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Abstract

The inverse source problem of electromagnetics for homogeneous background medium
is investigated numerically using the Transmission-Line Matrix (TLM) method. By
transforming all sources and fields into their equivalent link impulses inside a TLM
computational domain, a discrete linear inversion formulation is developed. Our ap-
proach solves for the unknown source distribution inside a given source region using
the near-field measurements on its boundary. Unlike the conventional frequency-
domain treatments, both our source solution and the field measurements are obtained
in the time domain. The non-uniqueness of the inverse source problem is addressed
by additionally imposing a smoothness prior constraint. First-order time and spa-
tial derivatives of the source distribution are minimized. The source reconstruction
algorithm introduced in this thesis is illustrated through various two-dimensional nu-
merical examples. It is also shown that our algorithm is robust against the noise from

the boundary field measurements.
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Chapter 1

Introduction

Today, inverse problems arise in many branches of applied sciences: medical diag-
nostics, atmospheric sounding, radar and sonar target estimation, seismology, radio
astronomy, microscopy, etc. In the most general sense, an inverse problem may be
broadly described as a problem of determining the internal structure or past state of
a system from indirect external measurements [1], which corresponds to the reverse

of the usual “cause-effect” sequence of events [1].

In the domain of electromagnetism and optics, inverse problems are usually di-
vided into two broad classes: (1) inverse scattering problems (also known as inverse
medium problems), that obtain the characteristics of a scattering object form its
scattered wave due to external illumination, and (2) inverse source problems, that
determine the constitution of a source from measured values of its emitted radiation.

Inverse scattering problems have been very successful in recent vears, most signif-

|
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icantly in medical imaging, due to the rapid development of Computed Tomography
(CT) technology [2]. Other common applications include concealed weapon detection,
non-destructive evaluation or testing, and remote sensing, see [3, 4, 5]. The inverse
source problems, in contrast, have received little attention, partially because of the
severe non-unique nature in the solutions. Despite this ill-posedness, inverse source
problems still find direct applications in antenna design [6] and holographic imaging
[7, 8].

Inverse scattering problems are in general nonlinear. They have been the ob-
jective of elegant mathematical investigations. However, it is well known that the
electromagnetic parameters like permittivity and conductivity of a scattering object
can be retrieved from its induced current sources—the equivalent sources producing
the scattered waves. Therefore, in these cases, inverse scattering problems can some-
times be transformed into their equivalent inverse source problems. Solving an inverse
source problems can be considered as an intermediate step in solving inverse scatter-
ing problems. In the literature, there are a series of inverse scattering papers [9, 10,
11, 12, 13] in which an inverse source problem is first solved. The work included in
this thesis considers the vector inverse source problem for the Maxwell’s system. Our
work shall be applied for solving the correspondent inverse scattering problem in the

future.
Inverse source problems are conventionally addressed by using frequency-domain

approaches, in which a Fourier transform with respect to time is taken for all physical

quantities and the resultant time-independent equations are studied for a fixed fre-

@
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quency. Different aspects of the frequency-domain solutions have been investigated
by many authors, for both deterministic and random sources. Ref. [6] discusses its
application in antenna pattern design. Ref. [14, 15, 16] addresses the non-radiating
(NR) sources in the solutions of the inverse source problems. Ref. [17, 18, 19, 20] ex-
amines the inverse source problem for partial coherent sources and random sources.
And in Ref. [7, 8, 21, 22], the so-called Minimal Energy (ME) solutions of inverse

source problems are studied.

In our work, the inverse source problem for the Maxwell’s system is treated nu-
merically by applying the Transmission-Line Matrix (TLM) method [23], a numerical
technique for the field computation. Unlike the classic frequency domain approach,
our solution is obtained in the time domain using the time-domain knowledge of dis-
crete near-field measurements outside the source supporting region. The time-domain
approach to the inverse source problems is complementary to that of the frequency-
domain approach. While the frequency-domain approach relates the radiation pattern
to the sources for a fixed frequency, the time-domain approach studies simultaneously

a band of frequencies or a short pulse in the time domain.

This work aims at solving inverse scattering problems in the time domain using
wideband (WB) short-pulse fields as the illuminating sources. Because of the wide
band of these fields, solution techniques directly in the time domain, where the fields
are localized, are preferable over the more conventional approach of transforming the
frequency-domain solution into the time domain. This motivates us in seeking the

solutions of inverse source problems in the time domain. A recent review of short
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pulse systems, applications, and of analysis techniques can be found in [24].

1.1 Inverse Source Problems in the Time Domain

Our work considers the reconstruction of current source distribution J(r,t) inside
a closed spatial region D. The exterior of D is assumed to be source-free. The
background medium is assumed to be homogeneous (free space) containing the vector
electric field E(r,t) and the vector magnetic field H(r,t). The coupling between the
two fields are governed by Maxwell’s equations. Our time-domain inverse source
problem can then be stated as that of reconstructing the excitation source J(r,t) for
Vr € D from discrete measurements of the radiated field E(r,t) or H(r,t) for r ¢ D,
for all retarded time ¢. In our case, all the field observation points are located on
boundary of D, and supply near-field radiation data. The time-dependent excitation
source distribution J(r,t) is assumed to satisfy the Sommerfeld radiation condition

at infinity.

It has been known for a long time that solutions of the inverse source problems in
general are affected by rather serious non-uniqueness. This phenomenon is primarily
due to the so-called non-radiating (NR) sources, a distribution of sources that does
not produce a radiation field, however, stores reactive field energy within the source
region. Concerning the time-domain solutions of inverse source problems, it has
been shown in [25] that in addition to the NR sources there is another class of source

distributions that generate nulls in the time-domain radiation pattern only for certain

4
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discrete and/or continuous sets of directions. Thus in our time-dependent inverse
source problem with discrete measurements, the class of sources that do not radiate
at all (NR sources) and the class of sources that are NR only with respect to certain

observation points, together, contribute to the non-uniqueness of the solutions.

Our treatment of solving the inverse source problem is dealt with numerically by
using the Transmission-Line Matrix method [23]. By transforming the sources and
the field into the equivalent link voltages defined in the TLM methodology, a linear
inversion formalism for the inverse source problem is developed. The non-uniqueness
of its solution is resolved by the adoption of Tikhonov-like regularization approach [1]
using the additionally provided smoothness prior condition. Solving inverse problems
in electromagnetics using TLM method have appeared two times in the past. In [26]
and [27], time-reversal property of TLM method is utilized for the localization of
scattering object from external field measurement in the time domain. However,
their proposed approach fails to determine the shape and the internal composition of

the scattering object, and thus does not solve the inverse problem completely.

Inverse source problems in the time domain have been reported two times in the
past. The earliest treatment appears to be in [28, 29]!, where inverse initial value
problems for both the scalar wave equation and Maxwell’s equations are considered.
This work provides expressions for the field distribution at some initial time period
(say t = 0) from the field distribution at a later time (¢ > 0) using the expansion in

homogeneous plane waves. In [25]% the inverse source problem in the time domain

1 Also discussed in Section 2.5.1.
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for the scalar Helmholtz’s equation is dealt with by processing the field data in the far
zone by using a limited-view Radon inversion framework [30, 31]. Our work, to the
author’s knowledge, is the first time-domain treatment of the vector inverse source

problem using near field measurements.

1.2 Qutline of the Thesis

The main objective of this thesis is to introduce a numerical approach for solving
the inverse source problem in the time domain. We start by investigating the inverse
source problem inside a thin discretized source region whose enclosed mesh cells are
all exposed to its exterior. For this special case, the source solution can be uniquely
determined at every discrete time step. We then generalized our approach to a dis-
cretized source region with arbitrary shape. For this broader case, a unique solution
can be obtained by imposing a smoothness prior constraint to refining the solution
space.

Chapter 2 reviews the fundamental theory of inverse source problems as well as
the generalized ill-posed inverse problems. The non-unique nature in inverse source
problems is discussed with emphasis on the so-called non-radiating (NR) sources [14,
15, 16]. For the treatment of the non-uniqueness, regularization techniques and the

use of prior conditions are also covered. This chapter also includes a review on past

2 Also discussed in Section 2.5.2



M. A. Sc. Thesis—Yu Zhang McMaster—Electrical & Computer Engineering

approaches of solving inverse source problems for both the scalar cases and the vector

cases.

In Chapter 3, our TLM-based inversion approach for solving time-domain inverse
source problems is applied to thin source regions for both two-dimensional and three-
dimensional cases. Our algorithm requires three TLM iterations for reconstructing the
source distribution at one single time step using the discrete field data on the bound-
ary of the source region. Our approach is verified through reconstructing the sources
inside a two-dimensional source region composed of 8 source cell, a two-dimensional
source region composed of 400 source cells, and a three-dimensional source region
composed of 288 source cells. In addition, we also evaluated our approach using noisy

field data.

Chapter 4 generalizes our inversion approach to accommodate a two-dimensional
source region with arbitrary geometry. Unlike the case for thin source regions, the
resultant inversion formulation for a generalized source region appears to be a low-
rank linear algebraic system. For overcoming the non-uniqueness, we additionally
impose the smoothness constraint (a priori) on the solution space by minimizing the
first-order time and spatial derivatives of the reconstructed sources. Our approach
is illustrated through the reconstruction of sources inside a rectangular source region

and a reentrant source region, for both noise-free case and noisy case.

The thesis conclude in Chapter 5, providing suggestions for further research. For
convenience, a bibliography is given at the end of the thesis collecting all the references

used.
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1.3 Contribution

The author’s original contributions presented in this thesis are:

(1)  introducing a discrete linear inversion formulation for solving vector inverse

source problem inside a thin discretized region;

(2)  development and implementation of a source reconstruction algorithm for solv-

ing the inverse source problem inside a thin discretized region;

(3)  introducing a discrete linear inversion formulation for solving vector inverse

source problem inside a discretized region with arbitrary shape;

(4) development of a discrete regularization procedure for rendering the non-

uniqueness of the inverse source problem;

(5)  development and implementation of a source reconstruction algorithm for solv-

ing the inverse source problem inside a discretized region with arbitrary;

(6)  contribution to the comprehensive review on the concept and theory of inverse

source problems.
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Chapter 2

Inverse Source Problems in Electromag-

netics

In the most general sense, the inverse source problem for a given partial differential
operator (PDO) may be defined as deducing the “source”, in a general coordinate
space of interest (i.e. spatial or spatial-temporal), from the “field” it generates outside
the support of the source [1]. In the literature of inverse source problems, particular
descriptions are applicable to specific PDOs. Some commonly investigated PDOs
include the Helmholtz operator [2, 3], the vector wave equation operator [4, 5], the
D’Alembertian operator [6], the operator for the heat equation [7], and the operator

for the diffusion equation [8].

In this review chapter, we restrict our attention to two fundamental PDOs in

wave theory: (1) the scalar wave equation operator as defined by the inhomogeneous

12
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Helmholtz equation; (2) the vector wave equation operator as defined by Maxwell’s

equations.

Within the context of the scalar wave equation, the inverse source problem con-
sists of deducing a localized source ¢(r,t) inside a closed source region D. The scalar

problem is described by the inhomogeneous Helmholtz wave equation:

2

(V2 + %%)u(r,t) = —drq(r, ). (2.1)

The radiated field u(r,t) is measured outside the source region. The exterior of D is

assumed to be source-free.

Similarly for the electromagnetic case, the correspondent inverse source problem
consists of deducing the electric current density J(r,t) inside the source region. The

fields are related to J(r,t) through the vector Maxwell equations

V x H(r,t) = J(r,t) + Oa_]tD
V x E(r,t) = o8
ot (2.2)
V. -D(r,t)=0
V- B(r,t) = 0.

J(r,t) is recovered using the knowledge of the fields E(r,t) or H(r,t) outside the

source region.

Conventionally, the inverse source problems are addressed in the frequency do-

main, in which a Fourier transform with respect to time is taken for all physical

13



M. A. Sc. Thesis—Yu Zhang McMaster—Electrical & Computer Engineering

quantities. The resultant time-independent equations are studied for a fixed fre-
quency. For example, let us consider the inhomogeneous Helmholtz equation given in

(2.1) and write

1 +o0 )
q(r,t) = \72:7r/_oo q(r,w)e™dw (2.3)
1 e ot
u(r,t) = — u(r,w)e" dw. 2.4
)= —= [ ulrw) 2:4)
Then (2.1) becomes
(V2 + E?)u(r,w) = —4nq(r,w), (2.5)

where k = w/c is the wave number at the frequency w. ¢(r,w) and u(r,w) are the

monochromatic sources and the resultant monochromatic field, respectively, at w.

The frequency-domain approach simplifies the inverse source problems by study-
ing the source solution at a single frequency. The time-domain approach to the inverse
source problems, on the other hand, is more difficult to solve. In the literature, only

two time-domain treatments [9, 6] are reported.

This chapter is organized as follows. Section 2.1 through Section 2.4 discuss the
frequency-domain aspects of the inverse source problems. In Section 2.1, the non-
uniqueness in the solutions of inverse source problems is discussed with emphasis on
the so-called Non-Radiating (NR) sources. Subsequently in Section 2.2, we review the
prior conditions that are used to overcome the non-uniqueness in the inverse source

problems. In Section 2.3 and Section 2.4, treatments of the ISP for the scalar wave

14
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equation and the vector wave equation are presented respectively. In Section 2.5, the
prior work on the time-domain treatment of the ISP is reviewed. Finally, conclusions

are drawn in Section 2.6.

2.1 The Ill-Posedness and the Non-Radiating Sources

In Chapter 1, we mention that inverse source problems, in general, are ill-posed due
to the phenomenon of non-uniqueness in its solutions. In this section, we comment
on these concepts from a general perspective. We then explore the nature of the
so-called non-radiating sources in inverse source problems for the wave equations in

both the scalar and vector cases.

Like many other inverse problems that have been investigated, inverse source
problems are ill-posed in the sense of Hadamard [10]. In his formulation, a problem
is said to be ill-posed, if its solution does not exist, or is not unique for arbitrary
data, or does not depend continuously on the data. With reference to the inverse
theory, the above three properties are termed as non-existence, non-uniqueness, and

ill-conditioning, respectively.

To explain these concepts more precisely, let us consider a direct problem repre-
sented by an operator A acting on an “object”, x. Then the produced “image” of the

object, y, follows the equation:
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where the forward operator A defines a mapping between the object space, X, and
the image space, ). The inverse problem is characterized by the inverse operation
A~! acting upon the image y. As illustrated in Figure 2.1, if the inverse problem
is ill-conditioned, a slight variation in the image y (due to noise, for instance), may
result in a drastic change in the reconstructed object. If the inverse problem is non-
unique, even a noise-free image cannot be used to determine the object, because
multiple objects can produce the same image. If the solution of the inverse problem
does not exist, there is no physical object that could produce the image. An excellent
introduction to these concepts can also be found in [11]. In this section, we are only

concerned with the non-uniqueness aspect of the inverse source problems.

2.1.1 Non-Uniqueness and the Invisible Object

Non-uniqueness is a phenomenon which, unfortunately, arises very often in many
classes of inverse problems including inverse source problems. It occurs when an
inverse problem defines a transition for a physical quantity with a certain information
content to another quantity with a higher information content. Consider the same
direct problem as defined in (2.6). We further introduce non-uniqueness to its inverse
problem by imposing the condition that there exist two distinct objects in the object
X, say x1 and z9, that produce exactly the same image y in the image space ). or

equivalently

16
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Figure 2.1 [Illustration of a direct problem whose inverse problem is ill-posed,
and the forward operator A defines the mapping from the object space X to the
image space Y. (i) Nonuniqueness corresponds to two different objects which map
to the same image; (ii) ill-conditioning corresponds to two significantly different
objects which produce nearly the same image, and the shaded subsets in X and )
illustrate the loss of information; (iii) non-existence corresponds to a image which

cannot map to the object space.

A(z1) =y and  A(z) =v. (2.7)

Furthermore, we assume that the forward operator A in (2.6) and (2.7) is a linear
operator as for the case of many inverse source problems. Then by linearity, it follows

that

17
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A(zg — 1) =0, (2.8)

and a third object x3 = x9 — x1 is constructed whose image is exactly zero. The
object z3 is known as invisible object [11], and contributes to the non-uniqueness of
the inverse problem. When any object in space X’ is added to an invisible object, the

new object would produce exactly the same image.

In the context of inverse source problems, the nature of the invisible objects are
some certain source distribution, whose generated fields remain confined (are nonzero
only) within the region of its localization. In the literature, this distribution of sources
is commonly referred to as Non-Radiating (NR) [12, 13, 14]'. The existence of NR
sources simply implies that a source distribution cannot be uniquely determined from

the field measurement outside the source supporting region.

2.1.2 Non-Radiating Sources

Non-Radiating (NR) sources, as defined in the previous section, have been of interest

for a long time in connection with inverse source problems. Different aspects of NR

For a distinction, there also exists another type of invisible object called non-scattering scatterer.
It often appears in the literature on inverse scattering problem. The non-scattering scatterer is
not a primary radiation source, however it does not scatter incident plane waves for one or several

directions of incidence.

18
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sources have been investigated, and here we list some of the most notable works in

the sequence of their appearance.

In 1973, an early work by Devaney and Wolf [15] investigated the NR current
sources for full Maxwell’s system by transforming all time-harmonic field vectors in
the forms of multipole expansions. In 1977, Bleistein and Cohen [16] readdressed
the NR sources for both scalar wave equations (Helmholtz model) and vector wave
equations (Maxwell model) by formulating the correspondent inverse source problem
as the Fredholm integral equation of the first kind. Their work also explicitly showed
how the existence of NR sources implies the non-uniqueness of the inverse source
problem. In the 1980s, work on this subject focused on the mathematical properties
of such sources, and work includes Ref. [17] by Kim and Wolf in 1986 and Ref. [18]
by Gamlliel et al. in 1989. And recently, much work has focused on the description
of the “radiating” and “nonradiating” parts of a source, see [12],[13] and [14]. A very

good review about NR sources can also be found in Ref. [19].

Now we focus on some of previously established fundamental characteristics or
NR sources. We start by considering the scalar NR sources for the time-harmonic

inhomogeneous Helmholtz equation given by (2.5).

In (2.5), if ¢(r,w) does not radiates outside D, or equivalently, u(r,w) = 0 for

Vr ¢ D, then either one of the following three conditions must hold [17]:

(i) G(ks,w) = 0 for all real unit vectors s [16, lermma 1], and (K, w) denotes the

spatial Fourier transform of ¢(r,w) given by
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(iii)

(j(K,w):/Dq(r/,w) exp(—iKr')d®r’| (2.9)

Equation (2.9), perhaps, is the most-often mentioned requirement that a scalar
NR source must satisfy. It simply states that the three-dimensional Fourier
transform of the source distribution must vanish on a sphere of radius equal
to the wavenumber k of the incident radiation.

q(r,w) is of the form
g(r,w) = —(1/4m)(V? + k) f(r), (2.10)

where f(r) is any function with continuous second partial derivatives that
vanishes identically outside D [15, theorem V).
The following equation [16, theorem I] holds for all points r, whether inside or

outside of the source volume D,
| ate’ wpile - i’ =0,
D

where jo(kr) is the spherical Bessel function of order zero.

Now, we consider the vector electromagnetic sources and field in the full Maxwell’s

system. From the Maxwell equations in free-space, it follows that the monochromatic

fields E(r,w), H(r,w) and the monochromatic electric current source J(r,w) satisfy,

respectively [20, ch. 1, eq. (55)]
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VV - J(r,w)

(V2 + k) E(r,w) = —i |wueJ (r,w) + -
g (2.11)

(V2 + k) H(r,w) = -V x J(r,w),
where k = w\/fgeo is the wavenumber of the field and V? is the vector Laplacian
operator.

If there exists a time harmonic current source distribution J(r,w) confined within
a region D, the resultant electric field E(Rs,w) and the magnetic field H(Rs,w) in

a direction s and at a distance R in the far zone of the source are given by [21, egs.

(A AN (A BN and (A 10)]
\‘:t.“,t}’ \“.t.'J} LiieL \“tJ..J)J
3 ~ ikl
E(Rs,w) = —(27r)3—c— (s x [s x J(ks,w)]) (2.11a)
glk 5 eikR
H(Rs,w) = (27)* - X J(ks,w) R (2.11b)

where J(ks,w) is the three-dimensional spatial Fourier transform of the current den-

sity given by

- 1 gl
J(ks,w) = W/D.I(I",cu)(f"]"s'r d3r' (2.12)

By (2.11), it is evident that the current distribution will not radiate if

J(ks,w) =0 for all unit direction s. (2.13)

This non-radiating condition is comparable to NR condition (i) for the scalar radiation

source, and is first derived in [15, theorem III]. Similarly, condition (ii) and condiiton
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(iii) may also apply to vector NR sources with little modification, and has been derived

in [16, lemma 2] and [15, theorem V], respectively.

Due to the vectorial nature of electromagnetic fields, there is another class of
sources which do not radiate power. For instance?, consider a current density source

of the form

J(r,w) = rf(r), (2.14)

where f(r),r = |r| is a spherically symmetric, continuous function. The current is

then purely radial, and the sphere might be described to be “pulsating” [19].

Substituting (2.14) into (2.12), and noting that

re ST = jV e KT (2.15)

we may express the spatial Fourier transform of the current density as

J(kr,w) = @%}ZSVK/Df(7,/)e—i1{-1./d3r/

= iVif(K), (2.16)

where f(K) is the three-dimensional Fourier transform of f(r). Therefore

9,

J (ks w) = iV i f(K)lc=ps = 1 <ﬁ

~(K>|K_k> 5. (2.17)

It can be seen that

2 This example follows from [19].
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s x J(ks,w) =s x [s x J(ks,w)] = 0, (2.18)

which shows that the fields vanish in the far zone of the current density.

2.2 Prior Conditions and the Regularization Procedure

As discussed in the previous section, the ill-posedness to an inverse problem, in gen-
eral, comes from three difficulties: non-ezistence of the solution, non-uniqueness in
the solution, and large errors in the solution of the problem produced by small errors
in the data (in which case the problem is said to be ill-conditioned). In particular,
inverse source problems, suffer rather serious non-uniqueness in their solution. In
this section, we review the general approach to curing the ill-posedness of the inverse

source problems.

It is well known that a linear problem can be discretized to produce a linear
algebraic system. Let’s reconsider the direct problem given in (2.6), where the forward
operator A is a linear operator defining the mapping from the object space X (the
solution space) to the image space ) (the data space). For its discrete case, each
image in ) is sampled at m discrete locations (or composed of m pixels), and is
represented by the vector y € R™, in a new image space ),,, with finite dimension
m. Similarly, we adopt the object space X, discretized into n dimensions and denoted
by X,. There, each object is represented by another vector x € R". Then the forward

operator A in (2.6) can be discretized according to the dimension of the new image
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space YV, and the new object space &),, leading to a discrete formulation of the direct

problem:

Ax =y, (2.19)

where the matrix A € R™*" is the discrete form of the operator A.

Now, we consider the inverse of the direct problem as formulated in (2.6). If
the inverse problem to (2.6) is well-posed and y is given, then a unique solution x
can be obtained by solving the linear system given in (2.19). If there exists a y
that is not in the range of A (as in the case of non-ezistence), only one least-square
solution of x can be obtained. However, if the solution to the inverse problem is
non-unique, then the resultant system matrix A in (2.19) would be low-ranked, and
a unique solution of x cannot be obtained. Furthermore, if the inverse problem is
ill-conditioned and even the solution is known to be unique, the noise on the image
vector y can be augmented by a factor related to the condition number of A, leading
to oscillations in the reconstructed object vector x, which would completely hide the

physical solution corresponding to the noise-free image.

In all above cases for an ill-posed problem, a “regularizing” action is required, to
overcome the uncertainties of the solution space and the problem model in response
to the noise in the images. The general approach is to restrict the solution space X
to a subspace X’ characterized by additional information not considered in (2.6) or
in its discrete counterpart (2.19). This information, which is also called a priori, is

additional in the sense that it cannot be derived from the data (the image) or from the
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properties of the mapping A, but expresses some expected physical properties on the
solution space (or the object space) to discriminate the solution of our interest from
other spurious solutions produced by the nature of ill-posedness. In inverse theory,
the process of using additional information to construct the approximate solution, is

called regularization [11].

In the subsequent part of this section, we shall review the prior constraints that
have appeared in the literature about inverse source problems and their implications.

Then we shall discuss the general approach to regularizing an ill-posed problem.

2.2.1 Prior Constraints for Inverse Source Problems

In an early work [16] by Bleistein and Cohen, the non-uniqueness of the inverse
source problem for the scalar wave equation is first demonstrated by using a priori
knowledge of known multiplicative time dependence of the sources. Other constraints
can also be considered for solving inverse source problems. Here we discuss the prior
constraints that have appeared in the literature about inverse source problems and

their implications.

The most simple and important form of additional information is that the energy
of the source cannot be too large, which implies a constraint consisting of an upper
bound on the energy. Most treatments of this type consider the requirement of
minimizing the Lo norm (the energy) of the source, where for a time-harmonic source

distribution ¢(r,w) confined in a volume D, the term L norm is given by



M. A. Sc. Thesis—Yu Zhang McMaster—Electrical & Computer Engineering

1

E= [/Dd?’r|q(r,w)|2r. (2.20)

b

By minimizing the L? norm, the resulting particular solution, denoted as ¢y e(r,w)
is usually termed as the minimum-energy (ME) solution, or the normal solution as
in linear inversion language. Literature utilizing this constraint is abundant, and we

cite [2], [22], [3], [23] for scalar inverse source problems, and [4] for the vector case.

For the scalar-wave problem, the physical interpretations of these ME solutions
have been given in papers by Devaney and Porter [2], [22] in the context of generalized
holography. Their work first demonstrated that the ME solutions to the usual scalar

inverse source problem are orthogonal to the class of NR sources or mathematically

aue € [N(L)]* (227)

where the space N(L) is the subspace of all NR sources. (2.21) implies that ME
solutions possess no NR component and are the most efficient solutions to inverse

source problems.

In addition to the energy minimization, another kind of additional constraint may
be that the profile of the source is smooth, so that its derivatives must be smaller
than a certain quantity. For example, [24] incorporates an additional smoothness
constraint which requires the solution to be everywhere continuous with continuous
derivatives up to a desired order. By imposing this latter constraint in addition
to energy minimization, the NR components of the source that are not inherently

available from the data can be recovered.
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Consider the vector inverse source problem with the existence of the pulsating
sources! which only produce fields in the near zone. One may also impose an addi-
tional constraint that the source has a prescribed reactive power (which can be zero),
and such constraints are closely related to the problem of antenna synthesis. In the
solution obtained in [25], a NR source component is optimally added (with minimum
current level) whose reactive power cancels out the reactive power of its minimum
energy counterpart, so to reduce the reactive power as much as desired at the expense

of high NR components in the interior of the source.

2.2.2 The Regularization Procedure [26]

For ill-posed inverse problems, the accuracy of the solution is limited by the amount
of available information, and by the “conditioning” of the problem. The process of
using additional information explicitly, at the start, to construct the approximate
solution, is called regularization procedure [11]. Here in this section, we consider the

generalized regularizing method for the discrete version of a linear inverse problem.

The most popular regularized form of (2.19) can be stated as a minimization

problem [26]:

minimize
X

IT(Ax — y)||5 +w? | Rx]|3, (2.22)

1 The pulsating sources are described in section 2.1.2.
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where T is the preconditioning matrix for the system (2.19), frequently used to rank
the system equations on the basis of their relevance and of their trustworthiness; R
is the regularization matrix; and w is the regularization factor, defining the relative

balance between the residual of (2.19) and the regularization term.

The formulation given in (2.22) recalls the well-known Tikhonov Regularization
Method [11], which is based on a fundamental paper from Tikhonov in 1961. The
associated minimization problem given in (2.22) can be then solved by means of the

method of Lagrange multipliers.

The matrix R defines the chosen regularization. For instance, the choice of R of
being the identity matrix drives the problem to yield minimal norm solutions, such
as the case of inverse source problems when the elements of x are associated with
energies. Generally, diagonal matrices are well suited to weigh vectors representing
energy densities [26]. Another good choice of R may also drive the minimization
problem towards solutions in which elements of x follow some assigned distribution
[26]. In summary, the choice of the regularization parameter would influence the
solution of the problem. More details about the Tikhonov Regularization approach

can be found in [11].

2.3 The Scalar Inverse Source Problem

The inverse source problem of the scalar inhomogeneous Helmholtz equation given by

(2.5) has been extensively investigated by many authors from homogeneous domain
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[2, 3, 24, 27] to inhomogeneous lossy domain [22, 28, 23|, from deterministic sources
to random sources [29, 30, 31, 32]. The goal of the problem is to determine the source

distribution ¢(r) within the source volume D from knowledge of the radiated field

AT
ezk]r r'|

u(r,w) = /D Brigr’,w) (2.23)

r—

at all observation points r ¢ D not contained in the source volume D.

In this section, we shall only discuss the treatment proposed by Porter and De-

vaney [2], which delivers a minimal energy solution.

2.3.1 The Approach of Porter-Bojarski Integral Equation [2]

In the work by Porter and Bojarski [2], they found that the inverse source problem as
described above can be mathematically reduced to solving an integral equation first
derived by Porter [33] and later derived independently in a different (but equivalent)

form by Bojarski [16]. The integral equation in Porter’s formulation is

ik

T(r. k)= —/Dd3'r’q*(r’,w)j0(k: N, (2.24)

= r—r
27

where the asterisk denotes a complex conjugate and jo(-) is the spherical Bessel
function of the first kind and zero order. The quantity I'(r, k) is determined from
the value of the field and its normal derivative over any closed surface ¥ completely

surrounding the source volume D. In particular,
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I(r, k) = / ds' (v, w) 2wt ()G(|r — v))| (2.25)
5 81’1/
where
- g eiklr—r'[ .
(|r"r])'—lr_r/l ( )

is the free-space Green function and 9/9n’ denotes differentiation along the outward
normal to the surface . The integral equation (2.25) holds at all points r lying

within the region enclosed by the surface X.

Unfortunately, due the existence of NR sources, the integral equation (2.25) do
not possess unique solutions. This is because the associated homogeneous integral

equation (2.25) after setting ['(r, k) = 0 possess nontrivial solutions.

Porter and Devaney show that a unique solution to the Porter and Bojarski
integral equations can be obtained by demanding that the solution minimize the
source energy given by (2.20). The minimum energy solution ¢y p(r,w) to the inverse
source problem is of interest because it can be shown to be orthogonal to all non-
radiating sources and can be readily determined from the boundary field value on the

surface ..

Consider the integral equation (2.25), and take D to be a sphere of radius Ry
centered at the origin of a spherical coordinate system (7, 0, ¢). After some deviation,

the resultant minimum energy solution is, for r < Ry

0o l
Gp(rw) =Y Z (k)Y (9, ),
=0 m=-=1
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with the expansion coeficients qlm* given by

* 1

P =g [, xR0 (2:28)
QAO'Z " <Rp

In these equations j;(kr) is the spherical Bessel function of the first kind with order

[, Y"(0, ¢) is the spherical harmonic of degree [ and order m, and o; is given by
Ry
oy :/ 7‘2j12(k7“)d7“. (2.29)
0

For a special case when the surface > is well removed from the source volume, the
minimum energy solution can be determined from the real-image field generated by

a point-reference hologram recorded over ..

2.4 The Vector Inverse Source Problem

The problem of determination of current source distributions from external measure-
ments of the electromagnetic fields is commonly known as the inverse source problem

of electromagnetics.

Due to the complexity of Maxwell’s equation, additional assumptions like the
scalar approximation of the quasi-static regime are usually imposed to derive a sim-
plified model, see [34, 35, 36, 37]. However, the coupling bewteen the electric and the
magnetic fields cannot, in general be neglected [38]. Thus treatment that using the

full Maxwell’s system is required.
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In the literature, there are not many papers about inverse source problems for
Maxwell equations. In this Section, we shall only review the work by Marengo and

Devaney [4].

2.4.1 Minimum Energy Solution Using Multipole Expansion of the Far-

Field data [4]

The work by Marengo and Devaney [4] considers the reconstruction of current sources
J(r,w) inside a sphere for |r| < a and J(r,w) is zero for |r| > a. Their treatment
is based on the well-known multipole expansion of the electromagnetic field [21] and

applies, in principle, to both near- and far-field data.

Using multipole expansion, for r = |r| > a, the fields E(r,w) and H(r,w) can be

represented as [39]

0 l
E(r,w) = Z Z [al mV X [hz( )(A7)Y1 oy @)] + ik mh( )(M)Yl m(0, d))]

~

=1 m=—

l
0 l
H(I‘ w lz Z !i)l mV X [h'[( )(A7)Yl m(e QS)] II‘(LI ml( )(l”)Yl 771(‘9 ¢)]

(2.30)

where n = /po/€o is the wave impedance of the free space. h,(l)l(-) is the spherical
Hankel function of the first kind with order {. Y} ,,(0,¢) is the vector spherical
harmonic of degree | and order m as defined in [21, egs. (4.7), (4.8)]. The multipole

moments a; , and by, are given in [4, eq. (3), (7) (4.8)].

32



M. A. Sc. Thesis—Yu Zhang McMaster—Electrical & Computer Engineering

Equation (2.30) yields, by using large argument expressions for A(Vi(kr), the

far-field approximations

eikr
E(r) ~ f(s) as kr— oo
r
ibr (2.31)
H(r) ~ - x f(s) as kr — o
r
with
0o l
f(S) = Z Z (__i)l [al,mf X Yl,nl(H» ¢) + bl,m Yl,m(9’¢’)] . (2'32)

=1 m=-1

In summary, the multipole moments a; 5, and by ,,, uniquely specify both the radiated
field everywhere outside 7 < a as well as the radiation pattern f(s). It follows that
the inverse source problem can be formulated as being that of reconstructing J (s, w)

from either the multipole moments or the radiation pattern f(s).

By minimizing the L? source energy, the obtained expression for the source solu-

tion is given by [4]

1 - J apm . .bl.1 : ;
JvEe = —EM(F)Z > [ 5V X [1(kr) Yim(0, )] +io2551(kr) Yim(0,0) ] |

2
=1 m=-I o A'Bl
(2.33)
where j;(+) is the spherical Bessel function of order [, and M (r) is given by
1 ifr<a;
M(r) = (2.34)
2 ifr>a.
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The singular values o} and 37 (see [4, eq.(17)]) in the reconstruction formula (2.33)
decay exponentially for [ < ka and confirm the ill-posedness (see [40] for a detailed

account of the properties of 612)

Similar result to (2.33) is obtained in [25, eq.(14)] by using a simpler derivation

based on Lagrangian optimization.

2.5 Inverse Source Problems in the Time Domain

All previous sections discuss the frequency-domain aspects of inverse source problems.

The time-domain treatments of inverse source problems are reviewed in this section.

To our knowledge, only two papers about solving inverse source problems in the
time domain have been reported in the past. The earliest work on this subject is due
to Moses [9] in 1983, in which the inverse source problems for the time-dependent
acoustic and electromagnetic equations in one and three dimensions are investigated.
Then until recently in 2000, the work by Marengo et al. studies the inverse source
problem for the scalar Helmholtz equation in the time domain using the time-domain
knowledge of the far-field pattern. Here, these two investigations are briefly summa-

rized.

2.5.1 The Source Solution with Separable Space-Time Dependence [9]

In the work by Moses [9], the inverse source problem to the Maxwell’s equations given
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by (2.2) is investigated in the time domain using the assumption that the sources are

nonzero only for a finite interval of time (say top <t < t1).

In the direct problem, his work is concerned with the initial value problem in
which the field is prescribed as a solution of the homogeneous Maxwell’s equations
before the sources are turned on. Then one could solve the equation for times after
the sources are turned on, by using appropriate Riemann functions. After the sources
are turned off, one again could obtain a solution of the homogeneous equation which
is determined by the initial solution for ¢ < tg and by the known time-dependent

sources.

The inverse problem, as formulated by Moses, is as follows. Let us prescribe tg
and t; and the solutions of the homogeneous Maxwell’s equations for ¢ < ¢y and
t > t1. We want to find the sources as functions of time and space which will lead us

to the prescribed solution for ¢t > ¢; from the initial solution for ¢ < tg.

Due to the non-unique nature of the inverse source problem, Moses’ work also
shows that there are actually an infinite number of sources which would satisfy the
above condition. Therefore he gives additional condition (a priori) on the time de-
pendence which leads to unique sources as far as the space dependence is concerned.

This time-dependence of source was to impose the condition

J(r,t) = Je(r)he(t) + Jo(r)ho(t), (2.35)

where J(r,t) is the electric current density source as in (2.2). he(t) is a real, essentially

arbitrary, function of ¢ which is symmetric about the midpoint of the interval tg <
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t < ty. ho(t) is a real odd function about the midpoint. The subscripts e and o stand
for “even” and “odd”, respectively. Je(r) and J,(r) are functions of space and are

both time-independent.

In his work, Moses review the concept of eigenfunctions of the curl operator [41]
as a means of treating electromagnetic theory, fluid dynamics, and other phenomena
obeying vector field equations in the infinite domain. He applies this concept first to
the direct source problem and then the inverse source problem to simplify drastically
the radiation field and its currents from the longitudinal field and its sources. He
proves explicitly in closed-form expressions that the J(r) and J,(r) as in (2.35) can

be uniquely determined for three-dimensional electromagnetic theory.

2.5.2 The Source Solution Using the Far-field Data [6]

In the work by Marengo et al. [6], the inverse source problem for the inhomogeneous
scalar Helmholtz equation is considered in the time domain. The source solution
q(r,t) as in (2.1) is deduced from knowledge of the radiated field [42]

o0 q(r', ) <t' + ]—r_c—rll - t)
u(r,t) :/ dt’/d3r' (2.36)
o0

|r — r/

for all r ¢ D, where §(-) is Dirac’s delta function.
They define the time-domain far-field radiation pattern f(s,7) as

1
u(rs,t) ~ ;f(S,T) as 1 — 00, (2.37)
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where s is a unit vector specifying the observation direction, 7 =t — /¢, and
& s
f(s,7) = / dt’ /d3r'q(r', t")o (t' -r = - T) . (2.38)
[o'e} . C

Their work demonstrates two achievements: (a) that of synthesizing the minimum-
energy source of specified spatial support that generates a prescribed far field, and
(b) that of reconstructing an unknown source from field data gathered in the far-zone
region of the source (i.e. a source/target interrogation application). In (a), the far
field can be prescribed for all s, while in (b) far-field data are available only for a

discrete set of observation directions.

Their approach of reconstructing the sources in the time domain is through a
limited-view Radon inversion framework. The time-dependent inverse source prob-
lem is transformed into a limited-view computed tomography (CT) reconstruction
problem [43, 44]. The reconstructed minimal energy source is found to obey a homo-
geneous wave equation in the interior of the source region D. They also found that
the NR sources in the time domain are analogous to the so-called ghost objects that
arise in the formalism of the limited-view CT problem. An orthogonality relation for
NR sources derived previously under time-harmonic conditions [17] was generalized
to the time domain and used as the basis for a new definition of a NR source having

a given spatial-temporal support.

2.6 Conclusion

To summarize of this chapter, the concept and theory of inverse source problems
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are reviewed. The generalized ill-posed inverse problems is addressed. The non-

uniqueness natural to the inverse source problems is discussed with emphasis on the

so-called non-radiating (NR) sources [15, 16, 45]. The regularization techniques and

the use of prior conditions are also discussed. Past approaches for solving inverse

source problems are reviewed.
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Chapter 3

TLM Formulation of Inverse Source

Problems for Thin Source Regions

The Transmission-Line Matrix (TLM) method is a numerical technique for the field
computation in the time domain (referring to [1] for more details). We consider a
homogeneous air-filled computational domain. Given the excitation sources, the TLM
method computes the field distribution everywhere inside the computational domain
for every time step. In this chapter, we restrict our attention to a closed subregion
inside this domain, which encloses all the excitation sources. We call this subregion
as source region, and its enclosed mesh cells as source cells. Using the knowledge of
the excitation sources within the source cells, the forward TLM iteration finds the
link impulses emitted from the boundary of source region. For its reverse process,

our proposed algorithm reconstructs the excitation sources inside the source region
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Figure 3.1 A discretized two-dimensional source region with arbitrary shape.

Boundary cells are shown by dark squares.

using the time-domain knowledge of produced fields on its boundary. In this chapter,
we only limit our approach applying to thin source regions, a special class of source
regions whose enclosed source cells are all exposed to the exterior of their belonging

source region.

For a better description, consider the discretized two-dimensional source region
shown in Figure 3.1. We refer to mesh cells with one or more edges exposed to the
exterior of the source region as boundary cells (shown by dark squares in Figure 3.1),
while the remaining mesh cells which are enclosed by the boundary cells are referred
to as interior cells. For our case, thin source regions, as suggested by its name, are
closed regions whose enclosed mesh cells are all boundary cells. Typical examples of

two-dimensional source regions are shown in Figure 3.2.

In this chapter, we formulate the source reconstruction problem inside thin regions
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Figure 3.2 Examples of two-dimensional thin source regions inside a two-

dimensional computational domain.

using the TLM method. The time-domain solution of the sources is obtained by
applying the time-reversal property of the TLM method [2]. For the outline of this
chapter, Section 3.1 discusses the formulation of the direct problem. Our inversion
formulation and our reconstruction algorithm are each presented in Section 3.2 and
3.3, respectively. Numerical examples are given in Section 3.4. Finally, Section 3.5

investigates the noise performance of our algorithm.

3.1 TLM Method and the Direct Problem

TLM method carries out a sequence of scattering and connection procedures model-

ling the propagation of waves [1]. For a homogeneous lossless domain composed of ¢
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number of mesh cells, it follows that a single TLM time step can be mathematically

expressed as [3]:

v = CSvy_1 + v = Avy_1 + v}, (3.1)

where vy, € RYL*1 s the vector of link impulses for all mesh links at the kth time step,
and @, = 4Q (for a two-dimensional domain) or Q = 12Q) (for a three-dimensional
domain) is the total number of mesh links associated with the @ mesh cells. v} €
R@2*1 g the excitation at the kth time step on all mesh links. S € ROL*PL and
C € ROL*QL are the scattering matrix and connection matrix for the whole domain

respectively. The matrix A € RYL*QL i5 the matrix product of C and S.

By substituting vi_1 with vg_1 = Avj_o + vj;_;, (3.1) can be written as

v = A (AVk_? -+ V]‘zﬁl) + v,

= A?vp o+ AV | + Vi (3.2)

Following the same procedure, by substituting for v;_o in (3.2) and then repeating
for vi_3, vi_4, ..., up to vy, the vector of link impulses at the kth time step vy
can then be expressed as a linear combination of the excitations at all previous time

steps. The resultant expression is given by

vi = APvy + ARV + AR lys o 4 v

— ARV AR b v (3.3)
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In (3.3), we drop the term AFvg by assuming that the field is zero everywhere inside

the computational domain at the Oth time step.

3.2 The Linear Inversion Formulation

Now, we focus our attention to the source region composed of N source cells. At the
kth time step, each of its enclosed source cells is excited by an unknown source value
given by the vector v;. Here, the elements inside the vector v} are non-zero only for
those elements with their correspondent mesh links located inside the source region.
The link impulses emitted from boundary at the kth time step are given in the vector

Vg c RMx1,

Considering only the 1st forward time step, (3.1) can be written as

v = Avg + vi. (3.4)

Extract v{’ from v; by multiplying both side of (3.4) by a selecting matrix E, then it

follows that

Ev, = EAvj + Evi, (3.5)

which yields

v} = EAV{, (3.6)

where E € RM*@L i5 given by
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E;; =1 if the jth element in vj, and the ith element
Eij = in V‘,lé are referring to a same mesh link.

0 otherwise.

Note that the term Ev{ on the right-hand side of (3.5) can be removed, because it

does not affect the boundary link impulses.

The linear system described in (3.6) contains N number of unknowns in vj and

M number of equations. Therefore, v can then be retrieved by solving (3.6).

For the 2nd time step, we have

-3

<
o
_i_
2
— 0
_i
<
[SSRV]
—~
w
SN——

Following the same procedure by eliminating the last term in the right hand side of

(3.7), (3.7) can then be rewritten as
v — EA%v§ = EAv;. (3.8)

In (3.8), v{ is determined at the previous time step, and thus v{ can then be solved

by evaluating (3.8).

Similarly for the 3rd time step, it follows that
vl — E (A3v{ + A%v{) = EAvj, (3.9)

where vj and vy are determined in the previous two time steps, and v can be solved

by evaluating (3.9).
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We may extend this procedure to the kth time step, then vji_; can be solved by

evaluating

(EA)vi_, = vl — Evy, (3.10)
where vy is given by
~ k_s k—1_s 2.8
Vi =A"vg+ A v+ ATV, (3.11)
and v (i =0,1,...,k — 2) can each be determined in all previous time steps.

3.3 The Reconstruction Algorithm

Using the linear formulation given in (3.11), at the kth time step our algorithm
determines the excitation at the (k — 1)th time step, v;_,, using the following two

sequences:

L. obtain vy given by (3.11);

I1. solve for v/ ;| by evaluating (3.10).

Considering only the first sequence, one may note that it is computationally

impractical to obtain v by applving (3.11) directly, which would require (k +2)(k —
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1)/2 number of TLM iterations' for the computation at the kth time step. The
number of TLM iterations for computing vy also grows as k increases, thus applying

(3.11) requires huge computational resources.

As an improved alternative, we rewrite (3.11) using the previous result of vy,

vi_1. Now, the resultant expression for v; at the kth time step is given by
vi=A ({’k—l =t AV}SC_Q) , (3.12)

where the vector vj_; is the previous result of v, computed at the (k — 1)th time
step. The vector v;_, i
(3.12), vj, can be updated from vj_; using only two TLM iterations. At the start
of the source reconstruction process (i.e. Oth time step), elements in vy and v*; are

initialized to zeros. For the kth time step, the computation of v;. can be summarized

into the following steps:

Step 1. Compute the vector term Avj_, in one computational domain (say, do-

main I);

Step 2. Add the resultant vector term Avj_5 to V1 in another computational
domain (say, domain II). Here, v is computed at the (k — 1)th time

step;

The operation of matrix-vector product with matrix A is referred to as one single TLM iteration.

It consists of one scattering procedure and one connection procedure.
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Step 3. Then v, can be obtained by performing another TLM iteration on the

vector (f/k_l + AVfC_Q) on the computational domain II.

Now, we consider the procedure (sequence II) of obtaining v;_, using (3.10). The
matrix A in (3.10) is rather a huge sparse matrix. For a two-dimensional computa-
tional domain consisting of () mesh cells, the size of A is 4Q) by 4(). Solving such a

huge linear sparse system is computationally inefficient.

Instead of solving the linear system given by (3.10), our treatment of computing
vi_; is by applying the time-reversal property of TLM method (see [2] for detail).
The time-reversal property states that if a TLM network is excited by only a single
link impulses at the Oth time step, and if after £ computational steps the link impulses
on all mesh links have been computed and stored, one can return to the initial state at
the Oth time step by reversing the direction of all the link impulses and iterating k time
steps [2]. For the case of multiple excitation sources inside a thin source region, we
can still reconstruct the sources from the emitted link impulses by applying this time-
reversal technique with little modification. The detailed procedures are illustrated in

Figure 3.3, and can also be summarized into the following three steps:

Step 1. Back-propagate the resultant vector on the right-hand-side of (3.10), V]l:, —

Evy, into the source region. This corresponds to the inversion of the

connection TLM procedure, see Figure 3.3(b);

Step 2. Balance the link impulses inside each source cells by inserting compensa-
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Figure 3.4 A discretized two-dimensional source region composed of 8 source

cells with shape 2 by 4 grids. Observed link impulses are shown by arrows.

tion link impulses such that all link impulses inside a single source cell are

Step 3. The source solution v;_; can then be obtained by carrying a scattering
TLM procedure?, see Figure 3.3(d). All above steps are performed in a

single computational domain (say, domain IIT).

3.4 Numerical Results

In this section, we illustrate our approach through reconstructing the excitation
sources inside various thin source regions. For each of our examples, all source cells
are imposed with isotropic sources, and the link impulses emitted from the source

region are stored. By using our algorithm, we reconstruct the original excitation

2 The inverse of the scattering matrix S is itself.
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Figure 3.3 Illustration of solving (EA)vj_; = V}j — Evy, at the kth time step
using the time-reversal property of the TLM method. (a) Initial state, and arrows
represent the link impulses emitted from the source region; (b) Back-propagate
V,lj — EvVy, into the source region; (c) insert compensation link impulses Vk, (shown
by light arrows) inside each source cells; (d) compute v;_; by carrying a scattering

TLM procedure.
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sources on all source cells using the knowledge of the stored link impulses. These
reconstructed excitation signals are then compared with their correspondent exacted

signals. Our results are presented here.

3.4.1 A Two-Dimensional Thin Source Region Composed of Eight Source

Cells

This testing source region is composed of 8 source cells in a rectangular shape as
shown in Figure 3.4. It occupies the center of a computational domain with size
60 x 20 grids bounded by zero-reflection absorbing boundaries.

Each source cell is isotropically excited by a modulated Gaussian signal for different
modulation frequencies. The link impulses emitted from the source region (shown
by arrows in Figure 3.4) are stored for reconstructing the original excitation. The
reconstructed excitation signals for six arbitrarily selected source cells are given in
Figure 3.5, and each is compared with the actual sources. The sources are perfectly

reconstructed.

3.4.2 A Two-Dimensional Thin Source Region Composed of 400 Source

Cells

This testing source region is composed of two rows of source cells each with length
of 200 grids as shown in Figure 3.6. It occupies the center of a computational do-
main with size 250 x 20 grids bounded by zero-reflection absorbing boundaries. The
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Figure 3.5 The reconstructed excitation sources on six arbitrarily selected source

cells inside the thin source region with shape 2 by 4 grids.
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Figure 3.6 A discretized two-dimensional source region composed of 400 source

cells with shape 2 by 200 grids. Observed link impulses are shown by arrows.

reconstructed excitation signals for six arbitrarily selected source cells are given in

Figure 3.7, and each is compared with the actual sources.

3.4.3 A Two-Dimensional Thin Reentrant Source Region Composed of 12

Source Cells

This testing source region is composed of two rows of source cells each with length of
12 grids as shown in Figure 3.8. It occupies the center of a computational domain with
size 50 x 50 grids bounded by zero-reflection absorbing boundaries. The reconstructed
excitation signals for six arbitrarily selected source cells are given in Figure 3.9, and

each is compared with the actual sources.

3.4.4 A Three-Dimensional Thin Source Region Composed of 288 Source

Cells

This testing source region is composed of 288 source cells in cubic shape with size
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Figure 3.7 The reconstructed excitation sources on six arbitrarily selected source

cells inside the thin source region with shape 2 by 200 grids.
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Figure 3.8 A discretized two-dimensional thin reentrant source region composed

of 12 source cells. Observed link impulses are shown by arrows.

12 x 12 x 2 cubes as shown in Figure 3.10. It occupies the center of a computational

domain with size 20 x 20 x 5 cubes bounded by zero-reflection absorbing boundaries.

/

In this example, we impose each source cells with vertical polarized isotropic excita-
tion sources using modulated Gaussian pulses with different modulation frequencies.
The reconstructed excitation signals for six arbitrarily selected source cells are given

in Figure 3.11. Perfect match is obtained between the original and the reconstructed

Figure 3.10 A three-dimensional source region with size 12 x 12 x 2 cubes.

=
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Figure 3.9 The reconstructed excitation sources on six arbitrarily selected source

cells inside the thin reentrant source region.
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source cells inside the three-dimensional thin source region with shape 12 by 12

by 2 cubes.
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sources.

3.5 Effect of Noise

Noise is always unavoidable in physical world. In our case, V£ may be contaminated
with noise, because it is practically impossible to obtain accurate field data on the
boundary of the source region. The associated errors are mostly due to limitations of

measurement devices.

For an ill-conditioned linear inverse problem, a small variation in the data, say
due to noise, may result huge change in the obtained solution!. Thus it is important
to evaluate our source reconstruction algorithm using noise. The numerical examples
provided in the previous section assumes that the boundary field data Vﬁ is noise-free.
Here in this section, we consider the noisy case of V;é.

b are perturbed

To model the noisy field measurements, all elements in the vector v

by a random number given by:

V]I;(e) = (I 4 a - diag(ey)) v2. (3.13)

where e, € RM is a vector of Gaussian distributed random variables with zero mean
and unity standard deviation (also known as standard normal distribution). The
scalar « is a factor for adjusting the noise level, and I € RM*M 35 the identity

matrix.

1 See section 2.1 and Figure 2.1 for detail.
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At the kth time step Vﬁ(e)

is feed into our reconstruction algorithm instead of Vg.
The testing source region is composed of two rows of source cells each with length
200 grids. It occupies the center of a two-dimensional computational domain with
size 250 x 20 grids bounded by zero-reflection absorbing boundaries. The numerical
results are shown in Figure 3.12 for a noise level of -26 dB, Figure 3.13 for a noise

level of -20 dB, and Figure 3.14 for a noise level of -16 dB.

b(e)

Here, the noise level in v, for all k is defined using

T b b(e
ST (vie V;’i)T( k‘ ) — by

P IVk VA

n = , (3.14)

where 7 is the total number of time steps and operator 7" denotes the vector transpose.

s(e)

Similarly, for the reconstructed sources using noisy data v,."’, the noise level is defined

as

oz Thm (v =0 — i) (3.15)

D e 1 Vi Vk

By inspection, the noise level in the reconstructed sources increases about 6 dB in
average, and it does not grow with respect to the time step. Our algorithm is shown

to be stable in the presence of the physical noise in the measured field.

3.6 Conclusions

Our proposed approach has been successfully demonstrated through the reconstruc-

tion of the sources inside various thin source regions. Our algorithm consistently
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Figure 3.12 The reconstructed excitation sources under noisy condition with
noise level —26 dB for the two-dimensional thin source region with shape 2 by
200 grids. The noise level for the reconstructed source is -20 dB. Figure (a) and
(b) shows two arbitrarily selected noisy boundary link impulses. Figure (¢) and
(d) shows the reconstructed sources at two arbitrarily selected cell locations under

noisy condition.
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noise level —20 dB for the two-dimensional thin source region with shape 2 by

200 grids. The noise level for the reconstructed source is -20 dB. Figure (a) and

(b) shows two arbitrarily selected noisy boundary link impulses. Figure (¢) and

(d) shows the reconstructed sources at two arbitrarily selected cell locations under

noisy condition.
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supplies a unique time-domain solution of sources in response to the given boundary
link impulses. Our algorithm is efficient and requires three TLM iterations for recon-
structing the source distribution at a single time step. If the boundary field data is
noise-free, our reconstructed time-domain solution of the sources matches the exact

solution.
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Chapter 4

TLM Formulation of Inverse Source

Problems with Smoothness Constraints

In this chapter, our TLM-based source reconstruction algorithm for thin source re-
gions is generalized to source regions with arbitrary shapes inside a two-dimensional
computational domain. For the case of thin source regions as discussed in Chap-
ter 3, a unique time-domain solution can be obtained by solving a linear algebraic
system using the time-domain field data radiated from the source region. However
the uniqueness of the solution, as we shall see in this chapter, cannot be achieved for
a source region with a generalized shape. This is due to the non-unique nature to the

inverse source problem.

The inversion formalism developed in this chapter results in a discrete low-ranked

linear algebraic system. To overcome the uniqueness, we additionally impose a
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smoothness constraint (a priori) on the sources. Our solution is obtained by mini-
mizing the first-order time and spatial derivatives of the reconstructed sources. Our

algorithm is robust, and can accommodate arbitrary source geometries.

This section is organized as follows. In Section 4.1, we review the fundamental
concept of the TLM method and derive the formulation for the direct problem. Then
in Section 4.2 and Section 4.3, our inversion formulation of the problem and the
regularization approach are each introduced respectively. Section 4.4 presents our
source reconstruction algorithm using the TLM method. The numerical examples

are given in Section 4.5. Finally, conclusions are drawn in Sectin 4.6.

4.1 TLM Formulation of the Direct Problem?!

Before engaging to the new idea, we briefly guide through the essential ingredients of
the TLM method in [1] to be employed in the following. The reader is referred to [1]

for further details.

TLM method carries a sequence of scattering and connection procedure modelling
the propagation of waves [1]. Considering a homogeneous (air filled) computational
domain composed of () number of mesh cells, it follows that a single TLM time step

can be mathematically expressed as [2]:

v = CSvi_1+ v = Avi_1 + Vi, (4.1)

1 This section expands Section 3.1 by providing more detailed descriptions and graphic illustrations.
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where vy, € RPL*1 g the vector of link impulses on all mesh links, which models the
fields inside the computational domain at the kth time step. @ = 4Q (for a two-
dimensional computational domain) is the total number of mesh links associating
with the @ number of mesh cells. v} € RPL*1 is the vector of the excitation sources
at the kth time step on all mesh links. In our case, the elements in v} are non-zeros
only for the mesh links inside the source region. Matrix S € ROL*QLig the scattering
matrix for all mesh cells and is assumed time invariant. Matrix C € ROL*CL ig the
connection matrix describing how reflected link impulses connect to neighboring mesh
cells or boundaries. Matrix A € RZL%PL {5 the matrix product of C and B, and its

matrix-vector product refers to a complete TLM time iteration (see Figure 4.1).

By substituting vy_1 with vi_1 = Avy_o 4 v{_;, (4.1) can be written as

v = A (Avk_g + Vﬁ_l) + v

= A?vp_ o+ AVi_| + Vi, (4.2)

Following the same procedure, by substituting for v;_o in (4.2) and then repeating
for vi_3, vi_4, ..., and up to vy, the vector of incident impulses at the kth time step
vy can then be expressed as a linear combination of the excitations at all previous

time steps. The resultant expression is given by
o Ak S Ak~1 8 s
v = A%vj + vi+ o+ v (4.3)

Equation (3.3) models the direct problem defining the mapping from the excitation

sources to its produced fields. Consider only a two-dimensional problem with vector
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(a) (b)

(c) (d)

Figure 4.1 Illustration of the scattering and connection TLM procedures in a
two-dimensional computational domain. (a) An impulse is incident on the center
of the jth mesh cell at a given time step; (b) The incident impulse is scattered into
four reflected impulses (scattering procedure); (¢) The reflected impulses propagate
to neighboring mesh cells (connection procedure); (d) the scattering procedure at

the next time step.
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fields E,, H;, H,, and a vector current density source Jy, inside a computational
domain on the zz-plane. At the kth time step the vector of excitation sources v},
can be obtained from the electric current density sources imposed on eahc mesh cells

inside the source region by the following linear relation [3]:

s(cell) AlZy .Djs(cell)

Vi ~ A koo

(4.4)

(

: . Il \
where at the kth time step the vector _]Z = € R2*! contains the current source

(cell) € R2*! contains the equiv-

0 . S
densities imposed on each mesh cell. The vector v,
alent source values imposed on each mesh cells, which isotropically updates all link

impulses inside each mesh cells. Al is the distance between the centre of two adjacent

mesh cells. Zj is the wave impedance of the free space. The matrix D € RO*Q s

given by
(1 : ; p . s(cell) ;
—3, if the 7th and the jth elements in v, are referring
to a same mesh cell, i = j;
——ILG, if the source cell corresponding to the ith element in
Dij = y (4.5)
V]‘:(ce ) is adjacent to the source cell corresponding
to the jth element in VZ(Ce”);
L 0, otherwise.

The correspondent vector electric field E, inside the computational domain at the

kth time step can then be retrieved from v by using

4

1 .
Eyjk =3 Zvj",k (4.6)

i=1
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where at the kth time step E, ;. is the y-directed electric field at the jth mesh cell,

and v;- i fori=1,2,3,4 are the four mesh links corresponding to the jth mesh cell.

4.2 The Linear Inverse Formulation

Now, we focus our attention to the source region, a sub-region inside the computa-
tional domain where all the excitation sources are localized. For a given source region
as shown in Figure 4.2, we refer to its enclosed mesh cells as source cells. In par-
ticular, we call those source cells that are on the boundary as boundary cells (shown
by dark squares in Figure 4.2), while the remaining cells are referred to as interior
cells (shown by light squares in Figure 4.2). The arrows in Figure 4.2 are the link
impulses radiated from the boundary cells due to the excitation sources inside the
source region. In our inversion problem with unknown sources, these link impulses

are obtained from the field measurements on its associated mesh cells by using (4.6).

We also group the source cells in terms of layers according to the following rule:
all boundary cells are in the 1st layer; the source cells which are adjacent to source
cells in the 1st layer are assigned to the 2nd layer; the remaining cells which are
adjacent to cells in the 2nd layer are assigned to the 3rd layer, and same procedure

are repeated until all source cells are assigned with a layer number.

For a source region composed of N source cells and M boundary cells (N <
M), ’Uij for j = 1,2,..., N denotes the imposed source value on the jth source

cell at the kth time step. p; denotes the layer number of the jth source cell. vgi
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Figure 4.2 A discretized two-dimensional source region in a rectangular shape.
Boundary cells are shown by dark squares, and boundary link impulses are shown

by arrows.

for i = 1,2,..., M denotes the radiated link impulse from the 7th boundary cell
at the kth time step. We refer these link impulses as boundary link impulses and
V;; = [vlli,l 02’2 U;lé, v )F. Thereby, our inverse problem can thus be stated as
being that of reconstructing v,scyj (forall j =1,2,..., N) for all time step &, from the

knowledge of v,lz_,i (foralli =1,2,..., M) for all time step k. Once the U,‘:j is obtained

for all j, the current density sources can then be retrieved by using (4.4).

Now, we restrict our attention to a single source cell, say the jth source cell,
and investigate the field that it would produce. At the kth time step, by (3.3) the
radiated link impulses on the entire computational domain due to only the source

value imposed at the jth source cell, vy ;, is given by

vig = ANV + ARV v (4.7)
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where v} Py = R@2*1 i5 the vector of excitations on all mesh links at the kth time step,
and only the elements corresponding to the mesh links inside the jth source cell are

nonzero and are equal to v} g

Considering the layer number for the jth source cell, (4.7) can be further parti-

tioned into three parts as

Vi = Vit Vl(:’)]) + V,(LZ;), (4.8)

where

(0) _ Apj
Vi = A7 Viop o (4.10)
(in) —1 9 y
V/C,j = APs Vﬁ*p]’—i—l,j + AP Vﬁ—pj+2’j e Vli,j' (—111)

In (4.8), note that the first term v ; affects the link impulses on the entire compu-

()

. : b > g .
tational domain. The second term Vi.j affects only the link impulses connecting to
the source region and the link impulses inside the source region. The last term V,(:;.I')

affects only the mesh links inside the source region.

At the kth time step, the vector of boundary link impulses V]I; is a subset of v;.. We

use the selection matrix E € RM*QL for selecting the vector elements corresponding
to the boundary links from the mesh links on the entire computation domain, and
v,lj = Evy. Then by (4.8), it follows that the resultant boundary impulses due entirely

to the excitation source at the jth source cell is given by
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v,lé’j = Evi ;= Ev; + EV}E?J) + Eka;l)
— By + Ev’). (4.12)

In (4.12), the term V,(Cz;;-l) does not radiate to the exterior of the source region. There-

fore, it can be eliminated from the equation.

By summing up the field contributions from all sources cells, it follows that Vfg is

given by
N N ,
EDIATED
j=1 j=1
N
= Ev,+ Y Evy), (4.13)
j=1
where
N
V=Y Vi (4.14)
§=1

Considering the whole computational domain, we define g(, 7, k') to be its discrete
Green’s function, which gives the value of the ith boundary link impulses at the kth
time step due to the presence of the imposed unity source value at the jth source at
the Oth time step. Using the discrete Green’s function, the second term in (4.13) can

be further expanded as
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N o &
> Evyj= > _EA” Vi—py
j=1 j=1

-3

N
J=1

i g(lvja p]) ' UZ—pj’j
g(2a]a [)]) ',Ulsg—pj,j

(](37 ja p?) ’ UISC_pjsj

L g(M, 1, p1)

_.g(]\/jaja p]) ’ v}sg_pj’j o

g(ﬂ/[a 2a /)2)

g(M, N, pn) |

oS
Vk—p1,1 |
S

vk_p272

S
Uk'_p373

S
- ’kapNvN -

(4.15)

Substituting (4.15) into (4.13), we thus obtain the following linear system with size

M x N describing our

where

[ g(1,1,p1)

9(2,1,p1)

| 9(M, 1, p1)

inversion formalism:

Gv{ = vi — Ewy,

g(1,2/)2) g(LN:PN)
9(2,2, p2) 9(2, N, pn)
g(M, 2, po) g(M, N, pn) |
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For a special case—the thin source regions!, whose enclosed source cells are all bound-
ary cells, the number of source cells equals the number of observed boundary link
impulses N = M. Then the system described in (4.16) is full-ranked. At the kth

time step v; can thus be uniquely determined by evaluating (4.16).

4.3 The Solution with the Smoothness Constraint

For a given source region, the number of source cells N is always greater or equal to
the number of boundary cells M. For the most general case in which N > M, the
linear system described in (4.16) is a low-ranked system. Therefore, a regularization

procedure is required to overcome the non-uniqueness in the source solution.

Here, we apply the smoothness condition (a priori) to the sources by assuming
that the imposed sources within the source region are smoothly distributed in both
space and time for all time steps. For each source cells at each time steps, we addi-
tionally restrict its imposed source value with either the time-smoothness condition
or the spatial-smoothness condition. The time-smoothness condition minimizes the
first-order derivative with respect to time, while the spatial-smoothness condition
minimizes the first-order spatial derivative with respect the sources imposed on its

surrounding cells.

Our source solution with the smoothness constraint can then be obtained by

solving a minimization problem with the optimizing variable v}:

1 The source reconstruction algorithm for thin source regions is discussed in Chapter 3.
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2

2
minimize  F = [ ) = iy |, +0? | B - Vi) (4.18)

)
2

subject to GV = vl — Evy.

In (4.18), the vector {’li(T) € RPX1 is a subset of v; for source cells with the time-
smoothness condition, where p is the total number of source cells constrained by the
time-smoothness condition. The vector VE(S) e R?! is another subset of v; for
source cells with the spatial-smoothness condition, where ¢ is the total number of
source cells constrained by the spatial-smoothness condition. The scalar w is the
weighting factor between the two objective norms. The matrix B € RN gives the

neighbouring relation for correspondent source cells in ‘71?( sy and is given by

[ %, if the source cell corresponding to the ith element in
ff,‘z( s) is an interior cell and is adjacent to or diagonally
neighbouring to the source cells corresponding to the
jth element in \7,‘:’( sy

if the source cell corresponding to the ith element in \Nf}‘z(s) (4.19)

Ut —

is an boundary cell and is adjacent to or diagonally
neighbouring to the source cell corresponding to the

L ¥ =73 .
jth element in Vi(s):

( 0, otherwise.

Combining the two objective norms, (4.18) can be rewritten as
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oz 5 2
Vi(T) T Vk-1,(T)

28 8
’LUBVk WV sy ll2

- - 2
Ky — V}f—l,(T)
K(s) vy 9
. 2
K Vi—1,(1)
- ,
K(s) 0 5

where K1) € RPN s given by

[ 1, if the ith element in f/]j(T) and the jth element

Kijry = 1
0,

Ks) € RN is given by
—w,

Kij(s) =

wBij,

in v} correspond to a same source cell;

otherwise.

if the ith element in {’E(S) and the jth element
in v} correspond to a same source cell;

otherwise.

(4.20)

(4.21)

(4.22)

Incorporating the equality constraints in (4.18) with the objective function using

Lagrange multipliers A € RM | it follows that its correspondent Lagrange function

L(v}, M) is given by

Livg, A) =
Kr)
- i =
Ks)

2 2
e ~ s . =8 o T 8
V() "13—1,<T)H2 +w ‘ Bvj, — Vku(S)HQ + A (Gvf -

~ 7112
S

0 2
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Differentiating £(v}, A) with respective to v and X gives

K vy
oL . (T) k—1,(T) .
—— =93[KL. Kl.] ¥ - +GT )
oV} (T) (S) k
T T K < i3 7 T {’1?_1,(7“)
| Ks)
and
oL
5 = G- vl + Evy. (4.25)
Equating (4.24) and (4.25) to zeros, we thus obtained the following extended linear

system with size N + M by N + M.

2 7 T ] I:IK(T)] GT s @
T S . k—=1.(T
() () K s vi 2[K(TT) K(g.)] [ . }
0 A V]l; — Evy,
(4.26)

The solution to (4.26) is unique and is our solution with smoothness constraint.

4.4 Practical Implementation

For the jth source cell, our algorithm finds v} given by (4.17) using the radiated

boundary link impulses at the kth time step.
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Before the start of the reconstruction algorithm, we first initialize the homoge-
neous computational domain and the geometry of the source region. We then index
each source cells and the radiated boundary link impulses. After that, we assign layer

numbers to each source cells.

Once the initialization phase is over, we compute the matrix G, the matrix K
and the matrix K(g) using (4.17), (4.21), and (4.22) respectively. We then construct
the system matrix on the left hand side of the (4.26) using the previously computed

G, K(T)’ and K(S)

At the kth time step, our algorithm reconstructs v; from the knowledge of V,,{f

using the following two sequences:
L. Compute v;, using (4.14) and (4.9);
L Solve for ¥} by evaluating the linear system (4.26).

Considering only the first sequence (I), one may note that it is computationally
impractical to obtain v; by directly applying (4.14) and (4.9), which would require a
great number of TLM iterations. As a much improved alternative, we rewrite (4.14)
using the previous result of v, (i.e. v;_1). The resultant expression for v; at the kth
time step is then given by

N

Ve=A| Vi1 + Z APy, ] (4.27)
j=1
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The summation term in (4.27) can be computed in a single TLM computational
domain by carrying pmax number of TLM time iterations, and pmax is the total
number of layers of the given source region. This forward TLM time iterations is done
by imposing a source value given by vfc_prlyj on the jth source cell for j =1,2,..., N
at the kth time step (0 < k£ < pmax), only when the jth source cell and the time step

k satisfies the relation k = pmax — pi-

The resultant summation term in (4.27) is added to the previous result of vy,
vi.—1. The source solution vy, is then obtained by performing a TLM time iteration in a

. 5 @ e N 2 s
new computational domain on this computed vector term vj_j+ 27:1 APivi_

The second sequence (II) is more straight forward. First, we computed the right
hand side of the (4.26) using ‘~’I§~1(T)’ v,{f, and the computed vector v; from sequence

I. Then v} can be evaluated by solving the linear system given by (4.26).

In summary, for the kth reconstruction time step, our algorithm requires total of
pmax + 1 number of TLM iterations for the computation of v, and requires solving

a linear system of size N + M by N + M to obtain v;.

4.5 Numerical Examples

Our algorithm is illustrated through the reconstruction of the excitation sources inside
various two-dimensional source regions for both the noise-free and the noisy case. In

this section, selected numerical examples are presented.
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For our numerical examples, each source region is placed at the center of a com-
putational domain with size 50 by 50 grids. The computational domain is bounded

by zero-reflection boundaries.

Our testing procedure can be summarized using the following two phases:

L Forward computation For the phase of the forward computation, we utilized
the forward algorithm (described by (4.1)) to compute the field results of the
direct problem. At the kth time step each source cells within the source region
is excited by a known source. We then compute for the link impulses that is
radiated from the boundary of the source region. These field results are then

stored in the vector v,l;. This step emulates the actual measurements.

I1. Reverse computation For the phase of the reverse computation, we utilize our
algorithm (see Section 4.4) to reconstruct the excitation sources imposed on
each source cells using the knowledge of VZ from the forward computation. At
the kth time step, our results of the reconstructed sources are then compared

with their exact imposed sources.

For each tested source region, its enclosed source cells are imposed with modulated
Gaussian pulses as the testing signal. The imposed Gaussian pulses differ in the
amplitude and phase among the source cells, and follow a smooth spacial distribution
over the source region for all time steps. The source signal at the source cell with
indices (z, z) is given by
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vl [kAY] = A(z, 2) - exp (_ (KAt — p — P(a:,z)At)2) o <27r(k, — P(z,2)) At) |

202 150t
(4.28)

For our testing purpose, in (4.28) we set i to be 600At and o to be 100A¢, where At
is the time increment. A(z,z) is the amplitude profile of the sources over the whole

source region, and is given by

Az, z) = —0.002(z — 5.0)% — 0.003(z — 8.0)% + 0.9. (4.29)

P(z, z) is the phase profile of the sources over the whole source region, and is given

by

Plz,z) = Bz. (4.30)

In (4.28), (4.29), and (4.30), = and z are the cell indices, and are each with respect
to the vertical direction and the horizontal direction. The lower left corner of a given

source region is indexed as (x = 0,z = 0).

4.5.1 A Rectangular Source Region

We first consider the example of reconstructing the sources inside a source region with
size 12 by 16 as shown in Figure 4.3. This source region is composed of 192 source
cells and 42 boundary cells. The spatial distributions of the reconstructed sources at

some selected time steps are shown in Figure 4.4. The reconstructed source signals
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Figure 4.3 A six-layer source region with size 12 by 16 grids. Total of 42 radiated

link impulses (shown by arrows) are observed.
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Figure 4.4 The spatial distribution of the exact sources and the reconstructed

sources at selected time steps for the rectangular source region of size 12 by 16

grids.
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Figure 4.5 The reconstructed sources with respect to time at selected cell loca-

tions inside the rectangular source region of size 12 by 16 grids.

87



M. A. Sc. Thesis—Yu Zhang McMaster—Electrical & Computer Engineering

AlAIA 444 AldldlA
- s & o
& £ e o=
= %444 F >
- -
& -
<' e
< =
¥ >
= -
- 1
\A0202020202020202020202020 200

Figure 4.6 A four-layer reentrant source region composed of 172 source cells.

Total of 48 radiated link impulses (shown by arrows) are observed.
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with respect to time at selected source cells are shown in Figure 4.5. The comparison

shows that our results agree with the exact results within a good accuracy.

4.5.2 A Re-entrant Source Region

The second illustrated example is a reentrant source region as shown in Figure 4.6.
This source region is composed of 172 source cells and 48 boundary cells. The spatial
distributions of the reconstructed source at some selected time steps are shown in
Figure 4.7. The reconstructed source signals with respect to time at selected source
cells are shown in Figure 4.8. The comparison shows that our results agree with the

exact results within a good accuracy.

4.5.3 Effect of Noise

Noise is always unavoidable in physical world. In our case the boundary link impulses
V,’é may be contaminated with noise, because it is practically impossible to obtain
accurate field data on the boundary of the source region. The associated errors are

mostly due to limitations of measurement devices.

To model noisy field measurements, all elements in vector V;; are perturbed by a

random number given by

b(e)
Vi %

== V,l;+aek, (4.31)
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Figure 4.7 The spatial distribution of the exact sources and the reconstructed

sources at selected time steps for the reentrant source region composed of 172 source

cells.
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Figure 4.8 The reconstructed sources with respect to time at selected cell loca-

tions inside the reentrant source region composed of 172 source cells.
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RA’[X].

where e € is a vector of Gaussian distributed random variables with zero mean

and unit standard deviation. The scalar « is a factor for adjusting the noise level. At

b(e)

the kth time step, v, is fed into our reconstruction algorithm instead of V,I; :

We use the same testing source region as shown in Figure 4.3. The numerical
results of constructed sources are shown in Figure 4.9 for a perturbed noise level of
-28 dB, Figure 4.10 for a noise level of -22 dB, and Figure 4.11 for a noise level of

-7.8 dB.

By inspection, the noise level in the reconstructed sources increase for about
15 dB in average. Our algorithm is shown to be stable in the presence of noise in the

measured field data.

4.6 Conclusions

This chapter presents a numerical algorithm for solving the inverse source problem
in electromagnetics using the knowledge of near field data. Our results converges
to the exact results for higher ratio of M/N, where N is the number of source cells
for a given source region, and M is the number of boundary cells. In particular, for
thin source regions (discussed in Chapter 3) in which N is equal to M, the resultant
linear system described in (4.16) is full-ranked. In this case, a unique solution can
be obtained even without the regularization procedures, and the produced results are

identical to the exact solutions.
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Figure 4.9 The reconstructed excitation sources using the noisy field data with

noise level -28 dB. Top two figures shows two arbitrarily selected noisy boundary

link impulses. The remaining four figures show the reconstructed sources at selected

source cells.
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Figure 4.10 The reconstructed excitation sources using the noisy field data with

noise level -5.6 dB. Top two figures shows two arbitrarily selected noisy boundary

link impulses. The remaining four figures show the reconstructed sources at selected

source cells.
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Figure 4.11 The reconstructed excitation sources using the noisy field data with
noise level 8.2 dB. Top two figures shows two arbitrarily selected noisy boundary
link impulses. The remaining four figures show the reconstructed sources at selected

source cells.
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Our algorithm, however, also exhibits one limitation. For a given source region,

the number of boundary cells M always depends on the geometry of the discretization.

If more discrete field data is available at the boundary of the source region, only M of

which can be used for source reconstruction. Therefore, the accuracy of our solution

produced by our algorithm cannot be improved in the presence of more boundary

field data. This issue shall be addressed in the future work.
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Chapter 5

Conclusion

This thesis presents a novel numerical approach for solving the inverse source prob-
lem in electromagnetics. Our source solution is obtained in the time domain using
the knowledge of boundary field data at discrete locations. A smoothness condition
(a priori) is imposed to the solution space, which overcomes the non-uniqueness of
the reconstructed source. Our work, to the authors’ knowledge, is the first numeri-
cal approach of solving inverse source problems in the time domain using near field

measurements.

In chapter 2, the concept and theory of inverse source problems are reviewed.
The non-unique nature in inverse source problems are discussed with emphasis on
the so-called non-radiating (NR) sources. The regularization techniques and the use
of priori conditions are also discussed. Past approaches of solving inverse source
problems are reviewed.
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In chapter 3, we present our TLM-based inversion approach for solving the in-
verse source problem in the time domain. Our algorithm supplies a unique source
solution for the case of thin source regions. Our approach is demonstrated thought
reconstructing the sources inside various source regions. Our algorithm is efficient and
requires three TLM iterations for a single reconstruction time step. If the boundary
field data is noise-free, our obtained time-domain solution of the sources matches the

exact solution.

In chapter 4, our approach is generalized to accommodate a source region with
arbitrary shape. By utilizing the Green matrix of the TLM computational domain,
we formulated our discrete inversion problem as a low-ranked linear algebraic system.
A unique source solution is then obtained by additionally imposing the smoothness
prior constraint. Our numerical results show that for small source regions our source
reconstruction algorithm can accurately reconstruct the excitation sources using the
field data on the boundary. Our results converges to the exact results for smoother
excitation distribution, and for higher ratio of M /N, where N is the total number of
the source cells inside the given source region, and M is the total number of source

cells on the boundary (i.e. boundary cells).

From the experience gained during the course of this work, the author suggests

the following research topics to be addressed in future developments:

(1)  Extend our source reconstruction algorithm discussed in Chapter 4 to accom-

modate three-dimensional source regions using Symmetrical Condensed TLM
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Node (SCN).

Address the issue of instability for the source reconstruction algorithm intro-
duced in Chapter 4. For our present work, the instability usually happens after
a sufficient long reconstruction time steps, if the total number source cells is

greater than 400.

Improve the accuracy of the source solution by accepting more boundary field

data. For our present work, the number of discrete boundary field data that

the source region.
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