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Some géheral results appllcable to compllcated i
spectra are derived. These involve the mathgmatlcal simpli-
‘f;c&tiqn of a system response, as well as aln:;investigationt
;f some statistical properties of data. The-technique_is
applicable to all spectrarwith'distributed features. This . ’
work 1nvolve3 a study of the gamma radiation spectra following
thermal neutron capture in 15 nuclides in the mass range 28<Aa<204.
Invokxng a statlstlcal'model of the nucleua allows a determi-
nation of nuclear temperatu;e and level spac1ng from the -
spectra. On the basis of the model and the spectral multi-
p11c1ty we assign absolute intensxtles to spectroscopic

data.' The results are found to.agree uith pravxously reported

values based upon other data and methods. :_ -
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CEAPTER 1 |
N immov&ndﬂ :
§iﬁ;e the goal of scientifib inﬁfstigation is to extract
information {rom experimental results, it is appropriate ‘that
this work deal with both a method of “extraction and the 1nfor—
mation itself. The result of any measurement can be regarded as
a random vafiable sampled-from'the applicable distribution, and

&

therefore -any quantitative information that is sought is a value
. . .
of-a paramhteerf a distribution. It is shown_ that new and

"o

- The present study concexns itself with gamma radiation

pectra.\\The tgrm spectrum,which has come to denote many
* o
different phencmena, is here used to describe the experlmental re-

‘sults. In this'grase the spectrum repreaents a definite relation-
-ship between the intensity of gamma radiation and ‘the energy of the

gamma radiation. A simple way of presenting such results is by{

¢

© means of a graph,

-

\\ The observed spectra result from the ahporptlon of neutrons.

[
of low Kinetic energy by assemblages of nuclei. Each interaction

”

releases a large amount of internal energy, which is wusually

emitted by the produced nucleus as gamma radiation. Characteristic
' N . ) 7

<

y



N . .
of the radiation sources under study ia their discrete nature.
This is a consequence of the fect that the 1nterna1 energy df a .
particular klnd of nucleus can assume, only certair discreke values,
and the radlatleee repreaent transitions between suchfallowable
_energﬁ levels, Therefore a large numper of distincp gamma rays,
'dietributed in energy in a discentinuous mﬁhnexJ are eipected to

~

be present. : - -
"An ‘exami'nat:_'Lon ‘of a‘ spectrum of the.radiation emit.te'd by B8
a nuclide of low mass shows this to be true, Such data contain
.distinc; maxima in some ene;gy regions. Tﬁese peaks have been
3 found to be the mahifes;ation of'neerly monoeeergetic gamma rays.
In the ceserof-the Ge(L?) pair specﬁrometer used' in this study, '
the shape of the peaks can Be'approximated to Gaussian distribu-
tions When a peak is known td_represent a moneenergetic gamma
Jray., the inverse of its w1dth in appropriate unlts is.termed the
:resolvxng power of the experimental system The total spectral
"distribution resulting from a monoenergetic gamma ray is known asn
: . ' . . TN
as the system response. We shall consider a spectrum to congist
of- the linear superposition of many such response fune;fehs,

arising from an equal number of gamma rays of apptopriate energy W

‘- -
and intensity. ?

The;development of the.Ge(L%) spectrometer has yielded /.
an order of magnitude improvement in resolving ‘power over pre-
viously applicable techniques (1). This allc eater precision

and accuracy in the energy determinations of known gamma radiations,

.'\ ' , ‘-\
S .

”
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as well as the observ&tion of lower intenslty gamm@ rays preV1ously

masked by other peaks nearby.., In complicated spectra the ratio

9

of the average spacing between peaks and thdir average width be-

+

’ comes.small, and a point is reached at which discrete features .can
2 no longer be recognized. The spectrum ccntains apparently random®
fluctuatiOns from which no information has as yet been extracted.
A system with a“highet ;ésolving power.wculd,/of course, enable
the observit}on of discrete peaki in such an energy region of the
spectrum. L
Technical dlffzcukt;es aasociated w1th increas1nq the sys-
_tem resolving power led us to investigate othe: possible methods
of extractlng 1nformation frcm apectra. Frcm'c statistical view-
point we treat a spectrum as -an ensemble of peaks,'randomly distri-
,but?d ip'energy and intcnsity. A mnthemat;cal :elationship is
found between the observed apectralkfluctuctiona and parameters
.describing the éistributions of these v;}iacles. Assumptions_con-'
cerning the forms of the distributions are made and justified. \
~Estimates of,ﬁ@mmc taj intensity and spacing gre'obtained directly

* from spectrhl data.

rd

The precision of théflnformation'oﬁtainable is directly'

-

related to the resolvlng power of the aystem and the total,number,

_of events contalned in the observed spectrum. Data were collected

S

;usﬁng the best available High rasolution detector aasociated with
a sophisticated electronic system. Therefore tabulations of

the observed gamma radiations are also presented. Discrete gamma

L]
"
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ray energies were obtained gtephically because of difficuit?es
associated with computational approaches (2). .
’ Information obtalned via the ‘analysis of the observed
spectral fluctuations can be related to the nuclear temperature,
a parameter in a statistical description of the nucleus. Deter~
minations of nuclear energy level density can also be made. The
present applicatlon of the statistical method:-of extractlng 1nfor—‘
mation from spectra 15, to date, unique. o s

The measurement of nuclear parameters is a contribution-
of this wotk. It should be emphasized, however, that the appii-
cability of the statistical technique_le not limited to the
‘analysis of gamma radiation spectra. Many other kinds of data
may be treated.. Seismic signals, or the output of a deﬁiee which

Ll

measures density in a droplet containing blood cells, ‘are examples
-totally unrelated to the present atuéy A crlterlon of the ex-
perimental results is that they‘ber'or‘may be treated as, distri-
buted variables. The form of the distributions.is then used to

obtain estimates of some parameters describing the data. It is

~
-

ava

ekpected that the technigue will be applied to obtain new infor-
mation from experimental results and to reduce the tedium of some

data reduction methods.

-
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CHAPTER 2

GENERAL CONSIDERATIONS

’

In this chapter we first define the natun@ of the
complex apect’a to which the analysis has -been applied Sone_
areas of nuclear phySLcs involved, and some general obser-
vations that weré made, are indicated. .This ds foli§wed
‘by the discussion of some theoretical_ramifications;- We

‘conclude with a short survey of related wdrk% o

NATURE OF THE COMPLEX SPECTRA UNDER STUDY bh‘

. A nuclear reaction is said to occur when a projec- N

_tilé, i, is incident on a target, T, and the products, P
(3)

and £, are formed :\Qxfis is written

T4+ i+ E+D
~or |
o T(i,f)P
dhprq T . and P'are,nucleonder groups of'nucleons. . Each
can have-é kinetic nnd-inpernal excitation énerpy. The 1 ané
f. can be nucleons, groups of nucieons, ornel;gtrqmagnétic.

rd

radiation. A nuclear reaction involves all forCes-known to

(4). Knowledge of the strong interaction can \\;

}ist in nature
be lncreased by applying theorles concerning §%av1tatlonal,

.weak, and electromagnetic lnteraction to the study of

nuclear reactions. _ o : A \




We have chosen to study complex gamma radiation
sPectra of odd-odd nuclides follow1ng the capture of a ther—
mal neutron by a " nucleus: i _ SR

v . ‘\_/)

Ag(n,y)AN+1 .

This reaction can be considered to take place in two steps(s):
the absorption of the neutron, and the emission of gamma ra-

- )
difation.

The McMaster Unlverslty nuclear reactor is of the’

233y as fuel. Thermal neutrons

O

poel type, and uses enriched
~ are neutrons in thermal e&ﬁi}ibrium eitﬁ-the_moderator at
J ordinary‘temperatures. This impligs a Maxwellian energy °
dlatrzbutlon with a mean energy of 1/40 av. At a nominal
operatlng power of 2 megawatts, the thermal neutron flux -

13 2

_in the reglon of the reactox core is about 10 n/cm sec.

Hiqher _energy (resonant and £ission) neutrons are a&so present.

12 n/cmzsec. This, com-“?f*

However this flux is lower -~ 10
- blned with the fact that the probability of neutron. 1nduced
reactions other than (n,Y) is tmall"is éhe reason that the
(n,y) interaction predominatel. | |
_When a neutron is absorbed by a nucleus ;ne excita-
tion energy of~the eystem igjequal to'the bindiﬁgxenergy of
the neBﬁron plus its kinetic energy. This hinéing eﬁ:rgy,
or neutron separat;on energy, is referred to as the.Q value
of the (n,Y) reaction, and is usually of the order of 6-8

» | e




MeV. In the case of thermal capture the kinetic energy of

the neutron can therefore be neglected. The system de-
excites via the emission of one or more gamma radiation quanta.
Many decay modes are possible. Their relative proﬁability

is desciibéalby Perhi‘a golden rule of time. dependent peréu:-

bation theory:
i T(i,f) = §1 |<f|0li>[2pf. ~{2.1)

Heré i and f represent thg initial and final states
of the system, known to be discrete. The symbol P represents
the dgpsity'éf'final states available to the system. An
elect%omagnetic'operator, 0, providés the representation for
the iﬁﬁeraction between the initial and final states. ”
The function T(i,f) is # partial width. Th;odgh
the Héisenberg unéertainty principle, it is proportional to
the tqansition_probability and therefore the intensity of
the transition, The radiation spectrum fépresenta the
intensities and enefgies of all the transitions for
all possiblé‘decay modes. Its complexiﬁy incre;seg with the
number of available states of ihe syétegi_ghigg_gappens in
‘the following instances: |
1. As A, the nucleon number, increases
2. Away from the‘well known 'magic numbers' of the shell
ﬁodel_of the nucleus'®’ T
3. Fo:}odd-neufrﬁn odd-proton systems, where fwo unpaired

nucleons exist.. ' -
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' An observed spectrum reflects not only the true

spectrum but also certain properties of the data acquisi-

tion system. We limit our discussion to the observation of

gamma radiation spectra.

A “true' spectrum consists ¢f a distribution of n

-

gamma rays of energy‘j'ri in m channels of mean energy Ej; It

may be represented by a column vector T:

e

3 n ' '
(v YV - e
t;| where t, iil A, ' G(Ej Yi)dEj
t2 . chgnne; 5- '
T = ‘ J (2.2)

Ai is the intensity of Yy

[ oo Fad :
 Em) and & is the Dirac delta function(7)'

Siﬁilarly the observed spectrum may be represented

by a column vector, S. These vectors are related by the res-

ponse, now represented by a square mxm matrix R, such\tha&

_S.= RT . L (2.3)

If the inverse of R exists, the true spectrum can

(8)

oL

be found, viz.

T« RS .
Limitations of this method include the difficulty of
determining and inverting R, and atatistical‘fluctkations that

magnified to large errors‘z). In Chapter 5 we indicate how

these difficulties can be circumvented. N

The observation of a~gamma ray of energy E'ldependa

S

2

E

are




on the probability of its interaction with the detector.

We used a Ge(Li) detection device{(éhd.therefore, the interac~

tions of radiation with germanium is of interest. These
interactions are normally described as cross sections of

various types. The photoelectric, Compton effect, and pair

production cross sections are well known(g)

.o

. Each of these
contributes a component to the response R(E,E')Y, which’

depends on the energy, and the type of spectrometer used.
- : P
It -is possible ' to simplify R experimentally by

associati;g the Ge detector with a pair detection device.

(10)

" Such a configuration is known as a pair spectrometer " :°.
s : T

NUCLEAR MODELS AND LEVEL DENSITY

ar

A model is a conceptual artifact introduced strictly
as an aid to understnnding,compiex-behavibur. It need have

no physical significance whatsoever, and its limitations

. . S
should always be remembered. Models are only useful insofar

ag they corraspoﬂd to reality - they may be questioned, re-

stricted, or invalidated by experiment(g).

. Nuclear geactions;are generally characterized by

one. of two extreme'modelé;fxthe statistical model or Compound

Nucleus, or the Direct Reacgion model“’. Whiqh description

" best applies depends on many factors. There are processes,
- viz. the evidence for doorway states, that do not fall into
either category, but somewhere in beﬁween. The time taken

ok

-
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for the intéfgétion is a critical parameter. Since this is

-16 . -
loqg {~ 10 sec) for the (n,Yy) reaction, it is generally

accepted that the interaction is adequately described by r
the statistical model. For a detailed description of these

models the reader is‘referred to Ericson's excellent review

1 ) -
artlcle( ). Suffice it to state here that the statlstlcal ‘

description applies to equilibrium systems, which means that
no phase relations exist between formation and decay modes

of the system. Decay modes,depend only on the paramei&rs

1

describing the equ}Ifﬁ}ium system.

We call the system formed by the absorption of a
(4) .

thermal neutron by a nuclide a compound nucleus . The

description of the compound nucleus with respect to level
density is of interest, since, through equatien {2.1), this

information governs its decay modes. A thermodynamic approacﬁ

(12) forms the foundation for all level

-

dating ,back to 1937
dengity theorf to date. -Depending on the assumptiLns made
most theories fell intd one of two generally recognized '
clesses - Bethe's free Fermion gas model, and a constant

nuclear temperature model first suggested by Bohr‘lB).

(12) conside?ﬂ the nucleus as a system of inde- ~

Eethe
pendent Fermions, 1gnor1ng residual 1nteract10ns. The cbserved
rapid xncreaae in level density with excitation energy leads

to the deduction that the levels repiesent tﬁL excitation_of

many nucleons, instead of just one nucleon. That the energies

AN

) ’ ‘ - . . ‘w\- i
f ' W
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of many single particle %erqion states can be added is
asgumed. The problem of calculating‘the density of -levels
then becomes combinatorial, familiar in statfstical meéhanics;
This results in'a'leve%/éehsity of the form
{

. | " p(E) = Cexp{(vE). . o (2.4)

" A more detailed calculation yields the result(lq):

o - AR @\

A E™’

-

where E is the excitation ehergy of the nucleus, and a is.

a parameter related to the spacing of the single Fefmion

states. This formalism has been extended by Bloch(ls)}

(16) (17)

Cameron and Newton

who inciude shell model effects

by as&ming a shell model potential with no residual interad-

' tions. ] -
The gsecond, referred to as the constant tempera-

N
(18)

ture approach, refined by Ericson , considers a nucleon

pairing interaction.. This is suggested by the energy'gap

‘between the ground and first excited  states of even-even’

-

nuclides. Existence of correlations between nucleon pairs
irmplies a second oxder phase transition. Again using ther-

mbdynamical arguments, the nuclear temperaturé is expected to

(19)

remain constant during this phase transition . The theory

indicates that the results should be valid to an excitation
energy of 15-18 MeV, well beyohd the range of energy con-



\ ’ A _ﬁ\\\\
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-

sidered here(zo)

. A simple Taylor expansion'of the entropy

function leads to a levé} density of the form

pE) = p_exp(E/T). } (2.6)

~
T~
.

According to the detailed compilation of Gilbert and
{14) : - ‘
Camerong ), nature tends to favour Ericson's constant tem-

perature model. ' .
We now %Q;;oducé&the dependen@é of level density on’
spin and parity. These quantities até of intefest since
they relate tojﬁhg.nature of the ;ransitions between nuclear
stattes. The fofegoing results did not depend on them,'a ] g

consequence of the thermodynamicdl nature of the derivations.

The result N

- f2J+1)p(E)

p(EIJI“) 3
427 o

exp (-3 (3+1)/(20%))  (2.7)

which incorporates spin and parity with the above indicated
(12)

level éensities,”is due to Bethe i

Positive and negative parity levels are assumed to

ALY '

exist in equal number. This is seen to be reasonable by

qonsidéfing the combination of many single particle states.
‘The spin dependence is aléo statistically derived. The
d;stribution of j values of the single particle wave
functions is assumed to obey a simple Fermi gas prediction.
The Central Limit theorem(zl) is then_invoked to obtain
the @istributioﬁ of J. The dispersion parameter is also
0422)

known as the spin cut-off factor,

N

, which is related

to nuclear well informaticn.
“ I d




We now return to the concept of complex spectra.

The nuclear density models that have been introduced predict
e

the existence of dlstrlbutlons of states which are described

L

by distributions of wave functions. These wave'functions

may bel?aed to derive more explicit forms of the transition

Probabilitiea associated with radiation(23).I The well known

Weisskopf estimates, for partial radiation widths(24) were

calculated assuming single particle states, and the approp-;
- » - —_ .
riate electromagnetic operator. We, use the Moszkowski ‘esti-

mates‘zs), which‘are in fact ve similar in value and form, =
but more recent: ; . - o ~ *
F(El) = 1.0 x 1034 a2/3 g3 gec?
- 4/3 5 -1 \
r{ez2) = 7.4 x 10 A sec (2.8)
T{Ml) = 2.9 x‘lO13 3 e;ecml -
r{M2) = 8.4 x 10 A2/3 > i;cec-l .

When E is expressed in MeV, A is the mass of the nuclide

&

under consideration, the coefficients are defined in such a
_ manner as to yield the transition\probnbility in transitions
per second;

.The nature of the radiation possible between statesf
of the_nucléus depends oﬁ selection rules related to the
, g P
values of the angular momentum (spin) and parity of the
states involved. The description of the nuclear states by °
means of nuclear wave functiong’algp aqgounta for the'.4/2

fluctuations in the partial widths. .- This was described by

T N
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Porter and Thomag(?s), who indicated that the distribution
of partial widths could be expected to follow a chi-sguared

distribution of one degree of freedom. ~ ‘

RELATED WORK

In conclusmon, much of the fore901ng theory has been
developed as a result of the study of radiation following the
(n,v) reactxon.k Some predictions of workers such as Blatt _
and Weisskopf(3) and Porté; and. Thomas (29) were undoubtedly
based on.the magnetic pair spectroﬁetef work of Kinsey and
Bartholomew(27). As techﬁologyuadvanced, precisioﬁ improved
and increasingly finerﬁstructure became ;esolvable: Multi-

parameter measurements allowed the identification of prominent

gamma cascades,

Recent yéarsAhave seen the accumylation of huge quan-

A

tltles of ever more preCLSe spectrosqoplc gamma radlatlon
data. Bartholomew et al. (28) 'have contributed greatly to

the work by 1ncrea31ng the avallabllléy of the results via [/
their excellent cqmgllifions. The work of Rasmussen( 2
\Bgrt%cularly impressive because of the large number of pair

L ! r -
spectrometer results which he tabulated. Although numerous

31) ,"and

other_inveptigators are active in this fiela (30
some results have been improved upon-over those obtained by
Rasmussern, no one‘has;atteméggd to cover such a large mass
‘range in such great detail. _Howeﬁér tSe automated metﬁqd

of. data reduction which he used did not preclude the inclusion

f”:ﬁ ._ o




. Draper and Springer

14

of some'spurious data, nor obviate the possibility of omission
of some results. The compilations of Gilbert and Cameron(l4?
of existing data in order to fit it to available level den-

sity theory, associated with an excellent review article,

represents the most comprehensive level density information

available to date. Baba(az) has recently calculated the level

'spacingg of many nuclides. A review of theorgtical approaches

to level dernisity has been proQided by Ericson(ll). Further

work relevant to this effort includes the theses of L. B.

(33) and D. D. Slavinskas(a). Hughes obtained the

Hughes
séectra of 10 odd-odd nuclides, and determined’ the nuclear
temperatures as functions of mass number. Slavinsk;s presen~
ted a'mathématical approach to data reduction fhrougb the
inversion of calculable response functions, “

Work less relevant than the above to this work, yet

rélated to it in some way,has been done by the followinbil

Muelhause(34)

was the first to measure multipljicites of gamma
ray spectra, im 1949. He used a coincidence detection system,
and deduced ‘the multiplicity from the counting rates of 30
nuclides. |
(35) - vt ‘

derived sBpectral nmultiplicities as
a function of neutron capture in various resonances. A

neutron time-of-flight apparatus and a comparison with a

reported multiplicity was involved.
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(36)

Johnson and Hintz studied fluctuations in proton and

alpha spectra. Values of huclear temperature and the variance

gf the level spacing distrjibution are obtaineg.

.
(37), Bergvist and

(39)

Many workers, inglﬁéing Yost

(38) 22)

'Sﬁarfelt
(40)
A

Pauls , Sarantites , Hillman and

Grover Sperﬁer(4l), Troubetzkoy(dz), Huizenga and
Vandenboach(43), and Vonach({4) have conducted investigations
.of various aspects of the statistical model of the nucleus

" e
//b§ means of theoretical calculations. The calculations of w

(45), who obtains gamma ray spectra and distributions

von Egidy
of spectral guantities, are in some respects similar to
those presénted in this work.

The quality of the data continues to improve. The
analysis presented.here accounts for all features of the
spectrum, resﬁlved or got; This allows for mew tests of
gxist%ng theories. Data is compared to the constant tempera- R
ture levei density model, and nuclear temperatures are .

reported. Spectral shapes are compared’with predictions of

a statistical model, and multiplicities are estimated.

’
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CHAPTER 3.
EXPERIMENT
<
The gamma radiation spectra of 17 nuclides following

the thermal neutron captur§ were obtained. Calibration of \the

1

detection system was via the 4N(n,Y)lsN reaction, The gamma

radiation data %?ed was that reported in Marion‘s(46) compi-
lation, and is reproduced in Appendix 4. This appendix is also
a data bank containing some of the present observations in both
graphica; and tabular forms. We refer to these r;sults through-
out the femaindeg of this work.

_‘S . A chronological éummary of the experiments is given
M\in Table 3.l. This list does not incfﬁde numerous .background

“and calibration fﬁns. .The complexity of the spectrum is indi-
cated. Simple refers to spectra such as N with fewer than 10
observable tranaitions,‘whereas complex refers to spectra
lsuéh as Rh where below '\45‘ MeV most features are unresolved.

A pool type reactor provides great fléxibility for
experimehta reqdiﬁ%ng"high ?eutroq fluxés, since experimentél
configurations near the core can be changed almost at will.
Only aétivities.and heat proéuced iﬁ samples and equipmenﬁ, the
displacement of water as a moderator, and a means of.observing

the reaction - i.,e., via beam tubes - need be considered in

experiméntal design.
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TABLE 3.1 4
= . Summary of expaeriments ) : -
SPECTRUM RUN TIME COMPLEXITY : COMMENTS
(hours) ‘
76 ' s '
As 280 Complex 3 runs, different backgrounds, -
h different systems of sample
changing methods
2047 139 _ Intermediate Anomalous spectrum - well spaced
' high energy peaks - not much-
intensity <4 MeV o7
SGMn , 70 Intermediate
41 . .
Ar 14 Simple
‘104Rh 106 Complex
60Co 55 © Intermediate
l34Cs’ ' 88 Complex
lgaAu 138 Comﬁiex
28Al 282 Intermediate Stabilized on spectral peaks
- | . .
64Cu- ) 2%0 Intermediate Separated isotope
116In : 133 Complex Separated isotope - introduction
or rabbit tube
465, ' 65 Intermediate Data used to confirm spectral
i properties
110 . ‘ T
Ag _ 76 Complex - Separated isotope : e
186Re 83 Complex Separated isotope
. N, ‘
13¢ 3.1 . simple
2954 3.5  Simple
155 © 12.4  simple
76 Days )
- ' \
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Gamma radlatlon Bpectra following. the capture of
thermal neutrons may be studied in various waye, depending
on target placement(47). A neutron beam may be extracted
from the reactor. The target is placed in the beam and the -
detector is placed adjacent to it. . Thls me thod offers
flexibility and few hazards, but obtains low count rates’
and low signal/noise ratlos. Comncxdence measurements be-
tween various gamma radlatlon quanta of a decay mode are
' possible. However the slmpllflcatlon of the response of a
detector via mechanlsms gsuch as pair- productlon is normally
‘lmpractlcal since such a technlque is most effectxve when
the radlatlon field surroundlng the primary detector is-low.
This is difficult to accompllsh using the external target

| conflguratlon since much shielding materlal is requlred at
the gamma ray energles involved. .

An experimental_configuration having complementary o
characteriatiCs to the external target scneme was used.‘ It
is illustrated in Fig. 3.1. Placing’the sample in ‘a high
neutron flux area near the reactor core allows the extraction
of a relatively 1ntense, well collimated gamma radlatlon beam.
In an effort to reduce’ neutron damage.to the detector by
neutrons scattered from the target, and to rednce the
number of low energy photons, the detector was shielded by
18" of borated wax, 24',?f wax,rand 1/8" of lead. With guch?,

shielding and with the available neutron fluxcand;depector,
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'g sample size of approximately 50 mmb. {milli-mole-barns)

wés f$und éo be suitable. In the case of poyder samples with
" high thermal neutron cross sections, such as 185Re, an
F  effort waé made to reduce the amount of self-Bhielding(S)

by mixing it with some reactor grade étaphite powder. This
.was also done with samples which were in short supply or

small in volume, such as logAg or GBCQ, in order to ensure

-

- that they were visible to the detector.
v éhysiéally, the facility consists of a 3".;luminum
rtqbe supported on two fixed'stands.' There are collimators

in the pool and the wall which define a 1 cm. diameter beam
e#ternal‘to the reactor. The saméle of interest was placed,
in a reactor grade graphite cohtginer when necessary, at the
end of the reactor core remote from the detection apparatus.
In order to observe radiation originat;ng in the core that

is Compton scattered from the ‘sample i£ must be scattefed‘
through an angle greater than 90 degrées. ARadiation of this
type cbuid therefore not have an energy greater than 511

{(48)

keV For normal runs the tube was evacuated to a pres-

sure of 10™> torr, in order to reduce contribution to the
spectrum caused by the presence of air. A constant backgro:;d
was present during all experiment?. This was determined

froh runs with the tube empt&, and was atp;ibuted largely

to capture in the aluminum of thé tube and the reacto;
structure, and the hydrogen of the water. Figure 3.2 shows.

28

\
a background spectrum as well as the Al spectrum for com-
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parison.
Materials used in the construction of in pool type
experiments must not react with the pool water nor deteriorate

in areas of high neutron flux. Radio isotopes produced by

Al

the nuclear reactlons should be minimal or have suitably
short half lives so that health hazards are minimized.

An a;uminum alloy, 65 st, is suitable. Activitijes produced

are 2.3 min 28Al, and some Fe and Mn which are added to tﬁe

aluminum in order to allow it to be machined. This grade of

aluminuh is used for all parts in high neutron flux areas.

1]

Gaskets in high neutron flux areas are made of lead, the

209Pb, a 3;3 minute:

only significant activitf'produéed being
pure B emitter. In areas outside of the neutroh flux plas-
tics (PVC), rubber, and stalnleas steel may be used which ’ \~
are also non corroslve, cheaper, and more easily worked than
aluminum, _ ‘ T

Several 1mprovement3 were, made to the fac111ty in
order to effect more rapid, convenient, and safe sample
changes. Two methods are described, and pertinent details
are illustrated in Figures 3,.3A and 3.3B. 1

The first method involves removal of thelFangEntial
tube from Fhe feadpér pool by meane of long stainless steel
cables attached to the tube ends. Another tube witﬂ a

, .

sample already placed in it replaces the first in oirder to

effect a sample change. The graphite sample container is
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. fastened to an aluminum ring which is used to centre
the sample in the tangential tube. This ring i; clipped to
a strap arrangement whiqh is fastened.to the end flange
of the éube.- The clips allow for a.minimum of handling of
the Sample, and reduces t@e storage requirements of irradia-
ted samplgs congiderably over previous methods.

5 Aftér a shogt\cooling period in the reactof pool,

samples are usually still quitexradioactive.i To allow for

N -
",

/ . 5
a longer cooling.time, three such tubes are in operation. P

Since the reactor core must be moved for a sample change,

-

this procédure involves approximately one hour of"reaétor
dowh time. |

In order to further simplify sample‘haﬁdling and
reduce health hazards as well as reacppr down time, a second
method of changing samples was deviéed (Fig. 3.3B). The.
sample is lowered to the irradiation position via a 1" I.D.
'rabbit' tube connected to the tangential tube. Fig. 3.4
shows the sample holder aﬂd.indicates the seating me$hod used
to positiqn the samples, ’_

Sample changes are effected by flooding the whole
. Bystem with N2 gas to atmospheric pressure. Th? upper'flange
is removed égd the sample is withdrawn by means of a nylon
cord attached to it,. .Normélly it can be stored immediately
in the storage side of tﬁe upper éhamber, since sufficient

shielding is provided for the safe handling of most activities

f
)\
g
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encountered. Another sample is théq lowered to the irra-
diation position. After a-suitable cooling period in the
storage side, a specially designed legd gasket is placéd on
top of the flange of the upper chamber. The samfle can

be removed remotely from the storage chamber to the

1

_ shielded container for disposal. Samplés can be changed

in approximately 10 minutes. The configuration of the
-

N,
.

materials adjacent to the core is not changed 51gn1f1cant1y

S
by a target change. Therefore a shutdown of the reactor is N
not necessary durlng such ‘a procedure.

>

The measurements were made using a palr spectro-
meter(l )._ Such an lnstrument copslgts of several detectors,
amplifiers, and associated electrbnig circuits. A detected
photon is accepted for"analysis oniy if its interactjon with
a high resclution main detector is via pair production. A
schemaﬁic of the 'system is shown in Fig. 3,5,

A germanium semiconductor diode manufactured in this

(49)

laboratory served as the main radlatlon detector. Its

( active volume was estimated to be 18 cc. Cooled to 11qu1d
nitrogen temperatures, it was mounted in a cryostat of
special design. This enabled it to be surrounded by a Nal *
annular detector '15.2 cm. long with an outside diameter of
23 cm. Since annihilation photons are correlated at 180°,

the annulus was optically split into quadrants, each with

its own photomultiplier. Logic c1rcuitry was used to enable

the system only when a pair production event was detected.
Vo . . By
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This involves the detection of an event in the central

detector, and the simultaneous detection (within the’reso-

‘lution time of the system of ~ 80 nsec.) of a pair of 511

keV annihilation photons in opposite quadrants of the annulus.

A Tennelec TC135 charge sensitive preamplifier was

‘used in conjunction with a Tennelec TC200 main amplifier in

order to shape the pulses from theJGe(L%) detector. This
signal was presented to a 4K ramp ADC of high linearity of
a Nuclear Déta 3300 pulse height analyzer with 16K of
memncry . Output was via CRT dlsplay, typewrlter, plotter,
or CDC—compatlble magnetlc tape.

System stability with respect to gain changes and
zero shifts is of great importance in:the pfesént instance,
where experimental runs of lorig duration were undertaken., It
has been observed(so) that sﬁch changes cén cause 2-4 keV i
shifts in the positions of spectral features. Difficult to
trace, causes of instabilities that have been pointed out
include changes in temperature, humidity, line voltage,
and the electronics. A preclsion pulser with the facility
to provide peaks atﬁthe hlgh and lou_engghgﬁ the spectrum was
used in an effort to overcome this problem(SI)[ This signal
was injected into the TC135 preamplifier at the second stage
of.p;eampliﬁ}cétion.- A Nuclear Data series 3300 digital
Spectrum stabilizer associated with the ADC therefore pro-

vided stability from this preaﬁplifier stage to the converter.
5 I
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Instabilities prior to this stage were reduced by maintaining
the preamplifier and the detector connector in a controlled
atmosphere of dry nitrogen gas. Stability of this system
was high, since no resolution deterioration could be detected
when data accumeleted for days were compared to thosg accumu-
lated over one hour.
| With a tafget of typicalisize, 50 mmb., the spectro-
meter rate was le'evente/aec. The rate in the central
detector.was— howevery much higher, since mo§¥ events have
" no detectable 511 keV annihilation photons assotiiated w1th
them. Scattering and other processes, as well as a measured
greater abundance of low eneréy éhotons, contr;buted further
to this rate; Under these conditions the use of a Tennelec
TC610 baseline restorer eontributed a noticeable,improvement
in system resolution. Optimum gystem resolution of ~ 8 keV
at 4 MeV or v 11 keV at 8 MeV was eetained at a deeector bias
voltage of 2200\v, using monopolar pulses. For the total
duration of the experimepts,'no significane‘deterioratioﬁ in
the detection system was observed.

Figure 3.6 éresenta a portion-ef the gamma ray spec-
trum following the capture of thermal neutrons in rhodium.
'The pulser peaks are evident, as are the deuteron and aluminum
ground state tranei;ions, the most prominent features of
the tube Background An example of a complex apectrum, we'

see that although the resolution of the system 13 high, the
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line density in the region from 2-4 MeV is so'higngfthat few
individual peake can be resolved. A conventional approach

to the analysis of such a spectrum yields a loss in obserned
features due to the overlapping of peaks (resolution effects)
and their low intensgity (threshhold effects)ﬂ However, it is

to be noted that although indiVidnal Peaks are not discernable,
the observed fluctuations are not of theﬁstatiatical or vn

(8)

type . This is dpparent from the number of counts per data

channel of the Spectrnn. Where non-gtatistical fluctuatlons
are .observed, the?xﬁay be attrlbuted to the superpositioning
of several or many peaks. |

Another typical spectrum, that following:ﬁne capnure

14&, is reproduced in Fig. 3.7. Aithough

N
some of the foregoing comments with respect to rhodlum apply

of thermal neutrons:in

here also, we note that the f%uctuations here are statistlcal.

The paucity of transltlons is real, since the product nucleus

[-

has few energy levels between__glch gamma \ray transitions -

can occur(sz).- In such an instance, an experiment of longer

duration will serve only to reduce statlstlcal fluctuatlons.

We hypotheslze all features of the system re5ponse (other \

=

than the Gaussian 8h&ped second escape peak) to be TN
slowly varying functlons of energy.' These additional fea-

-tures are ev1dent as wide distributions both at a hiaher

&
" energy and at .a lower energy than the peak Therefore no

.

add1t10na1 1nformat10n would be gained by a 1onger experiment

'f
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4

dﬁher than greater sgtatistical acéuracy. The method of
-obtaining the.respohae function from this spectrum as well
as from the spectra of 2981 and 4lAr is described in Chapter
5. T
Its'successful use by ofhef workers(53) léd us to
use the nitrogen'déta for the gamma ray transitions compiled

(46)

by Marion as a calibration for the system. Thig confirmed o«

that the non-linearity of the ADC was small 1ndeed -~ the
energy-channel relatlonahlp was fltted most satlsfactorlly

by a quadratic, which was, typically,

i

- | 2
CE(CH) = 1.1846 + 2.0157x 1—% + .07405x (z5pe)

4

where E is in MeV when CH is e;preSEeé as the channel, number
of the experimen£.~ Slight.gain changes resulting from rate
effects were taken into account-?y monitoring the Al and
D ground state transitions, and thé'goefficients were adjusted
.accordingly. It has been shdwn(53) that the total error
introduced by thlS tranaformatlon is normally distributed
with a o ~.2 kev ' . ’
The relative efficiency of the'spectrometgr was.also
found using Marion's“ﬁ) data. This has been plotted in
Fig. 3.8. Also thwn ts the pair production cross section
for germanium. At'Ehe outset these,cﬁrves might be expected"'

to be identical in form. However, several considerations

df%tate that this should not be BO: P
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1. The hardening of the gamma beam by the interpositioning

of shielding materials between the target and detector.

2. The finite size of the detector,.and other characteris-

tics such as its inactive volume,

3. Considerations such as random addition and the escape
o 1
Pt - Tof Bremsstrahlung photons, which are dlscussed in

Chapter 5.
The relative eff1c1ency curve was also emplrlcally

fitted to a~quadrat1c, however in this case three regions were

considered: ,

1E? 4 7B - 1.2 2<Ec<S
Eff(E) = + -.4E% + 5.3E - 11.7 5<E <7
0SE® - 1.158 + 11.4 7 < E < 11 *

This function describes ?hg system efficienpy for the peak
area,as opposed to peék height. The enerqyzh‘is expressed
in MeV.

The resélption‘of the system is just that of the Ge (Li).
central detector. Resolution limitations are placed by such

considerations és‘surface leakage currents and flhctuations

\ in the number of electron-hole pairs(54) created by a gamma
ray of energy E. The latter involves the Fano factor(ss)
.which is given by . ' e

where n is the number of electron-hole pairs produced, and

-
4 - ' t
!‘ N
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o is the variance in this yield. If ¢ is the energy r¥&

quired to create an electron-hole pair, then for a gamma ray
of energy E |

£, n =
S - . Y -

Using the full width at half the maximum of the peak.as a

criterion, the enerqgy resolutide ig then given by:

FWHM = 2,35 o .= 2.35 YeE/¢c

For most Ge (Li) cdﬁnters the Fano factor varies between

(56)

o
.05 and .1 , and € = 2.8 eV for germanium. Therefore on

the basis. of statistical effects only: the best possible ‘
resolution obtainable by a Ge(Li) detector is 2;4-kev'at

4 MeV, and ~ 3.5 keV at '8 MeV. Factors otﬁer than statistical
‘contribu;ed to resolution defects in the countef usey in this
study. These include éﬂ;face leakage currents, poo? charge
épllection and fluctuations in the baseline that were not

compensated for by the baseline restorer. An adequate

representation of the system resolution was found to be

W(E) = 3.95 + .934E 'S
as shown in Fig. 3.9. W is the FWHM of the peak in keV when
E is expressed in uév. _

These relationships were used in the following statis-

tidal analysis as well as in the tabulations of Appendix 4.

. 2
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CHAPTER 4

A SIMPLE STATISTICAL MODEL OF THE NUCLEUS

In order to evaluate the utility of the information
we plan to extract from the spectra under study we introduce
a simple statistical model of the nucleus. Its basic compo-~

‘ —

nents are a’ nuclear level density distribution and an esti-

mate of gamma ray transition probabilities. Under certain

assumptlons results may be analytically obtainﬁb When : .
Y
this is impossible we resort to a computational technlque

. which allows the inclusion of existing level density infor-
¥ 0
matlon. This method also allows for a variation of the forms

of the bagic components of the model., " A summary of some
additional information which may be obtained from this

description_is given in Appendix 3.

ANALYTICALLY OBTAINABLE RESULTS !

‘Some aspects of the statistical model are mathemati- -
cally very easily formulated. We.consider Ericson's constant

nuclear temperature modelcll)

-

for the level density, namely

p(E) = p_ exp(E/T) T (2.6)
Below some arbitrary energy Q (the . neutron separatlon

energy or 'Q' value for the (n,Y) reaﬁfion), there are M

discrete nuclear levels:

W
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M

It

P(E)AE = p Tlexp(Q/T)~1) . (4.1) o

*

o . ' .

From a combinatorial approach the total number of possible

transitions N between levels is given by '77\
. I'd . - T Q
N=MM-1)/2 . (4.2)
E L : 4€ T°E
‘That the continuous level density is consistent with =
H . . R T
| this can be seen by performing _ LMELE
F Q E ’ ¥ . '
| I [J p(E')EE']p(E)GE . - !
-0

o o

This integral represents all transitions between - y
levels at E and E', and yields, using gqﬁation(4.1L a value
of'Hz/z which is in agreement with equation (4.2).

The derivation of a relatiogship between the energy
and density of transitions uging the statistical model is no more
6§mp1ex. If EY'ﬂ_E ; E', the gamma ray transition energy,
we write n(EY), the number of transitions béf unit energy

as - Q

’

WL

A E
ey Y

Q
= [ P(2E/T)exp(—EY/T)dE
T E

' b —
. n(EY) [ p{(E)p (E EY)dE

Y ' -




= g exp(—EY/T){exp(éQ/T)-exp(ZEY/T)}

Therefore .
n(g) = p %t exp (Q/T) sinh ({Q-E ) /T) . (4.3)

THe correctness of this result is confirmed by per-

forming a ' \
N = J n(EY) = M2/2,

o]

again in agreement with equation (4.2)
Through equation (4.3) the statistical model - therefore

predicts a relationship between the transition density and

. the nuclear témperature.

COMPUTER CALCULABLE RESULTS

A continuation o%‘the analytical calculatipn shows .
that such an approach to the calculation of spectral shapes
involves a multiple integral over a number of variables
equal to th® number of levels below Q. This is because the
intensity of a transition'depends on the population of the
inftial state,-which depends on the populations of all the
states above it.

Fortunately the advent of large scale, high speed
compuﬁers allows ué to calculate spectra tgQ as greag:én
accurac& as desired. Seyeral worker$(37'38'42) have achieved

varying degrees of success in performing sugh calculations.

We have chosen to digitize the energy level density into
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bins of aibi;rary and equal energy width. Figure 4-1

" indicates the result of calculations for different bin sizes. " "

-7

A greater accuracy requires smaller bins and therefore more
computational effort. We define a level density D(E,S,P) and
a.po§u1$£ion T(E,S,P) for each bin. Bins are labelled by”E,
a number proportional to energy, S, a spin and P, a parity
‘index. The form o% D is given by the laevel density theory
assumed and can be modified when the levels are known. ‘Ap
estimate for transition probability is then ihtroduced,

I (AE,AS,AP), as well as X(£,S,P), a facéor proporiional to
the intensity_leavipg a bin, similar to a branching ratjo.

f and X are iﬁtroduced in order to reduce the computational
effort required to qalculaéb the actual spectrum. The

spectral intensity S of enafgy EY is then just

v

S(E) = . I I {D,*D_+T, +X *T(E_,AS,4P)}. (4.4)
Y energy spin T £ ;' . Y '
such that parity . -
. E,-E¢=E .,

-~

The subscripts i and £ in the above equatioM are used
to label the initial and final energy bins. Appendix 3
indicates some other distributions which may be calcﬁlhted

using the above formalism. Q

e




-

INTENSITY PER MEV.

Calculated Spectrum.

: © FIG 4l

———=— -2 MeV bins
—— -1 MeV bins

; \
0 2 4q 6

ENERGY (MEV)

oo




CHAPTER 5

~./

TREATMENT OF DATA
N

) S
E Complex spectra are discussed in the light of a
convent10nal method of analy51s, in order Jo motivate a

statlstlcal approach to their reduction. éhe data ob-

| tained from the gamma spectrometer are simplified by a

consideration of the system response,

RESOLUTION LOSSES

All the spectra obtained were analysed convehtionally.
The‘tabulation%,of.the energy And amplitude 6} spectral fea-
ﬁures appear in Appendix 4.

In general a detection system may be classed as to
whether it is paralyzable or non-paralyéable(57). If 0 is
the time required to analyse an event, or the 'dead time'
of the system, then a ndn-paralfzablé system can accept
no events while it is 'busy'. However in the paralyzable °
case, aithoughevénts‘occuring thle the system is busy are
not detected, they gxtend the length of the dead time. An

| ADC behaves as a member of the former claés, whereas a |

Geiger Miiller tube is paralyzable.

+

We now consider the experimenter as a detection system
for the peaks and their amplitudes in complex spectra. What
is usually considered to be a time domain is now energy.

We select the 46Sc results and focus our attention on the
¢
33
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énergy range 2260-6750 keV, because the apparent transition |
-ansity is constant in this region. Since we are intereSteg, {\

in.investigating the relationship between the apparent lpss )

in number of peaks and the resolution of the system, one of

these variables must be studied as a function of the other.

As a starting point we tabulated the number of transi-.

tions.observed in this energy region, and found the energy
.  resolution of the sy%tem. For the purposes of a model,
averages over the ;egionlof interest were considered. The
‘resolution df the observed spectrum was then degraded by
means of convolving a Gaussian function with it; It may

A
- ¢
| be shown (21)

that the convolved data 1is equivaleht to the
i data that would be observed by a system with poorer resolu-

tion. The number of transitions observed and the average

energy resolution in this region were also obtained for

gseveral of these:convolved spectra.

r

Now for the paralyzable model, it can be shown(ST)

that
-kan

‘n, = ne : . —.

where n is the observed peak density
n is the frue peak density
o is the resolution (FWEM)". . . ¢
| This approach yields a value of X = 0.621; which is
physically realistic. Fig. 5.1 shows the number of transitions

observed -as a function of the system resolution. If we use
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this resulr‘toueétrapolaﬁb to o = 0, we obtain the result

n =103 tranaitidna/MeV. -The number actu&ily'observed was
57 transitions/MeV. Therefore it appears that even for . 4.
spectra of moderate cbmplexiry, such as scandium, only a
fraction of thé npmber‘of.components actually present are

.observed. -

In Fig. 5.2 the functions of Chapterﬂi'are used to plot

‘the transition denbity. The result for a nuclide with Q = 7 MeV, :
a nucléar temperature of 1 MBV and ap, = 200 is presented

A typical curve, the actual data, and the ultimate curve obh-

talnable with preaent statistically 11mited detectors are '- o
shown. If one considers, the non-paralyzable mpdel it is found
that k.increaées with increasing losses. Alihoﬁgh this model
may have some physmcal reallty, the dnta do not support it. | R
In the followxng Bectlon we describe the detector
response function.: '7 : ) \ o

RESPONSE SIMPLIFICATION

1

- As was seen in Chapter 3 the use of a palr spectro-

meter simplifies the response function R(E,E ) from a complex

one Ey discriminating against-all but-the pair production
.events. Iaeally; R(E‘E‘)’is.éimplified tp thg'secohd-escape

peak - a delta function observed at’ an energy E'~ 1022 keV.

ﬁealratrcally, - defects and noise in the detector and _

électronics degrade the delta function to a Gaussian peak

§
[
K
i
4
]
1.

of finite_widrh. Furthermore, previously negligible contri-

butions to -the response function now become observable.
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Figure 5.3 shows a comparison between £he response of a

pair spectrcometer and that of the same deteétor used without
the restrictions imposed by the pair spectroﬁeter circuits.

. It should bé noted that throughout this work we adopt the

" practice of shifting the energy scale by assigning the

full energy or 'photopeak' energy to the second escape

peak. Wﬁere significant, the approPriate enerqy correction
for the recoil of the nucleug,is made. We-%ow proceedhto
account for some of the observed features in the pair spectro-
meter response.

(58}

Bremsstrahlung or braking ridiation, is electro-

magnetic radiation which is-created by elerating charges.

In pair production the electron-positron pair has a kinetic
energy which is transformed by collision tb an electric
charge consisting of electrons .and 'holﬁ?'. This state is
reached in a time which-is very short compared to the time
required for charge collectidn. The negative acceleration
of ébarges which is reqﬁired to attain this state.is acéom—
panied with thé"ﬁrOAuction of bremsstrahluﬁgj It is the
escape of one or more bremsstrahlung photons from the
detector which accounts for the feature of the response shown
én Fig. 5.4. It can also b? shown that the escape of an
electron from the active volume of the centralidetector
pefore all of its energy ﬁas~béen dissipated may account

for a flat distribution below the energy of the second

escape peak. -
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‘The remaining features of the observed response
are ramlé;catloqf of condltlons which may, under ideal cir-
cumstanéés, be cont;olled. F1n1te temporal reso%Ptlon , :
normally results in a chance or| singles component to thé
spectrum. This was not observe rand therefore the effect
was nteigiblé The random addition of 1ow energy events
in the data acqulsltlon syatem, avOLdable by reducing the
count rate, is manifest. When two events ocCcur in an interval
_short compared to the decay time of the pulses which repre- -
sent then in-the data acquisition system, ghe‘amplitude ~ 1
of the second pulse may appear greater than it is. This is l‘ ¢
a résult of tﬁé addition of the low frequency components of "
the first to the amplitude of the second. Sophisticated
circuits in the amplifier system such as a baseline restore
circuit do not entirely compensate for this effect, Random ‘
addition is experimentally indistingpishable from some
other effects. The detection}of non-511° keV events by the
Nal scintillat&f is an example. Conditions were such that
-eveqps less thhh 511 keV in energy wohld in fact triéger
the coincidence circuits. Such an event might result from
the Compton scattéring of an annihiiation photon Qithin
thg Ge detector, ‘or it might be a 5remsstrahlung photon.
In any case all these effects, labelled ;s random adding, .
.displace events to a higher energy in the spectrum.

The response’ of the system thus has three natural

components. Each of these may be represented by a Q%Sponse

~ A
1
Ll
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4

-matrix such that their matrix product is egual to the total

responsge matrix. Equation (2.3) may therefore be written as:

’ S = Rra Rb Rg T.

The action of Rg on T, the observed spectrum,
represents the degradation of the resolution to a Gaussian.
The action of Ry représents the contribution of the brems-
strahlung and the electron escape to the response. The
action of R_. rap;esents random adding effects.

Of these three matrices R;aganleb can be adequateiy
represented by functions'invqlving nine parameters and two
variables. Tﬁé/f%hbtions were found entirely empi;ically,-
and the parameters were optimized using a, non-linear least
squarea comptter fitting technique. Since convergence was
slow ané/difficult,'not all the parameters were allowed to
vary/at the same time, Figure 5.5 illustrates a typica}
idealized shape for the response at channel x to a gamma
ray of intenaity'l. It also indicates the sequence of the P
calculation. The relation between energy and the channels
of the experiment has been indicated in Chapter 3.

The effect of random addition is to displace events
from a channel i’to some channel j, where j >'i. The Rr; is
therefore an upper triangular matrix. In Appehdix 1 the
exact equivalence between multiplication by the inverse of

‘

a triangular matﬁid and a convolutidh\approach requiring

)

much less computational effort is detailed.

-
—
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in a like manner the effect of bremsstrahlung and
electron'escape is to dis?lace events from channel i to
channel j where j<i. 'Therefore.Rb may be represented by a
lower yriangular matrix. _The multiplication of the spectrum
by the inverse of Rg was not carried out. This is because
of en amplification of statistical errors that is associated
wiﬁh this operation(z)._ We therefore simplify the spectrum
+o the extent that it consists of a distribution of Gaussian
peaks: . L

ffhplified spectrum = R;lR;iS = RgT.

We define the efficiency of the system to be the
efficieﬁcy for éhe:hetection of double escaée events. The
peak is considered before any response corrections are made.
Note that each response correctlon can be made to elther
ellmlnate events not in the peak from the spectrum, or include
these evente in the peak. Egr both the bremsstrahlung
Jand random addikion correctione, the former-was done.

Random adding and bremsstrahlung contributions to
the response can. be considered as long range cdrrelations,_J
whereas the Gaussian éeak and statistical fluctuaeions
are short renge. Since the response simplifieations involved
only the long range correlations, it was faund that the above

1

operations could be carried out using 10 channel (20415 - KeV)

increments.
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I practice, the 'technique allows a determi-
nation of the low frequency components of the spectrum con-
sisting of the bremsstrahlung and random adding events.

The specirum containing solfly Gaussian 'pair' peaks is
o . H
obtained by subtraction of these components from the ob-

r

served spectrum.




CHAPTER 6
STATISTICAL DESCRIP.TION OF PEAKS
VAn‘gppligation of the calculation indicated in

Chapter 5 ;;duces the complexity of the qystem resg&nse to
a single Gaussian peak. Short range correlafioﬁs between
neighbouring data channels, such as the shape of these Gaussian
peaks and statisticai fluctuations, are not significantly
?ffected; In the present chapter we develop a technique
' to account for all features, whéther resolved or not, in the€
simplified spectrum. The nétions of a peak density and average
peak amplitude are considered.
GENERAL

. As a.starting point, some statistical properties of
spectra were investigated. We focussed our attention on the
distribution §f spacings bgtween dgamma rays and tbe distri-
bution of- amplitudes 6f these transitions. We considered
spectra of ihtermediate complexity,'whe;e it was assumed most
peaks could be resol&ed. Amplituéé distgibutions of these
spectra weré also plotted. 'Inﬁorder té Eorrect for any gradual
variation across the spedtruh,;éach value of the pérameter
was aivided by a local average of that parameter, taken over

seven neighboufing values. ~Results for scandium, which were

g .
41 ‘ C e /}
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typical, are indic&ted in Fig. 6.1 &nd may be seeh to be
exponential for both the spacing and amplitude distributions.
The integrals of the distfihutlons are presented. We assume
that this result is general, and would bé‘obtained also from
spectra of greater conplexity if.spectromepers of appropxiate
resolution and efficiency wer@‘avﬁildble.'

In such spectra the peakﬁ are no longer all resolved.
* The mechanisms by which they are lostlmay be identified as .
overlapping or resolution and ingsufficient intensity or
statistical. However it ié noted that 12 regfons where no
features can be resolved, short range corxelations exist
leading to a variance which is greater than what would be‘
predicted from statistical considerations alone.

The exponential distribution of spacings between gamma
transitions indicates that the number of spectral components,
m, that £fall within a given interval of the spectrum follgws

a Poissg;‘distribution(sg).

P{m}) = %“;_e-u . ) (6.1)

Here N is the avefage number of components in the interval,

Furthermore sincp_thé amplitudes of the'compohents are alsod
o . ™
» . '

exponentially distributed we write the distribution of the

total intensity I arising from m components as
L, e-I/IQ £ 1
—— . >
(I } pvy AW ( or.m > 1)
o "o :

L

Pm(I) = 7

a

(6.2)
P (1) = § (1) - T
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where 6(I) is the Dirac delta function‘T). This follows
~ immediately from a convolution of m exponential probability

distributions. In the above Io represents the average intensity

of a spectral component.

We combine these results to givé

R S N ' 1
PmNFI) = f; (f;) =1y Inl exp(~ N - f; )
(for m > 1) (6.3)

which is the probability of observing a total intensity I in
a given interval from m spectral components, as a function
of average peak density N. Since I can arise from many

values of m even when N and Io are fixed, we must sum over

the m's.

In order to properly consider m = 0 and I = 0, we

have two regions, and denote x = I/I :

s -
(1) x=0 | =
From eguations (6.1) and'(6.2) we Bave for the total
probability
-N N )
o

which arises from m=0and m = 1. We get no contribution
Ls€ ‘ at
from m > 1 'since by equation (6.2) the probability of “zero

intensity with more than one - component is zero.

{2) = > 0 | .

wWe have contributions due to m‘a 1l:
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- 2 o3 ~
PN(x) =-—;{Nexp( x-N) + fT_ exp(—x—N) + 2—3—-exp( -x-N)} + ...] :
- 2.2 n :
N xN . x“N x°N
--Io exp(Nx) [1+§'T+Tm+ --.+mn+—lﬁ-+..-l .

To examine some of these distributions it is convenient
to scale-the independent axis. Since x = I/I0 we can replace

x by x = aN. Then we have

N aN2 a2N4 nNZn
P (a)nf—exp( N(l'f'a))[l"'n—'i’m*' ...+—r-(—-1-5—— ee.] (6.4)

o

Figcre 6.2 shows this result ae a surface. The distribution
describes the intensity expectedﬁin ari interval when N fea-
tures ace expected to be present there. The value of a = I/NIO
1s the’ ratio of the actual total 1nten51ty to the mean total
1nten51ty. _As expected, the most probable value oﬁ this ratio
tends to 1 as ﬁ\lncreases. For small N, the den51ty tends

to resemble an expdpentialcfuncfion, a reflectlon of the exp'o—~
nent?a; distribution of the intensity of indiyidual features.

. . e ) '

For Ierge N, -the density functioh'appears to approach a Gaussian
dlstrlbutlon, whlch may be regarded as.a consequence of the‘ '
convolution of a large number vf exponentzdl dlstrlbutlons.

(60)

1The plotting program fgr Figure 6.2 was developed at the

4

"McMaster University Computing Centre).

TRANSITION DENSITY

—

- We now proceed to determine whether a relationship
:
between discrete and statistical spectral properties can be

found. More explicitly, we seek a relationship between the

t

\ . : !

-
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o3

~ peak density or average intensity of a peak and some statis-
tically determinable quantities,'such ag the variance of the
spectrum. - e |
_ Let us conaider a spectrum, digitized by the. ADC.

EaCh interval or channel is small compared to the width of
~ the Gaussian peak of the gystem responae. It contains a number
.representing the number of events detected following a reaction.

This number is p;oportional‘to the time of the experiment, the
- number ofrphctons dﬁ the appropriate energy, and the efficiency

_of the detection system. It is easy to correct for the

3
EFN | omanm-ay

relative‘efficiency,les was iﬁdiceted in Chapter 3. Thel'
time of the experiment is_alsoktelative, and of no interest
provided it is long enough. . That is to say the probability
density function of the number of events in an iselatedvchannel _ g
'is pdieson, P(Né),cwhere N; is the everage number of counts,
or expectation value of the number.of counte, in the channel.
Therefore the standard deviatioh in the number Qf'ccuhts is

/ﬁ", so that the relative error can be made as small as desired

by maklng N, large enough. This is'accompliéhed by choosing

the length of time of the experiment approprlate -to the countlng
statistics de81red. 7 "

At this point we emphasize the distinction between
the statlstlcal varlance of the spectrum, whlch can be made as
small as de81red, and the variance of the spectrum 'The

former has been descrlbed. The latter refers to the distri-

i .
H
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bution of the means, Nc' of many intervals or c?annels.

We shall treat each channel df fhe‘gpecfrum as an in-
terval in whieh an intensity I is measured. From the spectrum
it is simple to calculate wvarious quantities‘sucﬁ as the ave}age
intensity.per.channel, the variance péﬁ chaﬁzel, and the higher
ordef moments. These same guantities may also be calculated
as expébtation values using the probability density function k (i
inﬁrodﬁced in the previ%us section. Initially, we assume
an ideal or aelta function vesponse of the detection system.
This implies that if a spéctral eoﬁponent falls in an interval,

all of the intensity associated with it falls in that inter-

-~ T i

val, and is evenly distributed within it. We next consider
a realistic Gaussian response function. Theﬁ only a part
qf the integsity associaﬁfd with the components whose centrsids
‘fall within the interval contributes to the intensity in the
interval. Morégver, all intervals near the interval of interest.
contribute aﬁ amount to its'intensity. k’F?rg?onyenieH%e, we

: ) 5

use the notation for the expectdtion value

LY

<£(I)> = L [ f(I)PmN(I)dI . (G.Sf
m

.
In Appendix 2 we derive some results: involving

L .
this expectation formula, including the moments of I:

<l> =1

<I> = NI

<I%>= N(N+2)Io

(o}
2

where, again, N is the average number of features per interval,




". 4 7 &-f,;
‘\‘\

and 1 _ 18 their average intensity. Then, for an ideal or

delta function response, we have

<mean» = <I> = NIo ’ - {6.86)

<variance> ='<(If<I>)2>

= <(12-2I<I>+<I>2f>_ : “
= <Iz> - <I>2

2 )
= ZNIO . (6.7)

In the caselof a Gaussian response we must consider
contributions to the intensity in the interv;l of interest
from components whose centroids fall oﬁtside of this interval,
as well as components whose centroids fall within it. This

may be accomplished by considering a normalized Gaussian

function:
a 2 2
G{x) = 1 exp{-x“/20¢7) . (6.8)
vY2n O . ' .

This Gaussian is digitized into intervals or channels of -the

same width, say 4, where o >> A4:
xi+A/?.

G, = G(x)dx . : - (6.9)
. xi-A/Z
Here x, = id and - <i<w.
Let us label the interval of interest with the index j=0.

Then intervals of all j, -=<j<e, will contribute to the total

intensity in the j=0 interval. Now the expectation values of
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of the quantities calculated is independent of the interval

“r

under consideration, since they are described by the same

probability density function.

a Gaussian function we have .

We now list some further useful relationshipg'invagling the

<mean> = L G_<I>
g n

n.

<I> I G
n.

n e 4

= NI . ¥

O “'\

digitized Gaussian.function

2%

%

Let us now evaluate the expectation value of the variance.

<yariance?>

[

1 (normalization)z .

= L L GnG -k an '
np P n
- 1 - l -
- 2YVm o

<{L GnI - <I>)2>
n 1)

<((anI)2*2(£GnI)<I>+<I>2)>
n .

t

Therefore in the case of

\.

A Q!IIEI‘i
L ;
. i




-<I>2. For clarification we includel a subscript on the I
y2
<
(Z GnIn) >
n
= <( £GIG
n' n

- )
I )>
np pPp

2. 2

= <(L G_."I_ "+ I I GG I I )>
\ n MM 4 npnp
- a? L a?a - 2
2/m o 2V o 5
y i
i
Therefore i
2 . -
<variance» = I & <1>2(1 - )y - <1>2
9 2/m o 2vVTm. 0
2 2. 2
) N(N+2)Io ) N Io
N 2/1 ¢ 2/ o
NI 2
= o N
Ym0l 5 _ (6.11)
g

We can now evaluate N, the transition density, in ghe case of
both a delta function and a Gaussian response. We write

<yariance> as V and <mean> as M. T

- 2
The delta function response N = g%_ﬁ _
' ' {6.12)
. c M2
The Gaussian response N = .
Y1 oV

“This is the'desifed result, since the peak density is expressed
, DL

in terms of statistically calculable quantities. It is in-

&
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L

dependeﬁt of the observation of any discrete spectral features.
We now consider the effect of fela;ing the .requirement
that o >> 4. This mean;\that the second moment of the Gaussian

ZGn2 is no longer given by equation (6.10). If we define

n = -—-——i
2NI
: o
from the foregoing we have
a | n
delta function 1
| .282
large 5 . ;

——=z

We calculate, for width o expressed in terms of interval
units
1 -

2/ o
.5 |.516 |.56 ‘ "

o T]‘

1.0 |.271 | .282

We see that for o = A the approximation is reasonable,
and impraves as ¢ increases. In this work o ~ 24 +13A where
A was taken. to be the width of one channel of the spectrum.

EST a response function widthAfess than the interval
lengtt, the delta function description of the\spectrum applies.
This may be exploited in order to obtain a measure of the width
of the spectral features. The variance is computed in two-
ways, labeiled 1 and ZTE*Method‘one corresponds to a long
intervai compared to the width - the features are éons;dered
as‘delta functions. Method £wo corresponds to a‘short interval

E
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compared'to the width - the f?atqres are‘considered as
Giussian distributions. Since the theory indicates that N,

the den31ty must be 1ndependent of the method, we have

2M 12 Mz
N = 1 2 e
b=+ v == - .
1 vy av,
Now Ml = Mz. Therefore
' \Y
a.':_‘_......].'._..-
2/TTV2

s

may be used to obtain the width of spectral features, here con-

sidered as Gaussians.

Care must be ta¥Ken that the units are correct. If we
?‘ ~ -
call the basic interyal ‘a channel, we note the dimensions .of

the foregoing gquantilties.

[N] - peaks/interval

fx,1 - counts/peak

[o] - interval/units _
M} - counts/iﬁteréal ) % | -
vyl - countsz/interﬁhl-peak
[V2] - countsz/intérvalz—peak

It may be seen that these units are consis£ent.
As mentioned earlier, in order to obtain the variance
of the spéctrum there is always a statistical variance which (
hust be subtracted from the total variance which is calculated.
. In all cases under study the atatistical variance was at

most two orders of magnitude less than the spectral varlance.
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ERROR CONSIDERATIONS
wWe use the propagation of error resuié from statis- X
tical theory to determine the error in (21):
2 N, % 2 aN, N, 2 ,\,aN,2 2
On (-sﬁ) Oy + 2(-5!?) (W)GMV + (W) Oy - (6.13)
since, in the case of the delta function response, \\
N = 2l2.
- v .
_ ' N
Therefore _ o o
| | N aM 2
MV I

8_N>- _ (1\

TR = ! -
oV v! 2I.o'ia

/KEPe required variances are calculated in Appendix 2.

ci.ﬂ 2NIO2 | ]
- : oﬁv = 6N103
. o2 = (8% + 13N)IO‘cl .
Therefore | ‘ =
_cr§ = ;4—5 (2NI°2) - ;1—5 (6NI°3) + ﬁ—; ‘(882_+13N)VIQ’4.
O O o

= 28°% + %l N . ' : -

The relative error is therefore given by.

Oy ™ : ‘
N 21
_ﬁ. - i + IN - (6-142




53

So for a large number of peaks in a single interval;} we have

g

Y : —% n V2,

—

.
-
s

This is the error associated with the calculation of
the level density 'assuming a delta function system response.
An examination of the result of the previous section indicates
that the effect of the introduction of the finite Gaussian
‘response is to reduce the variance, V. For convenience let us
define a factor, k, in the result for the transition density.

kM2

1 - Nﬂ—v—"o

<

(6.15}

1f this is to represent the result obtained using the
delta function résponse, k = 2; if it represents exponentially
distributed Gaussians &f width g, k = 1/v/7 o. Since the
variance of the spectrum is in effect damped, we expect a
similar reductlon 1n the relatlve error in the transltlon
density in going from the delta functloﬂ‘to the Gaussian res-
ponse. This can be made more plausible by a consideration

g

of how the damping of the variance arises - it results

: from an averaging of the intensity contrlbutlons from several
neighbouring 1ntervals. Since the amount of effort requlred
in considerihg the Gaussian response has been found to be
disproportionate to-the_results obtainable, we continue to
limit our error discussion to the delta function response.

It may be regarded as the 'worst possible’ llmlb

" The éétérmlnation of N from the spectrum can be made

.l
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more precise by conéiderinq a number of adjacent intervals
of the spectrum. If N and I;are not expected to change in L
such intervals, we can detecmine the average values of these
quantities over this record length. From elementary statis- °
tics we therefore have a relative error in the mean of L such
intervals of
i I (6.16)

NvYL ) ,
This result may also be derived by considering sums over the
number of intervals, L, in the previouS’derivation for a ) I

. . N *
single interval. We now tabulate typical relative errors for . ) )

record lengths consisting of 1 and 100 intervals.

N .0l .1 1 10 100 o 45?
one o . _ .
interval: —% 24 7.4 2.7 1.54 1.43 1.41

Y
L=100: N 2.4 .74 .27 .154 .143 141

N/ﬁ ) . -

In this work it was found expedient to consider a record
length consisting of 100 intervals. For all but the simplest
_spectra under study, this assured that the record length con-
tained'at least one peak. An estimate of the peak density
per channel and the éverage intensity per peak was obtained
for each record. Since the number of peaks wére also summed
over the wﬁole spectrum, and the errors involved in each

determination are independent, we may assume that the relative
/
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error introduced into the sum based on the staE{st}cal dis-
frlbution of spectral features is also given approi&mately
by result (6.16). Then L is the total number of intervals
conside;ed, which depends on the interval length and the
energy range over which  the calculation applies.

In the calculation of N from the sPeétral data:
theré are other factors which must be examined. The M? and
V statistics in equation (6.i2) are calculated by a considera-
tion of L intervals of data. Sinée L is finite in this work,
there exists the possibility of a biasing of the result due
to the distributiops of theée'quantitigs.

A A Monte Carlo investigation was therefore conducted;
This confirmed éhe existence of a bias. As expected, although
N varied from_;OS to 3.0, the bias remained constant, depending
only upon the record length. Table 6.1 shows the result

0of the analysis. The bias factof, B{L), is defined such that

) | N, = N B(L)

v;rhere.Ncn is the true value of N which would be obtained for
an infinité record lenéth.l A total record of 1006 channels
was used and four runs were done for-gach value of N and each
valuEkbéﬂL. The value of o ranged from 2 to 6 interval units.
Tﬁe cagse of distributed delta functiohs was also conSidered.

An examination of the variance of the results led to estimate

of the error in the bias factor of 10%.
y;
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e

o
X Ta.ble 6.1— . s 3

Bias Factor

. N 4 '
L Bias Factor LJB(L) =1 + —5—
{Monte Carlo) ig L-2
25 2.23 | 2.33
50 1.50 . 1.50 R
100 1.23 o 1.22 '
o o
250 1.085 1.0813
: __'_”"""ﬂ
1000 1.04 o . 1.04 )
< |i'

~An attempt to justify the bias factor observed is now
made. The distribution in the mean intensity, M, is given
by equation (6.4). For large values of N (see Fig. 6.2)
we may éoﬁsider this distribution td be normal. In such
a case the distribution of Mz may be approximated by a xz
distribution. Similarly the distribution of V may be assumed
to be close to a x2 distribution.

In principle,;when the distributions of M2 and V are
known, the distribution in the ratio may be found. In this
case the ‘calculation must take into account the'correlation
which undoubtedly exists between M? and V. Since in addition
precise knowledge of these denéity functions is unévailable,
the value of the result of such an effort is difficult to

assess. However, an illustration of the effect of the

[N

distributive nature of the variables is given.

L4




Let us consider the distribution in V for a constant
2

a

value of M® . In tbis case-we'ﬁave, for a delta .function system -

response,

However, the value of .V which we calculate from the data is <V>, N

Therefore. \
F +
W o M .
R L T <v>
a’ ‘ : : :
and . | rl . i

.B(LL f‘<v><y> . : _ ‘ i

L2 ? . ' .
If we assume V to be distributed as a x2 distribution

with f degrees of freedom, we have(sg)

v : ' ' Cohs

£ -
. . —-l" i .:
rwady = 2 B2 e ?ah. E
F(i) g o "
§
Therefore . ) 'y
B(L) = [ T PWIAp [ VP (V) (3)
-2 1 &2 Te Tath x 5| D ‘ap
\\
£ £
F(i - 1) . P(i ; 1)
T :
2
‘*1+-E72-.
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' oo
This result may be taken to represeént the bias factor

obtained because of the distribution<in V. As noted pre-

viously, many other considerations shouidgbe_applied‘to the

-~

calculation of the bias factor. o . '

Let us associate f with the number of records, L.

Then taking

4
L~2

B(L) = 1 +

-
-

obtains a reasonable empirical fit to the results of the
‘Monte Carlo calculation where the delta functioﬁ system response

was assumed,
' o

We.now choose to apbiy this ‘result to the case of a

r

~

distributiopLof Gaussgian fuhctions,bf postulating’the existence

of another damping factor‘similar.to the k inffoduced for _

the variance (équatibnttﬁ.lS))f aséﬁme that the transition
PN

to this case may be negleéﬁed if st of the intensity associa-

ted with the GauSsian'functionlmay_be assumed to .fall within

the interval of intereét; This 'could happen if the interval
r T _ :
length, 4, is"made large compared to o, for then we have . -

seen that the;delta futhiqn~analyBiB applies. For a fixed

- . "-. . . q + ) . \ \7
record length we must therefore postulate a reduction.in thei

——

Hed

2

effectivg value of L. A reasonable*Valuéitgjgggume‘for this

Y

new value of L is

. - B A‘
. Lg ol L.
The value of. the damping factor, B, was empirically
. . . ~ . '
1 ". . , B - - l‘

i
[ -, - ) o

P
T




found to be
first order
‘view of Ehe
con§istent.

calculation
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-

.4. On the basis of the foiegoing discussion, a .

calculation obtains a value of .32 for B. In-

number of assumptions made, these values are

The values of the fit to the Monte Carlo

are also presented in Table 6.1.




2 - CHAPTER 7

RESULTS

A simplification of the response-of the gamma ray
spectroﬁeter to a Gaussian function‘facilitates a statistical
description of the spectrum in terms of a peak' dehsity and
average peak amplltude.. The peak density is related to the \‘\\\
nuclear temperature. A knowledge of the Q value of the reac-

" tion then leads to a value for the multip11c1ty of the spectrum.
COmblned with the total relative lnten51ty, the mult1p11c1ty ) : i
allows us to calculate the absolute intensity of ‘gpecial
features. We conclude with a comparison of s-wave level
density data with valles of level density obtaihed‘in this

work.

NUCLEAR TEMPERATURE
P o _ ; A (11)
Ericson's constant temperature model of the hucleus .

expresses the density of stat®s as

p(E) = p_exp(E/T) (2.6)
where T is called the nuclear teﬁperature. An interpretation
of this parameter is attempted here.

In cla551cal thermodynamlcs temperature is related

l

0
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to the average kinetic energy per  particle. The wéll known
result

<K.E./particle> = 3/2 kT - \\\

is obtained by integrating the energy distribution

dn = BYZE exp(-E/KT)AE (7.1)
. -
derlved by Maxwell(el). The imposition of gquantum mechanical

constralnts on the system led to the derivation of an energy

distribution-of the form
dn = C exp(-E/kT)dE - (7.2) : A

“due to/Boltzmann. Equations (7. l) and (7 2) describe the
distribution in energy of partxcles of an assemblage, such

as molecules of a gas, Or nucleons of a nucleus. The B, C, R,
and T are constants, with k, the Max;ell—Boltzmann constant,
defined in such a way that T is the thermodynamic temperature
in degrees Kelvin.

The reason for the label nuclear-%emperature becomes
clear by a comparison of equations fZ.G) and (7.2). Equarion
(7.2) represents an energy density in the same Qay that (2.6)
represents a level density - the roles of T are epalogous.
The analogy breaks doﬁh, however, when we try to relate
nuclear temperature'to an average kinetic energy per nucleon.
huclear temperature is no ‘more than a measure of the rate of

increase of level density with energy 7 the thermodynamic

temperature of a nucleus is given by equation (7.2). “Nuclear




62

temperature'neéd,not be a constan%,‘as can be seen by comparing

'Bethe's(lz) level density description (equation (2.4)). with
~ l.‘. r a

equation (7.2)-
That the transition density and the rate of change

in transition density with photon energy are related to the -

?
nuclear temperatufe was indicated in Chapter 4:
n(E) = 0 °T exp(@/T)sinh((Q-E)/T). (4.3)
"By integrating this result from some energy E to the_ Q value;
we obtain the result N :
| \
N(E) = p ’T?exp(Q/T) {cosh((Q-E)/T) -1}, (7.3)
the cumulative number of transitions between energy E and the
Q value. Fig. 7.1 shows this result as a family of curves for
' ¢

a range_of values of T usually eﬂpountered. Note-thgt i; is .
the integral that is presented, in order to facilitate the

. comparison of this result with actual déta. The ordinate of the
plot is the number of transitions with an energy between Q

and the energy represented by the abscissa. The‘gnergy is

'given with regpect to Q. The plotted Eurves.afe independeht

of Q_aﬁa Po , since these appear éé multiplicative factorsg,

And have been omitted for convenience of normalization. I

the case of real data, the slope of the cumulétive rumber -

of transition curv%Tgepends only on T,and itg'inﬁ?rceptlwith

p - -
the E=0 axis is —02—— exp (TL% A consideration of this
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¢

cumulative number of transition curve of a eucliﬁe therefore
allows a determinatieh of the parameters T and ;o of Ericson's !
ﬁodei for-the{;uclear level density.

Figures 7.2A and B show a comparison of the cumula-
tive number of transition curves for several of the nuclides
under_study. The upper plots, labeled A, represent the results
of the. statistical calculation. The 'losses‘ formarifm intro-
ducea in Chapter 5 is used to obtain the lower of the two
curves in A. rThese may be compared directly with the respective
figures B, which indicate the result of conventlonal obser— i
vations. A complete set of the data is given in Appendlx 4.
| A least squares fit of our data to an exponential
function ylelded values of nuclear temperature and zero 1evell
spacing, Py The range of the flt was 2.4<E<(Q-1) MeV. The
lower limit was determined by theleffiéiency of the detection
‘system and the presence of the deuteron;tr;nsition.‘ The
ypper limit was {0-1) MeV since ebove this energy equation (7.3)
begins to deviate s%gnificantly from® an exponential form. The
Values‘of the nuclear temperatures obtained_using this mekhod
are summarized in Table 7.l1. Also shown are the results of
some other workers.

The errors in our determinatien are difficult to assess, -

. ‘ (1]
because the sources of error are so numerous. These 1nplude

NS

the background radlatlon contrlbuted by the facility, the

. w
i ' . D

calculation of,the responge function, and the assump?&on of _

-
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Table 7-1

Nuclear Temperature, 'Q' value, and Multiplicity

Spectrum T. T T Q Q
{MeV) (MeV) (MeV) (MeV) (number/cascade)
present L.B.H. G.& C. present present
work (33)“ (14) calculated
2851 4.5 1.5 1.5  7.7253 | 2.92
465 1.12 - 1.35 - 8.7647 3.94
6un .96 1.6  1.06 7.2703 3480
60co .86 1.4 1.14  7.4920 4.03
64cy .98 1.0 .995 7.9152 . 3.94
76ps .55 - - 7.3277 4.98
104zh .53 74 .60 6.9983 ‘ 4.93
L N 3 - 6.8066 5.48
M6, 40 - - 6.5608 5.65
134cs .51 - .53 5.8904 4.98
186pe 36 - - 6.1796 ~ 6.04
19850 .52 .62 .53 65309 e

?OdTl .44 .75 - 6.6557 5.31

tin

oA LR

Cen Ba AN
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the statistical model of the compound nucleus. The results

716

of three independent experiments using As as a target,

and several partialhruns compared té the total run ﬁsing

a 104Rh source, indicate that 10%in the nuclear temperature,

and a factor of two in the level spaéing, is a reasonable

estimate of the errors involved. g o !
The choice of the constant temperature model is arbi-

trary. It was contingent only on the requirement that the

model provide reasonable agreement with qbservation. That

such agreement exists has been indicated. Significant deviation L

between results obtéined‘from the data'and'analytical curves

obtained from the model would indicate a deficien¢y in the

latter. The comparison should then be applied to a different

model.jd

MULTIPLICITIES
The term multiplicity describes the average number Jof
transitions in a gamma ray cascade when a nucleus de-excites.

Since an excited compound nucleus has many decay modes
: ; ST .-
available to it, this number can have a congiderable range

- a-

of values, but is usually reported to be of.ihe order of 3-5

for most nuclides(43). The multiplicity may berconaidéred
{ _
to provide a constraint to theories. It is given by

Q - >
v = J S (E)dE. (7.4)

- . o ) -
which is the integral of the\gfectrum,‘S(E), when suitable

-




66

normalization is adopted.
’ )
when non-gamma decay modes are available, the multi- '
. ' \ N
plicity can be less than one. Such is in fact the case for

(62) reported a value for the

boron. De Juren and Rosenwasser
mult1p11c1ty of lOB of‘.935. Draper and Springeggiﬁ%/reported
the multiplicities of spectra following neutron capture in
several resonances of several targets.

In theoretical analyses the multiplicitf is sometimes
considered a free pafameter. This is not so in ouf ealculationf
where it is a consequence of the model. Calculated values of
mu1t1p11c1ty are 16 agreement with those of other workers(34'35).
Figure 7.3 summarizes the relatlonshxp between values of multl-
plicity, Q, and T. .o .

These/ results assume the level density to be adeguately
described hy equation.(2.6)(11) and uses Moszkowski's esti-
matestzs) Z the transition probabilities. We can therefore
estimate the ltiplicity solely on the basis of a knowledge
of T and Q. alues?oﬁ;v for/some of the nuclides under study
are also given 'in Table 7:.l. 1 ‘

In this calculation the spin and parity distributions
of all states were assumed to be those indicated by Bethe
(equation (2.7)).. This is egquivalent to assuming no specific
knowledge of- any state, including capture or ground However,

‘in most cases, at least some of this 1nformatlon is avaxlable(63).

In fact, multiplicity is of interest since it can be related
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to the difference in spin and parity between states of the
compound nucleus. For examble, the greater the difference in
spin betweeﬁ the capture and ground states of a nuclide, th%
greater -the average number of gamma rays per cascade. A |
preliminary investigation has been conducted as to the feasi-
bility of using this result to identify.or-restrict the

value af thelspin and parity of compound nuclear sfétes.

| Thé compﬁter code described in Chapter 4 and in Appendix

3 was used to calculate the multiplicity gf a speotgym as a

function oftspin and parity of the capture state of a reaction.

An example to which the analysis was” applied was the reaction

5 52 -
lv(p.\r) 2cr .

THe product nucleus, 52Cr is an even-—even nucleus which exhibits.

(4)

the well known. v1bratlona1 1evel scheme . Resonances above
the proton separation energy are widely sgaced, so that capture
may be attributed to a ‘definite compound nuclear state. It is
hoped that the ratios of intensities of the[trqﬁsitibns between
the low lying vibrational states Qill yield further-informétion
about the character of the capture states. all known level
energies, spins and-paritie8(64) were included ;n thefcalcu—
lation. The results of the calculation for 52Cr are shown 1in
Fig. 7.4. An 1nvestlgat10n at the McMaster University tandem

accelerator indicated that the restriction of the spin values

of resonances is feasible by this method.

AN
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ABSOLUTE INTENSITY

C e
-

As was noted in Chapter 5, the relative efficiency of
the system was obtained from a consideration of the 15& spec-
truﬁ. Exberimentally, no effort was made to obtain the absolute
intensities of the radiative transitions. Present unﬁertaipties
in the knowledge of the absolute neutron flux, the neutron cross
sectionsﬁof'the nuclides gnder study, the geometry of the ex-

periment, and the relative efficiency of the system at gamma

radiation energies less than 2 MeV dictate that the results

of any such determination be .unreliable. At best the absolute

~ . - "”‘
intensity determination is an extremely difficult problen. The
compllatzon of (n,yv) reaults by Bartholomew et al.(ze)-indi-
cates that dlBCr&p&hClEB of factors of two between the results
of different workers are gquite common.

It was therefore decided Eo present values of the
absolute intensities that might be expected, based.on the as-
sumption of the statlstlcal model. Let us examine some

.
possibilities. Consider S(E) to be a probability density
function, Then,'uaing-equation (7.4), we have
/9 E s(e)4E 3\
E =0 l - 9— l
Q . v '’
J S(E)AE ¢
0_ .
so that L v
/% E S(E)GE = Q. : (7.5)

o s,

- . -~




"We now write \r;‘

S(E) = kS'(E) ,

4 ~

. where S is the absolﬁte intensity, S' is'the relative intensity .

as calculated via the relatlve aystem eff101ency, and k is a

Y

Ty

constant to be determined.

— -

1L We therefore have N
x /9 s*(E)AE = v
y ) ‘
’ (7.6}
. q . '
k /* Es'(E)dy = Q. .
>4 4 :

~

The integrals in (7.6) may be partially determined, since

from our calculation we obtain S' for E > 2.4 MeV. We choose

to extrapolate' s'(E) to zerxo energy by assuming, its form to

~ "

pe determined by the statistical model as discussed in Chapter

-
W -

4. Values of k obtained in this way were used to calculate

-

most of the Intensities presented in Appendlx 4.

S It is of interest to compare the present discrete data

(29) -’

with those cf Rasmussen As a figure of merit we have

chosen to calculate the fraction of gamma rays observed in

the spactrum; .
. i Ei__]::}r:l | . ) .
F o= —T___ .
) v : .
The sum is taken over all gamma rayslof energy Ej and intensity

I, above 2.4 MeV in energy. Note that a high energy gamma ray

contributes more to this sum than a low energy gamma ray of

_-the same intensity. The same fraction, Fp, was computed for
: . o K .
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Table 7.2 "
Intensity Compari.son .

Speﬁtrum F FR(zg) R -RR(ZQJ
Al .55 .49’ 1.80 1.60-
Sc .57 .64 1.82 1;56
Mn .92 .79, 1.39 1.32,
Co .64 .64 1.42 1.39
Cu .98 .85 1.28 1.18 .
As" .21 t&a 1.29 1.33
Rh ;,iz .16 1.40 | - 1.43
Ag ; .13 .18 1,43; 1.50

. In .08 .08 1.50. ©1.46
cay 100 7 17 1.35 1.35°
Re .07 - 1.19° -

Au .36 .40 1.25 "1.22
T1 .37 .31 1.26 1.26
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Rasmussen s data, over the same energy range. The results 7

are presented in Table 7. 2. Differences in § and Fo
»

' attrlbuted to different detectors and,xherefore 'resolution

may -be *

losaes' as well .as the absolute nature of the measurement.,

This is further disqnssed in Chapter 8. . In order to remove

the effect of the absolute nature of the intensities we have
. . .

also calculated the ratio - . a

k : |
R =.Q —f—T;EI I (7.7y

where the Bums.Ii and éi are as above in-equation (7.6). The

ratio R is independent of the'normelization and therefore ref- -
lects other differences. It ma& be expected to be correlated

with v, aince‘equation (7.7) raduces to (7.5) if‘all intensity

is included in the sum.'vResults of this calculation are.also'

presented in .Table 7.2. When compared on this basis, the

‘present data agree well with the work of Rasmussen.

ENERGY LEVEL SPACINGS

We offer a comparison between the s-wave state den-
sity(14) and the level density derived from the gross gamma
ray speetrum. At the oﬁtset one might expect these quantities ,
to be related. The errors from both determinations are.quiye
large and a\e not easily assessed. For simplicity we shall
assume both to have factor of 2 errors. The data used are
given in Table 7.3.

' Because of the wide dynamic range and the uncertairty
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Table 7.3 *) o

; Level Density

Spectrum - Py | ‘ Py

(levels/Mev) - G.& C,

" present , (14)
IS 12.5 . s 25
Sc’ B ) 330 : ' 440
Mn - 165 500"
co | 400 o - 400
cu . 350 T 1000
As ¥ 5000 ) 11500 )
Rh 6000 28500
Ag - ' 17000 . 45000
in 17000 154000 oy
Cs - o 9000 54000 . ®
Re ; 50000 . 250000
Au 8000 .o 62000 .
T1 | . B - 150 500

& . '
}
N <
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I
of the functional arrangement that may exist we chose to fit

: /' log(Ratio) = a log p, + G .

The s-wave determination of the density is indicated by-p .

"

The ratio is that of the s-wave ievél_densi;§ to the level
density p, at E = Q, a8 determined in this work. The data are

shown in" Fig. 7:5
: _ =

The result found is ° - .

0.841-05 ) !

. N . +.5 .
Py = 1.09_ 35 P “

A priori one mtight have expected that these gquantities would

rd

be directly proporpibnal_in the manner . ‘ N

S - £(Jp*
\’ Py WJeg . J
' ) . ¢
where f£(J) takes into account, the weighting associated with
the levels poPﬁlated via the two processes. Normally one v):pulda -

expect that f£(J) would be in the range 1+3. The power x is -~
- expected to be unity;' The results cobtained are remarkably

close to these expectationsa. This is even mdgzﬁrgmarkable;

when one {considers that the density ranges over four orders

Q

!
of magnitude. ’

- 4
»




A
-

,

CHAPTER 8§

CONCLUSIONS AND DISCUSSIéN
P | - I- R s

‘ h 4

A new techniqué of extracting'information froﬁ com-
plex spectra has bgen'ipfroduced. We héve attempted to’
demonstrate that the ﬁumﬂer of fei;ures in an. energy interwal
of a sﬁectrum may be determined without losses. A statisg?cal
study has yielded a qgectral desciiption‘in terms of a peak
deqsity and an acerage amplitudef Conditions limiting the
"natures of the spectra—that'may be studied are not particularly
restrictive. The system reéponse must be either lécai,qr,
its reduct}én to such a response must be possible. Features
must be'distribuged in their positiop. ;//// - !

The response function of the bair spectrometer used
tolobtain the 99ta has been'empirica}ly determined. A sgi;
table mathematical description of this response allowed its

v - . ) 1
simplification to a single. Gaussian peak. Such a response

~satisfies the conditions for the foregoing technique. Thé
complex gamma ray spectrfmof 17 nuclides following the
capture of tﬁ;rmAI néutrona have also been conventionqlly
analysed.lSpectroscopic data is .tabulated in Appendix 4.

. 7‘1\ ‘
The statistical analysis is independent of whether

» -

features are resolved or not. In a study of the gamma radiation

¥

Y
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§;ectrum following neutron capfhre in rhpdium, for example,
peak densities of 10000 features per MeV have been encountered
lDlBtrlﬁbtl ns in parameters of tne response features, such
as peak’ﬁ/ﬁth or amplitude, do not 1nva%¢date the technique,
although these dlstrlbutlons must be known locally in the .
spectrum. Tﬁé statlstlcal descriptibn. of several complex
spectra has been obtained, and is presented here. A-comparison<
with a constant temperature model of: the comppund nucleus
obtaine agreement withfbrevious le;el deneity'data'determined
uaing dlfférent methods. | )
The most practlcal form of statistical description of
the spectrum has been found to be the ‘cumulative number of g
transitions'. This is a function of the gamha ray energy
whiqﬁ repfesents tne total number of peaks observed above

that energqgy, iggependent of intensity. A simple statistical

model for the nuclear -level density allows the calculation
- of some paramet@®rs from this description. The nuclear’
" temperature and level spaciﬂg of the constant temperature

model are reported. The present analysis indicates that

specefa varying greatly in’complexity may all be satisfac-
\tprily described by Ericson's(;l) constant tempe;etu;e mooel
of the nucleus.

: In addition the model allows a oelculation of-the

gpectral shape when e‘auitable egtimate for the gamma ray
] .

transition probability—is made. The nuclear temperature
. N | 7
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determined dére, as.well as kpown. energy data, was utilized
in a calculation df the'multiplicity vf the Bpectra. ThiB ’
estimate of the_multipllcity wag used in conjunctlon with
a relatlve system efficxency to determine the absolute in-
tens;tles"of the gamma ray transitlons.

The transltlon dena;ty analysls 1s\qu‘te independent
of system efficiency. Only the resolutlon of the detector 13
of importanCe, end this is the-majorJaource'of erroxr in the o
results here. The intensity analyaie; however; depends also
-on a knowledge of the relative effiqiencyi On this basis,
and on the besis of the assumption of a statiatical model,
errors in the 1ntenait1es may be relatlvely 1arge. We note
however that the comparlson included in Chapter 7 of the results
obtained for copper, silver, and rndium, may not be realistic
"since separated isotopes were used in this work. * .
The discrete data presented in Abpendix‘4 does net
" list several weak lines whicﬁ ware attrrtutable to alumiéhm,&hJ;:L\\
iron, nitrogen and chlorine contaminants present in the sample’
or system. The argon spectrum shows several manganese lines -
this is a result of the spectrgm being taken fellewidg thel
failure of the manganese sam;le..No effort has'been mad~ to‘
eliminate from the listings gamma t;ansitions following inelas-
-tlc scattering, except where 1t was obvious, such as for carbon.

In the case of nitrogen, silicon, and argon, the calculation

reducing the response to a Gaussian clearly indicates that
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the response function determined here is reaeonable. An

2]

"~

examination of the results of the thallium spectrum calcu-

{65)

lation reveals that the anomalous bump is most likely SN

entirely due to observable-traneitions.

To suggest reflnements in the method of the experlmentﬂ
is not reeiiy relevant at this point, since the technlque
was designed to overcome ;some experlmental shortcomlngq
General suggestions with;;e?ard.to the calculatlonal tech- &
nique are equally irrelevant, since it is implicitly claimed
to be optimal. However to those who may consider a study |

\ . a

gsimilar to the‘present one, the following is proferred:

(ak The determination_ of the response function might have’
been more accurate had the.runs of simple spectra, from which
- N\

it was obtaihed, been'longer.

-
’

(b) Ng deterioration of peak resolution was observed for the. \
duratlon of the experiment. Such deterloratlon would have been
important only insofar as j might'indicate a change\in the -
long range components gf the reeponseﬁfonction. For more
accurate;results.the spectrometer response should be monitored

re%ularly by meaes of a standard spectrum. o

.

(c) The background in the facility was relatlvely high, and
has been considerably ' reduced. An internal collimator has

been installed, and an aluminum ‘window has been eliminated
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from the gamma beam. . This means that the matrix inversion

~technique would repéesen} a smaller perturbation to the raw

data since random addition is reduced. :
. N :u: //
P

This work may be expanded with a greater. emp?a51s on ~

the intensity analysis. Distributions of spectral features,

s

here obtained from the spectra themselves, could be ;nveséi-
gated with the ald of a Bimple cascade model of the nupleus
_based on the model pregented here. This approach w1l# allow
a test of gamma ray transition probability theory in complex
spectra. Such work would be useful, since as the complex%ty_t
of spectra under stud; increases, the effect of spectral fluc-
tuations’becomes.lesa imbortant. A ‘
It is hoped that the collective technique of descri-
"bing spectra and the matrix inversion response simplification
may lend itsel% to‘other_areas of dtudy. These could include
the reduction of proton or X-ray spectra of nugiear physics.
I;;estigators'in'other discipliﬁés such as chemistry may find
other applications for the preéent analysis. The statistical
description of spectral features such aa.gamma ray transitions
presents an alternate apbroach to the conventional tabulations
'of data. It is useful in describiﬁg-unresolved peéks,~§nd~ﬁg.
yiﬁlds a crude upper limit to the number of.peaks that Ah_
.experimenter can hope to observe with an ideal Bpectromeéér

-with infinite resolving power at an infinite cost, available

‘in the year infinity.
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APPENDIX 1

" MATRIX MULTIPLICATION
N

. f; this section Qe prove that the c6nvo1ution of

a spectrum repfesented by a vector with a sﬁitablé‘func-
tion can be exac;ly equivaleht to its mui:@plic%tion by thé
inverse of a response‘matrix. The response matrix must’

bé triangular, eitherrupper_of lower. The proof of fered
here is for a lower triangular matrix. An upper trianéular
matrix may be dealt thh in a sxmllar manner. The-form of

.the convolution function is indicated..

The contept of elementary matrlces is well known

(66)

to mathematicians !, It provides a powerful and elegant

method for certain matrix proofs, such as the following.

.ELEMENTARY MATRICES

¥V

We define an elaménthry'matriy, E.j(c}, which'ig
a matrix identlcal ‘to the'unlt (dlagonal) matrix except that
the element in row.i and column j is replaced by c. For

example,

iy
[
o
o
B—

)
o P
N
=t
(=) L
."JJ-
P
. -
o

E,, (- azl) =

et . .
. " . . . .. )

is a particular elementary matrix.




Premultiplication of any matrix A b} E..(c) shows

that the effect of Ei (c) corresponds tota srmple row operatlon,

¥

“i.e. xow i is replaced by itself plus the product of c and
: \

v

row j~ This is indicated as .

ri'.'-ri

"If we call the matrxx formed. by the actlon,of E, J( c)

on A a new matrix Al' the matrlces A and Al are said to be

row_gqulvalent. This is wrltten

A ) 4" ' Al .
+
) i+ri crj ‘}).
Since the'inverse row operation is just
e

- CI
=z 3

i
we see that

Ej4(-C)Ay = A.

Operating '6n this equation with Eijic).we have

Elj(c)Eij(-c)Al & Eij(cl? = ?1.

- Therefore

-

Eij(c)Eij(—c) = {.

We have, therefore found the imverse of the elemenéary matrix:

Do e -1, - T Al.2
o Byt = Byyl-e) L w2
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TRIANGULAR MATRIX WITH UNIT DIAGONAL

Consider a triangular matrix, A, of the form

- ¢ 1l 1

a 1 0
- 21
a a 1l : .
A= 3l 32 (Al.3)
841 342 . 1
. . . .

| . . a

n,n-1 /"

I+ is well, known that simple elementary row operations
& _
will reduce this to the unit matrix, I. In terms of the

elementary matrices, this is written )

E l)En,n-—Z(-an,n-z)En—l,n-2(—an—l,n-z)En,n-B(....--...x

-a
n,n-l( n,n-

cer Eyy(-841)Ey (-2 )R = T. (A.4)

The underllned groups of operations may be consldered

to correspond to matrices of a slmple form which are related

-

to the form of the convolution function.

We write

A, = oy E..(a;.)
37 im44l,n }j ij
If, for j=n, An = I, then
-1 '
A - m - E (—a ) .

" (The elementa \;matriceh referring to different rows of one

y L
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column commute,since the order in which elements in a column

are made zero is irrelevant.) L

Equation (Al.4) can now be written as

-1 -1 -1 -1 -
o ATATIAT, ... KA =T,
Therefore
-1 -1,-1 ,-1 -1
— A. = _Aﬁ An"lAn-z - s 8 Al -
where explicitly
r l ] 3
1 0
1 ‘ '
Al : L ‘ . (Al.5) .
’ . j+1.3 :
-a. . 1
> 3342, 3
. o + 1
. —-a :
\ nfj /

~

It may be seen that a matrix multiplication by a
. series of matrices of this form is equivalent to convolving i
the spectrum with a function indicated bf equation (Al.5).

GENERAL TRIANGULAR MATRIX

Consider A to be of the form

|
rall -
” az; 212
' Al.6)
A= az; %32 %33 (Al




The proof folldﬂs as in the previous section. Each
giementary matrix argumenf is now divided by the diagonal
element of that column. In addition it can be seen tha£ a
factor aij must be taken out of the matrix each time a column
; is made zero by elementary row operxations. {See equation
'(Al.4)). This is so that the right hand side of equation
(Al.4) becomes a unit, not a diagonal matrix. |

We then have, in analogy with equation (Al.5),
. ‘ A

(1 SN |
a 1
'
1
- 2541, 37233
AT = E'L' -a /a ' (AL.7)
S 0 "%5+2,37%353
. N
. . 1 ©
| 0 7m0, 57%3 .01

L L}

Since this is the .inverse, .the factor a,. appears as l/a...

ij : 33
Taking out l/ajj as)a common factor gives
, (1 o)
R - .
R a5 ‘ ' (A1.8)
j a ! ) 0 -a,; : .
33 3+1.]
o . .-aj+2'j 0_ 1
' - * . - l
l ko .an’j J
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The ¢3n¢eﬁience-hnd-éimplicity of this method is
. a consequence of the similarity'betweeﬁ this matrix, which
represents oné'step of a convolutigp, and the total response
matrix, represented by equation '(Al.6). Note that the matrices

A;l do not commute. Therefore the order of gsummation involved

in the convolution is critical, and is opposite in the case
of an upper triangular matrix.

We again consider the equation

= R ' (22'3)
\ s T

where S and T are the vectors representing the observed
and true spectra respectively, and R is the response function,

A}

here represented by a matrix. The matrix inversion and multi-

- plication is then indicated as.

1

T = R °S : -

,while the convolution can be indicated as
ti = § qij-sj'

‘ J ,
where ti and 8, are eléments of the vector and qij are elements

of the convolution function,.;he vﬁi&;s of which are_obtéined.
directly from R, as suggested by equation (Al.8) .-

In Chapter 5 it,waﬁ suggested that the response'
correction can be made-either to include events not in the -
peak into the peak, or to eliminate events not in the peak
ffém the spectrum. The former is bqﬂivalent Eb-a normalization

condition. A'constant number of events in the spectra S

A




¢ - . -
and T is equivalent to the requirement that the sum of any
column of the response matrix be one. This may be seen to
%e‘equivalent-to the requirement that the sum of the convo-
lution function gt any point be aone. If sucﬁ is not the case,
events may be eliminated from the. spectruﬁi | -

We have attempted to show the equlvalence between

the inversion and multipllcatlon of a vector by ‘a triangular
matrix,and the convolution of this vector by a functlon
indicated by equation (Al1.8). ' This is motlvated by the
fact that the computational effort requlred for the latter
is very much less. The effort is proporticnal to the number
of elements which must be summed, which depends on the range

or extgnt of the_response of the system under consideration.

~

{
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ﬁ%;i:Dix 2
STATISTI DERIVATIONS

In Chapter 6 we present the probability density

function:

o ‘m-1 ‘ ’
1 a1 \" Nt R « :
Py = T 7D eDvmmr RN (60

\ o
This/éesult_expressea the prob&bility of an intensity
I being present in an interval of the’spectrum. The number

of components actualiy present,_their average intensity,

-

4

and the average number expected in the interval are given by
m, IO’ and N. )
We now calculate some results w@ich are used in Chapter

6, using the formula for the expeétation:
<E(I}> = I | £{I)P (I)AI . (6.5}
‘ m _
- ) I
1
The form of P (I) indicates that this expre531on may be
evaluated by fert considering the integral over I, and then
the sumpover m.
'We write .
P (I) = - (_I__)m_l 1 ePI/IO
m I I m-1)1
o o
and again make the gsubstitution x = I/Io. Therefore we
have, for the moments of Pm(I):

—— —x
m 1e

X -
Em(I)dI - \—Fn—_-rrr dx 1




e X xTe %
I Pm(I)@I. = IO -(I_D.:ITI dx = I m i dx = Iom
o o o
- e
= \ . p .4 ' ® m+l
" 2 .2 mtl e _ 1 2 X te X
I Pm(I)dI = IO X e 1 dx IO m{m+1) . —(mﬁ
o o o
2 1’\‘ . |
= Io m{m+l) .
. . B ,
Similarly it follows that
13p (I)dI1 - 1-3 m{m+l) (m+2}
mn o <7 .

and ) : ‘ ‘

| I4Pm(I?dI = I mim+l) (+2) (m3) .

We now consider the sum over m, for which we need .

A N | .
P(m) = —“m—-m?—— . (6.1)

,A
This represents the probability of having m components in an
interval, when the average number is N. ) .

-

We compute the sums: . ‘ “

: N N 1
m=0Q m
~N a} -N




i | \\ 8g8

2 2.m e N Nle”
Im“p{(m) = Im N™ a7 ° I{m{(m~1) ——Tﬂ— + mNm

nl?[z * -+ N \

-N ' -N '
Im p(m) Em3Nm T = E{m(m-l) (m—Z)Nm e — + (3m —2m)N" %l— }
Qe . + 3(N2+N)72N

= N3 + 3N2 + N

-N
}

_N " . "‘N
qup(m)=2m4Nm %T— = £{m(m-l)(m—2)(m73)N¢ gﬁ—-+(6m3-llm2+6m)N2T

N b 5 (3+3NP4N) ~ 11(N%4N) + 6N

N+ oend 4 IN% + N . -

Now combining the above results we obtain
<l> = 1
<I» = I0 Imp {m) = ION ' . . -

2 2 T2 202
<1% = I ‘L mim+l)p(m) = I (N +N4N) = I (NT+2N)

3 ' ’ 3,03, eV

<I”> = IO3E(m(m+l) (m+2) p {m)) = 1032 (m3+3M2+2m)P(m)5"Io (" +6N"+6N)

104 % (m{m+l) (m+2) (m+3) p(m}) = Io4£(m4+6m +11m“+6m) p (m)
oo : ' e
4nd + 1287 + 368% 4 13N)

We use these results ih the following calculation, where

M= NI_ and V -gu:oz .
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0.2 = <((1-M) %-v) %>

2

2 - 2MI + H2 - V)“> (where we write M2 - V = B)

e (1

4 2.2

= <I" + {M"I 2

+ B2-4MI+ 2BI®-4MBI>

4 3 2 2

= < >=4M<I >+ (4dM"+2B) <I 2

>~-4MB<I>+B

_ ' I
3 3_o4n2+ent+an3oan? 3

+36N2+13N-4N3-24N

+ N4\—4N3+4N2}Io4

= {N4+12N —4N4+8N

4

It

(8N%+13N) I
(&)

oy = < (L1-M) 2= (1-M)>

a < (T2-2MT+M2-V) (1-M)>

= <(3-amraml-vi-mi2+2M -0 V) >

N
LY

2 2 3

= <I3>-3M¢I >+ (3MT~=V) <I>-M"+MV>

3 3 2 .3

- (i3een2een-and-enean-an?ndeant i

3
© ./

Naturally, as shown in Chapter 6 (equation (6.7)),

. 2 /4r' 2
) OM i’ NIO .

These results are used in the error analysis of Chapter 6.

= HNI

Fl

0




APPENDIX 3

SPECTRA;??ALCULATIONS ’ -

We summarize some of . the resulﬁs that were obtained

during the development of the-scheme adopted in Chapter 4.

. Any séectfel calculation requires the knowledge'of'

energy levels and transition probabilities. We recognize

two different methods of solving the problem. A continuous

level den91ty is assumed, with an optlon of inserting infor-

mation about_discrete levels where this is known. Alternatlvely’///’/
a Monte Carlo technique may be used to construct a set qf::::::>\‘
digcrete levels. Note that any form of level density -may be :

used in the.calcglations described here. We adopt the level

A I Tl

demsity and transition probability of equations (2.6) and

|

(2.8). ' ) \

DISCRETE LEVELS _ ...
(67}

A consideration of random matrices led Wigner to

sprmise the form of the distribution of "spacings between two

s

I
n%clear levels of the same spin J. It is of the form
\ . P(D) = —:5 ‘exp (- ——7)
2D
" Here D is the spacing; and: D is the average spacing. Although
theoretically not entirely correct(6 } this distrlbution agrees

well with obaervation(sg) : "

-
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At any energy, a nucleus has a distribuéioﬂ.of spins
(equation (2.7)).. This is equivaleﬁt to the superposition of
several mono-spin descriptions. The resul} is to randomize
the level distribution.

We therefore éonstruct a level scheme of a hypothe-‘
tical nucleus by sampling level spacings from an exponential
distribution. Each 1éve1 is then aqsignedla spin and a parity
by sampling from the appropriate distéibutions. As in Chapter
4, starting from the captufe state we calculate the intenqity
from successive levels to all-levels below'them.‘ At tpis | . ~
point wé have the option of introducing the fluctuations

repof§ed by Porter and Thomas(zs). This may be done by multi-

. g

L

plying the calculated intensity of a transition by a factor
sampled from a ;2 distribution. In our work we approximate this
distribution by an exponential distribution.
This technique.allows a study of effects of the

'spacihg aistribution aqg Porter-Thomas fluctuations on inten-
sity. It also indicates the effects of,flucﬁuations in levels
- of the spectral shape. Populations of various states as'a
functlon of Splﬂ\?nd parity of capture and ground states may

be calculated.

AN
The actual fluctuations in level density and transi-

N
tion probability limit the usefulness of thlS method in: pre-
dicting shapes of spectra of real nuclxdes-with few energy
levels. For large numbers of levels, the effects of the

samplings were found to average out. Since this was the case

1
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for most of the complex spectra under study, the conéinuous
scheme presented in Chapterxr 4 was adopted. ‘The discrete scheme
served to confirm the exponential natures of the gamma ray
-spacing distribution and of the gamma'fay intensity and distri-
bution. ' ' ‘ -

CONTINUOUS SCHEME

For a large number of levels (greater than about 100)
the computational effort required for the discrete calculation
" becomes prohibitive; The method described in Chapter 4 was
therefore introduced. ‘The calculation of spectral shape is
.there described. Other functions of potential interest may
also be calculaﬁgh using this forxrmulation. This description
allows éhe incluéion of spin;parity considerations, as well
as known level information in'the'calculation of transition
density functigns.

The transition density may be calculated by consi-

dering
n{(E ) = L £ D; D .
energy spin
such that parity
o E;-Eg=E,
_\
/ - .
S The average intensity per gamma ray 15 thern just
s(E,) '
1 (E) = —T;lT ’
[« T § nEY 5

whare S(EY) is given by equation (4.4).
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A primary gamma ‘ray tranuition is ,ono which connects .
the capture state vith any state in the compound nucleus. A
secondary gamma ray connccts any level oopulation produced by
a primary gamma ray to a level of lower energy. A cascade is
a nuﬁber of discrete tranlitionl connecting the capture state
of~a compound nucleus to its groundﬁatate. -

Spectra of prxmary, secondary, tertiary, etc. gamma
rays ﬁay be 81mply obtalned._ This is done by includlng a sub-
scrlpt 1n the populatlon, T which keeps a record of the number

of transltlons required to contribute each portlon of the

population of the set of levels in a particular bin. Such a

' -

decomposxtlon of a apectrum into components is ahown in Fig.:
A3.l. These curves may be used as an aid to constructing
decuy schemes. The possibility of high enerqgy -secondary gamma

transitions is indicated. Such transitions were in fact

observed in the spectrum following the 27A1(n,y)28A1 reac-

tion(53). - . 1

In.the same way that the total transition density

A

‘may be obtained using this approach, the transition density
of primary, secondary, etc. é&mma rayé may be calculated.

<

The average intensity per gamma ray of the primary, secondary,
transitions follows also. - ‘

The number of trans;txons 1n a cascade'may also be
of interest. For example, a-2—fold coinc;dence cxpcriment E

is insensitive to singIe transitions, a 3—folo,coincidence
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experiment is insensitive to 2 ep cascades, etc. Such

information may also be useful "in the fitting of transitions'
into decay schemes.

The ééquential nature of the calculation offers no
simﬁie a priori method of determining the number of gamma
rays of a cascade. We construct all possible cascades of
the desired number of transitions. A simple algorithm was

developed .in order to assure that all possible combination

-were included in the calculation.

In the matrix

(0 a;; 233 334 a;s)
0 az3 334 235
A= 0 a3, 23g
' - Ol - 0 a,g -

We conéider the element subscripts to be labels of the energy
bins in dhich fhe levels are situated. Each element therefo;e

can represent an intensity of a gamma transition, and all

possible transiti&ns betwéen bins are represented. The upper

right hand element connects the capture and ground states.

In the special case of the 5 bins we write the square

of a 5%x5 matrix.
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. : 1 TCaplure
. . : ) .
L9000 ,212%13 212%24%213%34 3)2325%8) 33353 425 ’
o 0o 0 - 223%34 223%357%24%45 ;
2 ' ‘ '
A] == - . .
( | 0- 0 0 0 TP

0 0 0 0 | S0

o 0 0 o .20 | w

‘ Y m Ground

It may be seen that the ‘elements of this matrix repre-
sent all possible 2 step transitions between all possible bins.

Similarly the nth power of mctrlx A gives all the n step._

-

cascades betwgen'all the bins. Therefore all possible n stepk :-

P

cascadés between the capture and ground states are listed as the
1nd1ces of 'the upper rlght hand Bide element in the matrix [_'(

A raised to the nth power. -

P L

It should be kept in mind that thesge results are bin
dependent. ThlS is obvious when a purely contlnuous den31ty
is considered - there will be an infinite number of transitions
in each cascade before the.ground gtate is gsached. Thatvrt
is reached in fewer steps is a consequence of the_digitiiation
of the aensity, and a consideration ot only transitions between
bms. The calculation indicated b%‘f Fig. A3.2 will be
quantltatlvely correct if the bin width near the groundrstate
is of the order of the level spacing near the ground state.
It is for this reason that two bin sizes are {1lustrated. |

2 ]

Mn all other calculations the effect of the bins is

)

negligible. As the number of bina,ingxeases, the intensity
contributed by these cascades to the multiplicri? of the

spectrum approaches zero.
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APPENDIX 4

SPECTRAL DATA

In this section. we present first tabulations of
obsgfved transitions, followed by_piots of the abserxved
spectra. We have chosen to order the data'accordiné to mass
number. Théoenergy scale has been shifted by 1.022 MeV, so
that the second escape peaks are labeled with tﬁe full energy
of the gamma transition involved. The tabulations were ob-
tained from the spectral daté by a judicious method of sub-
jectively. evaluating correlations in the contents of neighbouring
and near neighbouring channel locations. The statistical error
in the'defermination of peak centroids approachés zero.

However it is estimated that in favourable cases an error
in locating the centroid pOBlthn of approxlmately .1 channels

correspondlng-to a relative energy uncertainty of .2 keV,

was introduced by the subjective nature of the judgement e

This estimate is based on & careful study of the technique
involving the centroi& determination of peaks_in_computer
éenerated spectra. - P

The foregoing method was not adopteq until sevgral_
non subjective methods had been considered. These involved

computer fits of functions using varlous techniques. Gaussian

distributjons ojarying width and linear components were

attempted using bpth linear and non-linear fitting techniques.

4,
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' pejection of these methods was based on pcor convergence,

a disproportionate amount of compﬁter effort required, dif- LI
ficulfy in obtaining initial valueﬁ of some parameters of Ege

fitted funcgion and failure or difficylry with closely spaced
features. 7 v ) ‘

As noted in Chapter 7, reletive!intensity calibration
is via the 15N spectrum, ana'abSOIute;intensities were ob-
tained by adjusting the'spectral mulﬁiplicity'to that pre-
dicted by the model calculations of Chapter 4.

The spectral data is followed by a plctorial represen-
tation of the result of the calculetlon descrlbedcln Chapter
5. Five plots are presented for each spectrum. The graphs
are actually histograms showing the sums of data in 10 channels
of the-spectrum. From the top of the page, we show
{a) the system background appropriaﬁe fcr the experiment, .

(b) the 'raw'! result of the experiment;‘ \

(c) the result of the experiment corrected for background ,

{d) the spectrum corrected for random addltion, and

(e} the final result, comprised of only the second escape
peak contribﬁtiqns to the system response.

Finally,.for each spectrum where the statistical descrip-
tion of the spectrum was deemed reaeonable (error discussions in
Chapter 6), we include the result of the anelysis..Hietograms
lndlcatlng the average number cf counts per peak, the transition
density, the cumirlative number of transxtlons, and the cumu-

lative (iﬁtegral) of the total corrected 1nrensity are presenteq%

3
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