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and Bentley (3 & A) was done and the results are documented 

in this report, 'Tbese ~re~ struct~res, i.e. the quad tree 

and the' -k"':'d tree, w.ere esp~i:;ia.l.ly dev,eloped for associati.ve' 

retr'ieval. A comparison' cif the above tree structures and 
, ~ 11'" • • 

" 

the \oJell known binary s~arch tree is p:r;es.ented for exact match 
, , 

queries. 
-. . 

An impleme~tation of the insertion algori~ms for each 

. tree ~!:ructur~ and 'a generali?ation of Aldon \valker' s (9) 

display algo~ithm are g~ve~. 

'. 
, . . ' 

• 

• 
" 

iii 

'" . 



1 '. 

" 

.' 

, ' 

,-

71 

• ~ 

t 
~ .. 
~ 
i 
"f 

.. i· 
i 
J 
i 

~ 
l 
l 
1> 

"j 
" 

.. ~ 0-. . 
$ 
\ 

.. ' 

... , 

ACKNOt-TI1EDGEMENTS , 

I wo'uld like, to thank' Profess6r D. "Nood tor 'his' 

supervision and sugges't:ion of this project • 
.. " .. 

A specialt,ha~ks 'goes to all the friends'I made 

at .McM~st·er ';'h«;> "!!lade my stay there' enjoyable. 

Next, I would like to thank my husband, Paul Kennedy, 
...... -,"-

for his .patience and help doing the dishes throughout ,the' , 

prolonged' writing 9f this report . 

.. Finally-, my than~s <jO to Helen Kennelly for her superb 

typing and Meli~sa OiMalley for the finishing touches • 

. .. 

~, 

..... 
' .. 

) 

iv 

'---~-", 



, 

;: 

'. 
f 
t 
~ , .' 
" 
~. 

<. , 

. , 
'. 
~ 
~ 
~ 
> 
~ 

1; 
4 .. 
:t 
.~ 

+~ , 
t' 

6 

~ 
I.. 
I r 

. . 
CHAPTER I: INTRODUCTION 

CHAP'fER I I : DEFINiTIONS AND TERMINOLOGY 

CHAPTER III: ALGORITHMS,AND IMPLEMENTATION 

3 .. 1 Overvie\v 

3.2 Retrieval Algorithms 

3:2.1 General 
• 

3.2.2 Basic Binary~Search Tree. 
Retrie~a~ Algorithm' , 

3.2.3 K-Dimensipnal Search Tre~ 
Retri~val. Algorithm 

3.2.4 K-D Tree Retrieval Algorithm 

3.3 IDse~tion Algdr~thms. 

3.4 Implementation 
C r 

3.4.1 Genera~l' 

3 .. 4.2 Basic Binary Tree Insertion 
Algorithm 

/ 

3.4'.3 K-Diroensional Search Tree 
. Insertion Algorithm 
'0 • . , -

3.4~4 K~D Insertion AlgOri~h~ 

CHAPTER IV: RESULTS AND PISCUSSION' 

4.1 Introduction'" 

4.2 Buil~ing~ime ~~ 

4.3 Internal, Path, ,Length. 

,4.4 He'ight.. . -
, 4. 5. .Concl utling Remarks 

REFERENCES 

APPENDIX A: . EXAMPLE 0UXPUTS AND LISTINGS OF 
THE DISPLAY ROUTINES, 

J 

• 

v 

c 

.. 

Pag~ 

~ 

1 

5 

16 

17 

17 

17 

18 

18 

19 

20 

21 

2,2' 

23 

24 

24 
27, 

',34 

, 36 

," 



I 

I· 
, . 

I" 

t 

". 
Page 
---'-

" 

AP.PEND.IX B: " 'LfSTINGS O'F THE TREE ALGDRITHt-tS 

APPENDIX C: THE COMPARE ROUTINE 
: 

" . . -
:.- ... 

, 

" 

~~ 

;: 
l::~ 

~ 
;; 
;-
"', , 
,~ 

>~ 

'" • '. 
~ 

" 

; o 

!. 

" . 

,. 
t 

~ 

,> 

\ 
.~. ,. 
'" ~ 
"' .-
.,.' 
f 
~ 
~' 

~ 
*". Vl: 

,.; 
~. 

\ 

l 
'O!> 

L 



!.~ 
1--

-, 

. 
-.' 

i ,-
h 

.. 

.r 

, -

, , 

Figure 2.1 

Figure 2.2 

Figur~ 2.3' 

Figure 2.4 

Figure 4.2 

,Figure' 4.3.1 

~ 

Figure 4".3.2 . 

Figure 4.4.1 

,Figure 4.4.2 

-, 

" 

, I 

~-;t;1~T'''6F 'I:'IGUIU:;S' 
J' .. 

A bi~ary t~ee.of 11 nodes 

/ 

" 

A complete- 2-dim.cnsional .tree 9 

,A perfect 2-:-di'mensional search tree 13 

A 2-d tree 15 

Bu'i.lding time vs n 26 

Internal path length vs nlog(n)fbr 
the k.:..dimensional sear'ch t~ee where 
k=2, 3 ~ 4 '. " . 29 

Internal path length vs nlog(n)'for the 
3-d t~ee and ~-dimertsional search tree 30 

Heigh,t vs log n for the k-dimem,sional 
search tree where k = 2 I 3 I 4 . 

Height vs log n for the 3-d 'tree~and 
3-dimensional search tree 

vii 

:' 
, I 

32 

33 



· ' 

."," . 

," 

LIS'I' OP'TABLES 
I 

Table 4.2.1 Building time, da,ta 25 

Tab1e 4'.3. 1 Inte"rnq.-lf 'path length data 
, '\ ' 

28 

'<.'.. 

Table 4.4.1 H~ight d.;1ta 31 

I 

-' 
" 

/ ' 

... . 

" 



t 

, . 

CHAPTER I 

IN'l'RODUC'l'10N 

• 
Data structures for retrieval of a record in.a file 

\ ' " 

using primary keys i.e. keys which uniquely define a record, 
. ' 

~ have been well studied .. ", We 'know from Knuth' ('Ed that binary . 

trees have p'roven to be a good st'ructure for representing 

~inearly ord~red data and that balanced binary trees are 

~tficient for fast retrieval. 

• As yet I such 'an ~deal data str~ct'ure for associative 

retrieval i.e. data r~trieval dependant on the'values ,of 
" . 

more'than'one attribute'or key, hasn'~ beeh de~eioP~d. It is 

a'fuQre complicated problem mainly because' the structure has 
, 

to be capable of ans,vering many dif'ferent kinds of queries 

efficien~ly. A query is a retrieval r~quest o~ a fil~ and 

it specifies a nU,mber pf condi tidns which are to be sat"isf led 

by the attributes 9£ the records' in the file. 'Accordfng to. 
....... . 

. ~ 

Knuth [7] and Bentley [3) queries are usually of the following 

'types: 

I. Intersect.irol! queries consisting of: . ~ 
. . 

A. Simp 1 e oJ qUe ry: 
, 

or: exact match query' -
I 

;. 

reques'1:s .. the retrieval of a spe.cific record. in a ffle, 

.. 

.' 

1 • 



.-

• 0 

2 

B. p'artial ma.teh, qu~ 

, ' 

spe'G:ifie-s ,values for some of the attrib_ute,s, and ,the most 

general type of intersection query ·wh'ich includes' A and B·, 

. 
C. Boolean que~y -

assuming some 'less than' ordering on the attributes and 

using thq Boolean operators AND" OH, and N911, we. can 

specify a Boolean function on, ranges of values for some 

or all of the attributes., 
.. '; . 

For example, .,eon$ider the. case of a _file of employee records 

'~ havJ..ng ~everc,U.· at tribute~ in the fol~ow,i~g ord~r (name" age, ... 
. job cl'assification, employee #). If 'We as,k for: aD, records 

': with the fbllowing values for the attributes: 

1.) name = Smith, 
, 

age ::z 28 

job classification = 10 

employee # = 212 
" 

'llhis i.s an example of an exact match query sinGe we are re- I 

questing a specific t"E'!.9prd. 
r , , 

2·. ) age = 25 " , 

Thi·s i.s an example of a partial match, query since we are in

terested'in only those recorps with the age attribute =,25.' 

3. ) 21 < age < 25 and job classification = 12' 

This is an example of a Boo~ean query. 
" 

We can think of th~ attributes' as cO!l'ponents of. a v,ector, 

is, the recorqs are po.i.n'ts in a vector space. 
c 



, ' 

" 

-' " 

/' 
~, . 

'. 
II. N~ar ~eighbcir q~cry can be broken down lnio: 

A, Nearest ncig!:!..,.bor, ~uery - a request to retrieve the 
• 

nearest' neighbor .in the set which is 

'given point. 

, . 
IIclosest" to q 

B. Fixed radius near neighbor quer¥ - a,request to 'retrieve .. 
all pqints w~ thin a fixed "dlstan,ce," of a giv'en point: 

I • 

Man~ data structure~ have been de~~loped for building 
I 

'. I 

informa.tion re,trieva1 sy'stems to deal wi th 'these different, 

associative queries. A few'of these structures, are discussed 

in g,reat detail bt Kn,uth·. (7}. For example, ,the i:nverted file 

which is on~ of the most i~portant of the,current techniques"" 
, . 

• ¢ 

co~p6unded 'and binaJ;=y. at'tributes I superimpose¢! coding, and, 

combinatorial p~shing. \ 
~cCrei<jht [,8J proposes t~at a usuper-. 

k~yll of the attributes be formed, and then linear retrieval ' , 
, . 

algorithms be used. These and other techniques are' discus,sed 
.'; 

by Bentley [3]. .. 
The first gen~ra1 approach ~o use 'a tree str~cture 

in ass~ciative,r~tiieval was, introduced by Finkel and Bentley 
Q • 

f 4] ~ , They consi.dered records arranged in k-di:mensional space .. ... .,. . .. , 

",'ith one dimension I for each attribute and arrived .at a 
'. 

gehera1i~ation of th~ binary ~re~ qalied a qu~d t~ee. Ins.te~d· 
. "-.. '~ . 

of each node having at most 2 sons, the nodes in.a quad tree 
.' •• (I 

k<. . ,', . '.") 
'of k dimensipns have at most 2, sons. Thus the binary tree' 

, 
is a special case of the quad tree of k dimensions 'where k = 1. 

" 

.. . 
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4 

In chqosing,a particular data ~tructurc c~rtain 
~ ...,. . . 

criteria' must-be k~'pt in'mind,such as: lC?w storage reqqirements, 
• 0 

'e.fficient deletion techniques and the ability to, efficiently 
.... ~ . ~ 

satisfy- retrieval reqllests from ,any. of the possible queries. -
- ~ % .. 

Recently a new tree structure has been proposed, by -Bentley [3} 

called the multi~dime~sional search tree or k-d tree . 

.. ,The k-d tree has been tested .. for all the different 

queries~and has been ~hown to per£orm better than, or just as 

'well as the other techpiques; . This tr~e structure is a genera-' 

Ii zC!-tion of the 'bin,ary ,sear .. ch tree' where each r€;cord cent,aining 
~ 

~ attributes ~s'stored as a node. There is a disciriminator . ~ 

. be'tween 0 and k-lp as~ociated wi th. each "node that specifies 

the attribute ~n. the, re~ord which '~s ~ "be uS,ed to det.ermine ... 

which of the subtree'S to IO!-'low_ 

The .objee·tive~ of tlie p.roject are: 
" . 

(I) -
<, . 4 • . 

to impl-ement the bc(sic. j.nsertion a~gorithms for the binary , 
s 

s'ea~ch tree, the quad tree or: k dimens ions ~and t1;le k-d . . ~ 
L 

tree, 
" 

\ 

(2)' to compare the building time, internal path length and, 

height o~ each.?£ the above tree structures by inserting 
, ~ 

'~he same set of records~int0' eaoR •. ~erefore, only exact 

match queries will;be lnv.est~gated . 
• 

, < 

.:: . 

-



, .. 

" 

..... 

, , 
zero n6des is ~m 'm-ary tr'ee. An rn-ary tree 1 T of n > 1 

g ) n 

nodes is an orde~ed m+l tuple (T, ~ ... , T, , \7') wnere 
1.' 1. . 1 rn . 

. . T. , •.• ,T. are·m-ary trees'of i, nodes respectively, 
1.1 " .l:m \ m. J, ", " 

i. ~ 0, 1 ~ Jj~ m, L . i. = n-1, _and V. is a single node 
.' J . • j=l J, 

called the :J:'oot. of" T. . The trees T. ' , •.• ,T. are called the 
. n' , II 1.m , .. 

subtrees Qf 'the root v. In p~ii'ticular when. 'rn=2 ~have .a 

binary tree and we write (T~,VITr) ip'piace of (T. ,T. ,v) I 

" 1.1 1.2 ' 

T~ and Tr_denoting the left and right subtrees of V, 

. respect;L ve ly . 

Definition 
. 

Given an m-ary tree, Tn' or n > I node~. we pefine 

the lever of a node u in T to be 
n 

.' 

- fO l,evel (u, T ) = 
. . . n I 

if u = v 

( . 
-to + level (u, T', ), ~here u is in T,'· 

1. • \ 1. • 
J .J 

- The ,~ight of an m-ary tree T of: n > 1 nodes is- the 'maximum n 

level of any node in T • . - . n 

'Refer to Figure:2.1 for,an exampl:e of a binary tree, 
" 

its height and level. 

-', 
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HEIGHT ~ 3 

A binary tree of 11 ,nodes 

". 

Figure" 2.1 ... 
~. 

" .. 

. . 
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The nu~l sons. are expressed, by squ~re' boxes-and, are 
" . 'I 

The interrtal ~~l~s ar7 repLesented known as external no~e~. , 

by ,circles. '. j 

Definitioii 

The in ternai p~th le,gth, t Tn h .,of 

is zero if n .:: 1, otherwise, it is given by 

aft m- ary tree T 
h 

I' 

\ ~ . 
. Similarly, the exte~nal path leng~h =. I Tn IE~' of 

T' is zero if n 1< 1, otherwise it is given by' 
n 

\ 

IT, ,,' + ~j E 
n+l, n > I,. 

an m-ary tree I> , 

For examples r~fer:ring' to)the binary tree -in Figure '2.1 

ITlll~ = 23 and ITlllE = 45. 

, The following'theorem is given, in Knuth [6].' 

Theorem 

Given an m-ary tre€ T~ w~th n ; 1 nodes the internal 

path length I Tn I I and 'the exte-rnalpath ie,ngth "Tn I E" a're 
, 

related ,by the 'formula 

.'-

.. " 

Knuth g~ve~. a probf by induotion on page 4UO for m =,2. 

The same proof holds for the general fo~mula. 

" , 
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The maximum path length among all m-ary trees with 

n nodes is attained by the degenerate tree with a linear struc-

ture. The maximum external and ~nternal path lengths posslb1e 

for an m-ary tree wlth n nodes are 

n-1 

\Tn1Emax 
:= mn+ r (m-I) (n-i) 

i=1 

:(m-l) n 2 
(m+l)n + = 

2 
and 

\TI1 \Imax , 
= n(n-l) 

2 

Correspondingly, the minimum path lengths of an m-ary tree 

occur when the nodes are nearest the root. Therefore, the 

minimum external and internal path _lengths among all m-ary 

trees with n nodes are respectively 

jTnjE . mI.n 

( q+l 
= ((m-l) n+1) q.., m -m) 

m-l 
+ mn, 

and 

1 ( q+l ) 

IT I (+ --)q - m -m 
n Imin = n m-I (m-l}2 

where q = 1109 «m-l)n+l») and 1 ) means integer part. 
m 

DcfinitJon 

k 
A k-dimensional tree, T , (Finkel and Bentley's quad 

L n 

trea (4]) of n > 1 nodes is an m-ary tree where m = 2k. Note 

that when k = 1 we have a binary tree. 

.. 



A comp)ete 2-dlmensional tree 

Figure 2.,2 

Definition 
" 

A k-dimensional tree, Tk of n > 1 nodes with t 
n 

levels is said to be complete if and only if it has (2k) i 

nodes on every level i, 0 S i < t-l (where the root is 

defined to be a level zero). 

This reduces to the notion of cbmpleteness for 

binary trees \vhen k = 1. These concepts are illustrated in 

Figure 2.2. 



10 

So far we have been discussing tree structures in ab-

stract terms. Now we go on to investigate how these tree 

structures are utilized for storing and retrieving information. 

Preliminary definitlons of the i~formation which is to be 

stored and retrieved follow. 

Definit.ion 

For k ) 0, a k-tuple key is a vector of k attrlbutes 

for an item of information. When k = I, it is just referred 

to as a key. 

The set of all possible attributes of the k-tuple 
" 

keys have some transitive relation < defined on it. If the 

set of attributes is a subset of the integers then ,< is the 
i 

usual "less than" relation. Let us define a relation < read 

"i-less than", between two k-tuple 1 2 keys K and K • 

" 

Definition 

Given two k-tuple keys Kl and KZ where 

and" 

we say 

if and only 
i 

if 

K2 
1 

, 

Kl 

h~ < 
1 

222 = ,,(h1 ,h2 ,··· (hk ) 

i K2 < 1 < i < k 

2 h .. Note 
h 

that when 
1 

1 so that < is Just referred to as <. 

k = It i can only be 
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1 i 2 
Similarly.K > K , 1 < i < k if and only If 

h~ > h~ and ~. is referred to as >. 
1. 1. 

Defin1.tion 

1 2 Given two k-tup1e keys K and K as deflned above, 

let us define a transformation F on Kl and K2 such that 

where 

1 2 
f(h. ,h,) 

1 1. 

k 
L: 

i=l 

1 2 
f(h.,h} 

1 1 

i-I 
x 2 

~ 1°, 
lil 

if h~ > h~ 
1. l. 

otherwise. 

Example: Assume k = 3 and the attributes are a subset of 

the integers. Let 

K 
1 = ( 33 , 5 , 16 ) an d K 

2 = ( 2 6 I 45 , 2) . 

Then 

== 2 • 

Note that the r~sultant value of F always lies between 0 and 

'2k -1. 

Now we can continue to discuss how this information 

is linked with the tree structure. 

Definition 

k A k-dimensional search tree, T to is a k-dimensional 
n 

tree having a k-tuple key associated with each of its nodes. 

Moving from a node to one of its sons ~equires a comparison 
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of all k"pairs ~f keyS. The transformation r ~efined above 
. 

is' used to compare nodes in a ,k-dimcYl'->ion.J.l search tree. 

Definition 

A k-dimensioilal search tree ~ Tk n > k wi th t levels 
n' 

is said to be perfect~f and only if 

(I) it is comple~e 

" 

(2) every node is in the center of its bounds rectangle -

that is Ie. the region in w,hich alr descendants of'_,the node 

must lie. 
o 

A perfect 2-dimensional search tree i~' illustrated 

in Figure 2.3. 

Lastly a definition of Bentley's k-d tree (3]. 

Definition 

A multi-dimensional binary search tree or k-'d tree I 

T of n > 1 nodes where k represents the dimensionality. n,k 

of the 'search space, is a binary tree with a k-tuple key as-

sociated with each"of its nodes. ' To i::1etermine which set of 

i 
nodes to follow, the < relation is used where i is the dis-

crimator poin.ting to the attr.ibute to be used and is ob;tained 

as a function of the level. This discriminator can be obtained . . 

by the same method as u'sed by Bentley {31 i~e. 

i ::: £. mod k 

where i is the discriminator 6f level ~ and·tqe leveL of the 

, roo,t node is defined to ·be zero. 

" 
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Grapnical representation of re~ords in 2-space 

Notp that the lin'os outline the r;.el\nds rectangle [or 
each record 

A perfec't 2-dimensional search tree of the 
record~ illustrated above 

" ~igure 2.3 

15 

'.f 
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A 2-d tr6e with respect to record~ in 2-spac0 is 

shown in Figure 2.4. ):t follmvs that a ~in~y search tree 

is a k-d tree witb k - 1. 

.. . 

, . 

-

",' 

, . 



100 - ---- --

C (IU, 801 

, 
~-,- -

10 

G (30, lOj 

[l (/0 70) 

-r--.--

Kl --~ 

F (jO, 1(0) 

B 180, ;-")) 

A bO, ~Ol 

E: (80" 
70) 

Craph"LcaJ rcpl'csc:ntatloll of rt'corus lTl 2-f:paC'0 

Hecords illustrated above U1 2-space stored as nodes 
a 2-d tree 

Note: 1. ~hc square boxes represent null sons 
2. The lines drawn 1n the graph abov(~ outline 
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Flgurc"2.4 

. . 
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ell AP T E R I I I . 

ALGORITHMS AND IMPLE1'vlENTATION 

3.1 Overvimv 

The algorithms doscrlbed 1n Sectlon 3.2 arc the 

basic search algorithms for; 

(a) the basic biliary search t<rce 

( b) the k-dimcnsional search tree 

(c) the k-d lree. 

The implementation details arc given in Section 3.3. 

A brief discussion and definition of these searth 

trees and related functions were given in Chapter II. rl'wo 

categories of retrieval are represented by these sea-Fch 
" 

'trees i~e. a) represents primary key retrieval~ b) and 

c) repreSe}1t associative key retrievcl. 

... 

16 



3.2 Retrieval Algorithms 
~ j) 

• 
17 

3.2. ] 

Let T be the address of the root of a tree W1 th 
n 

n nodes where each nocle is a k-tuph; key. Assume we are 

the node H.. If R exists in the tree, the 

of that position is returned. Otherwise ¢ represen-

empty tree is returned. The retrieval algorithms are 

define recursiveiy as follows: 

3.2.2 sic Binary Sear~ Tree Retr ieval Algor i th~ .. 
search ('1' R) 

n, 

1. If ~: ¢ then return ¢. 

2. If R < T then binary search (left(T ) ,R). 
n n 

3. If R > T then binary search (right(T ) ,R). 
n n 

4. Else return T 
n 

r ,~ 
where left (Tn) represjts the address of the left spcccssor 

of T and right(T ) represents the right successor of T . 
n n n 

1 1 
Note that the operators < and > are the < ,and ~ 

\ operators defined in Cnapter II and Tn and Rare k-tuple 

(keyS wit~ k ~ l. 

3.2.3 K-Dimensional Search Tree Retrieval Algorithm 

k-dim'search (Tn' R) 

1. If T = cp then return cp. 
n 

", 2. If T = R then return T 
n " n 

3. ~se k-dimsearch {son. (T ) ,R) 
1. n 

• 

where F(T ,R) ~ i and son, (T ) r~presents the address of the ith 
n 1. 'n 
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successor 6f T. The t;'uncti.olj F is de'fined in Ch?ptcr' II.' 
n 

Note that T and Rare k-tuple keys where k ~ 1. 
n 

3.2.4.' K-D Tree Re"trieval Alg,ori thm 
) ( 

Le-t: t. reE?resent the leve,l j.n the t:r:ee which is zero 

at . ~'he root. 

·2. 

3. 

k-d search (T ,R,2) n . I 

If T = ~ ~hen return ~. n 

- d (i) 
:-1f R > T' then k-d search(ldson(T ) ,R,t+l) 

,~ n, n , 
d(t} ~ 

It" R >' -, T then k-d search(hison(T )"R,t+l) n ' n : 
J 
r 

4. Else return Tn 
.. 

where d (.£.) = )(,+1 mod k ' 
~, 

'_~ J:osq~,("Tn),_~presen!-s the address o.f the leit-:successor of 

'T .-
n 

piSbp(T
n

) ~epresents t~e address of the right-successor 
i) 

of T 
n 

Note'that k >-1 and t~e operators < and> are those define9 in 

Ch~r' II: - ~' 

3.3 In?ertion Algo~ithms 
, 

" ' 

The retriev~I algorithms given in Section 3.2 with the 
-~ , . . 

following modifications could' be used 'to insert a node ~: 
, ' . 

1. 

2. 

= ~ then R is inserted and T is set to the address 
n 

, \ .. 
. . 

" 
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3.4 Implementation 

3:4 .1 General 
. 

The basic insertion algorithms for the given trees 

,were implemented in the programmin~ language Pascal ~s rl~vised 

~y N. Wirth [10). Pascal's record and pointer facilities enable 
'Q 

.. 

trees to be built direytly. The, algorithms were tested using' 

the Pascal 6000 2.4 version available on the CDC 6400. 

For the purposes of this project the following implemen

tation detai~s hold ,for each tiee constiuctio~ algprithm. 
:/ " 

1. A tree is constructed by inserting n rand9m'records, one at 

a time. A record consists of a k-tuple 'key and each a~-

. -
trib~t~ of the'x-tuple key is an integer between 1 ~a n . 

• 
Rand~m permutations are generated on each of the k lists 

o(.attributes from 1 to n and then on .eacn of the ,k-tuple 
, . , 
keys, n in number. ' . 
The method of Dursten!eld: as modified by Pike [11] using, 

t:he pseudo-random numb~r generator .of Pike and liLll .[121 

is used to generate ,the recoIds i.e: k-tup~e keys. An 
~ 

,e·x.ample of a ,record could be (10,15l,200,~9~ where, ~,,= 4 

and n = ·200. A lis±ing Qf the?e. rodtines,is given, in 

" 
Appendix.B. 

2. Each node in a tree is represented as a Pascal recorp. 
I. 

3. The k-tuple key ~s not stored at each node but is 

" 

~ 

r~ferehcea by an integer between I'and n. This integer 
. '. 

points to the, relevant k-:-tuple . key in ~he 'list of 'n k,eys 

'to be inserted. !I'hi~ method red~ces .storage l:~qu:i.reJl1ents 
. . 
conside:t:a'bly s·inee only one word is required ins tead 'of 

.' ' 
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k words at each node: For discussion purposes" and ease 

,of explanaiion,' w~ will assume that the k-tuple key is 

. stored at -each node. 
t 

~ " 

{4} The p~ecial syinbol, 'NIL is used to indicate a 

pain tel!'. 

null 

(5) The root node of Ghe tree is denoted' by ROOT-and is preset 

to" NIL. Note that NIL is analogous to '¢' 

• 
(6) The k-tuple key storep at each node is refer~nced .by tHe 

variable name KEY. KEY is a one-dimensional oar'ray of 

length k. For example, if the first attribute of,the 

k-tuple key is to be ref~renced, it would be denoted by 

KEY{l]. 

Implementation details part~cula7 to each qlgorithm 

follow. 

3.4.2 Basic Binary Search Tree Insertion Aigorithm 

Each node in a 'binary search tree contains three fields 

of information. , -

-(1). The k- tuple' ,key referenced Ify the al:ray KEY. 

(2) A pointer to the left successor represent-ed' by the 

variable name LPTR, and 

'" (3) A Rointer to the right successor represented by the 

variable name 'RPTR. 

If a node is a leaf i.e. it has no successors LPTR 

and -RPTR will be, NIL: 
'. 
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The fUI)ction COMPARE was _ implemented to compare 'two 

x-tuple keys, P and Q for instance. These val~es are returned: 

o if P = Q 

I if P > Q 

2 if P < Q 

'fhere' are many techniques {or implementing this, comp<1rison 

routine. The most common technique is to concatenate the k 

attributes of eaqh k-tuple key and do a straight comparison 
, . .. ~ 

test. A listing of this,technique is given in Appendix c. 

This method required a long execution time, therefore a simpler 
'" 

tecl,1nique·';.Jas '.implemented. ' A' cyclic comparison is made O'n each , . 
th " 

pair of att~ibutes of P an~ Q ~tar~ing ~t the J attribute. 

The integer J is sent as a parameter. If th~'attributes are 

~qual, ,.:1 is incremented by :}. and the comp~iison repeated on ,the 

next' pair of attributes .. Otherwise the 'appropriate value, 1 .. . 
o~ 2 is returned, as defined above. If all attributes a~e'equal, 

o is re.t urned . For the binary search ,t:ree insertion, J was' '8. 

set to 1 and the pinary tree built on the 1st attribute of each 

k-tuple key, since ea~h attribute is unique. 

3.4.3 K~Dimensional Search Tree Insertion Algorithm 

JEach node in a k~dimensional ~earch t~ee co~tains the - . 
following fields of information: 

1) the' k-tuplc key 'de'noted. by the arr?y KEY 

2) an: array P·TR containing the address of each SUccessor of 

the n9de. Note that there are 2k successors' pe.r node.' 

. . 
.-. 
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The transformation F -defined in Chaptor II was 

imp1ement~d as a funct~on called EXAMINE. This function is 

\ k • used to determine which of the 2 - successors to follow whi Ie 

moving'down a tree. 

3.4.4 K-D Tree Insertion Algorithm 

Each node in a k-d tree cohtains the" following infor-

mation: 

.1) A k-tuple key denoted by the array KEY. 

2) Two pointers denoted as fo~lows: 

a) LOSON pointing to the left subtree of a node 

b) HI"SQN, point~ng to toe right subtree of, a nod~. 

3) A discriminator DISC which is an integer between 1 and k 
'J , 

DISC denotes \vhich of the k attributes to use for compari-

son.while moving down the tree. The discriminator is 

..... determined by the (unction NEXTDISC whi'ch is identical to 

the function d used in Section 3.2.3. 

A function called SUCCESSOR is used to determine 

which succe~sDr to ~ollow. Itret~rns either LOSON or HISON. 

It.the discriminating attributes a~~ equQl, the'nodes are sent 

to the function COMPARE, as described in Section 3.3.2 and 

i DISC + 1 is sent as the value of J. 

, . 

A listing of 'the above functions and insertion. a~gori thms 

is g·i Yen in Appendix B. Exampl.es of the three search trees 

are giv€n in Appendix A. 

'. 
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CHAPTER IV 

RESULTS ANb DISCUSSION 
.. 

4.1 Introduction 

The results are presented and discussed in the fol-

lowing three sections corresponding to the properties irives-

1) ~ui1ding time 

2) internal path length 

3) ~eight. 

Data was collected for each statistic on the following 

trees for k = 2,3 and 4: 

a) binary ~earch tre~ 

ti) k-dimensional search ,tree. 

c) k-d tree. 

FOr' this purpose.\ 200 trees of each type were built of size 

n anQ n varied from 50 to 1000 in increments of 50. T~e 

res'ul ts were obtained by averaging over' the 200 trees built . 
for e~ch ~ree type and"size. 

The k-tuple keys used to, build the trees ~ere 
( 

generated as specified in Section 3.1.1 i.e. permutations 

of the oraered sequence 1 t9 n for each of the k 4ttributes. 

~ permutation was ~lso don~ ad the n k-tuple keys .. 

Graphical rep'resentations of the, resul1:s 'are c:.,iven 
~'. 

and discu!QSed. 

23 
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" 4.2 Building Time 

iJ.. The. building time for each tree was taken as the sum 

of the elapsed time intervals in secQnds for each k-tuple 

key inse~tion. 

Table 4.2.1 illustrates that there is ,no' appreciable 

difference between the tree types investigated with respect 

( ,to building time. This would indicate that on the av~rage -

dn exact match query ~ould take approximatel~ the same length 

0$ time using either tree algorithm. 
~ ... 

For the reason stated abov& orily one graph (see 

Figure 4.2),is ·given tor the building time vs n (where n is , 

the number of nod~s in a tree). The building time values used 
, , f 

- to draw the graph,were tho~e collected fo~ the 3-dimensional 

sear~h tree. As drawn in the graph shows ~hat buiiding time 

is directly proportional to the size n. 

4.3 Internal Path L¢ngth 

The in,ternal path length was, calculated using, the 

definition gi~e~ in Chapter II~ As discussed in Chapter II, 

the k-d tree is basically a,bina~ search tree with 'a dis- '4, 

•• 
crimina *or for e'ach k- tuple key. One would expect the in.ter.-

nal p~t~leng~ ~o be the sa~ for these trees and independent 
,,' 

o'f' k. ' This, is confirmed by th,B data given in Table 4.3.1. 

Therefore any graphs given l:or k-d trees apply to the corres-

ponding binary tree$ as well. 
, .. 

By definLtion of the k-dirnensional tree, each node 

" 

• .ii"J. 



25 
~ 

.. 
~ BUILDING TINE DATA 

~ 

A) BINARY SEARCH TREES 

n k=2 k-=3 k=4 

50 290.64 298.81 "275.52 
250 1586. 7~ 1595.02 1579.67 
500 3283.29 3294.01 3300.89 

1000 6818.88 6820.35 6840.01 

[-

B) K-DJMENSI,oNAL SEARCH 'I'REES 

n k=2 k=3 k=4 

50 298.-86 306.03 304.16 
250 1624.94 1615.84 1637.62 
500 3363.77. 3334.55 3345.67 

# 1000 693'2'.13 6842.86 6887.26 

C) K-D TRE-ES ' . 
tT" -, 

k=2 n k=3 k=4 

50 303.86 3.07 .98 308.73 
250 1649.78 16'42.99 1649.96 .. 
500 3425.91 3410.33 3427.82 

1000 7102.24 709.6.17- 7116.65 

TADLE 4.2.1 

. -



, I 

FIGURE 4.2: Building .time in seconds vs n, the size 
. ..~; . 
of the trees 

'-
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k has up to 2 sons. Therefore the internal path length woulu 

be expected to decreas~ as k incr~ases. Figure 4.3.1 shows 

~hat this is the case. For the same reason Figure 4.3.2 

shows that the ,k-dimensional tree has shorter internal path 

length than the k-d tree. 

These figures also show that internal path length is 

proportional to n log n irrespective of the tree ins€rtion 

a~gorithm used. This implies that an exact match\query in , 
either tree type· should be O(log n). 

4.4 Height 

For each- tree bu.il~~1 height was taken to Be the maxi

mum level of any n'ode in .tha t tree., $,ince heigh t and internal 

path length are closely related, it was expected there would 

be little difference betw~en the binar~ search trees and 

k-d trees. The data in Table 4.4.1 confirmed this. 

Height behaves in the same manner as the internal 
, , 

l,_ 

path length as illustrated by Figures 4.4.1 and 4.4.2. Figure 

4.4.1 shows that for k-dimensional 'search trees the '~~ight 
-

deqreases as k ~ncreases. Figure 4.4.2:shows that the k-

dimensional search, tree _haS lower height than th~ k-d ~ree. 

Bo~h .figures illustrate that height is proporti9nal 

to log n. 
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A) 

B) 

.. 

I 

BINARY SEAHClI TREES 

n k""2, 

50 258.67 
250 2057.26 
500 4795.70 

1000 1.0968.26 

K-D TREES 

n k==2 

50 258r1S 
250 2052.56 
500 4777.80 

·1000 10925.4'3 

( 
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! . 

kJ k==4 

/ 
255.93 261.13 

2042.97 2072.63 
4771.19 48'29'.12 

10905.79 flO31.95 

k==3 k=4 

256.39 ,259.93 
2050.09 2065.88 
4778.46 4819.11 

10924.26 11017.90 

TABLE 4.3.1 
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,FIGURE 4.3.1: Internal'path length vs n log (n) for the 

k-dimensional search tree where 

represent1} ,k = 2 

........ ~ ... represents k 3 

---------- represent~ k = 4 

\ 
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. . 

HEIGHT DATA 

. 

, . A)" . BINARY SEARCH TREES 

n k=:2 k=3 k=4 

50 9 :8 9.8 9.95 
250 ~5. 66, 15.47 1~.83 
500 18.41 18:22 18.49 

1000 21.25 20.94 21.30 
... 

" 

B} K-D T'REES 

n k=2 k=3 k=4 

50 9.75 9.78 9.81 
, ') 

250 1'5. 71 . is.63 15.78 
5,00 . 18.34 18.18 1,8.33 

1000 20.96 .2Q.9.5 2l.13 

TABLE 4.4.1 

• 

. -, -
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FIGURE 4.4.2: Height vs log n where 

represents the 3-d tree 
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In summary, :the bui lding time for- the k-dimcnsi onal . . 

search tree and k-d trees was found to· be no long~r than u 

'binar}~ tree:_ The firi(hng that the internal path length fO,r-

the k-dimensional search tree and k-d tree is proportj.onal 

to n log n cClrresponds.with Finkel and Bentley's [3 &'41 
* .. If' (I. • 

results. As expected, the binary t.ree result-s coincide with 

those given in Knuth (7). Height proyed to be ~roportional 

to log n for all tr,ee types and sizes.' . 

The' binary search tree and k-d tree have less stor'D.ge 

requirements than the k-dimensional search tree. ThiEi is 

easily seen·b~c~use the, k-dimensiohal s~arch tree.r~guires 2k 

pOinter) at each node' versus 2 pointers at each node for 
t . . . 

binary search tree and k-d tree. ' 

the 

From the abo,":e we observe that tihe k-.dimensional 

search tree and· the k-d tree are as eff~cdent ~s th~ bi~ary 

search tree for e~act match que~ie$._ It woulp appear that 

partial match, boolean, and near nei-ghbor queries are Tiore ... ~.. ., ~ 

complex ~or th~,bina~y ~earch tree. A complete transversal 
. 

of the binary search tre.e would be required for a.ny <:>f these 

queries since keys are comp~re'd 'oh one val'ue (i.e. the 

concatenation of the k-att~ibutea of the k-tupl~ keys'usually). 
- . 

This implies. that average r.unning time of these querie~ WOUld. 

be of 0 (-n') . ' 

\ . . . . . 

, 
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Ben't:,ley 13] foun~ th.at the k-d tree had an average 

running bimc'of 0(169 ~) for partial m~tch and near ncigh~or 
. -

quer i.cs .. Finke 1 and Bent ley {4 J ,showed ~ha t the 2-dil1.li3ns iona l 
, 

search tre~ is quite efflcient for' boolean and near neighbor 

queries. " 

A number of areas remain to be explqrcd for-the k-

dimen$ional and k-d trees. For example: 

I} Extensions to the basic k-d insertion algorithm could be 

inv.estigat.ed as to the possib'i-lity of a weighted, k-d tr,ce 

construction algorathm. 

2} The feasibility of applying 'existing optimization. techniques 

• for binary trees to k-d trees could be looked into. 

3) According to Bentley {3J, a~ yet an optimal deletion algo:-
~ , 

rithm does not exist for the k-dimensional search tree. 

Further studies of d~letion algorithms could be done for 

this tree structure. 
• 

I 



1. 

2. 

3. 

4. 

5. 

~7 . 

a. 

References 

Bentley, ;J.']J., and Stanat, 0.1". (1975). 
Analysis of range searches in quad trc~s, 
Information Prdcessing Letters,3, 6, 
pp~. rTO-=-r13. . - . 

36 

1 J (1975) f ' > ' f f' d Bent ey, .. L. . A survey o' technlguesor lXC 

radius near neighbor searching, Stanford Unive:rsity, 
Stan ford Linear Acce le:rato'r Center, 
Report no. 18~. ' 

~J • • 

Ben tJ ey I J. L.f'" (1975).. Mul tidiinensional bin al:'y search 
trees used;-J.for associa ti va searc;h ing, . 
Conununications'of the ACM 18,9, pp. 509-5i7. 

'Pinj.qel 1 R.A., and Bentley; J.L. (1974). 
Quad trees: A data structure for retrieval on 

" -composite keys f 

Acta'Information 4, pp~ 1-9. 

Friedman, J.·H., Bentley., J.L~ I and Finkel, R.A. (1975) 
An .algori thm for finding best matches in log·ari thmic 

'time, Stanford University, stanford Linear Accelerator 
Center~ Report no. 1549. 

Knuth, D.E: (1968). The· Art of Computer Programming 
Volume l: Fundamental' Algori thros, Addison'-\'lesley 
Publishing Co., Reading, Massachusetts. 

Knuth, D.E. (19,73). The Art o'f Computer Programming 
Volume 3: Sort±ng and Searching, Ad¢ison-Wesley 
Publishing Go ~~ Reading', Mas5achusetts~. 

McCreight, 'E. '(1973). Compute.r Science 144A midterm 
examination, spring quarter, Stanford Univers~ty. 

, . 
9. Walker, A.,N., (19'74). An inVestigation and impleme,ntation~· 

of some b-inary se,p.rch tree algorithms I McMaster 
University, Computer S~ience Technical Report No. 74/8. .. . .. , 

10. 

11. 

12. 

Wirth,.N. (1970). The Programming Language, Pascal; 
Acta Informatica, I, pp.' 35-63. 

Pike, M.C .. (1965): Remark on.Algorithm 235 .eG6], Random 
Permutation, Communication of the ACM 8, 7, pp. 445,. 

, 
Pi~e, M.C. 'and Hill, I.D: (1965). Algorithm 266 [GS], 

Pseudo-random numbers, Oommunications' of th~ ACM a, 10, 
pp. (lOS • 

... 

. ' 



1\1 

APPENDIX A 

EXN1PLE ourfPU'l'S AND 1.1 S.TINGS OF 'l'HE DISPLAY HOU'rINES 

The Binary Tree Di~play Algorithms written by 

Aldan N. Walker [9] were modified to display k-dimensio!l~l . . 
search trees and k-d trees. A listihg of t~e modified 

routines follows. 'First, example outputs are given 
! 

for each tre~ type . 

• 

; , 

/ 

• 
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EXl\MPLE 3: l\. K-Dimensional Seaych- rl~n~c 

N == 10 K =: 3 

'1'ile Rool Node is (5,6,1) 
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Th~s ro~tine.displays binary trees and k-d trees. ... 
The only modifipation was to output k-tuple keys rather 
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than unary keys. A call to the utility routine RITE 
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This ro¥tine displays k-dirnensional sc~rch trees. 

Since a :node in a k-dim~nslonal se'arch tree can have , 
k ' '" , 

up to. 2 sons I the tr.ansvers,al 'algori thm_ had to be com-

pletely re-wri tten. 'I'he, new algori th!ll is. callo'd .K'l~RAVERSE. 

As wi th the DISPLAY r~utine<1 a c'ha,n?Je ~was inserte?' in 
. 

. ths', VISIT procedure to cal~l th'e l;outine RITE in orger to . 
. . ' 

output k-tuple keys., All changes, are denot~d by two 
. . 

asterisks on 'the feft. Complete listings are given for 

bo.th display routines for con tinui ty purpos~s. 
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K-~hV€P)S(P~.PT~[I:),LEVEl+tt~IGH~,r!,r~)~ 
CT : 0:: I!" - t; . , 
FL : = , 3; 

tI":= II' + 
UN"I,L ( CT = 

t; 
n ); 

EW1 ; 

~ F ;:: "'~E*! . 
~~ IT~::- (:",r'1 (l c: IJ~ L., l'3'::>po U~-) '; 

• ~ J:" ( CO '::'E G -: 1) ;- H E~~ 
C' :. S;;: l-IA Y :J;:: __ 

E ~J Ct ; 

!iN 

,::-=; f tJ°PR.rrr;·flf=':V~ll := F~LS::; 
r' 

,', ~ 

!-' 
co 



-' 

.... 

., 

" 

-' 

... . 

, " 

, , 

; 

... 
~ 

.+ 
" . .t

o 

.. ' 

'. 

, : l 

. ' .. 
-...) 
lL' " 

... 
U. 
.LrJ 
...J 

.J:. ,'" 
A19 

. ' 

\ 

" . ,'\. 

" 

, . 

-~"---.c 



" 

~, 

'.. -

-. . ' . 

" 

," 

. -

" 'APPENDI X B: 

LISTJNGS OF THE T~E ALGORITHMS 
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'PUNCTl'ON ll£XrDISC·(O·q~~r:J:f:TEG::O) ~ :~TC;Gf.P; ., , 
, .. 
',., P'U~~S:: ,t • TO' C'fT £= HIt-iE j HE ,\~ ~ '(T :nsr.~ r~·INf. TOR FR.O U THE 0 f SC~ I ~n~-

, ' . ' "A"rO=- J-F T~; o"'EVIOUS LotE. . . , 
I.f.. ,NEXTCISC = (IU+l)' '{OD KK 4-,. . . . ' 

" PARA.~E".E'~·{ $:> : 
PPSV-~C~RR~NT O!StR!HINlTC~ USED TO DETERMINE TKE ~EXT 

01 SCPI.:U ~~Ai·O~. 
.. ' 

, ,"" , I' 

VA'~ ti~X T 1::: t~T :'G:: ~.: . , 

a£G!~ "~~XTD!SC~ , 
. ,N:'X" t= p.p;:.V + 1; 
. I~ ~EXT GT K~ THEN NexT t= NSXT 

NEXTRISC t= NEXT; 
E'NO;' t+NE~T'Orsc • 

KK.; 

"" 

I, - .. , 

~-~~.--~----.--~~-~~~.----~~------~-----~~.---------~------------;~-~ f'" .,.' I 

. " 

... 

~ 

• < 

ttl 
\D 
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" 
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, . 

'. 
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.' • 

". 

.
,,~ : 

• , 

" 

, . 

/' 

, . 

.. " 

. 
", 

• .q 

yo • 
.. ; , , 

, . 

'~UNCTION SUC:'-C:S,~O~(P,Q:~!)1:~ESHWAY~, 

.. 

~ PU.!?POSE f, TO r:'ETt:~;Hn!E WH!'CH s6:~ OF P THE NOOE Q BELDr GS • .;-,. . 
P,AR'! HEtEe,( 5)·: 

" ' 
P,,:,'-PCltf"'::t\ TO A ~,OIJ:: IN "!'HE' ,.O~:: "'0 "IHI·CH Q IS TO 3E' CQ"'PAP..€C, 
Q--oOINrE~ TO THE NOPE TO 8~ !NS~RTEO ' 

'i 

VAR Jl.INTt:G£~L 
BEG!N ~SUCCE~SOP~ . , 

,. 'LET oj = ,THE' :)IS0RnHNATO~ -lo 

'" t:= .P!.f)ISC,~ . 
~ IF'tHt J~T~'K~Y OF Q < J-TH ~::y OP p T~EN 

~ 

L050N ~ErU~t-i 4-

" 

IF ~At-JDN:J.M(J,f)t.K;:;:Yl LT ~A·;9J~U~1(J,P,t.K::YJ THEil SUCC;:SSOR t::; LOSO'~ 

~ LS: 

rt,!F TH£ J-TH K::Y OF Q. > J-TH l\EY 01=' P o'::TUR~; ,HISoti ~ 

IF R~NO~U~(JtQ~.~EYl GT 

ENn;· ~SUCtESSO~+. 

RA~m'~;1JMr .l.P" .KE Y l 7Y:::~ SIJCCESSOc ~= 
ELlS:: 1:::~~:~1 . 

,J '!:: COM;::> A ~ S ( '), P , J} : 
~~~~ J ,OF" . 

. °11 t SOCCESS'O=-.!: HIS0N.; 
~ : SUCCESSO~ :='lCSON; 

c'Nn· 
?.~: _"V, 

HI SO~~ 

~ 

., , ~~~ __ ~~ __ ~~~_~_~_~_~_~.~_~ ____ .~.~~~~~_~~ __ ~~~ ______ w ______ ¥ _____ ~~~~~ 

. . , 
• ! 

.I 
'. I 

J .. 

.. 

o 

.. 

of 
I-' 
Q 



... , ; pi ... 1"'II"""'lI''''' 'O'l't - ir"'I • .........,..... _______ -""- ~-;-............. _._. 

, . 
I 

'. 

. , , 

, . 

" 

.' 

'. ' 

" 

~ . 

.' 

FlJtl.CTI ON. S!I'SEF'~ (K'tO('lE'!I'n:N-; I~: Pl:r~r.-e=-) K!)T~E t; 
, . 

~ PUT'.POSE : 'Fe I~:$~R'" A ~.OClE I'iTC f.. 8r-:A?Y' ;cE:: !F !'\ GOE'S t(~T AL;::'EAOY 
::)(1'S7 4H~ IF'!T OO::S Tn ;.EiV::'~; 'TI1E A:JO;:;ESS 01=" Tj.E 
EOUIVALENT t:ODE I'tj THE TC'EE.. '" 

," Po Al\A t~ET ~tH S) t 

KtvO~E·-_THF. A;(.';'AY OF nH~GE'~S' 'O/HiCH o.~c US:::O -AS H.;i)!C::;CT 
tC~~::SS£S TO THE NOC:::S Tn ::::: ItJS::;;i::C 

IJ-~"'---'-'tnC: ~OSI:!ON n~ 'THE Kt~OO~AR:ztiv WHICH PO!IHS, TO 'rHE 
"NOrf 8€ING !t~S::RTED. . .... , 

VAR 
, SUIE t eJ.ot.~.c·'~; 

VAL t !NTEfS=-: 
BEGIN .~ prt'SEp-r", 

~ ALLOCATE NEW POINTE~ Ao6~ESS A~O SET KEY A0J~ESS ~ 

IF, ACqU!Ot(~P)' THEt(~070 g99~ 
pp,..~s:y~ 1= Kt~O,)E(II(); 

~. !~iI7I,I)LIZE V~RI'A'aLES '" 

8!t,SF;;r f= NIL; 
l:' • - .... 00'" • ' 
'SA~E ~= FALSf'; 
t-tGT f = 0: . 

,. F.EPE'bT LeOF lJ~r:!L A NULL tlODE :is FOUNC ~c 

w.\i'! L E 'p ~ g N ! L 00 
~rEGrN 

~ SAllE: ~~::VIOUS' ~.ODE AOQP£SS IN O~OER 1'0 INS£F.T POINTC:=-
'TG It·SE>~TED ~O!1S~ ~ 

S~VE~ :::'~; 

,. n(:REHEtn ~Gi COUt!'!' 1.. E. 'HfIGH~ T~EE '" 

HGT s,; HGT '+ 1; 

~J' 

'" 

W 
I-' ,.... 



" 

" 

" 

. 

" 

.' 

" 

. , 

'. 

.-
~ 

,. 'CALL ROUTINS COMPM:£: TO CO"'P.3.R€ 7H€ KEYS OF THE '..'O~ES. ~ 

~Al,~=/CO~P4~~(~P,o,q~i . 

,.' IF ·VAL ;: 0 "':'~'E~; t:Ol::S 'l(l?VS, ACE E~U~L Tl-iE:~1 SET FUt;CT:Ot, 
'f0 NQ~E '~DQr-~,!SS t.NO T)~l'ETt:' C~EATED NODE DOS!TIC:~. ,J, 

I~ VAL EQ I) '"!"HEt~ SEG!N 

" 

BEGIN 

~·NS::'~.i" l= 0; 
~-t=-l'\!l:i .. 
S A'H ~ ,= ! P.. U E ; 
P ~LE~S E (PP) : 

. EllO 
-L$C' 
~, -

" ~SET 'cn:R,::CT!O~1 1M WHIC~ \0 FOlL0W PI TP,E:E' 0I-

l F: vaL S b l' THE f}: 9 ::: G..~ t·)· . 
" O!;:;~0:IC~~ 1= 'UGHr; 

? := ~,..~pT::>~ 

• ~NC't 
ENr.~ 

. :: I: !} 
,ELSE 9E:G!N , 

DIREcr!c~ t= LErT; 
o .: = ~ ~ • LP T C ; 

Et~ C ~ 

" 

~'I~ ~oo~ ~OT FOUND -H~N lNS~Rr IT I~T0 TFEE .;.. 
. . 

I~ NOT, s~~r TH~N 9C'G!N 
~ 

i 
," 

- ' 

PP1'.LPT~ t: tC:L~ 
po .... ~'PT~ 1 = I..:: L: 

,. 'P:C~E"'fE~~T r.o):'-c cut-;! .;.. 
tWBEC OIJ'~:r : == :-,o::';:CO!JNT + 1; 

.\1 " 

,. At'D Pi'TfP~IAL PA'T~ L~NGTH ·FO~ CUROE!,IT NO:'':: 
TO TOTA~ rWTE~N~L PATH L£~~TH OF T~~E 

PLENG."H t= 'PLEt~GTH + HG.T; 

EQUAL 

~ 

<t 

, 

t. 

t;:j 
I-' 
to 



Bl,3 

I 

I 

J 

... 

.. 
VI 
VI 
w 
<r:: 
a ... 
0 ."0. 
c:( 0...0-

0-
Il II .. . . ... .. 

-0 ~ ;-. \ 

0 tL"t-
u. lL" 0.. 

Ou"Cl: 
t· .J • 
i!J, Z .4--
.J o~ n: 

t-1n'tO 
.0 "'la'~ \ . 
Vl ' Q..L»<l: 

n.l.a.'~.{V) 
u.. u.'Vl ... IIH --0-0 t- • 
4- .. ·lO ..... :X:.r-
Cf. PVllL I.!) £:'1 

Oc:tl1JHZ 
", 

-l lI. L'\.JU.UJ-,--
·H Q 

:.z: z", :z 
h,:V) W 

Vi r,..J ... , t-UJ . 
b -l~ 

.H. 
0 Z. 
U. 

0 .~~ ... +'\ 
LL. II. .... 
H '(1. ... w 
I- 0 CIT 
(I)' 0 Z " 

h]' ,~ _H .. r- IO 
1L. t.. ,,' 

.\ : 

t. H ... . :'.0 
Z '. 

" ',U:' .. 
. - , 

.. . , , " ." 
: .-

'. . , 
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:" :',\', ,1,;1 ", • ,,',, '.,'.,;", . '., 
~ • ,< I .. i .', " I ... , ~: I I I". , • ' ., • '. ,t r i 1t (J,' " ' ~' ,', ~ 't ' • 

":' .. /. ,Ii> """,1' 1/ • l~~ I 4', l '.' 11/ j ',; , ., •• 

~~:tiI)I.! ~ '~"j " ... , ~ ,01., I".~', .',,'/ ': .',~ I·,.. " .... . ~~ ... ~:tl ~ ~ ,~j I' • ! ~ 'Ii -: I';, " , '-1*',1 ... ' 
\~.' M; ': >II '.;,:., ,~ ! l~; . ~I' ". I .. ~' f': ,~. f .. ~t' " , .. ,' .' 4 ,'. ~ l, .-

!~: l ~ ,''\.~~ ~l < ,~ II( • ~ ~"1 "" ",' " • , .. , ' ,I .... 

~' .. ' I,} I, r~ _"l. f. . I • I' " , .. ' " it- .,,-

1'~/I"~,~'1"',.~·t.I'~j 1 ... 'j~ ,~ ,'J {,~ .... 1 1 • 

f
:'1 ill .. < '/' j ~~. ?:'.! ~ • .'. "r4 .:' : .. ' I II' .~. ~. 4 ~ •• 

l,I/ •. I~:~"';j.IT~.''''$ f. ~ • ~, •• "t:.~_' ..... , 'I., \ n 

.rt,/~.,~ .~,';' Ji~t" '\-* .. ~.'. ' •• '" ~ ~ , ~. .5. do ..! 
f ." 'f'~ '! I, ,~ n rl • 1.,< • ,"'., I I. r j I _ ~ I ,'.. \ " 

, " 

'. ," ~ v 

'If ".-

"0 fJ. 
.~ 

,\. 
(> 

\ : 

~ 

'" ~ ~t " I "oIf~,,{ " 1-r'!- (.'i • '/ ." r~, ' ,~ ,. • , .... I •• J • ' ,', /!.~ ,....~' .. ~t'. I.," .. ~I"I",,,,,,,,,,. __ ,,,,,,,,,,,,,,,,!,,~ ... _ ....... _ ....... ,~ .... __ ~. __ .. _ .. ___ .. -. ................. ------, .. -----..... -.--+-- .. --,....-,.. 
Itl~".l·,.r.1·'II·'.\·'..N-," .. ,'~~ .. "I~· "~., ... ~. .~' .. - , ' 
"".\ I ~. ,J.~'OI :'.', , .. J ~,'~. I III /, ." ~!I .f .~. J' • • • • 

, ; jI!~I./' ,." - I ,t" I' I I • I .' ~ I '.J ,. '. "',pl." ..' ., 

(,I: ,).:':';,::1 :-:: ,~';':< "~;' • ,: ,'r.~·~qt~·¢t?· . ~bl~SE.C:T (~H'OO~ t',j,I NT;,. ! K t nr\ E'r,~r;) : KdTR::E ,: 1.. '( .~' ~ l- <I ~ ." ~" .' r "<I, • ~ • ,. • <-

': •• '::':,;. ':' J ': \">;"'~: .' ,> .: .... ' p.o~pbsi::·t.: , "'0 .'>1: t.:'s::"?'~· " W)'P.E ~ I ,.."pt n' A If:" n 'r' P fE, I FIT 0 r'~ ~ ~. 0 T· ~ L :- E A Oy 
":'\':~~:·":I/.·I; .. :': '.,;' .' "',,." ~)(TST 4h1). IF' l'~, ·~Q::S., To R~"'U~N' TH~ A'ooq~ss c~ TYE: EI'lt)!L 
',' '. """ . ", ",' .' . . l'of'ie I'I iH~ .,.,.,. ... E Ii. • ,. 

I j 1 1'1. r/'; ,r I, + ',f"", t 11' i • , /,." , ; + ~ • • ,"'t wi C; • , C .- ~\ t. '\.., I'.! , • • 

t,..;' J,,' -', ~c ," • r """ /I' ,'~.," • III' '. ~. 
I'" \ ,« " ..., "". 't • .'.,. ~.'; ", ',. " t""Aa:?·A,ME· e:,F·('~., f J' 

'· .... /~ .. ,f, "i\~I~r,,":"." ,. • ,', ".: •• ' I < ~ 1 ',. 10' 

r..I~>~"'·".'I"'~' :.,' '. ",.,.,' "l<t~O'O,S'~-4:r: . :tP.~AY. OF 'ItHfG~P':; ~:t1ICM A~F. yS::Q AS. H,[.!i?ECi , ' 
,. ..' " \. , • ".. " 1 It; · , , . 
.,{\\ "f'f //' ,'I ':'. ',," • ': I ',A 9·!!SSr..~ 1'0, T4£ NOU;S ro ~E ,!NS::.~'r':.~ . , . 
,/;'."'. I';~J .• • ..:~' .• " . ",,'.' ··lJ~'* .. '~..ar,.-'r.Ht;,:?'OSI'T'I'otl ,l:~ T.HE' l(i'lQI)E ·4-R.;;,AY WHICH ooItnS in THE ' .. 
;"'(,:;:' ::.,' :'", • t .:" , .', .R~O.E 9Er~G !NS;RT.~O. 
~ : ¥ r" ~ ~ I. , • .,'" , _ t ~'., " .... 1 ' .. ' ..,' c 
l ~ ',1.. J. ";); ;' , ,f ,:~ J ( ,I , I, 

~1'~I;,,",!r ,I f "tA'~"';;' • ,'1.",. 
~ t J .. ,', .,j, . ' , I, • r; 9' "" ~ t. ' ~ .. ',' ,', ',,' , '. ,\ .... ' ' "'aj"tEt h-o" 'F.'Alt • 

• 11l. 1 .,r 1';""."'" .1., ., .. ~~., "" wf' I'" 
.,:,,'1,,';., '~"'" .' .• ,', '" , 'I:}-!' TtITr::::: r:-, 
+ ' .; J,~ ,. ~, • ~. ,.. "" ~ ~ "'I' -
, , , j f ' '" " ,.'" ,COr.H,I • • '.1 "Y"( " ' "'1 ."." • t ;..JUI'.. n No • 
I j t,lo I ' 'i" ./ , . . '..' ;.~', . (, ~,/ • 
If ... ,' ' {', 'I" .~ I ' " I • 

.' ..•. /I·l. " I " ".9ECU;tl· tt'K'I)'tj!S"·b"' .. 
tII', ':, ;1, i', t j: ;~,. " I , '. ~, I # , , " 

1 ~,.", I'" " '. ,~ 

;.: ';;'::>.":~"", " , '.- .• ~ ft"LlOCMr'E t~E-4 
I ,I ", 1_ ~ ,~ I, I, f I ,'. '~ I .~.. ~, I', ' , • 

I, ~. ( ~ I~ • I I" til II .,:, '. ~ " ' .', " ' 

,I,'~'r.':/;"'" ""'.' ,':·a:F·AC~t:J!;:;F.(PP)' TH=-N GOTe) '999; 
,<",;' ," , . I ',' ' .' pttf K':Y S = K'NOOC'C'IIO- . ' . 

.. t' ,~~ . ,', ' I I~:'i .' ' :. , . I .... 'L #. , "... '. ;... , '. .. 
;::~. ',.'~:'" ," ": ,.',~, .IN.r. .. r~Lt2:~··V~G!A~~.lE'S 4l 

A "~ '/ f. 7 , 

';!':' '~",1 ,,::, I ': "". :/~,OlNp~::;'r X'::;- ~:IL";' " 
'" ',,:, '.'.' ,,;I 'S'AMJ!' 1'=. F' 'Sr:'.- ' 
• ..~. " • ,,~ ., ..I,! • 0 .... f 

: 'I .' . , '" : ~ I " " • '~ " P. ·t;:. e 0 T 't 
~ ... ,.'. ',~,' f.'.' " , H·'I" ... '·~..:.., 1). 

, ' 'I f* ~ , .. ',' r :., " .. (f' '-'. I ., ~.. / ',-
OJ .. ;' ", I if' • 

\. .' 

~;{ 

~ , d 
-' . 

?OnrtEb MfO St!, KEYS .j, 

..... 
\ 

( 

," 

,'. 

~ ~'r • • f t - • ~~ i, , 

)', ,-\," ,,',,~ !., ,.,:" :' ~ ... R.~p:Etr l.0(,': ~t;ITIl.. A, NULL NODE' IS E!~COUrHEREO .. 
+ , • 0... ~ .. ,.., 

\. " ~ .,'.' .,,' :,,' I WH.!~! C .... F. N! L 00:' ' 
. " , '.. , '"'-G!"'" 

...... ". ,- + ),,-"'1 'I I~ ",.' '1/ ".. " ~ .. 
, j ~ " '. I ,i· r • f .... r , ... ' 

,',< "::',':' . ,:'" " "\+' h4.(;~·E,"'f'Nr HGT. COUNT It E. ~EIGHT. o~ Ti:'EE '~ 
I I, ,,' 11' .", .,',' -- .. 

11: /:', / I' .. ':;*' •• .' to"'-

,,' 
, ~ , , 

J ' .. oj' 

. . , 
j * • I 
l. .+-,' 

~ . ' 
j: 

. " 
r l

• 

'If 

. ' 
" 

..... 
'. 

, . ' 
'i', ' i 

.\ .,. 
HGT .t~ HGT ,t H 

,i 

SAt"E 1= TRUE; 
" , 
- ' . 

\ 

-'1' 

~ 

! .~ 
J 

:' 

-t. 

.' 

.,. 

·t '. 

tl:l 
t-' 
,:;.. 

" 



, . ~ ~. ~ 

t , ~ l 
,! 

.,~ ) .. ~';, 
~ , \ " .. ' \ 

~ • I j f'.: I '" ~. 
,J "I ! 
'. l-" .. ! .' ,'" ',. , I',' , ,,',' '. 
., .. ~' ,~.' . , 
• I l. ; '., ' ~ 
:; .. ~,~:.:" ,:" 
I .. ~ ~ ,1' ~ , ' · '" . ~ ~, 
• . '. r~; '" I;' '. 

:"', .,,: 1 •• 
"I, , 

1\ '.' i
l ,; .J 

.. II • I • 

, . 
,> 

1 

" . , 
I , 

,< 

I ; , . 
" 

. 
... , .' ft. .: . .,. ~A'Ir: P~EVIOUS NOCf: Itl ORI)E~ TO !NSEPT POINTER TO n~S::o"E,) 

~OeE ~ . 
SAV::.~ 'J= ~;. 

• • ,; I 

, I( :,;.. '.,~' 
" J~ j '. • ~ I' , ,. J 

.' ~ CO~~P.Af:\E' .l<EYS .TO [,ETt~"1I~~ IF ,E()OAL NODES 
. 'st,t-'!:.= "'ruE. IF J::Q0AL 

",.. ,'" , ,. '. 
, "" ~"i I " ~;, : ' " 

I· //, ,~' I', I ~. It' * ... 
' .. '., I' - " "I';' 

I I> ,'. ....,;. ~. 
,,' or i.1 i', * ./ 1 

.' ~.I' J * ': \' ~,' , 
\ • f' "III ,~ , II .. jj .. 

,I, ~ , ,.,.j I,' 

~ " ~ 
, it ~ 

} " f ; 
',' , 
1 ,) 

(I. , 
" . 

, ., ~ t' , t ',' l" • , 
;', "" ,'1 ' , j ~ I, 

I f , " ~ . " " 
, .. 
'. <II, 

j , ,I 1~ ~ "r" .' 
'I ,.oIl* i I 'f I ( ~ ," , ~ I 'i. I I 

J' • JII I, .-. " '," ," 
'r "', .. 

,,' .', "j' 
,/ J t" • 

• • , I~i I 
, . " 'I', , 

111 r, 

• 
• ~' I, " ' ; ; i ~ , I 

, 'l.,·~ ", 
.f . 
.1, 
'. . 

',' 
" ;.1, 

" ' , . , 
.f, ','. ~ 

, I I "f 

.j /1j 

' .. 

• 

, '. ~ 
" 

" '1'· 

. ;~ .. ~ ... , 
, Ii, 

.: 
" , 

· I . ~, '. ' 

'. '", , , , . , . 
, . 
I . 

\ ,.' 

. , '. '~.ALSg OTREQH!S::. .a. , . 
Ij ,';" 0 t . , ". . . 

.( RS-PEIT' 'lJ. (= IJ + 1;' , 
"'j" I"d~'.ANON~l.!rIJ,p . .,.,I(f.'Vl N: R.aNONUMCIJ,PPt.KEYl 
.' , SA~E t=· FALSE·;' • • . 

~ . .... . 

." .. TH~r~ 

"Uti!!L .. ( , (1' J EQ Kl{) 0:: <t'CT SJ'I"iE) ); 

., •. :' • fJ -IF: 'THE· KEYS AP.~ tiOT E'f'l.U~l,· -MOVE' fJ-QWN'THE TOE£ .a. 

, " 

t .. " 

• I 

, I~ NOT· S1ME TH~N .. ' a:-:GTN I • 

, " 

,. or.T'F.~:1!UI! WHIC H· TP .. ~~. 'r 0: GO 

'io~ .t= '5UtJCE,SS6~('o,pp)!': 
CCr~~ SON OF' .' 

·Lc,'so·d P t=, ~"'.LPil:?; 
H!so~a' p :t: R·,,-~P7q; 

f~'O!' . 
,.~p' 

'EL~E 

cowN H'!:SOt; o~ lOSON '" 

'. 
~ iHEV ~EYS ~PE E~UAl RETU~N THe ADDRES~ ~F THE E0UAL ~OD~ 

M'T) ~·ELE:rE THE AlLOCA')ED POINTER. '" 

, .. ar:'GIN ' 
vn'" ~::~T ... 'D' ,,~ ....... , t-.? 
Q .-l:::: NIt.; 

.. :c:'Lt~·«):: CPP) ; 
ENe;- .' 

EWJ t "WHI LE' + .. 

~ 

lJ:l 
..... 
V1 



,', 
" 

' .. 

, I 

"I 

) \~: 

• c 

, ' / 

,', 

,I 

, " 
. ' 

.. 
i , 

'. 

." 

;,: 

! • 

" 

. , 
" 

# • 

.' 

" 

,... '.~~ "t .:<".;~\";'/I:~!'?:,'~'~'>':J·','" 

.' 

'I.P 

".l~ 'NCOE.~;oT·F"OmH) tN TIiE: "'~EE, "rHEN .INSERT IT, INTO "'YI7: TCE~ ... 
r • 

. ~F' 'Nor SdHE· THEN 
" ~.aE'G!N . --

'''''!r'' ' 

. , , pp',.., L~Tc;o := ~It'~ 
. pP~.SpT~ 1= NrC: 

,. INCt)~~E NT ~!OQECOUNT '" . . 
,·NODEEOUNT ~= Noo~c6uNT + 1~ , , , 

,.' A'oO r~r::t:NAL PJ\TH ~::tiGTl+ FO~: CIJR"~EilT 1'-:00:: 
TO 'l"0;4l H~""::'R~IAL I-'ATH LEI{G"'H OF "rf;'EE + 

\' 

.. .' , 

, PLEN~TH := PlENGTH + H~T; 

,,.. T£S1- IF' ~OOT IE tI!l .a. 

IF QOO"" EQ NIL T~EM 
" , 

,. LS'" <:tOO'!" ':: AI)DRESS Or:" INSEt:-"'EQ HODE: ANO SC:T IJISC TO 1.}' 

e'~G!N 
ROO~t= pp~ 
Q00T~O!S~ f= 1; 

END . ,-, 
.~LS:: 

~"H.Sfo.T AO")':·ESS OF ~iE:W NOD;:: H~ THE A;:>P::ODRIA7£ 8oA~lCH 
OF 'TY~ ·$)RiV10US t!Of)t:' t.fl:'l,r:AI:.L. NEXTOISC TO CE":'C:O\I-'I:,E -:'H£ 
OISC~IMINATOR o~ ~H~, NEW ~onE. '" 

• , t • 

, 

9E:G!t.l ~ . tA S~· S H 
LC'S)I '1 
'Ht 'SON t 

~t:Q ; 
PPIt.OISC 

OF' . 
SA VE,F":" .lP T P 1 = PI'; 
S A'VE 0. fl. RP'T P. :.= pp; 

t= N£XTO!SC~SAVER+.O!SC): 
.' f~D; . 

. ft»l1: 
f!N 01, tIIl(OIN SE~! +. 

,-

t13 . ..... 
0'1 

~ 



, . .. ' , 

I 

I, 

\', . 
! ' I ','. 
L. 

I~, 
.,..' 
/ . , 

I 

t JI 

J.. ' 

/. 

,I , 

, ' , 

" 

.. ..... 

P~OCECU?t P~INi(P'KD~P.cE); 
BEGIN 

IF P NE \J!L 
'THEN 

BEGn; 
. w~:TE\.:~(=t')::' ~ 

:F 0'=01,':: 1 "HC"·~ 
W~rr:::-u:{:::o;,.".II. RAS!C BINA~V T~EE ........ =) 

EL~:: ' 
W:::-IT:;:Vl(::O~Jo.lL ~ASIC K-(, Tl\:::E ....... =) " 
WP.IT::U:(7I}TH::R~S AC:'::='~400::COUNTt= NODES IN THIS TOE::=}; 

• ~!OTTC'J=1'I":'4C' ::'OOT 0- TUTS T";:C C' =). 
F ir E'{ p d l 

- , • r, ., • K...... ;J - , 

W~ITEU:; . )\ 
~I C'! r t:' U~ ( ~ II ::, "I 
W?ITELt~(~O=) , 
. 0 r s P LAY ( P , ~ . .' 4 , 5) ; . 
.I~ i' ITE\.N t =~;: 1 ; 

~N'O; , ,..p'R1Nr .. E~r:; 

d 

, . ., . 
~.~-.. ------.-.----~------------~---.-----------------~----------------~ , ' . . 

.' 

r"' 

~. 
., 

t:'J 
I-' 
-..,J 
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, 
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" 

, . 

", 

" 

~ 

P-~6CEauPE' -n:ITTAl!Z€: 

.i+ PU~PO<3~', TO ?~~rC~~ THE l~ECE$$!,\qy H!ITIA'LrzAT!ONS OF VAqrA~LES 
A":'.) I\~R.AY~. '" 

VA~ 
,I,J. t rl\r!:G~p; 

J I I • 

B.E GIN ,. IN P' ! A l r z S· to 

FR t'l; . f = \}! l ~ . 
. X-NUM ~= Nu~tPSES; 

,. H; 1 r r A L r T£ P A ~; Co 0 '.1 ~~ U hi 8 F. P, l\ ~ RAY oj, 

FO~ ! r= 1 TO ~K 00 
FOF J '.= 1 Tt) ~AXS!Z:: 00 

~Ar1CNUM(!,JJ. .:= J~ 

,. !""rTlt.L!Z[ .~~~OIRE:C7 I\01)f(ESS/"'fl~CAV "

FO~ I ,= 1 TO '!AXS!ZE DO 
, ::: 1\ ,. ne r T 1 t... T· 

I r .... \J ..... '\" -. ) 

,. INI~IALI7E S~EOS "
SED 1= :nl:.3,~~ 
FO" l t= 1 iO KI( DO.. / 
AEG'PI I" I . 'S~::Q(1J f= SEt!: , I 

SEC t::: ~::C' t TC:U~:t(!""PANOCV<O.O,1.0,S~ + 1; 
Ii=' ~:OT OOt (SElJ} ~::NSEO := SED + 1: 

':;NO:' , 

,. t N P' I A L I 7 E' S TAT I fr '! C S A R~ A Y . I, 
FO~ r 1= 1 TO :lUI!,: TS JO 
FOR J. t= 1 ~('! 9 n 

.STATS(I,Jl l= ; . . 
[NO; ,. INltI~lIIE ~ 

./ 

. ~ ~ ~ , 

'. 

.) 

t;:; 
I-' 
00. 



" 

" 

P~OC~OURt ~UIlCT~~~; 

,. P4R.P"'OSE' I TO BUILD· UP A TREE. AND ~OLLEC~ THe: R~OUrK:::O' S7t.TIST!C'S • .;. 

VA ~ , 
HAC t !),JTf.GEr::; 

BEGI~ ~ 9U!L~rFEE .;. 

,. n:!~IAlIZ£ '" . 

ROOT f = NIL t 
tlOt'r::r.OUNT r= 1l; 
H=:IGH~ ::. n: . 
PL::NG""~ 1= n ~ , 

, ~WrrESIZS:: :: INTERVAL; 
~lJ!"IN01JI='S t= 1; 

.:.:' 

T I!-1E 'f = 0; 

,. PEe~UT( THE' EL~t{Er."'$ !>~ THE :::At!I)O\~ ~WM8S~ A~~AYS ~ 

P~FXUT~{~A~~~U~,SE~C,HAX~IZS); 

,. PE~MU~~ THE VEC¥pRS OF KEYS US!~G 7HE'INQI~~cr AQ~RESS A~~~Y .;. 

S~UFFlC:(~AOOKJS£O,"'AXS!Z::); I -

~ CALL F~~·CUR~ENT. tlOC~ T!H~ ~T STA~T OF T~E~ • 

T1 ;:: CLOCt<; . . 

,. thSEqT ·HE hODES ~0 ~U:LQ T~fE .;. 
•• > 

~ . FOR INC ,:: 1 TO ~"AXS!Z ~ DO OSG! i~ .' , 

1=- p~CG ·EQ 1 THE~ ADC~ % = 8It~SE;:'i (Caoo:;, r~~') 
ELSE ACJ~ := ~9INSERT(~~08~,!NC); -"'" l-' 

\C 



'. 

.." 

j 

..... !F' 'THE NODE ALPEAOY 'r:x:r~rSi O'J-:"::>UT A '~=::C::SAG;':\ ~ 

"~...,. 

END; ~ aUltDiREE ~ 

IF ACiDD 'Ie:: N!L TI-I=-:-' 
B[GT!t 
k~:7E(~O·~~ rUE NOJE HAVING K€YS ~): 
C'~TF.(ODO'.:" : 

• W~ ! ; E L t ~ (:: t L ~ £ A·e Y E X ~ S i 3. ... ... ., = ) : . 
Etl'O 

::L~C: 
IF HGT GT H~!GHT T4~N H£IGHT ~= rl~T; 

IF I~C = ~O~EST~~ THE~ R~G:N 

Et-:C; 

,. C4 LL F"OO ~lJ=~€,~~T CL 0:; '< TI !'E ~ 

T2 ::: ClQC'<;', 

~ $UBTRnc: -0 GET BUILD!NG TI~E ~ 

Si!M:::' 1= .":"? - "'1-
T ! 11E: ~ = T: :·E + C) t:: "1:: ; 
~ GATHE~ ~~ATISTICS ~ 

, ACCU MULATr:-; . .. ~ 

,. !NCC'E~'E:~H 't:or ::SI7.~ '" 

, NO!): S !7.~ '; -~ ~! 0 !JEST Z:: + It~TE 3 V A L ~ 

,. CA~L Fdq Cuc~ENT ~T~E ~ , 

T1 ~ -= CL OCI{;- " 

'=:N~~ 

. --~-~-.----.~-~----~--~-~----~-~-----~~~---.--------.--------------J'.. ' 

"I 
~ 

t::1 
f\J 
o 

! 



1.-
• < 

" 

, ~ 1 ' 

,. 
~ -~---~-----~-------------------------~-------------------------~-----~ 

.~ " p~OC~f)UF.E PRINT H~ A 1F.R: . 

". .. PUcpOS~ " TO pCI~J't A HEAO:;tJG "" 

BE-GIN ~P.'tINTHEA!})O"'. 

IF' PPOG = 1 TH::N . . 
W::>IT!:L~,{=1 S"'A'!'!~T!C'<; FOP,~ =3!,,',A,RY T~!:"~ US!'NG ::,KK~2,= K£YS~) 

E1..Se: 

t·ro·I '7't:'L N ( :: 1 
H=,!T ~LN (;:" 

. STJ\TISi::CS F'O~ A = ,I(KI2,::-:) T;:-~::~): 
NU~13E~ CF T:t£E~,.~ulL':" = =,NU'f-~~SS:4); 

• .., 0 ! T E'Ul( :: 0 = ) ~ 
WO!T~(; MAX~IZ£ 
W91T~LN(;!NTF~~AL PATH 
WOlTf: C=;:' . 
~p.!r;:u\l'(;.4 V H!t-! 

~nD; ~~~lNTH~A~EP'" 

~UI L D':~~S 
LF.ti'iTH 

"'TU:;-

AIJ 
~AX 

"{IN ~AX 
,A. V 

::) : 
HEI GHT;) : =) ; 

H! t4 MAX;) ; 

~ .~~.~~~~-~~.--~-~-~----~---~----~---------~--~-----------------------. , . 

. ' 

~ 
f',.;' 

f-' 



I 

l J. ~ .. 

.. 

BEG IN ,. IN!=' o~ 

J:.INELI~Ii(CUTPI)T,2S01J);, .. 

, 
! 

,.CALl P~~CEDU~:: INITIA!..IZE TO ~Ec,FO,c~ INITIAlIZATIO'{S. '" 

IHITIllLIZJ;:; 

rtPC:lt-;T HEArER '" 

pp.:rt·r·"~~t.~EF: . 

~.tOLl~CT STAiIST!:S • 

4FOR IeUltO l= 1 ~o NU~TP~€~ 00 

. . 

'. 

q99t 

BEGlt.J . 
,. qUILC-TREE 4~C COLLECT $!ATISTICS ON TYAT TR~E • 

, -
,BUILf'lT~~r:; . 

,. CALL CEST~OY TO BREAKDOWt, !HE TREE ~ 

o!:st~o-y <==OOT) ; 

ENQ~ 

" Oft'rAI·~ /tV~~A;,ES l\~I'Q OUTPlJ1' qcSUL is .. 

NODES!ZE t= INT~PVAl; 

FOP- '! t= 1 r0 '''~u!''nas DC 
BEG HI 

S T A .,. $ (. ! , 1! J ': $ TAT S r ! , 1 1 I X ~ I U'M ; 
srATS[T,~l %= STh~S(I,b' / XNU~~ 
STA-.c;{!,71 f= ,$T47SC'I,71 I X1WH; 

p~It::CUi (I) t· 

~ n;C::'€:-l€:rr NO') E S! Z~ ~ 

~:OOESIZ€ ~= NPOES!Z::: + INTEOVl.l;' 

E~C: 

'E~O. "INFO~ 

Q 

tr 
N 
IV 



.' 

, .. 

I(j 

r 

~ 

P~OG:ZA M Kn'FO <! II;PUT , OUTPUT) ; 

A PUPPOSf ~ iO C".=-f.iS ,tl. n\JAD ~c:~c:: \JS!';G TI-lF. OA'SiC It .. SE~'T:::ON 
ttG'ORX .... Ht:\ ~ 

~~ - OI~~~S!G~'L TREE+ 

. , 
• 

p¥ ¥ ~ • ~ ~ ~ ¥ ~ ~ ~ • ~ ~ ~ • ~ ¥ + ~ + ~ ~ • + ~ ~ + • ¥ + ~ + & ~\+ 

.. GLC3Al CQ!~S TAtnS, TYPE<', VA°:!:A~L~S+ 

lAS::i- '399: 
CONS~ 

'<1( ::: t.,~ 
'<Sf') ::: lE<~ 
!,-!U~T"""$ :: 3: 
HAY5':-7.~ = 1on: 
1)~"c:oV.eL = lOll; 
t~IJM!lnS = 1; 

TYPE 

VAR 

ALS:-A = to.1ft!)!)!); 
A r ~ ";" = A = 0 A Y ( 1 •• K'<) 0 co I.t nEG E CI ~ 
t.4!t,T ::: A:"CAYfl •• qAXSIZi::J c::- p~-::s::;;>; 
~~YAcCAY ::: J~~AY(1 •• K~,1 •• MAXSIZ£] OF ALFA; 
KT~ ~~ ::: 'l'tW I)::"; 
uotE = c=r0~t' 

'<~Y, t !tr'€GEP; 
o ... C' t tRPAY(lHI(SQ.l OF KT~::E; 
t:Tr" ' 

DI~ ,= (l;-~: ;::-:GHT); 

C'OOT,DP,S.'lVFt:'~'2.A(I:)t:,FPE€ : KT:>:::':; 
'=At,r.~11]1t : KE.YA~ ... ;\Y: 
SE"D t r.PIT: 
';-At·~:;: f P-'~~'T: 
ST~TS t ~~"'AV(1. •• ~;Ul"'!"liS,1 .. ~) oC" ~EAL; 
PL~NGT~,~GT_~~IS~T,T!u=.,X~UH ~ q~At: 
I,J,I(,~::') : ~l'TC:r,~c;. 
WAV,~~Or.r:CCUt;T'·I!G,~P.!Q t I'~i::G:::R.; 
i 1 -:? ! e u ! l 0 : It IT £ G;:R • 
NU~UOry~S, ~10 ;:JESI ZC: :r IN t EGEQ : 
STIME 1 DfAL~ • 

-

~~ • • • • • • ~ ~ • ~ ~ ~ ~ & ~ • ~ ~ ~ ~ • • ~ + • ~ ~ 4 + • ~ & & • ~ , 

\ 

..,.,.. 

~ 
t'-.; 

w 



;.; '1'\;/ '.1, •• \,<" 
I ~"; , '; j <!, 

:. ,,' / '~, 
/ .. :~,I .. ~ 

" \ 
.; , ~,' 

'''''l4'I' 
i ,I .1, 'f ,~ 

:~:/r,r r', 
','Ju, 

"" 1 j~ I 
" J I-

, :.:j. ",' 
~. ~, 1 t'. 

: I;, rll 
'r , 

'. f' ~"~~ '/ 

•• j'I·. 

'~~" ' 

, 
' ... ;,~ i~ 
1:.j J., 

• < 

.' ,'I 
If, • 

• ~" l 

-': ," ; "II' 
" ' 

, .', '( ~ 
~ t ., ,I, 
1,1 r 1 t 

I I, t 

• 4'.' ' " " , I'" ~ : , ' ' 
~' .j-

" . ,'I,',; 
. \~,,:,I' I~i 
'1 ,J_"'~; , 
," 'J.:" • 

I : ~ ~ I, ! 

r ~t ,1 j', j 
• .-, ,1.' ,,:; ,~l. ,I I 

":', J 1 ~ ': 

Ii, 
I 

.. 

" I , "1 '~ II; ~ , 

.' , 

" I 
, . 

" , , . 
" 

'" 

I·' '. , " , . 
J ,or IS 

rr';' :.. ... 
I ~ ,: 

, ~ ~ t 

J 
>-

'I 

FUNCTro~ ~CQUICE(VA~ P:~~C~E) : g0aL~A~~ 

, PUQ,POSJ:' ~ 'PO~LF'A'I' F'U~(CT!l)t~ 1'0 t:!::TIJr;;I~ A PO!t:T€'" 
;:-Ti:~· r~IES "'0 !='::U[; :.. "0-:::: ?:1\ iH': ~~c~ L:S' f' 
::'t.ILS' IT Y;:IES "TO ALL')('~;::: A t~E~4 ~IOO: USV.'; "'1\;: 
:>ASC~1. r:-O:EGU=.f.: t!'::\o!. II=' I\Ll !,:OiJC:-S H6'J~ ·3::.::t~ 
AC~ !'~ U~E ':"H:: CUTPUT PAoAM::~E;Z IS ~:::TU~"E'J !'5 
~~.'c n'i::: FV~IC"'ION IS -:::':.JE • 

OUTPUT DAt~PETE~~t 
P--ClO!~JT~R TO ":'4E NEW tlaOE 

BEGIN ~Ar.:()IJI!:C::+ 
ACOU!Q: %= FtlSE: 
IF 'F~~E ::n. NIL TH~~l 

p Tr;y TO A!..LOC~T:: A PEt{ NO);:·: iF THIS l='ATLS PR:t\T A. 
,~1::~SAGF ArD PE'U~N THE FtJNCT!O~ VALUE TO),UE. 

BEGl'! 
t-.FW{P)! 
If: P EC 'II L TH=:N 

~Nf' 

eZ:GHI 

ENO; 

CLASSOIJ£P.FLO\.l~ 
AC()Ul~:: := T!:)Ur:-': 

ELSE 
~ ~~~E T~~ NOC~ FRO~ ·HE F~E~ L!S7 + 

8:G!\I 
:- ~: F:;'"E~; 
~PEE := FPe:~~.PT~(11; 

t'Nr' ' 
ENO; ~ACt')UI~;:'" 

,.. 

, 

~ , 

ACI')IJ!;'::: 
r I:' ... ..-.,. <:-

~ oJ 

ST~~:r..~Or 
O~~ I c:, At.;: 

t~tL /J :::: T;.1E 

'" 

+ 

-.j, 

t:: 
f'.) 

.:::. 



B2S 

... 
I ... 

fr 
III 

t-
llJ 0 
X .. -
04 
0 11..1 
.q: lJl 
0. n 

• lJ. .. . ... . --
:;It- • . .. , 
Q.q Z 
7I .... i 
~() lJ. 

III 
Zlu 0 
LJlr 
> ... . ... ..... t-
C>~ V) 

(~: H 
wo -1 
:rlJ. ... . - 111 

0 II) 
)-ot- (l." • m lL. .... 

0 (I) 

Cld HI 1-1 
t-t/l :c _I 

J h. t-
O Cl W 
11;11' 0 - '.1.' t-o z H 0 
Z<r U. 
H a I.JI 
oC/) hI 0 u' 
0.( ... ... 0 .- ;I:' 
--0 ttl ...:.. -.I t-o ;.J , H .. ' 
'11:-; hI lJJ - 7 111 .£. 

..... C:I a - 0 III --III OLJ 0 ... \I ci: 
lu ...:::X: uJ ... lJ.J lI-
0 t- :r.. ';'" >- ul (j ., t- ~. r' 41 _I • .... (I) 0 II 
~ u... :r :.~ t- ~ -1 :z ... I .. t,le 0 t- 0.-. .......... III 
0. (.) CllI- ci 0' 11.1 ,....n 

<tVI 0' _J VtC I- :r:. ..... 
lJ.; -1L\ tun H ht- 110. t- ..... 11 
v; 0.-.1 t-lJ.,' :z:. .. • U'-
<:I 11$ h .. f·· ... lJ.. .... '" ul .. 
tJI 01-" ~:..: lIJC 0":: loW 0 o...tu .. 
-1 .... lJ. <% ..... Vlul lJ. ..... ~1.'I .. j q '7 .w hi t 
W CJ(,") c:::t :xo ... ·u ,. -1 ...... u.. •• VJ 
l.L - ClQ. hlU; "-U t..:>1.l.lL. C' . 0. '-!IU u.c' ~ t 

0 I -II,' u' :z '" :z lJ.1 
4' 4J I t. ICL. t. a., Lt. t. en W' oJ 
Cl' (II ".0... o.lJ.- W ~ 

::> 0 ::':) t.- 0' 
-0 0.. 0 1I. t. 

IJJ o~ Z 2:H 
(.) ::> ~ 

. 
H ... 

0 Q. l!) 0 
0' tJJ :t': 
~ t. 0:> W t.. 



'" 

P.~OC£DUPE O;:S1FOV(~7P<Tt;iE); 

,. PURPOSt: t ~C B::-~4KaOWr T4E T~':;:J;: '·IHCSE' !:."OOi .IS TH!; !:~"CU'" :;)t,:;A"':c-:::=< 
r~ C~O~~ TO CSLEAS€ TH~ -~~ES PO!~7E~S WrlIC~ ~~E T0 
91:. USe:') TO CCNST~UGT T'l:: N~XT n~::E. - Gt.:Z3~G~ C!)~L::C~!a:~. 

IN~UT P4RA~~-~~ ~ 
PT--THE Fcar OF 1'HE. T~EE 70 BE 9;:OY-E"-:DOWH 01-

V~R . 
CTt!! t nl'r::GEJ.; 

8EGI~ "CES7C:OV~ 
CT := n: 
,. COUNT TH~ t.U'1B::C OF IWU-~:!L ,:>o:taF.:;-s· OFF T'i~ NOO~ f'T .,j.. 

FOR !T t= 1'TO KSQ 00 . 
I~ ~T.r~Tq[I!] ~E ~!L THEN c~ :: CT + 1; 

~ IF COUNT IS n THE~ ~~lEASE TY~T NOOE SI~CE THAT !S AN ENJ-~OQE .,j.. 

IF CT ~a a T~EN ;ElEftS~(07) 

E'L S~ 

,. IF' ~CT M. :~F}-tlO:JE THn: C~LL D:.!..r::6SE :):CU'::'.3!'Jt:LY 70 cELt"::.S:: 
~LL TH~ hOG~S IN EACH OF TH~ SUJTPEES~ 01-

BEG It-: 

,. P:::U'='SIV::LY CALL :JESTROY FO~ ~ACri T~::E '.\YEti 7HE ?OIN-:-;::C 
IS NC .... ''HL .:. . 

FOP IT := 1 TO KSl 00 
IF tT".PTRCI!l NE rHL T~=:~~. '3~G:rt~ 

~~S7RnY(~T·.p-RrI:1)i 
~""'.PTR(II·l := '~:!::..; 
Et-:D: 

PtLE a SE (PT) ; 
Et~ g.; 

£1'10; "aEST~.ov·+ 

,. '- -~ 

'" 

t::l' 
IV 
C\ 
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( 

.~J 

~ 

FUNCTI.oN gXA~n:~Dt K t l<T~.EEr : !tl-Er,::=-; 

,. PU~POSE t TO COtfPA~£ "THE KEYS 0;:- ':0'): ~ AGA!tJST 
It>; O~D'::? TO O::TE.0IJIJ!; In"iTS~i OIc=('TIOI'
c:cOCE:Ei). T4£ FIJr.':;-:Ot. ~"ov~A=E o=:;U;;,·~S 

TH€ I(::':VS 0;; ~.i)':':: K 
.. ~. it~::- -;-c:;:;: '0 
";;s .:.-:: ""L-'-J-M, ... t""", v;... ::.-

1') : A L lJ I< EV S 0-= :: :: (') IJ.A L K 
, KK: MI !}1J7:G::= '35:i' .. I£~)·. t ANO Ki( 

~E~PES~NTS THE Or o ECTI0N TO 
!'I THe: TOE::':. 

iJH:CH :~ .-' 
PPOCE€D 

PARAtte:T~O (S1 : 

VA:>" 
It 

R-':'PGrtr Ec- JT 0 THf ~:ac,:: T a as I~IS EQT t:0 
K--POINT£O Hi TRE.!:: -0 S~ CO-!?'!:;,=/) wITH C 

y' 
, 

A .. -~P~fJY WHICH !-iOLIJS' 1"Hc ;'C:~UlT<) OF THE CQ!"PA~.!SIr·J wHr/""H 
n:CI~AT~3 T.H=- CI~ECT~Ot\ :~l wr1!CH TO FCLlOv~ :ill THE -p;:c. 

" 
SA~E--PCOLEAN VQ=!AQLE WH!C~ !S.~~T TO T~UE IF ?OTH Nca::s 

, A~E E1utL,' I:"AtSE OiHE~WI-S~. 

A ~ AI,. .... :-
I1POw~e.NUP 1 I~TEG~~; 
S 4 ME. : 800 l E Mt; . 

.. 

B~Gn. "E,(A~!~£':'
SA~:: t= .. ,:"~U£~ 
! I::: 1: ..., 

,. 

~ ~EST IF TH~ TWO NOO~S HAVE EqUAL KEYS ~ 

REPEAT 

f4 

... 

). 

;. 

o 

... 

.. 

"" 

, 
I 

,~ 

~ 

r;:" 
tv 
....} 

v) 



/ 
I 

/ 

'Ii 

\ . 

/ . 
I' 

I 

". / 

" 

.. 

• 

.... 

" 

,. 
'\, 

" 

,,' 
. 

"'; 't. '. / " 
/ 
, J . ' -' 1 

" , . 
". !,F'i\t\~:-Ct.-U~(r,R".K~Yl 'NE:. ~pro~;U~!(!,K1'.KEYl T'"i::N S·.6~I/~ 

I-t;:!+1.; . , . 
• 'Ut~TIL( 0/0'7 ~A:-1:;:,} OC' (! GT KK) ); '. 

• • ~ J 
,- . / 

,. !J; NOD£S Qr;-~ E'1UAl ,PETU~~': 0 .. 

:7 FALSE; 
, I 

, 
IF SAME THEN SXAt~INE ~::' 0, '. . '. I 

:L~:' "" . , J." ','U-2 L'no-~ "0- ~'''T -f)U~l CO"IPA?;:' 1= ~"'H .... I'\~:>'r::~p,..."r-. ... t r:1-Y T> TH ' ,. nr-J:.I (\\.oi =- ,. "'::. .... ~.J ~ ... 1-\ 1. .1. _rt\,; • ..,,.,1 .... ,, , ... ~ ..;.,~J. 'w~ ~ -' ;.. I 
-I\OD'.S ~t.'r S~T TH~ CO?'RESPCH;~)!~.;r. DOS!i!ON H. ~HE t.::"::AY A 7C ~ 
1 !F K~Y IN R GE K~Y !N K 4~~ TO 0 IF KEY 1M F ~T K~ :N~; ~. . . , , . 

BEGIN . I . FO~ I i = 1. TO 1<1< DO • 
, IF :A~DI"IJ'1(!,c ... I(EYJ GE F.'H~a·"IJ~·(!,l("'·.KEvl r 1-1 P!' t.r!l f= 1 " ." i 

, ELS:: A(!) := 0; 

~ CC~!VER';" THE B'!t<A~Y DIGIT SToo~j IN A TO A OECI~IAL INTE,G£P, ~ 

" 
~IUt1 :;: n; , 
PO~IE~ t= '1; 

,fOP.:L, f= 1 to I(K ~O 
, BEG:N' . 

~- .. -- .. ,~.UI,.I :: 'IU'" +' A£!) .A ~CW:':R: 
.P:)WE~ 's= POHEr. ~ '2.; 

t:'N(" • • C) ... '- .. , r . 
~ . 

~ :::~TU~'N THIS rl\'TE:GEP. A,S THE: aV~£CT!.oN IN 
TO p~OC~5a. .t. • ',I' ' 

:;:XAI"H:C: ,--;=.NUN·+ .1; I 

.' 

E~O; 
ENO; ~EXAHINE. 

" 

THS~ -r;;.E:: 

~ - - - ~ . ... ...... -

, 
; 

II 

f • 

" 

/ 
I 

/ 

!t~ WH !CH 

'-

I. 

-~ . 

If 
t 

I 

." / 
I 

t' 

.. 

" 

/ 
" 

I 

I 

"~ . /' 

I , 

I 

-/ 

" 

ttl 
N 
co 

" . , 

I 

.' 
I 

I' 

'J 

" j 

'j 



" 

, . 

" 

o~ ... · 
lJl 
C" 
u. 
q.. 

t-
V) • 

t-I 
-' 
ul. 

-I~' 
cY. 
lJ.. 
~ 

ILl 
::r .. . 

W 
ll..U. 
0::> 
• Co 
(/)I.JJ 
l-O 
7-0 
ILIIY' 

. t~ (l. .... 
0>
UO 

('t' 

~'lt
XV) 
t--t .. 
~ 0 
~ 

••• '::>U I 
1,.1' C r 
bJ t--t
u. ::> 
lL. at-
I' ttl 
:7 'OlLl 
".~ ... t, 
lr' 
0. 

tJ.1 
c.t 
::> 
o 
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'g 
Q' 
0. 

.. 

o 
o 

" 

:-. .. 
-J ..... 
I-'L III 
~:: UJ 

Q' 
W. l.L 

-+ 6·Z """ 

.. 

II .. 
t.v.... .41 t1J .. 
l,t!II'U. .~...... ~. w 
Cl ..... ILl ,..H 'U" W 
1.L litO 7111(r U. 0 
t- ..... tJ. t-4 .~ ... u.. 
Z~''''''I.!'1I1 Z C,,, 
H-l tJ. ..... -' ~Z 

W' o tJ lU1!C h' U • ... 1 
'0..... -' r to- 0-
tHt-4 H H a.. 

u. :r (\ c:Y t. 
'23'3: :r ~. 

H 
'.!l • 

m 
o z 
w 

.. 

" 

\ 
\ 
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~UNCTION I<.!N~E!:>T(K'{QOFHI,!~I-r: IJ:It:'"l"EGEC» K":CE~; 

. ~... . 

----- -

/ 

7 

I-
I 
! 

, 
-.:. 

... PURPOSe:: ~ TO ~~!S~~- A tID DE P:i·O r. K-!:'!~ T='~E IF IT ~CES ,N'JT 
::X!ST. ~d~O- :F :- OO:::S -0 ::;-:::"IJ::~, TI-!E ,AJ:J;")ESS 'OF -I-i:: 

A LP':::A:)V .' 

,. ::')UrVAL~~::; ~ f)O!:: !r. THr: TO.~=':. • "" . . 
K~WP.E--THE AO.~AY rr: "I14T~G5c') WH!CH A~r. VS:Ov AS p;crC:ECT 

ADr~~SSES fa THE N00ES TO 8E I~S2RTED 

IJ--TH:: POSTT:::ON :!:N Tl-IS" "l(~lCI)E AR':ZAY HHIG-H 'PDH~'!"S iO "'11:: 
~o J O"E R:: r ~l G H' S ;: F, T :: 0 0 

" , . 
'1 A ~ C r: K t ~ :) 0 L·': A ~q 

" " 
. aE'GI~' "K!t!S::~T'" 

, . 

, ' 

~ 

,. AlLOCA"~ ,NEW ?l')njTF.~ AOi)::::::SS AND SET 1(':'1 AClO;;:ESS ,j, , , 

!F' ACr.IJ!F.~ (PP) THEn Goro 999; 
J PP+,\(!:Y t= KNO'JECIJ); 
,I 

,. !~IT!ALIZE VARIA~L~S • 

'I(T~I~C"OT • - NI'lo .... .,; .... - . - , 
C4K :r= T=-Uc-: 
R. := I:'oor; 
HGT ;= u; , 
,. FEDEAT LOOF UW"Il 'A nUll NCO£: IS FOU!;O ~ 
, , 

WHl~E 0 ~E NIL no 
~:::GI~ 

SAV::::: := 0; 
, . 

~ . 

,.. SAllE o~::'JIOUS ·~.ODE AOO~ES~ II: ORO~~ T.O :;:NS::~T PO!~fTE~ 
'~o I~SE~rEO ~10(!::. '" . 

~ IN:;C'~t-:Hoi HGT COUtiT, I. E. HC:IGHT OF TRc~ '" 

HGT 1; HGT + U 

~ CALL POUT!~;€,EXA'ir:I:: T·O CO·APAt?E ":'H~ KEYS OF iH~ hOJES." '" 
" I 

w.~ '( . :::c CJ( A"! I N ~ ( P P, ~)' ; 

'" 

0/ 
" 

• 

~ 
w 
o 

-: 

.I 

/ 
I 



'. 

. -

" 

.. 

I .. .: 
"'-

:a. 

," 

'J 

'. 

0;, 

/ 

• I 

r+ SET .. r:I"€GTIO~l ~'I WHI:'·Y TO FOLLOH !t\. T~~: IF' HAY '~iE 0 ~ 

IF ~l(Jy HE' 0 "'H::N ~ := ~".P':'"I='.r~14Y] 

t-

r+ IF WAY = O. "'l.Ip' ~;O~;:S KEYS AR-F. E~UAL ni::~! SE'T FI)t!CTI9N EQUAL 
TO I-;cor AOOP::S~ MIl) C'c:U:::: C~~A':"€[) NgD'7: POSl':'"IC'~. 4-

I ELS:: g~GPl 
K! t!S~~T I = ?~ ~ 
.(' H IC : ':: F A L S E: ; 
~ 1 = t~! L ; . 

" ENO: 
C::LF.clS:: (PP) '; 

}NQ; 

r+ IF N00~ ~·.07~FOUtl'J -H'::tl !'!S.f~'" !T !'i7 0 "'o.::E "" 

IF b./I( T'HE N 9:: G Hi 
FOP I f= t 'rO KS'l 00 of'I',P-R(Il t= !l!L: 

,. T::S'" r F ~f)OT I"S fiI L A'ID It=' SO L i"'- ROO:- ::: AOQP.=:S: "'. 

r FPC 0 T' F. () f I! L T ~ c:: tIP OJ T : = ?? 
ELS~'8EG!N . 

SAVER" .. o'!'~rWAYl 
'=~I,"'I'( ~ t _ • 

, ... rN~~iM~tJr NO~E~OUtH'~ -

\ 
~= po; 

HOC'E~OUNT := NOO·C:COt,J~JT.+ 1; 

rt ~OC IW·F.~NAL OATH LS:'J(;":'H FI1~ ClJR~Z~,T HOSE 
T~ "'o-aJ,. r~~"E~~fAt. PA;H LE'iGTH OF T?E'E ... 

END; "KINSEcT~ 

PLEN~TH l= DL::NGTH + HGTi 
E~i 0; 

,. -' 
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,I 

P~OCEDU~E IN!rrALI!E; 
- . 

~. PURPOSE t TO ~E~FO~~ ~HE NECESS~Ri INITIALIZA~IONS OF VARIA9LES 
tl~ 1) '\~~AYS t • .z. .' 

vA~ 
!1J ! !~rEr::f~: . ,-

BEGIN ~'INITIALrZ~ + 
J 

", 

F~ c: E :":', 'J H. ~ . 
. ~II) !:; KSO (lTV 2; 

S"1!O 1= HTf" + l' 
Xt/UH s= NU"'TPS?-~~ 
. ~ I.NITIAL!ZE oArIOO"! I\'U~'O::R AR,.;lY 4-

F~P. r r~ 1 TO KK 80 
roe J t= 1 TC ~!AXS!ZE DO 

p 1\ ~'J C t I tJ M r r" J-, : = J r 
- I~I7rALIZE IhOIPfCT ACO~E$S ~R~AY + 

FOO t t= 1 TO ~AXS!Z~ 00 
=\/1-00: (I 1 1.= !; 

~ INITIALI7E S~EDS .-
S E f" ,:: . 3 ~ l. 3 '3 : 
,FO~ ! 1= 1 TO ~K 00 
~EGsr~-~(I'. ~-n' :- "': ',..... '. = :::J'::' J ~ 

SEQ r~ SC:O • 7CU~C(!.~A~OCU(n.~,1.0,SEO» 
I Fr-.O i o,~ 0 ( ';=;0» i ~i ~ tIS EiJ ,,; S E 1) + 1; 

ENr; .. ' . 
~ Ihr!I~LI~~ STAT!STtCS ~q~AY ~ 

F="o~ ! ~ = l' TO . qU~'JrNTS 0'0 
~Ox J '::: t TI) ~ 00 

S TATS rr , J 1 : = -I): ' 

y 1; 

END~ ~ !NtTIALI7E ~. " .". 'f ' . , ~ . . " 

~ -----------------~----------~---~----------~-- ---------------------. . . . . . .. .' , . . 
.. • • It • , ' . • 
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,'t4 
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4 

' .. 
I. 

" 

~ 

"J .\ 

'" -
PROCSOURE SUTLCTPEE; 

.. 

,. ~U;:;P1)SE t T(')'eUILD UP A iqEE A~~;) COlLS"CT THE .~~!;(lU!REO S7ATIST:CS~ ':" 

VA P. . 
!~~C· t ,INTEGEt'; 

~EGIN ,. ~UILB~~E~ ~ 

,. H~!rI~L!ZE "', 

R ') 0 T I = 'I! L ; 
N r) ') E C 0 IJ~H T ~ 1') ; 
H=TGIiT i= 1J ~ 
PLf.t;GTf.i ':= n: , 
~:O=)E<;r?t := INT::RV'~L,; 
~lU~NO~ES ~ = 1; 
TIME t = ·n ~ 

• ,. PER'-'UT:: ";"H~' ElEH:::t .. TS 

l ' 

• 
IN THE'~A~OOM ~u~aER AP~AYS ~ 

PE~HUTE(~A~O~U~,S[ED,~AXSIZE)~ 

,.·PEP~IJTE THC j~s ,Or: KEVS IJSING :THE IN:lI:;ECT ADDRESS A:r:;AY 4- '" 

SY U F !=' l E ( ~ A r. 0 c , S EO; ..I A X S ! 7!:) 7' . , 

,. CALL F"Cf:' CU;:~EtI" C.LOCK T!t-!::: A'r ~TAO::::;T OF TRE'E ~ . . 
'Tl J= CLOCK; 

,. JNSEOT THE NOOES TO nUllO T~EE '" ) 

FO~ INC t= 1 T0 ~AXSIZ~ ~O A~GIN 
A 0 0 P .: = K I ~'J S E R -; ( 0 A 0 0 p" ! 'I C) : •. 

,. 1FT HEN 0 0 E A.L REA 0 ~ E X IS:: S O!j T P U'" A ME S SAG E • '" 

,', , I F A ':l 0;- t~ ~ I.e L T Y:: N ' 
:::- S.G: tJ 
v!C'ITE( ;1) ......... TI1E NI)O~ :IiA":~!G K~YS :::);. 
~ !..T.~ (:. n 'J rn ; , 
W~ITtLN(~ AL~E4DY ~X!S7S. ~.~~); 
E!l') . 

. t=L S:: 
IF HGT GT H:::-IGHT TH;::N H'::!GHT t= 'yr,T; 

" 

.. 

-

.~ 

W 
\..v 



;( 

.I 

.? 

'" 

• 

D{~; ,. BUILCT~fE ~ 

IF Ir~ = NOD~Sr~~ TH€N ~~G!~ 

END; 

.. ·ct:t.l! Foe CUO~::t·l; Clac~ Tr~== '" 
<, 

T 2' : '= Cli..Or.~ ~ 

r+ SUBiF\r.Ci T.o GET 8UILDH-iG TI ~'E ~, 

S T Ttl E· : = T? - ~ 1 ; 
J!M~ t= T~ME • STIHS; 

,.. GATH~~ S-:'f,''T" ISTIr:'S. '" 

A~CU!1UlI\TC'; 

,.. !~ICRE>Ic:~rr NOOESI7.S: 40 

HOI)ESIZ~ ~= t~OO£S!ZC;: + INT~~VAL; , 
,.. CALL C'D~ (URRENT TI~E ~ " 

T1 .: = CLOCK; 

£NO; 

I 

( 

.0 

~ --~----~~-~ .. -.-.~~-~---------~~------.-------.--.-~----------------~ 
-J 

--

Q 

" 

to 
w 
.t:. 

" 



.... 

" 

" 

P~OC~~UEE FCI~T{PtK~R~~): 
e£GIN , IF p t-!E ~~l 

THEN 
9F.G p.: 

r 

'J 

WP !T::'U{(7'(',=:)'j,1 I '-1 

W ~ ! T ::: V; ( = 11 ... ~ ~ Ii A S I ~ ::, K I( ': 2 , :: .. I") I 'I T PES,=:) : 
.W=:!T"'L~(::n7"1~~:: A~f.=ttWO~COlJNTil~ ~OC=:S !~ 

lI 0 I T=- <=:I.l-\.!= o,QOT OF I4IS TKEE r~~)· 

EN f1; 
... 

::ND~ 

'-

('ITf.(?>"; 
W~I -;EL:~~ (-::. ::) ~ , 
~'QITr;l': ('::'0 =} ~ 
W=!IT::LN (:::0:::); 
KQr~PlAY(Ple.4,5); 
W2!TEUl (::~=) ; 

P~OC~OU~E PPINTHE~J~o;. . ' , 

~ FU~oOS~ f TO F~I~T A HEADING ~ 

,BEGIN ~pDrNT~EAOE~. 

r 

"\-:. ... 

,tt 

(I 
t ,~ 

l 

THIS i=E:.'::); 
J 

-.. ...:~ 
'l 

\of P.! T c: ( :: 1 S T A l' I S TIC S F 0 ~ ~ Tl U A ') T f; E:: 0 F ::, K I( : 2,:: C IIi :: N S ! 0 t, S • ::) ; 
H~IT'~'LN t ' 
\.j0ITfLf\(:tl. NUJ':;)E~ OF T,':~ES 3I'!l.T :, =,NU~\To::E5.:!.); 

l-IPT .... ~LN(::O=) • 
W::-fTj;(.~ -, M'1AXSIZE 

. W:::! T:::~~:(; nnfR '4 At· PATH 
(' \.I?ITE (:: . . 
'~R:T~LN(=AV MIN 

,ENO; ,,.PPI'NTH::AC::I='-t. 

(. 

3U:lOP1G ·T!"lE 
L~'~G rH . 
(IV ~I'l "'AX 
MAX: AV 

,,, 
::); , 

HEIG~·r"::) ; =) ~ 
HItI MAX =) ; 

~" 

I -
~ ._._~_~ __ .. ~ ______________ ~. ____ ~ _____ ~_~ _______ 4. __ ~.----------O----~ 

" 

o 

, , 
~ 

o· o 

" 



I" 'flo ,'/tl"l~ ,!\,"I~II~''':I!'.·'J.?rV~~+~ .. ~''''''',.!', ,..f'~ .... ~<4f' ""11'." 111' ' ~ • ' I 'H-<+ t' . '., ~ .. , .' 

'. 
" 

9EGI~'~~I~FC~ 

L!N~LIHIT(CUTPUT,2?eO) ; 

\ 

) 

~CALL p~OCeCU~E !NITI4L!Z~ TO FE~~ti:H INI7!AL1Z~TIO~S. • 

!~Ii!ALln:·; 

~gRI~~T ..,EACEP .. 

PRI~T.rE60EI< ~ 

~ CCLLECT STATISTICS ~ 

• F 0'" ! e ~ 1 Let = 1 Tor u~~ i'i~ c: t; s CO 
~e~r;! N . 

~ 9~ILO i~EE AND GCLlEC T S1ATIS11~S eN ~HAT T~=E ~ 

...... 

qggt 

. 
8UILIJTr;:~: .. 
"~CISPLAY(~007,8,4,8) ; 

,-' 
"~ CALL CESTcOY ~C e~EftKCCW~ THE T:;: ~ c: 4-, ~--" < 

O~ST~CYCFOOT) ; 
), 

EN'); 

~ cetA!~ AVE~A~~S A~O CUTeUr RESULT~ • 

~OOESI2E 1F I~TEFVAl; 

FOR I 1= 1 ~o NU~TNTS DC 
eEG!-N ' 

" 
" 

s:r A.T 5 ( ! 1 1 J ! = S T A 1 S ( I ,,1 1 I X'I- U'I ! 
S TAT c;: r T , 4 '1 I = S 1 (11 S ( I , L 1- I X ~ U ,I ; 

~ T.A T S ( ! ,7) ! =" ~F .n r s (! , 7 1 I X" U~ ; 

P R r N i 0 UT (I> ; 

~-INCPE~ENT ~C~ESI2E .. 

NOOESl'?f ::;:" NC,)ESIZE + !NT_:::qVA~; 

Et-;q 

ENO. ~KI~FC~' 

-,/ 

~ 

~ 

:;I 

<'" 

• 

., 

.. 
"'--

OJ 
w 
0\ 

I .. ~~ 
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J 
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t· . 
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, J 

,~ 

~ 

" • 

, .; 
FU'lCTrON j:;'At'DO"'(~,~1F€:lL; VA¢ Y-tpJ"'=:r,;;:::-). ~ :'::AL; 

,..PlJP.?O'SE't r;A~r.c'" G::N:::cATES A PSEIJl)Q-r~~OO~1 NlJ'~BE;? IN Tfi:: O;::~; "t'TEoI/AL 
(A t 8) YI H:: F:.::: A L; 3. . .. 

I)ESDRIPTIO~. ; 

~ 

"> 

:Hf o;;CC~1JU=~h.A..SSU'~~S '711.:. ... :~IT~C~P. A'::.!'TW:::-:--:C lJP T(, 
31?;a6-1nc~~ ~ = ?nS71~1~~87~ :~ nVAILAQL:. -H~ '~TU!L 
t"A:;""'="':;'.:l CA~~7C'r-O'')T''r: -,.., y ).IUS-:l:: )\'1 T'l-::-'-~o - .... -"-TFI:'· r- .... -J __ " ~ "_..i>r-. 1 _''t') \,) t :..;>~~, _ 1_t' ..... ___ .'\._ ... 

ONr ~T THE ~!RST CQll 0F T~E p~OCEJU~: IT~ VALUE vUST ?E 
At: O,)D !>-:1EG:R. ~GTHll, ":"H': L!!~ITS 1 70 6710f1363 'P:CLUS!'(E. 
!F A co~q!=,~: SEOU::NC::': :S TO ",c- G=-tEF.AT::S -H:: V~L\JF OF ;H~ 
I~,;2:t;,::r; ~U<;.,. W-,- :3:: SHANGSO 8€iW,::J;:'~ Succr::s~rv:: S:lLlS TO T 

r:U~·CT::::t:P:. ('"'.C.PIKE'I.!,).H:LL t.lGORITHI-', 2£6 G<lr~Y. t.C~ e 
(OCT •. 196~) ,D6115). .. 

8C:GIt~ ,.cANDOMolo • y t = J 12-::: • v: . 
'( J= Y ._. (Y OIV 6710e~64) .. ·67tl),~864~ 
RM:OOt-i t= y I 671:):8;4.:1 .. (6 .. tl) + A; 

EN 0·; .,.? A t:C 011, '" c>, 

,. 
~ 

'. '- ... 

'" ~ 

":" .-

............ 

j. 

..,. 

Y' 
w 
co 
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1J 
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~ .~ 

~ 

,'if' 

'P~OC~OU~E ~E:::~UTf:(\/A';;. AP<[YARC,AY~V'-l~ S::Ct)t~·PJT;nl!~..)7::G::j:'): 

r-PUP.POc.5E t ~::-:-"U"'!'::- IIPOl'T"::-::- ~ : ~f'Of)v P':"~"U·~TIn~J ,('\ vK Sr:OU;:"'C~S A rr J' 
.. c~ '"' .. _,.... ~, _ "" ,. , '. ~ ~ ,~"'\, .. , _ ~ a. -,. 1 

J=1. • • t. A:m T=1 ••• 1<1('. !N' ':"ur;~ ,r: tHY 'TriA -: AF-E~ ~. GAL:" ') Ot:" THe." 
C::~JC:;r:.UC:: ~AtiC,)\; THE ;:lr::11::L7~ CF"'EAGY S~!)tE~ICE A::;:: ~ cnDOp· 
pt::;~lUrATrOt! OF' Ti1E O~.IGP;AL ~J EL::~~::NTS ld!,Jl W145:~::: J=1 ••• "l 
TAI(::~) ~. AT A T:-";::. 

DESCRIPiIC~~:: TH;: ~?OC:DtJ?~ ~Ar:')~f~ IS 'SUPPOS:':!) TO SUPPLY A 0M.;01J 
FLE)':':tl"" F;:;Ot\ A LARGE P-CPtlLt."I0!" -)F R:::AL I;U·"'::'::;:,S 'Jt·:F'·")': ...... L'f 
c-rS.FIPU'r'EG OV;;'=.. TH:: OP~:'1 IN-€=V~L (G,1>. "H:: f..~:Jt..y il::S _ 
f-F.Clf,cEO TO '3E T~€ St:~c:: -;-yp,: AS · ... H=: VA~!A9LE S~iJ?.., N')T= .... H~T .. 
AT ~XI'" ~(1 •• t·J WILL g'7!LL Ca·:T.'~I~; ALL THE o=rr-:l·.AL ".(l •• t,)· 

VAP. 

IH D 7Ht r P'::C'''UiE APPLI ES A ;:)!\tlro~' PE::>~·n.T .HI0~r 10 ':"YE: C'O!OlET':: 
SE':;)U~~~C':. (N.C.PYKE i<::IoIt.::>.K P~'I IILGOPITH"1 23:'; ('01"~1 •• ACIvI - ' 
<1~E~) P~L~) • .;,. 

I , J .1. l<t :-'!c r ~ G E r ; 
<) A V t. ~ ! ~! T E GEe: , 

, . 
BEGIN ~P5c~UTE~ . 

FOF ! 't= .1 TO' '<K f.'\'J 
FOt' J f: N DOl-PITa t ')0 

6EG!N ~ 
I( t:' ~::;U~I~(J ... ;::At .• DOl':(O.O,1.0,S6P)[Il» + 1; 
SAV~ I: ACT Jl; . 
Afr,Jl := Al!~Kl! . 
il(!,V.l t= SAV_; 

~NQ: . 

E~ID; ~PE ~YUT:" 

r+ - -.... 

. .. 

-. -

" ' .......... 

""".I 

'. 

to 
w 
\.b 

.' 

". 

Q 

.. 

.. 

I. 



" -..:;:- "-
,~. ,,<t- ~ ;~?'\~"""'~~v.r-t ...... r·· .... ,U·,"l"Jfl\ ..... ,.II!,r~ .. 'Plo>lJ';. .... '-~~:".,. (~tl ~"'.' , t... ' .. - I'., .. ~ I , 

. ~" ,... . 
.:-~.; "', ' .. ~~,,~. 

.J, ~tf' }:rJ' ~ .~t,·":f~/~' )~~ ... 'II!'I\ '110 >/'" , ' .. ~ • ~+." 'I.' '\-,./:", 

, -

" , 

/' 

4. 

'. ~ 

.(, 

". 

P~OCEDUJ:E ·$HU~FLJ:.(VA~ X'p'!~nt 'VA~ ~E:;-~:n:T::Gf~; '::!t.;"l"'::Gf;';) 

,.PU~P.OSEt fHJFFLC" f.PPl1.:fS.to:. P.AU')~~ o~o:li)TA.,.IQ~~ TO "'H:: ::::r.L1~·~)CE X'f11,' 
!=I ••• N IN SUCH A'~AY ~H~T AFTER ~'C~LlS CF Ty~ n~GC~~U=~ 
c~\.n:CM T--I~ ELf··~E·hiS 'XCI) -FO~ !.::;l,",N:A~F A R,u.:OClI1 o~:::~L7Ar:::O~J 
OF -HE O·Ur.INAl. tl f.LEt1EN""S XC!) '-/HERE I=1,?,. t. ,~~ i~<EI\ /: A'j' 
A 'r'II- E. '" .. 

v.~~ 
J,Y. ~ !1;':'t;:GF.t='! 
~AVE : !NT~GF':'; ..... 

BEGIN ,.SHUi='Flt;.:. 
FOt: J :::; ~; C'O' .. Pl":-O 1 C'O 
'9I:"GTt.· ' - ~t ~ = if'"U ~ C (,J: ~ M: CO H ( () • 0, 1. D , SEE D» + 1; 

SA V€ ,-: X ( J 1, . . 
. ·X ( J ) J = X ( !< 1 ; . 

X(l{l ,:: 'SA'/E;' . 
. C:t-~ ~ ; , , 
EnD;" ,.SHlJFt:'l::.a.. (,?>, 

... 

" 

; • r~ 

~;'";'~:;; ~ ~ ~;~ ~~ ~ ----------- -~ -~ --------- ---.. -- -.. --.------ -.- -~ -~ 
B~GI~ ~CL~SSOVEPFLaw~ 

<) 

W~ITEL~(;O . ~~~~ CLASSOVE~FlON .~~~~); 
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~ 'UNCTIC~ lEhGT~CVtINtSG~~' ~INTEGE~; 
,; ., PUR~I)~Ef. TO CC::fER~H:1! TH~ SIZE OF i'I-E PA~4~~rEo IJ ,j, 
~ , .' . ~ 1. 

,DARA~E~E;(S}t I 

V-~THE ~~TeG~~ WHOSE LENGTH IS TCft~ C~TER~!~EO coc CU~F0~ 

II 4~ " 
S I Z E . tIN T E r:.E ~ ; 

BEGIN .f • 
S!Zt l= 1: 
HHILE ~ GE 10 DO 

'3SGIN 
IJ != V r,TV 10, 

. SIZl: ·t= SIZE + 1; 
f,:NC:-'-- " 
LENf:TH' I-=?' SIZ.!::;, 

ENIJ t ,. l::N,G7H :'" 
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P~CCEDUqE r;IT£(Kl<EYSIt<T~!:E); 

~ 0URPOSE J TO CUTPUr r~E K KEY~ OF ~ NCO~,SAY KKEY). ~ .. 
'_____.. PAR A ~ ET E R ( S) t • 

,KKEYS--PCTNTE:P TO THe: t-.c.~ WHO'3~ k:::VS A°:' TO :S:: au iPUT 

VA b.. .r> 

. ~ KoCS,l't INTEGEF; , . ..,. -
'8EGI~ ,.ptTE~ 

, 
.,. K CCVITS .THE NUtJ8E'Q O~ T~ARACT~~S OIJTPUT '" 

K t: 2;'-
• W~IT= (: (;:);. 

, . 
,. REP~AT LCCP TO CUTPUT T~E K K~~S. ~ 

FOR ,<PQS 'f = 1 .TO KK 1.::0 
. 1?EGIN 
. II=' 1<'.PQS NE 1 Tf-IEt-', '3EG II'> 

~ CUTPUT A , 8ETWEE~ TH: kEYS • . . 

,. Cl!TPUi A K:'Y ~ 

H R !;1' E ( :: , -=) ; 
I( 1= K + 1; 
ENQ; . 

I t= lE~GJH(FA~D~e~{KF~S,KK~YS~.K!V]r; 
\-i~ITE(,~~KC~UMrKPOS, KI(.;:·'{S .... I(EY1: I); 
y. .: =. K, -+ I; . 
EN C; , 

WIOlIT:: (::)::); 
END; .. RITE. 
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PRO'CEOURE f,CGU~ULAT~; 

rt PU;::POSe' ! to Glll"H~'o STJlTIS-:ICS FOR DIFFS~J:I\; ·WM3£t<S OF ~~01)E) ~ 

BeG IN ~.6 CC UP U.U:' .... F ~ 

~ ACSU~L4T~ ST~i!~TIrs ~ 
'l '. <)TAT$O:U~~~OO[S.1.1 t:; STATS(IW'"I~lOC::5, 1J. + TPI€! 

II=" ((STtTs(t·!u·diO:~S ?l Er:t 1"1) 'J'~ (T:~.n:, LT STAj$(NU;~tJOC'::~,21» TH;:~1 
. S TAT S ( t-..lJ ~ NO) :: S , 2l' : = ", r.:"~ ! . 

IF «sTt:rSP;lJ~'tO:;:~!:'I1 ~() n) O=\. .(T:~':: GT SiATSPW ... ~\OC;;"S;:;l» TIi.E~~ 
S -r t. is 0: I t ~H 0 ") i: S , 3 J ! = - ! ~ E : . , 

STft·T~{t,U'~'I..:Cr:,:.-3,~1 t= S-T~iS(tlUI~fJl)r::S;,.1 + P!..£lo1GiH: 
IF' ((.s-ATSP.U r·WC:::S,r.1 £.1) I) O~ (PLE'lGTH li Sin"T'')(';Ufo'rW'J::S,5l» 

TH~N S'Tt.TS(NU·j~lOO:;:S·, 5) : = PL!:'~.'~TH~ -~ 
II=' «($TAisrNUI.i:wcrS,61 :;:1 0) :O~ (PlE~IGTH GT <;TATS('~U~~lar)E,s.y6J}) 

Tyq: STtT~(NtJ"'~OC::$ 6) : = PL~:;G";'"l-I: , 
STATSO'u vt;ClJF.S,71 ~= S:A-'SU~U"PIO(,~S,7J +- H::IGrr:-: 
IF. «(S-/l"S'O:Wj:~00::S;~J Ef)"I) 0:::· CH::IGHi LT S-r!.TS(~~U:·!!~:1:;::C:,~))) 

TH=~J Sit.i~('w"r!:)GES,Ql != l-It::rGH-~ , '. . 
IF «(S"/!TSPcUt'(\lOo~s,a) En n) 0; (H:::IGHT GT SiArSC"IUMl\OOES,=l·)) 

TW:N STATS(:W'1tJCl':::S,91 := H:::!GH-:-: .. 

,., HiCt;El.lEt-r'" ~;lJ"'1t:O[l~S + 

. NUMNO,9ES f= ~:U'1/'IOOES + 1 ~ 
-" // 

END; "'ACCU~ULATE~ 

,., __________ ~ ___________ ~ _______ J ______ ~ __________ ~ _____ _ ~ _____________ ~ 

p~OC~OURF. O~TN70U-rC!~IN"'E:G~R); 

~ PU:POSF. I TO OU:?UT T~~ P.f.SULTS ~ 

BEGIN.~ ~d!~ro07 ~ 

WPITF." (:;0 , :;7tiOIJEsr.z:::~,:: -::)~ , 
W~'!T~(STAr$(!,11:-:':2,SiAT~Ht,~lP:~ ,)7t\TSC+~116~n}; . 
H p r T E ( S T Co '!' S ex z .. J ~ 11) ~ 2', S r A -;-S r ri 5 ] : 7 ~ 0 , S T -A T S ( J. , I) 1 : 7 : i) ) ; 
W~ITEL~(SjATSlI,7}'lt:2,ST~7Sl~,81:~:a,sTAiS(!,91:S:0) ; 

END; ,. PPIt,TDUT + 
oJ' 
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APPENDIX C 

.'l'he COMPARB Routine. 

'fhis routine compares two k-tuple key by first 
<:t 

c~ncatenating the k-attributes of each and th 1 comparing. , 
As discussed in Chapter III, this techni"que Of\concatenating 

the k-at_tributes is ,commo~ly used' 'ior comp9.rinJ. k-tupl~ 
keys in a Binary Search Tree. Beca~se C of the l\ng .. execuf 

tion:time required for this routine, a Simpler 

routine was used and is giv~n in Appendix ·B. 
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Fur~('-; I ON C Otl PA ~.~ (::" I:: S T , S::: r.O\J 0: K IJT i;: €.::; J J II ~IT E GCp ) : H! T EG EO: 

... PtjI:'POS:: 

~ 

TO CO~D~QF ~H~ K~YS OF FI2S~.A~D SECO~O STA~r!~~ AT 
"'H:::' JJ-:;\.{ K::V IF jJ GT D ANt iO ~~TU~:'I",AS .... \.{:: YALU~ ~F 
i f.i € :3 I) 0 L :: A ~ ~ F Ut ~ C T ! 0 11; CO '1 P A ~ £ 1 . 

'1, IF n?ST = }::r:O~.::>, 
1 7 C :' T:- ') T > <:::,,~ o:~ 'J 
< ~F FrOsT < 3~~O:/). '" 

r ,P~PAf'£T::R(S'r1 
" 

F I ;: S ';' - • - Pi): W' :: = t 0" H-l E r ~ I) C E :- G f3 E It j S E -::1 ~ D 

( 

S::CO~II)--PC:;:~~7E~ -0 1'1 NO=):: :~; P';:::" TG~~ ":'0 3:: CC'1Pt.~El) T0 FIo.ST . . 
J J -, - - r ' , T : G ~ ! ! , r') 1: ~ l\ T: ~: r, . ,j ~ ::: F. =: -; 0 s i A.~ T T 4 E C '( C !.. I ':' C E DC:;' A t· Ij ::: Po E ~ T 

OF·7Y ,<c::y<: 0:: ";'H:: "f);C;:S. I.::. ":'\-l: CU";::<~.I,~ '<::'i- ~~!Nr, , 
C0MPl\ Er HILL 8:: A~ TY:: ST4~'" OF' THE' SO~.CA"F~I(JTE~ ST:>ING. 

, " 

-~E: ""::~Y',:c 'usc:::) T~ C0'1~~,;: 7YE TW) NrJO:S H~S TO CO\"CA;:~,C.;=': 
EACH I(E:Y I!.j -Uq~ Ar><O COtl>"~;;E' Tf-IE A ~,pcO:J? !A;~ £.lE~·'EI j,~. 

~' 

....., 

v >. ~,. , 
c~ KA CH'I{I) t BOO'_'=At!: 
C"'x i.--y """ AG' '-"--I"'~F' , J y' ',r L. .'.l: , t ::. 1] ': " 

!,J,(A,~~ : I~7~S~~; 
A.9 t Af\Ll='A: , 
X;y f A,~i-l~=:; . 

p-~.-------~--------------.-.-~-----~---~-------.------------.-------~ 
FUt-iCT!(,~J ~1t:XT(A8HALFA: VAP.. 'I'J:IN~EG::~; VAo.. XY:ACHAF..> I "'(,OL:~N: 

, . 
.. PU:;PC:;~·: iJ' U~Ir>!lS'< .... HE ~:::x- '<~'(' 01:' ";OJ:: "'tl~ .. In78 TH: CH~~~C:~O Ar;~AY , 

"'XY" 1..:1: i0 r..::iU='''l 1S T:.JE VALUE Or ~ ~XT 

~ 

C ~ l S £ ~ ',./ ~:: 'I .~ L l ¥.::: y S ~ 0..:: :: x H A U S T:: ~ 
T ;; lJ ::: : 0 T ~ €.z \~:;: '):: • .t. 

PAC'~~::"':::R(S) 
, 

a9-'-!\~-AY r:-Ol,:~ r,ING THE <::Y3 ,)1=' TI-lE ~nr:': 
IJ,-"':';-:-:::G~'; :-,.:1 CA'i!~lG'T'~E: C~P.;"=:~;'T' K::':Y P'1S:T!Ot-.; r'~ A]. 
XY--G:-H>,;::~C-:;:'; 1. ?AY I~ HriI~H A KEY Ai.\ -IH:: IS U'tJ::t.:K::'J. 
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.' . 

'Ty'P~ . , 
r' P"Hfi~ = 

, l<TYP~ = PACK~~ A~~AY(1 •• 10J O~ CHnO; 
~=:~a=-') 

J:t.. ~~'" 

, " 
,/ 

.( 
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,. 

VAP. 

CASE ~OCi.:::A~ CF 
7::t.;~: (IN-: ~L~A) ~ 

\"FAlSt:: (AlF:P:;HAP): 
~Ji lJ ! 

TPH:i t K-yDf:; 

Z ,I 4CHA~: 
• "!~J,JJ: !~IT::G::-qi 

'iI' 

.-./ 

,tV"r-lr 
'I:) ==- G T t, r> r lJ - ,> :. '" I< K ~- -IF! t:.'~ "'1-1 ;:\ 

i=.:L 5::-
~! E Xi. :: = F' A L <5 :: 

l 
/ 

~NO; ,.t,EXT '" 

~C:t; r t\ ~ 
~.JfXT : = T~UE: 
::.J t = ! J + 1; 
7"? It: i. : tr t = .1I3r rJ 1; 
U~IOI\CK(TDII\!T.ALF,Z,ll ; 
J := fl! 
::;':: ~f At J .~ = J + 1: . 
UI~T!'_«Z(Jl I;~ :l::) 00 (J 
! t = 1: 
~o::> JJ : = ). -;- 0 1'1 CO 
g::,:::;!r; 

. XY{!l != ZCJJ1: 
: := I + 1; 

I=" ~ I ,':'I ~ 

'FO::; JJ : ~ ! 70 1 n 00 
X y (.) 11 : = :: ::; 

:: t! Q j 

~: .' - ~ 

'\ 
<:> 

~'t.... 

EQ .10»; 

, . 
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9SG:::tI,"~CMPARC:~ ~ 

, 

rt IF JJ > 0 i\~EW Rr:~R~A~G:: T~:: KEYS STARiING \H7H ~~~ JJ ::LE""I:\l.T 
O~H~RHrSE LE~YE K_YS IN OqIGINAL OROE~ 70 a~ 7EST::~. ~ 

, 
IF JJ G7 n iH~'N 

e~G:;: t,f 
J ~=.' .JJ; 
I=" O~ ! : = t TO KK DO 

B::G:~~, 
A(11. !='P.A~~;t~U"(J,~I(;5T,...K~Y1~ 
(H!l ::;: cA~'O~;U'1(J,S::Car1f)1'.K':YJi 
IF J L T K i( - H :: ,,\ J t:: J + 1 

C:LSC: J := 1:. 

Ef'!) 
Et 11); 

~LS'E' 
l' - 0 !(I( GO .JI~OO ! l=. 

a;::G::N ' 
~(IJ := 
8(;:1 t= 

p.1) ; 

o A ~.I.:H; U " ( r , r: I c: '3 j .,. • l\ E ~ 1 : 
~~ ~:t:Ul" (.! "S:CO~::;1' .i\~Y 1: 

,. !"'ITIAC1ZO:: ('OUHiE~S, M~O FLAGS .j, 

FLAG := ~; 
T .- O' 
J- :: I)~ . - , 
C-X 1= ~~ 
s~y :-= f): 
Kt. %:: 1: 
K8 : = 1; 

" 

'" J 

.. 
p 

. , . 
~ '~~~A~ rYE ~OlL0WI~G LOOP U~TIL BCTH SETS OF K~vS A=~ EXYl0S T EC 

c: A ':fi~qAC-7.:~ I','~~~::: ·'0']:: !~ FCUr.,w jt) 13:: > 'HE C~~:-.ESPJ·,~rl.r, 
CHA;:AS7E:: !'4 -H:: v"";:::c- NO~~. '" 

CHI(A := t:~xr(A,!,x).; 
('4K'C" t = I'I~X-:- ('"'l, J,Y): 
c;;:-P::AT 
-,.·!F 1:::%- C"~A=ACi::R IS Blt\1-f1( O=<'TH~ 1'1 CHAP4C-Fi c S cf ":"HAT I(~Y 

~:.v=: ~E::!,. 7::S-::::-::- r:;~T ~;::XT KEY AI.:) c~sr::- COU·('::~. ~ 
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IF ( ( X r !( A J EO. :: =:) 0 P . ( l( A G T 1 0 ) ) T Y E ~~ S~G Ttl 

! F" --( (y.( K r; J E Q :: ::) 0 ~ ( l( a G T 1 0 ) ) THE"·. 

J' 

CH~~ := ~~YT(A,I,X); 
KA : -:: 1: 
~tl: : 
r.~'";I~, f) 

r:Hl.(fj := t.::XT(B,J,Y) ~ 
k'8 :-= 1;. . 
r:"t-;/); 

,. rr::" tEIT~::D ~~O~~$ K'::-VS jAo.f. ::XYAU~T':O ;I-!::~ SD:-:P~~: ":"H:: Soco.ES .. 
Pf'lP"T'·r.: C'J~oAC""c-~ ... ,' TH= CU:;~!:"r,O" I/':y'" '" . ,-",,,,,_.'i~ i1,"". _K.::> .... 1... _ .... _r'f "'_). 

• IF (CYl(t, b.l~1) CH:(8) TH~~ 3:::G!N 
-:F xrKA·l GO" Y(K!)] iYO: F~,'G := 1 

~LS~ 
IF V(~~81 GT X(KAl THEN CLtG ::: 2; 
10. ::: I<A .,.' 1; 
l(; t:: :(:: .. 1; 
1",":' x ;::' (,"'r'( + 1: 
;:",:'y 0- '(-TV + 1" 
.., • - .... '. ! 

E ~F) : 

UN":"IL( (C'LAGGT 0) t')~.(NO- (CH~A ANt CH'<F3»)t . . 
,.. c CUt tT T 4 € F.:: ~ A I:H r:.G (' H A 0 A C7 =- ;:" S . IN i Y E . NO a ~ s I{ ~ y So'" 

"'='("~KA iH~).· 
- P ~P i A 1"t -" 

~F.( (X(Klll E0 :: .::) OR (KlI GT 10) ) TY:::~: IEGP: 

l(A := 1(6 '" 1: 
U I. T : L ('" 0 -:- C i1 K ~) : 

I~' C\-iKe T~::~: 
P~P:AT . 

.:~"'( ('([I(:l) ~!').=: 

1<:1":= 1\13" 1: 
U~:T:t (~IO":' CI1:<.l); 

\ 

I 

Q 

:: }. a 1.~ ( K ~ G T 11) ) 

CI-l'<t. := i'EXT(A,I,X): 
KA := D~ 
::~; ~ 

ELSE CiX := ~7X + 1: 

THt:1 u::r,!': 
~u'<9 l= t-.C:x;(g,J,Y}; 
<s ~= 0: 
:: ~r:: 

C'L~~ .~TY .- ~.y + 4' - -, v . - v l, 

n 
V1 
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