving the
whole domain. Since sfatistically we could have walls with one,
two, and in general n cycles; with various probabilities,‘it is
impossible to guarantec a unique direction of gition of a hard bubble,.
furthermore, walls may unwind at high field gradients decreasing
the number of cycles changing suddenly the direction of propagation.
Such unreliable propagation properties aé£ as a detexrent
to the technical exploitation of garnets in mqgnetic memories,
however, it has been reported by several workers [3,4,5 ] that
multilayer’garnet films and the ion implantation of garnet filﬁs
could supress such hard bubbles by rendering them "soft" and inducinQ‘“
them to behave liker normal ones. The physical mechanism of suéh a
process is not yet properly undarstood, although several endeavours
have been made [3;4] based on the assumption that the ion implgnted
layer has iﬁs spins almost aligned in-plane rather than normal to
the crystal surface alg;g the originally easy axis of magnetization.
This normally leads ég bubble capped by a 90° wall at the interface
of the implanted and nonimglanted Eegions of the bubble materiél,
and not penetrating through the implanted region [3;4]; Recently
however, it has been xeported [l}]‘that in some cases ion implantation:

changes the material magnetic guality factor g to a lower value, and



s

it has been xeported that a layer of low g on top ¢of a layer of higher
q film facilitate.s the supression of hard bubbles [11,22]. No
physical reasoning exists for thislatter behavior.

In the fabrication of magnetic domain memory arrays, one does
not have tolimplant all the crystal substrate only the channels
through which the dom;in is to propagate need be implanted. Therefore,
ion implanted channels are of importance in potential engineering
appli;ations [8,9,15], and a model for the magnetic domain inside an
ion implanted channel could be very significant. Up to date, an
adequate model has not been published and the‘published experimental
data coﬁcerning the chaﬁges in magnetic parametexs induced by ion
implantation is scarce. The model presented in this thesis will
incorporagé all the possible parameter chsnges in sight, leaving
future work to decide which and how much each parameter changes.

In the following section we shall endeavour to give a physical
interpreta;ion of the mechanism by which ion implantation alters the
magnet;c propexrties of a crystalline ferrimagnetic material. The

conclusions that are drawn concerning the changes in the various

physical parameters are consistent with the observed [23].

1.2 Ferrimagnetism and Yon Implantation

Fexrromagrietism is a collective phenomenon arising from the

~ 3 .
overlap of outex atdmic orbitals, and the electron~electron interactions
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of those electrons-occupying those orbitals. For conducting ferro-
magnetic materials (e.qg., Fe,Co,Ni) the orbital overlap is biy,

resulting in'the formation 'of a narrow conduction band, and the

picture is that of an electron-hole pair of opposite spin, their

relative motions being such that they reside on the same atoﬁic

site most of the time [18,20]. On the other hand, for a variety of
insulating ferrimagnetic materials (such as garnets) the well established
picture of the "Heisenberg exchange interaction" seems to represent

the situation well. The relative importance of the various aforementioned
contributions to the collective phenomenon of ferromagnetism remains

& controversial matter.

The Hamiltonian for an electron in a solid has the form

-

2 : T
i= [ lEplw@pl i | S (L.2.1)
i i#3 ri-rjj

- ,
where V(r) is the potential energy of the ion-electron interaction,

-

while the last term represzents the one electron-electron interactions.
If we represent the one electron part by h(ri) and the interaction term
by %- Z' vij . we can recast (1.2.1) in the second quantization notation
i}
+

+ 1 +
H = Evf ulhlv>auav+-3 §v<uv|v|at>au a,a.a, (1,2.2)

T

'

“*
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where

L -+ N
< ulnjy > = I ¢, (Oh(x) ¢ (x)dr o (Ll42.3)

and

L I N A N 3> 3
< uvlvlor > r‘I¢u(r)¢“(r)v(r-r)¢o(r)¢r(r)drdr

The ék and a are the creation and annihilation operators of an electron
ip state y. The complete set of functiggs $ will now be chosen as

Bloch functions wi, where i is the band index. If o is the spin

variable, then, for .each®Bloch function, we shall have two creatiék

and destruct¥on operators corresponding to the spin up and-spin down.

Furthermore, if eik are the single-electron eigenvalues < w;lhl¢;>

we may write

H = Z, g e}j;akio+akio

k.1,
1 . 2 44
+ 3 2 Tt z ' 2 » <k ik 1 E‘1k i k:1.>
2 K ko .ko .k £, 1,1 ,0 117272, 171m2n2
172712 17727172 '
+ +
a : a ‘.' v a .,Io' a l‘| 3 (102.4)
kyelyoy Kty Kala 2 Kyigoy
s
where
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i i i i
L 2 | 1 *
b e G e @
<k.i k. i Il{k'i'k'i' > = af 1 2 1 2 N
171727217272 l_,_,.I dr ér (1.2.5)
X=X

It is seen that it would be very difficult and impractical ‘o handle

the sum over all bands., However, for 3d electrons in tran .ition

metals we may deal with five sub-bands, and it would be cunvenient

.

to follow Kubo and Hubbard and treat the case of an isolated 5-band,

using an approximated Hamiltonian with a one band label only which

-

will be dropped.

To emphasize the atomic aspect of the problem we now work in

a Wannier function representation. The Wannier function w is defined

by
> 1 > 2 >
¢k(r) = ;I7§ z w(r Rz)exp ik Rg (1.2.6)
where EL is a lattice vector and N is the number of atoms per unit

volume. Using the result

T expik. (R -R,) = N& _ 1.2.7
g * ey 23" ( .f. )

-

where 62j is the Kronecker delta symbol.

One could obtain the inverse tranformation
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¥

wE-R) = v Y2 Ty @exp-ik R,
-

k

Corresponding to this relation we define

+ - N—I/Z 2

+ i +
aﬁo akd.,exp~ .R

(1.2.8)

k
_ m1/2 > 2
ag. N E éko exp ik.R

We can now write the approximated one band Hamiltonian as

+ 1 ca 1l + o+
H E' Eijaia aj0+ 5 "z . <1j|;|kl > 30y g ko' (1.2.9)
j ijoo
k8
where
® 5 > > - 5 >
eij = Iw (r—Ri)h(r)w(r-Rj)dr (1.210a)
and ® *
. (¥ (?—ﬁim- (z-R j)w(é-“ﬁk)w(?—Ez)
djlzlxe > = e J Ty (3.2.10b)

r-r |

The Hamiltonian can be split up into one center integrals
and two center integrals of various kinds. Since the decomposition
is mathematically txivial, we only comment on the one center integral

with i=k=j=%; that is,



i, <iil%|ii> a, al, a, va, = ) <1il%|ii>a'F a, a

1
2 ic “ig “io “io io 2169 -0 Bi-0
ioo

since we cannot create two particles of the same spin at the same site.
Introducing the number operation
a _a, =
1o %o T Mo

for electrons of spin 0 and on the ith lattice side, the decomposition
of H takes the form,
H=)

i

I 1 D I
Je.a a, +>) n.n,_+> ) ) <4j[=]i3> n,_ n,
5 ij io %40 2 {g 10 i-0 2 1500 r ie jo ’

3

1 +
"2 Ej goglj ic i&aj0| ajq + Ej §0<1i| ,JJ ic aiéajo jo (1.2.11)

where

, (W@ P @)
I =e I = *,{

{(1.2.12a)
[x-

L T e * 3t >t o

W (r—r.)w(r-R.)w (r =R,)w(r -R,). _,

2 i b i =

J,., = e dr
i3 + 3!
jr-r

-+
dr (1.2.12b)




The magnitude of I is largest as compared to the integrals
concerned if the electrons are truly localized, and Jij ;re the
customary direct exchange integrals. Of the other terms, since
n, = Z n ,» the third term is % X <ij|%1ij> n.n, with no spin

o i3 13
dependence and is not important in magnetism. The effect of the
last term is to remove antiparallel spin pairs from one site o a
previously vacant one. This term will play no part in our considerations.

The integral I in the second term of the Hamiltonian (1.2.11) is
essentially the interaction energy between two spins on the same
atom, so if I is very large‘we can expect a state of lowest energy
in which all atoms are singly occupied (taking a system of N electron
and N atoms). The wave function is then a Slater determinant composed
of Wannier functions, or egquivalently the w; s; every state ﬁ in the
Brillouin zone is singly occupied and the material is an insulator.

As I =+ @, the exchange term Jij completely determines the state of
the system. Since the states differ only in their spin configuration,
it ought to be¢ possible to write H golely in terms of spin operators
provided it operates on modified functions of the form

+ +

_ +
logreeeog® = Aoy Bo  Fom 19 (.2.13)




By casting the spin operators o, in a spinor form, using the Pauli

a(i)

matrices, we obtain an expression for the exchange term in the form

-> ->
] 9.9, .0, (1.2.14)
i .

the familiar Heisenberg Hamiltonian. Inspection of Egn. (1.2.12a) fox

J,, shows it to be positive leading to ferromagnetism. In equation

i}
(1.2.11) we can interpret eij(i#j) as the energy required to take an
electron from site j to site i and shall refer to it as the hopping
enexgy. If we allow I to become infinite (as in the Heisenberg

model), the energy involved in such a hopping process with one electron/
atom becomes prohibitive, and the only contribution from the first

term comes from sij(i=j) = €.

"
If one copnsiders a large but finite I, then the hopping

Hamiltonian”

X ' Z

= €59l 844 @ (1.2.15)
By {3 ij p ioc “jo

can be taken as a perturbation on zeroth order function IE°>,

which is a linear combination of terms of the form (1.2.13). The prime

in  (1.2.15) indicates that iy¥j. Standard Rayleigh—SchrBdinger

perturbation theoxy then gives a second order energy

»
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<g e > <e |nlge >
g(2) _ ) o hg fg a' h'’o (1.2.16)

8] o Q

From Egn. (1.2.15) if < Ealﬂhl£0> is non-zero, l{q> describes a state
in which thexe is an antiparallel spin pair., By definition the self-
energy of such a pair is I, so EO-EGQ I because 1 is very large. Thus

we find that

(2) -g <Eolipley > < soluyle < £OIH§IEO> E

E = T = - T (1.2.17)‘ .g

Similarly we can handde high order terms, yielding an expansion
in the inverse powers of I. We see that when operating on functions

4
of the form (1.2.13) we can take an effective hopping Hamiltonian

ﬂeff = Hh - + LI (1.2.18)
which can be expressed as
2 .
LTI ‘
H . =53] {o, - 0,~1) (1.2.19) :
eff ? i3 1 i h)
This is a positive texm opposing “Jij in (1.2.14), so that Jijeff = .
2
leij’ 2
(J,, - )} may become effectively negative if Ie [ /I is largg
13 21 ij S -~

enough. N
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Let us now imagine that the crystal is ion bombarxrded with a E
light ion (e.g., H, He) and that the ions rest interstitially. The

orbital overlap of the implanted ions and the host ions will be

negligible; however, the implanted ions will tend to distort the
lattice. Since the implanted region of the crystal cannot expand
in the plane of the thin film crystal, being hindered by the non- é
implanted region, the expansion occurs along the normal to the plane
along the easy axis of magnetization. This distortion. implies a f
reduction in the orbital overlap of the host atoms along this direction, /,’,:’/”
which originally had the largest orbital overlap. This would iéad to
an increase in the localizability and hence an increase in I accompanied
by a decrease in Jij' along £he easy axis of magnetigation. Consequently,
Jeff along this direction would decrease.
On averaging. these local effects over the whole lattice, a
decrease in the microscopic magnetization parameter Ms is to be observed. ;
Due to relativisitc corrections we have to add an extra term

to our Hamiltonian Egn. (2.1.1), known as the spin-orbit coupling term,

given by

b D (1.2.20)

H =
Ls 4mZCZ

where V(;) is the lattice potential as felt by the electron and ; is

the linear momentum operator on .
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&>
If we assume for the moment that V(r) is spherically symmetric

for an isolated ion, then

> 7.AV(Y)
. I r
Wir) = ¢ )
and
av - H
e @RS = 2EH A0 (1.2.21)

where L is the orbital angular momentum.

The part of the Hamiltonian given by (1.2.20) is the contribution
to the socalled "anisotropy energy” [7,10], and is basically due to the
assymetry of the overlap of electron distributions on the neighbcuxing
ions.

The appearzaSe of anisotropy in mixed rare-earth garnets

strongly suggests the well known Van Vleck pair ordering phenomenon
[20]. 1t was shown by Callen [7] that the noncubic anisotropy observed
under the growth faces of certain mixed garnet crystals is due to the
preferential occupation, by one of the two types of rare earth ions,
in particular rare earth sites. The effect depends on the co-ordination
of rare earth ions with its second nearest tetrahedral ion neighbours.
The existence of randomly distributed interstitial ions slightly
blurz the originally well defined lattice potentialis, hence slightly
decreasing (§V(r)), as well as décxeasing the orbital symmetry along the
easy axis and hence decreasing (E.E). The overall effect is a decrease
in the spin-orbit coupling energy and hence the miroscopic "anisotropy

enexgy” of the crystal. /



As we use ferrimagnetic cyrstal films whose main anisotropy

axis is normal to the crystal film plane, the spin projection along :

N i

this axis (and magnetization) should decredse and the in-plane spin

component should increase, and the in-plane susceptibility sheuld 1
- §

=) *

increase although it would still be anisotropic in general, all as a : :
result éf the ion implantation. The microscopic wall eﬁérgy density
{

parametek\cw should also decrease, as a result of the previous changes.

~ It should be pointed out that the previous qualitative reasoning

0—:
appliesLtS*materials ~here the implanted part of the crystal prefers
-

Y

to expand along the easy axis (negative magnetostriction), in some
cases the crystal may energetically favour an in-plane expansion, and the
reverse of the above conclusions would be true with some reservations.
In garnets, the outer atomic orbitals of the rare earth ions
do nbt directly overlap, and the exchange integrals, with the atomic

orbitals replacing the Wannier functions, are zero. However, the outer

atomic orbitals of the rare earth ions overlap with the hybridized s-p
orbitals of the intervening oxygen atoms {ligands), leading to an
effective exchange bette; known as "superexchange"”. The previous analysis

' H

holds equally well here if we realize that the iis are the position
vectors of the rare earth ions only, the Wannier functions are then
a blend of the rare earth ion and oxygen orbitals, and do lead to an

effective nonzero exchange integral between the rare earth ions.,



CHAPTER 2
THE GENERALLY DEFORMABLE DOMAIN

IN AN ION IMPLANTED CHANNEL

In this chapter, we shall formulate An approximate variational
me thod fl4] to compute the general shape of a magnetic domain wholly
situated in an ion implanted channel of constant depth and width with
parallel vertical channel sides ( a straight’channel) as shown in
Fig. 2.1. The model is based on three important assumptions.’

The magnetic domain in this analysis will be assumed to penetrate
through the whole thickness of the bubble supporting thin-film plate.
This could also embrace the case where the domain penetrates through
the nonimplanted region of the thin film and is capped by a 90° domain
wall at the interface of the implanted and nonimplanted regions E3,4]
by mere adaptation qf the parameters as will be shown in Sec. 2.5.

We shall further asgume the uniformity of all physical para-
meters in both the implanted and the nonimplanted regions of the bubble
supporting material. This is equivalent to approximating the ion
implantation "damage" profile for parameter change by a step function,
starting at the bubble material upper surface up to a depth D after
which the parameter changes become negYigible. This is a reasonable
approximation of the actual smooth damage profile, which, if considered,
would lead to an effective volume pole density distribution through ;he

- material thickness that would greatly complicate the analysis and would

1]

15
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increase numer}cal computations time consideragly.
Furthermore, we assume that the magnetic domain wall is
deformable in the x and y directions (s¢e Fig. 2.2) but not along
the z difection {see Fig. 2.3 ); thus we shall consider a right cylindrical
do§ain whose uniform cross section, through the thickness of the material

has a variable geometry. This assumption is merely an approximation

e’

of a bubble wall along the z directiom: In fact, the cross section is
nonuniform along the z direction. The assumption is, however, adequate
and followé the models of other workers {1,13,14]. {

We shall now study the equilibrium gf such a wall under the %

influence of the various pressures acting on it. It can be shown [14] i

that such a problem reduces to that of finding the variational minimum

of tﬁé:junctional given by
{

where p is the pressure at the domain boundary and £ is the length along
the boundary perimeter. Such a problem can further be reduced to finding
the minimum of the approximate discretized functional ¢
N.
2
¢=] p
=li

where p; are the pressures on the magnetic domain wall at N discrete

sampling points. Since we h&ve already assumed a nondefoxrmable domain
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wall along the‘z—direction, theﬁpressures pi would be the average
domain wall pressures alcng the domain height; in this case, the N
sampling points would be given by the (x,y) co-ordinates on the domain
boundary.

If p; = pi(vl,v2,...,vM) the problem reduces to finding the

minimum of the approximate functional ¢, that is

Min ¢ = X p? N
i=1 *
subject to,

fz(vl,vz,...vm) >0 L =1,2,...,k

where k is the number of constraints.

The problem has now been formally converted to a ﬁ

nonlineax, constrained problem that can be handled numerically.

2.1 The Physical Model

Let us consider a magnetic domain-supporting material plate of o

thickness T along the z~direction and of infinite extension in the xy-plane
with a rectangular channel implanted to a depth D and of uniform width

2w (see Figs. 2.1 to 2.3). Let us further assume a magnetic domain wholly
gituated inside the channel at all times and that ion implantation has the

effect of producing a change in the in-plane magnetic- susceptibility given by

1.1 1
X, = X = X, =7 -—) (2.1.1)
t tf to 4n qf qo

where X and X, are the in-plane susceptibilities of the implanted
£ (]

and non-implanted material respectively



and q is the "quality factor" given by [l]

Ha
41Ms

=

(2.1.2)

where Ha is the magnetic anisotropy field.

The veritcal side walls of the channel (Figs. 2.1 and 2.3) will
now have induced pole distributions due to both the implanted channel bases
of width 2w each (i.e., the upper base on the top surface and the lower
base at a depth D from the upper surface, as shown in Fig. 2.3, ar:d the
bubble configuration inside the channel. The induced poles on the two
channel walls 1 and 2, in turn, }nduce further pole distributions on

each other and we finally obtain the net pole density distributions

on the channel walls given by

D 2wP2 (le 22) dz2

Ppi%yezy) = Pol("l'zl)'xtﬁ"zf

24372
Ze 0 273

[(x1~x2)2+4w2+(zl‘z

f (2.1,3)
D Zﬂ?l(xlvzl)dz‘l

Py Bar®p) = Py (xz"‘z"xtF‘sz

) 0[(xl_xz)2+4w2+(zl_z2)2]3/2 y,

where Poi(xi'zi) are the induced pole density distributions attributed

to the following two sources: (a) the empty channel bases with no

domain, and (b) the bubble domain. The terms Poi can be obtained by

| —— ]

e
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superposition of the contributions (a) and (b).

As the channel has an infinite length along the x-direction,
it would be convenient to change tﬁe coordinate system to a new set
of variables such that the limits of integrations in (2.1.3) become finite.
We shall change from the Cartesian co-ordinates (x,y,z) to the circular
cylindrical co-ordinate system of the bubble (r,8,z). We now recast

Egns. (2.1.3) into the more convenient form.

D 2w(w+5)sec2¢2p2(¢2,w) az,

/2
Pyléyezy) = Pol(¢1'zl’fxcj dé,

z. 2 273/2
Zu/2 o[(Dﬂ—6]tan¢1—ﬁd+6]tan¢2) e +(z )7z ,) ]
(2.1.4a)
D 2 (u-8) sec’$ Py (4, 12,V a2,

w/2
P2(¢2.22) = P°2(¢2’zz)-xtj d¢lj

-n/2 O[k{W‘G}tan¢l-ff+6}tan¢2)2+4w2+(zl_zz ]342,\‘\\‘

f
n x
H

(2.1.4b) ' A
where 6 is the deviation of the bubble co-ordinate center fxom the
channel center. Equations (2.1.4) constitute a pair of coupled linear
integral equations of the Fredholm type with identical non-singular
kernels. The simplest approach to solving (2.1.4) numerically is to
discretize the pole distributions P1(¢1,21) and Pz(éz,zz) and to use
the property of mirror symmetry about the yz-plane. Hence we can write

the discretized pair of equations as
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(1) h

Py(d;.24) =Py (95,25) +kz Kix,y2F2@yrzg)

) 4 (2.1.5a)
P, (4,7, = P, (0, z)+2x‘2’ P, (6 12,
2%y ‘ o ik 3172 %k’
P
where
2
(1,2) X¢ 2w (wid) sec ¢
ik 5L = 373 (2.1.5b)
' [({W+6)tan¢i-{w+6}tan¢ ) +4w +(z -z ) ]

We can obtain more insight into the problem by taking the pole

3\
v

distributions P as multidimensional vectors and the kernel K as a

1'2

square matrix, hence we can express (2.1.5) in matrix form. Taking

into account the syrmetry of K, that is,

n " '\oT
K= Kl = K2 {(2.1.6)
yields _ C
n n L 2
Pl = Pcl + xPZ {2.1.7a)
n " o
P, =P + ;Tg (2.1.7p)
2 02 aﬁ
or
o YA TS AT T4 .
Pl = (1~KK") (P°1+KP°2) N {2.1.8a)
ATV -1 N NTN

= (1-K'K) (P #K P _,) , (2.1.8b)

s e e it S

PR

e
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where the wiggle denotes a matrix. A direct solution of Eqns, (2.1.8a)
and (2.1.8b) by inverting and multiplying the matrices becomes
numerically inaccurate as the dimensions of the matrices become large..
Thus, an iterative self-correcting solution is desired. Such an approach
has peen used in obtaining subsequent results.

)

2.2 The Problem Formulation

Let us now return to the nonlinear approximate Objective

functional ¢ which can be written as

P = @[rb(e);sj (2.2.1)

£

where we have asLumed that the generally deformable magnetic domain
geometyry can be described by the single-valued cyclic-function rb(e).

Such single-valued functions can be expanded in an orthogonal series

1,;(0) = gcn £,(0) (2.2.2)

Here: the set {fn(e)} is an infinite set of functions satisfying the

orthonormality condition

. [fn(e)fm(e)de = ﬁmn (2.2.3)

where Gmn is the Kronecker symbol, and the completeness relation

4
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]

Efn<e)fn(eo) = §(6-6 ) (2.2.3b)
where & is the Dirac delta function.
The functions (2.2.2) form a subse£ of the set of all functions. For
a given set of orthonormal functions fn(e)they are determined uniquely
by the infinite set of expansion coefficients Ch- Introducing (2.2.2)
into the functional (2.2.1) we obtain a function of an infinite set

{c,}. Hence we can write

¢[rb(8),6] = @[{cn};s] (2.2.4)

)
¥

We shall choose our infinite set of orthogonal functions to be the set
{cosn®,sinn6}, whexre n is an integer including zero. The expansion

(2.2.2) now becomes

rb(e)‘::n’)zﬂc‘h cos[n(e—en)] (2.2.5)

where 8 is the angle measured from the y-axis (Fig. 2.2). Due to the

mirror symmetry about the yz-plane, we have

rb(B) = rb(-B) (2.2.6)

v

. b S - -
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and hence, for that special case of the straight channel, 6 = 0 (all n),

and Eqn. (2.2.5) becomes

©
r, (8) = ) c, cos[no] (2.2.7)
n=Q .

For computational purposes we should use a truncated cosine
expansion with N+l terms, and accordingly we select (N+1) radial
parameters sampling points in the range 96=0 to 8=7., While any (N+1)
distinct sampling pointsfwould be satisfactory, we shall divide the
range from 6=0 to 6=7 into (n/N) equal angular spacings and use the
values of rb(6=nn/N) for=[n=0,N] aé the N+l radial parameters, which
would uniquely determine the (N+1) coefficients c, of the truncated
expansion (2.2.7).

The N+1 radial parameters r; are subject to the constraints
rizb, and rilcos(ei)lf {wr8), the latter expressing the condition that
all radial parameters are inside the channel. While the latter conditions
do not guarantee that the entire domain remains inside the channel, they
act as weak constraints, forcing the bubble to remain in the channel.

By expanding r, (8) by a truncated cosine series
1 3

~

N
r, (0) = ngo c_ cos[né] (2.2.8)
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we can determine the expansion coefficients Cn in terms of the radial

parameters r from the matrix equation

N+1

m Z Cnanm
n=1

where

A = cosltn-neg]

The matrix equation can ‘be written as

R = AC

~

It can be shown that A is nonsingular, and therefore

v oAy
C=2a lR

(2.2.9a)

(2.2.9b)

(2.2.10a)

(2.2.10m)

n A
wherxe C and R are column vectors made of the (N+1l) coefficients and

e N

radial parameters respectively. From (2.2.10b), the .coefficients Cn are
expressed as a linear combination of the variables, the radial parameters

e The functional given by Egn. (2.2.4) can now be written as

o[z, (8),6] M o[ (x_}:6] (2.2.11)

Furthexmore, from Eqn. (2.2.10b), we have

(2.2.12)
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In the formulation, we shall need various derivatives r(8)with respect .

to 8 and rj. It can be shown that
N+1

d .
Str, e = ] ~tn-1)c sin[(n-1)0]
n=1
S
d2 N+l 2
’ '—E(rb(e)) = Z -(n~1)“c_cos[(n-1)6]
36 i=1 _—
and
N+1

¢

Eg—{rb(ﬁ)] = Z A;ljcos[(n~1)6]
3 =)

a rd N+l _
> lgetr, Nl =~ I (-a
b | n=1

1
'3

N+l

sin[(n-1)8] "

{2.2.13a)

(2.2.13b)

(2.2.14a)

(2.2.14b)

2
d_rd 2,-1
—5;;{682<rb(e))] = - ngl(n—l) a seoslm-118] (2.2.14c)

Let us now return to the problem of calculating the average

pressure on a magnetic wall, This is given by

E = % IA§'§82

(2.2.15)

whexe Aﬁ is the change in magnetization on crossing the domain wall,

and H is the net ficld at the wall at’ the point of crossing. In the

L

most general sense, we can have
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e
P e ——

-+ 2
MM =1 {ay H +A
x PXyHy Xxyuy+Axx2Hy+AMox}

->.
+ 1 {Ay H +Ay H +Ayxy H +AM ) (2.2.186
Y xyx X YY Y Xyz 2 oy )

+ 1 {Ay H +Ayxy H +Ax H +AM )} Q\\\\\v//
z "zx x “zyy ‘2z z oz

where Ay is the change in magnetic susceptibility on crossing the domain
wall, and Aﬁo is the field independent part of the magnetization. If

we employ matrix notation we can combine (2.2.15) and (2.2.16) into

- . B
p = —;— [(ﬁ?&;}':mm H)dz (2.2.17)

- " MY “
where H and AM0 are column matrices and A4y is a 3x3 susceptibility
change matrix. It will be assumed that in Eqn. {2.2.16), AM = Izmzoz

and hence Egn. (2.2,.17) reduces to
p=21am 0e (2.2.18)
T 0z 2

As AMOz is a constant, the problem reduces to finding an average equi-
valent magnetic field ﬁz acting along a vertical wall line at the

~ ——
various pressﬁze sampling locations; that isg,

{2.2.19)
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where
¢

ﬁDz is the z-averaged, z-component of the demagnetization field,

o]

oz is the equivalent domain wall field,

is the averaged channel bases demagnetization correction,

=

CB

ﬁBz is the external uniform bias field, and

is the average field due to the channel wall induced poles.

3t

Cw
It should be clear, that the number and angular locations at

% which we compute the radial parameters i taken as the active variables,

are not necessarily the same saghling locations at which we calculate
the pressures and in general, they are different.
We are now ready to proceed witﬁ the formulation of the wvarious
aspects of the problem.
° | N

2.3 Initial Induced Pole Density and Pole Density Gradients

\

We have assumed (Ch.l) that the ion implantation of a ferri-
magnetic domair-supporting thin film changes the in-plane magnetic
susceptibility y of the implanted rxegion in the materxial, as well as
the saturation magnetization. Let us further assuﬁe that the change
in the latter is linear and takes place over a transition region of wi ith
A, {(Fig. 2.4) while the chane in ¥, the in-plane susceptibility, is a step
ch;nge in the midéle of the transition region A. In general, the ch;nge in
x through the transition region A will lead to an effective volume pcle
density. However, as A is a small fraction of the ion implanted depth
{due to the side scattering of implanted ions and ion diffusion) one

can consider an effective surface pole density distribution on the channel

walls.
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As mentioned in Sec. 2.1, two sources are responsible for the
pole density distributions along the walls of the implanted channel:
the bases of the bubble free channel, and the magnetic bubble domain
inside the channel. Explicit expressions for these contributions will

be given in the following two subsections.

2.3.1 Empty Channel Induced Pole Density
i

The in-plane magnetic fiéld, arising due to the implantation

¢

of a channel, will induce poles on the vertical side channel walls

(see Fig. 2.4). This field could be attributed to the corresponding
changes in the pole densities of the channel bases (Fig. 2.4). The
geometry of this'problem suggests th; use of the Cartesian co-ordinate
system.

From the pole Fheory, the in-plane magnetic field component
normal to the channel wall at (xo,yo,zo) due to a surface_element

dxdy of a channel base at (x,y,z) is given by

. (Ml*M2)(Y°‘Y)dxdy

, - W <Y< W
2 2 2,372 oY=
[(x—xo) +(y—y°) +(z-zo) ]

(4, -3,) (y -y [y |~w2 /8 Jaxay
27372

dH(xé;,yo.zo) = w < |yl < ()

2 7
[ex=x ) "+ y-y ) (222 )

\\\\ /. Lo : . fyl > |wea] (2.3.1)

»

1
where w = wid



Po—

where Ml and M2
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are the magnetizations in the material and the channel

respectively, and A is the thickness of the side walls of the implanted

channel.

»

The total in-plane, pole-inducing field due to a channel base

——

of width 2w and at a depth z at the point (yo,zo) on the channel wall

'is given by

HY (yolzo) = (Ml"

w+i

had w

wf o

- -w

ay (y ~v) (y~w)

dy(yQ-y)

' 2 2 2
[(x=x ) (y=y )+ (22 ) ]

X

1
ta

dy (yo-y)

2 2
4 W[(x-xo) Y=y, ) "+ (z-z )

= 2(M -M )U ;
B R O

-w

= 2 (Ml—nz){:-in

1

- -

t
2
z + (.Yo-w)

3

o

1
27372 Y j
- (w+d)

whi

-w

dy (y_-y) () ]

(yo~w)

z'2+(y°+w)

2

),

A

A 2 2
2 wbd) [z +Hy-y_) ]
2

3/2

~dy (y_-y) (wiy)

2 2
[oemx ) “+ =y ) “(z-2 )

J dy (y-y) (y=w)
'2 2
A C A

L
2 2+(y0-w'-A) 2

2 %4 (v

2]3/%]

RS o,
F N et ety e e AT bt b 2
. A K ~

o S
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Y -y
1 ' -1 "0
+A{(yoy)-ztan (z)}

wth ' '2 2
(y +w) z  +{y 417 8)
[o] O
-— zn -
A 2, (v pu
w Z yo+

{2.3.2a)

L]
where g = zo-z.

If the lower channel base is taken as the zero reference for
measuring z, (see Figs. 2,1 and 2.3) then the total pole inducing
. 5

field, due to the empty channel, at a point (yo,zo) on the channel
wall is

N z§+(yo—w)2 (D-—zo)2+(yo-w)2
yznd Yor o) = 2 -Mz) -%n % + &n > >
. Zot {y +w) (D2 )"+ (y _+w)

]

1 2 ] 2 1
(y,~w) z_+(y_~w-0) (y -w) /(D-z ) +(y et
- 2 in 2 — + X

z°+(y°+W) \(D—z ) +(y —w)

(yo-m') . zi+ {y °+w'+A)2 (y O+W) (D-2 O)2+ (yo-l—w:m)2
T Y 2 t o 4in ooz 32 )
z Hy z.) +(y°+w)
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z Y ~w .,y ~w-A Y W _p Y twid
+ -2 [tan 2 (2 - tan (&) + tan 1 (%) - tan t( ey
A 2z
(o} o o o
. [ . U '
(D~2 ) Y ~w y tw y —~w-4A y _+wth
(o) -1 ‘o -1 "0 -1 "o -1."0
A [tan (D~z )} 4+ tan (D-z ) tan ~( - ) tan " { - )]
o o (e} . o
(2.3.2b)

Let us now proceed to calculate the volume pole density

distribution through the channel walls. This is given by the equation

. -+ > _ 2 -> .
p(xo,yo,zo) = -dlvo[x(yo)ﬂind] = ’g'[X(Y )Hind] - ~[X(Yo)§ Hina*tHing

o
B RN R RN TOR Y
(2.3.3a)

y

,

where p(xo,yo,zo) is the volume pole density at the channel side walls.
Since x(yo) changes only along the y direction Eqn. ( 2.3.3a) can

be written as .

3
px ,y, r2) = Hyind Q(X(Yo)) (2.3.3b)

&%

Since we have already assumed a step change in x(yo) at ]yol = wid/2,
the volume density becomes

where 8 is the Dirac delta function and Xe is giVen by Egn. (2.1.1).

A
(Yo,zo)ﬁ(lyol-fw Ej)xt , (2.3.30).

-

e

o

-
R MRt o o e

e s ¢ a4 =

Ry
e
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The mean surface pole density on the channel wall is
obtained by integrating p(yo,zo) across the transition region
A. Hence, we get

w Il)’l = whp

A
Pox (%) p(yo.zo)dyo - XtHyind(w+ 773

Iyl = w
(2.3.4)

where k=1,2.

It should be pointed out that if A=), the induced surface
pole density on the channel walls would become infinite at z°=0
and z°=D, a physically impossible situation.

In conclusion, the surface pole density due to the bubble
free (empty).channel is independent of the bubble domain configuration
and hence does not contribute to the pole density gradients with
respect to the domain parameters, ’

‘V
2.3.2 Bubble Domain Induced Pole Density

The second source, inducing an effective maénetic pole density
distribution, is the magnetic domain wholly situated inside the
ion implanted channel. The bubble induced pole density is superimposed
on that induced by the bubble-free channel. The geometry of the
problem suggests the use ofrthe cylindrical coordinate system. The

in-plane magnetic field component normal to channel wall k(k=1,2) at




the point (¢°.zo) {see Sec. 2.1 and Figs. 2.1 and 2.2) due to the

incremental surfsce element rdrdf of the bubble surface pole densities

at (r,8) is given by [1]

(x) (chos¢o - roosi)

inay

3 *
(¢‘0120) ) i§ M,

(2.3.5a)
1t [r2+Ri—2rchos(0—¢°)+(zi-zo)2}3/2

where

* * *
Ml = —Ml,@2= Mz, M3 = Ml—M2 ; zl = T-D, 22 = D, z3 =0,

Ce A
R, = {w+ S+(2k-3)8Y/|coss_| . (2.3.5b)

and § is’' the y-displacement of the origin of the cylindrical co-

ordinate system with respect to the Cartesian systems. The bubblc

(2) ; Sk agd
induced pole density distribution Pok (¢o'zo) is obtained by intc :ating

(2.3.5) a over the entire domain surface densities and multiplyi:.:

by the change in the in~plane susceptibility X Hence

21 x, (8)

(2)( - & b 3% [chos¢o-rcos(£+¢o)]rdr
bz < Xe R
o} 4] %

Pok (2.3.6a)

i=l i [r2+R§-2rchos£+(zi

where £=6-¢ . One can rewrite this equation into the more convenient
: o

form




2% x, (9)
Py (8grz) =X, | & ¥ M,

0 0 i=1 J

{chos¢o(r-chos§)dr+R§cos¢ocos£dr—rzcos(¢o+€)dr} 3

N
.

X
22 . 293/2 f
[r +Rk 2rchosF,+(zi zo) ]
2 r (8)
b '3 [ [R cose -2R cosEcos(s +£) J(xr-R, cosE)ar
RN iZ-lMi [r2+r?~2rr cost+(z, -z ) 2132
o 0 ¥R 2R cost (zy 2,

cos(¢°+E)[r2+Ri—2rchos€+(zi—zo)z]dr
3/2

[rz+R§-2rchos€+(zi-zo)2]

[Ricos¢ocos£+cos(¢o+£)[R§—2rchos£+(zi—zo)2+2chos£(r—RkCOSE)]]dr
2]3/2

+

[r2+R§-2rchos§+(zi~zo)
{2.3.6b)

Integrating with respect to r yields

27

3
B.Q
P 2 =y I ae § m, Ry o0 (26-4,)
ok “‘o''o t i=1 * 2.2 2172
0 (r +R -2rR, cOS (8- )+(z,-2) ]
1 ( x-R, cos (0-4_) )
- cosfsinh
: 7.2 312
(Rksin (o ¢°)+(zi zo) )

37
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>

r=rb(6)

(r—chos(6-¢o))(Rﬁ[cose-cos(3e-2¢oﬂ+(zi—zo)zcose)_ ]
(Risin2(8—¢o)+(zi-zo)2)(r2+Ri-2rchos(6-¢o)+(zi—zo)2)1/2
=0

(2.3.6¢)

The induced pole density distributions on the channel walls given by
(2.3.¢) are functions of the magnetic domain ; arameters {ri} and ¢,

and as these parameters change so do the induced pole densities.

It shall be shown’that the gradients of the channel wall
pole density distributions contribute to the pressure gradients,
hence we shall derive expressions foruthém below. The density
gradients with respect to the‘radial paramc:exrs is obtained by direct

differentiation of (2.3.6c) with respect to T

3Pok 2 = Jzﬂde(‘arb(e)) 3 o { -(rb—chos(e-q:o))pkcos(ze-%)
ari °° ¢ 0 arj i=1 i (Ii+R§-2erbcos(6~¢°)+(zi*zo)2)3/2
\ -
cosf (P}i (cosb-cos (38-2¢ ))+(2;-2 ) 2cos8) §
- +
. 5 :
(r§+Rz-2rbchos(9-¢o)+(zi-zo) )1/2 (Ri51“2(9'¢0)+(zi'zo) ) ’f
. ’ 2
Rosin’ (6-9_)+(z;~2,) |
X 2.2 2.3/2 (2.3.7)
p, (rb+’3:”2rb‘$<°°5“’"’o’*“"i‘%) )

N\



The gradient with respect to the variable § is given by

|
|
. !
|

2% |
a:‘sok (¢oczo) = Xy J ae g M; lc(:z:;3)' {cos(ze_%’) ( ; -1.0 T + E‘
. -
0 1=1 ol { AR #tz -2 )]

1.0
2 2
[Rk+r§—2rbkkcos(6-¢0)+(zi—zo) ]1/2 )

Rk-rbcos(6—¢°) }. Rk
~chos§26—g)([r2 377 " 23372

2 2 2
1 b+Rk—2rbchos(9-¢°)+(zixzo) ji [Rk+(zi—zo)

{ (R -, cos (6~¢ ))
~cos(6-¢°)+ Rk b o

2
[rg+Rk-—2rbchcs(6-¢o)+(zi~zo)2]l/2

2.2
rb-chos(6~¢°)+[rb+Rk~2rbchos(B-¢°)+(zi~zo)

~cosb 231/2

i |
[Ri+(zi~zo)231/2

' -chbs(9-¢°)+[Ri+(zi-zo)2]1/2

—cos(6-¢o)+
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2 2 2
_(rs([cose-cos(w—wo) ]+(zi-zo) cos8 )(cos(t)-‘@o) (zi—zo)

2, 2 2 2 213/2
Rksm (0—¢0)+(zi—zo) / ‘US(HZi-Zo) ]/

oos(e-ct,o) . (rb—chos(e—@O) (FS\- 'bcos(e—Qo))
‘ -
(rg-k%f—Zrb}&cos(G—¢0)+(zi—zo)2) 172 (r§+Ri-2rbl&cos(6-¢'o ‘ (21'20)2)3/2
_( (r,-R, cos(6-¢ ) , Ry.c0s (6-¢ ) )
22 ~21/2 2 2172
(x'b~1—l>lk-2rbfﬁccos(6-<1>0)+(zi zo) ) (lx-*(zi zo) )
-2 in2(6—¢ K 2 cos6- (36-2¢ Y+(z,~ )2 56)
( R, S o) (Ry cos o) H(2;72 ) co
2
Lpisinz(B-Q°)+(zi~zo)2]
/
, ZRk[cosB—cos(36~—2¢°)] ) -
2 2 2 i
(R sin®(6-0 )#(z;~2 ) ]

It is worth noting that the gradients (2.3.7) and (2.3.8) have mény

repeated terms, and although the expressions are large their computation
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ot

turns out to be reasonably simple.

It should be realized that the formulated induced pole
density distribution gradients on the two channel walls 1 and 2
will further induce corrections on each other, and from Egns.

{2.1.5a),(2.1.5b), we have for the radial parameter gradients th:

identical set Of equations

N

3P1(¢i.zl) =3Pol(¢i.zj) . X K(l) 3P2(¢k.z£)
E'rm arm k,lik'ji arm
( (2.3.9)
3P2(¢i.fj) ) 3P02(¢i.2j) Z x'(z) ' 3P1(¢k.z£)
Ixry, Brm K, 2 ik,j¢ arm J

For the gradients with respect to the bubble center parameter
1)

6, we find from Egn. (2.1.5b) that the discrete kerr.ls K and
K(z) are functions of &, and hence
3Pi(¢i,z.) 3P°l(¢{,z.) (1) 3?2(@§,zz) 3K;i).
d o~ i+ Jx —E b (¢ sz V)
X3 36 Lok, T as 284 2 5%
>
AP, (d,,2,) ar__(¢,,2,) IP (¢ ,2.) (2)
2741 02 71"y z {2) 1 dK, .
- + K +P (¢ ,2) ik, ip
24 34 Kog xoje 28 R A
whare

(2.3.10a)
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Sx(1e2) _
i};,j? - - 2 +1.0
36 Xy 2wsecé {—— = 73 37372
[({w+6)+tan¢l—(w+6)tan@k) +4w +(z£-zj) ]
3 wt8) [ (wré) tand, - (wié)tan@i][;tan¢i Y tamk]
- (2.3.10Db)

[« {w+é }tanti»i- (wd) tantbk) .‘)+4w2+ (z}z--zj ) 2]5/2
For. reasons explained at the end of Sec. 2.1, (2.3.10) and
{2.1.5) must be iteratively solv.d together.
It is obvious that the problem of formulating the expressions
for the induced pole density and pole density gradient distributions

even for the simplest case (straigﬁt channel) is a tedious task.

2.4 Pressures and Pressure Gradients

We are now in a posit:i:on to formulate the expressions for
the pressure contributions due to the various field contributions
in Eqns. (2.,2.18) and (2.2.19), and their gradients wi;h respect
to the vdriable parameters {rm} and 4. The various contributions
are then added éo give the total pressures and pressure gradienté
at the selected lOCation;“which we call the "pressure sampling
points®.

We shall start by formulating the demagnetizing pressures

J



e

g

% dye to a two layer bubble supporting material (implanted and non-

. At

implanted layers) with both layers of infinite extension (see Fig.
2.5a). We then superpose a correction to the demagnetizing pressures
(see Fig. 2.5b) to account for the finite width of the implaﬁted
region (channel), which is aritificially called! "channel bases

demagnetizing pressure”. The domain wall pressure, bias field

pressure and the "induced pole channél pressures” then follow.

2.4.1 The Average Demagnetizing Pressures

In general, a sudden change in magnetization leads to an
effective surface pole density equal to the change in magnetization.
For a magnetic domain penetrating through a two layer material
substrate, the z-component of the magnetic field at a point

(xo,yo,zo) due to the surface pole contributions at location {x,y) Vf

is expressed by

-

-M, (z +z.) +(M,-M,)z .
de = k(r)dxdy[: 3 Lo 21 2-3/2 + 21 2 o2 2:3/2
o (%) “+(y-y ) “+(z 42 )] [(x=x ) “*ly=y ) “+2]]
r
M_(z ~2.) '
+ 22 0 ; =373 ] : (2.4.1a)
[(x—xo) +ly-y )+ (2 ~2,) ] ‘
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\ M2 Wal My {
IMI M IMI
[
(a)
i vy -M, Y M, -M, } ﬁ
0 0 0
(b)
P M, |
M, puneen e - M
t , 1“‘1 I
\(c)

F16.2.5  Superposition of the magnetic configuration in (a) & (b)
yields an ion implonted channel (c).
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where
k{r) = l—u(rb(e)-r) (2.4.1b)
and
0 x <0
u(x) ={ (2.4.1c)
‘ 1 x>0

v

An extension of the approach of [14] leads to an average demagnetizing

pressure
ENL : 2y
Ppo = 7 ZJ MI{I aH }dzo+zj mz{J dH, } dzo] (2.4.2)
o o
~2., -8 0 S
1
N
where {Jdﬂz } denotes integration over the whole xy-plane, and
A o
z)r 2, are the coordinates of the lower and the upper surfaces of the

bubble material respéctively (see Fig. 2.3).

By putting

2 2 2 2,2
p = (x—xo) +(y-y°) = +ro - 2rrocos(6—6°) | (2.4.3)

x©

and integrating Eqn. (2.4.2) with respect to z, we‘directly

obtain

e e S reornem,

N

e
o S5 S
v L

-

At s bt e st




Pro

2 2
M ( < 4 - ) —( +
2{: P [02+z§]1/2 {02+(zl+22)2]l/2 [02+z§]1/2 e

=

a - % Idxdyk(r) M

M

(M, -M,)

2
1[E< [p2+(zl+z2

+
2
) ]1/2 [p2+ziJl/2

M (Ml-Mz)

-Ml

M
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0

(Ml—Mz)

—2M1M2

2.2
2 (M1+M2—M1M2 )

=1

dedyk (r) {
S

2

+
[o2+ 2y 2y 2172

17271

p

+

2 2
(M, M -M.) 2(M1M2-M2) }

241 2
Lo%2212 [pa

l L]

241/2
2]

S ——

PR o
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n
elw

1 1
axdyk (r) {-2M.M 21 )
_‘[ 1 2<[02+(zl+zz)2]l/2 e

»

1l 1 bl
+ 2M (M )( = )+ 2M (M-M)(-————-—-——-————-——"’)}
1, 2 231/2 P 271 2 [Dijg]l/Z p

(2.4.4)

If one defines -

c1 = 2M1(M1-M2) ' C2=2M2(M2-Ml) ' c3 = 2M.M
)

and z, = 2. +2

then the pressure at the Oth pressure sampling point can be expressed

by
2n b

- 2 I J 1 1
p. =-= dae rdr[l-zu(r (8)-x) ] Z Cs (“““"’“""‘ °
zo T , i=1 [pz+22]l/2 g

o Q

2% r=xh(9)
- - _% J ae E .C ” {(r2+r§-2rrocos (e-eo)-;.zi 1/2_ (x +r2-2r o¥eos(8-8 ) 2

i=1

st gy P b
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/
\

i

r-r_cos(6-6 ) v _ |

+£-ocos(6—6°)(sinh 1( o 2 )- sinh 1( * rcf"og’(6 eo) )) . ’
Vr2sin? (0-0 )4z / r%sin®(8-6 )
[o] o a o o

r=rb(6

2.1/2 172

2 2 2 2
(r +ro—2rr°cos(e—qo)+zi) -(r +r°-2r°rcos(e—eo))

-1 r—rocos(e—ﬁo) -1 r—rocos(e—eo)
+r°c08(6-60) sinh ( - sinh ( >

2, 2 2 e 2
v/rosm (6-80)+zi v/rosin (6—90)

+

Y=

-

(2.4.5a) |

i

The limits can be changed [1] in (2.4.5) to yield the equivalent

expression

2% .
3 ]
- 2. 2 2 2 1/2 2 2.1/2
Pzo =-g [ da[;' Ci rb o-2rbr cos(6-6 )+ (r°+zi) . :
i=] )
0 . )
2 2 /
-(rb 2rbr cos(B-a ))
x, ~x ,cos (6-0 )+[r +r2 2x ¥, cos (6-8 Y4z ]1/2 .
+r°cos(0-6 }&n 1 /2
: —~ \xp~x cos (e—eo)+[rb+r°—2rorbcos (6-6 ) 1
" {ro-rocos(e-e )] ~
1/2
[—rocos(e-—& Y+ R + ] ]
3 4nC.%, | . ,
=] _._T_i.ﬂi] . : (2.4.5b)
i=1 ’ .
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where (ro,eo) are the polar co-ordinates of the pressure sampling point
at which we compute the pressure. Equation (2.4.5b) can be recast

in a form whose integrand behaves smoothly., This is done by removing
an apparent singularity by integrating analytically a part of the above

integrand. Thus we obtain the final convenient form for'gzo

2%

3 )
2 2,2 _ 2,1/2_ 2 21/2
Pro ™ " 7 { de[;z 2C, {.(rb+ro 2r . x cos(6-6 )+=z)) (ro+zi)
0

1 b o o i

_ 2 2_ - 1/2
» (r b Zrbrocos(e 80)) +r

X -rocos(e-e )+[r2+r2—2r cos (8-6 )+22]1/2.

b
+ro‘°°5(e*e°)2n( r, ~x _cos (6-0 )+[r gr cos (6-8 )]1/2
, N
r_ (1-cos(6:0_)) /2 T3 (aer)
[(r:2 2)1/2 ~r _cos (6~6 )] )}.’ Z T

(2.4.6)
The gradients of the demagnetizing pressures with respect to the radial

parameters {rj} are directly given by
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- 27
3 4nC. 3 9
9P o a[z "<y ‘jro]__?_I de[z ZC { r0(1____:% )
Sx Lo | T L Ll ay 2. 29172
3 i=1 3 ° izl 3 [r°+zi]
Fl :
i .
7~ 3r dr, Ar, 3ro\ |
+(rb Ir +ro Brj - cos(ﬁ-eo) [rb d rj + rc’ 3 rj:h i i

=

r_cos (6-9_) ]'1/5

fr.2, 2 o e 2T/2r 2 2
X\[rb+ro 2r°rbcos(8 60)+zi]_:L [rb+r° ar,

' \
291/2
70

2 2
’x, (r,~r _cos (6~6°)+[rb+ro-2rbrocos (-0 )+z
+ —r-) cos(e-eo) n

3 1/2)

2 2
- Vom - P
(rb rocos(v eo)+[rb+ro Zrbrocos(e Bo)]

ld

_ _ 1/2
ro[l cos (9 60)]

x eyl
([ri-&zi]l/")—rocos(e—eo)c)

- 6-6 )3 + - -8 )+ /2
ar]/arj cos(6-6 ¥ r Ar Fl[::l X 2r] r_cos(6-8 ) zi]

z:]I/Z )

3 r/"\l
. “‘if .. +x_cos (6—60} = A
. x, ~X cos (0-6,) +[rb+ro-2rbr°cos (e-eoy +




51

2 2 ~1/2
Ix, A ¥ y~cos (-6 Y x /3 rj+Fl[rb+ro 2rbr££os(e~oo)] )

‘(r 2 2 1/2
b :c*(_)c:ovs((a--(aa)+[rb+ro 2r, x_cos(8 80)]

2r ‘T’r [r2+z?3_1/2 - cos(6-6 )
+ °<1— CREISY; 2 ] (2.4.7)
ar. \. 2 2 b
3 h.[ro+zi] - rocos(e-eo)

It is seen that the demagnetizing pressures at the sampling points are

independent of the variable 8

2.4.2 Channel Bases Demagnetization Pressures

In computing the demagnetization pressure we have effectively
assumed a channel of infinite width, since the channel does have a
finite width we should add a muwumfmmrﬁt&emmiMO
account. A successful application of thisfsuperposition principle
has been demonstrated in [14]. Since we have assumed that the magnetiza-~
tion of layer 1 (the nonimplanted region) is Ml and that of layer 2 (from

the upper surface to a depth D} is M2 (see Fig. 2.5a), we should further

superpose a magnetization (M1~M2) on the entire layer 2 except at the channel

(see Fig. 2.5b), In this way, the channel becomes the only part of
the bubble material, which has magnetization ﬂl with a net magnetization

M, as shown in Fig. 2.5c. This superposed demagnetization will add
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an extra demagnetizing field due to its corresponding effecti: surface
pole density. The extra so called "channel base demagnetizirn; field"
component along the z-direction at a point (xo,yo.zo) due to an area

element at (x,y,0) and (x,y,zz) is given by

aH_ = -(M,~M))

[ zodxdy (zz-zo)dxdy
z 1 2
X

+

2,2, 293/2 T 2.,z . 23/2]

[x“+ (y-y ) “+2]] [x“+ (y-y ) "+ (2,72 ) )
(2.4.8)

The average "channel base demagnetizing" pressure at the sampling

point (xo,yor is given by

-
0 oo
- (M,-M,) I [ J " [j z dz_dxdy (z_-z,)dz dxdy
Pzo = "7 1 2 2, 293/2 " ¢ 2 2 243/2
-2 = w [x +Hy-y,) +zo] [ +y=y ) +(z ~z,) ]
Z) o oo
. [ I J ] [[ zdz dxdy _ (2 -2,)dz dxdy ]
2| r.2 2. 243/2 2 2 . 243/2
0 Lany UxTrty-y 2 2] [x“+(y-y ) “+ (2 ~z.)°]

)




o -

zodzodxdy

(zo—zz)dzodxdy

AN

ST

2 2
2, 2w [+ (y-y ) “+z

o« -0

zodzodxdy

2~3/2
2

[x2+(y-yo)2+(zo-z2)

(zo-zz)dzodxdy

2:’3/2]

243/2
V)

K

D -y

2 2
[x + (y-—yo) +z

2 2
[x +ly=y, )z -z,)

2]3/2 ]
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(2.4.9)

It can be shown that, by integrating (2.4.9) with respect to the

variable x and then y, it reduces to the form

=

-t

-W

y-y.

-

(2.4.10)
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By taking the limits and integrating by parts, Eqn. (2.4.10) reduces

to
(M, -M,) oy WY, Y 0
P = -4 {Ml<zo[-tan ( )-tan " ( )
o o _
5
vy _y WY 0
+(z0~22)[tan (z - )+tan (z = )]
o 2 o 2 2
1
0
_I [: (w—-yo)zo . (w+yo)z° i (zo—zz)(w-yo) i (w+¥))(zo—zz)
2 2 2 2 2 2 ~2 2
-2 Lot -y )7 [eletwry )] [z -2 ) “+tw-y )] [ty )%+ (z -2,)°]

?

A
-1 Y _y Wty
+M2<z [-tan”? (—2) -tan"1¢ )]
 © zo - [o] 0
w-y wty i)
+(z -2 )[tan'l( Q )+tan—1( )]
o 2 zo--z2 zo-zz 0
‘z
I 2 [ zo(w-—yo) z o(wwc) (W+y°) (zo-zz) (myo) (zo-zz)
- z - -
o| T.2 2 2 2 2 2 2. .2
0 [Zo*(w—yo) ] ‘ [‘z°+(w+yo) ] [(zo—zz) +(w-yo) ] [(W*yo) +(z -2,)

+27 (Mlzl-mzzzl} (2.4.11)

1] >§

i
H
!
i
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By pex foxrming the direct integratibns in (2.4.11) we arrive at
the final equation for the channel base demagnetization pressure )
given by
(M, -M_)
= eyt
Peo 43 LG(Mlzlﬂvxzzz)
w-y wty
-1 o -1 o)
+M1[—zl(tan (— ) +tan (——))
w-y wty
~1 o -1 (o)
+zz(tan (z y+tan - ( = ))
w-y w=y
-1 o -1 o
-(21+22) (tan (z +z )+tan (z +z ))
2 G
2 2
WY, zy z, zl+z2 2
!.n(l+-——-———“) —on (1+ ——) +4n (1+( ) )
2 2 W~y
(w-y, ) (w-y_) o
O
2 2
whY z, z, z,%2,
-{ 3 N Ln{l+ ——-——-—-—2') Ln(l+—3 )+£n(1+—-——————-—) )}
wHy,) (why ) (why, )
I e { _q WY
wow [z (tan~ (=2 +ean” (=)
2 2 z z
2 2
2 .
w-y.) z, (wy ) zg
- n(1+ y 2) + 3 R.n(l-i——-—"'i‘l (2.4.12)
(w—y°) ' (w+yo)

.W"M

5 e o

- o
e~ v

e e g T
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The channel base demagnetizing pressure gradients with respect to the

variable x, are obtained by direct differentiation of (2.4.12) to give

3

- 2 2
Ip (M.-M_.) 9y 2 z
e [en (L——— )-2n (1+ —2—m )
9%y T ¥ U2 (w-y_) (why )
Yo Yo
2 2,
z2 ZZ z.+z z.+2Z
-fn (1+ ———) +&n (14— )+£n(l+_}__2_)2)_£n(1+(_ln_g)2)}
(w-yo) (w+y°) w-y w+y0
2 2 .
%2 Za
+2M2[2n(l+——-—-————)-—ﬂ.n(l+——-—-—————- )] (2.4.13)
(w*yo) (W+y°)
Since y0=6+roc0360,
3y Ay Ir
55 = 1, and 52> = cosd_t 5=°) (2.4.14)
R P
hence we can obtain the gradicnts it and Y by substituting the
3
3y°
appropriate term for %::ﬁ in (2.4.14) into (2.4.13).

-

+

An inspegﬁlon of equations (2.4.12) and (2.4.13) shows that the
channel base {pressures decrease as we go away from the channel center

towards the side wall, while the gradients increase negatively very

quickly.
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2.4.3 Domain Wall Pressures

It has been shown [l] that the domain wall contributes an
effective magnetic pressure at a po.nt on the wall given bye
w

, P, = == - (2.4.15a)

hd
B

where o is %he wall energy densitss and R is the radius of curvature
of the wall at this point. For a “domain wall penetrating into two

regions, the average domain wall ; ressure is given by
N

. Poo~ = (0 2,40, , )X (2.4.15b)

‘

where R is the "radius of curvatlure” of the wall at the sampling point
o

-1 . oo . '
(r 8), and R = 1s given by [24]

2
dr, 2.1 d°r-
a1 (26 37 o2
R I dr 22372 (2.4.15¢c)
x4 ]

Fot the domain wall pressure, only the gradients with respect to the

’

radial parameters exist .and are given by

BPGO= (olzl+oz) {lzr .._.._..9._(;1.51_{)2 2 &’c

d rj r J:2 r do r3 2

. .
S
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L 4 dr dr, 1 23 d r 1 dr 2 1-3/2
(d&ar G + Zi il @T ]
3 x 3 de
2
3,1 dr 1 dr) 24-5/2 1 dr 2 1d°r 1 ar/ -
- g @ Y e ¢ tr S % ( .')
ae ba J
13, drq
+;§_r;( --—6-)]J (2.4.16)

The various partial derivatives appearing in Eqn. (2.4.).) have been

explicitly derived in (2.2.13) and (2.2.14).

J
2.4.4 External Bias Figld Pressure

The stable magnetic domain can only be sustained by an external
bias field Hy (Fig. 2.1). This external bias field coitributes a
"bias field pressure" given by the expression ,

‘ «

8o = [2M 2, +2M ZZJHB . (2.4.17)

where H is the z-component of an external uniform magnetic field.

The bias field pressure gradients are all zerxo.

2.4.5 Channel Wall Induced Pole Pressure

The pole density distributions induced o:. the channel walls

r




59

(sec. 2.1),&}11 in turn contribute to the zw-component of the magnetic
field at the magnetic domain wall, and hence to the pressures;m it.

-

The z-component of the magnetic field at (ro,eo,zo) due to the in-

duced pole density Py (¢i,zi) at (¢i,zi) is given by

2
dz, d¢, sec ¢’i(w+(2k"3)6)Pk (¢5023) (2,-24) (2.4.18)
2]3/2 . .

aH =
z 2.2
[r0+Rk~2rochos (8°-¢>i) + (zo-—zi)

where Rk = (W+(2k-3)5)/]cos¢i|, and w, & are shown in Fig. 2.2,

This gives an average pressure contribution at the sampling

point (ro,ee) expressed by

2 /2
2
21 szi f ap, sec ¢i(w+(2k—3)6)1>k ($gr2y)"
0 0

22
1 1
{I2M (z ~z.)dzl: + ; ]

270 "1" 7% 2 . 1 293/2 2 ¥ 29372
A [oi+(z z;) ] [oj+(z -2)°]

) 1 : 1
+ IO 2M, (z ~z )dz [ - +
1120721793l T2 2a372 T T2 23/2]}

-2, loyrz,mzd 177 logrtz -z )]
(2.4.19a)



60

.
. ‘ (f’

2 2 2
pl ro+Rk—2r°chos(60-¢i)
and (2.4.19Db)

2
)

where

= ro+Rk 2rOchos(eo+¢i)

We can express (2.4.19a) in a more convenient form , namely,

D /2
2
I dzi d¢isec ¢i(w+(2k'3)6)3k(¢i'zi)Pk (¢i,zi) (2.4.20a)

where Bk could be obtajined by straightforward integration of (2.4.19a)

with respect to the variable Z 1 that is,

Bk (¢i [ Zi) =

- [ -1 N 1 . 1 _ 1
W T3 2172 7. 1/2 3 771/2 > 31/3
[pl+2;] (pl+(z;-2))2] [po+(z,+2,)°] [es+2{] J

1 1 1 1
+2M - + -
2 1 5 2:1/2 3 31/
2 [[plﬂi]l/z [of+(zi-z2)2] /2 [oz+zi] / Lpy#(z;-2,)7] /2 |

(2.4.20b)

The gradients of the channel wall induced pole density with

respect to the radial parameters '{rj} are given by
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~ ‘fv\‘
- D n/2
23 2 I8, (4,,2,)
cwo _ 1 angl - kAT
o =5 | 9z | d ety twr(2k-38) [ B, (4;,2.) 5=
j . ! k=1

3Pk (¢i.zi)

+Bk(¢i,zi) 3T (2.4.21a)
)
oPy (¢.,2,) 3 (¢,.2;)
where- S A M was given in (2.3.7) and Bk i3 is
ir, or
j N
obtained by differentiating (2.4.20b)
3B, (¢,,2,) 3r
kK ""i771 o
___—-5..;;—-_.- = - 2[ é;‘1—_;—:}{[rc'-}zkc_ozs(60-4’1)]

i ) )
2 213/2 2 24372 2 2. 243/2 2 2413/2
[Dl+(zl+zi) ] [ol+zi] pi+zy] [o)*(z;-2,)"]
+[r°—chos (0_+¢,) ]

s

X(m{ 1 § 1 ]m[ 1 1 ] }
[o2e Gtz 2172 242212 2L [02:221Y7 [024(2,-2,)°72 )

[}

(2.4.21b)
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The gradient with respect tp the variable paramﬁer § is given by

- D n/2
Ip 2
o Ll gz | ag.sec®s. ] {(2Kk-3)P, (4.,2.)B ($;.2.)
55 -1 ) 9% %50 4y L x 930238y (4502
o 0

+(W+(2k-3)‘5)< Pk(tpi,zi)-——-g'—é'——- + Bk(¢i,z ) ——— )} (2.4.22a)

ap, (4,,z,) 3B, (4..2,)
where —-——’5-5—2—-3- is given by (2.3.10) and (2.3.8) and “""“ka—Ts‘i—‘i“

is expressed by

9B, (¢;,2,) (2k=-3)

B T B B I

i }

1
X ([ 1 - e T, [l |
( 1102 Zi)2]3/2 [pi+zz]3/z 2 [pi+zi]3'/2 [o? 1 (zi-2) ]3/‘ )

[p l+ (zl+

; (

+ (R~ cos(B +¢,}) _ \

A e
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v

1 1 1 1
X (Ml{ 3 22372 * Ty T rLa ])}
, 72 3 22372 2'T 7 29377 T 7.2 2372
[po#(z,+2) 7] [oy+z]] [02+zi] [w2+(zi~z2) ]

(2.4.22b)

- Ep— LS

Once again it is obvious that though the formula appear to

o —_

be complicated, many terms are repetative and this greatly simplifies

the computation procedures.

2.5 Model Adaptation

It has been reported [11] that ion implantation changes the
magnetization and "quality factor" of the implanted region of the
bubble material, while other workers [4,5] report the almost complcte
disappearance of the fixed magnetization in the implantea region and
the appearance of a large in-plane susceptibility. Both mechanisms are
found to supress hard bubbles, but in the latter case the bubble is believed

to penetrate only through the unimplanted region and is capped by a 9Q°
domain wall, at the implanted-nonimplanted boundary. Although the

formulation presented in this chapter directly applies to the first

case, it readily accommodates the/;éégﬁa"gitugtizj where the 90°
&
'S 10"’ K
. !) ".{‘

|

L
~
¢

4
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domain wall cap has the effect of an equivalent uniform bias field

[22] which can be expressed as

o]

weap

By eouiv = (2.5.1)
equiv ZIM 2. +M_2 i

171 7272

where ohbap is the 90° domain wall energy of the bubble cap.
The proceeding formulation has beén programmed and successfully

tested and the results are discussed in Chapter 4.




CHAPTER 3
CIRCULAR DOMAIN OF VARIABLE

PENETRATION IN AN ION TMPLANTED CHANNEL

In this chapter, the proposed model for the ion implantation
mechanism will be applied to study the stability of a circular magnetic
domain of variable penetrations in both the implanted and the non-
implanted regions. The bubble domain is again assumed to be wholly
situated inside the ion implanted channel.

We shall again assume‘that the magnetic domain cgnfiguration

can be expressed by the single valued function rb(e)[Ch.2, Sec, ?.2]

expandable in the form

-—

®
rb(e) = z, rncos[(B—Bn)n]
n=0
Expressions for the energy of the bubble domain, as well as
for the domain energy gradients with respect to the variables are
derived for the case of a straight channel. The domain variables
and z, into

1

are: the bubble radius X, the bubble domain penetration z
the nonimplanted and implanted regions xespectively, and the bubble

axis shift § from the channel symmetry plane as shown in Figs. 3.1

to 3'3.
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FIG. 3.3 Cross-section of circular cylindrical bubble
" in symmetry plane y z.
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The formulation will be presented in a concise form with many

intermediate steps omitted.

3.1 The Energy and Lnergy Gradients

The total energy of the domain is expﬁgssaﬁgas a sum of several

'

energy contributions

= +
ET Ew+EH+ED ECB+Ecw {(3.1.1)

where Ew is the domain wall energy, EH is the external bias field

enexgy, ED is the demagnetiiEtion enerqy, ECB is the channel width
demagnetization energy and, Ecw is the channel wall induced pole
energy.

The following subsection will present derivations of the

mathematical expressions for the various energies and energy gradients ,

3.1.1 Domain Wall Enerqgy

The domain wall energy is given by [1]

2w ax (6)
b 1/2
E, = (0,2,+0,2,) J [r (0)+(—2—) 2112 a0
0
2%
22 2
+ {[olg( p )+029( ;—-—)] f rb(e)de} (3.1.2a)
ol” 02
0
wherxe
zol = b, 202 = T=-D *
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L}
where 9y and o, are the wall enexgy densities of the cylindrical side "y

wall and the cap walls of the bubble respectively, the subscripts

refer to the nonimplanted (1)} and implanted (2} regions, zl and 22

are the co-ordinates of the upper and lower bubble cap respectively,

Za and z,, are the co-ordinates of the upper and lower surfaces

of the bubble material (Fiy. 3.3), g(u) is the unit step-like function

1, 0 <u <1l
s =ty _ (3.1.2b)

The term in brackets in Fgn. (3.1.2a), accounts for the wall energy
of the upper and lower caps of the bubble.

Since for a circular domain rb(8)=ro.we obtain

20 B v %
E, = 2nro(olz1+0222)+ﬂro[ulg( =) 40,9 ;——)] (3.1.2¢)
ol 02
24
It is no€ed that at the unit step~lke function g(;— ) assume & non-
ol

zero value of the last term in Eqns. (3.1.2a) and (3.1.2b), .nly within
A i

the ranges Q < z, < ?oifaﬁd 0 <z, < z 5! that is, the bubble has two,

one or no cap. Ifgﬁﬁe bubble has no cap, then it is an ordinary

bubble, pengtrating throughout the thickness of its host material,

and the cap energy term promptly vanishes.
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In oxrder to avoid numerical difficulties en~ountered in the
gradient expressions for such an abrupt function g( )} we replace

it by a smooth approximating function f£(u) of the form

i
14
% z Y 2p4ql/2p
f(-z—i-) =1[1 -] 0 <z <z (3.1.24)
(=} l0

)

where p is a large positive integer. Within the bubble material
this approximate function seems to be more real' tic than the pulse
function g(u). .

The gradients are found by direct differentiation of (3.1.2¢)

after substituting f£(u) for g(u),

BEW [ . Zy . z,
— = (0,z 40,2 )21 + 2nr {0 £( —)+o_f( —=) ] (3.1.3a)
aro 171 V272 o- 1 le 2 202
2 ¢ -
3E 1 o Z,- z .
5o = 2mr o) + —2E [ 21 y 2P 101 ¢ -z-l—)z"](l/zp’” / (3.1.3b)
1 0l o1 ol
3 ' '
E wra z z
5._"1 = 2mr o+ 02 [ 249210 ;}——) 2p1(1/2p-1) (3.1.3¢)
% 02 . %02 01
IE,
5*5*: = Q . {3.1.34)



321.2 The External Bias Field Energy

The bias field energy difference due

bias field HB 15 given by [l]

Py

and fof the case of a circular domain this reduces to

= 2

HB[MlZl + Mzzz]

E, = ZHB[MlZl

The gradieﬁts are given by

dE

]

= 4ﬂro[Mlzl +‘M2

Zx
2

>
= |

2,0,

2
b

(8)ao

2
+ Mzzz]nro

71 A

o

- a uniform external

{3.1.4a)

;5. .
(O

b

(3.1.4b)

2 {3.1.5a)

(3.1.5b)

(3.1,5¢c)

(3.1.54)
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3.1.3 The Demagnetization Enexgy

This is the demagnetization enexgy of the bubble in a two-
layer material of infinite extention.

The magnetization of an ion implanted material supporting

a magnetic bubble domain is given by [1],
> >
Ms = 12[1-2u(rb(6)—r)][Mlu(z)u(zl—z)+M2u(-z)u(z2+z)] (3.1.¢)

where z is measured from the intexface between the ion implanted and
nonimplanted regions (Fig. 3.3), and u(x) is the unit step functiop”
defined in Eqn. (2.4.1c). g

The magnetic pole density is given by

3-&2 = [1—2u(rb(9)—r)][—Mlu(z)6(zl-z)+M16(z)u(zl-z)~M26(z)u(zz+z)

L}

+M26(22+z)u(—z)]

~

= x(z, (0);) [T.0_(=)] (3.1

P

TP

3herg k(x, (8):x) = 1-2u(r, (8)-x) - (3.1.8)

~ ' !
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The total demagnetization energy is now given by [1].

_1 AR
Eb =3 J dvy Idv —
r-x |
1 ] )

) . ki (0):0k(r, (8);r ) [Von_ (20 RA_(z) ]
n——JdvIdv { : {3.1.9)

2 |+ -+

23|
wherxe
p2 = r2+r'2-2rr'cos(6—e')
(3.1.10)

and lg—;' = p2+(z-z")2 L,

The change in demagnetization energy due to the magnetic

donmain is given by

2% o 27 o ‘
1 ' 1 ' . '
E = 5 ae J rdr J a0 [ r dr [k(rb(e);r)k(rb(e);r )-11
0] 0 0 0

dz { 3

(3.1.11a)

xfdz f (A RO CANCEY

’

2.2 . 2
[M1+M2+(M1-M2) ]
p

1 . T v
j ae | 4ao jrdrfrdr[kk -1
0 0 0
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) 2M1 (Ml-—Mz) N ZMZ(MI MZ) ) 2M1M2 )

22217 [p%2212 [o%e(z 421212

1 2 1 72
-

27 21 © ©
= J do J d6| J rdx J rldr‘[kk'—ll {"'Ml )[*—'?-——2—:{-/—2— - -;'—]

0 0 0 0 [ ]

1 1 1
M, ) - ) [ - ST [ ~ =1 (3.1.11b)
2
2 [ 2 211/2 p 12 [02}(21_*. )2]]./2 p

P

By following the steps of Thiele [1], we obtain the final expression

for the demagnetization energy

9 3 2r
ED = —(2m) [lel(M )1( )+z2M2 (M -M )T 2)
N Q}, 2
.3 2r°
(2 4z,) MlMZI(‘;:-LI;;)] " (3.1.12a)
where I({x) is given by%l]
: /
1/2 1), x° ) x2
I(x) = - -—-—[x +(1+ —-—~) {(-x9Eer' ! (2 5) -E? 2)}]
x l—x 1-x .

(3.1.12b)

(2)

and E& 2 and E& are the elliptic integrals of the first and

,s‘econd kinds, respectively.



The demagnetization energy gradients are given by

3E 2r
D 2r 2 o 2
5o = -8 [zlml(ml-mz)F(z )+22M2(M2—M1)F(
o 1l
IE 2r 2r
D 2 2 o o)
— 2 = ~qn”[M, (M,-M) {327 T () -2z, F(—) }
azl 1Y) 2 1 zy 170 zl
2r
MM, {3(z. +2 )21( O )w2(z,+2.)x F(
12 1 %2 2z, 172"
2E 2 2 2ro 2ro
5o " -47 [MZ(MZ—MI){322I( ;r—#-2z2r°F( ;——o}
2 2 2
2r
M. (3(z. 420 2T ( —2) -2z, +2,)r _F(
Ml 2 1 72 zl+22 1 720
and
3ED c o
36
where
/2
c -2 . 2.41/2
P = - {J [x +sin’¢]' 2a¢-1)

e

c 2
- )+(zl+z2) MleF(

.g___.o_.)}]
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2r

o
) 1
zl+'z.2

(3.1.13a)

(3.1.13})}9

(3.1.13¢c)

(3.1.134)

(3.1.13e)
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3.1.4 The Channel Width Demagnetization Energies

As in Ch. 2 (Sec. 2.4.1) in formulating the demagnetization

energy we effectively assumed that the whole surface of the substrate

was ion bombarded giving us a two-layer material, but actually only
a strip of width 2w is ion implanted to a depth D, and so we must

add a cgntribution as in (Ch. 2. Sec. 2.4.2) to correct for the

finjte width of the ion implanted channel. The channel width

1}

d¢magnetizing energy is expressed in the form

ECH = =2 (Ml-Mz) [MZG (w;D-zz)-i-(Ml-Mz)G(w;D) ~M1G(w; zl+D)

~M,,G (wi 22)+(Ml-Mz)G(w;OHMlG(w;zl)] ‘ (3.1.14)
where
[ .-
: 1 1
Stwiz) = | ax{ | ay | axdy [ =o—""]
i e w 5 [p2+zi]1/2
- -
+f dy [dxodyo[ %——5—3—2—1—/-5 I (3.1.15%a)
lo g [o%+2]] .

and (xo,yo) are the coordinates of a point in the domain, (x,y)

are the coordinates of a point outside the channel, and
b8

>

. o,
% = Gex ) 2 yey ) . (3.1.1)

S e i



1

For a circular magnetic domain (3.1.15a) reduces to

b o
© 2 2
f“ I ° (J [ /(x+[x +(y-y,) +Z§]1/2) (|y~Y°I)
G(w,z,) = dae rdr dy[ n
i 2 2q1/2 2 241/2
A 5 i~w M et x +y-y,) 1/ )([zi+(y-yo) 112
Jw (x4 [x 2+ (y-y o) 2+z§]l/2) ( Iy—§°| )\
+ dy 2n( )
] (et [ (yoy ) 212y ([l gy ) T2 7 | J
21 Yo ’ 2 - 2 .
4 Zi
= J ae I rdr{(w-y_)in(1l+ 24{w+y Yin(l+y ———7 )
° (w-y ) ° (wty )
0 0 o yo
Ly Wy Ly why
+2zi[tan 1( 2) +tan 1( - o)]~2nz } (3.1.16)
z Z, - i
i i
’ )
whexre
Y, = 6+rocose X (3.1.17)

{’ We now make the following substitutions

s

‘ .
-
-
-




= W~y = w-0~-r cosb
3 Y, °

n = wty o = w+6+rbcose

Substituting (3.1.18) into (3.1.

r=r
2% 1)

G(w;zi) =[ de {J (cl+£)dE[E,Ln(-§-)+Zzitan“
0

r=0

r=x
]

+ J (c2+n)dn[n2n(1+

T 2n 2

c, &
.—.I desecze({(g—+ i‘ JAn(1+

c 2 2z
2 i -1
- Zzi[§-+ Zi n(1+ f§0~gltan (fé?]~ —35(g+c1)2}

X

2
2

3. Y83

-

3 2 . 2
|< n n i n -
— —— A = —_
( + )J?.p(l r]2)~1~223‘( > + c2n)tan ( . )

2rn . % ns, 3%
-Zzi[ € + z—zrﬂl-t- ;—5)— -6-—¢a,n
- i

_l(

}ogy = - wtd
} (3.1.18)

} cz=—w-6

1l.) gives

2
b4

18,
() -nz, ]

£ %1

\1

2
z

n -
;§o+2zitan l(E;)-ﬂzi]}/cosze

o & g
-—-5—-)+221(-§—-+ c,6) tan (—z—-

1 i

)

r=r

nz Q

=0

1, n
i

.
o,
)

=0

nz
293 —Ei(mcz)z}
i =\

(3.1.19)
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Combining (3.1.14) and (3.1.19) gives the channel width

demagnetization energy.

The gradients of the channel width demagnetization energy

with respect to a variable v, are given by '
3E
CH _ o - 3G o )y €
57 = ~20My-M) [Mzav {w, D~z )+ (M, -M,) 5—1(w,D)
i ; i i
36 3 3G 9
“M) S (WeZ D) =My S=Glw 2, )+ (M) -H,) SO (Wi0) 44 5T Gwizy) ]
i i i i,
(3.1.20)
G ,
The gradients é-;—(w,zi) are given by
i
2n 2
3G 2y
sootwzy) = dq[-ro{(w-a-rofose)znu + 5 )
o 0 * (w-8-x cos8)
o
! : ) e
-y W-8-x cos8
+2zitan (——-—-z————-—) —1rzi}
‘ i
2
) zi - w+6+rocose
-r {(w6+r°mse)£n(l + 5 )+2zitan. { " )
°© (w+6+r°cosﬁ) i-
B
x5
’ (3.1.21a)

-“Zi}l , i

A




- 2 rO
@—q—-(w-z ) = -—-J—") f desecze{f (E}*cl)dE[Ztan_l(%—)-'ﬂJ
j 0 0 i E

+ f (n+c2) dn[Ztan”l (Dz—) -n]}
0 i

=X 2

()
{(§2+2cl£) (2t:an'-1 (—E—)—n)-zi(£+clln(1+ %)
=0

z
i z:L

20
3z 2
= () J dfsec 6(
z.
I 0o

-1
-zitan ( -i—'-)l
iJ
=X 2

o
-1.n., . n,y. -1
{(n?nczn) (2tan (zi) %) zi(n+c2£n(l‘+ zz) zitan (zi)})
i

+

Ty=0
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{3.1.21b)

where Gij is the Kronecker delta symbol

, Al . 2
z
36 _ 2 i -1 £
2;—g(x«r;zi) = I dfsec B({(€+cl)[ﬁln(l+ Ez)+221‘t:ém (zi)]
2 2 r=x
2 Z. _ z 2 o)
+[£—2.n(l+-3—) +2z, Etan 1(f’--)- -—i-R.n(l+ -E——) ]}
: 2 2 i A 2 - 2
£ i zy
x=0

. 2 i
z N
) i -1l.n
+ {(rﬁca) Fnzn(]ﬁ -;5)+Zzitan (Zii]

T —
T g o

. N .
o e R, T2,
TS, o g e W e ney it T

e — T T

- . -
RN S

e e
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2 2 r=x
2 zi -1 zi n ) o
+[§—£n(l+ —E)+2zi"tan (; }- E—Ln(1+ -5)] ) (3.1.21c)
n i zi r=0
* "

Combining (3.1.20) and (3.1.21) ylelds the channel-width demagnetization

energy gradients.

3.1.5 Channel Wall Induced Pole Energy

«

This is the energy due to the interaction between the circular
domain and the poles on the channel walls, induced by the empty channel
and the bubble domain.

The channel wall energy is given by Ecw=E +Ecw2’ where

cwl

Ecwk is the channel wall induced pole energy contribution of the

kth wall (k=1,2). .
Let us define R = (w+(2k~3%)/|cos¢|, and x, = (W (2k~3) §) tang,
wherxe éjis the angle of the location of a point on the channel

wall with respect to the cylindrical co-ordinates of the domain

(Fig. 3.2), and

2 2 2
pp =T +Rk - 2rchos(6 $) .
! ¢ (301-22)
2 2 2 -
P, =r R, - 2rchos(8+¢)

where (r,8) is a point inside the bubble domain.

“a
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The channel wall induced pole energy of the kth wall is
given by

/2 D 2w ro

2
Ecwk = J dé¢sec ¢ J dz(w+(2k-3)6)?k(¢,z) J de[ rdx
(o) 0 0 0

1 1 1
2 (M. -M ){ + } - M
B NG RNEES BN

5 1 '} » 1 } 1 ‘}J
3 2412 A T2 oy 2. 241/2
[92+(zl—z) ] ¢ fol+(22 z) <] [024‘(22 z)“1°

®/2 D
= J d¢sec2¢ I dz 2(w+(2k-3)6)Pk(¢,z)Qk(¢,z) {3.1.23)
0 "0
where . 2w 3
_ * 2.2 . 2.1/2
Qk(¢,z) = 2{ ae iZlMi{(ro+Rk-2rochos(9—¢)+(z—zi) )
0

<

2,1/2

-+ (z-z) 2,172, (r§+a,2<-250chos(e4¢)+(i~z RRRAS (R4 (z-2,) 2)1/2

2 2
ro—chos(6-¢)+[ro+R§—2r°chos(B—$)+(z—zi)211/2

)

-chos(6-¢)2n( >
-chos(6-¢)+[Rk+(?-zi)

ro-chos(9+¢)+[r§+n§—2ronkcos(6+¢)+(z-—zl)z]l/2

211/2

)}(3.1.24)

—chos (6+¢) R,n( 3
—chos(6+¢)+[Rk+(z-zi) '

/ >
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* * *
where M}._Ml' M 2=M2, M3=M1—M2, z3=0

By differentiating (3.1.23), the channel wall induced pole enerqgy

gradients are found to be

2 D
ok, (" , 29, (4,2) I P, (¢,2)
Y d¢sec” ¢ { dz(w+(2k-3)6)[Pk(¢'Z)-—§T———~ + ka'Z)-——ﬁ-z,
0 0 © )
(3.1.25a)
2 D
e, (7 , 20, (4,2) 3® (6,2)
5 3 = d¢sec ¢J dz(w+(2k—3)6)[?k(¢,z)-—-é—£-_-—— +Q (¢,2) ——3-;——]
i (3.1.25b)
2 D
e, (P, 29, (4,2)
—t = d¢sec ¢I dz{(2k-3), (¢,2)Q, (¢, 2)+(w+(2%-3)8) [P, (¢,2) e
0 0
+ @ ($e2)s P (6,201 (3.1.25¢)
) A W " o
‘ [
3P (¢,2) 3P (¢,2) '
While the gradients 3T and o have already been worked out
' o
! aPk<¢lZ)
in (2'3'7)l (2-3.8)' (2-3'10)1

=5 can be worked out easily by
z .
direct differentiation of (2.3.6).
a Qk (¢lz)
The gradients—:-'—a-"';—- are given by
. i

S e b n

D S

e, A,
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3Q, (¢,2) 2T,
k- x 2 2 2.-1/2
“o = ZJ a6 Z Mi{(ro+Rk-2rochos(6-¢)+(z—zi) )
0 i=1
+(r§+R§-2rOchos(9+¢)+(2~2i)2fi/2} (3.1.26a)
21
3Q (¢,2) 3 3 ~xr _cos(6-¢)
k
585 =2 a0 ] M;%?S{L2 2 L 27172
o i=1 [ro+Rk-2roﬁccs(9—¢)+(z-—zi) ]
Rk-rocos (6+9) ZISc

[r§+R§-2rochos(G+¢)+(z-zi)2]1/2 [R£+(z-zi)2]l{2

2
-cos(a—mn( 3Ry 008 (0=0) 4B FRI-21 R cos (0-4)+ (z-2;) *]*/2 >
-chos(6~¢)+[32k+(z_zi)2]1/2

ro-chos (e+¢)+[r§+§7§_—2rol&cos (9+¢)+ (zi-z) 2]1/2 )

» ~cos (0+¢) Zn( 73

. -chos(e+¢)+[nﬁ+(z-zi)2]

g ™’

Rk-rocos(e—¢)

~cos (§-¢)+
[ro+R§-2rochos(6—¢)+(§-zi)2]l/2

-chos(6-¢)[:

2 2 241
ro-chos(6-¢)+[r°+Rk-3rochos(6-¢)+(z-zi) ] /2

i ks bt ot

ot mer e

I




' k/ R

-cos{6-¢)+
[P+ (z-2,) 231/ ]
-chos(e~¢)+[R§+£z—zi)2]l/g

Rk-rocos(8+¢)

~cog (8+9) + >

[r°+Ri-2rOEkcos(6+¢)+(2~zi)2]1/2

A8

~R,_cos (0+¢)
reos (000

2 2
O—ngps(B+¢)+[roRi—2rOchos(6+¢)+(z-zi) ]1/2

%{ ~
[R§+(z-zi)2]l/2
- 2]1/2] (3.1.26b)

~cos (0+¢) +

-chos(9+¢)+[R§+(z-zi)

-

2% : :
BQk(éaz) ] 2{ 2171/2
3 zj

3 *
2, 2
deizlﬁi(zi-z) 84 telz+ri-2x R cos(0-4)+(z-z,) )

-(0
L ) S

24=1/2
2]

2]-1/2+[r§+3}2:..2r°akcos {e+¢)+ (z-2

-2[R:+(zi~z)

¥ ~R co5{8-0) \

chos(ﬂ~¢)

+ (
[Risinzi@—¢)#(z—zilzl [r§+R§-2r°chos(9-¢)+(z—zi)?31/2
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*

R cos (0~4)
‘ )
[Ri+(z—zi)2]1/2
) ‘ /
B)fcos (8+4) ( r_-R, cos (6+¢)
R 3
[R§31ﬂ2(9+¢)+(2‘2i)2] [r§+Ri—2r0chos(6+¢)+(z—zi)2]l/2
chos (6+¢) )} ' ;
+ (3.1.26¢c)
[R§+(z-zi)2]l/2 :

-

Combining (3.1.25) and (3.1.26) leads to the channel wall induced pole

gradients. .

3.2 Problem Solution

Once again we have the nonlinear bubble domain energy functional

(3.1.1) and its gradients with respect to the assumed variables and
wa want to minimize ET subject to the constraints that ro, zl.|zzl

and § are all positive real numbers and that

|o+r | <w (3.2.1)
z, < =D ‘ (3.2.2)
<D ‘ (3.2.3)

v e o o -
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The same numerical techniques used to solve for the deformable
-dnmain wﬁolly situated inside an ion implaqted could be used here.
The problem presented in this chaptex has not been, however,
implemented and tested and is given here only for the sake of

completeness of the theoretical investigation.

3.3. Remarks

Although thefe is an apparent similarxity between the problem
of Ch, 2 and Ch, 3, a transition from the equationg of Ch. 2 to the
equations of Ch. 3 is not obvious. Tﬁis arqument was borne in mind‘
when making the decision on the inclusion of this chapter in the
thesis.

Futhermore, the material of Ch. é and Ch. 3 outlines the

approach to an even more:genefal and more practical §rob1em; that is,

the stability of a noncixcular, noncylindrical magnetic bubble of

variable penetrafion (in both the implanted and the nonimplanted regions),

and }ocated within a channel of any geometxy.

L4

A3 an extension of the approach p;esented here, one could

-~

attempt to model the nonlimear functionals, thus arriving at a second

level of approximation in order to obtain faster sgyutions.

2
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CHAPTER 4
NUMERICAL RESULTS FOR A STRAIGHT

ION IMPLANTED CHANNEL

The formulation for the generally deformable magnetic domain
wholly ai‘tuated ingide a:\ ion implanted channel, derived in Chapter
2, has been programmed for the special case of the straight channel
with parallel channel-walls. The reasons for such a choice are two-
fold. First, the straight channe} being the simplest possible,
should clearly show the expected stable lbcation and geometry of the
domain due to the basic physical mechanisms incorporated in the
proposed model in the clearest possible way, without introducing
the\extra geometric effeqts arising from a channel-widih modulation.
Sec;nd Fomes the fact that a thorough and exhaustive set of high-~
cost computer runs is justifiable only if the complete problem of
the actual width modulated channel and the driving fields are
combined together foxr the investigation of a real device such as the
"channel bar propégating circuit® proposed by E. Della Torre and

W. Kinsner [15]. A brief description of the actual program is

given in Appendix 2, with the complete program listing,
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4,1 Parameters

To test the proposed model, the material chosen for investigation

was assumed to have the following parameters before ion implantation:

Al

the saturation magnetization Ml=18.0emu,the wall energy density

olwﬁ’.ﬁﬁ erg/,cmz, and the quality factor q1=6.0. Aftex ion implantation,

the material parameters were assumed to change to M2=17.8 emu,

2
92=0.36, erg/cm , and q2='-=5.0._

‘The thickness of the material substrate, T, was 6 microns, the
implanted channel depth, D, was taken as 0.6 microns and the external
gniéorm bias field, Hy, vas 100.0 Oec.

Although the chosen parameters do notfbelong to a specifié
material, the values are within the range of typical values for garnets.

—

The changes in parameters are consistent with some experimental data

[23].

4.2 Rumerical Results

The diameter of a stable circular domain within a channel of
infinite width was found tgfe 2R =5.9, (R =2,9590429) microns.

The channels of the finite width investigated had half-widths
() of 0.6T, T, 1.57, and 2.07. 1In éll the program runs the total

number of variables was five: four radial parameters and the bubble
center location (48) with respect to the channel center. The pressures

and pressure gradjents were computed at ten sampling points taken at

L

|
]
|
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equal angular intervals. Due to the mirror symmet;y about the plane
passing through the domain center and normal to the channel axis,

sampling poiﬁgs“ere taken for half the domain only. The induced

channel wall pole densities and pole density gradients were computed
at the mid-depth of the channel (z=D/2) and at ten points along each
channel wa%l, the points being spreaé from the mirror symmetry plane
to infinity with unequal intervals. All numericai integrations were

done using Simpson's technique, after assuring the smooth continuity

of the integrand functions.

Although the program has the facility of computing the pressures

and pressure gradiénts for any number of radial parameters and at any
number of sampling points, as well as the induced pole densities and
pole density gradients at a larger number of points along the channel
and at various depths, the results obtained are sufficiently represent-
ative. Increasing-the number of points and variables greatly increases
the glready large computation time. Intermediate printouts have been
obtained to study the evolution of the solution with someinteresting
observations that will be discussed in the next section. | \\n-
The change in the ragnetic domain geometry with the channel
width is shown through the four Fourier coefficients (Cé,Ci,Cé and C3)
in Table 1. The coefficients describé the approximate radial function,
as well as their percentage with respect to the basic coefficient o

Co which xepresents the average domain radius. The stable locations

e e
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A

of the bubble center as estimated according to the specified stopping
criteria are also given in Table 1.
i c_/C c /¢ c sC i
The relations 1/ o 2/ ° and 3/ , versus chanqel width are
shown in Fig. 4.1l. It is interesting to notice that all the coefficients

cl¢:2 and(:3 are negative as opposed to<20. This is explained by

the fact that as the domain approaches one of the channel walls, the

presstire contributioy, dgi/ybr e channel width demagnegézation, decreases
very rapidly; this is partly falanced by a decrease in the negative
domain wall pressures for the points nearest to the channel wall,
this requires that the curvature of the domain should decrease for
thoge sampling points néarest to the channel wall, and this in turn
Implies that the coefficients should ge negative as observed.

Figure 4.1 shows an increase in the normalized
odd harmonics G:l/C;, CS/CB) and a decrease in the nomalized even
harmonic «:2/§6) as the channel width increases, and they approach
steady values as the width becomés very large. This behaviour
ig due to the fact that for a very narrow channel, although the domain g
may tend to be attracted by one wall or the other, due to the balance
between the channel width demagnetization pressure and channel wall
induced pole préssures, the other wall is still near enough to exert
a counter attraction. While the odd harmonics would tend to decrease

the curvature for that part of the domain nearest to the preferred

channel wall at the expense of increasing it on that part of the domain

>
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facing the less preferred channel wall, the even harmonics would

tend to decrease the curvature of both parts of the domain walls

facing the channel walls. As the channel width increases the symmetry

of the pressure conty}butions deccrease about a plane passing t@rough

the bubble axis and parallel to the xz plane, hence the

compensation from the wall curvature requires that the odd harmonics

increase and the even harmonics decrease to compedgkte more effectively

;ox the deficient pressure contributions next to the preferred

channel wall. The normalized harmonics tend to attain steady

values for large channel widths as the effect of the less preferved

channel wall decreases quickly and eventually Efcomes negligible

leaving only the effect of the wall nearest to the domain to dominate
The conclusions of the above discussion are summarized in

Fig. 4.2. Figure 4.2a shows three function representaticns of the

e

effect of three harmonics given by

" .
Rn(e) = 2-cos(n8) , n=1,2,3,... (4.1a)

Figure 4.2b shows superposition of the contributions due to three

harmonics C,, €. and C. and Co/lo taken from Table 1, for 2w=12.0 um.

1 2 3.

This means that the figure is a polar plot of the function

r,(6) = 1, (6) - 0.2 ¢, ' (4.1b)

-




Channal ' (rb -9 Co)

Fi1G.4.2 (a) Three cylindrical harmonics and
(b} their superposition according to tabls 1.

-
”
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This has becn done to demonstrate the effect of the haxmonics by
effectaively promoting the harmonics with respect to Co' Notice
that the radial function r;(e) in Fig. 4.2b 1s slightly flattencd
on 1ts sidce ncar the raght channcl wall, which 1s the channel
wall nearest to the domain. This 15 consistent with the physacal
considerations of a bubble within a straight wall channel. It should
be noticed that the deformation has been neither mentioned nor
revealed by the published experimental and theoretical results,
Thus, our analysis is capable of providing a deeper insight into
the problem.

. The channel wall induced pole densities for the channel
of width 2w=12.Cum are shown in Fig. 4.3. The character of the
curves is similar for all the channel widths considered. For that
channel wall nearest to the bubble, the figure shows a sharp peak
for the induced pole density. The induced pole density reaches
its maximum where the bubble wall is closest to the channel wall
and quackly falls off as one moves away from the bubble along the
channel wall, then it decreases at a slower rate. The induced
pole density distribution, for the channel wall further from the
domain, is5 a smoothly decreasing function.

One can understand this bshaviour, by imagining that the bubble's

7
pole inducing field is due to some egquivalent effective poles P
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localized on the bubble co-ordinate z-axis as shown in Fig. 4.4a at
_22,0, and Zys and another set of equivalent locaiized poles P h
in the zy plane with the same z-co-ordinates as Py The equivalent
poles Py are there to simulate the large inducing fields contributed
by the bubble domain elements nearest to the wall, while the poles
éﬁl simulate the average inducing fields due to the resé of the bubble.
The simulated pole inducing field contributions are shown in Fig. 4.4b,
and they clearly explain the sharp peak in Fig. 4.3.
I% i; worth mentioning that since the sum of Pl and P>
is equai to the total bubble poles at the ith level, it is alwmost
a constant, and as the bubble approaches a channel wall Pi» increases
in magnitude and is shifted in position nearer to the channel wall,
henée its inducing field contribution becomes of a larger value but
if a smaller width along the channel wall length, P, on the other
hand decresases. While this pole distribution should always be expécted,
the changes in the domain gcometry may have some mild smoothing effect

on the induced pole density distribution if the number of harmonics

considered is large.

e e st ittt gt
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(b) Dist. along channel

F!§.4.4 Equivalent poles within a bubble and their pole
distribution on the channgl side wall.
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4.3 Numerical Considerations

In the course of computer runs of the program several
interesting aspects were observed. A primary analysis indicates E
the great importance of selecting a proper starting point for a
quick approcach to the solution. There is the pos§ibility of existence
of either one local minimue, that would tend to settle the domain
at the center of the channel, or two local minima each of which tends
to attract the domain next to the chamnel walls. There still is the
third possibility'of having all three local minima simultaneously,
the one at the channel center being in aséable equilibrium. The minima

\ .
next to the channel walls are probably very sharp and.§trongly
localized as compared toj§he one at the channel center.

since  there are in general three local minima the selection
of the proper starting values beccomes of genuine importance since,
especially for the stable strongly localized minima next to the walls,
there will be a numerical tendency towards the astable minimum at the
channel center:

’
If one assumes that all the radial parameters of the domain ;

are lumped into one effective parameter Reff’ expressed as a noxm, then :
sketches for Epi versus the deviation of the bubble center from chamnel

center (§) could be drawn for various values of Réff(Fig: 4.5).

To approach the required minimum next to one of the channel
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walls one has to carefully select the starting point such that if a
minimum exists, the gradients approach the proper minimum. This
implies taking an initial radius smaller than the expected optimm
e, {e.q., Cﬁ T O.SRO the free circular domain radius), and the center '
of the domain as near to the channel wall as possible.

In all the program runs there was an indication that only one
minimum exis?s, the one at the channel centeyr although the channel
of finite width contributes a larger demagnetizing pressure (at its
canter} which sharply decreases aéeae approach the channel walls.
Physically, one would gxpect the bubble to have a stable position
next to channel wall, and indeed such is the position experimentally
observed-[5]. This apparent contradiction could be explained as
follows: to minimize the objective Epi, the pressures should decrease
{(theoretically they should be zero) such that at some samp;ing points

the pressures are positive while at others they are negative so that

we obtain sort of a least squares fit about the zero pressure value.

-

The pressurxes should alternate between positive and negative wvalues
with highest possible frequency (i.e., if;>i is positiva, then}?i+l
should be negative. In the case studied, the pressures near the
channel wall are all negative though fluctuating, but as we move away
from the wall the pressures at the sampling points turn positive and
fluctuate. Since in thismodel, the bubble center gradients are

-
negatively increasing as we approach the channel walls, we find that
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the net objective functional gradients with respect to the bubble center

location tends to push the domain towards the center rather than
towards the wall. This behaviour is attributed to the insufficient

of the radial variables and consequently the number of harmonics us

number

ed

to describe the geometry; this makes the geometry too stiff to properly

adjust to the pressures, hence the existing correlation of the

pressure signs and magnitudes obtained. One may remedy this problem
creasing the number of radial variables (or harmonics) to the numbe
qé sampiing points N, or larger.h possibly more efficient way is to

the first few harmonics up to the second and then taking the rth

harmonic such that$NS/r¥inteqer, and a few such that r/NS=inteqer,

by

r

take

since these would probably be the most effective fine controls on the

geomgtry. None of these however guarantee improved results.

When enough harmonics are taken into consideration, those large

negative pressures at the peoints nearest to the wall, which sharply
increase on its approach, would be strongly compensated with some o
them turning positive.

Another observation confirming the above reasoning came whe
one started with a symmetric bubble situated exactly at the channel
center, the domain tends to move towards the channel wall, even
though the tendency is again weak due té’;;e geometric stiffnéss.

confirms that the dcmain physically tends towards the channel wall

but is deterred midway due to the gecmetric stiffness .

£

n
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CHAPTER 5
CONCLUSIONS AND

RECOMMENDATIONS

This thesis adds two new contributions to the theory of

magnetic domains in thin films, as well as an endeavour to qualitativély

R
>~

understand the underlying physical mechanism of change of the magnetic

properties as a result of ion implantation.

This iz the first mathematical model describing the mutual
interaction between an ion implanted channel and a magnetic domain
wholly situated inside this channel. The model incorporates the
resulting effects due to the change of saturation magnetization,

" domain wall energy density and in-plane susceptibility with the
exception of the susceptibility nommal to the plana.

The second contribution is a variational formulation for an
approximate functional sz which allows for the general deformation
of the magnetic domain to attain its minimum energy state. In this

. 1
formulation, the pressures pi at several sampling points on the
domain boundary are calculated rather than the energy of the whole
domain; the sensitivity of the formeYy approach to the changes in

parameters is greater than the latter. This is an extension of the

functional approach, applied to magnetic strip domains [14], and has

104
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been applied to magnetic bubbleéi

From the formulation and numerical results presented in this
thesis several conclusidns can be drawn.

It can be seen that the number of harmonics required to
describe the geometry of the magnetic domain should be equal or
greatexr than the number of sampling points at which we compute the
pressures; this would give the facility of altering the geometry at
the various sampling points in a finer way without undesired changes
at the remaining sampling points. A deficient number of harmonics
would lead to a geometrically stiff function withstrong correlations
between the various sampling points. Increasing the number of harmonics
(radial parameters) implies an increase in computation time,

The abrupt change in physical parameters from the non-implanted
to the ion-implanted region incorporated in the model, lead to gradients
of infinite values at the interface surfaces. This problem appeared
in the cases of "channel width demagnetization" and "empty channel bases ‘
induced pole density on the channel walls". The simplest remedy
is to assume a small transition region where the parameters change
smoothly (e.qg., linearly), to simulate the true physical situation in which
the abrupt change is not allowed thermodynamically and does pot occur.
In Chapter 2 the treatment of the former case is given. It is to be

observed that additional parameters for thewidths of the transition

regions will appear.
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The induced pole density distribution on the channel walls
with the selected paramecters do not contxibute in any significant
fashion to the bubble domain deformation as compared to the finite
channel width demagnetization field, and could possibly be dropped
if one seeks a quick estimate, since an appreciable duration of the
total computation time goes to computing these pole distributions,
their gradients, and their mytual corrections.

The problem of a magnetic domain wholly situated inside
the ion implanted channel is slightly artificial in the sense that
we have to constrain the domain to the channel by applying mathematical
constraints. However) the domain should be allowed to move freely
with the possibility of penetrating into the non-implanted region if
it finds it more favourable, To incorporate such a possibility, the
demagnetizing pressure corrections, due to the bubble penetration, and
their gradients have been for;ulated (Appendix 1) since it is the
only complicated extra factor; the remaining changes are mexely
changes in the parameters of the formulae in Chapter 2, with the
exception of the channel wall induced poles which have a correction,
similarly worked out as in Appendix 1. The new modified formulation

would then lead to an unconstrained obejctive functional which is

again solved as before.
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)

It can be said that the formulation of the proposed model of
a generally deform;ble magnetic domain inside an ion implanted
(or physical) channel has been presented and tested with success,
possibly for the first time where the domain is allowed to freely
deform.

The channels of practigg;kinterest are those with a ﬁodulated
width (oxr depth), this would require the modification of the "finite
width demagnetization” pressure and pressure gradient contributions.
The remaining pressure and gradient contxibutions would remain
unaltered, except for the wall induced pole densities and their
gradients which would have to .take into account the projection of the
pole inducing field projections along the normal to the cﬁannel '
- wall which vary along the channel.

If one agsumes a§semi—infinite width mndulatedléhannel
(ﬁeglectiné end effects), & proposed way of describing the channel
geometry 1is to expand the channel width in a harmonic series along
the channel length, same as.fhe domain, This would give the extra
facility for an optimization of the channel geometry. A further -
exéension might be a combination of the modulated channel with the driving
fields and examining the propagation and deformation of the domain

It is my belief and hope t§at E?is investigation would be

the base for further theoretical and experimental investigation of

the problem and a possible guide to the methods of its analysis.

N ~

3



AQ

6.

ey

REFERENCES

A.A. Thiele, "Theory of Static Stability of Cylindrical Domains

in Uniaxial Platelets", J. Appl. Phys.,, Vol. 41, No. 3, 1970,
pp. 1139-1145.

W.J., Tabor, A.H. Bobeck, G.P., Vella-Coleiro and A. Rosencwaig,
"A New Type of Cylindrical Magnetic Domain (Bubble Isomers)",
BSTJ , Vol. 51, No. 6, 1972, pp. 1427-1431.

A.H, Bobeck, S.L. Blank and H.J. Levinstein, "Multilayer Garnet

Films for Hard Bubble Supression"”, AIP Conf. Proc., MNo. 10,

VOl. lo 1972' PP. 498“503v

A. Rosencwaig, "The Effect of a Second Magnetic Layer on Hard

. N

Bubbles”, BSTJ, Vol. 51, No. 6, 1972, pp. 1440-1444.

R. Wolfe and 5:C. North, “"Supression of Hard Bubbles in Magnetic
Garnet Films by Ion Implantation", BSTJ, Vol. 51, No. 6, 1952,
Pp. 1436-1440.

P, Chaudhari, J.J, Cuomo, R.J. Gambino, "Amorphous Metallic Films

for Bubble Domain Applications™, IBM cournal Res. & Dev., Vol. 17,

1972, pp. 66-68.

H.- Callen, "Growth Induced Anisotropy by Preferential Site

Ordering in Garnet Crystals", Appl. Phys. Lett., Vol. 18, No. 7,

1971, PP. 931-938, ‘ C} o

«

a
v

108




lo0.

11.

12,

13.

14.

16.

109

5

G.S. Almasi, E.A. Giess, R.J. Hendel, G.E. Keefe, Y.5. Lin, and
M. Slusarczuk, "Bubble domain Propagation Mechanism in Ion

Implanted Structures", AIP Conf. Proc., Vol. 24, 1974, pp. 630-

634.
G.S. Almasi, G.B. Keefe and Y.S. Lin, "Design Rules and Alternate
Mechanisms for Bubble Domain Propagation in Contiguous Disk

Devices", Intermag Conf. (London), Paper 21.8 (April 1975).

AR, MacIntosh, "Mechanisms of Magnetic Anisotropy in Rare Earth

Metals", AIP Conf. Prof., Vol. 1, No. l0, 1972, pp. 1256-1259.

H.L. Hu, E.A. Giess, "Hard Bubble Supression and Controlled
State Generation of One Micron Bubbles in Ion Implanted Garnet

Films", AIP Conf. Proc., Vel. MAG-1ll, No. $, 1975, pp. l085-1087.

Tai-Lin Hsu, "Stability of Bubble States in a Capped Garnet Film",

Intermag Conf. (London), Paper 1.9, 1975.

W.J. DeBonte, "Stability of Half Bubbles in Double Layer Films",

AIP conf. Proc.,vol, 1, No. 10, 1972, pp. 349-353,

W. Kinsner, E. Della Torre and R. Hutton, "Bubble Cutting Circuits",

IEEE Trans. Magn., Vol. MAG-10, No. 4, 1974, pp. 1071-1079.

E. Della Torre, W. Kinsner, "Channel-Bar Propagate Circuit",

Intermag Conf. (London), Paper 21.9, 1975. -

W.Y. Chu, “gxtrapolation in Least pth Approximation and Nonlinear

Prograrming", Inter. Rep. No. SOC~7}1, 1974.

e
-

s TR

e et

e

Pl




17.

18.

19.

20.

21.

22,

23.

24.

110

J.W. Bandlcxr, C. Charalambous, "Nonlinear Programming using

Minimax Techniques™, J. Optam. Theor. appl., Vol. 13, 1974,

pp. 607-619.

W. Jones, N.H, March, "fThecoretical Solid State Physacs®, Vol. 1,

{(New York: John Wailey, 1973).

i

A.H. Bobeck, E. Della Torre, "#agnetic Bubbles” (Amsterdam:

North Holland, 19795).

S, Chikazumi, "Physics of Magnetism", (New York: John Wiley, 1964).

R.C. Sherwood, P.H. Schmidt, D,H. Smath and E.M. Walters, "Uniaxial

Magnetic Gdrnets For Domain Wall Bubble Devices™, Appl. Phys.
Lett., vol. 17, No. 3, 1970, pp. 328-331.

A.B. Smith, M., Kestigan, W.R. Bekebrede, "LPE Garnet Film, Without

Hard Bubbles”, AIP Conf. Proc., No. 18, 1973, pp. 167-171.

R. Wolfe, J.C. North, W.A. Johnson, R.R., Spiwak, L.J. Vamerin,
and R.F, Fischer, "Ion Implanted Patterns for Magnetic Bubble

Propagation™, AIP Conf. Proc., No. 10, 1973, pp. 339-343,

E. Della Torre, "Pressures onh Cylindrical Magnetic Domain Walls",

IEEE Trans. Magn., Vol. MAG-6, No. 4, 1970, pp. 822-827.

o

et et




APPENDIX 1
DEMAGNETIZATION PRESSURE FOR A

DOMAIN PENETRATION OUTSIDE THE CHANNEL

Instead of artifically constraining the domgin to s£ay
inside the channel the possibility of the domain penetrating into
the unimplanted region should be considered, and the domain should
be completely free to select its most favourable geometric configuration
and location. While the formulations for the various pressure
contributions in Chapter 2 apply equally well for the case of a
domain penetrating outside the channel with changes in the parameters,
new terms appear in the demagnetization pressure contributions of

2.4.1 and will be formulated in what follows.

Let us assume that the channel wall k(k=1l,2) is modulated .

and given in the cylindrical co-ordinates of the domain by the single
valued function rk=rﬁ(b), while the domain geometry -is given by

r=rb{6).

The z-component of the demagnetizing field at (xo,yo,zo) due

to an incremental area dxdy at (x,y,zil (Fig. A.l) is expressed as

111
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Hv
M) (2 +z1) (o -m) [(2-£(xy 2,01 Nz
i, = kx) 372t 37372
o [o2 +(z 2, ) 2] [o? +z:|
M+ (M, -M ) (x X 0)} (z -2,)
27 YT b
+ (a.1.1)
2 3/2 ] dxdy
{o +(z ~z,) 4]
wheré
2 2 3. "7
0“=x +r°-221:;:°cos‘(e-8°) : (A.1.2)
A = M-, (A.1.3)

and f(rb,rc,p) is the unit pulse starting at rc(e) and ending at
rb(ﬂ) if both regions intersect, unity if the domain completely
penetrates outsid;z the channel and zero if the domain is wholly
inside the channel, and k(r) isas defined in (2.4.1b & c).

The pressure at (ro,eo) is given by

z

2
0

- 1

== 2M {Idﬁ laz +2(M i (x -x ))J RESL | }dz]
Fpo T[J Zq | , z,

-z, 8 s .
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+ (M, +A- £) -M (ﬁ +4°£)

2 A{1-£) 1 2

+ - + (M_+Aufr ~r )) +

{pz+z§]1/ 2 P [92+zi]1/ 2 ] 2 ° ¢ [ .

s M I M ¥ e 0 R })
[pz+22]l/2 [02+(z +z )2]]./2 p2+22]l/2 p [pz+22]l/2

2 1722 h 2 1 ,
(A.1.4)
]

By collecting terms and comparing with Eqn. (2.4.4) we can write

(A.1.4) in the form

-

-0 2 ( I { [ -1 1
P =P - dxdyk(x)<a-£ - =

¥

1 1 ] 2 2
+ + +(M_thu(r -r )| = - —F—
[o? +z,lv.]1/z {02 +z§]1/2 2 o c_[p [o2 +z§]1/z]

A oMy ¥,

+Aeulz -r ] =+ s = -
° ‘{‘” RO R PR R SN R PR b

*

» w _
A 1 }) -0 . -p

-2 =p_ 4 ) N {(a.1.5)
Y [92 +zi]l/2 ] DO *DO

- . A}
where p‘;';O is the correction due to the bubble penetration outside the

. ¢haanel.

4
{
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¢

530 is the demagnetization presure'for a domain inside the

channel, as dexrived in Sec. 2.4 .

The terms with the expression u(ro-rc) in (A.1.5) are
for those sampling points taken in the penetration zone, that is,
outside the channel. The "penetration demagnetizipg pressures"

is expressed as

Po, = B + Py . (a.1.6)

where

20 .

B = - Zu(r -r_(6)) A| a8l raxk(x) )3: R

1 T Yo Te T i P
. o o 4 im

-1
L T — (A.1.7)
2. 241/2
Ep 4] ] L '

. .
and M1=M]7, M M ZMZ' M3 Ml zy= zl-!-z2 (a.1.8)

A a

and the second term in (A.l.6) is given by

L3

P 2 1 1
p, = - —AIdxdyk(r)f(r 1T P) 2 J [- =+ ]
2 T g i=1 P [p% 2]1/2

(A.1.9)
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with J M l 2(M2+Au(r°-—rc) ’ J3=“'Ml (A.1.10)

'y

and zi is the same as in (A.1.8).

A close comparison of the terms in Egn. (2.4.4) and those
in (A.1.7) shows that Pg ¢an be directly a‘ccomodated in

the expressions derived in Sec¢. 2.4 by merely replacing M2 in

eqn. (2.4.2) by (M2+Au(ro-rc)). Thus we avoid repeating forpp 1

all the previous formulations in sec. 2.4.
The second term sz given by Egn. (A.1.9) cannot be

accommodated like pli into those equations of Sec. 2.4 but

should be éxplicitly worked out.

We shall define 8, and 92 as the two solutions of the equation

1
x, (x;.9:) =r (8,0,) (i=1,2) (A.1.11)

(although in general 2N(N is an integer) solutions may exist we

assume the simplest case).

Then pl; can be expressed by

3

Z Ji{ 2 2r Y ccs(e-e sz)l/z
i=1

e 1

-(r2+r ~2r rbcos(e -8 )+z )

1/2 +r -Zrbr cos(e—B )) 1/2

[+]

N

+{r T 2:: r cos(e-e ) /2 .




X [ (ri+r§-2rorccos (6~ Qo) )—l/ 2. (ri—&ri—-Zrorccos (8-60) +zi)
2 e F3

+rocos ( 8—60) E.n[(

The gradient with respect

by

+r°cos (6-60) [( .

2 2
Eoo08 (6-6,) +[rc+r°—2rorccos (6~

2.2
rb—-rocos (6~ bo) +[ro+ .- Zrorbcos (6-—60) +2

241/2
T

2. 2
. x cos (6-00) +[r°+rc Ltrorccos (6-—90) ]

2 2
X T, C08 (8-6,) +[rc+r°-2rorccos (6-6_)+2

1/2

X ( ,
r. -x_cos(9-6 )+[r2+r2—2r Y, COS
b "o o o b ob

(6-8) }173 )]}

F3

]

N

3 oP 2 ~

£=1.
%

p 20 3 arc 3rc A
N ——2—36 =T { ae z ‘Ti{ [rcé—a—- - cos(e-eo)roé—&-— .

2—1/2]

75 7

2,2
[z +r -2x x cos (8-6_) ]

1/2

9r

c F3

Y

2 2 2.1/2
[rc-l-ro 2r _x _cos (6-8) +2 i]

-(tc

2 2 2
-r cos (q—eo) +[rc+ro—2r R (6-8,)+23

JVZ)]-}

2 1172
iJ

)
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(A.1.12)

to the bubble center parameter § is given

{A.1.13)



The gradients with respect to the radial parameters are given by

-

9 F2
3 Pg 32 x, T
—2 ( 2 . !’
5r, =\ 54| ao Z Jl,[rof;'"rca cos(ee)]
j A j - 5
1

-1/2 2

N

P,

2 r or or I rx

—1/2]

X [(r +r -2r rccos(e -9 )+z ) -2r°rccos(e—9°))

r

o) 0 b
+{rb3rj + ros-?; - cos(ﬁ-ﬂo) (rbé_x? + o 5—17;)]

-1/2 (r 2—2: r_cos(8-0_))

1/2
b'o ]

) X[(r +r2~2r oFcos (8-6 )+z )

2, .2 241/2
x, ~xr_cos(6 6°)+[rb+r° 2r_x, cos (6 e°)+zi]

dr b b
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o
+ —— cog{6-8 )R.n[:(
ar, o - N 2, 2 _ 1/2
3 x, -xcos (0 6°)+[xb+r° 2r_r, cos (8 eo)]

b b

' c 2 2 i 1/2
. (.xe rocos(9-9°)+[rc+ro 2r_r_cos(8 eo)] )]
2 2 24172
‘ rc—rocos(e-eo)+[rc+xo 2r°rccos(6-eo)+zi]

e

)

et e i
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| ir or
b 0 Fl
—= - cos(6-0 ) +
ra rj 8 rj [r2+r2-2r rbcos(ﬁ—a )+z§]1/2
+r cos(6-6 ) ¥ 3 1/2
Lr -x cos( -9 )+[r +x -2r r. cos(@ - 6 )+z ]
o b To'b
ar 3x >
b Fl 7
—— =~ cos(P-~6 )
Ix °© arj [x2 +rb -2r rbccs(e-e y 12
- 2 2 /2
x,~¥ cos (6-6 ) +[r°+rb-2rbrocos (8-6,) }l
d.x
0 F2
-cos(0-96 ) +
ir, 2, 2 . 24172
i 3 [ro+rc 2r x _cos (8 eo)+zi]
‘2 2 241/2
x, rcc‘:os(e eo)+[r°+rc 2rorccos(e-9o)+zij
ox
o] F2
~co5(0-0 )7— +
odry [r2+r2-2r X cos{6-6 )]]‘/2
+ 2o 2c: o ¢ () 7
x T Cos (8-8 ) +[ro+re-2r°rccos (6-6_) ]
Aza{ur(e)r(e)r)?—‘L I(z, (8,),r_{6)),x oo |}
vy im1 2’7 T2’ To’ 3rx 1’ ’

3:
to=s,

(A.1.14)
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The last texm is identically zero and I(rb(e)), rc(e), ro)
is thé integrand of Eqn. (A.l.12).

These expressions for p and their gradients should be
incorporated in the solution method of chapters 2 and 4. It is
expected that the solution of the generalized problem will be
identical to that of Ch. 4 only if the channel walls are straight
along the x direction. If the channel is modulated in width, it is
conceivable that a bubble domain could penetréte outside the
channel. This behaviour of the bubble should be particularily

pronounced for a channel with sharp reentrant protrusions.

L
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APPENDIX 2

PROGRAM DESCRIPTION

The problem of a deformable magnetic domain wholly situated
in a straight ion implantﬁed channel, formulated in Ch. 2, has been
programmed. This is a nonlinear variational problem subject to
constraints to keep the domain inside the channel.

An important part of the program, called CHABL, is the
program package FINLP2 [16]. 1In this package, the Bandler-
Charalambous technique is used to transform the nonlinear constrained
problem to an equivalent unconstrained minimax problem [17]. The
least pth approximation‘is then employed to solve the resulting
minimax problem. Although the program package includes an extrapolation
facility to e:trapolate‘to p + =, this has not been used.

A block diagram for the main structure of the complete computer
program is shown in Fig. A.2. ‘The program is broken up into the follow-
ing basic units;

(1) Main Program: Reads input data, calls FINLP2 to solve nonlinear
constrained problem.

(2) Subroutine FLNLP2: Reads optimization data, calls GRDCHK if
required to check analytic gradients, calls QUASIN to perform

optimization and calls FINAL to print final output.
»
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MAIN PROGRAM
CHAB 1
FLNLP2 FUNCT
=Yy r“““}'“‘“‘ﬁ
L —— - COEFFICIENTS |
Yes No — — e e
¥
N
I3 Pd
MINV
GRDCHK \ T
S y
— QUASIN SaM1A
FLETCHERS '
METHOD FOR
OPTIM 72 W
-~ - "'\""" = =1 SAM1B
{ OPTIM REACHED 7!
e o SEees  CUm “I —— —
Yes No J!
5 Allowed No. of I8
(Iter. Reached ? | SAMIC
5] Ced,
, v
oy \] N
FINAL SAMID
{(PRINTS OUTPUT) 1
L
FMIMAX
2 | *
A

Fig. A.2 Block bDiagram of CHABL.
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(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

123

Subroutine FMIMAX: Transforms constrained problem to an un-
constrained objective minimax problem’using the Bandler-
Charalambous technique.
Subroutine GRDCHK: Checks the supplied analytical gradients
by comparing with numerical gradients obtained by perturbation.
Subroutine QUASIN: Optimization program using Fletcher's

/

quasi-Newton method.

Subroutine FUNCT: Calculates Fourier coefficients, computes

objective functional and functional gradients, computes constraints

and constraiht‘gradients.

Subroutine SAM1A: Computes the initial induced pole density and
initial pole density gradients on channel wall 1.

Subroutine SAM1B: Computes the initial induced pole density and
initial pole density gradieﬂts on channel wall 2.

Subroutine SAMIC: Computes the mutual correction of the induced
pole density and pole density gradients by iteration.

Subroutine SAMID: Computes the pressures and pressure gradients
at the pressure sampling points,

The solution was obtained after 40 function evaluations on

the average, each function evaluation takes approximately 4 seconds

of compitation time on a CDC 6400 computer, for an accuracy of 10 .
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CONT INUE
FROGUCT OF PIVCTS
D=0*B81GA )
_REPLAGE PIVOT BY RECIPROCAL

A(KK)=1.0/81IGA
CONT IHy=

FINAL ROW ANU COLUMN INTERCHANGE

K=Y .
K2(K-1)
IF(K) 150,159,135
I=L (K)
IF(I-K) 120,120,108
JQ=N* (K-1)
JRENS(I~-L)
112 J=1,H
JR>JU+J
HOLD=ATJK)
JI=JRY)
A(JR) ==A (JI)
A(JI) =HOLD
J=M(X) i 3
IF (J=K) 100;100,125
KI=K=N
DG 13C I=1,N
KI=KI+}
HOL 0= A&X1)
JI=KI-K+J
A(KI)==ATJD)
ACJI) =HOLD
GO TO 1C0
RETURN
SUIROUTINE FLNL(N; NG, KNy 16K; X, Gy Hy Ry EPS) XE, IH, IK, X3,
N -
THIS SUBROUTINE SOLVES CCNSTRAINEC PROSLEMS
USTHG THE LEAST A(TH) AFFROXIMATICN,
COMMON /HY1/ IFN,KOQ
COMMON /HYZ/ ALFA,IA,1C,IN
GOMMON /HY53/ P,EPSC )
GIHENSION X(1)3761D), HUL), HID), EPS(L), XEWN,IK, 1), X3(1)
IF_ (h#.EQ.C) GO TQ 2 N
DATA INPUT FOR CPTIMIZATION PROGRAM
BAX=130
1PT=2
EST=1.E-23
EPSC=1.E-€
A0=1.0
PO=4.0
X{1)=2.8
X(2)=2.8
X(31=2.8 )
X(4)=2.8
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