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ABSTRACT 

" 
. This" thesis has the ~bjecti~;.of eS'tablishing 

the stability behav.iour· of a thi,n .cl~ped-ended 'pipe with 

internal flow. The unsteady fluid forces on the pipe,wall' 

is determined by using classical .potential flow theory for , . . 
an in~ompressible. inviscid fluid and the motion of the pipe 

I.presented ,by FlUgg,e-~empner shell; eql,l~tion.. Thf solution 

is obtai~ed .using Fourier int!!grat t~ry and the'metho'd . 

of Galerldn. It, is fourid that the. pipe, becomes unstable . \ "\. - "-""\-

. statically in a mode b~ing comprised of one axial half\ave 

~nd a number of circumferential waves depending on the.length 

and thickness ratios, FOT t~e limiting case of a relatively 

. long. thin pipe the. mode of instabiiity is the ,first he¥, 

" mode and a parti~ular simple expression is found for the 
o 

c~itical flow velocity,' Furthermore J. the 
~_J 

mode shape' at .. 

instability' alw~YScorvponds to that ,of the lowest natural 

frequency of' the pipe. . -
The theor'ctical' results are coopared ·with e:xperinents 

and previ~uswor~ developed by different-methods and the --.........._. 

agreement found is good. 

, . 

'---<! 
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1.1. 
: 

General' 

,CHAPTER 1 

INTRODUCTLON 
o 

\ 

! 
, .. " 

/ 
( 

'The problem of the dynamic behaviour of a flexible 
"':~ .,,' 

t.,ubewith an 'irit~ern:a1 or external" flowing fluid is .of funda

mental in,terest and importance ;in a variety of en.gi·ne~r·ing 
, 

Q 

applications. Examples are found.in the bendillg oscillationS'in a 
',' ~ ';:" 

long pipe as observed in oii pipe l~ne;~ [1]. dynamic or static ~\. 

instability of ~steel c'ond,?i ts for h~Jro-e1ec,ric plants. [l] and. 

fliquid fuel proP~llant 1i~es [3] .~t~rn~l flow on ~YlindriCa~ 
she 11s as in the cooling flow of a nuclear reactor cau.ses 

osc.il~ation oWlle fuel bundles. [4]. [5]. The latter phenomenon 

is main1~the resuit' of hydrodynamic 'forces caused bv unsteady . ~. . , 

flurd flow 

, , 

an('is of p"articu1ar inter.est 

~imi1ar problems exist in the 

'" in boilin'g water 
\ 

steap generators 

presently used in the CANDU-PHI'/I>, react'ors. where the t\io-phase ' 
"~ . 

axial flow on the shell side of the s.team generato!' causes the 
" ' "'l 

heated tubes carryingth~ heavx.water to vibrate. Other examples 

are the numerous observed instabi.1ities of the she!'l cOr.\po~cnts 

0f.~ aircraft 'at '~ velocity.~~th above and,belo\,- ~he' speed of 

Jound [6] •. The KOTotkoff' sounds in the art,e.~ial system occur in\! 

during strenuous' eXercises is a similar instability [7]. 

C~~ADA'£cu~crium urJiUl!! - Pressurized Heavv Kater -' , 
• 

1 

', ... c ...... ' .. '.: .. 
. ' 

, 
\,., i 

'";~ 
~, , 
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The above problems with instabilities cif shells due
6 

p"! • . f C 

_tOo fluid 
~ ~ -~ ..-

forces have .ecei~ed considerable analytical ana 
, - ,) 

ejcper~ntal. attention in. recent years. 
/' 

The "increasing, desir-' .' , 

ability ,of hl~her' fluid velocities coupled'w.ith more flexible 

structures will require the "design engineer to have 'knowledge 

o,f the aboVe proMems. He mu/s/~ be in a 'position to predict 

their occurrence for their existence is inevitable. , , 

C, 

1.2. Th~oretidal Approach 

The phenomena of flow inducell instabili tyof s'hells 

as cncou;t,E:I.ed ab.ove are, character:i.l~~d b'y th~eraction of' 
" c 

. e~astic, inertia and hydrody\amiC or aerodynl;llllic forces and 

falls within the general classification of "~ydroelas,ticity" 

or "aeroelasticity". -In hydro~aeroelastic problems the'opera

tive fO'rces are nonconservative since they cannot be derived , 
from a potential function, 'i.e., they are dependent on the 

path travelled. This results in the possibi·lity of the shell , , 
. ' 

extracting energy from the fluid in such a \'iay'that it bccor.les 

unstable. " 

In examining the stability of ,problems involving non- '. 

conscrva t i ve forces it has been found tha tH is not always 

sufficient to use the stati& or ~uler t:lethod,' 'Which looks for 
o , /"-

thc{ smallest force ~ndC;I' which the systec can be in equilibriuf.l 

not' only in its original configuration but also ilL.an infinitely 

close',configuratioa. An alternative is to us-e- the dynamic 

cctho,d which involves the investigatiorr of the stability of 



. ;'. 

.. 
" 

. . , 

- ,. " :5', 
I j., 

f - . 

'" i 
infini tesimal oscHlations of the ~sy.stem 'about 'i ts ~quU ib,rium . 

. , 

'pos~tion. The -critical force by this crit:.erion·is the smallest:· ~ 
'. , , 

, . 

force under which a sma!l disturbance will increase with time. 
, 

·In ce.rtain problems the stability may be ,lo"st in astatic sense 
, 

in which case the Euler method would give t~e 'correct answer. 

Howe~er~this i~ di££ic~t to" deter~i~e in aQvance and since a 
. . • t ~ ( 

$t-atic method cannot predict dynamic j.nstabi lity a dynamic 
" . 

method should always be used. 

The in$tabilities.of sh~l1s co'ntaining flowing fluid -
"are different depending on,}he boundary conditions. the lepgth 

and. the wall thickness o~ the shell; For fixed· boundaries' " . , 

and t./a>a/h. where 9. is the leng:th of the 

and'h the wall thickness; the ins tab i'li:ty 

shell, a the, rad~{s . 

is' similar to th;! 

buckling of an i'Eule.r" -co~~ at a sufficiently high flow 

velocity [81. The mode of inst"abUity is '~lways the first 
". ~ I" 

beam mode. The analytical "app~ach "in 'establishing. the buckling 

boundary or "divergence" ~s. it is calle~n aeroelastici ty . 

, isb)': using a sta~ic method. ( Howeyer before it was established L 

that· the stability was lost in a static "sense. a dyoriami.c t:let~od_ 
C-" • <. 

A dynamic so'Iution is of the form "v was used. 

/ ' . 
where ~,is the natural frequency of the' shell., The analys is 

.-
,,~ 

consists indetermination of tho natul;lll fTeq.!enciE?s ~s a 

function .of fluid'velocity; For" sufficiently ·stlall flow. 

velocities the frequencies aro real and the syste::t is thus 

." . 
(1.1) 

) 
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~table under an arbi\rary' smalf dist"!rbance, eXhibiting b~~ded' 
c 

harmoni~ oscilllrtions. As the veldcity'is increased, instability' 
, , 

, ~ o\=curs when. the natural frequency becomes zero (buckling) at 
• ._? '. n' ~ 

the critical flow v(!locity. ,For a cantilevere!i shell a dynamic 

~ethod is ~e<cess~o ~stabli~h th,e i~stabilitY ~oundary. ' The 
~ r. 

nn,tural frequency 'for a canti'levered shell is o!, the forin , 
~ i R + is at a sufficiently high flow veloc~ty. The dynam~c 

solution is now of the form 
• i ' 

( , (1. Z) 

As the flow veiocitr increases the imaginary part of t~e complex 
• 

frequencr dec;eases and eV'entua:lly be<;:omes nega.t-i've at which , 
'point' the' system becom~s unstable by exporientially growing 

~ 'I ' • -' .~ 

oscillations. HoweVer due to;nonlinear elastic constraints the 
- . . ,. 

,amplitude of OSCillati~n will be" o'f finiteo ma..ini'tude. The ~ 
boundary of instability occurs when the imQginary ~art S is 

:z:'ero an<ttb,e fre~uen~y of oscillatio~ it is 'f;ni te.' This kind I 
, . 

of instability has bee~ given the name "Flutter" in the field 

" of aeroelasti,cit)" "', "" 

For a short, thin, shell where 9./ac a/h the instabilities . , ~-
are associated with circumferential'defomation of the shell . ' . 

• J - -,.,..:. .. ,-._. 

wall~ In establishing the stability boundary 3 differEntial , 

equation of mot~on of he cylindrical shell ,is used. The 

dynam~c solution'is'o£ the f~m , ' 

W(x .• 0. tl .. Y (x j ) cosnO. :l
illlt 

J , , 
(l·:U 

where cos nO represents the variation in the radial displacement 
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of the cylindrical wall. nbeing the circumferential mode \ 

number. In addition to the instabilities' reported for the 

longer ~ell. circumferen~a: oscillation_no~ e~ists. at 

su££icieptly high flow veloci~ies. 

1.3. S~atement of Problem 

The inst~bi1ities of pipes containing a {lowing fluid 
,-, 

have been analytically investigated by "a number of authors 

[1]. '{2]. [9]. However in the area of circumferential' 

instahilities. analytical solution have only been reported by 

two authors [10]. [11]. 
, -

In this thesis the behaV.i~r of a 
\ 

clamped ended cylindrical shell is examined 'with particular, 
• 

attention paId,to divergence boundaries both for circumferential 
I , ,'. • 

and beam like instabilities and the relationship of the natural 

.fr~quencies at ~~ro flow velocities to the ,critical mode shape. 

The'S~l~tion is obtained using Fourier Integral theory and the' 
, 

method of Galerkin. and is si~ilar to that used in reference [111 , 
which- e~amines pinned-ended shells. Al though this ;rpproach is . 

not without shortcocings' (discussed below). it oifersthe 
, , 

advantage,that the resulting algebraic 'equations facilitate a 

complete pa~arietTic ~dy and ailow a sipple :malyticnJ. cxpr~ss ion 

to be obt'ained for the liniting case of a . long thin shelL In 

addition', the flow condition' at the ends of the length of shell . ~ 

b~ing conSidered aTe quitcdiffercnt froo those ioplicit in 
r~' . 

-thc"fravclling t,avc type analysis of ·reference [101. . This oay 

have ap~ciable influ~nce when the shells are(short. 
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The theore·tical predictioIiS are comp~red with 
-.: ' 

experiments as well aswith.previous results. 
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'CHAPTER ,2 

HISTORICAL REVIEW 

" 
'The' ~ariy,study' of theod~?m~c 'stability of pipes 

.' . '-..J . 

conveying fluids was initiated by the obser';ed transverse 
\ i' . . : 

~ibration 'iit the trans-Araliian pipeline.. The trans-Arabian, 

pipeline is,a'30 inch'diameterpipe which is supported at 66 ft 

intervals anll has about 20 inches clearance between the' 

bottom'of the pipe and the ground. At '3 wind velocity of 

-approximately 20 m.p.h. the pipe was obserVed to vibrate with 
/-} 

a, frequency of vibration of approxilllately 1.2 cycies, per sec 
" ' fl 

and a mal(imum amplitude of vibration ofy/16 inches ,at the 
__ '.: _ tf 

mid span. During vibrat"ions "'-the adjacent spans m'aved in?'opposite 

directions with nodes' \ the ~upports. _ ',,:, 

The first analytical investigation of the above 
" ' " , ' 

phenomena was done by !'shley and Haviland [1),. Usin'g 'a beam 

theory they found that the flow of fluid in such a pipeline 
, , . ~> 

produces marked damping tendencies and thus ,.,reduces the" -

severity ()f 10~ding"eJlcountered~' F).irther. 'ihei~ calCUlllti-e~' 
~ . -~;?). 

sho}'1ed t~at· the frequency of oscillation stayed constant wKile 

the, damping inerea,sed rapidly' over the flow range 
'. ~ . , " 

Their analysis. by treating the flux of the fluid 
o " , 

cons idere,d. 
, L. 

in the pipe to 

'. '~Jlduce a 'shear for~e at each s.ection due to the' late,ral Dotion \ ' , 

of the pipe'. undeTesti~ated the influence,of.,the'fluid velocity '. , 

.)'-
-'-" 

and th~ir differential equation of !!lotion for the pipelin~and their 

7 
o ~, a '. ~ 

',I' - , 
, , 
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findings have'been disputed by later authors. However their' 
\ 

,general approach :j.s of value and their main error lies in the 
~ -' " 

approach' to find a' sO'lution to, the differential equation pf 

, motion. 
) 

The first' solutions which correctly predicted' the 
" . \ .. \. 

effect of.fluid·f19w on vibra~on frequency and static (buckling) 
, c 

. ~instabili.tywere given by G. W;Ho'usnert~l and F. 1. N.~Niordson 
'. "J ~ . 'J .:91. They showed 'that the :huids have no be~efi,cial effec~ upon' "--. 

'the vibration of the pipe. The. fluid velocity causes a dynamic 
) - ~ ~ 

cpuplingof the simple modes of vibration so that, normal modes 

~f~ib~tion are of complex shape with 900 out. of.phase components. 

Also. in contrast to the result!Cof Ashley and HavUand. thil .. 
frequencY of yibration of the pipe dec;reaseswith i~creased 

fluid velocity until it becomes equal to zero where static, 
, 

dlvergence occurs. 'Th~s work revi~ed most of that,done by 

Ashley.and HaviJand an~thc differential equation of motion 

, derived for ~ pipe conveying fluid has been verified . and 

/ 
/' 

." used by later authors as their starting' point for investigatinlf , . . . 

different configu~at.ions. Nio:rdson.slso fomulated" tho 
, , 

problem in terms ~f the shell equation but did not proceed to ' " 
. , ' 

solve it. 
I 

. These first substantial contributors to the solution 

of the stabili ty of ; pipe conveying fluid had difficulty in 
.:::-:.'! 

1>btninlngan 

motion which 

exact s.?lution to the. 'difrerentialequation of 
. " , ..... 

is no~ eJlsily obtained without an electrorlic' 

computer. Ashley and HaViland approached the solution.·by using 

II polynomial which approxi~telY represented t~e mode Shape., and 
, 

o 
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~, 

sati"shed the equation of mot~on an-d the boundary ~o;ditions 

'~Jpinned-pinned ends). liousner regarded the distorted,modes , . 
" ""'" ... 

(also for'thespec~al case of pinned-pinned ends) as a linear 

combination of appropriate quantities of each of the classical , , 

normal modes for.an Euler beam. By di~regarding the contri~u-
, . 

,tion from classical modes higher than the second a frequency 

equation' was ohta~ned. A paper by Long ('121 u-sed an ,iterative 

procedure based ,on the ~method. used by Ashl!y 'and Havil.!nd but 

included more terms in the mode shape polynomial. After the 
/ 

introauctfon of the electronic comp1.1ter ,authors like Nagubswaran ' 

and Wi'lliams (4] have deve loped "exact' solutions fo...r. the 

natural freauencies and mode shapes. Their results have 

verified 'the work done by earlier authors and supplemented .. , . ' 

tli~ d,atp available. 'They were also the first to report on ,the 
. , 

influence of int~al pressure on the natural freque~cies. of 

vibration. As the pres,sure increases the natural frequencies' .' 
decrease until'buckling occurs • 

. 
. T. B~ Benjamin (13] dealing with the general dynamic 

pl',oblem ~f a chain of articulated pipes conveying fluid. was. 
" , 

the 'fiist to report on the phenomena of unstable oscillation 

which is possible when such a 

He pr~duced' a complete 'theory 

system p'osses,ses one free end. 
, . \. ',' 

supported by experiments for 

. articulated pipes. Although his ,theoretica~ model possepse~ 

only a fet1 degrees of freedoo ,1 t demonst:-ated :l1l tho' ossent·iol 

f~atures' of this form of instability. Benjanin sho''''ed ',hlt 

when the pipe is vertical botf unstable oscillati-on :!nd buckling 
\ 

o 

• 
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IO . /.~ . , 

instability are pessible in general, where~s when the metien '., 
( . """ 

is cenfined H> a herizental Plvuckling cannet eccur, i.e., 

when grqYity fer~es are insignificant. 

{ The werk 'ef Benjamin was exte~ded r,e cever in,stabilities 

ef a centiillUeu; sys.tem by Greg~ry a~d Paideussis [14]. They 

feund that. a tubular cantil,ever containing f~uid develeped 
. ' 

unstabJe escillatien at a certain fluid "eleci ty t which grews 

,inte lateralesdllatien ef large' all\pli tu~e. The sys tern was 

" -shewn te beceme unstable, first in its secend mede. The '. 
~ 

sys'tem ceuld hewever be uns t,ab Ie in ether medes, Qi. e. ,by 

increasing· the fluid velecity the system became unstable in' - , .. ,--- //-

anether mede. The medeshapesfer, higher fluid .. veledf~ies were 

mere cemplex and centained 

they verified their theery 

- . 
cempenents .. ef.several'nermal medes. 

// 
by' deing 'expe'fiments en rubber .. 

.. /"' 

~ "," ~ 

tubes,celweying water and air ... Seine discrepanCies were found 

hewe~er near the critical flew velecities. ' As they. u,sed a 

lirle~r theery \~hich'appli~s 'enly to small escillatien. they 

suggest-ed that/.1 ~en-linear 'theery sheuld be used near the 
, .. 

cri tical/fluid' veleci ties ."'Te predict the b~undilry ef 
/" ... I'" • 

instabi ~i ties he.wever their li~ear theery, gave ge.od iesul ts . 
.. 

I.n tho abeve papers twe different systems. have. been 
, 

censidered. Depending on the support at the ends, the 

systecs ~ay be greuped as conse'rvative systems and nen-' . 
, " 

conservative svstecs [IS}. . . 
It has been shown by Housner (9] 

," 

and Lci~g [12.J.1' that the c.onservati ve sys~em which has no 

displace'menta't tho .. ends loses' stabi Ii ty enly by buckling lihUe 



, / 

----~-----

~ ~,!- ' ___ -~~;; a 

the non-conservative system rep~eSe~;:y a c£~ilever tUbe:' 

studied by Benjam~n [1}l~;regory :nd Paidoussis [14] 
~/ --~ r. . 

loses stabilit~n1J' by unstable oscillation. In a paper by - / . ~ , 

'Shoe:-/~~nlt/i::hen [15} consideration is given to the transi- ~ 

tioll mechanism, of these two instabilities. ,For this purpos~ 

he studied a 'cantilevered tube (conveying fl~id with a ~isplace-

mentCspring attached to its free end. ' The variation in. the 

spring constant permits carrying out gradual transition from 

unstable oscilla~ion instability to bu1:kling instability. It 

was sho\ffl that depending OR, ~ne 'spr.in{ co~stant. the tube. ' 
, , 

,lost. st~bility 'by unstable oscillation, buckling or bOoth witl1 
'<>. ' 

-mul tiple 'stable' and unstable range ,of flow. veloci ties. '. However. 

bUCKling can only occur above ,a critical val~e of the spring 

constant. Thus the types of instabilities' apparentl>: are 

assoc~ated'with the b~dary conditions. 

All of the Jove authors considered the shell ·as a .. 
,beam and its motion 'lis being exclusively l~teral. i.e •• the 

so-called firs t,ci rcumferential9r.o beaI:l- type J!I~des. Recently 

Paidoussis' and Denise t'9'] and tloaver and Unney [10] have 

investigated the so-colled circumferential type of ins,tabili tics 

,of cylindri'cal shells conveying fluid. This circumferential 
. .' ~ 

instability was apparently first reported in 1969, by paidl?ussis 

und Denise. [7] when c~nducting exper-itlents withverticnl 

cantilevers made of rubber conveying low pressure air. They 
• t . '. 

observed that ,if the cantilevers had sufficiently t~iclt 'wallS 

tho only fom of,instability w~s that ,of unstable oscillation 
, . 

, .. 
• \ 
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, ~ 

which has been~ report~d earlier. However if the rubber canti-

, lever tubes had fairly thin walls and were sufficiently 
. , 

sh.ort so ~~t they remained stable with respect t~ the lateral 

instability to fairly high flow velo~i~ies, ~other form of 
p 

instability occurred spontane,ously at a cer'tain cri~i~al flow 

velocity. The Icantilever was 'seen to vibrate in the second 

circumferential mode and generate a shrill sound. For longer 

tubes this 'instability was superimposed on t)re lateral 
\ 

~ one. In their theoret,],cal analysis Paido"ussis and Denise used 

the three Flugge equations of)motion for a cYlind;iCal s~ell 
and the fluid pressure on the shell wall J!f1s derived uSing'j 

class ical potential -'theory."' 1bey solved the differential --./ 

equation by assumi!:lg a travelling wave solution.' This has 
~ / .. ( . 

some shortcomings as it leads to a characteristic equation 

being transcendental in the wave number: "I'he complete solution 

is therefore an infinite "series and requires an infini.te 

number~f boundary conditions to establish the frequency 

equation. Therefore they'bave tc? disregard,the contribution 
. " ,~ 

of mode shapes higher than the number of; bound"ary conditions. 
/ , . , 

Further. their solution of. the frequency equation is rather 
.", 1 

cumber5-Gl:le,.as, an iterative procedur~ oust be used • 
• 

Weaver and Uriny have also, used .the Flugge equation 

of motion for a cylindricat' .shell; but in a fom that ,contains 
, , 

only tho radial displacement. Thissic~ler fom of· the' $holl 

equation was derived by Kctlpner" [1,6]., by caking 'the assucption· 

that ~axial and cir~uoferential inertias ,are negligible 
, 

and that the shell is thin.- The fluid forces ~cre derived 

'0 , 

\ , 

", 
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. ;/ . 

from classical potential theory and the -solution was obtained 

using Fo.urier Integral' theory and the c.ethod of Gale-rkin. ' 

') Al though this approach r~quires the numerical 'evaluation 

of severaF'improper integrals, the .compiex frequency and , ' 

thereby the stalYility behaviour may be examined by the exact 
,. 

" 

.solution of relatively simple algebraic equations. The 
( 

behaviour reported was qualitatively the same as that given 

by Paidoussis and D.onise. '-------

I .. , 

,. 
-) 

" .. I 

/ ......--

\ 

, 
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. 3.1. 

• 

General 

CHAPTER 3 

THEORETICAL INVESTIGATION 

0",,-

The mathematical model used in this' thesis to~ 
/," ( , 

establish t~e instabiLity boundaries of·a clamped ended 

. cylindrical ~el~ subjected to hydrodyn~ic forces, is essentially 
. ~ " 

of .the same forin as that developed by'Weaver and qnny [11]. [17] 

/' 

for a fIat plate and il pinned ended cylindrical shell r~spectively. 

'Only the 
,/\ ., 

general outline of this model is therefore presented~ 

here. 

., 

£0110\-Is: 

The important charac'teristics of, this model are as 

Only the limiting case of small os~illation is 

, considt::red, i.e .• the thepry is Hnea~iz.ed and is therefore 

only capable of describing the behaviour of the system up to 

and {~cl~di,ng the threshold 'of instab-ilhy. HoweJer, the 

instability boundary given by' a linearized analysis is t~e satle 

\ 

, . 
as that given by'a nonline.ar analysis •. This 

. .' ~ -

theorem by Liapunov whi~states'that if the 

~s given in a 
•• > 

behaviour of a 

linearized systel:l is aSY'i!lpt?tically stcibfe. or unstable, then 

the stability ·boundary) of this system is\ the sa::le as that 
1 

'~derived by a nonline~r analysis [18]. Furthemore the shell 

is considered to be thin, and the' ~hell t:lateria~ to 'be 'Purely 

i.e., on 

------. 
elas,ic homogen~ous and i~otOPiC:;. 

derived from potential flow theory: 
J • 

The fIurd forces are" 

that the fluid is invisci~ irrotational and 

the ass='Pt:!.on 

inC"'o:::press ible. 

14 
( -

.. 
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3.2. Theoretical Developmen''t 

,The s'pec).fic configuratiol!- studied is shown in 
I ' 

Figure 3.1 together witJ:l the first couple of circUmfer,eniial 
..... / 

mode shapes. The differential equation of motion used for ~he 

shell is esse~tial1y the f6rmof Flugge equation given by .~ 
. , 

Kempner (16].' Kempnet showed that the three Flugge equations 

which contlliin e?Cpressions for the ,axial. circumferent,ial and . . 
ra'dial 'displac,ements can be expressed in a form similar to 

~ 

the Donhell equation for a shell containing only, the radial 

displacement, and the axial and circumfeTentia~ displacements 
. 

'are absent: from it. When the' assumption i~ made that the shell 

is thin. rt~ <*)'2« 1. a somewhat simplified equation is 

obtained. Hoff [19] has' recommended th~ use of this equation' 

over that of Donnell unless the shell is veiY short and a 
a ' 

. number of circumferential modes are considered n >". 

" 

J 

, (3.1) 

,where,,! is the radial ~isplacement of the "Shell •. , 

D is the flexural stiffness. 

p is m 

Pd is , 

the density 'of the shell material 
, \ 

the dYnamic pressure of the fluid 

resulti~g from the motion of the, latter. 

and 

on the shell 

• 

'\ 
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• 

" For clampe~ ends. the shell boundary conditions are 

given by: 

w(O) ,. w(.t.) ,. 0 

aw(O)' = aw(.t.) 
= 0 -.. ~ ax ax 

(3. Z) 

The dynamic preSsure on the shell wall as, a,resul t 

of the shell· wall's vibration can be.determined by solving a 

boundary value problem for the velocity potential of the fluid 

flow. The fluid inside ~he shellwithvelo·city"vectors. 
'. 

Vx ' Vet Vr • density p and pressure p is governed by ,the.. fO,liow-, 
ing system of equations~ , 

Con tinui ty eq us tion : 

which is gerived by the ",co.ndition· of mass-consr" ','on. 
'- ' \ 

Euler equation of~m~tion: - ' 
'-.. i ~-

" 

aV a (V/) 1 3(Vx Vo) ir(Vxvr ) 2 + -"....;;__ + _ + _;-;:-___ 
at ax l' ae' ar 

VV 
+ 2-!, .• 

1" 

v Z 
+ L. r· . 

1 3p 
-pralJ, 

- 1 3p , 
- P'3T 

, (3.h 

(3.4j, 

The velocity inside the shell is. ev~rywhere close . 
, 

'to the free stream velocity D., ,W~ can therefore ~xPress ·the 

) 
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total velocity at any point in the flow as~he_free stream 

velocity plus a smiil pert~rbation veloci~y! indicated by' 
~~ ~ 

primes. 

Vx .. U + V~ ... V~/U «I 

v ,.. v· N'/U «I .0 ,0 0 ". 
Vr .. V' V~/U «I r '. , 

' . . ~ , 
--';;'-:..'42 "-, 

Using (3.4) and (3.5.) .an"ilinearizing gives: 

av" 1 ~ 2 
~ + .., (U + ·:tuv') at Z ax , x 

aVe' . a 
-+U~N' at aX! "0" 

.. -
( 

__ !.!P. 
pr ae 

.. -

, 

• 

18 

/. 
(3.S) 

o ~ _ •• 

I{the velocit~ field (V~. Vet V~) is irrotational. Le.,_ 

that the fluid pa'rticles have zero a~gular bomentum about their 

O}ffi centre of gravity. it can be expt~ssed in terms of a 
\1 

, pe~turbation velocity po~ential define~ as: 
;:~. 

,...'" 
a¢ .. Vx - Q .. V' ax x 

'. ' 

1 a¢ .. V' (3.7) rae 0 
'-.. 

!1 V' , .. , .. 
ar r 

.. 
I 

. 
, . 
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• 

Substituting (3.7) in (3.6) and integrating with respect to 
, 

x gives an arbitrary function of time f(t). which has ~o 
'"" 

effect upon the flow pattern. For parallel streamlines of 
U2 velocity U, f(t) can be set equal to ~ and the pressure on 

the shell wall is found to be: 

Pdl .. - (~ +U !1) 
Po CIt ax r=R 

(3.8) 

This is the unsteady Bernoulli equation. 

The determining equation for thepertuT~ation velocity 
.r 

potential ¢ is found by substituting the expression for the 

-'-Velocity field (3.7) into (3.3). For inr1lij>ressible fluid this 

operation yields the Laplace equation in cylindrical co

ordinates. 

+! CI¢ + 
r ar j 

rsR (3.9) 

This is the continuity equation for, an incompressible, irTota'-

tional, inviscid fluid. 

To solve the Laplace, equation for the problec of 

here it is:>necessary to'establish the appropriate interest 

boundary conditions. The condition at the shell wall is 

simply that the perpendicular component of the fluid velocity 

is fixed to the wall's Dotion. as no fluid particle can pass . . 
through the shell wall. The equation for the shell wall is , 

given by: 

F(x,r.o,t) .. 0 (3.10) 

'/ 

\ 



, 
I 

o 
'the boundary .cendi tien 1;s:·. ,( 

aF + V ·af + v !!.+ Va !E.~ 0' 
at,x ax' '1' err l' ae 

,/ .. 

20 

In' ether werds the material' rate -ef' change' ef the value. ef the' , 

functien F is zero. when we fol1~w' a particle that ~entinuously 

teuches' the surface F ~ o. 
. '"I; 

, 
As the shell wall. lies very. close to distance '1' 

, 
, , 

;--~, 

\, frem. erigin •. r may be separated eutfrom equatien (~,.lO)· and. 

\ tbe equatien fer the surface the~takes' the ferm: 
" , 

. ~ 

. ' 

and the bp.undary cend~tien is: 
a 

V 
Vr - !!.+ ~X !!!. +...,!.!!. .. 

:::-.. at ax l' aa 

. " 
" , . 

0 

. iJ " 

, . 

" .(3.12) c-' 

• (3.13) 

using (3.5) and"(3.7) and linearizing since the perturbation .. 
velecities are assumed to. be very small, the bo.undary ~enditien 

becemes: 

til . ar rzoR 
ait u 3\1 ., - + -, at.. ax· 

• 
, 

Fo..r the rigid cylinder 'adjacent to., the she'll the nomal fluid, " 
, 

velecity must be equal to. ze~o. so that equation (3.14) reduces 

to: ( 

I 

, ll/ -0 0 >x .1" 
ar raR .. ' 

(3.lS) 
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3 .• ,3. , ,Problem-801ution 
" , . 

An ,assumed solUtion 'for the radial displaG:emen t of, 
,\. 

the shell ml.\st satis~l1 the boundary conditions (3.2) , , 

and be in a'simple 'enough form to make the prQblem tractable., - . ~. . " -
t'. 

This is'l-not v,ery, easy for the clamped ended shell conside~ed. 
. . 

A solUtion assumed'was a polynomial of the form: 
,': , 

, .. , (' )2 p+2 
'A ,_I.-X_ x 

= . l: - .p " 4+p' 
P)!Q," " I. '.' 

w(x.e.t) (3.16) " 

• "< /" 

Although using. only the fir~t two terms of the / 
• 

inf,init,e series, ,t~is Tesu,lts in a very lenSthy. expression fo; 

the dynamic pressure. Also this ,leads to siinificant ~omputational 
. " 

~ifficultywhen using tht's expression in the she'll· equation 

(3.1). ,Asa r.esul t the ,so,luti6'll£ ,adopted is: 
("'" 

;'~~ 

. wex', e •. t), .. ' l: Cp cos ne (I-cos 2p:x) e fCilt 
~ cpal ' 

. ,~',;,. ~ . ' . -, . 
whe're p, is the number' of· axial half waves ,and It is the -number 

, . ' 

of ci'rcWn{erential waves. 
, , 

Thi'S solution has the' unfortuna~ 
. ., 

charac~er,istic ihati t only represents odd axial ~ode shapes. _ 
Q .... /~ • ..... 

, 111ere£ore, it 'cannot: predict "f1utter'~· instability as this is. 

pri:lQu~ed bt fluid dynamic coupling of odd and even. modes. 
~ . ~ 

Hot1eVer, it has been shown by Paidoussis and Denise [-1'0] and 

t'leaver,and;'Unny '(ll}th:it flutter occurs only for flow VeIo.~~ties 
Q. • I 

.higher than required for static'bualill& in the .first axial' 

code ,and the latter is ,satisfactorily represent-ed, byeq~ation (3.17). 
~ , - '\I ~ - . ,. . 

For',the purPose o£l:s'tablishing the stabilityboundarro' 

equation (3~1,7) is therefore quite ,useful. Since the -instability 

,0 , 



, -inVestigated is of the divergence type the problem co1.Ud be 
'\. c. • , . . ~ , 

analyzed by using 'a, "static method'< However. the solution 

wl.ll·beobtained using the "dynamic method" since it is of - . ' 

22 

interest to compare the mode shape of ~he.fundamentalJrequency 
• -. q • ~. 

at zero 'flow velocity -with that at the critical divergence 

velocity. 
- ' 

the Laplace equation (3.9) and the boundary condition •. ~ 

(3.14) represent a b'oundary value p;rob1em in_ the perturbation 
. 

velocity potential ¢. If the vibration of the shell is assumed . 
harmonic, the perturbation velocity potential takes the 

form: 

¢(x r e t) • -¢ ,(x,r,e) eiwt 
, . , , 

" The prob1e~ of finding the dynamic pressure on the 
\, 

shell wall 'reduces ~therefore to determining the perturbation 

've1ocity pO,tential ¢. 

variables. let 

Using the method of separation-of 
, , 

, , . 

(3.18) 

¢ = R(r) e(el,X(x) .(3'.19) 
• 

and substituting (3.19) into (3.9) gives 

Now'let 

1 d2e) 2 
e del .. n "0 

1 d
2
X .. k2 .. 0 

X chi 

= 0 (3.20) 

• 

(3.21) 

• 
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... 
where nand k are arbitrary separation constants. 

Then - >-

sin'n) a 0: A(n) B(n) cos ne - (3.22) 

and .. 
X '" C(k) sin kx + D(k) 'cos lac 

'1' , 
Hence (3.20) becomes 

- d
2

R +!. dR (k2 + n2 
~--

drZ rOr -Z) R =; 0 (3.23) 
r / 

c 

This is the modified Bessels equation which has a solution 

o'f ,the_~ 
, . 

R = E(k) In (kr) + F(k) Kn (kr) (3.24) 

'" 
where In and Kn are the modified Bessel functions of the first 

and second kind of ord.er n respectively. The general # 

SOlution to (3.9) satisfy'ing the condition of being finite 

at origin and periodic circumferentially is therefore 

¢ '" cos ne {In(ltr) [A(k) cos u + B(m sin u]} (3.25) 

o / 

- Since this is a solution for any particular value of 
~ ." 

k. 'the cost general soluti'-on l~ill be a linear combination of all . 

values of k. 

co 

i(x.r.e) ~ cos nO [A (1.) cos kx +·B(lt) sin k:c] dk 

/ (3.26~ 

, 
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',-. 

The constants A, Bare'determined by using ,the boundary 

condition, (3.14).\ Taking the partial'derivative of equation 
" \ . - , 

~ 

(3.26) with respect to r and equatin~ it to giv~s: 

.. 
Cw' aW'lkI', X - + U - .. (kR){A(k) cos kx + B(k) sinkx}~.~k _ cos ne at ax 0 .n 

. (3.27) 

where l~(kR) is the derivative of the modified Bessel function 

with respect to r. 
';:) 

EqUation (3. 27) is in a form similar to: 
" 

c= aa . 0)" 
f(x) .. {lo cos kx !!. f(t) co.s xt d~ + 1 sin kx ! 1 f(t)sin k1;~O dk 

--- .0--

(3.28) 

Relation (3.28) is called the Fourier Integral. 

theorem and repres'ents the genera-l~zationof 1;hC Fourier ~xpansion 
.. ' 'i 

for ,an' infinite interval. The quantities: 

if I CD 

- 1 f(t) cos kt dt 
11' - L (3.29) 
I .. . . 

f(t) sin kt dt -I , 
11' -. 

are the Fourier coefficients. " 

The constants A. B are then re.adily evaluated using . , 
(3.,29) • Introducing the assumed solution (3.,l?) the >·unknown 

> 

c6nstailts are: 
" 

t 

kI' (kR)A .. ! n 11' 
l [(1 _ 
0,. 

\ 

i 
\ 
i 
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1 

kI~(k.R)B =!,~ [(1-cos ZP~X)i .. + U(2p;x) sin ZP;x1X sin kx dx, 

"- :? 
(3.30~ 

integrating (3.30) and simp,Hfying: ' ~ 
i 

,I 
,( ) , " ... 

1 { (Z~1f) Z '} X {i.. sin A .. 1: ki - U (cos ki In pc1 l'kI~(kR) (Zpv) -(kI)Z .l< 
. .. 

1 "" '0 ' . 
J\ B" I 1fk! ' (kR) 

{ (ZP1f)2 } X {iw (1 
(2plf)Z_fkI)Z ,'l<- - cos kt) - ,U sin kt} 

p=l , n, 
9 

'-
~. 

(3.31) 

. I These constants are now substituted into equati0l}, 
\ 

(3.26) wh'ich after considerllbl~ simplifiiCatfon:'becomes: 

¢ = ~ 
pel 

, . 

; ',In (kr) 

o "xZI' {kR) 
n 

(3.3Z) 

Using now the unste~dy, Bernouli ,equ~t~on (3.8) t'Ogether' wit~ 

the differential equation of motion for the shell. after 

·substi tuting for, the assumed radial displacecent. result fn 

the following equation: 

., 
... 2(Z-,,)n" 

RO 

2(4;;,,) n4 (2~")Z 
R 

., 
,cont: - ' 
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_pmh~2 (1- cos 2pnx) 
. f. 

(3.33) .. 
= p 1: 

o pal 

2 . 
k U) (sin k(t.-x) + sin kx) 

+ 2k U i~ (cos k(t.~x) - cos kx} dk 

The method of Galerkin is now used to obtain the . ' 

frequency equation, i.e., multiplying each term by (1 - cos 2qnx 
i t 

,y' and 
~ 

integrating over the' length 'of the shell. 

, 

, ,.' . ~ 

Non-dimensionalizing.the reference frequency is 

~ntroduced: c 

~ .. 
. 0 

r , , 

and the following di6ensionlcss variables defined: 

length ratio' 

thic1mess ratio 

cornpicx frequency 

v,clocity 

H .. h }t. 

v .. 

in~cgrotion cQnst~t ~ ,,. kt 
". \!;. 

• 

(3.34) 

(3.3~) 

J 

I , 
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t:. 

The solution thus found is: 

(3.36) 

" 

2 , 
+). V2F } C ' HZ 2pq' P 

, . 

where is the Kronecker delta and Fipq ' i-l,2 are the . 
improper integrals: 

\ 
I . , . t 

.' \ 
... In (ij1'") (1 - cos t) , ' dt 

Flpq ·~l t 3 2 '2 2 2 
o 'I'~(;rr) t [~2plt) -t H,(iqlt) ,-t ] 

'. (3.31\) 
r 
i 

These integrals are of the snce fore as the improper 

integrals given by Weaver and Unny [11], [17]. The singularities 

are, all removable eX7pt at the lower li~it t .. '0. n .. O"p"'In 

this case, the prob~ reduces to 'that of ,the unUortl expa~sion 
of a bubbl,e in a two-dimensional, incottpressible flew for, which 

this mathematical modol is inadequate (see for example, 

Birkhoff [31] or lvhitcan [32]). 'The\integrats are nut'lerically 
, 

\ 



~ ------ ( 

evafuated by using the same routine as developed by WeaVer [20]. 

~hich utilizes an eight point Newton-Cotes quadratur~ formula. . , 
• 

The numerical values' for the integ~als. are 'listed in Appendix II 

,as a functi"on ofr.~,he 'circumferentral code number n. and the 
J ,..,;"., • 

dim~nsionless le~gth ratio A. 

Equation (3.36) is.an infinite set,of equations and 

represents an eigenvalue prob~em in the ~omp!exfrequency c-' 

with the undetermined generalized co-ordinates C as the p 
'. I . 

eigenvector. For a non-trivial solution, the'catrix of the, 

coefficients C must be eq~al to zero. 
p . 

3.4. Result$ and Discussion L -I' To ).j'etermine the stability behaviour of the see,ll., 

of ~ the ~eries (3,36) were taken to give' a 2 x", . two terms . 
matrix, and the frequency equation found by setting the dete~-, 

,1minant of the coefficients equal to':ero,~e v"alidity ~f using 

only two terms in the series ~o accurately represent the' 

system will be discussed in a later par~lr~h. The frequen~y 
~n,th~o~d ha, the ,i'pl. bi,uadr.ti' form 

• B4 c4 
+ B2 c2 

+ Bo a 0 (3',38) 

where 

B4 .. (3+ 64,,4 ,~ e;'UI) (3 
4 A ) • 1024" R' g~12Z 

(" .. , A "uz)' of> 
(3.39) 

R 
'I cont. 



• Q 

. , 
BZ .. --( 3 + 64,,4 ~ 'Pm) [ 2 (n2._~ 2 ).4 [1~+ 

\ " 

J 
"~ Z Z 4 
- 2(n -1) ).. + [4 

This equation is solved exactly for the frequency c, over 

a wide range Qf·flow velocity V. assucing vari?us values 

for the paraceters ').. Hand n. Rea~ c gives tho f!equoncy 

of oscillation while negative imaginary c represents non-
i • 

oscillat.oTYdivergence instability. 

Typ~cal results for the frequency of the first 

Z9 

. ., z 
(n>.)j + 



30 

mode as a function of flo\>; velocity is shown in Figu.res 3.2 ' 

and 3.3. The frequency gradual~y de~reases with increasing' 

flow velocity until it finally becomes :tero, where static. 

divergence occurs. This is similar to that discussed in 

reference 
.-------:' 

variation 

[11] for pin-ended shells; and the c~rresponding 

of the frequency as a function of flow velocity is 

also shown 'in these figures. Fo'r the shell ~: .. 4S and ~ =0.02 

in Figure 3i!,2 the instability is lost in the beam. mode, i.e., 

n .. I, P ~ 1. Ho~er depending on the length and thickness ' 

'ratios, the st~bility is 'generally lost in a mode corresponding 
. -

to some number of clrcumferen:;rl 
t ' h 

n>l. For t~~ s~e~l If .. t~ and If = 

waves greater than one" 

0.02 in Figure.3.3 the 

"cri tical mode" is n .. 3', P .. l. 
~ 

To ascertain the effect of 

circumferential mode number, n, on the divergence velocity, 

"umerous calculations were made. '. A typical result is shown 

in 'Figure 3~4. Clearly the divergence velocity is quite 
• 

For this shell, i .. 10 and ~ .. 0.02, the 
. 

sensitive to n. 

lowest :velocity at> which .inst'ability occurs corresponds, to the 
, -

. node shape- p .. 1. n "! Z ,w~ js the critical Clode shape 

for this particular shell. This riiniClum flow velocity is the 

one of. interest ~d is called the crit'ical divergence v~locity 

Vc. Generally the nUClber ofcircuoferential waves associated 

with tho critical divergence velocity increases for de~r~asing 

thickn,ess ratio and/or length ratio. , : 
t· To oht,ain a ,better understanding of the mode shape 

associated with the critical divergence velocity, a cooparison 



, 

, 

• 
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was made with the mode shap~ of the lowest n~tural frequency 
-, ... -

at zero flow velocity'~' Numerous, calculations of the divergence 

velocity V and the natural frequency c as a function' of the 

cil'Cumferential mode number n wereca,rl'ied out. 'Typical 

results for a specific thickness ratio bu~various length 

ratios are sh~n in· Figure 3.5 and 'Figure 3.6. Figure 3.6 

shows that the minimum, or fundamental, frequency for the 
, . ' 

shells with length ratios of 45, 10 and 5 is 'associated with 
... ." 

( 

l~ 2 and 3 circumferentia~ waves respectively •. Clearly, the 

minimum. or «ritical, divergence velo«ity for each of these . ' 

shells co-responds to,the same mode shape. 
: ., -

T~at this is true is 'not really ~urprising whe~,the 
I, • ~ . 

strain energy' in the shell durinpdefor;nation is considered. 

The stretching energy is strongly- dependent on the number Qf> 

axial half-waves while the bending energy depends la~~ly on 

the number of circumfercntial'wavesas demonstrated schematically 

in Figure 3.7. The mode sli~pe correspond~ng to the minimum 

total strain energy for any. particular shell will then be the 

one requiring the minimuc flow velocity for instability, i~e •• 

the critical flow ~eloi:ity of that shell. 

This code'shap~ is also that correspond~ng to the 

lowe'st natural frequency of the shell. In addition,' for a' 

given number of circUmferential waves.tbe, natural frequency 
,.' J. Q. 

i~cre3ses monot~~icall~ as the number of .axial .~lf-waves 

increases. (This is ndt genera~ly true for. an increase in 

the nU::lbcr of circumferential waves).", Tberefo'te the critical 
, 

. . 

mode shape for givergence will always have one axial half-wave 
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p " 1 and a number of circumferential waves dep.ending on the 

. length and thickness ratios,. Only'r.elatively long shells 

will have a critical mode shape-·corre.sponding to an Euler 

column p" 1. n " 1. 

• The' convergence of the !!olution was in.vestigated 

by taking one. two and'three terms of the' infini teo series 

(3. 36) and typical results are shown in Figure 3.8. It is. 
, ' 

seen that additional terms 'do not improve the 'solution for the 

beam mode n m 1. p "1. However when a-number.of circumferential 

waves are considered. more than' one. term is necessary. 

Apparently for higher numbers. of.cir~umferential waves. more 

terms are required'depending on the length ratio. However, 

~ t appears. at leas t for the range of par.ameters studied hore. 
',. 

that two terms are sufficient for determining the critical 
• 

stability boundary. 

The. minimum flow velocity to give divergence 

instability regardless of the number of, circumfereritial waves 

have been plotted in Figure 3.9 for various \values qf len&th 

ratios. Clearly for shor~er a~d\:hinner shells. the critical 

flo~ velocities are associat~d with higher number of cir

cumferential waves,. Furthermore for thicket" and longer shells 

the lower are the number of circumferential waves associated 

t1ith the critical flow veLocities until n .. I which is the 

simple beam mode. 

Liciting Case of a Long Shell . 
\:.,~~' 

'In reference [11] the general th~:ory iO~ a pin-~nded. 
"1- ".. ,',_.- , 

shel~ is considered in the limiting case of'~ long shell where 

\ 
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the beam I:lodeis the critical mode shape (n;l). As was 

discussed in reference [11] and has been seen ~n Figure 3.9, 

for relatively large length ratios the critical mode is the

beam mode. The critical divergence velocity for a pin-ended 

shell in the limiting case is 

_
1f I EI U. = pIn 2. C I:l 

It is of interest to consider the same limiting 

case for the present theory. At the divergence boundary the 

nat~ral frE~quency',of the shell is zero and the desired 

velocity may be found by considering Bo in equation (3.32). 
I -

For the fir!?t beam mode, this reduces to 
, . 

.. 0 

As~urning that 

>. »1 and'n .. I, equation (3.41) becolJes 
,. 

l 12 (I-v ) H 
43 

4w >. FlU 

(3.40) 

(3.42) 

_ Tilen using the definidon for the various paracctcrs 

,(3.35) and in~roducing the COlJont of inertia for a thin cylinder 
-. 

(3.43) 

and nass of fluid per unit -length of shell 

., 
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(3.44) 

equation (3.421 becomes 

U '" 1 
(3.45). 

This expression for the critical divergence velocity, 
.1' 

is twice th~t for a pin-ended shell except,:':!or the term .' 
1 Since the effective length for a clacped-ended 

1 column is 2 it is reasonabl~ to 

(3.40) that 

. 2n rn 
Uclamp ." T . m 

expeet jnview of equation 

{ 
(~ .46) 

The first term in equation (3.45) is called 

""'end flow factor" {ll] and arises froethe particular 

t¥), '. 
as~ktption 

eade in the present analysis relitarding the flow condftiorL at 

the ends 'o"f t!\e shell. As such it is expected to beeotle 

negligible for longer.shells •. InFigur~ l.IG this factor 
, 

is plotted versu~ It is interesting to see that for a 

length ratio of t 16 . the effect On tho divergence velocity J{ .. 

is less than one percent. 

Figure 4.2 coopllres pI'ots or the full theory and the 
,;: -

approximation given by equation (3.46)'. It is seen that for 
. < . 

this p:lTticular 'shell the approxicat~ solution is ~indistin.guishab1c 

fron the full solution· for shells lenser than about fift£en~ 



ss 

diameters. 
, \ 

For s~elrs' about fen diameters long the beam 
c ' \ _, 

approximation predicts a divergence velodtyabout 1, high~ 
Note that' this simple ,solution will'o.nly, giv~ the 

correct divergence velocity as long as 'the. critical mode is 

the beam mode n .. 1. For very thin, shells, the critical mode 

may be asso~i~w'l<th n 

as shown ln "Figure 3,9. 

> 1,- even for relatively long shells . " 

In such cases, even. though the correct 

velocity may he' pr,edicted for instability in the n .. 1 mode, 

the critical' fiow' veloci ty will generally pe mu.ch lO\ier. An 

example can..be t~ken, from" Figure 3.8 where »the divergence 

velocity for ~ =ZO and n .. 1 is about 0.Q4 whereas the 

critical d'iv~rgence.velocitY, OCc~I'S for n .. Z' at about VCr" 0.OZ5. 

, \ 

\ 

, , 
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4.1. General' 

CHAPTER 4 

EXPERUIENTAL ANALYSIS 
, 

The aim af the experiments was to. confiTct the .. 
validity of the theoretical results obtained above, concerning 

1 • 

. the: stab-iii ty ;ssocia~ed wi ~h a clamp.e~jded tube convey{ng 

flUld, and to observe, the dlfferent inst'ability phenomena, 

possible for a cylindrical shell. These ~re divergence in the. 
, . 

beam mode, circumferential diyergence and "flutter" , al thaugh 
. . 

the latter was not predicted by the theary given a~ove. 

Unfortun'ately the only quantitative results obtained which are 

cansidered to be reliable are of the beam r.lode instability .. 

4.2. Descriptian of the Experimental Apparatus , 

.' Figure 4.1 shows diagrammatically ~he apparatus 
, 

used in the experiments with tubes co~veying water. The tubes 

were fitted over aluminum adaptors with the external diac,eter 
, . 

slightly larger than the internal diaceter' af the tube. The' 

inlet adaptar. was made ane fOO~ la~toact. as a flOW. straightner. 

This adaptorl-lasscrded onto the pipe supplying the water and 

the pipe itself was securely attached to a oetal,frane! so 
, . . \ , 

that:4:he I-Ihole structure \{as ,qui te ,rigid. The outlOt adaptor 

, was fitted into. a iinear ball bearing to ensure t'hnt no ::Ixial 

'st~es~es were set .up in the tube, either when setting up thc/ 
. / 

expcriccnt. or wherl the tube becol1e unst::lblc •. Bye. this arrangcn~r.t 

44 
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the~oundary condition was ,identical to the one used in the 

theory. ' 
~ 

" 
A centrifugal pUI:lp capable ~f delivering 100 

IGPM at a head of 240 feet was u~ed to supply tne water. Flow 

v~locities up t~' 50 ft./sec~ were therefore available in the 

one inch diameter tube. The water, after leaving the'outlet . 

. , adaptor. was collected in a tank 'wi th "a ,v-notch fitted to measure 

the. volume flow. The water flow was controlled bya manually 

operated valve. in the supply line. The flow velocity in the 

tube was calculated by dividing the volume flow by the area 

of the tube. The tubes used"were either latex rubber or , 
commercially available Tygon tubing. The latex tubes were 

specially "made for this experiment by Ust~g" a diP~i.n~method: 

A one inch diameter ste~l tod was emerged!lnto a liqUld I1ltex", 
~ 

bath and quickly withdrawn. This method allowed only one 
. , 

dipping and th~ resulting tube had a wall thickness of only 
,,' 

0.010 inches. By using~ coagulant a second dipping could be 

performed but this reSUlted in a varying wall thickness." The . , 

expeiim~nts conducted wi~h these thin latex tubes w 

extremely d~fficult as they had a tendency to burst r go into" 
" -

a violent fluttering at thf lowe~ end. Non ~~~e e~erimcnts 

gave any reliable quantitative results. 'therefore the results .. . 

reported here were obtained by using the Tygon tubes. 
• . r 

The observation of the dynamic behaviour of the tube 

with increasing flow,ve,locity wus 
. , ( 

\ 
) 

\' 

made visually. 

) 

\ 

" ' 



~ 

4.3. Correlation between Theory and Experiments 

The'critical flow velocity Vc was obtained by increas

ing the fluid velocity i~ s~all step~, allowing SUfficient 

time at each step for a steady state conditio~ to be achieved 

and the new f19W velocity to be read until instability occurred . 
whl:!re the measurement of V' was oade. ,The behaviour of the 

I ~.c 

tube 'at each step was, assessed by.~iving the tube a small 
> ,~" ' 

push ~d observ~ng the result,ing mOtion." ror increa~ng flow 
, ' 

the natural frequency of the tube'was observed to decrease 

until becoming zero. 
c l 

At tli~~ point th'e tube, buckled similar 
. ........ , '\.' 

to the buckling'of a 'column and the tuhe had to be supported 
r 

latera11y. IAt s~ightly higher velocities flutter occurred. 

The flutter mode seemed to be a simple flatte~ng of the tube 
• 

. in onedirectiori. The same flapping can be produced by pinching 

the tube at flow velocitie~ s~mew"hat below the critical. It 

appears that tl1e theoretical predi'cted flutter modes 110], 
, , 

• 
/[11] are not those observed experimentally and that the l~tter 

~ 

Day be an entirely" different phenomenon. , 

Th~se experiDents were repeated for vari~us length 

ratios between 'J./R =,12.8 and' t./R" 43. Shorter tubes were 

not test~ du~ to the extremely high divergel!-ce velocitics fOl, 
these tubes, ," which cakes the experioent hazardous. For a lcngth 

," . 
r~t~o ~£ t./R" 12.8 the divergence velocity was found to be 

4S~6 ft./sec. 

Tho experioental vaiues for 'the dimensionless

critical flow velocity are cOD~re~ in Figure 4:2 with the 
, . 
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theoretical -values for different length ratios. "As seen from 

Figure 4.2, the results are. quite'reason~bl~, 'the agreement. 

being within 10%. It is felt that the disc~epancy between 

the-ory and experiments is due to the' exce~sive' thickness 

ratio of the tubes tested and that. for the beam mode and 

thickness ratios less than about 0 ,,-~, the theory will give 

very accurate predictions. Note that for this particuiar tube 
\ ~ 

the beam approximation seems to deterio,rBte for tubes less 

than about ten diameters long. 

4.4. Comparison with previoU~7' .. ork 

As there already existed theoretical and e~perimental 

result~ for a clamped-ended tube conveying fluid [10] it was 

considered desirable to compare the pres~nt predictions with 

these results. Calculations were ihen- performedtoi the tube 
• , 

considered in reference [10] using the ,Present theory as well 
. 

as the theory for pinned-endeg tubes of reference [Ill. The 

" results are"shown in Figure 4 •. 3. 

For long tubes £/R > 38 the predictions of the pre~ent 

theory are identical ,,..i th those 'l)f reference [10], i.e.; when 

'Clie instobility is los.t in the beori !lode p .. 1, n ",1. Fo'r 

shorter tubes. when the instobility is lost in circutlferenti,a1 

, Dodes greater th:m one. the ,present theory gives °higher< 

critical flow velocities .than those given by Paidoussis :md " ' 

-Denise, although the difference is quitesoall for SODe length 

ratios. It is intcrcsdngto note thot ~he deviation betueen 



the two theories is highest at length ratios where a change 

in the critical circumferential mode occurs. , The difference 

may be attributed to the fact that in reference [10] the full 

Flugge equations are use,d. and t,o, the different flow conditions 

ass~ed at the ends of the tube· in the' two: theories. These 

are shown schematically in Figure 4.4. As thf.l, full Flugge. 

equation. is used·· in reference [lOJ. one would expect better 

results compared ~ith th~ present theory on that account. 

However. as shown in Figure 4.4 the boundary condition assumed 

at the ends of the tube in the present theory, more closely 

resembles the act~alcase. ~nother advantage of the present 
<) 

theory is i ts relative simplicity. , 
As expected the pinned-ended solution represents ,. 

a lower bound on the experimental (Tesul tsand. can be used 

as a conservative estimate of the critical flow velocity. 
\ 

Note also that as shown' in. Figures 3.2 .and 3.3 the difference 

between t~e pinned-ended solution and the clamped-enced, 
'::., ~ 

decreases for shorter shells; 

, 

., 

• 
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CHAPTER 5 

CONCLUSION ~~ RECO~~NDATIONS_ 

,( . 
. The theory used by Unny and Weaver [11] has. been 

extended to-determine the stability behaviour of Clamped-ended 
- "-

,shells conveying internal ipcompressible; flow. Such a shell 

_is found to become unstable throu$h static divergence while 

. flutter occurs for higher flow velocities. Depe~ding !O.tlthe 

thickness and length ratios of the shell, the mode of instability 

is a combimltion of the beam mode p ~ I, and a number of 

circum£eren,tial waves. ~ shorter and thinner"\-the shell the 
~ 

higher the number ,of circumferenjial wll:ve,s. For sufficiently' 

long she 115 the critical mode r( the beam mode p '" 1, n .. I 

and a very simple analytical expresSi0t""'ay be used toaccu~atelY 
~~ . 

predi-ct the critical divergence veloc·itY. The. mode shape':,at 

the critical divergence velocity is the same as that corresponding 
, 

to the fundamental frequency of th~ shell. 

The theoretical results have been cOlJpared with· . , 
experiments .as well as with preyious theoretical and·experimental 

work and the,agreement was found to be reasonably good. In 

.connection ~'Ti th the lilst, po~nt it ,is noted that the ceasured 
. ~1 

cri tical divergence 'Neloci ties are higher than the theoretical 

onos. One reason for,this as given in section 4.4, could be 

the extensi~thiCkness ratio of the tubes tested. It is 

expected that for thicknessratiosbbelow O.l.the theory will 

53 
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give quite accurate r'esults. This should be ,c;:onfirmed by 

new experiments. When the theoretical results are compared 

with the results of reference [10] they give higher values' 
~ 

54 ' 

for the critical diyergence velocities. In reference [10] 

the full Flugge equation of moti~n for a shell is used and on , ' 

that account one ~ould expect the theory to give better results. 

However, the ,boundary conditions assumed in the present theory' 

more closely resembles the actual case. The experimental 

values ,given' by reference [10] are on the low side of the 

'theoretical results. while our experiments- give higher values 

than predicted ~ the theory. It is therefore cdifficult to 

judge which theory is the most accurate. 

, The present analysis has the unfortunate characteristic 
, 

that it c@,!I0t' predict "flutter". This' is due,to the assumed 
r, 

solution which 
( 

contains only Odd axytmodes. , p!.s fl;,t~eJ-' 

coupli~g, of odd and even mode-s i t ~ot be is produced by 

predicted by tho present solution. The theory can be refined 

to include' these:instabilities by assuming a solution that 

contains odd an~ven modes. A suitable solution would' be: 

• 

t teos (p-!)v~ - cos 
p 

. .,-' 

" 

(5.1) 

( 
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APPENDIX I 

NOMENCLATURE 

.. ~Plex frequency." IJJ/IJJo / 

~ ~neralized coordinate 

.. 

.. 
D' 

.. 
~ 

a 

flexural stiffness, Eh3 
2 12U-v ) 

, 

modulus of elasticity 

i - 1.2 improper integrals 

thicJmess of shell~ 
thickness ratio " h 

1-1 

, 

-moment of inertia of thin cylinder • 
.. lIR~ 

F 

• . modified Bessel function of first kind 

.. 

.. 
separationcons~ant 

length of shell 
0' r 

.. mass of fluid per.unit length of shell 

.. <)\lIR2p . 
o 

.. circumferential mode number 
, 

." axial mode number 

.. dynamic pressure 

.. radius of shell . . 

.. dimenSionless integration constant 

or time , 
.. floW velocitY 

,. 

.'4 
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.. dime~sionless flow velocf~y 
• 

.. radial deflection of shell 
\ .. mass ratio " 

p -o· 

" » .. Kronecker delta 

" Poisson's data 

.. length of ratio " t/wR 

.. dens"ity o'f shell material 

.. density of fluid 

.. perturbation velocity potential 

.. 

.. 

.. 

frequenCY 

reference f~eguency .. 
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