$ .

Al M .
LN .
b
Yo

-
- 1
.

»
4/.
- - Iad
. .
- R
[
-
- * E
- .
N
. .
- -
o~
v
-
.
.ot
R
s
* - .
‘ (—\/\
+ . o
d Al .-
~ .
v . - ~
- A
¢ 1
- v -
—rr

SOME COMVEX GZONETRICAL SHAPES

. RANDOR SECANTS AND RAYS OF =~ .

,

-y

o

'
.
©
x
.
.
: A
G .
]
-
]
.
-
I
i
N
' B
t
|
[}
»
‘ r
.
1
~
3



¢  RADON SECANTS AKD RAYS OF SOME

. CONVEX GEOMETRICAL- SHAPES

L}

N

A Thesis ' T

,/

shm:god to the School of Graduate ’S(\ladus"‘ Yo

>
- in Partiasl Fulfilment qf«ft"h/o'_ Mn&n@nnt-

e " 7. tor the Degree -

boqtg} of "Philosophy

V < N o - -
",' B (— | . | )
| McMaster University

E (June) 1974

SR \‘rmnmﬁm ISLA 15 J




- S : e D T ‘
....... , w -~ 1 SRRDENNEN

) e 2 :‘I, ‘ ‘ :’\ --f i ﬁ . - :

. ' fﬁ'- . e e - g
ooa'ca or Pnn.oswm t197ﬂ L msm tll‘WBRSXﬂ T -.,7‘_., '
(nlthmtxcﬂ o Hmltm.,mtuxo' e e

. . . - . ', \ . L ,.V o “ - .!. . ) ',I _‘ .' :‘-‘. - : .— ] -
_ trr:z. W Socmts md n.nyt ot Sa- vacx Goo-otrj.cu Stupcl
_ llu N4, "mmml hlu. B. A (ch? ) (Onxwruty ot Dcc‘u) .\—
b ‘1' . ’ v R O
C . . u.A.. tunlvcnt:y o{ Dacca) e _;1 e
o : N.AL (Univ.rfity ot llutnm Ontuio)
, SUPERVISOR: . Professor M. Behara - , . -
'imnorpms . ix, 389 .
SCDP! A!D COITZHTS:
'3 7 Chu thuu u dmmr.od to xnvuuqaunq umxn\mulu !ntutu
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o! randos’ .ocaau and rays . of to-n convex coaﬂqutattonn. Tha ruulc-ncu of o

a lcmr. o! a 'connx conuqunum doas not ariu \qu\ulv. SCNL'I]. ne-

chuum under which the ru\do-w of struq'\t llnc Paths r.hrouqh convex. . . -

‘bodies co.onlv artu are discussed a.nd t..'n probl‘ca in qm:ttc&l ombv»

- ,bun:y of the duuhmum- of l uu of unda- ucanu his b«n lolvod

by a mqul And dlroct qtu-trtcal nthod bucd on qmuzcal arqwnu

’

for "w,l,'.!ollovlnq con!l.qurattons and typcs of nndolwuu (L} the qemn!
uums. the mtmlo. reqular pol'mons. the c:.rch and the tphcu ‘unde

1-unc_lc-ngu uu mulu polqu undcr 5 -rmda-un. um m ’

.';r:‘t_‘r_crln uadnt !i-_randwnlg'. In’ both (1). and (i, i€ h showg #m;t it
) "'U\Q polynon 7, ot M s;du u.m'u\%nm ltn a clércl'q’ of conl\’..mt -:_'-dt;s‘sl 'r f-ot
Toamie T, emes ghe PP emianted nf Naspirgtion funzeiens F 1(1!;
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'3“.-f v . R B Bt A: BN -‘,f' ko -_'.tl-‘-. '.f-.*-- g~ an s .:'. of ‘vra rolacrnng - ' -

Z

‘q ‘M w ), &,..., nndcr'sx-'tnd sz-l;mi. ‘t'tcon'ctoxirilv. both converge
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. . CHAPTER ZERO
N . . . . . . )‘ ( - 1 o4
| 0. INTRODUCTION o |

‘Geometrical probability deals with probabilities concerning B

[}

gecametrical olu;lnti ‘such as points, lines ,..,planei. triangles, polygens,

ojtc_. lOne of Lh; !u"'s't prohlcu'occurr'xnf; in t..ho fi_;cra:uro'_ is -_Bu!!on.'s
at - ‘ :

‘risedle p#oblga [31..;:.. 10). This prodblem ts _cor;;:emed.vlth ‘the deteormina-.
ticn of the p'rubability .t.ﬁ:t‘ a neadle of -l\enqth L, when droﬁpod'éu;dbnly.
on a plane éove:"ed;b}: parallel }:irion at unit distances, -Lntcrs&&s at ‘

least one of these .l'me-l.. There are uny'?‘a_r_u‘t:.qns of Ittii:A;.:to'Ql,'e.s '(cf..

F 11, . ?0.-‘731-. .{1;2I. ['69]) of,?ﬂéhl ve give mlly one tc. tllustrate the ..

[flavor of qocnntuca‘l prcbabtnty Lot t.im' ﬁeedle be of le'tqr_h t a.nd
urromdod b~,- a circle of unit dumu: \ﬂ.th the mapomt o‘ the r.oedle at

.*he centtre. The czrcle &nterlc;ts only one of thesea Farl.llel linul-qzvmq“

a':c).‘.cn chord of the circle. The probability that this chord zn:ersccis' '

.. 4 . l . :
the newsdle is ‘omd to be 2;- . o b
= Porhqu the moat ‘mn of pmbuﬂ An qecantra.cal probabilizy

4 the proclcs considored by Mrgtmd. His problem was o find the -

.
;:\

;!rr.ﬁba_bz"-y that a ran duk chord in a ..ucle of Wit radius has length
T )

qreafer than or equ.nl Lo /i {ct, N, p. 9!). . 7nere are r.hree dif’ore-;t

b

I &
lutions ] dcpenqu on tho rt'crmcc ut c’\oun 'Lo spccx‘y tho

chords, * This probloa xllmtrunn the fact that paudom can, arise

Decausie of the vague lpe;::zc‘a!:.cn of the word “randoa”,

\ . . !'ur‘..‘?c.-_r pribless L e Tere werd zaniidered by Trafran (0f

SOl g 241Y and Svlvedter A0fU (DD, g, $2))0 Thesr jrablems were tonzerneds

;’:' ~ . . A. . ~ B -
wizh thc dsstrxbuucr-!w! q..mt 12ten dcpcndnnt on random’ poxrtn :nndo iy

S o BN
qcco&tr*.cgl flq'.lrgrl‘ur with '.ho Telationshipy betwen rardca l'x.-:c:i. plancs

-

|
'
b

and moﬁbtrica_l fiqures. ‘ma"pto_blo- in this thesis are of "‘M' typeo, i.a.,

\ T o AP



. . .
- . - . . .

‘they are concerned vith the distribution of quantities dop-en‘dent oh. rmd.oa

points chosen Ln scme qoa-n;rlcii'cpn!;qufationﬁ. Crofton (cf. (31, p. 24))

. . - .

dorAVad_dxffiréntxnl equations !ot’ndldan certain problems o?'qéo-ntflcai

p’robnblllty conccmtnq . fixnd nusber of pointl. By use of Ctofton, . foml‘-a.}c«f

A\

‘the probabllu.,r dta'r.r.‘butxcn of r.he dtltmco D bctmn two random poiht' m e

vy
¢ - é IS

the interior of a cxrclo of rnd:.us r hn been obtunod (13‘] . P 41) The'

probibillty danai:y_o! a is“q}ven by - . T o~

’ ., ) ’ oo - E .’ . S
TPt - —l; {ra® *wﬁtz'- d2)(t - 23)?€“§.f2r2 . dzlfxn Zal

rs

% . PR _ . oo . )
e‘, . o ‘ )
. S S S ‘
."""""d-.rcm:md.a"d‘2r. : U .
The prodlenm ot 5y1venteo 131 P 42] 11 concvrﬁed vx:h the <y

L

dgmornination of the ,Johabkl Ty - .hn' ‘ou;"rarda:ly lelec‘cc" pomtu Lr.!!.de ‘a

- conveX d::é.qin. Iora a convex. quadr'._latctnl. The ggobabxl,xtQ R

- ) . J'V
s 0.667, 0.7045, 0.6944, and 0.7029 , - e

&

4 C CT Ty
1

‘whare tho r:cnwx domain L8 8 trimglz,\ﬁi_rc.lc'; punll’g‘lcﬂqru nr.d :equlu :

- ' . ) . . n ;,‘ . .
. hexagon, respectively. . o

i

girvoodland Tanner [19)- cohsidered the probles of ihe.drltt;butlbn =

l of the distance faiveon Two Tandos points in & <lrcle, using dxyrﬁcct .
o [ . . - Lo ) T
F lntegraticr, Eetending shis prilile=, Pm.'-.hu:r.‘.n-li'f! canuidered the.
- . L]
9 ,,.; d . .
TLodtemritysion ard tne fwan o f the distarn sod Lt .4 randem paint '

circle of radius 3 and an independcnt randoa point D in a FOﬂCOﬂtIlC‘firclc.

"

| of radius b, whore b'» a, The probvlen atoﬁo ‘roa a r.hoorencal s"udy o‘

_Bzita.-icéi tuvollnd AN a town, “rha donﬂ.ty he denvod is: qh.-on by ) -' . _' {*
- ? i . |" - T
N ' ¢ R N



- [ 3
'2—.' — ' 7.-1!,0.§sfb-n '

. Ib ) 2 ‘

_ 2 ‘ | |

f(s) f - ‘ . -
| e “. B tvatatea L
‘l.. | S k . b . : | . ‘F B .

N I I 2.2 2 Lo

. o -1 g“-p“+a ‘21 s%eb . R /
vhers § = cos (T, 8w con T LT

-~ v

Gmoo-d and Hol:oyad (18] comtdared the probl,ea of tht

b pmba.bxucy d.utr&buuon of the du:mcn . of a undo- chord frc:l the .

i centre of & circle, tha und.on chotd bamq dcummd by wo poxnu

mx!orniy dutnhuted on :h- ptru-tu' o! the circlq. ‘l.'hty-lhouad that | i
Un.donuty,o! . is given t:y ' e . c : o
IR n2 . - -
L Tem e Sterese sl
3 . ]? SN e
) ? - L S .
., . . ) o \ . _'. » P )
'urgon,,'mvxd u'.d Pix t«n ‘have used the diuubuc‘i‘ca'bf-:ho distance between
[=] . .
i :vo pomr.s :.nda;hndnntly und um.fornly dil’nbur.cd in the sase circle !or
- the 'u-.alynn of chromosone patterns. Davtd’ and Fix tiOl conud.artd "u
. N 8 S v ' \

J - ; . - ) ’
rumboer of mu:‘:‘cum-,a! Tandom .c:)ord: ot q cuc_lc. 'moy found the mearn.

N - * '
-ard variance of
R

he number of intersections. % . v

.. Borel (cf. 31, p.'azx) cbaizda:ed tﬁo‘dtitt;hutxcn of diszance

'
+ '

L
bnr.mn two undm pomu in -4 trlmqld, cuclo. roctmqlc l.nd polyqon in

kS

'q-mcnl b-; duoct. muqnum. The du:ubuum ‘ot thc dutmcv batween

r.vn rmdcn pox-*t: in a 5pho:¢ 'un b«lr. cnm:darod b~, ':nel'h!.el by use ot

o
- . - LY

‘Cm!:m'u thqo_rna,}_by d"._zc:t zntqgr_at.z.,.. by’ Lcrd !1‘35, ar J l:.,r une ot ‘ .

- L] . l . . ) " Q\ . . ‘ ' .‘ ,
Coanaractertdiie funstions Ly !i.l"""n"c.cv (241, Horomitx (270 corained the

. by . B AN / . ) v :
- probadility dansivy !mtt:mq ‘and aw:’nt’;’v par.h lc':"-;'qms ot'r.hn‘,-rmdca' 2

1

- .,J

sgcants umder _ﬁ!'IMGID ol ‘the rn{.tnr: 1«. tho c:rclc, the spbcro and t‘w ?

cubse. , Gnlem Ia,] obtained probcbuu.y dcnnty functions ot ‘the randon
EE 3 .
; qgcdnt.lmqt.h jo! t,h.-c:rclg. the ;-ctmql.c‘ and the cupo_mdar tonx.diftorpnt'-

b4

| A - . ; ‘




; P | . 4
lpoclftcaéionl of rmmil; Kfnql.m (35] has discovered some t'ola.tionshipl

" between two lpocxtic.uom of ra.ndo-nu. ‘ ST SR

._r i
0! many Lnur.n.l.n PAPeTIE in qoo-:nc proba.bxllty conc-mtnq

'j random lines, pomu md nxmlo cmtiquxanons. elqg., circlcn, squu'u.

(tyﬁnqlu. :runqlu, atc., wa ‘-mtzcn'tha work _f.n'ack (40}, [41},

i -Pabbins 161'1 , Kendall {321, 133), Tn:ocl (701, votaw (71], Horqenthalnr
|
i 1%0], MuXdcn lSl]. Rnnyx {59]., Soloman 16&1. [66B), Bronowski (7], Krengel [‘}7].

>

' Cvontxky ll]l. Gilbere {21}, (22], E¢ron [141. DeBruln

1. P_utu‘ (441, -

{as), (467, Mla 1, 42i. matern (411, Morton [511. uou witz [73],

Smr.alo_ ‘621. [63}‘., l64]. l‘or a datailed sumpary of thes

and other works,
see Kendall and Horm llll Houn (47]. {48!. l49]./ ' N

. Gtcnntnca). probabtnty u rich in many or.ho:'tn:cl of problm

o

mvolvan probabnsnn of geomotric confiquratio:nl. ‘rh-ro are problexs

mnmtmd with :'mdos d.vuxon o! npace by various’ nthod:,.— the nc"a\ur&:c:::
L, -

5 h [ (“ N

4 of lnnq::.u o! cunu m ‘{wo and . thr« dtmu.onl. t".a p.\cki 1] o' cb]cc’l o"

-

!l.uzd' lite into a confined regicn a.nd ‘the covermq_o! qo@ntncal bodies

w.'._u: other qe'c-nr.nc'a!. bo-'chl.'-', Also out of prdblem zn}qoo&utn:u

proba.bzl'w arcse the ataudy o! inteqgral qvo-ctry as ‘“:roducn-d by Blaschke
e md uur by Smulo l&Sl. md Sr.oiu [6"1 - o o -

P e -

In the lrudy of problm in qmtgl,c_il probadbility concerning

- random points, lines, planes, circles, triangles, rectangles, for cxamp le,

i $ . ' :
Kendall and Moran [J1. Raptere iy 2, 3, and 4}, sSantalo (&S],

LTy, 24, 1271, !2&].'E131, 143}, etc. 2he foliowing guestions preaent
- . . . . . "
Thepar e, ‘ . . e T )
i. How are tha lenygtha of randos secastes of a convex body

T

_'r!' ntnbutcd?

< 2. Hou are thc lenqms o! undo- uys vn.htn a 'omrﬁx body

. dlqrﬂ_wtod? _ V . ' r



- » - . . . - .
"By a random ray we moan a line in a.random diregrion emanating from a
random point called ‘source’ in the Lntonor‘ “a qio-ttlc-al conuqurauc;n.) .

"\,

lhfcn-inq £d the unt qu.uton one finds that thc randosnaess
' of a secant of a conyax body do.l not uup untqunly. M a ruul:..

pu‘ado:ucal' results -(as m tho case o! Battrmd) are obtained for the -

7 - \Q
pro?ﬁl:.ty dutrxbuum of the hnq-thn of r.hc. sacants o:_ a convex body,
)

(cf) (31, p. 91}. Random secants may arise in many ways, of which some are

‘as follows, (cf. Coleman [8]). ’

{A) _Sl-ruiddméu. A ;ho"zd kNa (¢ ¢), where X 13 & comml body

and 3 18 a _rmdoi secant, is defined by a point P on the surface of X and . -

b

the angle © which it nakes with a suitable given direction. “m&'pomt Pis

unifornly distributed over the sutrhcc_o! X and O has a uniform distribution .-
A

tn 1ts domain . and P and 0 are independent..
. ) e ]

(B) 5 -randomness. A chord K 3  (# §) is defined by two pdints
- . ’ . ' .

.&pt_ndant d:rltrzbutlonq cn. the gdi’f-aca of K

P and Q having uniform and 2

subject to/&."w cendition - t the join.of PQ is a secant _o! t. . '.

¢y I .l-rtndmr._ul

in tho munor ot X and a directién 4, whare P md G ars dutnbutod

[ -

A chord KNa (,u (QJ is- dn‘:md by the poxm: P .

e

mdnpand_ant ly &zd‘ unt !omly.

(0. 1 27tmdcmntn. A chord KNa i# 4} 1s defined by two. points
| )

? and D hwmq uniforn md Md:.-pun:knt dxhnbunmn in the °m’toncr -of K.

1

in thin %healis wo take U thene ZTwo qun-s:.:::'.-a and swudy (1) randes
JIN o . . - . I
aczarts of POLENt L Ia, .:;-‘-r:.':-?'.zt‘a!:.o.'{a extenslively cuvering suew ,.;o'r.-cral'

“

_.cuf:héuuuonﬁ and {2) randos tays of some ;f.-p-on- geomerrical r:onéa&izfntfon@.
and obtain soo-: "qur.mnca). r'uul;l"- (a’ncco:j'qu to pcr:fmd) for 'r.h;'
4isrriburion of t.ﬁc -xenqghn--o!_ randon secants o_!- 4 c:onnqurau;n. e.q-.._ ' .
‘polygon, under dlthm_t randomness. A dircc_t qocut.ricalnthod !ox: dealing
. . L . ' . . . ' . o ) " - . - I



e

. with the probxe- 1- provzdod. o , '_ !

Nnt. lpccltlcllly. xn Chapt-r One, we flnd by dircct qnc-ntrical )

\ 4

| ssthod how the lcnqthl o! rlndal lacants of the tollowlnq ccnfiquxatxcns

' undqr Sl-rlndCIPGII are dzltrxbutad' 'th. rcquxar polyqon of N lid.l.

ﬁ

(lrbttrnry) trxanqlas, rnct:nqltl. circlcs and lphq:es. The ptoblnn

an. anqlo 3 which xt nakes uith a luttablo qlvcn dlrcc;ion.3 The point P is
uﬁxfornly dx;:rtbuted over the porxlnto: ot :he polchn and 1] is. unlfornly

dl!tributcd ovnr 1cs :pocl!lcd douaxn. ?ufthcr /MQ &SSO that P’ and 9 are

. $
;nd-pcpdcn:. uq havo. follcutnq Coleman, cnlled thll type o! randa-

L]

-p-ttéxcttscn. Sl-rundctnasn . The prob!ea is o ftﬂd the dxntributxcn of

r

' the, xo-qth L of this zandoa secant.

Hc fxrd the dxgtrkgytlon of L fOT the qcne:al rcqulnt polyqon of
- i

u sides. IT 18 tirsher shown: :hnt if the pol?qon cf ¥ 1xdat is alwayl .

inscribed -x.hln a circle o! ‘constant radiys 1 tor nny n. then the-

"orrolpoedknq s3quence p! dxltrabutlcn functions r (ty, ¥ =13, 4, ..., of

- -

'-Lhe randcn lc—ant .ﬂqthl o! thnwpolyqonl under- Sl-tar 88 converjes

o the dtltrtbut;on function F.il} of the rando- socan: lcnqth L of the

-

fczrclc undos Si-randaaaegn. The dxstrtbut:On of, L Yor the: special cases

- she roctanile, zirele and n;hcrc wore found by Hﬂr owinz 12?1 and Coleman
’ ¥ . Y . ’

Ciwl. The *nrrc=;< r.r; frovlen felating o thﬂ ;ﬁ:c:ai *riangle 13 soived

- ]

CL problenu \\ Lllqa'rated in a case o‘ the goneral trianqlc This is then

used to find che probabxlity dltt:xbution of the !enqthn of randoa secants

in thc—cas:t ot r.ctanqlcs and cifclol. In Chaptct One, we bavn anlﬁdod
P

follows: un cnnsidor s rnquilr polyqon of W sides. A rando- uccant of the

polyéon is dofined by a polnt P on the perimater of ‘the requlcr polygor nnd 

hare The ptocoduxo ba:od on d;roct qoo-ntrlcal arqunnntn !or the lolutzon )

rtlatan Lo tho rtqular polyqon constd-rcd bere when utated prqciscly is as




* the case of the distrlbu:lcn 01 tha lcnqth,of a randoa secant of a.

distrshuispns of tha 1cndtb L of a random rayltn a randoe direction .

cxréln under’ Il-randa-nenn. whete a secant is lpectfxcd by a randa-

1ntotlor polnt lnd a rundo- dlroction.

-

1In Chaptor Two, we conladar thc broblcﬁ ot.findlnq the

_ di-t:ihutlon of the’ 1tnqth L o! a :cndc- occnnt for & requlnt polyqon

2 , “

.

. ot » nxdaa uadaz S ~randosness. A rlndon secant here is q::ii:? by two

random points P and ¢ on thc porxlntor of the palyqon lubjoct to the

condxtzon that with probqulity zero the two rnndan poxnts are on the

sang side of tho polyqon Thc paxtxcular cascn o! rectanqlet and circlcl

ware lolvod by Hn.nrn [lll. It As further showm that 1f the polyq of

% s;dna xn‘?TFIyi xnscr&bod within & circle of constant radius r for any

-

x, thcn thn corrnlpondldq loqucnco of dxntr&hutioﬁ :unc:xonn r {L).

[
l

.” 3, 4, ..., of_the random secant onqth L of the,polygonq‘undar .

| > A 4
5.-rardosness converges tc the distribution function Fil) of the random
- . . . ’ R . o .

-

b

§1ncv th& distributions of the lengths of ‘randon' secants of

secant length L-of the circle under S randceness.

»

a cxrcle undeors - l-ramdonneln'nnd Sz-rlndcanals are thc sasg, wo afe

provldan bare a r.anxkablo 1nntanc¢ o! two dxf!ercrt lequan:on ot

¢

‘duumuuon functions u) md Ty m. X -3, 4, Ao hmu:h .u

]
pcradoxxcal' according to acrtr:nd) o! the randan secant 1tnqth L

ot a polyqon -.:.-udot Sl-rmasu a..d S -tmd.meu. ccaqumq to r.he

L \\ -
same (hence nos para&o:::a.} ”L:tr.bu: con !pr"t Lon Pl of the rardca

Sgcant lengts L 5% a CifTie under 5,- cr.S,-rlL.::noam.

In Chapter Threec, we consider the problea of determiflng the

caanagan {rom a ‘randos -ou:ce* within the following configurationss

* t . ' . 2

+

‘_roctanqlos. circles and lpbtttl. In each of tha cases of the circles



and the nphor'u. tha ' random -ou.r@‘ is confined to a diametral line.,

prnbh- xn qoo-tncal prubabuxty of thc diuribuuons of the

lmqthl"zof “nndon rays' from ‘randos sources’ doy appear to have

_!';otn m[dﬁﬁdbc!on. . .

. T .
P~ v .

ruuny. in Appncauonn we utot to some pucucal nx;m;ioﬁs '

“whare uu nlulu o! the t.hull can bo tmit!uny applud. . )

S - In or:hz to pruvxdo the nudor with a quphical view of the

regions that _cmt.nbuto o the dutnbuuo_n function P(L) of the random
/e . . _ .
;o s : S . .
secant length L, we héVe given,in ‘th .form of appendices, descriptions.
of . the pumét‘ spaces_for certain sample valoes L of the randoa

secant lcnqt.’;\ L of tha polygonal cases in C}upuri',.One and Twa. The
ducuislm cn the parirotsr. lpnclti' for 'dxt!ermt luple values { of L

..uh to an nlttr‘sa*u’e pothod o! r..'m oolutxon o! the prioblem.” It'my

”~

b no*ad thlt x- Lu this anr.hod that Ho:uustz {27] tonmd to solvc

the é'orttlpoéxd;nq problea in the case of the rectangle.

: nnthod ot Solutxm m qemrn proc‘durt of lolvmq problcns

. ot dl.tt.twuuma ct qmuuﬂ (r-al) rclnud to or !'meti.onl dnnmd

~
v ‘.

on randos Qecnotrical ob)ectn (c.q.. 1 ':qthi of secants of a conwx. a

znvoh-mq t.hc fullowing atapa:

-

"ra""fmr'r-n" of the ge telric ob'icc' and ::-,c-r. deternine dicioutly

4

. lyu¢- of coordtmun which define the qeo-trtc ob)ect unl.qualy

- -

" The cmrdtmtnn. are - refarred to u patmuu . Thus we obta:n a

p.uanr.o: upaoo corruponqu to thc sot of rmdo- ucmtu of a

c:anﬂqunt.tpn. for example. The unda-'nu is dcttmd try the appropruu

s paramesrizaticn:  Firati.we previde sn explisit definition of

»

-



.—k.‘_ﬁ..,‘...,,..
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L

: B R ' :

' probabul:y msasure on the pun-ur space. In all of our cases in

this thcul. th probablnty medsure 1- the uni.fon masasure (1.-..

. = -

X nomuxrd ubauqua measure).. Pumtrunt}.m of the qoo-ctrlc

'

abject is, 1n mOSt cASGS, uuntiu. since we cannot daal dxuctly with

qoo-tncal ab)’cu. The part!./éu.ht vay in which <nndc- c.cap: of
a rtqu].u: polyqoﬂ hu been paru-tnzad in thu m-u nay - be noted.

¢ 2. 'Use of a direct qeo-ntncu arqulmt for deriving tha

1

dutrlbuuor of L. In r.hc problems consideud in this thcsu we 40

not roquxn the setting up of a funcuorul oqution of the parmtor- ‘

-

and L (cf.. ..9., Horowitz 127}. Col-un {81). The probles ¢f the

d-torl.nauon ‘of t'w dutnbuum of tho nndaa lcnqt.h Lof a ucmt or

“of the set

s rey of & convex cmtxqurauon redudes to :.he dq:eminatl

| of paramaters (x,9), for example, in the-case of -sl-r;ndoa sech

. ﬁolfqon. auck that Lix,2} £ 1 in the parameter space. In this

we usc an hrwt based m-qeon'nncal 1ntuxt'1on and derive the set
B i

t

f

l .

gl. itx,®8): Lix,8) = L) in the pArameter’ space directly froa the
i

cornlponémq qocnttrlcal hqure. Ie 40 not roqm.u a q‘uphxcal

.

dncupum o! the parmur-‘lpacc._ Howsver, !.f we dilcuu the u;s

Lhu-l obtained in thc pnmt-r -pac- conttlbutmq to Fil}, we £ind an’
' altcmttw way of the wlutl.‘on of this problc-. the nrquannt .doptod ‘
by Hai‘c;n"l: te solve :r;o‘cuc‘ o!_, mo-roqzmqle'. |
3. ﬁa-!u-:'.;rr. 0! the parameter s; o ;n =any :t::m".".:ma‘.thct\q

age certain tvmmrtries of the _c:efm:r:.c'hl c.a!:qur.\t,‘.r-.::s and the functicon .

dofined on-.a ulo_vght' sat of qmtrtcnl ob)m;;ts. fn such .cases, insio a

[} o

of considering the set of all qvom:nc ob]ccu, " Mo can limt curselves

tc & proper subset of the qoonnr.nc ob)c_lcts. and thus reduce the paraseter

space considerably (cf. Coléman (8 ]).
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A

An ait-mau;n view of the problem. uuntully the p'rébi-- of

ﬂnd.lnq the ptobabxnty distribution of the rmdo- length L 'of a =

-

ucmt[ray of a convex conf:.qurauon can be lookod upon. ‘as the’ ptoblu ‘of

cotutructtm of a mmasure of the Bors)l. subsets of the range I of L, where 3

-
.

I - (0, dl. 4 i r.hc ‘diameter of t.hc convex cmnquraucn.
' ) nnt. to qsv- an idea ‘of what p nbi.utz u hcro. lct E be an

u:poﬂ-nt ot duuan a random secant or ray from the pcnmtor or'

-

mtonor of a convex cm!xqurnion c in z R tho Euclidean n-tpnco. where

AT

d
r.hn ra.miu- lecant or ray u donnod in any one 0f the above \w,-a. Let A -

r

be an cwﬁt that a random secant has a length L ‘where o< L4, ‘where d

.-:-:

is thc dramotar of C. . The !roqm:y F{A) of the cvc.-:!:. Ain a uztu of

- 3

abservations of :vpcuuonl of t.ho same expariment z is the mnnr ?f
those observations at ,which the evenr. A has happened. "rhc relative
'roqunnc-,- f(A} of the evert A in such A soqunce of oblerva}:xonn 1s the

t'luo of the .requc-\c-y o. A and of t.he tot«l). m.:bcr of obsarvations, md the

t

grob.bzlx'x u t.‘w t.heorettcal valuc of Imq-:mqo-rolatwe !reqmcy.

Let 5 be the ubsot all randoms ncmu of a convex aon'tquutxon

-

El

wtuu a randos secant 18 dofmed in Any one o! the proceucn. u-,r procall

(A, 1.0.. ty a surface pdxgt and a dxrcctl.on. "Let v dcaote a rmdal

a o

sécant. Yo pun-:rxzo w by -ms of the pcrmtou (x, B) vuh ro!ortr.cc

- - -

:o‘n_!-‘.ug point and & fixed dirdction. Thus we qet a Mpptnq T(v) - (x.-
c. - LN ) N .

of the spato . onto the pafameter space. he dimmnaion P of the parmt.er 5

™~

tpace 5 Ls WA numbaer’ol The parm:o:‘;‘ recasasry o tpecily A pecant.

4

Lat t\ ba Lha u' o!? uwenc u.-qu mdcr :ho ﬂppmq T o! Borel lubuu

af the paraneter space 5, and let hp be dcnned on A'by p\."‘.:tnq Lt C

Sy



. . . ) 11

, . . -lﬂ-‘ . - . .- ‘ \\‘ .
_up_(A) -vp l_p(TLM) . for A c.,q PEP .

4

" whare 'lp is the p-dimonsional ubclqu.”mglur- in the Euclideoan space Rp
: a , o _ \
‘and vp‘u the p-dimensional lebesgue measure of the paramgter space 5. ' .
- . L] . . . . . \

Then ;{E.gup) 1s a probability space. The probability space (ﬁ,ﬁ,up)l

“which is constructed tliis way may be interpreted as describing an . . .

e

experimant in which a secant is chosen at r andon by a perimeter point

and a dl_roct.lon each having uniform d:.lt'rkbutriml. Nou v).t.h-'e:c:h secant

v wa assoclate a value [ of random ucmt 1enq't.': L. L1s then & !unctlon ' -
dotuud o, r.hc space L with values L _in tbe thterval 1 = 10,d], where d

u t.hc d:mtar of the co:‘!:.!;urauon. I!':‘. is any Borel lu.but of 1,

thtr. L (5) _:Q ‘rhus-:. is a random vnru.blo det,tr.cd on Lha expenur.t

'U’ln' X, %, L are r.hcn!oro tmctzom de‘icwd on the probn.bllx*y lpaco .

5, cqz.,ppod vnh a -.omuud ..abc:qua =nasure; X, 6 bcmq t.ha projoc'to'-.n.
-]
THe !x’mct:or. L carriop nfncuun tndyced by ‘X and % from the parameter
. . . hS .

-
. . ) [3
[ : o ' ’ . ) ]

' measure . on the Borel subsets ‘of the interval 1.

" mpace 5 o 1. mo.dintnhuum_!mcum F(L) of L uniGualy defines this

1

- . . - . . . R . . . . -
- - N . -

. CT
Future of the ¥Wcrk. In: :.hu thes'in, ve ancn.xc;ate and ducover

r.ho requiar features o! certain undz:- phenqm-u. vzz.‘ the lengths of

- -
1 . -

u:.’mt.l or r'r,'n. rniucd-;o certain q_ccmtt'.ca. -con'.’.‘.qurauanl a.r.d sce .

Riw the regularity <hanges 'ro- one 3o o r:.:al Acn..q"r.\!.'."'\ e a"o....cr.
. > : .

. - .
Hoge fully, wnie invealigalon will t.l::c mire jueitionn nr.-.‘. IS IR 4

furmcr work in the area of qeomlrtc.l probabnu.y, olpaclall;‘ c'onceman -

L :
- o

u:-.d-cn socan%s Or rays ':r. t‘w <ases .of hm!'or dxmrs.on;l convex bodxcl.
\ " )

e a8 “%nowledga of :hc nquhr !oaturn’ of cervain randem

. .

phcno-tnl. e.9., the lquu ot secants .or uys, ona could pouihlx ey
| g
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to characterize the corrésponding conv.x{dc-nm. The consideration of
. f.l .. ) H h ) - X .
the problems on random secants and rays and their solutions presents an
15:-’:-;:1@“%:1@ of work in the area of qdoiltric-probi.l;nity.

-

D'J-




I

N

1. DISTRIBUTION OF LENGTHS OF 5, ~RAKDOM SECANTS. '

1.0, !nt.roducf.lon‘.- -

. _ (
This chapter. i2-detored’ to fmdinq..t.ho probabiii:} du:"ribu;uom
of lcnqths of rnndan nocmu of some compact convex qoo-ctncal con!iqur-
auon; The qowu pmblu wvhen lutod prociuly h as to*lm
Conudct a mct tonvu body K in an n-dhonuoml !:ucl.tdm
lpcco vl.th a non-void 1nm10r.‘ Lot s dcmu the lurfu:c of X. Choo“
a pomt. P at rutdu: on the nxr!m of the body and considu‘ .' st.ralght
uno G in l randon dxrocuon r.hrouqh P, The ran@qn line G will 1nm-
'u;: the body at another pp:nt,g. Consider the m#m L= |rel. Lt
be ddttrﬂmd byr.x ajt! tho ditocr_ion ot d by 2 with uspoct lto a set of
auitably choun axes o!’ u!’crcncc i) X i uni‘only duu.tbutod on s.

(L1} . s uniformly duu'n.utnd or. un dunin. (244) tho duttxbutmm

alosoant . are zﬁdo"rondcnt-,. The set of all p::au.blc valucs (x.,h) of -

P
3 v

' ‘x,.ﬂ detcmminq T auch that cnx ¢ ¢ is the pu'uﬁtcr upaco fi. The
paramqter space u, -qulp\pnq vn.h a nomi!zod uhoml msue. is a

'probnbuzty tpacc. L is a lunc_:ion on {l. lq u{:t L. 1: a nndc-

-.; "'\-;_'-n . ;;': )

13




BEN

_ variable: Oux objoct is to ﬁ.nd the probnbility distribution function
r(t) o! L Mucod by the probabuity dut.ru:uuonn ot X and 9. |
The pm.dun for wlvinq this p:mblq can be stated, .ln qcmzal.

pru.<u dcpondl on the Lebesque Deasure of t.ha set {(x.e)s:.(x.e) < l}

‘where Lix,3) is the lmqt.h of t.hl locmt dcu ned by (1.8) Alr.houqh
this can be sut.d in qomu th.n 1: no known method that vin provldo
tha answer in qgncral for all convex pod;u.- Tho_p;ogla of t‘fhdl.nq the
ap;f:opznt‘n.' got {i_!_:?.) ¢ .LLE.!‘}) <L} in the parameter space “' purt._tmurly. |

dif€icult even for sinple c'o:anuut.ions lfn'az and d-nnds a comidortbl.

: . ., : Cor

amount of intuition. Por cxurph. in r.he case cf a roqulu polyqon m:o
-condl.uom on 1u udu are as’ id.&l as pouible. the dist.ru:uticn
function of L is glvcm by (1.1,1) of this c;upu:.l This prgbnbiuty law

is rather complicated. In the, case of an irreqular polch;:'\.. it has not

L

b‘«_m pouibh'uto“ﬂrd the distribution functlon of L.
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 SECTION OME -

1.1. QISTRIEJTIQ&S OF LENGTHS O?

o B

- slmmaamm.;.kgu
RN 2

1.1, Q_ Int.roductbon
_ e
9 TIn this uction. t.h. probl.hility dhuibuuon of t.h. hnqth of a -
\"‘“—-

- undcn secant of a reqular. polyqon of H. lldu. whore a side Ll of lmqt.h

\mdu' 51-:Andonnou is obtained. Here, a zaradc- mant is detined by

ruﬂm peint on th. peripeter and a random dlrection A prcciu sutr
: < B : . ..

-nt of t.he p:obl- ‘i t.bo touovtnq.,

Let & point P be chosen at random on the pcﬂ.neut \92 & roqﬁla.r'

‘ pol.yqon of M lidn oA xay -lmttn in a raidom direction: !rca P and

anucu a side ot the polyqon at Aaor.hu' polnt Q The hn\?th L~ IPQI

‘s .-tm vuu.hlo.- m probl- is o dcurlinc the probnbx\l.i:y

|
v

duulhuuon.o, ‘the rm variable L. ' S

&~

Y
!




e : .
) ~ Q B ‘ ‘16
. £ : . (.i ) :
. . . . T
1.1.1. The Probabilicvy Distribution of L.
Theorem 1. The probability distribution function 7, (1), of the
"mf"" secant length L of a nqul_u'.- polylbn of !l"lildl.'l under 514'. L -
:ax_adn-x'osl- is given by L - a7 |
- _,’ : o
| (-' o, () for Lt c {0, L1, T (Ah 7
o ' . . 2 '
- 0_2(1)' -flor\ 4 uk—l' .Lkl' ke 2,3,....01 : By .
h . . . -
v ‘Jf. ) for 1. ¢ un-l ,lnl'-n'“‘.?_'. {S) ~
dunEr d ' :
fl i.1) I’"( b : _ | _ .
R I L A I
- 05'“) for t ¢ e .
- 9 10" for L n
- - I
. ® ‘
where ; LN
. ' . \
' 2t :
(2.l 1a) e (1. T tan ,
4 - !




-

; | , . D ¢
. . ) . - .0 2 '. - s N . . ’ ] ' - -
AL.1.1b) Wy = T (2kad - 26t - x (D) e F(*).f 4 Q,(?'k) -

. " . . ¢

e (1) + 4 9 L tt) k) + t{u(o,k) -

e . - . . : o . . 2

.,-,. :, V'.- § /
e b ssm), T T e e

;o .
. . 3 a
. Coe Y .

S - 20 apm e [ e . 0y S e -
S lalle) v - o {a {=/3 -~ Bnuf:-xn(lyﬂn 0;2(n;}).§ (a - x (L))
: : S - | o S

h. A

. , . ]
n -‘ . ' . T ' . ! ' .
o S +« ¥ind ], . , : ) ) o
. - . - N - . » v N . .

. k - . . A t . v . ) 4 . v
-~ \ . ' A . . . . -

- S

b ]

. ' ° " l. -' ' .'3—’ . ) .. 1 -- LI -_ ) ’ ‘ ) a - . ‘- . .
(1.3.14) < v tl) = == [x (L2 ¢ 2{n-1) Q.}a .xgﬁl)) + 28 (3, né? SRR

. 4 l{cos'® -cop (208 - B3y 7 Sin) e WM, . . .

e R kst < 2tnel) & (we % T)) o2 . - A
(1.1.1e) ¥ (L) = o= {aﬁ x, (L) + 2ta-1) ¢ ta,m‘ynfi)) 2("9 , ns)én

o t{coda - com(ami- £ }/Sta) + ¥im)] ..
. .‘ _ ‘ .7.‘ :-2.- . 7.- ‘- ‘a. -r:i- “ .t.“ - -

, (1.1.1{), v"(l).r .~ [l{ﬂ.‘1 _".2 ¢ 802y ¢‘z/2) . d.n*l"(ﬁl' - Bn.’
s 2 - 1) ‘;} 'j T - 5 )
+ 4 {vn Vz - 3 L 4 P 5, * .
- !
o iem fiomeltd - v cosi3 (s ’ -y &
© Sin-ty -Coz:_,,,n 12 ..n} cos{.(...l!l . 1‘1{ '..

-t
<y, L

204 .- 0)) - ey ' -8.)
_{cos (;n§ Qz) lcos:#;n§ 8} ¢+ cos }2n6 s .

. . . t
o o S 1Y)

. By . . [ L ‘ . PR
- a ’ . . - .. - * " . +
. 5 . . - . . . .
+ . . - r . " + . " . b




8
- cos (2nd - 93’ * cos (2né - 85) - cos (2né - 8,

«

L

* cos (2?§ + 8,) - cos (2nd + 8 1}] .,

R e

g where:
- | ‘ ‘
) -3 ;-, ne g-,'or !%l for N even or odd Tespectively, .
& ¢ length of a'side of the polygon, - _
L, -‘_:_i%.%i for x.=.1, 2,...,a-1; L . = =1 . /cos i,
. ‘ . -» . .“ ’ ) -‘\ ‘—l-t'—-!.é— . -‘. : o
| Ln-l;l & Fan {(nf) 7 2, ék -lk-l oin %3 for k = 1, 2,...,n;3
: o
. sin ki .
; ) ﬁh‘. olnfl (fE:l-—r———-)'tar k=1, 2,...,0; : : }
Losin (k3 - 20 _
o R ) e ey for k = 1, 2,...,n¢
L _ 3 R ;
-‘-s_(ll_(l).u - sin"t f{(xktl._)'o 4.3 sin. tzxii_fl} fog '.‘;k -1, 2, e n.__l
) .
501) = atn 214, 1 =1, 2e....m ‘ o 0
""uu-tu'n -1 E (x (1) v @ ); a1n’ m'h/l“l" Lk el 2, .l
JUHET BLAL x U e - -
1 : ’ o -

- [N



e e e

- ﬁ -. -
. o s : -1 ta-1,2
8, = 2ta-1) - ¢{a, (n-1)}, §, = (m-118/2 -~ cos (=75, -
8 -!-‘-éﬁ-c:n-.l (L . l).B -6-*0'(1 n-l‘_;n - .
Yo 2 .n-l."a’/ i | ' . g .
A = uu-l (e 1), and : ‘ B
s n—l./‘_r ' ,
W) e Bl e d )9 (L), k= 1) - (aed )8 (a, kel)
Y e b i (). ‘k-l) - Ula k-i)}
St-1) *" % - vla, .
The proof of this theorem will need the following: parameteriza- °
uo:i of the secants, 'redt;;ction of the parameter space, ccrum pfopcx;ties o .

of a toqulu polygon. dccocpouuon of the range of L, determination o!

. the set of p“muu for which L < L for different Lntenrall of L.

-cLockvtu direction. ' . . . S : : ’ .. : \
. ' S | .

1.1.2. APun.'uiuuon .

' '
L

~ T™hd secants.are pu-tu'l.ud. cbnvtdxcntlay as follows. Lat

g 1 \*n 1 be the regular polyqon Ic' _?ixqﬁre 1). Llet a be the length

" nf each s.dc of the po!,rqon fet X ke thh'diauncc of -tho ;x)-xnt P

:?fsn.ued A!o'w; the periscter froeo the: rafercm.n pol.n' Al in the dl.'roction

ot uu polyqoa. From the polint P ‘a ray is d.n\m n:klnq the mlc G_

"1

with t.ho ud- of the- polwon on wivich P uu as mlund in t.ho cou.nur-

-




e




- a7 "i * . N -
1 . 21
.!" B J‘—-—-“' A |
We assume that '
' \
(1) X is uniformly distributéd on [0, Ma), . O
. (2) © is uniformly distributed on [0, ], and"
- {3) the distributions of X and O are independant.
- The joint density of X and O is givan by .
’ ' : e
{ ) . i .
.-1 - - - - L. I '
. -l ’ -
(1.1.2) o ..(x.‘.'t_)_|0<x<lu.0<8<._}, ,
Pix,d) o _ _ {:
0. cl‘u’vb,n in the (x,3)-plane. - &
o < cxﬁrly. Lis a (mscﬂ;m of X and €, and to emphasize this fact .
we denots L by Lix,$}.
. - “:
B Oour 6bject ts to-find o - ) .
. N . ‘A . . ) . . - N #
"-"mn. 'l‘.'?(l)-P{L'Cl..I-—}n-fdxd"‘ ' |
: N At} : ,..-:_'J Vo
' (L)
" where . /
(3.1.4)  D(h) = {0e.?) L) < L O <x < Ma, 0<% <xf, <
. 3.
o ot -
(11.8) . §* o {(x,0): 0 < x < Ma, 0< &< 7}

- ' . " .
. Co. ) .
4 " [ * : ‘. ) -
v . _ - - . . ¢
[ ot} . . . .




‘"will be called the p&rc‘-our lp:lCl.

?.1.3. Reduction of the P‘rmtnf Space. :
‘ —~
LR . ‘ ' £

Uunq sy-tt.ry we can reduce thc pu'mm spccc. ¥e write D(1)

dafined in (1.1.4) as th. un.lon of 2% .qun sets”,. d‘ujoint ucept

possibly fqr bmmdary pomu. as’

'
.16 o) -UDlJm . )
11,2, .0, )
je1.2 W
where o N ’

(1.1.7) uu.u-)*'- {(x,9): LE,5) <L, (1-1) & < 'x < 1a,
‘ (Jf!):
1 e 1, 2,00 3. 12

~

-

(‘ | Wea pow prove tho following:

. ot e . !
terpa 1, Let T"(U- be the distribution function of L. Then

| Ty I .
a.a.e .r'-‘”;, ~ aT )[dx a1 & = jdx ‘3-‘ S - : _
: D(ll. Dll(‘i) . R | = ‘
‘. . . ' . . 3 (’ '._. - . . . i | h
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L]

. Proot. "we first show that

Y

T(1.1.9) }hx 49 = Idx 48, 11,2, 3....013=1, 2%

"Dy, () D (1)

1n 13

L3

'_Sincq' :.'u.e) «L((i~1)a + x,9), i = 1,,2,...,8 for 0 < x < a, and § fixed

in (0,7] (ct. ‘Pigure ), we have

(1.1.100 . _sz;dﬁu ]dx 46, L =1, 2,....0 . ’
- ] ’ .
T , .DIJU-) l?u( .) .
"uno. since L(x.9) e Lia -'x, !“- g), for 0 < x < n,'é <89« x/'i
. “n h.il'.. - ]
(1.1 ldx'ae -.Idx as .
PR P :
Combining (1.1.10) and\(l-‘.'l'.il). we have (1.1.9). Therefore
r"') R o o ‘ ' . -
1 ' .
- -—- & - — & - .’.-' s e e '
(li T ]dx 6% ey jaxdt . 1,
D(L) ,_DU‘” |
l'." 1.2.-;‘- .H
’ se ..
- \ ‘" ;’ o .
- idxdd e .
0,, & - C oo B
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E .

Definition. The set ‘ .
o -

(1.1.12) : S = {tx,é); 0<x<a, 0¢<8<z2)

is called the r&ucnd pu.-u-ux sp;u:o. The uduccd pu-ctcr spaco will,

in u.hort. be ntmod to a8 t.ho pcnl-ur spacs. ror a duqn-auc upou-
tion of unda- secasits of equal lcnqth matan from di!!crm: points on a’
l_zdo of a r.qulu polyqop, rorcr to !1qurcc 2A, 25, and 2C.

1..1.‘. ‘Co:tfm_ Proé-rtio- of a Reqgular fblyqon.

t ! : ., <
N .

u—.'z. Let Ao A A' 1. be -the roqulu polyqon {ct. Nqnn 3)' leat -
.Aobojomodw.\ Ay Ayage ur. L - l“u*u' k-l.‘Z....N—l. ttt.nd‘

At.tl Ak to meet Ao Al axtonded a': D.., k -'l.. ....l_l-l, wb-.;e Ne2nor

k :
in ¢ 1 for ¥ even or odd, ru*po%tivc!y. Geometrical con:'xd.bntion_s o
for the reqular polygon yield the foilovlhqt

4

-

{1.1.1}) 4A1 AO Az .bl A.o Ak’l = f{= x k'- 1\.2.-f. N-2 .

(1.1.14) 4 A, A A = (=133, SR TS O SO S G

~

(1.1.1 51 4AA N,

® - (kel), | ke 1,2, -1,
) .16) 4.4 « " - x4, k- 2,081, T :
(1.1.16) £.h) A A X B %-1 - . ,‘
(117 4 A D A =7 - 24, c. ke l3...n
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t‘ ﬂi.l‘

"y




A o .
(1-'[1:‘-18) ’ ) ' Lk‘. ‘.:;n k5 # ' ' k - 102, L -_' ﬁ-l .‘ .
, . " : ’ : . Jord e 4.’4
. - ] R . o - R
(1.1.19) ‘ln;k'f'rtxk 4-%:). © k ®1,2,... n-l where N-= 2n,. Col
. : . P X T -
r is the radius of the
- | - chculbcrlbinqAci:tlo-and
x = ™M ;'_' . _ )
(1.1.20 &= -:—i:—-:-%é.: Ly o« kRe=L2.l.n;° >
7 s ’ ’ T o L ,—-J *
1u1;5. Decomposition of the Range o!.L. - o ' ?ﬁf

Fl

Igbgrd.: to tind thn dx:txibution tunc:lon P (l). ve nood to find

S . - . r .
tha set Dllll), datlnnd in (1.1, 7). in Lbo :oduced paxa-tcr space S, -, K
uhxch 1s dc!znod in (l 1. 1’). To ‘find D, (l) Ln S NQ dooo-posc e L
lnt.rvcl IO.l l. the ranqc of L, as follovt | ' .
(1.1.21) tto.l l - U jlk L x‘ ST
vhere K « 2n or 2n + 1 for iqtvinhofuoad respectively and L is given by
(1.1.18). \

¢
T

. %o nOw prove a few lezrass - far dotct:&h;nq the sat D {L).‘ A
gr@hhxcai doscflp:ion of :hn sct~ 1(a.) is providod in oach CAs0 !or 1
lyan Ln di!fcrcnt 1nt¢rvala of the rlnqo ‘ot L.

. .
¢ . - .o




1.1.6. D.t.rllnatxon of the Sev' D, (L) for t ¢ [o,t l

1 E . -

N . .

[

In onht to. tind the: dutr.u:uu.on tunctfon P (L) of L ,fo_;' |

lc[O.l]-nroquutthcut{(xB):LuGJ<l) Igtfn

!ouovinq lesma we obuin t.hii set.

“- ‘“. {:' . e e e u -
Lama 3. Let L € 10,1,]. Then
1 . . . o #J
.12 - ot esy@ T
T whare« |
2 s e @0 x< 1, 0<d < %;‘_ sinl (& .1: o,

Proof.’ (cf. Figuze 4):’ Let B be the point on A, A, such thet |AB| » L.
: let P be a po}nr; on uqlt:_z:‘:\la. ' ‘The point P determines a distance X = x

from A 26 amphanize thu ve ddno:a P 'by P mwioully. 0 'f x <. l

A7
q! P as tbc cmt.n ve duv a cuch ot radim L. The c:u'clo 1nm-
A ucu "1 A: at. a poinr. Q. (¥ need only be concurnodfwitb thc pclnt Q on
*1 A2 nl.nccmr pnua-ur -pnce Imrolvu a onlv far b < 8 < %/2,) Then . . -
K4 .
the - t.runqln QP A dgnotmq 4,;? A by '3 (:.u, wa have by the lsm
-P ::.
- : . : i.llh 23 : :
- o-‘ . - t - A g - . H
u.r.20 - S Costn 20279 T, D). .
. . RS )
so that o ¥ ' ;

~A







H - T o 33
(1.1.25) o 0x,) = 28 - va b -:p‘zs, . .

.

Mow in {1.1.24)

Q<0 <8 (x,t) e>sin(26'~ 8) > sin(2} - a1y : R

L

Consequent ly,
Lx,®) <t for 0 <8< (xd), O<x<l .

[4 ) . . —

t_honforo. _‘

(1.1.26) ' (x,8) ¢ 5, (1) = Lix,8) <t
V !
Thus, )
(1.1.2 E spmes -
Tros the relation (1.1.24), it "!ollov_: that:
26> 0> 8 (x,0) = ain(28 - ) < s1a (28 - 8 (X0
. and conssquently: E ' :
Lix.® > 1 for & (x,2)°< & < 28,0 « x < 1 )

-1
Also. a ray fros & point P_ ., where L < x < a, has the
corrupondtnq' laﬁqth Lix,%) > L, since !Alvl! = x> L. Thus:

ir.1.2 ' NS MR R

Thetrefore,

/

(1.1.29) 5,100, 00 . ' . -
. N A - R




>

Combining (1.1.27) and (1.1.29), we obtain (1.1.22) and (1.1.23). -

For a graphical description of the set 1 (L) for L ¢ [0,!1) see Appendix

- -

1.1.6A.

Q

1.1.6A. Graphical Description of the Set D,, ) for 1P¢ [0,1,),

' We provide a graphical description of the set Dn(l) {contributing
/P (L < L)) in the parametar space S° for. certain values of
Vel 1. %=1, 2,000,

ror L. ¢ IO.lll. we have in Lemma 3

(1.1.22) | : . Dll(” - 511,!“ .

‘where:

(1.1.;]) , snu} - {{x,2): 0 < x < ;' 0<® < 25 - .m-l = sin 25” .
From (1.1.2)) it follows mt the set of points in .the pu:mu:
space 5 satiafying the oquaubm

L ain {27 - %)
x.

{1.1.7a4.1)
: Bl J

-

-

‘which is obtained by equating ¥ with 2¢ - sin” (‘_'.i.'l_:.i), map onto 1.

v

let GABC be the parameter space S (cf, '?l.q. \S). Ths curve

BN



k1

g

Fig. %




(1.1.6A.1) passes through (0,26) _m (l..O)-\!uch we dencte by Cpq and '
Pltl). .l’tlp-ocuwly. It may bo noted that as. '!. incruu- from 0O to

L. rlfl) moves along .OA'!rcn 0 to A while Cpp r-.llsu fixed.

'0 m.&:sl (1) uboundadbyx-o. G-Oandtbosmcurvc
glm by (1;1_6,\,1), In what follows we describe the set Su (L) for’
u;rq. values of 1 satisfying O < t < ll' o . e

\hmtcmtl-oupiiux-om varies from O to 26.

consoquontly ; -

(Q.1.6A.2) 85,10 = {10,8)5 0 < 3 < 28}

v‘uch is the line mt o<, ott.h-d—uu: o .
‘ L= w11010<x<1 andt}acurv-/({lﬁkl)pltunmouqh

{(a,0). 'B\crtfor:e

.ll.._I..GA.J) snul)- e {(x,7)1 0 €< x < a, 0 < 9 < 25 - .’n‘-l e sin 26

-

‘The set Su'(l’.ll‘ is ropnt'cnto-d by 'OACM in Figure 5.

L]
’

? ' - |
1.1.7. Douni.mucln. of the Set _Q“(U ‘for 1c “1-1'5 j. & 2'11},...,

‘

-1, ' .

>

In order to find the distribution furction F'QLL)"o{ L for

“u

L¢ “k-l'tk]' wo need the set D“(l’.)'- ((:.9): Lix,%) <_i}-. In the

following lemma we obtain this set.

T —




7 -_l 4. lar L ¢ [tk-_l.l:]. ke 2,3,..., 8~1, wvhare n = %/2 if R il sven
and n = (¥-1)/2 1f ¥ is odd. Then

{1.1.3Q) Du(l)-su (I)U Skz(l)usutl:) .
wherse . N 4 )
(1.1.31) s, - {u.a;.‘o < x < a, o.< 8 < %(_l).} e
.

-~ "L’/\*\; - ]
(1.1.32) 5.,k - {(x,8): xh(l? <x<a, 3l B < 'E?E(l.“).

> . . . , 5 ‘ | ) v ]
' - Y N ‘*_ i« ‘ . - .

gx.x.JJ) | 5,51 {(x,9): 0« x < x (L), a (L) <&« 9,‘(:.&)} .
whare . ‘
. ‘ ‘ L . sin ki

/ . X* 'dk
8, (x.1) = x¢é - sin U~ sin 215! .

. s ‘. ) - . . t! } )
! . 8 (n, L) 2({xk~-1)4-pin 1{______2_. sin “2{k=1}2%1) -
. and x - z
- L sin k! .
. - - .
. pLnik?. - win L{""—L"'—'_"'!' C .

' 1
{ ——
xh". in k2

]
'

proof. First wo show [that lecnu-“" i =1,2,13. with A, a3 the centre
6§ - . . .

*

. wo drav & circle of radius i ( cf. Pigure 6.) The circle intersects the

“d-‘_\-'-l.ﬁ of the polygon at ‘a point Qt'(“_" u:‘qg(l) AOAI ) nk(l.),-

-







.9

Then, using trigonometry, from the t.ruuglcrkﬁ_l Qk(l)', we have

- L, _, sin k8

‘w ‘
sin {2(X-1)4-a (1)}

{1.1.34).

rrom (1.1.34), we obtain ’ 3

H . ‘ . -1
(1.1.35) © o it) * 218 - s
rrom (1.1.34), it follows that

0 < 8 < a (1) = sin {2(k~1)8-2} > -m(z{x-.ns-%uﬁ .

'lumco‘ )

-

-~

Lu;g). <-1, for 0'¢ 2 < ,nk(,t). O_<lx <.a
In other words -
1 -

(L) => x.vx,ei <L

~

{1.1.16) (.3} ¢ skl

HersCo

.'SkIU-)CZDUh} : \

Bext, we show that. sutflc Dy i)




.‘- 4----/l P 7 - - i
- . . .

uith A as the centre, we draw qlctrclc of radius L (cf. Pig.
6). Since IAIA,‘} - Lk_-l' IAO\I =L and t "'[."x-i"'i_j' the °m,;1"'
;ng.f'.Ct'iAoAI"t a point Pk{l)..‘hnt IAl?k(l)l - fktl, and  _
; ‘- 2 - - -
45?"(1) Al ﬁk(ll. ¥e f4ind 5(1} and ukfll. Tb-n.‘..\khlpktl) T k4,
k= L2 - 1, and L, - Illkkl.} Therefore, from the triangle
?k(l)llkk. we ?avo

' b | (- \
(1.1.138) , L lk 1 x .

sin X% win _ik(l) * ein x5 - 2

It !onm.!m {1.1./18) that

' ‘ t sin k¢
O I N B N e Ty

Lsin {x¢ - ekm}
sin kI '

{1.1.40} x (L) =

) ' ' ot - ' < <. .
- Mow lat Px.k be a_poxnt on AOPk(ll. 0 that.xk}l)A x <& (cf

Figure &). With P’- x4 the cort.r_c, ve drawv a circle of rodhu‘,!.. Since

-

Lk > L > "l-l' the circle 1ntnru\»cr.g the side Al_-l‘l: of the polygon at a

., we have

\

. : o
{x dk-l) sin E\Px.k'h-lgk{x t))

pozgt Qk‘ifL?’. Then from the :riﬂnq¥ﬂ 91"-"’x,uax;1

(1.1.41) La — - e
o _ sin 1% 'ku'."} "'"Px.lt"‘k-lqku'?)-'}-

where 4',’.‘-k(l‘..lll’u.uok_1 - ek(x.i)‘.




- : i | B - 41

—_—
n
- -

Since 4P 0 10, (x.1) = ¥ - 2(k-1)8 by (1.1.15), (1.1.41) reduces to

{x + d'k-l) sin 2(x-1)¢ _ _
TR FTE VIS 1) L

(1.1.42)

‘,
rrom (1.1.42), we have

i

. ’ . . . -1 u + d‘l_l’ ’ s . o
(1.1.43) 2, 1x,0) = 2(x-1)}¢ - sin _{-—-1re—--1xth(§-1)5L‘

Yor a fixed x _c'[xk(l.').' i]_. we have, in _(1.1.42‘)

\

K

o:,g,l(,il,., sin {2{k-1)8 = 2}.> sgn {(2(k-1)5 - Ek(x.lli

=L{x.ﬁ)v< 3 !orLO < A f_é#{x,i), ;k(l) < x (..'

Thus i
'ix.zifaa 3 e sggtlf.-> Lix, ) < f. '
Hence | A ’ e

(11450 B | 'ngtl’cznxx‘i"

“ "mt. wo -hov th;t sle.l‘.)'c‘::JI;.fi‘) (c!.ﬁ:mguu“é)_; iatr;;.k be a’

o . . : ) . , . o
. < + ‘ .
| po}n_t on “1’-‘1‘” such m&o x < xk‘(ll. With g!‘t as the centre, wo
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) draw a circle §t radius i. m c;xctle mm;«:u lﬂ:“lﬂ. at‘-a point
b;u._t)."nt;m .\6&1 and Ak,lﬂ&; meet at a point 'o'k; C

L 4G R A 8 txd). Prom the tridagle g (x. 0Py \B, Ve ave
(x ¢+ d) sin 2x¢ -~ = -

B TR LRI TR

(1.1.46) L t

. From (1.1.16), it follows that

L ' S C . e} sin xd
; {1.1.4_:} 3, x. 2} = 28 - stn {— I )

-

Let x € to.zk(t)i. In (1.1.46),

(1.1.48) | 0'< &< 2 (x,0). => sin (2k - 3) > sin (kS - §°, (x,1)) .

Lo 2

L L) < L for 0 3 < &0(1),°0 < x' ¢ xyt) -

.lf.1.49l) | SkJ(“CD_ll(“'

-

Comblning 11.1.371, (1.1.45) and (1.1.49), wo obtair®

{1.1.50 : su(liusumUsn(t)conli) . oy -




S}

3 ]
. . o, ]
In order to show that D, . (L)ICU ‘s (1), let (x,8) ¢ U S . (D .
. 11 ki ki

o1 M — el

 Then . . -

. 4 .

- either (1) x ¢ [x (L),a} and 8 > o x.y /

. , -
or (14) xc lo.xk(t)ll and 3 > G'k(x'{l)-

In case (1).9 >, (x,0) and x ¢ Ix(D,al. In (11.42)

. 2Ux=1)¢ > e~>‘ﬁk(zt£) => sin f2(k-1)§ - 3} < sin . {2(x-1)4 - ek(x.t)}.

-

u

Coa:oqu;;t ly ' ' . .

—

Lix,2) > L f'or flgtx.l) < .'3_'<'1/'2.. x, (1) <x<a,

In.case {$1).3 > 23(x.1) and x € [0,x ()], In (1.1.46)

q > »;--ku,n a> gin {2k - 3) < atn {2x4 - 5'&(3.13}.'

- -
-
“ .
»
s

and connequently .

~ E Lo

-

~

SREE tor c‘;{i.l} SR I0x kD)

L] J " &

Hence . e . : - et -




e 'jf._l.ﬂl 4 D_u(!.) - . Y

Therefore

(1.1.51) | °11""C1‘_Jlsu R o

. Oc-bl.nlnq {1.1.507and (1.1.51), wa obtain lLemms 4. For a

qraphical,dcscrl.pnon of ‘the set "‘Dn(l) tor u“k-l’lk] . ses Appendix

1.1.7A.

< )
R
---------- )
- .
hd [
3.
FA
]
“ -
'
/ 1
4 n, :
D @ -~
. x -
- :
.
n
'
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1.1.7A. Graphical descriptidn of tha set D.. (1) for te[l L1
h - — 11 . u-l,
.k =2,3,....n-1. | o
) For u“l-l.lkl" have 4in Lesma 4,
(1.1.30) | .11"" = Sy s ys, ; .

whare ' R R . T

. i < )
. o . ) :

. C Sy (0 = Lixe3)y oxea,0c0cay (D)

5 e
A1) s e (kB e . :
£1.1.32) Su.‘ } e UUx -.,’ x, (L)exca, °15f"‘ ¢ x-p = 01}

Cand ) J .
(1.1.10 | ;k](l) -.((:.‘J)‘x' oc:-;zk(l),‘kamce‘el(x.t_).-.-. : . <
vh.rr: (Ly, =« (: L) anmd- xkll} are. do!mod in (1.1 35). {1.1. 4]! u\d
i1. L COL roi%octtvolr

-:' Lat OAat bc Lhn pnr:nntcr space S Ic.; ?xq. 7); L.t.Ca danorc_'
the poxnt on OC vhxeh is at dxlxanc. * from O.‘ 5124;Ar1y let C;kbg'
‘the woint on AB. at d:ncancc * lrom A. In Ogﬁc u?fdraw paiallcl linesn
w ST K‘.‘,‘;Cé?‘.’... 3 4int§nt6=f'?. 2‘1..... renpest x.rt-l 'z:r . Fecall -
' R O .
' 'r.ial. !or oach 4‘.4,[1 'L'k]. ‘wa have a pint P (L) on A Al of the poquon
| at & dlltancc X (18] !to- Al luch that !AkP (l)! « L. coxrospondtnq ‘to -

lk(l). we drav in the plxt!.t.t lplCi a line xk(l) x'(l) pa:allel to o -

vev . -
T . i - . .
» - Lo )
L] - . LI .
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where H“" ani x;(l) are points on QA and d. rnpoct.iwly.- such that
jox, 0y} = icx;(l){ . ;km. Lat (xk{'l). B (1)), where 5(1) and 8 (1)

on ka ll(‘»). lt‘un tel the line ﬁ(ll !k’(l) ~co.1.ncid¢s with OC

+k=1"*
and the point P (L)‘colncl.do: with c‘ké' . As l. increases from L « lh-l'
the line X ()X} (1) moves puuhl"bo OC furthex iny from OC, and
. since ﬁk“’) decreases as !l xncruus, Lb. point P (L) on xx(l)xk(l)
soves downwards. Wban L - Lk' lk(l.) ﬁ'(l) coincides with AS and Pk(l)

colncides ux:p c! Zliminating L between (1.1.39) and (1.1.40)

(x=114".
we find that the locus of Pk(n is the curve
(1.}.'&.1) _ x --&_ltlln k& ‘cot 2 - cos k).

We note that this curve passes through {(0,ki) and (a, (x1}4). Racall
w: tlor u“k-l'll]' there 1_- a point Qk“) on_kk_lkk of the polygon

(ef. Fig. 7), such that 1Qk(£)A°!~ f. Corresponding to Q, (1) there

is’s point Calu)on'ua. - . | \
THF set S (1} 1s bounded by # = 0, ¥ = 3, (1), x ='0 and x = a.
When L o lk-l' -‘Lk_(l) - (k-?)é. Consequently, . - .
(1.1.7A.2) xx‘l(“” - '(x.e) : Ofxta, 0£2¢ (k-2)4}
- - \ ’ * B .
Tho set Shluk } 1e represented by he rectangie DN_“‘ -k (k-?l-‘.'

A3 L increaros tha luw Q, 20ves upwards, ‘hen

_ kza)“uktt1
X’ :lk(l_\ « (k=1)4. Consequestly

-

-~ . 1 - . . . " 1 ’ - 1 7
(1.1.7A.)) su“n" {(x,9) : Oxxca, OO (k=-1}4} .
« ’ ’ -

- -r
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The set su(Lk) ia :optountod'by.thc rectangle

_ OAC tx-116% (x-1)8" _
't'.h sat su(l). is b-oandad by the c:.uxl'v.l‘x = a, x= ﬁ(l)..‘_é‘ - Jl”ll

-

and . ' - -
x . _
' =1, k=-1) . ~ ‘
1.1.7a.4 2 o 2(k-1)8 ~ sin in 2(x-1}4} . .
‘ A } - ) o .- T—— 'Y n' ( 1 /

The set sn(l) is bcuadod by x = 0, :‘\5(1). 5 . ka(!) and

1

. | ao R
(1.1.74.8) 9 e-2xd - s1n”" (=) sin &L .
\ o :

!‘or‘a 9“"“-‘-‘-?%_1{1‘]- the ltt-n xk“u);“) separates the two
sets Slzlf) and st(t" The sine curvcn-q;v;n by (1.1.7A.4) and (1.1}7A.S)
tntersect on ﬁ(t)l{(l) at the polﬁt. Pk .(l)'vhou coordirates are gtven by
(ll'(‘ll. ik(l)),‘lnd wvhose locus is given b‘r (1.1.7A.1). -

‘Mote that L = L ieplies :1(1) « a and Pk(” coincides with the
pom:'c“_“é.- consequently Sutl) vanishes and the sine curve (1.1.7A.5),
which is n'hqundlnq curve ot'sn(l), extends from & point on OC 20 a f:oipt
of AB. : ) | C .

 mw lety inplies x (L)« a .na pku') coincides with st
consequantly, S, . (L): vanishes and the sine curve (1.1.8A.4) which i3 &
bounding curve of _S,“}{l) extords {roo a point on Aa to a point on OC.

v r.

The set S..(1) is represented by %2 (P (LS am Figure 7, wmere
(le"‘(') and C},‘k"r.j_)civn.

Ii”’ ia the point of :n:inno-.?uon of zk




. 1In riéuxc 7, -
' w , .
(L) is represented by caltljx;(l)Pk(l)c ) ) ﬁ%-‘

(L) 1s represented by the point (a,(x-1)5) f.e.

(L, ) is represented by o) 8 -1 €€ 1x-116

(k-1)8°

(Lt ) is ropr-oent-d by ('.‘(k 2) (k-2)€cié . .

kJ‘lk 1) 1- rcprcscnt-d by (0 kd) i.e. Cké'

L4
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;1.1.8. Dutermination of the set D,,{L) for Lcfk et l, 8 = 2n.

In order to find the distribution !uncﬂon r-(l) of 'L for
Lc[l.n_l.lnl wve need to find trfa'ut.{lx,‘:):'L;x.B)Sl} for h:[l.n_l,ln] in
the parameter space. In the following lemma we obtain this set.

-

—_

leoma S. Lat X, the number of sides "dt—mmiu'*MM:@“—L@—;

- )
eQqual to 2n. let u“n-—l"’nl" Then

(1.1.57) -( 0, (D) -.su_mu‘snzmusnj(u . |
vhere )
(1.1.53) s (1) = i(x,8): 0 ¢ x ¢« (1312 yMocac D).
nl I‘ . n-l 2
(1.1.54) . S (1) = {(x,3y: (1327 )N K x & a, o
nl T n-1 : .
- K “_1 ,*“".n_l : o
0 ¢ % ¢ 2(n-2)8 = sin f—g—stn 2(n-1)% ) .
~and ( |
(1.1.9%) 5C (1) « (e, 5ys (13-12 )Y (xa,
. rl n_l -~ -
1 a1 -
. n-1 .
230 (—T_'",' "-2-“
-

(€0 (R, & = 1.2;,3.

Proof. (3f. Fig. 8). Pirst we show that S







. \ _
with An as the centre a circle of radiusl is drawn. The circle intar-

sects A_A at a poxng sfnu.). Let I"1’n”"l' - ’an “"’““n%””‘x - snF;).

0ol
" Then
‘ -1 " i
(1.1.56) o B (L) = stn (f"r-a.
(1.1.57) ‘- | x (L) = (U322 )y
e n n~1l" T
Cloaxly'#n have ) . . .

{1.1.59) | 5, {EDy, ().

. e next show that 5n2
. = \ . -
w0 that x () « x ¢ a. With P as the centre draw a circle of radius 1.

L

(LED,, (1), Lat P, be a point on AP (1)

The cucxr. tntersects A A at a'point Q (x.1). LetgQ (x,1IP A ‘w8 (x,0).

Thes putting k = n in {1.1.43) we obtain

n-1
£

. ‘ -1 .
{1.1.63) "n(x.l.l e« 2in=114 - n:n { ain 2{n=-132) .-

v B . . :
ror a fixod xlen{l). al, uﬁcro.llntll is given by (1.1.57) by use

of (1.1.42), whote k = n, wo have.

] <en(s.;)-> Li{x,8) ¢ L.




Tharsfore ' ‘
(x‘.‘ﬁl € s"ﬂ(l! > (x,9) ¢ Du(l) .

:II.I.GH Snz(l)c Dll(“

Finally let :clxn(l), a) and eclﬂn. -;—l‘vhar- Sn(l) is given by
{1.1.5%6). Then L(x.?) ¢ k-atnce A_A

oM and ARAD’I are parallel.
Hence ’

8 ! - 5 :
(1.1.62) (x.8) € 5t «> x5 e 0 (). y
b . '
Thus
(1.1.63) | | 53 (LD (1) . -
Combining (1.1.59), (1.1.61) and (1.1.6)1.we obtain
(1.1.64) o1 (VB LWs J(ed, | (1. |
RS

To show t’“.‘,“u‘“cxlsm“" }-: (x,8) g snlAmusnztt}uanu). B
Then clm_!jr"xc[(l-"-t:_lj",.,.l and . o

xed - i
ve{2{n-1}4 - DY PRI L) 2{n-1141}, 315‘1[%:1)]1.

. A
BY the uae of -‘._1.2.42! . WeeTo A o= on,  wh mhtatn Tix,th v L.
o t :
".'h:fc!oro (x,:) £ D“'(l} a.ru!'conarqucnt.l‘y. b )
- . : ’ )
{1.1.65) Du(l)CSnltl)USnzu.-NSnJ(f‘..). . '




7 . _ e
Combining (1.1.64) and {1.1.65),we obtain ]

(1.1.66) _Dn(l) - snlumsnzu)usw{‘l).




, 1.1.8A. Graphical description of the set I.'.I11

M =_2n. rox"l.t[ln-l.ln]. we have.by I..-.l 5,

(1) for u“r.:-l'_lnl' where

.1. 1) = ) (L),
.1 sn. , 0,(l) =5 ; (LS o (LS (L)
‘where B
- - ‘ 1_g2 N hd )
S ALLs: s el e {80 06 x € (T-L0 )T, 0 ¢ 2<aly
: . o {(x @ 1 42 Y ' ' . -
{1-1-5‘) snztl) N t(:.-‘: (l ln-l, < 4 < &, R ,'.
: -1 x’dn-l N .
0¢ &< 2n-11¢ - sin "~ sin 2(n-1) %) }+
| | K o taad -
(1.1.5%) -5 (l) = {ex, )0 (1F-1F )7 Cx chesin” (T €3 € gh
. “nl . -1 ) L P

t

(
:n the parareter lpccc s {ct. !':.q ':'r“). the set s Gl) is the

rectangle ox (L)x'(UC. whare lox (L) = x ty = (- f: 1}5. Row

L = L_‘_l-'rx.‘(l) e 0. Therefors the set Snl“') reduces to the point

clo, nf). wWext L el ,®» % (L) = & and the set s,
. i R | B nl

S. To describe the “t‘snz'(“ we note that for lc[in_l,ln} wo have a

(L) is idmt}atl with
poLne Pn'(l-l‘or. xntnx;‘ll) vm‘u locus is given by -

(1.1.8A.%) ' X = i ot

i - N ' o L .
As L increases from i ot v the point (D) on X (L)X’ (1)
n=1 . 'n - n n n
moves along the locus (1.1.8A.1). from the point Pn(i) we have a sine
. N L]




(=
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_ - : ¢ T
stn (2(n-1)8 -'8) » —p=L ain 2(n-1)8

. which bounds: the set S _(L}. The set Snztl) is bounded by x - (r?-13 .

n2 . n- ) "
: : . -1 xed - : :
x=a, 2«0, and-? = 2(n-1)4 - sin 1( n-1 sin 2(n-1}4) . ' g ,
B | € |
Now '
L =1 -> (l)-‘(x.):OC!‘l.
- n-1 . .
e - - -1 !’dn-l ) S
) 0« e 2{n-1)¢ - sin * (—stn 2(n-1) &)}
-n-1
and 8:\2“’n ) 1: up:elcntod by OAC(n 2,‘C |
{ = L -) - X . . A .
Lowrx (1) = &, and tha set S (1) "_c_m“,'-a to segment A O iyt
To describe tha set 5 (L) we drav a line P e, paralle]l co «»
o '-‘3 B n 5n(1) . ot

A, where C; . 18 orbX.B. The set 5__ (L)
. nl

a3 is clurlf the rectarglo

. (] . . . 9

.ntl)xnmac_ (“(c Fig. . ?).
Whan l - L';\ 1', x‘ (LL = 0 and 2 tl)' - 5 Hence the rectangle

a' '(nnx'{l} rqd.:cen to the potrt (0 When L =L n' P (£} i1s the point

(a.(n-l) ) and ‘the rocumqlc P (nc'; (!.)W (1.) reduces to r..‘w llm segment

-

l' (rjc

=
- Gl
"(n-ns : . , ‘
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1.1.9. Decomposition of the interval “n-l'ln} for N = 2n+1 " -
. In ord.r to find the dhtru:uuon !unct.ion o! L !or thc uu vhnn
the m-.bu"' !i. o! sides of the polyqon 1: odd and oqua.l to 2n+1 t.bo'F_'J.ut -
A interval -[l ,l ] is :uhdlvldpd 1nto the Ln,tu'vnls [l. ,l' e
-1 ’ R ) T Jo=1" a-1.1
.“g_;-l.l J'n-!, 2] and I 1.2"'::]" .
. . .. ) . . . T B v |
# - . . . ) |
7 o ] - ln-l sin nd
.1.67 o I S
(.1.em - Fa-r,1 T Tcos (2ah)
- a" '.' - _ I.
and C T ) - !
[=4
o) 3
(1.1.68) ‘ 2. ¢an n$
) n-1,2 - 2 !
: . - =
" as follows (cf. mq 10). .
!Ar. Alo b-n‘orr.hoqonal to A Al vhofe't? is on hn‘an*l' La-t. N
2 ni e . .ir phes :,., . . he .
1A D] "‘n 101 ..!t fc1lows that(.\ DA =21 I P'rt?a be& triangle
"alm.n!-.-w_ulen S e | ";
. " t \ . - " -'. ._‘ . .
Lot L .2 De the length of u;c porpendxcuxu A‘ lc,‘ S -
(ref. Hq 10) arawn’ f:cn A o % *OAL rrou thc r.nanqle AOCA 1,‘510 .
. : ' . )
-r{au f1.1. 6-8h !’ron t.hc conl:rucuon va !uvo I o,
) , "«
b bt i . M '- . -_ .
1.0 S UL S M S Pk .

\The’ following lomma will bo.used in Leznas 7,.8 and 9.
. .-' ' Wt - -7. . 4 ‘







LN

tleasmas 6. Let lc[ln_i,in]. wheré N, the number of sides of- the

- ‘ oy
polygen, is odd and equal to 2n+l. Then b
(1.1.70) . ' snltlwsnz(tgontl-) .
whare $
1.7 . o {(x,5): . 6acE (1)), .
(1.1.71) | s) 0 ((x. Vi Odxex (1), ¢Eed (1) o
. . ) oo - ". ' .
ir.1.7) 5 (1) e t(x,?): x (L) <xca, Oug® (x,Ll)},"
- .n2 -on n

vhate xntll. En(li ‘akd ‘Z‘n(x.l) are given by tl.l.bi. (1.1.39) and

(1.1.43) with R & n-

N . . . , \\
Proof. {zf. ‘Fig. l1) Witk An as the centre, we draw & circle.

. . J o
of radtus L. § : )
© P (1}, Let | L = x
The circle mururct.: AJAO at a poin ,.Pn(il 113 ,Aan( ! xn(l).
._‘;Ahpn{“*l .»:n(“' Then by (1.1.39).

-1 .sin n! -

S ' -1 _n~1
- .- ———
1.1.73) : —n"-) Bin ( 1 .
Cand. by u.:.w;--_“‘_‘ : .

,_ | 4 ominlnicr_tin]
B30 W2 31 _ .‘x‘nu) - =

-gin ne

»ha

let P be a point ch “O,Pn“) such that x (llwx<a. With'P_

| \
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as the centre we drawv a circle of radius L. The circle intsrsects
' &

[ .l . . [a) » - » a ‘
AA ) 4t a point say, Q iz ), Put £ (x n:_»l.nnl 8 (x,1). Then by

' {1.1.43) with k = n, wa have:

. o (xed ) . | ¥
{1.1.7%5) ?n(x;l) * 2(n-1)% ~« stn | T sin 2(n-1) %],
By (1.1.42) it follows that
{1.1.76) . b(‘.*s':-n(x,i) > L{x,") &L,
. " ) . . ‘l‘,:““:.r.:-—
_/// o T R S .fL' \
mﬂ“ f E ' - . *.l ’
1.1.77) - x.E)CS! (1) @ Lix,#) ¢ L. Thus
Ly -
1.1.7 * i).
f‘ i.78}) - Snzflﬂallll}
Also clearly, R
S (1.1.79) (x,2)¢s* (L) @ Li{x,7) « 1
it nl. ’
{ -
1 -
Hanco ra
(1.1.62) SONES <3 )
i -

Corbining (1.1.78) and {1.1.80), we Sbrain Lerza v

-




1.1.10. Determination gi‘tho-sot 911“’ for iifln-l'ln-l.lj"

’ In order to find the distribdytion function ?“{l) of L for

e[t N 1] wve need the sat {(x,'l'}g :.(x,.‘."}'i. L, ll:[l.n 1 1. 1In

y
q-l n-1, -1 n-l.l
the following lezma wo obtain this set.

- . »

]

Laema 7, Let X bo odd and'oqual to 2nel. Let lc_[ln_l.ln_1 1].

* e

4 where . B ’ .

. ' | . - et . ' 1
{1.1 81)_ Dll(l’ Snl{LkJSnztlHJSnJ( )y
. | .

4
rd

viare 5. b and S° i) are defimed by (1.1.71) and (1,1.72) respectively,

%

and

] 4

n

11.1.321 Spaldt = tlxt)a 2 (D) ¢ @ ; v (0. 0 ¢ ? Z 'n:‘”"’f'

“where iﬁ(l} 1s given by (1.1.73), , ) J )
. r ' . N l/ b
4 [
, L.y Faoy e nl’
il1.1.8M - i) e Int - sin {(—— ), Lo
. n L )
\
. oy
arsd

- . . \
.- . ‘. . 2 -is

{1.1.84) xR, L) e - d e gin (Inf-0) )
nl . n

aln 2nk

P . o : S ‘ 7' "‘..
o . ) ) \;;, _ R . P "II




Prooft. ‘;:!. fig. 1ll). ¥e have already shown in the previous
lesma that SN(L v rh(l)cauu.). e now show t!'_ut sr'al(l}cnn{l.). Let

Qn(l) be the point on AA . Tuch that lqun(l); = L. Llet

1
‘Qn(ljhlan - "r.x(“' Then from the triangle Qn“'“l"n UQ .

f/—_—/

/ - ’ .

. - ln—l sin nf
1.1.8%) - ' -
A sin (nd - y' (1))
. n N
From (1.1.85) we obtain '
- H sin nl
[S L] - - -1 -L—_.
: Yn(l) nd -+3in '( i LI .-
 and
. {
hY
. & o ln-i sin nf
1 e ¥ - -~ - w2 s -
{(1.1.8)) !n(l) gn(llalsn 2nt uin } T ).

. . ' - . LY
tlot ?L{&ntll. Tq!Lll. where éﬂ(i] and wn(l) are given by (1.1.73) and

{1.1.84), respectively. Let xn,(@.i) be the value of xjnuch that for
4 -, SIS D I T SR - '
a f1xed Lj:nzt L)) L. ldt P’ (?,l}on(l) be Fha corresponding

n2 . [
secant.  Consideting the triangle Q°(L)P . .0, wo obtain
‘ : . n x (2, )'n
. , . n 2 . Iy
. ' ]
: ax Y Yy £
.ldntxn2 -.L). ;Ln'.n,

{l.1.88) B ! - —
_ st {2ni-")

Frow {l.i.iB0r it follogwn mhat

. : . -h * - ‘-.-' ~
{1.1.87) . D x L (4,0) = - @ o i2Bin lonomrh oL
. nd t win dnc
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2 . -

‘ rrom (1.1.86) for a fixed i‘clsn(l).-‘rnll)]. it follows that

< > (d r g 3,0) Yain 2n4
x < ‘nJ{e'” (dnox) sin 2n: < zdntxnz( L) }sin 2n
n
Consequently, L{x,%) < L. Thus

(1.1.88) ,3) € 5'. (L) => Lix,?) < L.
. nl -

Thearefcre

{1.1.89)} SnJ(l)CDn(l) .

L 4

Combining (1.1.70) and (1.1.89).we obtain

.(1.1.90)

So (WS, (ws) (KD,

(1)

-

To prove that °u”’C‘c‘mm”snz“’”sn_z“" .

let (x,”} # snlmusnzmusnjm.' Then o.l.-r.hur
(xy -r o fe U, '-1‘“] and x + x_ 10,0

- Y

oL

4

{41y x '-_I!n(“. al and @ > 'Jn(x.l). ,
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In (1) by use of {1.1.85).and in (ii) by use of (1.1.42) where
k ='n, we obtain Lix,?) ” L. Hence (x,3) £ D, (1).

\

Therefore g
(1.1.911 . Du(l)CSnl(l.)USnJ(l}pSnJ('U.

Combining (1.1.90) and (1.1.91}.we obtain (1.1.81}.
. _ . ¥

A qra‘p.‘ucal doscription of the set '911,(") for ic["'n-l.ln-l.ll is

1(‘-:\'

given in the following section.

1.

1.1.1CA. Sraphical description of the set D (L) for teft i
_— -11 w——" n=1l" n=l,1

wliere ¥ = 2ne},

1

for LLI&!" L ] wo have by lLerma 7, 7;\__._.,——4.1_“

1.1.81 L) « s* '  *

{1.1.81}) B, 1 snl(lu_snz(l.)usn}(l).

whore

...... Tl 2 - X, b: . x royi}, 3 {h

- N, - - v - s [+

(3.1.72) 57 (b)) e tlx, M) x (1) < x4, O <. v v ok, i),
nl - - n - = s = =" "
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: S Lo ' ‘ |
(1.1.82) s;u)?ﬂmazauy;eivgn.oiggx (2, O},

¢

: v oa 'a . ; L
vhere x (1)} fntl)J 2.y (L) and x L (8.L) are given by (1.1.40),

(1.1.73), (1.1.43), (1.1.81) and (1.1.84), respectively.

<

In the paramcter space S, the set s:, (L) is bounded by x = O,
X e :n(l), 3 - O; 3 -‘Sn(l)‘and is ropresented by the rectangle

ox (byp_tl)c, 1n Fig. 12.
n n -

= (L)
n

]

Elininating L betwoen'the equations (1.1.39) and (1.1.40), we

find that the locus of Pnii) is given by -

Al x a L (s1rpd cot » - ‘cos nl),

.

ucrnoga that this curve passes through {(0,nl) and (a,(n-1)%).

-

S

L » 4 - - .5' i - .
Yow L« L &aplafp O AN §¥ ? Thnrcgore
(1.1.10%.2) S (Ll ) e {10.%)1 0 ¢ @ < pil, .
At *nl’ nell -7 =

L.e. tho get, S'IU:) re<ducen %o tho line zegment ¢, in Figura 12.

A3 b Arure3ges Trie 0= o'"'l", “.;".c"-‘,'KJ:"r‘.t ¥ oL} =oves alung the

i cul.:ver lI.l.lJAJ).

Kext . ‘ L )

.
. Fa

68
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and -
’ - L 11 L | Sos nd
n n .sin 2nd cos 2n6 -
Therefore ) i )
. - - ln 1€°8 nt

1,138, ' (1 . .2 <8« b e, £ < ~ '

(1.1.13A.3) -snI( 5‘1‘11_ (x,2): 0 < < 2n 3 0 £x =« prop vy a
T™he net Snl "An-l.l" u rc;:;cunt.od by cxnu_n-x-.l)-Pp“n-l,l)CZnS. - _2'_

in Pigure -12. ‘

~

In the parameter space S the sect SA,(() 13 bounded by the curves

x e x (L), x = a, T.e D and e Gn(x.l); whore = = ﬁﬁ[x.i) ia a sine

¢. Fig. 12).

?

curve.  Heare S;,(li i3 represented b?'kxn(l)Pﬁii)C‘(i) {c

i o= L ‘3 - nf, @5 L) =~ g, = . L . - ~2) 5,
i n-1 Axplics nFL) n n( ) 0 .n(. n-l) {n 2) .
Therefore .
' - f o < « oKy ow ) Ty Ve !
-Snzun-x’ (XY O x 7 a, 05y n (X Loy
~ & .
Thae net S :

5 0v U} 88 reprexented Ly AT
Na fi= e .

T tn Figuree 124
in=-2Y . n° e

Vv
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_ CO8 n
a-b ud ’
= W n=1 cos 2n
v T
- -» - 2 -~ — . . /
ther,n T 13,0 = ant =g

’
HencCe
. " a : . PR -1_ v
1.1.10A.4 st (L e {(x,5): - L cos - ., -«
{ ) , n2( n-I.‘l’ H” bs n-1 cos 2nd — & = %¢
4
) <« 3 ¢ a Yoo,
02¢ n(x’ln-l.l .

ry * (i - BY) f b (L = it

Thea sat .Snzt n-l.l} 8 :cpte‘loﬁte«d by xr.“'r.-l.‘.l)w“n-l.l)Pnun-l,l) in
Figure 12. ' _ ~ .

.

In the ;mn.:-'t;:cr space S the set S;‘J(l) 16 bounded by = = :-‘.n(i).

Y ey 1), x » O and
n »

¥ ]
‘ ' - . L {2nd - ). o - ' ‘
(1.1.1C.5) x o> 4 oS30 U0 Vs Ly ‘. S .
: ! sin 2nl nl - ] .
{ and 18 represented by C. 0’ (Lpc gy o here v_i11 1a defined by (1.1.87) and '
: . = {iY n " th o
n Y
T, iy TRk 15 the mine curve [1.1.104.5). ' | B
. ’Gr_
. i ' . s (i) & nt’ i) = 0. Th fore” - e
. How .L ‘n-l“ lmplies .,nta.) n, xnzta.-.) 0. crelore |
LT ~ - '
1.1.10A.5) . : . ) o= 10, at ), o .
( . 2 o "snlu'n-l) ,,0 i . ‘ o
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.e. §° i -
i.e SuJ{ } reduces to !.ha rpoLnt cné for L .'Ln

-1’
- - o 2n% - I, -
be b,y 7 B g3t - Ty ) - ]
and so ot & , R .

| xnz(ﬂn(l).l) - xnu'n-l,l)' x o (wn(l‘.)._l) -0,

+

‘Thus t.."a carve (1.1.1CA.S) pasul.t.hréuqh (0.;—_!. Thorefore

Ty

s ' ' . i 5. .. z < a P
_u.l._lu.e) sn](ln_l.li = 2 20l - 730 7.0%x f—’n;‘ LEIReE
, ‘ _
\ - Col . - ) ‘ .
The sot an{ n-.-l,l, is ropresented by C2n5 ---2—‘P_n“n-1.1) C in
Fig. 12. . : o ' ) | e
’ - 7]
y
. B (4
1 ‘o “
el
[-4 ‘l
\
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¢

. . !‘.V‘ !— y D L l. .
1.1.11 . bnt.araxmuo of t..‘.w Set ( P Ior c{iu_l L’ ln-—l.zl.'

. Vtu‘tcN-Jn#i‘.‘ o
In order to find the dur.x.xbuuod function P (L) of L far

- : lc[ln_l I'Ln 1, 2] we roquiro thc set ((x,.}x L(x 3) <v1

' u“’n-l 1,. el Lt in U.n;pu'mu:r u‘;‘nco. In the following lomsa we

obtain this set. ‘ o . .
o - . . .

~
]

Loma 8., Let booddnnd oqual. to n*l..Lot lc[L f_l 1 lnl 2],.'; o .
where tn-—l 1 and "n-l 2 Afe qivcn by (1.1. 67) and (1.1. 68). rolpccuvely
- _Then = R T . . Lo _.l ) ‘
. ' ‘ o , s i / oA .
.1.92 - ] H . . : [ H » : . " '
Hten RN AN 1LJ§n:1L3Lan‘{;)u_§n5 i)

- whero 5' (U. s U.') are given by (l'.f.'ﬂ) and ‘_‘(1.-1.'72),f"ru_npectviv_nly.

(1.1.9)) 5" (i) = ¢(x,8): & (i) = o .«
nd D - -

LTI
[=]

x - an("":.i):‘.

$.1.94) St LY = Vx,v): {ryias

L]
-
"
~
X
[

whote ' ) o N .
RN - - ) . 1

1

C#(1h1.940) o _ ;nJL‘-‘.L)' - -_‘dn *

2 1

i sin 12ni-2)
3in 2n. .
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(1.1.94b} ENUIE m-2ndestn”l (Bl

-
-

Y - - — -
(1.1.94¢c) _xl(-,L) a + dn sin 2n4 sin (5-%+2n&).

~ . , -«

Proof. (cf. \?Ta\;iz)., By Lema 6.ve have S.(DUSL (LIS D ()

o 11
We now show Lh.ats (L)CD

, o .= .
11‘ )u Let gc{énli).gl. Let §n3(§.i) be the

va1pe of X such :h&: for x fixed %, Lix__{%,1),%) = & Then 1f

3 nl o

‘A Px t’\(i‘.l)m!l"c '3 ) L) is the corresponding secant, where Q(x .3(-,1.) L) lies
B .\ -
on A A . we r.avo‘..consldexinq the triangle P&ni(%“Q(xna(@.i_).i)On. by

trigonamatry, )

~ -
v % . T

. ‘ P . / ) é to ] ’ . - “
oaesy T Gl - e L sin (2ni-%) .
. . -xnl,( oL} dn . TR .

For & !um.i *oan [‘-.’:n.(iJ.;I

o} s ox :@3(531) - Lix,%) MR - . e

7 \--..s-"i:“:“‘\!!,.'l- -

) . ‘a.. . } . . |; . . s : o ‘ . ) |
‘ f - "; \ u . .. ’ oL o . a’ ' @ ) ) ‘ ' : A . -
. R . -.. - ] . . B . 9- . . . ' : : ) ) 7. -

. Lo ’ r . ) ‘ s ) i . . .;- N . . “ . - . - .
T g‘ S ,(‘1"} L sn‘(l)‘ > u(l.-) i‘l. .

C . Lo : ’ f'“."
- | . . Q .. § .

Therefores we havg N - Lo o2 . ;

. - -~ Az
t - '
»

prria
+

A
- ' {“i J.K;‘. A O
. . . )
ERRTE RN = r.~1':)c (e}, L
e v . 23 :
i R . . .v.

- Rext' wo, show that 33 (i)Cb [L) \(4-' r;q 13.).-'__ - ] “ .

. xgﬂ . ’ e n3 ' ;. e : - " ca
¥ . Ya , Cee k- — s T
_}at"n be the point on Aﬁfii e 2-c:of thc pblyqon luch that ‘AOR‘ 3 I

. - . L . h." Y . .t
[ - . . L : T . L x







lat ADD' be drawn perpendxculu to '\130 and D' be the point where the

. s,
ndicul t 1 4 . ' - 3 ' - 3
p§zpe cular intersects An+1 ‘\n02 Let 4D AOR {L) and‘,mol_;l ~1(!.) .-

Then comidér.inq_ the triangle AOD'R we obtain

- 1 in_lsin né
—

8'(L) = 2n% - -2- - sin . )

and therefore >

' : N _ in- sin nf *
(1.1.97) : '31(1) = 2 -« 2nd + sin (-T)'

let now Ec[z‘-l{l), ;] L.et.xl(-.‘,i) be the'value-bf X such that "

L)Q be the corresponding secant. Extend the

L 2,0),%) =i, Let P .
(xl( ) xlt‘:.

%ide Anol“n*l‘ of the poclygon tg:mt A‘IAO (ax:.ended) at Dn' Then consider- o
ing the triangle P51 (5,4) ? D;.vé obtain.ﬁ'

o L sin (2-"+2n%)
Lol - - -
;1('fl} 4 .'dn : sin 2n

For & fixed % in ['}1(1.),;-], Lix,") &« [ whenever 11('.",&) < x €°a
and .comequantly. Lix,”) € 1 ulb-ne_vor {x,”)¢c snS(-L_)f : : o

Hence

(1.1.98) . s ED) (D), | - .
L1LTS), (1.1.aGand i1.1.%) .we chbtain
R ’_ 7 i . . N .
X S -~ e ] “. . T '. c "w.
(1.1.59) 5; (YS! (UST () Us! (ED, (L

A *




" Lat e
] l ] : ] L]
(xj)tﬂu()vaﬂu)u%uu)uaﬁuL
- Then
',‘ hl
,‘3 € - . ] -l ] : v ." . . ‘
x,Mes - [J (s, (11Us; (IUs! () ) .
i} '
Consequently, by arquments sizilar to those used to prove (1.1.91)
we have (x,7)g Du_(i)'. - Hence -
. o) - ] a ot Syy4 b T =y -
(1.1.104_ D“tl)CSnltn.)USnzu)UsMh}U Sns(nl.

(1.1.92) now follows frea (1.1.99) and (1.1.100).
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ipti A D,
IN1.11A craph§Cfl description of the set Dllfl) {g;_lc[ln-lll in-l.Zl

when N = 2n+l,

ror LC“n-l.l'ln-l.Zl we have by Lesma 8,
. 5
as - v . ' '
.(1.1-94) Dllit) Snl(lﬂfsnz(l)USn4(l)USp5(l).
- [ *

where Sni(L). Snz(k!. Sn‘Ti) fnd Sns(t) are given by (1.1.71), (1:%.72}7

(1.1.93), and (1.1.94), respectively.~
In the parameter space S {cf.Fi1g. 14) the set Sé,(i)”xs bounded by
. ) . e

x =0, x= xn{i), I an¢‘é -'En(li‘and is represented by‘the rectangle

4
Ca . cm
. an(L)Pn(t)“i (L)°
. - n -
oihe locus of Pnfi) in the paraseter sFace’ S 1s given by
(1.1.11A.0) X ia_l(cot “ sin n! - cos ni),
NOw '
' '.:" -:" i —7: ‘ ’
F“n(i) 2nt 3
- - d
n-l,1. }
’ U, cos ni
dx (L) =i — T
- n n-1l coa Inl
Thus -
:.L - :."): - ;
(i‘l 1‘1)1« 2) st (L IR R ' . f
h:) . . - ‘,.‘. n.-l'i o ..' H . ‘
b) COn- N .
' “l P
to‘x$ n-1 cos n:"7 -




Ges |

et et P it e e

¢ '

:«1 ;(_‘,,);
H \ 'c‘fﬂ-.u-
- ¢

\ t'(‘l..,_.)'

:C( -1-1_'_\‘

St

T
i
&
———— ———— . —— ——— s - ——t o
- *
.

A
i

lﬂ“-q" l‘() 1_‘«-: !

. "

14
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. _ . ‘ -;> 9
Now o B <1 Yoo, stnnd S
8 (L) = sin ¢ 1 ) .
- L = L -)> - i - -
-1,2 =
. _ n stn [nd. - £ (L )]
_ ‘ X (1) ot - n n-1,2
| | _ C rn _ n-1,2 © sin né
Thus \\ ' .
| ' ' f }
‘ P e 2
. R . - Gy . ) )
(1.1.11A.3) Sarin-p, 2! =iy ”
. . ! ' o‘e‘snuntld)l1
\- \ : })
’ . Cim e - : (1 } in
The et §nl(ln-1(2) 18 represented by an(ln-l.Z)pn(L“fl-z)can Aol
N Flg. 1‘. . : . . . . - . .

In the paraseter spaée S the set Sézti) 13 bounded by x = a,

,l- - - - - - - ot - - . . A
x = xq(i), T =3 and ¢ w ?n(x.n), where © = ¢n(x,L) i1s a sine curve and
e o - - " . e

<

18 rcpxésbnﬁed by In(i)Pnfi)C'(i)A.

faw . ) 4 .
. A ‘o -k, cos nd
b (1) = - -
N cot 2nsd
I T '
! ‘ -
- - > ‘. ‘:f L . L - D :, - :
i n-1,1 ?. n(xn( ) f) n f '
\ !
i ~
: { =
] L) = = - 2%
ot B Re
. \ ¥
. lonnepueniiTy "Jn,i
; EE;_E;,,,x;Q,
‘ n=1 cus In: ‘ ;
H0A4 5 Gyt e 't
. O‘l L] l #’nz(kn-l.!j ,(x-'-)-:‘&i‘ - \\\ . - (! )
B i ‘ .-
! g . |
: EO‘ n(x Lnfl.lj ;
\ [ ‘ ' i
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Now i
[ ‘ - :
’ B8 () = 2né - = ,
n P ) . )
‘ . ) ln-l 1 sin (2n8-8) . - T,
A 1 - - . ' .
f . ' .?nJ(a' ! .'dn * sin -2né T
- L " ﬂ* . | -, ’ . - -"
n-1,1 'xn‘ln-y.l) !nltaq(ln-l.lj' ln-l.;] )
i f
| .
‘\
; Ty
The '°F'5n4tkn-1.l) is represented by.cczni;an(ln_l'll in
Fig. 14. - o | ' o -2 ,
- Now [ )
‘en(§) - "-(Ln-X.Q,'
I . . I ) ._J'“ Y
-~ - | \‘4'n €| i .- Sy 1 : ; T
e AR L) T X B ) B!
. . ‘ ) . -
’ . {: i ) = a/2 .
*n3'7 th-1,2’ T Y : | o .
. . . .‘ ‘ R . !. . Y . -_, . .
- o RN
Thus’ ‘ : Qs'
3
T L.1.11AL7) e
o f L o)
{'n( n-l,:lt.‘ 2 - .
! i, - ’ & —
l(kr-l..’ .(x.>) : fj
- ‘ Sxex {v,s 00
The set 3', (1 .} 18 represented by . . o I
nd n-],2 ’ | fnﬁ“n-l.Z?'n‘Ln-l.lj n‘?n-l.!’c
in qui lf. .




The set Sn?(in-l,l) is represented b? xn(lp-l.l}Pn(In-l;l)c (ln_l'i)A, i
. o r N " - . ‘ | . v
Now oo ‘sin{na-8 (L, )}
C " xnfik ® ln-l.2 sin-néd !
_— ‘ ’,
- - da - l ’ A.-" !
) . in-1.2 ? 'ﬁanti)'i) Sn(Ln-I.Z) f_. .
_y - {avd__) min 2(n-1)3,
6 (a,1) = 2(n-1)5 - sin 1§ n-l ,
— — — . “n-1,2
<L .
thce -
.r ) ~
o . o x (L Y<xca, E -
(1.1.11A.5) s*_(d ) = ik, oy «E ol 1 )
. Per e nl Ln51.2 TARGTE T e {_}'
YLy
oeser, k. -1.2’.J

The set S;,(i ) is represented by xn(L -1

- n-l,2 n'lal’)?n({n n-l.l’

in Figure 14,

. In tho para=eter space 5,the got S;‘(i) is bounded by ¢ = sh(a;,
, . . . , ) .

e
' -

. X « 0 and '- : : _ B v

STl

- ) - ) o ;
wioze X b Ly Lw oalven by (LLLodHA) . We rote that the egquaticon (1.1.11A.6)
feplguents a4 sine Iulve, . o : - .

Tho"set S' {i) 18 reprosented hy C Pn{L}Tn(i}C_inh?xq. 14.
n - tii .

Fotaglt) A S tE
‘ . | T ——— b
A X .
oy
\
’

'2JC'(i SIA -
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H ) T : -
B o %

In S the set'Sgsti)-ia bouhded by 9= ﬁi(lj.uheralal(i)‘; ® - 2né+

L sin né

-1 "n-1 P -
fin ‘__T__) , U = 3 r X = a‘ and
. s . L'sin(B+2nf)
(1.1.11A.8) x = x,(8,0) =add +»—7= 2nd

The set S! (L) 13 represented by T!(L) B C=(1) in Fig. 14. Now'

— ) .

o

v n
- . -l - — — -
Lﬂ?l@l » lfﬁ) 3 and xl(z. ln-l,l) a

-fCohsequenEIf.“ -

‘

{ln-l,

1) - {B, E}- ’

(Lil.llh.9} S'e
Thus the set S;S{i:_l ,} 1sorepresented by the point B in Fig. I4.

-

Rext
f ' . -1 (2 sin{n-=1)% cos n?-
Les w . - 2nl o -
}'ltl) as ¢ sin “ sin 2 )
i = @ a» < ’
“they,277 L q
. 1 H - "
ixl(altl)';) a
P Ln-l,:' - 5 -"‘1‘{.1(1)1':].;-) - a/2 * . J
Thun tn )
¢ .. ~
: ‘ ~ o N -"- - o, M - Fd :. N .
A1 11A.19) sns(‘n-z.:’ L x,v) g 2L 7 % "3-1.2] cx
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1'_2)C . B‘;n

=]
-1(1 )

The set S'_(f = _) is represented by T'(L_.
n ‘ Sy ‘ ‘n n- ne1,2

5 n-1,2

B Pig. 14. ' (‘- c g ‘,

1=




.
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. , o 84
Y ‘\ . ‘ ’
1.1.12. Dc_tamination of the set Dn(:.){ for x.e[i_n_l'z.;.n].
‘In ordar to find the distribution function Fy (i'-) of L for
LC[I. -1,2° Ln].ve requi:e the set {(x,2): L(x.@) < i, lC[f- -1, 2' L ]} in v
the paramter space S $. In the following lecma. we obt.ain this set.
. N
;ﬂa_g. Let N be odd and equal to 2n+l. _wbet.'?-s{in L z'ln] : A
“ . , ., L )

‘where Ln-1.2 is_ given-by. {(1.1.68). _‘Then
) . - . . ’ 7 E)
(1.1.101) (L) = lJ 5, {(us* (L).
: %11
- ) S iml- . .
where - ’
(1.1.102) s'i) = {(x,9): Ocxca, 0€8¢3 (i)}

(1.17103) - S, (k) = {{x,3): 3 (1¢3¢3 (L), Osxex , (2,0)), -
1 ' 1 n nd
{1.1.104) _sztui - i(x,é): 5n(i{ce¢62(t). Osx(x é.*)L’)
{1.1.109) BJFL):- CIX,TY: uz(ty¢a:e3tna, D(x‘a},r

(1.1.106) Sglh) = tx,): SN TALEL LR TS o;fcxnstc.t):,

. n
(ledn | syir-ftmqplutnéﬁﬁgﬁh m:g%yfﬁ). . .
LL1thy ::6':') - X, --‘,‘(L;.--»-,J-u'm,_ 5:-.;:'_-,6,\;,:;.;},
. ) S v
« ' L ,‘ PR IR YU
{1.1.109) 5,0 o {(x,"): tflIk ez, OCxial,

.Q'

vhore




. - - N aed -
(1.1.109a) 8 (1) = 2(n-1)6 - sin”" [ L

sin 2(n-1)¢],

(1.1.109b) - ,"Bnil) - sin~! (Pnll sin né; ,
: ) ‘1""\‘_1 - . _i._
0% Yecty = (neird » Lt - j therp2 T
© 0 (1.1.10%) . 50(E) = (n~1)8 + 3{6 - 2 cos .(_—_i—s—)}, S ,
’ \1 - ——— ) . - " :" -1 o . ¢ -‘.
: {1.1.10 1) e = - : iy \
| {1.1.109d) ‘ ‘ajm 3 4 *\t- (D },2)' o .
.- L , ] e N
: S - I s ) ’ S -
(1.1-10'90) t-:a(i.) - 6 + sin ] ‘{.......I.‘._._... 3_1!’1 2(5“'1)0'}, < -.. . b
_.I . i
: L - " . ) _
{1.1.105¢) esu)‘.:,in'l (Bole2y :
. T o p
R o A C_a L i_sin [2(n=1)8-7] R
(1.1.1099) xn‘(_.:l) B rrrw yreryy. . -
’ . Ll L ) '
{1.1.129h) x . (9,4} @ ="d sin (2r . -"
\ : nSVA“" .n sin 2nd
| l - . L . Y d
'(1.1.1091) x (F,i) ma e d oS8R (50 2n0) _ |
_ - né “n . 3in 2nd : _ )
Proof. (cf. Fig. 15A). By (1.1.37).where k = n we have =+ .
S (i) = S'(i)CD, .(i). We now show that S _{i)€D, (i}, 1 = 1,2,...,7.
nl e il . R S 9 { oo
. , Mith A as the centre and i as the radius we draw a circle-
' ¥ . '_ » ’ P . >
The ¢xr:1c Lnteruccti.kn_lkn:at a'poih% B, AAC ét points o
.o T, atal A ;h L1t jeant i Fr.oo otrigonomentris Jansiddrations
< .._-.;-'.L"-.'.‘;;:,-\,_:.l ne 40245 are foumd to te )
: o Y ‘a0dn_1 . ‘
i1.1.1.9a) ?l(i) -'Z(n-i)i - ain [— sin 2(n-1)°] ,
t - e
:'- T . "
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(1.1.109¢)° '8 (L)-(n—1)6+-[é-2co- (—}‘—-Jl.

T — ~

v
a110M -84y e T -8 cos (==L

..
."d '._. e : +

(1.1.109e). . = 8,(t) = 8 +'stn” (—2Lgin 2menie).

) T

Mith A a9 tho cont.re \n draw a cuclc ot rndiun ?... " i circli

Lnr.u'ucu AGA, ar N poLnt P m. Lat !A p ml w, x m m
1 Y

-

e _unPn(lh\I ""n"’}_' Mby .(1..‘.1-.73)_.\& havo

- : - ! had

e S Ce l_l_:utn,né

(1.1.109b) 8 (1) = pin”t (2ol ) R
o~ - '3 . _ N _L‘ ) | L R
R . l | l" | R - . Co, . - ° . .1} ‘ ] N ' . 1_
and by (1.1.9¢ ., - T ; | _
I ‘ - _'- l'inr'[nél- én{i)] S h _ .— ' L '/;

- . C R /". L
'n(" stn nd . ' : s /

‘ let 8 ¢ [Biﬂ.)g B"‘ﬂ-’}'l. ' Lat ar ‘(Erl) bo .the valiu of X such ,'_ ) /
_ .‘thn: lA.‘(lxM(G.D'.G) l.' ut P (9 I)Q.g bQ t.ho cotrnporﬂinq secant. (c{

Fig. 1SA) ‘ot length . L, ‘rhen oonndormq the triangle P x QiDn-l . '. /’ '

. . . . . . . a‘ X ‘l/'
we obtain | L - -

I = L ’, o ael2ta-139) {xn‘ﬁj'n l) B “ _ A
' ' c‘ ) | - . % e
‘_(1.1.110)‘. R | L= -m(z(n-l)&-ﬂ — | _

r-Sz- (1:1.110) we have




-

S L sin [2(n-1)8 - 8]
b !. - - ! .

teinn b LR R sin 2(n-1)3 .
e T | g 7 )

] -

- .+ Porevery fixed & c (e, ), 'thlle have by (1!1.110), L(x,8) & 1 .

vhenever 0 ¢ x "-__xn‘(ﬂ.l) o - e - X

‘_{1.];.1—12}7- ‘ . ' sl‘“‘"u"” .

L. ._\ . . ' . ' . . . .
u: se (s m. 9. (I)L Lat P (8 “Q be thc car:upond.mq S

‘ *ns
ucmt of lanqth l {c?. ng, 153) 'rb.n from the u.unqlo 8 L)QSDn
‘ . . *ns 't
- g have : . S “ , ..

v

it e (x g(3,2) «d ) sin2ns . e
(1.1 - e “ain (33 -5 -

Prom (1.1.113) we obtain .
RN . o S gin (iné-‘&) B
a.1.1e X (0,1) ~-dae. sin 2l T
4+ : - " 3
‘a_ B o m . E “M
; BY the use of (1. 1 113,. we find uu: x \ ('3 1} urplicl L(x,6) ¢/t
. for ’r l:: tf),a {1)] Herce . . - B L ”

1 _1'1.151. BN g ,53.‘ %0y, 1),

\"’? I a8 easy to check that

.







-

caaae T s s e

. ' . - . l - -
(1.1.117) et - a

"‘se?/ t.he:n aro m poxnu Pxn (i) nnd P ’ (l) on "0‘1 such’ thar.

‘ponding secants of length ¢. 'hon tmn the triangles Q.7 x_ D - .and

L4
‘ - L ~ .
N ~ - ¥
< e e SR
L(x,2) § t whenever - S s . C

(2,9 € S (1) » {(x,8: 3 (L) ¢B<B (L), 0¢ x< af -

.nﬂ-) -

Let'3 ¢ [8,(1), 8 ll)] Let P_ G Qg be the secant wieh

ST Lz L), '5)-‘_-‘I. Thon ttc- the. tricnqlc P (“ Q ' we obuin

e . . _ . : . . _ .- S
+'1 sin {2n8 - 9)
sin ¢ - T

It foliows by arguments similar to those for showing (1.1.115)

. : HA .
' . . . . o

that - R

(l.el1gy - - " T s‘(_’-:c'o'l {

d . Iuth v-rtu “n'tl ‘a r..ho centre.a cxtcln of runun i u drawn.

i

Th. cltch uwu\cu AO)\I at potnu Cx and Cz _ :

hl.t‘.h nel l 1"\{" 1(—'1!1’1) -6 (L). Let“c [8 (¢ ). 9 (")]

» . v

n

2%}

.:‘(‘x-‘.'_ . .L‘x {l)'b-‘ o ‘-‘.:.ﬂt? (Liqv andp . (i}':.'.b‘t.‘ﬂ éortc‘.-. ;.

n?

(l) n

.‘";: - . ' e '
s (‘.l ﬁ - W (*ﬂ:lm :



A

v

(1.1.121), {1.1.122) and (11.123) we obtain the Legma.

£ ‘ -

-

1

A graphical df:iflpplon\:f the: tet D 44 for i

Ziven in 1.1.12A.

v

¥ r\l-
|} ‘ .
. 3 !
RN .
S ' - - l.m (2“5‘9)
{1.1.119) xn.,m a ¢ oL 3ns . ( .
. ‘ ' o sin (-9'0 2nd) -

(1.1.120) . xn.,(l)‘ as+d o sin 28

It follows by arfuments similar to those used Eo._sadu/n.1.'115)
t&t _ e 7 i ’ )

-J‘ ' * .
. . X ) ”.. - -
- (1.1.121')_ o ’s""”ss""c"xx“""-' N .
It also followd that E
\ 1’ ) .
(1.1.122) | 57‘“‘”11‘“-
,
-Clearly

- ’ ’ '7 .‘."’ i} ‘. ‘ ) et

(1.1.123) ~(x,2) Usitlws'(tg-‘n(z.s: >, T
' ' isl . .

/‘\..

“n-l 2° i.nl is-

By the use of (1.1.37), (1.1.112), (1.1.115), (1.1.116), (1.1.118), °

L N

t— B th e b e aen



i.l.lﬁ. Grnphlcal dolcription o! the -set D (l} for i ¢ [ln 1.2° t )
"- [ . n

when N = 2nel. . ' B
- ) » ‘
) - ) . *
rf:: L F,“’n-l,z‘.Ln] we have by L-‘. 9,
o ‘ 7
(1.1.100) . nﬂ)-S(UUS(U.
. ' 1=}
o L . . : . . . ’ ')'
_.'Ihnx'_. s (L}, 81_(11,..‘., 87(1) are given by ,(1:1.102)..... ..... (1.1'.1_09).
xoiptctivoly. | . ' -y | .
3 - Av
In the pnr:-nter space S the: cot s’ {l) is boundud by x =0,
. - asd 7 D
X =&, B 0, and € = Ql(l) - 2(n-1)3% - nin -1 { tn = sin 2{n-1)61 And P’y

1 . - - =

.is repregented by the rectangle OAC; ‘(l;)ca (y 0 riqurc 16.
S n n
..u . ‘. . . v ‘E o /’:. ‘ - - ) ’
o Let 2 e () wa (o) : '
¢ ) * A
Consequantly, I / S E .
) : . o~ ' 4 ! .
. O - ... ‘. . ) ’ ~ -
(1.1.124.1)  s*(t_, ) = {ix,6)1 Otxca, °‘9‘°n‘fn-1,z’}'\‘ .
The set S (.., ) is the rectangle OAC; ., ,C, (L. -
' _ - o “17n-1,2" "1 n-1,2
MY rlquro 16 s .
o - C -
N\ o Le L e> u (1} « (n-1}6 . - ' ) ' ‘
~ o - n n . . e C e
- .Therefore {
) ]




. | c
L L S UP A ST A |
L AR ‘
. e . R R L
: N W
. ca:l""‘"ﬂ" R "
. ' c.<- |
r !'- 6'.‘ ’
L 2 -_-1 _
3 ll’q‘ C . i
ﬂ ﬂ'l:z [
N
. 3 (lln
Cs (1) ":i’:ii::::::;
1 “a K “

81(10.21. | - .f,

S

Pig. 16



»

s
-—

(1.1.12A.2) s'(t ) = {(x,8): Ofxta, 0¢8¢ (n-116} .
f%;‘..: S‘(l ) is the ioctanqlo OAC*

(n-l}éc(n ne e "9“" 16.

% In S the set S (l) ts bound.d by 3 = 9 (l), 8 = 5 (l). x = O and

u..x.xia.n IR - : '.".,4“9'-_"" .

L5 B

vhere | |
B o . L sin [2(n-1)8&-£]
!nA(e'i)_’ dn-l * sin-2(n-1) 4
| _ - _ .
The oquatlon {1.1.12A.3) roptcscnts a sine curvc.‘ o
. th. set S (l) is rcproscntc by Ce (l) 3 ‘lfnjllc élll) in_ .
Figure 16.
. . . N ) . ' i
' 8 - . - . P
. (8 anfln_l'zi. x - e g
Lo 1,2 S ' ' :
T i e L I Y L
\ : ‘
(1.1.128.4} N LY
' . . } \ C
\ ' DI
- {(f e,{:plttn-l.Z) ¢ ‘Bn‘ln-l,zl O(xtx [ _1 2]} .

~

The sat 51‘ln-1}2’;" ttgretcptod by

C. po(h Jel

I-fltfn;x‘zlcpﬂ(iﬂ?lf?) n 'n-1,2 z(t '} 2?.§q Pigure 16.
- . . -/‘q "o . ) ‘
Next .,
) . . - - p ’
N . |




L3 - - 95
.7 . o R [ . . : .
. _ 61(1) = (n-1)4, Sn.u’ = (n-1)§, o
' Lol a>f . ' A - -
. n - . ,
‘ | xn"‘(e.l) - a‘ ‘r}“e'“p. a .
- i A
o - ' - . \
Thus, :
. \
v . .
(1.1.122.5) \ 5, () = {(x,8): 6 » (n-1)4, Okxcal. ’
. L o
| ﬂn ut S ( ) u rtpnun:od by the lim C( -1}6 (n—l):'.' if\
;. Fig. 16, ‘, ‘o '
mthoparmwspcccsm"ts(!.)uboundqdby "

2

=3, 8. f i, xm0ad
(1.1.128.6) o mex (6,0, o
e - ‘" Xas (001
; | 50 e Shatngamd sy
..vh-n ’,n 2,8) . dn . “ain 20l - and ..2(£) is. qf\rqn by (1.1.109¢c).
}) ' 'ﬂ‘n -oquauén (1 1.13A.6) -t.tpt.ltﬂti a liM’ cunio. _ T
’ ’ . - - '
ﬂn ut 8 (1) ercpnunud by (:5 (I)P tl.)c_’ (1) 92(“ in Fig. 6.
e - .B.n"-')'- an“’n-l.Z"‘ o L .
B . ‘ S .
t - ln-l.z...) ;!_ - ‘.n]lsnun-l,;’)" zn-l.zl

. . A o ¥
H . ) - N
L

l-'.t'ztl) - ? -4 a_nd- x '_- a.

.H-OQC!’




-\‘
:‘ %
L. - l! o . . ‘
'(1.1-.12&.7)‘ oo \\ s (L - ) !
. v N .
v RN _ .
b . i . * R ’ - ’ T - N
: - {(x..eh Bn"'n-“l,z’f.-e‘\ﬂz”‘n-l;z"o‘“"ns(e'%q” - - 3
. The sat 5_1(1 ' )} is uprou\nwy o o .C ‘c’ ; (l ",
: - . , ).
B . 2 n 1'2 ) . . —_ an( h-l 2) : - 6 1 - 6 n n--—‘l'z
- . .. : T ' - . 2 ’ 2
j.n‘ rlq-.ls. ’ - ; .: ‘ . [ . \ \-. - "g_ . -
. . . o . . _.‘ . /‘ x .
\ ﬁ(ll-(nlja-.x-l." )
!, - t a> / .
Iﬁzll)-jrl)ﬁ x *a. - . N
r : oL
Hence t 3 '
. - A = ! .
- . o - “ " . 'j,
11.1.12a.8) Sz(l } » {(x,8): (n-1'3 = & 4nd C ¢ { £ a}
F) . . n‘f . rd ’ B . A
. ’ -
, ‘ " .
._ ‘- “ '>, "
The set S .{f) is. nprcunud by C‘n 1)6 Cln-13¢ !.In Pigure 167..7
= In the parameter space 5 the set S,(1} 'is represented by .
-9 - b,(L), 9 - 8 (l). x -‘O'cnd x-a, \rh.r'c 8,10 .and 8,(1) are qivaf;
. : rs
by (1 1 109c) and tl 1 109d), rcspocuvoly.
4 " : m set 8 (i) is reprucnt.ed by tho rectangle C 3 (“C_; (“CQ _(i')C!;' y -
L | . ERESE 3T
: in Fig. l6. . , - o - .* ' S L §
. o . . ) ) . 3 Y - - ;
C g | L - ..m o ) - -\ - P L i - ’
: \ 92()._-‘2- .x-a.-‘
. l ..ln-l,? - ' . - . o
o S 6;(!-) =z=-68,x - a.




'

N i
- Hanca ‘ ‘
(1.1.128.9) - .53“3:_-1,2’ = {(x,8; Oxta, 8 = 3 - i} .. .
. . . » - ]
The mAslun—l.Z}.i. represanted by t_hio,linc CE'.‘ "6 CR - .
' / 2 - 27~
. * ) ' . . 1
. . ' ) |
- 8,1 = (=116, x = a, Ty
L oL => '
. “ . S | 53(1, - nd, ‘ __x - f—-
Bance i
S dLLaae Sy(L) = {(x,8): Ocx¢a, (n-1)3<8¢ns) .
' T /TJ::P ’ ‘ﬁ
t i . . C* ' Co.
?!fi- 0 -SJ(Ln) is roprau:-mt".cd, by c(n-l)écfn-n_écnécns
b Im the parmte.r”'l;;aco S'the set S (i) s bounded, by
S Be8yl), 5 e g (L), x % 0and x = x_ (0,1}, whera
: . : : nS
» L sin{2nf - 5)- : '
5,0) » = —
*as (341 4 * ‘sin 2nk .
- - Vol v . ‘ o - P
i . 4 R . . 4P'_ . , .
) :l'ho ut“s‘(l:) l.s represented by c-'33-‘.1)-_ ‘n(llca}(‘ucﬁ)u,.&m
Fiqure 16. - o
tionw [ - - .
. {i) @ =« %, x = a, . _
i H --“"—_
- a> {4 - T - 24 .
. *ne1,2- 4{ AL 2= thg,d)
P ' A )
. ‘ »
Voo Jln.’t“n-l.i" ed(_;n-l.zn R




o2

. Hence

o / . !
The lot 5{(1 ) is’ tho line azlaz®

 In the parcnoter spaco 5, the" set S, (l) is bounded by 3 ‘(11J

-:---3(t),x-omdx-xstvl').whcrexs

given by (1.1.109. hl. (1.1.109.€) and (1.1 109. e), :e-poc:xvcxy.'

(3, n. 3 m and €, (i) are '

K S o8
. /-‘ - ) i . Q
Vo ) ' I {
_Hance
aaLEAan L s
(.1 RA.11) _ - S‘.(._ n_;'zi.
=8 8L ) ) edea L L, O(xixns LI U 2)1}
. . . \ . -~ |
o Thenet Syt ) e represented by, © Rathaa2Cen
- : - 2 2 : ’
in rig. 16, '
Now
l- - - _F, - 2R i - - - '
L o> 30 = ng, x = ai e ) né,.x = a
Honce : ‘ _' 8 tl )A- {({x,%): O f x 5 2, 0= ns} .

- L '
The set s (L) is :-pro.cn:.d by ﬁu () 1;(£)p ()P (4 1n‘Fig 1§.

How . 4& - % - . g
\ | ie‘(t) ] 26 _n(tn-1,2?'
y T
' ..;n_l 5. {, #(_,:,-. %el®e(thy, 20 by 2l
ia i) w2 x e 2
L5 (D ogex-3g-




.. . . 99
(1.1:12A:12) D L S o )
- . <-’- . < . < ' o H 3 .
. U, @) s o Bl sy ) 2 8270 03 x S I8 (L0 ", "n-1 2” SR
k] : 3

L. E . ’ . 7 )
ﬂu sat S ( 1 2) ump:uuntod by Ce ( )Pn“n_-z-,z’x im S

-‘ | | N "'1'1

ng 16 \harc b 1. :ho mid- point o! BC. . ’ S :, £
8 (1) -né 'x‘-n . . o e
A wl w> o I . .
" @ (l) - nd x = a . i <.
! 6 . . " o ' L s ‘ ] .
N T ""-. . B . S . ~ .
. n . 5 . . R
Hence N
. - ) o . S . .
1.1.12A.13) L Sglk ) = x,9: 0Xx"Ta,  sent)h -
- G. R . = . ’5 . B ‘. o . .. l .‘,' . . ..
S (l ) i thus the linc C {,‘C'(5 ' . —. RO
: A . - L : -
In the p-armtcr sFace S tho set S, (l‘) 1 bpw@-by I '
e i - - {* a A . r‘? : - <
, stl}, x a and x e x {8 l}, wherc lvzé .,ll. f /(l) and S(l)'arc
detidod by (1.1.209.1) (1.1.109.¢) and (1.1.199.9), ro-pecuw.ly. Coe
. m . ‘ ) -.'J‘, . .d. l -" I ; -
! . v . ® ) ‘- -
S ' { \ . : ! Ty
‘ m-:-za u_ . R _
et ‘ . - S S
- . [ ¢ 1 ' . . C
n-‘_l.!g ) -y : .(u (l) l) a . LA ) . . . -
- . L 4
) v T w a’ ) : CE
' B " ‘e 0. .- - -, . - .
. Ce b sty e x ns ‘%5 P Bo=3 - .

The et 5 (1) s rcrtcaoﬁtcd By p ek ¥ o
' (L) SH.)
_ . 0
' <
gt 1
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. The set S, (L

) is rcprciént Dac‘ e E . : !
_ . : -1,2". . .
. Noof 6 n 1. . %b‘l al“h 1, 2 ‘ o
in Fig. 16 ' - ‘ R - . :

i
How ) . S -
l-!#{ﬁ(l)-nﬁx (né, l.)-a;
‘ L) = né,- - a.
. 35( ) - né A,.xnﬁ.(nd'__ln) a
- . -
o | . 8‘(1"‘) - (a, nd). :
s.l R . L . ) ) - = . w
. ” . T : ' . ‘
* Thn ut S (l ) is tho polnt C 6 in t..h- parmr.e: space S s
, In t.bc paxmur lplc. S the ur. s (L) is bourd.d b'y
A S(l)..':‘ z.x-O;ndx-a. N
b fbc set S (l) is rcpuuntod by the rocunqlo C, “)Cé (llm
' ' — , A 2
mnq i6. R o - |
- . * _,.v,. .: A . y -. . . . ’ . . -
- ] - L = ln-l.z [ p.3 Bs(l) - 2 s 10‘:2‘. ‘
. B - - o ; . 7 oL . J
. ' .- LJ
" Do Bt e Hx. =1 O‘xu}
. A ' P . - ._,‘
Ibe set S (in 1, 2) u rcprcnntod by the um BC in the pnrmtor :
. pace. ' .
' - ' - > »nl, x = a. |
L s S _. + > i) In x .- a ;
B v ' o «‘

. . . . -' . ‘,' . _ . ' ‘g

= - R . . s?(ln) - (.'l“d,” . i ) ,
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1.1.13. Proof of Theorem I | :

Now that we hnv. obtain.d tho Approptlntc sets in. the par;ncénr
1:;/&_¥ lp.C. tor Lc!lk 1’ k] k=1, 2.....n in L‘llll J to 9, we are Ln a . ;‘T.
‘ ponition to pIOVt tha’ tﬁooz-l. The rctult 11.1.1 ) .48 éb:alnod by tind- S
'inq th. areas of the approprxat. sets. ) /1 _. |
g

(a): ror Lefo,L,], F (1) = Pr{icl) « = Idxdé - J €5, by (1.1.22) ",
. .- - . s - !

[#]

av .
Pt H-
- L * 2 ‘-. 7
- .—'- de.x . : o -
S ' O , " ' o
| N a . . | . - ‘.—" 3 m 6 . - : \\ | . |
Y " This proves parz 1A) of El.1.1).« L L N .
A - .‘ ’ ‘ 2 . ;
{n) "0# ttllk-;';kl"ru;l)‘. Tl Idxdv DR 5
: -Dll‘l, A .
~ C2 ‘ : .
.- :;»Idxdﬁ._by Losna }{ o
; ) . - P-_;
sszllfski(l?qskjfi)_ )
' ‘ ) ‘
o ) - . 4
vhere skltt).. tt) lnd s (t) aro q19tn by (1.1.31), (1 1. Jz) and
o ' . ) ‘ n

.

f1-1.3n, teipcct:velz? ‘
. .' . . ) . R o . N L . L ; ’. . ‘ . .
. " - * L) ’6 - . | i }

2 Jl .Jk(L) *. Ok: (fo) [xk(i) ( x (Xe L) _
- an ) jafax e j T jdddx ~ Jadax - e

S L W W | S

-

o\_
o

=

il
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w

u:'m..:&_t_n_. 5(1)‘,'79i(x,u-mfeiu.u _'uju.n by (1.1_.3'5).' (1.1.40),

| (1.1.43) and (1.1.47), respectively, 7 . L
() R
‘- -—-‘[2&6& J\‘aa-.xk(l)} . (xtu.) . d)z 1) lin '\ ’dk L S Y ~—————= sin 2(1-1)6] St

- : ('udk )
- tasd, ) sin “"T"‘ sin 20:—1)6)1 .

L 'km 20 )
¢ o e Tm [ «H‘ 1.2 sin 2(&*1)-5}'E-
'-  (1 - (—== "‘_1)2un2"'2 (x-1)£}"} odk nn'l(;"-' sin 2x1) .

C

: | ) v R O
-(5(1)-4‘) .m‘-“‘ d" L~ %2 gin?

‘ein 2xé) « W 1 = (7 stn 21.:-5].5

- 1.~ "_L_"k~ ‘d"  ain? 2&‘]”2‘ SRR B .
This ;/ax/o-ns part (B of il.1.2).
. . F ' : - . L T e
L : . - s o -
(Cl) S £ + lc[tn_l,ln]," 3 = 2n we have J
| S - — - _?. ﬂ’
. I’ (l) a7 Idxda 25 Idxd-. S : L
’ : Y « T

o 65 N

By Lemma S, where S f0. . 1 2 3. aro javen. by 11.1.53), (1.1.34),

. - . . -’".
and {L.L.%5), rvn;a:c.'.-.'.-nl',-.
2 5 3 | s 8 by
g - - ’ . ’ ‘ ~
BN TEE U I " -
- didx ¢ didx
0 ry 2 ‘: 4]




v
-

2 - ) . C . -. - “
“aw| A (T8 e x (DB e 200-108 i (L)) o
o _ R -1 lll*d
| (xntll * dn—L) llﬂ (———-I-———- sin 2(n-1}6)
s ' -1 .’dﬁ.-l ' .
—.faodn_l) sin. {vfr-—— sin 2(n-1)8} «
: A .
3 x (l)+d "y - -
[N [
'IE'iTE:TTK {1 - (-—-1-————9 sin® 2(n- 1)6] )
. ) R ‘ ..'d'.;'!’.- . ) ‘ .
it . = f1 - tﬁ 1)? lln221n~1)§]5}l..“
- ' ) ’ - - { ' e
. This proves part (Q) of (1.1.1). > ‘
o) ] R - | - L
(D) rfo: ctln-l'ln-l;ll' o ?nol ve §fvc )
2 : o L
rl'l)' '._1,' d%d.:. bY Lemma 7, . e
Vs oay :
7] ni e ‘ . o
1ol R o

P

vhare en . {x,1) is given by (1.1.43) with'k = d,

N

‘whare S’ (1), 1 = 1,2,3.are defined in {1.1.71), (1.1.72) and

({.I,Bi).'rospoctively, T ' .

"_ B . . ' - o .
oW . , ) - . . e [
. . ! . .

t
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: : o4
. , .n(l) [3"(1)_ a Gn(x’,l)- n(” _ nz-{a.‘“ .
- at . stdx + dN.I - . dxdo .
o o Txtb 8,00 ¢
. . - /_/ _‘ i .
L whare 'h“"-?n(” '_:’n'(_.'i" an(;:j;/ and | ) . -- "
. )
S ' . ' o

| .’ﬁz‘é'“ are; respectively, defined by (1.1.40), (1.1.73), (1.1.83), (1.1.75)

and (1.1.84), ~ - | B [
- ’ . N
¥ ) ' i ' [
2 T )
* T [:nﬂ)sn + 2(n—‘1)6 (a-xn(llh :’tln (ﬁn-nﬁl +
{icos ﬂn-cqﬂl—a}ﬁ £,)1/5(n) + win)) AR S _
. ' 2 . N . . o .
Vh.cro»
S(n) » sin 2nt,
T S . : - i
) - 4 rd - - e ' oL
,(a) (x (B)ed  10(x d )',-'-' 1) (asa _,)¢(a,n-1) , !
. . . . .
1 M ) ' . . ‘\ . .
‘ M Ty {Utxn-(l). n-1) -U(a.n-n.}; = .
o ‘_ Som (L) « 4 ~ . - : .
Uogr = - (2 32, 20,58, 7 ,
. - *, ". Lt s . . !
e k=1, 2,...n, 1.# 1, 2,...n;
- ’ b » .
) 'S




- S 0%

dtm (D), 1) - o™’ {(x, (£)+d,) sin F38777 ) PN

“for k = 1,2,...004 * 1,2,...,n.

This pn:rvn part (D} of 11..1.'1). — )
() For et ) 1vtaer,zle N ® 3L ve have <L
. _ - »
. ’(l]u—lldﬂ&-r]d% . .
VA B JONES I {8 TECO S SITELN (s )
wbnr. S' {1y, S' (l). 5' (l) And S' (L) are given by (1 1.71), (1 1 72).
(1 1.9) a.nd (1.1 94). ntpecuvcly, .. ' .
r x U-l S (1) Jq ' 3 (x,0)
| d’\d: . ‘dﬁdx
;- )
O
. AR
. S
- 2 ﬂjg&'l) ..‘
. - |daxas . .
. 8 (1) 0 y
T . F
\ ‘
. N :
. ) _ \\ ) ) S
where x (1), 9 4x,1), xr} (3,13, % (1) and x,(}) are given by (1-1.74)
ti.iuTss, - ,11.1.‘9%). (1. 1 94b) and (1.1. %cl._rt'l;'wec'.z L'.,.
Llﬁ X, (ll - 2(1‘: n4é h-x i1)) 4»2(8 S m‘v)d + Ll{cos 2né L/
in. (D},

con(znG-B';} /51 + w(n) ), -vhere Sn) anaw(n) are defined &
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'&u proves part (£) of 11.1.1).. S
e
) r}. ”.‘T‘...i‘"ln-x,z'l:;]' R - 2041, we h.'nyc_“_:,-
l’.(l) Par dxd? .
TN i'm'us-m
. i =]
~ where S-'(l), 51‘11' i -‘ 1-2.0-0-!7.- are qi\l'cn bY (1-1,102) ta
{1:1.109). . o ' . o -
a '*31(!.) '5n(l_.) xn"(e‘,il
2 - \|
3 dsax e dxd® "
: o 0 . g 0 ’ )
. b , L
- [azu’-’_ *as (2.0 (G e P )
. } » axd? J - |axas i
. - . ' ) . ’
8,1 L P L A g
. T - ":’ ) - . N
Q‘(l) ‘ xnstﬁ.f-) " ‘35(1) ‘ !nsf‘i.l) '
1dxdd - ' fdxaé » , : L .
o o
SR E L S 3 | T
* ! ' ; i i :
§ idxd‘. LI jdxdt | , - where
S R S |
3 (2 3ty 3 g
'3‘( ) x (2,1 "-',’5(“ 0 ) .
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_‘gl{u_ i = 1,2.3.;.5. an (9,!:.".'3 = -4,5,6,are qim. by {1.1_‘.1091), ’
(1.1.109¢),..{1.1.1091), respectively, . -
--2'-[1(8 -G‘ + 8. -8 o-'-)'.;‘d (s -3 ) +
ar ‘&9 F3 3 s 7T St a *
. . . ' 1 .
di‘(Bn.—Q2 . 93 * 8, - .2es * Sty cos (2n5-—82 ) 3 |
- cos(ané~8 ) + cos(né-3, ) - coszné~b,) + L

-4 o .

- cos(nd-g, ) - co-'tzn_é-a‘ ) e co._(zneofss) - cos(2n8e8 -} 3 ‘

o . _ ‘ - _ |
. $orD {.co?(?(n }.)5 80 _COf(Z(n 114 ?1"” . e

& ' . . . »

\ This proves part {F) of (L.1.1).

A

o d

Thus Theorem 1 1is proved.

Corollary 1. FPor the case N = 4, we have from (1.1.1). -

a2l ‘ ' SR
F(L) = o : . ‘ . for ic [0.a].
2 = ' m -1 Ly : S - .
“ | @ cos. (a/L) » -a* sin . (a/L) » ) | .
R N e RGeS U oy .
- : o : N ‘ : - °
' L= A skn?lhllil ‘o - PIAETIE '
- '.3; [2a coi-'l'(a/l}q L -’m ) I ~ for £ [é-ﬂﬁ}s
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< ‘

Differentiating F(l) witlf respect to L, we cbtaip the’ fo‘ilo‘vinq density

f£it) of L:

' [ 2 . . .
o - 1 7a for = Lc[0, a)
£(L) = F' (L) = { | B
_4a 2 - ‘
, o - for icls, av2] s

. - . | 1llefa: ra/17-57 .

which is the same result as given by Hdrowl'u (271.

3 N <
[}
Q
&
.
. - N
-
r
"‘ . -
4 4 ]
s ' |
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_ . SECTION TWO
\ .
1.2 DISTRIBUTIONS -OF LENGTHS. OF S, ~RANDON N !
~ 7 SECANTS OF A TRIANGLE SR 5

1.2.0. “Introduction.

In th.lu uctiou we con:xder t.bo dist:ibuuom ot _the lengt.hs of

l’fm secants of Uilﬂ‘il“ . Wea .':cxuidoz here three different types of

triangles. - ‘ln..Scction 1.2.3, we lllusr:ut. t.t;.b qen-ozal procedure offered in

thss thesis for & case of an irreqular uun':if-._? ‘In Sections 1.2.4 and

.2.5 wo obtain the dutrlbuuom of lenqthl of Sl-undc- secants. o. /'
.runqlu tn the othcx two .cases vithout qoinq r.hrm:qh the dauus of °

the qqcntnc nrqmnu. as tha uquacnu are rcpeciuvc m case of

the regular triangle can be obtained from the formula (1.1. I forNosd .

byl,tublut_uunq = 3. It lu also a spccul case of the result given by '
1.2.2) .Qh-u.'a “b e lc u\d P, * 92 - pJZ Bowvt:'. it is 1nures:"inq - |

and 1nif.n:ctivi to dcri.v.l the fot!ula for the distribution funcl:i;n A

1

dmetly by tho use o! the qmtncal arqmnt uud by Horowitz N -

and Colemuan (B) to the cade of & rect.anqla and soct.l.on 1.2. 6 13 devoted

"L :‘.nqu thin dzntnbuuon function.
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1.2.1 Ganeral friangle.

Lat ABC be an ubitru-y triangle. - Let P be a random point on the

psrimetar of the r.runqlc. A secant of tho trunqla through P in a

random du'ocuon lntumu a lidc of the t:!.anqle At another point Q.

We are Lnurostad in the prohabi.uty d.tltxibution of the lenqth L= I-PQI

i

In ordu to !Lnd the dut.ribuuon !unction of L we co:ui.dnr the

- *

.ollohinq t.hzu types o! t.runqlos. since uch ot thou types lust be

-t:uud-lcpautnly. ('ot nctlticnl, t:l' Secticn 1.2.2)

{X) a>b>¢c,a> 90'. (B) I>b>c>pj->Pz’P1 and

(C)" arbrp_>e>p.>p ror each of (A), (B) and (C). we have th.ree
Py? PPy W

cases unco the rays mu from po.tnu dw (1) BC, (2) CA or {3) AB of"

o

" the unnqla ABC. \h nhill c:or.:bder esch case and fird the appropriate -

. st conutbuunq to Pr(l. < l.) We not.a :hat the ru\ge ot tho randon

'unabla L L‘l‘iU.ll. To !ind tht du;nbunon we proceed as tollon
. p

€

Punouluuon '

-

In ordcr to find the pmhnbxuty disuu:uuon of L vo need to

paranetrire t.ha locmu. Fumtriuuon of the secants 1- donea as

follows. ror any poi.nt. P on the perimeter of the triangls ABC let X be

Al

_the distance of P frca c mnu.rod in tho d!.rocu.on fraa C*B*A*C. 1et &

be the anqlc which tis msurod m the countcr clockwiae dx:ccupn that a

- . T

secant aakes with ho side of the t.nmqic ém which P lies. We assuse .

thlt (1) X is unitorlxy dutributad on [D uboc], vhere a, b, ¢ are the

.lcnquu ot the -mai"gt_'m triangle, (2) © is uns formly disuumed on

(o,:), and (J) X and 9 are Lndcpondant..' It t%uo_\n that the joint

o -
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mlty of X and § is given by .

1 1 L. - | :
X < x <
| pyvwoniiie L O0<x<a+b+c,0<3 <
(1.2.6.) ' Pix,0)e { . - . " ) ) L
L 0, oluvbcro in the (x,: )-planc .
: . . . "\'
o o X e
Thae set _ ' K 7 ~ L
~ . “ +
N . 4 N ~ X ° o.' -
S . . - s
& se{x®:r0cxcasbec, 08
is the paramster space. ‘ T ' : R
; ] . N o - )
L is a function of X and < and the density P(xj-é').é;ivan by
: »

- (1.2.05-02 X a::d 3 induces a distributionQn L. We find the distribution
¢f L in the. following section.
. . | | . ) '

+.2.2. Distribuytion of L. The !oilovinq thco.ru provides the distribu-

*

" tion of L.- ' S
" Theorem 2. tet a, b,.c d.note. the lengths of the sides of the
triangle ABC (cf. ﬂq. 17y, a. g and Y be rupocuvoly th- mgles ‘ .
A, and c. ut Fl' 92 and ;:o3 bq the lengths of the porpendimlars

- F
d.rau-n !roa A, B and ¢ to, re:pecturoly, tho nzdes BC, CA and AB of the

:.'mqlc AIK‘.‘ "11«-» *or
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-

{A) Trianéle I;: a >.b > e, a > 900"

E 2 . ‘ -
d'l(l) for lt[O“pI]: . . C ALY

_ dtztl)‘ .. for lc'lpl‘.. ¢l , (A ) B

1.2 O Op(L) e { | n T . N
g T [ 49,8t} for ' lele, B] L, o B 3)

Ao (1) for telb, al , . .- ' @A

y : . .'“-.: q- o . ; | '— | - . 1-1
- where d = Thevbro). 1 - l T :
. ' ) . .

¢

({1) = 2L(cot.a/2 « cot 8/2 ¢ cot Y/2) ., . .o

2[{ 1 ‘0 ‘Ql‘ » 1
sin o sin 8 sin v

#zttl,- - . coéhu'¢ICot'a‘4 cot v}

.. J:aob‘c)'co'!112L2%2—11

-2 co: vt -b2 ‘1n27)5 2co: ﬂ(l , ;\327)

"2 2 25. Al .

° C 2 A SR S N
STag (0 st

2
sin v

VJ_H) - [Lat:;of)ir' .

- "

- =
"
: 1 o= zin ¢ .
. e L cet 3 ¢ L + ) e 2y ges T -Wn e :
S . . 3ina ain = " 4 . o 8

: N T ' - 3 "-.*.-:cs'mcn.
‘'« 2b o1 ! tb-——a-&—-':-i s ¢ COS ! tut{-“) + C cos 1 (‘——-:*-——-)-
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2

L]

IS

5

21) "q ’ ,1' - :

T acot y2p? sin®y) "= cot 81?52 a1n

y 2 .y

- vréot_v(lz-q2 -1n2v! 4“:6: &(lz-jzﬁixn‘vi

Ly 22, 2% - a3 gy
TR f‘ a’ -}n‘y) ain 7_(£.'b sin v):.

AL, - .
- N \ - - \

(lz-é: -zi’;ze)“- - u‘zicz -xh.;o)" ."
X .ir? u ) "‘.- -
VR .

g
qiq 8

4 .

Lt 8 e (asbec) (Bey) B e
' P e T . . S : ) ’ o T '
11

- ) 4
i Y sin 8

Ticot B.'¢ cot Y o+ - cot a(t?.a? Ixnzﬁ)

.

oo T

C L e

: 22 2% .12 2 2
. cot al{l -a li?/!}"- cot 8({L"-a" gin"3)

t

- cot milz-az,siazv)H - taizhé;)éo-'lcf—!%ﬁ_éy
[ < y -~ ' . .
. ‘.,c,cp.-lln sin v, . o
. 1 ‘{'llz-c? .ia’a:" . (lz_bz nn’m"} ., )
) + . sin a ., ‘ . N
1202 20 L 2.2 2.4
S ST . 2.
s 2 (e mn ) sin v (L "8 '%n v

L S I

)
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_(n) Trlfxrqlo !!'=‘ a>b>c> 9, > Pz;’ Py -
[ 40.tt) ftor tefo. ' |
¢$,(t)  for | «{0. p,} ., . | - (n,)
- 602(1). !or._ .;'lc(pl. pzlt . oo o (8,)-
(1.2.1) r(L) = { 44,8} for lc[pzf Py o : . .y |
- ’ _ <o . - SRS
d_t‘(ll for ','FIPJ' _cl_ - - (B‘)‘
de (L) for lcl'c-.. bl ., - o ' - Bg)
- QO&(I) for ' tc(b, a] , : i . ‘ - .(86)_
Jf'»‘ L .
uﬁa'fo 0 (1) =2 A + cot 2 + cot 8 & cot v}
‘ . 1° sin o sin £ sin v ' ‘
1, (1) = Zlasbecicos | (SRIRE,
. . . .
e 21‘-[.‘ 1 . 1 . . co‘t 3 ¢ cot 8.+ cot v} -
sin a  sin £ sin oy . -
P , TR T ST
- 2{t— . y 7] - ——————t
- . . t_tnﬁ sin Y - l-2_ S
Lo T3
¢ {eoe 8-+ cot frr\-/l - E—'—L-;—!-l .
= - ? - g - »
_ 0,(1) = 2(asbec) ‘t-“:—%ﬂ—-’-n . cos IR,
o 2L 1 . ! - . 1“"-co:4¢cot'.:’. & cot v)
2in v aln & in 'I" '
’ 3 2 2 .2 % v 2 2 .2 8
‘- - 1 - i .
, | “-mv“ - a” 8in” )7 e e ‘,b sin” ¥)
|
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1 .2 2 .2 % 1 22 2 .y
-.0 sin B {1 -.c sin Y)‘. . sin s (1" - .c sin” a) ’)

- 2{cot ‘r.(lz - b2 unz, 7)1’ + cot n(’lzl - r.':‘2 sin® c:)5

%)

050: Ql(lz - l:2 lln2 Y)Ht éac“‘v(lz - czksin? a)

WO 2 (asceb) cos Itu{iiy |
* 2asbec)cos 1(5—'—*1‘-3) +.2{a¢bec) cos 1(-‘-—-'—%9—@4
U ¢ =2 s = . 2'cot 3 e 2 cOt B ¢ 2 Ot ¥)
sin a sin 8 sin ¥ Lo S
[
). 2 2 1 2 2 2
- - . L -
2{.m YL a t_.tn Y T s a sin B
2
. /t - c .mz L 1 .'112 - c2 sin. 8
s:n &
N N ‘ N ) .
. ”l - b B4 nz a . ~ jtz - linz v}

lin 3 . sin v o ’ -

]
[ ]
-
v
2
m

- 2{cot u}tz - .2 qm-", 8 ¢ cot a/l_‘

>

* cot vjlz - c2 unz. 2 + cot ajtz -c sin o

)2 2 2 A 2. 2
e cot Bvi° ~-5" aitna” vy e cot ¥yl - b sIn !

»

,‘.“" o . 5
".CS(U = {asbec)yY *+ 2(ac¢bec)con 1(’—'?—-—;
' - a

I - . -ll in a

'. + {ybfc)co- I(E_E_:L.g, . (nb+c)cos ;S——ELL-)




N : - R

<

o~
. -

1

¥ (L) = lasbec)iBev) o N

L 4

l +* » > =

' 1 jz 2 2. 1
;('13 8 . '1?'5 * sin 2

"
]

/i’ - b2 IIQ? a)-'

rlz - c2 linz 8

"{cor 8 e cot ¥) '&2 --c2 nxn2 2
R _ A

v : ! ]
(cot a ¢ cot Y) ilﬂ}- cz llnzla

2({cot € + cot ) -[lz - q2 nm2 c)

’

) . )
r(aOb'bc)(coo 1@__!_%9_2,_ + cos ‘ll-c—-'--}g-—a)?

1 1
£ . + cot 8 « cot y}
{nln_j ‘sin 8 i Y

S T A A “ \
- Yy rL. = b sin 23
sln 2 sin £

{

!
5in in 3

- /

-
[
]
o
"
P
3
Q@

{cot a +» cot‘ 8)

o, -.". 2
_f{cot o ¢+ cot v} jl.
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. L3 s
(<) Triangle I;I;-'a >b > py2c > P, > 91. ‘ .
_J' . | G \ : .
| o N dCllF) for tcio, p|1 . : . (&33)“
' ' ) t . . o :
_d§2( ) for t(pl pzl . . (Cz)
653(l) for L¢ {P:- cl ’ ' : (CJ}
(1.2.1) F(R) = o , |
, . .
. di‘(l) for tecic, p3] . | (C‘)P._
i dES(I) | for lf(p,, b) -, _ . _ (cg)
. 'L .. . l . - ) .
A d;st ) for cll?, al , | o _ (Cﬁi
L ,
[ 4
where . . T
g o - " -1
I _ ;
) a - - i ‘ ! &
CELD) ; 214 R SR S P cot a + cot 2 ;'cot Y} o
, 1 sin 3 sin 8 sin Yy _ ‘
X
Y. 6l 1 S .1 T 1 . /
F;‘t' ® l(nxn v * sin ] * %ina sin vy .-gzn s sinE " cot 3
. . . -. : . - . -.1 . .
e 2cotd + 2 cot ,Lihmlib_%u,-. 2b cos (E'—.':—n—y_-)
: @
e 2c con-l(c——-—-—.:n 2
'2 J | c:2 liﬂ2 8 2 ] t::2 ’m2- ]
- #in 8 1 - . l2 ~ T stn .“vl -——lz_’l
’ 3 R - 2 2"
- 2 cot e_j: L N -]1.-”—"!—“,‘—'3-} .
. o R 1* . } .
‘ i fIJ(U o Llcot 7 ':ot.‘- 1T e cot 3 ot qe ot o
(4

2 2 2.
+* L J L
sin a- sin 8 ain Y

—




. Ja‘m‘-ltb lln Y, . Zb coc -1 b nin 'v, . e m-l(c lin a, .
: ' T4 la COS: 1(-——-—-—)‘ 8in y . 2c cbo'lt——-——c -:n a) + 2c m-l('____c -:n B).',

LS

- 2cot 8 /1% - b? ain? v - 2 cot v M2 - bF g1n? 4

» : i

A . 2 gin-a - .xi _ N2l s

sin a

2 2 _ : | -
_-.—1;-‘—?}[ = b osin .y [N e . . )

t‘xtx‘- (asbec)y

Al

1 2 1 ' .

A + s cot 3+ cot # + 2 cot vl -
" {lin_‘:_l".' sin v aan 2 Lo : : :

. - sin 8 =l ¢ sin a,.
+ (asbec){cos 1(5—.-{;-_} * cos T t=——}}

. a . ' ) 2
- 1 J].z-- .2 glnz Yy - —-1—— /lz - C-z sin B8

sin vy . . aln vy .
. : : 2 .. 2
--—-‘l—-}l:-cz'i:}:?.‘-—-—l—-:Ji‘-c-nnﬁ
. T _ sin £
R A R
- — S N T B - R S TS
_4in 3 : R ' .

- ' " - JT 2 2
- cot & flz - ‘cz unz g .- cot Y v]l = c “sin ¥ , N
’ Y
] Ao
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£ - (asbecly ~ c¥

1 1 1 .
* + n ]
sih a  sin 3  siny

’l[cor.uocotaoz‘:o:io

.

* 2 ?“-ltﬂ“!'ii"u" + > cos-l(y-"i#a) ¢ 2 coi-l(———-‘. ':“' s;

LY

. (‘Itboc)coc-ltc :“ ) . (ubaﬁc)_con-l(-c-%i_) :

e 2 S 2. 2, e
m sin oin 5( L a sin 2)

‘
'
(¥
i
e .
~
'
124
(Y]
e
o
'

| 1 [2 2 2 .. 'y 2 2 2 o
atr S_t _ c sin §) : Y{ L a sin v) o

o ‘ -‘—-1——!)1-{ ¢ s1n? @y - —-L—(/l_z - c? sin? 3
_lsn Y B . %1ln Q -

’ }
stn 23 - cot. # v‘l2 - cz slnz £

o
¥

- Tot a-le

]
n

- cotvf'lzh-g:z 'inzéfmtyr‘lz-cz sin 3

D

- . » . . N

*

o
~J

2 cot ] jl.z -12 11n2 4 - 2 cor.a _-}l.z - a° sin 8. .

L 1) = (asbec) (dey) o - ,

. (nb*c)cond(u-:—u) - (_uboc)cou-l(?—':n—a)
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1 T2 2_ 1 f2_.2_.32 -
- - we— 1" - ) - —— 1t -
sin a < ?m 3 sin y b sta” a
- ) h V
' RS W ¥ T I 1 S22 2
sin B | § b sin a win v L a sin vy
e ‘ y ) - .
- cot a-(’lz - 62 llnzia -'_cot 8 }lz - % sin’ a
1 i . \ |
2 2

- c;c>t_ Y !!.2 un2 a - cot o jl.z _

]
n
1
(g}
)
[
o }
[%]

]

Corollary. The probabllity distribution function ?_(U .of‘the Sy-

_random secant c_:! a regular triangle of side a is given by

o
[ - | =

I 2 ]l for 0 : L .t. 2a .

ra : 2
Py - o o . | ’
- 5 2 a2 - 3

CAT PN T L M N S T L
va : P * 21 2 )

[

Procf: From the case: Triangle II_r putting a = b = ¢, a « 3w ¥y

2 (1.2.1) (B)) and (1.2.1) (B,

This fcsu§§. is independently cbtained following a different

}, we obtain this lusult.‘

argumont (ct. ti”ll) in the next section.

O
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1.2.3. Tridngle 1: a2b.>c, a2 %° _ Y

k-

Since 0__<_p1:~_cib < a, vhere Py =bsincC -.lc_ iin'en and the
derivation of -tho set D(L) in the parametar space S = [0;_ ashec] [O,u]' |
- vwhich contr'ibul:‘cn to ,F(l)‘.mods lcpu'lt; treatmant for 1 lying in
. different intarvals we dooalpose the Lnt-rvd‘lo.al 1nto the following
appropriate mblntarvall (1) [0. pll. (11) [pl.C]. (Li1) [c.b) amd

{iv) [b.a]

- Determination of the set D(L).

In order -to ﬂnd the dlstﬂbuuon function o! L we require the

set D(L) = .+ {{x,5)1 Lix,28) < l} in unpumurspacc In this section . .

wo obtain this set !or dif!;nnt intc;va_h of L.. In order to deterzine
) , - L . ‘ . .' ) ' . o
D(L) we consider the three cases in which the secants arise from random

points ‘on the three sides of the triuyqio.

-

hpt L= N

Case 1. ~“Secants arising from random ‘pointa .23 BC.

part (L): : C 0 <L« Py-

S lef. Fig. 1B). e first. cohsider secants tntersecting CA. - Let
£ 010,79 ]. Lot P be the corresponding secant such that -

/*\L(x,(5,1),9) = L. Considering the triangle $PC ve have -
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. A " . ’ I ) .n.‘
. : o o L sin (y+5)
(1.2.2), N x, 8.1 T

In (1.2.2) we note that >

(1.2.3) o0<x Lx,9,0) = Ltx,§) ;:_";.(xlte.n.e: -t. .

[}

124

. - .
Hence the set
. ' . L osdn 3+
1124 TS k)« {(x,8): 08 < Ty, 0% x 5_—';31‘1‘—.7—)-1 |
‘co'nuib'utu to P{L). o /' . h
- Mo ve c'oruxder secants 1nt¢rsoct£nq BA. Let.3 ¢ . [9'.371.' Let PIQI
N
be t.‘n oorrupondinq secant such that |p Qll = Lix, 8,1y, %) = L.
’Conuderinq the txunqic BP Q.. we have
L - L sin (3-3)
. q - - .
1.2.5) . ENCDRER T
it is clear that (cf, Fig. 18) °
T X (30 Cx £ a e Lix,d) <L,
‘ | o .
Hence the serx SN |
c{1.2.65 ° $,,(a. 1) - {(x,9): 8 <9 <, x,(9,1) :‘_"* .‘.."l}
1 . . . e - .
oonuu:uu- to rm. ' : T —
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-~ part (44) . ‘plf_lf_c. 'i\

~

With A as tbo cantre and { as the ndius we drav a circle Ln;ar-
‘secting BC at D, and Dz ut{.mc =3, 1.1, 2 '{c!. rig. 19). Then

lsinﬁ-bnnv.oothatﬁ-linlte—-'-imland >_‘
2-:-91-:--111‘(”'“’ . 'Let 3 € £0,8,], Then we tind by
argumants s’ialuu to those used to show {(1.2,3) that

*

L% 1)

-

02 x < x(3,1) » L(x,8) < i:

-

.

{(1.2.1n --521("“ » \(x,c!: o._f_ %< 31.

o

contributes to Pr(L < 1).
- let @ ¢ l‘:l. 52].- Than clearly L{x,?) i" for 0 i’x < a. " Hence

the set

(1.2.8) (-.l) - '.(x..)s 9 <& f_-"l" 0 < *-‘i-‘l ‘

°

contributes to P(I).

S let T ¢ [;;-;;,.--7,1. ~Then 0O kx_ xl{i'.i) w, Lix,9) < L.

hense the net - —-

1.2. (e, f) . i 2 Ay, x < x (3,0
2.9 Syytant) o {8, <28 T'ay, 0<x € x (2,0

-
v o
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contributes to FP(L).
Mow ve conl.Ldu- t.ha ucant.s .Lntu'locung AB.

lat 8 ¢ [8, 81]. ‘hcnn find tJut.

2,08,1) < x < a e Lx,9) < L.

- ‘.4‘ r . . . »
-Etm:o _ . n
1
(o3 100 Spelanl) = (@88 <9, %87 < x < ak.
"'cn:nbutn to F(L).  Also the sot . _' e o }

LS 525{..1) =B 8,0% S, X 48,1 € xS aﬁ |
| contributes to (L), . .. |
.x'.'

Part (134): L est

LA
o

\\n, ’
‘ \uth A ll t.bo cent.te wve d.rlw a'circle of tadtp: L (c! Pl‘g 20 )'
The cxrclc tntor:ocu BC at D" I.-t4a\D"C . g° . Then e =sin -1 (b—'in—l-) O T
iuqh B as t.h. cmu'o and I. as tha rldiul we drav a ciréle T‘he-c.Lri:lg
Lnt“mua.: ot ut‘nm. vl. MS' - -Y" .inl(:_‘:_n_l)_
e f!rlt connldor fs‘o'cant\s lntoruc:.an"hc. tot 8 ¢ [o, 2°}.
Then for, L(x (J.a.l,') . i, wo *uwc L L

: 4
-1

0k < x (0,8) = Lx,®) <2

(53
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~

(1.2.12)- sn(q.l) = {{x,9): 0 <9 <9, 0<x ixlie,t})

-

contributes o F(1).

L4

or secants intarsecting either AC or AB we find 2 ¢ [8°, 7] and '3

0<x < a=>Lix9) <.t

Hance
(1.2.13) s (a.0) « {(x,8):8" <8< 8%, 0<x <a)
‘contributes to F(1). \
For secants intersecting AC. Llet § ¢ [&°, 'rﬂﬁr]. Then
DLx Sa (5,0 o Lx,d) <L : . : .
& .
Hence ‘
\
\ oL © ::‘3. .
{1.2.14) Syptant) @ (x.8):8% < 8 < v~y 0 X (8,10}
- - : \n‘\ ~ - - -
contributes to F{l)..
_We now consider secants intersecting AB. .
Let 2 ¢ ]-é", =]. n,g?
{1.2.1%) X, (5,00 -« x < a wd Lix,r) 7 Q. S

Hence .
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Y
(1.2.16) - S, (&L} = {{x,8), 8" e< v, x,(3,0) < x < a},
contributaes to F(l), . . . ) : ~
- Part (iv):. . hgtca.
. With B as the centre and L as the radius we draw a circle (cf.
Fig. 21). The circle intersects CA at E). With C as the centre and i
43 the radius we draw a cuclo. The circle intersects BA at E,- Let
A - 5 e o =l a sin oo '
;l: BC = & and‘_tzcn - '32. Tfun St A linf (+) and

. - . =1 & min 3
:'21-—_:0|Ln '.'(ﬁ__"

v

Let 3 ¢ [0, 5,). Then O Sx S x (30 B LixH) < i

_ e
u.;._m S lacl) - {(xl,e): 028,02 %< x(3,1)}
. contributes to P{i).

lev & ¢ [% 2-'321". ﬂuaoi:i.a->i(!.9):i.

1'
Hence
‘ - r
(1.2.18) ‘ 42("” - {(x. 1) 1 "1 £% - 2,0 < x < a)
{ . o
fontritutes to Fii). S : °

et v oe [T ‘-‘2-"1-"1'?30“ xzt‘-'.“ S x < ae L(x,? i

*
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Hance < _‘ - . .
NP2\ & : ‘
(1.2.19) 500 « (AP~ 8, <0 < m, (8, 1) <X < a) ‘
] . ’
" contributes to P(l).
4t :' y ) A . . . ' *
Case 2. Secanty arising from random points on CA.
Part (4)- 0<1<bsiny.
) t

{ctf. r.lq". 21) .wa congider secants intersecting BC. Llet |
¥ ¢ [0,%-Y]. Then there exists a value x;(f},lo of x such that
_L(xllﬁ-f;l). %) = L. Clearly
X (5,0) Cx<aebece Llx,d) < i "

) —

1.2.20) 5 (&b) = {x,5): 0 i'e:r -y, x, (8,1) <x<asbec)

- . ' . - o
. contributes to P(L), Putu;\q 4a+bec-x=yandas+b<sc -~ 31(9.11 -

1
S

7, (%,i) we find that’' (1.2.20) reduces to

H.2.20) sn(t.i) » {{x,%): 0 :_f.-i’-: =1, 0~y iﬁl(é._i)}. where

L win (yed)
‘3',‘. r ) #L_ .
yl_( ) Y .
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a2

4
rig.
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t e consider now secants intersecting AB. Let ¢ c [a, *]. Then
-~ .
. there exists a valuo.x".‘,(:’f,l.) of ‘X such that L(uz(e,n ,2) e g, élculy,
x, (3,0} 24> a¢cm Lix,?) < L. Putting AR | _ .
‘... . - . - v ‘ L sin (5 - 3)
t'b*c',‘_x ymd\a+b+,c x-zle.l)_ y (.1 - T
we find that,
oA . = . .
(.2.20) s I = {(7.9): 3 28 <7, y (8,0 <y ¢ b) ‘
) - . ‘ . ' Sy .
' contributes to F(l). ) | ) )
4 c’ . -
a
. o B -)'_r'“ .' ) L ""’
- - . i ‘ - i IR
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‘part 11 S _bsinygtgc.

-

{cf. Trig.23). Mith A u’r.hc{ centre wo Araw a circle of r'adl_ns L. .

-

e circle intqnogt_n nc: at Dl. andvoz. r..-t‘,ol.\c- -0 1 - 1,2, 'mcn

- -1 sin '
c,-_%-v-_cocl‘(!’——l“—l) and ¢

2_—-70('.‘0!-1 (P--'-%Pf-l).l

2

Ne consider rays intersecting CB. .

>, . -
]
-

let & ¢ lo.oll ' t}un 'thcr' exists a vnlue'xlté.n of X such that

L sin {yed}
sin' ¥y

~

L(xl(e.l) ,8Yel. Clearly O <ys Yy (6, 1) = wl(y,2) < 1, where

y=ae+bec-xand ylte.u =aebe+c - "1(&'”"
Beaslw

c{:_..zn . 5,1

(b,t) » {{y,8): C <8¢ 0,0<y <y, (00}
contriratea to F(l).

et 8 .(‘,!;:2,?.-"1. Y,- a ..lb ,"r“v_'x' yi{.g,l,)(. a‘o b+ c - ;1ta.rn.

- whare “'1”'“'”" L. Then . oy

0y <y (0.0 Lly,® <l '. ]
Hernce . o r : E : .o | )
tlllLan ‘S"’[t_L} ‘- _{(‘Y'-'_-‘):ng < - P DLy sy ('_"',L}j'._

contributes to F(lL}. R ¢
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;o - .

7 o-.r - \ {

lat . - _
- e l_ol.;zl._y - atro'b_.o ¢ - x. |
‘mn

Yy« ld.bl ->L(y.e)u_§_ L.

Hence ) ’
(1'._2.241 ' su(b.t)l- {ty.9): #; S22 ¢,, 0y b}

contributes to F(l}.

~

.¥e now considar secants inca:&c:ing AB.

icf. P1g.23). Let €' ¢ [a,t], y <"a+bec-ux,

o - v2(a.;)_-_; . ;E«\c - x, (9.1).
Then \ )
v ty,(8,0), bié$b}y.e) b ,
!_itn.CO ’
_wil.'l.E.S) ‘ - s:‘{b,llr - {‘{}'.61 é' 3 -_'115_.1, -,-:__(é.l) <y :_ﬂb? ) l
:‘;.".:.';_"..:Lelr. to ?!i‘).
,
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part 111° ' c<l<b.
o B _
(Cf. Pig.24. Mith A as the centre we draw a circle of ‘radius L. = -
.. ) . o . . : T .

The circle intersects BC at D'. Let LDAC = g o -y o lin-l (b nin v .

We first consider secants intersecting CB. o

: o ~
Lat '

~

8 g lb.c'l. y' = a,*+b +c - x, ylte.l) - a4 b\o c - xi(a;n
, 3
wvhere L(xI(E,l).‘.‘} = 1. Then

-
"

0 <y :ylto,l) => L{y,8) < L.

<,

nce

.

Lill2.26) Syyfbet) @ fly,8:0 <2< ,0c<y< y (8.0}

.

L

contributes to F(1).
|

(cf. Fig, 24). wWith B as the centre we draw a circle of radius t.

--sin—llwill -,

The circle intersects AC at D . u;&ao'c = ¢ . Then ¢ n
Wt e cls 01, Then )
‘ N P
, | o T 0 <y« b oes Liy,?) i i
wy, - ? .
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‘Fiq. 24

Ly
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Bence
.27 Si,b.1) = {ly. 811 8 <9 <o ,0<y<n)

contributes to F{l) (note that secants here intersect ?B or BC).
. ) I ’ ) ' . ’ '

Lat

8 c (o ¥-yl, y=a+b+c -.xj-ylfe,l) - a +b +c - x

R >
vhere 'lelte.n.'.e) (L, A“’"“ . | _' - -
- Cxy=s ?1(9-”""->“L(y.;3) < L.
befa )
;‘i&s_;en o Slj‘b',n - i‘(y',_e;':' o i'e ey ey yl'(-'j.,i);

.

sontridutes vo FlIY.

“ ‘ )

Me consider now .the coc;nts‘ln:irnoctinq AB. (cf. Fig. 24).

let =
2 (8,00, y_-‘a‘o b 0 c,- i..yzta.l) = a4+bs+c- !2(5-133
eresLix (%,1),%) = i, Then . ! :

poluel) €y LB oer Lip ) <k



N

-] ! ) .
o . .
Bence ‘
(1.2.29). S3.(b,0) = {{y,0): ¢ <8 <7, y (e,1) <’y < b} - -
contribiites to ?_(l.).. ) : _ o - - A .
Pare 1v: . S  b<1lc<a. ‘ :

) © lef. "719.25). With B as the centre and i as the radius we drav - .
a circle. The circle intersects AC at -Dl'- Lat‘. m)lc = 3. Then it. .
follows from the triangl¥ BD,C that o= v - sin 12 "in‘Y’
:ct‘.*t1‘0,¢lnnd'a¢boc.-fg-y.‘-_men DTN

0 ¢y €b e Liy,8) < 1.
"Hence - . .

-

' .541

. P S Lo ‘ - 3, S )
11.2.30) (byL): = {{y,8): 0 <8 <0, 0<y bl - -

4

contributes o F{l).

c

We consider the secints intersecting BC (cf. Fig. 25).

Lot _ .
A ' - ’ 9 . Y
i I - N
3¢ lear -1, a0 e - x (3,0 .y 20,
. . . .’) ° . X . "oa :
n‘n - . _' ’ J . . B o
| | ‘ - L [ ' ™. ,J
02y <y (0.0 = Lly,8) <t




[ad
&
'
N
o
'
& ° - 4
hY : ]
hed (a -
N .
, 1
\
. . 4. \
* 2
' " i b -
o \{_ ' -4
¥ ~
~ -
- L d
’ ' -
) "
’ -
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¢ - -
ﬂ 1]
\
BenCw
1 .
contributes to F(L). A ‘ ) - .

\

— - . Mith C as the centre we dtn a4 circle of radius L (cf. Fig. 25).

T~

T™he circle intersects AB a:-o . IAtL'DRCA - .0' Then

2
. ‘ ) . N
‘ ORI - ) -1,5.8ln a_ e
sin a .;n(-,..l__.ao) . IO that ’0 - r-a-sfn (_l_’ .
. , et
]

1
.

Tt leragl, acbec - x ey and s eb v x, (2.0 =y (e,

where L(x, (%,1) 43) = i. Then

¥

. - i ‘ yzte.ll <y<ae Lly.2) < 1.
Hence o \

- ° . ’ (e - -
(1.2.33) T 5b,0) = ((y.81: 9 L@ <1 -3, y,(0,0) <y <b}

contributes to (L) .

bk {f—ag.él and 2 = b *C - X =y,

. \ N
¢ . . . - 9.
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Then
‘0 <y <b=>Lly,8 <t.
Rence
C(1.2.3Y) Seerl) = (ly,8) 1 v -0 < 5.1 t, 0<y<b}

cpc;tnbuus to F(t). : A . '

Case ). Secants ;rising from randém points on AB.

 part (1) . 0 <1t <bstny,

" wo consider secants intersecting BC.

(cf. Prig.2@. let 8 ¢ {0,7-5], a ¢+ y = x and a ¢ ¥ (B.1)= 11(6.!.).

~ . ]
. . ‘ & . )
where L(x, (8,1),2) = t. Then 0 <y < ylt‘e.u > L{y,8) < L.

‘Hence
T 1.2.34) S1y0Cet) = {(y,0) 106 <cu-d, 0cysy (8,1}

contributes to Fii). . . ' o

i - Mext, We consider secants intersecting AC (cf. Fig 26).

ut‘}((u.!Laoy-xu&daoyz(é.i)-xzte.l).vhﬂt
\ .
Ux, (5,1),5) = L., Then
P 7 ,

- 1:{2(?.1).; 3":'6.'.'2‘(?2{?’1_);['
Hence .
(1.2.35) 5,500 = (¥8) 1@ ¢ 8 cwy ¥, 0.0 <y )
' ' .o . ’ '

¢ "

¥



. "\_ B
. \_\ - l
\. L) s
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A

contributes to F{l). o T :
- | : : g/

Part (111.;- | :b“nTi'-ic- o

. - .
(ct. Fig. 27). With A as the centre and L as the radius we draw

a circle. The circle intersects BC at D and bz. Lets D AB = ‘01. 1=1,2.

1 i
e . : . C A . ‘ _‘-
ay = %/2-8- éo-';('i“l—“‘-'-r. and o
a, = 9/2-8¢ coc-l(b——-——)-in 2.

Y

Be now consider -o‘mfs intersecting BC. W

let y e x - &, y (8,1) » x, (6,8} - a, where Lix (8,1}.4) = L.
L - § : *
o Thcn_ the sets - ‘

(1.2,36) 521‘_"'” e (ty,® 10 < 3L a. o<y E‘.Yﬂ?‘-‘.’ b

(1,231 s (c,b = {(y,® i a £8<a,0<ycsch
and - ) . - g

(1.2.30)  s) tc.t) = {(y,® o, s0cr-80

contribute to Pil).

’

N
We rext consider the secants intersecting AC .cf. Fig. 27). . .

Lot 8cla,*], y « x - a, y,(8,1) = x,(8,1) - a, whare

Llx, (80,9 « L. Then y,t8.1) £y < "‘“Y-e’ i"‘" - S ‘
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-
-

r
b}
L
A
'
rig. 27
. - 3
" : . -
. ]
{
'
A
L}
)
- i P ,
8
3
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{(1.2.39) | Sz‘tc.l) - {~(Y-.617_ ta <8<y, y2(6,£) <y i c}

. contributes to F(l).
9 - ~ - - | .| . _-‘ K
Part (iit): - c <t <h,

(cf. Fig. 28). With A as the centre and L as the radius we draw a

circle. The circle 'mtcructl-‘ac At a point D. Let { DAB - .

Then
 Few 8. anT (S80S,

. (X}
— -

- lat 5([0.4?". Y*"x - a, yl'(a.l.) - il(e.l) - &, where L(x,(8,1),08) = l.

. Thex ‘O:. <. -)"L(Y'“) ha 1/\ . C ~ - . .'_—

let e < _(C_n.-fS]. Then O LY = ylta.l) w> L{y.8} :_"1. .

>

Hence the following sets contribute to Fl1):

(1.2.40) © sy (c,1) = {(§,0) 10 <8 <&, O<yc<c)and
(24D . s pleetd = lty,0)' s g o< 0y 3’1“’"”'
1\ -

N ‘ "

vhere y = x .- & and ylte L = x (8,0 - '.. R

-
-

Mo now conmidor secants intersecting AC.

. \
. * i

3

A

_ With B as the contre we draw a circle of rodius (. ‘l‘hc"(fcxr.clc;'
. _ . . o ‘ . C ‘ -

inter T T . ) ' -1 c sin a, .-

acts AC'at D). Let 4 D BA = *-4,. Then ¢, @ a & ain " (—— )"
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. N )
- e v

Lat 8 ¢ [a, 8;], ¥,(8,8) = x,(8,0) - a, vhare Lix (8,0),8) = t.

yz-(e.l) fY<cecm™ L(y.e)_ < L.

Hence .thc sety ] .' ‘ _ B ‘3';.

(1.27'&2}’ | SJJ(c;l) - '(r(y.a‘) : 3_1 e_«:_ 6;, y,(8,0) _<_ Y i:c |
(;1.2..43')' - Si‘(c.l-‘) - {‘(‘y.‘al 24 < 3.1 1-,l 0<y<c) ,
oofz':;;wu:-' o FL). L "

_Part (iv) biz_ii.-l

(cf. Figi29). With B and C . as the centres and { as the radius, we

*  draw circles C],, and C2 rupectlwely.' iho circiu_c intersect AC EM‘AB\ '

o . ' ‘ ) ) v T -
relpc:;tively-‘pt. points D2 and D., Let 4-‘(:018 -la 4 Dzu - 3,

1
;'hc'n' : o “
3 K - ot 1‘9—9‘5—?’* wd ol -':; —sin lt""—c ':_n'"a +W-
. _mc.-:‘ the !o;iowinq ut.:.lrodntribt.:u to Fl(i):
CER U R (ty.8) ;0 < eca.0cycc, '

41 ‘ J)

(102,45 o sb’(::.:; = {ly,2) 13 <8 <=, 0 <y < ¥y ¢ Sy},
- . B | L] -l\\ » - ’ . .
‘J (1‘.;.46) o 543{'9,‘.? -_'f{',’..'.") BE IR IS 3 yi('f‘.i) £y Lt ‘\' y
T and B g :
u.—z.m  Seleli) - {ty.es t -3 <8 <7, 0 <y <cl, o
_ : y _ ;

\mcroy-x-.,yltel)-11{61)-.,y2(31)-2(91)'lm¢

L(x (El) e)-x,(:z(d 1), B)-l. o ' . , ‘
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Pig. 29




- - | | 182

o
!

~1.2.4. Trianglc II: a >b > ¢ > Py_> Py_> 21'

Let ABC be a t:ianqlo with a > b 5 ¢ > p3 > pz > pl'
We dqconpose [0,a] Lnto lubintorvall [0,p1], (pl'pzl' [92,93],
[patc’a [cl’b]l Md [b,&l

" Case 1: Secants arising from random points on BC. . , .
Part (i): .0 L Py

Using the same arguments a;'in'ﬁhe préceeainé
sectidn we have the follgving:letn in the parameter apaée
contyiﬁutinqrto P(L) (ce. Pig. 30). '

(1.2b.1) | R |

Syl = {x,6): 0 %8 ey, 05 x £ x (8,00},

(1.2b.2y- ;. . o . | B

.

S (8,1) = [(x,8): £ <35 %+, x,(a,2) £ x-< ad

where
(1.2b.3) R )

xylapty = Lsaalien)
(1.2b.4) " '

i sin(G-S).-

x,(a,t) = a - 3ing




v

P

v | I v




.- . Part {;)._‘ p1 .5 f:)s p‘2' S ' . -.‘

In this case we have the following sets in the

parameter space contributing to F(L) {Ef.= Pig. 31).

(1.2b.5) | |
 (1.2b.§) ‘
. S‘(acl) -.{(Xfe)z Bl(a,l) £ 8 E ez(a' L), 0 < x < a} :‘
S U - 20 ) R | SR
s ‘SS‘ail’ - {(xv%)= 52(a'31'£ 8 £ 7=y, 0 erfg-xlkh;If},
(1.2b.8) ) |
Sgtasl) = ((x,8): 3 X858 (a,1), xy(a,0): Spx € a) ,
- : A - . ". ) .
(1.2b.9) . L | TR
where . Y '
(1.2b.107 o
8y(a,1) = sin"tR8in Y,
‘ (1'-2b.11) \. l - -
- "ézta}ta.- r < sipiRsiny, | )
. and Xy (a 1) and lea 1) are- given by (1 2b. 3) and (1. 2b 4)
: 7 2 |
! respcctively o s | ..':. | | .

Part (1iiy p, £ i & pj.

In this case we have the following sets in the

parameter kpacﬁ-conﬁrib?ting to f(llL(Cf;' Fig.. 32).

. -
3
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» a ' 1] .
{1.2b.12). . =
_ 53(‘ l) - ((x.a): 0 28 % gi(a;l), 0 < x g'xl(.'Li} e
(1.2b. 13y . N |
C - Sglait) = i(x,8): . ajfa,t) <8 : a,(a/1), 0 <.x Sab . T
C{l.2b2&) - D L | . .
S—lo{"“_ '.(."ffe".‘.,._?z("iﬁ) £ < g’l_ra.'n,
‘ _'. 0 gj? x)la, i} . R
{1.2b.15) _
7 | e ,
i J S; (4, 1) " ' . ‘@
. ied S | |
vhere ’ '
(1.2b.16) - L
ayfa,t) = - ¥ w sin”}(A 80 Y,
(1 2b. 17) . . N ) ' , : N . .
2(& l.) - -i:- -y +“co.-1 Lﬁi_"_l} . . ‘

Al

Q ~and xlh U. x (a,l),'.lta,l), 62(a L), and S (3,1), vees

"t Sy(a,1) are 9iven by (1.2b.3), (1.2b.4), {1.2b.10), (1.2b. 11),

©, and (1.2b.6), .... (1.2b,9), respectively. ;' . ‘\w.
'R. : . LI ’ .," ‘
Pare. (iv), S SN
Vo . P3 N R
i\ { In this casu;thc.gfts ié':hc paraccter space thas’

“‘ contribute to F(Ll) afb'thc foilowznq {c?. Fig. -33).

(1.2b.18)
: - e 10 ‘
(U 5, (a1 U s, (a0

e g ’ - . P +
. .
1-4 S 3-8 3 - . . - . _
¢ Ce EY 7 . 4 :
- L3 . . . . . )
’ . * ¥y - : 7 &,
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(1.2b.19) RS S |
. 511(.0 L) --{(X.B) 2- ezt‘;t) < 5 < El(a,l),
M ’ . v : < < ] . )
o .xz(a.l).- x - f} . o -
(1.2b.20) _ . |
L] ’ : ) , . . -._ p _ V
*£?512(a.£) - {(x,8): Slta.t) <8 < 52(a'1)1.° Sx<a) .
(1.2b.21) o | ,
S1pfarth = f(x.e):, thh,t) £8 s ?;.xz(a.i) £ x 2 al .
. !herc : _ . ¢*, -
- (1.2b.22) | ' o
‘8y(a,t) = &+ sin Tl (28203,
11.25.23) ; |

PSR
t

: a‘nds‘[a!t)' AL Ss(‘ll)l .Ssta' t)l! -:-! Slo\(a,l). xl‘a' i’: .
xzfa.l)f alta.l), az(a,l),.élta.l), and #.,{a,l}) are given by
(I;Zbiﬁl. ..., (1.2b.8), (1.2b,i2). ....‘(1.2p514). (1;2b.3)2 R4
A1.2b.4), (1.2bﬁ16). (1.2b.17), (1.2b.10) % and (l.2b.11).

o

fespectively. . _ - : ‘
. '_ B N i 'j . l.. . . s .
. Part (v)!  ec Zt fb. ‘ SR

,in this casc we have the following sets in the

paramcter lpdcé'cbﬁf?ibuting to F(i) (cf. Fig. 34). .

&
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Fig.
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Fig.
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- parameter 8pac§_conttjbut$qq’to F(t) (c¢. Fig. 15).

139

"{1.2b.24)
Sjefa,l) = {(x,8): 0298 Za'(a,ty, 02x%x(at)) ,

(1.2b.25)

slsta.z) = {(x,8): a'(a,t) $2 % a%(a,1), 0<x<al ,

- (1.2b.26) - . I | S

slsxa.tilr (x,8): 8%(a, 1) 26 % oy, 02 x < x (a,t)),

(1.2b.27)

S~ -,

Sypfast) = {(x,8): 8°(a1) £ ¢ 3
xz(h,l}ﬁf x 2 al ..

L

{1.2b.28) ) : “

~

where

(1.2b.29)

a'{a,t) - - Yy ¢+ sindlje—géﬂ—l)

(1.2b.30)

o | _ a
L(c_s%n_-, )
. L

9® (a,l) = = - gin
and xl(aol) ’ _xz(a; L) rasl(‘:i) . 52(3.1) ,‘-512 {a,i), cand 513(ﬂll)
‘are.given by (1.2b.3), (1.2b.4), (1.2b.22), (1:2b.23), '
(1.26.20), and (1.2b.21).respectively.-  _

-

Part (vi;. b I i 2 a.: : ) ey

- il . N

In this case we have the following sets in the
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(1.2b.31) |
- [ < L] .
514(‘““_ ‘((x.é)- 028 2a'(a,l), 0 < x < x,(a,2}},

- {1.2b.132)
Sls(é}l)u- {(x,8): .0'(a.1L S8 <5%(a,t), 0 <'x S al .
(1.26.33) IR |
. 519("1}-' {(x,9): ﬁ'l,-l) £ 8% w, xzih,j) <x < a),
where
(1.2b.30) - .‘ T .
e*(a,0) = 3 + ain-ltg—g%ﬂ-f) .

and 3’ {a,t), xlta,;), and xz(i,li;dte given by (1.2b.29),

(1.2b.3), and (1.2b.4).respectivaly.

i

4




161

Case 2:* Secants arising !rpm random points on CA.

Using the same geonetrical.hrquments as in the
previous case of a triangle, we obtain the following sets
in the parameter space S contributing to F(1) :§r z iying

in different'apﬁfopfﬁntg intervals of {0,a].

Part (i): 01t < Py - - ‘ S S -
In this case we have the:following'sets in the

[ .Y

parameter space contributing to F(1) (c’. Piq._J6L

(1.2b. 3%

o
1
x
A

- ---3'

A
L &
A

sy (b, 1)

{x,%: 0 xl(bﬁﬁlé[drhﬁﬁ'

1

(1.2b. ) . ' | - . .

. . ) . . !
S,b, 1) = i(x,¢y: v I8 < -, x, (b, 1) x £ b},
' wherg_ ' - o _ I . T
S tlabam | . !
C | L sin(&+a) L
x b, L) = sin a -
{1.2b. 19)

t sin(8-v)

xsz. l) -‘ b - - sin Y
_.._—-————'-——"""'""”'_"—'-.—d-—_h

Partltii)=';b1.; t < p,.

In thiss/cagse we have the following sets in ‘the

Farateter space S contributing to Fli) {cf. Fig. I17): ' i

"(1.2b.799) )

By
< P ;

S (b,1) » {(x,2): 08 % =-a, 05x%x(b,)}, »

' ;-_‘ ." ) ‘ . ' _ \
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J o .
(1.2b.40 ) |

(1.2b.41)

)
@
1A

Se(b.t) = {{x,8): 8)(b,1) §5(b,0), 0 £ x £ b} .

(1.2b.42 )

Sgib,t) = {(x,8)+ By(b.1) $3 <y, xzti:,n £ x5Sb} ,
vhere '
1t.2b.43) C L
b =y e amTiR Y, L
(1.2b.44 ) | -
- . -1,b sin v, ” o =

and x,(b, 1) and x,(b,1) are given by (1.2b.37) and (1.2b.38) ,

,rcspéctivcly.

L}

*

Part (iii): Py S 1 Zp,.

In this case we have the following sets in the

parancter spéce_contfibutinq to P(1) (ct. Fig. 38,
(1.2bl4s) ' '

5

A

Ss(b.l) - {{x,8): 0 RO} E.Bl(bil). 0 ? x xl(b.i))f

(l'- ?b -4‘.;_ )

S,(b'. Dom slxemdr o 3y d) L% cary(bei), 00D x 2 b
 (1.2b.37), | . Co | |
' 1 , . L ' '
Sglb,1) .= ((x,8): 4, (b, L) 2478 =i, 0 I x s__xl(b,i.),} ,




o
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- - ‘ .
(1.2b.48) .
.59‘(1':.1) = {(x,8): v £ 65 8,(by1), xy(b,L) S x S b}, -
(1.2b.49) o
x,(b,2) £ x £ B},
(1.2b.50 ) . | o
s‘(b,t)xJ,§5(b,z)"
vhere ' - ,
(1.2b.51) S ' R - /
¢ b,1) = sin”} (S0 3, - .
11.2b.52) | . ,
| -'&2'(5.1)-_ - - si,n-ltc—ii:'ﬂ-gi o
. , . ) & | )
274 Sgibri). Sgb, 1), X (by2), xy(b, 11, 3)(b,1) andsz(b,g)
are given by (1.2b.41), (1.2b.42), (1.2b.37), (1.2b.38),
; (1.2b.31) and (1.2b.44 ) respectively. ] .
, .?.art‘(iv) : Py 21 f¢ /#
. /’/I://W;Mreih'e fqllowing sets in ther |
Pdr'a.':eter"-spacc' Vcor:tlribu'tiﬁq to F({i) (}-s, Fié. 9 L R
(1.2mas3y e S |

| Sll(bo l..) ") (x".'}: 0 s l; 'Jl‘(b-ii)' 0:- x - xltb'a): '
(1.2b.54 ). - '

Syt L) = L(x,9): 2y tBai) 5L ay(e,), 0 L x :




%

e
{1.2b.5%) - _ - ' \
S;3(b, 1) = {(x,8): 'qz(b.x) S8 e (b, 1),
< o < S
| 0 2 x 2 x,(b,2)} | | _
(l.2b..se) - o i
1w - '
U s b.)yvu s, (bi-)usn: l)
jmy =

where
T {1.2b.57)

.ai(b,l) f - 3 + ’in 14b sin 3) »(

(1.2b. 58)

L-"'
- as cos'ItE-g%ﬂ“a) -

TR

Sz(b,l) -

and §; (b, 1). i=7, ..., 10, S(b. 1), S (b, 0. xitb,k)}

LP (b, &Y, ‘:1{!: i), @(b.t). ul(b i) and 32_(b.:,) are gi\.'en.by .

(I-Zb- ‘6)- RN (1-2b¢'¢9)‘ {I.Zb.,‘-l)' (1’2b.42}' (1_2b.3'})'
fllzbiﬂe). {1.2b.51), (1.2b.s2), (1.2b.43) and (1.2b.44),

respectively.  ' - “7_

Part (v): cftib.-

In this case we have the following sets in the
. pd;amgteréﬁﬁaCe contributing to F(i) (cf. Fig. 2.
11 2b. 5 '

166

Spa®air = T05) 0D s Dupbidy 01X T X (b},

{l.2b. €n)

;Sls(b,t) - {(x.ei:_ di(b;t)'f & ﬁ[az%§;i[f~0 < x £ b}

O
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{1.2b.61) _ 1 |
Sigtbe ) = {x6): gz(b,;)_:-a ey,
a . @ - .
| 0 Zx £x,(b,1)} ,
{1.2b.627 B o IR |
- Spafbet) = f(x.e)z_-e‘(b,t));’EfE §%(b, 1), © s‘x‘% b} ,
(1.2b.63) = T
CS1gtbat) = l(xB): ¥ £8 %8 (b,1), xy(b,i) £ xS b},
(1.2b:64) s T L |
L Spgfbel) = i0x8): 8T(b1) 8 S e, xy(byd) Sx £B)
wvhere . Co ' e o
(1.2b.65) o < | )
8'(b,1) = sin 1 (SEID )7, e
{1.2b.£6)
3-(b,l) - u,T - sin-l (C Sin EI ’“.

and aljb.i).-né(b.i), xl(b;i) and iz(b,i) are given by

{1.2b.57), (1.2b.58), (1.2b:37), and {1.2b.36 ), respectively.

1

Part {vi): b St Sa- . . 5 . he

~ oot ]

In this case we haﬁe.the folibwing sets in the

| parareter space crontributing to F(i) (0f.. Fiao, $D.

R

l.20.47y : ' — .
Séotb.ll,-,{(x.EJ:. 0'Z 6;5 a'}b,x), 0ZxZb} -
& . L.

. . .
\ N -
- . .
‘
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{1.2b. €8) |
§31(be ) - (x,8) :. a"(b,1) £ 8 < 8r(b,1),

. b'

05 xS x (b))
(1.2b. 69) S ‘
| S,2(0.0) = {08 8 bty £8 1, 0 ¢ x $bj .
. .2b. ) R | | |

Sp3tbel) = [(x/9): "y £8 € 8'(h,21), x,0b,1) £ x € b} .

=whefc.' . .
2 o -
.71 )
(1.2b ) e v
a* (b, t) = -“a + ain _}(?-—1%2—?-) .

‘and "'(b.t). xltb.-.), and x (b, ) are glven by (l 2b 65).

{1.2b, J?). and (1. 2b 38 ), xespectwelv

, ‘
. .
g
N
5 .
(8} .
i 1
..
- “
_ .o -
4 ' R - -
\ . .
! \ )
¢ . \ '




- | . N - - ' . - . N - . - ]770

- I= .
" case 3: Secants érisiﬁg from random'points on AB. -
Uaing the same geometrichl argumenta as in the -

previous case of a triangle, we obtain th% follow;ng sets

-

in the p’arma.ﬁ space S cont.nbutmq to F(:.) for 1 lying

in dxfferent ap roprlate int rvals of [O,a]
|

) .LPérrt {i): 0 21 < Py~
In this case we. havef‘%.he'following sets in the
_ T ‘ . & : '
_ . parameter space S contributing to F(Z) (:f. .Fig. 42). - .
(1. 2%'73)_3 g o e { o d S
©s) (c,l.) = {{x,9): 058 S7-8, 0%x3x(c,0)},
A 2b._"3) . % e.
' Sale,i) = {(x,8): a8 <+, x,(c, ) Tx e},
' where - o ' , L _ o
(1.2b.7) @ . | - LT
. - ) x (cl ) ) slne /! j
. gb Ty 0T SR
IR 3 20N G ) T A SO
T g T x (c'“ b . ''sina Lo '}:& oL
. _ -. ] ‘ — . . .\ ) R \ - ¥ ) .v
Part’ (ii): p. € L &gt - L i T
: . B . ¥ \ 1 N . ) .2- , / ) T -
' "_ t - - B 9 .- By ‘ . . - R ' . k) .
g . % In this case ge" have the following sets in the .,
' I ik - 3 .o "
-~ -m'a:' r snacc s co*trzbu*z':g to I-‘( ] Y’- F‘;‘»:;.. 1) .
| n Zb S D -«
3 ’ T ! ) R ) 1 . -t ;._'
o s (c.-) - {x, )0l s "al'_x,c,a;,-? 0 < x-2 x,(c, )} .1
- T A I R 2
. e 3 toa St A ' . .ﬁ.-, ::"';\'
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R
(1.2b.77)
Sgtest) = {(,8): ajle,t) S8 S ayle,t), 05 x € c)
(1.2b.78) ‘ -
sstcr’-) = {(X,e): ?z(crz) £ 8 = -8, 0 S x < xl(c,l)}
(1.2b.79) | |
Splest) = {(x,8): ,a S8 5w, x,(c,t) £x < cl,
{the're B .\‘ ;
.2b.89 |
(1.2b.82) ‘ ~ . |
ajlc,1) = - 8 + sin”¢eBin 3, .
(1.2b.81) |
ayfc,t) = % -3+ cos-1(9~§%545{
S ‘ : :
- . 1 . '-.‘

.and xi(c‘i) and xz(c.i) areﬂgiven by (l.2b:f3) and {1.2b. 735) ,

¢
Y

reséectivgly.

Part (ifi):p, 22 % p_ . ‘ AN

In this case we have the following sets in the

parameter space S contfiputing to F(ii.(qu Fig. 44).

(1.2b.82) . o

S

_U-Si(c.i) .
: i=3

{1.2b.%1)

-

-

(1.2b.e4 ) ‘ | ' . B

Sv(cci) ‘- f(x.ﬁ): EI(CI i) < 8 f. 52((::.-;-)' 0 '—C- x/s C} ' .

+

'Sstc.i} = lx,z): a L o« % :l‘cfi)' xz(?.}) Ix el

-
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. (1.2b. 85 o
: - ’ . < < - | < < .
SB(C,I) {32(C41) -8 2mn, x.-zfc',:') - X .- C} '
where ' .
(1.2b. 8e) °

S

| .
Bllc,l) = g + sin

-1,c 8in a
(—=3

]

(1.2b. 87

[ ) . '
" -1l,c sin a -
SZ{C. 1)\‘ = -2- + a + cos _ (—'E'—) .

and S (e, 1), i - 3, 4, 5,'x'1(c.l). _xz_(c.i), aylei), and .
3p{c/1) are given by (1.2b.76), ..., (1.2b.78), (1.2b.74),

"(1.2b. 75, (1.2b. 83), and (1.2b. 81) ,respectively.

Part (iv): py 21 S c. : - .

In this-case we have thé'following sets in the:ﬁ
parameter space S contributing to F(i) (<f. Fig. 43).
(1.2b.&%)
_ | 53(c.£) v S‘(C.F)(J S,(c, )V Sé(c,i) '
- (1.2b.89) o R S A I

f

sg(c:l) - {(‘x’rE): 32(Cla) E ‘EE el(c,i)"

~ -

-

siogc,;{ -_1]x{&)::.&i(c,i} Lo S 52(§,11,'0 Ix e,

~ b
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(1.2b. 91) S -

1A

oSpplent) F {8z By(e,t) £ 8 £ meg, 0 < x xp(c, )},
(1.2b. 92)

Sypleal) = WL-BH a$8 <8 (e, NCH x <.} .

A

(1.2b.93% . |

513(¢,1)_- I(x.ei: ez(c,ﬁ) 8% sltcfzy,

| ' |
x~2(c,f.) - X S c} .
where -
(1.2b.94) .
C e (e, = sinTh(2ER S,
. o E ¥ : .
tl.Zb. 95) * 7—,\__7___
SR BV 2-53 SR ST Al FE N2 B .
. - L
*nd 53(?’.”' S¢lertde Syle i), Sgle.dy, X (e, @), xyle, i), _‘ R
:‘ll ICg l..,, _,'3-2 (:E)'j_'r)k:.',‘sl.'(C_o l)A.r V'ﬂnd*tz(c,‘;)" are glVEﬂ by- .
(I'Zb: 16)! (1-2b-77)t (1-2b.84)'(1.2b-85)' (I-Zb.j':),. ‘
(1.2b.%5), (1.2b.€2,, (1.2b.81), (1.2b.8¢), and (1.2b.87), . |
. .7 . . - . ‘ !
. respectively. - . : . R _ -
peerives S S o s o _/
.l-
pﬂr.t (v) : c < iz b-

In-this case we have the follicwing sets in the

raramcter space s cobtributlng_' to F(1) (c¢¢, Fuig. 36 ).

~Il}2b.9e) ‘ N S AR * o
CSyfes) = {(k,e): ¢c L8 % af(c;it{ 0Ix e .. o 1
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’ -
L
—
c CL
.-
1
Cly
-
I'l
T
v
k)
'
.
' .
-~
' . . ) .
) . ,
o o -
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- ’ \
(1.2b.97Y
o - . ™ < < : i -
Syglc,t) = {{x,8): a (c,8) 2 8.5 Byle.2), o
. - ! Y
- Sk Sxg@n) .
(1.2b.98) - B | ‘
Sls(c'.i.) = {(x,e) lel(c,'!,)_l'\f. 8 .‘E-s;‘j(_‘c,i)‘,. 0 $'x E.‘c} .
(1.2b,99) | |
. ' e . 8 fm < < o . |
. ‘517(c.£) = Ux,8): - 8,(cet) S8 S m 8, 0 ﬁ_x.% *I(C'L{f'ﬁ
(1.2b.100) | -
| Syglc, ) -.-{Z(x','e): a £8 S. 8y (c. ), xz(c.fl.),,-_ x c}. .
(l.2p.l10D ' | _ -
' Sygleril = {(x,8): 8,(c,i) S8 < 8'(c, 1), | -
xz(c,i) Sx S e} .,
(1.2b.132) -
, ) N ) szotcri} ’. {(xle): 9'((::‘-)'5 & £ =, 0 _<. X ﬁ C} ’
_where o | | |
r (1.2b.103) § | -
. G.iCJ i-) = : a2 + Sin'-l(g%g) r
- {W.ab.iony T . ' a _ '
3'(c,i) = a4+ sinTh(E22I0 3,
- and xllc.i_) . 32(_c.w‘) . .9.1-(0. -'.)f,_‘-and QEZ(C,I.) a_r-ctrg‘i.ven by

(1.2b.74), (1.2b.75, Iz.zb;94).;anaﬂ(l.zb.9s}-réspectively.

¢

f
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¥

Part (vi): b It I a,

n

In this case Qé have the follqylng Qets'iﬁ the pﬁ;amefer
'spaée S contributing ;Q F(L) 1c£.‘Fig. 4%);. | |
{1.2b.105) | e T
| SZI(E.%[ c Lm0 €8 EETE ), 0 xSe) L

(1,2b.106)

.522

T{1.2b.107) R

(e,1) = {(x,8): '8%(c,0) S8 £ %-8, 0 < x ¢ x (.01}

' S,pMe.t) = (e, 87(c,1) S 5 € 3u(e, ),
-’ - :4\_ - )
S Lo e e ) Sx fee) i

o,

{1.25.108)

S,qle l) = Lix,21% 8'4c,2) 2% £ 2,0 Zx S},

where
f1.3BLI09) ~ -
S(c 1) = * - si -l(b sin a ‘. .
oL
{1.25.110) :
] . ' -1,c sin a
8'(g, ) = a ¢ s3n 1 ’
B ! V c é
and x,{c,i} and x {c,i), are given by (I.:b,?i)-and (1.25.75%), -%
Crespectively) . - ‘ X
. - ! v, lV
ﬂ. . . \\‘; L
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- 1.2.5. Triangle “IIi. a > b>p.>¢c>p, > p'.
. - . 3 ~—2 1-
a( . .
The correspondlng sets that contnbute to p,. (L b T N
for dxfferent 1ntervals of i are as follows (cf. Fig. a8) |
For Part (i) : 0 < 1 A3 Pl . IR
(1) Slfa.l) = {(x,8): 0 s < =y, 0 £ xE xl(a,l)} ,"
(2) Sy(a,0) = ((x,8): 850w, xy(a,2) Sx<a) .
() Sytbit) = {(x,6): 0S8 < geq, 0 < x < x,(b,2)}
8 Sebel) = {8 S w, x,(b,0) S x £ b) s
(5) - Sgle,i) = i(x,8):- 058 & --3,0%x % xyle, 2},
O sgte,n) 2 L8t 2 L8 S5 (e, ) xS el
Por. .Pg\rt (ii) : Py - H =P,
.fl)_ o Sqfa,i) e Hx,8): 0 X e'_; gi(a,0), 0% x ¢ x,la, i)} .
BN ~ Sgla, i ‘_é, x ) -':'l{a'. -'.')'—.'. = ‘;. ":-zl.a.';'..)' 0 I x Z.av o,
(37 ) 5'9'('.:,;._) = fx,9): G,la, 1)L 8 X 1oy, 9 £ xS xl(a,s‘.)‘} . ‘

J,}"'
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¢ ! .o
8 X8 % Ql'(a,i).,.x2 a,2) £ x $a}

() s ylan) = {(x;%?z

. ) L V i - [J’ .., . . . .f ]
‘ (9 sll(ati) = {the): ez(ari) f 8-5_#;'x2(atly Ix £ al ,
(6) 5 ,(b,0) =\}Wx,p):. 0 58S ma, 0%xS x (b, 1)}
. / . . - ‘ ) '. .

. .
8)(b,0), x,(B,1)

A

1
*®
iA
o
|t

S Syt = Lk, 8) sy S 6

. . , . 7
. . . .
, .

A
w®
1A
2/
/

09 STgtBei) = (Go8y: By, €8 Sm, szb,) 5x S b)

3N

(11 'S) (e, i) = i(x:8): 3)(e,2) 25 Sayle,t), 05 x D},
'.(12Y S (c-i) - f(klﬂ)-- ‘ H < 5 . < < - _; L
T 18 L= : \:“"' »az(c' ) - - = 7"'5:,0‘ = X - xl(C.U} v L
S S)gle t) = ik, 8): @ f 8 Sm, xy(e, 1) Sx Se) .

4 N
. For Part (iii): pihi i £c.
APS I Szo(a.i).§_ibx,e): 0 ;-e': nitaf&;; 0.5 x = xl‘a:?’}f' , .
f21 Sy tas2) = {Ux,9) al(a,l)fﬁ.e‘;'azta,ix, 0 <x Za). ,«
U ‘ - ’- v v . .. - . ‘

.




. . R - - .
] ‘ . . . - - . o
o : ' .o : - 8 -3
. ) - L R .- . :
- : . . . ) ’ . ’ B 'L \'
. ! 2 . & T Cos ' : .

, .. Ay e e e g Lo
)Y Splant) = F(xie).__ézta,z)‘fve 3 8y(a,2), .

.ﬁ(iiej:=ial(a;z) sfe”s‘ézfg}if{‘o

L8 8 laey S8 S woy, 0% % Sxla,n) .
{(x,8): 8 S 87 <8, (a, D), xy(a,2) € x < a} -
'C(x,e)r. ﬁz(arﬁ)'f.é,ﬁ ﬁ.‘xé(a.i),f'x <ad o,

(@ _- Szﬁ‘b'?? = flx,0): 0 S a'<e

ks

ey stﬁb.if-f f(x}5{5:>5i(b'Ff:fl-

]
[543
A
- i
~nN
- -.
REIN U“\{"
. Y A
S
e
. N .
o
1A
o
| N
o g
-

A

(10)'_ S,gfbs2) = [(x,8): 92(b¢}),f g :wfb, Oié_X'S_ﬁl(Bml)} ’

. Q . . ! A ". ._~.l . ) ‘E'
| Jil)-__sqo(b,tjgf Ux,8): v £.6 2 8)(b,0), xétbyi;\f»x <b) o,

,wn>‘%ﬂ@n=imwnﬁ%wﬁf ’%mﬁhfﬂ??£*§5L

A
Wb
[ ¥

) W
.
x
-

- o=
L

131 S 0 b, ) fy: o 3y (b,i) D2 ﬁ e!(b,;)ﬂ 0 Ix = b}

e T

| I
1A
(P
[

, (14) ..53'3(5,‘;):' ‘, f(x.‘..'.i*).: 8,(b,0) T X (Bt £ x by .




(15)
ey
an

e

o

(19)

120y

(1)
(2).
(3
A

- {4)

{5}

. (8)

53‘(c;1[

.
~

S3ste, )

.sss(c.l}

B

| ‘.533 (c, 1)

Tx, 0y

0

{i{x.9):

((x,8): qétc;iifs 8

1

e, By(et) S0 £ m, xyle ) S x €

S a

B

For Part (iv) : c ¢

~ .

S‘b(a.l}

s‘lta.ly

| Bgptasn

S43tant)
Syetbr )

,s‘sxb,tl

= {(x,8): i 0

' -

<

<

8

N

o (e
..- \ _..

.‘<7

-

((x,8): a“(a,t)

S

'
—_—

Sy

((x.ﬁ):nﬁﬁ;ta.l)"

{(x,8): e7(a,2) <

. o .. v '. o ‘ ‘ C ! _ . L. . ‘ .
{(x,8): "8'(b,1) £ 6. <& (b,2}, 0 % x £ b} .

"
R )
1A

ay(c,t), 0 S xSe} -

_nfB. 0'< x ﬁ'xl(c.l)}‘i'-‘

4

.

b L4

Byle, 1), Xple,t) € xS e} s

C}‘_ ’

LA

4

£8 % 8,(c,t), 0% x

1A
. 0 L] -

-

A
o
A
v+ ]
.
—
o
- .
B
—
.-
[=]
A
.“.
A
-
[
[
)

8 < w.-#zfa.l).ﬁ”x < a},

8' (b, i), 0 i‘x-i.xi(s,a)? -
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~ .

M TSegbat) = {1x,8) iy 28 2 0°(b,1), x,(b,0) .S x S b
(B SgpMhi) = ((x,8): 8T(bi1) S0 Sw, x(byt) S xSB) .

]

A
. @
1A

9) . Syple,t) = {(x,8): 0 w¥le, )y 0 x Se} o

 (10L- S‘é(c,l)'-_{(x.e):' uigc,t):sie £ g:ﬂ. 0 Sﬁxtsﬁxl(c,zi} .

A sggledt) = (x,8): @28 5 e'(est), xyle ) £ x € )
121 Sgyteit) « (txu0): 8 (e, T0 < x, 0

N
A
o
A
0
[
.

| '?6: Part (v) i Py St ip. .: | .; *

1A
>

((x,6): 08 <a'(at), os

i
b
[}
&£
:r:

1) - ‘Sszta,lr

1)~ Sgy(at) = ((x,8): a'(a,t) £ 6 S67(a,2), 0 Sx<a} o+

- a— . sy - N . . e - .
f . . E L -

13}=v:-s§‘(a,t) - ((x,eggl_af:a;z)rﬁ 8 2 7=y, 0 Zx: xi(a;;)j\;

‘l . . ’ . ’u 7 .
R Gscall) = ((x,9): 'e‘(g,1,f£7§f2‘alca.z>.'-;“

. - . . 1 ) ! . V
X (a,f.)'.:’.. x»‘f.'.a} L S
RS ¢ \ 2" i i ) {‘k | L

.F?[J‘ Sgelasl) = I(x.ﬁ}{» Bi(g‘tf ‘CB < ﬁ (a.t), 0- i,i,&J

- . . . LT . . . )
RN . R . - e T - '
) . . B .. .
- . . . L . . h
‘ . ) . . .
. . , . - - -
. - . . o . . ! . . "




5 R
_(.s) & 557-(;__.:)  -‘- ({x,8) B(a1) S0 %x, xy(a,0) Sx € a) |
. ] o P -
(7,‘ . Ssa(bll)v- {(Xa'ﬂ) '." 0 - 8 S ultb"l) '.o‘ < x £¥1(b,l)} . . -
. ‘.» . ' . ! .‘. - o . . . . o \ - . : § o
18 N Sseleet) = (x0): y(mit) € oo op(bit), 0.5 x b}
4 Tt . . ) ‘\ ) .
| O_S‘Ix S"i&b:’-)'] L .\. o
© 1 (10) . S (bit) = {(x,8): 6 bty €6 < s'(h,m, 0 xEni. .-:
(1) - S (bt) = {(x,0): ¥ S8 < 8°(b,1), xztb.z)',ﬁ' PEES
. S : -
(12) © Sg3dst = {(x,0):. &7 (b,1) £ 8 £ n,x)(b,0) < x SB) .
‘13’ : SG‘(c'l) - ((x.re)'= 0 f 65 ;-'l.- (C; '-)Io 0 ;x’ < C}_. ’
: Ve : L T -
f'}l".)_ -SGS‘C"'" ® {’(1'8)3. a”(c, ) 2 8 < 91(_C.,!). '
' i ’ ! .
' 0 < x < : . e
0 - x = J_tl(c.i)} . \
, . \‘- .
:Nﬁtc'."z_’ (x,2)'s 3)0gt) £6 20,0c,00,0 Zx Se) .
1. . r T — ; )
16 - Sgplent) = ((x,0)x Gz(c'.z‘))‘.ﬁ 8. S w8, 0 <xIx (e},
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. Hin . . R B "
~ ' i ’ ' h ' B
’ . ! N
R _ .. “ — _
. ' "
r

YA

-

: 1.;*4"17)..,“ Sggleat) = {'(Ax.a): "a 8

aey 559 ). » {x,8): -8,(c, 1) % 8 ff (e, 1),

< o
;
; AR g . )
. B B d
. N . '\."' ‘.. - ’ )
LI . [N . - e, : e I
A . L : S Ll
. « X

- ple.ty S x S'C}..-..‘ T T

TN

';1;9; : s7o1c,ty - ((g,ezg_.e'(clzj'

o 'ror..'-Part .(v;l)_ : b £ <a,
OV s.,\1 (a,t)

A
-
o~
]
- .
-
e
L

(x,8): 0S8 <& (at), 0 x

.o r

{(x.sl 3 (ift) Sie‘é‘ﬁ‘(a.i). 0$xsal .,

P

(?)" Sqyla,t)

((x,8): 8°(a,1) <8 £ ¥, xzﬁ(a.i) $x S a} .,

»” N
’ . o «

() Syubity = {(x,8)3 028 %a"tb,t), 0<x <D},

= {(x,8): o (b,1) $8 %6 (b1,

| 4(5)j s,g,_i;'

. ( ) . ‘.. ‘ . . .
) o - K ‘ xl.tbyﬁ} ‘ “ . . .

'R
wr
1.5
A
-~
o
iA
*
tA
o
.

(6) .576{5,”._

{(x,9): % (b,2)

(kT Saptbity = ((x,0): 9°(b, 1), (b, 2) € x £ bY

in
o
[ Fa

’ *




3 o e
’ ' ) oW -
L . o .“_. | . '. a 5 . .' R - .‘.' . ) f’
c;;;’ Sia(c}l)r' {{x,8): 0 £ ¢ F B (¢,1),'0 S x S c}F ,

“

!49).v-.s,;(6.1y = lx.0): 8o, 1) T o

‘.A

‘“"50 0 f- AX E m(c;l) } D ‘

Q0) - sgalent) m{(x,8): 87 (c,L¥ £ 8 € 87 (c,1), .
- . . " - ,-\ - R - . .- ) 1
b - k - Lot e \
xplest) % Se} , ; (f
(1) Sgrget) = ((x,6): 8'(e,t) < 8.5 ™ 0% x £ g) : /}
where x) (a;t),. x,fa,t), x, (b,1), x(Be), xyte 1)y xytety,
1180, Byla, ), ei(b.}){_égtb.tl._5£26.l1,.92{¢11).
LIS (8,1), ay(b,1), 2z(B 1), ajtest), ayte ), N
‘ ulta.f)t S20a.0), 3 (bu 1), 8y(b,0), £)(c 1), 8,7e,E
i*ta,0), 8'(v,1), 8%(ec, D, ata. L, a'tb;aa.-a (e, 1), 8" ta,z)..
"8%(b,1), 3'(c,1) are given by (1.2b. N, (1. 2b.4). (1.2b.37), -
(1.2b. 38), (1 2b 7‘). (1.2b. 75){ {1. 2b. 10), (1 2b 11), _ )
“(1.2b.51), (1.2b.52),” (1.2b.94), (1. 2b. 95). (1.2b.16), (1.2b.17),
: . ' o - . '
(1.2b.57); (1.2b.58), (1.2b.80), (1.2b.81), (1.2b.22); '(1.2b.23),

Ay v . (] “-:l..!‘ - -
(1;2b.§3).5ri.zb.44). (1.26. 86y, (1. 2b.87), (1.2b.30), (1.2b.6S),
(1.2b.109), (1.2b.29), (1. 2b 71). (1 2b.103), (1.2b.34),

[]

(1;2b.66). {1l 2b. 104). reapectivel{ - .

L N . N ’ ) ' ) .
! N . ' . A . ' : ' ’ ' . -
. . . ) N A . ’ ‘ . ' 4 A
. Fl " - - . ! . -
4 ' ' o ’ /
. N ; " " . ' -

oy
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Proof of Theorem 2. o f‘- o L. . :
o | ] . ‘ . - - . - Y /‘-‘_
. Now Uut wve have dotominod the utl Lhat cmtributc ta F(l) fc:
i
e .
L lying 1n dutcrqnt. intervals of [0 al and for thc rmdoa point P,
(wurcq) lying on .my side o! the - ttunglc. wve proceed to'obtain the
‘\ . . - . ‘: o .
result’ (1.2.1). | .
For the case (A): Triangle 1: a.> b > c, a > 90"
=~ . Combining all the sets that comtribute to F(1) for Lc (0, pd. L
we have '
L ., .
. . B ) . _' . ¢
B (T R —" - dxds - -
HR T (a+bec) S : ‘
N oy . L v-
BRI | 1 . o ' ' - e @ ) .
. . - ) S N ! N B ’ ‘ - ’

t L ', 3 |
(a )us (s }usn(b 31V Sf"z‘?'”

\ .
USn(c.l)pSu(c.ﬂ A

&:‘ o . ot ‘. L . 17 _-_,: ...

" e " B S V ) - .
N where Sllta,l).\ l2(1.1). 31 (b,1), Slzth.l),‘ 11(c (1) and S1 {c, l) arg . s,
Cnven by (1.2.4), (1 2 5}, (l.2. 20), (1 2.21), }’I 2. 341 and. (1 2. 35), -
. rup-ectwﬁy .-On cvaluaunq t.ha 1nttqral we have ' 4 Co
& l . " - L . E S, ' : . ‘~ h
rPit) -.;:._}'....__'..('t 2; 32 i - sy Left '
| ® Tlasbec) co q/ cot 8/2 + cot.j/2). for Lcl0, p,) :
“His proves ﬁar_i “*i’ ot (1.2.1) ;- g
W :Cﬂ:fninq_nl'l the sets that contribure to Fit) fo'r'\i.c{pl.‘c].‘ L
w nave. *\ o : e R ) - |
. ‘ E . o ;1 “ IR ) s - {
( ’_‘- T {ashec) I _Me o ) .
e D(t) e
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- 1 _ dme .- ,_-l L
®(asdec) | . .
i {5 . 4 - : .
UV s_. (a,1) l) s, (b, LJ UV s, (e o
te1- 2T gy T ) 200
' . :-5‘" N - - L

‘f“ff' S;tant), & 1.....5: S, .1, 4 i‘1,...f4.;.na Sas

. >
i - 1....,‘ are given by (1.2.7) to, (1.2. 11},-1(1.2.22) to (1.2.25),

(c,b),

apd (1. 2. 36) to (1.2.39), rosp.ctivoly. !
i, A ‘ ‘.' S .-" R Do.
Ry porevs L ‘.u. ERT - ;‘5;7 | ‘

)

-
!

-1.b ain v

+ 2L (cot a oAcét_B + :cot Y} + 2{a+bec) cos { n )
Sy - » R .
~ 2 coti v (1°-b7 24223 - 2cor 8122-b7 s1np)? .
) 2 2,27 2.4 3 2.2 2.4 e
:—-—in'ﬁ {L"=p ﬂnr ‘f.) S Yiny (L -‘b sin v) '} ,for lc[pl._cl -
. ) i ’ ) ] )
This proves Part A of (1. 2-11.
Co-bininq all thd thl :hat contributo to F(L} for tc(e, bl.
et 4 - Tt * . i' R ¢ . .
; have on evaluacinq thc Lnttqrals T o X
‘ - | o » | PR ‘ N
"4 Co ; 1;' CL E ‘ ' T :
N 1 — ‘
F(l) = l(lfb&c) I dxdd
l\:‘ e
U s3 ta,1) U Sy tbat) - U TSet) .
-1 ' 1=1 . 1-1. S
vere Sy 4aiiy,~;'- :,.;.,3; T R O T Y LT P o
L - 1...'..4 are qiven by (1.‘.121. (1.2.13), Al 2, 14} and (1 2. 16);

¢ -
s

1.2, 26) to’ (1 2. 29). qnd (1. 2 401 to (ILQ:;J).-relpccblvoly.

!
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o !
. ‘r(l)‘ o 1 [I(r'»b*”c)’r * at . . 0'21‘ cot -y + l. ceot 8
. o 2 {asbec) | sin ¥y o - ,
- . . : . N ‘ L . ) .
- . ' : 1 1 ~1l.a sin y, )
C . , ] +. 1 cot a3+ '.(._Ln J" ain 8' ‘f 2a m (74’ S _
| * | ~1 | b. in | o1 tn 8 .
+ b cos (—Lt——-y-) + ¢ cos . ‘_c_lln__ . , .
N N -1 ¢ sina | ‘ '
_Occoc (—1——) cot 7(1 -b nn “5_‘__“\3“2 3:1:1 7)5
- - - -
- cot vilz-iz linzv}" - cot ,aug-iz -.inzv)_'s ‘ i . '
o | - ‘.-\ -
R 2 2 2 .y 1 o2y iy
| e eeg— " - L R —— - . 3
sin Y_(‘ 4 sin T). sin y ‘L -bT s}n Y) .
_ ! 2.2 2.4 1 2.2 2% T -
oo ' Sin. B {(t"-¢ | sin a). ™ (L"-¢” sin -::? ), for tc lc, ‘bl e
- THis proves Part (A)) of (1,2.1). Lu:.\
. Ccu::ininq al} the uu that. mnr,tibu:e 60 F(L) for telb,, a}, we._
'hnm on evaluatinq tho integral : ; >
. .‘ . o \
. _ . .
RS TT¥ypeppea: S dxds '
¥(asbec) AR LT o - N
: o u S, (_..n U s4 (b,1) Sggle,t). |
S im) TS . iw} - -
heze S L 0ME NN s, L L - 1. Splecth te 1
afe given by n.:.m. $2.18), (1,2.19): £1.2.30)7 o (1.2.337; and
(1.2, -Ni to (1 2. 4?}, mnpcct?voly. A . .
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- L ‘ V 1‘
© , _?!.l) - TlatbeeT - {[ad Mc) (Bay)
J
gy 1 o a2 20y
SR *tcot 8 + cot v ‘Y i a)—icot a(t%-a” sin’8)
' . - éoc.d(lz-lzﬁlihzy}l' ~ cot B(l-'z‘-.l2 ainzﬂ)ﬁ
.3 . ! . . L . -
- v v - R H -
L meot vt -a? ain?n® (aszbrcyone™ (2842 8) 1.
.. ;‘ . ..m : - N . . 'V :
_ (vcl odc 1s ':“ Y)._1 Le-c? sin?a)? o 2% p? sinZa) Yy
S , sin a L
oY 22 2% 1
- 2.2 - Le (b, .o
T in B (1 -a sin'y) ’1" Y (l a nin Y)&l for C[ a] ..
THis proves Part (A} of {1.2.1) ) ' )
' I
’ -A - ¢
N N
!
’ * i ) ’ \
‘ !
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For the case B: Tri'andla ;Z: a>bh>¢c > p‘ > po > p. .
. N l V ’ ,’ . J I2 1 . .
. Combining all’the sets that contribute to F(l) for Li [0, g1, we
ko . . o ) . . | .
have '— ' . - T ) . . T . '. ' - r
¥
P(L) - dxd0 ;
T (a+bec)
o D(&) N
S |
‘ T (a+b+c) _ oL )
. : ) .slta.#),u Ssz.l) Usifb"” o P
. u,szt‘b:uu_six-:c.nu s, (e, )., *
- . . r : .. . ) - . . .

v‘:eraS(a,L).i-l 2, s, (b 1).1—-1 2 s (c,l).li-l .2, are given

, b}' (1{\2_) 1) (1 b, 2). (1. 2b“ 355, (1 2b l6}, (1 2b.72), and (I 2b. 73);
e . A
.i - ) ) -

N

:elpectxvely on evaluatinq :he integral, we ob:.un -

. } .. , . \'_l' . '. -
F(‘l) Lad dﬁ‘ltl) fol' o 1 [0. pll ...o 2 : - .
. e 4 : '; £
. = N
wt.ure e p— ' ' '
_ . Tlasbec) . : . !
and - ' .
#,(1) is given by Part (B) of (1.2.1]. .
e o ' Cat:ininq all !:hq .scts in" the parameter space that contributo
"? F‘tl) for. l([pl. p.,l- we: have
S . . - a
L Pl) @ e f dmel. - .-._1........_ ' " ‘dxde .
. - ¥{asbec) J e . x(a+b+c) 7 - 5 :
DL . ‘ o US {a, l))USlib L} US {(b,t)
- . 1.3 - ) - . 1.3 .
il - - ) 7 . i * - " s ) —. . - - \
+ ' . ’ . .t . v 51 ‘C,l)

i=2.
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X .
- . -~
.mmsu,n.i-sco7 stbn S{bl).i-JtOS SL(C u, '
1 e2toS are given by (1.2b. 6) to (1¥2b 9) " {1.2b 05). {1.2b. 40) to
(. 2b o, (. 2b.73)..{1 2. 76) to (1. 2b 78}, respeltivaly On
. . o
culuatan the 1nteqrdl. we obtain = #f?
- . o ' )
- : /o - >
. ’ ‘ ) - ' - # ‘_ :_.' . ,- . .
__r(‘n - dpztt) for h:"tpl. pzl_ . T
. ) . . {
- where . L . L . ,
~- . . ) * - L . o . ‘.
¢;(1) is given by Part (B) of (1.2.1},
' 7
. .This proves part (8} of (1.2.1).
o : 7
,' Ccebmhq all the scts m the parameter space :ha: centribute to
- L
. Fll) !or l([pz. pJ}. ge have - #x'g> e °
A ' .
B AT —" - : ;Qde ‘ f%\ | "
, 7 (asb+c) - - ' ’ . '
: Dt}
L .-—.;-.1....._._ dxdé '
' t{asbec) | 10 * 10 8
o LJ s, ta, 1)) AJ. Si(b 2 U Si(c L) -
1ed Led . ICEE o v

Nhert S {a, l). i e 4§ o 10.,5 (b l). 1 =4 to 10, Si{c W11, L =« 3 to 8,
.

+
are given by (1.2b. 6) to (L. 2b 9); 11.25.12) to 11.2b.14). {1.2b.41},
.2z, 0. ’t 4%1 te (1 b.49Y, (1.2b;7é! to (1.25.78), (1.2b.83)

o !

.1.2h 85). zcspct'i ely n cénluatlnq the integral, we obtﬁin

L Pl = de W) for Lelp,, Pyl

R Hher. .




I

s proves part (8 of 121, 1

¢,(1) ia given by Part (B) of (1.2.1). |

“This btoves Pnrt.ta ) of (1.2.1).

R
~

CQ-bininq all thc lets Ln the parameter apace that contribute to

2

- F(4) for lc[pl. cl., we have Co . S ",_
N\
P(1) = ——I—I dxd8”
: « - z2{asbec) . S
- ‘ , - D(L)
. ) _'. . t
s a ——-—l——-'f dxds
Q" : T{a+bec) ] 6 .13 :
. L foo Vs LJSN&IJUS(bl)uS(bAJ
: ) S img . f=8 - ]
< ) . . . =1
13 o 13
J s, (b, n\)s (c llUS.‘(c by s e, u
1e? 1 R T -9
. : ,

vhere 5, (a l). 1 =4 to6, 8tol3, s (b, b, 1 =4,5,7 to 13,

s jledtdy s e 1), s“kc 0, 17013, are qxven by (1.25.7) to. '
{;Tgp.9l. {1.25.12) to (1.25.14), (1:25.19) to (1ﬁzb.21), (1.2b.41),
tl.;5.4é1..(i.2b:46)'olll éb 49}, (1.2b. 53) to (1.2b. 55), (1 2b.76),
(1.2b;7pl.-(1 2h. 84) Q]l 2b.85), (1.2b 89) to (1. 2b 93}, retpectively

»

5
Oaxavaluatuq the mtoqul. “e obuxn after -anuticat.ion

F(L) f dc‘tl? ‘fot tc!pJ, cl K

: A : : . .
-.0‘(1) is given by Part (B) of (1.2.1).
: e S

LAl

. -
*

-
-~
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' * . .
Combining all the sots that contrib to P(L) for tc[c, b},
we have . ®
T e L dxae ‘ ‘
¥ (asb+c) ’ '
. . D{L). ST .
" T (athec) |, 17 - dxde 19 . .- 20 . - SR
o Vo 51“ n U si(b“'l) U s, (et} -~ .7
‘ “§m12 Viele T =14 ol |
‘where Si(a L),i- 12 to 17 Si(b l), 1 = 14 !;o 19 Si(c l), 1-14 to 20,
‘are given by (1. zb zoa. 1. 25, 21), (1 2b.24) to (1.2b. 27, (1.2b. 59) to
L, Zb 64!.' (1.2b. 96! to (1. 2h.102) .. xeupectively m'evalupting the - B
! R , e
- . . (2] .
inthrnl, we obu.in _ L - -
. - : < ' ; v’
' F(L) "= 65(11‘ . for Lcfc, B) , : I |
mﬂ‘ro . | /1. R 2-1
J '. b ) ' ! . , - . ‘d - H)
’ AR ) B = o
! 05(1) is given on page 116. - o - .
’ E o : v ' BV I
: - . « ; o | \:
This proves Part’ (Bg)- of {1,2.1).. - - ‘,

- 13

Ccdnninq all tho sots in- the parmtet space t.hat contnbute togl’(u,

T we. h.nw& for Leclb,. n], "

- . 1 i . -

PIL) @ i | - dikds '

- - ={a+hez) } ]
DL}

- 1 dxde’ ' L
'(noboc) s © -23 . 24
U S{ta,t) y s (b,1) U Si(c 1) .'1 o

im14,18,19 , i=20 . L-.‘El R
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Y

..h.‘;.‘s (..1}-,1'- 14, 18, 19, 5, (>, 11.1'- 20‘23 HCH 1;.1-20.

to 24. m qiven by (1 2b.31) to (1 2b, 33). (1 2b. 671 to {1 2b 71),

{l. 2b 105) to {1 2b. 108) R relpoctiv‘ely. Oon ovahutinq t,hc‘inteq:l'l
. . . i : = .f.
vgobtdin " ' . . ‘ g e l‘, ‘?-
“‘h '
rit) = s, L) fof LIV, a) . : : RN
. 5. . * ! ° ’
vhere :
3 #6{U " 13 given Gn' page 117. S
. : ‘ . } NS - T
This proves Part (Be) of (1.2.1). .
T [} o R : - ¢
. - ; | °
“~ ‘l
2 , n®
5o * ‘ K
_ '] L
'.. . - ‘-T‘
N / o 3
' i
. : -
~ ° ’ ' v
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Yor the case (C): Triangle III:

Cowbining the cottcspoﬁdinq sets (given in Section 1.2.5) in

\
the par:nntnr pace cont:lbutinq to the dil:ributlon !unction P(l) for
_ Tzlgﬁr\ ‘1, lc(pl, pzl, lt{p3, c}l, Lef{e, b1, and Lte[b, a), and evnluatinq K
the 1n:cqrall. we obtaxn. o ' o _ (.
a v d(l(vl.). T:‘for Lcfo, pll " : : ‘ B} ) (Cl) .
.4 () : R RS ‘
d;zs ¥ for lc!pz. p2? Co y _ L (c))
- . . . N -
Co ' ag (L),  for ic(p.,, c] , ' L {c.)
(1.2.1) P(Ll) = 1 3 ‘ 2 , : / ' 23 :
.dc‘(lk | for Lg|(c, pj} . o B -'; 1 '(c‘y
?dﬁsf".w zog telp,. b} . . (€5)
(L) for tclb, . o L)
Ldzs‘ ) [ * ) Cor . u \ (cs{,
: Y L R ' . |
\h“.utore the £;~(x =1, ..., 6) Are given cnfpaqes 118-120.
o .‘ . - ‘
i )
’ - _ \ |
: I
;-




Introduction. .
' Ly

»

In this loction the exact pzobnhdlity distribution of the lenqth
of the sl-randon secant of a reqular u'iangle 1: obuinod - A ucan‘t here
is lpociﬂcd by 4 parimeter pol.n: and a dircct.i\on To find Lﬁis

dist ibution we shall e the qeonet.ru: arqunenc used by Horovir.z. to

* derive the densu:y !unct.ton of L 1:1 the case of a recunqlc.

LT
Statement of thc &oblea Let ABC be a trimqle vith ‘each side '
"B

of length a. For any point. P on the pcrimtot of thu triangle ABC, let :

.'( be the dhunca o! P fron aoaAsured 1n the dxracr.ion fron A*B-C-A.

Let- 3 be the angle, vhich 1: measured in the a.nti-cxockvue dxrectién,

th.lt a ucan/nuko: with the side of the uimqle on vhlch P lies.

We assume that . C . ]

e

m x ts uni'!ornly distributed on (Q.3a) .- IR o

-

~(2).7 % i3 uniformly distribated on [0,%], and

(3".! X ard . are 1ndcpond_e‘nt. o e fa

~r

- »

-

e followg that the joint density of X and Biis'qiven by

b
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(1.2¢:1) (. 3—:-_; o<x<d, 00 ,
plx,y) - - : T ' . '
= 0. elsewhere (n the (x,0) Plane.
. Q ’
The set . % .
S={tx,®:r0<x<3, 0<0<nr,
o . . . - P co-
is the paraneter space. : ‘
1 i “-‘ "_"’f
) AN
. g
. . L . ’ o A o
The Distribution of L. A . -4 .
. . . . ,\ . L . ‘. .
. >
Mo 'provld;: t.ho distribution of L in the following theoren.
meoru 3. The duu’umuon function rm of the's s, -randon
lecanr. hmqth L o! a roquhr f.runqle of side a. is qivan b‘,r )
‘ . . ﬂ,. oL . for o.f-lf-r:—i—'
(1.2e2)  pi1) . -
. -3—:'-5{1-- WLl-ahh -1 /f3E /37. '
T ra , }f;coa. (2—£} tqr—z—-f_if_a.

i

- Trool, We obucrvc ccrtam :ymt:ic:. For overy x such Lha\i.

’ CLxa, we have L(x.'-') - L(Mx.J) - L(Za*x,v) to: every :‘: such. that
028 <=, Since x u uni!omly distributed over (0, 3a]. olmnury .

considerations _m,m; we can m& P(L) by restricting X to be

. . P . .
' “ h . ‘ : - L

.‘ . . - \ ‘f‘ LT '



oL ' : . — . 2010 Y

N f
-

unifoznly dinr.:x.bur.od over [O.a].- Mow since for each x, where 0 < x <".,
-4
L(x.U) - L(a-x."-e) for O fe< '2-, similar considuatlons show th.ar. 9 can

be reitricted o bo usufomly dilt.r.lhutod over [0. ]. Hence we can con-

2
sider tho pa.rmter space t.o be t.hn set

= [}

@

”

L selu®iocxca, 08 N
™e density of X and 8 is given by

, :

; - "':“ .0. i x :‘. o i 3 _<— 5 ’ . ' . r
f(_x,e’ L . : g SN -

® 0 cll_cvbe:e

L .
T ’ ‘ ' ‘ R

s ¥e now cxplicitly determineg the mppinq L(x.f.‘) - L for nll

r 'pouxbl.c values (x.c)‘ P . - 4 - ' ,

J' °

I.ct the nndoa secant PQ. interlect AB of. the trianqln ABC at P
. and one ot thc othor sldu at Q. Let ]PQI = Lix,%). Let. D Bo the mid-
P'Ol.nr. of AR, ih Lhcn have tha lonovinq t:nn-!orntions from (x,9 )-lpac;z.

tot. the nnple lp-lco of ucant hmqth.

HJ P i{s on the segment DB, & ¢ [0.12'-].
Referring to Fig. 4% we obtain, by the sine law

.. - ] - “

— ] -. L] - ‘. . ) al_ .
| 1.22.8)  Lix,) e :% M. SV for (x,2): 0 < x < 3
‘.‘ L . - sin (3 . '\.') . N . . .

(11} P is on 'Ab, Q 1a on BC..

Prom Pigure 49h, using tr_.léo:ﬁptry we obtain | -

’ ~ 5 : b [




L

-
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0.8 Lx9)re 28 = <z
P sin (3+ &)

.a' ' .. L o !

(1ii) P is on AD, Q is on AC.
-

B ] o : '

From Figure 49 using trigonometry, we have

N

,.
b
|-

1.2.6)  L(x,8) = /i’f =
: T 2sin (8 -3

:
o

A
n)
o
WA
M
}
Nis

In order to obtain F(1) we need to cbserve the set of points (x,5J

in the parameter space S that are napped on‘Ato L for different anrea:ing
- ‘vah.u of L uthtyinq 0<t <a) under t.be trunstonntions defined by v
(1.:':_.4) - {1 = 6} froa (x.a) lpu:c . the unpla space o! secant
hmqths Hc now obuin !’(l.) tor £ € [0 —/:] in part (i) and for

le iC. al in pu: {i1), balow.

‘o
o

~ Parge {4): ' . : 0<tx

. : ) ' '
obse : S : | T
We observe that L = 0 corrésponds to {(x.&): x = a, 0< 8 < J).

3 ——— O X ™ A - -2—"-sin (E- + @) for

¢ . o
Prom the oquation % = 3 -:) 3 3 S '
: sin (3 + 8) * : .

. - ‘e " - ) T, . .. o N . . o /j—- -
different values of i, we note that .u‘i increases from l = 0to Rk = —2—.'.
the correépong!&r'q" Gurves preserve the same shape (by linear o '

trmn!omiiqﬁx tho ejuation reduces to y = ¢ s1n 8, with ¢ changing) and

: the Lebesque moasure of the set” - T T




[3)

{(x,€):a -.zl-l-"nn (%o §) < x <a, 6::_ a'i'.:}}

increases with L. This feature of the system of curves for increasing L

‘provides the basis for the sol'ution of the problen. When 0 < L < -/ziue .

thu:hwcanuualotthutsl ‘2”

=0, 0am ;-. contrihuunq to Prib < 1). vhich incruu; as L 1ncrunu. ‘

»

It may be further oburvod that in the .qu;tion

' L(x.&l-t-ﬁ:- ————— ; 0 < x,8/2, tan”l 38
B lin‘(ﬂ--j-l o

to x » 0 corresponds i = 0. As l anruu‘s continudusly trcn teo0to(

- F w
L. —;.-, tha shape o! the con'“pondinq curve docs not change and the -

ueaA ofthelets bmmdadbyx-o é--z-andx-%sin (::-5-)‘&:;:1

2
- J » M * .
x e - 3; cot. 3 - increoases contmuously- When 0 < L < _;_a_ we thus have

An area A, contribuunq to Pr(x. < l) - Thus we have

{(!,':): Lix, ‘3) < l} " S1 52 " Now the probability that the rancc- secant -

hﬂqth L(x.iﬂ is less than.a 91vcn qu.nnt.ity £ is the. ratio of the chesque

‘-msuro of the set ((x. )3 L(x &) <L} o e L.besquc measure of the

paramoter spu:e § which is T'
‘ - \ A
Yow the area A, of the set 5. = [ -z—i-s.in (T +9) d% « — (1 + /3,
T ! . . 1 ‘}) EE _ ¥l -

-and the o L .- . =

mmethI'l,X‘l-—""in(e";J)a
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. t
\. -
X .
: ‘ : . 2 2L I -
. : A
« 3 '
Hence ,
. s < Lo, - o
‘ 20/3 -~ .
S U . e Y ia_{'_?_ §
o
A"
b S
- ?" -' B
) T _ ~.
AN y
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.
\ . . . ’ ) 7- . . .. -- | -7‘_ ,
Part (44): - - ‘2'6‘:! < a. - ' )
~ Now we considar the case '23 £ L < a for the probability dis-
tribution of L. Geometrical conlidcfnﬁlons uvéal that this case arises
only when - _
r/- il - J'_ o
173 (a '~ x) -1 a/3 - a
2 sin(red OSPitantimoe0s 55 /
- o 3 -
Lix,8) =1 - R o /
A x 1 a/3 - . a
“Z sin (83 A7 a-zxis-‘-?'of-"-‘—i /_7
K
: X .
7./- . -
f——<l<a.trureumnualboundedby° L
S S : S -
: I (a-x) T :
L & e e - - . - -
77 -3n (xegyr X T 0 82009 =9 . S
&nd ) ) ) . . : o ) - . .
X =& - asin (;*B) - . : o

Qont_g'i.hut‘mq to Pr{L < 1) which anroaulru t }:‘r':cre,aut. Area A_ Bnay 4

, 3.
- N ~ ’
' be decomposed into two equal areas A, and A__. So A. = 2A... .The
. . . - P ) . i1 - 32 3 ) 31 RSl ~
. © 1 (s - " o e ’ S )
solution # L » — - X = ]
u ! f o of 2 .sir_\_ (z2) x 0 for 9 is el;iyen by

— L A .
v o ~“1l ar) .
R I 3

-




5

) . . / -
LY | N | ’ \207
. : ~ 5 . .
Row, R ' .in-l ./3-- 1 v
' [(° 5 T2 3 (2
2t g T .
“31" = | (3 " a) (sin {5'"“ B)) 48 :‘F {a - a '1n(3"¥3))¢8
‘ . ' - J - ’ ‘
/0 . -
v sin 1 af _ _;.
’ ¥
® -1 afi t 2 241 21
a (2 - 8in -i-i-) H (4L -3a ) -—( W
.Y o
/
‘Hence ' .
el 2,2 2y 21
. —_— - - D s
A "'“.(2‘ L YU, | (41 - 3a )°- ta -
A ,ihcn—z—:lf_n, there hmueah‘ bounded by . o
‘. . 21 ’ ¥ . ‘ - b I ) r - -1 .5
2 : x o >v sin (8.«»?.;.—:-1.1111 (84»?}.,‘8 3+ @ tan a-2x"
o aqp . lall ..
.?‘bq.solutlon of a ~ x' - 7-!: sin {8 0 3-! and 8 tan oy for & is .
. ..1 .,’3- L . " -t . ) v
8in T There is further an area AS boundsd by a - x = a3 - a _sin(e-sl.
. -l ~lard . . -t - . . -
8 - x=asn (-4 %), 2=sin == and & = — , and an areca A: bounded
' 3 o 2t 77 72 _ (4
b“ﬂ."l-n-;ns.‘n(%-:) a"-f'x-'a-'zisx‘;x (e-.ll 4 w = and '
-, . 2 X t F ! -T - .3 s ¥ J i
9 = sin afy wvhich contri.butu to- Pr(l. < l).
_Y
i ] As t in'cuues the total area B = A + A_ +.A_ increades.

‘4 S5
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'maa-k‘*is*ls' _ . "
o e -1 a/7, e 2 2"‘5 1 2
. .‘..'(2 _lin "2—%)-75 (4L -3a ) "'2'(6"”').7

-
L

' | l/il . ) v - ‘3 ./-

Also to Pr(l < L) ,for = < <L <a, thor. is a conttibution T = Pr(L < —-)
. ‘ )

Hence N w ' ’ ,?
\ _‘.l‘ . .\'2 2 : .0 j— -
A 3y 3 Lt -~ Ja 6. -1 ." 3
?(1)'-"—"‘_[-""‘-’""‘_1 + — cos ard !ra ‘<L < a
ko ar’rl 2 | S T 2t ! 2 - =
This proves Theorem ) - o
- ' --~‘y‘1 . .
~ ’ V
- . S 5. &

-
a -t
. -
r
r
.
- * :
- v - ,
’ = -
<
LI
. - . o
. o
. [
. .

. . p’

- .t !
.
N
e ) s
M~ ‘ l
.ot '
- 9
. u
L . . :
’ v . f
, .
. s
.
ry ’
+ . " A
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szc'rxou THREE —
1.3. DISTRIBUTION OF LENGTHS OF sl-mnon
- secmsgop A RECTANGLE. < -"ie
1.3.0. Introduction. o | - ﬁ%ﬁg

In this.section ‘the probability distrlbution of

. the length of a random secant-of a rectanqle under 5y~
- 9

. randanness is obtained. The case of the rectangle was
' ;onsidered first by Horouitz [ 27 ) and later by Coleman
| 8 J. He preaent the distribution function of the randa;\vf'
secant length here derived by a dlrect geometrzcal o ie |
'argument which differs from the method used by Horowltz
and’ cOleman o - ‘ Yﬁ i, i |
Let ABCD be»a rettangle wlth sxdes a and b, where

-\BI = a, Iacl - b and a>b (cf. Fig. som A pomr.

.P is-chosen at random on the perimeter of the rectangle

‘and a -traight line: passlng through P in a random dfrectxon

l'interaectu one. of the remaining sides of the rectangle at a

‘POinQ Q. We are 1nterested in the probability distr;bution

-of L = ‘po[ B | 5

. iR A ' ' ' * . '
= . 4 . : . V\' - .
.. . R . .- A { ‘ L
.o ) ; '.
P




s

e

Y
H

a




. . ‘,‘. -‘-.. . .. B V‘ ' R . “ .. ‘ . 211

1.3.1. Distribution of L.
"The following theorem provides the distribution of

' e, ~ X "2

: 'rheorem 4. The probability distnbutiom function P(l) of .

L under Sl-randcunneu is given by

1A
r~
A
o g

LT T eEy s fer 0 ),
\{1.3.1r’?(i)fﬂ_- Ty V(L , for bitfa, (&
_ . ?(’._%fr).?f( l) ;. for a

t__'A ‘
1A

(a 2,5 )1/2

1A
.
tA

‘ ﬂl)f-_ b +'a'cos-1.(-?-)-+ b ooq"'lt%) + 1. f1épt

e Y ._ v .

(i) =a+ b +;(a + b) (cos™? % + co&f;- %— '

) “'. ""JL -5 - J!ﬂ' :’b . ."
To prove this result we proceed as follows. . .
(-. . . 4 . o . ., -y . . | | _4..__-,..._____
hd ¢
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-_1.3.£. ?aranétri:ation of the Secants,
' ‘ - <

Let X measure along the perimeter of thé ‘cectangle
- t_he random distance of r.he random point P from the reference‘
point A and let 8 nealuro. tollowing an anti-clockwise direc--
__tion (cf. Fig. 50B), the random angle ;hat PQ makes thh the
sdeio{ the'zectﬁngle on which P ligs; '
' We as-umeltﬁat: | _f |
(ST | isnnizomly';dxstribu;;d on [p; 2(a+b)],
- (i) 8 is un;formly disﬁributed on:lp..?]. and‘.
.fiiii the distributions of X and 3 nré indépenden;,

.Tph‘jdint density of X and ¢ is given by

S o= for {(x,3): Xi[0,2(a%b)}], 9¢(0,7]},
(1.3.2) p(x,8) = a+b): s
_ o 0 | elsewhere in the (x-8) plane.

L is a function of X and 3 and the randon vari;bles

]

-~

x dnd:ﬁ induce a distribution for L.
For a given tc(0, (a +b )1/2]; we are_intéfeated in,
1

(1.3.3) P(t) = Pr(L < 1) = RiCoH I " dxde -, o _
o -t Dy Y -
w}:.c:"c

< g

(1.3.4) D(L) = {(x,8): L(x;e)'S'i, 0 X x 2 2(ath), 0 2 8 Sw) .

s

~

,.‘._,‘ .- ' X - . i
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The parameter space is the set
_ e
o S' = {(x,9): 0 S x X 2(a+b), 0 S8 S 2} .
. ) .“- . o , . . ; .

\ /!
&
' .
.
- ] , ;
o -
4 . *
| *
-2 2 :
Ll

o,
at




s

1.3.3. Reduction of the Parameter Space.

- -
- . -

- : Uling lymmetry we reduce the.paéameter'spaoe S' as
- follows: we decompoae D(t) into the following four sets

which are disjoint except possibly for boundary points.

‘.)

i | N | )
(1.3.6) Dpll) = {1x,0): LixM) L4, 0SxSa+b, S8,
. N . ’ ‘ Lt

(1.3.7) D3ty = {(x,8): Lix,8) St, a+ b <x £ 2(4+b),

(1.3.8) D (1) = {(%,8): L{x,8) <1, a+bSx < 2(a+ b,
s - : ‘ - o
¥

;*S'B < x} .

It may easily be verified that

(1.3, 9) j T axds o= [ ™xds , i=2, 3, 4 .
Dy (1) Dyt

afl I

 Hence.we-have """
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(1.3.10) .
) 1
P(t) = yraiprs | dxde
. D(2) .
- 1 ' dxdé
_3 N 2(a+th) v .
| U py(n) '
, ‘ 1=y ‘
- 2 - |
T Dy
The set
S = ((x,8): 0%x < <e X
| {\(_x 8): 0 . x_, a+b, 058 3 )
| N " '
is the reduced parameter ~aEnca. 7
The apprc_:p#i.ate decoﬁpoit:ft.ion of the interval
DS ; P : L
{0, (a.2+b2)1/21. the range of L consists of the subintervals:
- . % - 3 . . .

[

. -

{0;!31_ :,J {b,a) lﬂd ’\[50 (32'+b2)-1/21

’:I

I
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. . 1]

L].l..?nﬁd’ofthmuta 4. ' a o - .

We now obtairn the set DI(I) and the distribution
_ function Pcl) !or 2 [0, bl in part 1, lc[b a] in part 2 and
Lc[a. (a +b )1/2] in part 3, below.

-Rare 1: 0 p R Tha set ‘D, 1) and the distribution
T'funcuion P(t) for 2e[0,b] are détegmined as follows: Pix

t in .[0,b]. Fix also 8 in [0,‘51. I:.£hb secant of length .

L is'determined by a ﬂaint P (x) on.AB (cf Fig. Si}\'

' ;hen the correlponding x such that L(x.e) “ Lt is L .cos 6§, 1
and L(x,8) € t for 0 < x £ 1 cos &. |

+ - -The set

S ¢ : . Dy < < g < My
511(1) w {(x,8): 02 x It cqs 8, OAf_e = 3

thus contributes to P(l) If the secant of length ;;ls

determined by a point P (x)B onBC. (cf ‘t‘ig 51} then-the

--—»’t cozrelpondingrx such that pﬁx.e) - .1 ;s a +t cos 5 and
L(x,8) £ £ whenever a £ x S a + t cos 8.
N The set - ' o~

. , T
Sy2(0) = {(x,8): asx Sna-f !'gog Gf 0 £ 8 < 5}

also contrzbu.cs to F({i).
- These are :he only ways in which a secant of length
(3 -
L(x.9). where L(x,%) <t can arise. Hence
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Dy (1) = S5;,(1) U §,,(1) | - 2

and evaluating (1.3.10),we have for.0 = t £}y,

P(L) = o ‘dxds )
Dy (2)
S S C axde - b
‘Ta*h)n’ - \{a*b)w  °
.- Sy, t0US, o (1) Lo
o - . <
his proves part (A) of (1.3.1). = . ° i

o

Parﬁ 2: 'p L 5 a. Let L be fixég in tb,q]; “Let PQ be
,;the;ranQOQ chord of lethh L. We ha;e'two:qéies:' |
(1) P is on AB, and L ' ‘ - .
(2) P is on BC. . | |

v

Case 1: Let P be on AB. Thbnrwefhavé further two
posiibi}ities: .o il on AD and.(ii;-o is on DC.

| (1) Let P be on AB and 'Q be on Ab;(cf; R;g. 52).
. Por L(x,8) = L, the maximum value 5, of 0

'cbrrCspondg to Q.coincid?ng with D .in which

Ly
r|Or

case we havc.% = sinlﬁl. giving 8, = sin” TTe
Thus for a fixed ic{b,al, 2 varies from 0 to
_sin-1 %. Now fix 9 in (O, sin-l—%]. Then

the corresponding value of x with L(x,9) = 1

.
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. &

' Thus ‘the set ) .

is ¢t cos & and L{x,8) £t for 0 £ x £ 1 cos 8.

(1.3,11)

-

Spft) = {(x,8): 0 x<+2coss, 050ssin?

contributes to Pr(L <1y,
(i1 Let P be on AB. and Q be on DC (c£. Fig '52).

When Q coincides uith D, the angle 8 that PQ

makel with BA is given by 8 = ein~ ¥’

secant determined by ¢ where sin”! %

. A

1A r-lU’

< X

_ ‘ -2
has length L(x,8) < 1. ‘A- secant specified by
{x,8) where sin‘? % L85 % . 0 £ x % ahas
the corresponding length L(x.-) é ll “Hence
we have the set

(1.3.12)

N Y. S
e

Szzi@) - ((x:ﬂ): 0.£ x Svd. sinf

'coﬁtyibuting to Pr(L S 1). We write
Dy(t) = {(x,9): Lix,8) £ £,

0Zx<a+b 05323

‘l', D) (D WD), for bt a
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D)y () = Lix, 0 Lix,8) <t

¥

Diptl) » {(x,00: Lix,d) <1,

~

a<x<a+hb, 0 s-e.f,g). 3
LY

y Combining (L) ~and (ill. we have

ST asan - T

-1 8B 3
i

= {(x,8): 0 %9 g sin , 0 £ x £-‘1cos‘8}

Ul(x,8): 02 x < a, sin % £ 9

1A
N
) L g
.-

A
~
| Fa
-]

-

" Thercfore for P lying on AB and for satisfying b

) we have - . X \ .
fl 3 1” " ain.-l.% i cos & -;— a
F (l) = %— I dxdf =- ——{J dxdé + r [ dxdé}
< ' ~ / ~«1b .
11(1’ . - 0 - 0 . Bin_ '{_10



Vi e it

L L T R P,

. "m'a_! dxdeﬂrsr(b+aGC08 E')

: by use of (1.3.14) .

223

w — (b'+ a cos

ar '

2 -1 b,
T)

I 1

_where P (L) is the (conditjional) probability that L is less

Athan or equal to t, given that P is on AB.

Nov the probability that P is on AB given that P is

on AB U BC is —_S Hence for b St g a, the probability

-

that P is_on AB and L < t. is I ”'  o

-1b

Pt |

5

. Case. 2: 'Let P be on BC. " As in the proceeding case we have

. the following decomposition of the set

Pl

(1.3.15)

; < s

Dlzfl) = {{x,8): . L{*,B) St,aixZa+b, 053 %}
- {(x.e)al_o $6 Scos 32, a

UL[(Q,G): cos™} ? S8 fl= aixsa+l.cos8)

&

<

-+

we have
‘(;f3°16)' ’ ‘cog™} g a+b % a4+ 2 cos O
2 . 3 - . . ' B v
. , a

Dli(l) ’ . 0 f

Thprpfdrgffor P- lying on BC and for 1 hatisfyinq b I 1%a,: -

}

a -




where F, (1) is the (conditional) probability that L is less ‘_
than or equal to t, given that P is on BC.
| Nov the probability that P is on BC given that P is
on 'AB U BC is ;—s chce for b = 1 % ,'the_probability
‘ P : 4

that P is on Bc and L <,1_1, ‘ .\\
. ) b - " ‘ ) . ) ‘ . N - ) V
_,!a+bi .Hg% [m deB - FT%IST {b coSs 1'% + 1 _,{12 b2)1/2} !

) ’ . : : oo
Combining both cases (1) ‘and (2), we have

“F(1) = Pr{L 1)

";T%:ST [b+acos >R 4 b cos”

|

T'l'!."' (12 1/2],

-
-

R- for b S fa .

~

‘Thus we have proved part .(B) -of (1.3.1),

Part 3: a £ < (a? +b? 1/2 : Let P be on AB (c.. Fig~ 53).

©

- The ainimum angle thnt the Becant PQ of lbngth H makes with

€

BA is q;ucn by cos: 1 -_5 or.. ,1 = Cco8’ -1 % - ~The maximum

i
angle that the secant of length rd makea ‘with BA is glvan by
. 52 - ain.l)? Thus £or the random secant PQ of length

EET

ot .
'3 ’ o Vl. -
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L(x,8) =L, 8 sati:fios_con- (%} <8 < sin”t (%{ and for a

fixed 6 in [cos ™t §, 8in"! B, the corresponding x

'is L cos 8. Since- ' 0 < x £.1 cos 6eLi(x,8) £ t, .

we have the set

11317) | o
31(1} - ((x.e) COI_; % $8< linfll% » 05 x St cos 8)

' contributinq io ?(l).'_Nov 0 IxZXaando <8 I cos”

B B

meliet L(x,ﬁ) < i. Hence the set
(1.3. 13)

1A
‘ .
-
[+ ]

2('-) - {(1-6) 0 ﬁ-x < a, 0 ﬁ&

. ' R
contributes to Pri(L X t). . Also 0 < x < a.and \ :

'Ir’b‘f- s €

sin I- 2
(1.3.18%

S34l1) = ((x.ﬁ):\ 0 < x £ a, g-in"

%liﬁplies L(x,9) £ 1. Hence the set

;iké éontributes to F(1}. - :
_ Lét,P‘bﬁ.on-bc;‘ The—minimum angle that ;he_aecintf}'
$,90 of length L makes with BC is given by ‘l‘l'--con-l %‘abd
the qaxxmum uhqle that it makes with BC ia éxven by
'-I -1b

T" - For a ‘ixcd a in [cos T s_ —]. the

-

corresponding x of the randor secant P0 of length L(x.ﬁ) = i
‘}3 given by a + ! cos 8. Clearly a $x<a+ icosd implies

_L(x,e) 5. L. Hence the_ set



(1.3.20)

-

and

ihat

izplies

/
[

L I -

‘contributes tovr(l). The sétn

< (1.3.21)

S32(t) = {(x,0):

__g}ao'céniribute to F(1).

Hence combihinq (1.3.17) to :(1;3.22). and nqtiping

(x,8) ¢ D, (1)

3 3 ,
(x.e) £ U s.. (L) U s'. (1)
a1 31 gmp 30

we obtain

T T e

N

-

3 |
Dy(f) = i&a S34(2) lJ S3; ()

0.2 8 % cos”

silt!).' {(x,8): 0 £ x ﬁ L céq.e; cos-l %

(1.3.22) | -
| S3,(L) = {(x,8): d S x £ b'fsinél‘ﬁ
33 s B e x 2 5sdn U

R
sip-l %
< b)

’ b 4
< 3}

227



Hence we have'

-

P(L) = PriL S 1) = ?T%7ST[ dxds

Dy(t) -
Y - |
Y ® x(a¢ 3 f dxde , - (by 1.3.23)
e U S, () U sy (1) '
cgey Ty TIOT?
2 - -
™ Flasby (2 *+ b + (a+b) (cos 1 % + cos 1.%)
- dah VT n2p) gy
for a <t < (a2sep?) 172 -
This proves part (C) cf.(l.J}l).

A
\




S 229

' SECTION FOUR

) 1.4. DISTRIBUTIONS OF LEMGTHS OF RANDOM
° _ SECANTS OF A CIRCLE.

™
’.

1.4.0." Introduction.

L4

In thj.s section the probabnity dxstribution of the lenqth L of a
random secant of a circle is obtaimd A secant is speci;i\ed by a
peruntct point and a direction in 1.4.1 and by an interior point and a
direb_t}on in 1.4.2, The results presented in this section are known (c¢?.
{8 11 27 1. fThey have been obtained 1ndepondcnt1yl and are

rresented here for emplétengn and interest. /

1.4.1. Probability distribution of L under S)*randomness or S,-
r'u\dmne-l.}_

The probability duuxbution of L under: Sl-randonnou 18 qiven in

the follovinq theoren.

Theoren 5. The probabilfty distribution of the length L of a

randoa secant o{ a clrclc of radius a za given by

-

o - -1 i
1. -1 F{i) = Pr(L<i) -%szn 5’-— 0 < i _‘_,(26 .

'

wvhen the‘,'locant is spec.ttiéd by a ﬁeriuter‘ poing and a direction or by
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two perimeter points. ..
’ ) N

;(} The proof of this result is Qinplc.

3
£
lf :
|
|
§
£

Corcllary: Since F(!) 'is absolutely continuous on [2, 2a], the density
} of L i3 given by' ] B :
o ,
{1.4.2) o f(l)“'r(l)]- m,ﬂ :_ L < 2&1
vhich is the r.tult‘g#fqn by Coleman [ 3].° o 13? >

1:4.2. The ptobabillty distribution of L under Il-rgndonness.

- The distribution of L under Il-randonness s given in the follow-
A ’ ..

- ing theore=,

Theoren 6. The probability distribuition of the length L of a
random secant of a circle of radius a is given by - l

i —

. . ' - 2 - .2 . ‘A '
(1.4.3) F(t): = ] -%un 1 rl - -:—‘-: - :': -/1 - i-a-r.for 0<ti <22 -

. - -
1 N .
[ .
P

when the secant is specified by an interior point and a direction. '

- Proof. A point P is chosen at random in the :interior of a

circle bt tldlg};a anx! centrq.o‘gnd then a eraigh; l%nc 1z éassxng
-th'roqqh P ancl! r.ak.:nq a random angle 7! (—-:;.:-_'. ' s %J,wn:h the ra.dxus
?.ctof 19) (Piq.- 52). The randos line throqu ;hﬁ_poingfp is
intercepted by the circle atrpgint; Aand B giving a length L. fhe

problem ‘is to detarmine the probability distribution of L -'IABI.' {

.
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Lat tha fnterior point P have plane polar cMgg.x,_é_ui;}!:_. S
reference to the centre as 6‘:19111 -and a fixed axis uurough the centre.
An element of area conutnipi; P is qiven' by rdrd$.” The area of t.he

cirtle is %a® and 2 ig diltribuud unuot'nly on [-— -;—]. The probability

that P is in the tlc-ent. of area rdidr And the secant through p falis in

[5; 3 ¢ 3] 1q FO04rd3
. 2i,?

" Therefore the Probability density is given by

-

r ' r ¥ .
< < . < < - am € <
) Lirt i 0-:--,-7_0-_1. 2--3-2.
fi{r,5,8) =}, - -
L ]
0 ’ elsevhere .

-

e tirlt find the secant length L(r.9,s) in terms of r, & and 3.

let 00 be drawn pcrpendlculdr to Lbe secant AB (cr. !‘iquu 55). We have
- 9 v

* 0D = r sin 2 ’

or
: . R ' 5
al - -—------.--..I'(ré'r"')2 - r* ninl-:o‘..
. Vi d
Terefhre, ’ &

L(r 93) -2(1 - r? gin® 9y,

Nt note that L(r...v) is ih%pe'ndent of 3 ‘and depends on sing,

<
—

LTI
.

We can, thcrcloro. limit our comiderauon to ¢ = 0, 0 i 8.
. [ . ' T M

Then r z

| - - |FaT e 0Zirc<s,0:9<¢c2,

£(r,8) =

l0 . elsevhere,

¥e are interesnted in

(
Pr(L < 1) - J =% aras,
D
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vhcri-b-((r,e)z Lir,8) < L}, o . >

et L c.-[O. 2a}.- - o ’ o - -
Me have .
Litr,6)

‘_, risin?o = a? . —— -

. We determine the ranges for'S and r. The minimum value of 3
corresponds 2o the maxirmm value a of r and the max { mum valuer L.of L{r,2).

Therafore ¢ must satisfy

2 -
' linll-l——-<6<;.
“w?” T2
Let | s
i l: -
elsin™t 1 -2 O
2 2
\ d4a°
For the minimun value of r we have
:“_-_1;1

—— e ain B

The maxizun vuluc_ of r (s a.

It 15 casy to sce that for ) g

'JL[nin-'jl 1 - ‘7 . 2l




2 R T T e T LI T

- o | ‘ L = : ) . %;5
f2 2
4.
ref stn 8 '’ al .

Fa
Lir,® ¢ . ,
f.‘ :
Therefore, we have ~
. : -4 '

-1 e . v .

. r-(l)-l_--f-un.l/{-—?'-—‘—A-Lz ' of_heza .

’ ‘ T ¥ e . 4a

corollary. Since F(l} Is absolutely continuous on (0, 2a}, the density
o9¢ L i3 given by . ‘i ‘ . . | s

1

. ' 12
(1.4.4) (L) @« F'{1) @ e . g <

qu /“2 . “lz '

L 2a .

. _ !
" Putting a = 1,-1n (1.4.4), we find that the resilt of coleman. (B} -

.t

v

iS5 verified.
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SECTION PIVE N\

1.5. DISTRIBUTION OF LENGTHS OF él-mmou

SECANTS OF 'A SPHERE . ' Y

1.5.0. Intxoduction.

In thil lectlon the proba.buity dixtribution of the lengr_h of a -

nmdon secant of a sphere of radius a, under SI-randonncss. is obtained.
uexc a ucant 15 tpcciﬂed by a. ru'adcn poj.nt on the surfar;e of the

lphero and a ra.ndcn direction. A randca girxtion is dofined by a randon
point on t.he’ mtaco of a unit sphare. The question of thc density
functlon ‘of the Sl-random secant lenqth was conszdered by Horowitz [27]

. Alr.!nuqh Horowx:z provido- thc solution, the ner.hod adopted here for ob-
uxninq thc sol.ution 1s xntetaltinq in itsclf ‘and tho Bolution here was.
obrulnod mdcpondcntly. ) | ‘ |

| Let's be a-.ph;“ of radius a. .Let P be a random point on the
surface .o.! the lpharc-:. A line throuqh P in a rnndon du‘ecuon intcrsects

the surface o! r.ho sphere At another point Q and detemxnas a ucant

length L = ,PQ! our object l.u to find the distribution of L.
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1.5.1.- bistribution of L.

In the following -theorem,we cbtain the distribution of L.

a . - ) -~

fhooren 5: The ptobnhillty distzibution of the 1enqth L of Sl-randon

secant of a :phnn of udius 4 is given by S ' / ,
4
(1.5.1) ) r(L) = ;ﬁn.'l o<« 2a

'Proof. To the po:itior Q{ the chord PQ and the tangent plane to the

‘sphaIQAt P carrespondl a solid angle {i as !ollows Let PO be thc

. perpendicular to chn canqent plane at P. Thc chord. PQ nakes an angle a

with PO. The solld angle subtended by a cone at its vertex with a seni
vcrtlcal angle 2 ia dcnoted by P

g, - Now let 1 be fixed 1n (o, 2&]. Since a poxnc on the sphcre
Generates :ho sane. set of lengths as those of any other point on the:
sphere.vo can, thcre!ore, {ix P on the surface of the yphgéehand considcr‘
only tha ran¢c=ncss of, tho di:ectlon ¥e tind a ::aﬁﬁ!ornatidn from I to
i. Llet a secant o' Icnqth 't make an angle a with the diametral line PD
through P, All chords through P nakznq the . same angle a vl:h PO have the
saze secant length £, rhey form a cone with P as the vcrtex and acni'

vertical angle 1. . Let & be the solid anqlo at P. We cxpress A in terms

of u. tp find 1 wo are to find thu area of the portxon of the surface on

4 unit sphere subtended by . lNow this area on the surface § of the

~

unit sphere subteonded by O 13 . 4

. Y L i, ana
: . dr 2 Z
s “:.“‘ E R T




- | 238

" where.S is the projection of s on the xy-plane.
' 2 - - _. 1 \
N Sinco z 1 - x? -y . tho inteq:and of (1 S, 2) becones '1;;7:;7}5:?; 5
COnva:thg to polar coordinatel by the relntions X =rcog 3 ym= g'sin'ﬁ,
= tind that 41.5.2) reduces to | L
2"5. sin a_ :
1 aer?TY rdras i o
06 o )

- 'which on_inteqration‘reducei-to-2ﬂ (1-cosa), o " ; L
. Thus » . g . ] 5 ” | : l .
‘0 * 27 (l-cosa). _ ‘

o .o
Co . - £
' . . A

We note thar cos J.QFl—q.that in.:chs-l —I- ,  o -
. '2‘ . B ) za..‘ . .

* and to the set of poincs Q such that ;PQ{ -1 2 i corresponds ' = the .

s-olid angle 3,

Thﬂl . - e - : -, -

. . T . "- O

1. PR -y ok
-3:- . - dl (l-t?os J)] 1 T

Hence
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; r(l)"z"i','_ogif_-z'gl.l o
A : " ’ o . ) g

I -
i .. - Corollary. Smce F{l) 1- Abnolutaly q:ontinuous on [0 ZaI the dennty
3 .
j f(l}.of L 13 ‘given b'y . T . -
:: t(l) -_p (l) - -1— - ~Q < 1 g -
: . 2a - ?"
' which is the result given by Horowitz [7]. )
- L o
3 . a a .
- N ' : - ’
1} . ¢
- 'a
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; ~ SECTION SIxX
E i s
1.6 LINIT OF THE SEQUENCE OF DISTRIBUTION
[ FUNCTIONS OF LZNGTHS OF S -RANDOM .
& ’ .
i » ) ) . . ° °
: SECANTS OF REGULAR POLYGONS INSCRIBED
; a o : :
i
H

IN A CIRCLE

»

)

1.6.0... Introduc:&oh."
_ﬂ\\’/

' It is clear tha: the linit of a sequence of reqular polyqons of N

. sideas 1n:cr£bed in a ctrclc o! constan: radius r as Ne= is the circle it-

~

self. In this lectlon ve lhou that the corresponding sequence of distri-

bution functions of the lqﬁqth: ot'sl-randau secants of Ehe*laqucncu ofﬁ

'rtqular N-sided nolvqonn in:cribod in the circle also converqes to the cor-

rtcpondlnq diltrtbu:ton lunction of the lonqth L of nn sl-randon secant

- of the cxrclc. In the follovan.thoorea we prove this result.

) a ,
1.6.1. Limiting distribution.

\Iﬁggtea‘p. Let C ba a circle of radius r. Let P, be a reqular ooly-

70m of ¥ sides 1n-c£1bed'vigptn the circle C: Let P, (L) and F(L) be the
, \ .
cnrrcsnondinq dxstrtbutton functions of the lcnqths o! Sl-rnndon secants of
* <

1 o

) P “and C r‘tpectlvaxy. Than‘

§ e L r () s'P(t)  for tef0.2rf.
| ' ) . - .“-. ’ ) '
Proof. MWithout anv loss of jenerslity we take r = 1. L&t‘IC{O.Zl.

4

£t A Ne "Ne lenagh o? a s1de cf tha romular nolvion of U sid~e. - Then
Vor o daind, wnate 1w

- T

Lct'P be the polvgon “o“x"'“w-l inscribed within the circle C

. - %
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of radius {. "Lat AO bc a4 fixed poin: on the pnrt.-t-r of the circlc.

Yor a fixed £C[Q,2], let Al. be a point oa the perimeter of the circle such

that IA l = L. AJ N 1ncrcasoa 1nd.£1n1tcly let the closcst vertex Ak of the
. polygon P' tnnd to colncidc vith the polnt Al T..an as No= | Kom, whcre X de-

.;,,-d.m-u mdt.holtnqthlkdofthoarcAkkundstothe lcnqthzunl-;;

‘of the arc Ao'\l Therefore as No= » '
' -1t e

(1.6.2) . xé = sin (3 -

and

{(1.6.3) : "k L

The distribution function r”(l") for '-Cli‘.k-_l.lkl is, by (1.1.1), the

following:
L
B 2' . : .
(1.6.4) . P‘(ll‘- :; _llkﬁi- 26(.-!&([))
, ~ . {x (L) « Isin 2fk nd
PSR " -1
. (nk(l) *d ) '%in { 17 }
o N : {la*d‘_l) sin 2(k-1)5} '
‘dk . T -

(x, (L) sd, )

_— , ) »
| * sin zcu-zfz tu T sin’ 2(x-1)4)

. (nﬂi ) ‘ _ . sin 2x§
-n - lln2,2lk-11511/1} + d :in'l (dk )
. 2 ) X t
: ‘ ' )
| ‘1 -dk ¢ ﬂ ) I
-. .(,x‘tf) + dk! ain { n stn 2k3i)
) ‘ - 2‘
- x ¢ PR |
"y P S . ¥ R S
el - d B O F R I el I "-l: = {-==r=--"1 gin -kill vl
w.n Jg! .. : : ‘.
. -- t .
- oM ’
. < e ALinY . -
. { . 5(4) say

-

N- ‘ CoL
or 2 gor N even or odd respectively;

where 6 - :-‘- ¢ D= 3
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a ain x8
-
k " sin

‘ ' -1 lﬁ-l sin k§
ﬂk(ll = sin =g .

> ’ ‘ L sin (ké-ék(lil
‘k(t’ * sin x4 '
" sin kd‘ -
% "k-l..m 2x3 . ' .

'0(6) - av , H(GI is the r-n‘\Q\?q expression..

" Now to consider the limie ot g (l) as MN*2, wg note that

{1.6.5) as2gnd -0 , asN-=~
. s sin k6 ’
{1.6.6) Sk(l’ = gin 1 1E!—£—r—~———) - (k=115 = sln'lr; ag N » = ;
: t sin k4
(1.6.7) dk - k-: w3 : 177 ¢ MN==: .
. N P N & AT
’ . L sin (k5-3k(l}) T Ve k
(1.6.8) ‘ : -g M -
_ X (41 = sin k& SO, ag e,
and; by (1.6.2) - e
: . 11 Dk
kd - ain () . ‘ ‘ .
2.
Consequcntly both ﬂ(é) and 0(6) tend to zero as N -~ ‘- and reduce
the limit of a8 (#) 0 !or-. Wa then apply L* Hospttal'a rule to éﬁc
(3’ - . o \

S 2idy P : oyl
. is replaced by a real variable x.
corresponding oxprcsltoq ?f 5T whare ‘ .

W fmAte

-
A LML R, J

1
.
ire

'dktxl - ——— as x - o, vhgrc
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‘;‘:_,-‘L‘_L - 2 -u x =0, )
and (1.6.5) to (L.6.8), and Cbulnt'_ -
: lim P (t) « 2 nin-1 L NS

viich 13 the distribution function P(1) of the 'S,-random secant lengtiyL

of a circle of radius 1 {cf. Theorem 4).
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CHAPTER TWO

2. DISTRIB! 'TIGRS or I.E!-GTHS OF S = RANDOM SECA.‘J"‘S

2.0. Introduction.

This thesis is devoted to investigating certain }equinr features
h

ot-raﬁdc- secants o} 'rafl of convex gecomtrical confiquratxons. .In the’
lut chapter, we obtuned the probabxlxty laws of the lengths of l-rmdou
secants o! :cae convex‘qeo-n:xical con!&quratlonsl In Sl-rl.dounéss a
secan® is defined by a‘rmdon point on the perimeter and a random
duectmn. A natural quost{on in geomtrtca; probabxlxty to ask is: .
What will be the prcbability laws of the lengths of random secants. when a
se:an: 18 lpocl'lad by two points Oﬁ the perimeter?

In this chapter we deal with mu‘ question and g;btam the
prebabxlxéy dxs:rlbutzoﬁu pf-the lengths of Sz-randan sccants of :Qqulfr
polyqoﬁn. Thea cases cf llnea: seqncntl, rectangles and c.rclcs wer? )
corlxdored by natern [43). The results for the polyqon under Sl-rAndonrels

and Sz-rmdcmeiu will differ and may appear. “puadoxzcal' as 1in the case -

of the well- ~known Ber:nnds pnudoxzcal' resulfs ‘orrthé probabihty that

!
\

s H.ndon chord of a circle of unit radius has a 1ength greater th-mfj—
Both aolu' ions are correct,. but thcy really refer to dzf!eren:
Frebleme .. We nate :haﬁ in the casc of S «randomness, the poxnt on the
o .- N v
imrimeter and the d:rc¥:1$n defining the ;andoc secant have un; form

: : : Lo . r 4 .
dutnbu:_:ons and the probability distributions of the length of a Sl_-

randos secant -is the one i1nduced by the probability laws for the perimeter

T -
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point and the direcnon. trhetou in the case of Sz-randcn-xen. the two
perimeter points defining the random secant have unitorn distributions
over approprlate ranges and thc probabxlity distridution of the length
“of a sz-rmdon secant is the one induced by the distributions of the two
poigzs.- It is of further 1nce§ent tc us to see how these two ptobabilxty
laws for the randoa length of a secant of a qeo-n:rxcgl configuration, a
reqular polygen, for example, dif!ar.f 7:' \;
In Section 2 of this ch;pte;.'wu:wili show that as a sequence of
tequlnr.poiyqons Pye 8= 3, 4, .:., of X stdes 1nscribed within a circle
,C of constant radius r tends to the circle C, the correspoadxuq sequence

-r

ot diltributicn functions. F {l) of the randou secant Iength L of pelygons

-

lllO convarqol to the dxttr&butxon functxon F(L) of the ratliom secant

length [ of the cxrqle C. . )

* . “-a' -
D. -

By
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SECTION ONE e - ' o

2.1. ODISTRIBUTIONS CF LENCTHS OF Sz—m SECANTS OF X REGULAR POLYGON.

2.1.0. Introduction. ) . _ ' -/
In this section the p?obahility dil&imuon cf the length of a

reqular polyqon of,‘ N -'1"“', where a side is of length a, under

Sz-nndoanesi is obthl.ned. Herg a randoo secant 13 dafined b~,'v two randoa

‘polnts on the p.eri.mtu_'. A precise statesient of the p:_obileu is the

following: ' _ ‘

L

. Let Aoo\l...a be a rcqular p-olyqon of N sides (¢! F:.q. 56 ).

Let two points P and ¢ be choun at tnndon on the po.rlneter but not on

the sane side of the polygon. Let L denote the distance iPQ:. Then L is
a randoms variable. The problem 1s 8o determine the probability distribu-

tion of L. © .

q
"
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2.1.1. The probability dlstributioh of L.

The probability distribution of L is given in the !ollouing: '

%

Theoren;* The pzobability dist:lbution function F (i) of tho

randos secant length L of a t.gulu polyqon of N sidcs each of lenqth a

$ mder Sz—randor.neu is qiven by ‘ ; ) ' R
; B | F- o ¢1 (L) for _lclo.n.l], N eveg. - \. " (A)
=<4 ¢ICH_ ‘!orl ief0,2,], N odd N (B)
- Cocztll for i{:[lk 1 k]' k - 2.3, _l..‘n..]_'x C-?El'l (C)
= cy ¥ for lC[Lk pride k- 2,3,...,g-1.u odd . (D)
=c ¢, (L) for ie[l - ,1i}, § even . - (E)
@ raag 0 . nmlle '
., Cq é‘(l) for l.c[:.c,x.b], N even - | (F)
<, és-(?) fpt Lclib.ln], N even o . (G) L
e

= o5 %gll) for ‘Clln-l"n-l.ll’ N odd o , jy) -
=<y ¢7¢il. Vfor "c_“n-l..l"'n~1,2]' N odd | (1)
. [ ] 'y - . - - ) J
} co..BU.) for .Lc["n-l.l'ln]_' N odd ()

' whore n = = or !-2:-1:- according. as N i{s even or odd,

[ ST}

N .
(2.1.1b) ef = =,
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4 L " (avd, ) ' ‘
{2.1.14) ¢2(£) -_l(k-z)a-dk_lj (.-xk(i)) * > [iz-(§+dk_1}2sin22(k-1}6]5

[

Clttl) + . :
dk 1 “k“’ sa, ¥ gin? 2(k-1)4)"
. ‘D )
12 {l+dk
* T ein z(k-lyz‘['?" }--————-sin 2(k-1)%}
(1) |
- lin x—k—{—-ﬂ_l.sin Z(k"l)éjl . . . ' o .
f

_ cos 2018 | L =
Hasd, F = O e a1+ [-Dasg I ()

gl ‘k“’ + dkl[lz-(xk(i) - dk’ sin 2k:,5

o ‘x“’*dx

1 7
* 2 sin 22 !sln =) sin 2]

sin® 2x5)"

“t

- sin ngrsin x5} - %ncos kS 1 (£) » dk}z - d;]‘

. ) i 1. 2 : Y ’ :
(?,1_1.) 3.{0l) = EEL -1%) + afii-t ¢ (- d)(ynltl) +d )

n-1)

asd o
+ n-l 112 - linz (2({n=1)%) (a+d )2]H
2 . . n~1

- = 22 [ - (x (i) +d_ )72 sind 2(n-1)5]5 ' S
n, .n-1 . . X

2 . avd )
[sin"Y{ 7 L sin 2(n-1)%}

Y T sinz(n-1) 2 _ . )
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-1 % (L ’dn-l

- sin & {ﬁr—' sin 2(n-1)¢&3}

P
_1.) )

" cos 2(n=-1)¢& '
+.——L}_ s 2
2 [(x (£)+ & _1) (udn

+ x ) (a-ynl(t){ * a(ynlﬁti - ‘nfé’ al,

-

’ ' Clggr ez ISTIPP R
2.1.1 Ly «- 2L - - -.
( £) :‘( } 2{ n-1 £ ?.f afi Ln_lj . (;n(L) a;(yﬁ1(1)\+ dn-l?
.l .
’ a+d ~ - s , .
o 21 7 L it 210 4) fase Y]
~ 2 n=-1
. / 3
xn(i)'bdn_ _ .
' S 3 IL‘-{xn(:.)f . dn_-11-= sin? 2(n-1)3]
. _ T . a*da_l

(Bin ‘:_—':'n—-- sin 2(n-1}%}

+* 2
2 sin 2(h-1) %
- ' \"

"x (lhd
- sin b (—"—TL sin 2{n-113Y)

-~
)

: l : ; } z._ 2 -,
+ 3 cos 2(n-1)¢ [ix (Byea ) | (a"-dn_.l) ) 3

L= . - TN

+ - i ’ ‘: i - ;' ’
xn(L) {a Ynl‘f)) +a ynltk)|+ (n=2)a

L}

Jo

(i i) o afif-i? ]" +odx 0y - .i:{-,':_.l-ti) *ldn*l)

(2.1.1g) & (i) =
9 5(“) 2. n-1 n-1

-

asd - . .
C n-1 2 2 - 2 - l’
* 3 ' {L” - sin {(2(n=1)%) (d‘*dn_l) !

- ’ & ~




(2.1.1h}

"6

(L)

‘2 stn 2(n-13}7
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Aty

xn(ll+d;_ - .~> )

1., 2 o
) (t -f x (L) + dn_l)’ ginz'z(n;1)5]5

N .U
) a+d
. n=

t!

[sin”] { ! 4in 2{n-1)£)

o PR ¢
xn(1)+d _ .
i

an-l {

sin 2(5—1)5)1

3 %]

. .
! (a+dn-1

1

1

1 . ..
5 cos 2(n-1)3[(x (1) + 4
) n" n-

xn(i) (a-yhltl)) + a{ynl(i) + (n=2)a;,

. . .dnoc' L y
(- dn 0:(n-1)§) C + == [i’-—(dnﬂ:)2 sin® 2n]°
d . . . ) 2 d +c .
Borpia 14yl —k -1 n i £
3 [: ’dn sin® 2nt} f 2 sin 2n% [sin_ { T Sin 2n¥)

1 dn cos :2nd

= £ - o8 - £Lno 2 _ 42
sin | (T _lin an«)] 3 I‘{dn4c?_ dn]

A L , dn.l’a :
! 2 1 - 2 _ ) W2 2 -1
(Q-;?‘{(n:2)a-dn_l. ¢ 3 (i-1d sar? sin® 2(n-1)6]

i - ) a
ud .c ' . - ., . v
L T TTLIP Y TUTL LI
P . !‘1‘1 » .
LS e
[+]
; ‘ "d _ea
b -1 n-1l. . .
LT ;(n-l)i [sin ! - - axn gin-l%%} '
d * ec ' o SR
- =l Spel’ .- cos 2({n=-1)4 2
I S = - 1] o —e—— -
sin T{——r— __sin 2(n 1):5‘.1 3 [Mn_l) ‘ kﬁin-

y .

2] .

|

1




~

. _ d +c
(z 1.18) "3, 0} = x-d + (n-1}alc '+

(E._z-{dn.*c)‘z' ‘sin’ 2n6]l’

A v . . ‘ . ) :d . -
. “n A{Z - *C

L _2'"“':;"-‘_’; sin? 2n6]7 + T3 [sin L " sin 2né)

i

",‘" ; d : ' ’ -, o

: =1 ' n_ -~  cos Ini ‘ o
>~ - = #in { sin. 2né)) - — gt

| 9 T )l‘ _ 1d+c) - 42]

- . s (a-e) { (n=2)a=d.".}
: : ' .. n-1 P

g ‘ U | .'., S S
. 4. = ['2.3-{dn_'14a)" sin’ (2(n71)§)]‘- - Ly

- : ° H‘ )

SRR TR "71‘55‘—— [1’-{d )"sin czm-n*»lLr

S S
L? 21 % , o
Rl - S |

2.-1n{21n71)6) ["“ A e LN

3

.

- lin.'l {-——-- um(2{n-1)»&) 114 SO8 (2(" 1)0)

E(*cl

.

z' ..
(a+d 1)] .

- . , . s -,'2‘-“ ‘ a2 - 2 ;,
- e (dnﬂbxl.) [i (Pnoxl'} sin® 2né]

© T T e e) [ - {4 se)? stn 2mE]? -
s . . ¥ n o N TS ) 1
[ . - h . ’J .
. .‘\_ _._» .s- ) ,d P i ‘;“ .
. . —— [‘,,m'. .0 ‘sin 2n%} =
t 3 ‘7 . '—!J.. "‘{
s . : * ’ o v f . 1
. td +c

. = sin -1 (—T sin an‘]] .
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. ‘ L ) _'- &n‘él y . . ;e 5
(2.1.13) " $(0) = {d sln-l)akc, s I “{d vc;)? sin’ 2n8)
4 - e - 2 . d +6
T 2 a2 PR 4 -1 n "1 .
3 {l_-dn sin ?nﬁ} 0‘5—;T;—3;§ [sin = (— sié ch)

o | 2
) A dn L 2 |
' . - min {-r-sin 2nd)) --——-—lb%(d <, )¢ - d;]‘

. * n.(cz‘-cr)

d +c

-
Py

4+ {=¢ "+ (A-1)a}‘(c-c.) + [2°-(d +c)}? sin 2né]
. n ) . T2 : _ n -

a4, 1T . @

& ' A ] -
- .- nz 2 {if-(dn+c2)‘ sin? 2n5j5
) s B -1"dn.é ' e oy dp%e
* . [sin { sin 2né) - sin { sin 2ni}]
2 sin 2ni R v . _
" cos 2n? s :
s T [(dnoc) - (decy) ]_ ‘
. , . a4 -_1¢a . . . . i ) H
. o {(a=c) {(Q-z)f-dn-l} . —53——j IF‘-{dn-l‘a). sin® 2(n-1){]
° ) ' ‘ , :
. 1‘ . 4 . ec : ‘ -t
S - "—:l— (ti-ta.. *c}z-slnz-wl’(n-l)ils_ - -
. o 2 . n-1 " . ‘
L S d .a L. \?
L il =1 . n-1 T :
B b - ‘ . sin 2({n-1}:I: .
Lo T et (pan == Pl
' . '.-L‘ d"—l.c 5
u o - ain 7 { ——— san 2(n=1}41] ’ : .
- ' 9 D SR A } -
v .. - T - ‘ _-I . _: .
v +-522_£l%;lli'((c+d - {a+d -1)?]
@ v ! . ' + . .
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. (d;+a)(12-(dno;;2 sin’ 2n51ﬁ , . )

K

- {d_+c) Ilz-(d ¢c)2 sin’ znﬁ]“
SN . n . .
r? -1 4t o st
e —— ——t 5 - 5
‘o In3 [sin © ¢ T % 2nd) - stn 7 (—— ain 2n A

o 'estn k3 ' ' sin k£ - -
- v | 4 2' cen g - - L —_— .

[P pely

k-l,z' eaey 0. .

’ : C oty L 3
' -1 ln"l . . Rt
— sinind - san- " | T 8in niyt+, , N
sin nt . g .
| L S L stn{a_ (L) - (n' - 201}
-d Y —-..a....-..:.....z. R .)' (l]- . n . .
n sin 2n: nl sin nd
a8 2 2 4 . i
- — - i -1 . - - 14 z.i ’ !
w7 a-1! L-1.1 dn tan 2n .
: 2
a 2 2 & - 2 a h
— - L ¢ - - a—— .
o B e R L P Ll
. | " )
2 a 2.\ \
e { )
L U i : N\
I N - A }
c n-1
. 4
L%

!

i3
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2.1.2. Parameterization of the random secants.
v N : . L

T™he secants are parametyrirzed as follows. Let Aoﬂl...AN_l.be a
regular polygon. Llet Al be the reference point and PQ a random chord
{cf. Fig. 56). Let X be the dutmco\of the point P neasurod along the

) pennctcr froa the rc!erencn _point A, in the duetgxon A A

1

of the poly-
Q
1 —~

[

qon. L& Y be the: dutance of the point Q froo the po:..m A nuured

-—-,
along the perimeter fellowing U'.e direction Al"?'
. -
We assume that X and Yﬂhavc unlform distributions on the
. : ' ' . . _
rerimeter of the polygon subject to the condition that with probability
rero the randoa variables X and Y assume values which correspond to

‘yoints lying on the same side of t..hc'rolchn.

e

' The joint density of X and Y 1s qavcn‘b;}

o |
! ——3 for {x,y} ¢ 5 .
. o l -“(N‘_l)_ﬂ - > *
(21.2) Plx,y) = .; ;
= !.-'0 - ==, elsewhere 1n the (x,y)-glane,
- - — R -
o N .

whore

255
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(2.1.3) : s'e U Siy
' . £.321,2,... N
ipy '

vhere

(2.1.4) . Siy ® {(x,y): (4-1)a < x < 1a, (j-1}a <y £ al,

-

1, j'l, 2y eres N

Clearly L is a function of X and‘'Y. To emphasize this fact we
T will write Lix,y) ‘instead of L.

We need to evaluate

. ". .
\ “ 1- r
{2.1.5%) L !‘H(l} - .Pr(L <_i) - mé??‘! ’
ERTTIE B . -
where
£

¥

(2.1.6) B(L) = {(x,y): Llx,y) < &, (x.y) ¢ S'}
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The set S', defined in (2.1.3), is the parameter space. I
2.1.3. Reduction of the Parameter space. ? E .

1
Using symmetry we can reéduce the parameter space. We write D(L)
defined in (2.1.6) as the union of N “equal sets’, disjoint except
possibly for boundary points, as ( ‘
(2.1.7) . ‘ “o(ty = \UJ oy,
1 1
. . ' ‘ iel} -
wrere
(2.1.8) Dyl = {lxuy): Lix,y) < &, fx,y) £ Siytr tellN
. j=1,2,....%.
' 1 ¥
t L]
We have the ‘follcvmg: '
lecea: L, Let ?H(H be the dist.z?ibutlor'\f' function of L. Then
AY ¢ : . . '/J ‘ ’
TR . 1 . [ = [ ‘ '
2.t o - —— ! - - dxd .
(2.1.9) :ad’ NTR-Tyas }dxdy eIy a: }. ¥
i ‘ o{i) Di(i)
where Dol ity gaven by (2.1.8). ;
, Y . ‘.
. ”~

P2
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((-Dyasx, = (1-1)asy),if ~(i-l)asy > 0 ,

Proof. ‘/' -
' Since Lix,y)e C : ,
! (({t=1)aex, Na-(i-1)aey),if -{i-l)a+y < 0 .

-
LY

N .
for (x,y) ¢ U Si, " S; {say) . we have
=2 3 . -
J,[drdr -_J{dxdy. for { = 1,2,....4 .
Di(l) Di(l)
Therefore,
N N(K-1)a® | (N-1ja- Y :
o) ] Di(l} ).

The paraseter lphcp 5' given by (2.1.1) is now teducéd to

-

N
{(2.1.10) si - \{ six A
1wl !
ia
' We reduce S| further using the following lesza. .
o ;. .
| letma 2. Let Dy (1) bo defined by (2.1.8). Theh
- : ' ) f q 3 ' )
- h ! ma¥ de.dy, when N 183 odd and ‘equal to 2n+l ,
: 1 C bt e
R O e ) |
- . ' 2 ¢ - . C .
_ ! no17a —:dxd-,', when N 15 even and egual Fo 2n .
-7 sl{i) a
where
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=

‘ {lx,y): Lix,y) <4, 0.13‘53. 0<y i na}, for N odd,
2.1.12) B,y = '

{x,y): Lix,y) < L, o Sx<a, 0<y< na-as2},

for N even.

| Proof . Clearly L{x,y) “.L{a-x, {N-l)a-y) for 3 < x Sa ,
{
N and *

L °

Of_jrf_na—%, for.‘tevén.

Y < na, for K odd,

‘A

. - (cf. Fogwaf6),

Lé:_na 2 48 now obvious. The parazeter space Si is fimlly reduced to

4

{{x,y): O Ix <a, 0°<y < na~a/2}l.when N 15 even ..

e _
L
z

i'(x,y): 0 <x f_a. 0y < na! . when % is odd.
The reduced Fatapeter gpace S will be referred to as the

gArsneter orace. . T Co- : . '

We decoepose the range. [0, in'] of L igto the appro}ariate

subintervals as follows:

.
DU . (Lo, L)) 'U e,y L1
' ‘ L ka1

where N o= Irn'or 2nel for n even ar odd.respectively.and Ek 15 4tven by

- T

L]
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4.1.4. /Determination of the set 91(11 for leJo,l.] .
. »

-

In order to find the distribution funcuon Py (1) of L for ic[o,t ]

we toq-uito set {(x, 8): Lix,5) < i, !c[O H ]} in t.he paranctcr space.
!n the follovinq lemms we obtain this set.

lewma 3, Let Ic[O.!.l]. Then

-i«x sin 24

1
. i .- . .+ ] ,
(72.1.1‘) ) Dltl).‘. .511(1.) - :(x,y); 0 i x f_ L, 0O i y f_ m— 81--{2--81; ( 1

Proof. Let P be a poxnt cn '\O'\l sucf: that 0 < xA< L. With P

as the Centre we draw a circle of radius L. The circle mtcrsccts A, A : \
at a point Q. To this Q will correspond ay. Let ,AIQ[ - yl(x,i). For
e=phaBit,we write £ as Q(yl), Froa the triangle ~Q(y1)PxA‘we have,by the

sine law, denounq49[y1)l> A

1

1 by - (x L),

i yi(x.i) x

sin 2%  sin di(x.i)_- sin [23-3{x,01]

$2.1.15) {=f. Fig. 57).

Prom (2.1.15) it follows that

-1 x sin 2%

(2.1.16)° 3 (x,1) = 20 - gin”) X240 2%
. . 1 - : i g .
arst
_— : . L sin fdx, 1) l
(2.1.17) ooy sin 20 .

TN

1
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Fig.
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. _ \
By u.mq {2.1.15} and observing that 0 < x < i, we obtain, by a
" similar uqunent as {n the proof of (1.1. 2& |
. 7 ) | .
_ : , : ‘ L sin{2i-gi" 0 (X 3in 28 ’in 25.}} ;
2.1.18) (x,y) € {(x,y): 0 < x < i, 0 <y < ]
Y MR sin 22 .-
i => L(x,y) < £.
‘ ’
Hance
-.1. I . . o »
(. . 19). S Su{f-)ch(L). )
We note, by the use of (2.1.19%), that
“(2.1.20) S 0<x <, 7.2 ylfx.l} > Li{x,y) > L,
(2.1.21) - x> L, 0 <y f_yllx.i)  Lix,y) > i
ard | - o
-~ ! v
(2.1.22) Cx oo L, y >y (x,2) = Lx,y) > i
r\
Hence by (-2.:'!'.20!; (2.1.21) and (2.1.22).we obtain
- 12.1.23) _ | D {L)CS), (1)

[
.




L

{2.1.24)

-~

C e

Combining (2:1.19) and (2.1.23),we obtain

8] olu.) =5 (1),

11

263
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2.1.4A. Graphical description of the set ‘Q,(i) for ic(O,l,]_.

For !.c[o,'!.l] we have in Lecma 1 of Section 2.1.4, N A
. | o . - T
: - - { . .
(2.1.13) D, (b 5,0 tx,y): 0 < x < L,

’ - L34
U min{24-sin t (X 31028

0o %ys L '
Y _ ain 24 b oA

3

The sot Alltij of points in the paraneter space S which are mapped

onto 1 are ‘thosc that satisfy the equation

Y

» - £ , -1 . x sin 26'}
2- . . ‘- - .._,._._..:
(2.1 4&7;) T L sin {28 - sin " ¢ T ) ,

- . hY.X]
L sin{2% - san"> (& szn e N
 (which 1s obtained by equating y with vy i in {2.1.13)).-
I i- o ~ .
SL:plifyan (2.1.4A.1), we cbtain

(2.1.42.2) Allti) e {{x,y): x* + y® + 2xy cos 2¢ = iiins,

o

Since x? ?2 + 2xy cos 2! is a non-negativc gquadratic form, the .
equation
{ | | o ‘
{(2.1.44.3) ' x* syt e 2xy cos 2t = if

-reprc;cnts an cllipse. B8y suitable change of axes,(2.1.4A.3) 1s reduced

to the follewing fora: ' R . -
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. 2 2 -
u oV - _ o S
(2.1.4A.4) S +5=1 . . L
a b1 r o
- - - . 1 )
where U, = =Y, vy x—f ; “1.._?" - » and b, = - )
2 . 2 a't Y2 cos 3 . 2 -sin 4

. A
We note that for different values of I, (2.1.4A.4) represents concentric

anxxal ellipses with di!fcreni lenqths of major and minor axes. The g

o
.

centre of each ellxpse is 10, 0), and the equatid<:’;:-the ma)or and minor

axes are x+y « 0 and x-y = 0, respcc:ively. In the paraneter space S,
given by CABC in qu 58 the curve (2.1, 4A 3) passges throuqh the points -

4
(1,0} and {0,1), ukzch we denote by p ﬂﬁd Cl, respectzvely It may bg

~noted that as L increases from 0 to a, the ellipse qeca bigger and Pl and .

both 2ove ‘urthcr away from {(0,0) tp A and C : respectively (cf. Fiq.
; .

58} {a i{s taken to be 1 for S.-the paraneter_spaco).

~ : . A

The iet 511(1’ is boundcd by x =0, y = 0 and the curve AII(L)

in Fig. 58. We -

~

- in the pafa:éccr space 5 and 13 represented by 7 Elcl
now describe the sot 511{1)'!or extreme vdlues of i satisfying 0 £ & £ a.
We note that ' . : _ : ) . .

LeQ0= x=«0, y=0 . --
Zonﬁoqucﬁtly. -

S,,00) = S(0,001

and . . : -
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751T{.0')’_ is represented by the origin 0. o N
.- ’ P _

.

\K i

When L = a, P, coincides with a and €, coincides with ¢

. R - B 2 :l.\
| m.;et s}l {a) is 'bounded by x = 0, Y = 0 and the-wllipse
| x? +y° + 2xy cas Rz;_ it is represented I;:y'OAC1 in Fig. 58, where
a= 1 h , o : E i :
L -
T r . ®
. s
‘ A
-~ ..1 ' v @ L ) - -

. ' B o Com i "~
A y t -9
v - 15 n
o S T : V] R
b v Y . A . ]
. - v L] -~ ~ .
‘ N "Ry . . 't‘ g 7
— Rt )
3. ‘ ’
- y . :
. —~ H ' . ' ' .
J - . -0 - -
.o ) : ; v
- ) (T . _ .
- ‘ .
ke N A ‘
-ty . % e . . . * LA . e
AT g g Tom ‘o :
¢ M ~, . - : = ~
P 6, . v LT ‘
.. - at '



2.1.5. Detefmination-gglthe set Ei(i) for e[ 2

Irorder to find the distribution function F(1) of L for

o )
LG8 < £, ““k-l"’m”)@\_/

in the parameter space. In the foilowing lerma we obtain this set;_

: ]
elt ot

3

 Lemma’ 4, | Let Ec[ik_l,lk],_k

(2.1.2%)
wh?re
2
{(32.1.26) : Sklgi}
2.1.27 . L
{ 1“2 ) SRZ( x
(2.1.28)
where
/'
(21,29} (v)
i
(2.1.30) S
. _.F-
&
{2.1.31) 2 {i)
» g Ok

Dl(l) - Skl(i)USkz(i)Usk

A

] we require the set {(x,3):

- 2,3,...

I
n
A
"
-
:.
e
»

268

3



269

4 . r
( ¢ sin {a (1) - (k-2)8)
Y R R- - - - r
(2.1.32}) Yk( } sin K& + (k 2)3
. ‘ Losinl® | (x,0))
. L -- - - - .
. (2.1.33) .yn(x.i) B W e T ¢ &-2a
. x
{2.1.34) - Sk_ltx.l) = 2{k~1)8 ~ sin 1 {r:%;:L sin 2(k-1)4} .
L sin Sk(x,ﬂi
{2.1.1315) ykztx,tl - - dk + sine 2k3 + (k-l)a‘ '
. ,
W . -
. x+d
. S e :
A e s _ ek : .
(2.1.386) (k(;.i) 2k S .sln ({ 7 sznq?kﬁg
Proof. \ (cf. Fig. 59) Lét o be the point on Ak-lik of the polygon
1 ] - i . - - - - - -
such tha IAoQk; L. LetgkaA0§1 a, and+hk-l?kl yk(L), {k-2)a.
Thep considering the trzanqle_AD§k_le we hare by q?e sxne-lfu.
. i oy (D) _
(2.1.37) i . = — k-'l — - k' —
sin kO sintki-x (i)!  sin 1'({(1}
. A K k
where !
ap (1) = a (D) - (xk-2)%.
. - _
", From (2.1.37).we obtain (2.1.31) and (2.1.32).
Since (1) Lix,y) 3 }k-l < i,for O x a9 i.y < (k-2)a,
and (11}  (k-2)a . y'l yk(i) iaplies Liix,y) ;'L.by vx;thc of .
(2.1.36), 1€ foliows that ﬁ)

(2.1.38) - - 'skl(:.)cnltii.
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Next we show that Sk2 (i)con (2)

e - . With Ak as thc centre we draw a circle of radius L (cf. Figqg. 59).
Since Ia\oﬁl k_' ,Alﬁ(, - k— and ic[l ik], the circle inters\ects
t ' -
AgA; at a point P, (1). Let I"&"k‘“' x, (2) and

4Akpk(i)al - Sk(i). We recall (1.1.39) and (1.1.40) of Section Cne. of

Chapter One and note that

' , o ! sin k&
i SIS Ty 0| :
(2.1.30) 5k(1) sin { T A
and
L sin {x3 - 3, (1))
N . k ¢
{2.1.29) xk(L) - Yy

Now consider a point P o {x.) such that x, (i) < x <a

x,k % AP
., (cf. Fig, . x,i
4 ig. 39).. i.et Q, (x f.) be the point on &k-lh-k whose distance fr.om

Let, !"x-xc’k""“‘l -»y' (x,£) - (k-2)a and

vk—l‘x.i.) -4?k(x1i)P -k K- 1. where Dk 1 is the intersec_tioaf ‘the

.“n""\(.}'\l and Akkk-l producod. Ther.m frofm. the triangle 'Qk( px.klpk-l‘ ' -

we have ' .

(:.1.39) R : dk-l’x' t ‘_dk-l‘?kl(x'L) ‘“(k-lﬁa
w2 | gin 2lk-1): sshi2{k=1): = '.-k_l(x.:): 's?:.n[-,-k._1 (.g,._)]

Smpli!’ylnq, we obu.un {2.1.34) and (2. 1 33} from (2.1. 39)

o Bytheuseof (’l)?),wealsoo.bt.ain T R ‘



Jokh (L T
.S Y )/\9‘( )

P P (L
A P k( ) _ A
SR

x .,k ‘ L

/) - ' r
' Fiq. 59,
- _j- .
£, i
) 1
&
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(2.1.40) , ,Su-(f.}coltz). _ o ‘

'Let P' X be a point on AOAI such that 0 <x < xk(L). Let

Qk(x ;L&) be the point on AkAk 1 whose distance from P"k‘is F2

Let & (x 1) -4Qk(x P! Py ykz(x,l) I:\kgk(x,n|+‘(k-1)a. Then

by considering.the triangle Qk{x,i)a; ka'we have by the sine law,
' . ' - ’ . B LY '

L Tt x 4 * ¥, 08 - (k-Da
sin 2k6  sin[2k5 - C‘,k.(x,i)} " sin %, {x,D)

(2.1.41)
I

'We now obtain (2.1.35) and (2.1.36) fro-\&z.l.iui_. ’
: 0'
From (2 1. 41) it follows that for a .fixed. x_[O xk(u)]

-0 ‘ y YkI(x . L) melxes Lix,y) < 1. Hence -
{2.1.42) : ' skJ(i)CDl“')'

_ Combining (2.1.38), (2.1.40) and (2.1.42),ve obtain

- ) Y
. s o ¢
- 3
2.1- o — %
(2.1-43) : Us  (i)eo, (@)
1-1 *
LY ) ’ :
. ‘ . -3 ) . A
In order to show that .2 (i}QC U £ (i, ler (x,y) ¢- U 5 (i),
A . 1 K1 ki
o ‘o .o i=] - - o1m]
Then either (1) 0 0 ox - ox, {4) and v & (k-1l)a = yk,,{:-c.l)
- . . - s [ - .
.- b 4

. or .““ as x + x (1) and y > (k=2)a o Yoy e
In b-ot‘h. ‘casés (:) and (ii), b',". the ule of :(2.1.41)','v.-e-qb:.nn

Lix,y} > i, It follows that
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- 3
(2.1.44) . ' D, thicys, (1},

gy

Combining (2:1.43) and (2.1.44),we obtain (2.1.25).

We provide a graphical description of the set Dl(i) for

?.E[i_k_ ,Rk] in the follovi’ng-section‘.

1

L]
' -
‘
- -

‘_.k"l' ‘-k] ’

2.1.5A. Graphical description ég the sctvnl(i) for iLef

*

k=2,3,...,n-1.

~

-« «For ic[)'c_1 i;]. we have in Lerma 4 of Section 2.1.5

,.|
. o T -' o S .
! S ppl) s (RS, (DIUS, (T
where
B Skl“’_) - f(:_:_.y): 0 _'_C_x'ira, O-iry < Yk(“}"'
Syo () = {x,y): x () 2 x € gty () Sy 2 ykl'(x_"“),} ’
- arad
Y
5,508 = Ly 0 2 x S ox (D), ORI S
Let OABC'b; éhc é&ra;cﬁer,épﬁéé?s (¢f. Fig, 60) with a=l. Llet 1
C, denote ] ‘ - . \
y ¥




xi{l)

60

Fig.
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the point on oc whcse distance " from 0 is y. Similarly, let C' denote-
Y -
the point on AB vhose dlstanCe from A is y._ We draw parallel lides'
. M ? ’
clci, c C2 -++vi+e.. at distances 1,2, 3,........ units respectxvely. For-
A <

. -each ic[ik 1 ik] we have a poxnt P 3 on ADAI of the polygon (whode

dxstance from A, is 'denoted by x (1)} such that the dxstance of Py (i)

.o

from Ak is £, Corrcsponding to xk(L). we draw.:n the parameter space,
a lxne xk(L)kuEJ ‘parallel to OC where x (L) and xk(E) are poxnts on OA
and CB,. respectzvely and such that [oxktz)] |ka(i)| = Xk(L).‘ th
(xk(i), yk(L)) be the point P (i) on X (l)x'(n). ‘where xk(a) and yk(L)

are dqfined. respectively, by (2.1.29) and (2 1.32). Hhtn‘t:-«cf.l-thef

line x (L)r (L] coxncxdes with OC ana the point P (L) with. Ck 1 As 1L

xncreascs from 1 = ik l'??e line xktx)tk(a) moves parallel to OC away

1
from OC, and sifice Y, (1) remains thc sane.the poxnt Py () on x (L)K.(ZJ

- .
L

DOVes alonq Ck 1 k 1 When Low Lk , x (L)X'{L) cozncxdes with AB and

. + . an
P (L) coincides’ thh Ctk 1) The locus of P (L) is thc 11nc Ck lC a

the parameter SLGFQ 5. (Note that in S_-case thd™S :orreSpondan lacus of

1

P UL} 1s a curve which is given By (1.1.7A.1) of 1,1.)

2

fﬁe-éct Skl(L) is boundcd by x = 0, x = a, y = 0 ard y -‘yk(l),

i = : .o

n ’ c: » in Fig. 60. ..

a.d 13 represented by OACykti} {3(1) ‘q

_ When L = lk_l.{yi(l) = {k-2)a. Consejuently the set.Skl(§§_l) %s.
represented by OX" 35 i3 in ﬂgq. 60. - g A :
. . ‘ ' N

When.i o= i, , y. (i) = {k-1)a. ‘ . 8

S . . ‘ ' o
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Ccnsequéntly, »

r

Sppthy) = {x.8): 0 <x<a, 02y < (k1) a}
which is the rectangle 0 Aci 1Cxoy in the parameter space S, when awl.

The set sxziz’ is bounded by the. curves x =a, x = xk(n{. y =y, ()

and y™-= yki(;Ji). where, from (2.1.33),f i
- L -1 .x“qk;l :
L sin{2{k-1)i - sin (= sin 2(k-1)&)}
ll - - . - z
Vg (e 8) = -qy )+ sin 2(k-1)2
. . ., . N .
.+ (k-2)a..
The equation y = ykltx.i) reduces o ,
‘ ' : . S N : ' ;2
2.1.5A. - (k- o (k=2}a’ - -1)&mi
{_ 1.5A 1)‘ (x+dk 1‘ 4 (y+dk 1 {k 2)é} + 2(y~dk 1 (k-2}a (x+dk-1).?§2fk 1)é=i

The left hand cxpression of (2.1. SA 1) is a non-neqatxve quadratxc form

and therefoxe represcﬁts the nquatzon o‘ an ellipse, The eguation

-

(E.I.SA.I) 0 :atrzx.for: 18

. . - " ‘\‘ ’ . \l -
. [ 1 cosztened Txed o
. 1"'-.'?&1 '_.‘*d_.:_l:-(".-:)a. ' LT T, - ;‘ . = ;'2.
i ! ~1}4 T g .
/ .\c05M2(k 1)',f~~. 1 / i y#dk 1" - (k- 2}a |
"yt . - 32 - (x -(k-2}a) + T
or ¥ k-lHk-lhk-l i, writing Wk . $x+dk-l Y+dkhl ik )é) o A

»




277
) S ' | cos 2tk-1)8
- and ) é{"k-l - | - :‘ “" ’ _ L.
' . . \cos 2(k-1}6 ° 1 -
nl . . . \ ’ . !
Since Mk-l is a non-negative. s)'fmetrir.j: matrix, there exists a non-- i}
¢ . T ! ; ‘ '
+8ingular matrix P such that P _.P' {s a diagonal matrix Dy .
We. choose P to be a o |
1- 1
iz A
[ B
-1 1
V2 V2
Then (with a = 1)7 ' ) . ' -
(2.1.3A2 . 2 - |
’ ) . 'i k-1 k-1 Hk*l
" where e e - T
[u / x+y+2d, 42k \
k-1 - .
/ ; , | rz
.- |' - ‘; - i o l =
Me-1 ™ PRy I : { : -
\ ; | axeye2ak
' A Ve R j
\ v KTy , r- d :
‘dﬁd‘ B . ' .' ! ’ . - o
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l ¥ cos 2(k-1)4 o
Pk-17" | '
0 1 - cos 2(k-1)6 ;
&~ 7 | . | ) . - \‘
" Therefore the reduced equation.(2.1.5A.2) represents the standard °
. p ‘
form of the equation of the ellipse -given by (2.1.5A.1).
The equation (2.1.5A.2) can be written as S : R
- . . . . h . 2 25 ., ’
e k-1 k-1
| : ER + 27 =l .
l+cos 2(kx-1)¢ l-cos 2(#117$ﬁ
) PRES - .
The léngths of the major and minor, axes are, respectively,
o 0
L ' / N and 1 |t
-,/ T-cos 2(x-103 ™ )/ I+cos 2(k-10%

3

. The equations of the axes are given by the equations

u S x + y+ 2d

+ 2 - k=0,
k-1

k=1

"

and -

Hote that the transformed major axis vk-l = O passes through (0,k-2} and

. . o ‘ .
(l;k-l). . . : 5 W - %

The set S, (1) i3 bounded by -the curves x =0, x = x (i), ‘




. ‘ - .
£), where by (2.1,35), o B
. _ é;Zin 8, (x, 1) D
R o i Y v e St L RN i
The eéuation y= Ykéill fedghsf'to , - B T,
(2.1.5A.3) 7 (xed 3P e | . }? evd. & 2.
~.(2.1.5A. +dk y+dk+(l-k)g + 2 ) {y+§k—(k-l)a)cos ké n_l . o

The eqdatiop'{2.1;5hu3)‘reduees to

P - “ . . -

. . .5 ’\ . oL . b4 - . )
{2.1.5a4) - £ "kokwk' u | ) ]
where _— N . : : . .

y+2d, +1-k

o ,,j? /u;'\ | ffiH__ﬁk \

W = - =l
% PHk‘ ' \
PR / \-x+}+1 X
\ k Vo 5
_ ) ¢
anq y ‘ ) . )
. /1 + cos 2ké 0
. ’ [ Dk; - { i . . . i . ]
: K o 0 l-cos 2k¢
. . . -
abc equation (;.1.-A.4) rcﬁrc.cﬁ*f an clllp" The lengths of the axes - o
e e | RESEE
are and e, .Thc‘ccuations of the axes are given by .
Ji=205 2n. l+coa Ok - . ) s
' - u = x+y+2d +1-k=0,
v.(, . ) '/: - - ' . . .
1 R S N ! 1
bl
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~ l . / - - ’
I : o
and IS A
-/ - N '
= ot e Y . .
N ' .?i - -y +1Y_*_¥ -k =04 : )
‘:; ‘__ .. . ‘ , . o ' - .-. ) q." . 1 s ) "..- ..'r: o i a"‘.' -
% We note that the transformed axis“vk - 0. passeSathrough (G, k*l) and (l,k)., -
J K N .

For a qiven Ec[ik 1 k] 'thg line X LiYXi(ﬁi séparateé thé.tﬁb

. sets S m and's (). The elllptic curves giver by (2.1.5a. 1} and o

k3
‘-(}Fl SA. 3) zntersect.on X (L)X '11) at the poinr’P (i)whose coordxnates .
. - TN
are given by (xklt) k- l) and whose locus is’ the line Ck 1 k 1 in fiq.réo Now .
£ -;ik g 3 xk(l) = 3. 1 and P (;) coxqcxdes thh the pfxn. Sy o 1 . R ‘

Consequently Skz(a) reduces to. (1 k*l). and tho elllptlc curyve (2.1. SA. 3h.

which 15 a bounding curve pf 5, (L) extends from,c to cl

. : L . K .
'alsb. i -'ik:1ﬁ9> x,(i) - ;\and P {i} coincides with'dk i,-
Consequently Sk3(n) reduces to chc poxnt (0 ke 1), and thc elllpt;c curve
'(2 l. 55 l) which is a boundxng Curve of Sk (L) E&tends from a poxnt on .
. - o :
L} . ' ..
AB to a Epint on OC (1 - Ck 22 to Ck-l" ‘
In Fig. €0: e L S - D e
. o . : 1 { ; a l“ i F .-‘.. * :'l K" i 1“' S .
-, .- the set SkD(L) i3 represented by ﬁk{})Pk(m)C?'(i)q hheze‘ kfa)ﬁ_s ;
' H : ' - . PR } . .
the point of intersection of ¥ (i)X'(i). and C s,
~ SR 3 x oLy oy, iy
. . ‘ N x " _
g b2 3. (i) i85 reiyfresented by Ce .. A%(iF Ln D
) the gez .>‘3(_u 15 n,ZL.,_...Aldl by ﬁ'k(") xi (._l k[ {i})
. ’ ! e V i
' g N o
. ' o .
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the uﬁ u.k1 is rep:ount.ad by r.he poim: Ck i. _ )
‘ G . ‘ | : ;
.f_h\.:._,.c suu)J '._1‘ -,‘,-ipx..hnt@ !:ry. ck,—'icl'e-._l‘:.x'-‘ .. . _f.\’ .
T t.hn'--ut. Sk2( - 1) is npseuntod by Ck P k 1,
- A
‘and . .
) < the s;t Sk:!u'k 1) is tepresented by Ck 1 L ". I
\” P |
LS
A . N \ ?.
- 4
‘ | Y ‘
P
‘ ~
}
. ° 5
N
.




o

216. D.terlimtxon o!thcsetD U.) for !.ci ll.]whgretz-zn
. --..' \ o S
PN SEE T |

In order to find the distribution P, L) c;f L we need the set )
iix,y): LOBY) < 1} for Lc-[ln_l,ln]. " In the folléwing lemma we obtain
r.hii;ur._. : - o T
e .
. _ lomma S. Let N;_ the number _'b_f_lides of the regular polygon, be
aven and equal to 2n. Let lc[ln_'_l,ln]. Then o : . o
(xt-Jl s, (01U IDUS (DUS L) for tcun_l‘,icl,.‘...m_ B
v . '
- A I - ‘
’ (2.1;45)0 (1) = (U_ _slu.))us (t)us mus ti) for 15{1 ib]. ..... (B)
SRR TS S < |
' ' . ., . , .
. . 2“ . . ) . ‘\ . . v ! .
¢ - £ S PP (< T
('U“‘Sg(l))USnI.(I)US (I)US (i) fqr E‘.[i £ ] . (C) ‘_
t=1 " '

_(2.i.48) \'_ - S, (L) = {(xey): xn Lx i% x wy, - CoT
‘\5-'\4\\ R Ly - , (1) + (n-l)af‘y < X +. (n-l)a +x, (1)}

RN o S : C




0 ” ’ " . . . “
(2.1.49) su.)-{(x y)x—-x W <x <o x (1,
..‘.\ B .. " . .
\_r\' . .'(n-lh-rx-xurl‘Y‘M""}
-~ % . .
. l \\\.“ ) o . .. . \“__‘.) ] . r\ ‘ i
‘_l.(i.x‘-.sm : s;m':a. (Lx..y)i o..i__x < a, 6'.5_ y 5—"51(“}.'_' )
~ "\_______/ " _ :' \ L . ‘ {
(2.1.53) 5 ,(0) = {..(x.‘y.) ':"xn:(l.) <x<a, _yq:z)_-f_"y_ <y e} . -
| (2.1.52) snjst) - {(x,y): 0<x Sx AL,y (2) im -
TP x T , .

2.1.53) . siL) - {tx,y): 0 £ x < 5= x (L), (n-l)a 2 y-<(n-1) a’'+

:x'.' xn(l')'). s _'

. 3 B
—~(2.1.54) .55('«)' .‘ {(x,y): "';-'- ‘xn(f-) -f_--:l:.‘ixn(l}. (n-ll)a.f_y < En—lja‘;r‘{}

o
, (2.1.55) Si(t) ‘- {(x,y). x {I.) <x < 5-4- x (ﬁ). .
(n-l)n $x-x {1) < ¥ < < (n - —)a}
- R ) . .': ) - - i ) » . 11
(2.1.56) s3(L} = {(x,y): 0 <x £x (8), (n-1la 2y <{n - 3}::} ’
| V . ' ' ) . . 'l
‘ * - i e . e - ‘
(2.1.87).  s3(h) = {ix,y)e x (£} £ x:2 &, (n-1)a + x = x (&) - |
T ) . - M - ' ?! .
8 ‘ vhere LoV . " T ‘ . o R | - P /
A ) ¢ ") ’
. ; : - 5 R ) . - } . .
(2.1.58) x (1) = [g’ - 2.;_1] , for ““n-l‘:‘-a? R
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- . -, ) RILINN '; . L 8.1!3, Ianu) - (n".-‘- 2)§}
L 2159y, ) - — sinnd

’ A S | : T . - -
- L .sin'n_6 e '

RN WONCET R LR sin”t (22— ‘
o i oI . . B _ C P _ S
/- ) Co ---ur . ‘ - R ' ,
7 Ll ) TR TS R L

- . .t \ n-I . ' |
.(2-1-61) - Ynz(x;l) - - dq-l + .Ln.z(‘n_l)a - " . .. . N . | o

t 7.‘ —'\. . “ . -
1

. . .. ; _ .- n"l ) B L
(z.;.gz) LBy xel) = 2(n 1)6-. sinF—v—r—ezgin 2)

o oof. We subdivido the interval [i.n X L ] as follows (Cf-
o Pig fn.. Let B. 3' be t.bc nid-points o£ A oM and AR L1 respecuvely.'
Let C bisect A, B. . Then ' ' >
. [ . Y ' -—‘.- : '_. ..

n=-1"

- el g . @ I
i L - o ’

>

~l~’..'“ 1 !‘21’-,
IA55| - lala,[ ol L (21-) =y

: €
Clegrly,

~and .; N { - 'a:ll P - o o .

‘ lin-l'ih] " l_iﬂ-l'ic.lqlhc'tblullbltn] -t | .. ’ _ -‘

-~ .y : . . -
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. . :
} ’ ’ . ~ ) F ) ‘ V- " -' 07'. R
.. . . n-l c ) n., -
, ¥ the point on A€ such that lanpntl)[ e l. Thed. . : R
\ - ~
>
T a . -
2 - _
? L4 t - - .
RIS G E N
' A
. Con

Let P _ be a point-on AP (L) ‘such that 0 I x I x (1) (cf. Fig. 62)..
s ) ‘ X, ’ . ~ L.n o - k) ] .

. .. . . . % ) ) 4 v

With P & the.centre we draw a circle C of

radius £.
R L
The circ1e int6fseéts AnAn+1-‘t a poiﬁt Q(x,4). Then
- 'r - q . . . . . . =
: N - c'.-,_f
K . - 3 L
. I.AnQ(x 1) l‘ x + x (1)

linc-e- oS x'l xn‘(l) , An lies.within the circle G.. Cbnsequcnt.l’y.“.‘ o
ey . “ . i . - . - — ) :
. ' " - . ]‘. : . .’ . . .
. ' %
(2.1.63) Ctxey) € 5 (1) = Lb0Y) <1
\ | Assertion (2.1.63) izplies that e

1= (2.1.64) s, (e °i‘“ )

Q
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n-1

'.Ano‘z

" Fig. 62
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with B' as the centre drav a. circle o!'radius '%.. Let C', C" be

the ppinthwvhﬁte the citcle Lntersccts the side AOAI of :ha polygon

Y
.“rhen

'I - 5 - - - - - 2 H -
Qlc i 2q\ (L ln-l’ . and ]AIC'I + [t ln-ll -
: }
. % T -
) . .o : ;
] " - f,-“ s
~ .
. . . _. A " . R
_Lnt,P; “ be a point on Alao of the polygon such that .
Crt gt M g < Ao qrtag? y , _ o
(-t ) <x< 7 (-t o \

With P' a8 tha centre we drav a circle of radlus i. . The cxrcle

“¢la

incaraects the tido A A _of ‘the polyqon at points 0! (x,1) and Q‘(x,l). v

n+l .
The polnts Q' {: 1§} and Q'%x,i) are, respectively, qiven by o 1

'- - A ‘1.1 ‘5 _‘ ’ 2_2 L‘
Y (n=1)a ¢ x - {1 -ln_ll .anq (nhlj a,+:x + [t in-ll"'

» . . P . ) ..

. Since the segient Qf(xll)Q'(x,l)'is'witﬁlh the interior pf the gircle.ﬁevidently

Lix,y) © Lo vhen&ver (x,y) ¢ Sitb). where
) . oo N \ .
. o

(2.1.65) stn-{uwnx(n<k<§- (h,n4h+

X x {1y < y <x ¢ x (l) + gn—L)a}
]I,- ""l!? -

uhere x (£) = [(£2-i?

_ Thus o
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(2‘.1‘.66)_ N N s,uep (). | -
Lat E; .ba a point'bn AdAl of the polygan sucp that ) )
- x_ m <x< 2. x (), where x_ (L) = [L’-z‘ 1%, Lwith -p;';- as the |
-2 -2 -1 i v x,n .
: ccntrc we draw a circla o! radius 1. The circle intc:sects B! A at a f
éoint"q' {x.t). ‘rha d.ilt.nnce of Q" Lx,i‘.) trom A_ is given by x-x (1) vhere
e fiferr Y S
.-xn'(.l') [; ln-—ll . Cle{rly (x,y) €S, {l), where S -
'(2-1 67) S, = {x,y): 2 -x (:‘.)‘.t-‘x"c 2. x '(1'; g
e 3 S 2 =T =2 'n ! ; S -
"“tn-1)a + x =~ x (1) <y<mna- %} => L{x,y) < i- '
Hence -
(2.1.68) - B s, e Dlm.

' Also the sots § m and 5_,(2) -d'aﬂaed in (2.1.26) and (2.1.2D)

{putting.k = n) are subsets of D (l.) i 8. .

{2.1.69) R s thus (BED, (Er. O -
. . ’ -
Finally, :
@i, . snBu)c.‘ol;u A -

‘where -
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. ...’ ) - - , ~ '< " . B - , oo
(2.1.71) - §_4ti) {;x y}: .0._: < x (1), ynltl)_f_y;(n 1)al. _
. - e . . ) ) . : . »
. . ) 3 N ‘- ‘ 7 ‘ . ot LI | i
I [ N
Jave .1 . | '
(2.1.72) °1 U 5, (8 US m'us wus (., L -
| . . 1_1 ) . A'n2 nl . RS ‘ .
Combining (2.1.64), (2.1.66), (2.1.68), (2.1.69), .(2.1.70) and
(2.1.71) ,we cbtain (A) of (2.1.45). . - . IR
. ‘r‘ . . . ..
L- ‘-l - ' ) B ] N
, . P S ‘
C . I -/ I Co - S -
. Proof of (B) of (2.1.1). Let tcit_.i]. / '
'.' \. ‘. ‘ i . ‘l
Let 01 Dl' o, be the poinu Qn Aokl such that . .
Ia0,] = l8'o;1 = [B'D] | -t pig, 6%, Then Al = IE-LS]
- xn(l)-and lls;bll - —_- x tl) S | S
. . . ' _

v

Lot. 0 < x < ;-- x (l)., Hith P as the centx‘e we draw a cj.xcle of
' ‘radius !.. The qi.r,c‘__.lo .lntersocts A B' at a point ‘denoted. by Q(y), uhich

| -is'qi-ve'n by y -x + xn(!.) +* {n-l)a. Cleoarly x,y¥) € s1 (i)_, where

(2.1.73) - 87 (zg e {ley): 0 sxs3 - (), (n-lla <y < (amlha o x e

x (£)} => L(x.y) < |.

Y
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An-vl ‘

63

Fig.




(2.1.75) s m -

(2:1.76) S, (21U,

¥ oA

Fnrt'hcr._by

Hence usmg_cz.x..gm.' (2.1.74), (2.1

{ey)s x () <x<§-+x (4,

1

“

. . 292

. \ - .-
_ )‘ !
Hence ' '
' i
(;.1.79_ _ sy cp (.

. Let P} be a point within 0102 so that x (8] < x < %+, (2.
'Then the poiht Q on KnB' whose distance from P; is' i., is given by
_y = (n-1}a +c& .- xn(!-). Hence

H

(n-l)a+x-x(£)<y<(n-"‘)a}' .

CD (l}.
I o
(2.1.69) and (2.1.70),
- R -
(WUs_,(hep (.
1.75)

(2 1. 45)(8), il.e..

Atk )
Proof c_)‘_f( ] _f_ (2.1.1).. Let :.c.la.b-kn
5 ¢ - )

k -
(US (1)US 1(£)US (i)US (1) -,01{“-‘

1.

)

-+

and (2.1.76), we obtain

-

o1
~r



*

‘Hence: - °

.MtDJbet.}mpolntonA()l

Let lA D, | = [1’-1’ ]" -x (k). early

e

L
.

Cxay) € ST = () 0 &% glxﬁu)’.-.m-m'

LT . spmco ..

I e :
‘ p . BN
. Let I_":‘" be a point on '\003 such that

”

_Then. Q3 is qivbn by y -x - X (i) + (n-l)a.

(2.1.78) S5 = Ll x (i) € x <8, (o
g . .

A T AU

s

 Thus using '(2,;1.1-7).; (3.1.78) and tz'._.x."fe)'we

ki
-~ 0t

s2UhUS;LIUS, (1) us_,(HY

] , .

A, such that |A D | - . (cf. Fig. 64).

293

.-

<y s tn - Dal = Liky).s L

F=s

Let Q.. be t_he‘i cotrespondinq point on,A B’ - such that 193 "l o i

- &
f{
1 o - * ~
LI _
x (1) < x < a.-
n -7 - .
&
o
C.leaz'ly

A . r
; . A
B _
] ’ . . v
obtain (2.1.45) (C), i.e.i ’ :
Sn3(i) = D, (2}, 4 :
c
;
A
o,

a

1n;x£%unfysm*§ﬂq'
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;2.1.6A.',Graphica1 Qescriptlon of chg set Dl‘{’ for lc[ln-l}lnif N = 2n:

According to (2.‘1.'45) of Lemna 5, we have

f -

3 .
o 1L-Jl- S, (US| (HUS HIIUS ) ..o (A

ST ’ . 3 i ' | -. { .
Dy =) U s{IDUS LIDUS G (US (Y (B

{=1 e ‘ v

IR g 11_11 Si(l‘)US 1mu s ,IUS 1), N\ (O,

/- :

vhere S m. =1, 2,375 (1), {1, 2,8 (1), ST (), i=1,2, 3,7
ni , nl ni . £

5., w, i 1, 2. are definéd by (2.1. AT to {2.1.57), respectively.

We hnve tha tolloulng qencral*description of the set'D\\l) for ~

o -l‘tl;-l L] th the paraanter space 3 (c! Fig. " 65) vzth am= 1.

l"or any Lc(t n-1 L l, t.here 1: a poxnt p (1) on »\OAI of the polygon
such that 5;\ p ml- 1. Let |Ap_ () = % m. Let x ()X} (L) be the corress
pondinq line in the pat:aota: space parallel to. oC. Llet P (L denotg the
I\p-omt (x (1), (n-l) ) in t.ho- parmt:r space. - When t = L _1 Pn(l)-coil"lqides"
with thc‘ poin't C‘n_”, i‘n S. As it mcrems fron l. -1 t.o.!. . P' (1) moves
fn-l)"q.‘.(n-ln ‘m?(n-l) to C' ln-.l) - ' The set D A2 for L = L _1"
‘ consiats ol! 'thc set S.un-i) pounded by the elliptic curve y = Ynzun-l) .

alond ¢

.x-O,x-aandy-On'andtheset

ll
Syt e tornlnq the linear segment joxninq C( i) - D where D is the

'-m.c:‘x extcnds Iroa C( r.‘o c ““ ”

_lnid-poinr. of BC in the pax‘mtet space s (cf. Fig. 65). Tet.a = 1. The set”
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-’ -_
'S'“- _1). is nrpresen;ad. by OCn_lC n-ZA_ and SI( n-l) is re.prelslented by
: 6 . . ) I. - . - ) - <, : - .
(n-xl'n‘*" Fig. 6. . . A - | .
Aa I m:écuos tron‘l n-1 r.o l.p P'(l) moves from C( -1 .to P (!.b),

the ltne nqnnnt C( 1) D separates int.'o two linc seqments P u)'r (l) md
' ciT, (l} vhich move puallal to C( n D away fron it.. whcn L = "b'
C(t) and T, (v coincidc wlth Cand T ({} coincides with B. For a fixed -
;z[tn' Lt o)’ ‘the set D, (1) “is the union of the set S*(L) bounded by

y=0 '. y-yz(l). X =0, Xa® &, andy-o and the set S'(l.) bounded

by two parallel lines P (l)T (L) and C(I)T (1}). When L = tb, the set

RNt {s represented by S*(L,) and S{{L,) in qu._es. )

. o .
\ _ it PR

As L {ncreases from lh"'t'o L ‘. P (1) m#ea' toua.rd#_C*__ n-il and the’
line segmnt P (I)C (1) moves parallel to P (L )B. Por i'= L., the line

H

 segment P (llC (1) is ju-t r.he poinr. C( -1) “in Fxg 65. SR -

o

-‘,_;f’, - ! . ’ * .

o




T, (8)

N
e = sno s v - g b o e

"y . \\

/lr
v/ o . //. .
e ot o
/. . -

rig. 65

X (1)

. ":.o



-
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- - . .
.-

]
ra
v

. ' “ A ‘ ' . T .
. 2.1'.7.. Detcminition _O_E. thﬂ‘ et 9‘1{1) for !"i[!:ﬂ*l.ln]' where N = an + 1.

In orda-'x' to find tlu_dlltrihutlone-;_funcdon of L,we need the"set

-D () and to find D (l} for tho case when N, the ﬁu_n.ber 6! ‘gides of the

_ po1yqon, is odd, ‘the lalt intervnl is subdiwdded as follcvs

-

(2.1.79) . _“fn—.lf"nl “ [ln-l'ln-l.}}U[&t—l.l'ln-'l.}]Upkn-'{.z'in]

<
vhere e R

(2.1‘..80) o 'Ln-l,li' '~ d - tan 2nd
and S v '
2 v
: ) e o a! ],
P - T
(2.1.81) .- A2 " [ - 7] -

. Draw a 'Mne perpendicular to A +1An _t.hrough -\ " (cf. Fig. 66},

Thc perpondlcular nm Lntonects A at a point B. The._ler;glth

lm ! - i LY is now det.nnlined by considering the triangle A'BD . The
‘n= R

length o! tha perpendiculu' (dzm from A +1 to “051) 'IA I = "n-l 2.

s cleuly given by It - a‘]‘: o Co e

Lerma 6a. Let M. be odd and equal to 2“"1- Let "C“' 1 n—l 1]
where L . . is given by (2.1.80}. Then . - S .
LN n-l'l' MR T i . : . i ‘ - N
2.1082) . - _‘01(_!.) -'Slt_ﬁ)U 52(1) .

= ) ’ o

k . . L] - .

L




P
Yl




| - N '
x+dn yltf,x,} _(n-l)a .

(2.1,88)

'hfl;e 4. QP A,

i .
sin 2n¢

. where -t
N .
udjn"Sﬁﬂ-{HJhoific.piyinuJH, .
~ : _ : . A ~
(2.1.84) _'52(1) - {ix;ylj/c,f_x <a, 02y f_yztx.l)} .
where
(2.1.85) c = L . sin{ né —'-1;'I'{F“'1 sin Gi;" |
| " R . (@ +x)sin 20 -
. L sin{2nf - 8in {2 : 1]
(2.1.36)-‘ 71‘.“—'” - - dn + (n-l}a + — sin 208 ]
(2.1.87)  y,(x, 1) = = d ¢+ {n-Dra | . -
| " S, L, xed )sin 2(p-1)30
L sin(2(n-1)& - sin {——7 —}
+ .
sin Z(n-l:lél ' ‘
. ,.4 » . - .

Proof. Let 0<x<c. Hif_h P, on "0"1 as the centre and i, as
the :l.d&un we draw a circle ' -(cf. Flg‘. 66) The circle intersects-
Anarf;rl at a pol.nt 0. Lat y.llx,l) bc t.he dint.mcc of @ trcn A along
th pcrinou:r of t.he polygon.

' 'nun conltderinq r..hc t.rianqle QP D , e have . v

-‘ sin(Zné-i}) " ﬁl_n 57 ’ - o i

- B,



at

It follows from {2.1.88) that
e _y (d_+x)
L sin{2né - sin

_ 3 sin 2né})
(2.1.89)  y L k) = - d 4+ (n-lla + < _sin 2né

" 1t follows from .(2.1.88) that

(2.1.90)  y [0y, tx, )] => Llxy) £ L. | )
“Hence . . .
‘.(2‘.1‘.?1) - : . ‘. s1 {(Heco ol(,,) . O

o -

Let ¢ < x < a. With P;‘ as the centre we draw a circle of radfus
. 1. The circle.intersects A A , at 2 'point;Q(yztx.'l)).‘ vhere Y, (x,1) is

< ‘given by o o :

(2.1.87) " y,(x,1) = =7d ) ¢ (n-2)a +
. “‘ . .‘ . : -1 x‘d

t sin[2(n-1)8 - sin  {—— sin 2(n-1)5}]

sin 2({n-1)¢ )

Recollecting (2.1.26) and (2.1.27) for k = n, we obtain .

. R N :"' ,
{(2.1.92) . | 5.;:2“.-)(: lei:)

where S, (1) is defined in (2.1.84). Further

(2.1.93) Geay) £ D () => Lbx,y) > Lo
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01 L;)c s1 {L) u. s.;2 {1)‘ .

r

Using (271.91). (2.1.92) and (2.1.93), we obtain (2.1.82).

-

Leoma €b. let N = Zn+l. Let telt ), 1t0, glovhere L, , and

o L1'1-1 2"“ given by (2 1.80) ‘“d (2 1.81), relpectxve ly. Then

* . ‘ “

N R T D, {8) » S{OUSHIVSIL)

. e . _ ‘
(2:1:95)  s3() = {(x.y): 0<x<ec, 0y <y e,3} .
R 9 |

(2.1.96) syt~ ixyd:icSxZa, 02y 2 y, (xo 83} .

-
y

Vo

(2.1.97).  s3(L) = {x,y): ¢ £x £ x, (1), yylx, ) <y gy“u,n‘} '

| .
vhare x, (1) = - &, * ST

’ d +x y . _
(!: ) - YJ(" Sy = 210 - ‘-—-—-—*rz sin_z 2ns}

. '. . . .
" Proof. mt the uts s (i}Us lE.)CD (1) follows from (1_".1.91)‘ o

andtzlezncz Pig. 67). - e ' L

Pcrpend.lculat to A A 1. we draw r_he secant Py (MQ that has

o3
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‘length L. From the triangle P QD , we ocbtain

xltl)

(2.1.98) o | xlu) - - dn AT A

Lat ¢ < x f-iitl)' With P; ai the centre we draw a circle of
g?dius lf ?he circle inte:sec;: An§n+1 at Q3'and Q,- Let ys(x,l) and
y,(x.1) be the y's corresponding to the positions of Q, and Q,, - o .
respectively. Then '

-

(2.1.99)  y (x,1) - y 0 0) = log 0,1

! - - .
' ‘ . -1 d +X T
= 2% jcos{ sin bi%—-sin'zné)}J s
L3 '. - dnﬂ- * . "’
=2t [l - (— y2 sin® 2nd]°.

o7

~ Since thanlinq peqﬁant Q‘Qj is in the,lnte:;qr.of the circle

'C(P;,l). we have

2.10000 - Lix,y) <2, for y € Iyt y D]
Hence
(2.1.101) RHOI-LRUN o .
- .Also, clearly,.
Lo b - , : . : T ' .
{2.1.102) p. (TS (BYUSL(EYVSL(R) ;-
_ 1 ) B I (\3 .
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Lemma 6b now follows from (2.1.90), (2.1.92), (2.1.101) and

~

(2.1.102).

3

Lesma 6 c. ‘Let .H = 2n+l." ‘Let “,“5-1,2'_%]'
Then -~
- | . - . . ’ .. . ’/2

(2-1.103) . D) =B MV s tUs (UsS, (1) - »
~;¢he_r'e . A : . ‘ . ‘ a

Wz.1a04) s = (w0 <x<c,0Sy< (n-a-a +

) L sin (8 (x)) | :

. sin 2né '

{_(x.y): ¢, f_'x icz'. Diyi_f_ na) ¢
- ‘. .'

{‘bt.y): c, i_x-f_ c, O '_i_-y iyn'z(x'.i)} '

(2.1.105) 55“"--

(2.1.106) . - 53(0)

a ) ’ | . s
(2.1.107) %u)-ﬂmﬂ:cixia.OiYiymuJﬂ
- ’ ’ \7
- U{(xtY)S c < x f_'an thx'il b yjtx'z)} ’
-4 .z-‘_: LI S S b
where €, 2 [% 'Lﬂ-ll" c, ! 7 * [2- En-l,zl R p
B ‘nd- . . ‘ . .-i-;_’ - . A

Given by (2.}x35) and (2.1.33), respectively,

C oy

- ' ,11 are
yﬂszfl).,Ynlﬁx 11

' ' o - . ' dn;xrrd 28
(2.1.108) : yl(;,nj.- yzgx,x - 2l[1'-,(-1r—-s£n 2n6) ] P

. .

Proof. With A as the centre, we draw a circle of radius L (cf. Fig. 68). 7 .
—_— n - . . o o : ; o

| /

-







M 7 . : - iy

" Let the clrcle intetaect'aoal at B ’_LetL“IA B, | =-c, Hith A l as r_he.

centr'o drai a circle o! zadlus 1. Let thia circle intersect '\Ohl at C1 and

' cz. It tonovs that ¢ > r:.2 > él' vhetp [A | - c and IA ‘l 2° From the .

t.ri;nqlca A (‘:(:1 nnd A c.\’:zv, we have . L . o ‘ s ’

\- .
(2.1:109) e, m2 [1‘ ]5- . . L
. - _ 1 2 . n-l 2 B ) ' B .-._5
. . . ) a ) S ‘, 3 1
. o R 2_p2 . .

‘ (2.1.1;9] _ . €, 2.+ [g 1n-1_'2,] .'

Let O f_xf_ cl. Hith Ptx) as tba centn '\tﬁ draw aclrcle cf -

n,di;}; L. The 'circie’ will ‘intersect Ananﬂ at_ a,gaint Q.(y (x,l.)) ' given by

4

1
D L sin @ (x) )
Ynztx.l)'- {n-1)a -_dn.+ i 5n% ; -
(2.1.111) s (7% {tx,y): 0 < f_-'cly,- 0<y S (n-Da® a_ +
L ain (8_(x)) A T
T Ic (‘f.) S _\ S
- | , .
by (2.1.91) - -

C 7 Let ¢1 < x < Cye vhare }:1 and cz'ue -gh.:en by' (2..1.109) ahq:l' R :

(2.1.110). ‘rben since c> €y




-
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y € [0,na] => Lix,y) ¢ L.
w 3
: Thus
oy s3 = len ey Sx S ey, 0.<y < nalCo ().
x.-._tczf_x_c. T o _ ) :
By {2.1.83: . . . e ‘ ’
21011 ss-ulf “ilxy): & $x fie, 0y S ¥, (xeA) 1EDY (L) -
_~- 1 ) i -
‘,’ " Let © $.x < a. , :
, , . . - | - |
A With P(x) as the cent:e.we d.rnr a circle of radlus . The circle
: mt.ers;:ctp A A and A A ' nt points Q rb Q.. giving’ * '
_ -1 1 1’ 3

(!.l), yz{x n‘.). 73(1,1) where y 1\(x.i) is givcn by (2:1.39).

_,r' e e
ﬁ-_findhyztx.l)fdnd 'YJ(x‘."l) we consider .t‘he_ .tri_angle P'(_x}'Qzﬁr

Clearly
‘o- L. ‘ 5 5 v - ..} -. b ‘E P i |
: 4'_9,93311 " 2n: | Jngxl . where ‘Q,BP_Dn' n(:':) | { (x))
- .
. - rFrom the triangle Q;FD_ we have . .

y T 1 . . )
b ‘ ' v
. - © [
:
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. B : (d;+x).llh_2n6 ) . _ )
2.4 A E G-t ' '
; L - : n : )
o< -
N )
i so that
-1 dﬁ+x : R
_Gn(x) = 2nd - sin = (=7 sin 2nd) . ’ R
L . : ' Lo 4 -
: a +x , o
{ PQD =T~ stn”} (—°p— sin 2n6) -
S ¥dn E o
o c IR . o -1 d +x
(2.1.:1L15.) Y‘J-gx,!,)-(yz (;'n - IQszl ‘= 2L cos { ) ‘sin ] (—1—— gin 2!16)]
] o . | a e
7 - . - - 28{1 - (—I_- sin 2n8)? ]
Hence ve'havé the set 7 ;
2.1a0m s Sn(l)us (2) o '

8 . i

e {tuy)rc <x<a, 0Ly Sy, b

< x‘<. s, yz(x.l) Sy Syylx ) o
”:“. -

d*x

u {tx.y)

sin 2né) l

u;are Yy (x L - y (x.l} - 2t[1 ? _Clearly it follows ;hat ..\
. : . - Lo

L 2.1.116) s4mc: nlu) .

and - - QSSA " | A
C2.1.117 olmc 5,(Us; muS (s ) -

”

3
e

(2 1. 113). (2. 1 114, (2.1. 115)., and (2.1.116),

Using {2.1.111), (2.1.1.12). ‘
N . - ‘ : —
wa obtain (2.1.103)..: : . .




~. - T L

. ' " description of th D, (1) for tell
2.1.7A Graphical'l scription o t.e set 01( ) for cl}u-llzq-l.ll

wvhare N = 2n+l.

ror'lt{ln_l.ln_l'il. v§ have by Lemma 6a,

" e
(2.1.32) . Dl(.l). slu)uszm e .
vhcrﬁ ' .
.2a1.8m Lspit = Lm0 2 x $c, 0%y Syta)) )
and’ 7 ' : . _ ) .
- (2.1.84) 5,0 = {({x,y): ¢ Sx<a, 03y=> yzlx,ty} .
where | - ‘ o : ' - S R
o 1 ' R -1 |
(2.1.8%9) ¢ a ——— sin[nd - sin {(——- sin n&) Y .
sin né :
.- : L . - (dq+x)sin 2né
- - - — 8] £ - si — n —3
{2.1.86) Ylt#.l) dn + (n-1}a ¢ e sin(2n sin i I

;a..".d . ' . . . ’ - . . N -
sxn[‘(n-l)é
]

. ey I
. - - =
(2.1.87 - yylxd) = = &y ¢ (BT T8

- | ii+d ysin2(n=-1)¢
- - sin : { a-l n ﬂ.

o .0 ‘ H : ' .
. _ . . . .

L

~For et _1 l ]. there is a point x (L) on *ohl of the polygon

J

' 1nd a corresponding line x (l)x'(})-parallel to OC in the paranc;er

Ay
N -
_apace S {ct.. Fig. 69A) . In the paxaneter space S. for 1Cll l'ln-l.ll'

tbé set S (L) s bouﬁdcd b}'x -3, x= thi)._y » 0 and ¥ ?d?lt*iﬁ)'

which: rcptesents the cllxpse y =¥, 0x i),
" In S, the set S (l) is bounded By x = a, X =X, (t), y = O and’
Y- Yzli;ll which reprgsents the ellipsg .

-




p— oo . ' .
o B S S
(xed D2 i**d‘ - (n-z);)2 e 2(x+d ) {gtd . - (n-21a} cos2(n-114 = t*
cixed n-1 _ n-1 n-1 . _ .. )

The set S ,$1) -1» represented by X (L)P_()C) | (LA in Fig. 69A.

ihén tet nel’ [ 1(!.} reduces to the line séénent'ocn_l and S, (L) is

.reptulcnted hy oc '1C;_2 (in Fig. 69A, C' ﬁ is the same point as A.

* In S, the ICtpS (l) is represented by ox (i)P (1)C§jl1

Y R -. .
f
: 2
. ,
. -‘ ' N
o ;
N " - r
* A
o
- e
» / -
' . —
. X .
N
.
i :
| )
‘
.
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PP A i

T — e

T+ e e e 2 =

-

X L)
Fig. 69A
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4
-

-1,y n—l 2]

'2.1.75. Graphical description of the set D (L) for Lc[!

Lo

Por Le(t l. we have hy'Lenna 6b of this chapter,

. .

{2.1.94} DI(F) Slll)L,Bi(l)LT§5(l¥ .

uhefe

(2.1.99 syt = {eyd: 0 Zx e, 0 Sy Symnd
(2.1.96) sy = {ixyp): © $x£a, 05y y, 0} .

L}
A

(2.1.97 S0

xlti,L)} yalx,l) Sy < y‘(x,LS} , -

{{x.y).i c s 3

‘where
- o -t 3
| .xi(l) - - dn'+-;I;-3;Z“ » : T
. and o | . . ) N
d *x . 3 .

Yl -y ) - 20(1 - ) 2 in? 204

In the paranet;r spacn S {cf. Fig, 69B)the set D (l) for

. ' ‘- .1 d
.lslln 1.1° n_l 2l if bounded by the elliptic curves. §¥ * Y (x ) -an

Y=y ,ix l). x=0,x=a andy = 0 and is represented by OC_ (1)? (l)C‘ (l)A.

*

’ A A Of the
Yo' rccall that for l:[l 1.1 t .y, 21. there existl a poznt P on AGM,

p01yqon luch tra: a sccant PQ is pcrpendxcular to A A *1-and !PQ‘ =i, We "

taxe A Pl « x, (1), We note. that for ¢ =

x £ xlll). the line x(i)x (i)
_thch 18 ,arallcl to: OC and such tbatlox 'R - x, intersects the ellipse . |
y =y (xib) ‘at two poxnts (x.,y41x, 40} and (x.y4(x,1)) when x'- x, (L), \-
the 11h¢ X‘llx (1) is tanqent to the ellipsc Hhcn 2=t agled the two

_ points (z.YJIx.l)) and’ (x-y‘(x,l)) co;ncido vtth (- _+,33;55;3r. fns1)al’

Fér L = 1 thc llnos ‘x = a and y « na are tanqent toy * yfl(x.ir at

A

Y

n-1,2’
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*

(n-1)a + a/2) {md (a/2, na), respectively (cf. Pig. 69B,

the points (a,

where a = 1).
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X' (L

L
-
A
-
o
“hel X\\
ot T L
Gy S NSO

P B ..I,ll/ s

X (L)

Fig. 69B
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3.1.7C. Graphical description of the set D (P} for tef{l L],
: . 1= *—n-1,3n=

- -

‘whent N'= 2n ¢ L. /

l e IL l 1 3 - 0. . |
For ‘“n-l.Z n] v’have by‘ 2.1.6 , rum 6c

-

- i
51"""52(_‘,’ 033(1105‘(1_) '

L{2.1.103) D, (1)

vhere

(2.1.104) S, {(xyd: 0 SxSc, 02y Iy

'
o

(2.1.105} - S3(L) - {(x,y): ¢ <

<

{{x,y): 'éz <xS$c,0%ys ynz'(x.l)}_.

(2.1,106) syt

. . . ) R 7 . t - N
(2.1.107) S‘(l) e {{x,y): c SxZa,0 <y £l ynl(x,l)}
) .- o ‘ ]
. . £
< @ < -
Ultx,y): ¢ = x 28, yz(x.l) ~y - "’3""”} .
' . v
where
| a 2 2 b oA, 22 ]
¢ =g b Ll vz et l-1,2)
d,+x ' Y

. ] 2
yllx_,l) - yztx,l) «2t(1 - (5 sin 2‘n6) 1

In the paraseter space S (cf. Fig. 70)s the set

5,(1)" is represented by OA,C,C (1) -, where ]0»\1\ -cy - l'ccll ,

. - ! iy . .
5, (1) is represented by A,C,CoA, , where IOAZ‘ - ¢, ICC2| ,




17

7 ) o
53(11 is reprfsentag by Azcszn(L) . R

- &
‘s‘(t) is represented Py xnttlacn_;(tyﬁntgl and Pn“)cgfi’cgtl’f .
. ; ‘

-g;;Q' . .

.. When ; - ln. clearly Dl(l) represents the points (a,. {n-1)a), {a, na),

snd (0, naj in S (cf. Fig. 70), where a = 1.
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A

4

{-;z‘:_(;)

-‘&2

Fig. 70
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2.1.8. Proof of the theorem.
By Lexma ) far !.CIO.!.IJ,“ hLave
.. : ot sin{ (2% sin }(* sxn,d)e :
- < < vy < k
- p, (t) = fLey)1 0 Cx < L 02y 2 T8 i
* 'y -
Hovt,hu'uenotbl(n is _ . . L
' . t sin((28 - sin" 1(’-‘—&'{—35):: T
' ~ sin 24 ’
o o : |
- '_ ’ :
8¢ s (1) ' -

- "sn28 T N1

Hence

{" € alm £ok 1610.5,1, % even - (M)

\ 0 ¢ (ﬁl for ic[O,ilI, N odd .. (B)

.<{,‘.'

B Lcnnn 4 wo have

= \ . ' -
. D, (1) = sn(uusk;musm;i).

o

{1} are given by (2.1.26), (2.1.27 ad (2.1.28),

-

) :yngrg Skl(t}, Skz(li. 5k3

reapectively.
The arca :of DI{E) | 15 \ ,
a yk(r‘.) 3 a . yn(x,l.) i :{kl'i.) (yk"z(g'.i)
| dydx - + dydx I dy dx'
- R - R X (0 Y (8 oy
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\ S s 44 Lk
- (x-2)a -d ) (a-x @) (——) (88 - (a+a )% sin® 2(k-1)¢]

- | 7 — [t - (xk{i) +: dk-ll sin‘ 2(k-1)§]
1 R . (E) *
* T n :(k 1)6 [sin ‘dk 1) sin 2(k-1) 8} - sin 1(‘.‘ dk L sin 2,(k-1)§}]

s

“cos 2(x-1)8
2 [

0 2 - -
{asd, ) [ (x, (1) + dk R ] + [x-1)a ‘ a, ]xkfi)

-1 \ ) 2.._ | T 2 L
0.2 (xk(l)- + dﬁ [l. (:&(i_) + dk) _“s_i.n ) 2k6.] |

' .y 22 N UL N
- dk (e - ﬂ:"'iﬂz 2x8] 7+ * T ein 2K {sin "{(— X) sin Rké} .
2 % 17 2
Cosin (T oman 2k4)) - 7 cos, 2)(5{(:&(1) + dk] d,) K
‘ . y
LN PR Y Y L
Honc‘e . o T 5
a. ' T (C
_ N CR AL for lt:[P.k X k] N. even | )
r () = S _
lers. (A | i : D)
‘coézu) . ..fo'r ic[a.k_l,ik_], | N odd | | (D)
L ) . ‘.- 4
By Letwa S for- N - 2n, ve have




L
i 3 , -
‘. p 1 * N . .
- ::’.ii(;")-._us arBIUS (VS () for el .21 - .,

. . 3 " ) Y . ‘
D, () "= V‘Usitl)usnlmusnzmusnjm for le[i_, 2]

. te1t
. i_figlisnl(E}Usnltg)uan(l) for iF[%b'ihg .
| . . . . s

. R . ' - . - //
?hcrf-lb and L_,.S (1), %nx‘lﬁf 540, sgéi),za- 1,2,3, S7(8),4 = 1,2,
afo given by (2.1.46) to (2.1.57), respectively. . .-

o .
e / =
oo

Y o
R .z ;{Af‘

,-rhg:a:ef 0{-01(1) fog-lc[in_x,ic] is

- 1,2 2 o2 42 b
- Z(ln-l L5+ agi. ) i'::1-1]‘ o
e {x i' . ' a ) 27 %oy (21 - 8 ;(2(J-1)5Lka+;'hﬁj;§§.'
vxp 0y e (v, (B e n-l)‘*,V 2 . 5{3 i -l
PR | ) -
a0 "35'1 = o :'6 y ;
- —-—-——:- 2 - { ’ ¥ -1 i : v
_ ) _!l {x (1) + ¢n_1} sin® 2(n-1)8] L .
l} no. : -1 ﬂ_." n-‘1 Y ‘
— “2(n=1)8) - .
* Ten2-DE MR TR - ala 2(n-1) ?-, S
| Cx () v a l
"= 8in 1 = El ;n-l sin Z(nbl)ﬁ)} ‘
cos 2({n-})¢ o i oa. !é'_ . 42y :
. = x (1) A ta +a 17
+ xn(l).{ajynl;;)} + aﬁyn1(£)_+ {n-2)a}
=‘¢3(,!). | ‘7' ‘ < ‘:. . .r o V _ R - . . .- -

.. /-’3-51-‘



S TR
Tha l\.r'oa_o.lf. nltl) for J:C['lc,lb] is . ‘ L
: ) N
1,2 _ g2 BT, - L. ; .
= - i - 1d
3 g 1) + af 3 _ln_l] L - o o

- o . a+d . - ‘
Y - ’ . n—l al - s 2 ) - . 3 2 5
¢ () - @)ty (D) ed ) e e [£? - sin? -1 (a+d '}
. : & ‘g:. ‘ . . . v o
T I -
R ik Lt ST L S O : vy 1Y ..
- (12 - x (1) +d 7 sin® 2(n-1)¢] E
S _‘ _ i Y
'_2 o ! "L . n=1 . )
’, T3In 2176 [stn * (—f—= s_i.n 2{n-1)£)‘
| . x {1y +. 4 L.
AT (P L sin 2(n-138))
vl cos 20a-138 {(x () + a7 - aed 3L
2 L n n-1 n-1 o
f"xn(l) ‘(f -- ?vn,lti))‘ + a{ynl.l(i) + {n-2)a}
,E 0‘“-). .
- fhe area 8¢ D. (1) for le{k, il is. o
o 1° o b n - s -
1 3?- . o2 . tl" T T _ : A
7 ™t ‘-,‘-Q"-\ oy | : S
' X .‘ o a -b.d ’ )‘ . : ] . . V o 5
. : : - , - n-1 ;,§ _ o..2 Y 2
A
» . x (l)' Q-d e . . ¥ R H
. n n=l. 2 _ 2 2 -1}
e I Ax (L} + dp_l)_ | sin’ 2(n-1) l
: " - . ; ‘ 1 L
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.

. . d.
ll -1 a + n=1
* T sin 2(n-1)8 (sin = (=3 sin 2-(n-1}6}
. oo x (R) ¢ 4 _ ) .
~ sin 1 t = ~1 n_l sin Z{nfl}s}] .

L}

¥

1 -1 : : ! (a H
5 cos 2(n 1)6‘ [,(xnu.) + dn-l) (a * dp-’l) ]

xn(l) (a - yn1(§))¢ a{ynltl) + {n-2)a} _

+

3gil)-

[EL}

-

Hence when N = 2n,

(o . { |
co ¢3U'.) ¢ . for -iclln?l"d . 3 . (E)
5’ !"H{.l) - <'c° .:..(A'“' ' tor'i'.r.[{c.i'.b ' {F}
e ‘lco ogttr,  ofor tellpfyl | )

: By Lemma 6a for N = 2n + 1, ic[in_l,ln_llil. we have

(2.1.82) _ ' ol"(l)‘ - 5-1‘“”52("" .

where

; Sl(f-) and 52“.) are q‘ven by (2.1.B3j and (2.1.84).rogpec'tiye1y.

\
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The area of-;Dltl) tor_il_liln 'In-l._l‘] s

. ) L dn¥c é '.5
. 2 2
~"_dn + (n-l)n}‘c ¢ =0 | § S (dno-c) ‘ ‘sin. 2nd)

% 2 2 PRPRY | 2 -- e
-5 [t \- dn ain® 2ns]’ + m [sin {—:—* szn.2n5)

L4

d

'-e,sin“l (-§~sxn 2n8)]) -

cos 2néd.

2 1y
3 '[(dn+CIv by dh]

. ‘ +a ‘ ' .
s (a-c){in-2)a- dn—ll . n-1 [t - (dn—l + a)’ sin’ 2(@-1)§]5

A

dn— 1 *< "r‘-'lz'
ST (e - {dn-l

+wc)? sin? 2(n-1)5}5 .

22 a1 Sndrtt '
C e Ieene ein o sin el

e d'-'.C ’ . - r ) , .
- sin™ (B sin 2(n-D)81) B LR AR HE N LR DN

1 1

. -.ﬂA ' - - N - HY ..
Hence Pyld) = Co 3l for 1c[ln-l'in-l,ll "

S S . e ey hav
By Lerma Gb\,fo: N=2n-+1, k['“n-l,l'kn—l,:l "‘1 ve
N '

(2.1.94) - Dy = s; (usylpsyE .-

¥
. _ - - Iy
where S; (L), 55(1) and 95(1) are given by (211;§§S; (2.1.96) and (;.1.97),

LR



respectively.

The area of 91‘1) for Lc[ln—i.l'in-1.2l-1'

o
T

4 +c -

it? -_(dn;c)’ sin? 2n)°

{ -4 + (n-1)a} c +
3 no

\

"dn o y 22 -1 d:;-t-c K
- 81t o a? sin? n8)° 4+ ————{sin ~ ( sin 2n%)
2 n . 2 3in Ind R
: B -1 dn . cos 2nd 2 2 '
- sin - sin 28] - == {(dn+c)“ - at e fame) fn-Da -4 2
4yt : .' ' 5
. {1? - (4_ ,+a)? sin® 2(n-1) &}
2 . . n=1 . .
dn-l‘c ra3 b
- {L% - (a_ ,+c)? sin® 2(n-1) ¢}
2 ,nfll : )
) 2 - 4 _ +a
: = [sin” (-2 sin® 2(n<1)€)

>
2 sin 2{n-1)4%

4 s . . ‘ '
- - -1) % ' _
- sin'l_(—ﬂti—— lln,Z(Q:1)5ll+ sng3§g__l_[(c * dn-l)z - (afdn-l)zl

4+ .

@ +x) (3 - (a +x)? sin’ 2n6}5
n 1 n 17
- (d +c) {17 - (d_+c)? sin? 2n%}
n n i . N
T . d +x
+ mm————-[gin.  ( . 51’:@-2:\5) .

ain Inf - L . .

-1 dn+c . —_—
- sta™! (B sin 2081) , where'x; ="d ¢ LT

;#'A/. ’ L ¢.J‘
| «__fﬁ - N




) .iﬂ-l,zl.r‘ ..
’ -

Byx.ch !o'rn-zml

!.c[i. 1,2’ oL }
D (l) - S (llUS (l)US (lWS (1) ,where S (i),

t

S (L)'. S v, S, (t) are
qtven by (2.1. 104), {2 1.108), (2.1. 106) and (2.1.107), respect.lvely.

The area of Dlti) for et

-~

d +C
{ - - 1
dn + (n ‘:1)1. cl +

ol {1 « (4 +,) sin® l’né}5
2 n ‘
N : 7
- —;— ([2 - d; Bin: 2nd} - m [s;n (r—r sin 2n3)
) i

- : )
- sin 1(13 sipn 2n&)}) - M{(d -

1 42 R

3 _cl) - dn] + na(c cl) i
)
o de 2 2 b
e l-a (“‘“35'9"3 ) - _nz___ ':12 - (dn¢c}¢ sin 2nly ’

: . L |
'-.-, . "d +C ) . . S
| e CSIE R LI LSO L 2"
Voo * : |
ll\ . . L B
| d *e -1 dnfc -
I' -l (2D gin 2n8) - sint sin 2nd)!
. *TamEm (407" T -
} i 7 o
\\ . o
\ .
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. €08.205 (g 4c)? - (@ ve )]
2 n n 2

4 _+a | e

n-1 ? _ 4
(£ -8,

+a)? sth?® 2(n-1)¢)

o gac) tla2rad )

- T "

n=-1 T _ 2 1 - 3
S (17 - (@ ee)” sin® 2{n-116

R b
[sin . L sin 2(n-1}4)

\ 2 - |
- nln'l (_“il_ sin 2(n-1)801 - . "b’\‘% . . .

’.3
2 sin 2{n=1}$&

. f'cos 2(n-1)8 “c*dn-

2 2
> R -L{a+dn_1) )

. (dnoa) “.x - (dﬂol)_2 sin’ 2|.'u‘.}5 .- -

s = 4 ) {L’-(dnoc)’ sin’ 208"

: p? -1 dn+; o dn’é
. . ————”n In {sin { lfn 2nd) - sin { T gin 2nf)] . -

-

°a;l? . | - § . <

.~

¢

l - ' | hen N = 2n+l. ' | .
. - Hence Putf-) coeaﬂ) Jfor ic{_l‘n_l-'z,lp],vhcn n | . .

a—g—
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R o © *  SECTION T™O

2.2. LINIT OF THE smt or
DISTRIBUTION PUNCTIONS OF LENGTHS OF
$,-RANDOM SECANTS OF 'REGULAR POLYGONS

INSCRIBED IN A CIRCLE

2.2.0. Introdnctiod.

, e hnv. seen in 1.1.6 that if a rtqulnr polyqon of N sides i3 always

- 1ns€}£bcd vtthln_g\‘}rclo of constant radius, r'for any N, N = 3 4,... then
the corrospoodinq sequance of distrtbution tunc:ions ! (l). Now 3,4,... of
the random secant length” L of the r;quln: polygons under Sl-rananness con-
verges to the dl:tribu:ton function F(L) of the random secant length L of

the circle under Sl-rnndonness. We prove in the follouin¢ theorem that under
-rando-nesn thii in :rsé tha case. Since the distributions of the lenqths -

of ‘randoa’ secants of a circle undnr Sl-randannels and S, -randomness are the
Aihng. we have discov.rcd an 1nstancc where two different sequences of dis-

tribu functions F tll ts, -rnndcanc:s) and 7, (l) (Sz-randanness},'ﬂ - 3 .-
lvhtch are patadoxical‘ for a fixed N nccordinq to Bertzand) of the ‘randony’

sacant lcnqth L. of a polygon undcr Sl-rmdamoss and S -undcnness converge

to the la;- diltrtbétlén'!unction.rlll of the random secant lenqth L of a

1

circle under S, or Sz-ranagnnosl_
2.2 nghg}hq QﬁﬂﬁlﬁEﬁE&Eﬂv

Therrem 10, lLet T ke 2 circle of radius r.
) v

Qdﬁ of N sides =~ lhsgribcd within the circle C. lat t”(l) and F(L) be the
B ‘_' : )
cor:espondinq_dis::ibunton'fun;ttohs of the lengths of S,

Lat P, be a reaular poly-
o

-random secants of

-
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p, and C respectively. Then

(2.2.1) 1im P (L) = P{t)  for L {0,2r].
L o T : T .
froof. As in tho proot of {heorem 8 without loss of gensrality, we

consider ¥ = 1, L-t 16[0 2}. Let a be tha;lnnqth of a siée o{ the reqular
polygon of N sides. Then a « 2 sind, where § = ; . | |
' Lat P be the polyqon .A "'Aﬂ-l 1nscribed within the circle c
| of iadius 1. Lat Ao be & fixed point on thn perimeter of the circle. For
a fixed L£1Q.21, let LT be a point® on th- partnocar of the-circle :uch that
Y A | « L. As N increasses 1nd¢£1n1:.17 lat the closest vertex Ak o! the polygon
‘P tends to coincide with the potnt‘ll. Then .as N+®, ke=, where k depends

L
on N, and the 1cnqth 2k5 of tho arc A Ak cands to the 1enqth 28in -1 3

of the arc thl;, Therefore as N*=

(2.2.2) . k6 = atnt ()
(2.2.3) o oyt

" The distribution funé\ion rq(l) !o;-LC[lk_l.lk] {s, by (2.1.1), the

following:

. . ! “'.
N i 9 (l{ i » 0 for N even
(2.2.4) B r, (2 .‘-*—*‘-'1 -, -1 for N odd,
_where C_l'. - 2 : — 3 and
T aTtm-1) 1 a‘n
a+d .
' k-1 .2 . 2 2 } 172
7, tl) o {(k=~ 2).-4“ :a-ka) . 5 1t -lasa, ) rsin 2(x=12¢1
("k"'"dt 2 2 2., 1/2
d - . x-1)8
‘lk “k‘l, + dk-l) sin” 24 ) ] |
.2 ' a: . ' 1ka¢d ) : 5
L 3 tnh , {(-:’-‘——-mn 2({k-1 )5}-un *e i /si.n 2(1:-1.)6};.

L 2
.2 sin 2(k-1}
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—

cos 2(k-1)4

R (}.’ei_lyz-(kuiy.dk_i)’l.. {x-Dra-q }x ()

2

+ % {xk(l)Odk} [12;-_{‘k‘t) * dk}2 lin‘

1/2 i 7&(1)«1]‘
“:r—zr& ™

?

x11/2

} sin 2k}

1 2 2 -2 .,
--E-dk‘[l —dkvsln 2x4)

- sin? (;5 sin 2x8}) - % co-izkd ((xkkl)4dk}2 ;‘d:H

‘where
PR N N-1 ' C
"N n®3or for N even or odd rqspectivaly:
. o2 sin ké
4 - sin
L . sin x§&
B, (L) = ain” ! 221 ) v
¢ sin{xé-8 (11} ‘
() = k
*x sin 2k4 .
Cand . ' ]
§ Cal ‘sin ké : b
dk k=1 sin 2k3 _
Now tq'cbasldcr the liiitfo{ 'R(;) as N = = weo pote‘that:
a=2sind -~ o0, , . as N =,
in ¥* : " o
- -1 lk'l * . N . -1!'_,. N> @
'Bk(l) = sin T ) - (k=18 =+ sin 3 ,,’ h .
t sin k& )
il -t as N+ =,

dk sin 2k3  a- 1211/2

Lomsoivia? (73

: . o » - ‘ ’ s.f"-o-u.n'l
. ‘k‘l‘ 14N k~5 ? \ ) .
 °1‘°“ 1 =0,1 S . as!
in. (2.2.3). ' '

and '



_ BN a3
- ; I T .

-

Consequently both the numerator and the denominator of rH(£> defined
in {2.2.3) tend to zero as N < = and reduce the limit to %_toru. Applying
. - "
L'Hospital's rule to the corresponding expression of rq(l). where § is re~

olaced by a Feal variable x, we obtain as'in (1.1.6):

a r ) = 2 ata ).
Nom ’
which is the distribution function P{L) of the Sl-rnndon secant length L of

a circle of radius 1.
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CHAPTER THREE

W Cor

1. DISTRIBUTIONS OF LENGTHS OF HAYS.

+

3.0. Introduction. ‘ -

In thi; chapter, we consider some typicil problezﬁ arising in an

area in gepaetrical proﬁabilxty which has‘rcnained‘uﬁ\xplored. " The

r

qenerallproblcn dhen stated precisely is as follows.

Conlldet a co:pact convex body X in Euclidéan h-space with non-empty

.interior. Choose a point P at random in the 1nterior of K and consider a

ray G or;qznatinq at P in a random dxrection. The ray will 1ntersect the

i
v

urtacq of X at a unique poznt Q Let L = 'PQ! The ﬁ?&?ahklg;y law of
‘L is of our interest in quonctrxc probablllty Let P be denoted b) X and B

the dxrpct;on of G be detern;ned by'd with re!erence to-a set of axes.

Assume that X and 2 are independently distributed. The probabzlzty law
" ; SRR

of L is the one Lnducéd by Ehe dist:ibutipnn of X and 8. ‘Problens on

‘rnndou rays have not been’ conlidcred before.

‘In thil chapter, we shall considcr s0ome typxcal problems concerning

. lengths of randoc rays. he shall consider the dist::bu:;oﬁs of :he random

- : ; vag, 3.1, 3.2 -
- .ray-length L in the cases of rcctanq.cq. ;:rclcs. and sgheres an 3.1, 3.4, )

and 3.3.lrospoCtxvciy. Ir 3.2 and 1.3, thb‘gpprcc P 1s restricteq to a

. X '.:— . :. . . .w'|“ . ‘ ‘
diameter. : ) _ B o e

332
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SECTION ONME . T
b : N\
3.4.. DISTRIBUTION OF LENGTHS. QF RANDOM

RAYS FROM RANDOM SCURCES 1IN THE . -

Imguon OF A RECTANGLE,

o

3,1.0, Introduction, .

In this section-va obtain the pfobability distribution of

the  length of a tandon-ray caanatxng f:ca,a randea source in the
1nt;rior of a tectanqle of.sides a and b (a > b). hetc a _randon
:ay'.ig dggined by a.randoq point in the interior and a random
qxrccgion; o . .

Let ABCD be the‘rectanqlq (cf Fig. 71) a.d P be a random
_point in the interior of the rectangle. A ray in 'a randoa dxrectxon.
ecanates frca P and 1s xntézcepted by a sidc of‘thc rectunqlc at a

.

point 0. We are Lnterested in the probabxlxty dzstr‘butzow o‘

EPQE-




[+ +]

-Fiqg.




3.1.1. Dilt:ibuﬁion of L.

'l'ho distrimdon of L j.s presented in the follmrmg theorem

S

mootan 1L The probnb:.lity distribution function I-'(i)- of the

n.ndcn lcnqth L of a .r.mdon ray cnamtinq !’ron a randoc source in the

ntax’ior of a x‘ecunqlc of sides ‘and b, wheu ‘a * b, is given by

3
] —?‘;W (L),for télo b) l. TN b
L “‘b 1 ‘ V - }
(3.2.1) R AU ﬁn 7ab vzg}),fox ie(b,a) . -. (B)
B f 2 . R E
/| T v@,(f-)-,for fela, .(a.+b y °) ,(F) .

. _ Cgt
where ¥, {1} ® (asb} - B

Ce % -;z _ _"_2 _--" . L
o« eiha ). - i(22-ph)

b ¢ (a-D){1eD cos™t ¥ - (27-bd)

2 2,42 . :
R a’ g 1 S a(l’-b’)5 b(ii-a?)?

. -] - <1 i ‘

- + ab{cos 1 -?-'0 cos %) _
Cowi? -1 a -1 by

s g feos Ny

=

To prove this theoren wo procccd as follows. -
| A A

- 3.1.2, Pumtri.ation of the Rays. ‘ %

" Let A bo ﬂn"or_iqin. AB t.hc x-raxis and AD the Y-axis " A source P
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. . ‘
m‘t.h.a interior of mcn is Qetcmngd by U‘,-ﬂ where 0 < x < a, O‘i ¢'< b
~ Let 9 ba the angle that'a ray makes with a l‘iix_:e .paralled to AB. P(x,;)ar
“has uniform dist:ib\;tion in the interior. of the recuu.u;lc and % has |
~uniform distrlbu:ton over {0, 27v]. | - _.; o B - 3
The joint denlity of X,Y and '3 is qi-ven by - |
N . :
o . 0Lxca, 0gylb, 0<8 <27 -

(3.1.2) : p(:g.y;a) -
' ' . ° - ' elsewhere.

P
b

st = {txy )i 0Cx<a, 0cysh 08 mf

iz the pumtcr space.

~ ‘'each t.x!.plc (x, y.B} € S deter:unes a ray and hence -4" lergth
L(x.y,-) -k . o - ;
ror convcnience, we can consider L,X,Y,% as fu.ncnons de ined "on
N . -
the probabilizy space S' with normalized Lebesgue measure: X, Yad bemg
the projections. ‘We aré interested in
(3.1.3) . Ry ePr <Ji)q
. S YN oo -
where S B : _ . A
[ . (3‘1.4) '. D(t) - :(1,}’.- K L(x'y":')- i L, (lel?) [ S'}- .
L o e | C C
- Kow - -
. - -
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' S .
(3.1.50.  FQ} = 3 [dxdyd.
o}
.1 dxdyd? + |dxdyd? + [d.xd);d:' + (dxdfd"
27ab AR bt AR s Sl &
1y- i i i)
D, ) D, (£} D, (%) D, e
vhere . P
y - R i
\‘\\/

-

{{x.f.ﬁ): Lix,y,5) <i, 0<x <a, 0<y<b, 03¢

(3.1.6) D Q)

(S
——
-

A (3.1.'7)' b U) - {il'x.ypf“‘?)! L(“";Y!’-e) _(_ -.Lr. (lele‘)‘. £ S}f

(3.1.8) D, (1) = {(a-x,b-y,med): La-x,b-y,7+3) < i, (x,y.%) ¢ s}

.
T

and

(3.1.9) Db

. '{(x.b-.yl.z’- ,-?;-)} L(x;b-y.l’"' ’i‘ (x,y.%) € Sk,

wvhere ' . | ' . :

(3.\1.10);” S.- i-(x.y,f:‘): 0 ix <a, 0 ;y_ﬁi b'.""ol.f_‘e f_‘;;}. )
Since each coordinate o'f the \poinf ‘(a-.x_,' b-v, -'.‘4"Jl) C-D.3(£) is a

linear translate of the corresponding coordirate of the point x,y,) < B, (a)

we conclude that

3.1 - ‘Jaxdyae : [dx‘%yda .
91(!.) © Dylh)



RK]:

Sm1u1y:
(3.1.12) dedyda - _Idxdydi‘ - Idxdydﬁ.
ot Dyt Dy '

By (3.2.11) and (3.2.12), (3.2.3) reduces to

-~ -
»

(3.1.13) r(L) - '-2?23 dedyd-?.

D,{L) .
1 P

Tb- set S de!ined in (3.1, 10) is the reduced parameter space.
For the evaluation of (3.1.13) we split the Lnterval (0, (al+b®) ],

the range o!lL.ﬂinto the three subintervals:

() fo,n], (20 (bal, (D (a, i)

-

1
-~

Now we proceed toO daterﬁine the set Dl(i) for i lying in the
! _ P » _

above dit!et&nt subintervals.
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3.1.). Determination of the Set D (1) for Le[0,b].

" In tha following lgsng.ve obtain the set Dltil for Lef0,b].

-

LY
° Lexsma 1- Let Lc[0O,b]. .
T™hen 7
-

- ' s, (L t Tt L
(3.1.14) o;(t) . 11(')85\12( YUS I US, ). .
where .

Y
3.1. o '
{3.1.15) _ Sy,
- lx.y,S):a-1<x<a 0<y<b- (-(a-x)°]%,:0 € 3 € cos™t (2D},

.(3.1'16)' | Slzti) .t.g' E

f I
I

{ : ' 22 TL IV Ay
- {{x,y,¥): a - L <x<a,b- [13-(a-x)7)g< v, E b, 0 28 < 20,
(3.1.17) 5, v ..
- \
z ‘ | .2 248 =l b=¥ LT
- {x,y,M: a -1 <x<a,'d- it <y <b- {i'-(a-x) ], sin Tf-'i?
ard,
) i 1
{3.1.18).° . 51,‘(“
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1.

(N1 |

-‘:{x.y.e_i:Of_xia-l.b-lf_yf_b,sin-l_b—;-.z i':'i

?roo! {cf. Fig. ?n.\u draw a circle of radius i wlt.h Cé.u the
cgnt.re intermtxng BC and CD at Kl and lt . respecr.zvely The following

are :ha pouible ways in which L(x,y.a) < L can arise.

. ' -
Case I (c?. nq. 72).
& . Let 'r(x 24 lcc
1 L i
" where |
‘ ’
¢, = =y (x-a)? + (y=by¥= 270 (x,¥): 0 $ xca 02 ¥ b}.
Draw TS, a_nd-'.rsz.orthoqoml to AB and BC- respectively. Let
‘CTS;," ‘31; Then from the _trunqle' CTf;z we have
. B ) §.
) ‘ a-x
| - v
(3.1.19) . o - =3

Prom the relation {3.1.19), tt follows that _

3y o< L.

{3-1.20’ . G'E.g'< ':1 -.>hL(X;Y.«

s

Let Pix,y) be a point on TS, such that x = X, 0 <Yy

Clearly by (s.1.19)] there follows o ' . '
(3.1.21) 0 << 5y, x = Ql_ma 0 <y <y, =¥ Lixy, 8 Li

¢
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o

72

Fig.




o

2
it - : '
Allowing ‘rtxl.yll to .vary over the segnent rsz of the 'circie, we find
that Llx,y,8) < L whenever (x,y.%) ¢ S , (L), where S ‘(i) is Jefined by

(3.1.1%) .

.Thus t.hci-o is a contribution by sn(l) to Pr(L'f_ .
o ! =
Hence : ' .

(3.1.22) ' Sy, (1ICP, (41 -

case 1I (cf. Fig. 73).

Let Pix,y) € C_ where

2

»

e e {lxy) s (x-a)? « (y-p? < T Ayt 0T x 2 A 0 <y < bl

-
-

Then clearly Lix,y,%) ¢ i for 0 ¢ 3. A .

Consequently "512“') defined by (3.1.16).contributes %o PriL ¢ I

i - .
- . -

Hence

.‘ . . -'-.‘“ CD (l,.g_‘. l .
(3.1.23) - 52" _

Case ITI1 (cf. Fig. 74Y.

Let P-(xl.ylr be a point such that

<a, b-i1fy <b- {i-ta=x) %) L.

_.a--—i'_t_xl

We draw a circle with i as the radius and Pix,.y,) as the centre. The

-“.‘ -‘ q
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\__\\ . - 385
circle intersects CD at Q so that the angle 5;'m£ QP rakes with AB is

-

less than or equal to %
¥We have, using the sine ratio,

§

{3.1.24) -lif\_ 1'32 « - -

3.1.25 s 1< == 3
{ ) gin <8 <3 > LFxl.yl.-) < L.

{3.1.26) ‘ : SllilﬁiblliL

case IV (cf. Fig. 75).
—— - .
‘. '%‘ " ’
Let P(x,.y,) be a point such that
. i ‘
- - L- -1 < < b.
O<¢xmzca-tib-® oy 2P

as the radius. The
[l [ M
-0

subtended by QP

We draw a circle with Plx,,y,) as the centre and &

‘circle intersects CD at a point Q such that the angle '-"3

with AB is less than or equal to 3' The angle &, is given by

[ .
3
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Fig.
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: N : - by .
. (3-.1.27)' - sin '33- —._.— .
From "(3.1.27) it follows that
< ) ) a ]
a1 ¥y« = : .
(3.1.28) - sin '("—r-% <2 i'; =2 L{xluyl.?) < L.

1
Hence Sl‘(i[}defxncd Ey (3.1.18)w¢ohtributes to‘Pr(L < i)

\

(3.1.2?) o ' Sl‘(.l]CDi(l‘.). o P

k Clearly, a random ray specified by {x,y,*} £ S wl;h-p(x.y.i) <

=ust,intéilcct either side BC orAaidé cD of the tectangle.

-

Connoquentl?. . :

. - N . ) b ‘ . - . | / ) '

) ) . © ‘ .

(3.1.30) {x, ¥y ¢ bl(i) o> (x,y,3) § VS, (1), :
. : : iml

Hancs
. . 4

D, (2}CUS,, (1) -
e R b

By virtue of (3.1.22). (3.1.23), (3.1.26), €3.1.29) and {3.1.30) ¢

we obtain (3.1.14).




)

~and .r,

Fs

(L)

(3.1.34)° - Sy

(3.1.35) - S,, (i)

.- { (X.Y‘-E) H

- x, . Y) :

; _ > . 348
-y.1.4. Determination of the set Dlti) fof‘ic[b,a]. )
In -the following lerma we obtain the set Dl(i'.) for igfb,a]..
Lessa 2. Lot Lte{b,a]. Then
. . ] .'i - . - . n - . .
JER RIS D, (1) = 5, (WS, (VS (LIS (IS, (D), .
where, »
(3.1.32) sn(‘l) - {tx;y,8}: a -1 ¢x¢a -_(:.’-b‘tl’oi y <b'- {E’-(a-xlz}"’
o -1 a-x ' -
0 <& <cos (T)Ev'
(3.1.33) 5,000 = ity Hia-lixga S (i)Y, 0 <y £ b - {Bi-tamx) *h

il B 5 D
- I 8 p— -

o £
s Oi?i-z-'},".
. o
. e s \URY
A AR ER ML IS AT A L &




. p )
. -

‘[3.‘..1..36) 52;(1? - {Lx,.y.-a:):,._o f‘_i‘f-_ a - £, 0.8y < b, sin”t =) <6<

N c‘-\-
“
c.

q

VP'r‘oot. .Me lhov that S, ‘“@1“‘" iw1,2 {c‘. Fiq. 76}

.

" Let P(x.y) be & point in the rectangle such that’

. © . \ - »
L a-tixca- /ti-p?, 0 <y <b - (23-(a-x) 1",
- AR .
T '\lir.!'nP(x,y} as t.he cenu:c, ve draw a circle of radius 1 intersecting BC

< o
md CD at Ql and Q.,,' respectively. such that r_he anglcs *31- “and .2 that Q P

<. And Q2 ] rcspectivclyt hold vith AB are uch between 0 and’ .' obviouslf
ij lnqles “Jl and ‘:' are qiven By C 'J ) . ‘b
(3.1.37) Ccos - .
- . . ' . .
_and - - -
(_3.1.‘.'-:.8_)‘ o © sin &, = X :
‘ ‘ F}c- -[3 1 27 and (3.1.28) it 5011088 that the correspondmg
J.' _.lenqth ipf'ihﬁj ray dctem;nod by P(x,y} and 9 where 0 < 6 < ”‘1 or :12 < 3 _g‘-;-.is'
7. less tk:an or equal to b - . - -‘.- : 2 |
_ . Thus the set S, (IUS,, (1) where Sy () and s, L(i) and defined by

C{3.1.23), and (3.31.33) reapectively. contributes to PriL & il. ‘Conscqucnt;y,

4
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¢3.1.39) sna)usna x:alcr.)
) 5 k

¥e naxt show that sna)cala). L = 3,4 (cf. Fig. ™.

let Plx.y) be a point in the intertor cf the rectangle such that

- : 1 B
y Then Lix,y,9) < L whenever O < 8 < 3 H;ncc ve

x-a)® » (y-»)? <1

have a fon to PriL < L) by sets S (1) and S (L) which are

1.34} and (3.1.35), ‘respectively. Thus

oy oty ».
ieandas o 5;3“’U5.24“’ Cnlm . . N .
L |
) L
Ax o . . y . '
We finally show that S,S(i)caJ‘{u, ict. _n?.‘_w). _
v let P(x.y) bo a polnt in the interior of the rectangle such that
e _ ) .

. Coux<ta-lamd0Zyrb,
N ) . ) - { . LT
. ‘ " )

With Px.y) as the centro we draw a circle of radius i intersecting BC at

. The angle

raf ot

“a poeint Q‘uuch'that the angle 24 that TP maken with AR i3 *

*¢ 4% given by

: . : 2o b- .
3.1.41) - stn 8, « L .
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Fig.
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.Frpﬂ (3.2.41) 1t follows that Lix,y,%) < 1 whenever stn”? —lb: <3< .;_ .
Thus the set S, (U} defined by {13.1.16) contributes to F(1).°
.

Hance - -

: N e (
43 3.1 42) 525(1)@1(1) .L. ‘-_ .

Clearly

Yel, 2, .00 5

(3.1.43) (koy,3) €D (1) => (x.y,%) ¢ s, (D

Herce by use of (3.1.30) (3.1.49), (3.1.42) and (3.1:43).we obtain (3.1.31)

v .
~




ass

1.1.5. Ditcmimtw/o! the Set D (1) tor lc[.,(.’,b?}"‘tl.

1
!

12/2}_

In the following lemma wve cbtain the set D (I} for Lela, {al+b?)

lesma 3. let Lc[a, (a?eb?1 . Then , : ' o

N~

(3.1.44) - o 'nlm « s, Us b,
ui}ere
(3.1.45) . 53},‘”

u\l;l
l-

© {lx,y.2): 0 < x

- a - (b)Y, b - TTo(axiT <y <b, 0% <

. -‘ - ' N -
Ui (x,y,%) . a, - (l‘ﬂb‘)x’ £x 58,02y 2b, 083 .
and '
t3.1.46) _ s, (L) '

12"

il

’ » - - "1 - M
* {x,y,%): 0 .'. 0<y<b- (Li-(a-x)¥) 7, 0 X ¢ < qos (=i

|~

x < a- (1*-b)

: ]
) -1 b- - Ty
a - (i’-b’)a. 0O <y<b- (lz-h-x)z)': sin (ji) LT g

Uilx,y,%): 8°¢ x

proof. ( “f. rig. "¢ ‘. Let P(x,y) be a point ln the interior

of the rectangle auch that (a=x)® « (b-y)® < i.
Now

Lix,y,%) < i, for (x,v.3) ¢ 53;(L).
t . _
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Fig. 79




: : 187

(3.1.47) - sy, theo (.

To show that 532(1)691(1). let P(x,y] be a point in the interior

of the rectangle such that {(a-x)® a.(b-y}’ b t} (cf. Fig.80). with

Flx,y) as the centre we drav a of radius L intersecting BC and CD

a3 HI Agd h:' rczpect1Vf1y, 5 t the aapﬁng % and "6 that_Hl? and

X_P. respectively, make with th AB are cach less than or equal to
‘ b . : . A

-

=- The angles @5 and 96 Arn-qivon Ly . :

. ) ‘ : h e BX

{1.1.48) cos ¢ f

aﬂd .
(3.1.49) :  aans, @ 2

6
From (J).1.48) and (3:1.49) 1t follows that

bey,® T
(_Ex}r 3]'

. ‘ : - - -1
Lix,y. &) < i for Zc[0, cos ! (ﬂr§)] or *c{sin

Hernze the a\c:
Sy,(k) defined in [3.1.46]. contributes to PriL < i).

- ! * [V

Thus

.
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.1.50) -~ 853, CD, (),
i

By use of (J.1.48} and (3.1.49) we further obtain tha‘t

(3.1.51) D CS, (WS (D).

-

wow from (3.1.47), {3.1.50) and (3.1.51) we derive (3.1.34).

e are now ready to prove the theores.

33l.6. Proof of theores 1.

-

By leemas 1, for ic{0,b], we have

13.1.82) f dxdyd? = } dxdydd  » -
5. () 4
1 US (i)
g1 M .

where S, 1 = 1,2,3,4 are defined by (3.2.15), (3.2.16), (3.2.17), and

11
(3.2.18}, rclpoc:\:'-'cly. Evaluating the ;ﬁteqn_:l (3.2.52) we obtain-(A)

L |

‘of (3.2.1).

By lemxa 2, for io[L,a). %'!‘.AV!!_

) . p
}g.z.sa} 'j dxdyds = j dxdyd? ,
' o, (L) 5 o
1 U s, ‘(i}
. iw] T

X
P L .

359
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. where S_ (i), & = 1,2,3,3,5-are de!lned‘by {3.1,32), f3.1.33). (3.1.34),

23
(3.1.35), and {3.1.36}, respectively. Evaluating the xnﬁegral (3.1.55%

we obtain (Bl of (3.1.1).

By i“!ﬂv],-for_lC[a,{azobI]H].ng have

A

.0 B 4 ;
{3.1.54) I dxdyds = j dxdydr ,
?1(1} 531(11J532(L’

" where Slltu} and 5, (L) are defincd by (3 1.45) and (3.1.46),

rcnpe;tquly. Evalua’lnq the integral {3 1. 54) wo obtaxn fC) of (3. l 11).
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3.7. PROBABILITY DISTRIBUTIONS OF LENGTMS OF )

RAXDOM RAYS FROM THE INTERICR OF A CIRCLE - THE -~

RANDOM SOURCE IS O A DIAMETRAL LINE.

-

31.2.1. latroduction,

In this section, we shall obtain the probability distributicn

2f she random length 0f a ray e=afating in a random directicon from a

rando= source on a diametral linc of a circle. The result for the
. n :
distribution i cbtained in terms of integrals which zannot be

exactly evaluated, bur which can be reduced to elliptic integrals of.

. : . o
the firsz and :ccdn? xinda. Since %atles for elliptic integrals are
‘ -~ _ . -

calily available, one can calzulate the desired prebabilities
Y - '

b}

- r
\hﬁpﬂ;:sxxza:ely with the help of the tables. A precise statement of th
’ ) . ’ - - . .
froblea ts the folfowing: Let C be a circle of radius a and ACH i3 a
diametral lifie with O as the centre of the circle tctf. Fig. 81).

DUTFORCE A r&y,c:anatcn from a randcs squrce P oon ACB in a_:andoa

directlicon. e randce rhy 1a intercepted by the circle at a point .

:;arc,::icrnézcd it the probabilsity distributicn of the length
. N . L. . ' '

Te PT L

. , ) _
Yoa.3. Tprpebabilise distributicn cf the randem raw lengin ..

.
e

. The following theorer provides the p:obabxlity distribution of

6l .o ' .
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Thecrea 12. let a be the tadx*; of 4 circie. Then the -,
provability distribution of the length &L of a random ray in a rgndom '
1fection omanating fres a randee source on a d.:._a.:e:r:al line cf the

' . ‘ ) '21 @
circle ts given by -
1]

f 2 2 R LAY IR ' , €
‘a ~L co (——) ra =L — . .
r . { .zlx { ] 92 . .
. | ' ‘ | -."
1 {% ,! dadx . | - [ d8dx + = ':a-'raz-!.‘:’]
va | i o J f R ,
. i - -
J ‘. 4'0 - -7 j -1(;2‘_a‘0121. -
. | a _ . g ‘cos. 20x .
' . . ‘ a . ' ) fcr LE.[On aI' ’

. "

. i
13.2.4) F(L) = ¢

-

a~-L - )
: ' R ¢ .
1 ‘ i e i "
—_ d%dx « -~ L} , for icla, 2al
ta p | 2 o
! ‘ H ) - oo-
o aaated
e e Ty -
\ .o
*
' <
h & .
' ! ¢ .



-’

Prool.

be the 6rigiﬁ;
.I‘ll ﬁoqsurnd aloaé'thc dianééér.idﬁ‘nﬁd & 1;7Lhn ;nq}; }téasur@d-in the anti- ' .
clo¢k§1ht dxreét;bni th{}fPQ makes with the d}nnéﬁér AOB. |
X Xn'uni!orgq;'sttxibqfed oﬁ.[-i;d]..ﬁ;ls'untfornly distributed on

'i0.2;] and thé dintx;butiqns ot-x‘andbﬁ are indepcn&ent:

o3 density

(3.2.2)

v

'L is's randos variable defined on S,

3. ..3)

whoro .

and L(l.?) ta ‘tha length of tho rny dotcr—znod by (x,2)".

of X and o

y

D(L) = {(x,%):

P

Pix,%

) ="

F(L) =Pr(L < &)

L(x,.

"ﬁc paranetrize ihn'raysjau folio;s,

13 given by A

s
i

l 0 ,“olscﬂ%bxd.

‘. ’

~ The parameler néaée 1s given by the set S - f

da™

363

Le€ AOB be the x-axis and 0

(x, B I

g

'

[dxdﬁj

J
D(i)

/

.hc set U can Le decocpo;ad into the 'ollovtuq fcur

3.2.4) B

{3.2.5)

I(i)

. L

'; (XJ.-"):

D) e (T LGB L b

Lix,9) % i, - a's
- . B
.

- 8 <

“Let L:{GJ be the paranétgrn that specify a ray PQ, where

our ob}ecisusto'find

PR T . '
A
-k
< 1< “1:'_ ’
.o

J

Wo note that: f

The joint.

2
—
-

|~

[

Froa sy:nctry,

'setp/z\

"eijuivalent”
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(3.2.6) (i) = {G,8): L) S i, -a<xsa, TS 921 :
' ' T . )

and N

(3.2.7) D (f) = {(x,D: L, <L, -a<x<a,

It followd that : | :
¢ s . . ‘ S -
ded@ --}dxdﬁ , i = 2,3,4.
- .DI(A‘!.)‘ D () E e
Y oL
~ Hence .‘13.2-.3) zcducqs to .

- ’ ) . { ]
C R . Tf-' (axas,
T S S

- o D, (1)

- -

(3:.8) ]

ﬁh’cre DI(H u.' qiycp by (3.2.4). In the . following two le.F:::s we

: a ..'\ - ) . . 7L
deteraine the set DI(L) for'0 « L < a and a © ¢ 2a./

._A'- ‘Lespa 1. For ic[Q,a]. . .
. o . . : A N -
o fJ-:-g) o . .D -(,‘) -'S I(L)USIZ(L)I

) f i mﬂ_' - f 1 ‘ 1 - ) : » 7

; . ) ‘ . _ ..
- ° - T . ! -\L
* ’ . y h ..|
4 7 ) ‘Q; 8
. 5.elL) = {x,'ﬁ*\: a - i x C orarest / —
B 'y 1 . " K — g N
: : s - 3 -
. g - : 1,0
c T T TR . -1 at.itex"T
. " . o fu ’1_ i ‘_ cos, ( Tix ‘) . ;
T "’ . . : .
. Y ,'-. . SR :_1 .
’ g 9 vV, ey s adedd Coxo e, 02 WS 0 :
- o bd . . . s ) .
. . . -, - - 1 k{’ ¢
. A . _ .
ST ) ’
T ; - 1_h_£.\ - o . 4 . a O
3 8- o' . : .
..l - - ) ‘u . ~ 5 - . . . -‘*
‘ -7 o : N e ; .
\ . LT : '.'_ b.- Y Y . .
! - ¢ f ? . b B > ’ » ) ., -



and ’
(3.21D s = {oGN: = (5 -8 < x < - aTeTT '
cos™ ! (xz—a2+(2) < A« .} ‘
. 2Ix -~ =2 e
7! Proof. . (ecf. Fig. Bl). 'Let K be the point on AB such that

-
1

'BX| e L. Let T, and T, be points wheré a lane parallel to AB and at

distance L from AB intersect the circle C. Draw T,M and ‘1"21': perpehdicular

1
¢ L, toAB. Then OM = va*-i° and' ON =»-=-va~=~L<. Let P(xll (P_'de't.en':ur:gd by xl) |
be a point on ¥M such that a - i <x < (a~—l:)5 With P(x ) as the ]

centre, we draw a circle Cl' of radius L. Since '[B‘P(xl);: < L i":A P(xi) .

the circle,C, intersects C at two points Q and Q'. Let4Q P(x }B = 3

. S ~ ol 1’
_Then froe the uzangle'OQP(xIJ, we have xl:+i:~2ix1;cbs '{'1 -a’. : .
, 2 -xi-x.’ -
bal i e - - ’ . - . ’ - ! s = L
Thus = cos '-_2-',.:1 - Since .BP(:I): < i and _.P(xrl)Q| ‘P:(XI)Q 4 L,
the arc QBJ' lies within the cirche c,- Therefore the join of Plx,) with

- 4 point on QBQ' lies within the ¢. Thus we have

- (3.2.1) xc{a-i.(a’-i‘)H}
s . :
Lo : . -1 ad-iix? o -
Y fiiadul, SIS PRV ONE 3 Lo K
L & and e [0, cos . Tix 1) (x,%) ¢ |
. i ) . ] ,
M
b et now x (¥ =i 'J", al. Llcarly a cuclc of radius ¢ witf centre .
a -
L] - .
5’(:) containa wighin 11 :hc ionq'hs L{x..) for O ~ ) _-2— JREE
R , | . 7/ - . - "‘\ . -‘ . “ . { . - »
o> . 6‘ e - . Lt ’ .'._‘.' . -
4 L - ’ N . .
"Thus, we have-’ )
4 . I K
13 ‘.‘Cﬁl N Rl .
2 " € ] -
A aa, -
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Fig.
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Y

'_ (3.2.13) xefa?-1%) ", a] and 3¢lo, %} => L(x,%) < i.

| Cembining (3.2.12) and (3.2.13) we obtain that Sy, (1), defined by

(3.2.10), is a subset of D, (i}.
(‘ . . . l b
To show that S, (1}, (1), let xc[- a, - (a? - £ 7], with p(x)

‘as the centre we draw a circle _C_‘; of radius i (cf. Fig. 81). The circle

'C; intersects the circle C at“poi;\ts Ql arid-Qi. Lct4Q1'P(i)O = '32. -Then
-considering the triangle QLP(X)O we obtain azl = x* + i¥ - 2Ix cos '32, :
| -1 xtetloat . :
G1ving E': = ccs (TP. Clearly '32 s 7 (x5} L. X
Thus su(i)calti) . Therefore -
(3.2.14) A RO SRR

- The coeplenent of t_.‘u:-_set Su(ilusp(i) ir the parameter space S
ts the sct

- 4 ————

s - SIICL)US

2(5-)'

1

21 afeiiax? -
cos (——} = v = 7T
s t - X — -
. L] -
v ow o 5.2 T e . :o-1yh
Vil @ em(a®=i®) T x 0 0, 08 8 2 VTG - L x st
L ' ] -1 xPeit-al
- 2 <& < cos " 1.

N2k



L

L Thas 5 (T D

It 18 clear from geometrical considerations that

(3.2.15) = 53 (WS (D] => Litx, 3 > 2,

P

%) ¢ {s

Conbining (3.2.“) and. {3.2.15} we obtain (.3.2.9).

1

- a '_‘_ x < a-1L .Uzr.h-l’.fx} .as theé centre we draw a circle C

~

x i, the circle

Sirce B Px) c,
- " y - . -1
Coand- LT, The anile “l “« 30T {x)B s given by &, * COS
L . .. A B L:~A'OX: * T
Tiearly Lix,1 L 0 whenever (=) 7. Hence 5.,
) . -« o TN
t T x 2 a, 2 ZIZ¢

Lix,?) I L, whenever {x,w} ¢ ‘(x,?): a -

>
, i), Whence
: :

-

2

{

{1 1C

[ 4

lemma 2. Let ic{a,2a]. Then
ﬁ = n - -
3.2.16) D (D) = 5,) (LS, (D)
where,
ey . C .
V3.2017) Swﬁl} - t{x,?): - a Ix <A,
< &
- . PR -
- - * .
f cos‘l(t,a_‘x)< -
1 -l X - ™
(3.2.18} S, = Tk, a - i< x < a, 008 % < giy
v < . - T .
Proof {cf, Fig. 82). Let P(x) be a point on AOB such that

of radius t.

intersects the circle C ar two joints

o
-

.2 oo
LT=a%ex
NS 3

I(s.).

N
ALSS

LB Y )
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I v

(3.2.19) : s.‘,1 u)usn(l)col_(i).
The complement .0f the set Szlti)USi,(l) in S is the set ‘ .

- ) N '
. _ 1_ 2.2
s' = {tx,8): ~a<x<a-1, 0%<8<cos ! (5—2—':_1%)}.
Cleuly'L(x.':‘) > i whenever {(x,2) ¢ S'. -
- | . . -~

Therefore we have '

(3.2.20) C T pylhes, s, ti). .

| Combining- (3.2.15) and (3.2.20) we obtain (3.2.16). | - o

Now that we have determined the set Dl(i) for 0 < i < aand a <1 < 2a 1n-

<

o

Ler=a 1 and lecea 2 we can proceed to evaluate (3.2.8)!

.

~

Siea



>

“

n

| SECTION THREE

3.3 PROBABILITY pxsmw‘rmﬁs,of LENGTHS .
Of .anou' RAYS FRO‘! THE INTERIOBR/CP
" A SPHERE - THE RANDOM SOURCE fS o8 A
| Dxm LINE.

.

)Lj;g. Introduction. : : -

-

. In this section we consider the probability_distribution of the

randon length of ; random ray éninatinq in a rpndom directioﬁ frqm‘a. f

r

randon source on a diametral line of a sphere. . The result for the dis-;“

t:xbutxon in the case of the sphere is, contrary to bur'cxpectq;xcn;

-

siﬁpler than_:hp cne for,thc corresponding case of thckcirclc. A pre-

cipe . £ﬁr-u1atzon of the problen is the follouan.

tet S(0,a). = ix, y.:ik xieyiez? -fa{} bc'a sphere of fadius a and

A QA be the xTaxxs.' Let P be 3 randoa poznt on h'OA. From'the pOIT: P.

let there bc a ray in a randos direction. A random d:rcct>0n is / DS

deter:zned by the poaition of a randoa poxnt z on:thc.su:facc of a'unit
- ~ -\/\_. :

sphere. Thc.rny through . P in a random direction, xntersccts thc surfage

el

of the sbhcré 5{(G,a) at a pdxnt o, The probabxlicy'-:s r:butxon cf the length
L= 'PJ. is of interert to ug. \ %

-

(57$5
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) - ~ | . o

hd .

3.371. Probability distribution of the random ray length L. = . .

—

v

The following theores ‘prevides the probability distribution of L.-
Thecrsm 11. Let a be the radius of a sphere. Then the probability dis-

tribution of the length L of a random ray in a’'randoa direction émanating
from.a random source con a diametral line of the sphére is given by

LI

-

: L w22 i °ollca.
(3.3.2)  Fli) = geim e me af -5 A ey 37,
- sak . @ a <t <2a.

- . N .

~ 3

Proof. Let X = (x,0,0)"be the position vector 6f the point P. Then X

has ‘uniforn distriktution on [-a, a]. B8y the'uniform distribution of the
direction I of a ray we nesﬁréhat 1f S i% any region of area A on the

- : . . - ‘.) ! . ' . B

surface of the unit sphere, the probability that a ray passes through §

is

. The distribution for the direction T of the ray and the distribu-

e

tion for the source X cf the ray are indepehﬁcnt. Qur object is to find

{(3.3.1) . F(ij = Pr (L © 1) = Bac jpx ds(g)y

PURRSLEE : D)

gt

N -~
L . :
. | . - _ . A r |
. where dz(n) denotes an element of surface area on the unit sphere at the point

;'ahd o) et (x, rn): xi([=a,a)l, n ¢ S(E:LJ and L(f.g)‘i_i}.

)
.

 Ho noto‘that

is the sphere of radiun 1 and centre
i r .
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1 [

o

x = (x,0,0) and Lﬁ.n) is the length of the ray determined by x = (x,O,d)
- . . . hd had . J - - B
m-scldl.lrecti,onn-(n.n,n)'n-u'.thin?;'-l.'3
- 1772 73 a1 7 ,
find- the probability distribution of L, we need to find the

To

1 Wioas

.0(t) = {(x,n): xe[-a, a], n € S(x,1) and L(x,n) < i} .
e deduée-'this ‘se.r. from gcometrical considerations.
We have two cases :” Le{0,a] and Le(a,2a],

-




The sezi-vertical angle 2

t4

$(0,a) and the plane = = 0 is (va*-i*, L, D). Let P{xlf bea point‘bh-

374

SN

Case 1: 0 % 5_4: .LptyAl be a point on CA such that fAlAi « L. Draw. a
v f ’ ‘

?

line CD pa;&llbl to A'A at a distance. { frem O and ccntgined‘in-the {x,y)-

plane. Then the point D, which is on the circle of intersoction of the sphere
. 5 . -

-

GA such that a -~ 2 < X f_(az-izjk.' With P(xl)‘as.the‘centrc we draw|a °
: ) - . : ' . ~ ) . ’ ;
sphere S(P,L) of xadius i, ; The x-coordinate of the centre of the circle
; oL i . ' . . az_lz.‘_le
of intersection of the spheres S(P,i) and S(o,a) is given by x = - P .
. - —~ LT N l

.'Subteﬁded at the pbint_P{§l) of the cone

1

formed by the ]oiﬁshof.P(xl) with the points of the circle C = S(p,L)y Slo.al
. x-x)  al-ti-x)d Sy | |

is given by cos a, = ———— « — - The measure of the solid angle W(a,)
. 1 L 21.x1 . 1

at the ver:cx\?(xl) of the cone of seni-vertical angle 11 i5 given by the

area.of the’'surface-subtended by the cone on a unit'sphere with P(;l) as

the centre. This surface area is 27(1 - cos 01).

.
-~

Nou L(xl,n)-i i, if-(xl,q) % §', where .

- ) »
--

S' = i‘:.n):,xtra—:., ‘a:-"-..‘)l!]" . S.-(x‘ -l“qctx':;) ,'rlf_or Oli_.’} i_‘;l}_‘-, and-..

-

where x = (x,0,0) and Ci{x,1) is the cone with vertex x and semi-vertical

angle 3. The Yolume V(') of the set S' 1s given by

L4 ’ Y
i’(a'-b.‘) ] .l"‘jl .- . r(d--_l'.) -['1!{]1 c _ . “ ) "
'-'(5.')' - " i dw(1)dx. -] E: || . d{z'-"(l"COS‘UlC_iX -."‘
: ) ! ’ . I ’ o }
a-i 1.y ' R a-i 1=0
_‘.'.':'.1$ .
J s
' Y m oe : L b at-id (a*-i*) " a-i .
(3.3.3) o V(S')s= 2-[(a"-i") 3T An——r = ] -




' conc C(P a } and the unit sphere S(x

2':(1-cos:11) - 2'(1 - --—:—)

N

Now let P(x.) be a point on OA such that (a2-2?)

‘p(x ) as t.he centx'e draw ,ar sp‘here"S(f_’,l) ‘of radius i

cxrcle of 1ntersection Cl = s(P,i)MIs{c,a) of the spheres S(P,%) and S(o,a)

1 2
.._.._j._ 0,0)
21:1 . ‘ )
formed by the Jo:.ns of the circle Cl to P(x ) is given

x,-x xi-a “_2 o
- . Then the solid angle” W' (3 ),

1 2Lxl .

i‘s given by (

COSl =
10 }r 15 qlven bY

. ~ ‘ )
S L xlalei?

. . i 2x1 . |
' ' ¥ talon? _
4= - 2‘(1-cosa } - 27 . -{TL - ig‘zi;li f:

*

]. tow Lix

'

The semi-vertical angle 2

The cotmplement of W' (3‘11 is
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25ixlia. Hith

The centre of the -

i
1 of the cone _.
by - - Y

subtended by the

,n) € i, when-

ever (x r.) £ S', where S = {(x,n). xt:[fa -5 ) . aj an';i"r__t [ S(:_t,l)-}n

(ca:plmcnt of C(x.:x))

¥

. The volume VI(S®) of S is given by

-a. 5. X

' emy o b X at-ity 1
(3.3.4) - V(S™) ._] iam e x{Z - ‘ b ax
S ﬁ "
22 _

) a -1

o -. “ . -,‘- :-.; (a. i

- 258 2—‘ - 2’,(a‘-i.‘)5 . (= ; ) 1n

‘Pro| ny:nctnc nx:uaticns e havc similarly two

)

SI oquxvalent‘ reupect:.vely  4's] S‘ and s" su"h that L(x

-~

whenever (x,n) "S:US:. and such that volunme of S,

S
volusn of 5,

« volutw of 57

Therefore 02 . <, N
. 11
F(i} = El_ P [volunc c!’ (s’ US 31
1|3, 1
-3 5t T (i‘f—t) 1n (-—-)

= volume of-S"and

othor sets S1 and

n)"‘- -

, by (3.3.3) and (3.3.4)
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Case 2: a <1 < 2a. Lat B' and B be the/points on A'A such that log}

:dBI - l-a.-Lot',(f,n) E_Szl, whcre.521 - {(x,n) a-f € x ¢ i-a, n e S(x,t)} ..

Then L(x,n) < L.
The volume of the :at.szi is giveh by " ' SR IR
) / ) g N -
ik T . ﬂ ‘ b
(3.3.5) — . S v - 87 (1~ - \\\\\*\\ .
)‘ L (521) ' gn (i-a). . L,
- ; . . ) ) h - ‘ ' N —ay
Let -a < Xy <-a-i. ‘With P(x,) as the centre we draw a sphere - \“\\
T ‘ : oot bpoC , , . S
lS(P.iY of radius L. "Tﬁi\;nterscctioh C2 - S(P.iﬂ?sgq;a) is a circle with
Centre : o ﬁdk § B :
. ) .’—L’@x; o ' _ T
: " (ee————, 0, O). S
. _ ‘ > : | .
The sem:i-vmrtical angle ai of the con¢ formed by the circle c, and Ehe_ -
. . - a‘.‘_;.:_.xi o - ‘ ‘ .
vertex P(x.) is Given by cosi = - . Tre solid angle at the
"l 1. 2Lxl T .
vertex of the cone C(P,Jl) is given by 27(1 - cosll) 3 ;
Now L{x,n) < i whenever (x,n} £ 52,} where i g
}‘\."\522 - l:(x.;\): xc[-a, a=L] and n c"S(x',ln]-'"- stx, )N C(.?'al)'
N ¢o= - -~ - . - : )
The ‘_ln.:a of -sil.:_:. li-S(f.llm{P-u“ ‘1’,. m(l - cc«nl). The volu_::u‘.f of ‘?22 is .
." Azt at-itexD, . o .
VIS o p e ) 9 ‘
Jo & |
, ;-a
Therefore Do ' ' : : o
. . . ' T ) ) “ N ' ~
RS . ' : Q
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(3.4.6). - Vis_.) = (32 5L,

Prom syme"trié situations we/have ‘similarly a set 522'.'eqﬁi§a1ent".to 5#2".
-t R S v . L .. Y ) :

~ such th;;

x.n) €S => Lix.n) € i- " ) .
(x.p) €8y, = Llxom) £ 2

‘M. ¥ . .
" . .- ". . _"' s - ' -, . . . . . .-
3.3.7) o vis,,) V(Szlz)". . Lo e
fhczefor¢ for icfa, 2a]l, ;,“, A N : ‘  . :
\, . ’ P '. Ql. ,. . "‘ v " ’.ﬁ - '
ol cue tge tme gy 1,304 22 deal o
PA = GupdVisy Vs Usyd]l =g g tqar @78 1
o . | - . v | - . N ~ . .:- . : k]
by (3.3.5), (3.3.6) and (3.3.7). ' .
: 9
[
’ T L _
[l [
. . -' - - -
/ .
e '
’ ’ ‘ ¢

.a-




o apprICATIONS. - . e

ﬂurt are » : s thé
™ some . pucf.tcal utm‘cicu wt-aro one requires ché '’

-

ltnuucai propotuaa o' undua pa th Ior.qt..s :“'os..:;* uCSVEI,CQ!‘.flgu;a*—l‘

u@, Coluu-' Iﬂc in. hia p&por cn u::doe pa‘!‘c t rouqﬁ fec;ar}qiés' .
and ) dumuu ,appl,tca:mr.:. o! hu vcrk i‘n m:allxirqy"md rakes a

' _amr o!‘u ouamo ta :pplxcaucms in other, !mlds. €.9.. Hensler [26],.
!mcr l16l. Kicholson [Sll,jlatno-\ {7 ] ST .. . '
R l_t‘nm: toned s,n.:gc papor by Colm—:.l‘?ﬁl'.. that for. thc-lprohlqa_

. . . N I . . ’ T t
in ut.ulurqy !or uum:an distribution of sizes of particles rands=ly
ubtddod u-. "N cpm;ur mtaraal. orie ‘mothod 1.-. use is tha;..o! Flacing a ' '

' i -,

ntuiqht. ‘Ht:e_p_rqbe _t.hrouqh‘ the m:nrul and observinge the le:-;\quzs of the

. ) . . -A . - . / A )
umu intarsecting the puuc.lu. ‘rhe. du:rtbut;on 6! the iengths of
-.t.'suq lmo umu ,u rch:od to che &is:nbutxcu o-f :he lengths of <

p-lt‘m vzto-.u;?' the pcr:iclcs ‘agrising out o. o;bcr rando— m:ha:us...s. ye

" are Lhnn !xw to uu the ouxut mr.ho:ut:cal mnlysxs a.-d obt.nn the .

s!omtion

A}

.Lhoonucol ruxy 4] 'or the stercoloq:cu p:cbe by a :‘....-.':le tr

: "Ol'm l¢9l m-mu- 1n u:.n t.ho dow:ric probabilir.-,- basis

of . t.*n !..“nory o! uuutmq the properuu of r.ho dutrlhutionn o! one - .

Iatq‘r al vl"ﬂn a.-:othar by, mwsuqaunq the obuemd pa:toms of plane’

ol

' lr.d Nno :aunecu. Ko mnudoru the 'hocjry of lmoar probns und r_ha

Qt'lmnon of upaual prc;wr'ion on a ;lme ucr.lcn.

o

Imuud ot uk.nq ou.m:au of t'u' volame s:ruc:urc from .

oburuuam on phno lootlanl lt;r. B,uch {31 , Hicholason [54]) one canr R

to- Dr. Coleman of the Dopan.nent of Hnthcm cs, . 7
concerninq J .

e 1 am qntcful
Iqortal Collcqe. I.om.‘.m for sending me some rcferences

L}

a uuum.. X . . . e T
w . ) J?a N .3" _ - . ot L o - . "-. ) . ..
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\ . also conu&or uuut-q‘:\?\ Hmu tnwne-. t.e., by ot':urv:nq the B

. nurul almq ra.ndpnly pouuor.ad ltralq";t linos, , ' ST

m pmblcn of :mdoa lines throuq\ ccnveu bodxon pccurs in

:odmoloqlﬂ other tha.n nunur?ys o.q.. in 'aco'u:ucs [s1. (16). in

.

ataluc ructor dcnqr. ISB]. in radzoloq} l)ol and 1n h}dmloqy {391

v .

¥ork .-'.5 Lhnnc !leld.: ‘ul also appoued xn proccedinqs of '-or’erence.-.
' m surmlo-q-; (ct. (15) and Journal o! Ml"!‘ot...opv S\( 972) 1-196). “

L) .

AN

_ HMI!C}’- [251 u'.d Phl.llxpl {57) ducu.nod the’ u.lc o‘, the. equ:vplent

o, problvn b‘ . taKing n rmdau lmo acmu t':o pro;e‘:ﬂ:ed 1=age of par*zcles in

. + ]

\-l trl.'upu'tnt section. Prluk [58] cmﬂdctod :he dis'nbu*lon 'unctlo'm "

o o

: of .all pooubla par.h lcnqr.fu !mn the murzor of the bodzu considered in-
S '
--'b Mcttor.l: Ccmﬂ.rtc Probablnncs 'or l:aergence a.nd Self-Abscrpticon -

_ \.alcuhuor: ﬂ."d uccnatr.c P:'c-babxl't.'.u {or 'a‘lcuia';rg she Lozal Flux.

.

:a his pmpqr ho cmndor- .the scurce {uod in :ho u-:or:.or af the °

" cm!kwuuan. m:-u An Q:ap:or Th:eo :hc thesis we are ccn_slde'rl-"og.'

:bc ncurce 0. be :mdon‘ in thc Lntancr and thus wve are. dealing witha

. s -
.. a - .

- }
I |Ore qmcnl utv.uuor..
- .“\ -

ltmhll and nazm lJlJ m\mluqatpd tho “mean fre{ path" o. ' S

! - . i

.ucmtl a! a cnmnx bo-dy l md (ot.md Lt to bo 4v/-. where v 1! the - . :E

-,01_ m s “ _u,. -.uguu m ‘n'w prcblea is connected ‘with t.h?

.

b'
.

Lot

Anonq othen uho connder.ed the eomctncal/

r

- study of “-iun !ré&- par.!‘u”'.-
T X '

‘QMMI ty "moan tma puuu .md 1ts apphca_u ns are Xingman !3-.]. Bate

and ml}ou 15) md r.oskc-: .36] { S

Al . ~

The results, ot the thc(lil could bo. o! uu in the determination L

N\
’

- of probahui:tcﬂ in soas thaorcucnl utuauons such ‘as r.hc 'ollowan

K
- . .

1, Conlldot an objcct rmdon.ly utuutod on a :cqular polygonal '

!



. \ . . .
' . "
o - v - . u [ ' Al

path, a r.nanqular path. a roctarqular path or a circular’ pa:h. Suppose
;e objtct nGVes An a rmdo- dlncucn\md crmu- a r\dc otl the par.h.

J

. . . - - d
Mo canv calculate the prcbabxl.‘.:y ot 1ts. :uvonan a distance ¥ n before

.
v

ctocunq t.ho path aqa&n .:ea -t..o relul.n in C.‘uptcr Cre of the thclis.
: ‘ - A
A 2 ht' two abjeéts be randomly szr.ua:ed on a polyqonal path

' My can dqtonur.o tho probabu!.ty of .‘w ndutmco d bctveen the t\ro objccts

. !Allan m a qtm mtcr\-al fm :ho results in Chnpte: ™o of the t}'uu

- 3./; Supposc mt a pno:od object i m"“gh: path

Jina plmc or :n npacn( A:sd r.hat a tunin; is ulued_m the e“ec: .han \
~

bonb vu.h a tpccx!w:d o!‘!octlw radius uu uplodc a!ur a4 given

lnt-wal of tuu where - tho tnitial pounod' of the ebjcct ia w‘thzn the
rmw of tho bom suppcuo the ab)ec' nav_es 1:3‘3 rmdoc_ di‘rc_:cnqr; a.-.d'. .

'ravor:u s n.-sdaa dutmco 4 tm the xmtial-_ position in the per:od of

' uno boforc :ho'_oxploum Jf‘ the bosb. H‘.ut‘ is ‘tho'f:arobabllxty'-:ha: the .

_ijcct u u;e': outsida of the boeb o ru\qe? Secuons 'No md Three ¥

4

Chepter Three pravada uuuc:n o :,hu quution. . o .

-

i._ Conndor the hypothoucu utuauon \mere a. pcraon is dropped

1 .

Lnto . ncwqulor}nol at a randm poutxm and hyo_wi:s n a ltratht

L
path to nuch an cdqe of the pool w:thout knowing whore t.he edges are.

i&ut 18 the prdubnxty that. he nuchﬂ the edqe ot the pool be!ore

) wznmq a lpocxfud 4 u:mco? xt hu capacuy Lo swinm i3 limited to a

diltmcv 4, ilhlt is the proba.bllaty t!ut he surw.ves? SQCCLOH Qr.c of  ~

I~ -Chapter Three provtdn aréwn to'tbclu qucur.l_ons.
° . “~’ ‘ ° ‘- : . s N . ) R o . . - . . .’

kY - . -
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1 - vy .

ﬁn nut.hor Iul ndo scme muuml ‘stuﬂn on_some “of t.hu

?

duulhuttm l‘m@uw obumtd in thh thclu m qraphfk of t.hc

w.un duuumuon ténctions (thn by (1: 1 n and (2.1.10 of the

Lendtn of random’ bmnu of q’?rmhr polyqon of r: udu have been L

-

B ""'l

,pxou.-cror u)n-lox220254050607599100md ’F:orx-zse

\‘.

of a rm ray mn.nunq tn A rmdo- trcn a.r

uadﬂ Sx;-randmt'nls. l‘llll L B 4.-8 10 12, 16 18 20 undor 52~rando-ncsl

’

The qnpnhs of t.tic' dntrtbuuon funcuon' 9 ven by $2. l)) of the lenqth

*

ofndtsamdbhanbomprlottcdfora-bandar-b

?Abla of Ptu. < l.l for a l.u'qo mnber o!’ sample’ values 7. qf L

‘source: m a raccgng),c

¢

s'h'anbocpudo;nmhofuunbowmu. _l o~
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