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Ontario)
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/-, , 'n\U u..l~ ls ~~ tolnftst1941tiaq' ~rt&ln\reqular teatures'"
, \ ' ," ,.

C!t ra""ooi'~u and' 1''''' of' .... camrex COllf.lquuttons. Th. ,r~.. of
-,

• ~t of • ,*,_x c:onf1q\11'at1on~ no~ .~s. lIniquel!". s.-ral ....

, dl.nu~ .-s.t ""lCh, t.Mr~ otstr!iiql\t 11n. ,pAths t.'1rouqtl con.,.•.
. -. . ,

'boc1i.~ c .\lv aria. ar. c1UC:U:U..s ,and t.>le 'ptob~~ in qeoeet.rla1_\)roba~.

•bUl~ of. the d;sU'teut.Loc\S ~f l~ths ot'r~ ..c.nu ~ ~.nS~IY~ '.

bY a qeeeral and direct '~tt1cal .thad based. 00 qee-U1CA1 ar~nu,

fOt ;'-",'!:toll_ift4 COClf1qUutlons and tYPd of·rarodoM ~~):~••~=::i;, J.',
Ul&1)q'., t.'w ~1•• ~~ 1)01"'s. the elrel. and, _ ....._. ~.- fII. ". " . ".
51·randcw~~.' 1111 teCNl.r c>o'lyqcms W'iders2-rancs-ss. ,(111) the' I
" ... , . .

,elrel. under 11-,ratidc Wi.~' In, both Ill~ lUI. ~i ls,sbovg t.M;t if,

'. ..",'.
t.''', c>ol'!'QOft p~ ot ~I udes is lnl-trlbod 1ft a cl.re1'!. ot con_u.nt radh'_ r for

5
~, 1

''"'',t ~: •• ~.e-. t~,,. r,:-'~:"';"~~'''')'''...~~!''., ~·r~·';'""'t".~"""1 rof ,!t'\':r~t"'l~lon !·.l~':t~,..r..'\ r. (1.1..
•• .." J ,.; .
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cW'cl~,~r51- ~,s~"rmesc- ••• ;., S1ftce the dbtr1hutl-. ot the l.nqtha
. ., . "

otrUldall. ~anu ot a c1rcle under s~'::r~!A~. and S~-randaoa:",•• ,are,

the __• _ ha.. here a ~rUbl. 1Aataftc., ot two dl tterent..f,(eqlMnc:..

, ,of dl.tr1bu.Uon tunc:~1~ ,::llll and ":~lil.'~. 3,~~ ... ·, 1~1~- an
;.". ,

'$lUadolUcal'. aC:CO~1n9 ~ ..rtr~l 'ot tile randalf .Kant len~ L Or a
• . • , • :' ,0· .' .', .
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... parll40neall dl.trUlution tUnct10n rill :otthO r~ ;'~tlenqtnL". ,,'
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Thill thCl:1:!, in 1l11,'itll ·.1Spc¢ts. is the rellult

..
of' l'lj" ,\:)'\o{n icco.u in 9l.'c:::-etricll1 prob:lbi'l1ti. I WQuld iDle'

/
.-' t .

. . ..'. to :exprclIll :':j" gr.nit::C!c to Pr-of('sllor ~. Ilunain for hi·s
.~ ..

('ncour4<J(':-~nt, sUi'?ort iJ:ld g·uiu<1nc.c. - espcci<111J' during ::Ii'.

\
. ,

..

" ' .

,' ..
and!"llki:;g ril.-ggl.'::t ionn: to Pro!c6sor !;. D. Lane for "r«'d i ng

dif!i;ult ti~c ~,t ~c~t:lr.tt.·r: to r.ro~'C:ss-or I.' Z·. Ch9rney~o ".
• . .

for gcn~r-o::s1j" giving his t1:e in re/lcing t~rou9~th~ wor~ .
,. -", "

th<~ !".l.nullcr·ipt.':to PrOfCSll(YrS Ron Pi'!:e o! th.e W4shi.ngton

yniv<:r:ti't.j" Ilnd W. Boqcof the linivcrsity .of I!cicelberg:fer

thcdJ;" DUpport,
• , .

c~·ents ~n1 sug~cstions:to Or. D. BOrWcin.
II

,

o! 'th<'" Unl\'(·rnltj" of Western Ont,uie for his l\SSlstllnce 'in

"

the in.iti..'ll· l\'t.1g~' of the ...-or;;; to·.!o(c.'!/,st('r Uni\,('rsity for

t'h(' !in4nc~.11 ,~ul>po::-t;to !'!.islI .£rie Long, ~rll. Ilc~cn t:cnhclly.
" .

And !'!fll. 1>nnl1 BC'olcS fer t,he.irc!!'i:ci('nt ti'ping of ttli%> diffie'llt )'

I Al:! cternlllly'gr.lt<l!ul to 1:\1' b~othcr -' ~a~ £l:rOl::,.::1 Inl/lc •..i.. .'. .
for lOO;r,llY9'~!ter ~y flloily OInd '-pro'.'1cHng 'lll.li'POr~ during-

" . ...
the COUfll(' o!--%'/_ cHfficult /lnd loog ·tlr.'C in subr.tittingthis

vork to MCM.1lntcrlJni..\·cr!1l."~Y: :llnd to--~~_ta llnd

fot", tho ir pllticmoe llnd .cflcourllgc:::cnt.-"'"

0. ..,. . ,
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wi!c,
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o. IlfTIlOIlOCTION
(

, "

e..-tr1cal probab1Uty <S.a1. \lith probab1l1tiu concernlnq
, .

" .
~t.r,lcal el.._nt. ':Such a. polnu, 'Une.......plan.... tranql.... polyqon••

. '
et~. One ot th.. !lrS~ ~roblc.. occurrlnq In the 11t.. raturo' 1. But!on'.

"':feedl.. r4'obl .... [)l., p. 70). Thl. probleo 1. concern..d ,vith "th.. det'"imJ.na-,

Ucn o! t.'le probabll1tY t..'lat' :a need.le ot l ..nqth 1. ""..n dropp.d' und6cJ.y,

.lea.t one ot t..'lo ... l1n.... Th.. ro, ar.. aany' varlaucn. of t!:ii. prOb.l;".. (et.. '

J (ll. p~ 70-731.(12], (6911 o!.¥hlCh v .. qlV" only one to,l11unra.t.. the,, . '

J11avor -of qttoootrlcd prcbabllHy. Lot th.. nC!<ldl .. bo ot l ..nqth 1 Atld
• f

.t1I" centre. Th. clrcl.. 1:'ter.o~. only one ot t..'l.... parall.. l l1n"., qlvlnq ..

a·ra:'.doc c:>ord of t....·e ,circle.
J

The ptobabl1ity t.'la~ th14 chord lntersects

\

. .

Port:ap. ,the DOn ,!&JIIClU. o! preel~ 1:\ ~trlcal probab1l1ty
;

1'1 tM prool .... conalderttd by 8er~rand. Hl. preeleD V&ll to f1nd the
~' ,.' "

probability that a r~.dalr chord in a clrc,leof unit radiUli I'.a. lanqth

qr..ter~an o,r

, ,,'. 1 !.
-.o ..ut1~.). " ..

<>q.ul to li(::!.
1 '<?$ ,

• ;- dcrpon,l1nq on
•

tho re!ercmce set ch~.n to.'.pccHy the

..
, .

r\;r·.~:c·r rr"·~:l'"':'!:-: >1 ~~,,~ "'!'/?~ Y<:r~' :~:'_7-:.,_! .... r<-~ t-:. :... ::,,::!~:;.~. (:!.

.' 1 ~. ' .. ~ ••... • 'J) .~ 'l .~.' I"~,' ~r . J. .,. I) • ..~ , "')' )............ ~ ''- .. ~ , .

,
qoODOtrlcal flqur~ ur with tho r .. latl0".hlpa bot.,.e" rar.dee 11nei. plar-e.. . .. .

,
1".. probl... 1n thU th•• h are ot thi. typCl.l.o'.•

1 .. '

•



'. .."

\

" • •

2

,.

. Uley ~" conca,med "1U1 Ule dUtribut'lon ,ot quahtlt1U dependent oh. r&n~

po1ntJo chosen in .e;- qoC*-.trlcal~ cont1qurat,l,ona. crotton' let. (31. p •. 24)). . . "- .~-
•

do_rlvod dltterl'l)tal oqu.otlona tor' aolvin9 certaln proble,.. o't' 'l&~tt1cal- , ,

p"rObahlllty ·concernl~9 .• tllU1d nuO.t>er of point•• By use ot crottQf1,'. ·tor:=u~"•..1~~
, , '

Ula probabll1ty dlatribud=. ot Ule dlnaneo O·bet....n two. rand.. polht._ In,'
, ,,

tho interlor of "eircl~ ot radius r ha. been Obt~nod.«(311. p. 41);. . ,

O'.,

,
The'

:.~

. ~~.~:.:

". -";'.'

,

c '

d
2 ) (' 2) (' 12 2- ~ - 3 I.~ - r

2'
'J.' "

2·, .
• d ) I'u, . .• .J:

I .

"ather. d. 2r ca.a/~ and-O ~.d .. ~ 2r.·

'Tho ~rObAbi:itq,

I '

" I
r

"vherct .'tho convex doe.&1n ·1S

..
.,
,.

,
par"noldqru and roqular

~ ~

\

G4lr.-ood and 'r.:,ner [19'), coillidcrod v ... preblelS ot Ole dutJ;1butlon

8"
d~.t~~C4 ~~~vce~ !VO ·rAr.~ po~nt. In 4c~rclc# u.inq d1~jct

'-0
~:-;t,,",:r3.t:.et;. r.Jt·.<"":-.:.!~:-.l; ~~~':t r:r~::·":r-,. r41:~~.':r-:-.'" '~l1'~ :-:1:-.fI,~~«":'~i.1. ~he.·

o! r4l!lu# hI' ~orc. b~i!" -'. ':"t'.c probietl!'~rouo !rcrt:' 4 tho'oretlc41 ·studj".o!
o

.....
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~

~

2a ,- -
>"

2
b

flal •
a 2"-.a in 2" +• b

2
s

•. if, 0 < a < b-a
./

it. b-a .< • _~ b+a

, .

•

3

. when l&

. 1 2 2 2- • -b ••
• ~ I 2.. : I • 5 •

"

"..

G&IVOOd a."ld Holroyed !lBi' co~~der04 tllo-probl'u" of tho

prob4.bUiCy e11.;ribu~ion·ot t.tI. dUtance • at • ran&. chord froa the
\

o'

i ,centn at a cUclo. ~'lo rL"ldoo~td_be,ln
9

q deurw.i1\4ld by, ~...,?' :Polnu

l -9

I." :t:::~:l::r:~:e:l~n: ~r~~or at tho drcl..Tb~.'.hOWed tllat

I
tlal

, ....
toro O.~ • <1, '

• I Q \. ••

lIArton.,~vld and Flll [.) .~w u...d the d1ltrlbutionot· the dutanco bot....n
Q

~.,.a:ialylilo at ct.r~OOIl" pattNl1S., .~vld' &:I'd F1x (10) ~',ld.ro-d to'"
.. \

r:~r o~ u,~e.rtoctlon", of ...andoo .chords of ~ cuclD.

u..d varl~ce ot \....e nUllbcr of lr:~e'r..ct1ono. ~
" ~.,

,
n.ey found th" ....ar.

J.

II .
po'ln~o' 11\ '. ~rlanqlcl•. clrcl•• roctllnqle and.. ;.,,\,

polyqon in

-
qeneral. by dlrect lnt.qratlOl1;

cro!~~·. t~;'4'tor.ptt•.:.h'/ ':J~roct 1·nt.q:r,.tl~ by' ten! 't.J?!.. 4:',,;<1 by, '.ae ot
• . ..' ''t'\ ' -.'

.. .
il· r ·'·..... I··~'· ...:, .. .2, .... ;, .....~..-v ,. __ ~ ',,~.............. , ..

I'rO¢>ablllty denon:" f=ctlOl1a .:\d avoceq,. p..tll lq:\qthll 9t thlO_: undoCl'
o

"

'''''An~' '#'.du .Sl-Undoo!n"~,,.',of·thoro<:t4r:ql". t:;.. c~rcle. ~h., ',pher." and the

cube•• ColelloAl: IB,) 'obtuned prob&blH~y donUtytunctlonll ot 'th. rMdoa. , ,- , ," . . .
;

"C:&n~ .'lonqt.hot tile. eil'c1". u.e I'eetanql. and tho cube. under tour c11fterent'." . " ..



)
", ,

It~n~ (351 hu dhco".r.d··a~ r.lationsh1pa

,
"

be~n tvo apecltlcauona or r~... / . "" " ',' ' ',';

: ' Of aany ~t.er••tinf-n 1~ er-~.tr1C probablUt.y ~c:arnln9
• r~ Un... polnU and .1111/1. conHqurat.lons. ,.(9'. " c1.rc1••• aquar•••

~91", t.rlan9los. ot.c •• _ Mnt.1on't.he ""rlt '\ IC.aclt [401.,1411.

·llotlblM 161.1. ltendall 1121. IllI; Takaca (1oi. Vot._ 1711. Itorqent.haler

i" 1501. Ka~1cSon 1·531. Ilonyl. (59). S010aan 166.\). I6f>B). Bronow.ltl. (1). ~~qe1 1)71 •

e-.olWt.z.ky llli. Cl.lbert.· 121). 1221. Hron (14). OeBruln

"
Sanialo. (62). [63J.. 1641 •• 'For a 4oUl1.d aUllll104ry ,or the

;... ICandall a..O\d Mor-~ [)·ll. ~ran (471. 148]. 1491./

I. 1t1~a·I44I•.

l.n 173).

oth.,:' ""rita.

.,

~u'ical, prolabHny u nch u~ aany other"t'iF~a or prob1.

u\Yolvl.nq, probabi.UUo. or ge<-t.rl.C corit1qurat.lon•• , 'Th.r. aze probr._

c:onc:arnocd "!tll rAndoc d~""U10n or apaeo by variou. '~thO<1.". r.."o l'IC"'''ur~_"t. - '" ' . . .
, .. _ ....

ot lon<r_"'" or CUO·••· 1n -two and.t.1'lr'.., dl.-.n.ion•• t!'... p..cltl."q or ob·)e~. or
•

"~,t.." Or.....H ~~t.n~.l bo<11oa ;,,' Alao out.' or proble1ll' ~n)qo~tn::al

prob&bl.l~ty arOSe ~~ .t.~i ot lntoqr..1 ~try a. l"t.roducod, by Bla.chie

. .
161 and lat.e.i bY ~talo 1651. ~and,Stok.. 1671.

In the .rud.,. or probl... hI qe<:.ot.!l~l probabl.llty concerninq

....... """:., "M" "_" md•• , "i_.,•• ,.•<,_.,.~.:. '_'"
,~nd.a11 ....,d ""ur. Dl. Q>..pt1u 1: 2. J. ar.1 41. Santalo 1651.):'d (191.

.'

~171. ::"]" ~]71. !~t:tl. ()'~1. £-IJ). et_c •.~~o !oli~~i.q'1.it:"tl0f'... prc~.,n~

~

':.\t:''''_~: ••~;.,~ •.

• - ..ro the lOll'lth. o! [M.ldoo ."c~t. ot A convex body••
,

,11 at~Jbut~d1 •

2. How ..ro tho len9Uls or randoe r ..y • v1th1n A -conVOll body

r



.
IBy a ran<Sea ray __an a 11no 1n a ,rande-

randoa po1nt called' .ource' In the 1nt.rlor

d1re~ion e-.nat1n9 'tre- a

~ qe~tr1cal cont1qurat1on.), '

Ref.rr1nq to the Urn que_Uon one finds that the, ran~...
, .

,
ot a Mcant ot a COrl-er body doe. not arl..-un,1quely. .... a n.ult,

a.cant.o ..~ ar1'" 1n lUlIy "aya, 6( "hlCh .... are

Fr~-U1ty d1.tr1buUOn.s

letS Ill, p. 911. lIandC8

'paracSo.ucal" re.ulto ,lu 1.n the cu. ot eenrandl -an obt.a1ned tor..~

ot the lenqt.ho ot th•••canu ot a conwx body,

u tollows, (ct. Coleaan (811.

IAI ~l-r.n~ ..a. A chOrd Itn Q I" 01, "h4z:e It is a conwli body

and Qua ran<Sea Mcant., 18 det1.ned by a point P on the .urtace ot It and

unito""ly d1atrfbutod eve,r the ourtac. ,ot It and '3 hu a unHonl d1nribut.lon '

In 1U 600"...11', L.,d P and I) _are lndependent..,

lSI S~~r&n~o••. ,A chord ~ 0'" I" 0) 1. defined ~/ two pOint.
• ., y

P L">d \l havlnq 1l:11 fo", .L.,d ••dOpondGnt dat.nbut.lona on 'tho surfAce ot It '

. .

CCl'..dluon·

A chord It 1\ Q <I'

" in tho lntenor ot It ,nd,a dln-e:U6n U, whore P

1n&tpot>Mntlyandunltonoly.

r 1.'-dof~nod ~by. t..'lo
. .;.. .

and. Oar. dlot.rl~ut.ed

point P

101, I~~ran~ea•• A d\Ord Itn" 1,- '., u dofinod by tvopolnU

"P and Q havu:q ""1 tona All" ,ln~i""n:Sont 'dlnrlbut Ion. In the,Gln,toner 'of 1:.

:~. t!"-.l.'" t~<"'~t~ "11 t ..u:.o -';ii t~p.~~ tV"') ·~~:1-::;~ot 4:-.j :l~·.;,Tl (1) r4r.dce.
• r'

. --!. }
I':x~r.~::.:·.· .... l.,.· C">·.~~l~:; ~~::.~ .,;'(';[;<t:'f31· ",

"

oon!lqurat.lono and (21 rar~ ray. at a~ oco~~•• ~trlcal contlqUratlon.,

"and obtalr. 'oee 'paradoll1cal re.ul~.·· I.cco~dlnq \:0 8onr,,"d) tor tho
~

dut.rU,utlon ot tho lon9th. otrandoa .ocant.. ot' a c:ontlqurAtlon, e.9."
, .

-poly9O"l ~ under d1ff.reftt. r~.. '," direct ~t.r1cal.. _thad' for deal'!nq
•

,

•


































































































































































































































































































































































































































































































































































































































































































































































































