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ABST'RACT

A multipartite graph K"',.m' .....m. (group divisible design GDD) is (t,d)

decompo$able if it can be decomposed into t factors with the same diameter d.

The graph K"'"m, ....."'. (design GDD) is (t,d)-i.sodecompo$able if the factors are

moreover isomorphic. K"',."', ....,"'. (GDD) is admi.s$ible for a given t if its number

ofedges (or blocks) is divisible by t. fr(t, d) or 9r(t, d), respectively, is the minimum

number of vertices of a (t, d)-decomposable or (t, d)-isodecomposable complete r

partite graph, respectively. 9~(t,d) is the minimum number such that for every

p ~ 9~(t, d) there exists a (t, d)-isodecomposable r-partite graph with p vertices,

and hr(t,d) is the minimum number such that all admissible r-partite graphs with

p ~ hr (t, d) vertices are (t, d)-isodecomposable.

We completely determine the spectrum ofall bipartite and tripartite (2, d)

isodecomposable graphs. We show that 12(2, d) =92(2, d) = 9~(2, d) =h2(2, d) and

/3(2, d) = 93(2, d) = 9H2, d) for each d, that is possible, while h3 (2,2) = 00 (i.e.,

for any given p, there is an admissible graph with more than p vertices which is not

(2,2)-isodecomposable), h3(2,3) = 9H2,3) + 2, h3(2,4) = 9H2,4) and h3(2,5) =

9~(2,5) +l.

For complete four-partite graphs we completely determine the spectrum

of (2, d)-isodecomposable graphs with at most one odd part. For the remaining

admissible graphs, namely for those with all odd parts, we show that there is no
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such (2, 5)-isodecomposable graph. For d = 2,3,4 we solve the problem in this class

completely for the graphs Kn,n,n,m and K ..,n,m,m.

For all r ~ 5 we determine smallest (2, d)-isodecomposable r-partite graphs

for all possible diameters and show that also in these cases always 9r(2, d) = 9~(2, d).

Some values of hr (2, d) are also determined.

We furthermore prove that if a GDD with r ~ 3 groups is (2, d)-isodecom

posable, then d $ 4 or d = 00. We show that for every admissible n there exists

a (2,3)- and (2,4)-isodecomposable 3 - GDD(n,3), i.e., a GDD with 3 groups of

cardinality n and block size 3.

Finally, we determine the spectrum of the designs 3 - GDD(n,3) which

are decomposable into unicyclic factors.
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1. Introduction

After years of exhausting competition and unsuccessful battles against

increasingly discriminating regulations which preferred regular airlines, two major

charter companies from Beland and Deland decided to ...each an agreement. The

agreement should enable them not only to continue their international operations

more effectively, but also to avoid the rules which prohibited charters to operate

domestic flights in both Beland and Deland. The top executives from Beland B-ways

and Deland D-lines agreed on the following conditions.

1. Each line will be operated only by one of the companies.

2. To reach any destination, a passenger travelling with anyone of the two

companies will not have to change more than twice.

3. The networks served by the two companies will have the same structure up

to the lengths of single lines.

They signed the agreement and appointed a joint c()JJ)mittee to specify the new

networks. Unfortunately, the committee was unable to do this and was holding

meetings for weeks. Finally one of the senior members of the committee was so

bored that he resigned and a recent graduate was appointed to fill the vacancy. At

her first meeting she realized that she has already heard about a similar problem,

SO she dug up old notes from her graph theory course and, as a result, one of the

authors of the paper [6] was approached. Being too busy, he reco=ended his
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student for the job. The student solved the probl~, got a lot of money and free

lifetime tickets from both companies and did not have to do an applied research

any more.

Although not all details of the story are completely true, the fact is that

in this thesis we solve the above mentioned problem. Translated to the language

of graph theory, this is the problem of dee.')mpositions of complete bipartite graphs

into two isomorphic factors with diameter 3, and the cited article [6) is dealing with

decompositions of complete graphs into factors with given diameters.

A facter F of a graph G = G(V, E) is a subgraph of G having the same ver-

tex set V. A decompo3ition ofa graph G(V, E) into factors F1(V, E1), F2(V, ~), ... ,

FtCv, Bt) is a t-tuple of fadors such that E; nEj = 0 for any 1 ~ i < j ~ t and
t
U E; = E. A decomposition of G is called iJomoTphic if F1 ::: F2 ::: '" ::: Ft. If
i=l

t = 2 then an isomorphism t/> : F1 -> F2 is also called a 3elf-complementing iJo-

mOTphi.sm and the factors F1 and F2 the 3elfcomplementary factor3. The diameter

diamG of a connected graph G is the maximum of the set of distances distG(%, y)

amcllg all pairs of vertices of G. If G is disconnected, then diam G = 00.

We already mentioned twice the first paper on decompositions of complete

graphs into factors with given diameters that was presented by J. Bosak, A. Rosa

and S. Znam. [6) :n 1966. The paper was published in 1968 and started an extensive

research in this area. Many authors studied the problem [see, e.g., 4, 5, 17, 21,

31), some of them also for directed graphs [26, 29, 30). In 1975 first paper on
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decompositions of complete graphs into isomorphic factors with given diameters by

A. Kotzig and A. Rosa [16J appeared, followed by others [see, e.g., 15, 17,24]. E.

Tomova. [27J published first results on decompositions of complete bipartite graphs

into factors with given diameters in 1977 and later some others [28]. Decompositions

of complete multipartite graphs into selfcomplementary factors were studied by T.

Gangopadhyay and S. P. Rae Hebbare [11]. T. Gangopadhyay [10] then published a

paper dealing with decompositions of complete multipartite graphs into factors with

given diameters. F. Harary, R. W. Robinson and N. C. Wormald studied isomorphic

factorizations of multipartite graphs [13], and S. J. Quinn [20] studied isomorphic

factorizations of a special class of multipartite graphs, namely the graphs with all

parts of the same cardinality (called equiparUte graph3).

Although some of the graphs presented in the :;apers [26, 27, 10] are self

complementary, isomorphic factorizations per se were not consi<:ered. On the other

hand, the authors of the paper on selfcomplementary factors [11] were not interested

in diameters of the factors. This thesis therefore joins both concepts. We study

decompositions of complete r-partite graphs, for all r ~ 2, into two isomorphic

factors with a given diameter. We always assume that the number of vertices of an

r-partite graph is at least r +1, i.e., the graph is not a complete graph Kr •

E. Tomova. [27] proved that a complete bipartite graph Kn,m decomposable

into two factors with the same finite diameter d exists if and only if d = 3,4,5

or 6, and presented smallest decomposable graphs for each of the diameters. T.



Gangopadhyay [10] proved that there exists a complete r-partite graph for r ~ 3

decomposable into two factors with the same finite diameter d if and only if d =

2,3,4 or 5. He also presented the smallest numbers of vertices of such decomposable

graphs.

A complete r-partite graph is (t, d)-decompo.sable if it is decomposable

into t factors with the same finite diameter d. If we in addition require all factors

to be mutually isomorphic, we say that the graph is (t,d)-i.sodecompo.sable. We

denote a complete r-partite graph with r parts having mb m2,. .. , m r elements,

respectively, by K m, •m' .....m •• Or we denote the complete r-partite graph having

ki parts of cardinality ni for i = 1,2, ... , s by K .,,, •• , In this case we alwa:rs
"1 "2 ...n.

assume that k1 + k2 +... +k. = r and ni :f: nj for i :f: j.

Decompositions of more general combinatorial objects were also studied,

though not as extensively as graph decompositions. Zs. Baranyai [1] in 1975 and

P. Toma.sta [23, 24, 25] in 1976 and later studied decompositions of complete k-

uniform hypergraphs. Relatively recently three papers on decompositions of designs

into two factors appeared. A. Hartman [14] considered halving complete designs

into two factors with the same number of blocks, while P. K. Das and A. Rosa [8]

were halving Steiner triple systems into selfcomplementary factors. K. Phelps [19]

studied decompositions of complete designs with block size 4.

We are interested in decompositions of group divisible designs into self-

complementary factors with given diameter and into smallest connected factors. A



5

group divisible de3ign k - GDD(n,r) is a triple (V,9,B) where V is a set of ele-

ments, 9 is a partition of V into r subsets of cardinality n called groUP8 and B is

a collection of subsets of V of cardinality k called block.! such that IG n BI ~ 1 for

any group G E 9 and any block B E B and for any two elements x, y from distinct

groups there is exactly one block containing both x and y. Faetor8 are defined

analogically as in the case of graphs.

A decomposition of a GDD is, in £act, equivalent to a decomposition of

a multipartite complete graph satisfying an additional condition. If E is a factor

oia k - GDD(n,r) (V,9,B) then the underlying graph. of E is the r-partite graph

U(E) with the vertex set V in which two vertices x, y are adjacent if and only if

the elements x, y are adjacent in E, i.e., if they belong to the same block of E. A

decomposition of a k - GDD(n,r) is then equivalent to the decomposition of the

complete r-partite graph with parts of cardinality n into £actors whose edge sets can

be partitioned into complete graphs K", where each K" corresponds to one block

of E.

In Chapter 2 we study decompositions of complete multipartite graphs

into two isomorphic £actors with given diameters. In Sections 2.0 and 2.1 we give

the definitions and some necessary preliminary results. In particular, we define

two important classes of graphs. A complete multipartite graph K '1'2 '. is
"'1 "2 u.n.

admi""ible if it has an even number of edges, and is 8trcngly admi""ible if there is

at most one odd number n; having an odd exponent ki.
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In Section 2.2 we prove that every strongly admissible complete multipar

tite graph is decomposable into two isomorphic disconnected factors and present the

smallest numbers of vertices of the complete r-partite graphs that are decomposable

into two isomorphic disconnected factors for every r > l.

The method of extensions of factors given in Section 2.3 is later used in

many constructions.

Section 2.4 deals with bipartite and tripartite graphs. An r-partite com

plete graph is (2, d)-i.5odecompo3able if it can be decomposed into two isomorphic

fadors with the diameter d. In this section we completely determine the spectI".lm

of all bipartite and tripartite (2, d)-isodecomposable graphs for all possible finite

diameters d.

Section 2.5 has two parts. In the first part we completely determine all

(2, d)-isodecomposable complete four-partite graphs with at most one odd part.

The second part contains results on the remaining class of admissible four-partite

graphs, i.e., the graphs Kmhm••m ...... with all odd parts. We prove that there

is no (2,5)-isodecomposable complete four-partite graph with all odd parts and

completely solve the problem of (2, d)-isodecomposability for d = 2,3,4 in the case

that the parts are of at most two different cardinalities.

Finally, the complete r-partite graphs with r ~ 5 are studied in Section

2.6. We determine smallest (2, d)-isodecomposable r-partite complete graphs for






























































































































































































































