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SCOPE AND CONTENTS:

Computer—aide§ system modelling and design for minimax objectives
i ..

have been considered in detail. A new algorithm for minimax approximation,

"called the grazor search methqg,;has been proposed and successfully used

on a number of. network design problems to test the reliability and eoffi-
ciency of the method. A critical- comparison of the method with existing

algorithms has shown the grazor search algoritim tobe reliable in most of '

[y

the problems' considered. Practical ideas have been presented to deal with

. o T : . N . : :
constrained minimax optimization problems and to investigate a solution for

" minimax optimality., Two user-oriented computer programs incorporating

thesc ideas have been included as part of the thesis. Lower-order modelling

of a high-order system hns,bcén considdred for minimax objectives, and the
A

-

b :
suggested ideas make it feasible to design automated models for s variety

of transient and steady-state constraint specifications. °
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CHAPTER T

INTRODUCTION

Computer-aided design is now increasinél; being accepted as
a valuable tool whenever classical design techniques fail to achieve
‘acceptable and realistic design criteria. This is espocinlly.true 1n'
electrical network analysis and synthesis where classical circuitttheofy
restricts the network confizuration and the degroes of freodom that nay
be demanded by the designer. Conputer -aided network dasign has thus be-
come & state-of-art which tries to accommodate the desrign specifications
and constraint§ in a meaningful way so that design objectiyas, which
would have been considered difficult by classical designers have now
not only beconeAfensible but are regularly being implemented on th?
dxgital couputer. Many optimization slgorithms have now been test‘d on
a number of circuit design probleas with the aim of i-proving circuit
performance and convergence towards an optimal solution. The algorithms
differ both in the way they generate downhill directions (directions of
decr;a!ing objective function value) qnd the computationsl effort involved.

It is thus apparent that there are two steps whiéh are rele-
vant to the circuit designer - the first one being that the design spoci-l'
fications, constraints involving t?2‘§°d°1 ptrtnﬁters. nnd.the objgc;ivh
function, have to be explicitly spocifiod in advance, and the other ba-
ing that a relisble and efficient algorithm has to bg chosen.fér,tho op-
timization of the design variables.. The -:phxsis of this'uori-hns been
to bring both the system modelling and optimization tochhiqﬂcﬁ tuto the

.
¥
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foreground so that theiadvnntages and pitfalls encountered in tlie area .
of cdmpu;er-hiﬁed design can be wéll appreciated.

This thesis goncentfates lainly on minimax objectives, anh
Chapter 11 gives a brief fovieu of;ex;sting minimax optimization me-
thods, such as those by Osborne and Watson (1969), Bandler and Macdonald

(1969b), and Bandler and Charalambous (1972d).

A new a}gofithi cxlled the grazor search method has been de-

veloped which is guaranteed to converge under curfain conditions. See
Bandler and Srinivasan (1971) and B&ndier, Srinivasan and Charalambous
(1972). The prob{gn of function\:lni-ization subject to constraints
can now be formulated as a minimax problem (Bandler ;nd Charalambous

1972a). This approach can be extended to tackle minimax optimization

problems susject to constraints (Bandler and}Sginivasan 1973a). Once

; minimax solution has been schieved by the systems designer, it may be !

_ requirad‘to investigate tﬁo solut;on for optimality, and suitable me- 1 “

thoqs ares available fo;'thii investigation (Bandler and Srinivasan 1973c).

Chapter II1 considers ihe sbove mentioned approaches to the minimax

problen. I . i
Chapter IV deals with therurea of co-putor-aiﬁed electrical

circuit“dosign for -lninlx objectives. The problems considered include

_the design of lusped LC transformers and cascaded transaission-line

-netvorks :ctin; as transformers or filters. A critical compsarison has

- been made botueon the ;rtzor search method and other optimization

schc-qs for rtliability and efficliency in couvcr;cnco touards the optima.
_Systen -odollin; is an ares which demands aticnttou pri-nrily
bocanso of tho cn-plcxiti-tnd co-putationnl offort involvod ‘when



considering the original system, and the introduction of judféiously
chosen models can not only reduce the complexity but nlso{improve the
computation time. It is now possible to model a high-order system and:
control this system on-line or off-line by dealing with the louer—ordef
models directly. Chnpter V deals with lower-order modelling of high-
order systems fdr a variety of objectives and design éonsiderdtionsﬂ
Minimax objectives subject to arbitrary transient and steady-state con-
straints have been considered, and a method suggested by means of which
the whole modelling procedure can be automated. See Bandler, Markettos
and Srinivasan (1972, 1973), and Bandler and Srinivasan (1973b, 1973e).
Discussions and conclusions on the proposed methods ;re in-
cluded in Chapter VI, while the Appendices A and B provide two computer

program descriptions for minimax objectives (Bandler and Srinivasan 1972,

Y

1973d).

The adjoint network method of evaluating the first-order de-
rivatives was used for network design probleams (Director and Rohrer
1969, Bandler and Seviora 1970). The CDC 6400 computer was used for the
~ numerical experiments,

.Thc purpose of ‘this work can be described as an attempt to fill
some of the gnpi existing—in the areas of approximation,optimization and

system modelling. -
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CHAPTER 1I , R
REVIEW OF MINIMAX METHODS

2.1 -Introduction,
~

—_ —_—

Hinimﬁx optimization methods are assiming significance in the
computer-aided system design area and much effort has gone{intb the de-
velopment 6f suitable algorithms for minimax objectives. The methods
have been ;sed to Opgjnizé electrical networks where the objective is
to minimize the maximum déviation of a network response from an ideal
Tesponse Spccificatioh. This chapter gives a brief fevieu of minimax

optimization tecﬁniqueg. ) ‘ _ *

2.2 Function Minimization

e problem of unconstrained function minimization consists of

mlnilizini with respéct to ¢ a real function
n -

f ) £f(é) : (2.1)
. A,
where

¢ é[’l ’2 ‘e ’le ~ | ‘ (2.2)
~

~
Al

is'a column vector consisting of k independent parameter elements, T .
denotes the- matrix transpos‘e'lnd f is the objective function.

.The constrained version of the sbove problew, also knowﬁ as the
' nonlinear brogrnllinz problem, consisty of !1nilizing £(¢) subject to

)

g () 20 - 18 1,2, v ,m (2.3)

. § 4 (




where the gy are, in general, nonlinear functions of the parameters.

~

¢ ) . :
2.3 Least ptH Approxipation for Single Specified Punction

.2.3.1 The Errqr Function
Define | _
o(4.¥) 4 w(¥) (F(e.¥) - S(¥)) . S (2.9) .

" ~ o ' X ?

uhﬂré

P— e

S(y) is a specified funciion (real or complex)
f(‘,&) is ;n approximating function (real or complex)
u(:) is a positive veigh;ing funé;ton
o(¢,V) is the weighted error OT deviation botvggn

X S (v) and F(4.¥)

~ .
- ¥ is an independent variable (e.g., frequency or time)

-

-

2.3.2 Continuous Approximation

|

Define the norm
. " o | .
- lelly & ([ le@. 9P a0 /P - 1 <cp <= (2.5)
. P v - ,
M ]

where v, and Yy aie lower and upper bounds, respectively, on the inter-

val of approximation. Nihi-ixatgon of I|.||P is called loast pth spproxi- S
_ mation. Forp = 2, we have Epo hql}:fpgun least squares approxln;ttgp.
Assume, for exasple, that le(¢,9)| 13 comtinuous on a finite closéd

~ .

interval ['l"ul'~ Tho'Chlbyshci or unifora norm is.given by

Noll & max  lo(e,0)i _ (2.6)
. . [".’u] ' ~ . i
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-

The process of minimization of ||e||- is called minimax or

Chebyshev approx1mat10n
It may be noted that
" . " 1/p

u .
el etin (2= | lewanIP o @.7
) pre ju Tt Ty, Y ~

¢ '

=" The larger the value of p, the more emphasis will be given to,the
max imum qbsolute error, and the optimal least pth solution should be

tloser to the optimal minimax solution.

Nt . .

\ : a
Voo |
2.3.3 Discrete Approximation

) )
In practice the various functions contained in (2.4) are usyally

evaluated at disérete values *1} It is thus appropriate to consider

discrete approximation.

"Define the. norm

-

lell. 8 (£ lay@ PP 1 cpe= ™ )
~ PTofel o n :
where .
o) & fe, ®) o,®) . RO - (2.9)
NN, L . - Y. . .
and - ~ . e : &
14 (1,2,... W . (2.10)

'

The process of minimization of ||o|| is called discrete least’

¥
pth npproxi-ation The discrote lininax norm may be defined as -~

P ~

, N
||el| Y max Ieito)l v (2.1



~d

and minimization of ||e|]_ is called discrete minimax approximation.’
. Y '
As mentioned earlier,

- el = 1im |lel] - (2.12)
"~ P ~ P . ‘
‘and the same comments hold as in the con&lnuous case.

For a suffquent{y large number of uniformly sampled values of

v.and with suitable weighting factors, the discrete approximation approach- |

—_—

es the continuous approximgtion.

2.4 The Minimax Problem = . ' ' 2

=~

P

Unless otherwise mentioned, the unconstrained discrete non-
linear minimax ﬁroblbn that is considered throughout this work con-

sists of minimizing - -

’ N = : L3
um g max y; () : : (2.13) -
del -7~

- where 1, as defined in (2. 10), is an 1ﬁdex set rolnting to discrete
elements corregponding,tp the i, and the y, qre, in general, nohllnear

differentiable functions. It is desired to find a point 0 such thlt

U A U(«j - nin max y, (o) . . (2.14)
~ L icl .m . ,
7]

where & is a local or global minimax optimm.
~ . T .

2.5 Minimax Methods

'Hany lethods use the direct minimax for-ulntypn of (2.13) which,

o~

13
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£y

in general g1ves r;se to discontinuous partial derivatives of the ob-
jective function with respect to the variable parancters Otherwise
efficient optimization methods may slow down or even fail to reach an
optxnum in such circumstances, partlcularly when the respunse hypcr-

surface has a narrow curved valley along vh1ch the path of discontlnuous

-

derivatives lies.

In direct search strategies, the-minimax problem has becn ex-

-

plorcd using ppttern search and razor search (Bnndler and Macdonald

" 1969a, 1965b). Of the gradient strategies, there are nethods involving

the penalty function approach (Fiacco and McCormick 1964a, 1964b), linear

programming (Osborne and Watson 1969, Ishizaki and Watanabe. 1968), quad-

o~

ratic programming (Heller 1969), and & méthod-proposed by Bandler and

Lee-Chan (1971). , 3 : , T

Whenever efficient methods of finding derivatives are not avail-

‘able, direct search neth&ds are useful. For electrical networks, in

~

: pa}ticulaé, it is now possible to evaluate the derivatives of network

resﬁonses with respect,to network parameters rﬁthér easily using- the ) F
adJoxnt network approach (Director and Rohrer 1969, Bandler and Seviora |

1970), and the gradient nothods are thus more suited fof!such cases.

The quadratic progn-ing methods are usually more tile -consuming than

solutlon of Ixne:r progra:llng problems, while penalty function methods -

4
rcly ‘on suxtable function minimization nlgorith-s

L]
i

A s .'-' - /

2.5.1 The Razor Search Method . - S__ "
L]

" The razor search method of Bandler and Macdonald (1969b, 1971)

1
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\
essentially begins with a modified version of the patterﬁ search (prke
and Jeeves 1961) ‘until ‘this fails. A random point is selected auto—‘
matically in the n&ighbourhood afd a second pattern search is 1n1txa-
ted until this one faxls Using the. é;o points uhere pattern search
failed, a new’pattern in the dxrectlon of the opt1nun is established
and a pattern cearch strategy rTesumed until it too falls. This pro-
_cess is repeated until any of several poss;blg terminating criteria is
satisfied. Thus, the st}ategy tries to negotiate certain kinds of ' | \\>
| “'razor sharp" valleys in lultidipensioﬁal spacsé.  The method has been -
coupared uxfh other direct ;elrch methods on some test problems, and

has been‘found to be reliable and conputationally efficient in most of

the cases.

~

"

-2.5.2 Sequentxal Unconstraxnod Mininizi@f&n Technique

~

The nonlinenr lini-ax optillzation problea of section 5\4 may

be transformed into a nonlinoar prograsming problem (Waren, Lasdon and

4 5
Suchman 1967) of section 2.2 as follows

f -
Minimize . "ol (2.15)
subject to. Vo -
- " " L (2.16
o yi(:? > 0 : icl ( )

’”—"ﬂéie nonlinear progfaﬁlin; problem niy, in turn, be solved by
well-established methods such as the Sequential Unconstrained Mini-
ni:ation Technlquo (SUMT) due to Filcco and HcCorllck (1964a, 1964b),

“
¢ ] s



which is a development of the Created Response Surface Technique (CRST)

;Suggestediby_tikroll (1961). The §{?blel of (2.15} and (2.16) mav be re-

formulated as foflows. Minimize
Ve

kilb-u_
?(:.Ok,l,r) "t T 5 3;:1%?;T?T' (2.17)
\ .
where |
;k+1 is an independent vnriéble, and

T > 0 el ‘ o | (2.18)

P(¢,¢k‘1,r) is an uncohstrained objective where points close to the
n . o
constraint boundaries are penalized. : '

Define the interior of the region of feasible points as

}
0 ,
R™ 8 {:-9k+1"x+1 - yi(:) >0, iel} (2:19)

where the region of feasible points is

’
i

R, bk,llok‘l “yy® 2 0 ., ded) | (2.20)

anrting uith a poxnt "‘k 1 and a value of r, initially Ty
such that 0 ’k lcR and T, >0 the unconstrained func;ion P(¢.¢k 1 1)

is linilizod with respect to 0 and 'k 1 The form of ‘(2. 17} leads one
0

to‘:ffj;itzt::/’ ainimm uill lie in R, since as any one of the
o i ) approaches 0 P ppronchas -, “The location of the minimum
will depend on the valueé of T, and is denoted by .(rﬁ)"kol(rl)

This procodure is ropeated for a decroasing sequencé of T values

such that ‘
T > rz >_... > rj >0 S (2.21)
lia r; = 0 - T , (2.22)



each nxnlnlzat1on being started at the previous minimm. For example,

the minimization of P("’kOI'r ) would be started at o(r ) and ¢k+l( ).
N~ ~

Every time r is reduced, the effect of the pennliy is reduced, so that

one would expect in the limit as j +=and rj + 0 that ;(r.) - ; and,

" e "
consequently, that ’k 1(r )+ U[Q) the minimax optimm.
",

‘Conditions which guaran;ee-convergencc have hecn proved by
Fiacco and McCormick. It is important that the initial value of T
chosen is realistic, and T should be reduced syste-aticaily after

each iterative cycle of minimization of P. ‘

2.5.3 Algorithm due to Osborne and Watson

*

This minimax algorithm (Osborne and Watson 1969, watson 1970).

deals with minimax formulations by follbuing two steps - & linear pro-
gramaing pgrttth:t provides a given step in the parameter space, follow:
ed by a line;r search along the direction of the step. This algorithm
is very ‘similar to the one roﬁosed by Ishizaki and Watanabe (1968)

ahd works very well for many linllax problems, In cases where the
linear approximation is not very good in the vicinity of the opti-un,

the method -ay:fgil to converge-touard the optimm for successive 1t-

erations. N

Consider the problem of minimizing et {]_ in (2. ll)z'uhqfa e
conﬁ}sts o{ real clemsnts. Linelrizing ei(o)xa: somo point :? the’ prof-
lem may be stated as. ¢ ]

Minjpize ‘k#l



subject to

b0y (90) - Ve, (47847 2 0
~

"~ A )

iel ' (2.23)
) ol Fyaald '
¢k+1+eL(¢ ) + © ei(Q Jae’ > 0
" " 4" N\
where
T .
] 3 3 .
v - [___ 2. --] | (2.28)
» N 3@1 3¢2 BQk |
no>k : ‘ . (2.25)
. ’ =

¥ is the first partial derivative operator with respect to the
n .

parameter vector ¢, ' L ' :
» "]
) denotes incremental changes, ‘and

" n is the nunber of elements of I

-

L Noting that -the variables for lincnr‘progra-ing should all be

nonnegative, and inposing a rather practical constraint that the ele-

Ll

ments of ¢ should not change sign we h:ve the linear progrt-ling prob- o
SN . X y g
lem ih .

- T .
i B Ixy %y -- xkoll e j | S (2.28)
B ) - v
as follows. .
‘ : x
Step 1 ' T _ . ' .
Minilizo_xk§l . . - ’ (2.27) ’
subject to (2.25) and .
" T ! . >
T ] 3 :
s, » oy lodxy - 0Dy cx (2.28)
~ A ~ ) ¢
- e d
2% " % _
Q o o
M N
[ " " *x
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x>0 ‘
Y (2.29)
where .
a¢,’
¢ X, 4 —5* 1 t =1,2, ... , k
e ¢£J A}
_ (2.30)
Xpa1 8 %% _ oA
3 The solution produceé a direction given by A¢j.
; . : n
Step 2
Next we find Yj' such-that
max|e; (¢3 . vfb# )l 2.3 .
ICI Ny -
is a minimm with respect to Yj. Set
” 1, 43, I ) |
=¢ v b 2.32
¢ /; b | . ( )
and return to Step 1. .

The convergence of the method holds under certain conditions
 (Osborne and Watson 1969). This approach is directly applicable té lin-
ear functions such as polynomials, for which kel equal extrema results at

the optimum.

;o . \\ :

2.5.4 Method due to Bandler and Lee-Chan

The honlinesr minimax objective given by (2.13) is minimized

here by exploiting the gradient jnformation of the local discrete maxi-

P TE R

ma of the functions yi(Q) to get s downhill dlroction by solving s set
N~
of simultaneous oquations. Tho method uorks vory well, excopt that in

the case of linear depend-nco of tho equations, some problcns may arise .

in the convprgcnco-touard optilul See Bandlor tnd Lee-Chan (1971)
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2.6 Near-Minimax Methods

As is well-known to network designers, least pth approxi-
mation for sufficiently large values of p can result in an optimal
solution very close to the oﬁtinal minimax solution (Temes and Zai
1969, Temes 1969, Bandler 1969a, Seviora, Sablatash and Bandler 1970).
When appropriate error functions are raised to a power p glven
by N

£(e) = I le; (m" (2.33)

n iel

and £(¢) 1is ainimized, ill-conditioning may result for nominal values
of p m(ususlly greater than or equal to about 10). The objective func-
tion of the form (2.33) has been used by & nunber of authors (Temes
and Zai 1969 Tenes 1969, Bandler 1969a, Bandler and Seviora 1970).

Bandlgg;,qd ChlrllllbOUS (1972¢, 1972d) have given a unified
approach to the Teast pth approximation problems, as encountered in
network and system design, having upper and lﬁver response specifi-
cations e.g., ns'in-filter design. The {11-conditioning is removed
by proper scaling, and least pth optimization has been carried out for
extrenciy large values of P, typically 103 to 106. This tpp;onch has
been used extensively in a variety of co-puter-aided network design
problems (Bandler and Bardakjian 1973, Bandler and Chartlnlbous 19724,
Bandler, Charalambous and Tam 1972, Bandler and Jha 1972, Popovic
1972, Charalambous 1973).

The least pth approximation problem can effectively be tackled
by efficient grldient minimization techniques such as the Fletcher -

Powell method (1963), Jscobson - = Oksman algorithm (1972), and a wmoTe

19
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b
recent method due to Fletcher (1970). These methods have been com-
pared critically for near-minimax approximation probleas in the area
of lower-order modelling of high-order systems (Bandler, Markettos
anq Srinivasan 1972, 1973).
The discrete nonlinear minimax approximation problem of Section

2.4 can be fornulated-as a least pth approximation problem (Bandler 1972).
Suppose at least one of the functions yi(¢] is &ositivo. Then, since

v L
u(e) >0,
~

1

1
vy @ | P

U(¢) = 1lim U(¢) L (2.34)
~ p= iel u(e)
4"
* where ) . N
: ™
- 3
(0 for ¥y © 0 2.55)

W, =
! 11 for y; 2 0

Suppose all the functions y, are negative. Then, since u@s) < 0,
. "y

p 1/
w.y, ($) P .
U) = 1im U@ T i@ (2.36)
A opr= o~ |ieIl U(9)
N

where ‘

w, =1 for all Yy <0 ‘ (2.37)

i

e

Therefore, the ainimization function is chosen as

ql/q
w.y, (4)
£(o) » U ¢ __L.L(."._
~ - & licl | U{®)
. N

(2.38) ~

-



i6

[E

where T~ o : g
uis) , Jr1<p<- for U>0 :
g4 —F— P - (2.39)
]U(¢)| -\\}fpko for U<0 -

A number of interesting features of f(¢) can be stated. For

1<lq]<=, q having the approprlate s1gn, and for appropriate values of

LI in accordance. wlth (2 35) for U(Q) > 0 and (2.37) for U(¢) < 0,

4"
we have a cont1nuous function f(¢) vith qpntlnuous derivatives with re-
“
'_spcct to ¢ so long as U(Q) # 0. When U(¢) > 0, £(¢) is like penalty term
", ] "

1nc1ud1ng violated constraints, in this case only positive Yi» which it-

is desired to make feasible (or acceptable). If min f(¢) >0, the con-
ét;aints'remnin violated. In least pth approxilat%on this indicates

that the specifications have not beeﬁ satisfied. When U(Q) < 0 the speci-
fications are satisfied and f(Q) is like a penalty term designed to move

-

a solutxon as far from the boundary of the feasible region as possible




CHAPTER 11X

NEW APPROACHES TO THE MINIMAX PROBLEM e/;;}J

3.1 Introduction v )

In this chapter a new gradient algorithm for minimax object-
ives called the grazor segrch (or gradient razor sdarch)_nethod is in-
troduced (Bandler and Srinivasan 1971, Bandler, Srinivasan and
Charalambous 1972). As the name sSuggests, the method attempts to follow
. the path-of discontinuous derivatives when encountering razor-sharp |

valleys in multidimensional parameter space. The nethéd is especially

suitable for nonlinear minimax optimization of ne;wori and system re-
sponses. This algorithm uses the gradient infor-atiﬁn of one or more
of the highest ripples in the error function to produce & Qownhill
direction by solving a suitable linear programming problem. A linear
‘search follows to find the minimm in that direction, and the proce-
dure is repeated. This type qf descent process is repeated with as
many fipplgs as necessary until a -ini-ax solution is reached to some
dfﬁ}red accuracy. Unlike the razor soarch method due to Bandler and
Macdonald (1969b), the present sethod overcomes the problen of dis—
continuous derivatives charscteristic of minimax objectives without *
using random moves. It can fully exploit the sdvantages of the-;ﬁjoint
network method of evaluating partisl derivatives of the response func-
tion with respect to_fhe varisble parameters (Dir;étor and Rohrer 1969,
Bandler and Seviora 1970). .

The problea of constrained minimax optimization is considered

17
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) involving polynonials and rationsl functions are fairly uidely appre-

“s
next. This problem has been reformulated as an unconstrained minimax
problem by two methods, one extending a recently pfoposod method due to

‘Bandler and Charnlnnbous (1972a, 1973b) and the. other usxng wexghting

functions. The refor-ulated problea can then be tacklod hy efficient

unconstrained nlnluax algorithms. The method hq; a number of appli-

cations, 1nc1ud1ng h1gh-ordor systen nodolling and control system de-
signs, where oonstraints hnve to be 1nposed on the pole-zero locations
of the wodels chosen. Appropriate constraints can also be imposed

on the upper and lower bounds of the parameter values. See Bandler and

rernlvasan (1973a, 1973e).

) Investxgation of optimality conditions of a proposed or a design’

solution is of great practical importance to the systesm desxgner wish-

ing to approxinate a desired response by a system response Cpnditions'

for optinal1ty in the minimax sense in conventxonal synthosis problems

15

ciated. Howover, with the ever-increasing need for network designs con-
taining ole-ent? not conducive to the rational function appronch e.g.»

a mixture of lumped and distributed elements, and the application of
automatic optimization lothods involving least pth and minimax objectives,
some moans of testing for convergonco to an optimum for more arbitrary
problems is highly desirsble. Dipondiag on the optimization method em-
ployed, a sntisftctory Iinintx solution ioy be obtainod for a problem
after a mumber of iterations of tho algorithl on the co-putor It may
then be roquired to investigate the solution for minimax- optinality
(Bandler 1971) so as to verify whether the solution is optimal or not.

Though ;ho nocossa&y optimality conditions may seem to be straightforward

&
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"to verify, they are both tedious and difficult to implement in practice..

A practical way of implementing them is considered im detail. See Bandler

and Srinivasan (1973c, 1973d).

3.2 The Geazor Search Strategy
L ‘
3.2.1 Theoretical Considerations
’ .

The grazor search algorithm isll genofalit;tion of the ne od
due to Bandler md-Lee-Chm (1971), and is basically of the steepest
dgscent type. The nonlinea; minimax optimization problem is the one
‘nlrendy stated in Sectiom 2.4.

Define a subset JGI such that

3,0 g 1l veh) -yl ten (3.1) -
u" ~ . .

+

Jd >0 i | . (3.2)
where | .
o) denot;; a foasible point at the beginning of the jth
" ﬁite‘r'lti‘on. and
.dy 'is‘the tolerance with respect to the current

- max yi(oj) within which the y, for icJ lde.
U3 ~" .

Linearizing Yy at oj. we can consider the first-order changes
" .

sy, ) = vy, (#r8¢ i@,y - 6l
T o~ ~ % - " _
A sufficient condition for 3 to define a descent direction 3

)



for U(e)) is
. "

~~ o
3 he

T : : - . N
. Ty e <0 ie3(¢’,¢) (3.4)
a¥] N 2 ") "
Consider - -
a9 = - T v yi(¢)) . (3.5) <
L ied n " ) - ¥
I uiJ = 1 Lo ' : (3.6)
ied T :
j . .
u,i Z 0 . (3.7) N
(3.4) may now be written as .
. v ) Vi e
Wy T sJvy ey <0 icaed,eh) (3.8)
LR € | ~ ~ \ I oa
which suggests the linear pfogrn: T - -
Maximize
) @ (3.9) J
ukr‘_l ~ - <
subject to .
S 1@, (3.10)
~ :

L

T Why 3
Wy . (40) T af Ty (07) S ey,
LD 2~.1~ X +1

. . -
plus. (3.6) and (3.7), where kr denotes the number of elements of

3(o3,ed). Note that if -
~ - ) N R
Aoj - 0 for :j « 0 ' '
~ ~ - - .
the necessary conditions for a minimax optimm are satisfied at .j )
: o ,

Py
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(Bandler 1971). Observe that J 1is non-empty and that if J has only
one-element, we obtain the steepest descent direction for the corres-

pbndigg maxigum of the yi(¢).
- Y

3.2.2 Proof of Convergence

'

Before proving the convergence of the algorithm it may be‘worth

.restafing the following lemma due to Farkas (Lasdon 1970).

Let'{po, Pye onc o pn}- be an arbitrary.set of vectors. There |
~ ~ ‘ " :

exist .
T g > 0 N ¢ B 8
1 - ) ) -
such that . -
' p - 3 12;-
Pn * 1Ly ByPy .
Po * 151 "iPy .

if and only if

plq>0 . ' . (3.13)
Po 127, .

for all\q siiisfying
. "

pTa >0 {1 21,2, oo s - C O (3.14) :
wi N ' .
.It is, therefore, possible to find nommegative values of aiJ in
the‘expression for (3.5) if.gnd onlyﬂif
o) Teoedy >0 | (3.18)
" " A .

w -



for all A@J satisfying

4
n .

Ty sl 20 il - (3.16)

4" g™ ™ 4"

where (3.13) and (3.14) correspond to (3.15) and (3.16), respectively,
and';A¢j,'Vy.(¢j), -A¢j take the pl;ce of pn, P:s Q- T
Ao ta A *..0 A2 A ')‘
Now (3.15) is always satisfied, thcugh it miy not be possible to

satisfy (3.16) if e’ is too large. By suitably decreasing e?, (3.16)

may be forced to hold.

3.2.3 . Practical Iipleuentation

Fig. 3.1 illustrates how the dxfferent subroutines are eKlled
and their relative hiertrchy Flow charts of subroutines GRAZOR, SELEC _
and GOLDEN appear in Figs. 3.2 - 3. a. See Appendix A for further de- ;

tails and dafinitipné. The objective function U(oj) is calculated by
R ) L
‘subroutine LOCATE.

As given by linear progrn-ling (see, for exazple, Subroutino

SIMPLE), Aoj is nor-alised to
A

1

: A¢j : . .

J ~ ' (3
2 = . R (3.17)
SETIYT - -

v}

by subroutine NORM. Starting at 0j s step ujAQ J is taken for uj - uoj;

it no improvement in U results, j is reduced by fnctors of 8 until s

b;tier point is obtained or o <3, Let uj produce the first i-proved

. peint from 01. f;en o '

n ' a° = od’ unj o (3.18)
\ " "

-~



tMain Progrom
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\ I ,\
, Subroutine GRAIOR -
Subrqutinc Suvbroutine - Subroutine Subroutine
NORM GOLDEN "SELEC SIMPLE

o

Fig. 3.1 Block diagrsa sumarizing the computer program

I

Lo

Subroudtine "

g~

'!‘GSORT

Subroutine
LOCATE i
L1
Function Y
Subroutine ANAL R

structure

and 11lustrating the relative hierarchy of the subprograms.

o
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,is defined. - C s

Next a method based on golden section search (Temes 1969) 1is
Ly 3 )

-used to find YJ corresponding to' the constrained ménimm value of

-max Yi (¢J + v A¢ ) “The jth iteration ends by setting

iCI "~ - L
3 1 - v. ‘
7 =) e v ae° (3.19)
N ~, ", .
and
IS S L L )
8, »a’ Y : (3.20)
In Fig. 3.4, - | “
-1 - ;— (10/5-) o (3.21)

is the factor associated with the golden section. Subscripts t and u

denote lower and upper limits, respectively, ahd a and b denote interior

L]

points of the interval of search. An attempt to bound the ainimm is

made. Then golden section search is used to locate the_linilul to a de-
sired accuracy. The search is terminated uﬁen the resoluticn between
two interior points falls below a factor n of the initfal interval.”

In Fig. 3.3 the maxims implied by the functions yi,,snnpled in
a certain order, are located and sorted out in'decreasing magnitude
(by, say, Subroutine TGSORT). -

Fig. 3.2 shows the grazor search strategy. .Note that in setting
up- |
| Ax = b | | (3.22)

T M ™)

slack variables (xk .2° xk o3t T ka 1) are introduced * We try to

generate a doscent diroction based on tho gradient of the maximum



function (kr = 1), proceed to the minimm of U in that direction, and
rebcat the process. If, at any stage, this process or the linear pro-
gram does not yield a direction of decreasing U, or does not provide an
improvement greater than ¢, the procedure is repeated after inciuding
the function corresponding to the next largest of the current n_ dis-
crete local maxima (i.e., ripples) if one exists. NWhen all local maxi-
ma have been included and U ¢an still not be reduced or improved satis-

factorily by a value greater than c, we repeat the procedure with kr

. functions corresponding to the first kr largest of the candidates, be-

{ .\ ginning with k_ =1, in another series of attempts to reduce U. The
\\gﬁkgéj:hn terminates only when there are no more suitable functions left

and when there are either no improvements or improvements less than ¢l

over one cbnplete cycle of kr' starting from 1 and ending with n_.

3.2.4 Example

The design of a two-section 100 to 1lil quarter-wave transmission-
line transformer network ov£; a 100 percent bandwidth centred at lCHz
is considered (Matth;ei. Young and Jones 1964) as an example for testing
the grazor search ;tgpfegy. This problem has already received atten-
tion frod"ﬁ;ﬂ;apti-i:ition point of view (Bandler and Macdonald 1969a,
19659b). _The-lengths t,,L, are fixed at t_, the quarter-vavelcﬁgth at

qQ
centre frequency, and the impedances 21,22 are varied.
" Table 3.1, in association with Fig. 3.5, jl1lustrates how the
grazor segréh strategy effiszivoly follows the path of discontinuous

derivatives to Jocate the optimm in the course of minimax optimization
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SUMMARY OF IMPORTANT STEPS IN THE EXAMPLE
ILLUSTRATING THE GRAZOR SEARCH STRATEGY

E = (2.23605, 4.47210),U'(i) = 0.42857

Iteration Points of

Starting Point

Values' of Scale Factors

Number Iteration of Iteration Tk
Point Scale Factor ]
g‘-(l.o, 3.0)
f a*=1.00
1 1-5 _U'(il)-0.70954 » yeler 1
" eS¢ Y*=1.000
NN
z5-(1.99996, 3.00893)
2‘ a=].00
2 5-12 U'(t5)-o.6soss 37 a*=0.10 1
— ‘12 Yoa2et !
N
#12=(1.69865, 3.20921) N
113 a=0.1(1+2)
- 18 as0.01(142)
3 12-20 U'(t‘Z)-o.4uo73 . 2 1
215 a*=0,001(t1+2)
[ y*erel
"y
429=(1.70806, 3.20821) _
N ' ¢! as9.472x10° 3
| , _ $ )
4 20-26 U'(:’°]-o.47s4s- .:21 a*=9.472x10"
el y*=1.000
~
$2%=(1.70723, 3.20865) ,
* ¢ 30 a*=]1.0x10"¢
: 26~ U* (¢2€)=0.47794 ~
S 26-35 | \( ) 4779 :,s ool
¢352(1.70723, 3.20866)
Y o | a*=9.472x10""
» ' (e35)e0.
6 5-64 \? (z }=0.47794 o

- £

v*=1.096x103




TABLE 3.1 (continued) : 30

SUMMARY OF TMPORTANT.STEPS IN THE EXAMPLE
ILLUSTRATING THE GRAZOR SEARCH STRATEGY

N 4 = (2.23605, 4.47210), U'(}) .= 0.42857
"] N ")
Iteration Points of ‘Starting Point . Values of Scale Factors
Number Iteration of Iteration
Point Scale Factor

:‘“-(2.05489 , 4.18669)

(1]

7 64-72 u'(.t“)-o.«ou ¢ Youte2
272-(2.09028, 4.17411)
I 72-18 . yv(372)=0.43199 47t Y*=1.000
:73-(2.09330. 4.17280) |
9 78-96 u'Q")-o.uus :‘3‘ Y*=60.69
f‘-(z.msz, 4.38018) 2‘-", a*=2.279x10-3
10 96-103 U.QQS).0_42929 2103 Yo.l_mo
| $193=(2.19040, 4.37924)
11 103-117 'u'(tl”)-o.uuv - :""7- v*=30.03
t“’-’(z.zzozs, 4.44082)
12 117-126 u'(§}17)=0. 42864 g2 yee10.47 "
41264(2.23088, 4.46221)
13 126-132 ~
u'(tm)-o.um
i!! 128
CaalE |
- _ -, e a*=2.279x10"3
13 133-136  U'(¢13) « U(yi26) | :
) 3. UQ 2“2‘ . yure2
:1“-(2.23595. 4.47237)
18 169-176 . u-(zl‘i)-o.uul | g"‘ " y%a],000

Lo .zl‘!
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Fig. 3.5 Exn-pie illustrating how the grazor search strategy follows the

narrow path of discontinuous derivatives.
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of the network (éee Fig. 3.6). Let
' \_
1 P
y;(9) = Flo@.¥pl . (3.23)
] e
and define ; o j
o -
U (¢) = maxip 4,9y (3.24)
4" 1 "N

where ¢ = [Zl ZZ]T, and p is the reflection'coeffigient on 11 uniformly
" :
spaced frequencies y, in the band 0.5-1.5 GHz.

The grazor search strategy starts at

1. .o 3.007 o .

A\

U ¢!y = 0.70954
s

and thé values of the parameters used are é& = 1 (at start)},
¥ .10 8=10, n=0.5, c=10" and ¢ = 1ws, .

The first iteration extends ffontbl to ¢5; 02 is the new point
" "

‘obtained when taking a unit step llong_tho direction suggested by the

negative gradient ~ Since ¢ is a satisfactory inprove-ant, a golden
"

section search is inftiated, yiclding 0 (Y-1+t) which is not an im-

provement over 0 a- The interval of soarch is thus found. Q‘ti'-t)
"N "

is found to be no improvement over 0 The golden section search is
- N

now terminated, since the current resolution between two interior points

of search falls below the ainimum allowed value. 0 - 0 is thus the .
"]

~

best point attalned at the end of iterstion 1. At the end of itera-

tion 5, U(¢ )-U(Q )<c 1] k is increasod from 1 to 2 in the nogt , N
~» L")
| .

-3
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1

1

iieration. .For a similar reason, kr is increased from 2 to 3 for itera-
tion lﬁ, and reset to 1 from 3 for iteration 13. During iteration 18,
the paramcfer values remain the sam; to 5 significant digits, and the
improvement in U at the end is los's than e'; all successive attelptsv
to achieve a better point with an improvement greater than ¢'({by con-

aidering 1, 2 and 3 ripples) fail, and the procedwre is teriinated.

3.3 Constrained Minimax Optimization

4
3.3.1 Statement of the Problem N
The constrained minimax proble'l considered may be stated as \
follows. 8 '
. Minimize X
U(e) = max y, (¢) (3.25)
~ iel ~ .
subject to .
g,(#) >0 jeM ' (3.26)
3z | |
-where .
Ia{l,2,...,n} (3.27)
Ma{1,2,...,m) - (3.28)

(see Sections 2.2 and ‘2.4) .

'It will be assumed that the functions y, and LI continuous i
with continuous partial derivatives, and that the. inequality constrtifxtsi ;\
(3.26) are such that a Kuhn-Tucker solution exists (Lasdon 1970, Zangwill
1969). '

Let ;'_(Q) for %cl bo the largest local discrete maxima (ripples)
n .



-

of %y, (¢) for icl, in decreasing magnitude, where
B, W ‘

~
f

*

Laf1,2, ...,n) ' (3.29)

1
P e

3.5.2 Formulation 1

The constrained minimax problea of (3.25) and (3.26) can be

formulated as a non-lineaf programming problem as follows.

Minimize el . (3.30)

subjoct t6 (3.26) and
et " xi(:) : 0 icl - (3.31)

The above proﬁlel can then be reformulated as an unconstrained

minimax problem as fofiovs.

e 3
Minimize with respect to ¢ and a1 v ?
. N ’

.
Il .
" b

1

v (0’.k01 .“). nax ’k"l '.k*l‘ul(‘k’l-yi(’))' . R
~ A icl T (3.32)
JeM )

v ’ -0 4 (‘)
kel )13 |
where _
a § [a) @y .- a. l,}T ' (3.33)
~ { _ |
ay >0 C§ w1, 2, .ee, WOl o ) (3.34) -

For a' large emough value of a one can obtain, ;n'principlo. the
. . ~ - .
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exact optiﬁal solution for the original problem by minimizing this re-
v -

" formulated objective function.

When implementing this schem one can, for the problexm defined
earlier, slightly modify the formulation in order to save on/computation-

al effort; so that the minimization function chosen is -

V' (:)¢k‘1 la) = !' L ék’_l D¢k+1 = ul(¢k*1_il(:)-)’ ‘
jeM ‘ (3.35)
‘k"l - Bj‘.‘l 8J (:'} ’

r

3. 3.3 Fornulagiqn 2

L4
“ .
In this formulation, weighting functions are used to convert

the ofiginal problem into an unconstrained minimax problem as follows.
/ ) : ? i
Minimize with respect to ¢
- 3 -p“

N(4,w) = max [y 4),- wig; () S (3.36)
LYY iel N E .
jeM \
~where ‘
s [ 1T C(3.37)
w o 'l '2 - w- 3 . . { .
" .
-.,j > 0 " jeM o ) O (3.38)

For purposes of practicnl ilplmntation, as long as U(¢) >0
4"

and one wishes to apply nonzero weights only to violatod constraints of

LY ol
i

(3.26), the minimization function may be chosen as

We,w') = max lYl(Ol. j-ﬂj(O)l - (3.39)
~ % el " .
jeM
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where
' 7
e-.
1] [] T
, : -} ['1'.'2 . w.'] \ (3.40)
w.' >0 for g.(¢) < 0
). ) - .
JeM ‘ (3.41)

o= 0 f .
u) or 33(:? ; 0

The advantage of this formulation is apparent when U > O implies
that certain specifications are violated and U < 0 implies that they are
satisfied. In this case, co-pafison with violated and satisfied con-

straints seems appropriate.
L]

. 3.3.4 Comments - v

By proper choice of the elements of a, W, br w', the reforlullteg
™ v ]
functions V, V', W or W' can be minimized by a suitable minimax or near-
minimax algorithm. In case of parameter constraints, upper and lower

specifications can be considered as follows.

¥

‘zi-lf:) =4 - 4,20 -

1e1,2, ...,k (3.42)

EMOER R EX ' ;
~

i

-\



n,

(3.43)

?

g.(4) > 0 j = 2kel, 2ke2,
1. -

3.4 Practical Investigation of Minimax Optimality Conditions

. o
I
3.4.1 Introduction

N
=7

In recent paper (Bandler 1971) the conditions for a minimax..
optimum were derxved for n\general nonlinear minimax approximation prob-
lem from the Kuhn-Tucker (1950) conditions for a constrained op;inum in
nonlinear progrmmg Sec tiso Del‘ya.nov (1970}, Medanic (1970). The
minimax optimality conditions have also been ‘derived from cond1t1ons for

optimality in generalized least pth approximation problems for p+= by

Bandler and Charqlanbous (1971, 1972b, 1973a).

L4

/. .
3.4.2 Conditions for’;'linln:x Optimum
. The pinimax problem considered is the unconstrained version of -
the problem stated in Section 3.3.1 (i.e., when (3.26) is 'ig‘nored).
- The necessary (Theorem 1) and sufficient (Theorem 2) cenditions for s
minimax optimum sre stated as follows.
Theorem 1 ] b

At.an optimum point ¢° for the minimsx approximstion problem
~

, there ‘exist

o b



u, >0 | t=1,2, ...,k g (3.44)

such that

k_.
-

' -~ o]
I u, V3,07 =0 G

=] .~ ~ ~

I ou, -1 ‘ L (3.46)

where fl(oo) for t =1, 2, -ce kr are the equal maxima.
"

Theorem 2 .

If the reutions in Theorem 1 are satisfied at a point ¢° and

21l the functions yi“) for icl axo\convex, then : is optlul.
Theoms 1 and 2 have been provod by Bandler (1971). and the .

optimality conditions as derived by Curtis and Pouell (1966) follow

-

immediately from these theoresms. rd

-

3.4.3 Practical lsplementation

Once a proposed or a design solution is obtained for a ainimax
problem, it may be necessary to investigate the necessary optlmuty iV

conditions. If the point 0. correspoading to a ulution, 13 to be tested

1
-



X

for optimality, an attempt is made to

4
T X .
Iouivy,(9) = O
i=] L’\a . ~ "

bt

plus (3.44) and (3.46) for k_ =1, 2,

40

solve

{3.47)

-

... until for a value of k2 (sn)),

(3.44),7(3.46) and (3.47) are satisfied. If this is not pgssible, the

necessary conditions are not satisfied.

A-computer program has been developed“which can test a solution

for the necessary conditions for a minimax optimum by -two formulations.

One uses a linear prograsming approach, and the other the solution of a

set of linear independent equations.

Srinivasan (1973¢c, 1973d).

3.4.4 Method 1 ~

See Appendix B, Bandler and

(3.44), (3.46) and (3.47) are solved here by minimizing

ukr.1 >0 - (3.48)
such that (3.44), (3.46) are satisfled and
k ,
T ay - '
3
I u, — | ¢u i=1,2, ...,k (3.49)
o1 -1 3| kptl
Linear programming ensures that
u, 20 =1, 2, ., kel v (3.50) >




3.4.5 Method 2

Here, we solve a set of linearly independent equations

T u. - . ,

L -— = 0 iek? {3.51)
a1t 2% )

and (3.46), where K'is a suitable subset of {1,52, ..., k}L

There is no guarantee, however, that (3.44) will hold. When
k -1 is greater than the number of clenents of K',the syste- of equstlons

(3.46) and (3.51) have more unknowns thnn equations, and we use Method

1 to get the uy-

\
3.4.6 Comments ' R

Appendix B contains a program description incorporating the 1dens
of the prev1ous twk sections. The program package can be called from the
.user's main program and either of the two, or both the methods can be used

to test the optimality conditions. The user can either specify the value

-

~of k or a tolerance £ relative to yl within which some of the yz,... 9n
r

lie. The necessary conditions for optimality are "satisfied when the

norm I}r]l.of the residual vector _ ‘ ) ;h

‘\‘.
= - ‘
. rg T ulVyl (3.52)
- * Ay ‘-1 .

falls within a user-specified value ¢, and (3. 44), (3.46) hold, for a
value of m starting with 1. If the conditions sre not satisfied for = -1
L is incremented by 1 and the procedure is repoatgd. The investigation

ends as soon as the conditlons are satisfied for a value of - < kr' or

)
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N

the conditions are nothsatisfied for n_ = 1, 2, “"kr'

specified definitions of |1-1]- and" the’ value of € should be realistic

The user-

so that the program may give meaningful results.

The impartance of this investigation cannot be underestimated
especially when there may be a number of solutions obtained by the same,
or different optinizatioé methods for a given problcﬁ and one wishes
to test these solutions for optimality so as to be able to detect local
optimd, and to conpire the methods for convergence towards the optima,
This prbgran may be used in such a way that it is possiblé to investi-
gate the solut1ons after ‘s certain number of iteratioms of the algorithm,

or uhen a certain convcrgencecriterlonis reached, so that one nay de-
3

.cide whether to carry on with further optimization, or to terminate

-altogether. _ ' ' 3

The program also makes it, possible to find the maxima which
are active in the vicinity of the optimum, so that the user may gain

insight into the various scaling factors associated with the problesm.
L

-
.

”

3.4.7 Example

-

. . . - ‘
The problem chosen was the lower-order modelling of a ninth-

order nuclear Teactor system when the operating reacfor power level

is in the 90'100 percent range of the fulrlpouer (Bereznai 1971). A

second -order model was chosen and the step-response of the syste- was

T

approximsted by that of the nodol for n -1u1-ax objoctivo over a time-

interval of 0-10 seconds. A solution uis obtained for thls problem

,

and the progras described in Appendix B vas ugsd-fo test the solution
\ 1 o '
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for optimality.

The relevant input parameters are: Kk

it
[ o]
-
=

]
F

£ = 0.01, and the nora chosen is given by :

[l

r|l = max  {r,l
~ 1<i<k

1s given by

g
&

" 38711013 x 107 -.29632883 x 107] N

14208087 x 107°] | 10876118 x 107
79840875 x 1070 117968278 x 10°%]
st = " 'iy4 = s
| 68487328 x 107" - 14014776 x 1077

and y is given by
"

y, = 29234162 x 1002, §, = -29234034 x 1072

7y " 23141899 x 1072, ¥, = .62431057 x 1073

Corresponding to £ = 0.01, the value of kr is equal to 2. Both the methods
were used to test the solution for optimality, and the results obtained

are showm below.

(i) m- 1

A

Both the methods give the same result as there is only one func-

tion under consideration.



r = [0.38711013 x 10°> -.14208087 x 107

n, .

S e A L Aatnt g 4 -

[r]] = 0.38711013 x 107>
a7

(3.44) and (3.46) are satisfied, while ||r]|| is not less than €. Thus
N
the conditions are not satisfied for m = 1.

(ii) L 2

Method 1 ' ' ' \

u = [0.98710491 0.12895086 x 10" 1)7

x : i
r = [-0.25789922 x 10°% 0.25789922 x 10717
"

9

|ir|] = 0.25789922 x 10~
V)

Method 2

* u = [0.98710492 0.12895077 x 10°11T
' N .
r = [0. -0.35255563 x 10°°)7
" . '
. Ilr]} = 0.35255563 x 107
. ", .

(3.44)and (3.46) are satisfied and ||r|]<c for both the methods. The
T | W

necessary optimality conditions are thus satisfied for m = 2. It is
also observed that due to the type of formulation of the probles in

Method 1, the elements of r have equal magnitude.
. - )



3.5 Conclusions

-
~

A new minimax algorithm called grazor search has been pro-
posed. Conditions which guarantee the convergence of the algorithas
have also been stated. The spectrum of problems that can g; accomo-
dated has been extended to include constrained minimax objectives, and
any efficient unconstrained minimax method can suitably be used for
this purpose. The practical investigation of a solution for necessary
optimality conditions has been ilplenbnted on the computer, so that it -
is now possible to check solutions at any stage of the optiuizﬁiion
process. The subject matter of this chapter makes it possible to tackle.
unconstrained and constrained minimax problems by-a new gradient algorithm, - )

and to test intermediate or final solutiomns for optimality, on.line.

/

- L
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431 Introduction

~ chosen as (2.13).

CHAPTER 1V

COMPUTER-AIDED CIRCUIT DESIGN

bt L]

.
This chapter prxnnrxly concentrates on applying the ideas
presented in Chapter III to computer- aided design of electrxcal net-
works. Minimax designs are of special interest to the designer
mainly because they atte—pt to achieve an equiripple behaviour of the
reSpénse error function, which is useful in many caées. The probs

lems considered include the design—of LC transformers and cascaded -

transmission-line transformers and filters. Appropriate constraints

have been incorporated whenever necessary, and the grazor search

algorlthm has been compared with the Osborne and Watson lethod nnd

~razor search strategy for rellnbility and efficiency (See Bandler,

Sriniiasan and Charalanbous 1972, Bandler and Srinivasan 1973a). Un-

less otherwise mentioned, the objective function to be linimizeé is

4.2 Lumped LC Transformer

The ‘problem considered (Hatley 1967) is the design of 3 3-

section lumped-element LC transformer to match a 1Q load to a 3R genera-

_tor over the angular frequency range of 0. $ - 1.179 radisns/sec. Fig: 5.1

shows the structure of the network, and the objective is to minimize

u(e) = max fo(#)] N b
L" i L" R

46




.

47

Pl

/ .~ '0Z85L0°0D"

s ? .ﬁ
| (P4 g)ofxwmen pus 096055 0=00-¥1256° 25T *25108L°0%7D Cpyovs et ‘S506L6°0%0D

. . T . . ) .
.mmovo.ﬁcaq isonyea aejoweaed Bupmoriod Ayl 1% $In320 s0% /susypel 6L1°1-5°0 30
\ -

ofuvs Aouenbex; v Ieao Buyydievw enuy3do ‘wa1qo0ad uo-MOWmL-uu m =oauuom-n 1

& J 1
vy==: 9y==




48

where °i(¢) = D(¢}¢i) is the reflection coefficient over 21 uniformly
N ")

_spaced frequencies ¥, in the passband, and

T ~
¢ = [L, C, L3 Cy Lg 6l- . ' (4.2)
The six parameters were optimized by the grazor search strategy

and the Osborne and Watson method, and Fig 4. 2 shows a typical graph of
objective function agn1nst functxon evaluations for the two nethods for

.
identical starting points. " As can be seen fro- the graph, the Osborne

and Watson method fails to reach the vic1n1ty of the optimm, while the
_grazor search algor1thm achieves an optimal solution Table 4.1 shows

the mumber of function evaluations needed to get within O. 01 percent of

the optimum for different values of n, the factor of resolution between'

two interior points of the golden section for the grazor search, and it

is clear that the value of n chosen need not be very sma}l.
. S

( - ‘ - r/"'rl*

4.3 Quarter-Wave Transmission-Line Transformer

The problem considered is the désign of 2-section snd 3-section
'lOﬁ to 10 transmission-line transforners over a 100 percent relative
jbanduxdth centred at 1 GHz(Matthaei, Young and Jones 1964, Bandler and
" Macdonald 1969a, 1969b)." The objective s to minimize w;xlo (4,%,)| on_
71 frequencies ¥ in the band 0.5-1.5 GHz for the network shown in
" Fig. 4.3, where oy is the reflection coefficient of thb‘nq;uork at vi
The grazor search wothod and the @sborne and Watson algorithm

were used for minimax optimization. For both the methods, the objective
- : Z
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TABLE 4.1
C(HPARISON_OF THE NUMBER OF FUNCTION EVALUA;TIONS REQUIRED BY THE
GRAZOR SEARCH METHOD TO REACH WITHIN 0.01 PERCENT OF THE OPTIMM
FOR DIFFERENT VALUES OF n FOR IDENTICAL STARTING POINTS

Ll = L3 = Ls - cz.l C4.‘ c6 = 1

Function Evaluations

1316 0.01
880 0.10
| 0.50

561
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function ié given by (2.1}) where

.

1 2 |
Yi(:) = il"i(:)l (4.3)

In the 2-section examples, the 11 frequencies were uniformly spaced. In
the 3-section ei;hples; the frequencies were 0.5, 0.6, 0.7, 0.77, 0.9,
1.0, 1.1, 1.23, 1.30, 1.46, and i.SO GHz. The progress ot the‘algorithms
from identical starting points with respect to ;he'nunber of function
evaluations (one corresponding to li eQaluations of p) is recorded in
Figs. 4.4 and 4.5. The points shoyn‘;ark the successful end of a linear
search or the beginnfﬁg of linéar‘progra-ning.

A comparison was made between the grazor search, Osborne and

watson, and razor search methods, as shown in Tables 4.2 and 4.3. From

Table 4;2 it is clear that the grazor search nlgorxth- is, in generAQ

faster than the razor senrch technique for the 2- section case when the
lengths nfe kept fixeé and the impedances are vn;ied. From Table 4.3,
it is clear that the grazor search algorithm is the best. The Osborne
and Watson algorithm, though fairly fast initially, may in some cases
fail or sloﬁ doun‘ﬁear the;o?tiu;l.

" The grazor search netﬁod and the Osborne and Watson algorithm
were further compared on the 3-section transformer problem when\;he
icngths were fixed at_quxrter-vavelength values and the inpednncés were
varied. For a starting point of Z' = 3.16228: 22 = 1.0 and 23 « 10.0,
the forler took 184 and 218 function evaluations._uhile the latter con-

N

sumed 151 and 219 function ev:luations to rea h within 0.01 and 0.001

percent of the optimm vnlue ‘of the maximum reflocti.on coefficient,

i
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TABLE 4.2
OPTIMIZATION OF A 2-SECTION 102 TO 1.

TRANSMISSION-LINE TRANSFORMER OVER 100 PERCENT RELATIVE BANDHIﬁTH.

Starting Point _ Function Evaluations+
zl Z, Razor Search Grazor_Search
1.0 \ . 3.0 157 126
207
1.0 6.0 34 83
./— T
152
3.5 6.0 R 223 52 |
100
3.5 3.0 : 210 29 .
163 '

AY

-

+ Number of function evaluations required to briag the reflection

coefficient within 0.0l percent of its optimum value.

N
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respectively. This case illustrates how the two algorithms compare when
. /

both methods work efficiently.

4.4 Cascaded Transmission-Line Filters

In this section, the grazor search algorithm is used to achieve

the minimax design of cascaded transmission-line filters with desired
attenuation characteristics. Three examples are chosen, and the ideas

.

presented in Chapter 111 are applied to the prdhlqms
L4

7 ' *

3+4.1 Problem 1

The design of a 7-section cascaded transﬁission—line filter with
5

ffcquency-dependent terminations is considered here ksce Fig. 4.6). This
problem has been considered by7Carlin and Gupta (1969). The frequenc%é
variation‘of the terminations is like that of rectangular waveguides
operating in the H,q mode with cJ&off frequency 2.077 GHz. All section
lengths were kept fixed at ]1:5cm so that the maximum stopband insertioQ
loss would occur at about S GHz. %he passband 2.16 to 3 GHz was selecté&,
for';hich a maximum passband'insertion loss of 0.4dB was specified.

Fig. 4.7 shows the responsc of Carlin and Gupta which was used
as an initial design. The othe; responses in Fig. 4.7 are aleast 10th
optimun obtained by Bandler and Seviora (1970) and 2 pinimax optimum ob-
tained by the grazor search strategy. In b&th cases only'the p;ssband

’

was optimized. The minimax response has a maximm passband insertion

k{‘
&?
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ioss of 0.086 dB. Table 4.4 gives the appropriate parameter values.
Fig. 4.8 shows the_results of applying the grazor;search method

to optimize the sections in a filtering sense. Thus, it was desired to

zeet the 0.4 dB passband insertion loss while maximizing the stopband

insertion loss at a single frequency (5GHz). Let

~

NAOLES in the passband
v, (8) = " _ (4.4),
~
Ll 015 in the stopband .
where N
o= M2y 2y o 25)" O 4.8)
" : - -

and r is the reflection coefficient magnitude corresponding to an in-
sertion 10;5 of 0.4 dﬁ. Here 22 uniformly-spaced points were ;electéd
from the passband. Table 4.4 gives the resulting parameter values. A
similar response was attained by‘tho grazor search technique'when the

section impedances were assumed symmetrical i.e., I 24, Z6EE2, 27'21;

n

4.4.2 Problem 2

The problem chosen consists of a 5-soction cascaded transmission-
line low-pass filter design and has been previously considered by érancher,
Maffioli and Premoli (1970). The filter structure is the same as in Fig. 4.3
for R=1. .The-terninating impedances are real and normalised to be 1Q.

It is required to have a passband\insartion'loss of less than 0.01 dB
from 0 to 1 GHz and as high a stopband insertion loss as possible at
5 GHz. Twenty-one uniformly spaced points were chosen in the passband

and one point in the stopband (5 GHz). The length of each section is

F o I P




TABLE 4.4

COMPARISON OF PARAMETER VALUES FOR THE 7-SECTION FILTER (PROBLEM 1)

Characteristic Carlin Minimax . Minimax
Impedances and : ~ Design Design
(Normalized) Gupta (1969) (Fig. 4.7) (Fig. 4.8)
z, a 1476.5 1305.2 5069.4
2, ' 733.6 607.8 2856.4
Zg 1963.6 : 1323.3 . 25871.2
2, 461.8 362.7 10573.3 2
Zg _ 1963.6 1323.2 25874.0
Z, o 733.6 607.9 2856.7
z, 14765 1305.2 3069.8
«

/_\
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normalized with respect to lq = 1.49896 cm, the quarter-wavelength at

5 GHz.

The y.(¢) are given by (4.4) where r 1is the reflection coeffi-
By

cient magnitude corresponding to an insertion loss of 0.01dB, and

T

e (21 7 thp 2 Yoz 23 %aa 4 Pns Zg] (4.6)
d
WIS i21,2,..., 5 (4.7)

% The lengths were initiaily fixed at Lq, and the impedances
varied. Levy {1965) has derived an optimal solution to this problem
analytically. The grazor search method was used on this problem for
minimax optimization, and the result obtained was identical to the one
derived by Levy apd Fig. 4.9 shows the optimal response obtained.

Brancher, Maffioli and Premoli (1970) have achieved some re-
sults for the problem, and an observation of their responses leads one
to suspect that the results are not optimal. The grazor search method
was used to test whether an improvement én the results of Brancher,
Maffioli and Premoli was possible, and improved results were obtained.

Fig. 4.10 and Table 4.5 show the results for the problem where
the impedances are fixed at some practical values and only the lengths
arc allowed to vary. As the final values obtained by the grazor search
metﬁod indicate, the response at finish represents & good improvement

over the response at start, both from passband and stopband considerations.
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TABLE 4.5

S-SECTION FILTER DESIGN (PROBLEM 2)° .

//{Q;EDANCES FIXED AT Z, .= Iy = I, = 0.2, z, = Zy = §~AND LENGTHS VARIED

/7
/, '
T :
-/ Parameter , Start._ - Finish’
% 0.389 i 0.480
nl .
L . , 0.788 ' 0.814
n2
3 ' © - 0.924 - C 0.990
nl .
- .806 R 0.814
£n4o < ; 0 ) _ :
] - a
s - . -
g .7 0.448 - . .- 0.480
no N P
— O, ‘>
:
/ '
i
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4.4.3 Problem 3

The design of a-S-section cascaded transmission-line filter . ’

subject to paramet;f constraigts is considered hefe, and the ideas
presented in Section 3.3 are used to téckle this problem. The. filter > =
structure is the same as the one considered in gection 4.4.2. The
problem has been previously gonsidered by Carlin {1971) for.fixed
lengths at a quarter-wavelength of £ = 2.5 cm corrcgponding to 3 GHz,
and for a“required attenqﬁiion of 0.4 dB in the passband (0-1 GHz).
Optimal values have been derived for characteristic impedance values
when a‘st0pband fregu ncy of 3 GHz was chosen (Levy 1965)}. The ob-
jective function to be minimized was choseﬁ as (2.13) where
r|pi‘(§]ll-;r\\“ . ¥;€ 0-1 GHz

N \ B

() K ‘ (4.8)

(1 - "’i‘f}' | v, = 3Gz '

¢ corresponds to (4.6) and T corresponds to an attenuation of 0.4 dB.
" . g

Tweniy—one uniformly-spaced points were chosen.in the passband.

*
!

Initially;the lengths were fixed at Lq and the impedances Z.
’ ’ 7 .

were varied. The impedance constraints imposed were

-~

0.5 <Z, < 2.0 iw1,2,..., 5 (4.9)

- 1 -

hosen as W'(¢,w'} of (3.39) where
A N

and the minimization function wa

W' is given by (3.40}, n = 2, m= 10, and

n,
EZI-I{Q) - zi - 0.5 2 0
" .
i=1,2,..., 5 (4.10)

. -(Z. - 2.0) > 0 =
B = -Gy - 2020w
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1000 for g.(¢) < O
) A

w'os i=12,..,m (4.11)
0 for g.(¢) >0
) I

The result of optimizing the impcdaﬁces using the grazor search

nethod is shown in Table 4.6 where U corresponds to max y;(4), and y;
v

is given by (4.8). It is observed that some of the i;pedances of the
constrained solution lie on constraint boundaries. Moreover, there are
two distinct solutions, for which the impedances are reciprocals of each
other.

As a further step, 1t was desired to investigate the possibility -
of improving the unconstrained optimal solution (for length fixed at tq)

of Table 4.6, by allowing both the lengths and impedances to vary, and

imposing the following constraints:

0 <t . <2 . i = 1,2,...,5 (4.12)
- ni -
0.4416 < Z. ¢ 4.419 i=1,2,...,5 (4.13)
5 i
0 <¥ L. <5 {4.14)
- . nj - )
j=1 :

where the L . correspond to {4.7) and #he upper and lower bounds of Z.,
in (4.13) correspond to upper and lower vidlues of the unconstrained op-

timal values of Table 4.6. “\\‘ o
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TABLE 4.6

S-SECTION TRANSMISSION-LINE LOWPASS FILTER DESIGN (PROBLEM 3}
N T~

It

——

. Fda\uan‘cr\us FIXED AT L
) \\\ \\ .

3} - "‘\,“\\:‘7‘ 7
Parameters Unconstrained Constrained Solution
Optimal Solution
iy (ii)
R \x
Z, 3.151 0.5683 1.760 :
, 0.4416 2.000 0.5000
2y 4.419 0.5000 2.000
Z, 0.4416 2.000 0.5000
Zc 3.151 0.5683 1.760
U 3.951::10'5 3».255x10’3 3..:!55:(10'3

.t

W ' 5.419x10° 3.255x107° 3.255%107>
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The functilon to be'minimized was chosen as V(¢,¢k 1 a) in (3.32)'
*
P,
where a is given by (3.33) and (3.34), n = 22, m = 22,

AV

a, =10 j=1,2,...,m+1 ' (4.15)

and gj(¢), j=1,2,...,m correspond to the constraints (4.12)-(4.14)

N .
It was observed that no improvement could be achieved from the starting
value (corrcéponding to the unconstfained optimal solution of Table 4.6) and
that the starting point satisfies the necessary coéditions for a minimax

optimum, as verified by the-method described in Section 3.4 and Appendix B.

4.5 Conclusions

‘.

The results indicate that the grazor search algorithm is generally
. .

more reliable in reaching an optimal minimax solution than the Osborne
and Watson algorithm, and is faster than the razor search technique. Ty-
pically 1 min is sufficignt time to optimize a six-parameter design, and

> to 3 min are sufficient to optimize a ten-parameter problem; depending

3 .
on how far from the optimum one starts and hog,close one wishes to get,

on a CDC 6400 computer. The grazor search algorithm is capable of hand-
ling, without any difficulty, filter design problems with upper and lower
specifications over many frequency bands. The method should be very use-

ful in design problems for which exact methods are not available.



CHAPTER V

SYSTEM MODELLING

3.1 Introduction

'Lower-order &odelling of complex high-order systems is now
widely being used in the area of systems deéign and control both on-
line andsoff-line. The modelling can be performed for ; variety of per-
formance criteria and objectives, using different model derivation tech-™.
niques. Some of the techniques obtain a model by neglecting modes of tﬁc
original system which éontribute little to ‘the overall response of the
system (Davison 1966, Chidambara 1969, Mitra 1969, Marshall 1966) .
Other methods search for optimal coefficients of a set of differen-
tial or difference Yauations of a given ofder, the responselof which 1s
approiimate a osely as possible to that of the system, when both are
driven by the same inputs (Andersan 1967, Sinha and Pille 1971, Sinha
and Bereznai 1971, Markettos 1972). The search of ‘these coefficients
" has been, in the past, carried out using both direct ;earch and gradient
methods of optim;;gxion for a least-squares OTr quadratié'cost function,

P

but for this woTk, the investigation is mainly on near-minimax and mini-
f \
max objcctiveg;‘andlthe input-output data of the system 15 assumed to be

‘nown. Sce also Chen and Shieh (1968) and Kokotovié and Sannuti (1968).

&
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5.2

Sratement of the Problem

It 1s required to find a transfer function of a model ot
given order,

the response of which is the best approximation to the
responsc

of the actual system to a particular input for a specified
error criterion.

In general tie transfer function of a given order n

mav be
written as -
~
m m-1
. b s +b s +...+b s+b
¥ (s) = m-1 1 0
m,n s +a 5n-1+ +a, s+a
n-1 R | 0
(5.0
o m-1i
L bm-is
_ i=0
n .
n n-i
: s «L a_ .5
. n-1i
i=l

where m < n for_physical systems.

For this work the input is a unit step
and the criterion chosenis to directly or indirectly mintgi:e an error
function over a specified time interval (0,T). ‘The probleﬁ, therefore,
15 the

determination of the parameters ¢.-given‘by

")

T . =
= : ‘e -
'i lag a; -+ 3, by b, - bm] (5

such that an error function is minimized. Optimization of model para-

fora least-squares error criterion has alre
‘(Handlvr,

meters

ady received attention
Markettos and Sinha 1973, Markettos 1972).

.

AN

~

5.1 Minimax System Modelling

The error criterion chosen is to minimize the maxim

um errer
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between the system and model responses over [0,T), where ¢ is given

by (5.2). The following notatiﬁn is introduced. y
t, is an i th time instant in [0,T]
1 is an index set of i1 such that £ie[0,T]
ci ‘is the response of the system at t{
c?(¢) is the reséonée of the approximating

- model at t; ’
ei(¢)=c?(¢)-c?_ . 1s the err&f between the system and the model
" " responses at t.

ci is the steady-state value of the system
< " is the stcaﬂy-stdte value of the model )

In Section 5.4, the approximation problem considered assumes
. . . S s
that c: is fixed at a convenlient value (usually c_ or € at ti-T). S0

that the objective is to minimize

U($) = max y;(#) (5.3)
~ tic[O,'T] ~
where _
y; () = Lefh | (5.4)
~ . ™ ~— PN

This problem can now be solved by an efficient minimax or near- T

. 2 >
minimax optimization method as suggested in Sections 2.5 and 2.6.

- r—
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5.4 Example

The problem considered is the modelling of a seventh-order
system representing the control system for the pitch rate of a super-
sonic transport aircraft (Dorf 1967, Bandler, Markettos and Sinha 1973).

The transfer function of the system is given by

375000(s+0.08333)
7 6 [ 4 3 S 5
</ +83.645 +4097s +70342s +853703s + (5.5)

G{(s) =

28142715%+33108755+281250

with a steady-state.value of 0.11111 for a unit step.
Minimax optimization of the model parameters as performed by the
e
grazor search method consists of minimizing (5.3), while near-minimax

optimization minimizes

e, @ 7P

f(¢) = U L
u ", tiE[O.T] u(s)

Y

(5.6)

for large values of p (Bandler and Charalambous1972d). Let JCI be an
index set relating only to the extrema of the error functions yi(i)

given by (5.4). 1f 1 is replaced by J in (5.6}, considerable economy

in computing time results at a slight risk of creating false optima.

Th; larger the value of p, the closer the solution gets to the minimax
result, but the central processor time increases considerably. For this
work, a value of p=1000 was considered suitable for optimization purposes.
tor least p th optimization, three gradient gethods due to Fletcher and

Powell (1963), Jacobson-Oksnan(1972) and Fletcher (1970) have been used

fur_the modelling problen.

5]
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5.4.1 Second- and Third-Order Models

0-8 seconds (T=8 sec}.

The time-interval over which

over the interval. The steady state

the approximation was made was

101 uniformly-spaced sample points were chosen

value of the model for a unit step

(E=c:), was set at 0.11706, corresponding to the response of the system

at the final sample point (ci for ti-T). See Bandler, Markettos and

Srinivasan (1972, 1973).

Two second-order and one third-order models were considered for

minimax approximation of the systeam.

models were

wherce

Ea
0
Hoa(5) = ?

1 0
bls+Ea0
12

s +a,5+a
17 70

2
bzs +blstaO

23 53"3 524'3 S¢
2 15*%

2
xss +x45+Ex1x3

(s+x3)(52+x25+x1)

s +a s+a e

The transfer functions of the chosen

J (5.7)

(5.8)

(5.9)

(5.10}

(5.11)

For this work, the response of the models in the time domain were

T-

obtained by using standard Laplace Transform Tables to invert from the

s to the t domain.

{a) 2-Parameter Problem

The model transfer function®

9

chosen is (5.7) and the paramgter

fn\_/\_



vector 1s given by

5y = la

~

0“1 (5.12)

The optimum parameters using the grazor search method were

ay = 3.06472, a, = 2.38338

resulting in a four-ripple error curve with a maximum error value

U = 3.76347110’3

The response and error curves are shown in Figs. 5.1(a) and 5.1(b) re-

spectively.
The optiﬁum_parameters using least pth approximation for p=1000 were
Ay = %.06549, a1=2.38414

resulting in a similar four-ripple curve with a maximum error value

U = 3,76510x10'3

Table 5.1 shows the mumber of function evaluations required for
cach of the methods to reach a maximum error value of‘}.76619x10-3. For
this problem tHe Fletcher method and Jacbbson—Oksman method appeared to

be the most efficient.

(b) 3-Parameter Problem

By allowing the model to have a zero, as indicated by (5.8) a
3-variable problem results, where

T (5.13)
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TABLE 5.1 <

SEVENTH-ORDER SYSTEM MODELLING EXAMPLE

NUMBER OF FUNCTION EVALUATIONS REQUIRED TO REACH U = 3.76619x107°
: FOR THE 2-PARAMETER MODEL

-~

Minimization of £(4) T
' N

Startin int Minimization
8 PO Jacobson -_Oksman

) of U(¢) Fletcher Fletcher-
~ ~ Powell Quadratic Homogeneous
Grazor Step Step
Prediction Prediction
3.0 107 az s9 36 36
2.0
1.0 130 78 3m 91 127
1.0
1.0 165 96 718 834 B A -
. _
4.0
4.0 129 64 false 4] 45
Y40 _ optimm

P

-

*Indicates an ARGUMENT TOO LARGE message was given by the computer.

1
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3
E
. 3
The optimm parameters using the grazor search method were ¢
F)
. 4
a, = 3.83255, a, = 3.00365, b, = -.0176390 ;
k|
.giving a maximum error value ) ;
U's 2.48724x107° \ . !
£
The response and error curves are shown in Figs. 5.2(a) and 5.2(b) re- -

spectively.

For. p=1000 the optimum parameters obtained were

a, = 3.83592, a, = 3.00605, b = -.0177277

giving similar response and error curves as in Figs. 5.2(a) and 5.2(b)

and ’ -

U = 2.48794x10°°>

The number of function evulﬁgtions needed for the three para-

meter problem to reach the value U= 2.48794x10*3 are shown in Table 5.2.
The grazor search technique and the Fletcher msethod required a smaller

number of function evaluations.

(c) S-Parameter Problem

The third-order .model of (5.9) is considered next. For computional
cfficiency, the transfer function of the form (5.10) is chosen. The model

has five parameters given by
: 5.14)
olx x2x3x4 5l (5.14)
The optimm parzmeters obtainod uslng the ;razor search -othod

&
£ /
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TABLE 5.2

SEVENTH-ORDER SYSTEM MODELLING EXAMPLE

89

Ly

N‘LNBER OF FUNCTION EVALUATIONS REQUIRED TO REACH U = 2,.48754x10" -3
' FOR THE 3-PARAMETER MODEL

Starting Minimization

Minimization of £(4)

Jacobson - Oksman

point of Quadratic Step
i u (:‘) Fletcher Fletcher- Prediction Homogeneous
Grazor Powell o=l b= 0.5 sFep
Prediction
2.5 149 339 %00 279 hd 339
2.0
-2.0
1.0
1.0 368 362 * 104 276 137
-1.0 )
4.0 , .
3.0 165 242 . 184 142 97 260
0.0}
3.5
1.5 358 280 342 217 151 *
-1.0
5.0 } . | .
1.0 325 193 ¥ - . 1205
"1 . 0
5.0- , : - .
1.0 406 245 . " 159 119
3.0 ‘ '

*Indicates time iimit of 64 seconds was reached.

*Indicates sn ARGUMENT TOO LARGE message was given by the cosputer.

ST AW W md T

T I
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were
£

2" 3.36809, x, = .108248

x, = 4.34547, x 3

1

x, = 514475, xg = -.0356180 -

resulting in a six-ripple error curve with a maximm error value

U = 1.02062x10">

The response and error curves are sheyn in Figs. S.3(a) and 5.3(b) re- -

»

spectively.

The optimua parsmeters using p=1000 were

x, " 4.34682, X, = 3.36738, Xy = . 0996086

x, = .514728, x_ = -.0356154

4 5

giving response and error curves similar to those of Figs. 5.3(a) and 5.3(b)
and a mgxinun error

U = 1.02063x107°

Some runs with the Fletcher-Powell method, on the five-parameter
problem, indicated that the aethod was the slowest and since this was al-
ready established in the previous models, as indicated in Tables 5.1 and
5.2, further runs with Fletcher-Powell amethod were considered unnecessary.
‘The results of optimization by the other three methods are showm in
Table 5.3.

The Fletcher method reached n unique six-ripple solution- in sll
the cases tried, although t'ho:ro was a large variation in the nmber of

function evaluations required. The grazoy ssarch technique reached the’ .-

-
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" TABLE 5.3 e

ERCE T

SEVENTH-ORDER SYSTEM MODELLING EXAMPLE
NUMBER OF FUNCTION EVALUATIONS REQUIRED REACH THE INDICATED

VALUE OF 1800 U FOR THE 5-P MODEL
. Starting Minimization Minimization of f(t—) _
point of X Jacobson-Oksman Quadratic Step
¢ U(e) Prediction. . -
~ ~ Fletcher
Grazor S p=1 p = 0.5
3.0 - - _ a
3.0 437 . 530 886 778
1.5 R
0.5 1.2139 1.0207 1.0206 - 1.0206
-0.1
1.5 , . - ‘
3.0 782 768 931 325
2.5
1.0 1.2473 1.0207 1.0206 45,086
0.1 ” '
4.0 _
3.0 .489 177 114¢ 108
0.1 :
0.5 1.0206 1.0207 1.5061 { . 1.0206
-0.03
3.0 .. "
5.0 634 ’ 862 248 ‘ 350
0.2 . : ’
0.3 1.1720 - 1.0207 1.0206 1.0207
-0.1
5.0 :
4.0 817 484 17¢ 582
0.5 ~ ‘ {
'0-5 K - . )
— »
Least 537 IZN‘
Squares
Optimum 1.2472 1.0206 1.8954 1.0283
"

}
**Indicates time limit of 128 seconds mch-l

‘Indicates an ARGUMENT mo LARGE message was .ma by tho computer.
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six-ripple solution in one of the cases shown, while in some of the
other cases it terminated in a five-ripple solution.

‘In some instances, the real pole of the model had the tendency
to move to the right-hand side of the s-plane and gince this would pro-
duce an unstable model, the last parameters giving stable results were
taken as the final values. In all cases, however, the real pole seems to
lie very close to the afis.nnd any ponstraint, although easily imple-
mented in the formof asquare transformation, i}would have made the pole
go to 1ero.

It was further noted that when the Fletcher method, used with
p=1000, was started from one of the five-ripple solutions where the grazox
search technique terminated, 8 direction was found which decééasod f(e)

) -~
while temporarily increasing U(¢) and the method converged towards the

~ ]
six-ripple minimax solution, though slowly. When the same procedure
was repeated with p-106, the algorith- failed to move from that point.
Figs. 5.4(a) and 5.4(b) show the response and eTror Curves for a five-

ripple solution obtained by the gra:or search method.

5.4.2 Optimality of Model Parameters

The conditions for ninlnlx optimality, as lentionod in Section
3,4.2, were applied to the final part-otor values arrived at through
Optllltﬂtion of the grator search method (the corrospondin; rosponses
are shown in Figs. 5.1-5.4), and the results are indicated in Tab}os .
5.4-5.7. The necessary cénditions are satisfied in all the cases, a8

observed from the tables. The #,(4) for t = 1,2...,8 oT0 tho local
' Ly ]
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TABLE 5.4.

. VERIFICATION OF. CONDITIONS FOR MINIMAX OPTIMALITY

2-PARAMETER SOLUTION CORRESPONDING TO FIG. 5.1

3

97

T T
o
L '~ Time Instant Error Maximum Multiplier
(1000y,) (u,)
- 0.24 3.76347 0.75047
2” - 0.88 3.76347 0.16519
Q -
3 2,16 3.76347 8.4342 x 10
4 4.40 2.55235 -
- k. .
r = trulVyl « {0.0 . 0.017
" =] o
k.
r’ u, = 1.0
t=]




TABLE 5.5
VERIFICATION OF CONDITIONS FOR MINIMAX OPTIMAL

1TY
3-PARAMETER SOLUTION CORRESPONDING TO FIG. 5.2/

98

T T
L ~Time Instant Error Maximum- Mult'iplierj
(1000)’,_) (u,.)
1 4.0 2.48724 0.90758
. 14

iz ‘ ".."
2 0.24  2.48724 . 4.2744 x 1072
3 0.96 2.48724 4.9680 x 1077

-1
1 2.00 2.00700 x 10 -
X . g ST
r= I5uV, = [0.0 0.0 1.1x107]
| B R .
~ =] v
-
.
T u = 1.0
g1 *
.
[ <
. s

s et
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TABLE 5.6
. £ ‘
VERIFICATION OF CONDITIONS FOR MINIMAX OPTIMALITY
'S-PARAMETER, 6-RIPPLE SOLUTION CORRESPONDING,TO FIG. 5.3
. - . -
B ® 6, kr "6 -
Time Instant Error Maximm Multiplier
000y .
(1000y ) v,)
1.84 1.020616 3.6510 x 1072
0.72 1.020616 8.4333 x 1072
- l 2
. " 1 )
, 0.08 . - 1.020616 0.51806
B : : L2
- 3.76 1.020616 2.7915 x'10
0.24 1.020616 0.32227
8.00 _ 1.016870 1.0910 x 10~
- ¢ . s . . -.:;_:"
R
. ST
- . . . : .
, k. . : T
‘= tfuvy, = [0.0 00 00 00 00 &
Ve "
'.'\. Id=l .N - *
’ M - ' ' :r u - 1-0 ’ - . . Y ’ A\
A - i b : : S
~u i Fil
, Lo by )
i /
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4

"TABLE 5.7
- VERIFICATION OF CONDITIONS FOR MINIMAX OPTIMALITY
5-PARAMETER, 5-RIPPLE SOLUTION CORRESPONDING TO FIG. 5.4

-
n_ = 5, kr =5

Time Instant Error Maximum Multiplier
(1000y£) (“1)

0.32 1.213988 0.23428

U -
5.12 1.213988 0.19815 ¢ W
0.08 1.213988 0.39281
0.96 1.213986 0.10217
0.32 1.212651 - 7.2598 x 1072

*

k

r=-ffu¥y, = [- 1.5 x107° 0.0 0.0 0.0 0.0

- L=l A s - N
k; . “ )
I u, =1.0
a1 Gt
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SN

i

discrete maxima of yi{Q), ic]l as mentioned in Section 3.3.1, and
~

et o s drieoiantie S

Method 2 described in Section 3.4.5 is used for verifying the optinality

conditions.

For the cases corresponding to Tables 5.5 and 5.7, k; is equal to -
- -*
k and there are kr+1 equations and kr unknowns for the solution of {3.46)

and (3.51). The non-zero values of the components of r for these cases
A
correspond to the residuals of the dependent equations (refer to Sections

3.3.5, 3.4.6 and Appendix B).

In interpreting these results one may asscciate the results cor-

responding to Tablés 5.4 and 5.6 in saying that the main criterion is how

close to equal the ripples are‘and the results of Tables 5.5 and 5.7

I

in how small the size of the linear combination is in co-pnyigoﬁ with the

*a

sizes of the individual gradient vectors. In“the first case we are

satisfied with the criterion ffon a practical point of view, in the second
~ F, ' P

the linear combination is :bdﬁt 2 to 4 orders of magnitude smaller than

the gradient vectors.

f
l
5.4.3 Discussion ;
|
The grazor search algorithm is found to be more efficient than <
the Fletcher-Powell method on the problems chosen. The method proposed
| : )
by Fletcher appears to be the most officient of the methods used for near-

. !
minimax results in effidiency snd comsistency in reaching the vicinity of

l .
the optimum. The Jacobskn-Okl-an sethod, slthough giving good results,
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appeared to be sensitive to scaling.. _

It has to be mentioned that the Fletcher-Powell package, as
available in the IBM Scientific Subroutine Package, has a programming
.error. Appropriate corrections have been made and the F1;22h0r~Pouell
method has been appliéd to a number of test problems. The results have .
indicated that very little improvement ié‘obtlined for the corrected
version. The Fletcher-Powell results, as shown in Tables 5.1-5.2, corres-
pond to the uncorgected version, and it is expetted that the corrected

version might improve the function evaluations slightly.

AN

5.5 New Approaches to Minimax System Modelling

In this section, some new ideas are presented so as to satisfy
stringent design requirements (Bandler and Srinivasan 1973b, 19730); In
Section 514, c: waS issuned fixed. If lay.thcver, be unacceptable to
fix c: at a certain value, in which case a realistic trade-off between
transient and steady-state errors can be achieved. The design rfquir§~
ment may be such that arbitrary transient and steady-state response
specifications need be imposed on the model for a desired performance
criterion. It would also be realistic to expect the modelling procedure
to‘be.autmtod in such & way that it is possible to move from lower-
order models to high-order ones whenever, say, the solutioas satisfy the

necessary optimality conditions.
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A

5.5.1 A Generalized Objective Function

It is possible to extend the ideas of constrained -ini-ax op-
timization (discussed in Section 3.3) to system modelling so that a
generalized objective function can be defined to take into account both
the transient and steady-state response errors. lThe following additional

notation is introduced.

!
1

S . [”j; the upper bound of the systes specifications at
steady-state )
SL_ is the lower bound of‘the system specifications at
\Exeldy-stnte
Aeuc-cz—su_ is the error between upper steady-state specifications

and model steady-state value

gl_-c:-sl_ is the error betwoen lower steady-state specifications

and model steady-state value
The problem may now be formulated into two forms as follows. The

first one minimizes with respect to ¢ and ‘kOI
N\ : ~

(TUNTLIL NN ‘1 X 0.1] UL R R IO L

4141020 m ka1 *0 el
(5.15)

Ogmr Oya AT Positive. If c® is fixed such that e, and -o

are positive, the objective function (5 13) reduces osslntinlly to U(o)

where a,

in (5.3). The second one minimizes uith r-cpoct to 0

"“-"; o). " telo, i@l b umd (5.16)

- ————— i i nm s o



104

where
= 0 for €. 0
Y. ‘ I ¢ 8 V)
>0 for e, ? 0
= 0 for e <0
- u. '
Yie ) (5.18)
>0 for e >0
us -
If c': is fixed within satisfied specificatic;ns the above objective .
function reduces to U(4) in (5.3). " -~ ’

o™
In cases where suitable constraints - including parameter con-

straints - are imposed, the above procedure may be used to incorporate
them in the objective function., In many ;:uos. it is convenient to

s
choose S!_ = Su. =c_ .

5.5.2 Automated Lower-order Models

One of the major problems that is encountered in modelling is to
decide uhether. .a certain lower-order model is :c_ccpt;blo or not. If the |
model is too simple so that computing time fof. optinizing model parameters
is small, the approximation to the original system may be very bad, while |
if the model is complex, then the very need for system modelling is lost.
1€ one were to strike a resscmable compromise between the speed with '
which the model is optimized, and the accuracy of the spproximation, it
would not be unreasonsble to devise a scheme whereby one could increase
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the complexity of the model in an automated fashion after .a certain
number of iterations or computer time. It is, ho;uve;, important to

keep in mind the ;lesirtbilit-y of -ﬁting ghis increase in co.p_le.xity as
smooth as possible, so that the objective function value {s not degraded.
Thus, either the nunbef of parameters could be increased for a model with
a certain order, or the order of the model itself can be increased.

Let H denote an optimized model of tho fore (5.1). Three

possibi%itics occur as follows.
h_/’

(i) Increase in parameters only o

) - H_,#’n(ﬂ

Here b , b
a+p

= H. in the first iteration.
mep,n m,n :

yeseyb are initially assumed to be zero so that
mep-1 nel '

(ii) Increase in order | -

\":.n.(’) * Haequneq®

Here q poles of H.;q noq(’) are assu‘Ld to cancel with q z2eros
] .

. .
initially, so tha; H-’q noq'“n.n in the first 1t0rlt§on. In this case,

-

initial guesses for q poles (or 16T03) ATS NACESSATY.

(iii) Increase in ordcr srid parsmeters

'\.n(’) * "-JM (s) | .

. i
Here bl’ﬂ*P' "’bl+q¢l are sssumed to be lnitinlly and thnt thcro s ‘

a cancellation of q erog snd q polu n surt. so that
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- L .
H-’p*q'n‘q - Hy.n in the first iteration.
A careful choice of initial parameters can make the increase in

model complexity smooth so that the whole modelling procedure can be

automated on a saall digital co-butar on-line.

5.5.3 Optimality Conditions

When a certain low-order model is boihg'optili:ed. it may be use-
ful to investigate intermediate or final solutions after a certain nuiber
of iterations of the lodelling algorithm, or after a certain convergence
criterion is reached, so that one may decide whether to carry on with'
further optimization, to incresse the order of the model, or to terminate s

altogether. For minimax objectives, it is possible to test the optimality

by the procedure outlined in Sectiom 3.4.

5.5.4 Results

Two exi-plos were considered, and two second-onder wodels and &

third-order model were chosen as follows.

_ b .
0 .1
Hop(s) = 54— rah - (5.19)

s “1“‘0

llsolo

H A il | | (5.20)
. 12(’) s oAISOAo .
2
_ x 84X sox
Hyy(s)/= ej‘s - (5.2
(3*83)(5 01230811 :
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The transition between the models can be made smooth by making

the following substitutions at the start of the new model.

S

e

- . A » . "
Hyp * Hip : Ag = 8p, A =a,, By =Dy, B, =0
-* -

-

’ ]
Hop = Hyg 2 X; =2, x, = 2, Xg ® positive value, Xg = Xsby,

Xg = bgs X = 0
- L ] -
le -+ st . xl = AO’ x, = Al’ Xs = positive value, x, = B Xy

4 0

- -
= B

»
Xg = B} x5 ¢ By, xg = By

Two cases were considered for both exlnﬁles.

In the first case, c: is fixed, and

UGe) = max e, ()]
~ titlo,T] ~

In the second case, c: is varied, and -

UGe) = max  {(|e, (0)],-v 0, ¥ 0
~ - tit[O 1} i eyl

A 9th-order nucloar reactor system was chosen for one tlllpl..
where a step inmput 13 cousldcrod so that the power level of the reactor
system changes from 90 .to 100 porccnt of the full poucr (See Bereznai 1971

- ,_.\
N
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”»
and Section 3.4.7). T was equal to 10 seconds.

The results, shown in Table 5.8,.indicate that the increase
in order of the model did not produce any large improvement in ﬁ, the
minimum value of U, and in this case a wodel increase is quite waste-
ful from the computing viewpoint. On the other hand, an improvement

in the transient error at a slight expense on the steady-state error

n
is cbtained.

.

Another system considered was the 7th-order control system prob-
lem mentioned in Section 5.4, T was equal to 8 seconds though the re-
sponses shown. in, Figs. 5.5-5.7 were taken up to 20 seconds. c: was equal

to D.11111. Thc_results are 'g_nrized in Table 5.9.

5.5.5 Discussibn

The results indicate that when c: is fixed increasing the order
of the wodel does improve the transient errors, and it has been shown in
Section 5.4.2 that for the third-order model both the S-ripple and 6-
ripple solutions satisfy the necessary minimax optimality conditions.

It is interesting to note that in all the cases considered, the third-
order model gives the best result corresponding to the same transioent
error and three different steady-state errors. Some of the optimsl para-
acters when <™ is fixed tend to have aearly zero real parts vhich may make
the model o;ctllato;y. Using sppropriste parsmetsr coustraints (as in-
dicated in an earlier sectiom) saiil!tctéty results can be obtaluid,uhich
would guarantee a minimm demping of the model for a step imput.

-
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- Y% ‘
TABLE 5.8
RESULTS FOR NUCLEAR REACTOR SYSTEM MODELLING
. . Y
Case Model | 1000 U 1000 lax[-el_,eu_]
‘ Hy2 2.9234 : 0
cf fixed
Hyy 2.7018 ‘ 0
at ¢ |
Hyg - 2.4040 0 )
c: varied
1.2166
Hyy li?167
w =]

S, =S w3
e Yy =
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RESULTS FOR SEVENTH-ORDER SYSTEM MODELLING

TABLE 5.9

116

v
Case Model 1000 U 1000 max Fig.
[-eh'.u-]
Hy, 3.7635 " 5.8
ch fixed at H,, 2.4872 5.6
c";\ for t,=T st )
(6 ripple) 1.0207 5.7
(5 ripple) 1.2140 A -
¢ varied Hy, 4.1656 4.1656 5.5
w_ =1 H), 4.1582 4.1582 5.6,
s
Spa*SyatCe  Hyy 1.0201 0.9178% 5.7
cL varied H 7.7657 7.6945 -
- 02 -6
6 x 10
w_ = 10 H, 7.8624 0. -
S,."0.11061 |
Hyq 15,0201 9.3483 -

S =0.11161
L=

F
R
A g

- x 10-7
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5.6 Conclusions

The lower-order modelling of high-order systemas for minimax
objectives has been considered in detail, and the grazor search method has
been critically compared with efficient minimization methods for least pth
objectives. The graior search method is very reliable, and the Fletcher
method has been observed to be both reliable and efficient. The ideas
proposed in this chapter make it possible to automate the modelling
procedure, and with the availability of efficient optimization techni-
ques, on-line system modelling and control is entirely feasible. The
- suggested procedures can be effectively used to get desired optimsl models

in the minimax sense within user-specified computing times and error

allowances.



CHAPTER VI

~ DISCUSSION AND CONCLUSIONS

The thesis covers the areas of minimax approximstion methods as
applied to electrical network design and system modelling in great de-
tail. A reliable algorithm has been proposed und apvlied to a variety
of practical minimax design probius. The method has deen critically com-
pared with existing methods for efficiemcy and reliability, and works
very well on most of the problems considered. The philosophy of system
modelling is discussed st length, including various techniques involved
in ‘inpluenting the nédols. Automated wodelling and design of high-
order systems is shown to be feasible, and the present state of minimax
circuit design is considered 1n detail.

The new ideas preuntod in the thesis have been verified and

used in computer-aided design of a variety of electrical networks sub- .
ject to different objectives and various constraint specifications.
Fi.;ters can now easily be designed to meet upper and lower response
specifications at predetermined frequemcies, within reasonable computing
time and desired accuracy. The choice of a circuit model and.objofuvo ‘
function are as important as the choice of s relisble and efficient
optimization technique to give optimal model parsmeters. 1f wrahlo '
optimization techniques or todcluu procduru do -ot exist for a parti-
cular system, the designer is comfroanted with the mk of improviag the
uodelung technique and developing sn efficient algorithm to svolve &

realistic design. This imvolves & great ‘_ﬂ.l of ly‘st-'umlmo and
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expertise Uin the state of the art methods of computer-aided design.

The contributions of this work may be listed as follows.

(1) A new method called the grazor search algorithm has been
proposed for minimax objectives. This method has been tested extensively
on 2 number of problems including electrical network design and system
modelling.

(2) A practical way of accommodating constraints in the ninimax
opti;illtion problem has been proposed and applied to some probleas,

(3) Methods for mestiintm a solution for minimax optimality

Fave been proposed and used to test the optimslity conditions om a variety
of design problems.

(4) The grazor search method has been critically compared on lovu--_ ‘
order minimax modelling of a high-order system with three efficient methods.

(5) Some ideas have been presented for automated systea modelling,
by means of which the order of the models can be increased in an auto-
mated fashion whenever certain criteria are satisfisd, and optimality
conditions can be directly implemented on the computer. Suitsble transiemt
and steady-state constraints can also he takem into account. The pro-
posed approach makes it feasible ¥0 mutomate on-line modelling.

(6) The grazor search method and the method for imvestigating
minimax optimality conditions have deen p::on-d on a digital computer
and user-oriented computer program packages have been developed.

It is felt that replacing the pressnt limeer search by a more efficient
search technique will improve the efficiency of the graser search algorithm.
Further, the concept of automsted sodelling could be extemded to imclude suto-
meted control so that it may be applicable to om-1ime system modelling and

-
control.



APPENDIX A

GRAZOR SEARCH PROGRAM POR MINIMAX OPTINIZATION

A.l Introduction

The grazor search program is a pgckage of subroutines that
optimizes the designable parameters of networks or svstems to meet
minimax objectives. Full details of the method, including mathe-
matical flow charts and a discussion of coqmta:i’pml uperience.;
have already been covered in Chnpti;s Iil. v lnd V. A computer pro-
gram written in Fortran (Versidﬁ?i.s and Scope Version 3.3 for the

CDC 6400 computer) is listed at the end of this Appendix.

A.2 Nomenclature

The following is 8 list of some of the arguments and important
varisbles of the grazor search package as indicated in the flow charts
of Flgs. 3.2-3.4,

a scale factor for determining the megnitude of the parameter
step to be taken at the end of limear program

a initial specified value of a, pxtviohs v;lu. of o which gave
satisfhc;orf 1-prqy-n¢ut

- ainism sllowabdle a

8 ‘ r-dpction factor for s \\p -

Y. factor of the step A:r which gives the best mew point, whea

- starting from ¢% ‘
. a

120
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£ mmber of discrete maxima unﬂer consideration, kr' 1s incresased

by one (if kr < nr-l) or set equal to ome (if kr = nr) if the
improvement of the objective function st the new best point as
compared to the vslue at the previous point is less than this
quantity ) ’

e majin progrsa is evcntuilly terminated if the improvement of
objective function at the new best point us cospared to-the value
at the previous point is repestedly less than this .quantity

n specified factor of the initial interval of linesr search which

determines the final resolution between two internal points of

¥

the search

¢ current point

;'o starting point, currgnt best point

’X¢° increment from ¢° which gives the first improved point obtained

" in each 1_tor:t1:n on entering the linear search

wi ith ssmple point

;i - sample points comspa\diu to the ;i

Vo ‘sample points corresponding to the y .

DERIV logical variable; if .TRUE. the ?" are calculated, otherwise
they are nt;t calculated ' |

3y identifies the ith highest of the yoj

k . dimensionality of ptrl.'tor space

k. : m-bcr of local discrete mexim ;‘ under coasideration

n number of sample points L

n. available mmber of diic'rltl‘loal saxise ;1

U, value of the objective function st ¢

~
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~

U¢o value of the objective function at :o

Zi fmctim value at ¢, for a given :

Y; ith highest discrete local maximam

zyi gradient of Yy with respect to :

Yoj discrete local maxima implied by the Yy

TERM logical varinb\l\e, initially set to .FALSE., is reset to _.m.E.

only if there ate failures or improvements in objective fumc-
tion value less than ¢' after éon.iidcrh' values of kr from

1 to n. in ons complete cycle.

A.3 Program Description

The user may call the package from his own program as follows.

CALL GRAZOR (ALPHAO,ALPMIN,BETA EPS,EPS],ETA, PHO,PSI,K,KR,N,
‘NR,UPED',TERH)

The variables in the arfgument list are:

FORTRAN Name Varisble

ALPHAD

BETA
EPS

EPS1

ETA n

PSi LEY
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K k
KR k

T
N n
NR nr
UPHO U’ °
TERM TERM

The input variables are g u 8, &, c's s ’ s ¥y K, k and n while the
,output vnriables are ays 0 s r n, U and TERN.

"~ ,
It was convenient to place the fouwin; user-specified variables

in
COMMON/GRZR/NCOUNT, IPRINT, UNIT, 10PT, iDA‘l‘A ‘ h
NCOUNT nmber of function evaluations st any stage of the iterative
‘ cycle of grazor, is initislly set to zero by the user.

IPRINT logical variable which, if .TRUB., enables all intermediate
and final ﬁmlts to be printed out, and no print-outs other-
wise. _

UNIT integer variable sp'ocifylng the data set reference nuaber of
the output umit. .

10PT integer variable demoting the mmber of times grazor search
package was called by the user, is set to zero initially by
the user. ‘ '

IDATA logical variable which, if .'{IIB:. ensbles the input data to
be printed out; otherwise mot. |
Fig. A.1 shows a typical main progrem for calling the packige

and the form of a typical analysis progras while Fig. A.2 shows typical

print-outs of the package. .
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.......I..-................................................
A TYPICAL MAIN PROGRAM FOR TAt bRAZOH SEARCH ALGORI TriM
FOLLOWS~~—meea

DIMENSION PHO(15),4PSI(11)

LOGICAL TERMsIPRINTHIDATA

INTEGER UNIT
COMMON/GRZR/NCOUNT 9 IPRINT2UNLT» IOPT » JUATA
TYPICAL INPUT VALUES FOLLOW

ALPHAO=1.

ALPMIN®=1.0E-06

BETA=10,

ETA=0.01

KR=]

NCOUNT=0

10PT=0 -

INPUT VALUES FOR THE SPECIFIC PROBLEM FOLLOwW .
IPRINT=.TRUE.
IDATA=«TRUE .

UNIT=6

EPS=]1.0E-03
EPS1l=1.0E~06

K=2

N=11]

PHO(1)=1,

PHO{2)=3,
PSI(1)=0.5

DO 1 1=2,.N
PSI(I)1=PSI(1l=1)+0.1

MINIMAX OPTIMIZATIUN STARTS

DO 2 1=1,100 . -

CALL GRAZOR(ALPHAOALPMINBETASEPSoEPSL ot TAsPHUSPS] sk oK »
INsNRyUPHO » TERM! _
.l................‘............-..‘0......!...........t.....
IF(TERM) GO TO 3

CONTINUE

STOP

END

A TYPICAL ANALYSIS. PROGRAM FOR GRAZOR SEAHCH ALGURITnM
FOLLOWS =====wn= .

SUBROUTINE ANAL lPHOuFoDERIVvK.VoGRADYl

DIMENSION PHO(1) +GRADY (1)

LOGICAL DERIV

THE VALUE OF Y AT A SINGLE SAMPLE 90|nt F ls CALCULAI&D
HERE

IF{.NOT.DERIV) RETURN

THE DERIVATIVES GRADY (1) +GRADY(2! se0esGRADYIK} OF THE
FUNCTION Y WITH RESPECT TO PARAMETERS Puotll.PNO(Zl.....
PHO(K) ARE CALCULATED HERE

RETURN
END

-~

Pig. A.] Typical mais program and ‘nl'lynu-m
for the grazor sesrch package
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A.4 Subprograms

The subroutine ANAL(Q, ¢,» DERIV, k, Yi» V yi) is a user-supplied
analysis program to mlmto Yy and/or V y1 at a given point o 1f DERIV
is .TRUE., the Vyi are calculated, ot.hmise they are not calcalntod

The following subroutine neod not be written by the user, but is
part of the grazor search pachge The function subprogram Y(Q,vi,k\
calculates the Y corruponding to the point 0 by calling ANAL. The
subroutine LOCATE (:.tl.k.n U’) evaluates the obj_octive function U‘ by .
calling Y(o.ti.}} for i = 1,2,...,n. The grazor search package also
uses a lin:u program solving routine called SIMPLE (see Subroutine
SIMPLE), which is a modified version of a Progran documented with the
SHARE Distribution Agency, and irittm by R.J. Clasen (Reference No.

SDA 3384). Section A.7 includes s listing of this subroutine.

A.5 Comments

As it stands the package has been programmed to handle up to 1S
variable pafmtors and 15 ri'pplu. The choice of input parameters
includin;scalo factors may be critical to efficiency of the lalgori'tln.
and the grazor search nr;togy should be well-understood before the
user attempts to use this program. | '

; nismmmﬂtmdulmmmu.‘m
Fortran deck comsists of 901 cards uhich.,lneldﬂ detailed comments st
appropriate places. The package requires Toughly 20,000 octal uaits of

computer memory. - - o | - (



. | o - ' Y

A.6 Discussion

The grazor search algorithl has been prozrllled in such & way ~
that it allows a certzin smount of flexibility to the user. Thus when
GRAZOR is called once,-ﬁﬁe complete iterative step of tﬁe‘;lgorithn
results, and by introducing GRAZOR in a DO loop, the user has the con~‘
plete freedom to make his own decision about termination subject to his .
own ;onvergencc ci‘it.eria.‘ or printing out iniarlnediate_r-.-sults.uccord-

ing to a preferred format, or branching out to another optimization

package if desired. Appropriate diagnostic messages tre‘provided in the

-

progras wherever nocassu'y

"As this is a gradiemt strttegy, it 13 i-portant that the grad-

ients as evaluated by the analysis pmogrll are cofroct.

L
L)
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GHAZOR SEARCH PROGKAM FUR MINIMAX OMJECTIVES

AUTHORS JaWaBANDLER AMD T.V-SRINIVASAN.COHHUNICAIIUNS HESEARCH
LABORATORY AND DEPARTMENT OF ELECTRICAL EMUINEERING,
MCMASTER UNIVERSITYoﬂANILYON-ONIARIO.CANADA

THE GRAZOR SEAR;H ALGORITHM HAS Tu sk PLALED In A w LDOP BY Tht
USER 50 THAT THE ALGOKITHM MAY bE CALLEL AS MANY TIMcS As 15

NECESSARY TO GET SATISFACTORY IMPRUVEMENTS IN TAE OoJbCTive
FUNCT 10N

....t...-.‘..t..I.IQlI..A"-.......l.........;.........‘lI.I.....'..
A TYPLCAL MAIN PHUGRAM FUK GRAZUR SEARCH ALGUR]TrM FOLLORS=mwcwmnn
DIMENSION PHO(L3}+PSI(L1) '

LOGICAL TERMsiPRINT 4 JDATA

INTEGER UNIT - '
COMMUN/GRIR/NCOUNT w IPRINT JUNI TS 10PT 4 1DATA -

TYPICAL INPUT VALUES FOLLOW _ .

ALPHAO=],

ALPMIN=Y L DE~O8

RETA~10,

ETA®0,01

KR=]

NCOUNT=0 ) .
10PTxQ ) ‘

INPUT VALUES FOR THE SPECIFIC PROBLEM FOLLOW
IPRINT'O'RUE- ’

IDATA=, TRUE » -

UNITa6

EPS=],0E=-03

EPS1%1,VE~Ub

w2

Nel]

PHOL ) )w1,

PHO2)=3,

PSICL)w0.5 :

DO 1 leZsN )
PSIC(I1ePSIt]=1)40,1

MINIMAX OPTIMIZATION STARTS

NO 2 114100 ‘

CALL GRAZOR(ALPHAOOALPHINtBE'AuEPSoEPSIoﬁ!AoPHOoPSIt(oKR|N-NHoUPH0
1+ TFRM)

IFITERM) GO TO 3

2 CONTINUE
3 SToP '

END

LA EX R SR Y LN NY Y NYRYY WYY ..'CI-......‘.....l..'................l.l..’
A TYPICAL ANALYSIS PRUGKAM FOR GRAZUR SEARCH ALGURITHM FOLLOWS----
'SUBRUUTIME ANAL (PHOWF +DERIVeK o Y 4GRADY S

UIMENLION PHULLE oONALY (1)

LOGICAL OERLY
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S

THE VALUE OF ¥ AT A GIVEN SAMPLE PUINT F 1S CALCULATED HERE

IFI.NO;.DERIVl RETURN : :?
THE DERIVATIVES GRADY{1)2sGRADY (20 vecen sGRADYIK} OF T

WITH RESPECY TO PARAMETERS P”u'l"pHO'zl‘....""0“lu§l;uuct|ou Y : :§
CALCULATED HERE A 64
RETURN A a3
END A s
v A 67

A &8
. A &9
....-..I."...l....."-..l.......'l.................ﬁ...!...‘.l..n ‘ 70
SUBROUTINE GRAZOR (ALPﬂAO.ALPﬂlNotttlotPSvEFSloETA.PHO-PsI-K.KR-N. A 71
INR+UPHO, TERM) A 12
A 1)

A Ta

THE USER HAS TO SPECIFY VALUES FON ALPHAUSALPHINGBETASEPSILPSLOLTA A 75
uPHOopSIIKO‘.RIN A T
. A 77

STARTING VALUES =——eeieaa A 78
ALPHAQu], A 79
BETA=]D, A 80
KR=l A a)
" SUGGESTED STARTING VALUES=—==ce—m . A 82
ALPMIN#1.0E-0b A 8)
ETA®O .01} A Bs
EPS1sTHE MINIMUM IMPROVEMEMT IN TME OBJECTIVE FUNCTION BETWEEN A A
SUCCESSIVE ITERATIONS+MUST BE SPECIFIED BY THE USER ’ A o8&
EPS«FPS191y00, ' A a7
A as

A a8y

THE FOLLOWING COMMON STATEMENT 1S TO BE SPECIFIEU BY TME USLN A YO
COMMON /GRIR/NCOUNT o LPRINT sUNET s LOPT o 10ATA A 91
NCOUNTeNUMBER OF FUNCTION EVALUATIUNS AT ANY STAGE OF TME - A Y2
ITERATIVE CYCLE OF GRAZOR ‘ R T T
NCOUNT IS INITIALLY SET TO 2ERO BY THE USER | A Ye
IOPT CORRESPONDS TO AN ITERATIVE CYCLE OF THE GRAZOR SEANCH ALGOR| (A 93
THMAND 15 TME NUMBEK OF TIMES OPTIMIZATION PACKAGE URAZGW. HAS A Yo
BEEN CALLEUVCIOPT (S INITIALLY SET Tu ZERD BY Thk UStk 7 A w1
IF IPRINT 15 oTRUEe ALL INTcHMcOIAT: AML FINAL WESWATS ARE TU BE A Ve
PRINTED OUT OTHERWISE THLRL ARE N0 “RINT-OUTS _ A W
UNIT IS AN INTEGER VARIABLE SPECIFYING THE DATA SET WEFERENCE A 100
NUMRER OF THE QUTPUT OUMIT : A.lOl
IF 1DAYA IS LTRUE. THE INPUT DATA IS TED OQUT.OTHEWNISE MUT A o2
THE USER HAS TO SPECIFY VALUES FO IPRINTUMIT «JUATA A 103
4 : ng
1ds

THE VARIAGLES PS1 AND PHU HAVE TO Bt DIMENSIONED IN THE CALLING P A 106
OGRAK CURKESPONDING TO MAXIMUM VALULS OF MoAND K (213} oRESPECTIVLLY A lo?
THE USER HAS TO INDICATE IN HIS MAIN PROGRAM THAY TEWmIPRINT, A ‘Los
IDATA ARE LOGICAL VARIAULES AND THAT UNIT JS AN INTEGER VARIABLE A LoV
IF TERM 1S JTRUE. AT THE END OF AN ITERATIVE CYCLE OF GRAZOR. A 110
THE USER MAS TO DECREASE TME VALUES OF ALPMIN ANU ETA BEFORE A L)
GRAZOR CAN Bt CALLED AGAIN 1M THE MALN PROGRAN A ale
THE USER HAS TO FURNISH SUBRUUTINE ANAL FOR IMPLEMENTING Thi ALl
GRAZOR SEARCH STRATEGY : ::;
A lle

P




THE FOLLOWING IS A BRIEF SUMMARY OF VAK]
PHO= THE PARAMETER VECTOR.IT 1S EITHE
CURRENT BEST POINT

PHI= CURRENT PARAMETER VECTONR
KENUMBER OF PARAMETERS PHO

P51= VECTOR OF SAMPLE POLNTS

N® NMUMBER OF SAMPLE POINTS psI

UPHO= OBJFCTIVE FUNCTION AT PHO

UPHI= ORJECTIVE FUKCYION AT PHI

ABLES 1IN GRAZOK~==ome-

STARTING POINT oW THE

YMAX = VECTOR COMSISTING OF THE LOCAL DISCRETE RAXIMA IMPLIED by
THE FUNCTIUNS ¥ *ARRANGED 1N LELREAS NG RALNT TUGE s UVLR R SAMPLE

POINTS PS]
PSIMAXe VECTOR OF SAMPLE PuINTS CURRESPORDIN
AR NUMAER OF DISCRETE LOCAL MAXIMA YMAX

@ Ty Tk YECTON ymAy

KRe HUMBER OF DISCRETE LOCAL MAXIMA YMAX UNULR (ONSIUERATION-KR 15

LESS THAN OR FOuAL TO NR

GRAD = MATRIX OF FIRSTY DERIVATIVES OF VECTOR YMAX wiTH RESPECT

10 THE PARAMETERS PHO
TERM= LUGICAL VARLABLL wnlCH,lF TRUC o LHB I CAT
THE OGRAIOR SEARCH ALGORITim

THE UVIMENSIOM OF SUBSCRIPTLD VARIAMLES IN GH
MAXIMUM VALUES OF Kals AND MR=1Y

THE SUBSCRIPTED VARIABLES LUMMY sPHI sUELPHE o0
OIMENSTONED CORHESPONDING TU A MAXIMUM VALLUE

£S g LUNVERGENCE UF

AZOR CORMESPOND TU

ELPHNDELY ANE
OF Kaly

THE SURSCRIPTED VARLABLES YMAXPSIMAX ARE LIMENS LONEL

MATRIX GRAD I DIMENSICNED CURRLSPUnLING TU MARIMUN vALLLY oF

NRa15 AND ku)s

THE USER HAS TO SUPPLY AN ANALYSIS PRUGRAM AND THE Fullowing Is A

ARIFF DESCRIPTION OF ITS ARGUMENTS
SUBRUUTINE ANAL IPROoF o DERIVeR s Y4 UNALY P CALC
FUNCTION Y AND ITs FINST PARTIAL LERIVATIVLS
«ssGRADYIK? WITH RESPECT TU THE PARAMLTLRS P
«*sPHUIK) FOR A GIVEN SAMPLL POINT

PHO anD GRADY ARF T0Q BF VARTABLE-DIMENS [ONED

ULATES Tre vALuL UF
GRAUVY (1 INGRALY () gune
HGLY ) oPru Fesnesncns

IN ANAL »

DIMENSTONED CORRESPONG NG TO THE MAXIMUR YALLE FOR & 194

ODERIVeLOGICAL VARIABLE WHICH IF THUE sALLUWS

THE GRAVY TQ w

EVALUATED. UTHERWISE GRADY ARL MOT EVALUATED

OIMENSION PHO(] ), PSU{L)e DUMMY(SD!, Prl gl
1+ GRAD(15,13), DELPHI(13)y DELPHNLLS ), DELPL
l?ﬂllbl; Ci3l), KDtG), PSU167s Jrdlléds XKCL4!,
AR K.Y

LOGICAL TERMJIPRINT,IDATA

INTEGER UNLTY . .

COMMON /GREIRS n(uuﬂtolvnlnl-UNII.IQ“!-IU&IA

IOPT«10PT]

T, (MCOUNT o EUWL0) TERMA JFALSE .

IF ({TZRAM} GO YO 32

ALPHA=AL PHAD

ALPHAT sALPHAD

1CLOCK =D

o YMAR(LS)y PSIMARLLYS
1900 XU32}1e ATLB+317,
YY(1ete PELYIG), Ell6,

131

117
lis
i1y
1¢9
121
122
123
124
125
i2e
Ll
i2e
12y
0
iy
132
133
lis
138
136
137
»3¥8
139
140
ia}
ag
iy
las
ey
LY S
187
148
lay
1%0
il
152
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11

12

&}

14

13
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ISTOP=CO .

CALL SELEC (M.Psl.Palm.:.n.m-vm»

UPHO=YMAX (] )
NCOUNT=NCOUNT+]
IF ¢NCOUNT.GEL2) GO TO 2

IF (IDATA) WRITE (UNIT.38) A(PHAO.ALPHINoBE?AsEPSlEPSIlElA.K.lR.Nn

ITERMs (T oePHOT ) g 1mlyK }

IF (IDATA) WRITE (UNIT+39¢ (1.PSIC]lele]sn) -
IF (IPRINTI WRITE (UNIT3340 10PTNCUUNT sUPHO s tPHOLT 1 s Il ok )

IF (ICLOCKWGTal) GO TO 3

IF {KR«NEs1l) GO TO &

KRal ' ’
DO & Lw1sKR

CALL ANAL IPHO-PSIHAIIL)oo'RUEooloYﬂAl(Ll-DUHHYI

DG 5 Imlsk
GRADEL« 1) =DUMMY (]}
CONT INUE

CONT INUE

IF (KR.fQ.1) GO YO 22
KRlakRe]

KR2sKRe2

ERY=KR]+KR

DO 9 L=1+KR

DO 8 Jsl.KR

IF 11GTed! GO TO B '
AllsJ)w0e

DO 7 MmMe],k
Allsd)oAtl s JI=GRADL] oMM SGRADL J o it
CONT INUE
AlJeliwallel))

COMT [NUE

CONT I NUE

DO 10 Ie)l+kR
All+kKR)In],0

CONT INUE

DO 12 ImlexR

00 11 JeEKRZ+xRY
AlleJ)n0.0

TF (JeFRatIsxRL)) AlLvJ))w] 0
CONT INUF

CONT INVUE

DO-13 Js=l4kR
AfKR]l+JI=]140

CONT I NUE

NC 14 JeKR] KRN
AlXR]+J)Iw0,0

CONT INUE

NO 13 felerm

Hitli=0.0

CONT I NUE

RiIXR]1 =)0

00 1& I=1.KR)Y
Ctli»0,0

IF (1.FQ.KR]L) Cillaw]l,0
CONT I NUE

L2 B A R R B B R D R B EEE RS EREYEEE NS Y R RN DR S S A LR 2 BN B 5N S

132

174
175
176
117
178
179
180
191
182
183
e 13
18%
1886
ia1
iss
1y }-
190
191
192
19
194
195
196
197
i98
199
200
F{3}
202
203
204
20%
208
407

209
210
211
212
213
FeLs
215
2i6
211
218
219
220
221
244
243
224
22>
224
227
228
219
230
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SUBROUTINE SIMPLE 15 mOw GUING TO bt CALLEU.ANY ALTLRMNAT vt

CHOICE TU THIS SUBROUTINE IS ALLOMABLE FOR THE USER AS LONG AS I
PERFORMS THE FOLLOWIKG OPERAT[Ol—r——we

SUBROUTINE SIMPLE SOLVES A LIMEAR PRUGRAMMING PROUBLLH OF
MINIMIZING COX SUdJECT TQ ASRSBWMERE XoC 20 ARE VECTORS OF LENGTH
KR3IoRKIeKH] RESPECTIVELY +AND A IS & MATRIX OF SI1ZE rKlexx)

SUBROUTINE SIMPLE ATTACHLO TU THIS PACKAGLE IS A MOUIF Lew YERSION
OF A PROGRAM AVAILABLE WITH SHAKE UISTRIBUTIUN AGENC Y s REF ERENCE
NUMRER SDA 3384 AND WRITTEN BY R.J.CLASEN ‘ '

THE MODIFIEL VERSION IS M THE MCMASTER UNLVERSITY VATA PHOCESSING
AND COMPUTING CENTRE LIBRARYIMFORMATION SHEET MILIS Serellg

MA AND [FLAG ARE TO HE SPECIFIED BLFORE CALLING 51mPLE

IFLAG IS5 SET EWUAL TO IERO

NA ID Tre FIRST uiMtNaION UF The ARNAY A AND 13 5kl Lwual 1y Ing
MAX ] AUM YALUE OF MRelis]g)

X [S THE ve(CTOR OF OIMENSION Zena-)

THE FOLLOWING SUBSCRIPTIED VARIABLES ARE PART OF THE ARGUMENT LiSY
OF SIMPLE AND ARE TEMMPORARY STORAGE SPACES to”ar. UIHU\SIONEP IN
THE CALLING PROGRAM (GRAZOR}

PSsJH+XXeYY AND PE ARE TEMPORARY STURAGE VECTORS OF DIMEMSIGN MA
E IS5 A TEMPORARY STORAGE MATKIX OF VIMENS IO (NAGNASZ-1)

KO 15 A YVECTOR UF LENGTH GoUPUN CUMPLETIUN UF THE ExcCuTion ufF
SIMPLE. XOt)Yisy lf THE LINLAR PROGMAMMING PHOGLEM wA) FEASIBLE .
THE SULUTION LIES IN X(J)sJdulskiY

]FL‘(:IO .
LTL Y ‘
CALL STMPLE (IFLAG.KR] WKH3sA2BeCkUsXaPS s MeRXsYY oPE ok oNA S

00 13 J=1ix
DELPHI(JIu0,0

DO 17 Iv]l.kR B
OFLPHTCIVsDFLPHELJI=Xt ] ISGRAD( [ oJ}

CONT INUF

CONT INUE

THE INCHEMENTAL PARAMETLR STEP LELPHI [S NURMALEZED 10 unlt
LENGTH nY SUBROUTINE NOWM '

CALL NORM (K +DELPHI »OELPHN)

THE LINEAR SEARCH BEGINS

ALPHA 15 A SCALE FACTDR FOR DETERMIRING THE MAGNITUDE OF THE
NORMALIZED STEP DELPHM TO BE TAKEN FON THE LINEAR SEAMCH .
ALPHAU 1S THE INITIALLY SPLCIFILD VALLE wt ALPHA UR THE Prcyivusg
VALUE OF ALPMA wNICH GAVE A SAF.SFALTURY [MPNUVLMENT

ALPMIN 15 THE RINIMUM ALLOWABLE ALPHA

1F {ALPHALLT JALPHING ALPHA®ALPHIN .

DO 21 I=l.X -
PHIC] ) ePHOL ]V oALPHASDELPIW 1)

CONMT [NUE "

GO 1O 26 . - . s
A STEP TAKEN IN Trit meGATIVE WRAUDIERT DINLCTIOR WF WILMEST kiveLe
DO 23 Islax '
DELPHI L1 Y u=GRADLL oI}

-

D’I’k”.‘b’b)”b’b”bDD)PDD””’)D)’bb)’)’bbbbb’)b))p))
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431
232
233
Fe 1)
435
436
237
ide
23y
240
<hl
242
2ul
FLTY
£49
PETY
Zal
LY
FLy ]
2%0
251
%2
£33
' 1}
Fét]
5%
2%7
2%
2%9
260
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24

L) aNalal
N

o

AN ANAN

aNa¥alel

9

L L)

CONT INUE

oo TN 19

CALL LOCATE (PH} PSTsEsMsUPHE )
NMCOUNT=NCOUNT+ ]

IF (UPHILLT.UPHO) GO To 2%

IF (ALPHALEQ.ALPNLN) Wl To M

ALPHA_ REOUCED MY FaCTORS OF BETA

ALPHAALPHA/RFTA

IF lALPHA.LE.ALPHIHI ALPHA=ALPMIN
GO T0O 20

NG 26 I=].x

DELP (I ) =ALPHASDELPHN( L !

CONT I NUE hd

R
DELP= [NCREMENT FROM PHO WHICH GIVES THE FIRSY IMPROVED POINY
COTAINED On ERTERING THE LINEAR SLARCH .
ETA IS5 THE SPECIFIED FACTOR OF THE INITIAL INTERVAL OF LINEAN

SEARCH WHICH DETERMINES THE FINAL wESOLUT [UN BETWEEN TWO INTEWNAL
PUINTS OF THE SEARCH -

FINT=ETA -
CALL GOLDEN IGW-FIN'.P“I.MDNLPtPsloloN-l’Hl PUPMU)

TERM IS SET TO «TRUE. W.GRAZOCI RETURNS TO THE CALLING PROGRAM |F
UPHO-UPHI 1S REPEATEDLY LESS THAN EP3SL

.

IF ((UPHO“UPHI 14 LTEPS] ) G0 71O s

I1ST0Pmy !

DO 27 Islex

PHO (] )ePHIT])

CONT INUE .

IF IPRINT! WRITE (UNIToIT) [OPTONCUUNT sUPHI « (PHOL] ) s ln] o )

IF Tnt OUUECTIVE FUNCTION UPHMI AT A MEW POINT PHE 1S LESS THAN THy
VALUL UPHO AT THE PREVIOUS PUINT PHu BY A vALUL GREATRER Trah un
EUUAL TO EP5SeTie Mew PUINT 1S CumdlueMiy o SATISI ACTURY
IMPROVEMENT . IF NOTWKR 1S INCREMENTED BY 1 (FUA KR LSS Tean Ok
EQUAL TO MH<1) OR SET EQUAL TO 1 (FLUR KRemR!

IF (LUPHO~UPHT J LT EPS ! w0 T0 3] .
UPHO=UPH |

ALPHAO=ALPHASGAMA

GO 7O ¥

mou-lctocul

IF t1SYOPLEUL0) GO 1O 1

IF UISTOPJLE.MR} GO TO 3
TERMNS , TRUE

WRITE (uUNMIT.Y8) EPY)

GO TO Yy .
TF (KR.EQ.MR) GO TO 28

IRekRe ]

1CLOCK ]

IF 115TOP.EL.O) GO TO }

GO 10 a

ALPHASALPHAY
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3ay
30~
30
308
3o7
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309
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32
L)
34
35

k1.

37
A1}

la¥aNalals

(ol a RN a el lallalalals Wal

ISTOP=ISTOR+]
GO YO 29
UPHO=UrH |
ALPHASALPHAT
GO TO 29

WRITE (UNIT36)
RETURN

FURMAT (%] #/43Xs® THt OGRAZOK SEARCH STRATEGY FUR MINIMAX CuJtCtiy
1FS /AN 4P e e . i e e -2/ 18X
2eNUMHBLER OF GRAZUN CALLS® 28X ,onUMpen UF FUNCTLUN LYALUATIUNSS o TX o 0
JINIMAX UBJECTIVE FUNCTIONS S 1OXs®VAXLABLE PARAMETER VECTUKY/ /15X e¥ )
aovtc.1nx.cucouut!.30:cﬁuvﬂoo.321.'Pn001/tlxtx.lSolo:.15.231.516.0.
S18X+F 1687011 1XsFla.0))

FORMAT (® TERM=oTRUE »+ TMPRUVEMENT IN UBJLCTIVE FUNCTIUN LESS THAM
1EPSlee,E]lbed)

FURMAL (8 THE GHMAZOR LEARCH NUUTInt CANNUT HESTART AS Thws 1> EwuA
IL TU <TRUke FRUM THE PREVIUUS 1TewATIUN: AN CONVLRGENGE KB Te LN
2 HAS pELN®/% REACHED FON A SPEOCLFILY EPSLeTHE UNLY waYy T wesTANE
IS TU DECKEASE THE VALUES .OF ALPMIN AND ETA, o

FORMAT (/7/714Xe1%3+30X015023%E10eBoiuXoEl0o8/411100ELl o010

FORMAT (A9X+® THE FOLLOWING [S A LIST OF INPUT DATA® /49X g 0 —vanmm e

jmmmmmmememmcmeceae e e aea 8/ /90X s SALPHAD SO ,E16,8/55K s SALPN
iN =t4El6.0/7%9Ks"BETA a8, Elb.8/59K %L VS LR SUYY Y29 ¥111
IFS] . wEElbeB/K%LTA a®ot Lol /95K 05 L L IYETYEY) TN
o sty 15735 KeON w8y 19/53A«+ TN LLLISYFIL LY FYTE Y

Selde®) avmyEloal)) .
FUHMAT (208X e®PSIt0(3e0 )t tlpeliodh 0P (®al3 90 ia®or lhousda,*Ps](
12l Ve )u@ b lbeBo5K PS8 30 )atyk)ibel)!

FND )

LA R A R A A A Al ARl A R A R R R R Y Y Y Y E N R RN AR AR R RS Y RN RNy Y

SUBRUUTINE SELLC (PHIESL WPSINAK R sstoNit o YRAN S

IN THIS SUSKOUTINE THE MIPPLLS UF lnmyw«s Y Al ~ PUINT wnl

OVER N SAMPLE POINTS #5181 Akt LUCATEY SURTEY LUT Id DROMLASENG
MAOGNL TULE

ITAGyFHAK s MAN AME DIMENSIUNLLD CUMnLSFURUinG Tu A malioum valot

OF MRu1%

MAX » DISCRETE LOCAL WMAXIMA IMPLIED BY TH: FUNCTIUNS 7 AT A CUINT
PHL AL SAMELING PROCELUS FrUM P51 TO Q}tln'
PHAXe SAMPI £ POINTS CORRESPONDING TU MAX

VIMERSLION PSILLDe PrIL)?s YRALLL?s HSlMAALL?y I1TAGELD e PrALLLD ),
IMAXKLLY)

REAL MAX

NRe )

PMARL ] sPSI())

MAXE )Y {PH] PEIL1) k)

vrumMAX{1)}
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[alaNaNaKel

XD=]

DO & Is24N
YXRY{PH] PS1LI VKD
IF (YX=Y2) 14142
KQu=-1

GC 10 3

YMAXTeYX

LYs]

IF (KDJEUe~1) MRuNR+]
KDm]
PHMAX(NRI=PSTIILT)
MAX (MR )= YMAXTY
Yle¥YX

COMT INUE

CALL TGSOWT (MAXoITAGeMM,]1)
PO 5 Jslokn

LO=ITAGL 4!

YMAX{JInMAX{ILD])
PSIMAXEJ)=PMAX (LD)

CONT INYUE

RETURN

END

.........-.-..'....-..C......................."..................
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SUBROUTINE GOLDEN (GAMAJETA PRI oPHOLELP 3PS oK oR o UPHI JUPHD }

THIS SUBKULUTINE USES Tht wuLubM 3ctTlul Stakilh T Plne The uama
CUMRESPONDING TU TrE sINImum OF Tor VBORCTIVE FURCTION AT T

B EaNaNaNalallalallal

POINT PHOSGAMA®DELP

PHIAWPHIBIPHIU ARE DIMENSIONLD CUHe SPUNDING TU A MARIMUN VALUE

OF Kk=1%

COMMON /GRIRZ NCOURT» 1PRINT +uITolUPTLI0ATA

LOGICAL IPHINTIDATA
INTEGER uUMIT

CIMEMSION PHOTL)s PHIC(L s DELPLLI e PrIALLS)e PRIBLIYI . PRIULLD), P

1511012
TAUS0.98(1.04(%,01880,%)
TAUSOeTAUSTAY
CTACETAR{TAUS].}

GAMAL =0,

. GAMAY=1,0

GAMAA®D,.O

UPH I A=UPHD

DU 2 1elek

PHIUCT ) aPHO (1 ) +GAMAUSDELP LI
CONT I NUE

CALL LOCATE (PrHIUPS] sxotioiPily}
RCOUM T sCOUNT e ) .

It IUPHIULLELUPHIAL GC TO &

(ol alal aNaNal ol o X ol o N NaNaN ol ol aNaloalaNalalaNalakalalaNakalal A X A N R N R N SN 3 N NS N Z-H- NN 5N NN N.¥ X )
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12
13

[alaRe e I

[ le T T o N o

[alF alal

GAMAN aGAMAL + [GAMAU=GAMAL | 7/ TAU
DO Y Is)lsK

PHIAC Lo PHOL L 140RLP (] ) *LAMAA
CONT TNUE

GO 10 7

GAMAL =GAMAA

UPHIASUPHIY

GAMAA = GAMAL)
GAMALI= ] o +GAMAUSTAY

GO TV 1

DO & l=lek

PHIACT I =PHOL T} sDELP L] ) GAMAA -

CONT [ NUF

CALL LOCATE (PHIAWPSI oKX yNUPHI A}
NLOUNT o NCUUNT ¢ ]

GO 10 9

DO 8 I=mjsk

PHIR{ 1 1ePHOTT)+DELP (1) *GARAY

CONT INUE .

CTALL LOCATE (PHIBaPS] oK oMsUPHIN!
NCOON T aNCOUNT )

IF {{GAMAR=GAMAA) oL T.LTA/ GO 10 11
1F (uPHlAsut «UPH]B) WO TO L0
GAMAU « GAMAY

GAMAR = GAMAA

UPHIRsUPHIA

GAMAA=GAMAL + { GAMAY-GAMAL | /TAUSY

N Y

GAMAL o GAMAA

GAMAA = GAMAR

UPHLA=UPHNIY
GAMAHSGAMAL ¢ {GAMAU=GAMAL ! 7TAY

GO 1O 7

1F IUPHIA.L'I.IWHIB' G0 10 12
GAMA = AMA N
UPHIsUPHIA
GO 10 1)
GAMA=GAMAA
UPHEePH] A
DO Ia I=]4Kk
PHIILI=PHOTIeLAMASDELI (L)
CONT InuE -

~

THIS VALUE OF GAMA IS THE PACTOR OF TE STEP DELP wniCh Givis T
MEST NEW POINTWMEN STARTING FRON bhy

RETUAN
£No

AL AR R AL LR L AR R X Y R R N YR P R R N R N S ISR R R AL RS RS R TS Y YN Y X

SUBROUTINE LOCATE (Prtlo#S1eRsloumnil?

LUCATE CALCULATLS THE MiAlsAR s xCTivE PUNCTIUR UF Tnd Y AT A

137
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[aNaNala¥al

laBa¥alaNaXal

[aXaBaNalal

aNalaNalal

a2 EaNaNalalal

POINT PHI UVER A OIVEN SET OF SAMPLE POLINTS PSL

DIMENSION PHI(1}s PSILLY
DO 1 I=sl.N
YTaY(PH]sPSI{I)sK)

IF (1+EUe1l} UPHI=YT

IF (YT.GTLUPHII! UPHIeYT
CONT INUE

RETURN

LT

(AR LR SR AR RS A LR AR RN RIS SRR AR RN R R L TR EE L R Y YN Y Y ]

FUNCTION Y (PHIsFoK)

HERE THE FUNCTION VALUE Y AT A FOIMNT PH] CORKESPUNDING TOU A SAMPLE

POINT ¥ 1S CALCULATED

UUMMY HAS SEEN ulntnsIONEU'cuﬁﬂgsvuuulhu Tu A MAX MUK VALUEZ

Ks}ls

DIMENSION PHI(1) S/ DuMMY (18}
CALL ANAL (PHT oF v o FALSEL oK oY1 sUMAY)

Yayl
RETURN
END

"l“."."."."‘".".“."I".".".".“."I".".".".".".

SURRDUTIRE MORWM (K oW oWN!}
DIMENSION Mil)e aNtl)
SUMe(,

0O 1 I=lex
SUMsSUMsW (] Iew(T)
COMNT INUE
SUMRT=SURT ( Sum?

DO 2 Jalek ‘

WNET ) ewi])}/SUMRT

CONT LNUE

RETURN

FuD

...t...lI..l‘..I.-.......I..“O-......ll.l.l...‘..'l-I._....-......

SURROUTING TOGSORT {(As] eNel)

SUBKUUTINE TGSOMT LMANe] TALeMMsmni PLRAS A VELTUX UF TAGS ITau W

THAY ITAGIL)oITAGI2)veacasslTAUII) AME VHULKED SUBSCHIPTS WP .

VECTOR MAX SUCH THAT MAR(ITAGES  IoMARTLTAGIZ! P socecoMARLETAGIAR!!

ARF IN ALGERRAIC ORDER

"pagrg‘\pg\g'qn-ni'uﬂ'lﬂ'w‘lﬂ'ni‘ﬂi'!1I-Pﬂ'ﬂf'ﬂrl00rRJ'H!'M!HPJWC:SO:’o::Uc:c:;ccnuc

138

R PV Prwh-



aNalaNaNalalal

laNaNaWalal

(Al Wal

MM 1S POSITIVE FOR A ni
HIGH ORDERING

THIS SUBROUTINE LISTIMG wAS UoTAlntu Frul Trk UATA Phu(tsslhh Ahu

COMPUTING CENTRE +LIMRARY INFORMATIUN SHEb! MiLl
UNIVERSITY LIS :.J.n.ncmsug

GH TO LUW URDERING alb MEGATIVE FUR Luw Tu

DIMENSION ALL)e 1(1)

LOGICAL HILOsTIME] '
HELOsM L T, 0 *

MNi=n+]

N2sN1/2

DO 1 J=1ln

1tJye=-]

CONT | NUE

DO & Ke}loem2

TIMEl=,TRUE,

DO & Uslun

IF 11000 .GT40) GO 10 & ¢

IF (<NOT4TIMEL' GO 1O 2

TIMEL=oFALSE.

SMALL=AIGeALJ)

FLUN] TN

GO TO & :

1F (ALJ)oGT o SMALL) GO 10 ’

SMALL=ALJ) '
JSay

IF (AL eLT+B1G) GO YO &

BlIGeALY)

Ja=y

CONT I NUF

LeN]=K

(IR e [ABSI(TI(J00) )

TEIS e TABRSITIIS))

1F (#1LO) GO TO 9

1L ISIGNtISel L))

I(e)alSIGNEIBLIK))

GO YO & )
LLInISIGNtIBeTIL)) ' ' ~
K =1SIGNIISeIIR)) Y ’

CONT INUE )
RETURN ) ’
tND ‘ :

.

AL L LR A g Y Y Y Y R N Y Y Y Y S R T

SUBROUTINE STmrLE llethvﬂlohhcholo(|onkaPoJﬂoluI'P£|tuﬂll
CDC 6000 1172 (LTAL WONDS Ade Rewulwgy

IWFTC SINPLE RiF

AUTOMATIC SIMPLER

REAL AlRAJL )

REAL BUL)aCClioPELdoXtl oY iLioPEiLlia i)}

INTEGLR INFLAGOME s ROt S sRBEL) saniit ]

MEDURDART EWUATIURS CAUSE TN caSiolLlLY

EQUIVALENCE (Xxoll}

THE FULLOWING GIMENSION SMOULD BL ThE SAME u;at a3 LY 18 1IN

o

F 2

2T ITIIIZTIIIICEOCCESOCORDOCRCCOCOOCOCODCCOCOOOTCOOOCOCRODCOCCOOCD

fBceoc
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<
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l Walal

CALLER.

REAL AASALJT o8 COSToLTovCUSTTEAX s THIV.TY
INTEGER l'IAQINVCuIR.l?tﬂoJ.JI.&vkaoLrtkoh.AZQHn.h

INTEGER NCUT JAPILY s NUMVR s NVER

LOGICAL FEASVERMEGTRIGKQeABSC

SET INITIAL VALUESe SET COMSTANT VALUES \

ITER=Q
NUMYR=(
NP Y = )

M=MX

N=nN
TEXP=,%88]%
NCUT=A®Ma]0
NVER=M/2+%
M2epeal
FEAS®+FALSE .
IF (INFLAGoNEO) GD T 3

ROLD AL s XY o V] o YHAX

*NEW® START PHASE OME Wil SINGLETON BAS|S

DG 2 JeuleN

KB{JI=0

KQu FALSE.

DO 1 Il=)lem ) .
IF (ALTeJ)oEQD.0) GO TO ]
IF (KUOReALTsJ)

KQe . TRUE o :
COMT I NUE
KBlJi=l

COMT INUE

DO & lelum

JHiT =]
CONT I NUE

‘vER* CREATE I1NVENSE FMUM YK8' AND U

VER=,TRUE .
INVYC ey
NUMYR = NUMYR < )
TRIG»FALSE
0O & Imlem2
Etl}=0.0
CONT e
e )
DO 7 lIslem
Etmm)e}l,0
PELL)»0.0
X(It=Btld .
1F (MU} NELD) MiIYe=]
Mo e
CONT I NUE

FORM I NVENSE
D0 16 JTinlen
IF (xB8tIT1.£0.0) GO T0 1&
G0 TC YO
10 CaLL my

CO0SE PIVOTY

T¥e0e0
I‘.O'.'M.&(o
00 13 l=)em

0«0} GO TO 2

CASTER I
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10

12
13

is
ls

[}

17
[« )

20
21
22

T2y

IF (U1 ) oMb a=1eOR2ALSEY (L) oLt eTPIV) WU TO 13
IF (KQ) GO TO 10

1F llll’-EQ-OQl GO T0 9

IF (ABSEY(I}/X(11).LELTY} GO TO 13
TYaARSEY ]I ZRET}L

GO TO 12 :

KQu,TRUE . "J R

GO TO 11 . '

1F tx(:l.ut.o..on.ABStvtliI.Le.rvl GO Y0 1)
TYSABSIY(])) .

~

CONT INUE v :

KB{JT})=0

- TESY .PIVOT

IF (1Y.LEeOs) GO TO 14 -

Plvot

GO TU a3

43 CALL PIV

CONT INUE '

RESETY ARTIFICIALS -7

DO 1% I=1eM

IF (01} eEQe=1) JH{l}u0

JF 1JHIT )} aEQeQ) FilsioFALSt-

CONT RUE

VER= FALSE.
Lo PERFURM OME 1TERATION -

-

(R, DETERNINE FEASIBILITY (STEP 2

NEGe FALSF.

iF (FEAS) GO TO 18 - \
FEASwL.TRUE, - 1

DO 17 Ju]l4M

IF IX{1)sLT7.0.0} GO TO 20

IF (JHI1)+EQeQ) FEASELFALSE,

CONT INUE

*GET* GET APPLICABLE PRICES - tSTEp 217

IF («NOTJFEAS) GO TO 21}
DO 19 IsleN

P{l)=PEL]}

1F llll)-L'aO.' xll!-O.
COnY INUE !
Msc-.FA;SE. -

GO.70 27 °
FEASuFALSE.

NEG=.TRUE .

DO 22 JeluM

Piyred, * -

CONT INUE

ANSCe.TRUE.

DO 26 Iw)leM

. e |
AF (Xt 11aGLe0+0) LO TO 24

ANSCe.FALSE. S

D0 23 JmdleM
7P'J|'F‘J'.f|""l . B

M M
CONT INUE
60 YO 26

6o
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(3]
70
71
12
13
T4

Té
11
78
19

5l
82
83
[ L]
8s
86
81
8s
89
¥0
Yi
ve
93
94

-

9
97
94
wy
100
101
L02
103
104
10%
106
107
10w
L0Y
i1}o
111
118"
113
11s
iy
116
117
il
iy
120
121
L 22
Ads
idh
12%




24

25
76
Ce
27

28

29

Ce

1

32

bR
s

3%

iF (JHIT1MEQ) GO YO 26

IF (X{1)eNELQL} ABSC'-FALSE-
DO 25 J=1lsM

PLI)=PLI)-E MR}

CONT INUE

*MIN® FIND MINIMUM REDUCED COST (STEF 3
JT=0

aB'O-U

DO 29. JU=lsN

IF (KBlJ).NELO) GO TO 29
DT.UIQ

DO 28 l=1luM
DT=DT+PL1IRALI o 2
CONT I NUE

1IF (FEAS) DTeDT+CL))

1F {(ABSC)} DV=-ABS{DT) -

1F IDT.GEBR) GO TO 29

RAsDT

JTey

CONT I NUE

TEST FOR NO PIVOT COLUMN

IF {JT.LE.O) GO TO %0

TEST FOR ITERATION LIMIT EXCEEDED

IF {ITER«GE.NCUT]I GO TO 49

ITER=ITER+]

' My MULTEIPLY INVERSE TIMES AleeJT} ISTEP &)
DO 31 I=]lem

Y{1)IvQ,.0 '

CONT I NUE

LL=D

COST=CIaT]

DO 34 lelym

AlJT=A(]4JT) ’ .
IF (ATUTEQQ, 10 33 .
DO 32 JeleM 7
LLstLL+] /
VIJiothloalJtoelLLl,
CONT INUE
GO TO
LL=LL*N
CONY LRUE

COMPYIE PIVOT TOLEMANCE
YMAX®=0.0
DO 3% [=]eM
vnAx-AnaxllAlstVlll).vunll
CONT ENUE
TPIVaYMAXS TEXP

HETURR TO INVERSION ROUTINGe {F INVERTING

1F (VER) GO TO &

COST TOLLRARCE CONTHMOL

¢

HCOST=YHAK /B8

IF {(TRIG.AND.BB.GE.~TPIV} GO 10 30
TRIGe.FALSE.
IF (BHLGEL~TPIY] TRIGe.TRUE,.

:III!Z133311213832222123133331:If!!!!:!!::!!3131121321233
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i2e
121
iz8
2y
130
i3l
132
133
134
135
136
1317
L3n
139
140
141

182

Las

les
187
188
Loy
s l9
17l
112
113
17a
11
1T
417
sle
%4
189
18
182



falala¥al

36
37
38

39

40

(alala

41

42
Cw

43

SROW? SELECT PIVOT ROW

MHONE »
GET MAX POSITIVE Y(1} AMONG REALSS

1Ra0

AAx(e0

KQ»,FALSE.

D0 39 1swl.M

IF (X{1)aNE«OuQuORW Y1) LELTPIVI GO T0 3%
IF 1JH{I)+EQ.0) GO TO 37

IF (xy) GO TO 39

IF (Yil?eLEksAA) GO TO 39

GO TO 38

IF (KO} GO TO 38

KQw, TRUE &

AAmY (1)

IR={

CONT INUVE -

IF (IR<NEWLO! GO TO &2

AAs],.Q0E+20

DO &4V I=1sM

IF IYUI)eLE«TPIVLORXEI Vol Ea0uDoURaY LIV SAALELXII?) GO TO 40

AA=X{IyzyYe)

IR

CONTINUE

IF (.NOT<NEG) GO TO 42

FINU PIVOT AMONG NEGATIVE LUUATIONSs I wrtiCH /Y 1y LESS THAN Tne
MINIMUM X/Y [N THE POSITIVE LWUATIUNSs THAT HAS Tni LARthT

ABSF1iY)
ABe~-TRPlV

CONMT INUE

- TESYT FOR NO PIVOT ROW

IF UIRLLEWLC! GO TO 4B
tPEye PIVOT ON (LRWJT)
TAa IR}

IF {LA.GTA.0) XKBILIA)=D
NUMPV e NUMPY + 1
JHITR)I=JT
KBtJT)m]R
Yim=Y{IR)
Y(IR})e=1,0)
LL=0
‘ TRANSFORM INVERSE
DO 46 J=lem
LeiLLeIR

1F LELL)eNELUO) GO TO AN
LLslL+M
GO TO a6

X¥afE(L) /Y]
PEIJ’IPE!Ji‘COST'XT
FlL)a?,0
DO 4% Imlem

ISTEP 51
AMONG EQS. WITH X®Gs FIND MAXIMUM Y AMOMG ARTIFICIALSs URy (F

»

riND MiN. PIVOT AMONG PUSITLIVE. EQUATLONS

(STEP &}

ZXIZIXIZIIXIZTIIIIIZIIIIIIIIIIIIIIIIIIIIIIIXIIIIIIISIIIIIIXIIXIIXI

143

183
184
145
lss
is?
188
le9
190
191
192
193
Avs
9y
196
197
198
199 -
200 -
201
202
203
204
205
206
207
208
209
£10.
FIv Y
212
213
21
415
21
211
218
219y
220
421
222
223
226
245
PPy
227

228

22y
230
331
232
£33
234
13
P L)
237
a3
239




4%
hé

67

s

48

a9

80
51

52

LLeiLol

EILLIsECLL)exvay(])

CONT INUE

CONT INUE

TRANSFORM X

XY=X{IR)/ZY{

DO A7 I=]M.

XOLD=X{1}

Xtli=mxOLD+XYSY(])

IF loNOItVtR-AHU.XIl‘.Lbeo.ANUQIULU.thODl Xili=sg,
CONMT INUE

Y(IR)w=Y]

XtIR)==XY -~

IF (VER) GO TO 14a
wlF (NUMPV.LELM) GO TO 1&

TEST FOR INVERSIOMN ON THIS ITERATIUN

INVCu INYC+]l |

IF {INVCEWQWWNVER) GO TO &

GO 10 16

END OF ALGOR|THMs SEY EXIT VALUES ! abe
IF (+NOT+FEAS.ORRCOSTWLE.=10004) U TU %0

INFINITE SOLUTION

¥u? .
G0 10 51
PROBLEM 1S CYCLING
Ko .
G0 TO 5] .
FEASIBLE OR INFEASIBLE SOLUTION
KuQ . '

IF («NOT.FEAS) KuKe]

DO 82 JulsN '

XXe(l a0

KBJeKB(lJ)

IF (KBJeMNEO} XXKeX{RBJ)

KBloI=LL

CONT INUVE

rotl)=x ' -
KOt2)=ITER '
KO(}1alNVC

KOU &) =NUMYR

KULS ) =NUMPY

KQ(6)=JT -

RETURM

END

4y

Co TOor 0901

A -

IIIT1IXIIXITIITIIZITIIXIXIIZIITIIIIIIIIIIIIIIIZIXIIIIYX
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240
FLYY
262
243
2464
26%
246
2681
240
LY
250
251
2%2
2%3
254
FiY )
2%
251
25a
299
260
261
262
263
FITY
265
286
r{y}
208
249
210
471
et
et
2Ts
ATy
ITe
217
478
iy
480
F{}1
282
283~



APPENDIX B

PROGRAM FOR INVESTIGATING NINIMAX OPTIMALITY CONDITIONS

B.1 Introduct ion

This program is a package of subprogrm which investigates
the optimality of a design or a proposed solution to an approximation
problem in the minimax sense. The prJgral is designed to test a solu-
tion for the necessary conditions for s minimax optimm by two differ-
ent formulations. As md‘icatod in Section 3.4, one usesl linear pro-
gramming, and the other the solution of a set of linear independent
equations. A computer program writtem in Fortran (Versiom 2.3 and
Scope Version 3.4 for the CDC 6400 computer) is listed at the end of
the Appendix. .

B.2 Program -Description

The user may call th§ psckage from his main program as follows:
CALL MINIMAX (X, KR, NR, YMAX, GRAD, NRMAX, DELTA, EPS, ICRIT, IDATA,
IPRINT, MET, NORM, RELTOL, UNIT, K1, K3, MRS, MR1, MR2, X1, X2, KISUM,
X2SUM, R1l, R2, lllm, RZNORM, OPTIML, OPTIMZ, A, B, C, X, PS, JH, XX,
YY, Pé,‘ E, D, H, Q, IROM, ICOL, LL, MN).

The variables in the argument list of the sbove subroutine are
ordered as input, output and storsge varisbles respectively, and are
listed below in that order. \
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-

ICRIT

IDATA

IPRINT

NORM

RELTOL

- T
. ¥y 1), followed by
e

146

The i t variabl v(Ly v 17
e input variables are k, k_, n_, {([y1 e ¥ 1),

r

7]

maximum possible nunﬁer of the ;z‘

numerical approximation to zero. _

a user-specified factpr; if [Irlll or ||r2|l< € and the
msultiplier vector u, or u, > Omtho condi:ians are satis-

") ™~ "
fied for Method 1 or 2; otherwise not.

for ICRIT = 1, the user specifies the value of RELTOL and
considers y, for which (1-y,/y,) ¢ RELTOL for 1a2,...,n,
to be active while when ICRIT = 2, the user specifies the
value of kr(f nr).

logical varisble which, if .TRUE., ensbles the input data
to be printed out} otherwise not.

logical variable which if .TRUE., enables all intermediate
and final results to be printed out, and no print-outs
otherwise.

when MET=1,2, or 3, the package uses Method 1, Method 2.
or both the methods, respectively. .
NORM=1 corresponds to the Buclidean ;ector nors nn§
NORM=2 corresponds to the maximum sbsolute value of the
elements of the vector.

tolerance relative to ;l within which some of the

-

yz.....ynr lie.
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UNIT integer variable specifying the data set refer-
ence number of the output unit.
Ihis is followed by kl(-kél), ks(-Zkol) and Ir3(-2k+l+nr)
For the output variables that follow, subscripts 1 and 2 correspond to

methods 1 and 2, respectively, as shown below.

LIS NP mmber of yl(for 1-1,...,nr) considered when

optimal conditions are reached.

u,,u vector of multipliers [u,,...u ]T,
1°72 -11 1m
oA T rl
lug veuyy 1
rd
- *r - o2 ’
‘r,,r residual vectors L[ u,, Yy,  , I"" u,, Vy
ml NZ Lel it ot L=1 21 n ]
||?1||.||r2|| norm of vectors r, T,
" ~ ~ N

OPTIM1,OPTIM2 logical variables; indicate that the necessary
conditions for minimax optimm are satisfied if
.TRUE., and not satisfied otherwise.

The above output variable list is followed by storage variables,

which form the rest of the argument list. The size of the storage arrays

and vectors is determined by n, kl' k3 and LIRS

as specified by the user are crucial for the verification of the op-

The values of ¢ and §.

timality conditions, and should be carefully chosen. For further de-

tails, see Sections 5.4.4-5.4.6,
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‘\

B.3 Required Subprégraus
The user, to have a subproéfal by which the discrete values

of the n. functions Yy (arranged in descending magnitude) and their

derivatives (V y T)T with tg{pect to the parameters $ 4,

.o-¢k
" N
explicitly available. The package uses the following subroutines, the

are

listings of which are available as indicated in the References (see Sub-
routine ARRAY, Subroutine MINY, Subroutine MFGR, Subroutine SIMPLE,
Subroutine SQLVE).

ARRAY converts data arrays from single to double dimension or
vice versa while MINV inverts a matrix and calculates its determinant.
MFGR determines the rank and linearly independent rows and columns of
a given matrix. SIMPLE is a linear-program solving subroutine (listing
available in Section A.7) and SOLVE solves a set of linear simultanecus

equations.

B.4 . Comments ~

_The program was used to test a solution on the problea of lower-
order modelling of a ninth-order nuclefr reactor system as treated in
Section 3.4.7. Fig. B.1l shows a typical printout of the plckage.for this ,
problem.

This program was run and tested on a CDC 6400 cowputer. The
package requires roughly 40,000 octal units of lelory‘for k=15 and
;r-lS. A Fortran listing consis£1n3 of 721 cards {including comments)

is included in Section B.S.
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B.S Fortran Listing for MINIMAX Prograa
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PROGRAM FOR INVESTLGATING MINIMAX OPTIRALLTY CoabLTIUNS

e 3 o e e e e S - -

e ————

AUTHORS oW BANULER AMU ToVeSKIMIVASAMsULPARTHENT ur ELECTRICAL
ENGIMEERING s MCMASTER UNIVERSIIToﬂANlLTON-ONIARIO-CANADA

THIS PROGRAM IS A PACKAGE OF SUBPROGRAMS wHICH INVESTIGATES THE
CPTIMALITY OF A DESIGN OR A PRUPOSLUL SOLUTION Tu AN APPRUX I MAT I ON
PROBLEM IN THE MINIMAX SEMSE '
.--..'.......-....‘....-.....-....-..-..........‘-.--...-........-..
A TYPICAL MAIN PROGRAM FOR MINIMAX SOLUTION CHECK FOLLOWS=-—=—eoame
DIMENSION YMAX{15) +GRADI IS+ T0U X415 0X2115)4RU1OI4RZ{]10) '
DIMENSION A121-365081£l’-Cl3b’|ll36’lPSl2l'-KK(ZI’.YV(Z!J.DE(Z]i.
1 Et21+21)

DIMENSTON D|15|10|-HlllnlllvUIlllolKOlilﬁJOICULiAOD-LIl;5‘-Hﬂ£15]
LOGICAL IDATALIPRINT +UPTIMLUPT iy

INTEGER UNIT

Ke2 ™~

KRMAXa1% ’

NR=4&

DELTA'.OI

EPS=1.,0E-04

ICRITa2

KK=NR -

JIOATA=,.T.

IPRINT=,.T, ’ .
MET=3

NORMa ]

UNITug

KlsKel

K¥mPoK +]

MRJIu2eK+ ]+ NRMAX

READIS+1) (YMAX(]) Im)ohR)

READUIS+2) CIGRAVDt L s s ulyntelmloNR)
I FORMAT{%E16.8)

2 FORMATI2E1648) :
CALL MINIMAXIK KR MR s THMAX s GRAD s MRMAX sDELTAvEPS s ICRIT o I TAsIPRINT .
IHE'.NDﬂHIREL'OLlUNlfl(lll)nﬂk)u"ﬂlIH“Z.II!XZDKISUﬁ'lZS sHlvhicoMlN
ZNORHoRZNOﬂH-UPTlNlQDP'lﬂlihtbiColuPSOJHUXloYTthot-D.“;UolRUu-ICUL
JoeLLoMNM)
5TOP
END ~— \

.Il.I'....I.l...............I.......'....I...I..I....---....I-Il...
SUBROUTINE MIMIMAX (KoK oMy YMAX sORAU sMRMAX sUELTASEPS s ICRLT s JUATAS
FIPRINT MET oNORM ¢ RELTOL yUMIT oKL oR 3¢ MM 3 oMH1 oMR2 X1 o X2 s KL SUMSR2S JMeM i
ZeRZoRINOHM I HINORMIOP TIML sUPTIM2 sAsD Lo X sPS s Mo XX s YY sPL ok s sraUy LKO
e ICOL 4 LL o M)

THE MINIMAX SOLUTION TESTING IS DOME BY TwO METHUDS=METL AND METZ
MET1 CONSIDERS A LINEAR PROGHAMMING FURMULAYION

MET2 congjotus A FORMULATION CONSISTING OF A SET OF LINEAR
EQUATION :

INPUT-QUTPUT INFORMAT | ONm——v——e -
THE USER HAS TO SPECIFY VALUES FOR KekN {OR RELTUL) JARMAXNR .

LR S S R A B AR R B RSS2 B R R B R EEREBERSEIIEE RS N R P P e R IR
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THAI-GRAD.DEL'AUEPS'ICKITllDATAolPR“ﬂ’.NLY-MH.UNIT-‘-1-'-3 ANRD M3
THE OUTPUT VARIABLES ARE HRIoRlORINURH-XIU‘ISUHOUPrlﬂloﬂﬂanZ.
R2NORM X2+ X25UM AND OPTIMZ

THE VvARIABLES ArUsCoXsPSadHe XX oYY sPE oL sDvHolis LHGW s 1C0UL sLL oMM ARE
TEMPORARY STORAGE SPACES CURKLSPOMLING TU K ANU MMMAX (TO BE
DIMEMSIONED RY THE USER! .

APPFNDIX OF VARJABLES==wo——ax

K "NUMBER OF VARIABLE PARAMETERS .

NRMAX sMAXIMUM NUMBER OF FUMCTIONS YMAX THAT MAY BE ENCOUNTERED BY
THE USERFOR THE SAKE OF SAVING MEMURY SPACC sNKMAK LAN 113
PUT EQUAL TQ MR IF NR 15 KNUWN BLFUREHANU

NR NUMBER OF HIGHEST FUNCTIONDS YMAKLL}sYMAX(IZ) seves WHEICH AR
AVAILABLE FOR CHECKING A SOLUTIUN FOR THE NECESSARY
CONDITIONS FOR A MINIMAX OPTIMUMe NR SHOULD MEVER dE
GREATER THAN MRMAX

KR =NUMBER OF MIGHEST YMAX(l)aeeos TMAXINR) THAT MAY Bt
CONSIDERED ACTIVE 8Y THE USER FOR CHECKENG OPTIMALLTY
CUNUITIONS. KR 15 LESY THAN UK EQUAL TO MRe The VALUE OF KK
HAS TO BE SUPPLIED HBY THt USER 1F ICRIT=Z

YHMAX eVECTOR OF FUNCTIONS YMAX{1)seuas YHAXIMNR] ARRANGED LN
DECREASING MAGNITUDE. THESt FUNCTIONS ARE 10 Bt TESTED FOR
THE NECESSARY CONDITIONS FUR A MIMIMAX OPTIMUM. YMAX(i’ IS
GREATER THAN OR EWUAL TO YMAX(I+1! FUR [*1lsenssNR=1

GRAD =MATRIX OF FIRST DERIVATIVES OF VECTOR YMAX wlTH RESFECT TQ
THE K PAHAMETERS. THE RUNMS UF UKAU LUKRESPUAL TU THe
GHADLENTS OF YMAXTL) s YMAX[Z ' pane s TMAXIAR? KESPLCTIVELY
GRAD [S5S OF SI2E INRMAR !

DELTA «TEST FACTOR FOR JELRUGAFFECTLD BY HMOUNMUOFF NOIste THt VALUE
OF DELTA DEPENDS UPON THE MAGNITULL UF ELEMENTS OF GRAU

EPS “SCALE FACTOR. WHEM CONSIDERING METHOUL 1 i+ THE MULTIPLIENRS
Alil)wasp s Xl (MH]L) AL MUN~=nEGATIVE AFTLR CUNSIVERING MK
HIGHEST "FUNCTIONS YMAX(1)saes s YMAX(MRL) sTHE NOKM OF THE
RESILDUAL VECTOR K1 1S CUMPARLY WiTH tPSe [F RINORM 1S LESS
THAN OR EQUAL TU EPS THE MECESSAHY COMOLTIONS FOR A MINIMAX
OPTIMUM ARE SATISFIED BY YMAX()l)sows s YMAX(MRL ) e A SIMILANM
SITUATION AOLDS FUR METHUD ¢ e MRE HIontST FuNCTIUNY ANt
CONSIDFRED, ’

ICRIT »THERE ARE Twd CRITENIA AVAILAGLE FOR CHLCRING Trk NECE SSAKY
COMDITIONS FOR A MINIMAX OPTIMUM, FOR ICKITa)lsTHE USEN HAS
TO SPECIFY THE vALUE OF RELTUL AND FUR 1CHIT=Z2+THE USEW HAS
TQO SPRCIFY THE vALUE OF KRe Ir Inbt USEKR Had NG LubkA OF row
MANKY OF THE RIGHEST FUNCTIWNS TU CHOUSE UUT UF YMAXLi)sesss
YHMAX(NR) oHE COWD SPECIFY A VALUE OF KR tUWUAL TU MKs [Feun
THE OTHER HANDsTHE USER wiSHLS TO SPECIFY A TOLLMANLE BANY
BELOW YMAXIL1)} WITHIN wHICH HEt CUNSIODERS THE FUL{TIONS Tu Bt
ACTIVE sHE COULLD SPECLFY THE VALUE OF RELTUL

IDATA =LOGICAL VARIARLEWMICHM IF TRULe ENABLES IMPUY DATA 10 BE
PRINTED QUT« UTHLRNISEL MNUT.

IPRINTLOGICAL VARJAGBLE«WHICH IF oTJRULe EMABLES ALL INTERMLULATE
ANMD FINAL HESULTS Tu BE PRINTEV UUTIAND MO PRINTOUTS
OTHERW]ISE .

MET s INTLOGER YARIABLE wHICH ENABLES TrAt USLR TO C(HECs THe
NECLSSARY COMDITIUNS FOR A MINIMAX OMTIMUM oY METHOLS L uk
‘2 OR BOTH FOR MET=]l UM 2 OK )

“NUKM sVARTABLE wrilCH ALLOWS TwO NURML TO BE AVAILABLL FOR VETTUNY

1

b B I I IS R B 1D I 3 b I 2 D R I B N 2B IR B 3D I 3 IB 2B S B B R B B S B S SRS SR R L I I I

52

113
Lis
115
1ie
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R1 AND R2. IF NORM=1.THE EUCLIDEAN MORM UF A VECTOR 15
CALCULATED«IF NORM=2,THE VECTUR MUKM [S EwUAL Tu THE
MAXIMUM ABSOLUTE VALUL UF Trk VECTOR LLEMENTS

HELTUL*TUOLERANCE RELATIVE Tu YMAX(L? wlTHIN WHICH YMAX (2 vaues
YMAXINR) LIELTHIS FACTOR MAS TU BE SHECIFILD Uy THE USLR IF
ICRET=2+WHEN THE USER COMSLDERS THOSE FUNCTIONS FUR wWHICH
Cle=YMAX{LI/YMAX (1)) slmlvZvanasMRey IS LESS THAN RELTOLSTO
BE ACTIVE FOR OPTIMALITY CUNDITIONS

URIT  =INTEGER VARIABLE SPECIFYENG THt UATA SET HEFERLNCE NUMBER
OF THE QUTPUT UNIT. -

IN THt FOLLOWING SECTIUM SUBSCKIPTS 1 AND 2 VENLTE METIIOUS 1 ANU <
RESPECTIVELY.
MR] eMR2 =NUMBER OF HIGHEST FUNCTIONS YMAX (L) seasr YHAKINR !
WHICH SATISFY THE THE NECESSARY CONDITIUNS FUR A
MINIMAX OPTIMUM AS VERIFIED B8Y METHODS 1 AND 2
RESPECTIVELY
XleXs =VECTOR OF MULTIPLIERS OF LEMGTH MR1 ANu MRZ
RESPECTIVELYywHEN THt MECESSARY CUNUITIUNS FUN A
7 MINIMAR OPTEMUM ARE SATISFIEU AS VENIFILD BY METMULS
1 AND 2. AT AN OPTIMUMITHE ELEMENTS OF THE
: MULTIPLIERS ARE ALL NON-NEGATIVE
X1S5UMWX25UM  eSUM OF ELEMENTS UF VECTUKS X1 AMD X2 RLSPECTIVELY.
) AT THE OPTIMUMITHE LLEMENTS OF THE VECTURS AHE ALL
) MON-NEGATIVE AMD ALuv UP TO unllY .
K1 sRESIDUAL VECTOR OF LENGTH K GENEKATED BY LIMEAN
COMBINATION UF THE GRAVIEMTY UF YHAX(LI o TMAR(Z P sanns
YMAX {MR1} BY THE MULTIPLIEKS ALEBDox1t2)sanusXiimnl)
- GUT FROM METMOD le THUS K1 IS A PHODUCY OF THE Ruw-
VECTOR X1 POSTY-MULTIFLIED BY THE MR]1 ROWS OF GK\D
R2 sRESIDUAL VECTOR OF LENGTH K GEMERATED BY LINEAR
COMBINMATION OF THE GHADIEMTS OF YMAXUIL) o YMAXIZ) senes
YMAX {MR2) BY THE MULTIPLIERS X201/ +X2102) yeae s X2 (MR2!
GOT FROM METHOD 2« THUS K2 15 A -BRUVUCT OF THE MGm-—
VECTOR X2 PUST-MULTIPLILD BY THE MHKZ KUwS UF GRAY
RINORM +HZNORMeNURMS GF VECTUNRS K1 AND RS
OPTIM1.QPTIM2eLOGICAL VARIABLES«IF oTRUE. INMUDICATE THAT MECESSARY
CONDITIONS ARE MET FOR A USER-SPECIFIED VALUE OF EPS
AS VERIFIED BY METHOOS 1 AND 2 RESPECTIVELY. IF Trry
ARE oFALSE. THE NECESSARY CONDITIUNS ARE NOT

SATISFIED
Kl ax+]
[ &) w2ex ) .
LLR? w28g+ | sNRMAX

K1sK34MRY ARE INTEGEKRS wHICH ARE MLCESSARY FOR EFFICIENT USE OF
COMPUTFR CORE MEMORY FOR SOKE TEMPORARY STORAGE VECTORS ANU ARRAYS

DIMENSIONING INFORMATION wre=mem=

THE USER HAYS TO UIMENSION 1IN NIS rALN PRUGRAM THE FOLLUWINGL
ARRAYS AMD VECTORS.

YMAX =VECTOR OF DIMENSION NRMAX

GRAD =ARRAY OF DIMENSION (NRMAX K}

KloeX2evECTORS OF LENGTH MAMAX

R1+R2evFCTORS OF LENGTH K

A sARRAY OF SIIE (KY.MRY!

R R R R R BRI R R RSl R R R R e I I I D S A I 2 I I B I O O
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117
1i
liy
140
121
122
143
124
145
iee
127
ido
129
130
131}
132
133
136
L35
iso
137
130
13y
140
Ling
lag
183
Lk
145
l4b
147
LY ]
149
1%0
15
15¢
153
154
155
158
1%7
L5%8
1%9
160
181
162
163
164
i6%
166
AT
iew
le9
170
171
112
173
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BePSe H XX YY+PEAVECTORS OF LENOGTH K3

CsX  avECTORS OF DIMENSIUN MRD Q
F =ARRAY OF SIZE (K3.K3)

D wARRAY OF DIMFNSION [MRMAXWK)

D. =ARRAY OF DIMENSIOM (NMRMAX K}

2] =SOQUARE MATRIX OF SIZE (Kl.Ki!

Q *VECTOR OF LENGTH K1

IROw aVECTOR OF LENGTH MRMAX
1COL =VECTOR OF LENGTH K
LLoMMavECTORS OF LENGTH MRMAX

TYPE DECLARATION ———eveew

THE USER HAS TO DECLARE THE TYPE UF SOME OF THE VARIABLES AS
FOLLOWS.

INTEGER UNIT .

LOGICAL IDATALIPRINT.OPTIML ,OPTIMNZ

SUBROUTINE [INFORMAT | ON
THE USER HAS TO SUPPLY THE FOLLOWING SUBROUTINES WITH THIS PACKAGE
OR ENSURE THAT THESE SUBROUTIMES ARE IN THE PERHANENT LIBHARY OF
THE COMPUTER HE 15 USiING .

SUBROUTINE ARRAY -~REFERENCE (29

SUBROUTINE MINV ~REFERENCE (3}

SUBROUTINE MFGR ~REFERENCE (&)

SUBROUTINE SIMPLE -REFERERCES (51ein!

IT IS IMPORTANT TU POINT OUT THAT THE VALUES OF EPS ANU UELTA AS
SPECIFIED HY THE USER ARE CRITICAL FOR TESTIMNG A SOLUTION FDR THe
NECESLARY COMOITIONS Fust A MINIMAX UPTEMUMMAND A GREAT ULGAL UF
CARE HAS TO BE EXCERCISED wHEN SPLCIFYING VALUES FOR THEM.

IN ADLUITIONSIT HAS TO BE PUINELD UUT THAT ®...® [h A FORMAT
STATEMENT IS LIKE A HOLLERLITH PARAMETER INCLUUING WHATLVENR |5
WITHIN THE TwO ® SYMBULS IN THE HOLLERITH FltLDe

LOGICAL IPRINTIDATAOPTIN]I LOPTIMZ ISP

INTEGER uNITY

DIMEKRSTION YWaXille X101 0s X200 W1t D, R?il'. GRADIMNHRMAX 4} )
VIMENSIOMN A(KIslls Dilds CllVe KUlle PSllle JHE{LIy REKULEy YriLd, »
e tlde E1R30)ds MIRLelle Wille IMOwid)e JCULEE s LLUL) . ML), LinK
2MaAX 10

IF (MRLLEJMRMAX) GO TU 1

WRITF WMIT 200

RETURN d -

CONT INUF .

15P= F,

OPTIMls,F,

OPTIMZeF,

GO TO (2:8)4 ICRIY

ERe)

1F (MRLEQLL)Y GO TO &

DO Y [=2.MR

IF TIYMAXIL I =YHARC D) alLE IRELTOLOYMAK (L] }) KREKR+]

CONT INUE ' el

IF t«NOTLIOATA} GO TO B

WHITE (UMITe21) KoRHoNRMAN MR sDELTAEPS o ICHIT o IDATAL {PRINT oML T sun

TMARELTOLoUNI TRl ok Ss2md ol o YmAXIT dolo)opt?

.
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114
i1y
116
177
178
179
i80
igl
182
i3
184
18%
186
187
188
lyy
190
191
192
193
194
L9S
ivs
1y7?
ive
19y
200
201
<402
<03
LO%
L0>
L0006
£07
200
40Y
210
PAR!
412
£i3
21s
<l>
216
2117
218
219
440
421
222
229
rFLy
22%
r¥d
£27
28
ddy
2300




x

10

11,

12

13

14

" CONT INUE

0D S5 l=lsNR

WRITE (UNIT 220 1(19JsGRAD(I ¢J)) g dn] K}

CONT INUF :

GO TO 8 -
CONT I RUE

RELTOL=1e~YMAX(KRI/YMAXI1) - - : !

1F [MOTLIDATAY GO TO 8 .
WHITE (unlT.23) K-KH-NKHAXnNN-UtLTA-LPS'ILHIIolUAlA.lPRL T oML T + NUR
IHURELTOL'UNIIi(lo‘].ﬂk3'(l-THAx(I‘l&’li“ﬂ)
DO 7 I=lsMR

WRITE (UNIT22) (I +J+GRADCT eI} ) adml Kl
CONTINUF

GO TO (91490 MET ’ .
CONT I NUE

IF («NOTLIPRINT) GO TO 10

WRITE (UN]Ts241)

WRITE (UNIT.251}

WRITE {(UNITs26) : ~

CONT INUE
wRwl
Xitll=1.
X1S5UM=], C

0o 11 J=1Tk . .

R1{JINGRAD(]+J) . oo

CONT INUE . : L -

CALL SOLCHK IXsMHsMRL+»ICRIToIPRINT sNURMoUNIT3X19X15UMsR]1 +R1INURMSEP
15+0PTIM1) - -

IF (OPTIM1) GO TO 13 E

IF {XR.EQ.l? GO TO 13

LG 12 Ilm2sKR

MR=TI ’ . .
CALL MET] (KsKIsMRosNRS NKB-YHAIanRQ}%IollSU“.RlvoU-CoKO.luPQoJNIl

fr

IIIYYCPEQEINRHAxl
CALL SOLCHK (KOHR NRI;ICRIT;IPRIN‘.N RMaUNIT ¢ X1 o X15UMeHL1 o LNORMEP
1500 TIM1)

1F {OPTIM1t GO TO 13
CONT I NUE .
CONTINUE . -

IF (HAET«NE-3) RETURM :
CONT INUE
{«NOT.IPRINT) GO TO 15 -

ITE (UNIT 27} '
WRITE {UNIT.25%)
MRITE (UNIT.208)
CONT INUE
HRa]

XZ2ill=lae
X25UMnl,.

NG 16 =1k

R2¢ J1aGRADTY o J) )
CALL SOLCHK lKvNRoNR?oICRl'o]PRlN'ONUNHQUNII|l2.lZSUH|H2-R£NORHotP
15027 1M2)

1F (OPTIM2! GO TO 19

IF {KR.EQ.1} GO _TO 19 —
00 18 JIl=2.KR 4

S T T T P TS E TS
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231
232
233
234
235
236
231
£30

240
241
242
LL43
28k
245
PLY
ShT
248
249
2%0

49
253
254G '
255
296
257
458
25%
<by
261
464
263
L6h
265
2686
267
Fi-1.]
269
270
271
212
2713
12Tk
215
216
ety
270,
271%
280
281
282
243
284
285
286
287

b))))))’b>)>>PD’>DD’)>)>>P))’P))’)b'

239

251 ™




v,
L

CALL METZ2 (K-ll|Hﬂ'NkoYHAK.GﬂAD-DtLTA-lPﬂlNTnlSPDUNll.XZOX?SUN:HZl
10sHs Qs+ IROW ICOL o LL « MMy NRMAX )

IF {«NOTISP GO TO 17

WHEN 15P IS JTRUE.sEITHER THE MUMBER OF UMKMNOWN BULTIPLIENS 5
GREATER THAN THt NUMBER OF [NDEPEMUENT EQUATIONS OR THE VALUE OF
DELTA IS TOO SMALLSO THAT Wit SWITCH FROM METHOD 2 TO METHOD ) FUR
THE CURRENT VALUE OF MR

aNaNalalalal

CALL MET] CKQKBOHR|Nkc"ﬁ3|YNAX|GRAD.IZ'125U"DRE-AUBILOKOOKOPSoJﬂil
1X oYY +PE+E ¢y NRMAX)
ISP=.F.
17 CONT INYE
CALL S0LCHK thﬂkoﬂﬁzol(Kll.I?HlNI-NDRﬂ-UN]!-lZ-XJSUH'H2|R4NORNOLP
15:0PTIMNZ) .
1IF (OPTIMZ2) GO TO 19
1A CONT I NUE
19 ) COMTINIE
RETURMN Q

L N NNl ol

4] FORMAT (IH1/% NR 15 GHEATER THAM MRMAX HEREs AND THIS CALLS FOR AN
1 INCRFASE IN NRMAX TO A VALUE GREATER THAN UR EUUAL TO NR®)

21 FORMAT {1H1/60X+®*INPUT DATA LISTS/61Xe® RJI76LX yoKws
Lel5/00K+®kRu®,15 8 {CORRESPUNUING TU KELTUL IR /O2X 2 SRMAXS® 4 |5 /65K o8
ZRR= 4 15/62 s BOLLTARS L 1 6aB/0MK s BEP L0 10 8/6K s CRITR®415%/62X,910
3ATA-'-Lblbll-'lPRlNl-'.LSIb&x-'HEI-'«lSI&!lu'NURH"olSI&llo!ﬂtLTUL
6-'-[lb.8163l-'UN]l-'olslﬁsloﬂtlt'oIblbﬁloili-'.lbl&hlo'ﬂkBi‘oISIlQ
SKQ'YHAIC'-12'."..Elﬁ-ﬂ\?lv‘?ﬂl‘l’olZ.'ll'.Llﬁnﬂt9lo'Yﬂﬁll..ll.'l-
6% sElG+BaIN»OYMAXLIB ]2 0 )am .k 18.8)1) .

22 FORMAT (= GRADI‘.II.'-‘-12.-l-'-Elb-l-bl;.ﬁaADl'o12-'--.12-01--.tl
16.8-61"GRAUi'-120'..|IZo'l-'.Elﬁ.l.bl.‘bﬂlﬂl'tl(t'-'-IZ-"-‘.EI&-
28)

23 FURMAT (1H1/60Xe®INPUT DATA LISTRZG1IK . 047766y 5 ne
1o 15/765Ke0KRERs |5/62X s TNAMAR# 2 15765K o HRuB s[5 /70c R o oDLLTARS JElno/6
24X PEPS=RELLoB/O2X P ICRIT=E,15/62X+0 JUATASS L5701 X2 IPRINT"E, LS/ 04
BX-ONEI-G-I5/63!-'N0ﬁhti-lSlbllo'RhL!DL"-le.l-'Ituﬂk:SPONDth 10
AKRIS/E3X o OUNIT o [ 5/765X s BN 1u®y ]| 5/69K o *KInM 15704 K e MRy 5/ (X 0Y
SHAII'-lZv'l!'-[lb.ﬂ-?lo'fﬂAll'olzo‘l-C.E16-8-9IO'YNll|C.lz.il-O.tl
66 B XsoYMAX[Ry[2on)ae Fla.8I1

i FORMAT (1H1/64Xs®METHUD 18/pAXy®e——ca———a/s/t )

25 FURMAT (&Xe®NUMBER OF 8, l4Xse CLTUNR e ABX s B OUME s LBA v oWELCIONM gl Ta o nu
IRM® o GX o #ARE NECESSARY CONDITIONS®/ /TN sSHIGRHLSTR s L TXeSUF R 2K oLF R,
221X 9%0F8 220X s 20F S, 10X *FOR A MINIMAR UPTEMUMSTATX s SMAX IMA® , L 4xX s 9My
ILTIPLIERSS o 11X o ®MULTIPLIERS® 12X o SHESIVUALS® 3 LAN s ORESIVUALS TX 4254
ATISFIED FOR A USER=#//6Xe *CONSIODERLUS iB0X o8VECTOR® 48X+ oSPECIF iy V
SALUE OF KR®/7/110Xs®0R RELTOL®/)

26 FURMAT l9lo.iﬂﬂlﬁyl7l“|ll".l?l.'lllSUﬂ"olblv‘lhll'.l.ll'ldlﬂvnn
1/8.12X+8{YES/NO)I®/ /)

27 FURMAT (1H]1/76AX®HETHOD 2%/84X o @———~m——/ /)

28 FORMAT (9K e IMRI® 1 TRPIX2)0 I TR oo IX25UMIOo1EX o B INZI® o LB (KINUKM

/11'-12!-"7?5/"0)"!!
KND .

c ! . -

- .
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288
289
490
291
<492
293
494
295
2496
297
298
299
300
Q1
302
303
304
30%
300
307
3od
3oy
310
311
312
EFEN
3ls
LN
316
nzr
3ld
319
320
321
el
AdL3
s
LD
346
327
kP )
329
330
33l
332
33
EE T
33>
236
3s?
330
33y
340
ial
62
36
Jab
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SUBROUTIRE SOLCHK (K-HR-HHR.ICRII'IPRIHT-NURH.UNII-X-ISUNuN.HNORM.
1EPSOPTIM)

THIS SUBROUTINE CHECKS THE SOLUTIUN FUR NECESSARY CONDITIUNS FOR
A MINIMAX OPTIMUM BY FIRST TESTINL WHETHER THE MULTIPLIERS X111},
XlZivawe s X{MR] ARE NON-NLOGATIVEsANU THEN FINUING OUT JF Tric NURM
RNURM OF THt HESIDUAL VECTUR R IS LESS THAN UR EQuAL TO kS

aRaFa¥aRalal

12
13

1Y

15
16
17
1R
19

DIMENSION X(1)s RI1)

INTFGER UNIT

LOGICAL IPRINT,OPTIM

MR ] aMR+1

Kl=K+]

GO TO {1+2)s NORM
RNOHM=ANORM] (K 4R )

GO TO 3%

RNORMeANORM2 (K 4R )

CONT INUE

IF (RNORM,GT.EPS) GO TO 4
OPT|Mm,T,

MMR = MR

CONTINUE

DO 5 Jw]lsMR

IF (X(JlaGteOu) GO TO 5
OPT[Me,F,

GO 10 &

CONT I NUE

CONT I NUE

IF {«NOTLIPRINT) RETUKM

IF (OPTIM} GO TO T .

WHITE (UNITo1l%) MRoXU1) o KSUMsRI L} o RNOMM
GO TO B :

WHETE tUNITo36) MRaX{1)oXSUMRE L] s RNORM
IFf (MR.EQ.l} GO TO 13 -

IF {K=MR) 949411

DO 10 =2,k

WRITL {UNITS17) XCLDRULS

CUNT INUE

IF {K.EUeMR) RETURN

WRITE (UNIT+18) (XU1)elwriemMRi
GU TO 1& -

0O 17 I=2.MR

WRITE (UNITH1T7} XU1).RUI)
CONT I NUF

IF (X EQ.MR} RETURM

WRITE (UNITS19) (HI1)sfuMrlon?
HETURN

FORMAT (/771X ol2uliReEl6a8sbMsE)lGetobXotlbaBebRrsElbabtisllXynpnpn!
FOHMAT (/7710X3123110vELlGeBebXsELbabebX ot lbetivbhoblbalsllnsrySel

FORMAT (/22X sF)6.Be2AX4ELGA)
FORMAT (/23X 3E16.8)

FORMAT {/76TXsE10.8)

FHD

+
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SUBROUTINE MET) (K|K3vMRoNR;KR3'YHAX-GNAD-KIlllSUNtRllAnBtCllUnX.P
IS+JHs XX« YY o PE JE s NHMAX }

CIMENSTUN YMAX(1)s GRAUINAMAX ]!y Xltlle RACL?

DIMENSION AIK3a1ds Bills CUlt, XlLty PSULIs JHULI XX(11, YYlLis P
1€t )y FUIKAa]) &
MR} aMR+]

MR2Z =MR+2

MR3I=sMR 1 +2#K

K?-?CK

KAmK 24

DU 2 I=]eMR

DO 1 Umlex

AlJs 1 13GRADLL )

AlJeKs] la=Ay])

CONT INUFE

CONT INUE

DO 3 J=1,K2

Al JsMR}I==],

CONT INULE

DO 5 Jsl.k2 '

DO & IsMRZ2sMR3

A(J.]l.UI

IF (J.FQall=KR1})) AlJslin],
CONT INUF

CONT INUE

DO 6 l=]sMR

AlK3s[ya],

CONT INUE

DO 7 I=MR1sMRY

AIK3Is[¥mO,

CONT I NUE

DO A Im).x2

B(I)=0,

CONT INUE . - :
B(K3l'lo \ \
DO 9 [=]sMR3 '

Cillay,

IF (TaftlaMR]) Ctlim},

CONT INUE

SURROUT INE SIMPLE 15 NOW GUING TO BE CALLED<ANY ALTELRNATIVE
CHUICE TO THIS SUBRUOUTINE IS ALLUWABLE FUK THE USEK AS LUNG AS |1
PERFOKMS THE FOLLOWING UPELHAT QNS

SUBROUTINE SIMPLE SULVES A LINEAK PrOURAMA NG PHRUDLLA UF
MINIMIZING COX SUBJECT TU ASXmiewHbkE XsCso ARE VECTORS Ub LiuoTH
MR3IWMH3IsK3 RESPECTIVELYSAND A 15 A MATRIX O SIZE (XSmO
SUBROUTINE SIMPLE 1S A MOUIFIED VENSION OF A PRUGKAM AVALLABLE
WITH SHARE DISTRIBUTING AGENCY o MEFERENCE NUMBEH SOA 3384 AND
WRITTEN HY ReJLCLASEN (HEFERENCE NUMBER (87}

A COPY UF THE LISTING IS AVALLABLL AS ANDICATED IN REFLRENCE

NUMBER (5.
/

f"\f\f'\ﬁf\f\f\ﬂfﬂf‘ﬂﬂf\ﬁﬁf\ﬁﬁ(\ﬁf\hﬁhﬁhﬂﬁﬂﬁr\ﬂf‘ﬁf\ﬁﬂa‘\r"f“ﬂﬂﬂf\ﬁhﬂﬁ(\ﬁﬁﬁﬁﬂ@ﬂ:
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AR T e T T N N N N N A W a

in

11
12

laNaNalia

[ Bl ol o W T S

1)

od
NA AND IFLAG ARE TO BE SPECIFIED BEFOKE CALLING 5IMPLE
IFLAG 1S5 SET EQUAL TO ZFRO
NA 15 THE FIRST DIMENSION OF ARHAY A AND 1S SET EQUAL TO K3
X I5 A VECTOR OF DIMENSION MK3
THE FOLLOWING SUBSCRIPTED VARIABLES ARE PART OF ThE ARGUMENT LIST
OF SIMPLE ANLD ARE TEMPURKARY STumAut SPACES Tu ve viMenSIUNEL IN
THE CALLING PRUOOLRAM ImINIMAX?
PSaJHeXX+YY AND PE ARt TEMPUKMAKY STURAGE VECTORS GF VIMENS UM NA
E IS A TEMPORARY STORAGE MATHIX OF DIMELNSIUN INAGNA)
KO 15 A VECTOR OF LENGTH &6.UPON CUMPLETIUN OF THE EXECUTION OF
SIMPLES KOIl1)=0 IF THE LINEAR PHROGRAMMING PROBLEN WAS FEASIHLL.
THE SOLUTION LIES I[N XiJ)sJdu] MR

IFLAG=U

NA=K 3

CALL SIMPLE lIFLAG-K3-HR3.A|U'C-KU.K|PSOJHOXI|YTlptnfuNA'
DO 10 JU=1.MR

X1igrext gt

CONT INUE

DO 12 I=]sK

R1(1)=0.

DO 11 J=lsMR
R1IG1I=RI1ICTIIeA(]oJ1 X))
CONT INULE

CONT INUE

X1S5UM=n,

DO 13 J=1eMR
X1SUM=x]15UM+X11(J)
CONT I NUE

RETURN

END

..l-...-..l‘..............'........-..-.....‘..--.....'---..'.....
SUBROUTINE MET2 iK-Kl-HN.NN.YHA!-bNAD-UELlA.lPRlNTOISP-UN]ToX¢vI¢S
IUHIRZiD'HtulIRDHOICULDLLlﬂﬂuhKHAX’

DIMENSIUN YMAX(]1)s GRADINRMARS1!, Retlry Retld

LOGICAL 1FRINT.15P

INTEGER UNIT

ODIMENSION DI(NRMAXs1)e HI{K1s1)s Utll, THOMUELd s ICOLELYs LLILY), MMIL]

MR]=MR+]

DO 2?2 I=1«¢MR

DO 1 umlsk
Diled 1 nGRADE L )
CONT INUE

CONT INUE

SUBROUTINE ARHAY COMVERTS DATA FROM SINGLE TU bLOUBLL UIMLNSIU@ unt
VICE VERSASIT ENABLLS VARIABLE UVIMENSIUNING UF wATA AATHICLS Ly
THE CALL ING PROUKAMSREFLRENCE NUMDLKR (J7e

CALL ARKAY (2+MR 4K s NRMAX 3K 4D oD ?

[=R = o "I g g e N o o~ A o N N ol ol il ol L AN AR AN el ol N el i N N i N N ol ol N N o R e Y o s il o N ol s
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[aNa N al

MERE D 1S CONVERTED FROM AN ARRAY OF SIZE (NRMAX.K) TO AN ARRAY OF
SIZE (MR, ’

SUBROUTINE MFGR DLTERMIAES RANKR AMU LINEARLY INUEPENULNT HOWS ANV
COLUMNS OF A GIVEN MATKIX U UF SIZt (mMekiaREFERENCE (4l

DELTA IS5 A TEST VALUE FOK ZEKQ AFFECTED BY ROUNDUFF NUISE

IRANK |5 THE RESULTANT KANK UF D

IROW I5 AN INTLGER VECTUK OF LeNOGTr MK CUNTALNLAGL THE SUBSCRIMTS
OF BASIC ROWS IN IROW{1)saees IRUW{IRANK]

1COL 15 AN INTEGER VECTOM UF LENGTH K CONTALNINGL THE SUBSCHIPTS OF
BASIC COLUMNS IN 1COLIIDY UPTU 1CULTIRAWN]

CALL MFGR (DoMReKyDELTAs | RANK + [ROW ICULL }

CALL ARRAY {1 oMRsK sNRMAX sk sl )
HERE D IS RECONVERTED FROM AN ARRAY OF SIZE (NRsK! TO AN AHRAY OF
STZF (MRMAX .1 )

IF (IRANKsNL<MR) GO T0 &

DO & 1s]1+MR

DO 3 Us=sleMR .
DeJe l 1eGRAD(IROW( I F o ICOL LI

CONT INUE ”

CONT INUE

CALL ARKAY (2ol oMR yNIMAX sk gL sl ?
HERE O IS CONVERTED FHUM AN ANKAY UF SIZt (NHMAXsn! Tu AN ARRAY oF
SIZF (MRex}

SUBROUTINE MINV INVERTS SQUAKE MATRIX D UF SIZE (MRMKI AND STUKLS
THE RESULT IN De DET 15 THE DETERMINANT OF THE OMIGINAL MATRIX D
WHILE LL AND MM ARE WOKn VECTURS UF SIZE  MRe WEFOHENCL NUMbER § 3¢

CALL MINV {DsMRsDEToLL oMM

CALL ARHAY (1 oMRyMH s NRMAX oK U3}
HERE U IS5 RECONVERTED FHOM AN AKRAY OF SIZE (NRak) TU AN ARMAY oF
STZF (NRMAX 4

ISP, T,

IF (ABSIOET oLk elaOE=10) QU TO 5
Rt TURN

CONT INUF .
IF CIPRINT) wRITE (UNIT.186) MR
RETURN ‘

CONT I NUE

JRANK ] « IRANK + )

IF {IKANK].GE.MR) GU TO 7
ISP-.‘.

RE TUAN

CONT INUF

DO 9 IslslRANK]

DO 8 u=lslRANK

O C O C e N O L C 0 C L DO T D CC o000 C I COCOC O ECCDUCOCCCCCDCCLEDC
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161

JA=1COLt )

0 a0
HUJs 1) =GRADIT »JJ) v 81
a CONT INUE U B2
9 CONT INUE v 83
DO 10 J=1slRANK] D 84
H{IRANK s J)m), ° v 8%
10 CONY IMUF D 8&
DG 11 J=14IRANK v a7
QiJ)i=D, V] a8
11 CONT I NUE U N9
QUIRANC] ) =], - Y0
< L 91
¢ D 92
C SWROUTINE SOLVE SOLVES A SET OF LIMEAR SIMULTANEQUS CWUATIONS. vo¥3
C H 1S A MATRIX OF ROW SIZE TRARK] IN Al ARRAY ROwW VIMENSION Kl [VERRTR
C A SQUARE SUBMATRIX OF H OF SIZE (IRANKLelRANKL? IS PAKY OF ThHe L 95
C THE MATHIX EQUATIUN OM Tmt LEFTHANY Siuk swniik w 1S INITIALLY THE L ye
C VECTOH UM THE RIGHTHAND 51DL.y 1S FINALLY Toe SOLUTION VECTUN. v o w? >
C " IDET IS URFINED BY 20%1y LT. ABSILET) oLT. eRetluel)swHERE ULT IS U 9g :
« THE DETEKMINANT OF THE SUBMATRLX. 0 9y
C- REFFRENCE NUMBER (7} D 100
C A LISTING OF THIS SUBKOUTINE IS ATTACHED TO THE PACKAGE [SRNYp]
4 - L 102 .
€ ) 0 103
CALL SOLVE (HeQeIDETeIRANKLSK1} D 104
DU 12 J=lsIRANK] : v 10%
A2ty =Qi J) > L 106
12 CONT INUE L 107
DO 14 Jzlek O 108
da=TCOLL I D109
atri=0, 0 ilo
DO 13 I=1.MR D 111
NIJ1eQ Il eX2C T 1 0GRADC L v ! v D 112
R2UJJYeu 3) L 1li3
13 COMT INUE D lia
la CONT I NUE. D 11%
X25UMe:, 0 Lles
DO 15 I=).MR ' LI
2 X2SIMXSUMeX (] ) ’ 0 118
1s CONT INUE 0 119
RETURM v L20
r . 0121
s FURMAT (10Xs12098Xs#USER 15 ADVISEU TUR/110Ke® iNCKEASE VALUL OF ot U 12¢
iLTA®/s7) L 123
END D 124
< 0 L2y
’r D 128
- o 1271~
L I....-.....-I.....--'-.-........I.--....‘..............‘..'-l-.... L l
FUMCTIOUN ANGRM]L (& p]! [ 4
C THE EUCLIDEAN NORM OF “VECTUR Bl 15 CALCULATED MERE E 3
DIMENSION o101 L s
ANOAM] e, E
N0 1 lelox : E o
ANORME v ANORMLeRY (] 10A) (] ) € 7
! CONT INUE t 8
ANORM L = 50R T tANURML ) R 4



laEaliaNal

™

lalia N alal

RETURN
END

t'.--‘....-..l-...t.-.-..I..I.l...........!.ll.......!.l........l.
FUNCTION ANORM? (K.@111¢
MAXIALBSIDLET ) ) oABS(BL1(2)) seaarAuSibitnd)) 1S CALCULATLD nERE
DIMENSION BLli)) N

AMNMORM2=ABS(B1{I1))

IF t(X«LTe2) GO 10 2

DO 1 w24k

ARSBI=ARSIAL(]1))

IF (ABSBL.GT.ANMORM2) ANORMZ=ARSHE]

COMT INUE -

RETURM

END

LA R R AR A LA A AL AL L R E Y R NN NN EE Y N R NN O i A g e

SUBROUTINE SOLVE (AsXsiDeMeNA?
DIMENSION A{MASL)s X))
b=0.

VATA DIV/.6931471817

0O & l'l-"

AA=(,

DO 1 J=lsN
AB=ARSTAL I M)

1F (AR E.AAMY GO TO )
€=

AA=sAB

CONT InUL

DaD+ALOGLAA)

IF (1-£Q.N!) GO 10 7

IF {K+EQ.1! GO 10 3

0O 2 Jmlen

AR=AL]lsJ)

Alls)YeAiK o)

AiK s J)mAbs -
CONT INUE -
AB=X11)

SR REY AT §]

XiK ) =AB

1lmfe]

DO 5 JellsnN
A=Al gl 7A0L.1)
AtJdelrmb.

DO & K=]l]lan

AlLJeR )AL JoK teAASA (]}
CONT I NUE
XtJieX{Jglsansx(l)
CONY I NUE

COMT L NUE

1L=D/DIY
XINI=XINV/AINSN]

Do 9 1lsgen
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Tan+1=-11
Flul+l
AA=D,

DO A J=T1wN

-~

AAzAA«AL Ly ) eX( 1)

CUNTINULE

X[ = UKL =AAL/AL] )

CONT INUE
RETURN
FND
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