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Abstract

In this thesis, I endeavor to solve the remaining problem in Dr.Feng’s paper[8], where
Dr.Feng obtain the Large Deviation Principle of the following distribution

+oo

M (dz) = Cy exp(M() Zm?)PD(a)(da:), a>0.

i=1
Generally speaking, the Large Deviation Principle can yield the limit distribution if
its rate function has only one zero point. Unfortunately, however, the rate function
in [8] involves another parameter A\. When 6(a) = —loga, A = —k(k + 1),k > 1, the
rate function has exactly two zero points, thus by way of the Large Deviation Principle,
we can hardly know its limit distribution. Therefore, I try to figure out another
way to find it. Since PD(a)(dz) is the limit of the ordered Dirichlet distribution
D(3&5,++ , 727) as K — +oo, then [T, ,(dz) is the limit of

Ca,x exp(A(a Z Ty

)(d$1 dTg-1)

1’ N K
on A = {(z1,Za, -+ )|T1 > @9 > - Z+1 xz; = 1}, as K — +00. Hence, we could
first try to find the limit of
+oo
- o
Ca,K exp()\H(a) ; )D(I{ , K — 1)(d$1 s dZIIK_l),

as @ — 0, then manage to deal with II, . In this thesis , I only find the limit
of Cyzexp(Aloga(z? + 22))B(a, a)(dz), as @ — 0,A > 0, which is the case when
K =2,0(a) = —loga, A < 0. The result is quite unexpected!
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Chapter 1

Introduction

Unlike any other species, which once dominated the earth as dinosaurs did, we human
beings constantly explore the origin of life, and even, once in a while, reflect on their
own and ask who we are, where we come from and where should we go. Among various
fantastic theories as to these questions, Charles Darwin’s Evolution Theory[4] seems
to have given us a promising path toward answer in 1859. Ever since then, evolution

theory and natural selection were commonly accepted and studied by biologists.

But why do organic creatures evolve in this way? Mendel, one of Darwin’s
contemporaries, came up with an idea which explains the mode of inheritance. Based
on his famous breeding experiment with pea plants, he postulated there is an inherent
mechanism governing inheritance, with some basic units playing a vital role. More-
over, thanks to the breakthrough in molecule biology, these basic units are proved to
be DNA molecule with beautiful double helix structure[15]. Within cells, DNA is orga-
nized orderly in line into long structure called chromosome, they are duplicated before
cell division, then each of these cells inherits a copy of similar chromosomes from the
previous cell. Fach chromosome consists of a DNA molecule, a RNA molecule and

some other giant protein molecules, among which DNA actually governs the formation



of almost all protein molecules which are the basic components of living creatures.
Thus, this process guarantees that off-springs always resemble their parental species in
some way. Usually only one piece of the linear structure of a chromosome is responsible
for the growth of a particular property, and they are the so-called genes. The locations
where these genes are located are called locus. On each of these locus there is usually
some alternatives called alleles. Tn the process of chromosome duplication, a particular
gene may be wrongly chosen as one of its alternatives, hence mutation occurs. This
is the original impetus of the evolution according to Charles Darwin’s opinions in [4].
In addition, for some species, their chromosomes within each cell can be paired, or
grouped in some fixed style, whereas, for some species, their chromosomes may be not
capable of doing this. It is proved that these pairs or groups in a locus together are
responsible for formation of some characters. Species with these structures are usu-
ally called diploid, polyploid, or possibly called haploid, of which, diploid is the most
commonly found to exist on earth so far, while the others are also widely applied to
breeding which may possibly give us new species, such as rice, wheat and corn, and

finally it may aid the treatment of food crisis in this world.

All these topics have been thoroughly studied by biologists. Mathematicians, how-
ever, especially statisticians, like Fisher, also make substantial contribution to this
subject. Wright-Fisher Model is one of the famous genetic models originally proposed
by Fisher implicitly in his research works, while it is Wright who explicitly constructed
this model in his paper later on, and that’s why the model is given such a name. In
math, it is actually a discrete-time Markov chain. With the assumed gene pool, to-
tality of all possible alleles in one specific locus, becoming bigger, this Markov chain
is also complexified. J.F.C.Kingman introduced a coalescent process [13], based on
which we can find the most frequent gene type finally, that means there is a common

ancestor, hence, it is, at least partially, an answer to the problem where we come from.

In this model, each generation need to take an equal amount of time to evolve



and the number of individuals remains the same. Suppose, however, the evolving
time is shrinking down to zero in a particular way, then this Markov chain can be
approximated by a diffusion process in the sense of probability, please refer to [7].
Though the diffusion process loss some information, it is easy to handle mathematically.
Therefore, research papers have sprung up in late 20th century. In the meantime, the
gene pool was also assumed to be countably infinite. And the diffusion process turns
out to be an infinite dimensional diffusion process. Please refer to [6], where the
diffusion process was rigorously constructed by Ethier and Kurtz. To our surprise,
the stationary distribution of this diffusion is the Poisson-Dirichlet distribution which
will be briefly introduced in chapter 3. In fact, J.F.C.Kingman first introduced the
distribution in [13], where he tended to find the limit distribution of ordered Dirichlet

distribution.

In the frame work of this infinite dimensional diffusion process with stationary
distribution- Poisson-Dirichlet distribution, the asymptotic behaviors under various
conditions have been studied thoroughly by Dr.Shui Feng, with the results (some with
collaborators) collected in [9]. Among all these results, the large deviation results
with small mutation rate [8] particularly captured my attention because of Dr.Feng’s
introduction. He pointed out that this result, surprisingly, has an intimate connection
with J.F.C.Kingman’s Coalescent structure. Generally speaking, if the large deviation
principle holds and its rate function has a unique zero point, then the law of large
numbers will be readily obtained, but there is no such luck when rate function has more
than one zero point, this will be clarified in Chapter 2. Unfortunately, the rate function
in Dr.Feng’s paper is also determined by another variable A, when A = —k(k+1),k > 1
the rate function exactly has two zero points. On the contrary, for A # —k(k+ 1), the
rate function has only one zero point, hence its limit distribution is the Dirac measure
at the zero point. One aspect of this that is not satisfactory is that it doesn’t give us

the actual limit distribution as mutation rate gradually vanishes for A = —k(k + 1).



Therefore, this may not shed light on the evolution of the remote ancient creatures at
the very beginning of life on earth, when the effect of mutations is likely to have been

quite weak.

Although T can not solve this problem completely, I was able to make some progress,
with unexpected results. In this thesis, I endeavour to find the limit distribution of a

certain distribution associated with Wright-Fisher Model with selection.



Chapter 2

Preliminaries

In order to make this thesis friendly readable, some basic probability concept and
biology ideas seems to be quite necessaryi to be introduced here. We only give a brief

introduction, for more details, please refer to [5], [2], [1], and the references therein.

2.1 Probability Space, Random Variable

and Conditional Expectation

2.1.1 Probability Space, Random Variable

Let  be a given set, consisting of outcomes of an experiment, we call it sample space,
and let F be a o-field in 2, the elements of F are called events in the context of
probability. Together with the probability measure P, the triple (2, F, P) is called
probability space.

A map X : Q+— S, where S is some topological space, is called F-measurable if

X HU)={weQ: X(w) €U,U is any open set in S} € F.



In probability space (2, F, P), any measurable map is called random variable. We
denote o(X) as the o-field gencrated by random variable X, it is the smallest o-field

containing all the sets X' (U), where U is open, that is

cX)=n{H:H o—field containing X~HU),U C S open}.

2.1.2 Conditional Expectation
If [, X (w)|dP(w) < oo, then the number

B = [ X)Pw) = [ adux(a)

is called the expectation of X (w.r.t. P), where px(-) := P(X~'(:)), and it is called
the distribution of X. Furthermore, consider a sub o-field of F, say G, define P as

P(B) = / XdP,B€g.
B

Then P << P( P is absolutely continous with respect to P), by Radon-Nikodym

theorem, j—;; exists a.e. in P, such that VB € G,

dp
XdP = | —dP,
[ xar= [

thus, E(X|G) = 2—112 is called the conditional expectation. Specifically, when we take

X to be Ip(Y), then E(Ip(Y)|G), denoted by P(Y € BJ|G), is called the conditional
probability.

Proposition 1 (Properties of Conditional Expectation). [5] Suppose X,Y are random
variables; a,b, ¢ are constants; G is a sub o-field, and E(X|G), E(Y|G) both exist.

1. If E(aX +bY +¢c|G) exists, then E(aX +bY + ¢|G) = aE(X|G) + VE(Y|G) + c.

2. If X and G are independent, then E(X|G) = E(X).



3. If Y is G measurable, then E(Y|G) =Y.
4. If X > Y, then E(X|G) > E(Y|G), especially, E(X|G) < E(|X||G).

5. If  is convez, and E{p(X)|G) ezists, then o(E(X|G)) < E(p(X)|G).

6. If G1,G2 C F and G1 C Go, then E(E(X|G2)|G1) = E(E(X|G1)|G2) = E(X|G1).

Remark 1. Proposition (1) is linearity of conditional expectation, (2) and (3) are
both properties different from expectation, (4) and (5) are monotonicity of conditional
expectation and Jensen Inequality respectively. (6) is a very tmportant property which
1s widely used in Martingale and Markov Process. Actually, if G is finite o-field, then
the definition in this thesis is identical with that in elementary textbook of probability
theory.

2.2 Markov Chain and Diffusion Process

Markov chain and diffusion process are both Markov process, having Markovian Prop-
erty and named after it. By Markovian property, loosely speaking, that is, the current
statistical law of the process depends only on the current state, independent of its
history; or precisely,

E(X)|o(Xy,u < 8)) = B(X|o(X,)). (2.1)

Markov process is a rather widely studied probability model and is abundant in re-
search results; on the contrary, there are a few non-Markovian models which, unfortu-

nately, hardly give birth to rich research results like Markov process.

2.2.1 Markov Chain

Let (S,S) be a measurable space. A function p: S xS+ R is said to be a transition

probability if



1. For each z € S, A — p(z, A) is a probability measure on (5, S);

2. For each A € 8,z +— p(z, A) is a measurable function.

X, is called Markov chain with transition probability p if
P(Xn-l—l € B“Fn) = p(Xn) B);

where F,, = (X3, 0 < k <n).

Given a transition probability p and initial distribution x on (S, S), a set of finite

dimensional distributions can be defined as follows

P(Xj,oﬁj Sn) :/ .U(dfvo)/ p(xo,dﬂil)"'/ P(fl?n—l,dfﬂn)-
0 By B,

B

If we suppose that (S,S) is nice, because of Kolmogorov’s extension theorem [16],
we can construct a probability measure P, on sequence space (ST04F S04 'such

that the coordinate maps X, (w) = wy, and have the desired distribution P,.

Remark 2. When i = 6, the Dirac measure at x, then Ps, is abbreviated as P,. For

any probability measure v, P,(A) = [ v(dz)P,(A).

Remark 3. When S is a countable space, we only need to consider one-step transition

probability matriz P, whose (i,7) element Py; is
P(Xp1 = j| X0 =19).

The two-step transition probability P;;(2) = > kes PiPrj, according to the Chapman

-Kolmogorov equation. Hence, two-step transition probability matriz P(2) = P2

Example 1. Suppose S = {0,1}, and



then
X =0) =Y Po(m)u({i}) = Poo(n)(0) + Pio(n)(1 — (0)).

€S

Since
11—« o i
P(n) =
( S
1 Bro(l—a—-0)" a—a(l-a-pF)"
HB\B-B1-a-p atpl-a-py)’
thus,
Fldta =0) = o (L= (o) - 2
and
Pla =1) = - 5 = (L= 0= P(ul0) — 5)
Letting n — oo
T
and
o
S Fu(Xn =1) = g,
independent of u; moreover, put v(0) = — +ﬂ, v(l) = +45 we get
B

Py(Xy=0) =~

and
a
Pu(anl):a_I_ﬂ:

which suggests that the distribution of X, remains the same with the initial distribution,

hence we call v the stationary distribution.



2.2.2 Diffusion Process

Diffusion process , unlike Markov chain, is a Markov process with continuous sample
paths (l.e{Xy(w)[t > 0, for w fixed}). The existence and construction of diffusion
prc;(.:ess produce several beautiful probability theories: firstly, stochastic integration
was originally came up with by a Japanese mathematician It6, who tried to solve
Kolmogorov’s equation and construct a Markov process in sample path space [12],
ever since stochastic integration was introduced , he found a diffusion process defined
by stochastic differential equation. Secondly, the family of transition probabilities
determine a semigroup, which under some conditions can be uniquely generated by
an operator; and the converse is also true. This theory was constructed by Hille
and Yosida. The operator is often called generator or infinitesimal operator. Finally,
Dirichlet form on a function space can also completely determine a diffusion process.
In this thesis, we focus on the second theory [7]. {X;,t > 0} is a diffusion process if it

satisfies (2.1) and its sample paths are continuous.

A function P(t,z,A) defined on [0,00) x S x B(S) is called time-homogeneous

transition function if

1. P(t,z,-) is a probability measure on B(S), (t,z) € [0,00) X S}
2. P(0,z,) =0.(-), z€S5;
3. P(,-,A) is a measurable function on [0,00) x S, A € B(S);

4. P(t+s,x,A) = [ P(s,y, A)P(t,z,dy),s,t > 0,z € S, A € B(S), .

Probability measure p given by u(A) = P(X(0) € A) is called the initial distribution
of X.

A transition function for X and the initial distribution p determine the finite

10



dimensional distribution of X by

P( )er,X(tl)eAl, ,X( )EA)
/ / P(t _tn layn—laA )P(tn—l —tn—27yn—2>dyn—1)
Ao Ap—1

< P(t1, yo, dyr ) (dyo).

Conversely, given a transition function, we can define the finite dimensional distri-
bution as above. Under some consistent conditions, we can construct a measure P,
on (ST,8T), owing to Kolmogorov’s extension theorem, so that the coordinate maps
Xi(w) = w, and have the desired distribution. That is, under P,, X;(w) is a Markov

process starting with distribution y; but the sample path properties are still unknown,

and may be not continuous.

Let S be a metric space, denote M(S) as the collection of all real-valued, Borel
measurable functions on S. Moreover, B(S) C M (S) is the Banach space consisting
of bounded functions with norm ||f|| = sup,cgq|f(z)|; and C(S) C B(S) is the space

of bounded continuous function.

Let the initial distribution p = d,,2 € S, and denote Ps, as P,. For f € B(S), we

define
Pf(@) = [ )P, dy).
Applying (4), we have,
Puasf(@) = [ F)P(+ 5,2, )
- [1] 1P )Pz, dz)
_ / Pof(2)P(t, o, d2)
~ R(R)(H(@)

= P, o P, f(x).

11



Hence, P45 = P; o P;; then {P;,t > 0} is a semigroup under composition.
If
i [|P.f = fll =0, VfecC(s),
then {P;,t > 0} is said to be strongly continuous. If ||P|| < 1,V¢ > 0, then {P,,¢ > 0}

is a contraction semigroup. If Vf € C(S),Vt > 0, and P,f is positive whenever f(z)

is, then {P;,t > 0} is said to be positive. A semigroup with these three properties is

is called a Feller semigroup.

The generator of a semigroup {F;, ¢ > 0} on C(S) is the linear operator G defined
by

1
Gf =lim {P.f - f}
Remark 4. G is usually a differential operator. It is generally defined on C*(S) or
C™(S), called core of G. Then the domain D(G) of G is the closure of its core in C(S).

Furthermore, we say G satisfies the positive mazimum principle if Gf(zq) < 0,

whenever supges f(z) = f(xo) > 0, f € D(Q),zo € S.

Theorem 1 (Hille-Yosida Theorem). [7] Let S be locally compact, the closure G' of
a linear operator G on C(S) is single-valued and generates a Feller semigroup if and

only if
1. D(QG) is dense on C(S),
2. G satisfies the positive mazimum principle;
3. range R(\ — G) is dense in C(S) for some XA > 0.

Example 2 (Ornstein-Uhlenbeck Process). [17] The transition probability function of

O-U process is

B 1 (y — ze™t)?
P(z,t,dy) = mexp(—m) Y.

12



By the definition of generator, the generator of G turn out to be

Gf(z) = f'(z) - of (x).

Indeed,
+o0 1 (y — ze t)
Ptf(m) = - 27[_(1 — 6_2t) eXp(—— — —Zt) )f(y)
y—xzet
(set zZ = \/ﬁ)
+00

\/__ exp(——) (zV1— e 2 + ze)dz.

If f € C? (second order continuous differentiable with compact support), by Taylor’s

expansion, we have

fV1—e 2 4 ze™t) = flze™t) + VI —etzf (ze7h) (2.2)
+ %(1 —e )2 f (we ™) + %(1 — e (1 (61) - [ (we ™)), (2.3)

where 0; € [ze™t, 2v/1 — e % 4 ze™?]. Likewise,
flae™) = f(2) + (e = Dz f (z) + %(6“t — 1% f(9s), (2.4)

where 0 € [z,e z]|. Therefore if we substitute 2.3 and 2.4 into P,f, it ends up with
7 1 4
Pf(z) = f(z)+ (7" - 1)~Tf (=) + —(6"t - 1)2562}” (62)+

—(1—6 " (w—t)+ - 2(f(6:) — " (we™)dz.

Then

PO IO (@) @)
e_t—l I 1 -2 - " —t "

< I e @ el @)~ £ @)
1— —2t " —t___12 "

P @i e el
1_6—215 u o ~

FEEE 600 - £ el

—0, ast—0.

13



Thus, the generator is Gf(z) = f (z) — zf (z). Let t — 400, then
+00

Jin R =(f) = [ = ep(-Z) e

where y(dz) is the standard normal distribution. Actually, put 4 = vy, then

Pu(X, € A) = / P(t, 2, A)u(dz)

R

- /JR </IR hz;(_::;ﬁ eXp(_(gy(“l__m:—::z:)IA(y)dy) \/—15_7; exp(~2)da
y—e'

2
set 7z = ——"—
( V1— e“zt)
1 _a24s2
=/ Ta(zV1 — e 2 + me™t) —e” T dudz
R2 2
Vi—e?  —et '
(put (z1,%2) = (2,2) )
et V1—e %
1 +x5
= [ Is(z1)—e "7 d
/1;2 A(’El)2ﬂ_6 :E1d$2
1 z3
= [ Is(z exp(——+)da
| Inen—=exp(= o,
= 7(4)-

It suggests that the distribution of X; will remain the same if X; starts with -y, hence

~ is the stationary distribution of O-U process. In fé,ct, 1 is the stationary distribution

of X, if and only if [Gfdp =0, f e D(G) [7].

2.3 Asymptotic Theory in Probability Theory

Definition 1. Given {X,,n > 1} and X,

1. Let Fp(y) = P(Xn < 9), F(y) = P(X <), if Fn(y) converges to F(y) at the
continuous point of F(y), then we say X,, converges to X in distribution.
2. Iflimy, 00 P(| X, — X| > €) = 0,Ve > 0, then X, converges to X in probability.

14



3. If P(limy— 00 Xp(w) = X(w)) = 1, then X, converges to X almost surely,

abbreviated as a.s..

Definition 2. Suppose {jin, 1 : n > 1} is a family of probability measures. We say p,

converges to p weakly, which is denoted as p, — p, if

n—+00

tin_ [ f@(ds) = [ fau(de), Vi eC(S)
where S is metric space, C(S) is bounded continuous function space.
Proposition 2. Suppose {iin, i : n > 1} is a family of probability measure on metric
space S, then the following statements are equivalent:
1. pn S p

2. For any uniformly continuous function f(x), we have

lim /f z) i (dz) = /f x)p(dz).

n—+00

3. For any closed set F', lim sup,, o, tn(F') < u(F).

4. For any open set G, iminf, o 1 (G) > pu(G).
5. For any set A with u(0A) =0, then lim, o tn(A) = p(4).
Remark 5. (5) is equivalent to the convergence in distribution.
Definition 3. Gwen {X,,X,n > 1}, define
bn(t) = Ee ™t ¢(t) = Ee ¥,
If dn, d < 00, we call ¢, ¢ the moment generating function of X,, and X respectively.

Theorem 2. Let ¢n(t), p(t) be the moment generating function of Xy, X respectively,
if dn(t), @(t) both exists for |t| < h,h > 0, and
Pu(t) — ¢(t), VIt < B,

then X, converges to X in distribution.

15



Proof: please refer to [11] [3]. In probability theory, we say two events A and B

are independent if and only if

P(AB) = P(A)P(B).

Inductively, n events Ay, --- , A, are independent if
k
P(All Alk) = HP(A'LJ)7 2<k<n.
j=1

A family of events {A;,t € T'} is said to be independent if any finite members of them

are independent.

Definition 4. Two o-field F and G are independent if

P(AB) = P(A)P(B), VAe F,Beg.

Similarly, n o-field are independent if Ay,---, A, are independent for all A; €
Fi, 0, Ap € Fy. Therefore, two random variables X and Y are independent if o(X)
and o(Y') are independent.

Remark 6. By the definition of expectation, for two independent random variable X

and Y the following must hold,
EXY = EXFEY.
Furthermore, E(X|Y) = EX.

Theorem 3 (Borel Cantelli Lemma). Suppose {A,,n > 1} is a sequence of events.

1. If Y200, P(Ap) < oo, then



2. If, additionally, {An,n > 1} are independent, then > oo | P(Ay) = oo can yield

[o e ¢}

In reality, when we toss a coin consecutively, those coin tosses can be regarded as
independent events. Now, similarly, we consider a sequence of independent random

variables X,,n > 1, each of them follows Bernoulli distribution
PXi=1)=p,PX3=0=1-p,0<p<l

Then % = Z—Lniﬁ is the frequency of taking 1 during n times experiments. Naturally,
we ask what does the frequency finally approach as n goes to infinity? The next

theorem is a beautiful answer.

Theorem 4 (The Law of Large Numbers). If {X,,n > 1} are independent with
identical distribution and E|X,| < co,then

"X
lim 2=k gy
n—-+00 n

a.s..

Proof: Please refer to [3], [11].

Remark 7. Thanks to the theorem stated above, lim, %”ﬁ = EX; = p; thus, when

we toss a coin consecutively, the frequency of appearing head would be approzimately

[T

Since limy o, 22 = EX; = p a.s., then Ve > 0,
o S,
PO UGE s> o
n=1k>n

Or equivalently,

: “1 S
Jim ({17~ I 2 ) =0,

k>n

17



thus limp o P(|%2 — p| > €) = 0. Usually {|% —p| > €} is called rare event for
its probability of occurrence is tiny. Under some specific conditions, however, the
estimation of its probability is quite indispensable, such as the frequency of earthquake,
or the bankruptcy in industry. Therefore, the more accurate the more beneficial. It’s.
obviously insufficient to know only the limit of {|§an — p| > €}. Fortunately, we can

obtain a more accurate result.

On one hand, by Chebyshev’s inequality, Vo > 0,2 € (p, 1], we have
S

P(; > z) = P(aS, > anz)
< e~ MET[oSn . p—onT po Yk Xk — e—anz(EeaXl)n

—nlaz—log Fe®X1]
)

=e
S0
—logP(; >z) < —(az —log Be™™t), a>0
Thus
—log P(& > 1) < inf[—(az — log Ee®*)]
n T a>0 -

= —sup(azx — log Ee®*1).

a>0
Let f(a) = az — log Ee®*%1 = az — log(pe® + 1 — p), then

84

o) =g P
f(a)_m pea+1_p'
Solve the equation in «,
’ pe®
o=fla)=20—————.
flo)=o- 20—
We have
o =log _p—l—logg.
1—= z

. LA .
Since f is decreasing, then
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e f'(a) >0 when a < log l_p +log 2,

e f(a) <0 when o > log =2 +log 2.

Then f(c) attains its maximum at log > = +log Z. Hence

- P_">‘ < -
nlog (n_r)_ I(z),

where
zlogZ+ (1 —z)logi=, z€|0,1
oy [FrEE T -l ey
+c0, otherwise
On the other hand,
Sp
P(W >z)=PXi+ -+ X, >nz) =P >nx),

Where Y follows binomial distribution B(n,p). So

P(% > 1) = Z (Z)pk(l— P~k > ({nxﬁ 1)p["$]+1(1_p)n—[nm]"1_

k>[nz]+1

Owing to Stirling’s formula,

n 1 1
= (=)"V o)~ < f(n) < —.
nt = (5)v2meT, 2n+i) - )< 5,
We have
Sn n!
P(=2 > > [nz}+1 1— n—[nz]—-1
G n z)z (n — [nz] — DY[nz] + 1)!p (1-7)
— (_p_)m;n( 1- )n(l ccn) 1 1 )
Tp 1—z, 27z,(1 — zy)n
where z, = M — x, as n — 400. Letting n — +00, we obtain that

hmlnf —log P(S— > )

n—+4o0o 7,

> lnn (zn log — + (1 —z,)log 1-p ) — lim (2i log 27z, (1 — z,)n)

n—-+oo Tp — Ty n—+00

= —I("E))
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therefore,

lim —10g P(— > )= —I(z).

n—4+o0 N
Similarly, Yz € [0, p], consider Y}, = —Xj, then
P(Yy=—-1)=p,P(Y; =0)=1—p.
We have

1
lim ——logP(—<:L) hm —logP(z'c 1Y > —z).

n—+o0o N —~+-+00 T

Following the above argument, we have

1
lim —log P(

Sn
— < —I(z).
n—+oo 1) n o z) = ~1)
Thus, on one hand
1
hmsup —log P(|—— —p| =€)
n—-+00
Sn Sn
= limsup — log[P(— p+e)+P(— <p—e¢)
n—+oo n n
— limsup —lo P(Sn +€) \/Iim sup — lo P(Sn < )
= — — = — —€
imsup - log P(7* > p imsup ~log P(7* < p

= —min(I(p + €), I(p — €));

on the other hand

hm 1nf — log P(|— —p| >¢€)

1 Sn
= lim inf — log[P(—; >p+e)+ P(—

n——+00 n
Sn S,
> liminf — log P(

n—+4+oc0 N n

Sh
— <
—~<p-e)
>p+te) \/ lim inf 1 log P(§2 <p—¢)
n—+co 7} n
= —min(I(p +¢€), [{p —¢€)).
Therefore,

hI_'I_l ;logP(|_—p| >¢€)=—min(I{p+e),I(p—e)).
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Then Vi > 0,3AN > 0, such that for alln > N

e nlmin(IH =) 1) < P98 _ i > () < nlmin(lre),Io-e)-m)
n

Compared with the law of large number, this result gives.us a more accurate estimation.

In fact, I(z) is a nonnegative convex function, and I{z) = 0 if and only if z = p.
Furthermore, I(z) is strictly increasing in [p, +00), and strictly decreasing in (—oo0,p],

thus min(I(p + ¢€), I{(p —€)) > 0, and

+oo S
ZP(|7" —p| > €) < oo.
n=1

By theorem 3,

mU|———p|>€ ) =0,Ye > 0.

n=1k>n
That is, ‘%" —p a.s. a8 n — +oo. In words, this estimation is much more powerful
than the law of large number; because, apart from giving us the limit, it also give us

the convergent speed, which is approximately

exp{—n(min(I(p +¢), I(p — €)))}.

Unfortunately, however, the limit of %log P(A,) may not exist. We therefore need to
consider its upper limit and lower limit, which at least give us an upper bound and a

lower bound of its convergent speed. This is exactly what the large deviation principle

- does.

Definition 5 (The large deviation principle). {pa, @ > 0} is said to satisfy the large
deviation principle, if VB € B,

- 1eng I(z) < hmmfalog,ua(B) < hmsupalog,u,a(B) < —inf I(z),
e Bo TEB

where I(x) is a lower semi-continuous and nonnegative convez function, called rate

function. B° and B is the interior and closure of B respectively.
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Remark 8. If {z|I(z) < y} is a compact set, then we say I is a good rate function.

By the way, following the above argument, we can obtain the following fuct.
Fact: If zq is the only zero point of I(z), then pg = 04y, as @ — 0
Indeed, by (5) of Proposition 2, VB € B, é&tz’sfyz’ng 02, (0B) =0,
if B does not contain xo, then xo ¢ B, thus inf ¢z I(z) > 0.

So take inf 5 I(z) > €> 0,36 > 0, such that VO < o < 8, we have

exp{~—(infucse I(7) + O} < ol B) < op{~~(infoecsl(x) ~ ). (25)
Let a — 0, then po(B) — 0

If B contains o, then zo € B° and zg ¢ B¢; since fio(B) = 1—pia(B°), ia(B°) — 0,
then pa(B) — 1. Thus, fig — g,

Remark 9. If the rate function has more than one zero points, then we are pretty sure
that its limit distribution only has support on those zero points. but we are incapable

of knowing how the probability is distributed among them, anyway its limit distribution

1s a discrete distribution.
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Chapter 3

The Wright-Fisher Model,
Diffusion Approximation,
and the Poisson-Dirichlet

Distribution

In this chapter, we focus on diploid species [7], most of which are produced through
sexual reproduction. Each individual has a large number of germ cells. They first split
into gametes, containing one chromosome from each homologous pair in the original
cell. When two gametes fuse, they form a zygote that has two complete sets of chro-
mosomes and therefore is called diploid. For a given locus, if the two alleles on this
locus are the same, then it is called homozygote; otherwise, heterozygote. Here we

assume random mating; thus, Hardy-Weinberg Principle can be applied.

Each generation may go through complicated procedures to produce the next gen-
eration. For the sake of simplicity, we assume that each generation goes through three

stages. Firstly, random mating is the starting point of the next generation. Then
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a large number of zygotes are produced. Secondly, some species are better fitted to
the environment, hence they are more likely to survive to reproductive age. And all
species must face natural selection and mutation as well. Finally, random sampling
will occur, and the population remains constant in the Wright-Fisher model. In the

following sections, I will proceed to introduce the model in detail.

3.1 Two-allele Wright-Fisher Model

and Diffusion Approximation

3.1.1 Two-allele Markov Chain

Let A,a be the two alleles at a particular locus in a population of N, and = be the
frequency of A before random mating, and there are three genotypes: AA, Aa,aa. After
random mating, z%,2z(1 — z) and (1 — z)? are the frequencies of genotypes AA, Aa
and aa respectively, because of Hardy-Weinberg principle. Suppose A — o denotes
the event that A mutates into a, and ¢ — A denotes the event that ¢ mutates into
A. Similarly, we have two extra events A — A and @ — a. Let vy = P(A — a),uy =

P(a — A). Let 2’ be the frequency of A after mutation, then
=1 — )+ (1 — z)ps. (3.1)
If we assume that each allele mutates independently, the frequencies of its genotypes
after mutation are:
Pyp = PagP(A — A)P(A — A) + P, P(A — A)P(a — A)
+ Py Pla — A)P(a — A),

PAa :2PAAP(A—)A)P(A——) a) +PAQ(P(A—)A)P((L-—) CL)
+ P(A— a)P(a — A)) +2P,,Pla — A)P(a — a),
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P = PssaP(A— a)P(A — a)+ Py P(A — a)P(a — a)
+ PuP(a — a)P(a — a).

Then
Pya = (=7,

Pao = 22'(1—2),

Po=(1-2)%

We then take into account selection, rewriting their frequencies as weighted mean

" 'U)l(ml)z
PAA = \2 ! ’ VL
wi(z')?+ 22 (1 — ') + we(l — 2)
P 22 (1 — ')
A (2)2 4 22" (1 — o) + wa(1 — )2’
"o wz(]. — .',UI)2

@ ()2 4 22" (1 — ') + we(l — ')’
where wy,wy > 0. Obviously, if w; > 1, then the frequency of AA is relatively higher
than its previous one, we say genotype AA is favored during natural selection. Let z”
be the frequency of A after selection, then

v _2NPy,+ NPy,
B 2N

wi(z' )2 +z'(1—2)
wy(2')?+ 22" (1 — ') + wa(l — 2')2

T

17 1 1"
=Py, + §PAa = (3.2)

Finally, the population will go through random sampling. the frequencies of AA, Aa, aa

are Py, Pig, Foa» and
(NP, ,,NP,,, NP.,) ~ Multinomial(N, (Pa4, Paq, Paa)).

Let & be the frequency of A after random sampling, but 2NZ may not necessarily

follow Binomial(2N,z") unless we assume
Pya=(z"),
Py =22"(1-2"),

P, = (1- a:”)2,
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please refer to (7] for explanation. Therefore, if we assume that the above condition is

satisfied, then
2NZ ~ Binomial(2N,z").
Given {X(n),n > 0}, if
PX(n+1)=1|X(n)=k)= <2N) (2" ) (1 — ") N
= =k)={" ,

then we call {X(n),n > 0} two-allele Wright-Fisher model. Here 2" is obtained as

above by (3.1) and (3.2) when we take & = &

Remark 10. The original Wright-Fisher model does not take into account mutation

and selection, hence ils transition function P;; is determined by
2N ( i(1— 1 b yan-g
j /2N 2N

3.1.2 Two-alleles Diffusion Approximation

Let Yy (t) = X([2N1]), define Py(t) = X (t). Since one unit of Py(t) corresponds to
2N units of X, then take At = 5, during [, + At], Py(t) = = is changed into ="
because of selection and mutation. Next, we try to find the limit.

Al}gl —E((PN<t+At> Pu(®)Pu(#) = o) == a(a).

If we find them, from the theorem 1.1 of Chapter 10 in [7], then Py(¢) approaches a

diffusion process with generator
G = za(z)— + b(z)—
x

But before we do the calculation, we need to scale the mutation and selection like

i 1 1.
2N/\ = 2N} ,i=1,2.

U =
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Then on one hand,
L%tE(PN(t + AL) — Py(8)|Pu(t) = 7)
— ONE(Py(t + At) —2") + 2N(z" — 2)
=2N(z" — )
Na L iy
wy ()2 iléz')(lta‘m'()lJr uizl —z')? (1-2)

wy(l—2')? + 7' (1—2") a;]
wi(z')? +22'(1 — z') + wo (1 — 2')?

:2N[

<Take N to be sufficiently large, then

i o
U; = ﬁ,wi‘: 1+—2-]<7,Z: 1,2)

2N(z')*(1 — z) + oy (2')?(1 — x) + 2Nz’ (1 — =) (1 — z)

wi(z')? + 22" (1 — ') +we(1 — )2
2Nz(1 — 93,)2 + o9(1 — :[;')2:1: + ZNQII(]. — g;')g;
_ wy(z')? + 22" (1 — 2') + wa (1 — )2
_ (@)1 - 2) ~0a(1 =)’ + 2N (1 — ) — o(1 = )]
wi(z' )2+ 2z (1 — 2') +we(1 — )2

_ (@)’ (1~ 2) — 0a(1 = 2w + (2 — 2t + 1))

wi(z')? + 22" (1 — ) + wae(l — 2')2

(Since &’ = (1 — £4) + (1 — 2)£2 w; = 1 + Z&,i = 1,2, then 3’ — z,w; — 1)

— =z + pe(l —z) + 2(l — x)[zor — (1 — z)o9]

On the other hand,

1 2 —
A B (Pt + At) — Py(t))*|Pa(t) = 2)

— INE(Py(t+ At) —z” + 2" — z)?
=2NE(Py(t+ At) — 2" ) + 2N(z" — x)?

= 2N(%)2E(2NPN(t + At) — 2Nz"? 4+ 2N (z" — z)?
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]_ n " "
=—2Nz (1—: — )2
2N2 z(l—x)+2N(z —x)

" " 1 "
=z (1-— —(2N(z —z))2
2'(1—a") + 5 (@N(" — )
Since

" wi(z)? +2'(1 — )

()2 22 (1 —2') +wp(l —2)2

-z +z(l-z) =g,
and 2N (z" — x) = —z + pe(1 — 2) + z(1 — 2)[zoy — (1 — z)0y], therefore

.1 2 _
Jim U B((Pa(t + At) ~ Pu(®)Py(t) = ) = (1 — ).

Hence,
a(z) = z(1—x),b(z) = —pz + po(l — ) + x(1 — 2)[zor — (1 — z)0oq].

We have completed the diffusion approximation and the limit process is the diffusion

process with generator

GF@) = ot~ 0)TL 4 (a1~ )+ 21— )lor — (1~ 2o} L

Additionally, we are going to prove that it has a stationary distribution.

Proposition 3. Suppose {X;,t > 0} is a diffusion process with generator stated above,

then

v(dz) =C(1— :1;)2“2_15172“1”18"”24"’2(1_“”)2dfv

is its stationary distribution.

Proof: It is sufficient to show that

/0 Gf(z)v(dz) =0, Vfe C*(R).
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By integration by parts formula, we have
1
/ G f(@)v(dz)
o 1 "
= C’/ 5&:(1 —x)f (x)v(dz)
0

+0 [ e + (1 =) (1 = D)oor = (1= D)lHf (@)o(do)

— _/ f ’E) 2#2 ! 01z2+02(1 m)zd:l)
e / (= + (1 — ) + (1 — )[goy — (1~ 2)oa]} f (@)v(da)
C/ 2;&2 2u1601x +o2(1— z)gdf( )
e / {—mz + (1 — ) + 21 — 2){zoy — (1 - )a]} f (£)o(de)
--% / £ (@) 2paa(1 — )P g g b
(1 — g)Paginl gt tei-a
+ (1 — z)%22% (205 — 204(1 — z))er® +720-2P| g
1
+C [ (—pz a1 = ) +a(l = D)laor — (1= D)o} (B)o(d)
0
1
=0 [ (= + (1 =0) +2(1 = D)oor = (1.~ D)orl}  (a)o(do)

+ C’/O {—mz+ pa(l —z) + (1 — x)[xoy — (1 — :1:)02]}fl(:v)v(d:1:) =0.

3.2 K-allele Wright-Fisher Model

and Diffusion Approximation

Let Ay,---,Ax be all the possible alleles at a particular locus in a population of

N, then there are w genotypes. Let x;; be the frequency of A;A; just before
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reproduction, 1 <4 < j < K, then

]

is the frequency of the allele 4;,1 <1 < K.

Similarly, three stages are assumed to go through before the population is totally
replaced by the new generation. By the way, Hardy-Weinberg principle is also assumed
to apply here. Firstly, after random mating, the frequency of genotype A;A4;,1 <i <
< Kis

(2 = b;5)ziz;.
Secondly, owing to mutation, the frequency of A;A; is

*® 1 * * * *
x5 = (1— 551'3') Z(ukiulj + ugiu) (2 — Opt) Tem1,
k<l

where uj; is defined to be( u; =0 )

uy; = (1— Z'Mik)&ij + .
k

Next, it becomes

®
,E** . ’Ll)z] :BZJ

o ij - ——. .
Zkgl WhiTy

because of selection. Like we did in two-allele model, by direct computation, we have

K
:U;k = Z ’u’;imj)
j=1
where ] is the frequency of type A; after mutation.

Finally, the population need to go through random sampling. The frequency of

I

A;A; becomes z;;, which is a random variable; and

(N :E;j)lgiSjS x ~ Multinomial(N, (27 )i<;)-
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Furthermore, let z; be the frequency of A; after random sampling; and let z* be the

frequency of A; after selection and mutation. If we assume that zj; = (2 — 0y;)z; 2}

is still true, then following the argument in page 413 (7], we have
(2Nz,)1<icx ~ Multinomial(2N, (%) 1<i<x)-
Put X(Tb) - (Xl(’l’b), v ,XK_l(n)),n Z 0, if

PXi(n+1)=j1, -, Xg_1(n+1) = jx1|Xi(n) = iy, , Xk_1(n) = igx_;)
CN)

e} .—— R— (ZI{ )JI(
Jitee-gx! 2N

2N

where i = 2N — Zz i g = 2N — El 1 i, then {X(n),n > 0} is called K-allele
Wright-Fisher model. Then scale the mutation and selection as follows

O v 1
2N

P, 1
1
2N/\K’ =1+

Uy = ij:l,---,K.

Define Yy (t) = X([2Nt]), PV (t) = M, by direct computation as we did in two-alleles
2N

model, we have

aij(x) = lim0 iE((P-N (t + Aty — PN (@) (P)(t + At) — PN (0)|PY(t) = =),

bi(z) = lim —E(PN(t + At) — PN (#)|PN(t) = ),

t—)O
where
aij(fb’) = ﬂ?i(5ij - 5’33'),

and

K K K K
- E HijZs; -+ g Hiji g -+ iBZ( E 035 — E O'klil,‘k:lil).
Jj=1 Jj=1 Jj=1

k=1

Hence, PV (t) approaches diffusion process Pk (t) with generator

1K’—l K-1
K _
G—j; aM%JJFZ;I) (3.4)
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Remark 11. The diffusion process Pk(t) with generator (3.4) is the diffusion ap-
prozimation of K-allele Wight-Fisher Model. We can choose special mutation rates
Wi and selection variabilities oy, say o;; = 0,1 # 7, and o5 < 0. It means that
this model favors heterozygotes. Hence, as the diffusion evolves, the genotypes should
spread out, rather than being absorbed into one species. By the way, from the construc-
tion of Wright-Fisher model, we know that Pk (%) is a diffusion process on A = {z =

(a"l) e 7$I(—1)| Z{i}l T S 1}

If the mutation rates p;; = %%, # j,o > 0, then the mutation is symmetric;
if, moreover, the selection is absent, then the allele is neutral. The stationary distri-
bution of diffusion process with K neutral alleles would be the Dirichlet distribution
D(#25,++ , #%5),[9] with density

K
PRt e
1
F(Koi1)"'P(Ka—1) K

HK(d'E) = ldil?l v dLEK_l, (35)

which is a multivariate generalization of the Beta distribution(X = 2).

If the selection is added, then the stationary distribution is given by the following

distribution «
I, (dz) = Cexp ( Z aij:via:j> My (dzy - - - dxg—1). ‘(3.6)
ij=1
If we take 0;; = 0,5 # j,and oy = A(a), and put HX(z) = Efil z?, which is the

so-called homozygosity ! . Then, (3.6) becomes

11, (dz) = Cexp (/\H(a)HK(m)> Ty (dey - - deg—1). (3.7)

LGenerally speaking, homozygosity is defined to be the probability of random sample of size r
sharing the same allele type. That is, Hp(z) = Yi 2l or Hy(z) = Y52, a7 if the gene pool is

infinite.
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3.3 The Infinitely-Many-Neutral-Alleles Diffusion
and the Poisson-Dirichlet Distribution

If we order D(#%5,- -+, 7%55), and let K — 400, then the ordered Dirichlet Distri-
bution D(:%; o o) has a limit PD(a)(dz), called Poisson-Dirichlet distribution
[9]. Tt is originally put up by K.F.C.Kingman in the context of Poisson process, since
#5K — a(as K — +00) is in the style of Poisson limit, thus it is given such a name
by Kingman. In the case of neutral alleles, as K — +o0, the diffusion Pk (t) goes to

P(t) which is an infinite dimensional diffusion on

V={z= (1, ,Tn, *)|T1 =22 > Z‘T“—l}
with generator
1 — 82f(:1;) o0f(z)
~ 3 Zz % — 8’618:1;] ) 12: Ox; (3.8)

Its stationary distribution is the Poisson-Dirichlet distribution.

Remark 12. (3.8) is firstly defined on its core

C= {17(:0k($)|‘19k($) = inc)k > 2}

i=1

then extended to the closure of C.

If the selection is added, then the diffusion becomes more complicated. For the
sake of simplicity, we omit the introduction of redundant concepts, but if we take the

selection as follows
O35 = O,Z 7é j, and Oy = )\0(0!),
then its stationary distribution is

T\ (dz) = Cexp (Ae(a)ﬂz(z))m(a) (da). (3.9)
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Remark 13. (3.9) is the limit of
87 «
K-1 'K-1

in weak sense, as K — oo, where D(325, -+, 725)(dzy -+ dxg_y) is the ordered

Cexp (AH(a)HQ(Q:))f)( Yda: -+ dug-y)

Dirichlet distribution and supports only on

K
Ag = {(z1,22, ,$I<,0;"')|Z$i= L,z > @9 > -z > 0}
=1

3.4 Feng’s Result

In this section, I will briefly introduce Dr.Feng’s result in [8], therefore show my re-

search motivation. Dr.Feng’s result is concerned with distribution
Cexp (A(a)H,(z)) PD(cr)(dz). (3.10)

However, when 7 = 2, it is the same with the distribution (3.9). In addition, as the
distribution (3.9) has biological background to some extent, it is quite necessary to

mention here.

Theorem 5. Let {Ily\(dz),a > 0,A € R} be a family of distribution as (3.9), for

fized X, {1 z(dz), @ > 0} satisfies the large deviation principle on V with speed M\(a) =

1

~Toga’ and the rate function is

S(z), limy_ 8(c) M) = 0,
S(@) = { S(z) + M1 — Hy(x)), B(e)\(@) = 1,1 > 0,
S(z) + \MNHy(z) — mf {2l n—1:n> 1}, 8a)Ae)=1,A <0,
where S(z) is defined by
0, € Ly,

S(z) = n—1 x€L,z,>0,n>2,

+oo, x¢ L.
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And L, = {(z1, ++ ,20,0,---) € V: > " @ =1} L = oo, L. Obuiously, L, C

Lt1.

Proof: Please refer to [8].

Note that there is only one zero point for S(z), it is (1,0,---), so when 6(a) and
Ma) fail to be comparable, then S(z) = S(z), thus they share the same zero point.
Moreover, when 6(a)\(a) = 1, A > 0, since S(z) > 0 and 1— Hy(z) > 0, then S(z) =0
if and only if S(z) = 0 and 1 — Hy(z) = 0, therefore, S(z) has only one zero point
(1,0,---). Finally, when 8(a)X(a) = 1,A < 0, it can be shown that S(z) might have

more than one zero points.

Case 1: A < -1,

inf{m +n—1n>1}
n

= min A Al — L AllY
G HVI =1 e + VD)

If

Al oA

[\/W]Jr[\/m 1 [\/W]HH\/W’ (3.11)
then

Al = [VIAVIAL + 1)
Therefore, only when A = —k(k +1), k > 1, can (3.11) hold. Take A to be —k(k + 1),
since k < [\/|A|] < k+ 1, for fixed &, then

inf{l—il +n—1,n2>1} =2k

Suppose Py € L is a zero point of S(z), hence is a minimum point of S(z), then
a 1
0=5(F) = S(Fo) + k(k+ 1) H(Po) - 2k =1 = 1+ k(k + 1)1 — 2k

the second equality is due to the fact that S(z) remains constant on L;, and Hy(x) on

L; attains its minimum only if 1 = 2o = +-- =1, = % Thus the minimum of S(z) on
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Ll is

l—1+k(k+1)——2k—l k(k;rl)—%:o.
Solvel—l—l—@ ~ 2k = 0, we have | = k,k + 1, then S(z) has exactly two zero
points: (,-++,%,0,---) and (k+1"" g 0, -+ ). However, if X # =k(k + 1),k > 1,
then

o for [ > [/IAN(WI] + 1), we have

AL _
N + [V

So S(z) = S(z) + |A| Ha(z) — (
zero point of S(x), then

0= 5(7) =1~ 1+ I = (i + VD),

A
SN + [V

+[v/|Al]). Similarly, assume Py € L is the

{\/N1+1

VAl +1
solving this equation, we get I = [\/|A||+1orl = [\/:Tﬁ Butl = [ \/%Hl is not

a valid solution; otherwise, let k = [\/[\[]+1, then |\| = kl, hence k = [V&I]+1,
then k — 1 = [VEl], and

k—lgx/H<k:>k—(2—-l];)§l<k.

Thus i = k—1 = [\/|\|]l, I\ = [VIM([W/|A] +1), contradiction thus is produced!

So Py = ([\/I_/\_]+1 . ,m, 0,:-+) is the unique zero point!

o For |A| < [/INI([W/IA]] + 1), assume Py € L; is the zero point of S(z), then

& 1 A
0=8F) =1l—-1+ N5 - (—=+[VIA]-1). (3.12)
EOOWIM
Solving the equation, we have I = [\/[[], or I = -l If |A| = 72, then

[v/I7)
l=n=[{/|\], sol=[y/|)] is the unique solution of (3.12). If |\| # n?*n > 1,

then [ = [\;\I|T|] is not a valid solution of (3.12); otherwise, let k = [\/|A[], so
|A] = &l and

k<\/H<k+1:k<l<k+2+%,

36



then ! > k+1=[y/|A]]+1, and |A] = &l > [/|A]]([v/|A]] +1), which is a contra-

diction! Therefore, we have the unique zero point Py = (—= e, —k =)

y " 3 ) 0) )
WA /A0

Case 2: —1 < A <0, then

inf{m +n—1,n>1} =]\,
n

s0 S(x) = S(x) + |\ Ha(z) — |A| = S(z) — |\(1 = Hy(z)). Since 0 < 1— Hy(z) < 1,0 <
|A| <1, then 0 < |\|(1 — Hy(z)) < 1. If Py € L;,1 > 2 is the zero point of S(x), then
0=10—-1—|A(1— Hs(P)); but

1 Sl—-l:lAl(l—HQ(Po)) < 1,
a contradiction! Hence, Py € L4, and it is the unique zero point of S’(x)

From the discussion stated above, the rate function S (z) has only one zero point

unless
Ola)\(a) =1, A= —k(k+1),k > 1.

Under this condition, S(z) has exactly two zero points rather than one. By the results
in Remark 8, we know that large deviation principle can deduce the limit distribution
only if the rate function has unique zero point, and the limit distribution is the Dirac
measure at the zero point. Unfortunately, when the rate function has more than one
zero points, we know only that the limit distribution supports on these zero points,
but we don’t know how the probability is distributed among them. Therefore, when
()M (@) = 1,A = —k(k+ 1),k > 1, large deviation obtained by Dr.Feng fails to give
the exact limit distribution. That’s why I try to figure out another way to find its
limit distribution. Since II, (dz) is the limit of

o
K-1

Cla it €XD (/\H(a)H2(fc)>ﬁ( K‘i T Yday -+~ dger)

as K — oo, thus, we first try to find the limit of

o o
K-1" "K-1

Ca, K €XP (AH(a)Hﬂm))f)( Y(dzy - - dzg—1)
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as a — 0, then we manage to deal with II, ,(dz). In this thesis, I only find the limit
for K = 2, which turns out to be unexpected. Finally, A = —k(k + 1) seems to be

very special in Dr.Feng’s result, it might be because of its connection with coalescent

process.
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Chapter 4

Main Results and Proof

As we discuss at the end of last chapter, for K = 2, the distribution in question is

,Ufa(dl') — Ca,2$a—1(1 _ w)a—le)\loga(m2+(1—z)2)dx,

where Cy, o is a normalized constant. It is apparently a measure on [%, 1]. In this

chapter, we proceed to find the limit of p,(dz) as o — 0.
Theorem 6. Suppose i (dx) is a probability measure on [%, 1], which is defined as
2 5
,Ula(daf') _ Cail?a_l(]. . m)a—le)\loga(m2+(1~m)2)d$‘
Let a — 0, then the limit of this distribution is

1 1
(- A—(/\—))51(d$) + m%(dﬂ?),

where A(\) = 400, for A < 2. Otherwise, A(\) = 1.

The approach we take here is to compute the limit of Laplace transform of measure

1o Before we go to the details, some useful lemmas should be mentioned here.

Lemma 1. [18] Suppose



where a,, b, are both positive, then
==,
Remark 14. If, however, a,,b, are also function of z, say an(x),b,(x), and

br(z) o

lim su
n—+0co mzlg a,n(’l?)

then the same conclusion is also followed by the similar argument!

Lemma 2. [10] If a; € C,|a;] < 1, then the partial product H;.V:l(l + |a;|) satisfies
| X N N
ooy D lagl) <TI0+ lag) < oxp (3 lag):
, =

j=1 j=1

[Proof of the theorem]:

fll re-1 (1 - x)a—le/\(loga)(m2+(l—m)2)e—tmdm

—tX _
E.e =

f11 1120‘_1(1 _ m)a—le)\(loga)(m2+(1—m)2)dm

tfll ZL‘a_l(l - x)a—le/\(loga)(a:2+(1—a:)2)e(1—-z)td$
eti2

fll o1 (1 _ x)a—l eMlog @) (2+(1—2)2) dp

2

(By substitution, put u =1 — x)

fo% w11 — ) TeMloga) (w2 +H(1—w)?) gut gy,

—t
e
foé ue=1(1 — u)e-leMoga)(w?+(1-u)*)dy

<Cancel the common term e* 1°g°‘)

f()% ua—l(l — u)a—162)\(10g Lyu(1—u) e“du
‘]'0% ua—l(]_ _ u)a—leZ/\(log 'oll)u(l_u)du
l nn
_ f02 ua-1(1 _ u)a—leQ)\(log i)u(l—u) E::()) g_r_j__)du

fo% oL (1 — qg)o—1e2Mlog u(l—) gy,

jrmang e_t
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(Since power series can be regarded as integration with respect to counting measure,
and both integrands are positive, by Fubini’s theorem, switch the integration and
summation)

199 4n fo% wetnL(1 — )0 2Allog Hu(l—) gy

=ty

1
o v f0§ ua—l(l _ u)a~—le2)\(log é)u(l_u)du

o3 4 f% uotn=l(] — gl Z+°° ——(2M°§ ) uF(1 — u)kdu

—t
=e
Z f uo1(1 — y)a-1 Y o0 2 08a (ZMO% ) uk(1 — u)kdu

(Similarly, apply Fubini’s theorem, switch the integration and Summation)

m Z+oo (2>\log ) fg gotnth— 1(1 _ u)a+k 1du

Zl-:oo (%\bg »* f uoHh—1(1 — g )atk=1dy,

%23

Put
Z;J:OO (°f\1°g 2)* fo otk — )tk 1du

oo PAlog ) (2'\103 * f portkb=1(1 — q)artk— gy

then ap(c) = 1. For n > 1, an(a) = + (g, where

an(a)

f% ua+n—1(1 _ u)a—ld,u

Q=
foé ur=t(1 —w)e—tdu + 3 7% M f uoth—1(1 — y)atb-ldy
and
0, 22‘00 (2)\log )* f qetkAn—1 )a+k——1du
f w1 (1 — u)e 1du + Z:oo —(2)‘10’5 ) f o th=1(1 — g)oth—ldy
Actually,
1
J& w1 (1—u)*ldy
1
JZ wet(1—w)e—1du
Q=2
! 14+ D(w) ’
and
;:04; (2)\log * j‘? atntk— 1(1_u)a+k 1du
Q L re—
2 = 1 )
1+ Bla)
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where
2 (22 log 1) f udth=L(1] — )tk 1du

=1 k! fo ue (1 — u)*tdu
Put AN =1+ m, and we claim that

D(a) =

+oo (2>\10g )» atntk-1 atk—1
> U 1-— d 1
lim k= 2/\1 f ( ) it = =N >1, (41)
a—0 Z:w( L )k f uetk—1(1 — g)atk-1gy 2

and
lim 2, = 0.
a—0

Then limg,_g 2y = ﬁzim n > 1. Define

(t) = lim Fo(e™).

1

2 atn—1 a—1,2Mlog lu(l—‘u.)
. u 1—u e 3 du
Since 1o (1w

< 1,Vn > 1, then by Lebesgue Convergent Theo-

f07 uu—1(1_u)a«152>\ log %u(l—u)du
rem, the above limit is
+oco m

e i1+ Z — lim a,(a)),

where
im0 (¢) = iy O + iy
ot 1
A2
Therefore,
() =e (1 + Z 1
n'A
1
_ 1, 1 s
=(1 A()\))e —I—A()\)e .
Then by Theorem 2, we know that
1
o(ds 1—- 61(d ——01(dx).
fio(d) — ( A(/\)) 1(dz) + K 1(dz)

42



Now it remains to show the claims and find A()). Firstly, in order to show lim,_,0 1 =

0, we consider the moment generating function of Beta(o + n, «), which is
+oo k-1 k
a+n+r )
1 .

Let a — 0, it approaches 1 + +°° &h” t) = e~t, Hence, by Theorem 2,
Yy

Beta{a+n,a) — 61, as a — 0.

And )
foi ua+n—1(1 . u)a—ldu
B(a+n, )

—0, asa—0,

hence, lim, o2 = 0.
Secondly, consider the remaining claim (4.1), we have, on one hand,

1
foz ua+k+n—1(1 = u)a+k—1du 1

1 SV
J2 ueth1(1 — w)etk—1dy

On the other hand, Ve > 0, we have

j‘é ua+k+n—1(1 _ u)a+k—1du

1
foi ua+k—1(1 _ u)a-i—k——ldu

1
foé"f ,ula-l-k-l-n—l (1 _ ’Ur)a—Hc_ldu fg_e e tktn—1 (1 _ u)a+k—1du

I I
Jo2 uethm (1 — w)orth—idy, Jo2 ueth=1(1 — w)etk—ldy
1
i_¢ 3 otk— _ k—
e yatknL (] — yyathlgy, (1 ~ nf;_e ueth=H(1 — g)oth=1gy,
i T
fOQ uetk=1(1 — y)eth—1dy 2 f% uotk=1(1 — y)ath=1dy
k
1 1 27 € a-Hc—l — etk L
Z(__E)n_(__e)nfo (1 ) b

2 2 f uerth—1(1 — y)arth— du

Since X
5—€ — .
f02 ua—l—k 1(1 u)a-l—k ldu
lim sup

k=00 aefo,1) f ueth—1(1 — y)etk—ldy,

=0,
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in fact, let 0 <a <1

fO%_E weth=(1 — y)a+k=1qy, < foé_e P11 — u)Ftdu

foé uetk=1(1 — y)otk=ldy foé k(1 — u)kduy
_ fO%_e wb=1(1 — w)Ftdu 2B(k, k)
B(E, F) B+ Lk+1D)

follow the argument in (4.2) and (4.3), we have B(k,k) — 61, as k — +oo, in
distribution, then
1
S w1 = w)Fdu
Bk, k)

— 0,as k£ — 400

then (4.4) is true. Thus

1
(1 B ) < lirm inf f2 ua+k+n—1(1 . u)a+k 1du
2

k—-too f ueth=1(1 — y)etk-1dy,

atktn—171 __ o+k—1 d 1
< limsup f at k) “ < (z)™

k—-+00 fl uoHh—1(1 — g)oth—1gy 2

Letting € — 0, we have

1
i foz ua+k+n—1(1 _ u)a+.’c—1du 1
lim = —

k—+o0 fo% uoth=1(1 — y)atk—ldy S

If we apply lemma 1 and the remark(14), then the remaining claim (4.4) is verified!

Finally, we endeavor to find A()). Firstly,

+oo 1\k
(2A\log 2)* Bla+ k,a + k)
D(a) = g « :
prc k! B(a, @)
Z 2)\log LB (a+k,a+k)_ 2\ o
= Blaa) %a ga.

Since I'(22)T'(3) = 2%~ T(z)[(z -+ 3), then for k > 2

Bla+k,a+k) T*a+k) TI(2)
Bla,a) () @+ k)

CTXa+k)  22'T(@)T(a+d)

C I2(a) 2N a+ B (a+k+3)
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_ 1Tl(a+k) T(a+3)
4 T(e) T(a+k+3)
1l «o 1

T4kl H (1+a+l)

By lemma 2, we have

k—1 1 =
2 < - - k}>2‘
exp(y Za+l 11 +a+l)—eXp(2l_1a+l)’ =4
but 1 - . X - :
< Ny« NV E>2
eXp( Z ) eXp 4 — a+ )—- eXp(4 — l)) — b
wnd 1A 15 158
= < - —— < = - > 2.
eXP(zzl)_eXP(2 T )_GXP(2 l)’k—

=2 =1 =1

!
Since limk_,+oo(2f:1 7 —logk) = C (Euler’s Constant), then

k
1

E —=logk+C+ g, where lim o =0,
l k—+o0

hence, for k£ > 2

1eal i1
exp(y > 7) =kt exp(7(C+ar 1)),
=2

k-1
1 1
exp(z Z 7) = (k—1)1 exp( (C + ag-1)),
=1
R
exp(; > 7) =k exp(5(C+ o - 1)),
1=2
131
exp(§ Z 7) =(k— 1)2 exp( (C + ag-1)).
1=t
Therefore,
11k_11 k—ll S 11 k=2,
exp(3 -1 1) [+ 27) exp(3 2 i—a 7)



and

1

1 1
m T < SM—m—=,k 2 2,
(k—1)2 1 (1+a+l) (k)1
where m, M are both positive constants, independent of oe. Moreover, since
+00 1\k
2Alog =) 1 1 2\
—~ k! 4F o + 2 k-1

T raloga
[[o T+ 3%) a+—

o+l
+co 1\k Mk
Alog = 2 22
- = 12( lia) k—l(z) T laloga
a+§ —o . l—_1(1+a?|_l) a+2

+oo (Alog L)* (3)*

1 k=2 k! H;e—ll (1+ D:rl) 2

— o log «
a+% 1+Z+oo(logl)’” —I—% &
then

+oo (log 2)F ($)F
m k=2 k!

(- 27 alog
a+2 1_|_Z+00(1°g'9)k a+% &
+oo (log 2)* (2)F
< D(a) < M s (-t __2) alog a.
- a+i 400 (log 1)k o4 L
s 14 00— 2
Moreover,
+oo (log 2)F ($)* Joo (log2)* (3)F
y k=2 R 1)%' 1 k=2 "kt (T_T)g
alir(l) +oo (log 1)k - air%) +oo (log )k
1+ Z 1R k=2 k!
and
4oo (log L)% (%_);” +oo (log )* (%_)i“
lim ek (L)K = lim R w
— oo (lo ) - log L)% ’
a—0 1 + E+ il_ a—0 ;:_—(3 (Liﬁl‘
By lemma 1,
for A <2,
St (1°gk. L (3 +oo (logk ?)"‘ G
lim ("k n? =0, lim ’ 1(;?)2; —0;
a—0 +oo (log 1) a—0 +oo (log £)*
k=2 R k=2 Rl
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for A > 2,

+oo (log 1) (3 +oo (log )% (3)*
. . — L 1
hm k=2 k! (k—1)2 +OO hm k=2 k! (k)%
a0 +oo (log L)k a—0 +o0 (log L)*
k=2 K k=2 Kl
Therefore,
for A £2,
lin%) D(a) = 0;
for A > 2,
lim D(c) = +oo0.
a—0

Hence A(N) =1, for A > 2, otherwise, A()\) = +oo0.
[Proof of lemma 1]:
Case 1: C' = +o0.

VL > 0,3dN € N*,st. Vn > N, g—’: > [, then

+oo N z" fB
E b o Enzo bnﬁ n——N+1 b
+00 a:" +o00 zn +co ﬂ
n=0 dn 'y nl n=0 "7 p! n=0 "1 nl
ZN bn ﬁ +oo zt by
+ n=N+1 """ nl q,
+o0 m‘“ +oo :u"
n=0 a’" =0 (I,n
ZN ﬂ +o0 g
n=0 "7 nl +L n=N+1 (l.n n!
= +oo gt +oo  gn )
Q. Q.
n=0 "1 n' n=0 “nnl
thus
+oo b "
lim n=0 "7 nl
“+oo Fiid
aokoo 3 o0 an Ty
ZN ™ 400 a
> lim &r=0™ ”' + L. lim =meitl nt
el Fo ,En
x—+00 Zn—() n n' z—+o0o n=0 an

. . Tl
Since My, o0 Yooy GnZr L = +o0, then

Soncobor _ o Dncobedy

+c0 _ai — N+1 zn
n=0 Yn 'yl Zn—(} Anr

0< lim

r—+oo

= +00.



n

+00 z" “+oo ZN anE

. — an 1 . =N a’n 1 . —0 Yn 1
lim ————"+]Zo+1 - = lim ———"4_10:1 —=—+ lim ——————103 o
z—r00 n=0 (n'py z—+00 n=0 (n'oy T—+00 n=0 Onoy
Thus,
lim g an > LVL > 0.
T—-+o00
n=0
Hence,

|

+o0 n
i x
lim E ap— = +oco = C.
z—-+oo £ n!
n=

Case 2: 0 < C < 40,

Ve > 0,dN € N*,s.t. Vn> N,|gﬁ — C| <, then

+o0 1:" too . am
TiEhg o) < Dol ol
+oo a " — +oo z"
=0 “n",T n=0 "7 pn}
IV bn _ 400 ™
> o On n! an Ol n=N+1 ®n'pp
— +co zn _l_ € 400 AL
n=0 “n'pl n= Oa‘n ]

5 an _‘
n=0 nl I -
b

by,
< -+ oyZn=0Tnal
—(Olsnkaé}%’ Qg + ) “+o00 T

n=0 n',{l‘
then
Z-l—oo b "
limsup | S :,;n —C|<e.
z—+00 n=0 n 1

Letting € — 0., yields

+co b z™
. = n ol
lim Zoc? . — ()

[Proof of lemma 2|:

On one hand, recall that |a;| < 1, we have 1 + |a;| < el%!, then
N N
[T +lag) < expQ lagl).
=1 =1
On the other hand, since Ia]I < %, then

1 la
L+ a;l =1+ 2(§|aj|) > e“ﬁL,
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therefore

N
H (14 |aj]) = exp(= Z|a3[
j=1 1—1
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Chapter 5

Conclusion and Further Discussion

From theorem 6, we know that the limit distribution is either §; or § 1 and is uniquely
determined by A, where A can be regarded as a selection factor. Owing to selection
favoring heterozygotes, as A becomes bigger the species tends to spread out, until
finally two allele types coexist in identical proportions. This makes sense because the

mutation rate is symmetric.

Interestingly, however, when A < 2 there is only one allele type in the end, and
unexpectedly there is no intermediate state. For A = 2 we previously expected an

intermediate state in which two configurations would coexist
p51+(1—p)6%, 0<p<l.

Hence, even though the species is quite weakly affected by mutation, the configura-
tion of the species fails to change until the selection factor is strong enough. Simply
put, even though the possibility of mutating into other species is very small, whenever
species become well accustomed to their surrounding natural environments, they may
go through alterations and accumulate such alterations by way of inheritance. Never-
theless, it is quite unexpected that species change suddenly without any intermediate

state as the environment varies. The only sound account in my opinion would be that
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species is very sensitive to the environment , hence the sudden change of environment
results in the sudden change of species. For example, great natural disasters may
suddenly occur, with the result that most species become, like the dinosaurs, extinct,
and only very few survive. This may be why the configuration of species undergoes
sudden changes when the selection factor is strong enough. The frequency of great
natural disasters is relatively low compared with the lifespan of any given organism,
but is actually fairly high compared with the entire evolutionary history of a species.
Hence, many unknown species may just begin their debuts and quickly exit during the

play of natural history!

Finally, in this thesis only the case K = 2 is considered. The associated problems
of other cases are still unsolved. However, I think the method used in this case might
be useful for the other cases, with possibly a little adjustment. There are, however,
indeed some technical difficulties. For example, when K = 3, then the measure in

question would be

24.2,.2y -1 21 1
po(dy, dpg) = CheMoralEitestas) 2 ™0 2™ 2™ gy dagy

defined on Ag, where
Az = {(21, 2, T3) |21 + T2 + T3 =, 21 > 22 > @3 > 0}.

If we try to compute the limit of Laplace transform, we might need to reduce it to the

case K = 2. But consider the z; cross section
(A3)$1 = {($2,$3)|IE2 + I3 — 1-— ml,min(l — 5171,5171) Z T9 Z I3 2 0},
when z; < %, then min(l — x1,21) =21 > 23 > 23 > 0, and
T1 ) I3

1> > > >0
1—11)1—1—(171—1—1131_ ’

50 (Ag)s, is not Ag = {(z1,22)|z1 + 23 = 1,1 > z1 > 22 > 0}, hence, the reduction

might not work here. Some adjustments are definitely needed.
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