
\. 

\ 

-

A~ Af'PRC)Y:;:rj~''l'L .\illTHOD 1"01<. THREE-r)'()D~ .3Y;:;P 

ATOnIC SY$TI:lr~~ 

.. 

I 

) 

.' 



\ AN APPROXH1A'I'E NETHOD FOR Tl1'RCE-BODY BOUND 
l\'l'mnc SYSTeMS 

By 

ANUP KUI1AR DUTTl\, V. Sc. 

A Thesis 

Submitted to the School of Gr?duate Studies 

in Partial Fulfilment of the RequireMents' 

for the" Degree 

Master ot Science 

~ldlast"r University ~ 
Octoh<..!r 1976 

@ AN UP KUMAR DUTTA 1977 

c: 

f 



, 

tv'lAS'I'LR Of' SCIC~CE (1976) 
(Phys i cs) 

Me~~STER 'UNIV~RSITY 

Hamilton, Onturio 

TITLE: An dPlJroxirn.:lte J:lethod for thrce-l?ody bound utorni9 
systems 

AUTlIOI~ : Anup J~urnur Dutta,' n.Se. (Ravishankar Universlty) 

SU~ERVISOR: Professor R. K. Bhaduri· 

NUMBER OF PAGES: v,SO 
J 

.' 

) 

.--\ 



/ 

ABSTIV\CT 

The Feshbach-Rubinow approximation which is one of 
, 

th0 man~approximate methods to solve ,three-body proble~s 

was first applied to the triton problem. In this approxima-
, \ 

tion, the three-body problem is reduced to an equivalent two-
- l 

body problem and the total three-body wave function lS assumed 

to depend qn ~ single non-negative'variable; The problem 

then reduces to the solving of a slngl~ second order diffcren-. . 
tial equaiion.When 

three-body proSle~ 

thii approxireaiion 
I 
I 

of th~ helium atom 

is:nade in the atomic 

and heli~rn~like ions, 

t~e Schrodingcr-like eq'u':l'tj on tl:lat is obtained is analytical-
• , • ' .. i ' 

ly solvable, yielding reasonable results for the groune-state 

energy. C~lculations have ?reviously ~een done wlth ju~t 
~. ~ , 

one vari~tion':ll parC).Iileter in the 'variable on vlhich..(.-t'~ave-. , 

function depends. I~ this thesis, ·the definition of the 

variable has been Modified on physical grounds ~o take . 

better account of scroenin.g, "and contains tv'o variational 

parameters. Analytic solution~ of the differential equation 

can again b~"found, and iT'1~)roved numerical .resul ts are ob-. 
\ . 
\ 

. tained. These arc compared wi th the resul ~s obtained fl="om' 

~ the more elaborate K-harmonics approach. 
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CHAP'1'I;R I 

IN'l'RODUCTION 

T~~ three-body problem has been of interest to Iphysi-

cists 10;\'J be [ore the beginning of the quantum era. The prob-

lem of puths fol19wed 6¥ two plane~s on their passage around 

the sun is one of many examples. In quantum mechanics, the 

three-body problem has enjoyed great populurity among the 

physicists over the last few dec~des. . . 
In this thesis, we deal \yjt"h the atomic three-body 

~ 
problem of two electrons and a nucleus, as in the helium atom , 
or helj ura-like ions. When one speaks of tho three-body r::roblern , 

'the first characteristic that comes to mind is its "insolubi-

lity". In atomic domain this describes, for instance, the I 

situ&tion for the helium atom whose 5chrod~er equation does " 

not adm~t of an exac~ solution as ~n the corresponding hydrogen 

atom problem. This feature of in~olubil~ty Is intimately con-

nected with the very law of forer> - the couloIT{l) force - ... ,hieh 

sO'accurately describes the behavlo~~ of alomic systems. Thcre-

f are the bes t a physicis l edn do -w i ~h <ltOllllC thl"(>c-boc1y sys ter.1S 

is to devise j?ovICrfu] appr0xiil1ation techr~~(JllCS ~, cntC1in nurner~-
caJly accurate results for comparison with cXl'crHilcntal data. 

1m excellcllt review of the work done upto 1956 i~ due to Bethe and 

1 



,Salpeter [1]. Starting from the non-relativistic equation for 

helium-llke syste~s there has been a lonq sequence of calcula-

tions on the bound states of those systems, culmlnating in the 

work of Poker1s [2] which has yieldc,c1 eigenvalues accurate up 

to 10 or 11 significant figur~s. 

Basically two approaches have been attempted to solve - . 
the problem of helium-like systems. The variational technique 

r'" 
!I 

I 

consis~s of choosing a trial function ~t tontaining a number. 
I 

of variational para~eters which are varled to minimise the 

quanti ty E"t "" with <;jJ 11j.; 
. t. t 

Hamilton1an of the system. Depending upon the flexibility of 

~t' Et can be very close to the true energy E. On the other 
( 

(p hand, 1n 'the I( -harmon].cs aPlJroach, the rclati ve notion of the 
• 

three-body system is described b¥ a Schrodinger-like equatlon ' 

in six-dimensional space. The two-b9dy potential lS expressed 
o 

in terms of generali::>e'd angular momentum eigenfunctlO!lS for th~ 

three boqy ~;'stem and One finally gets an infinite set of 

coupled differential equatlons. b' 

The approximat?dn method that we havi'uscd here is a 

variationlll approach and was first applled in nuclear physics 

by Feshbach and Rub1now. In this method one assumes th~t the 

total thrqe-body wavo func'tion depends on a, slnsle non-negative 

symmelric varillble. We have glven a brlef account of this 

method [3] and lts generalization [4] in chapter II. t 

In chapter III, the mc,thod has been apP]led to a/mOdal 

one dlI;-)ensiol\al he Ii um-l ike sy stem v.; i th zero range forces und 



3' 

, it is fO\1nd thdt the 0stir:lcltcs un the qruulld 3t.1te energy ..lre 

methods (G, 7 , 8 J. Tlw r.'eshbctch- !<Ul..il flOW' PlL' Lhod h<).s been thcn 

shown to 'live stIll butter rosuLls by C1 morc JudiclOQS chou;t,! . " 

of the V..lr idb~ on ·.~·hICh the 'Nave funct i-c.m di.::)cnus. r 

The grounJ state energy of realist·c two-p]ectron Cito~ic 

sys tems has beon de termined by tRc r.1od i fied Fcshb.1ch- Rubl'now 

method and the results compared wlth those of Pekeris [2) .:lnd 

I 

Bh(ldurl et a1. (IOJ in ch.Jptcr IV. It is seen that the ctnalytic 
;,',' ) 

soluti(rns for the ground stale energy and wave function are 

obtained. Despite th(,: minimal comput.1tiollal work lnvolved, 

\-
the modifIed Fcshb.:lch-Ru!,)lno\<i dP~)roXIn.:ltlon gives f.:lirly good 

results. 

". 

/ 
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CHAPT£R II 

TIlE n:SI!I3ACII- RUB DlOh' METHOD 

We have applled the Peshbach':'Rubinc?t ... (FR) method to 

three-body'ato~ic systems like H-, He, Li+, 8e++ etc. to 

calculate the ~r0und state energy of these systoms. It is 

worthwhile, therefore, to give here a brief account of the , 

method although resalts of the FR and the generalised FR 

methods have been <J i ven In ('ef. [~ ] and [4] respecti vely. 

In the FR method, the three-body problem is reduced 

to an equivalent two-body problem uSlng variational ~rin-

ciple. The two-body forces are assumed to be central and 

the total three-body wavefl!~ctlon spherIcally symmetric. 

It is assumed at the outset tOhat the three-body wavefunction 

is a function of d sln<318 synu~etrl8J'variable which leads , 
to a second ordc"r dlffercntlal CCjUatlon simil<lr to the 

Schr6dinge~ equation (or deuteron. The lowest eigenvalue of 

the obtained two-boay equatlon is an upperbound of the ground 

state en0rsy of the-original three-body system. Feshbach and 

Rubinow [ 3] appll~d this method in the case of triton" 

assuming all three particles to have the same mass interacting 

with identical palr-wlse nuclear force. 

The Hami 1 ton i an II for a three-body system in any 

4 
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reference frame is' 
....., 

'2 ,. 3 
1 2 

If -h ): V. L v(lx.-x·l) = 2" + .. i=l 
m. -1. i<j -1 - J 

1 

.14 
where x and m. are the po~it+on vector and khe mass of the 

-1. 1. 

ith tfctrticle. 

The centre of mass ~otlon ~f the system belng removed, 

the lIam1.1tonian H in the relative coordinates lS g1ven by 

112 
f (1-

2 
2.~) H = 2: [- + -L) (_d_ + 

cyclic 2 m2 m3 \ (3ri r l SrI 

2 2 2 
;)2 1 r 2 + r - r

1 + - 3 _l ___ } + vI (r l )). 
mI. r 2r 3- ~ir2Jr3 

)' 

(2.1) 

where~r1 is the distance between particles 2 and 3 and so on 
.. 

for r 2" and r 3· 

For a system of partlcles Wl th equal mass m, eqn. (2. I) 

reduces to. .. , 
J 

t: [-
-li2 (32 2 d 

l! :; {-2 + -- + 
cyclic m ,,(3r I r 1 

(3r
l 

2 2 2 
r 2 + r,3 - r l 

2r 2
r

3 

, (2. 2) 

The Schrodinger ~quation , 

can then be written' for convenience in the followinq variational 

. form 



, \ 

4 \-' 
.... ~. -

, , 
6 

x [ (2t-) 
2 

(~) 
2 

(2t..)' 
2 

+ + dr
1 

dr 2 dr 3 
\./ 

2 2 2 2 2 2 4 
r

l + r 2 - r3 ~ .11>_ r2' + r - r 1 .k 3 ~. 

+ ----
2r

l
r

2 
dr 1 ar2 ,2r 2r 3 'r dr 3 2 

+ 

2 2 2 
. r 3 + r - r 2 oW ~ 1 + 2r 3r

1 
or 3 Clr

l 

+~ {VI (r1 ) 
2 m 

E1/J
2 

] 
1'i

2 + v
2

(r
2

) + v3 (r 3 )}1/J" -. -n 2 
(2. 3) 

where E is the centre of mass'energy of the system, 
. 

Since only' S-states are considered, the wavefunction 
~ 

~ is a function of r l , r 2 and r3 only. The wavefunction is 

symmetric under the, exchan'ge of any -two partiqles and is 

normalized as • 

I . 

~shbach and Rubinow chose the' fpnctional form of 1/J 

to depend only on a single.symmetric non-negative variable R 

such that 

1/J = 1> (R) 

1 ., 
R = 2' (r1 + r 2 + r 3) 

, --

.) 

\ 
'where <t'> is an unknown <1.rl:>i trary' function of t.he perimeter of 
t.he triangle foewed by "the three particle,s. 

r" ........ -~-
Thus, changing 

.-
( 
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the variables so that R becomes one of the independent variables 

R3 = 11 3 
" b . , 

the volume integral econes ,J 
ri+ r 2 (00 (00 

~ J 
dr

1 
J 

dr
2 J d~3 r

1
r

2
r

J 

0 0 i r
1;- r

2 1 

(00 rdR
2 

(R 

= 2 

J 
dR J. . dR3 (2R-R

2
-R 3 ) 

0 0 R-R ... 2 
( 

~) ~ j(OO 
- 30 

o 
i' 

The integration over R2 and R3 is easily 

and eqn. (2.3) reduces to 
. ' 

-- .( 
! .,.. ~ 

<-

) 
~ 

j (2./, 
( 

. \ 
performed 

'. - . 

j
( 00 R 5 [( d ¢) 2 'm ~ 2 m 14 2 

0=<5 dR 8" dR + 112 Ve££ Y - i\2 1,5 E4'.1 (2. 5) 

o 

where 

(R , 
.. 

8 
V = eff-' R5 j d R J (21<- R 2 - R 3) R 2 R 3 [v 1 (r 1) '+v 2 (r 2) +v 3 (r 3) 1 . '(2.6) 

R-R 
2 

For a potential of the shape v. (r,) = V.v(r,) with V. 
~ ~ ~. 1 ,1. 

constant, Veff can be ~implificd, by cyclic.permut~tion of 

variablca, and ~~ittcn as 

. 1 
I 

/ 

" 

,~ 
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8 ... 

jRdR (R2R2_R'R3 + 
2 2 2 

o ' 

(2. 7 ) 

Subsequent use of the Euler-Lagrange ~quation to 

eqn. (2.5) yields the ,differential equation 

1 d (R5. d4» 
5;dR dE 
R 

.l! k 2
,-t,' U ,-t, 0 15 't' + eff'+' = (2. 8 ) 

where k
2 m 

lEI and U 
m 

V For the bound state ::: 

{i2 
= 

.f12 efC eff ) 
problem, IE I = -E. 

Making the substitution F (R) ::: 

<I> (
RltI2

, 
eqn. (2. 8) 

becomes ~ 
d

2
F 14 

k
2

F 
15 1 

0 (2. 9 ) 
dR

2 - - 4 R2 F+ueffF ::: 

15 
\.. 

Since eqn. (2. 9) is obtained from variational prin-

ciple, its solution gives the best function depending solely 

on R. This equation is similar' to the Schr6dinger equation 
.,. 14 

for the deuteron: It has an effective mass of 15 m and a centri.-

fugal potential energy term ?} R-
2 

correspondinq to orbital 

angular momentum quantum number £ ::: 3/2. It should be rioted 

that the centrifugal term'arises from the kinetic energy terms 

in the Hamiltonian, irrespe,ctive of the choice of the two-

body potential. 

by eqn. (2. 6) • 

.. 
The term U

eff 
is an averaged potential given 

15 -2 
The term --4 R - U may be called the true eff 

eff~ctive potential of the problen. 

here. 

A very important property of ~eff is worth mentioni~g 

From' an inspection of ~qn. (2.7) one can say that ) 



" . 
9 

, 

if the two-body potentia~ V(R
2
)·is a polynonial of order n 

in R2 ,· then Veff will also be a polynomial of same order in 

R. The same result holds for two-body potentials of the 

1 type n and in pard cular the coulomb potential WhlCh goes 

1 R ° 

~as R. ThlS is interesting Slnce 1n the three-body ato~ic 
\ 

systems where the pair~wise force is coulombic irr~ature, Veff 

will be a coulomb potential. Eqn. (2.9) w:b.ll the~ take the 

form of Schrodinger equ~t1on for hydrogen-like systems with 
" 

£ = 3/2, solutions 'of which are known analytically .. 

RefeOrrin((O egn. (2.9) one sees that the task of 

finding an approprlate s-state is reduced to 

solving the equation. The FR e ?dvantage of 

connecting directly the S-state wavefunctio to the-two-body 

potential. ThUS· the ·pote'ntial(ber.n? sen,Q the wave-

function is uniquely determined. 

One should also no~e the circumstal'cs where the FR 

method is expected to work well. The ~ethod treats equally 

all possible configurations having the same valu~ of ~~ 

independent of the choice of potential. However, it can be 

easily seen that for a two body potential with a short r3nqe 

part followed by an attractive part, the method will not 

be satisfactory Slnce ~ corifiguratlon wilh two particles close 

tog0th~r experiencing repulsion and the thlrd particle far 

away is clearly not the same as a configuration in which all 

the three par~icles interact via attractive force. Thus, 

far the FR method to give good rceults it is necessary that the 
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two-body potential be a smo&thly varying function .of Hie ~nter-

particle d1stance, so '" . that all the partIcles experience the 
. 

same type of force in all configurat.ions.· This condition 1S 

Very well satisfied in atomic systems and therefore one may 
I 

be tempted to apply th1S method to such systems. 

Generalised FR'tlethod 

The FR method can be generalised [4 ] to take into 

account the three body systems in which the particles have 

different masses a~d the two-body forces are different but 

central. pathematical deti1~ls are given in the Appendix. 

The wavefunction ~ is still a function of a single variable 

R containing a few variational parameters. R is now defin€d 

in\s~ch a way so as to take into account different interac-

tions. , 

\jJ :: ¢(R) " 

J. R = "2 tn l
r

l + n2
r

2 + f)3 r 3) (2.10) 

where n
l

, n 2 , n3 are variational parameters. These are a 

measu~e of relative strengths of the three two~body interac-

tronS and the assymetry in the masses of the ~articles. Since 

r 1 , r 2 , r
J 

dnd hence R are non-negatIve quantities, the tri­

angular conditions r
1 

+ r
2 

> r3 etc. restrict the possible 

val u e s 0 f n ISS U c h t'h a t Ii 1 + T) 2 '> 0, n 2 + n 3 > 0 and 
to 

one has 

" 

Por ~xamplc, using the condition r
1 

+ r
2 

> r
3

, 

J 
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It follows that for all possible values of tl and r 2 ranging 

from 0 to m, the above condition is satisfied only for , . 
-

III + fl 3 > 0 and r l 2 + II 3 --' 0 • 

Proceeding the same way as the original FR method, 

one finally obtains the differential equation 

where 

.. • 

(2.11) 

F (R) = R5/ 2 <jJ(R) . . I . 3 
1 2 2 2...+ 

, 
(2...) - - ~ i: (Til '+n 2 ) \"1 "2" 3 r m cyclic m3 i=1 m. 

). 

(2.12) 

1i2 
15 

~ 3 
V( R) = 

4R2 
+ 4 ;: h', (R) m i=l-

). 
(2.13) 

The quantities ~, ~, W. (R) are defined as follows. 
). 

(9) 

== J R\vr(R)dR 

o 

dr 2 j
r

1
+r

2 

Ir l - r
2 1 

Explicit for~s for C, ~ and W. (R) arc as follows 
1 
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t;. = ( 2. 14.) 

. 
'\ 

r;; = (2.15) 

4 

+ 

;. 

(2.16) 

The n's appear in above expressions in such a way 

that cyclic perwutation of these parameters leaves ~, ( and 

EW. (R) unchanged as expected, 
1 

variables. . .. ~ ,. 

I t may be men Jon'e that the FR ~ethod was 9cneralizcd 

by Abou-I1adid <1nd'Higqins for the case where two of the , 
partic les ,He' con~idered idc"nt ica 1 and app 1 ied to ~3H system. 
. " 

1)."" • (. -

"AIIl the exprcs~, l..Un3 j n rQf [4 ] reduce to the corresponding 

expressions in ret (5] for n :::: n :::: I and n == n· I 2 . 3 

Y 
) 
! 

1 
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CHAPTEr" III 

OHE DH~NSIONJI.L llELIUr:-LIKE SYS'rCHS 

One dimensional prob~;e useful not only because 

of the simple mathematics involvea but also because of the 

physical insight provided which helps one to probe into ) 

realistic three-body problens. One dimensional three-bod:' 
~ 

problems have been studied by several authors. It is known 

tha t the 'exa.ct solutions cannot bo obtained a\alyti-cally 
t , 

for such systems except £01' the special case of throe par-. 
ticles of equal ~aSS interacting via attractive zero-range 

interparticle potentials of equal strength [9 J ,- The thrce-~ 
body , ems must, there~ be stud;ed b~pproximate' 
metho~s such Pertt~3fe~rYI variational method and 

the Hartree-;Fock approximiltion. Tnose techniques have been 

applied [6, 7 , 8] to a lTjOdel one dirr;en.sional helium-like 

system interactin~ via delta func'lion ?otential. ~'le haw'D 

~ppll.ed hore tho FR alJproximation to such a mO'del systOrrt. It 

turns out that tho corros!.)ondinlj solutiol1.s are Sinl)lq ~d 

the ground stale ~ner<JY is lower'than ?revious results., This 

suggests that tho FR mothod can yield still better results i~ 

the do(in,ilion 0'[ the vn'rjable R in the wavcfunchion is suitnbly 

modi.f.ied, wrd ch' \-10. hZlve done by taking int~ account the screening 
". 

of the nuclou,s by th~ (d Qctrons. ~\I(Y' have found thZlt the ground 

s ta le enc'.l'qy 1. s further lov,ered. 

, 13 

( 
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In this cha~ter; we [irat use the FR approxination to 

get an equivalent two-body differential equation [or a thrce­
\ 

body ,systeP.l wIl':JeCJual masses and interacting via central 
~./ '\. ---.. 
/" I 

/fbrces. \'he valldi1!Y olUie equatIon is then checked by <lP-
\ 
\ 

plying it to a special case for which the ground state energy 

is exactly known. '~e then procee:r calcuL,te the ground • 

state energy of the helium-like atoM by FR and the modified 

FR approximations. 

The kinetic e.nergy operator T' ln a re ference fr<lP1e is 

-h
2 3 1 (j2 

I ' T' = - 2" . i: 
~. ! 

, m. 
i=l 1 x. 

~1 

( 3 . 1 ) 

, -...}- where x' and m, are t.}l8 posi tion vector and mass of the i th 
-1 1 '\ 

." 

, 

particle. 

The centre of n<lSS motion being removed, the kinetic 

energy ~rator T in relative coordinates is. 

1"12 1 0 2 ') ~2_] T [ (~ (~ 1 (j"- 2 (3. 2 ) = T. + -)- + + -)- - -m2 m ' 3 2 , illl m3 d:-; m3 d: 1 Zl: 2. j :1 
(: . .. 

where :1 = :2-~j' :2 = ::3-:1 and r == ~1-::2 ·,3 

Thb are three possible geometries, depending upon , 
which particle is posit.ioned in between the other two. The 

corresjJonding expressions [or Tare n<?t the same. 

a) rj 
::::; r -f r

2 1 

..-!"i
2 

1 a2 1- 3 2 (l2 1 ... 
(~ 2 ( 3 . 3 ) T = - 2' 

[ (-- + -)- + + ~-)-- ---] 
m2 m3 · (lri fi l m3 ar; P.l3 Zlr

1
3r

2 

1 

-, 
i 
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b) r3 :: l' - r 1 2 . 
' . .. .. 

.(f2 1 ;)2 1 '(l2 
loIo 

;)2 1 (~ 2 
J T = -2 [(- + -)- +. + m)~ :t- ( 3. 4 ) m2 1.\3 ari m1 3 <lr2 m3 J r 1 ~j r 2 

~ 

c) r3 =. r
1 

- r
2 

'. 
.(f2 [ (.2.. 

2 
(~ 1 ;)2 2 32 

T = - 2" + 1-)~_ + + -)- + - --J ( 3. 5) 
m2 

m 2 m1 
III 2 m3 drl:J~2 . 3 ~i r 1 3 d r 2 

(h h "d' ./ T e Sc ro lnger equation for the system can be written 
~ 

in th~variation form 

o = 6 I( <X> d r [j 00 d r [ _ -r? { (..l.. + ~) (k) 2 + (.2.. + .l..) (~) 2 
1 22m2 • m3 Clr 1 m1 m3 Jr2 

J 

o 0 

- ~ 2't. .1:L} - {'l ( r ) +v ( r ) +v ( r ) j IJ! 2 + E ljJ 2 ] 
ill3 dr 1 or

2 
1 1 2 Q? 3 3 

+ 2 
m3 c' r 1 

'I 
,,/" 

- {vl(rl)+v2(r2)fv3(r3) ~2~EljJ2D 
-"" 

v ar i (1b~,CS ) 
" 

! 
I 
I 
I 

·1 

I 



and choosin0 the wavcf~nction ~ to be of the form 

tJ! = tP(R) 

one can wlite cqn (3.6) as 

O· = 8 

+ 

+ 

[

00 

dR 1 __ 2_ 
l)1+ 11 3 

r 2R/(fl
2

+11
3

} 

J 
'd R {A (d ,t) 2 

2 dR 

O .... 

2 

2 

o r R/ ( !' ~ +" ) I 

2R/(11 1+11 2) 

1l 1 +fl 3 

where 

A :::: 
112 1 1 • 2 1 1 2 - If [(04- + -) (1l1+11

3
) +(- + ffi) ('l2 t T'i J ) m

2 lP3 • I.ll 
3 ( 

1'\2 - 1 1 ') 1 1 ) ( . 2 B = - "'8 [(- + -) (11 - n ) .. + (--- + - n -t'l ) m
2 m3 1 3 - Inl r.13 2 3 

c "'" - .h 2 '1 1 2 1 1 . 2 
-8 [( - + --) (n 1 + II ) + (- + -) (II - T1 ) 

ffi2 1.l3 3 rn l m3 2 3 

-

+ 
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(3.7) 

( 3 . 8 ) 

2 

m3 
(r]l +f)3) (11

2
+'1

3
)] 

2 - (11 1 - T1
3

) (l)2+11J) 1 
m3 

over R2 

in eqn. 

dq' 
Since '1), d" and 

h 

can. bc)~"r fomed 

E\ are independent of R
2

, integration 

for integrands containing these terms 

(3.8V One then gets 

r--

) 



.' 

(00 

o = 0 J dR[R{~ (- h2\ (~f~) 2 + E}) 

o 

( 2 HI ( fl 2 + II 3 ) 

J dR 2 + 
2 

o 

Where 

G = 

+ ;2 (1)1+ 11 3-) t (111+TJ2+fJ3) (111+fl 3)-211
1 f: 3} 

1 
+ m3 (~1+T)2) {(1I 1 +11 2+ 113 ) (r~1+'12)-2Iil li2 'J 

17 

(3.9) 

(3.10) 

(3.11) 

Note that D and G are sYffi~etric in II'S and ~'s. 

1 G (3.12) :;;; 

M D 

V ::: 1. I 2 
eff DR fl

1
+11-;-

( 2 RI (11 2 + l] 3 ) 

I dR 2 + 
J 

2 

o 
( 
\ 

{v 1 (r 1) -tv 2 (r 2) -tv :3 (r 3) } (3.13) 

where M is the effective mass of the systen, -one has 
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dR [_ ~2 (Q±) 2 
2M dF: 

2 
+ E¢-' 
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J 

Using Euler-Lagrange eguation, the Schr6dinger equa-

tion for the system IS obtained 

\ 

substituting F(R) 1/2 = R ~(R), the above equatlon ra-

duces to 

EF . (3.14) 

The centrifugal term (- ~ R~2) in the above equation 
4 

1 corresponJs to orbl t.J.l Cj'..l.J.ntuIn nurrber Q, := ~ • 

As a check to eqn. (3.14) r we apply it to a system 

of three partIcles with saree mass rn and interacting via 

attractlve interparticle delta function potentials of equal 

strengtht Eon. (3.14) then has exact solution. This 

system hus been solved prevIously [9 J. 

'l'he effective r:ass ti and Vert from egns. (3.12), and 

(3.13) are then 

v =­eff 

2 
e 
~ 

d 1 f .. . 1 f wh~rc e enotes the strengt1 0 the Interp<1rtlc e orce. 

Schrodinger el!ua t i on (3~ 14) reduces to 

-t1 2 d 2P 1 
2 

1 
FJ 

e - 2m 
[.~ + 

~R2 
- 2R 

F "" EF . 
dR 2 2 

The. 
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\ 
ThlS is Just the wave equation for a C9UlOmb poten-

tial for an effective orbltal nomcnlu~ state tl= -~. The 

correspondrng ground state energy EO in atomic uni ts,' of 

me 4Jh 2 
is -I, which checks wlth the value obtained by 

McGuire [9.1. The unnormalised ground state wavefunction is 

\ / 
l 

where 

¢ = e xp ( - R/ 2 a ) 
o 

~ /me 
2 is.. the Bohr radi us. 

We now apply the FR approxiwation to a simple one 
, 

dimensional model of heliu~-like systems where the three 

particles interact via zero range int~rpartlcle potentials. 
" 

The nuclear charge is Ze where -e 1S the charge of an electron. 

The mass of the r.lUcleus is assumed to be .in £ ini te, a.tthoo'gh 

the finitc·F.ass of nucleus can be'easlly taken into account. 

Th~ II ann I tonian II in relative coordl'nates is 

-li
2 

II = - 2m 

• 

(3.15) 

Here Xl and x 2 are the distances of the two elecrtrons fro~' 

the stationary nucleus at origin. The Schrodinger equation 
" 

in variational form is 

~ 2 2 .,' 2 (~ ) }- Ze {o (x l )+6 (x
2

)}1jJ 
~x2 . 

(3.16,) 

Since two of the thr~e interparticle po~entials are 

of the same type, the wa~efun~tlon \jJ is chOsen to })e of the 

1, ~ 

\ 
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form 

W,= .¢(R) 

whe,re n is a var iat~onal parameter. Here r 1 :i:s the distance 
. 

between particles ~ and 3 i. e. r I = I xl'" Si~ilarly r 2 = I x21 

and r3 = tx l - x
2 1. 's~nce R is a non-negative variable, ~he 

geometry of the systeQ r~striGts'the possible values of n such 

that: 

I 

when~ 

Veff 

(l+n) > O. ,.. 
-

The effective mass M defined in eqn 

:2 
) 

l' 1+n (f) + n·;+- 2 ) - = 
B 2+n 2m 

ill is the mass of an electron. 

Veff de~ined in eqn (3.13) is 

'2 2 rR; (l+nl 
(l+n) e [ 2 

. dR~ + 2 = (l-n) ~ (2+n) R (l+n) .. 
0 

(R 
+ 

(,1 ~n) : J dR
2

] {Zo (r l )+Z8 (r
2

)-&(r
3
)} 

2 e 
R 

,0 

(l+n)' (4Z-n:"1) 
4 (2+n) 

( 3.12) is 

(3.l8) 
/' 

rR
; (l+nl 

dR
2 

'R 

~ (3.19) , 

Note th~t ~eto-range potentia~s give rise to Veff 
.... ~/O, 

which is coulombic' in, nature. 

The Schr6dinger equati~n for the system, using eqns 

(3.14), (3. 18) and (3. 19), becomes 

1\ 
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c 

~2 (d
2

P + __ 1_ F) _ e
2 

4Z-n-l p = 
2m dr(2 4I{2 If" 2 (n 2 +n+ 2 ) 

2(2+n) EF . 
(l+n) (n

2
+n+2) 

(3.20) 

This is the radial coulor.lb equation \·,ith centrifusa1 

term corresponding to orbital quantuM nu~ber ~ ::: - i. The 

sround state energj Co corres~onding to ?r~nci?le quantum 

number n ::: ; can'then be easily- written in atonic units as 

(Z - n !) 2 

EO 
1 + n 4" - 4 (3.21) = - ----

21) 2 (1 + (1 21+ :eL) 2 + 2 2 .,.. 
The g~ound s·tate unnormalised wave function is 

(Z .!l 1:.) 
[ R 4 4 

<I> 0 (R) = cxp - - (3.22) 
,a 2 

(1 + 21 + !L) 
2 2 

\olhere 2 2 
is the Bohr radius. \;hile nornalising the a ::: 1'i /me 

wavefuncti~ on~ " should note that , 

fdX1 r dx- "" 
8(n+2) 

(00 
R dR 

2 (n+l)2 J 
-00 -00 0 

f. 

For, n=O, EO in eqn (3.21) reduces to - (Z -

which is just the one parameter variatioB~l result 

For a given Z, egn (3.21) should be minimised by varying n 

between -1 and 00 The sround state energy for diff~rent Z , 

obtained from var ious, al'prO~illations is cOf1pared in table 1. 

It is found that the F.R [lethod vives a lower value of EO 

.. 

I '. 
I, 
! , , 
I 
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than other estimates. A non-zero value of n in the w~vefunc-

tion takes into account the interelectronlc coirelations and 

thus gives better result. This encourages one to apply the 

FR method with modification jnvoked in the wavefunction. 

Although the s~allest realistic nuclear charge Z is 

l, it IT',ight be interesting to see how the three-bod:' bi nding 

energy varies as Z is further reduced. Physicall:' ,one can 

see that as Z is reduced gradually, the three body binding 
\ 

energy becones sr'aller and snaller due to the decrea~e in the 
, 

total attractive coulonili force and hence an increase in the~ 

effect of r~pulsive force between the electrons. A point 

comes where the three-body binding energy beco~es less than 

the bindinS energy of the two-body systeD of the nucleus 

and an electron interacting via attractive potential. The 

three body syste~ is then no lonqer stable and it decays 

into the more stable two-body confisuration and an electron. , 

The ground state enersy for a one-di~ensional hydro~en-like 

system with attractive delta potentlal - Ze 2o(x) is z2/ 2 \ 
l, 

in atomic units. The critical value Z of the nuclear charge 
c 

at which the helium-like system is just no longer stable 

has been calculated from pArturbation 6 ], variational 

6 J, Hartree-Fock 7 ] and FR Focthods and are given in 

table 2. The ground state energy calculated by these methods 

is 

E = per 
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E = - (Z - -2 + --12) HF! 
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in atomic uni-cs. 
1 ~ 

valid for Z > 2' 

The perturbation and I:F calculations are 

whereas t~ variational calculation is val~d 

for Z 1 
> -4 • The FR approximation gives lower value of Z 

c 
COr:l-

pared to other Qe~hods. This Qeans that the FR Method can 

support a three-body bound state for a weaker attractive 

interaction compared to other neth04s. 

Modified F~ Methqd 

One can r:lodify the Fa method by improving the choice 

of the variable on whlch the ground state ~avefunctlon de-

p\nds. I In the sinple .F~ Liethod the distances r 1 and ,r 2 
, , 

entered in the defihition of the variable R on an equal 

footing. However, iQr those configurati~ns of the syst~rn in 

which the t'vJO electrons are at un~(2u?l distances frOD the 

nucleus, the outer ~)ectron naturally experiences a s~aller 
\ 

/ 
effecti ve nuclear c;1drge than the inner 0/,," due to shie lding. 

This suggests thdt r l and r 2 cannot be given e~ua~weight 
... 

in the wavcfunction for all values of r l and r 2' So one can 

define the wavefunction as 

IjJ == <t> (R) 

R 1 ( + T)r 3) ;i (3.23) == - ar r< + r
1 

r 2 2 ::> 
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where r = rand r 
> 1 <: 

= r
2 

for rl~r2 and vice-versa. The 

variable ~ now contains two va;;,hatlonal p.J.rameters a and 11, 

creenlng and the other the 'I one to take into account tne 
'-

interelectronic correlations. Since R>O, the conditions 

a+11>O and l+n>O restrict the ossible values of a and 11. 

One can note that 
, 

For the special"case of r l = r
2

, one keeps R con­

tinuous by defining it as 
, 

which is obvious since when the electrons are equidistant 

from the nueleus, they. must appear in the wavefunction with 

equal vleight. 
~ 

The Hamiltonian H and the Schr6dinger equation in 

variational form are, still given by.egns. (3.l:S) and (3.16) 

respectiv,ely. One can wri teo , 

r r r fl (00 r dr l 
dr

2 
=:; dr

1 
dr

2 + . J 
dr

l 
dr

2 

0 0 0 0 0 r l 

where the flrst terIll on the right hand side corresponds to 

So, for the three pos-

egn ( 3 • 16) as 

'. 
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o = 6 IOO 

dR [ {_2_ 
a+n I

2R/ (1+a+2n) 

dR2 + 2 
l+n 

o 

+ {_2_ 
a+n 

where 

t"!... , 

o 

j
2R/(1+U) 

dR 2 

r 2R/ (a+ n) 

+ --2 J I-n • 

o 2R/(1+a) 

x = -
.ff2 2 2' 

[(a+n) + (1+n) ] 
8m 

y == - ~~ [(a+n)2, + (1-11)2]- . 

(3.24) 

Since ¢, d~ and E are independent of R2 , the corre~­
dR 

ponding integrals can be easily evaluated and one gets 

0 61fR dR{ --
t'i

2 
(~j_) 2 2 2 

(3.25) = Veff ¢ + Eq) } J 
2t1 dR 

0 
r 

where 

{J 

1 1 2 2 2 2 
11 = 8m(1+o+n) [{ (a+n) +(l+n) }(l+a)+{ (a+n) +(l-n) } (1+a+2n)] 

and 

x [-~ 
a+n 

(l+a) (o+n) (1+rt+2T) 
8 (l+(t+ n) 

I
2R/(1+a+2n) 

d r. ; 

1'-2 

o 

1 
1+1) 

2 e 
R 

r 2R/ (Ct+ T) ) 

J dR 2 
1 

+ -­I-n 
2R/(1+a+2n) 

(3.26) 

r 2R/ (a+n) 

I dR 2 
) 
2R/ (l'l-(t) 

(continued, nf..~xt page) 



+ _1_ 
a+n 

-
2 e 

R 

( 
'\ 

J 

2 R/ (1 + u ) "'-..~ 
dR

2
] {ZIS (r

1
)+Z8 (r

2
)-6 (r

l
-r

2
)} 

o 

(1+,(+2 11 ) 

8 (l+'2t+q) 
[Ii (2Z-1) + 2Z -nl 
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(3.27) 

Using the Euler-Lagrange equation in 'eqn (3.25) 

and hen substi tuting F (R) = Rl /2 ~ (R), one gets the following ',\ 

chrodinger equation 

= 

2 
e 
R 

4 (l+o.+n) 

[a (2Z-1) +2Z-111 (1+a+2n) 
2 2 2 

2[ (a +2n +2na+l) (1+a+q)-2n ] 

222 
[(l+o.+n) (a +2n +2na+l)-2n ] 

EF 

F 

(3.28) 

The solutions of such equations ar~ known analytically. 

The centrifugal term corresponds to the orbital quantum 

1 'number ~ = - 2 . The ground state energy, in atoric units, is 

then 

2 2 o.+n 2 
(1+1):) (1+a+2n) (Z - 2(l+"d) 

2 2 2 
2 (l,+a+n) [(1+"+T]) ('.1 +2n +2110.+1) -2n ) 

(3.29) 

In the special case of 0.=1, eqn (3.29) reduces to eqn 

(3.21). For a given Z, EO in (3.29) is minimlsed by varying 

both a'and~. Calculated values of EO are given in table 1 

for differeDt Z. It is seen that the modification in the wave-

function further lowers the ground state energy. One may 
{ 

therefore think of lncorporating this i~provement in realistic 

two-electron atomlC systems. One can also note that the modi-
. , 
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fied FR metnod can support bound hcllum-likc systems at 

smaller Z thun the S lIllplc FE approximu tion. 
c 

/ 



Table 1 

Ground state energya of one-dimensional helium-like systems with o-interaction 

, Perturbatipn Variational Hartree-Fock Kiang FRb Modified FRb 
: Z [ 6 ) [6) [7 ) [ 8] 

") ~ 
, -E ' -p -:c -E q -E \ Y-O ~O 0 0 0 ~ (r 

L 

-' , 0.712 -::-:'175 o.~1 1 0.500 0.563 0.583 0.583" -0.296 0.626 , 

3.136 i 0.~67 I , . 
12 

3.00-0 3.063 3.083 3.107 -0.158 -0.108 3. t 48 

i 3 7.500 7.563 7.583 7.614 -0.108 7.640 0.913 

I 4 14.000 14.063 14.083 14.117 -0.081 14.141 0.935 

---- - ~- I - - ---- --- - -- ------- --

,.' 

a The energy is given in atomic units. 

bThe optimum values of parameters a and n which minimise EO are giVW 
\ 

, 

-0.076 7.651 

-0.058 14.1.5.2 

' ----

\ -J 

N 
00 

.~ .. 

~J 

~-



Table 2 

Zc for Helium-like Systems 

Perturbation Var iati"ona 1 lIartree-Fock 

1. 000 0.854 0.789 '. 

.. 
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FR Modified 

0.639 0.511 

FR 

/ c.. 
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CHAPTI:.R IV 

THE 'l'\lO-r:::LJ:CTHON ;\1'OlaC PRODLI:r1 

The two-electron atomld problem has received con-

siderable attention fron the earliest years of quantum me-

chanics and it still continues to be of current interest. 

Extensive calculatIons h~ve been made on helium-like systems, 

through poth variational 1~,2J and K-harmonics approach [12-15]. 

Pekerls (2,11) has detenT,ined the upper and lower bounds of the 

helium atoM ground state. Ilis variatlonal calculations for 

the upper bound were performed wi th 1078 parameters in the 

trial wavefunctlon. On the other hand the K~harmonic approach 

has attracted attention, but the accuracy of the resul'ls is 

limited by slow convergence and even very involved computations 

do not yield the desired accuracy. 

The PR method was first applied [10] to atomic 

systems and fairly good results were obtain~d for the ground 

state energy of such systems. The authors [10] had hoped 

that a systematic way to improve the method could be developed. 

In the last chapter we found that better results could be ob-

~ained, in ~he model one-dimensional problem, by improving 

the definitlon of the variable on which t~c wavefunctlon depends. 

Encouraged by this, we attempt here to apply the same modiflca-

10 



tion to the realistic two-electron atomic ~roblem. 
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For simpliclty we assume the nucleus to be of infinlte 

mass and stationary at the orlgin. The IIQmiltonlan 11 of the 

system is 
'\...... 

-h 2 
(V 2 \; 2) Ze 2 (~ ~) 

2 
H 

e (4.1) 
2m 

-I- + + 
l::l-~2T _1 _2 xl x

2 .' 

where m and -e are respectively mass and charge of an electron 

and ~l and ~2 arc the electron coordlnates. 

In terms of the lnterpartlcle distances r l , r
2 

and r3' 

eqn (4.1) reduces to 

n 2 2 
3

2 
3

2 d 2 d 4 (l [2-. + 2 
2 + H = -

2m 
+ -2 -2 + 

Clr
l 

Clr
2 

+ .)r
3 

2 r
1 

r
2 r3 dr

l 
Clr

2 
dr

3 
2 2 2 .2 222 ? r
2

+r
3

-1' 1 r +1' -r 
" -

<J 
1-

1 3 2 c; 
+ ---- 3r

l
Jr

3 
r

2
r 3 3r

2 dr 3 r 1 r 3 

2' 1 1 2 Ze ( __ + __ ) + e 
r 1 r 2 r3 

( 4 '. 2) 

where 1'1 = 1::1 ' 

The Schrodinger equation can be obtained by applying 

the variation 6~~IJII~> = 0, with the restriction that <~I~~ is 

finite. with Hamiltonian in eqn (4.2) this gives 

. 2 2 2 2 2 2 

+ 
r:1+ r )-r 2 ~~ 2ifi_ + 

r
2
+r

3
-r

1 ~ ~} 
r

1
r

3 
(lr

l ~l r 3 r
2

r
3 

(lr 3r
3 2 

2 
1 ~) 2 + {~ - Zc (_. -I- -. E } 1.jJ ) ( 4. 3) 

r3 r l 
r

2 
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In ref. (10], the wavefunetlon 'j) was def1ned by 

assuming it to be dependent on ~ single non-negative variable 

where n is a variat10nal parameter. However, we have seen 

that the value for the ground state energy of one-d1mensional 

helium-like mod~l is sign1ficantly improved by modifying the 

definItion of the variable R • So we tryout the same modi-

fieation in -helium-like atomlC systems. Defining 

1 
R == '2 ((( r '> + r < + T) r 3 ) 

are the two variational paraMet~rs. We now choose the variables 

R, R2 = r 2 and R3 = r
3

, so that R is an independent variable. 

To perform integration in eqn (4.3), the region r
l

'>r
2 

need only be considered as ~ and the var10US te~ms in egn 

(4.3) ~re syn~etrlc 1n r l and r2.Chan~ing t~~ variable gives 

Referring to f'ig. la, one notes that [or a given R 

defined :or r
1

>r
2

, the region of integration i~.the plane.lIIJ. 

However, the triangular conditions r!+r
2

>r
3

,,. r
2
+r

3
>r

l 
and 

1"3+r1>r2 restrict the nygion of integratIon to the plane LC·1N. 

A plane intersecting the plane lMN along the line 1·0 \vhere Q 
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is the mid point of line HN, divides the plane LMN il"ilo two 

reg ions i plane UJN corresponding to r 1 '> r 2 and p~anc Lt1Q 

corresponding to rl<r~. To integrate over the var~ables R2 and 

R3 first, for r
l

>r
2

, one obtains the required plane of integra­

tion ABC by projectll1g the plane NO!. on the H2-R 3 plane as 

de~icted in Fig. lb. S~nce the wave[unct~on ~ depends OnlY~ 

o~ R, integratlon in eqn (4.3) over other variables R
2

' and R3 

can be performed. 

have 

where 

Qeno"tli.ing half of the volume integral by f [drJ I we 

J [drJ 

2 
=2 

a 

1 . 
<: ~(2R-(1-CtlR2) 

J

OO (2R/(l+a+2nl ajr) 
- dR [ J dR 2 

001 
0:4 n 

.. + 

2R/(l+a) 
r 

J dR2 

l.(2H.- (l+al R
2

) 

In dR3JR2R3(2R-R2-nR31 

2 R/ (1 + 0: + 2 T) ) I 
a+n (2R- (l+alR2 l 

(4 .4) 
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2
6 

2 
p = 15[2 (l+a+n) {2- (l+a+rj) (1-5a~4n)}' 

. . 2 
+ n (l+a) (l+a+2n) -3 (Ci,+r)) (1+Ci,) 

2 3 3 "4 
(1+Ci,) ]/ [(l+a) (a+n) ,(1+a.+2n) ] (4.5) 

Sirnila~1y, one can show, after 1engthy but straight-

forward manipulation tQat 

J /dri 

2 2 2 222 (00 

{Ci, r l +r 3-!=,( r 2+r 3-r1 

J 
R5dR + } = q 

~1r3 '~2: 3 
(4. 6) 

0 

Jldt;i (.1-. + t s'f R
4

dR -) = r
l 

r
2 

(4.7). 

.~ 

J Idri 
1 t. roo R

4
dR =-

r3 
( 4 • 8 ) 

0 

where 

2 8 3 2 
<:1 = [2 (l+a+n) {2 (1+a+a i-n (I-a)} , 15 , 

2 (1+Ci,) (l+Ci,+nl (1+a:.r2n+n
2

) 
. . 

(l+a) 3 (2+3Ci,+4n) ]/ [ (1+a) 3 (Ci,+n) 3 (1+Ci,+2n) 4] (4.9) 

'. 

.. 
24 2'. 3 2 

s = 3"" [2 (l +Ct + n ) {5 (a + n) -1 } - ~ n + n '( I-a) 

t == 23
4 

[4 (a+n) (l+a+n) 2+ (1+Ci,)·(I+a.+2n)]/ 

[ (l+Ct) 3 (Ci,+n.) 2 (1+Ci,+2n) 3]. 

(4.10) 

(4.11) 
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Using these relations, eqn (4 • 3 ) reduces to 

roo 
R5dR[- 1'1

2 
(d ¢) 

2 
{ (l + (:t 

2 
+ 2 n 2 ) 0 <5 

n q} = 2m 
p of 4" dR 4 

J 
0 

2 2 2 e + R (Zs-t)1> + pE¢ ] . (4.12) 

Using the Euler-Lagrange equation one gets a Schrodinger , 
like equation 

2 2 2 
f1' [l+Cl +2n 
2m 4 

e 2 
R (Zs-t) 1> = pE¢. 

1 d 5 d¢ 
? + ~ q] -- -- (R dR) 

4 RS dR 
(4.13) 

On making the substitution F(R) = R5/2¢(R)~ eqn (4.13) 

leads to the.following differential equation 

e 2 
R (Zs-t)F = pEF . (4.14) 

This i~ the wave equation of a particle in a coulomb 

potential with effective orbital momentum number £ 
3 = 2' The 

solutions of ~uch equations are known analytically. For the 

special case of a = I, egn (4.14) reduces to eqn. (6) of ref. 

[10]. The ground state energy Eb , in atomic Qnits, corres­

ponding to the principle quantum number n = ~ is 

2" 
E =---

o '(~) 2 
2 

2 (Zs-t) 
. 2 2 

p{ (l+a +2n )p+nq} 

and the unnormaljzed ground state wavefunction 1>0 is 

(4.lS} 

• 

• 
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R 8(Zs-t) 1 
exp[- a 2 2 

S{ (l+a +2n )p+nq) 
(4.16) 

For a given Z, EO is minimised with respect to the para-

meters a and n. The calculated values of EO for different Z 

are given in table 3 and are compared with the results of ref 

[10] and the best estimates of Pekeris [ 2 J. The values of 

EO from di~ferent methods given in the table have been calcula­

ted with the assumption that the nucleus is infinitely heavy. 

However, the finite mass of the nucleus can be easily taken 

into acco~ in the FR formalism. Our results are consistently 

better ·than the conventional one parameter variational calcu-

lations [16 1 and the simple FR approximation [10 J. 
, . 

From table 3 we can see tha~except in the case of H , 

the best"estimate for EO is low~r Lhan our result by about 

'-----O.OOS,a.u. only while for H this difference is 0.007. Although 

the FR method has the merit of yieldin$' simple analytic expres­

sions for the energy and the wavefunct~on of the two-electron 
I 

atomic systems, it cannot compete in afcuracy with the more 

elaborate variaLional calculations. 

By an inspection of the wavefunction ¢O(R) in eqn (4.16) 

one. can say that by choosing at the out~t a wavefunction of 

the form 

-An e 

where A is a variational parameter, the ground state energy 
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of the system could be determined as well. However, 1n the 

framework of FR formulism, we show that if the wuvefunction is a 

function of the slng,le non-nngativ0 variabl<? R, the best form of 
/ 

<1>0 is exponentlul 10. nature. T~ inclusion of the interelectronic 

distance r3 in the exponent may be un efficient way of taking 

interelectronic correlations into account. 

We now compare the FR approach with the K-harmonics 

approach,. One knows that if qnly the K=O component is retained 

in the wavefunction, the problem reduces to solving a single 

_ 2 2 2 1/2 
differential equation in the variable p - (r

1
+r

2
+r

3
) , 

instead of ~ in the FR formalism. This diffe~ential equation 

was first solved by t1orpurgo [17] for a model tr'iton problem. 

McMillan I 18] using different forms of ~uclear potentlals 

has shown 'that the FR approximation yields better results than 

the tbrpurgo equation in the case of triton. The Horpurgo 

equation, however, has the advantage that it can be systematical-

ly developed through the K-harmonics approach. 

In the K-harmonic formalism,where an infinite set of 

coupled differential equations of a single variable is obtained, 

one has to truncate the set at some poi~t and solve the coupled 

equations numerically to estimat~ the energy eigenvalues of 

the three-body system. It has been shown [15) i~ the case 

of helium atom that ~api9 convergence of the K-harmonic ex-
" 

pansion docs not occur and hence a large number of coupled 

equations are necessary to achieve good accuracy in the ground 

.. 
, , 
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state energy. Darling and Schoucri [ 15] have made calculations 

up to 16 terms and they quote the value -0.28871 a.u. for the 

ground state energy, which is about 0.011 a.u. higher than 

our estimate. Whitten and Sims [ 12J carried out calculations 

up to 8 tE'rms, obtaining a value -2.8443 a.u. for helium atom 

ground sta~e e~ergy. , . However, they improved lheir results by 

incorporating the ,variational approach in K-harmonics by intro-

ducing a few variational parameters in the K-harmonic wave-

function. The value [or the helium atom ground state energy 

was -2.90107 a.u., which is slightly better than our present 

estimate. 

Summarizing, we note that the FR method yields simple 

analytic sol utions wi th minimllm computational .work invoJ ved. Even 

then, the results aie comparable in accuracy with the results 

obtained from the more elaborate K-harmonics approach. However 

the FR approximation in its present form cannot compete in 

accuracy with the conventional variational calculations involving 

many variational paraffieters. 



.. 

I 

Table 3 

Ground state energya of helium-like atoms 

Two Previous b 
Present Calculation 

c 

electron calculation 
system -E 0 

ex 

-
H 0.5079 0.6894 

He 2.8896 0.8931 

.+ 
.L~ 7.2668 0.9340 

Be++ 13.6429 0.9522 

.. 1_- . 
. . .. 

a The energy is given in atomic units. 

b Ref. [10]· 

n -E 
0 

-0.1735 0.5206 

-0.1102 2:8983 

-0.0767 7.2748 

-0.0587 13.6505 

.- -

c The optimum values of ex and n which ninimise EO of eqn (4.15). 

d Ref. {2 J • 

'i. 

./ 

' dl Best Estimate . 

-~ I 

~ 
0.5278 

I 

2.9037 
, 

7.2799 

13.6556 

..- _ ... _ ._~ . __ J 

" 

W 
1.0 
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( 2R 0 0) 
(t I I 

Fig. ·la. The plane of integration for a given R is the plane 

HIJ. The ~riangulai conditions rl+r2~r3 etc. restrict 

the region of integratlon to the plane NML. A plane 

intersecting the plane NQL along the linp LQ where Q 

is the mid-point of li~e Nt-1, divldes the plane into 

two parts; plane NQL correspondIng to rl~r2 and plane 

Ll1Q correspondIng to r
1
/r

2
" 

.. 
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( 

c 
( 0 2R) 

'a+q 

o 

B (2R 4R) 
1+,(+2rl' l+,(+~rl 

A 

(~,O) 
1 +c( 

.. 

Fig. lb. The regIon of R
2

-R
3 

integration for rl~r2 

is the plane ABC which is the proJectIon of 

the plane NQL (fIq. la) on the R
2

-R
3

,plane. 

I/'" 
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APPENDIX 

We give here some of the m~thematical details for 

9 the derivation of eqns (2.11), (2.14), (2.15) and (2.16) jn 

Chapter II for the generalised FR approximation in three 

dimensions [4J. 

The Hamiltonian II in relative coordinat08- for a three 
t 

body system interacting via central fo~ces is 

E [- h
2 

1 ~) d
2 2 _d_) H = T {(- + (--') + -

cyclic m
2 m3 ari 

r
1 

(lr
1 

2· 2 2 
a2 

1 r 2+r 3-r1 } + vl(rl)J (A-I) + - ar
2

Jr
3 ml r

2
r

3 

where m
l 

is the mass of particle I and r
1 

is the distance 

betw.een particles 2 'and 3 and so on. The variational .principle 

for the Schrodinger e"quation may then be written as 

roo r r+r 2 
o = 6 dr

1 
dr

2 
dr

3 
r

I
r

2
r

3 
J 

o 1 r1-r 21 0 

(, 

h 2. 1 ..!..) ()L) 
2 

(~ ~) (-~-) 
2 

1 ~) ( ~l ~, ) 
2 

x [- 2" {(- + + + + (- + m2 m3 (lr 1 m3 ml dr 2" m! ffi2 dr 3 

(equation continued next page) 
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2 2 2 222 

+ 1 r 2+r
3
-r

1 ~t -2:L 1 r 3+r
1
-r2 ~L k - + ~-

ffi1 r
2

r
3 

Jr d r 3 ffi2 r
1

r
3 

or
3 Jr 1 2 

2 2 2 
1 r 1+r 2-r

3 ~ ~} 2 2 + - - [v l (r1)+v2(r2)+v3(r3)}!j; +E'~ J 
ffi3 r

1
r

2 
dr 1 .::lr 2 

The three-bodyPwuvefunctlon ~, assumed to be spherlcal-

ly symmetric, is defined as 

tjJ = <P(R) 

R (A- 3) 

where n's are variational parameters. 

The transformation of variables from the old set 

(r1 ,r 2 ,r 3 ) to the new se~ (R,R 2 ,R
3

) where R2 = r
2 

and R3 = r3 

is given by 

dRdR dR = ~ dr dr dr 
2 3 Cl{r) 1 2 3 1 

where the Jacobl.an 
'I. 

aR dR (lR 
Clr

1 
0.r 2 ar 3-

iLL~ 
ClR2 ClR 2 aR2 - ar

1 ~; a (r) Clr 3 
.. 

dR3 Cl~3 em
3 

Clr l ar 2 dr 3 

so that 

(A- 2) 

I 

I 
1'-
I 

, 
I 

1 
r 
! , 
( , 
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One must now find the limlts of R, R2 and R
3

. Consider 

For a given R, the definltlon of R in (A-3) repre-

sents 'a plal!.~ .. tlQR with intercepts 2R/li l , 2R/1l2 and 2IV1l
3 

respect,i ve Iy. lIowever I the tr iangular concli tlO~ srI +r 2 "r 3 etc. 

restrict the region.qof integration to the plane Lt1C. To per-

form R2 an.d R3 integrati.ons first, one considers the plane ABC 

in Fig. 2b which lS the tJro]ection of, plane LHC on the R
2
-R

3 

plane. Thus the volume in tegra I can be written as 

j (dr)r
l

r
2

r
3 

= rdrl rdr
2 

r+r 2 
dr

3 
r

1
r

2
r

3 

0 0 i r
l - r

2 i 

2R+(lll-1l2)R2 

r r 2R/(1l1+1l2) 113+ 11 1 

dR [J . dR 2 J 
o o 2'R - , (Ill + II 2 ) R 2 

n 3+fl l 

2R+(fl
1

-11
2

)R
2 , 'j 2 R/ ~ 11 2 + n 3) 'j n 3 + n 1 

+ dR 2 dR 3 ] (2R-fl2R2-T]3R3)R2R3 

2R/(n l +n 2 ) 2R-(n l +1l 2 )R 2 
Tl 3-n l 

(A-4) 

Whi~e depicting the region of integration in Fig .. 2a , 

it has been assumed that n1 >1l2>1l3' However, the final results 

are independent of such assumptions. With the help of eqn (A-4) 

one finds 
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J 
(dr)r

1
r

2
r

3 
=' 2 F, r R5dR (A- 5) 

0 

( 

2"1; r 
J 

222 
R5dR (dr)r

l 
(r

2
+r

3
-r

l
) = (A- 6) 

0 

where explicjt forms [or ~ and ~ are given in egns (2.14) 

and (2.15) respectlve1y of chapter II. 

. 
The integrations OVer the two-body potent~als are not 

straightforward. For instance, integration over R3 cannot be 

performed in the followlng integral 

(A-7) 

\-le therefore use 

the cyclic permutation of r l , r~ and r3 which leaves the volume 

<7' integral unchanged to write the above integral as 

(A- 8) 

Accordingly, the definitlon of the new variables is 

R _. r
1 

R2 = r 2 

SO that integral (A-B) becomes 
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= n
2; r dR3 r~R J dR'2 (2R3-"lR-n2R2)RR2vl (R) . (4- 9) 

o 0 

Integration over R2 con now be performed by deflning 

the region of integration in 

~hen 
the R-R2 plane. Integral (A-9) is 

. 

j
2R3/(111+T)3) j 

[ dR 

o (2R 3-(11
1

+11
3

)R) 

+ j2R3 /(1l1+n 2 ) dR f 

2 R 3/ ( Il J + tl 3) ( 2 R 3 - (Ill + n 3) R) 

After performing the R2 integration, one gets 

J (dr)r1 r 2r 3v 1 (r1 ) = r R5
W1 (R)dR'. (A-II) 

where WI(R) has been defined in eqn (2.16) of chapter II. 

(A-lO) 

Similarly one can make cyclic permutation of varia~les to evaluate 

Eqn (A-2) can now be written as 

r R5dR[- ,,2 (E~ [.1- + 1) 2 (~ --L) 2 1 ~) 2) 0 = 0 - n + + 1]2 +(- + m 113 ' 4 m2 TIl 3 1 m3 m
l ml 2 

0 
1 1 + ~)} (d4»2 2, 2 

+ Stl l ll 2 11 3 (ffi of - - (\v1 (R)+W 2 (R)+\'13(R»<tJ +2t:,E<tJ.J. 
1 

m2 m3 dR 



Defining reduced mass m by eqn (2.12), one has 

~~ 

2 2-
8~E¢ - 4 (W

1
+W

2
+W

3
)$ ] 

Using Euler-Lagrange equation, one gets 
I 
~ 

47 

(A-l2) 

(A-13) 

substituting F(R) = R5/2~(R) in the above equation, the 

differential equation obtained is ~ 

V(R)F = 8~EF (A-14 ) 

where V(R) is defined in ego (2.13). The SchrBdinger equation 

(A-14) is egn (2.11) of chapter II. 

\ 

I 
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o 2R 2q 
( 'T' +T]'/T) +n ) 

'2 3 2 3 

( 2R 0 2R 
n 1 + n 3 I I n 1 + Tj 3') 

(~R 10 10) P 
1 

Fig. ~a. 

( 2R 2R 0) 
n +1] 'T) +T) I 

1·-2·1 2 

The plane of integration for a given R is the plane 
$ . 

PQR. Th~ tri~ngular conditi~ns ri~r2>r3 etc; limit 
'. t 

the region of integration to the plane LeN. 

., . 

f 

. • 

.. -. ' -.' 
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. 'Fig. 2b. 
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S· R! 
,,-{-:2R ,0) 

1/ 

~ n1 +11 2 
-~/ 

The projection of the plane LCM (fig. 2a).~n the 

R 2-R3 l?la.ne is ACB which i!;, the region for, R
2
-R

3 

integra'tion. 
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