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Abstract

The stability of the proton provides a strong constraint on models with baryon number-violating
physics arising at a scale M < 10!'® GeV. In such cases, an additional gauge symmetry is often
introduced in order to make such models phenomenologically viable. Here, we consider the particular
case where the Standard Model is extended to include an additional U (1) gauge boson that couples
to baryon number minus lepton number (B — L). Constraints are obtained on such a field’s gauge
coupling, mass, and kinetic mixing coefficient (which controls the strength of mixing between it and
the hypercharge U (1) present in the Standard Model). We derive updated bounds, relevant to the
mass range from 1 keV to 10 TeV, by considering changes in primordial nucleosynthesis, in neutrino
scattering, and in several precision electroweak observables. These constraints are overlaid in order
to determine the best constraints on the gauge coupling, as a function of mass, at various values of

the kinetic mixing parameter.
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Chapter 1

Introduction and Motivation

The goal of this report is to work out constraints on the parameters of a U (1) gauge boson, similar
to the Z boson in the Standard Model (SM), that couples to baryon number minus lepton number
(B — L). (Here, we refer to this field as the X boson.) Since we require this theory to be renor-
malizable, the parameters of interest are: the gauge coupling, gx; the mass of the X boson, My
(particularly in the range 1 keV< My < 10 TeV); and the kinetic mixing constant y, which con-
trols the strength with which the X boson mixes with the hypercharge field B,, from the SM. More

specifically, we consider an effective Lagrangian (density) of the form

L= ESM + ACB—L =+ Lmiz‘ I Eea:tra (11)

where:
e Lg, is the usual Standard Model Lagrangian;

e L;_; describes the X boson, as well as its couplings to the SM fermions (this is written out

explicitly in the following chapter);

e L,.iz is of the form
Cmia: = XB[I,U"Y“V (12)
where V,,, = 0,V,, — 0,V}, is the curl of the gauge field V,,, where V,, = B, X;
e L..tro contains contributions from a right-handed neutrino, which is required for anomaly

cancellation (this is discussed in detail later on), and a singlet scalar, which is used to generate

mass terms for the X boson and the right-handed neutrino.

Here, we focus on the physics pertaining to the first three terms of £, and so we ignore the
presence of Lzt Wherever possible. In the end, we obtain plots of the gx vs. My parameter space

(over the range 1 keV< My < 10 TeV) for various values of x, ranging from 0 to 0.3. In the case
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of the x = 0 plot, we are able to compare with [1], who considers similar observables over the same

parameter space.

1.1 Z' Physics

The Standard Model (SM) of particle physics is one the most accurate and best-tested models
in Science. Although it has many unsatisfying characteristics (e.g. the hierarchy problem), it is
in very good agreement with all experimental results, with the exception of neutrino oscillations.
Nevertheless, theorists search for a framework in which the different forces and particles in Nature
appear as a single, unified entity [2]. Many such extensions to the Standard Model predict the
existence of extra gauge bosons. For example, the SO (10) [3] and Eg [4] Grand Unified Theories
(GUTSs) both predict additional U (1) gauge fields. Also, GUTs which are based on the gauge group
SUL (2) x SUR (2) x Ug_. (1) [5] (usually called Left-Right Symmetric Models) propose an additional
gauge boson that couples to baryon number minus lepton number.

The Eg model is of particular interest since it has been shown [6] that certain supersymmetric
string theories in 10 dimensions have an Eg gauge theory as a low-energy effective field theory (see
[7] for a more detailed discussion of this). Also, it has been shown that the low-energy effective field
theories of such string models cannot contain global symmetries [8].

The SM contains four global symmetries: baryon number (B), electron lepton number (L) , muon
lepton number (L), and tau lepton number (L.). One is then left with two possible outcomes in

the context of the high-energy GUT:

1. the global symmetries are accidental, and there are some large energy scales M; at which they

are each broken;

2. the global symmetries are in fact present and, so, we would expect them to be gauged if the

high-energy theory excludes global symmetries (as in string theory).

In case 1, given that the proton decay has not yet been observed, the energy at which baryon
number is broken, My, should be at least 10'> GeV. Therefore, any theory that introduces baryon
number-violating modes at energies less than this should necessarily fall into case 2.

If the SM global symmetries are to be gauged, we must ensure that anomalies cancel. (In
the following section, we shall work out the details of this explictly.) It turns out that only the
combinations B—L (L =L.+L,+L;), Lo — L, L, — L., and L, — L, are anomaly-free in the
case where right-handed neutrinos are included in the particle spectrum. (Neutrino oscillations give
evidence consistent with the existence of right-handed neutrinos, although none have been directly
observed.) Only B — L has the added benefit of limiting the possible proton decay products such

that the predicted decay rate is phenomenologically viable.

2
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Much work has been done to understand the phenomenological implications of a Z’ field. However,
most do not include a kinetic mixing term. The notion of a possible kinetic mixing term between
U (1) gauge fields is first introduced in [9]. Constraints on kinetic mixing that arise from precision
electroweak experiments are considered in [10]; the most recent bounds are found in [11]. There
are also several papers [12] that consider constraints on a mass mixing term between the Z and Z’
(specifically, this is a term of the form L, = 6m2Z,X*). This type of mixing is not considered
here, since we assume that the B — L symmetry is broken by a SM singlet, which means that there
should not be any mass mixing with the X boson (at tree-level).

Z' studies often include gauge fields coupled to other (anomaly-free) charges, depending on the
model. Experimental searches, such as [13], quote bounds on the mass of the Z’ while assuming
charges identical to that of the Z. Others [14] derive bounds with the Z’ coupling only to baryon
number. A good resource for the various possible Z’ models is [11].

Although most work is focused on constraining the Z’ coupling(s) for masses at the GeV-TeV
scale, there are several (stringent!) constraints at lower masses as well, as shown in [1]. At low
masses, constraints on kinetic mixing arise from considering measurements of the cosmic microwave
background, as shown in [15].

In the next section, we explain the role that anomaly cancellation plays in providing support for

the existence of a B — L gauge symmetry.

1.2 Anomaly Cancellation of Global Symmetries in the Stan-
dard Model

A gauged B — L symmetry is partly motivated by the cancellation of the anomalies that arise for
the global symmetries of the SM. In this section, we highlight the relevant anomalies present with

the SM, and then show how these cancel in the B — L model.

It is generally true that any anomaly is proportional to the following trace:
Ala,b,c) = tr (T {Tp, T.}) . (1.3)

where the T,,’s are the generators for some symmetry a (an example in which this is true is given in
Appendix A; for more details, see [16]). We are now in a position to consider the anomaly coefficients
A (a,b,c) for the global symmetries of the SM. It is possible to show that all gauge anomalies cancel
in the SM [17]. This is required since gauge symmetries must couple to conserved currents, and since
currents are conserved only when gauge anomalies cancel.

Here, we are interested in the anomalies involving the four global symmetries of the SM: B (baryon
number), L. (lepton number, electron generation), L, (lepton number, muon generation), and L

(lepton number, tau generation). Therefore, we consider A (a, b, c) for a,b,c € {3,2,1,B,L,,L,, L.}

3
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(where numbers denote gauge symmetry generators and letters denote global symmetry generators)

and where at least one of a, b, ¢ corresponds to a global symmetry generator. When summing, we shall

for now only include contributions for the SM fermions. Their representations under the relevant

gauge groups are given in Table 1.1.

Table 1.1: Representations for the SM fermions (including right-handed neutrinos) under the SM
and B — L gauge groups. In the case of SU (2), the bracketed values are the fermions’ charge under

73.

v [ = | « | 4 [ v | ¥ | @ | d

L.H.
SU,. (3) I 1 3 3 1 1 3 3
0. (21 | 2(+D) | 2(=1) | 2(#1) | 2(=]) 1 1 1 1
Uy (1) | =1/2 | =1/2 | +1/6 | +1/6 0 1 | =2/3 | #1/3
T 1) | —1 =1 | i3 | H/3 | 1| =178 | —1/3

R.H.
SU. (3) 1 1 3 3 1 1 3 3
SU, (2) 1 1 1 T | 3=1) | 21+ | 21=0) | 21D
Uy (1) 0 —1 | +2/3 | =1/3 | +1/2 | +1/2 | -1/6 | —1/6
Uoaill | =1 =1 | +i/3 | ¥1/8 | 41 ¥ | =1/3 | i/

The non-zero anomaly coefficients are (recall that {7,,7,} = 2d,5 where 7,/2 are the SU, (2)

generators):
1
A(B,2,2) = Z B = (3 gen.’s) x (3 colours) x (+§> =43 (1.4)
doublets
A(B,1,1) = ZBY2—3X3X (2 per doublet) +l +1 ’
Y =) - - — p 3 6
(DY (22Y _1) +1)2
3 3 3 3
3
= (1.5)
ALe,2,2) = Y, Le=+1 (1.6)
doublets
1 2
A(Le,1,1) = ZLEY2 = (2 per doublet) (+1) <—§) +(=1) (417
all
]
= -3 (1.7)
A (Lg, Ly L) = Z L? = (2 per doublet) +1)% + (-1’ =+1 (1.8)

all

(The results for L,, L, are identical to those obtained for L..) Note that, with the exception of the

4
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last anomaly, cancellation occurs for the linear combination B — L (where L = L. + L, + L;), i.e.

AB—-1L,2,2) = (3)—-3x(1)=0 (1.9)

AB-1L,1,1) = (—g) -3 X (—%) = 0. (1.10)
However, we still find that

AB-L,B-L,B-L)=0-3x(1)=-3. (1.11)

This last anomaly demonstrates the need for additional fermions in the gauged B — L model. Since
this anomaly must vanish in order for B — L to be a gauge symmetry, we introduce an additional

fermion in each generation that is:

a) a SM singlet (so that it doesn’t disturb the usual anomaly cancellation amongst the SM gauge

groups);
b) has charge (B — L), such that A(B—-L,B—-L,B—L)=0.
Satisfying requirement b) gives

A(B-L,B-L,B-L) = 0-3x(1)+3%x(B-L),,=0
= (B-L),,=+1 (1.12)
(Strictly speaking, the requirement is only that we have n generations of singlet fermions with
B — L charge 3/n. However, since all other fermions come in three generations, consistency suggests

that n = 3.) This means that left-handed antineutrinos have lepton number —1 (i.e. right-handed

neutrinos have lepton number +1).

With this choice, it is now possible to ensure that A (1, B — L, B — L) also vanishes:

> Y(B-L)?

R () ()

= 3 {3
+2 (_1> (=1)° + (+1) (+1)* +(0) (+1)2}

2
1 2 1
- sla(F-z+3) -1+

= 0 (1.13)

A(L,B-L,B-1L)

as required.
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1.A Appendix: Abelian Chiral Anomaly Example

As an example [16] of an abelian chiral anomaly, consider n massless fermions coupled to a massless
spin-1 field:
1 LA
Ley = —ZF;WF/’W — Z ’l[)aw’l,l)a (1.14)

a=1
where ¥, = ¥} (i7°) , Flw = 0,4, — 0, Ay, D =*D,, = v* (9, — ieqaA,), e is the gauge coupling
strength, and g, is the charge of the ath fermion flavour. It is useful to split Lz, into free and

interacting parts:
ACE:M == £o + ['int (115)

where
1 _
Eo = _ZF;WFMV . Zd)aawa

Ling = ieAquall—Ja'Y“%

The total Lagrangian is invariant under a local U (1) symmetry:
Ya (z) — ¥, (z) = =E)tday, () (1.16)

(provided we transform A4, according to A, — A;L = A, + 0ue.) In terms of the notions introduced
for general Lie groups in the previous section, this U (1) symmetry group has only one generator,
Q = )"} @abap and so fab¢ =0 Va,b,c. Because of this, the U (1) group is referred to as an Abelian

group. The Lagrangian Lz, is also invariant under a global chiral symmetry:
¥ (2) =¥ (2) = 5y (2). (1.17)

Here, 1 is taken to mean a vector with the n Dirac spinors as entries and R, like @, is diagonal and

real.

Anomalies occur when a classical symmetry (i.e. a symmetry of the classical action) is broken
when considering the corresponding quantum field theory (i.e. the effective action including higher-
order loop corrections). Ultimately, this occurs because it is no longer just the classical action
that must obey the symmetry; in a quantum field theory, observables are constructed from vacuum

expectation values of time-ordered products, which can be calculated using path integrals as follows:

[ DADYDYO;...0,¢™
(T [OlO"D - f 'DA'D’(ﬂD'lZCZS

(1.18)

6
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Here, S = f d*xz Ly is the classical action and

DA =][[PAu Dv=]]Dv..
I a

Due to the form of L;,, it turns out [16] that O;...0,, must be composed entirely of combinations

of A, and Yay*1P,. A tool of great use is the generating functional, defined as follows:

Z[J] = /DADQﬁD’(ZJ exp [i/d‘*z(ﬁw +J/‘A“)} . (1.19)

From here, time-ordered products can be generated by taking successive functional derivatives with

respect to the J’s. For example,

(T [AuA,]) = [ﬁ (—z%) (—iéil/) Z[J]] =

Since we are mainly interested in considering how the fermion fields transform under the symmetry

groups, let’s define
gVl = / DyDipe’s (1.20)

so that now we have

Z[J) = / DAexp [iW [A] + / d“:z:J“Au] (1.21)

From here, it is clear that, if we want our observables to be invariant under some symmetry amongst
the fermions, we should require that W [A] be invariant under the symmetry transformation. How-
ever, W [A] includes not only the classical action, but also the functional measures Dy and Di. It
can be shown [18] that, under a transformation v, (z) — ¥/, (z) = U, (z) ¥, () , the measures Dy,

and Dy, transform as

Dy, — Dyl = (Detidy)” Dy, (1.22)
Do — Dy, = (Detldy)  Diq (1.23)

where the calligraphic U is used to denote a matrix over coordinates, as well as Dirac indices:
(| Ua ly) =Ua (z) 6 (z - y) (1.24)

and where a capital determinant (and, later, the capital trace) includes coordinate space.

In the case of the gauge transformation 1.16,
- : T " s
'(/) — '(p' = ('L[}/)Jr (170) = (eZE(z)Qw) (i,yo) — ¢T€_15($)Q (i,yO) — we—zs(z)Q

7
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and so
U(z) =e *@Q =y~ (z). (1.25)
This means that
(Detld,) ™" = Detld, (1.26)
and, as a result,
'DL/);DUTJIa = Du"'apd—’a- (1.27)

Therefore, the gauge symmetry is free of anomalies, since W [A] is invariant under the symmetry
transformation. The situation is not nearly as trivial for the chiral transformation: here, we find
that

b — P = (eisRvsw)T (i7°) = ylemieRs (i40) = getichrs
(since {yu,75} = 0) which gives
Detid, = Detl,. (1.28)

and so

Dy, DY, = (Detiy) > Dipa Dila. (1.29)

Now that we know that W [A] is not invariant, we would like to use this form of the measure in
order to calculate how much by which W [A] has deviated. That is, we would like to re-write the
factor (Detld,) 2 in an exponentiated form. This is done by recalling that Det( ) = exp (Tr (log( )));
since U, is diagonal in coordinate space, (z| (logi,)|y) = log ((z| U, |y)) which gives

Tr (log(U,)) = /d4xTr (x| (logUy,) |z) = /d4z(5(4) (z —z)Tr (logU,)

= is/d4x6(4) (0) tr (rays)

which is clearly divergent. Regularizing this [16] gives

(Dettd,) ™% = exp (352:‘:2 / d%s“"”"FwFpg) (1.30)
where £#YP? is the completely antisymmetric rank-4 tensor, with £9123 = +1. The #¥# tensor is
obtained by tracing the 75 with four gamma matrices (one for each power of the cutoff A) which
arose in the form of )/A due to the requirements of Lorentz invariance and gauge covariance. The
included gauge fields give rise to the factors of F,, with which the é#”?? tensor contracts. All in all,
we find that W [A] — W' [A] = W [A] 4 W, where §W is given by

oW = — <Zra> 16€7r2 /d%a"””"FwFpo. (1.31)
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From here, it is clear that (for n # 1) if the r, were chosen carefully, their sum could be constructed
to equal zero, thus preserving the chiral symmetry at the quantum level. This is what is meant by
anomaly cancellation.

In quantum field theories with more sophisticated gauge groups, the F},, terms exist in particular
representations of their respective gauge groups: F),, = Fj;, T, and so the final trace would not be
over just R, but over the generators corresponding to each of the gauge fields as well. In fact,
it is generally true that every chiral anomaly, regardless of whether the corresponding symmetry

transformation is global or local, is proportional to a symmetric coefficient, A (a,b,c), given by
Ala,b,c) = tr (To {Tp, Te}) - (1.32)

The last two generators are symmetrized, as these are the generators belonging to F,, and F,,, and

since 0W is unchanged under exchange F,, < F,, (since e"VP? = +4gP7H),
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Chapter 2

The Kinetically Mixed B — L. Model

The goal of this chapter is to derive a formalism in which the effects of the extra gauge boson can be
easily included when calculating observables. Here, in order to avoid confusion with the ordinary Z,
we avoid the use of Z’ to denote the Us_,, (1) field and instead use X. We find that, as in the case of
the photon, the X boson mediates a force between any particles charged under B — L. However, since
additional long-range forces between macroscopic objects with B — L charge are tightly constrained,

we allow for a mass term for the X boson which suppresses the corresponding potential exponentially

(ie. V(r) <t — e_':zr), similar to the case of the weak force carriers, W*, Z. However, since
this mass term is forbidden by gauge invariance, we introduce a SM singlet scalar field ®, similar
to the Higgs field, which is charged under B — L and couples to right-handed neutrinos through
Yukawa interactions. Therefore, as ® acquires some vacuum expectation value (VEV), both the X
boson and right-handed neutrinos acquire mass terms. Since the purpose here is to focus only on the
parameters describing the X, we shall ignore the contributions to the total Lagrangian representing

both right-handed neutrinos and the two Higgs fields.

2.1 The Mixed Lagrangian

We begin by considering the Lagrangian obtained after spontaneous symmetry breaking, ignoring
the strong and charged current (i.e. interactions mediated by W*) sectors of the SM Lagrangian.
The relevant fields are: the third component of the SU (2) gauge field triplet, Iij’; the U (1) field
coupled to hypercharge, B,,; the fermion fields f;, where 7 labels colour, flavour, and generation, as

appropriate; and, of course, the B — L field, X,,. More specifically, the Lagrangian of interest is

L= Ekin =+ ﬁm;i:c Eo [’mass + Ef (21)

11
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where
Luin = —gWa, W8 — 2B B — 2R, R0 (2.2
Loniz = +§§W\~”‘ (2.3)
Lrnang = —-% mgfv”j - moéu) (mdrﬂf - moé”) - Tr;fi X,LX"‘ (2.4)
Ly = = Fi(@+mi)fi+i <92 an“T?PLfi> w3 (2.5)

+i | 51 Z?i"/# (YiL P. + YirPr) fz) Eu +1 <9x Z?ﬂﬂ (= L)i fL> X'u

and where V,,, = 9,V,, — 9, V), for each V), € {WS, E#, )2”} . The masses m3 and mg are defined (as
in [17]) in terms of the standard model gauge couplings g1, g2 and the Higgs VEV v as follows:

mg=—, mop=—. (26)

and the charges of some fermion f; under Wﬁ‘, B,, and X, are represented by T3, Y, ) and (B — L) iy

respectively. The projectors P, and P are defined as

P = (1 —5).

N =
DN =

(1+’75)7 PR:

These are used to give the left-handed and right-handed fermions different charges under B, and
w3,
N

Defining the gauge field-valued vector V to be

w3
v=|B|, (2.7)
X
we can rewrite the above Lagrangian as
1~T Va1 1~T Va7 S TTII
L= —ZV;WKV — §Vu MVH +4J,V (2.8)
where
1 0 0 m3 —mamg 0
K — ]. _X 3 A/[ = |—m3myo mo O 3 (2 9)
0 —x 1 0 0 m%

12



MSc Thesis - M.R. Williams - McMaster University - Department of Physics and Astronomy

and B
J3 QZZfi’YquPLfi
o i
Jy = JI = ngfi'Y,u (YiLPL‘*‘YiRPR) fil . (2.10)
J:AL gx Z?i’yu (B_L)ifi

2.2 Diagonalization

The goal is to redefine the gauge fields in such a way that K = I (the 3 x 3 unit matrix) and that M
is diagonal. We begin by performing the usual weak-mixing rotation to diagonalize the weak sector

of M (note that this sector, by design, has a zero eigenvalue corresponding to the photon):

cosfy sinfy 0| | Z’
V=0,V'=|-sinf, cosb, 0| |A’ (2.11)
0 0 1 [ X’

(where cosby, = —=2— = ¢y and sinf,, = ——2— = s,;;) which gives
V9it9;3 91+93

1 0 XSw m2 0 0
K'=0fKOL,=| @ 1 —xew|, M=0TMO1=(0 0 0 (2.12)
XSw —XCw 1 0 0 m2

where m, = § (97 + 93) v?, as in the Standard Model. We also find that, under this transformation,

13
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J,, becomes

JL = 0O{J,= Jgsw + ) cw
Jf’L
Zfﬂ'u [(92CwTi3 - glswyiL) P, — glsnrYiRPa] fi
- Z?i'ﬂt [(QZSWT? + QICWYiL) P, +910wYmPR] £l =

jB—L

/1B—L
JM

(2.13)

We design the now massless field to be the photon by letting gosy = gicw = e (: Vdra) and

Qi =T? +Y;, = Yir. With these definitions, we now have
Jl'f = e Z?ﬂuQifi
i
JE = 89_:, me [(c2, T3 — s2Yi,) P, — s2YinPr) f:
_ sg_vlv > Fowu (% + ) TPP. — Qusl, (P + Pa)] fi
e

= > T (TPPe — Qis},) i

SwCw

Note that, in terms of a generic form

TV =ev Y Fiwu (97.Pe+ g5.Pr) fi

(3

we can identify

e e [
T €Es=E€ €x = 0x

glz,i :ng - Qis?\;v ) g[i‘i = Qi ) gfi = (B _L)i :
9% = —Qush, 9 =Qi gm=(B-1L)

€z =

The new Lagrangian then becomes

L = _lvlTKlV/p,U _ lp’/TA,/[IV/IL + ia]ITV/”.
4w 9 K 7

From here, we diagonalize the kinetic term by letting

1 0 —=Xw "
Ve | [z
vi=pvi=o 1 e | |
0 O T X/I
1—-x2
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which gives

1 0 0
K'=sL"K'L= {0 1 0 (2:20)
0 0 1
m3 0 —-m? J—%‘;Q
M =L"M'L= 0 0 0 (2.21)

2 2.2 2
—m2 2w g Dximzx sw

V= 1=x?

JIZ
n
I =IFL,= oy’ (2.22)
_\/Xlswz‘];t2+ \/XCW JIA \/11 J/B L
X

(Note that, given the above expressions for L and Oq, it can be explicitly checked that LO; = O, L.
This means that weak mixing does not influence the way in which we should diagonalize the kinetic

terms.)

For later convenience, we introduce the variables n and cy, defined to be

X
R (2.23)
1—x2
mx
= — 2.24
Cx ™, ( )
which simplifies the above expressions for M" and J;:
1 0 —NSw
M"=m2| 0 0 0 , (2.25)
-nsw 0 c% (1+n?) +n?s?
JIZ
7
J! = e . (2.26)

—nswd,Z +newdt + /1 +n2J 7"
(Note: ¢y should not be associated with a cosine, as in the case of the weak angle, when my > m.)

Finally, we diagonalize the mass matrix by letting

cosae 0 —sina| |Z
Vi=0V=1] 0 1 0 A (2.27)

sinae 0 cosa X
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where « is implicitly given by

—2nsw
tan 2o = . 2.28
=@ - (5% e
The final Lagrangian is
lor o M2 . M3 P
L: — _ZV,U.UV = TZLLZ = 2 XuX + ZJ“V (229)
where
m2
M2, M2 = 72 [1 +n?st +c% (L+n%) £ \/(1 —n2s2, —c2 (1+72)% + 40233‘,] (2.30)
signs are assigned so that M7 — m7 an x — my asn — () and where
+ si igned hat M2 2 and M2 2 0) and wh
J/? cosa +sina (—nst,’f + ncWJ!’f ++/1+ nQJl’LB‘L) JuZ
Jp = Jip =| |- (2.31)
—J,Zsina + cosa (—nsWJl’f +new i+ /1 + anLB‘L) Jgr

2.3 The Small » Expansion

Given the result obtained in Equation 2.30, it is clear that, for arbitrary 7, it is possible to tune
the initial mass term m, so that the physical Z mass has the correct value (regardless of the value
of my). However, since the SM is in good agreement with experiment [19], we expect the so-called
“oblique” corrections [20] (which are discussed in more detail in the following section) to be small.

In particular, the fractional correction to the Z mass, defined to be (as in [21])

2 _ 02
c=Mammy (2.32)
mZ
should be small. From Equation 2.30, we find that (using K = n?s2, +c% (1 +n?))
1
2= (K -1- \/(K =1 +4n2s§‘,> (2.33)

It is clear that, for arbitrary values of cy, it is possible to choose 7 to be small enough so that z
is also small. Since we expect z to be small (because the SM gives reliable results), it makes sense
to perform an expansion in 7, which will be valid for most values of cx. It turns out that such an

expansion is most unreliable near cx = 1; we consider this in more detail shortly.
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Expanding about 7 = 0 in Equation 2.30 gives

2
M2 =~ <1+ —a’ 2+0(n )) (2.34a)
2 62
M2 ~ <1+ 1_—77 2+0(n )) (2.34Db)
and so
s%V

Since the first correction terms are of O (nz) , we shall expand all of our expressions up to the
same order. In particular, this gives
~ sty 2 4 : =~ sw
cosa—l—mn +0(n*), sina~ -2 r)—i—O( . (2.36)

Before continuing, it is informative to first consider the values of my for which a perturbative

expansion in 7 is appropriate. For example, consider the percent relative difference between cos «

and its expansion up to O (n?):

cosa — 1+ —ﬂ"—fn
(1 cx)

Cos

e(nck) =

x 100% (2.37)

A plot of this function is shown in Figure 2.1.

This graph shows that, for small values of n (specifically, for values of n € [0, 0.7]), the expansion
up to O ('r)z) is valid to within 0.5% for most values of m y, with the exception being those values of
my within about 20 GeV of the Z mass. Therefore, we can trust the validity of this approximation
for any combination of n and my, except for those with both larger n values and an my value
between ~ 70 — 110 GeV.

It is useful now to introduce the variable

2
siz1-c§=1—%§, (2.38)
zZ

which simplifies Equations 2.34 and 2.36. (Note that the use of s% is meant only as a memory

tool because of the similarity in definition between it and s2, = 1 — —5‘4 and that it should not be

my

assumed that s% € [0,1].)

Before continuing, note that when considering expressions of the form n/s%, the expressions

s2 =1—m2%/m? and s%2 =1 — M2 /M2 can be used interchangeably. This is because
=1~ M2/M2 0 (1)
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Plot of € as a function of my

5 | IIIIIIII I Illl!i; I lIIlIlII I Crrrrn

L % g eg 1 111 00] L L

0 B U R A IJ L )
10° 10’ 10° 108 10%
my (GeV)

Figure 2.1: Plot of € (,c%) as a function of m.

and so corrections to 7/s% arise at O (n%), which we are neglecting here.

With this new definition, we now have

s2,
M2 ~ (1 + o2 —n ) (2.39)
2
M2 ~ m% (1+( - —2W) ) (2.40)
X
JZ ~ J'7 Sw J'B-L w J'z J'A 1 285 w2
s = —nz i 7]3—2( swu+cwﬂ)—2nsJ (2.41)
X X X
1 2
Jit = PR —nsw i 4 newdt + nz—;lJ,’LZ te (1 - ‘%") n?JPr (2.42)
X SX
Therefore, if we define
AJZ = JI-JF=e, Zhu (69L: Py + 6gr:PR) fi (2.43)
AJYX = —-JX= Z " (0ky, Py + 8kr.Pr) fi (2.44)

(where we absorb an overall factor of gx into the dk terms so that they have a well-defined limit as

18
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gx — 0), then we find that (recall that 1 = P, + Py)

Sw gx 23%V 3 1 253’ SM
(6gL); = Ny (B—L);+n 2 (T? - Qi) - Uy (9:);
X 4 X X
(Ga = —n228E (B L), - PiEQ, - Ippt (g2n)
gR i == TIS?\, ey i ’7 S?\, 1 271 S:{, gn g

d 2 2

= Sw g Sy i 1 ,s ;
(‘)gun))i = -7 S; e_\’ (B - L)i + ’72 S; [(gf(‘;z))L - QiC%v] - 57723_2/ (gf(‘zg))i (2.45)
X 4 X X

(where (g5™), = T? — Qis%,, (95™), = —Qis%,) and that, similarly,

< 1 1 82
(Okimy); = — (1 - s—2> swez (92im); + NeweQi + 5 (1 ~ s—;") ngx (B — L);. (2.46)
X

X

Here, we use the notation =~ to denote equality up to terms of O (n®) or higher.

From here, the next step is to consider the effect of kinetic mixing on the electroweak parameters
in the SM.

2.4 The Unmixed Lagrangian and Oblique Corrections

Up until now, we have only considered a particular sector of the Standard Model Lagrangian (Ls,,).
However, since the rest of Lg,, remains unchanged by the redefinitions that we have made above,

we can now write an effective Lagrangian of the form

Lesf = Lsm +0Lsy + Lx (2.47)

where
0Lsy = —g—m'ﬁZ#Z“ +iez (Z Fiv* (69.: Py + 8griPr) fi) Z, (2.48a)
Lx = —EX,WX”” = %'%X,LX“ (2.48b)

+i <Z?i7u (gx (B - L)i i 6kLiPL + 5kaR) fl) XH

Note that, in this formalism, X, is decoupled from the weak force gauge fields at tree-level, and that
the perturbative effect of kinetic mixing on the Z mass and the neutral current couplings (up to
O (n?)) is encoded within §Ls,,. Also, in the limit of no mixing, the expressions for z, §gr,(r):, and
0k (Ry: reduce to 0.

From here, we can shift some parameters in the SM in order to accommodate for the presence

of 0Ls,;. These small changes in the constants can then be propagated to produce corresponding
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changes in observables.

It is practical to choose the input parameters of the theory to be the most accurately measured
electroweak constants. These are: e (or a = e2/47w), G, and M, (as well as the fermion masses and

the CKM matrix elements).

We have already seen that the prediction for the Z mass is shifted as a result of kinetic mixing.
In order to cancel this effect, we choose the m, parameter in Ls,, such that the prediction obtained

from Lss is the measured value (up to terms O (z?)):

my = M, (1 - g) (2.49)

As for e, it does not change under the previous field redefinitions since J’;‘ = J”;‘:
e=¢€ (2.50)

Here,  denotes dimensionless constants found in Lg,,, in order to distinguish them from the corre-
sponding constants in L.ss. (For dimensionful constants, as in m, and M, we use lower/uppercase
to differentiate.) Note that the original definition of €, € = ga3S, still holds. However, it is important

to note that e = € does not imply that g = g» and s, = Sy as well.

Finally, when considering muon decay, Ls,, and L.fs both predict the following expression (at

tree-level) for Gp:
Cr B . __< (2.51)
V2 8mi  85%cmi '

To determine the z-dependence of 52,, we first use the above equation to define the value of s2, in

terms of our input parameters:

V2e?

2 g Y = K
sy (1—s3) = RCL (2.52)

From here, we choose the z-dependence of 32, so that Equation 2.51 reproduces the experimental

value of G (i.e. it cancels the z-dependence already present in Equation 2.51, to linear order in z):
2 2 2 9
SwCw = Swey (1 +2)

which, in turn, implies that

5 =&, [1 o Eﬂ—z] : (2.53)

From here, we can calculate the total change in the coefficients g,; and gz,, once these shifts of
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parameters are made, by considering the portion of L.s¢ coupled to Z,,, Leff ne :

SWCW

Lefrne = (Zf 7" (TP P, — Qi3Y,) fs (2.54)

+Z?i7u (09.:P. + 0griPr) fL) Zy,

2

iswecw ( = _) Z fi Y |:T‘5PL Qz Sw (1 + cwcws2 Z>] fi (255)

Zf Y 6ngPL +59R1PH) fz

12

+

SwCw

Lesrne =~ Lsunc+i

|

SwCw

x> (—% o W)_ Q.Z;‘%HQLI)PL fiZ,  (2.56)
7 +( % Ql w ZQTME—‘*‘(SQ&)PR = '

Ciyy—S

By referring to [21], we can find definitions for the conventional “oblique” parameters, first
) q p

introduced in [20]. These give

aS = aU=0 (2.57a)

2
ol = —z= 772 — (2.57b)

SX

In terms of these parameters, we have

ol 32,c2,

(AgL(R))i g,s‘é\,l;), + ol -2 QL+(59L(R)1 (2.58)
2 _

H’

in agreement with [21]. Alternatively, we can write these expressions explicitly in terms of 7, gy and
IV[,Z(:

2
(Bguw); = ;772%%5(‘,2). = %Q
2 2
FE (B L)+ (ol - @) - g e,
o Swr g\ 92_ c2 44 )
(AgL(R))Z- = Sg( o (B L) é (2 X QL(Rﬁ + QL 232 ) (259)

Note that a similar procedure could be pursued to calculate additional shifts in §k, s for the

X boson. However, since the SM parameters all appear in terms proportional to 7, corrections are
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O (n®) and can, therefore, be neglected. Therefore, we simply have that

R 1 1 s2
(Akpiry); = (Okriry); = =1 (1 = ?> Swez (gf;‘,’a))i+ncweQi+§ (1 - s—;") n’gx (B — L),. (2.60)

X X

In summary, we have used field redefinitions to show that the X boson contributes to observables
through: a) shifts in the SM couplings; b) additional couplings to X* of the form J,X*. With
this new formalism, we obtain constraints on the B — L parameters by calculating predictions for
experimentally observable quantities using L. s ¢. The purpose of future chapters is to describe several

such quantities and to use them to obtain bounds on 7, gx, and M.
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Chapter 3

Constraints on Electroweak

Observables

In this chapter, we consider the influence of the kinetically-mixed X boson on various electroweak
observables. We begin with two observables that are unchanged by interactions with the X boson at
tree-level: the W boson mass and the decay rate for the process Z — [71~. These constraints arise
solely due to the presence of the kinetic mixing term. We also consider a process that receives tree-
level contributions from X boson interactions: the cross section for electron-positron annihilation

into hadrons evaluated at the Z pole.

3.1 The W Mass

Our aim is to constrain 7, My, and gx by calculating their contribution to the change of the W
mass from its value in the Standard Model. Since current measurements of the W mass agree with
the Standard Model value, the experimental uncertainty places a bound on how big these variables
can be without causing the model to produce unphysical predictions.

We know that the above field redefinitions do not change the constant in front of the term
IVJ WH in the SM Lagrangian, so the W mass only receives corrections due to its definition in terms
of m2 (= M2[1+aT]) and 32, (= 52, [1 - ﬁ;z—az’]):

Cw —Sw

w

M2 (1 +aT) l1 — &2 (1 — —:,i',)—aT)]
Cw — Sw

2 ~2
Mg = iz, = mzzEQW = mi (1 - s;v)

82
= ]\/[g (1 = S%V) (1 +QT) (1 + ﬁaT)
2 2 8%
~ I\/IZCW |:1 +aT (1 + C%‘,——Sé‘;>:|
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In general, the W mass will also receive loop corrections that alter the tree-level expression
M, = M,cy,. However, since these corrections are known to be small, we can neglect their product
with o7 (another quantity expected to be small) in the above expression for M2,. Therefore, if we use
the notation (z),,, to mean the value of = that is obtained using Ls, (including loop corrections),
we find that "

M2 = (M2),, [1 + %aT] (3.1)

w SW

From here, we can calculate AMy, = My, — (My)g,, :

1 2 s M3 sl n’*
fy =~ Mgew |s52u (P2 )| = S22Y
A-Z\/W zCw [262 —33;/ ( 7 3%{)] 2 C%V—S%V (]VI)%_]\/IE)

w

n? 3

S a—F ] 2
M2 —Mg) G (2

AMy,

1.10 x 105(

This is in agreement with the result given in [22] in the limit where My > Mj; [22] quotes this

result as

250 GeV)2

7’ 2

Given that, from experiment, AM;, < 0.025 GeV [23] (1o uncertainty), we can plot the implicit

constraint on 7 as a function of M. This is shown in Figure 3.1.

Plot of the Constraint Associated with the W Mass

n 10" —& ‘
j \ Z

My (GeV)

Figure 3.1: Constraint obtained from limiting the influence of kinetic mixing on the SM value of the
W mass. The excluded region is shaded.

Note:
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e the strongest constraints on 7 exist near the Z pole (i.e. when My ~ M) (note: the bound

should not be trusted for My arbitrarily close to the Z pole - see Section 2.3 for details);

e when My <« M, the bound becomes simply n < 4.4 x 1072 as the M -dependence vanishes.
This is expected from the form of Equation 3.2;

o when My > My, it’s the ratio /My that is constrained: n/My < 4.8x10™* or (%) (1N'f§v) <
1.

3.2 Z Decay

The Z decay rate has been measured with great accuracy at LEP and SLC (for details regarding
their analysis, see [19]). The PDG [23] value for the decay Z — [Tl~, where [ can be any of the
charged leptons, is T'j+;- = 83.984+0.086 MeV. Since the SM agrees with this result (which is [23]
83.988 +£0.016 MeV), we can use the experimental error to constrain the correction to the SM value
due to the X boson. To obtain the correction, we calculate the decay rate of the Z boson into some
charged fermions using Ls; given in Equations 2.47 and 2.48. This is shown explicitly in Appendix

C (some of the techniques used there are first discussed in Appendix A). We find that

M ,e?
L+~ = Q;rz (97 +92)

where

g = gi"+Ag

1 Sw Jx s2 [ c2 i ck
of, sl gl _afw G [ 5 ) __Gw |
o W+ns§<ez 4 s | 252 gk Ty 2 — 82,

(8;. is a Kronecker delta function: §,, =1, 6,5 = 0.) Substituting this expression (and keeping only

terms up to O (n?)) gives an expression of the form
Fl'*’l‘ = (Fl*‘l* )SM I A (842‘() gxm I [B (S?\’) +gz2YC (32‘()] 772'
Requiring that T'j+;- — (T4, )4,, < 0.086 MeV (1o uncertainty) then gives an implicit bound on
the parameters gy, 7, and M. Using Maple, plots of these bounds have been generated for various

values of 7. These are shown in Figure 3.2. (Note that oy, not gx, is used as the y-coordinate.)

A few features should be highlighted:

e In all four plots, there is a small region containing allowed g /My combinations that is found,
for My < M, between the upper and lower limits of this bound. It is for this reason that the

upper and lower limits have been distinguished in the plots;
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o At large My, the slope is found to correspond to the ratio gx/M?2 being constrained. This is,
in fact, expected from the form of the g;, whose linear term in 7 is proportional to gy /M2 for

large My;

e As 7 grows larger there is a point, similar to the one found when considering electron-positron

annihilation, at which even very small gauge couplings are ruled out for small M.

The bound in the limit where My < M is shown in Figure 3.3.

Bound from I'i+- for My << M

T TTTTT

\

ok :

i N i

10-7 | I s N 1L s Lot
107 1072 107 10°

n

Figure 3.3: Plot of the constraint arising from considering Z decay into leptons in the limit where
My <« My. The upper bound (AT' = +ATlep.) is marked with blue crosses; the lower bound
(AT = —AT exp.) is marked with red squares. Excluded regions have been shaded out.

This plot still exhibits a thin region of allowed gx/My combinations, even past the cut-off for

small gx at n ~ 0.08, although this region shrinks for larger 7.

3.3 Electron-Positron Annihilation

We are now interested in calculating the cross section for the process ete™ — ff in the case where
the incoming electron and positron have a combined energy (in the centre of mass frame) equal to
the rest mass of the Z boson. The reason for this is that very accurate measurements [19] have been

performed of this cross section at this energy and so deviations from the SM are expected to be well

constrained.
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The relevant tree-level diagrams all contain a mediating gauge boson (either the vy, Z, or X') and

are shown in Figure 3.4.

Figure 3.4: Relevant tree-level Feynman diagrams corresponding to electron-positron annihilation.

The relevant part of the Lagrangian is of the form

E=Ls+Lin
where
1 v 1 (224 L v 1,12 7 1.2 7
L, = _ZF“”F —ZZWZ _ZX’“/X —51\/[ZZMZ —él\f[xX,lX
- Y F@+mp)f
f=e,u,d,s,c,b
and

Lig= ¥ Yo eV (Fr TYS).

V=A,Z,X f=e,u,d,s,c,b

Here, we use an abbreviated notation to represent different gauge fields as follows:

Au €, V = A Qfa V = A
Ve=92Zu (s ev={€es= swecw’ Z¢s P}/ =
Xy gx, V=X g%

gfLPL +grrPr, V=2
(kfoPo+kfrPr), V=X

(3.4)
(3.5)

(3.6)

(3.7)

(The factor of gi\, in the definition of I'} is included to ensure that the kf;’s have a well-defined limit

as gx — 0.)

A rough sketch of the calculation is as follows (the explicit calculation can be found in Appendix

A): we begin by working out the matrix elements (f (K, €) f (p/, ()l Slet (k,7) e (p,o)) (assuming

single-particle eigenstates of the free Hamiltonian in the initial and final states) up to leading order
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in perturbation theory. S is known as the scattering matrix (in the interaction picture):

BeT [exp (z /_ : @ # Lo (r)ﬂ

Here, T denotes the time-ordering of operators. For convenience, we define M such that
(FflSleter) =1-iM(2m)" 6@ (p+k— K ~p')

Here, leading order in perturbation theory consists of contributions from those graphs shown in

Figure 3.4. The Feynman rules for tree-level graphs are also given in Appendix A.

Using the matrix elements, we can calculate the corresponding cross section using the following

relation:

g .
o(ete” — ff) = 167rs< Z|M|> (s +t+u)dudt (3.8)
where s, t, and u are the Mandelstam variables, as defined in Appendix A (Equation 3.34). Here,
1
7D IMP = Ne [ (1420 O + 1 4nn () ) w? + (J4za () + [ 4ne ()1 £2) (3.9)

where the % > denotes that we have averaged over all spins in the initial statc and summed over all

spins in the final state, and where

Qe Qf Geidfj keiky;
A (o) =P 2 J J ;
phe)=e T T MZ T, M, | 5= M2 +iTxMy

(3.10)

(Recall that factors of gx are absorbed into the ky;’s so that they have a smooth limit as gx — 0).
In this expression, I'; and I'x are the full decay widths for the Z and X boson, respectively:

20

r, = Z.= fé“t [(920)” + (9rs)*] e (3.11)
M

'y = 24; Z [ LLf + (kry) ] (3.12)

(A derivation of the first of these expressions is given in Appendix C.)

It is also important to note that, in deriving the above differential cross section, the assumption
was made that the fermions in the initial and final states were much lighter than either the Z or the

X boson (i.e. m?/M‘z, < 1lforallV e{Z X}, fe{eu,d,c,s,b}).

To find the total cross section, we simply integrate Equation 3.8 over u and t¢:

o (et — 1T) = o

= (1422l + | Aral + |ALrl® + | Are )
(Note: u,t € [—s,0] in the limit of massless fermions).
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3.3.1 The Hadronic Cross Section at the Z Pole

A quantity that is measured accurately at LEP and SLC [19] is the cross section into hadrons,

Ohad (8) = Z o(ete™ — ff)(s),

f=u,d,c,s,b

evaluated at the Z pole (i.e. when the centre of mass energy, E.n, (= v/s) = M,). Note that the sum
over fermions does not include the top quark; this is because its high mass excludes it as a possible
final state fermion-antifermion pair due to energy conservation. Its experimental value is measured
to be 41.541 + 0.037 nb [23]. In order to obtain a bound on the X boson parameters from this
quantity, we must not only include the effect of an extra mediating field, but we must also use the
adjusted fermion couplings, as demonstrated in the previous chapter (see Equations 2.59 and 2.60).

Specifically, we let gf; = gfi + Agyi and kf; = gx (B — L)f + Aky;, where

A . Sw Jx B_1L 2331' 2\: 4
gfi = —YIEZ( ) s?{ 952 5 9fi T+ G5 2 32
1 1 2
Akp; = -7 (1 - ) Swezgfi +neweQs + = (1 — s_) n“gx (B — L)
X X

All in all, this results in a very non-linear form for Achad (9x, Mx,1) = Chad (9x, Mx,n) —
Ohad (0, My,0). (This notation assumes that the cross section is being evaluated at s = M2.) Nev-
ertheless, we can program this convoluted expression into a computer algebra system (Maple was
used here) and expand it, for the sake of consistency, up to quadratic order in 7. From here, we can

produce a plot of those values of gx and M, for a particular value of 7, that satisfy the constraint
|Achad (9x; Mx,n)| = 0.037 nb

where Aopaq (s = M2) |ezp. = 0.037 nb (1o uncertainty) is an estimate of the maximum amount
by which the existence of the X boson is allowed to change the value of 0,44 (s = M g) without

producing a disagreement with experiment. A plot of such values is shown in Figure 3.5.

Here, we have fixed the range of My values to be from 10 GeV to 1 TeV. The lower limit is
a result of the quantity being considered; since the hadronic cross section includes contributions
from the bottom quark (with mass m; ~ 4 GeV [23]), and since we have made the assumption that
mE/M?% < 1, we should only trust the results of this analysis down to about My ~ 10 GeV. The
upper limit is fixed as a result of the constraint losing its practical value; for all values of 77 being
considered here, the bound in the region My > 1 TeV eliminates only values of ax for which the

perturbative calculation considered here would not be trusted anyways.

There are certain features of these graphs that can be confirmed from the general form of the

above expressions:
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e in the region where My < M,, we would expect the mass dependence to drop out, since M«
always appears in the above expression for Acpeq (9x, Mx,n) in the form of s2 =1— M2 /M2,

which approaches 1 in this limit;

e in the region where My > M, we can see (easily, in the case where n = 0) that leading order
corrections to opqa should be proportional to g% /M2, due to the form of the X term in A;;.
This agrees with what is found in this region. Note that this is different from the case of Z

decay, where it was the ratio gy /M2 that was being constrained;

e since some terms in Agy; and Aky; do not have any dependence on gy we expect that, for
sufficiently large values of 7, the region of parameter space for which gy — 0 (i.e. logayxy —
—o0) is excluded. Furthermore, it is expected that this will occur more readily in the mass
region My < M, since the 1/s% terms in Ag ri and Aky; are O (1), rather than some small
value ~ —M?2/M?2 in the region where My > M.

This last point can be examined more directly by looking at the bound on 7 and ay in the
region where My < M. In other words, we can implicitly plot the bound on ayx obtained from

|Achad (9x, Mx = 0,m)| < 0.037 nb as a function of . This is shown in Figure 3.6.

Bound from ohad(s=MZZ) for My << M,

n

Figure 3.6: Plot of the constraint from oj4q (s = M2) in the region where My < M. The excluded
region is shaded.

From this plot, we can see that for n greater than about 0.04, it is no longer possible to avoid a

bound with an arbitrarily small gauge coupling. Furthermore, we see that all of the n, gx parameter
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space is excluded for n greater than approximately 0.4.

It is also useful to note that, since (Ag(ry); ~ Agxn + Bn? (A, B can take on either positive or
negative values), we would expect possible cancellation between the effects of these two terms when

gx7n ~ n? or, alternatively, when oy ~ n?. This relation is, in fact, satisfied within the narrow region

of allowed values found above n = 0.04.

So far, the constraints from oj,9 and I';+;- have been considered at E.,, = M. In the next

chapter, we consider some constraints that arise at lower centre of mass energies.

3.A Appendix: Calculating the Cross Section o (e*e‘ — f?)

3.A.1 Explicit Calculation of Scattering Matrix Elements

We are interested in calculating the scattering matrix elements in the limit where, for very early
and very late times, the particles are non-interacting and so are well represented by momentum
eigenstates (i.e. the states that diagonalize the Hamiltonian associated with £, in Equation 3.4). In

this case, these are given by

(F,6), f (@, Q)] S|e" (k7),e” (p0)) (3.13)

where

S =T [exp <z /_:d4~1'£ivtt (ﬂ)]

-y / 41 A2 T [Lint (1) - Lint (@0)]
n=0 Y™

o 1 o
= 14 l/ dq.’ET [Eint (33)] = 5 / d4$d4yT [Acint (13) Lint (y)] + .

—o0

is the time evolution operator in the interaction picture, also known as the scattering matrix. Since
an overall momentum-conserving delta function is expected to factorize from any result (a particular

example of which will be shown below), it is conventional to define matrix elements M such that
(Ff|Slete™) =1—iM @n)* 6@ (p+k—K —p). (3.14)

It is, in fact, these matrix elements that will be of most use to calculations of decay rates and cross

sections.
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Keeping in mind that the fields can be written in the form

1
dsp ip-x * * —ip-T
V¢ (.’L') = Z /2E—27r_3 [6“ (p,/\)ap,,\ep +e£ “(p,/\)apy,\e P ] (315)
z) = ,0) bp.o€P® + v (p,0)b, e T 3.16
£ @) ZL/QE% u (p.o) by, (0.0 o™ 77] (3.16)
=+3

we can see that the tree-level contribution to the matrix elements arises from the quadratic term in

S:
FotlSlee) == [ dody (7. 1| T om0 Lint W] eF,7) (3.17)
= 3 / d'ad'y (7, 1| T [V (F1*T}S) (@)

V=A,Z,X =

xV, (@y'Tie) ()]et,e™)

To simplify the time-ordered product, we use Wick’s theorem:

(FAIT [V (Fr*TYf) Vo (r°Tie)] |ete™) (3.18)
=Gy, (z,y) (F.f|: (F*T7f) @1 Tle): et e™)

where : : denotes a normal-ordered product and where G}/, (z,y) is the propagator for the gauge

Qv

field V,:
. d4p H[‘L/U (p) ip-(z—

Gl (@) = Q1T Vi ) Vo )] 10) = —i [ TRt 61

Tuws Vi=A
I, (P) = § M + 5725 V=2 (3.19b)

T’uU + 'pj(,;[%i, V = X

Note: the II, (p) function is to be evaluated on-shell, e.g. IIf, (p) = —1 + 3% M . (In the photon

Plt pu

propagator, we are using the Feynman gauge so that a term proportional to is not present.) A

derivation of this propagator is presented in Appendix B.

Note that the remaining matrix element in Equation 3.18 can also be simplified by noting that

only particular operators in the field operator sums will give a non-vanishing matrix element. For
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example, applying a particular by, », gives

bpy,01 |e+ (k,7),e” (p,0)> = bpi,o p - |e (k,7) ’0>
= {bIJI,UU p,a} ,6 (kaT):0>
= 2B, (27)°6®) (p — p1) o,y |7 (k,7),0)

where {z,y} denotes anticommutation and, where our normalization of one-particle states is chosen

such that (p,a|q,§>:(0l{ o q€}|0)—2E (27)% 6@ (p — q) b,.¢. Hence,

Z / u(p1,01)e Py Ybp,00 | T (k) e (p,0)> =u(p,o) ey |e+ (k,‘r),0> .
ot l 2E;, 271'

Repeating this procedure as needed gives the following expression for

(Ffl:(FrTyf) @y Tre)let,e):
(F 56, f (@, Q]: (FA"TFF) (x) (BY°TYe) (v) : e (k,7) e (p,0))
= e~ ) 2q (9!, ) 4T (K, ) €0 H9D (7)1 T u (p,0).
‘We now have an expression for the time-ordered matrix element found in Equation 3.17:
(£ 1T [Vu (FA'T7 ) Vo (B Te)] €T, e7)
= e—l<’“ +) etk ug (o, ¢) /T (K, €) G, (2,9) T (ki7) 7T (p0)

From here, we can complete the calculation of the S-matrix element:

(FaH @) SletWe (p)= > u®@, Qv TivK,6)v (k7)1 Tu(po)

V=A,Z,X

00
% / d4:1:d4ye_i(k +p )-a:ei(p+k)-yGZU (IL‘, y)

—o
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where
/30 d4l'd4y€_i(k,+p’)‘$ei(p+k)'va (I,y) _ —l/ d4q H:Lu (q) /oo d4;l'ei(q_k’—p,)"t
- = (2m)* @ + M2 —ie J_o
x /OC d4yei(p+k—q)<y
—00
4 v o)
_ —i/ d q4 i 1% SQ) ' / direi(a—K-p')=
(2m)*¢* + Mg —ie J o
x (2m)* 6@ (g —p—k)
e el /oc diz H/‘:V (p+k) ez‘(p+k—k’—p')~z
oo (@+k)P+M2—ic
or

e en: ’ - HV +k
/ d‘*zd“yeﬂ(kw)-Iei<v+k>'yagu(z,y) w (P+K) (3.20)

= —i
oo (p+k)?+ M2 —ic
x (21)* 6@ (p+ k- k' —p)

This factor of (27)* 6™ (p + k — k' — p') is precisely the delta function which is factored out in the
definition of M as shown in Equation 3.14. Finally, we find the following expression for M:

I, (p+k)
(p+k)> 4+ M2 —ic

M= > ev(k7)y'Tiu(po)

V=A,Z,X

u(p, () T'fv (K, §) (3.21)

3.A.2 Feynman Rules for Tree-level Graphs

In retrospect (and after doing several other examples), a connection can be made between the
diagrams shown in Figure 3.4 and the expression for <7f| M leTe™). This correlation is usually

referred to as “Feynman Rules”. In this case, the applicable rules are that:

e the incoming fermion line is represented by u (p,0);
e the incoming antifermion line is represented by v (k,7);
e the outgoing fermion line is represented by % (p’, €);
e outgoing antifermion line is represented by v (k’, £);
e vertices are represented by —ev'y“I‘}’;
7, (p)

e intermediate bosons are represented by PeRw Y where p is the 4-momentum in the corre-
\'4

sponding line as calculated using 4-momentum conservation at the vertices.

Applying these rules, along with the understanding that matrix multiplication occurs in reverse

order along fermion lines, will give the three expressions found in <7f | M ete~), one for each
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mediating boson. In general, there are also rules for symmetry factors and for relative signs amongst
different graphs, but these are not needed here. In other contexts herein, these rules will be applied

rather than pursuing a full calculation.

3.A.3 The Cross Section: A Meaningful Quantity in the Infinite-Volume

Limit

Now that the scattering matrix elements have been calculated, it is possible to work out expressions
involving the probability for such a transition to occur. For example, the differential rate for an

initial state 7 to transition into some small set of final states Af is

dP (i — Af)

dr (i — Af) = -

(3.22)

where dP (i — Af) is the differential probability for that transition to occur and 7 is the time
required for this transition to occur. (7 is assumed to be large compared to other time scales in the

problem.) Since we know the amplitude (f|S|¢), dP (i — Af) will be simply
dP (i — Af) = [(f|S)]” Af (3.23)

The main problem now is that (f|S|i) is proportional to an overall, momentum-conserving, delta
function and so, |(f| S [i)|® is ill-defined. However, if this problem is recast within a box of finite

volume V = L3, then we find that these expressions make much more sense. In this case, momenta

2 2 2w
p= <"L—nw7 _fnya Tnz> (3.24)

would be discretized:

where n; are integers. States within a finite volume would have the normalization (n,,0|ng,§) =
5np,nq5¢,,€, whereas before we were using the normalization (p,o|q,&) = 2E} (27r)3 6@ (p —q) O 8
Since, using Equation 3.24, we can write 55,3) (p—q)= (2—‘;)16“,““4, it is clear that there is a difference

in normalization when going from |n,,o) to |p,o):

1
In,,0) & ——— |p,0) (3.25)
a 2E,V

This introduces the same difference in the normalization of creation and annihilation operators.

Therefore, in order to translate our previous results into the finite volume case, whenever particles

were created or annihilated we should add an extra factor of (2EPV)_1/ * onto M.

At finite volume, we find that delta functions can be written in terms of the corresponding Fourier

transform:
5 Gi—pp) =1 [ e [ daeitoorns (3.26)
(2m)" J-1/2 v
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Using this expression, we can work out the meaning of “the square of a delta function”

2

(4 (4 (4 VT _4
8p (i — py)| = 007 (0) 65 (pi — py) = %

(_2;)—40VT (pi —py)

All in all, this means that the square of the scattering matrix element would be, in the finite volume

limit,
(I Svr [i)* = VT (2m)* 63 (pi = pg) M _lf2E = (3.27)
and so
dl (i — Af) = |<f|SVT| HAnf
= vent s e-p)MP | [ oo | [T ==
k=i, f f
dU (i — Af) = V(2m)* 8 (i — ps) IM[? HL H‘F’i (3.28)
v \Pi i : 2Ein ; QEPJ (27‘r)3 .

In the end, it is those quantities that are independent of 7" and V' that are physically relevant. In
the case of two particles in the initial state, we see that dI" (i — Af) oc V! so this does not qualify

as a good quantity. However, if we instead calculate the differential cross section, defined to be
1
da(i—»Af):FdF(i—»Af) (3.29)

where F' is the incident flux, then we find that this quantity does have a well-behaved limit, since
F o V! as well. More specifically, in the rest frame of one the initial-state particles, the flux is the

number density of incoming particles times their speed:

N
F |re9t frame of 1 = N2 |V2] ( AT) (330)

(Alternatively, the flux can be defined as the number of incident particles arriving per unit cross-
sectional area, per unit time.) Note that A is a Lorentz-invariant quantity since it is always measured
perpendicular to the particles’ motion, and that N and dP = dI' x T are also Lorentz-invariant.
Therefore, we conclude that do = AdP/N is a Lorentz-invariant quantity. Consequently, dI" and F'
must have the same transformation properties. This is ensured if F' is proportional to a Lorentz-

covariant factor of (E; EQV)—l , as in dI'. After some work, we find that the expression that repro-
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duces Equation 3.30 in the rest frame is

(—p1-p2)
F=-—""v,. 3.31
BBV ™ {5
where v,.¢; = /1 — %ﬁ To check this, note that if particle 1 is at rest then —py - po = E1Ey =
mi1E> and so F' becomes
1 m2
F=—\/1-—= 32
14 E2 (3.32)

—-1/2
which is, indeed, equal to ny|va| since Ey = ymg = (1 - |vz|2) mo and since, for a single

particle in a box of volume V| n = % Finally, we find that

do (i — Af) = 1 M

3
——————(2m)* 6™ (p1 + p2 — ps — p4) l I _4pr |}, (3.33)
(_pl : p2) Urel

i 2Ep, (2m)°

From here, it is useful to simplify this expression by integrating over the four delta functions
present. Since we are mostly interested in situations in which my <« My, it is convenient to eval-
uate the above expression in the ultra-relativistic limit. We also introduce the Lorentz-invariant

Mandelstam variables which are defined, in terms of our original momentum variables, as

s = —(p+k)*~-2p-k
= —(p+k) =2 F

t = —(p—p) ~2pp (3.34)
= —(k—k) ~2% K

u = —(p—k")222p~k’
= - -k’ ~2 -k

These will be of use in what follows. Note that, in the ultra-relativistic limit,
s+t+u=2p - (k'+p —k)=2p-p~0

becomes the requirement for momentum conservation.

In terms of these new variables, do becomes (more details in [17])
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|M[?
2s

d3 p/ d3 k’

om)* 6@ (p+k —p' — k'
(2m) v P =) 2E, (27)° 2By (27)°

do (e+e_ — f?)

2 3p’ K
_ |M| (27I')4 5(4) (p-{—k _p/ . kl) ﬂ_ (2,”.5 (kIZ) 6(/{,/0) d*k >

2s 2B, (2m)3 (2m)*
™ |M|2 2 d3p’
= —90 +k— —_—
s ((p P) ) 2E, (2r)°
or, in terms of the Mandelstam variables,
bom Ry o IMP
do(ete” — ff) =— d(s+t+u)dudt (3.35)

167s

Hence, once the matrix elements M are known, it is only a matter of integrating in order to find the

cross section. In the next section, we evaluate |M|? explicitly.

3.A.4 Evaluating |M|2: Matrix Traces

Since we will be comparing with an experiment that (ideally) has no spin polarization preference,
we are interested in contributions from all possible combinations of spins. Therefore, we should sum

|./\/i]2 over all final spins and average over all initial spins. Specifically, the shorthand %Z |IM |2

means
1 5 1 1 .
M= (2 s X X X MM (3.36)
o=%1/2 T=%1/2) {(=+1/2§¢=+1/2 col.
Nc - " v ’ *
= 23 e n) T (p,0)] [ (7)1 T u (9.0)
spins V,V’
x Hyio Hyg [0 (0, Q) 7T v (K, €)] [T (0',()¥°T¥ v (K, )]
where
Y = — Tw Ptk (3.37)
. (p+k)* + M2 —ic
N = 1, f =lepton (3.38)
‘ 3, f = quark
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Note that

(&) T u(po)]” = ul(po)L¥ (v*)' Bv (k1)
= —u(p,a) LY By v (k,T)
= —u(p,o)y' TV v (k)

(using B=1i1°, B2 =1, 918 = —Byu, and {B,7°} = {+*,7°} = 0). Similarly,
[@(, )T v(K,8)] = - (K, )T u(@, ()

as well. Therefore, we can write

g Nc v ! rra
v > IMP = = > elel PHHY HY;K*? (3.39)
v,v!
where we have defined
P = 3 [ (k7)Y TYu(po)] [@(po) 7T v (k)] (3.40)
K* = Y [a@ )1 Tiv(K,6)] [(K.€)+Tf u@ ). (3.41)
C‘E

In order to simplify these expressions further, we use the spin-sum identities

Z u (p,0)u(p,0) = —ip + me, Z v (k)7 (k,7) = —if — me

o T

to rewrite P*¥ as

P = Ztr(ﬁ(k,r)y“l"‘:u(p,a)ﬁ(p,a)’y"l‘é"u(k,*r))

= ftr ['y"I‘: (Zu (p,a)ﬂ(p,o)) Ty (Zv (k,T)ﬁ(k,T))]

o v

P = tr[y*TY (—ip+me) ¥ TV (—ik — me)] (3.42)

and, similarly,
K" =tr [y*T¥ (=il —mys)v'T¥ (—ig +my)]. (3.43)

From here, the trace identities

tr(v#) =0, tr(y#9") = 40", tr (v°4#4") =0, tr (v*7"7") =0, tr (v>7#7"+*) =0,

tr (75,7/,1,71/7/\70) — 47:6‘“’}‘0, tr ('Y#’YU’Y)"YU) —4 (nuun/\a _ nu/\nua + T’uanu/\)
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(€912 = +1) as well as the projector identities
P2 =P,, P2= Py, P,Pp= PP, =0, P.y" =~"P;
give

P = tr[y*TY (—ip + me) ¥'T¢ (~ik — me)]
= —pakotr (Y TI VYT Y7) = mitr (¥* T~ TY)
= —pakotr [(9%,9% Pr + 9¥0%Pr) Y77 7*] — 2m2 (9Y,9%n + 9a952) 1"
= 2(9,9; + 95p9er) (1D -k —p*k” —p"KH) (3.44)

EuuAa

—2i (90,9%, — 9¥=9%%) Pako —2m? (9%, 9%% + 9¥=9%0) N

and, similarly,

K™ = 2(97.97. +97a97a) 0"P - k' — p"k" — pk") (3.45)

Euuka v

+2i (97,95 — 9Fr9fn) PAk, —2m7% (95.9Fn + 9frafe) 0"

For the situations in which we are interested, it is both useful and appropriate to assume that
Me, my <K Mz, My. In this case, we can neglect the last terms in the expressions for P*” and K",

and after some work, the expression for § 3 |IM|? reduces to

1 , N. - PHK,,
Ly e =2 ,
4 2 * vzv: e ((p +k)?+ Mg) ((p 1)+ M&,)

From here, the P* K, term can be computed by noting that: 1) the imaginary (i.e. cross)
terms vanish because e#“*?pyk, is anti-symmetric, whereas (7**p -k — p"*k” — p"k*) is symmet-
ric; 2) "¢, 05 = 2 (5353 — 6;}55) . Hence, if we temporarily define gi = 9}29}’; + g}'ng}’;, we
find that

P K =4 [gigi (n"p -k — p"k” = p"k*) (nuwp' - k' — plki, — P k},)
+29° g7 (6365 — 6203) prks p'ak’ﬁ]
=4 [QQigi (p-p)(k-K)+(@-k)@ k)
+29592 (0 K) (W' k) = (0 ') (k- k)]

P Ky =8 [ (9591 +9297) (- K) 0 - k) + (501 - 9297 ) (0 #) (k- )] (3.46)
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where
(gigi - gig{) = 2(92.9Y.97.9F. + 9297 n9FrI¥r)
(gigi ~g° gf) = 2(9Y,95,9r0Fn + 95r05n9F10}2) -

Finally, in terms of the Mandelstam variables, we find that

1S IME =N, Y et

& s— M32) (s — M2,)

where C (u,t) = (92,0%,9%.0, + 9%n9fn0nd}e) u* + (9.05n0%0Y0 + 049}, 0800 Y, ) £, or
1
7 20 M = Ne [ (140 + 14nra) w2 + (|4l +14ml) ] (3.47)

where we define
Qle 2 YGeidfj kezkf
Ay (s) = e? 4 iy
wle)=e = e it

(3.48)

3.A.5 Avoiding Poles

A glaring issue with Equations 3.47 and 3.48 are the divergences as s — M2, M2. These occur
as a result of the mediating gauge boson being “on-shell”, which means that, if we represent the
4-momentum of the V' boson as P, the relation P? = —M?2 is satisfied (which is not always
necessarily the case for virtual particles). However, if a calculation were performed to a higher order
in perturbation theory (e.g. to the 1-loop level, rather than only to tree level), it is possible to show

that the expression in the denominator is corrected:

1 1
s—=M2  s—[M,(1+8)*

(3.49)

It is possible to work through the 1-loop calculation in order to determine d, but there is a simpler

way: consider the time-dependent wave function for the free gauge boson in its rest frame,
[y (£) = ™" [y (0)). (3.50)
This wavefunction vields a time-independent probability distribution:
Py (t) = (v (&) [ov () = ¥y (0) [ (0D

However, we know this not to be the case; experimentally, we know that massive gauge bosons

(specifically the Z) decay. The Z decay rate is measured to be [23] T, = 2.4952 4 0.0023 GeV, in
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agreement with the SM prediction, which is (at tree-level)

M 5
FZ:aZ6 ZZ(QE;’J‘-Q‘Z“) N,
f#t

where a, = e2/4w. (A derivation of this expression is given in Appendix C.) Therefore, the

corresponding time-dependent probability distribution should be
P, (8) = (%2 () 192 () = e772" (5 (0) [z (0))*. (3.51)

Allowing M, — M, (1 + ¢) in Equation 3.50 yields Equation 3.51 in the case of the Z, so long as

. i T
T N
2M,
This agrees with the detailed result obtained from the 1-loop calculation except for one difference:
since every additional loop involves additional powers of ; and since § x «, the 1-loop calculation

gives the §-linearized version of the denominator in 3.49,

1 1
s—MZ—2M25  s— MZ+il M,

Therefore, the expression that takes into account the non-zero decay widths of the Z and X
bosons is
A" (S) — eQQEQf 62 gelgfj kezkf]
v s Zs—M2+il,M, s— M2+il My

thus avoiding the issue of divergences when s = M2, M2.

3.B Appendix: Determining the Gauge Boson Propagator
The propagator G, (z,y) is defined formally as

G, (z,y) = (0|T [V, (z) Vi (y)]10) (3.52a)
= 0|V (z) Vi ()10)8 (z° — 4°) + (0| V. () V& () 10) 0 (y° — =°)  (3.52b)

1, ¢ 50
0, 20

In order to simplify this expression, we can insert the following mode expansion for the spin-one
field V,:

where 6 (z) = {

} is the Heaviside step function.

1
d*p . )
V,(z) = ———— (ep (P, A) ap aeP T + 25 (p,A\) al e  PF 353
i A;/QEP(W[#(;» ) apae™? + &, (b, X) ap e 7] (3.53)
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This gives

OVu @)V, ()0) = i / ﬁ)——su(p A) et (p,\) P @)
=, J 2B, (2m)? v

d*p - :
— St Sy et (z—y)
/ 2E, (2m)® " ()

where I1, (p) = Y5__, £ (P, A) €5 (P, A) , and so

Pp . .
% _ v ip-(z—y) 0o_,0 —ip-(z—y) 0. 0 ;
G, (z,y) = / —QEP 7 Iy, (p) [e 6 (z°—y°) +e 0(y° -z )] ) (3.54)

To further simplify this expression, it is useful to now insert the following integral representation

of the Heaviside step function:

f)(gc)zi,/oc G-t Gl

2m J_ w—ig

which gives

3
e [ 2 it [e oMt ="")E)  (3.550)
2E, (2n)® ) 2mw —ie M

+e—ip~(x—y>e+i(z°—y°)<Ep—w)} _

Gl @) = i [

Substituting p° = E, — w gives

dp 1 1 ; ;
G (z, = — v [ ip-(z—y) —ip:(z—y)
I“’(I y) l/(27T)4 2EpEp—p0—i€ uu(p) (4 +e ]
d*p : 1 1 1
_ v ip-(z—-y)
Z/ (2m)* P 2E, {Ep—po—is T Ep+p°—i5]
d*p I (D)
av — 5| 22 jip(e—y)__"wv \T/ 3.56
v (2,) 1/ (zﬂ)zxe P2 +m?—ic (3:36)

where, in the last line, ¢ is implicitly rescaled: ¢ — £/2Ey. Note that the 4-vector p in the exponential

is no longer assumed to be on-shell, i.e. p® # E,, necessarily.

Finally, we obtain a simplified expression for IT}, (p) . Since IT},, (p) = D"y &4 (P, V) &5 (P, ) is a

rank-2 tensor, we can assume that the sum will have the final form

H/,‘:u (p) = Anuy + Bpupy (3.57)

for some constants A and B. We can evaluate this sum explicitly in the rest frame with the following
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choice of basis polarization 4-vectors:

€,(0,-1) = (0,1,0,0) (3.584)
€,(0,0) = (0,0,1,0) (3.58D)
€,(0,+1) = (0,0,0,1) (3.58c)
This gives
1
D (PN el (P, N) = 0,8) + 6207 + 0345, (3.59)

A=—1
To solve for A and B, recall that 7,, = =830 + 8,0, + 6,05 + 6305 and that p,p, = MZd30, in the
rest frame. After some rearranging, this gives A = 1, B = 1/M2. Therefore, in a general reference

frame, we have that

v _ pu.pu
I, (P) =N + VER (3.60)

3.C Appendix: Z Decay Calculation

The rate at which the Z boson decays can be calculated by considering Equation 3.33 from Appendix
A, in the case where there is only one particle in the initial state. (Note that, in this case, the decay
rate is a well-defined quantity as V,T — oo.) In particular, the differential decay rate in the rest

frame of the Z boson (where we take p = (M, 0), p' = (Ep,p’), k' = (Ep, —p’) is

7\ _ |M|2 9.0 dspl
dr' (Z — ff) = 2nL, 27 (M, —2p") —4E31 o
2
=dl'(Z— ff) = MI i (3.61)

327 M,

where we have eliminated the second angular variable by taking advantage of the azimuthal symme-

try.

Now to calculate |M[2: using the Feynman rules described in Appendix A, we find that for the
decay Z — ff,
M= —€zE&y (p7 /\) [ﬁ (p,’ U) ’Y“F?’U (k,7 T)]

where I'? = g7, Py + gfpPr With the g, r); defined by JZ = ie, Z:Ti')’u (9riPr + griPr) fi-
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Averaging |M|” over initial polarizations and summing over final spins gives

1 62 * = - *
2 MP = F 0 Vel (0, [E(R,0)1 T (K, 7)] [ (0, 0) 7 THv (K, 7)]
pol,spins
622 PuPv o 4 73 p¥4 -H/ vz
= e Nuw + Ve tr [(—iff +m)~y L% (—ik' —m)~"T%]
e% /1.0 AT ZABAVTZ
> NPkt [ T v T

where the approximation assumes, as before, that the fermions are very light compared to other

energy scales in the problem. Evaluating the trace and contracting gives
LS IME = -2 k)
3 ~ 3%z 9rs T 9rs) P

where, in the rest frame of the initial Z, p’ - k' = —2E§, = —M?2/2. Note that this expression does

not depend on the polar angle, 8. Finally, we find that the decay rate in the lab frame is

- e2 4 M?2
PE-T) = fars o) ()

e2M,
24m

(ng + gii)
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Chapter 4

Neutrino Scattering

The purpose of this section is to consider the influence of the X boson on well-measured results from
neutrino scattering. In particular, two quantities will be of interest:

a(u,,,e —vue )

o(vue~—v,e)

e R

in the case neutrino-electron scattering;

e R~ = :(%“5::5;;:25?11\\5:2‘;?) (known as the Paschos-Wolfenstein Ratio [24]) in the case of

neutrino-nucleon scattering.

These ratios are useful because they allow for the cancellation of systematic errors that arise in
the measurement of the individual cross sections. (This will be discussed in more detail later on.)
We shall first derive the v,e~ — v e~ cross section using the ete™ — ff result from Chapter 3.
From here, we consider the specific case of zero mixing (i.e. n = 0) in order to demonstrate how
measurements of R relate to the weak mixing angle. The n # 0 case is also considered. In considering
neutrino-nucleon scattering, we begin by showing the significance of the Paschos-Wolfenstein ratio.
However, rather than using it directly to produce a bound on the X parameters, we use the fit done

in [25], which gives experimental values for the combinations &3 ., = g2,z + 97, r)-

4.1 Neutrino-Electron Scattering

4.1.1 Crossing Symmetry

Crossing symmetry can be used to exploit the result obtained previously for o (e“'e“ — f?) in order

to find an expression for o (v,e” — v,e” ). In Chapter 3, we found that, in the ultrarelativistic limit,

do _ . 1 1
E(e+e — D) = ST <§Z|M|2> (4.1a)

%Z IMP = 2 (|40 () (s +1)° + |Ane () ) (4.1b)
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(Note: the |A, R|2 and |Ap R|2 terms are dropped since, in this case, only left-handed neutrinos and
right-handed anti-neutrinos contribute.) where

2 GeiJuj 2 keikuj
= (o) = 2
A8 =ea 3 Ixs— M2 (4.2)

and where
s==2p-k, t=2p-p, u=2p-k'. (4.3)
By comparing the diagrams in Figure 4.1, we find that the scattering matrix element for ve™ —

ve~ would be the exact same as what would be obtained if the original ete~ — ff calculation were

repeated with the following 4-momentum changes: kK — —p’, k' — —k, p’ — k'

Figure 4.1: Illustration of the crossing symmetry between the process ete™ — vv and e”v — e~ v
in terms of Feynman diagrams.

Using the definitions in Equation 4.3, we deduce the following changes for the s, ¢, and u variables:
s—t, t—u, u—s. (4.4)

However, it is important to note that this trick using crossing symmetry only works for vy with
f # e. This is because, in the case of e~ v, scattering, the incoming particles can scatter through an

additional s-channel W boson, which was not considered originally.

With these replacements, the cross section for the process v,e™ — vy e™ is

%(”#8_ —e) = —SW—ISQ (1422 (OF 5 + | Ans ©)F (5 +1)’]
2
= —8% |4 @) + |Ars (&) (1+£> (4.5)
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Finally, it is customary to consider this cross section in the rest frame of the incoming electron,
as a function of the energy of the incoming neutrino, F,, and the fractional neutrino energy loss,

y = T/E,, where T is the kinetic energy of the outgoing electron (i.e. T = p’® — m.). In terms of

these new variables, s = 2m.E, and t = —2m, (yE, + m.) and so
dCT _ . meEu 2
g o™ = wueT) = T (14 OF + 14w OF (- 9)’] (4.6)

2
where we have dropped terms of order Tg: (which are equivalent to terms of order % that have been

dropped previously).

4.1.2 Effective Interactions

A case of interest when dealing with interactions mediated by heavy gauge bosons is when the boson
masses, M, and My, are much greater than any other energy scale in the process of interest (i.e.
\/f) If this condition holds, then the A;.’s can be simplified:

2 2
€ 9%

zZ
Az’L _]\/—[ggeiguz, - ]\/[)2(

12

keikuL

2 2 2
2 M2 g2 kB,
= - v et kei 4.7
J\/gg B (9 i e2 M2g,, [

Hence, when t < M2, M2, the presence of the second X boson term in the 4;,’s can be interpreted

as an additional shift in the neutral current couplings ge;.

4.1.3 Special Case: =0

In the case of no kinetic mixing, we can substitute the usual values g.; = —%5“ 82, Gus = %,
kei = ky; = —1 and obtain

2

X

Lspe 1 g
AL =—-2V2Gp | —=0; I 4.
iL \/— F < D) 7, 7 8 2\/§GF AI?{) ( 8)

where 2v/2G, = e, /M2 = e%/2M2. (8;1 is a Kronecker delta function: 6., = 1, 65, = 0.)
In this sense, the existence of the X boson manifests itself as an additional contribution to sZ,.
Hence, measurements of s2, obtained using neutrino-electron scattering constrain the ratio g2 /M2.
Specifically, this is done as follows: using the SM only, we obtain

do _ _ 2G2m.E,
gy (e™ = waeT) = TEEEE (gl 4 g2 (1= )] (4.9)
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which, when integrated from y =0 to y = 1, gives

2G2m.E, 1
= FT (ggL + 5931}) . (4'10)

o (uue_ —¥ V,‘e_)

Conversely, if we had instead considered the process 7,e” — 7,e”, we would have kept the
|ARR|2 and [Amlz, which would have given the same expression as in Equation 4.9, except that
92, < 92u: .

2G-m.E, [1
o e —ve) = 2B (L2 1 g2,). (1)
From here, the dependence of R = o (v,e~ — ve”) /o (V,e™ — Uye™) on s2, can be seen ex-

plicitly:

R(s3) = 392, +9en _ 38— 1253 + 1653, -
92, +3g2, 1—4s2, +16s%,
This is often (e.g. in [26]) rewritten as
2
= ——i+,ii:z (4.13)

where xk = 1 —4s2,. Experimentalists can measure R and then deduce a corresponding measurement

of s2,. Thus, the additional contribution to s2, is limited in size to the experimental error in s2,,
2
je As = 2\/%01:1%1%' In [27], we find that such experiments yield %%31 = 0.82% which gives
(Gr =1.1664 x 1075 GeV~2 [23])
M
—= >4TeV (4.14)
Ix

However, this bound should not be trusted down to arbitrarily low My; [27] obtains this value from
an experiment in which 3 < 7' < 5 MeV. Therefore, requiring that our assumption regarding effective

interactions, ﬁﬁ—‘ < 1%, remain valid gives (t = —2m. (T + m.))
X

My > 10 MeV (4.15)

~

In the general case with n # 0, the situation is significantly more complicated. This is considered

below.

4.1.4 General Case: n #0

In the general mixed case, we calculate the relevant cross sections using Equation 4.7, along with the
mixed expressions for gf. gy, kfr(r) as found in Chapter 2. We then determine R (up to quadratic
order in 7)) and compare this result with the experimental value found in [27]. Since, in [27], the

bound is quoted in terms of s2,, we translate this bound into one on R using

dR
d(s3)
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As in previous chapters, this bound is not linear and must be plotted numerically. This is shown

in Figure 4.2.

Plot of the Constraints Associated with Neutrino-Electron Scattering

| 100 L] 1 IIIIIII 1 1 Illllll 1 1 IIIIIII 1 1 IllEll' 1 1 llIlIlI
102 |-
10-4 Excluded ;. : _
10°® -
108 n=0.000 + _
Oy n= 0.001 x
10'10 n= 0.010 = _]
n=0.100 o
10712 n=0.300 » _
1G4 1
10-16 —_
10'18 : L L lllllll ; 1 L |IIlIII g 1 L L1l 1 L g 1 L IIIIIII L Lo
102 10 10° 10! 102 10° 10*

My (GeV)

Figure 4.2: Bound obtained on g, by limiting the influence of the X boson on the cross section ratio
R, as a function of M. The dotted vertical lines indicate the region in which the small-n expansion
is questionable (see Section 2.3 for details).

Here, we plot the bound on gx as a function of My for the mixing values n = 0, 0.001, 0.01, 0.1,

and 0.3. A few comments:

e For the larger values of 7 (i.e. for n = 0.1, 0.3), the result obtained in the region My € [80, 100]
(marked by vertical dashed lines in Figure 4.2) should not be trusted, since the perturbative

expansion in 7 is not valid here (as shown in Figure 2.1).

e For all non-zero values of 7, there is a mass cutoff past which all values of the gauge coupling
are excluded. This is similar to what was found in Figure 3.5 for small My, although here the

effect is present even for small 7.

e For large M, we see that the bound is essentially the same for all . This is expected since
Ag, Ak  1/s2%, which is ~ 1 for My < My, but only ~ M2/M2 when My > M, which
means that the term g2 /M2 found in the second term of the A;;’s dictate the bound, as in the

unmixed case.

In the next section, we consider a similar process, YN — vN, where N is any nucleon.
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4.2 Neutrino-Nucleon Scattering

4.2.1 The Paschos-Wolfenstein (PW) Ratio

To begin, we give some motivation for the PW Ratio: consider the cross sections for charged and
neutral current scattering of muon neutrinos with nucleons. Borrowing from the previous section,

we find that the quark-level expressions are

o(vuu—vu) = NK <g1?1L + %93R> (4.17a)
o= nd) = NK (g3, + 30%) (4.17b)
o (Pyu — pyu) = NK (%gﬁL —|—g?m) (4.17¢)
oGud=5,d) = N (303, + ) (4.174)
for neutral currents, and
o(vud —p"u) = NK (4.18a)
o (Fuu—ptd) = N;:SK (4.18b)

for charged currents, where K = QGf,meE,, /mand N. = 3. (Note that the charged current expressions
are obtained from the neutral current ones by simply setting g, = 1, gr = 0.) From these expressions,
it is clear that the neutral current expressions can be written as linear combinations of the charged
current ones. However, we are interested in the cross section for neutrino-nucleon scattering in
the limit of deep inelastic scattering; from the form of Equations 4.17 and 4.18, we can derive a

relationship relating charged and neutral current cross sections (valid in the deep inelastic limit):
o WuN - v, X) =¢lo (vuN — pX) + €20 (7,N — ptX)

where

=2 e 2 2
SL(R) — gu.L(R) + gdL(n)

Similarly, for antineutrino scattering,

0 (OuN — 9, X) =20 (0N — p*X) + e%0 (vuN — p~ X)

As before, we would like to consider ratios of cross sections in order to cancel systematic errors

that are present in individual cross sections measurements. The following ratios make convenient
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choices:

RU

M1l

o (VuN — p=X) -

R? — U(_ﬁuN_”qu) :5%-{-

wherer = o (7, N — p*X) /o (v,N — p~X). Now, everything is expressed in terms of cross section
ratios, but there is an additional problem: it turns out that the ratio r is difficult to measure
experimentally, due mainly to processes contributing only to o (v,N — p~X) in which a (much
heavier) charm quark is produced from a down or strange quark in the initial state [25]. Since the
charm quark is heavy, the deep inelastic limit is no longer valid, and this ratio cannot be measured

very accurately.

In order to avoid this issue, we take the linear combination of R¥ and R” such that the r-

dependence vanishes. That is, we use what is known as the Paschos-Wolfenstein Ratio [24]:

R’ —rR" o (WuN —-v,X)—0o(@N —0,X)

R- = =
l—r oWyN - pX)—-0o(@,N — putX)
_ 22
= &L ¢r

Considering this particular combination of cross sections gives a result that is insensitive to systematic

errors related to the ratio r.

Following the procedure from the previous section, the next step would be to calculate an ex-
pression for R~ that includes the effects of the X boson. However, since [25] has used their data to
perform a fit to determine 2 and &2, we shall instead use effective expressions for these to constrain

our parameters. Specifically, [25] finds that

€2 = 0.30005+ 0.00137
= 0.03076 + 0.00110

with t &~ —20 GeV?2. Since similar results are obtained for each of these, we shall focus only on the

bound arising from 2. Assuming, as in the case of neutrino-electron scattering, that t < M2, we
find that

Z M2 g2 k
Au(d):_ez , z 9x Fve '
LL ]Ugg L\ Gu@@r + —e% M2 "‘—gUL u(d)L (4.19)

and so, when calculating &2 = (g5 + Agur )V + (g3M + Aga.)? (up to quadratic order in 1) we
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include an additional term in Ag,(4), to account for the X boson term in the A;;’s:

2
25w

2
CX

C4
A —n—=—(B-L — o w(d) ——— 4.2
g’u.(d)L sg{ ez ( )u(d) 3,2‘( (282)( gu(d)L s Qu.(d) c%v _ S%V) ( 0)
Mg 9% ko,
6% M)% u(d)L

Requiring that Ae? < 0.00137 gives the plots shown in Figure 4.3. Here, we cut off at low mass

Bound from v-Nucleon Scattering forn =0

Bound from v-Nucleon Scattering for n = 0.01

: BN
ax 10 -l\\\// 1 w0 \\§>.: ’ -
10° & — 10° %—/ -
10 |- - 10° -
o My (Ge\1/)03 o o My (Ge\1/;)3 o

Bound from v-Nucleon Scattering for n = 0.1 Bound from v-Nucleon Scattering forn = 0.3
gl TR s I R mR R e
S
10° %{M}/ —i 102 i—\*\w/ ’ —i
ay 10 E % — n -
%\ \1
wENA : \¢ ;
7 T ...

Figure 4.3: Plot of the constraint from R~ (neutrino-nucleon scattering). Here, we plot the bound
on ay as a function of M for various values of 1. Excluded regions have been shaded out.

according to the condition It/]VI)ﬂ < 1%, in order to ensure that assumption of effective interactions
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is valid.
Note that, for n = 0, the bound is very similar to what was found in the case of neutrino-electron

scattering. However, as 7 increases, there is a point past which no values of gy are allowed for small
M.
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Chapter 5

Constraint from Primordial

Nucleosynthesis

5.1 Motivation

We turn to nucleosynthesis to constrain the X boson parameters since, as we shall see, very strong
constraints exist in the mass range My < 1 MeV. In essence, the argument goes as follows: as the
early universe cooled, high energy protons and neutrons combined to form the light nuclei that we
observe today through a process known as nucleosynthesis. Present-day measurements of the abun-
dances of these nuclei in the universe can be obtained from the observation of stellar spectra. One
of the great successes of cosmology is that these abundances can be worked out from our knowledge
of the SM and General Relativity. In fact, the detailed agreement between the predictions of theory
and the observed abundances allow for constraints to be put on the conditions in the universe at
the time of nucleosynthesis. In particular, the number of additional relativistic degrees of freedom
present during nucleosynthesis can be limited using measurements of the relative abundance of *He
[28]. Since the X boson allows for extra relativistic degrees of freedom, it can be constrained by
considering its effect on nucleosynthesis. In this chapter, we shall first consider X boson decay, and
then give an overview of the relevant cosmological concepts requisite for understanding nucleosyn-
thesis, as well as the X boson’s effect on this process. Finally, we derive a bound on the X boson

parameters using the result of this analysis.
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5.2 X Decay

The rate at which the X boson decays can be calculated in a way similar to that presented in

Appendix C from Chapter 3. Such a calculation gives the following result in the lab frame:
Mx ,, 5 >

As found previously, kz(g); are given (up to quadratic order in 7)) by

1 1 52
kL(R)i = 0x (B = L)i -n (1 = ;5‘) Swezgr(ryi + NeweQ; + = (1 = s: ) 7729.\' (B - L)i . (5~2)

X 2 X

This expression simplifies greatly for the situation of interest: since we are interested in the regime
2

where My ~ T ~ 0.7 MeV (the freeze-out temperature; to be discussed later), then s = 1—% ~
z

1; also, since at these energies the X boson can only decay into neutrinos, @Q; = 0. (Note that the

assumption that my <« My is indeed valid for neutrinos.)

2 2
_ gxMx l 2.2
r,= 1on (1 + 2cwn ; (5.3)

This gives

(Here, we have substituted the value (B — L), = —1.) This means that the total decay rate into

all three generations is

r = 3r,

1 2
= M (1 " 503,,,2) (5.4)

where ay = g2 /4, as before.

5.3 A Quick Review of Cosmology

In order to have a general understanding of primordial nucleosynthesis, it is important to understand
the cosmological foundation upon which it is built.
Within the approximation of an isotropic and homogeneous universe, the most general metric

guv that can be written is represented by the following line element [29]:

dr?

2 _ BV — _ Js2 2
ds® = gdztdz dt* +a* (t) Yy

+ 12 (d6® + sin” 0d¢?) (5.5)

where k € {0,41,—1}, corresponding to flat, closed, or open geometries. Since the universe as we
observe it appears to have a flat geometry, we shall only consider the case where x = 0.

Similarly, if we model the large-scale structure of the universe as a perfect fluid, we find that the
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stress-energy tensor for the universe in its rest frame is [29]

o o o v
o og ©
"N o o O

0
0
p
0

where p is the energy density and p is the pressure. To determine the time-dependence of the function
a (t), we use Einstein’s Equations, given by

1 1
§R91w = mTuv (5.7)

-
where M, = 2.43 x 10'® GeV and where R,,, R are the Ricci tensor and Ricci scalar, respectively.

By substituting Equations 5.5 and 5.6 into Einstein’s Equations, we find the following two coupled

differential equations:

2. P
3M32

(5.8)

dp

o T 3H (p+p)=0 (5.9)

where H = %%. Note that Equation 5.9 can be understood as a continuity equation for the energy

within a co-expanding box of volume V = a ()%, i.e. an equation of the form

dE 4V

E = —pﬂ (510)

where E = pV.

These equations, on their own, cannot be solved completely unless a relation is known between
the energy density and the pressure of the system. Such an equation is referred to as an “Equation

of State”, and is often of the form [29]
p=wp (5.11)

for some constant w. For example, for a gas of photons, w = 1/3 whereas, for a gas of non-relativistic

particles, w ~ 0. Solving these three equations gives

an\ 3(1+w)
p = "O(ZO) (5.12a)
Eee=m)
alf) = ag (}) (5.12b)
0

From these we can see that, for early times, the expansion of the universe was dominated by

radiation, whereas, at later times, energy sources with lower w values, such as non-relativistic matter
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would dominate.

We are also interested in the temperature dependence of p, which , in turn, determines the tem-
perature dependence of H. This can be derived by recalling the generalized Boltzmann distribution
functions for bosons (—) and fermions (+):

d’p d’p E
T=/—.ENE,T:/—————p—— 5.13
,0( ) (271')3 P ( P ) (271')3 eEP/T a9 ( )
(Here, the Boltzmann constant, kp, is set to unity, implying that temperatures are identified by

their corresponding Boltzmann energy: E = kpT.) For relativistic matter, p (= |p|) > m and so

Ep (: P2+ mr-’) ~ p, which gives

o - [T
d o (2n) e/TE1
7= = z3
= 55 ), Ll
p(T) = gasT* (5.14)
where az = 72/30 and where
1, bosons
g= : (5.15)
7/8, fermions

Each spin or polarization degree of freedom contributes to p independently by an amount as given

above.

Another quantity of interest is the number density of non-relativistic particles: in this case, we

find that p < m and so E, ~ m + p?/2m, which gives

n(T) = /dspN(Ep,T)

(2m)°
T3 oo d .’I,‘2
= — i
2n? Jo (R +5E) 1
Now, for T' <« m, we find that
T - 22T
= = —-m/T 2 =
n(T) 53¢ /0 % exp( 2m)dr
3/2
= (%%) e~™/T (5.16)

This is of use when considering free protons and neutrons before nucleosynthesis.
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5.4 Equilibrium and Nucleosynthesis

While the universe is still sufficiently warm, the weak interaction keeps neutrons and protons in
equilibrium with the bath of relativistic neutrinos, electrons, and photons. However, as the universe
expands and cools, we find that the weak interaction is no longer capable of sustaining equilibrium.
The temperature at which this occurs can be estimated by examining the generalized Boltzmann

equation for the relevant processes [29]:
d 3 . . . .
= (ma®) =3 [5G — i) — K (i = )]
J

or

dt' +3Hn,; = a—lgzj:[n(j =) — k(i = j)] (5.17)
where k (i — j) is the total macroscopic scattering rate from i particles into j particles.

Equation 5.17 introduces some confusion to the notion of being in equilibrium. Normally, (stable)
equilibrium is a condition that does not change over time, as well as a balance between forwards and
backwards reactions. Clearly, both of these notions cannot simultaneously arise from Equation 5.17.
However, in the limit where each x is much greater than H, the second term on the left-hand side of
Equation 5.17 can be neglected, yielding the usual Boltzmann Equation. Therefore, the condition
for equilibrium is:

H & k=T (5.18)

where N; = n;a® is the total number of i particles in some volume V = a2, and I' is now the
usual scattering rate per particle. From here, we can estimate the freeze-out temperature, T,
by determining the temperature at which Relation 5.18 no longer holds. For weak interactions,
[ ~ G3T? [29] and H ~ 3=T?. Solving using these estimations gives Tr ~ 0.7 MeV.

At this temperature, the number density of neutrons and protons “freeze out”, meaning that the

ratio n,/n, remains fixed at its present value (almost - see below):

This is not exactly right since the neutron can still undergo 3 decay into a proton and other

particles. Including the effects of this process instead gives [29]

f o o= (mn=my)/Te (L—“T_)

2—et/m™m

where 7,, = 890 s is the mean lifetime of the neutron and ¢ is the amount of time before the universe
has cooled enough to allow deuterium to form without being photo-dissociated immediately. This
occurs when 7" = 2.23 MeV (— t = 89 s).
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This is a useful quantity because it turns out that the relative abundance of *He, Y,,, depends

simply on f [29]:

PiHe 2f
Y, = ~— 5.19
p 0B 1+f ( )

(pp is the energy density of all baryons.) Therefore, any change to f results in a variation of Y},
which has been measured experimentally [28]: Y, = 0.249 & 0.009. Since Y}, is a ratio of energy
densities, it should not vary as the universe expands. This means that the present-day measured
value should match what is produced during nucleosynthesis.

This measurement of Y, can be used to place a limit on the number of extra relativistic degrees
of freedom that can be in equilibrium, since extra degrees of freedom increase H, which increases 7=

and t, which increases f. Cyburt et. al. [28] find the limit to be
SN, < 1.44 (95% C.L.) (5.20)

where 0NV, = N,, — 3 is often interpreted as the change in the number of neutrino generations present
at freeze-out.
In order to apply this to the case in which we are interested (i.e. extra bosonic degrees of freedom),

consider the corresponding maximum allowable change to the variable g = N + (7/8) Ny:

0Gmax = ng,, x 2 (spins per v)
2.52 (5.21)

From here, we can re-interpret this as a maximum allowable number of massive spin-1 bosons, Ny:

dgmax = Nx x 3(pol.’s per X) = 2.52
= Ny =0.84

Therefore, adding just one additional massive spin-1 boson into relativistic equilibrium is excluded
at the 95% confidence levell From here, there are only two viable options (other than simply not

including the spin-1 boson...):

1. ensure that the X boson decays into neutrinos before the freeze-out temperature, T, by

choosing appropriate values for its mass, and gauge coupling;

2. choose the X boson to have a mass, My, such that My > Ty. If this were so, then the density

of X bosons would be Boltzmann-suppressed, and so would not interfere with the value of Y},.

Hence, for My > T, there is no constraint. However, if My < T, the constraint comes from
requiring that H > I’ when T' = T [1]. This ensures that the reaction X — v7 is not in equilibrium

with the reverse reaction v7 — X, and so those X bosons that decay are not reproduced from
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neutrino collisions. We can calculate H explicitly using the Friedmann equation:

1 [p(T) 1 [gasT*
H_M,, 3 M, 3 (5:22)

where M, = 1/V81G = 2.43 x 10*! MeV, az = 72/30, and where g = N, + (7/8) Ny counts the

effective number of degrees of freedom. In this case, we have N = 2 ()43 (X) = 5 and Ny = 3x2 (v)

+2 x 2 (e*) = 10, which gives g = 55/4 (= 13.75). From here, we find that, at T = T ~ 0.7 MeV,
m [11 T?

H=—y/——E£ ~24 =22 MeV. .
s\ 21 8 x 10722 MeV (5.23)

Now, in order to use the result we obtained previously for the X decay rate, we must re-write
it in the co-expanding frame. To do so, we simply multiply by a factor of y~! = My/Ey (since
I = 771, i.e. the decay rate is the inverse of the e-folding time, which transforms under Lorentz

transformations as 7 — y7), where Ex ~ (3 4 3) $T; when freeze-out occurs. This gives

M M2 1 ?
Top=Tx ﬁ = agTFX (1 = chvrﬁ) (5.24)

Finally, requiring that H > I'¢p at freeze-out gives

r 11 T2 _ axM2 g o%®
e B Sy 0 o ;
6V 201, ~ 3T, \ Tawh \5.28)
or " 2 2
1T 1 - 1 -
axM2i < g ?Jv_fp,, <1 + §c’f’vn2> = 5.20 x 10722 MeV? (1 + 5cfvnz) (5.26)

Clearly, for the values of n in which we are interested, this additional factor does little to change
the overall graph; this is illustrated in Figure 5.1.
In the case where n = 0, this is off by a little less than an order of magnitude from the result
quoted in [1]:
axM? < 4.2 x 1072 MeV2. (5.27)

However, there are some differences between what is presented here and what is found in [1]: 1) for
the total decay rate, they use I' = %a xMx (for reasons unknown); 2) to go to the co-expanding
frame, they multiply by M /2T, instead of M /3T (a minor difference); 3) they consider only one
generation of neutrinos: 4) they use the condition I'cx = 1/t, where ¢ is the age of the universe, to

obtain their bound (recall that H = 1/2t). Making these changes in the above calculation reproduces
the value obtained in [1].
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Constraint from Nucleosynthesis Te
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Figure 5.1: Constraint obtained from nucleosynthesis considerations - the solid (red) line corresponds
to n = 0; the dashed (blue) line corresponds to n = 0.4.
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Chapter 6

Summary and Conclusion

In this chapter, we compile the results obtained throughout the previous chapters, in order to obtain
a global perspective on the relevant bounds at various values of the kinetic mixing parameter, 7
(specifically, n = 0, 0.001, 0.01, 0.1, 0.3). First, we focus on the bounds near the Z pole in order
to prioritize the bounds in this mass region. From here, we consider the relevant bounds over the

mass range from My =1 keV to My = 10 TeV. Some concluding remarks are then presented.

6.1 Near the Z pole

In order to better understand which bounds dominate when the X boson mass is near the Z pole, we
superpose those bounds obtained throughout the previous chapters which are relevant in the mass
range My € [10, 104] GeV. These plots are presented in Figure 6.1.

For n = 0, note that there is no bound from Z decay and that the bound from o4 is not very
useful since the bounds from v-scattering are stronger at every Mx. The v — N bound dominates
above the Z pole but, since it is only reliable down to My ~ 25 GeV, the v — e~ bound dominates
for smaller M y.

As 7 increases, the Z decay bound is consistently superseded by stronger constraints. Although
difficult to denote graphically, the thin allowed regions in the Z decay bound for My < M, are also
ruled out by the stronger constraints. At (and near) n = 0.01, the 0,4 bound develops a feature
that excludes My values near the Z pole (recall that bounds near the Z pole for this value of n are
indeed reliable; see Section 2.3 for details). For n > 0.1, the v — N, I';+;- and 044 bounds develop
an exclusion of all My < 110 GeV when ay is small.

In the next section, we present all of the bounds obtained here over the range from 1 keV up to

10 TeV. For the purpose of clarity, we shall only plot the dominant bounds near the Z pole. These

are
e for n=0,0.001: v —e™, v — N;
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Summary of Bounds Near the Z Pole forn =0 Summary of Bounds Near the Z Pole for n = 0.001
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Figure 6.1: Summary of the constraints relevant near the Z pole. Here, we plot the bound on ax as
a function of My for various values of 1. Excluded regions have been shaded out.
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o forn=0.01: v —e~, v — N, Ohad;

e for n =0.1,0.3: v — N, 0haa-

6.2 Summary of Constraints

Given the above dominant constraints near the Z pole, we are now in a position to present the
dominant constraints over the entire mass range of interest here. This is shown in Figure 6.2.

For n = 0, the dominant bounds are simply the bounds from neutrino scattering, along with the
nucleosynthesis constraint. As 7 increases, the v — e~ bound develops an exclusion of all My below
some 7-dependent value, in the limit of small ay. However, these exclusions only apply in the mass
range for which we trust our bound, and so in the plots for n = 0.001 and n = 0.01, the region 1
MeV < My < 10 MeV, as well as the region below the nucleosynthesis bound, are not excluded.

In the graph for n = 0.01, the 0,44 bound excludes a region about the Z pole for small ax. In
situations such as these, the bounds are extended below the region in which they were originally
considered using dotted lines. It has been checked that these bounds do, in fact, follow this behaviour.

For n > 0.04, the bound derived in Section 3.1 related to the W mass (roughly given by requiring
(n/0.5) x (1 TeV/My) <1, as in [22]) excludes below the corresponding mass for all values of cux.
Thus, for n = 0.1 and n = 0.3, this bound is the dominant one for My < 250 GeV and My < 635
GeV, respectively. For My outside of these regions, the bound appears to be dominated by v — NV
bound, which roughly constrains the ratio ay/M?2. For completeness, we have included the sub-
dominant bounds in the region My <« M, (i.e. the v — e~ and nucleosynthesis bounds) in the plots
for n = 0.1, 0.3.

6.3 Concluding Remarks

In this report, we have presented updated bounds on the gauge coupling of a U (1) field X* coupled
to B — L, as a function of its mass over the range 1 keV< My < 10 TeV. We have also considered
the changes that occur in these bounds as the strength of a kinetic mixing term (between the X*
field and the hypercharge B*) is varied.

We find that, for small values of the kinetic mixing parameter 7, the strong bound from nucle-
osynthesis at My < T ~ 0.7 MeV is replicated at My 2 10 MeV by a bound from neutrino-electron
scattering that excludes arbitrarily small gauge couplings. For n > 0.04, the bound obtained by
considering the effect of the X boson on the W mass is dominant and masses My < 100 GeV are ex-
cluded (independent of ayx). As 7 increases, this bound improves and the only other relevant bound

(in the mass region My = O (1 TeV))is found to be the constraint obtained from neutrino-nucleon

scattering.
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