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1 Introduction

Little is known about completions of orthomodular lattices (abbreviated OMLs).
A complete modular ortholaitive cannot contain an infinite pairwise perspective
orthogonal set (see Amemiya-Halperin [3]), so the finite or cofinite dimensional
subspaces of an infinite dimensional Hilbert space is a modular ortholattice which
cannot be embedded into a complete modular ortholattice. It remains an open
question whether every OML can be embedded into a complete OML.

It is known that the MacNeille completion of an OML is not necessarily ortho-
modular. The standard example of this, and previously the only one known, is
based on a theorem of Amemiya and Araki [2]. This theorem states that for an in-
ner product space V', if we consider the ortholattice £L(V, L) = {4 C V' : 4 = 41!}
where A4+ is the set of elements orthogonal to A4, then £(V, L) is an OML if and
only if ¥ is complete. Taking the OML L of finite or cofinite dimensional subspaces
of an incomplete inner product space V, the ortholattice £(V, L) is a MacNeille
completion of L which is not orthomodular. However, L can be embedded into the
complete OML £(¥, 1), where V is the completion of the inner product space V.

The only positive results about MacNeille completions of OMLs are given by
Janowitz [14] and Bruns et. al. [7]. Janowitz showed that the MacNeille completion
of an indexed OML is again an indexed OML. Bruns et. al. showed that a variety
generated by a single finite OML is closed under MacNeille completions. There is
still no useful characterization of the OMLs which have orthomodular MacNcille
completions. That there are so few positive results about MacNeille completions
of OMLs is not surprising, the misbehavior of the MacNeille completion has been
well documented for the case of distributive lattices: in [10] Funayama produces a
distibutive lattice whose MacNeille completion is not modular and in [13] I show
that any lattice can be embedded into the MacNeille completion of some distributive
lattice.

The contents of this thesis are in large measure devoted to extending the results

of Bruns ef. al. Specifically. it is shown that a variety generated by a set of
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OMLs, a chain in any one having at most n + 1 clements, is closed under MaceNeilie
completions. The crucial first step is taken in the second section. where it is shown
that an OML in such a variety is directly irreducible if and only if it is simple.
The mechanism of this proof is to provide certain polynomials over the given ONML
which locelly return the least central upper bound of a given clement.

These polynomials allow use to be made of the Pierce sheaf representation of
an OML (a construction almost identical to the creature of the sume name in ring
theory). Of course, in the case of a directly irreducible OML this representation
is entirely useless. But, in the setting of this thesis, the directly irreducible OMLs
considered are simple and of finite height. Therefore, the major drawback of this
sheaf representation does not concern us.

The polynomials mentioned above are used to ensure that most of the stalks
of the Pierce sheaf are well behaved. More precisely, the set of points where the
stalks are directly irreducible and of height at most n contains a dense open set. This
allows us to view the MacNeille completion of such an OML as the set of all sections
on dense open sets modulo equivalence on dense open sets. As I have recently
become aw-re (thanks in no small part to Prof. B. Mueller) this construction has
an analogue in torsion theories.

In the final section, I have given a method to construct OMLs whose MacNeille
completions are not orthomodular. Using examples constructed this way, it is shown
that the primary result of this thesis cannot be extended to the varicty generated
by the finite OMLs (unfortunately negating our hope of proving that the variety of
OMLs is not generated by its finite members). These pathological OMLs can be
embedded into complete OMLs via a process not unlike completing the underlying

inner product space in the example described above.



2 Preliminaries

A fairly diverse range of subject material is used in this thesis. Most background
material is brefly covered in this section, and even the reader with a good knowledge
of these matters is advised te skim the following pages as the required notation is

introduced here.

2.1 Ortholattices and orthomodular lattices

An orthocomplementation is a period two anti-isomorphism of a bounded lattice
which is also a complementation. An ortholattice (abbreviated: OL) is a pair
(L,) where L is a bounded lattice and ' i= an orthocomplementation on L. It
follows easily from this definition that an orthocomplementation satisfies the usual
DecMorgan laws. As is customary, we refer to L as an ortholattice when no confusion
is likely.

An orthomodular lattice (abbreviated: OML) is an ortholattice (L,’) which

satisfies the following condition called the orthomodular law
foralla<be L, aV(ad Ab)=0b, (2.1)
or its equivalent form
foralla<be L, bAad =0if and only if a = b. (2.2)

Standard examples of OMLs include Boolean algebras and lattices of closed sub-
spaces of Hilbert spaces, with orthogonality being the orthocomplementation. The
standard reference for OLs and OMLs is [17].

A relation C is defined on an OML L by

aCbif (aVB)A(aV¥)=a.

We say that pairs in this relation are pairs of commuting elements. It can be
shown that C contains the partial ordering of L and that aCb if and only if the
sub-ortholattice generated by {a,b} is Boolean. A block of L is defined to be a

3



maximal set of pairwise commuting clements. or equivalently a maximal Boolean
subalgebra of L. C(L). the centre of L. is defined to be the intersection of the blocks
of L. This definition of the centre of an OML agrees with the usual definition of
the centre of a lattice.

There are several interesting and important propertics of the congruences of an
OML; all of this information can be found in {17]. For an OML L. the congruences
of L permute, that is to say that for congruences 8, ¢ of L 80 ¢ = ¢ 0 # where
8 o ¢ is the usual relational product. Equivalently, we say that # and ¢ permute
if (a,b) € 8 V ¢ implies that there exists ¢ € L with (a,c) € @ and (c.b) € ¢.
Also, the congruences of L are exactly the binary relations which are congruences
of the lattice reduct of L, so the congruence lattice of an OML is distributive as the
congruence lattice of any lattice is distributive. Congruences of an OML share the
same pleasant property exhibited by Boolean algebras, groups, ctc.; a congruence is
completely determined by one of its equivalence classes. This relationship is given
by

abb if and only if ((a V b) A (a' V 1'))60. (2.3)

Certain congruences will play an important role in this thesis, the factor con-
gruences. A congruence & of an algebra A is called a factor congruence if there
exists a congruence ¢ of A with 4 canonically isomorphic to 4/8 x A/é. It is easily
secen that a congruence 8 is a factor congruence if and only if there is a congru-
ence ¢ with 8 A ¢ = A, §V ¢ = 4% and 6, ¢ permuting. If the congruence lattice
of an algebra 4 is distributive, then the factor congruences of 4 form a Boolean
sublattice of the congruence lattice of 4. For an OML L, the Boolcan algebra of
factor congruences of L is isomorphic to the centre of L. This isomorphism can be

described by mapping the central element ¢ to the factor congruence 6(c), where
6(c) is given by

6(c) ={(a,b) e L*:aAc’ =bACc} ={(a,b) e L?: (a VD) A (' V) < c}). (24)
The following simple observation will be quite useful

L is directly irreducible if and only if C(L) = {0,1}. (2.5)



An OML L is said to be of height at most n if every chain in L has at most
n + 1 clements, and chain finite if every chain in L is finite. It follows from a result
of Dilworth’s [9], and is proved explicitly in [17], that every congruence of a chain

finite OML is a factor congruence. Therefore,

a chain finite OML is directly irreduc:ble if and only if it is simple. (2.6)

2.2 MacNeille completions

An ideal of a lattice L is the intersection of principal ideals if and only if it is
equal to the set of lower bounds of the set of its upper bounds. Such ideals are
called normal ideals. L, the set of normal ideals of the lattice L, forms a complete
lattice under set inclusion and is called the MacNeille completion [19] of L. It is
casily seen that L can be join and meet densely embedded into L. In fact, these
properties determine the MacNeille completion of L up to isomorphism [5,21]. That
is, if C is a complete lattice into which L can be join and meet densely embedded
then C is isomorphic to L.

Given an ortholattice (L,'), an orthocomplementation L may be defined on L
as follow.:

I' = {z € L: 2’ is an upper bound of I}. (2.7)
This orthocomplementation extends that of L and is uniquely determined by this
property [18]. The OL (L, 1) is called the MacNeille completion of the OL L. It
is then easily seen that if C is a complete OL into which L can be join densely
embedded then C is isomorphic to the MacNeille completion of L.

The following property of OMLs will be quite useful to us. For a an embedding
of an OML L into an OML A, a is a join dense embedding if

for each 0 # m € M there exists 0 # | € L with a(l) < m. (2.8)

2.3 Universal algebra

A class of algebras of the same type is said to be a variety if it is closed under the

formation of products, homomorphic images and subalgebras. Birkhoff has shown
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that a class of algebras of the same type is a variety if and only if it is the class of all
models of some set of identities (first order formulas admitting only atomic universal

quantification) over the language of the algebras. Note that the orthomodular law

is equivalent to the identity
sV(E@'A(zVy))=zVy

so the class of all OMLs is a variety.

A subdirectly irreducible algebra is one with a least nontrivial congruence. The
notions of directly irreducible and simple should be obvious from classical algebra.
It easily follows that a simple algebra is subdirectly irreducible, and a subdirectly
irreducible algebra is directly irreducible.

A subalgebra of a product of a family of algebras is said to be subdirect if cach
projection map is surjective. Birkhoff has also shown that any algebra in a given
variety is isomorphic to a subdirect product of subdirectly irreducible algebras in
that variety.

Given a family of algebras (d;)ie; of the same type, and a first order formula

@(x1,...,2n) in the language of these algebras and ay,...,a, € [] 4; define
[e(ar,...yan)] = {i € I: 4i = @(ai(3),...,a.(i))}.
For U an ultrafilter over the set I the relation © on [] 4; defined by
a®b if and only if [a = 8] € U

is a congruence on [] 4;. We follow the customary practice of using i/ and the asso-
ciated congruence © interchangeably. The ultraproduct of (4;); over U is defined
to be ([T 4:;)/© and is denoted by [T A:/U. A very useful theorem due to Los states
[14:i/U = olar /U, ... a./U) if and only if [@(ay,...,a,)] € U. (2.9)

i€l
A variety of algebras is called congruence distributive if the congruence lattice

of each algebra in the variety is distributive. The variety of OMLs is congruence
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distributive. The full usefulness of the ultraproduct construction is realized in con-
gruence distributive varieties. Jénsson [15] has shown that if a set A of algebras
of the same type generates a congruence distributive variety, then the subdirectly
irreducible algebras in that variety are homomorphic images of subalgebras of ul-
traproducts of families of algebras in 4.

A particular application of the above theory will be ~f importance to us. If V is

a variety generated by a set of OMLs, each having height at most n, then
the subdiirctly irreducibles in V have height at most n. (2.10)

The proof of this fact follows easily from the observation that being of height at
most n is a first order property, and that every variety of OMLs is congruence
distributive.

All of the above information can be found in [§].

2.4 Boolean algebras and Stone spaces

Given a Boolean algebra B, we define B" to be the set of all maximal proper
ideals of B, and for each ¢ € B define ¢* to be the set of all maximal proper ideals
of B which contain ¢. For ¢,d € B ’

cuUd =(cAd),cnNd =(cvd),(d)=B"-c,0"=B"and 1" = 0,

so {¢" : ¢'€ B} is a basis for a topology on B* and B* with this topology is called
the Stone space of B. It is well known that the Stone space of B is a compact
zero-dimensional (has a basis of sets which are both open and closed) Hausdorff
space for which the sets which are both open and closed (often called clupen) are

exactly the sets ¢* where c € B.

For a bounded chain C, let F be the field of subsets of C — {1} generated by

the sets 4, = {y € C : y < z} where z ranges over C. As every element of F has a

unique representation of the form
n

U(.-'lxz,. ~ A ,) where 2y < 22 < ... < 79, € C,

=1
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the set B(C) of all finite, even length chainsin C carries a natural Boolean structure,
For x € B(C) let I(z) be half of the length of r and let ry...., ryy;) be the clements
of z in order of increasing size. Then if X and L are the induced partial ordering

and orthocomplementation on 5(C) we have for r, y € B(C)

z <y ifand only if for each 1 <7 < I(x) therc exists 1 < j < I(y) (2.11)

such that yajo1 < T2im1 < 72i < yaje
and that z' is defined by
Uzt =zU{0,1} and r Nzt =z — {0.1}. (2.12)

It is immediately evident that B(C), with the natural Boolean structure, is gener-
ated by a sub-chain which is isomorphic to C. We call B(C) the Boolcan algebra
generated by the chain C. We will make use of the fact that a Boolean algebra
generated by a chain is complete if and only if it is finite.

For further information on Boolean algebras see [4].

2.5 Kalmbach’s construction

In [16] Kalmbach introduced a method of constructing an OML containing a
given lattice as a sublattice, showing that the varicty of OMLs docs not satisfy any
particular lattice identities. This construction will be exploited in the final section
of this thesis to produce OMLs whose MacNeille completions are not orthomodular.

For a bounded lattice L, define the set (L) to be the union of the sets B(C)
where C ranges over all 0, 1 sub-chains of L. Define a map L1: K(L) — K(L) to be
the union of the complementations on the B( C) and define a relation < on K(L) to
be the union of the partial orderings on the B(C). Then, (K(L), =X, L) is an OML,
which will be referred to simply as K(L).

Later, we will need certain recursive methods for finding joins and meets in

K(L). As a description of these methods amounts to a proof that (L) is an OML,
a proof of this is given.



Theorem 2.1 For L a bounded lattice, K(L) is an OML.

Proof.

From (2.11) it follows that < is a partial ordering and from (2.12) it follows that
1 is indeed a function. For elements z, y of X(L), if x Uy is a chain of L then the
supremum and infimum of these elements in B(x Uy U {0,1}) are their supremum
and infimum in X(L). Therefore, it follows immediately from (2.11) that X(L)
satisfies (2.1), so if X(L) is indeed a lattice, it is an OML.

Claim. For z, y elements of X(L), if I(z) = 1 then z V y exists.
Proof. The proof is by induction on I(y). Assume that £ Uy is not a chain of
L, and thercfore that I(y) > 0. It is easily verificd that

{z1,22} V {y1, 92} = {z1 A1, 22 V 2} if {x1,72,%1,%2} is not a chain.  (2.13)

Setting z; = {y2i-1,y2:} for each 1 < ¢ < I(y) and taking & least such that = U zy is
not a chain, by (2.13) z V z; exists and by inductive hypothesis (z V ) V (y — =)
exists, so

zVy=(zVz)V(y— =) (2.14)

It is now easily verified that joins exist in X’(L). For z an y nonzero elements of
K(L), setting w; = {23i—1, 72} for each 1 £ 7 < I(z), using the previous claim we
have
| zVy=(((y Vw)Vuwy)...) Vwya. (2.15)

For  and y elements of (L), to see that the infimum of z and y exists first

note that

{miVyz Ay} Vg <z Ay

if l(z) =1(y) = 1 then TAy = { (2.16)

) otherwise

But, = is a lower bound of {z,y} if and only if for each 1 < k < I(z) there exists
1<:<{(x), and 1 < j < {(y) such that x9;1 V y2j-1 < zak—1 < 22 £ T2i AY2j. So

g Ay = V{{rai1, 22} AM{yajmn, 125} 1 1 S <m, 1< 5 <m) (2.17)
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If = is the result of an operation on elements xr, y of A(L) then = is a chain
in the sublattice of L generated by z Uy U {0,1}. This follows immediately from
(2.12) for the operation L and by a simple induction using (2.13) through (2.15)

for join. Then (2.15) and (2.17) provide the result for meets. As a corollary of this

observation,

if M is a 0,1 sublattice of L then KX(Af) is a subalgebra of X'(L). (2.18)

2.6 Sheaves

The notion of a sheaf of sets has several wildly varying descriptions: as a local
homeomorphism between two topological spaces, or as a contravarient functor from
a frame to the category of sets satisfying certain conditions. The notion of a sheaf
of groups, rings etc. can be similarly described by requiring that the stalks of the
local homeomorphism each have a group structure compatible with the topology, or
by a contravarient functor from a frame to the category of groups satisfying certain
conditions.

For many applications of sheaves to universal algebra, the simpler notion of a
Boolean product given by Burris and Werner (see {§]) suffices. A different definition
of a sheaf of algebras will be used in this thesis as I believe it makes for a simpler
and more natural presentation. The notion used here might be more appropriately
called a topological product of a family of algebras. The global sections of a sheaf
of algebras are a natural example of such a topological product.

Such matters aside, the only sheaf actually considered in this thesis is the Pierce
sheaf of an algebra, and readers familiar with standard approaches to sheaves will

have no trouble putting our definitions and results into standard terminology.
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Definition 2.2 A sheaf of 7-algebras 1s e triple S= ((Lz)zex,¥,0) where

1) (L:)eex i a family of algebras of type 7 whose underlying sets are pairunse
disjoint,
i) v is e topology on X,
i) 6 13 e topology on U.ex L=,

1) {f € loex Lz : f is continuous } is a subalgebra of [{.¢x L-.

The algebra {f € [T.ex Lz : f is continuous } is called the global sections of S
and will be denoted by I'S, the union of (L;):ex With its topology 6 is called the
sheaf space of S and will be denoted by S, and the algebra L, is called the stalk of
S at z.

The following result was originally obtained by Pierce (in the setting of rings),
but the presentation here draws largely on resuits of Burris and Werner for Boolean
products {8]. This result will be essential later in the thesis and the notation intro-

duced here will be used freely.

Theorem 2.3 If the factor congruences of an algebra A are pairwise commuting

and form a Boolean sublatlice B of the congruence latiice of A then

i) for each I € B*, Ul is a congruence on A,

ii) for each a € A and 0 € B, if we set 0(a,8) = {a/UI : 8 € I'} we have that
{O(a,8) :a € A,0 € B} is a basis for a topology & on Usep.- A/UT,

i#i) wi'k v the Stone topology on B*, S = ((4/UDiep+,7,6) is a sheaf of algebras
of the type of A,

iv) A is isomorphic to T'S by the map a~+ @ where &(I) = a/UI.

Strictly speaking my statement of this theorem is incorrect as there is no guar-
anty that the underlying sets of the family (A/ ) I);cp- are pairwise disjoint. How-
ever this difficulty could be easily remedied by considering the family (A/UI x
{I})1eme+, where {I} is the trivial algebra, but the expense in notation would hardly
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seem worthwhile to correct this minor inaccuracy. It is to be assumed throughout

that (4/U I)rep- is a family whose underlying scts are pairwise disjoint.

Proof. The first assertion follows from the fact that I is an updirccted subset of
the congruence lattice of A. In fact [J I is just the join of the set I in the congruence
lattice of 4.

For the second assertion, for a/ I € O(b;, 6, YNO(ba, 82), we will produce ¢ € B
with a/UI € O(a,¢) C O(b;,6,) N O(b2,82). But if a/UTI € O(by,8,) N O(b,.8,)
then 61,6, € I and a/UI = b/ UJ = ba/ U1, so for some x3,x2 € I, a/x1 = b /\q
and a/x2 = by/x2- Thenfor =6, V8,V x1V x2, ¢ € I so a/UUI € O(a,$). But,
ifa/UJ €O(a,4) then p € Jso 8,8, € Jand a/UJ = b,/UJ = b fUJ.

To show that 'S = {f € [lies 4/UI : f is continuous } is a subalgebra of
[Tieg- A/UI we must show that it is closed under the operations of Mg 4/ UL
For nullary operations, we will show more than is necessary by showing that for
each a € 4 the map @ : B* — § defined by a(I) = a/UT is continuous. To
see this, suppose V' is an open neighbourhood of @(I), then as O(a, A) is also an
open neighbourhood of &(I), for some ¢ € B, a(I) € O(a,$) C Oa,A)NV giving
al¢"] c V.

For an n-ary operation ¢ of 4, with n > 1, and fireeoy fu € TS, to show that
t(fir--.sfn) € I'S we must show that for a basic open neighbourhood O(a, ) of
t(f1re.o s fa)(I) there is ¢ € I with ¢(f1,..., fa)[¢"] C O(a, ). Say fi(I) = a;/UI
for each 1 < ¢ < n, then as each f; is continuous, for each 1 < i < n thereis §; € T
with fi[67] C O(a;,6;). Setting x = 0V VL, 6 wehave y € I and if J € " then
J{J) € O(ai,6;) for each 1 < i < n giving

Hfiseos f)(T) = Har/ U . 0/ U T) = ar, ., @)/ U V.

But t(fy,..., fu)(I) = a/UI, so for some ¢ € I a/tp = H{a,...an)/t. Then for
¢ =xV¢ wehave d € I and ¥(f1,..., fo)[¢"] € O(a,9).

As @ is continuous for each a € 4, the map a ~ @ is into T'S. To show this map
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is one to one we will show more, namely, for a,b € 4 and # € B
& and b agree on 8" if and only if (a,b) € 6. (2.19)

Note that if & = b then (a,b) € A, so a = b. To prove this result suppose (a,b) € 6,
then a/UI = b/ U for each I € §” so & and b agree on 8”. On the other hand, if
(a,b) ¢ 6 then for ¢ the complement of #in Band F={x € B:(a,b)€x},0¢ F
and F is a proper filter over B. We can extend F U {4} to an ultrafilter & over B,
then I = B—U € B, I € 6" and (a,b) ¢ U giving a(I) # b(I).

For f € 'S there exists a natural number n and for each 1 < ¢ < n a congruence
6; € B and a; € A so that f[8!] = O(a;,6;) and U, 6; = B". Indeed, as f is
coutinuous, for each I € B* there exists a € A and § € B so that I € §" and
f[6"] = O(a,8). The set of such 6~ forms an open cover of B which may be
reduced to a finite subcover as B* is compact, giving such a system mentioned
above. If n is the least natural number for which there exists such a system we
claim that n == 1 giving that f[B*] = O(a,A) for some a € A so f = d. To justify
this claim, suppose n > 2, then as f[6; N 8] = O(a1,6, V 6;) = O(az, 6 V 82),
a,(6, V 8;)a;. But the congruences in B permute, so for some b € A we have
a,6,b62a;. Then f[6;] = O(a1,6:) = O(b,6,) and f[8;] = O(az, 62) = O(b,6), so
(61 A 62)) = O(b,6, A 62) contradicting the minimality of n.

The sheaf constructed above is usually called the Pierce sheaf of the algebra A as
Picree first proved this result for rings. As any OML is congruence distributive, the
factor congruences form a Boolean sublattice of the congruence lattice, and as all
congruences in an OML permute, the factor congrueﬁces are pairwise commuting,.

The following coroll..cy was first stated by Graves and Selesnick [11].
Corollary 2.4 An OML is isomorphic to the global sections of its Pierce sheaf.

The following seems to be part of the folklore of the subject.
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Proposition 2.5 If the factor congruences of an algebra A are pairmise commuling
and form a Boolean sublattice B of the congruence lattice of A then for § the Pierce
sheaf of A the following are equivalent

i) for each a,b € A, [@=b] is clopen,
i) for each a,b € A, there is a least congruence in B containing (o, b).

iii) the sheaf space of §.is Hausdorf.

Proof. To see that the first condition implies the second, for a,b € 4 as l[a= faﬂ
is clopen, {a@ = 5] = 6" for some 6 € B. By 2.19 we have (a,b) € 8 and if (¢,b) € ¢
for some ¢ € B then & agrees with b on ¢~ so ¢* C [a@ = ] giving that § < ¢. So 8
is the least congruence in B containing (a, b).

To see that the second condition implies the third, suppose that a/UI and
b/UJ are distinct points in S. If I # J then there is 6 € I with ¢ € J, where
¢ is the complement of 8 in- B. Then O(a,8) and O(b,¢) are disjoint open scts
separating a/UJ and b/UJ. If I = J then a/UTI # b/UI, so for § the least
element of B containing (a,b), 8 € I. So ¢ € I where ¢ is the complement of 8 in
B. Then a/UI € O(a,¢) and b/UI € O(b,4), but if ¢/UM € O(a,¢) N O(b, $)
then a/|J M = b/ U M giving that § € Ml an impossibility.

To see that the third condition implies the first, suppose a,b € 4. As @,b
are continuous maps into a Hausdorff space, [@ = 8] is closed. But [a@ = }] =
a~'[O(b, A)] which is open.



3 Some polynomials

For L an OML, we will say that M is a partial matrix in L if M is a rectangular
matrix whose entries are elements of L. We do not require that each cell of Af has
an entry, but we do require a certain normal form. There must be an entry in each
row and column of A, and the entries of a row must be an initial segment of that
row. We say that a partial matrix M in an OML L is admissible if the following
conditions are satisfied. For each row of M, the entries in that row are pairwise
distinct and form a block of L. If we consider the Northeastern diagonals of Af
originating in the first column (these will be referred to simply as diagonals), there
is an entry in each cell of the diagonal. Finally, we require that all of the entries on
a given diagonal, which are not in the first column, are equal and do not commute
with the entry in the first column of that diagonal.

For a partial matrix Af, we will refer to the entry in the (7, 7) cell of AL, if there
is one, by M; ;. Define N(M), the size of M, to be a sequence of natural numbers
< Ny,...,n; > where r is the number of rows in M and for each 1 < i < r, n; is the
number of entries in the i** row of M. If two partial matrices, M and P over the
same OML have the same size, we say that M < P if each entry of P dominates
the corresponding entry of M. Finally, let < IN*, <;> denote the set of sequences

of positive natural numbers with the lexicographical ordering.

The diagram b .sw may help to visualize a partial matrix and its diagonals.

15
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Lemma 3.1 For K a sct of OMLs, each of which is directly irreducible and of

height at most n, define a set A by A = {N(R) : R is admissible in some L € X'},
then

1) A is a finite set and has ¢ mazimum in < INY. <>, say < Niy...., my >.

1) If M 1is admissible in some L € K and N(M) = < My....,my >, then for
y € L, y commutes with all the entries of Al if and only if y € {0.1}.

Proof. i) If R is admissible in some L € X, as the entries of a row of L are pairwise
distinct and form a block of L, each row of R has at most 2" entries. As there is
an entry in each cell of a diagonal of R, the number of rows of R cannot exceed the
length of the first row of R. So A is a finite set, and as < IN*, <> is a chain, 4
has a maximum in < IVF, <>,

ii) Take M € L as given. Assume that y € L — {0,1} and y commutes with all
the entries of M. As each row of M forms a block of L, y and 0 appear on cach
row of L and never on a diagonal of L (except possibly the one element dingonal).
As y ¢ {0,1} there exists = € L which does not commute with y, and a block B of
L with z € B. Form a new partial matrix M’ by adding a row to the bottom of M,
the entries being the elements of B, each listed only once, with = listed first. By
switching at most two entries per row of M’, we may form a new partial matrix AJ”
which agrees with A’ on all the diagonals, except possibly the diagonal originating
at 2, such that the entries of the diagonals originating at = which are not in the

first column are all equal to y. But M" is admissible, contradicting the maximality

of <my,...,my >.

In the following, we will assume that K and < m,,...,m, > are as described
in lemma 3.1. T denotes the term algebra, of the type of ortholattices, over a
countably infinite set §. We will assume that a;,,... »@q,m, are clements of S, and
denote the vector < a1 1,...,aq,m, > by & For M a partial matrix in an OML L with

N(M) = <my,...,my >, there exists a map » : § — L such that wla;;) = M;;



17

forall 1 <i<gq,1<j<m, and a homomorphism ¢ : T — L extending . So,
for t(d) € T we may define t(M) to be $(1).

Lemma 3.2 There ezists p(d,b) € T such that for any partial matriz Al in any
L €K uth N(M)=<my,...,m; >, we have

i) p(M,0) — 0.

i) If M 1is admissible then for z € L, p(M,z) = 0 if and only if - = 0, and
p(Al,z) =1 otherwise.

Proof. Define recursively for each k > 0, p*(&,b) € T as follows:

MaEb)=V V [(bVay)A@BVa)l,

1<i<q 1<igm;

P&, b) = p°(@,p*(a, b)) for k > 0.

For z € L, p°(M,z) 2 z, so p**1 (M, z) = p*(M, p*(]M, z)) > p*(M, 2), therefore
{p*(M,z) : k > 0} forms a chain in L. If p**'(M, z) = p*(M, z) then p**t3(M,z) =
p*HU(M, 2), so p"* (M, ) = p™t?(M, z) since every chain in L has at most n + 1
elements. But, p?(3f, )} = z if and only if = commutes with all of the entries of A, so
p"(M, =) commutes with all the entries of M. In particular, if M is admissible then
p™t1(AL,2) € {0,1} (by lemma 3.1). A simple induction shows that p"+!'(M,z) =0
if and only if z = 0. Set p(ad,b) = p+1(q, d).

Lemma 3.3 For each 1 <¢ < g, 1 £ j < m; there ezisis p;;(@) € T such that for
any partial matriz M, in any L € K, with N(M) = < my,...,m, >, if we define o
parital mairiz Q in L, with N(Q) = < my,...,my >, by setting Q;; = pi;(M) for
all1€i<q,1<j<my then

i) The entries of each row of Q are pairwise commuting.



i) @ < M, and if the entries of each row of M are pairwise commuting then

@ == M.

Proof. Define recursively for cach & > 0, p! ;(@) € T for cach 1

N

[ <y,
1 € 7 € m; as follows:

p?‘j(&') = A [(aijAai) Viai; A @il
1<i<m,

PEN@) = PY5(PE 1 (@) -+ Py (8)) for & 2 0.

For each k > 0 define a partial matrix Q* in L, with N(Q*) = N(A[), by setting
£ = Pi;(M) for each 1 <7 < g, 1 <5 < mi. Note that Q' = pl;(Q4), w0 if
Qk-H —_ Qk, then Qk+2 = Qk-H_
For any partial matrix R in L with N(R) = N(Af) we have for any 1 <7 < g,
1 <j < m; that p)i(R) € R;;, and pf (R) = R;; if and only if R;; commutes with
all the entries on the i** row of R. By an easy induction we have M > Q% > Q!
for all k > 0. As there are at most g2"entries in Af, and every chain of L has at most
n + 1 elements, Q¥ = QV*!, where N = (n + 1)¢2". Then, sctting p; j(d) = P
for each 1 €i < q,1 < j € m; we are finished.

Note in particular that the polynomials p;; are decreasing.
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Lemma 3.4 For ecach 1 <i < ¢, 1 £ j < m; there ezists v;;(@) € T such that for
any partiel matriz M in any L € K, with N(M) = <my,...,m, >, if we define
a partial matriz V in L, with N(V') = N(Af), by setting V;; = v;;(A) for all
1<:1<4q,1<j&m then

1) The entries of each row of V' are pairwise commuting and the eniries of each

diagonal of V whicl are not in the first column, are equal.

it) If M 13 admissible then V = M.

Proof. Define recursively for each k > 1, vf;(@) € T for each 1 £ i < ¢,

1 £ 7 £ m; as follows:

. Mam:l+m=i+jm#1} f2<j<qg—i+1
v;,;(@) =

a;; otherwise

v3(@) = pij(v25(@), ..., 02571(@)) for k> 1 (%)

1 qmq
vEHH(@) = o} (034 (@), . .. qu.m,(&')) for k>1

(*) the p; ;(@) are described in lemma 3.3.

For a cell (¢,7) on a diagonal and not in the first column, we want v} (M) to
be the meet of all entries of M on that diagonal which are not in the first column,
hence the cryptic definition.

For each k > 1 define a partial matrix V¥ in L, with N(V*) = N(AM), by setting
VX = vf;(M) for each 1 < i < ¢,1 <5 < my. Note that VA = pi (V1) for
k> 1, and VI = o) (V?) for all k > 0, where V? is defined to be M. So, if
V2 = V2 then V¥+ = V242 If R is any partial matrix in L with N(R) =
N(M), we have p;;(R) S R;; and v];(R) S Ri; forall 1<i<¢q,1<j<my,s0
VI < VH < V2 As before, VIV42 = V2V where N = (n + 1)¢2". So, the
entrics on each diagonal of V2V which are not in the first column are equal, and the

entries of each row of V* are pairwise commuting. Set v;;(a) = vi¥(@) for each
1€i€q,1<7<m;.
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Lemma 3.5 There emists s(d) € T such that for any partial matriz M in any
L e K, with N(M) = <my,...,m, >, if the catries of each row of Al are pairwise
commuting and the eniries of each diagonal of M which are not in the first columnn
are equal, then

1 if M is admissible

0 otherwise

s(M) = {

Proof. Using the polynomial p(&, b) from lemma 3.2, definc:

f@= A A p@(a; Vair) Ad; Val,))

18igq 18i<kgm;
9@ = N\ p(@/(aii A(ars Aaig) V (@1 A afy))))
2gi<q
s(@) = f(@) A g(&).

Take a partial matrix M in some I € K, with the entries of cach row of A/
pairwise commuting and the entries of each diagonal of Af which are not in the frst
column equal and N(M) = < m,,... ymy >, If M is not admissible then at least
one of the following must be true; two entries in the same row are equal, an entry in
the first column of some diagonal commutes with the entry in the first row of that
diagonal, the entries of some row do not form a block. But, if M does not satisfy
the first two conditions and satisfies the third, we can produce an admissible partial
matrix in L of greater size than M, an impossibility. If two entries in some row of
M are equal then by lemma 3.2 i), f(M) = 0. If the entry in the first column of
some diagonal commutes with tuz entry in the first row of that diagonal then by
lemma 3.2 1) g(M) = 0.

Conversely, if M is admissible, then the entries in each row are pairwise distinct.
So (Mg VM) ANMI; VM )#0forall1 <i<q,1<j<k<m. Also, the
entry in the first column of a diagonal does not commute with the entry in the first
row of that diagonal, so My A[(My; AM;)V (Mg AME)]) # 0 foreach 2 i < .
Then, by lemma 3.2 ii), f(M) = g(M) =1. |



Lemma 3.6 There exists t(d) € T such that for any partial matriz Al in any

Lek, with N(M)=<my,...,my >

1 if M is admissible

0 otherunse

tH(A) = {

Proof. Using the polynomials p(a,b) from lemma 3.2, v;;(@) from lemma 3.4,
and s(d) from lemma 3.5, define

Ha) = N A [p(01a(@s. . vgmg (@), ((a:5 V 1,;(8)) A (ai; V vi i (@) )N

1<i<q 1<i<m,
A s(v1(@), ..., Vg m (3)).

Define V' from the v;;(M) as in lemma 3.5. If M is admissible, M = V" by

lemma 3.4 ii). giving v; ;{0) = M;; foreach1 <i<q,1<j <m;. Then

tM)= N A p(M,0) A (M),

1<igq 18i<m;

which by lemma 3.2 i) and lemma 3.5, gives t(M) = 1.

If Af is not admissible, then either 1 is not admissible, or V' is admissible and
M # V. In the first case, lemma 3.5 gives s(V) = 0, and in the second case, we
have by lemma 3.2 i) that p(V, ((M;; VVi;)A((M]; VV;))Y =0forsomel <i<q,
1<j<mi Sot(M)=0.

Theorem 3.7 If M is a set of OMLs each of height at most n, then for any OML
L in the variety generated by M, L is directly irreducible if and only if it i3 simple.

Proof. Take M a set of OMLs each of height at most n, and assume that L
is directly irreducible and in the variety generated by M. By Birkhoff’s theorem,
L is isomorphic to an OML L’ which is a subdirect produéf ofa family (Lz)rex of
subdirectly irreducibles in the variety generated by M. Let K = {L.: z € X},



[ ]
[ B]

then by (2.10) we have that X is a set of subdirectly irreducible OMLs each having
height at most n, and we may apply the results of this section.

For A = {N(R) : R is an admissible partial matrix in L,, for some = € X},
lemma 3.1 gives that 4 has a maximum in < IV¥, <>, say < my,..., m, >. For R
a partial matrix in L', we define for each x € X a partial matrix R(x) in L, of the
same size as R, by setting R(x);; = R; ;) (this is simply the 2* projection of R).
As L' is a subdirect product of the family (L;)rex, there exists a partial matrix M
in L', with N(M) = < m,,...,my >, such that Af(y) i1s admissible in L, for same
y € X since the maximum of 4 will be attained in some L, € X..

By lemma 3.6, t(M(z)) € {0,1} for all z € X, and (M (y)) = 1. But, {A){z) =
HM(z)) for all z € X, so (M) is in the centre of L’. We assumed that L' was
irreducible, so its centre is just {0,1}, but {M(y)) = 1, so #{A) = 1. Again by
lemma 3.6, we have that Af(x) is admissible in L, for all z € X, so by lemma 3.2
p(M,z) € {0,1} for all : € L".

Assume that L' has a chain with n+2 elements, say f,,..., fas2. Choosey € X,
then for some 1 <i < j < n+2 we have fi(y) = f;j(y). Setting g = (i VAV
we have p(M, g)(y) = 0, so p(M, ¢)(z) = p(M(z),g(z)) = 0forall xr € X. But A(x)
is admissible in L, for each z € X, so by lemma 3.2 ii) ¢ = 0, giving fi = f; a
contradiction. _

Then as L' is of height at most n and directly irreciucible, it follows from (2.6)
that L' is simple.

Before we put the technical aspects of these polynomials to rest, we must prove

a Lemma whi.h will be of importance in the next section.

Lemma 3.8 For L an OML in the variety V, there ezists an orthogonal subset 4

of the centre of L and for each = € A a polynomial p.(d;,z) such that
i) VA=1

it) For each = € 4, a € L, p.(d;,a A =) is the least ceniral clement of L which
dominates a A z



iii) For any OML M, and any vector i of appropriate length in A, if z is central

wn M then p.(M,z)==z

Proof. As L € V, L is a subdirect product of a family (L;);e; of OMLs, each of
which is subdirectly irreducible and has height at most n. Then for any 0# z € L

there exists a partial matrix R in L such that
N(R) = maz{N(M): M is admissible in L; for some i € I with z(i) # 0}

and for some j € I with z(j) # 0, R[j] is admissible in L;.

Define C to be the collection of all orthogonal subsets B of the centre of L such
that for each b € B there exists a partial matrix R, in L with R;[j] admissible for
each j € b7'[1] and

N(Ry) = maz{N(M): M is admissible in L; for some ¢ € I with b(¢) # 0}.

As C is inductive, it has a maximal member, say 4. If u is an upper bound of 4 in
L, we claim that u = 1. Assume that u # 1, then there exists a partial matrix R,

in L such that
N(Ry) = max{N(M): M is admissible in L; for some ¢ € I with (i) # 0}

and for some j € I with u'(§) # 0, Rw[j] is admissible in L;.
Using the terms ¢ from lemma 3.6 (for X = {L; : i € v'"[1]}) and p from
lemma 3.2 set v = p{Ry,u’) At(Ry). Then

@) 1 if Ry[é] is admissible in L; and u'(i) # 0
v(i) =
0 otherwise

As, ¥/(§) # 0 and R, [j] is admissible in L;, v(j) = 1. But v' is an upper bound of
A, since z € A and (i) = 1 imply «'({) = 0 and 2'({) = 1. However, we now have
that AU {v} € C. This contradiction implies that u = 1, and so VA = 1.

For each z € A, set p.(d:,z) to be p(R.,z), where p is the polynomial from
lemma 3.2. As R.[7] is admissible in L; for each 7 € z~![1], it follows immediately

that A satisfies all necessary conditions.



To conclude this section we will show that the assumption ecach OML in M
has height at most n cannot be weakened to each OML in M is of finite height.
Take a non-principal ultrafilter over the natural numbers, and use this to form an
ultraproduct of the n-dimen:ional real projective geometries, where # ranges over
the natural numbers. This ultraproduct is an atomic modular ortholattice, and the
subalgebra of this consisting of the elements of finite height and their complements
is subdirectly irreducible but not simple. In fact, its congruence lattice is a three
element chain.

For an example which is directly irreducible but not subdirectly irreducible,
consider F, the OML in the variety generated by the finite OMLs which is freely
generated by the countably infinite set {x1,zs,...}. If p(z1,...,2,) € {0r. 15}
then there are finite OMLs L, M and L,...,l, € L, my,...,m, € M so that
p(ly..., 1) # 0 and p(m,,...,my,) # 1. In the horizontal sum of 22 and L x A,
p((lhi,my),...,(ln,my)) is not central, for convenience assume it does not commute
with ¢. The map which sends z; to (Ii,m;) for 1 £ i < nand z; to q fori > n
extends to a homomorphism, showing that p(z;,...,,) does not commute with
Tn1 and therefore F is directly irreducible.

For each natural number n, define a map f, from {z;,z;,...} to F by sctting
falz:) = 2; if i € n and fu.(z;) = 0 otherwise. The map f, extends to a homomor-
phism from F into F, which is the identity on the subalgebra of F generated by

{z1,...2,}. Therefore F is not subdirectly irreducible.



4 The MacNeille completion of a sheaf of OMLs

The aim of this section is to demonstrate that a variety generated by a set of
OMLs, each having height at most n, is closed under MacNeille completions. The
main tool will be the Pierce sheaf representation of an OML. In the remainder of
this section L is an OML, B is the Boolean algebra of factor congruences of L and
S is the Picrce sheaf of L.

Definition 4.1 Set I'pS 1o be the set of all functions f : E — S where E is a
dense open subset of B®, f is continuous with respect to the subspace topology on
E, and f(I) € L/UI for each I € E. To emphasize the point, the functions in TpS
do not all have the same domain, their domeins range over all dense open subsets

of B,

Proposition 4.2 With operations defined componentwise on the common domain
of the arguments, TpS is an algebra of the type of ortholattices and I'S is a subal-
gebra of T'pS.

Proof. For fi,...,fa € I'pS, using the notation Df; for the domain of f;, we
have Mz, Df; = E is open and dense in B" since the intersection of a finite number
of dense open sets is dense open. If ¢ is an n-ary operation symbol in the type
of ortholattices, by definition t{(f1,..., fu}(I) € L/UI for each I € E, so we need
only show that #(fi,...,fs) : E — S is continuous with respect to the subspace
topology of E. Say I € E and fi(I)=a;/UI foreach 1 <i < n. If V is an open
neighbourhood of t(ay,...,an)/ U then as {O(a,8) : a € L,8 € B} is a basis for the
topology of S, there exists ¢ € B with t{a;,...,a,)/UI € O(t(ay,...,a,),¢) C V.
But f; : Df; — § is continuous for each 1 < 7 € n so there exists A; open in Df;
with I € 4; and f;[A:] C O(a;,¢) for each 1 £ 7 < n. Then for A = N,, A is open
in E, I €4 andi(fi...,fa)]4] € O@(ar,...,a.),0) C V.

Note that the algebra I'pS is not necessarily an ortholattice. If E is a proper
dense open subset of B* then for a € L, the restriction of @ to E, denoted by ag, is

25
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an element of I‘DS" but G V (dg) = i“;;, however the nullary operation 1 of ns
has domain B* # E. So az V (&) # 1.

Definition 4.3 The Pierce sheaf S of an OML L will be called weakly Hausdorff if

any two global sections of § that agree on a dense open subsct are equal,

Proposition 4.4 For S the Pierce sheaf of L, the following are equivalent
i) S is weakly Hausdorff,

i) if F is o filter over B and the meet of F in B ezists and iz cqual to A then
NF=A,

i11) all ezisting meets in B agree with those in the congruence lattice of L.

To see that the first condition implies the second, suppose F is a filter over B
and AF = A (this meet is taken in B). Then for E = (J{6" : 8 € F}, E is dense
open. If (a,b) € NF then g = F)|5' so a = b.

To see that the second condition implies the first, if E is a dense open subset of
B* then for F = {§ € B : 6~ C E}, F is a filter over B and AF = A (mect taken
in B), so NF = A. For a,b € L if &g = bz then by 2.19, (a,b) € 8 for all § € F so
a=1b

Obviously the third condition implies the second. To see that the second con-
dition implies the third, take T C B. If the meet in B of T exists and is 8 then for
¢ the complement of 6 in B and F the filter in B generated by TU {¢}, AF = A
(meet taken in B), So A=NF=NTN¢,but as §o¢ = L? and § C T, we have
(NT)od¢=L2soNT€Bso AT=NT.
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Proposition 4.5 Defining a relation © on T'pS by setting fOg if f and g agree
on a dense open subset of B", then if § is weakly Housdorff

i) @ is a congruence on I'pS,
i) the map a~+ @/O is an embedding of L into T'pS5/0,
iti) I'pS/0 satisfies ezactly the same identities as L,

iv) the map a~ a/O is a join dense embedding.

Proof. As the intersection of a finite number of dense open sets is dense open,
it follows that O is an equivalence relation, and as operations in I'pS are defined
componentwise on the common domain of the arguments, © is a congruence.

As the map a ~ @/@ is the composition of the homomorphisms a ~ @ and the
natural quotient homomorphism, a ~+ &/0 is a homomorphism. That this map is
an embedding is given by the definition of weakly Hausdorff.

As L can be embedded into T'p5/©, all identities valid in I'pS/© are valid in L.
For an identity t(y,...,Tn) = q(¥1,. .- ¥m) valid in L, H{z1,...,Za) ® q(¥14++ 2 ¥m)
is valid in each stalk of § since each stalk is a homomorphic image of L. Then for
Ffiseres fasGryeev gm € TpS and E the common domain of these functions, E is
dense open and t(f1,..., fx) agrees with ¢(¢1,...,9m) on E. So I'pS also satisfies
1oy Zn) R @Y1y ooy Ym)- ,

To show that the map a ~ @/0 is join dense, we may make use of 2.8 as we know
that I'pS/O is an OML. Suppose f € I'pS and that f/© # 0/©, then for some
IeDfanda€ L, f(I)=a/UI # 0/UI Then as Df is open, f is continuous
and B" is zero dimensional, there exists a set K clopen in B* with I € X € Df
and f[K] € O(a,A). Setting g = fixz UOjp-—x, we have g € I'S and g/© < £/0©. As
LTS, g==Ffor somebe L and as g(I) # 0/UI, b#0, but /0 < f/© showing

that a ~ /0 is a join dense map.

This construction is reminiscent of a reduced product construction. It is natural
to ask what first order sentences are preserved by this construction; unfortunately

I do not know the answer to this question.
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Proposition 4.6 If § is weakly Hausdorff and there is a dense open subset of B°

where the stalks each have height at most n, then T'pS/O is complete and therefore
the MacNeille completion of L.

Proof. From the above discussion, if I'pS5/0 is complete, then it is the AMae-
Neille completion of L. If it is shown that for any non-empty subset 4 of I'pS that
{f/© : f € A} has a least upper bound in ['p5/© then it follows that TpS/0 is
complete. We assume that G is a dense open subset of B* where the stalks cach
have height at most n.

Given 0 # 4 CT'pS, put € = GNU{DS : f € A}. Then C is dense open and as
each stalk of G has height at most n, we may define a map g : C — § by sctting

o) =\V{f): fe Aand I€ DfNG).

If g is an element of TpS then it follows that g/© is the least upper bound of
{f/©: f € A}. Unfortunately, g may not be continuous, however we will produce
a dense open subset E of C with the restriction of g to E continuous. Then qe/0
is the least upper bound of {f/© : f € A}.

Specifically, we claim that for any non-empty open set N € B" there exists
nonempty open set M € N N Dg and a € L with g[M] C O(a,A). Notice that for
such a set M, g is continuous at each point in M by a familiar argument. Setting
E to be the interior of the set of all points at which ¢ is continuous, the claim then
states that E is dense, which gives gz € I'pS.

To verify the claim, suppose that N is a non-empty open set in B*. Consider
a tower of non-empty opensets N DM, DM, D ... D M, satisfying conditions i)
and ii)

i)} for each 1 £ < p there exists f; € A and a; € L with M; C Df; N Dg and
filM;] € O(a;, A),

ii) for each I € M;, fi(D), A(T)V fo(1),..., Vi, fi(I) is a strictly increasing
chain in L/ U



As each stalk of G has height at most n, any such tower can be of length
at most n + 1, it is possible then to choose such a tower of maximal length, say
N 2 M, 2...2 M,. Note that as 4 is non-empty and G is dense open, p 2 1. We
will show that ¢[M,] € O(VZ, a;, A) finishing the proof of the proposition.

Arguing by contradiction, if g[M,] € O(Vi_, @i, A) then for some fy4, € A and
some J € My, Vi, fi(J) # VI Fi(7). As fom € I'pS and B" is zero dimensional,
there exists a clopen set K and ap4 € L with J € K € A, and fpn[R] C
O(ap41,A). For convenience, let ¢ = Vi a; and d = VI, a;. Setting ¥ = & U
djgr, we have k,d € I'S then as k # d and S is weakly Hausdorff, k/© # d/o.
Since [k = d] = k~'[O(d, A)] is open, it cannot be dense, otherwise k/© = dje.
So there exists an open set M,y with  # Mpyy C [k # d} € K C M,, then
N2 M D...2 M, D My, is a tower of non-empty open sets satisfying conditions
i) and ii), contradicting the maximality of N 2 M; 2 ... 2 M,.

Theorem 4.7 If V is a variely generated by a set of OMLs, each of which has
height at most n, then for L € V with Pierce sheaf S, TpS/@ is the MacNeille
completion of L and Tp5/0 € V.

Proof. In view of the above proposition, it is enough to show that S is weakly
Hausdorff and that {I € B* : L/UI has height at most n} contains a dense open
sct. However, by 2.10, the subdirectly irreducibles in V each have height at most
n, and by Theorem 3.7, the directly irreducibles in V are simple (and therefore
subdirectly irreducible), so it is enough to show that S is weakly Hausdorff and
that {I € B : L/UI is directly irreducible } contains a dense open set.

By Lemma 3.8, there is a subset 4 of the centre of L and for each z € A a
polynomial p.(@.,z) of L so that
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1) VA =1,

ii) for each z € A. a € L, p.(@..a A ) is the least central clement of I which

dominates a A z,

iii) for any OML M and any vector 1 in M of appropriate length., if x is central

in M then p.(M,z) = r for each = € Z.

Recall 2.4 that C(L), the centre of L, is isomorphic to the Boolean algebra B of

factor congruences of L by the map ¢~ 8(c) where
0c)={(a,b) € L*:anc'=bAC} ={(a,b) € L*: (aVE) A (' V) < ¢},

To show that S is weakly Hausdorff, by Proposition 4.4 it is cnough to show that
if F is a filter over B and the meet of F in B is A, then NF = A. Suppose F is
a filter over B and the meet of F in B is A, setting T' = {c € C(L) : 8(c) € F} we
have the meet of T in C(L) is 0. If (a,b) € N F, then for y=(aVh)A(a' V), y<c
for each ¢ € T. But for each = € 4, p.(@.,y A =) is the least central clement of L
dominating y A z, so p.{@.,yAz) <cforeachce T giving p.ld.,y A z) = 0 and
therefore y A z = 0 for each z € A. Then

y=yl\1=yl\\/.4= ViyAz)=0
€A

(we may distribute as {y} U4 is contained in a block of L), so by the orthomodular
law 2.1, @ = b. Therefore NF =A,s0 S is weakly Hausdorff.

Setting D = {6(z') : z € 4}, as the join of 4 in L is 1, the join of 4 in C(L)
is 1, so the meet of D in Bis A. So E = U{8(z')" : = € A} is a dense open
subset of B*. We claim that L/ I is directly irreducible for each I € E, which
will conclude the proof of the Theorem. For I € E, by 2.5 it is cnough to show
that C(L/UT) = {0/UI,1/UI}. Fory € L, z € A, p.(d.,y A z) € C(L) so either
8(p:(az,yAz)) € I or 6(p.(d:,yAz)) € I. In the first case p(@.,yAz)/UI = 0/UI
and in the second case p;(@.,y A z)/UT = 1/UI. Suppose y/UI € C(L/UI). As
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IeE,for someweg A, 8{w') € I'sow/UUI=1/UI Using this fact and property

ii1) above in conjunction with the assumption y/U " € C(L/ U I) we have

p,,,(&'w,yl\w)/UI=pw(Ew/UI,(y/\w)/UI)=pw(&'w/UI,y/UI)=y/UI-

But we have seen above that py(dy,yAw)/UT € {0/UI,1/UI} giving that L/UT

is directly irreducible.



5 Kalmbach’s construction and completions

We will make use of the Kalmbach construction described in section 2.5 to give a
method of constructing OMLs whose MacNeille completions are not orthemodular.
In particular, we show that the results cf the previous section are reasonably sharp,
and our assumption that the variety is generated by a set of OMLs cach of height
et ost n can not be weakened to the variety is gcﬁcmtcd by a set of finite OMLs.

A simple method to complete the examples is also given.

Proposition 5.1 For L ¢ bounded lattice, the MacNeille completion of K'(L) is an
OML if and only if the condition (1) holds 12 L.
If (Ci)1,(D5)s are two families of closed intervals in L such that
(1)  9#NC: CNDj, then there exists 2,y € N D; such that r < ¥ and

either x is an upper bound of N C; or y is a lower bound of N C;.

Proof. Assume that L is a bounded lattice and the MacNeille completion of
K(L) is an OML. Take two families of non-degenerate closed intervals in L, say
(lai, b)) and ([ej,d;])s, and set X = N{{ai,b) :i € I}, ¥ = N{le;nd;] : 4 € T}
Assume that § # X C Y. Foreach ¢ € I lct 4; = [, {a, b}y and for each
7€ Jlet Bj = [, {c;,d;})xqry. Set A=N{Ai:i€},and B=N(B;:j € JY,
thenA={zeX(L):2CX}and B={y e K(L)}:yCY}. As 4; is a principal
ideal of (L) for each 7 € I, 4 is a normal ideal of K(L), as is B.

But § # X C Y, so there exist f, g € L such that f € X and g€ (Y -X).
Then {f A g,fV g} € B — A, but we assumed the MacNeille completion of K L)
was on OML, so by (2.2) BN A* # {0}. Take z € BN A%, such that I(z) % 0. Then
by (2.7), z* is an upper bound of 4. But X is a convex sublattice of L, so one of
{0,213}, {z212), 1}, or {2k, zap41} for some 1 < k < [(z), is an upper hound of 4. As
€ B,zCY¥,s0if {0,2,} is an upper bound of 4, then z;, z; respectively serve the
roles of 2,y in (f). If {zu(),1} is an upper bound of 4, then Z21(z)=1» Tai(z) Serve the
roles of z,y; and if {1, 22141} is an upper bound of A, then 214y, 22149 serve the

roles of x,y. So, if the MacNeille completion of K(L) is an OML then L satisfies

(1)
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For the converse, suppose that (i) is satisfied in L and that A, B are normal
idcals of K{L) such that § # A C B. We must show that BN AL £ §.

Let U(A),U(B) be the set of upper bounds of 4 and B in K(L) respectively.
Set

F={feN'N:1< f(z) < l(z) for all z € U(A)}
G = {ge IN'B) 1< g(z) < (z) for all z € U(B)}
and for f€ F, g € G set X; = n [Z2f(z)-11 T25(z)] and Yy = ﬂ [Z29()-12 F29(2)]-
zeli(A4) zel/(B)
Then for ¢ € X(L), as 4 is a nonmnal ideal, 2 € A if and only if z < y for all
y € U(4) if and only if for each 1 £ 7 £ I{z) and each y € U(4) there exists
1 £ j £ l(y) such that [rgi_1,22] C [y2j-1,¥2;] if and only if for each 1 £ 7 < I(z)
there exists f € F such that [xg;1,22] C X,

As 4 C B, there exists z € (B — 4) with {(z) = 1 and therefore ¢ € G with
[z1,20] € Y.

Assume that hjy(g) = ¢ implies that X, = @ for all A € F. For each = € 4 with
I{(z) = 1 we have [z1,2;] € X}, for some h € F. As h(y) # g(y) for some y € U(B)
and 2 = {yangy-1+V2ni) }» 2 {Y25000-12 Y210} We have z < 2%, So, z < =% for all
= € A, and therefore z € BN AL,

If there exist f, h € F such that § # X; C Y;, 0 # Xy C Y, then for
some y € U(4) — U(B) f(y) # h(y). So, ¥, N W2stw)-10Y25)] 2 Xy # 0 and
Yy N [yanyr-1,v2ny] 2 Xn # 0. Assuming that fy) < h(y), as Y, is convex,
[vartn v2st9041] € Y. Then {ya5), v210y+1} € B, and as {y254), Yospar} 2yt € 4+
we have finished. ‘

As 0 is not an upper bound of 4, there exists an f € F such that fiusy = g. By
the above discussion we may assume that f is the unique element of F such that
0 # X; C ¥, But [r1,2:] C Y s0 X; # ¥;. Applying (1) we find a, b € ¥, such
that @ < b and either a is an upper bound of X or b is a lower bound of X ¢ In
cither case, as f is unique such that § # X; C Y, {a,b} € Bn A*.
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The following result is somewhat surprising in view of the fact that A(L) is

complete if and only if it is of finite height.

Corollary 5.2 IfL is a bounded lattice, then K(L) can be embedded into a complete
OML.

Proof. 1t is easy to see that (i) is satisfied by any complete lattice. If we lot
L denote the MacNeille completion of L, then as L is a sublattice of L, by (2.18)
K(L) is a sub-OML of X(L). But L is complete, so K,'_(fi is an OML and K'(L) is a
sub-OML of K(I).

Corollary 5.3 There is a bounded lattice L such that the MacNeille completion of
K(L) is not an OML.

Proof. In the lattice Ly depicted below, where it is to be understood that a, <
Em,dm and b, < dp, for all n,m € IV, the families ([“°=Cn])nEIN and ([ao,d,,])uew
violate (f).

dy
dy
Co d2
Cy d.'.i
Ca2
C3 .
. b3
b
az bl
aq bﬂ
a
Qo

Lo



Proposition 5.4 For a family (L;)icr of bounded lattices and an ulirafilter U over
the set I, K(T1 L; /i) can be embedded into [IK(L;)/U.

Proof. Let S be the collection of all subsets of [] L; which have even cardinality.

With #; being ¢** projection of [T L;, define a map p: S — [IK(L;) as follows

[ X] if m[X] € K(L;) and |w{X]|=]X|

0 otherwise

p(X)(7) = {

If - € K([TL:;/U) and ay,....Gx¢, b1y .. s bays) € T1 Li are such that o/l =
b/ = z; for each 1 < 7 £ 2/(z) then, as U is closed under finite intersections,
p{ai 11 €7 S2ADMU = p({b: : 1 <1 < 2(:)})/U. Therefore, we may define a
map f: K([1 L,/U) — TIK(L;)/U by

B(z) = p{{xrse sz DU I zi = ;U for 2]l 1 <7 < 2U(z).

For z, y € K(I1 Li/U) choose ai,...,ax(:) € [1L; such that a;/U = z; for each
1 £ i £ 2(z) and choose by, ..., by € [1L; such that b;/U = y; foreach 1 < j <
2U(y). Let @(p1,- .2 P2gz)s Q1s - - - » Gai(y)) be the first order formula which says that for
each 1 £ 7 £ I(z) there exists 1 £ j < I(y) such that g2j-y < p2i—1 < p2i < q25. Then
using Lo$™ theorem (2.9) and the fact that [a; < ... < @), [l < ... < byy] €U

we have

r <y if and only if H LijU = @(z1y. 00y Tage)s Y1y - - - 1 V()
if and only if [¢(ay,... 2, b1,- .. bagy)] € Y
if and only if [(a1,... a2, by ... b)) N
[ai < ... <aunlNh <... <buyy] €U
if and only if [p({a;: 1 <i<2Uz)}) 2 p({h;: 1 <j<2(yD]eU
if and only if B(zx) < B(y).

Thercfore 8 is an order embedding. By similar methods we can easily check that 8

is compatible with L.
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To put the next result in the proper context, it is shown in [7] that any variety
of OMLs which is generated by a single finite OML, is closed under the formation
of MacNeille completions. It is not unreasonable to hope that the variety which is
generated by all the finite OMLs would also have this property. This would settle a
basic question about OMLs. Is the variety of OMLs generated by ils finite members

? Unfortunately, the following result nullifies this approach.

Corollary 5.5 There is an OML in the varicty generated by the finitc OMLs whoar
MacNeille completion is not an OML.

Proof. For each natural number n, let Af, be the interval [ag, b,] in 7 g, and for each
m 2 0 define An, B, Crm, Dy € [1M, by 4n(n) = auingmun)s Buln) = i (i)
Cm(n) = Gnaz{n-mpo) and Dy (n) = binaz{n-mo0}. Let U be a non-principal ultrafilter
over the natural numbers and define & : Ly — ] AL, /Uf by setting a(aw ) = A /U,
a(bm) = Bm/U, alen) = CufU and a(dn) = D,,/U. It is an casy matter to
check that a is a 0, 1 lattice embedding. Then K(Lg), whose MacNeille completion
is nct an OML, can be embedded into K([] M, /U) which can be embedded into
[TX(Mn)/U. As K(M,) is finite for each choice of n, the proof is finished.



37

References
[11 . K. Adams, The completion by culs of an orthocomplemented modular lattice. Bull. Austral.
Math. Soc. 1 (1969), 279-280.

(2] I. Amemiya and H. Araki, A remark on Piron’s paper. Pub. Res. Inst. Math. Ser., Kyoto Univ.,
Ser, A2 (1966), 423-427.

[3] 1. Amemiya and 1. Halperin, Complemented modular lattices. Can. J. Math 11 (1959), 481-520.

[1] D. R. Balbes and P. Dwinger, Disiributive [aifices. University of Missouri Press, Columbia,
Missouri, 1974.

[5] B. Banaschewski, Hullensysteme und Erweilerungen von Quasi-Ordnungen. Z. Math. Logik
Grundl. Math. 2 (1956), 35-46.

[6] G. E. Bredon, Sheaf theory. McGraw-Hill, New York, New York (1967).

[7) G. Bruns, R.J. Greechie, J. Harding and M. Roddy, Completions of orihomodular lattices. Order
7 (1990), G7-76.

[8] S. Burris and 1I.P. Sankappanavar, A Course in Universal Algebra. Springer-Verlag, New York,
1981.

[9] R. P. Dilworth, The structure of relatively complemenied lattices. Ann. of Math, 51 (1950),
348-359.

[10) N. Funayama, On the completion by cuis of a distributive lattice. Proc. Imp. Acad. Tokvo 20
(1944). 1-2.

[11] W.11. Graves and S. A. Selesnick, An extension of the Stone representatior for orthomodular
lattices. Colloq. Math. 27 (1973), 21-30.

[12] R. Godowski and R. J. Greechie, Some equations related to the stales on orthomodular laitices.
Dem. Math. 17 (1984), 241-250.

(18] J. Narding, Any lattice can be embedded into the MacNeille completion of a distributive lattice.
manuscript.

[14] M. F. Janowitz, Indezed orthomodular laitices. Math. Z, 119 (1971), 28-32.

[15] B. Jénsson, Algebras whose congruence laitices are distributive. Math. Scand. 21 (1967), 110-
121.

[16] G. Kalmbach, Orthomedular lattices do not salisfy any special lattice cquations. Arch. Math.
28 (1977), 7-8.

(17] —— , Orthomodular lattices. Academic Press, London, (1983).



REFERENCES

(]
o

[18] M. D. MacLaren, Atomic orthocomplemented lattices. Pac. J. Math. 14 {1064), H07-612.
[19] H. M. MacNeille, Partially ordered sets. Trans. AMS 42 (1937), 416-160.
[20} R.S. Pierce, Modules over commutative regular rings. Mem. Amer. Math. Soc. 70 (1967).

[21] J. Schmidt, Zur Kennzeichnung der Dedekind MacNeilleschen Hulle einer gearducten Menge.
Arch. Math. 7 (1956), 241-149.



