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CHAPTER I ) -
INTRODUCTION

L J .
Data structures for retrieval of a record in.a file

usiné primary keys i.e. keys which uniqueiy define a record,
have been well studied.f.wé'know from Knuth [6} that binary

(4
trees have proven to be a good structure for representing

linearly ordered data and that balanced binary trees are

éfficient for fast retrieval.

~

As yef, such ‘an i&gal daté structure for associative
retrieval i.é. data rétrieval dependant on the'valUQS.of
more "than one attributé-ér key, hasn't bee% deveioped. It is
a:more.complicated p%oblém mainly because  the structure has _
to beocapable of answering many different kinds of gueries
efficiently. A query is a re£rigval request of a file and
it specifies a number.pf conditicns which are to be’sapisffed.
by the a;triEutes bf the recorgs:in the.file.—'Accdrdfhg to.
Knuth‘[7] and.Bentley [3) queries are ugﬁally of the féllo&ing

“types: - ' ’ . .

I. Intersect#on queries consisting of:. hA

A. Simple query or exact match query -

requests the retrieval of a specific record in a file,
[ .

[



o

B, _Partlal match query -

7

spevifies values for some of the attributes, and the mosL

general type of intersection query which lncludes A and B,

-

C. Boolean quéry -

assuming sooe 'loss than' ordering on the attributes and
using the Boolean operators AND,. OR and NQT, we can
spec;fy a Boolean function on ranges of values for some ,

or all of the attributes..

For example, .considexr the.case of a file of employee recoxrds

having several'attributes in the following order (name, age,

o

.job classification, employee #) If'we ask for all records -

with the following values for the attrlbutes
1.) name = Smi th. ) : -
age = 28 - - ) ' ) .

job classification = 10

~—

4

employee # = 212 .

fhis is an'exaﬁple of an‘ exact 'ﬁatch query since we are re-
questing a specificuregord. ‘ ~~‘. 2 - -
2.) agé = 25 .

This is an example of a partial match query since we are in-
terested’ 1n only those records w1th the age atfribute = 25,
3.) 21 < age < 25 and job c1a531f1cat10n = 12-

This is an example of a Boolean query. B ’

- We can thlnk of the attributes ‘as components of a vector,

that is, the records are poants in a vector space.
. [ P .



11. Néar neighbor query can be broken -down into:

A, Nearest ncighbor guery - a request to retrievé the .

Ed

nearest neighbor in the set which is "cloeest",to‘a

yiven point. o

" B. Fixed radius near neighbor query — a_ request to retrieve

-
B

all points within a fixed "distancé" of a given point.

Many data structures have been develOped for bulldlng
1nformatlon retrleval Systems to deal with these dlfferent
associative queries. A few of these structures. are discussed

in great detail by Knuth' [7}. For example, the inverted file

which is one of the most important of theecurrent techniques, .-

> ° «
compounded and binary attributes, superimposed coding, and.

combinatorial heéhiné. McCrelght b8] proposes that a “euperﬁ

key" of the attributes be formed and then linear retrleval

< 5
*

algorithms be used. These and other techﬂiques are'discussed

-

- /

by Bentley [3] . e : ) ’ . _ . q-/-

The flrst general approach to use a tree structure
in associative_recaieval was introduced by Finkel and Bentley

[4].2 They considered records arranéed in k-dimensional space

L

with one dlmen51cn for each attrlbute and arrlved at a w

2

generalization of the binary tree qalled a quad tree. Instea

of each node having at most 2 sons, the nodes in.a queq tree

L]

-of k dimensipns have at most 2k‘scns. Thug the binary tree

is a special case of the quad tfee of k dimensions ‘where k =

a -

]

T

1.

~ ’ " <

*

Py



the attrlbute in the, record which is %o be used to determlne

L 2]

-~ ~

< - 1In choosing,a particular data structure certain

~ *

. . ~ L : : . . -
criteria must be kept in mind, such as: low storage reguirements,

‘efficient deletion techniqqes and the ability to-efficiehtly

satisfy-retrievai requests from.any of the possible qﬁeries.~
Recently a new tree structure hés been propesed by Bentley [3]

called the multl dlmen51onal searxch tree or k- d tree.

&
el &

The k-d tree has been tested“for ell the different -

*

queries,and‘has been shown to perform better than or just as

‘well as the other techniques:. This tree structure is a genera-

Y

lization of the'binarytseaqgh tree where each record containing

“«
>

k attributes is ‘stored as a node. There is a discriminator

~

'between ¢ and k L,assoc1ated w1th eachknode that spe01f1es

~
~

which of the subtrees to follow.
The,objectives of the project are;"

(1) - to implement the bieiqtinsertion eléorithms for +the biﬂary
- s -

search tree, the quad tree of k dimensions“and the k-d
- N : - X . - » .‘v

- tree, c T .

e - ~ ' -

N 5
(2} to compare the building time, 1nternal path length and
height of each of the above tree structures by 1nsert1ng

- -%he same set of records 1nto each. Therefore, only exact

match querles w1ll 'bé lnvestlgated



CHAPTER I1II -

. DEFINITIONS AND TERMINOLOGY

-
Definition

Given m a positive integer, the empty tree T0 of ..

2ero nodes is an m~ary tree. An m-ary tree, Tn of n > 1
7 < - o Z

'

‘nodes is an ordered m+l tdpieﬂ(Tilﬁ...,Ti %) whe;?
Til,...,T are . m—ariltrees'of ij ngdes r?zpec;iYely,

ij >0, 1 < 3)’ m'..iltij = nil,:and v is a single node
called the root. of'%n. The trees Tii""’Ti are ca%%ed the
subtrees of the root v. In pamticular when‘ﬁ=2‘§q*have_a

binary tree and we wrlte (TR,V T ) in'place of (T ,Ti V),
13 2

T, and T denotlng the left and rlght subtrees of v,

L
.respect;vely. -

Definition

Given an m-ary tree, T , of n > 1 nodes we define

the level of a node u in Tn to be

.

. ‘ 0ifu=v R

1evel(u,Tn)= o . .-

ie . . 1 + level (u,Ti ), where u_ is in Ti:
'.. v . e j ! » .J
. - - ‘.' M > ) . . . . "

. The_ﬁ%lght of an m-ary tree ?n of n > 1 nodes is the ‘maximum

1eyel:of any nqée in T,

"Refer to Figure :2.1 for an example of a binary tree,
its height and level.

“af
s
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« 1. ' .
The null sons. are expressed by square boxes.and are
A

«

. . ‘ . ) . ! .
known as external nodes. ' The internal nodes are represented
. ‘ = N
. ] ‘
by circles. T . S A

Definition

o2 *

The internal path length, lTn!I‘@f an m-ary tree T
. ¥ .

is 'zero if n < 1, otherwise it is given by
8 m * - - ‘
. ITHII = I T et

13

_Similarly, the ekternal path length, ]Tn,E - of ah m-ary tree®

_ Tﬁ is zero if n < 1, otherwise it is given bY‘
. .

- -
T = mn = 1
|Tale = ™ | |
; I "L 1Ti 1, + n+l, n > 1.
: j=1 JIE - ' 5

”»y
.

& .

For example, referring té}thé binary tree;&n'Figure 2.1

-

'|Tll|i = 23 and |1, |, = 45.

1. The following theorem is given in Knuth [6].

-t

Theorem
: I, . .
Given an m-ary tree Td‘with n > 1 nodes the internal
path length ‘Tnll and ‘the external path length ]TnIE: are

reiatedlby the‘formuia
) o [Tnls = :(n{-l) ‘lTnh + mn.

v Knuth give§’a.probf by induction on page 400 for m =.2.

The same proof holds fox the general foxrmula. .

- . ’



The maximum path length among all m-ary trees with
n nodes 1s attained by the degenerate tree with a linear struc-
ture. The maximum external and -internal path lengths possible

for an m-ary tree with n nodes are

(m-1) (n-1)

N
g
+

[/ e B

tTniE ,
max i

:(m—l)n2 + (m+l)n
2

and
n(n-1)

h

Correspondingly, the minimum path lengths of an m-ary tree
occur when the nodes are nearest the root. Therefore, the
minimum external and internal path lengths among all m-ary

trees with n nodes are respectively

(mq+l—m
T B = ({m-1)n+l)qg = ) + mn,
R} S min m-1
and
q+l_
T |, = (n + El)q _ (m m)
min m (m-1)

where q = {logm((m—l)n+l)] and | ]} means integer part.

Definition

e e
T

A k-dimensional tree, T;, (Finkel and Bentley's gquad

tree [4]) of n > 1 nodes is an m-ary tree where m = Zk. Note

.

that when k = 1 we have a binary tree.



9

>

A complete 2~-dimensional tree

1 Figure 2.2

Definition

A

A k-dimensional tree, TE of n > 1 nodes with t

levels is said to be complete if and only if 1t has (Zk)i
nodes on every level i, 0 < i < t-1 (where the root is
defined to be a level zero).

This reduces to the notion of completeness for
binary trees when k = 1. These concepts are illustrated in

Figure 2.2.
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»

So far we have been discussing tree structures in ab-
stract terms. Now we go on to investigate how these tree
structures are utilized for storing and retrieving information.
Preliminary definitions of the information which is to be

stored and retrieved follow.

Definition

For ¥ » 0, a k-tuple key is a vector of k attributes

for an item of information. When k = 1, it is just referred
to as a key.

The set of all possible attributes of the k-tuple

»

keys have some transitive relation < defined on it. If the
set of attributes is a subset of the integers then < is the

1
usual "less than" relation. Let us define a relation < read

"i-less than", between two k-tuple keys K' and K°.

o

Definition

"Given two k-tuple keys Kl and K2 where

1 1 .1 1
X = (hl,hzl-o‘-lhk) r
and ‘
2 .2 2 2
Kl —r(hl,hz,...,hk)
we say *
i
kb2 x? , 1<i <k
1 2 .

if and only if hi < hi' Note thaé’when X = 1, i can only be

i
1 so that < is just referred to as <.
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i
similarly.k* > k%, 1 < i < k if and only 1f

1
hi > hi and >. is referred to as >.

Definition
Given two k-tuple keys Kl and K2 as defined above,

let us define a transformation F on Kl and K2 such that

k .
1 _
F(KT,K%) = £ f£(h,,h%) x 2171
) 177
i=1
where '
, 1 2 »
0, if hT > h?
1l .2, 1 i
f(hi,hi) -

l, otherwise.

Example: Assume k = 3 and the attributes are a subset of

the integers. Let

K' = (33,5,16) and K% = (26,45,2).
Then -
FkE KD =0 x 20 +71 x 2 40 x 22
=2

Note that the resultant value of F always lies between 0 and

27-1.

<
Now we can continue to discuss how this information

is linked with the tree structure.

Definition

A k-dimensional search tree, Tﬁ,.is a k-dimensional

tree having a k-tuple key associated with each of its nodes.

Moving from a node to one of its sons requires a comparison



of all k pairs of keys. The transformation I' defined above

is- used to compare nodes in a k~dimensional search tree.

Definition °

A k-~dimensional search treé, Ti, n > k with t levels

L]

is said to be perfect if and énly if

i

(1) it is EOmplete
(2) every node is in the center of its bounds rectangle -
that is, the region in which all descendants bﬁgtﬁe node
must lie.
A perf;ot 2-dimensiornal search trée i§'illustrated
in F;éﬁre 2.3.

Lastly a definition of Bentley's k-d tree [3].

Definition

A‘multi—dimensional binary search tree or k-d txee,
Tn,k of n é 1 nodeg wheré.k represénts.the dimensionality .
of the 'search space, is a binary tree with a k-tuple key as-
sociated with each of its nodes. ' To determine which set‘of
nodes to follow, the % relation is used where i is the dis-
crimator pointing to the attribute to4be used and is obtained
as a func£iop of the level. This discfiminator can be obtained

by the same method as used by Bentley [3) i.e.

i=2modk -
where i is the discriminator of level £ and-the level of the

. root node is define@ to bé ZeYOo.

’ 3
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A 2-d tree with respect to records in 2-space is

shown in Figure 2.4. It follows that a binary scarch tree

is a k-d tree with k = 1. . ) .

P N -
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CHAPTER II11-

ALGORITHMS AND IMPLEMENTATION ,’

3.1 Overview

The algorithms described in Section 3.2 are the
basic search algorithms for:
. (a}) the basic binary search txce
(b) the k-dimensional search tree

(c) the k-4 trece. -

. -

The implementation details are given in Section 3.3.

A brief discussion and definition of these searth
trees and related functions were given in Chaptexr 1I. Two
categories of retrieval are represented by thesc seagch
"trees i.e. a) represents primary key retr#eval, b)ﬁand
c) represent assoéiative key retrievel.

.-

~l

fv 4

16
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3.2 Retricval Algorithms

3.2.1 General
e
Let Tn be the address of the root of a trece with

n nodes where cach node is a k-tuple key. Assume we are
for the node R. If R exists in the tree, the

*

addreds of] that position is returned. Otherwise ¢ represen-

empty tree is returned. The retrieval algorithms are

defineW recursively as follows:
’ \\ \\

3.2.2 Basic Binary Searc? Trec Retrieval Algorithm *

?4na;y search (Tn,R)
1. If %h = ¢ then return ¢:
2. If R <*Tn then binary search (left(Tn),R).
3. If R > Tn then binary searcﬁ (right(Tn),R).

4, Else return Tn ) v

where left(Tn) represents the dadress of the left successor
of Tn and right(Tn) répresents the right successor of Tn'
1 1
Note that the operators < and > are the < .and -

\ operators defined in Chapter I1 and Tn and R are k-tuple

keys with k = 1.

3.2.3 K-Dimensional Search Tree Retrieval Algorithm

k-dimsearch (Tn,R)
1. 1If Tn = ¢ then return ¢.
2. I1If T = R then return T
n ‘ . n
3. Hise k-dimsearch (soni(Tn),R)

where F(Tn,R) = i and soni(?n) rgfpresents the address of the iph



*
. .

18

v ~

E

successor oOf Tn.' The function F is defined in Chaptér II.
ﬁote that T ~and R are k-tuple keys where k > 1.

3

3.2.4 K-D Tree Retrieval Algorithm

- Let z.regresent the level‘in the tnée which is zero

1

at aﬁhe root.’

. k-d search (TnLR,Q) ) ¢
) ‘ ! . .
1, If T '= ¢ then return ¢. S " .
TS B o
2. If R > T then k-d search(loson(Tn),R,l+l) )
; . ¢ ' . ' 4
.ad)y ~ )
3. If R ¥~ Tn then k-d search(hison(Tn)JR,2+lz 4
4. Else returﬁ Tn
where d(2) =.£+l mod k ° oo ’

- loson(T ).xepresents the address of the left-successor of

v
-

T .- ;
L] n a .
. hisbn(Tn) ?epresents the address of thg right-successor
) - &

of T
n

Note that k >1 and the operators < and > are those defrned in

Ch;géér II. : -

3.3 Insertion Alﬁorithms-

£ ~ ~

: The retrievéf algofithms given in Section 3.2 with the

<

Sy : , . - . ,
folloyiné modifications could be used to insert a node R:

1. Iﬁ.rn = ¢ then R is insexrted and T, is set to the ‘address
of R
2. ° The addféés of each successor of R is set to ¢. . P

. - N
“t - - ©

1
AW
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3.4 Implementation :

3.4.1 General
The basic inéertion algorithms for the given trees
.were implemented in the programming language Pascal as deised

by N. Wirth [10). Pascal's récord and pointer facilities enable -
< : .
trees to be built directly. The algorithms were tested using’

1

the Pascal 6000 3.4 Qersion available on the TDC 6400.

For the purpoées of this project the following implemen-
tation details hold for éaéh tree construction %}gprithm.
1. A tree is construcéed by inserting A raﬂdpm’reéo;@é, one at
a time. A record consists of a k-tuple 'key and each at-

tribute of the'k~tuple key is an integer between 1 ana’n.

Random permutations are genefétéd on each of the k lists .

of attributes from 1 to n and then on each of the k-tuple

.. A} . . .
keys, n in number. . . o .

-

Thé method of Durstenfeld as modified by Pike [11] using(‘
. the pseudo-random number generatox .of Pike and Hill [12]

is used taq generate the records i.e. k-tuple keys. An

- LA

exampie of a record could be (10,151,200,§9) whére~k = 4
- ) ) . . e

and n =.200. A listing af these routines is given in

~

Appendix. B. - N

2. Each node in a tree is représented as a Pasc§l record.

- . *

3. The k-tuple key -is not stored at each node but is
- . o ~ *

referenced by an integer between 1'and n. This integer'

peints to the relevant k-tuple " key in the 1list of n keys.

- ‘to be inserted. This method reduces storage requirements

" . Y N » . .
considerably since only one word is required instead "of

!

-
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-

k words at each node. For discussion purposes;and gase
of gxplanaﬁion,'we'Qill assume that the k-tuple key is
-sééred at .each node.‘ ) : S . . .

(4) . The ﬁéiggl_§pecial symboifNIL is used to‘indicate a null
pointex, - ' ‘

{(5) The root node of the tree is denoted by ROQGT-and is preset
to NIL. Note that NIL is analogous to .¢.

(6) The k-tuplé’ key stored at each node is refesenced»by the
vépiable name KEY. KEY is a one—diménsional-hriay of
length k. Por example, if the first attribute of the
k-tuple key isnﬁo be referenced, it would be denoted by
‘KEY{l].

-

Inplementation details particular to each algorithm

-

- follow,

-

3.4.2 Basic Binary Search Treée Insertion Algorithm

-~ Each node in a'binary search tree contains three fie;és
of.infdrmation. o
-(1). The k—t;plé " key referenced S& the array KEé.

(2) A pdinter to the left guccessqr représented:by the
variable némé LPTR, éqd |
(3) A Qointéf to the right succeésor represented by the -
variaple naﬁe-RQTk.
If a node‘ig a leaf‘i.é. it has no successors LPTR

- and ‘RPTR will be NIL. ,
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. The function COMPARE was_implemented to compare ‘two
k-tuple keys, P and Q for instance. Thesc values are recturned:
N \

0 if P = Q

1 if P > Q .

LG
'

. 2 if P < Q
There are many technigues for implementing this comparison

routine. The most common technique is to concatenate the k

*

attributes of eadh k-tuple key and do a straight comparison
test. A listiﬁg of this_techﬁique is given in Appénaix C.
This method required a long execution time, therefore a simpler

technique was implemented. " A cyclic comparison is made on each

th

pair of attributes of P and Q starting at the J*' attribute.

The integer J is sent as a parameter. If ihg'attributes are

equal, J is incremented by 1 and the comparison repeated on -the

next.pair of attributes. Otherwise the‘apprqpriéte value, 1

or 2 is returned, as defined dbove. If all attributes are-equal,

Lo

-

0 is returned. For the binary search tree insertion,\J was

-~

set to 1 and the binary treé puilt on the 1% attribute of each

13
k-tuple key, since each attribute is unique. |

3.4.3 K-Dimensional Search Tree Insertion Algorithm [

(SN

,Eéch;qode in a k-dimensional §eéfch tree contains the
following fields of inform;tion: ’
;f ‘the‘k-tuple key denoted by tﬁe\arrgy KEY
2) an’'arxay PTR céntaini5§ éhe address of each succe;sor<of

the node. Note that there are 2k successors’ per nadé.
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The transformation F Gdefined in Chapter II was

implemented as a functjon called EXAMINE. This function is

L3 N N -
used to determine which of the 2k successors to follow while

moving -down a treec.

3.4.4 X-D Tree Insertion Algorithm

BEach node in a k-d tree contains the following infor-

mation:

.1) A k-tuple key denoted by the array KEY.

2)

Two pointers denoted as follows:

a) LOSON poinéing to the left subtree of a node

b) HISQN pointing to the right subtree of a node.

3) A discriminator DISC which is an integer between 1 and k

. . ' .
DISC denotes which of the k attributes to use for compari-

»

son.while moviﬁg down the tree. The discriminator is

. determined by the function NEXTDISC which is identical to

<
the function d used in Section 3.2.3.

~

A function célléd SUCCESSOR is used to determine

which successor to follow. It returns either LOSON oxr HISON.

If the discriminating.attributes are equal, the nodes are sent

_to the function COMPARE, as aescribed in Section 3.3.2 and

-

DISC + 1 is sent as the value of J.'
A listing of the above functions and insertion algorithms
is given in Appendix B. Examples of the three search trees

are given in Appendix A.



CHAPTER IV

RESULTS AND DISCUSSION

*

L
4.1 Introduction ’

The results ére presentéd and discussed in the fol-
lowing thrée sections corresponding to the properties inves-
‘tiga®ed: - - :
. 1) building time
2) internal path length ,
3) ﬁgight.
bata was collected for each statistic on the following
trees for k = 2,3 and 4:
a) binary search treé'
bB) k—dimehsiohal seérch tree:

c¢) k-d tree.

For;this purpose, 200 trees of ;ach type were built‘of.size
n and ; varied from 50 to 1000 in increments of 50. The
;eéults were obtained by avergging‘over-the 200 trees built
for.each tree tyée and size. |

The k~tuple keys used tgébuild the trees were
generateéd as specified in Section 3;1.1‘ i.e. permutaéions .
of the ordered sequence 1 to n for each of the k attribdteé.
A permutation was also done on the n k-tuple keys.i.

Graphical representations of the, results ‘are given

LS

and discuased.

23
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4.2 Building Time

~

The building time forEZach tree was taken as the sum

of the elapsed time intervals in Secands for each k-tuple

\

‘key insertion.
Table 4.2.1 illustrates that there is no appreciable
difference between the tree types investigated with respect

-

,to building time. This would indicate that on the average -
an exact match guery would take appro&imatel? the same length
of time using e;ther tree algorithg. .

For the reason stated above orily one-graph (see
Figure 4.2)tis-given for the building time vs n (where n is
‘the number of nodes in a tree). The building time values used
" to dra& the graph .were these cSllected fox the 3-dimeﬁsional
search tree. As‘drawnhin the graﬁh shows that building time

is directly proportional to the size n.

4.3 Internal Path Length

The lnternal path lEngth was . calculated using the

definition glven in Chapter IL. As dlscussed in Chapter I1I,

the k-4 tree is basically a. blnary search tree with a dis-
*
cr1m1na§or for each k-tuple key. One would expect the 1nter—

.

nal path length to be the same for these trees and 1ndependent
of k.. This. is conflrmed by the data glVen in Table 4.3. l

Therefore anygraph591ven for k-d trees apply to the corres-—-
_ponding binary trees as well. T
]

By definition of the k-dimensional tree, each node

.
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A) BINARY SEARCH TREES

n

50
2560
500

1000

B) K-DIMENSIONAL SEARCH TREES

n

50
250
500

1000 .

.
5

C) K-D TREES

A

n

50
250
500

1000

BUIIDING TIME DATA

k=2

290.64

1586.74
3283.29
6818.88

k=2

298.-86
1624.94

3363.77 .

6932.13

k=2

303.86
1649.78

3425.91 .

7102.24

k=3

298.81
1595.02
3294.01
6820.35

k=3

306.03
1615.84
3334.55

6842.86 -

307.98

- 1642.99

3410.33

7096.17 -

TABLE 4.2.1

k=4

275.52
1579.67
3300. 89

6840.01

~

k=4

304.16
1637.62
3345.67
6887.26

k=4

308.73
1649.96
3427.82
7116.65



FIGURE 4.2:

~

Building time in seconds vs n, the size

"of the trees
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has up to Zk sons. Therefore the internal path length would

_be expected to decrease as k increases. Figure 4.3.1 shows

that this is the case. For the same reason Figure 4.3.2
shows.that thepk-dimensional-tree has shorter internal path
length than the k-d tree.

‘ These figures also sﬁow that inteénal path length is
proportional to nh log n irrespective of the tree insertion
algorithm used. This implies that an exact match\query in ©

either tree type- should be 0(log n).

4.4 MHeight

For each’ trce builp,ﬁeight was taken to be the méxi—
mum level of any node in that tree. Since height and intefnal
path length are closely related, it wés.expected there would
be little difference between-the binary search trees and
k-d trees. The data in Table 4.4.1 cénfirmed this.

Height behaves in the same manner as the internal

Y, -

path length as illustrated by Figures 4.4.1 and 4.4.2. Figure
4.4.1 shows that for k-dimensional ‘search treces the height i
decreases as k increases. Figure 4.4.2° shows that the k-

dimensional searxch tree has lower height than the k-d tree.

Both .figures illustrate that height is proportional

to log n.



A0

A7)

B)

BINARY SBARCH TREES

50
250
500

1000

X-D TREES
n

50
250
500

-1000

INTERNAL PATH LENGTH DATA

>

k=2 -

258.67
2057.26
4795.70

10968.26

k=2

258.15
2052.56
4777.80

10925.473

{

=

255.93
2042.97
4771.19

10905.79

k=3

256.39
2050.09
4778 .46

10924.26

TABLE 4.3.1

k=4

/
261.13
2072.63
4829.12
f1031.95

\

k=4

. 259.93
2065.88
4819.11
11017.90
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, FIGURE 4.3.1: 1Internal'path length vs n log (n) for the

%

r

-,

Y
k-dimensional scarch tree where

representsg k = 2

]
W

ces-e..%.. represents k

__________ represents k = 4

€



29

000T/ HL3INIT Hibd TONAFLINI

. o

NLOGI N )

Figure 4.3.1



«
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HEIGHT DATA

.. A) ° BINARY SEARCH TREES

n

50
250
500
- 1000

B} K-D TREES

n

50
250
500

io00 -

20.96

k=2

9.8
15.66,
1s.41

21.25

k=2

9.75

S 15.71-

18.34

TABLE 4.

k=3

9.8
15.47

18:22 °

20.94

k=3

,9.78
15.63
18.18

.20.95

4.1

k=4

9.95
15.83

" 18.49

21.30

k=4

9.81
15.78
18.33
21.13



FIGURE 4.4.1:
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Héight vs log n for the
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4.5 ggndluhing Rehaﬁgg

In suﬁmgry, the build;ng time for the k-dimensional
séarch £ree and k-d Lroes Qas‘found to- be no longer than a
‘b%nary tree. The fiﬁdlng that the internal path length for- =~
tﬁe k-dimensional search tree and k-d tree is propo;tional
to n log n correspondsfw%th Finkel and ﬁentlcy's‘[3_&‘4]
results. As expected, the binary tree results coincide wlth
those given in Knuth [7]. Height proved to be proportional
to log n for all tree types and éizes.-'

The'bfnary séarch tree andAk—d tree have less storage
requirements than the k-dimensional search tree. This 1is

. . N . k
easily seen:because the k-dimensional search tree‘rgqu1res 2

pointers at each node versus 2 pointers at each node for the
? ‘ .

binary search tree and k-d tree.

From the above we observe thaé éhe k-dimensional
'search.gfee and the k-d tree are as efficient as thé binary
search tree for exaét match queries. IF woulﬁ-appear ﬁha£
partial m§tch, boolean, aﬁd near neighbor queries are more
comﬁlex.fér th@sbinéry search tree. A'éomplete transversal
of ﬁhé binary seérch tree ﬁould be required for any of these
‘queries since kéys are éompgieﬂ»bﬁ'éné value (i.e. the
concateﬂa;ion of the k-attributes of the k;tuplg keys‘usually).

This implies.that average running time of these querieé would

N

be of O(n). \ v
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Bentley [3] found that the k-d tree had an average

ruﬁning time‘of O(log n) for partial match and near ncighbor

¢

gqueries. ' Finkel and Bentley ({4} .showed that the 2-dimensional

'

search tree is quite efficlient for-boolean and near neighbor

queries.

+
-~

A number of areas remain to be explored for the k-

dimensional and k-d trees. For example:

1)

,oe

2)

3)

[y

Extensions to the basic k-d insertion algorithm could be
investigated as to the possibility of a weighted k-d tree .
construction algorithm. i

fhe feasibility of applying existing opfimization.techniques
for binary trees to k-d trees could be ioéked into.
éééording to Bentley {3}, as yet an op£i$al deletion algo-
rithm does not é&xist for the k—dimensional.seafcﬁ treec.

Further studies of aeletionvalgorithms could he done for

this tree structure.
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APPENDIX A

EXAMPLE OUTPUTS AND LISTINGS OF THE DISPLAY ROUTINES

The Binary Tree Display Algorithms written by
Aldon N. Walker [9] werc modified to display k—dimensidnil

search trees and k-d trees. A listing of the modified

routings follows. First, example outputs are given

for each tree type.

» - ) N
]
I . .
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A Binary Search Tree

EXAMPLE 1:

The Root Node is

(2,5,2,10)
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EXAMPLE 3: A K-Dimensional Scarch- Tree

N

]

10 K =3

The Rool Node is {(5,6,1)
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N '
. THE ‘DISPLAY ‘ROUTINE o
. P * . 4 ® ‘.
This routine,displays binary trees and k-4 trees.

The anly mpdificgtidn was to output k-tuple keys rather
than unary keys. A call to the utility routine RITE .

. was inserted ¢n ‘the VISIT procedure. Two aspggrisks on

+

ghe‘léft denote this chanbe;~-_‘ ’ "
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. both display routines for continuity purpdégs.

THE KDISPLAY ROUTINE
This rowutine dfsplays k-dimensional scarch trees
Since afnpae in a k-dimensional search tree can have

+

up to-zk sons, the trﬁnsvérsal algorifhm_had to be com-

Al2

pletely re-written. Thé new algorithm is called KTRAVERSE.

A5 with the DISPLAY routine, a change.was insertedhin

the VISIT procedure fo call the xéutine RITE in order té

output k-tuple keys; All changes, are dénoted by two

asterisks on the left. Complete listings are given for
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e THE BOOLIAN FURCTION CDYRASE 3 ' . :
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ECONDr-POIMNTIP TO A HQOZ Ix THI TEEE. TO 3K CD4REFED 70 F 1257
JJS=~ILTECER INITCATING WHEZEZ TQ STARF THI CYSLIT PIASRANGEMINT
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COMPARE =713

g ¢l



ve

A

iFBEﬂngUMIJ,FIPSt?oKEY] Ly °ANDNUH[J,SE?ONDr KEY) THEN

CUT 3= TOUE:

. COMPART 1= 23
©OENDY

- . . . T, . ELSS’

IF (JJ .GT By AHD (J EQ ¥K) THEN J 3= 1
ELSE J 1= J + 1
1 ;; T+ @? R , '
. END3
_END3 . PCOMPARES
p‘-----ﬂ-'-‘--—'-‘.-?“--udv-—----_-\---—ﬂ---‘-’--- ------ - Ur A AP w=m S e s ws ek J‘ -----
FUNCTION WEXTDISC(PREYVINTEGER) ¢ INTEGER;
‘» PURPNSE 1 7O CETESMINE THE NEXT DISARIMINATOR FROY THE ozsc= FINt-
o AT OF THE OOEYIGUS NLOTE, . ,
g - Tef. NEXTCISC = (IH+1) 40D KK ¢
». . ) . .
PARAMETER(E) ¢ .
' . - PPEV--CURRENT DISCRIMINATCR USED To D?TfRnThv THE NEXT .°
DISCPLUINATOR, . ,
VAR nrxr IRTEGEZR?
) BEGIN ANEXTDISC+ .
. BEXT tz= PPIV 4+ 41
. IF NEXT GT KK THEN NEXT 1= NIXT - KK§
HEXTRISC 3= NEXTS .
tND S oNEXTOISCH
,‘-----mwo--—------n--‘r----b-o-'----——o---~-—o~-—-o-------—-o--o--------+

4
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LY -
,:FUNCTION SUCTESS0R (P, QKDTRES) L WAYS _ : ;o
S PUPPOSE f. TC DETERWIME WHICH S04 OF P THE NODE 0 BELOIGS. +
pARhws?rc( KR B ’ L
P--PQINTER TO A LODS IN_THE_TSEZ *0 WHICH Q IS 70 38 COVPAREL.
0--P0INTER TO THE NOPEZ TO B5I INSERTED . , .

' VAR szr TEGEZY". _
BEGTN #SUCCESSOPY
» LET'J = THE JISCRIMINATO® +

# = PpaDISC! .o
e IF THE J=TH 'KEY OF 2 < J=TH ¥EY OF P THEN RE7 U2N LOSON &,

»

ot
o

S IF CANDNUMCJ,Ar.KEYT LT RASONUMTL, O KEYT THIN SUCLISSOR t= L0SON
oo L fLsT .
© .7 e IF THE J-TH KZY OF Q > J-TH XEY OF P SETURG HISON <
S  IF EANDNUMLJ, Qs.KEY) GT PA,E§U1%”37‘.KEY] THTY SUCCESSO® 3= HISON .
‘ ’ J f}‘coaaA 2(0, P, ¢ _
. L3 J .0F .
7031 Y SUCCESSOR iz HISANG
5"+ SUCGESSOR 1= LCSONG
- END Y
T ENDS
" END3}. »SUCCESSORS N
—————— - dq—v——~—-—'~—,}

’ . .
» ’}-q“--‘a-m----~q--—nt»-q.--o-d-— - . T W W W -
- . - -
'
» v

. ) . \

Toaa

o014
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FUNCTION, BINSEET (K{ODETHIN®

; IVIINTIRET) @ KDT3EES
. » PUPPEOSE : TC INSER™ A MODE I4TC A BINASY TSET TF I
SXTST AUR_IF 1T 90Ig TR SETUSK THE ADDS
.- EOUIVALERT RODE IN THE TEEE. U
s
PARAMETER(S) 3 .
KbéﬁE-—*HE ARTAY OF INTEGESS WHICH ARE USZD AS
pOO2ESSES To THE NGDES TN 2% I[ASESTIg
Ig=rme=—=t4Z BOSITION IN THE KNODE ARRAY WAICH
<NODF BEING INSEZTED, g
VAR '
. SAME t_23pLTEN
VALt TNTEGER:
BEGIN e PIVSEPTE .
» ALLOCATE NEW POINTER ADDSESS AMD SET KEY AODJFESS o
IF ACQUISE(9P) THEN %070 9993
PPe.¥EY. 1= KNQIECLIK]S

- p-
BYNSFRT t= NIL:
‘ S t= TOQ0Y!
SAME 1= FALSF!
HGT t= p? .
_» REPEAT LCOF UNTIL A NULL HODE IS FOUNG &
WHILE F NE NTL 00
-+ REGIN ' .
~ SAVE ®FSyIOUS hLODE AODP SS TN ORQER TO INSERT
TC INSERTED RQONE, ,
SavVER 3= 93
# INCREMENT HMGT COUNT L.E. HFIGHR.QF TREE

o

1Td



» CALL SOUTINZ COMPASS TO COMPARE THE KEYS OF THE 10NES.
VAL t= COMPARZ(PP,®,0) ] '

e IF-VAL = 0 THEN 1CIES KEYS ASE EAUEL THEM SET FUNCTION EQU
TO NOLE A uqr~s< LNOTASCETE CREATED NODE POSITICN. <+
IF VAL EQ N THEN BEGIM '
- RINSEST 1= ©f
. - B ot= NILY .
SAME 1=z TRUE: )
PELEASE (PP) 3
- . . . END
. . - . ELsE . ;
BEGIN . -~ . | )
# SET CARSCTION IM WHICH TH FOLLOW IM TREE «
IF vaL ER 1 THEN 3SGEN .
‘ . DISESTICH 1= RIGHT;
7 1= Sa,RPTO} .
. EiD
FLSE BEGIn
- DIRECTION 1= LEFTY
- 2 4= Re,LPTC
EMDS - .
. ENDS - :
END? -
»°IF MODZ NOT FOUMD “HEN INSERT IT IATH TFEE +
IF NOT SAMT THIN 8EGIN :
” . PPa,LPTR t= NILY
L pPo~,FPT? 1= NTL:®
" ?f " . s INCREMENT MDITCCUNT & » v
- NOBECOUMT 1= NODZCOUNT + 13
e ACD INTEPMAL PATH LEIMNGTH -FOF CURPENT NODE
. ¥o ToTaL INTEPNAL PATH LENGTH OF TREE 3

PLENGTH 1= PLEMNGTH + HGETS

Ztd
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SAVER t= Rj. " ‘
» COMPAFE XEYS.TO DETERMING IF ENUAL NODES ’
; “USANE = TFUE TF _EQUAL .
“T T FALSE GTHEIWTST, ¢ :

UNTIL ¢ (T) g0 KK 07 (HCT SAME) )3 ' g
©# TF THE KEYS ARE HOT ENUAL, HOVE DOWN THE TREE ¢
IF NOE SEHE THEN g R ' | .

DETERMING WHICH: TRER T0. Go COWN -« HTSON 0% LOSON +

S PCES°O°(° pp)?
OF
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OO U
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vn
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m
=
©
?
xm‘
OZ

o IF NOOE - ner rouno tN THE TRE;.THFM INSERT IT. INTO THE Teff
xr oT SAME. THEN

GIN -
/'PP’; t= NT“
P+.% 1= HI0t

» - INCOEYENT nooecoun. +
. NOPEGOUNT t= HOOFCCUNT + 1%

" ADD_ TN T”FNAL PATH LEHGTH F CUR
T TOTAL INTIRMAL R RN

. PLENGTH t= PLENGTH + H3T;
TESY IF R00T 53 nIL ¢
IF ROOT EQ NIL THEN
.Qn LET Q00T = ADDRESS OF INSESTYED NQOE AND SFET 0ISC TO 1 ¥+

BEGTIM
. RO Tz PP
ROPT+, DTSC t= 1%
END SRSA .
£LSE : .
‘ w-INSEOT ANNEESS OF MEW NODE IN TUE APPSOORIATE BOANCH
. OF THZ . ORSVIQUS NONE AHD . DALL NEXTDISC 70 CETERVMINLE THE
‘ DISCRIMINATOR 0F THE MeN NODE.
BEGIN |
, CAgc sén oF
. L0534t SAVEF*,LPTP 1= pp}
Frﬁ@SON: SAVER » RPTR t= PP}
PP, DISC t= NEXTOISC(SAVER*,0ISC):
L, XD} :
PKOINSE?T+
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i

-

PIOCEAUPE PRPINT(PIKDTREE) !

BEGI
F P NE NYL
THEN
BEGTE -
WOTTELN(S0HZ) ¢
TETOEGGE | THEY .
WQIT:LH(EH“*‘chASEC BINARY TREE *»+3)
WILTSLM(Z0**= 3ASIG_K-L TREE 4e+3) s
WPTTECH (SDTHERS ABEZ,N0DZCOUNT,Z NODES IN THIS ToZZ:)
* WOTTE(=QTHE 00T OF THTS Tric 18 )3
FTFE(RY S - , :
WITTELNE
ueITELNTZNZ) ¢
wolTeLh (203)!
DISPLAY(B,5,4,5) ;
NATTELNEz8E]
A ENG?S
END; #PRINTS
. . )
'pun;thnamn‘»r‘-;-u-o-b--v--o---—-- -_d-n--c---cua-------' ----- B R R R -
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PROCEGUPE TMITTALIZE!

# PURPOSE "1 T =3FC°W THE NECESSARY INITIALIZATIONS OF VAQTADLES
ﬁ*g ARRAYS, A\ . B )

" yAR
Iy t INTEGER]

. BEGIN o INITIALIZE +

FREE t= yILY
XNUM 3= NUMTFESES?

o INITIALIZE =A: 001 NUHBER ARRAY ¢
" FoP I t= 1 TQ KK 00

1= 1 TN MAXSI

9F ZE 00
RAMDLUM(I JY =73

c

7

* T”I’ILLTZ’ IND T ADDRISSLRTAY ¢

IRE
FO« I 1= 1 TO 1A§SI

£ 00

. PACDSTIN = 7§
» INITIALIZE SZIEDS ¢

e T Co.

BEGIN , / / /
+ CSESOITY f= SED! /

SEC t= £IC ¥ ToURE(I*PANDCV(0,0,1.0,SE9) « 13
enpl’ FOT 0BT(SED pnzn SED i= SED + 1!

»4
'U
Y}
>
—<
-

» ITNITIALI7E STAT ?b
FOF I &= 1 70 il
FOR J.t= 1 70 g

STaTStT, .

END} » INITIGLIZE ¥

8TH



PRPOCZOURE RUILCTFIES . .
» PQR&USE'! TO BUILD UP A TREE AND COLLECT THE REQUIRAC STATISTICS. +
VAR '

-

IMC t INTEGEF;

" BEGIN » BUILDTFEE ¢

, LIZE «
POOT 1= NTL: ~ - .
HODFCOUNT 1= n¢

HETGHT $=-7¢ .

PLENGT™H t= D3

NONESTZE = INTERVAL}S

NUMNODFS 1= 13 .

TIME 4= 0% T _

» PECMUTE THE ELSMER™S ™ THE SANDOM NUMBER ARSAYS +

PEFMUTZ (S ANTNUM, SECT,MAXSIZE) S

wW1‘" PEAMYTI THE VECTORS OF KEYS USING THEZ -IKDIRZCT AQTRESS ATRAY +

SHUFFLE (2ADDR s SE0;MAXSIZE) 3
o CALL FOR.CURRENT CLOCK TIMZ AT START OF YRIT +
T1 2= CLDCK:?

- » INSERT YHE KODES 70 NUILD TRFE ¢ - .

" FOR INC = % TOQ MAXSIZT DO BEGIW <.
I PoCG EQ 1 THEN ADCR 1= BINSERT (24002, TNC)
ELSE ATIR 2= KDINSERT(RADDR,INC)

614



w IF THE NODE ALFEADY SXTSTS:Q4T2YT A “I<SA
IF ADDRP & NTIL THEN

BEGTH
WOITE(S0*4* TUE NODE H
eTTE(80D%) ¢
* WRITELN(Z ALSEADY EXI
EMD _
£LSE
IF HGT GT HEIGHT THEN

o IF IRC = NOQZST7Z THEN BE

Gz ¥

HEIGHT

GIN

» CALL FOP MUSRENT CLOCK TIYE ¢

T2 1= CLOCKY .

o
STINT 1= 77 - 13
TIAZ 1= TTHZ + Strus
o GATHER STATISTICS
. ‘ ACCUMULATC
il ’ /ﬂ

s TNCSEMENT HOPZSITZE
,NODISIZE '1s MONESIZE

END} » BUTLDTREE «

” G D e S e WP T P My s WD Wh S G AR D P S NP W W N S S A AP R W W O b A mb G A G W A
.

¥

+ INTE
TVE ¥
D1

- oy -

SUBYRACT T0 GET BUILDING TIME ¢

- e s e e s

0zd

(s



" -o—--—-d--q---.---—-q'----.--—--o—-.---—---——----——n-.--------u---—----—-—-ﬁw-qv—-.;
. . .

PROCENURE PRINTHEAIERS
» PUSPOSE t TO PFINT A HEADIHNG +
BEGIN »PRINTHEAQEPY.

IF PPQOG = B ' . _ _
WRTTELK(Z STAYISTICS FOP B 3IVARY TOFE USING I,KK:2,Z KEYSI)
£LSE
HOTITFLN(ZY - STATISTICS FOS A =,KK12,Z-9) TPZS3):
NETTEUN (20 RUM3ER OF T2Egs.30fLT = S,Nun"38E514)
weTTELn(30z) e
WoTTE (= MAXSIZE SYILOING TTI¥T D)
WEITSLR(SINTFRIUAL PATH LENGTH HEIGHT Z) ¢
WRTTE(S AV NIN  MAX =)
RRITELN(ZAY MIN MAX Ay MIN ~ MAXZ)
"END$ ~PRINTHEARERW
’ b-&t;:nﬁ-»-npc-—d ...................... S WS WP G WD UD GRS AP VR S A A% ER W EE W N U W e R TR G e wp e W e e ek A +
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BEGIN »INFO# ‘
- LINELIMIT(CUTPUT,250%) 3.

»CALL P20CEDURS INITTALIZE YO PECGFOFM INITIALIZATIONS

INITIALIZE:
#PEINT HEACER &
PPIN HEZADEF S
.. COLLrCT STATISTICS +
‘FOR ISUTLD 1= 1 TO NUMTPIES 0O
BEGIN

« BUILPTFZES

» CALL CESTROY T0O BREAKDOHW!.

DCQTQOY(“OOT)x
EN

[

THE TREE

a ORTAIN AVERAGES AND QUTPUT QESULTS +

NODESYZE = INTZFPVALS
FOR'I TH MUMINTS DC

D
R R
P Y

wwLn .ol
t—4 ¢
‘.nmm
—
-ttt
-j -~ - e
~if =

U A

!
)]
b
I

H DD
=~

B}
~

3
NT NODESIZE +

3
.
ﬂ
i'fl

,
o
(=,
m
wn
4
~N

n

ENC?
989 |
"END. »INFO¥

/7 XPBUM 3
7/ XNUMS
7/ XNUM;S

S t= NODESIZI + INTEPVLLSY:

©

» BUILC- TREE ANC COLLECT STATISTICS OM THAT TREE +

<
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PROGRAM KIMFO(INPUT,QUTFUT) ]
- pPUFPOSE 1t

-
_- —_ -

1 Hi
pK = DIMZNSTOENAL TREEWY

r,;&&‘#*%##b&-b%&&‘x.x.;.xq.mh-‘

P Gk
LGIOR

?
LG

#GLCIAL CONSTANTS, TYPES,VAPTARLIS
LABEL 999:

CONS™
K¥ = &3
KSN = 162
NUMT2EFS = 33
MayST7% = 19Mm
INTELVEL = 10Ag
KRUMINTS = 13
TYPE
ALFA = 10;1””“0;
ATNT = BTPAY({1..KK] QF INTZGE®:
MINT = ATCAY({1,,.“AXSEIZc) CF TINTIGEIRPY
KEYAPRAY = A:‘;‘.AYEIQOK‘(’iihﬂAXSIZE] OF ALFA:
KTEEZ = »HODTS
NOCE = <5C0=C
KEY 1t TNTEGERS :
g;?': EROAYL1.eKSQ1 OF K 2T
DI% .= (LFFT,IGH™)
VAR .
£QAT,0F, SAVEE, 3, A00C,FRES 1 KTRECS
TALCHNUY ¢ KEYA&I~AY?
SEFLG ¢t RPINMNT?
SACDS ¢ MTIPTY -
STATS t AFTAVIYL, . LUMTHTS,1..2) 0OF DEAL}S
DLENGTH746T~HEI§PI£*I“E,YNUH T RTAL:
IyJ)KaSE:‘ t TPTE6E 3.
WAY;“OC?CCUNT,W!E%SHID 1 INTIGERY
T4, %2 T8GTLC 1 InYEGER S
kUPnoAZS, hodesT7e 1 intecER:
STIME t PEALY -
p¥r 4 ¥ & ¥ Kk X ¥ > LI S S A - T T IR T T R B T T Y T

* % > 3

»

TE A NUAD TeZE YSING THE BASIC INSEXTION
¥ ‘
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PROCENUPE CESTRFOV(RTIKTRIE) }

e PURPGSE ' T BEFAKDODWY THEZ TRIE MHQSE 097 IS THT INFUT SASANMZTER
TN C7DZ < TO TELEASE THI T2IES POINTERS WHICH A2 T2
BE. USEDY 70 CONTTRUST ¥HZ NZXT TREZZ. - GARB4AGE COLLECTION.

INPUT PARAYETEF . :
PT--THE F£COT OF THE TREE 70 BE BSOVENDOWN

VAR - :
CT,IT t INTEZGER)

BEGIN »DESTCOYS
CY = n¢

» COUNT THE KUMBI® OF HON-NIL POINTESS OFF THZ NODE RT ¢

FOR II 1= 1 TO XSO DO :
IF FT#,PTRAII] ME NIL THEN C7 1= CT + 13

» IF COUNT IS n THEM FELEASE THAT NODE SINCE THAT IS AN SH2-NODE

ELes
~w IF NOT AN ZN2-MODE THEM CALL_PSLEASE PECUSSIVELY 70 CELEASE
ALL THI MODZES IM £hCH OF THID SUTFEES.
BEGIN o
o FEZUSSIVILY CALL JESYROY FOR FACH TRIE WHEN THE PCINTEF
IS NGT NIL ¥+
FOR IT t= 1 79 KSQ 0O .
IF ET+.PTRIIZ] RE NIL THIN, 326THR
. VLSTROY(RT+P™RIITY)
T+, PTROITY 3= NIL;
. NS
PELEASE(RT) 3
ENG3 .
END} »DESTROY+ ,
- - e - - - - - .- - -
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p» PUBPOSE t 70O COMNPADE THE
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=0
IN T
PARAMETEO ()
R==FCINTEE TQ THF 40D
) K=-=PQINTED It TREE ~0
VAR v
f’ v 1 .
A==8FSAY WHICH HOLDS
INCIZATES THE £ize
SAME--PCOLTAN VASTARL
- A:s £NUAL, FALS
nowcc.ru t INTEGEF]
SZ ! BOCLEAM;
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T IF RAETRUMLT, R KEY) NE. RMIONUMIT, Ko KEY] THIN SANE 1= FALSES
CUNTILC (NOT SAME) ©F (T 6T KK) )3 . S
e IF NODES 8FT ENUAL FETURN ¢ + }
IF SAME THEN EXAMINS =" p ) ; /

eL e PR e 4
» WHEN KOOSE 49T M0T SNUAL, GOMPARE EACH GORICSPINAIMG KEY I THE -
NGOES EKD SET THE CORRESPCNDTNE BASTTTON T THE AZFAY/E TC &4
© 1 IFTKEY IN R GEKEY TN K ARD TO 0 IF KEY IN F AT KIY TN Ki e
BEGINM . ' - - .
CUTFOR T t= 1 TO KK D0 : : :
TIF ZANDNUMUZ,C=.%EY] GE FANDMUMCT, K+ KEV) THEW AfI) 1= 1
. A . : ELSE A(T) := 0
o CCMVERT THE BINASY DIGIT STO®FD IN A TO A DECIMAL INTEGER «
R I
N1 1= 1 To K no O ;o S |
BEGTN o e ,
ceee, NDY tm oqUM # ATI) + PCWER: :
FOHWED 1= POWER * 2%
.- ENDY 7 . -
:) . B / .
| o FETUSN THIS INTEGER AS THE DIRECTION IN THS. TREZ IN WHICH
. T0 ?ROCEE-D. $ R 2 . )
SXAMINE $=.NUM-+ .13 ’ o , .
g; ’ ., . . ‘
END} mEXAMINT® - . .
Y, ‘
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FUNCTION KINSE®T(KHODEIMINTS IJtINTEGET) KTCEE}
» PURPOSS * TC_TM33IR™ A MOGE INTO_A K-DIv T282 TF IT ACES NAT ALPE
EXIST, AND- IF I~ DAIS TO_SSYUYSHN THI -AQSPESS OF THT
IOUIVALENT FODE In THE TRET,  ° 3
KhOPE--’HE AR3AY CF INTEGESS WHICH ARE USSN'AS IKCICECT
ADEOISSES TO THE NODZS TO BI INSERTED
IJ--THZ POSITION IN THS .KNCDEZ ARRAY WHICH POINTS TO “HT
~ NJOE PIING IMSZRTEZO.
VAR OHK 1 20DLEAN ' .
. BF‘GIq ,»VT TY

» ALLOCATZ -NIZW POINTEQ AOO?E§S ANG SZT X5Y AODRESS o
TF ELCCUIRE(PP)Y THEH GOTO 3839
t= '

PR+, KEY KNOIECLIJTS
» INTTIALIZE VARIASLES +
¥INSEDT = NIL) -
CHK = Toyr:
© 1= TOQTS 3
HGT 3= 0}
o FEOEAT LOOF unTIL B NULL NCOE IS FOUID ¢
WMILE © NE NIL DO : R ' [
3z GIN : - " ,
SAVER 1= ©3
s SAVE PFEYIOUS HODE ADD2ESS IM ORDSR TO IMSTRT POINTES
Te INSERTEQ MOREL 4 e :

» INCPEMENT MGT COUNT I.E. HEIGHT OF TREF «

MGT 15 HGT + 11 '

o GALL POUTINE.EXAMINE TO COMPARE THE KEYS OF THE NOIES. +
MAY. 1= EXAMINE(PP,R) . |

P

ADY -
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ocd



» SET CIFECTI

<

, OH TN WHIZH ™
IF WAY NE 0 "HEN © t= S0,PTRCYAY)
'» IF WAY = 0. THEF NONES KEYS ARE EQUAL
TC NGDE ADOPZSS AKD CELETS CRIATED NQ
/ ELSE BIGIMN
. KINSsoT 3= o3
LHK. 1= FALSES
F t= NIL:
‘ gggfasz(op):
END? J 77 '
o IF KODI MOT FOUHD THIN IMSFI™ IT INTQ "RC
IF (MK THEN BEGIN -
CFOR I t= 1 TO KSA 0BG PF+,PTRIIT 3= NIL!
» TEST IF 2007 IS HIL AD IF SO Li™ ROQT

IF POCT EN fITL

.‘.

THE POJT 1= PP
ELSE'RESIN
S“VCQT 9’°[NAY7
N2 [

.;'*N”°5H:HT WdDECOUNT v
NGPECOUNT t= NODSCOUNT + 13

SE IF WAY NE 0 4
{
THEN SET FU“CTTON cQUAL
BT pPOSITI
o3

n L0 IHTERNAL PATH L£9GTH FO2 CUC"’.—M'r HQG
TO TOTAL INTERNAL PATH LENGTH CF TPEE

ENGTH + HGTS

-
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BEGIN o INMITIALIZZ +
. < .

P°OC’DUQV INE
. PURPOSE 13

L

VAR ’
TI;d ¢ INTERER!

XO

p2]
> Lt
e
€} oa ve
4
(&

T

»

‘e

TIALIZE _ .
TO FERFQFM *Hu HECESSARY. TNITIALIZAT
AND A3RAYS, - ' -

ZE 00
J3

IPECT ACORESS ARFAY 4
FOe T 1= 1 TO MAXSIZS DO
RALDTCIT 3= 13
e INITIALIZE STEDS -
SEP t= I3u33!
FOQR T 1="1 70 XK DO
HKEGIN_ -
SEE00IT 3= SEDS
) SEC 1= S0 + TOUNC(I*=ANDCY(].1,1 .DzSCD))
CNP}F NOT CODC(SED) THESH SED 1= SE H
- ) -

FOR T
FOR J ‘3= 1 70
STATSIT, U]

IOKS OF VARIASLES
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PROCEDURE SUTLOTREEZS ,
» PUFPQSE t TO'BUILD UP A TREE AND COLLECT THE SEAVIRED STATISTICS, ¥

_ VAP .
: THC ¢ INTEGESS

L)

REGIN » BUILBTFEE + . ‘ ‘
» INITIALIZE +
ROOT t= WIL3
NORECOUNT 1= 03
- L WETGHT Bz 0 ; ‘
PLEKGTH %= DY
MOSESIZE t= INTERVAL;
HUYNGRES 1= 11 ,
TIME 1= 0t .
o PERMUTE THT ELEH{nrs IN THE 2AMOOM HUMBER APRAYS +

PEEMUTE (2ALDNUM 3 SEED,MAXSIZE) ¢ )
» PEOMYTE THC{}%@lQSF NF KEYS USING THE INDISECT ADDRESSS ATRAY ¢

SHUFFLE(ATOE , SEN4AXSTI7E) , )

~ CALL FCF CURRENT CLOCK TIMZ AT °TART OF TRIE
-T1 1= GLOCKS -

» INSE®T THE NODcS TO MLILS TREE ¢ .,

FO= TNC t= 1 TN MAXSIZZ DO _BEGIN ) L ¢
t= KIMNSERT(FRADDP,INC)? . - :

o IF THE NODE ALREADY €XISTS OHTPUT A MESSAGE, ¢

v L IF NZ NMIL THEN

THE NODE HAVING KEYS
LTE&DY FXISTS. *%=I)3

™
41 18
O

O =
I

1 414 1y
it

b g
-

~ 3
—-e

o res
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IF HGT 6T HE LG

THEN HEIGHT = HGT;
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, IF ING = NODZSIZZ THEN BEGTN . o K
. T+ W oeELU FOR CUSRTHT GLOGK TIME v

. ¢ £

T BUILDING TIME .,

AGCUMULATE §
o THCREYMINT NODESIZS +

MONESIZS ¢= NODESIZE + INTERVALS ' . ° .

]

» CALL FO= CURRENT TIME ¢
T1 t= CLOCKS
ENDS . N

END; » BUILCTREE ¢

.
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FROCEDURE FCINTI{PIKTREI) .
BSGIN : ’
TTUUIF P_NE NTL
THEN
. BEGIM C A .
WOTTELN(TLI) Y o " -y
WATTE L (En<»> QASIS Z,KKi2,2«0IM TPEZI) ! e
WBITALN(SNTHERS ARES,HONSCCOUNT,LE NOTIS IN THIS TTEZZ);
NS Te(Z0°HT 5037 0F THIS TRES 15273 .
cITE(PYY -
WOTTELN(Z.2) S .
peITELN(En3)e : 5
MOITELN(E02) !
' KNISPLAY(P,8,04,5)} '
CHRITELN(=ER2) S
- NG
ENN? -
END .
T e T T R R I T B I S T S i P 4
PROCIDURE PFINTHEADE® ] - , o
“m PUSPOSS t TO FRINT A HEADING + e :
o P :
BEGIN WPOINTHEADEF _ .- 2
WRITE (21 'STATISTICS FOR 4 RUAD TFEZ OF I,KK:2,Z CIHENSICHhS.I)!
WOITSLNS ' -
WOTITELN(EN . NUMBER OF TP EES 3I'ILT = I,NUNTPIES:L)
“ . R
. @
WRTTELN(Z0Z) ! *
WSTTE(S 7, "MAXSTIZE JUILIING -TIME =)z
CWATTELN(SINTERYAL. PATH LINGTH . HEIGHTI) ¢
, WPITE(: Y, MIN MAX =y
s WRITELN(ZAV MIN MAYX AV MIM © MAXZ)
(END; #PPINTHIACEFY i . ’ .
'. to‘gnu-‘.-ﬂ-------- ————————— T M A W W e e g W s - e @ an W w e - w defp nan W W - - b.---+
v Or .
0
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BEGIM #KINFCH :
LINELIMIT(CUTPUT,2500) ;
INITIALIZES S

#ORINT HEACEF & )

PRINTFEADERS . : .

® CCLLECT STATISTICS ¢

* FOR TPLILC t= 1 Y0 MUMTFESS CO
"REGIN

-~ 8LILD TFE'-' ANC CCLLECT STATISTICS CN

'auanrscr'
KOISPLAY(P00T,8,4,8) _
'a CaLL neESTeQyY T¢ EmE#K"CNb THE T° s
NESTRCY (FOGT) § '
enny .
» CBTAIN AVESAGSS AWD CUTSUT RESULTS =
NCOESIZE 1~ INTEFVALS

FOR I 1= 1 "0 NUMINTS ©C :
- BEGIN . ‘.
STATS[I,2) 2= STAIS(I,11 / XhUM!
CSTATSIT,L) 1= STATSTILLY / XMNUS
STATECT,7) *=-STATSII,71 /7 XNUM;
ERINT OUT(I).
INCPEPVNT rcass:ze v
NGRESTIZE :='~c0£szzs + INT=RvVALS
- ENC;
3991%

13

CENO, aKINFC4°

+

#CALL PROCECUFE TNITIALL2S TO FERFOSM INITIALIZATIONS.

%

‘gcd



. i . . -
. o .
-t " . N o. ~
. . . . .
~ - - . « *
. - -
~ I~
e} .
: & . : :
. .
« 1Y I3
. .
" \ (
¢ . lh .
' '
N - A -
L] -
. .
" ¢ . ~ . ‘ L
3 " . )
. . . .
R ' . - . ) N
N . . "y M "
. .
~ . ~ .
. .
* . .
*
&) ) ‘ : ‘
1 .
Z ¢
. B . . . N . .
jan 3 1) f N .
, ,
. Q .
) =4 . : )
.
.
- . “
. = - “ -
i R PN -~
Q . . '
) - M
. = f . ) , -
o
- . N
Q ' . ,
ot - )
“ . «
* . L
. - . ,
. . .
” , . . . . .
0 a ‘ " >
+ . ’
. . . .
. si - - . v .
. v . . N - 4 N
» - - -
o .
M ~ " e . B . . .
X
N N - 2
4 %, . N N N .
.
. .
. » ’
Ny . Py ~ . .
. ¢ - .
) . . , o ,
- . %
. . N . . , .
p ‘ 4
N L] ‘ - N -3 4
. . .&w* . “
. ) .
. .
.
+ * r
I3 * . ks . . . i - -
P . . \. y ' I T AR N RN I Lo v T b QM OA s o T RIS
v b L et L AN T AT TN ; S e L PR I N R e A N A EL P W T R A NP 27 2




L

FUNCTION RANDOM (2,3
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C INYINTIGAF) S
pPURPQOSEY F=MUTT APOLTIST A SL40D0¥ PTRNUTATION T0 KK STQUINCES ATI,J1,
: J=loeah AND T=1, 0 KK TN TUMH A WAY THAT AFTET )N GALLS CF THe-
CERCFLUST CALCOM THE 2LeMEhTS GF EACH ScnUINMNCe ASE 4 FINDOM -
PESMUTATION OF THE Q7 IGTMAL N ELIMONTS A[I,J] WHERE J=1,,,.N
. TAKSMN 1 AT A TIVE, . .
DESCRIPTICNY THI PEQCIDURE RAHDCH IS SUPPQOSEN TO SUPPLY A PANT OV
FLEMENT FROM A LARGE PCPULLTINKN JF RTAL NUYIEIRS YrIFI°vLy
CTSTTIRUTED QVEx THE ORPEM INTZ-yaAL €6,1), THT L2324y a T8 .
DECLACED TO 8E THE SAME TYPE AS -THIZ VARIATALL SAVZ, MOTS.7RAT *
BY TXTIT A01,eb) WILL STILL COMTAIN ALL THE OSIGIMAL “CTl..AN1.
AND THAT preMyTE APPLIES A 2ANMCN PESMULTATION T THE CCMPLETE
SEQUENCE, (M.C,PYKE REMAZK OM ALGOPITHM 235 COMM., ACM ~
(12£%) PLLE), & T ‘
VAR _ .
I,J, KITNTEGERS
SAVEsTiTegEs:
BEGIN ePEFMUTEY
FOF I %= .4 T KK D72
. FOe J 1= N DOWNTO 1 20
BEGIN _ -
K o= TRUNC (J+RALDOM(0.0,1.0,SEEDIIT)) + 13
SavE 1= ALTI,J]; .
Arr, g t= ALT e
ALY,K) t= SAVE;
END? !
ENDY »PEPMUTES
’b-'--'--‘-\—--——---m—--7—-—-—’-—-'----—"----'

6ed

g



;Wﬁ%:fmmm;w»:u-,llw.am,.-.~x,.,ﬁ,. (o e e e DGR e e oI AL
‘ .
PQOCEDUpE'QHUerF(VAp X’”*WT" A% §E=5$I$TEG:R! MEINTEGER) ¢
PPUFPPOSEY SHUFFLFE APRLTIES 4 PANDO% °€°”ﬂTA*IQN TN "HT S QUEMNCE XTI,
T=lesold Ih SUCH AN THAT AFTER N CALLS CF THE 8znfonyss
CﬁVDCﬁ THE ELEMEMTS X011 FOR T=1.,,NAEF A QLnDOM CESMITATICN
. GF “HE O02IGINAL.H ELEMENTS X{T1 YHERZ I=132y 4003 TALEN M AT
LA TIFEL 3 ’
“ VAR .
’ Je¥K t INTEGEFR Y
SAVE 1 INTFGFR N
/ BEGIN #SHUFFLEY ~
) . FQF ) 1= N oPQuWHTO 1 00
BEGTIN
‘ X o= UPCCJ*RANCOM (040,140, SEEDY) + 1
save WOXCIY: .
XTJY 1= YK .
: X[(K] t= SAVES ) '
r:Nr\;. Y

B g TS e e e = o e e e o e e e o = —— e .
’\PUJ{E:E/D;;E CLASSOV%FLDW; ) . ‘

BEZGIN #CLASSOVERFLOWY
WRITZLN(=0 - »*+> CLASSOQVE:
END; ~CLASSQVEFFLOWS

]
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]
]
]
v
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FUNCTICH LENGTH(VIINTEGER) 1INTEGER

o

v °APANE’ECIS)

V==THE INTEGEF HHCSE LENGTH IS 7C. ﬂ’ Cc*

VAR
- SIZE. t INTECERS

BEGIN

~—
3

" PUR¢0<E$ TO CETERMINE THE §T2E

3.

-

QF

TRE pA%A‘

L )

-
-~
™

TER V.

ZRFINED
- -

FOF CUTPLy

arven T

LN
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PRCCEDUSE RITE(KKEYSIKTEEE) S

# PURPOSE 1 TC CUTFUT THE K KEYS OF f NCDS,SAY KKEYS,
»

PARAMETER(S) ¢
. KK

VA’Q " = . - ,

. KOES,T°t INTEGEFS

I

"BEGIN #FITEY . _ .
s K GCCLNTS THE NUMBER GF CHARACTESS QUTPUT <

K b 2;“- . : . ] »
JHRITE(Z(S)S. - - .
» REPEAT LCCP TO CUTFUT THE K KEYS. ¢

FOR KFOS 1= 1 TO KK 70

. EECIN

© IF KFOS NE 1 THEN BEGIA _
# CUTPUT A , BETWEEN THS KEYS

O WRITE(=Z,2)3 -
K 1= K + 1}
ENDTS . R
. » CUTPUT A KFY ¥

I 1= LENCGTH(FAMDNUMTKFCSyKKEYSr,KIV 1)y

WRITE (FANCANUMIKPOS, KKEYS+,KEYT: 1I)%

K .3= K-+ I

) ENCS . o
WRITE(Z)Z) S
) ENDS »RITES

”‘-““.‘_--‘----q”----C----“

3

ER{ ¥ '
EYS-=FPCTKNTER TO THE ACDE WHOSE K=YS APT 70 £% QUIPUT

Q.

. Zpd



PROCEDURE ECCUMULATES

e PUPPOSE 1
BEGIN »ACFUPU‘L*C'

s ACTUMLATS STATISTIPS o | N
STATSINUMNONES, 1] 1= STATSINUMHOLIZ, 1] + TIMES
TF ((STETSCRUGOTFS,?T £a°0) 07 (TIRETLT stafSinumnorss,z))) THEY
 STATS{NUMNDIZS, 2] = TrrEr :
IF ((STETSCRUXI0TEC,31 €0 ) 03 (TTHE GT 3STATSINUSNOCFS,31)) THEN
STETSCRUMI 0)ES, 3] 1= Truc: ' ‘
STATSTHUNMECHES, 21 1= STATSIHPIMOCSS, 01 + PLENGTH
IF ((SATSChyrjofes o) EaT0) "0n (PLENGTH LT STt *S(\UNNOC_S,G1>)
THEN STLTSCNUNOBES,8) 1= PLENGTHS 3 N
IF ((STATSINUMNOCFS 617 E7 1) 05 (BLENGTH GT STATSTRUMNONESTE 1))
TYZR STATSINY WDEES,8) 1= BLeugTn: |
STATSINUUNCHES, 71 t= STATSTRUMIONES,7) + HEIGHT
TF. ((S=ATSINDWI002S52) EN 0) O3. (REIGHT LT s*:*sruu" nES,31))
THEN STATSCHUYOAES,8) 1= HEIGH 3 . .
IF ((STATSINUWIODEE 61 EQ 1) OF (HIIGHT GT ST ATS EMUMNOGES,21))
THEN STATSCHUSICAES, 9] 1= HIIGHFT .
» THCTEMENT HUMHODES +
" MUMNODES t= NUMNODES + 13 ,
END3 ~ACCUMULATE
B R e R - - o - - o - - ‘o - - o - - - ~—-y
PROCZDURE PEINTOUT(ISINTEGER) 3 «
» PUSPOSE 1t TO QUTPUT THI RESULTS +
BEGIN .» PEINTOUT o :
3°$;§{§$AT2(TE’“OOESIZE’L’E )3 f
9ITE(S SUI41Y782,STATSIT,2)187¢9,8TATS(T,3T6e0)
HELIE(ST&I§EI%»I=10:é3%TATSfi”SI:7:6?S;ﬂTgff?%1%7?%5:
WRITELNASTATSII,7181182,STaT8E7,21:=48,STRAT517,91:3: 03
END: o PFINTOUT

T GATHE® STATISTICS FOR DIFFESRENT NUM%¢QS OF

NODES

L4

13431



|

APPENDIX C

-

The COMPARE Routine,

This routine compares two k—tuplé kéy by.first
< « .
'cqncatenating the k-attributes of each and thepy comparing.

As discussed in Chapter III, this technique of

¥
%concatenéting
the k-attributes is .commonly used for comparin
keys in a Binary Search Tree.

3 k-tuple
Because of the i&ng'éxecuf
tion- time required for this routine, a simpler

omparison
routine was used and is given in Appendix B.
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FUNCTION COMPARE(TISST,$TCONDIKOTRES;JIIINTEGTS) tINTEGEDS
. - - PYRPOST 1 TO CO#PARF THI KIYS 0F FISST.AMD SEICOND STASTING AT
;e “HETJJ-TH KEY IF JJ 6T 0 ANC 7O RETURN AS S YALUE OF
, - TME B300LZANT FUNCTION COMPARE 1 ‘
T . d.+ IF FIS3T = 3209ND. X
c, 1t IT S1e57 > $E20%0 ,
T 2 + if £I=87 < 33400, v

4
. PAPLVETIR(SY:

A , FIFST===PATHTIS TO-THE uOCE TG BE_INSEITED
SZCOMND~=-PCINTER 70 A NOJS IN TWFA/ 7522 70 32 CCMPLRED T9 FIRST
' Jjﬁ*‘I”TEGEu.IMQIC&T:NG MAZR T T0 START_THEZ CYCLIC EEASTAMIMENT
OF . THT ¥EYS 0F THI NNES, I.5. THT LURRELT Iy AfING
. COHPA‘E" WILL BT AT 742 STLRT OF THE CONCATFENATEC ST2ING.
. THE »ETHTOISED TO COMRLRE THE'THU NDDZS WAS TQ CONCATINATE
ZACH KIY IN TUSN AnxD COQAVLARE-THE ARPRQOPP TATE ELEMED T.T.
v . ot *'
» ’ \7
VAR~ .
CNKAACHKG t BOQLEAN:
ETXy A PV FLAGE EXTZGEF
I,J,KA,K"} E I.)\T“.G:‘Tt:
Bi37t Aairac
X;Y ¢ AcHAZS
p--------—--q-—«----u-.-----..-o---\---..-...'2---.'-...---a-.----------—-—-------],

FUNCTI NEXT(AQ! ALFAT VAR TJIINTEGER; VAR XY:ACHAR) 1 200LSAN!

o g

A PUSPESI- 1 TOTUNPASK THE NIXT KEY 0F NODI *03* IfT0 THE CHARACTIO ARIAY
. ) XXYA 4T S0 ASTUPN A3 THE VALUE OF tEYXT
. . CALSS & WAWTy ALL KS YS ARZT SXHAUSTED ’
TEUZ  t OTHESWIST, .
o~ .
PAPAMETIR(S) ¢ .
AR -=AZTAY FONTATHLING THE KZY3 9F THE NITE
IJ=« WTEGES TUSTCRTING THE CURSENT KIZY POSITION I A3,
XY==-CHARACTS~ ASAY IN WAICH A KEY AT A “IMF IS \WWIEACZKETD,

Zo
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IF ( (XIKAY EQ = =) 0P (KA GT 10) ) THEN REGIY
. : CHKE = NEIXT(A,I,Y)}
K& ¢= 1% .
. . SN
IF-{ (Y(KRT EQ T Z) 0R (X3 GT 1D0) ) THE~ ©"F3IN °
o , CHKD 12 REXT(B,d,Y) 4
- Kg 1= 13 . .
NS
p IF NTITHE® MOFS KFYS MARE EXYHAUSTAED THTMN DQMPARE THT COFRES-
PORDING CHAQACTERS TN THZ CURSINT KIYS.+
" IF (CHKA AND CHXB) THIN B3T6IN
“TF XIKAT GT Y(IX9) T"‘lg.\: FLAG = 1
) ZLS<
IF YEIKB) 5T XUKAY THEN FLLG = 23
« Ky t= KA v 19
K7 1= K2 &« 13
CEX 3= ETY +713
, ZEY 1z fTY 4 qF

.

_ )

UNTIL( (FLAG GT 0) NP (MO~ (CHKA ANT CHYB)) )¢
» COUNMT THS RIMATNING CHAPACTIAS. I

TE-CHKA THEN ‘ ’

M THE NODES XZYS. +

pEpEA?I . .
CTIELC (XEKAY E0 I 3) OR (KA GT 10) ) TYEN IEGIN
) CHKE t= PEXT(A,T,X)
© KA 1= 0°
| ZHD
‘ : SLSE OTK t= 57X + 11
© KA 1= K& + 13
ULTZL (507 CHKkA) ¢
IE’ CHKS THIN @
FEpCAT .
SESL (YIKP) EACI Z) 09 (KR 6T 10) ) THE! 861N
- LUXE 1= NEXT(B,J,Y) !
€ 1= 0t
o Bt i
ELs7 ST t= gty e

0]
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