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All day I follow 
Watching the swift dark furrow 
That curls away before me, 
And care not for skies or upturned flowers, 
And at the end of the field 
Look backward 
Ever with discontent. 
A stone, a root, a strayed thought 
Has warped the line of that furrow -
And urge my horses 'round again. 

Sometimes even before the row is finished 
I must look backward; 
To find, when I come to the end 
That there I swerved. 

Unappeased I leave the field, 
Expectant, return. 

The horses are very patient. 
When I tell myself 
This time 
The ultimate unflawed turning 
Is before my share, 
They must give up their rest. 

Someday, someday, be sure 
I shall turn the furrow of all my hopes 
But I shall not, doing it, look backward. 

vi 

RAYMOND KNISTER 



Contents 

Abstract 

List Of Figures 

List Of Tables 

List of Symbols 

1 INTRODUCTION 

1.1 Observational Evidence 

1.1.1 Close binary systems . 

1.1.2 Protostellar systems 

1.1.3 Active galactic nuclei (AGN) 

1.2 Thin Disk Theory ..... 
1.3 Hydrodynamic Instabilities 

1.4 Thick Disk Theory 

1.4.1 Thick disks 

1.4.2 The Papaloizou-Pringle instability 

1.5 Magnetic Processes in Disks . . . . . . . . 

xii 

xiv 

xvii 

xviii 

1 

2 

2 

5 

!J 

11 

14 

18 

18 

22 

25 

1.5.1 Hydromagnetic instabilities: a brief survey 20 

1.5.2 The Balbus-Hawley and Velikhov-Chandrasekhar instabilities 29 

1.5.3 The issue of saturation. . . . . . . . . . . . . . . . . . . . . 33 

1.5.4 Instabilities, magnetic viscosity, and dynamos: a synthesis. 36 

vii 



1.6 Scope and Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ., 38 

2 THICK MHD DISKS: GENERAL RESULTS 40 

40 

43 

45 

46 

3 

2.1 The MHO Approximation 

2.2 Equilibria ........ . 

2.2.1 Toroidal equilibria 

2.2.2 Homogeneous, non-self-gravitating, cylindrical equilibria 

2.3 Exterior Fields and Boundary Conditions 

2.4 Perturbations ............... . 

2.4.1 The most general linearized perturbation equations: interior. 

2.4.2 Perturbation equations: exterior ..... . 

2.4.3 Boundary conditions for the perturbations. 

2.5 Global Stability Analysis ...... . 

47 

49 

49 

53 

54 

2.5.1 Sufficient criteria for stability 54 

2.5.2 General axisymmetric results: hydrodynamics. 56 

2.5.3 General axisymmetric results: MHO . . . . . . 57 

2.5.4 General nonaxisymmetric results: hydrodynamics. 60 

2.5.5 General nonaxisymmetric results: incompressible MHO cylinders 62 

2.6 Local Stability Analysis ... 

2.7 Methods of Stability Analysis 

67 

70 

AXISYMMETRIC MODES 

3.1 Introd uction. . . 

3.2 The Equilibrium 

3.3 The Perturbations 

3.3.1 The perturbation equation: interior 

3.3.2 The perturbation equation: exterior 

3.3.3 The boundary conditions 

3.3.4 The eigenvalue problem 

3.4 The WKB Approximation ... 

viii 

73 

74 

ii 

80 

80 

81 

81 

83 

84 



3.4.1 The local limit .. 86 

3.4.2 Eigenfunctions bUr 87 

3.5 Numerical Solution and Results. 88 

3.5.1 Mode structure ...... SS 

3.5.2 Effect of boundary conditions . . 90 

3.5.3 Effect of magnetic field strength UO 

3.5.4 Effect of radial thickness. . . . . 91 

3.5.5 Critical field strength for stability 91 

3.6 Discussion and Summary ... U3 

Appendix A: WKB Approximations 96 

Appendix B: Critical Field Strengths for Stability. 99 

4 VERTICAL AND AZIMUTHAL MAGNETIC FIELDS 110 

4.1 Introduction ... 111 

4.2 The Equilibrium 114 

4.2.1 Basic equations . 114 

4.2.2 Special cases 116 

4.3 The Perturbations 117 

4.3.1 The perturbation equations 117 

4.3.2 The boundary conditions li9 

4.4 Results: Constant Vertical Field 119 

4.4.1 The case of a = b . . . . 120 

4.4.2 Critic'Ll stability curves 12:3 

4.4.3 The large-field instability 124 

4.4.4 Free boundaries. . . . . 126 

4.4.5 The general case: a i' b 127 

4.4.6 The effect of simulated vertical boundaries 132 

4.5 Nonconstant Vertical Field 133 

4.6 Discussion . . . . . . . . . . 135 

4.6.1 Comparison with previous results . 135 

ix 



4.6.2 The large-field instability: possible environments 

4.6.3 Summary........... 

Appendix A: The Perturbation Equations 

Appendix B: Rotating vs. Nonrotating Equilibria. 

Appendix C: Thin-Shell Approximation ..... . 

Appendix D: Proof That w2 Is Real When B, = B,(r) and B¢ = 0 

5 NONAXISYMMETRIC MODES 

5.1 Introduction ........... . 

5.2 The Incompressible Hydrodynamic Cylinder. 

5.3 The Incompressible MHD Cylinder . 

5.3.1 The perturbation equations . 

5.3.2 Exterior perturbations and boundary conditions 

5.4 The MHD instability: general characteristics 

5.5 Unstable Wave Properties ..... . 

5.5.1 Destabilization of thin shells 

5.5.2 Characteristic radii . 

5.5.3 Eigenfunctions 

5.6 Further Results .... 

5.7 

5.6.1 Nonconstant angular momentum 

5.6.2 Higher m modes ........ . 

5.6.3 The effect of k, and the high-k, limit 

5.6.4 Rigidly-bounded configurations .... 

5.6.5 Configurations with no external field . 

5.6.6 Critical field strengths for stability 

Discussion and summary. . . . . 

Appendix: The Hydrodynamic Limit. 

6 EPILOGUE 

7 APPENDIX: COMPUTER CODE 

x 

139 

140 

141 

142 

143 

144 

158 

158 

160 

163 

163 

165 

165 

168 

168 

169 

171 

li3 

173 

li4 

175 

Iii 

Iii 

178 

179 

181 

204 

209 



8 REFERENCES 218 

xi 



Abstract 

We investigate the global stability of a differentially rotating fluid shell threaded by 

magnetic fields to linear perturbations. This system models an accretion disk far from its 

vertical boundaries. To focus on the direct interaction between the magnetic field and dif­

ferential rotation, the stability analysis employs an equilibrium model of homogeneous and 

incompressible fluid which allows these phenomena to be studied in isolation. Depending 

on the degree of internal pressure support, disks may be either "thick" or "thin" and both 

possibilities are considered here. The magnetic field exterior to the fluid has an effect on 

the radial boundary motion, and we derive the appropriate boundary conditions. 

The first interaction of interest is the axisymmetric instability of Velikhov and Chan­

drasekhar. It has both local and global manifestations, the latter of which can be stabilized 

for all perturbations if and only if the equilibrium magnetic field strength is above a certain 

threshold value, which we calculate in our model for a wide range of equilibrium parameters. 

The growth rates of the unstable modes are always less than, but comparable to, the cor­

responding local growth rates. The former are also considerably higher for free boundaries 

than for the rigid configurations considered by other authors. The connection between the 

global and local characters of the instability is fully elucidated. 

These results are generalized from a purely vertical field to the case when an azimuthal 

magnetic field is present. In most cases, the azimuthal field tends to stabilize the VC in­

stability, although strong fields (Alfven speed of order the characteristic rotational speed) 

are required for complete stabilization. We find an additional strong field instability that 

arises when the azimuthal Alfven speed exceeds the characteristic rotational speed. For 

freely-bounded configurations, this instability resembles the sausage instability for inter­

penetrating fields in plasma physics. 

Other interesting interactions appear in the presence of nonaxisymmetric perturbations. 

The global, dynamical instability of Papaloizou and Pringle, previously known to exist 

only in non-magnetized models of thick disks, is shown to have a magnetic counterpart. 

Indeed, this instability grows much more rapidly than in the corresponding hydrodynamic 

case. There also exist two additional types of unstable modes not present in hydrodynamic 
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disks. The basic instability mechanism for these modes appears to be waye oyer-reflection 

between the boundaries and one or more of the singular Alfven radii that can lie within the 

si ell. These Alfven resonances have a similar role to the corotation resonance in the pnrely 

hydrodynamic disk. We find, as in the a..,isymmetric case, that highly localized modes are 

fastest growing; however, they do not exceed the a..,isymmetric growth rates for any of the 

system parameters examined. 

Although all of the instabilities we found grow on the dynamical timescale, they may 

not be catastrophic to accretion disks. Indeed, the highly localized nature of the fastest 

growing modes suggests that these modes do not lead to large-scale breakup, but rather 

serve to "stir np" the fluid locally. Thus our results support the oft-mentioned conjecture 

that these magnetic instabilities could lead to turbulence. The globally unstable modes we 

found have quite different implications, among them the possibility that large-scale magnet it­

field generation (which we demonstrate in the linear growth regime) could obviate the need 

for the a-effect in standard dynamo theory. 

xiii 



List of Figures 

1.1 Spectral Energy Distribution of a Typical DN System 4 

1.2 SED of a Flat-Spectrum Source . . 8 

1.3 A Characteristic AGN continuum. 10 

1.4 Dusty Torus of NGC 4261 ..... 11 

1.5 Schematic of the Accretion Disk Component of AGN . 20 

1.6 Equipotential Surfaces of Thick Disk Models 21 

l.i Unstable Modes of a Thick Torus . . . . 22 

1.8 Reconnection in the Solar Photosphere . ?-.1 

1.9 Flute Instability ... 28 

1.10 The Parker Instability 29 

1.11 The Balbus-Hawley /Velikhov-Chandrasekhar Instability 30 

1.12 Nonlinear Stage of the BH Instability 35 

1.13 The Alpha Effect . . . . . . ...... 3i 

3.1 Local Limit Growth Rates . ...... 102 

3.2 Mode Structure for Rigid Boundaries . 103 

3.3 Mode Structure for Free Boundaries 104 

3.4 Weak-field WKB Growth Rates ... 105 

3.5 The Effect of Boundary Conditions . 106 

3.6 Maximum Growth Rates as a Function of VA lOi 

3.i Maximum Growth Rates 'l~ a Function of r2/rl 108 

3.8 Critical Alfven Speed as a Function of r2/rl . 109 

xiv 






















































































































































































































































































































































































































































































