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ABSTRACT

The purpose of the study is to investigate the
comparative dynamic properties of processes of transition
from a centrally planned economy (CPE) to one with a
substantial degree of market orientation. Alternative models
of a CPE with Leontief technology are defined. The
authorities in the CPE are assumed in these models to have
full control over output or factor prices and to set the
prices so as to. optimize a social welfare function that
takes into account both the benefits of reform and the
social costs associated with changes from the o0ld economy to
the new one.

In Chapter Two, we analyze a two-sector model with only
one primary input, labour. The optimal time path of some
control variable (the labour share in one of the sectors,
for example) is monotonic and fhat the discount factor plays
a crucial role in determining the curvature of the path.
Comparative analysis indicate that, in most cases, a
parameter change will produce an intuitively reasonable
effect on the optimal trajectory.

Chapter Three investigateg a two-sector model with both
labour and capital as primary inputs, while Chapter Five
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analyses a three-sector model with one labor and two types
of capitals as primary inputs. Simulation experiments are
carried out with these models using the MINOS nonlinear
optimization program. The study reveals the following: (1) A
lower population growth rate yields a higher steady-state
level of consumption, and a higher initial capital stock
gives higher consumption over time, which may justify family
planning policy in a CPE, and the controlling of investment
so as to effect a rapid accumulation of capital; (2) a
change in a parameter has an employment and substitution
effects. The overall effect depends on the signs and
relative magnitudes of the two; (3) five-ten year planning
period seems to be able to provide most of the benefit of
the economic reform; (4) a greater penalty for structural
change will smooth the time path of production of each
sector; (5) attention should be paid to the objective
function, since its specification does affect the results to
certain extent.

Chapter Four focuses on the stability of a three-sector
Leontief model with portfolio conditions imposed. Unlike a
neoclassical model, tﬁere is no saddlepoint instability
problem in our model, since Leontief function introduces a

friction from the supply side.
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CHAPTER ONE
INTRODUCTION

1-1 Background

In the 1950's, following the Soviet model, China
collectivized its agriculture, nationalized its industry,
and instituted a centrally planned economy. The Chinese
government controlled almost every aspect of the economy:
production levels, resource allocations, and the prices of
goods and factors of production. The purpose of all this was
to ensure a high rate of growth through high investment.
State control over wages and prices ensured that firms
earned high profits, which were then transferred directly to
the central planning boar< to fund new investment.
Similarly, the state's ability to procure necessary
agricultural products at fixed prices enabled it to extract
large amounts of resources from rural areas at low cost.
Despite staggering human costs, the Soviet-type command
ecoﬁomy was initially successful in the Soviet Union and in
China as a method for building an industrial infrastructure
in what were basically non-industrialized societies. Command

economies at later stages of déevelopment, however, seem
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inevitably to suffer from problems such as unsatisfied
consumer demand, queues and waiting lists, chronic shortages
and forced savings.l

Recognizing taat the rigidities inherent in central
planning have seriously inhibited the efficient allocation
and use of resources and have not provided adequate
incentives for productivity gains, China, like many other
countries with centrally planned economies, has initiated
major reforms. It has moved to enhance freedom of choice for
economic agents in decision—makihg and strengthen the role
of market forces ‘through the gradual removal of

administrative controls and the fostering of competition.?2

1-2 How Should Price Reform be Carried Out ?

There are three questions facing any socialist
country undertak%gg economic reform: (1) What changes should
be instituted :r;itially? (2) What should be the ultimate
goals? (3) How fast and in what manner should reform
proceed towards the ultimate goals, i.e., how should the
transition be effected?

After ten years of economic reform and theoretical

1. Davis and Charemza (1989) discuss this in depth.

2, Blejer and Szapary (1989) provide references for the
discussion of the reforms in other centrally planned
economies.



analysis, it is widely recognized that Chinese reform is
still in a quite primitive state. In large measure this is
a reflection of the low level of China's productive forces
with 80% of her population live in the rural area ( Gong
Shiqi (1988)).

The aim of the Chinese reform is to build up an
economic system that can properly reflect relations between
supply and demand, and thus make the market the automatic
regulator in the economy. This is in confirmity with the
principle that "the state regulates the market, and the
market guides the firms". (See Jin Qi (1988).) Hence,
although the impetus to reform is the prospect of increased
productivity, the measure of success is more the ability of
the state to achieve economic and political restructuring of
the system than to improve short-run economic performance.
Increases in economic output, and especially in supplies of
consumer goods, are Jimportant as incentives to sustain
public support for furthe{i;eforms and as tangible evidence
that reform will bring material benefits, but the central
objective is to change the basic character of the economic
system. (See Van Ness (1989), p.15.)

Unlike research on the initial-state and final-state
models, research on the transitioqai model, as Chinese
economist He Jiacheng (1988) ‘pointed out, has not so far

received much attention. What is needed is the specification



of an appropriate reform path that will realize the ultimate
goals. The present study is concerned with the theory of
transitional processes that would lead an economy such as
that of China from an initial stage of reform to the desired
ultimate stage.

The socialist economic system is an integral entity.
One cannot accurately explain one part of it without taking
account of the rest. Nevertheless, from the perspective of
the functioning of the economy, it is possible to identify
its nerve centre as the price system. Ossified pricing
mechanisms in China have led to an irrational system, which
has provided a set.of incorrect signals and decision-making
incentives and thus brought about the overall distortion of
the economic structure.

Although prices have been adjusted and decontrolled
for some farm products since the early 1980's, China's
seriously distorted price system has not been fundamentally
changed. Enterprise reform, price reform and wage reform are
the most crucial elements in tihe economic reform process.
Price reform will provide more rational pricing system so
enterprises can ~ompete more equally and fairly, whereas
revitalized enterprises and improved economic conditions
will facilitate price and wage reférms, (See Jin Qi (1988).)
Chinese economist Xue Mugiao put it that " the success of

China's economic reform hinges on rationalizing the price



system" (Prybyla (1989), p.353).

In June of 1988, the Chinese government decided to
take the initiative to rationalize the price system and
tackle the wage problem. The price reform was seen as the
key to success in economic structural reform as a whole.
Without price reform, full market functioning could not be
achieved. Although price reform involves certain risks, it
cannot be by-passed. It might therefore be wise to tackle
the problem as soon as possible and suffer some short-term
disadvantages in order to reap long-term benefits. (See Jin
Qi (1988).)

There are two opinions about price reform. One is
that the remnants of the old system should be eliminated and
a free price market system set up "at one stroke". The
problems with this are two-fold, as discussed by Hua Sheng
et al. (1989). Cne is that a major, large scale change in
the price system may require a drastic change in the
structure of production in a short space of time, with all
of the social consequences that would entail. The other is
that there may be rapid price inflation, which may affect
the standard of living, and undermine public support £for
reform. But the advocates of this once~and-for-all approach
argue thgt what exists now is not an effective market
control mechanism. Therefore, '"the only way out is to break

the impasse and bring the role of the new mechanism into



full play as soon as possible" (Zhao, 1986.). Komiya (1987b)
argues that it would be possible to take bold steps to
liberalize prices without giving rise to serious inflation,
since, first, inflation resulting from price decontrol would
normally be in the nature of a one-time change, and second,
wages and income distribution could be adjusted so that
living standards of the populace would not be lowered.

The alternative opinion is that reform of the price
system should proceed by small steps because of the
undeveloped nature of China's markets. Without well
developed markets, there is no basis for rationalizing the
price system. But markets cannot be developed overnight. The
advantages of this approach are that it would be less
socially disruptive, and therefore more acceptable to the
population. With the development of the economy, each price
adjustment could set up conditions and pave the way for the
next. Small steps would, however, provide 1limited
stimulation to production and the restriction of demand for
those commodities that are in short supply (Wu and Zhao
(1987)). Komiya (1987a) offers another reason why reform
should be a gradual process. By comparison with Japanese
firms, Chinese firms 1lack functions such as R & D,
marketing, investment planning, and personnel planning that
are performed by the head offices of the Japanese firms.

Increasing the degree of autonomy given to Chinese firms as



they are at present would contribute little to the
improvement of productive efficiency and the stimulation of
innovative activity. The most important step towards
achieving China's economic reform, in Komiya's view, would
be to create modern firms, which would be similar to
Japanese firms but based on "socialist" ownership.

In practice, Chinese price reform has followed the
second approach. With this approach, it is inevitable that
the old and new economic systems co-exist and interact with
each other. There are different ways in which planning and
market functioning could be combined. For one thing, each of
the inputs and outputs of particular firms could be
determined partly by plan and partly by free market choice,
i.e., part of a firm's inputs (outputs) is delivered from
(to) the government at given procurement prices, the rest of
them can be bought (sold) in free market at market prices.
In fact, this corresponds closely to present Chinese
practice. We term it the dual-price systen.

Byrd (1987), Liu (1988), and Wu and Zhao (1987)
discussed the advantages and disadvantages of the dual-price
system. It has three advantages: (1) it stimulates
production and alleviates the pressure of excess demand; (2)
it encourages energy conservation and high-quality
management; and (3) it represents a compromise between the

two systems which preserves planned allocation while drawing



incremental output into a market system. A dis-advantage is
evasive behaviour by enterprises: they try to hide
production capacity so that they will get lower production
quotas from the state, at the same time seeking to claim as
large an allocation of material as they can from the state.
(Allocated materials tend to leak to the free market for
profits.) A second disadvantage 1is that the dual-price
system induces smuggling in distribution and corruption of
government officials. When the debate about dual-pricing was
going on, nobody anticipated that smuggling and corruption
would become so pervasive that a massive nation-wide
demonstration would take place in the spring of 1989.

Byrd (1989) analyses +the Chinese state-owned
industrial sector as it functions under the dual-price
system with the aid of a simple static general equilibrium
model. In his model, each good is distributed partly by
plan, and partly through the market. Factors of production,
including labour, are exogenously fixed. Wage rates and
enterprisé wage bills are fixed as well. By not allowing the
resale of plan-allocated inputs (this assumption is very
difficult to realize in practice, although it may not seem
so unreasonable in theory), he shows that the economy
benefits from 3Fudicious reductions in plan targets and
allocations, the release ©of more agents from plan

constraints and the encouragement of greater market



participation. If necessary, compensation can be used to
ensure that agents' welfare is not severely affected by
these changes.

In this study, we present an alternative approach:
some goods may be subject entirely to plan allocation, while
others are allocated entirely by market. Specifically, we
allow the price of only one good, or wage rate, to be plan-
determined in our theoretical models, while the other
economic variables are all market-determined. The virtue of
this system is that it avoids the disadvantages of the dual-
price system, namely smuggling and corruption and evasive
behaviour by enterprises , while maintaining all the
advantages. There will be no loophole open for smuggling and
corruption in our two-tier system because there is no market
mechanism to adjust the price of the commodity of which the
price is controlled; the controlled commodity can be readily
distinguished physically from those +that are market-
adjusted.

1-3 Outline of the Study

The purpose of the study is to investigate the
comparative dynamic properties of processes of transition
from a centrally planned economy (CPE} to one with a
substantial degree of market orientation. Alternative models

of a CPE with Leontief technology are defined. In these
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models the authorities in the CPE are assumed to have full

control over output or factor prices and to set the prices
so as to optimize a social welfare function that takes into
account both the benefits of reform and the social costs
associated with changes from the old economy to the new one.

In Chapter Two, we analyze a two-sector model with
only one primary input, labour. The solution to an
optimization problem is derived, and the comparative dynamic
properties of the optimal solution are discussed. It is
found that the optimal time path of the control variable
(the labour share in one of the sectors, for example) is
monotonic and that the discount factor plays a crucial role
in determining the curvature of the path. The comparative
dynamics reveal the effects of changes in particular
parameters of the model.

Chapter Three investigates a two-sector model that
has both labour and capital as primary inputs. Simulation
experiments are carried out with this model using the MINOS
nonlinear optimization program. The comparative dynamic
results reveal that the optimal trajectory of the control
variable is not very sensitive to the planning horizon and
objective function specifications.

Chapter Four develops a theoretical multisector
medel with heterogeneous capital goods and portfolio
equilibrium conditions. The theoretical results based on



this model are of particular interest. In growth theory,
saddlepoint instability arises in a neoclassical multisector
model with a portfolio equilibrium condition. This instability
can be avoided by introducing some friction on the demand side
(e.g., adaptive price expectation or sluggish price adjustment),
as is shown in the literature. As an alternative, we introduce
the friction from the supply side by specifying Leontief
technology, and thereby resolve the instability problem in a
different way. Unlike the neoclassical model, our results suggest
that in a Kaldorian model there is no instability when portfolio
equilibrium conditions are introduced.

Chapter Five presents results for a constrainted
optimization problem based on a model similar to that of Chapter
Four, except that now the authorities control the wage rate so as
to maximize a social welfare function, starting from a state in
which there is underemployment and moving to one in which the
labour force is fully employed.

Chapter Six summarizes the results of the thesis and
provides some concluding observations and suggestions for further

work.



CHAPTER TWO

DECONTROL IN A TWO SECTOR, ONE RESOURCE MODEL

2-1 Introduction

The task of modelling a Central Planning Economy is
difficult. Such a model can be simple or complicated. To
begin with, in this chapter, we work with a two-sector model
with one primary input with some simplifying assumptions as
follows:

(1) each sector produces a single good;

(2) the production functions are of the Leontief
type;

(3) labor, the only primary input, is fixed in
aggregate supply.

(4) the government has policy goals and an objective
function which it optimizes in order to achieve those goals
over a plannihg period of given length.

The basic model is set up in the next section. It is
shown that controlling the allocation of labor, controlling
the output combination, controlling the ratio of goods
prices, and controlling the ratio of wages in the two

sectors are all equivalent in their effects. The optimal
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solution is derived in subsection 2-3-1, and comparative

analysis is provided in subsection 2-3-2.

2-2 The Model and the Objective Function
2-2-1 The model

Imagine that we have an economy with two sectors,
each producing only one distinct good. The reguired inputs
of each sector are labor and the other sector's output.
Besides being used as intermediate input, each good is
destined to final demand, which we assume consists only of
aggregate consumption. The consumption level is endogenized
by being related to the income generated in the system.

The technologies employed by the two sectors are
assumed to be of the Leontief type.

{2.2.1) F;, = min ( Ly/e;., Fo1/3g; )

Fs = min ( Lp/ep, Fip/a13 )
where Fj is the output level of good i, Fij is the amount of
good i required as an intermediate good in the production of
good j, Li is the labor requirement for good i, and the
parameters 'aij and ey are the corresponding input-output
coefficients. The equations indicate that the output level.
of good i is the least of the amounts Lj/e; and Fyj/ayj. To
produce optimally, a point such as A in Figure 2-2-1 is

chosen such that only ejF; units of labor and ajF; units of
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good 2 are employed, just enough to produce the amount F,
of good 1. Any other point on the same isoquant curve would
cost more than point A but nevertheless generate the same
amount of output level, and would therefore be inferior to
point A. Hence from (2.2.1) we have

(2.2.2) F1 = L]_/el

Fpy1/az1

Fg = Lpa/eq = F1a/28312

The employment of labor in the two sectors 1is
constrained by the total labor supply L in each year, which
is constant over time.
(2.2.3) Li(t) + La(t) = L

L3
x

A PF; isoquant

0 — Fz]_

Figure 2-2-1 Leontief Technology

Equationé (2.2.2) and (2.2.3) implies the production
possibility frontier given by

(2.2.4) Fg = L/eg - er/eq F

To produce F;, the amount Fy; of F; is needed as input, and
to produce F,, the amount F;5 of F; is needed. In order for
the system to be consistent, the following condition must

hold:
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(2.2.59) Fi 2

v

y
'_l
o
i

a)p Fp

Fp 2 Fp3 = &331 Fj

The production possibility set is thus the shaded area in
the Figure 2-2-2, which is based on the assumption that line
OF, is steeper than line OF;, or 1/ajz; >ajz, or

(2.2.6) 1l - ajp ag; >0

If (2.2.6) does not hold, the shaded area will be reduced
either to the origin point ( neither good is produced ),
when 1l-ajjaz; < 0, or to a segment of the ray Oa, as shown
in Figure 2-2-3 when 1l-ajjsap; = 0. Figure 2-2-3 shows that
in the latter case the system will operate at point a, each
good being produced in the exact amount required for-

intermediate use with nothing left for final demand.

Fy Fy
l Fa=az1F; ]
a
a
b Fy=a;qF2
o) ot -— F, 0 -— F,
Figure 2-2-2 Flgure 2-2-3

Condition (2.2.6) is actually the Hawkins-Simon

condition.t ~According to this condition, ajoas; represents

1l See Hawkins and Simon (1949). Takayama (1985) has a
good exposition of the Hawkins-Simon condition.
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the amount of good 2z required to produce the amount of good
1 needed to make one unit of good 2. That is, the total of
good 2 required to produce one unit of good 2 for use as
direct and indirect input ( direct input in this model is
assumed to be zero ) must be less than one unit of good 2.
In still other words, the production of one unit of either
good must use less than one unit of that good as direct and

indirect input.

The market supply of each good faced by consumers is

F1
{2.2.7) Yy =F1 - a5 Fy | p 4l

us
=Fy -ax / ’,,f”’

]
[ &)
I

Figure 2-2-4
where ¥4 is the market supply of good i to consumers.
From equation (2.2.5), we know ¥; > 0 and Y, > 0. Prom
(2.2.7), we have

{(2.2.8) Yy+ay12Y9
F = -=—mm

l-az a2

Ya+a91¥

1-azja;z

If Figure 2-2-2 is used to represent Y;, Y5, then ray ob
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will form the Y, axis, and ray Oa will form the Y; axis. The
cone formed by these two rays defines the consumption space.
The consumer indifference curves can then be represented in
this space, as shown in Figure 2-2-4. (The indifference
curves are squeezed into a smaller space than the usual
quadrant space.)

To express Y;, Yy in an orthogonal space, we use
equations (2.2.4) and (2.2.7) to obtain

ej+ezaz) e)+epany
In per capita terms, the above equation becomes:
1-aj2321 e2*€1212

(2.2.9) Y1 = - Y2
ey+ezaz; e;+ezajz;

where y; = Y¥j/L. Equation (2.2.9) is the production
possibility frontier faced by consumers in year t. It is
based on net values.? Since y1 1s required to produce y,;,
the opportunity cost of y, is raised from ej;/e; units of y;
(equation (2.2.4)) to (ez+ejajgz)/(ej+ezasy;) units of vy,
(equation (2.2.9)).

The wage income generated in sector 1 is assumed to
be that sector's sales revenue, net of its costs of

intermediate inputs. For clarification, let us assume that

"2 Even with a Cobb-Douglas production function for
each sector the resulting production possibility frontier
faced by consumers could be linear. However, the
coefficients would be functions of the price ratio.
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in a controlled economy labor is not mobile across sectors.
As a result, it 1is not necessary that wage rates in the two
sectors be equal since the goods prices are determined from
the demand side. The total wage income generated by the
system is then the sum of the two sectors' wage incomes.
Since we assume that each individual has the same
preferences, that is, each individual has the same marginal
rate of consumption, the pattern of income distribution will
not affect the aggregate composition of consumption.

(2.2.10) per capita wage income

(p1f1 - pzazifi) + (p2fy - p1aszfs)
P1(fy - ayafa) + pa(fy - azyfy)
P1¥y + P2Y¥Y2

per capita expenditure

n

where f£fj = Fij/L. Equation (2.2.10) states that the per
capita expenditure of consumers always equals the per capita
wage ilncome. This is because income is a residual, and so is
the final consumption of each good.

Consumers' demand for the two goods is in the
following proportion:
(2.2.11) (1-b) y1 = b p3/p; ¥2
Equation (2.2.11) is generated from a Cobb-Douglas utility
function U = y;Py,1-b,

Perfect competition is assumed, and this implies

zero profit in each sector. Hence we have the following
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price equations:

{2.2.12) 1 = aj1py/pP; + €3 W1/P1
P2/P1 = 12 + €2 W2/P1

As mentioned earlier, the wage rates in the two sectors are
not necessarily the same in a controlled economy. The price
of good one is normalized to be one, that is, p; ='1.

Bgquations (2.2.9), (2.2.11) and (2.2.12) defines
the model. They are depicted in Figure 2-2-5.

The logic behind Figure 2-2-5 is as follows. The
model resembles a Walrasian market economy with fixed per

capita supplies of y; and y;. Under the conventional

assumption of profit and utility

Y1
l

Pg

0 - ¥2
Figure 2-2-5

maximization, the market will achieve the full employment
through the adjustment of wage rates. Hence, the economy
will always be on the product}on possibility frontier. For
any price ratio, the consumer‘decides his or her consumption

proportion by maximizing utility. The producers will then
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produce whatever is demanded. The economy is thus demand-
side determined; the supply side responds only passively. On
the other hand, if allocation of labor is controlled by the
authorities, there is a relative price ratio to support the
allocation. In that case, the economy is supply-determined;
only prices are determined on the price side. From the
relations (2.2.9), {2.2.11) and' {2.2.12), we may observe
that controlling the labor allocation, output combination,
price ratio, and wage ratio are all equivalent. Therefore we
need only to analyze the case in which the labor allocation
is controlled. When the labor market 1is controlled, the
goods price ratio is freely determined. Conversely, when the
goods price ratio is controlled the wage ratio is freely
determined. 3

The instruments noted above reflect the observation
that in a centrally planning economy, such as that of China,
those are the variables that are subject, in large measure,

to government control.

3. Generally, if the goods price ratio is controlled
and labor mobility is assumed, wage rates in the two sectors
will be equalized. The price equations (2.1.12), then,
become twoc equations in only one variable w, since p,/p; is
controlled. One way to close che model is to introduce a new
tax variable. Because government spending does not appear in
the model, one sector would have to be taxed by the amount
the other sector was subsidised. This would amount to
allowing different wage rates in the two sectors.
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2-2-2 The Objective Function

The problem faced by the government is as follows:
Starting from an initial point a in Figure 2-2-5, supported
by an initial price ratio pg, how can the system be
decontrolled in such a way that after a specified number of
years of adjustment it will reach point b, at which the
price ratio is rational in the sense that the marginal rate
of transformation equals the marginal rate of substitution.
The government could, of course, force the economy to point
b immediately. But this might involve & massive change in
the economy in a very short period of time, and the society
might not find that tolerable. The alternative is to effect
the change more gradually, ovér a longer period, and thus
reduce the degree of social disruption.

While the selection of the instruments is relatively
obvious, once attention is paid to the characteristics of
the economy, there remains the problem of specifying
objective function that is to be optimized. Clearly,
different objective functions would result in different
trajectories of the instruments and the economy. As stated
by & fundamental theorem of welfare economics, any efficient
allocation under pure competition with no externality, can
be supported by a Walras}an equilibrium through an
appropriate re-distribution of the initial endowments.

Similarly, any trajectory in an optimal ceontrol problem can



22

be supported by the optimization of an appropriate objective
function. In order to facilitate quantitative analysis, we
assume a quadratic loss function. It is of the following
form:

(2.2.13)
T
F = tzl(lwrt((yl(t)-yl*)z + So(ya(t)-y2*)?

+ s1(z1(t)-21(t-1))2)

where T is the terminal year of the planning peried. y; and
y2 are per capita consumption of the two goods and their
target values in year T are y;* and y,”", the values that
would prevail when the system reaches point b in Figure 2-2-
5, at which point all controls have been removed. During the
transitional process, certain changes occur, associated with
which there are certain adjustment costs, e.g., social
intolerance when change occurs too fast. The cost of the
economic reform is expressed in terms of the reallocation of
labor across sectors. Lj(t) is the number of efficiency
units of labor employed in sector i1 in year t. (There is no
underemployment in this model, and the number of efficiency
units is thus equal to the number of actual units. However,
the distinction will be important in later models.) The
change in sector i's labor due to sectoral reallocation is
[Li(t)-Lij(t-1)]. The number of workers required to change
sectors is then 1/2 Z|Lj(t) - Lj(t-1)].
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(Multiplication by 1/2 avoids double counting.) 1In
proportionate terms, the total reallocation of labor is {1/2
TILj(t) - Li(t-1)]]/L. One can show that this is equal
to (1/2 ¥[zj(t)-23(t-1)|)., where zi(t) = Lj(t)/L, Now
Z1(t) + z5(t) = 1; hence |23 (E)-23(t-1)| equals |zp(t)-zp(t-
1)|, and 1/2Z|zy(t)-2z3(t-1)] equals |zj(t)-z;(t-1)]. Our
expression for the total labor reallocation represents, of
course, the pet flow of labor between sectors.

The benefit of economic reform is measured by the
decreased difference of per capita consumption from its
steady state levels. The economic reform is aimed at more
than the enhancement of the living s‘::andard in the short
run. The ultimate objective is to restructure the economic
system so as to increase the efficiency and productivity of
the system. Thus it should be the long run rather than the
short run that one has to model the benefit of the economic
reform. For practical reasons { such as the huge cost of
collecting the needed information ), most governments set
constant targets rather than a variable target (i.e., target
that varies over time). This is why the term (yj(t)-y;i”).
i=1,2, 1is used in the objective function, where Yi* is the
target value of yj.

2-3 Labor Allocation Controlled

Let us now consider the case in which the government
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controls the allocation of labor to the two sectors.

The wage ratio, wj/wy, 1is derived from equation
(2.2.12):

(2.3.1) Wy l-ajyps ep

w2 P2-a12 ©1
Equation (2.3.1) is depicted in part (a) of Figure 2.3.1.
Since l-ajgazy; > 0, 1in order to have wy/wy > 0, it is
necessary that the following inequalities heold:
(2.3.2) ajz < p2 < l/an;
The relation between the labor ratio, L;/L,, and the price
ratio, p; (since p; = 1), is derived by using equations
(2.2.2), (2.2.8) and (2.2.12):

(2.3.3) L3y ey f;

= (equation (2.2.2))
Ly ezfs

e 1ta12¥2
= 4 (equation (2.2.8))
€3 Ya2ta21Y3

e1 ay2(l-b)+bp;
= (equations (2.2.9)
and ' =3 l-b+ajs,bps and (2.2.11))
and
d(Li/Lg)/dpy > 0, d2(Ly/Ly)/dp2 < 0 .

Equation (2.3.3) is depicted in part (b) of Figure 2-3-1.
The reason that d(L;/Lp)/dpy > 0 is as follows:

When the relative price of good 2 increases, consumers
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decrease their demand for that good because of a
substitution effect. The production of good 2, and hence the
labor allocated to sector 2, decreases since the producer's
role is passive in this model, and the labor allocation to

sector 1 therefore increases.

W1/w2 Ll/LZ
] | |

a2 1/a33

(a) (b)
Figure 2-3-1: The relations among wage, price
and labor allocation
One implication of figure 2-~3-1 is that it is a
matter of indifference whether the authority controls the
labor allocation, the wage ratio, or the price ratio: there

are one-to-one relations among w;/ws, Lj/Ly and pj.

2-3-1 The Solution to the Optimization Problem

The government's objective is to minimize the
present value of the losses resulting from the deviation of

outputs from their target levels and from the reallocation



26

of labor between sectors. In mathematical terms, the

objective is

(2.3.4) min F
zZ1(t)

[}

T
ézi /(1) (yrtr-y1*)2 +

Soya(t)=y2™)12 + syiz(t)-z1(t-1})2)
subject to:

equations (2.2.9) and (2.2.11).

where v is the discount rate, sg is the weight attached to
good 2, and s; 1is the weight attached to the labor
reallocation cost. y;* is the target for sector i's output
level, which corresponds to point b in Figure 2-2-5.

The expressions for y;* can be derived using

equation (2.2.12) and setting p; = (ez+ejajg}/(ej+ejzas;)

{(2.3.5) * b(l-a21a12)
Y1 =
e)+ezas;
* (1-b)(l-321612)
Y2 =
e2+e1a12

But from eguations (2.2.7) and (2.2.4),

(2.3.6) eq+ejaj]g a2
yi(t) = ———— z;(t) -
ejep ’ es
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1l e +epdgy
ya(t) = - z3(t)
es 8162

Equations (2.3.5) and (2.3.6) are identical when t = T. Then

yi(t) = y;* gives?

{2.3.7) * a2 l-ag1a812 e)eq
2y = (— + b )

es el+e2a21 ez+e1a12

where z;* is sector 1's labor share when output are at their
target levels.

The first order condition associated with (2.3.4) is

.. GY¥1 £, Y2
(2.3.9) [yp(t) = y17] — + sg [yz(t) = y27 ] — +
dzl dzl

+ Sl(l+l/(l+V))Zl(t) - slzl(t-l) - S1/(1+v)2,(t+1l) = 0

or
(2.3.10)
(M+S1Q)27 (£) - S121(t-1) - s1/(Ll+v) zy(t+l) = M 2y ¥
4. ya(t) = ya(T) gives
(2.3.8) 1l l-azjaz 9192-
zy* = (— = (1-b) )
=l eat+e a1y ey1telzdsy

It is easy to show that zl* is the same in both (2.3.7)
and (2.%.8).
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where

ez+e18;32 5 €1+€2321 2
M = (—m) + Sg (——)

elez 8192
g =1+ 1/(1l+Vv)

As shown in Appendix A of this chapter, the solution

to the difference equation (2.3.10) is

t t
(2.3.11) z21(t) = zl* + € hy + ¢35 hy
where
M+ s19 + N
hy =
257/ (1+v)
M+ s -N
hy =
251/ (1+v)
N = J(M+slq)2—4s§/(1+v)
It is easy to verify that (see Appendix A )
{2.3.12) hl > 1 and 0 < hz <1

Parameters c; and c, in equation (2.3.11) are
constants determined by two terminal conditions involving

21(0) and z;*:
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(2.3.13) z1(0)-27
Cy = —m———
rI-hT

h}

z1(0)-27

) h3-hT i

c2

cycy < 0
where hJ}-hT < o

From Appendix A, we can draw the time path for
Li(t)., as in Figure 2-3-2. We see that it is monotonic. The
labor reallocation rate, defined as [Z(t)-z3(t-1)]1/2;(t-1),
is high at the beginning and the end of the planning period.
This is so because there are two forces operating. One tends
to move to the target point zl* as soon as possible in order
to achieve higher consumption levels. That is why fast
adjustment takes place at the beginning. The other tends to
postpone the structural change in order to avoid the labor
reallocation cost, since later changes <count for less
because of the discounting factor v. Without discounting (v
= 0), it would be optimal to move to the target point zl*
from the initial point 23(0) along a straight 1line,
connecting the two points, since that would minimize the

T
function ¥ 1/(1+v)¥[2) (£)-z1(t-1)12 ; with v >0, the optimal
t=1

trajectory lies below (above) the straight line connecting
z;* and z3(0) if z;* > (<) 21(0), i.e., more structural

change takes place at a later stage. This is why, when zl* >



30

21(0), d2z;(t)/at2 > 0 at £t = T for v > 0, and d2z;(t)/dt? =

Oat t = T for v = 0.

z21(t)
% l
Zl 21(0)-
21(0) z1"
T
0 t 0 t
(a) 21(0)-2z1" < O (by z1(0)-2, > 0
Figure 2-3-2: Optimal path of z; (the labor
share of sector 1)
2-3-2 Comparative Analysis of the Optimal Solution

We now consider the effects of a change in a
parameter a; on the time path L;(t), where a; here
represents one of the technology parameters e;, e;, aj;, and
a);. The focus is on equation (2.3.10).

wWhen T = 2, differentiation of (2.3.10) with respect

to any parameter aj gives

(2.3.14) 2
dzl(l) * dM s) dZi
(M+s;g)—— = [(21-21(1) }— + (Mbt——)—

. daj daj 1+v daj

When t =1, T > 2, then
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(2.3.15) ' N
dzy (1) s; dz;(2) « dM dzj

(M+s1q) - = [23-21(1)] + M—
daj l+v daj daj dajy

In general, for any t, 1 < t < T-2, T > 2, we have:

(2.3.16)
dzj (t-1) dz; (t) s; dz;(t+l) N dM
-§———— +(M+51Q) - =[21-Z2(t) ]—
day daj 1+v daj daj
dzi
+ M
day
When t = T-1, we have zj(t+l) = zJ, then:
(2.3.17)
dzy (T-2) dz;y (T-1) aM sy dz]
-S——— + (M+s Q) = [Zl 21 (T- l)]— + ( M4 ——)—
day day day 1+v day

The equation system (2.3.15), (2.3.16) and (2.3.17) has (T~
1) vunknowns: dz;(1)/daj, ... , dzj(T-l)/daj, and (T-1)
equations. We can solve it by using Cramer's rule. In matrix

form,



(2.3.18)
M+s;g — 0 . .
1+v
-51 M+s5;Q 0
l+v
0 -5] M+s;@ — 0
1+v
0 0
0
(T-1)X(T-1)}
zi-21(1)
zi-21(2)
— 21-21(3)
z}-21(T-2)
21-21 (T-1)
(T-1)x2

-Sl
-S;] M+s;q —
l+v

0 -5 M+S¥EJ

dajy
dz;(2)

dai

dai

day

(T-1)x1
M
M dM/day
M dz}/day
M
M+sy/(1+V)
2x1

From equations (2.3.7) and (2.3.10), we have

(2.3.19)

dz}/de;, dzi/da;, > 0;

dz}/de,, dz}/day, < 0;

and dM/del, dM/dez < 0; dM/dazl, dM/dalz > 0.

dzl(l) —T

dzl(T—Z)

dzltT-l)

32
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Since we know from Figure 2-3-2 that z;(t) moves

monotonically from z;(0) to zj, we have:

(2.3.20) For all t:
if zf—zl(O) > 0, then
dzy(t)/dey < 0 , dzj(t)/dajp > 0;
if z7-27(0) < 0, then

dz;(t)/de; > 0 , dzy(t)/dagz; < 0 .

Relations (2.3.20) are verified in Appendix B.

We can only determine the signs of two partial
derivatives in each case. This is because if a partial
derivative is determined in one case, say zl(O)-zf < 0, then
this partial derivative will necessarily become ambiguous
when zl(O)-zf>0. That is very obvious from eguation
(2.3.14).

Relations (2.3.20) make intuitive sense. When the
labor-output ratio in sector 1, e;, increases, more labor is
required in that sector to produce the same amount of good 1
as before. Hence, dz;(t)/de; > 0. From equation (2.2.2), we
have az; = Fp1/F;, the amount of good 2 required for
intermediate use per unit of good 1. When a,; decreases as a
result of, say technical change, production is more
efficient than before. By employing the same amount of good
2, Fa;, more output of good 1'is generated. As a result of

the fixed output-labor ratio, more labor is required for
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sector 1. Hence dzj(t)/daj; < 0. A similar interpretation
applies to dz;(t)/da;,. since dz;(t)/da;, equals (-
dz,(t)/dajsy).

The effect of a change of parameter v on the time
path can be derived. In equation (2.3.10), only ¢ and

1/(1+v) are functions of v. Hence:

{2.3.21) when t=1, T>2,

dzl(l) S1 dzl(Z)

(M+s1q) - = 83[27(2)=-23(1})]
dg 1+v  dq

and generally,

dz; (t-1) dzj(t) s1 dzp(t+l)
-S e + (M+51Q) -
dq dg 1+v dq

= S1[21(t+1)-21(t) ]

when t=T-1, we have,

dzy (T-2) dzy (T-1) «

-SIT + (M+slq)T = §3[27-27(T-1)]

If we put equation (2.3.21) into matrix form, the structure
is the same as (2.3.18) except that now the right-hand-side
matrix is replaced by a (T-1)x1 matrix that has s;[z;(t+l)-
z3(t)] as its (t-1)'th row element. The solution of this
equation system is the same as’ (2.B.l) in Appendix B, except

all {(z-z(t))dM+Mdz] terms are replaced by s;[zi(t+l)-z;(t)]
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terms. The results are stated below.

(2.3.22) If z}-27(0) > 0, i.e. zy(t+l)-z3(t) > 0 for all
t, then dz;(t)/dg > 0, i.e. dz;(t)/dv < 0 for all t. If
z1-z7(0) < 0, then dzj(t)/dv > 0 for all t.

The meaning of (2.3.22) is as follows: When v
increases, thé present value of the cost of future
structural change decreases, and S0 more change occurs at a
later stage.

The parameter v has a crucial role in determining
the curvature of the optimal z;(t) path at t = T. Following
Appendix A, we define a new term g(t) as follows, to measure
the curvature of z;(t) over time.

(2.3.23) t T t

T
ha hy - h; hy

g(t) =
T T
hy -y
As 1s shown in Appendix A, we have the following properties
~ about g(t) when v = 0: dzg(t)/dt2 1s positive at t = 0 and
equal to zero at t = T. Hence, without a discounting factor,
the labor adjustment is very fast at the beginning of the
planning horizon, and then approaches its target value at a

diminishing rate.

In a similar way, we can show that when the value of
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b increases, i.e., when consumer preferences shift towards
gocod 1, the economy will produce more of that good, and
hence dzy(t)/db > 0 for all t, (Note that zi is a function
of b.)

The effect of a change in the parameter s, the
relative weight of the penalty for good 2's deviation from
its target, is similar to the result for the case just
discussed. The relevant matrix form of the first derivative
equation system is the same as (2.3.18) above except that
the right-side matrix is replaced by a (T-1)x1 matrix with
(21-z1(t))dM/dsg as its t'th element. From (2.3.10), we have
dM/dsg > 0. The effect of a change in sy can be stated in
(2.3.24) as follows:

(2.3.24) If z}-23(0) > 0, i.e. z¥-zy(t) > 0 for all t
then dz;(t)/dsg > 0 for all t;

If z1-23(0) < 0, then dzj(t)/dsg < 0 for all t.

The logic behind this is that when sy increases, the
deviation of good 2 ocutput from its target is penalized more
heavy. Hence at the early stage, output of good 2 should
move as close as possible to its target, i.e. there should
be greater change at the early stage. Since zf-zl(O) > 0
implies 23-22(0) < 0, the chgnge must decrease z; more at

the early stage, and hence increase z; more at the early

stage.
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Concerning the effect of a change in the penalty
parameter for labor reallocation, s;, one can still use the
matrix form in (2.3.18) except that the right-hand-side
matrix is rnow replaced by a (T-1)xl matrix with (z;(t)-
z]}M/s; as its t'th element. The results can be summarized

as follows:

(2.3.25) If zi > z3(0), then dzy(t)/ds, < 0;
if z} < 21(0), then dzj(t)/ds, > o.

Intuitively, when s; becomes bigger, it pays to re-
allocate labor more evenly from year to year, since as s;
tends to infinity, the'optimal trajectory tends towards a .
straight line connecting the initial and terminal points.

From (2.A.13) in Appendix A we have an expression of
g"(t), where g(t) is defined in (2.3.23). We define t = %
as the inflection point at which g"(t) = 0. From (2.A.14),

we have
(2.3.26) T-t! ln(-lnhz)-ln(lnhl)
— - >0 when v > 0,
2 lnh,-1nh,
then
a(T-t} 12 1nh; 1lnh, -1nh,
(2.3.27) ——— = - (=) [ - + 2 1n¢ )]
2 dsy N lnh2 lnhl lnhl

> 0 when v > 0,

since (lnh;)}2 > (lnhj)2,
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(1lnhy) (lnhy)>0,
and 1lnhy + lnh, > 0.
Thus as we increase the penalty parameter s;, the inflection
point t' will occur earlier, i.e., the optimal time path has
more years in which zl"(f) > 0 for the case of z] > z1(0).
Notice again that when v = 0, which means lnh; + inhpy = 0,
(2.3.25) becomes (T-t') = 0, i.e., the inflection point of
the optimal trajectory is always the terminal year T.
Hence, s; has no effect on the inflection poirt.
Essentially, the results in (2.3.27) and (2.3.25) are the

same when v > 0.

2-4 Conclusion

Decontrol in a simple model with Leontief production
and one primary input was analysed in this chapter. The
analysis of the optimal solution to the welfare
minimization problem reveals the following interesting
points:

1) The optimal trajectory is a monotonic function of
~ time. Since it pays to decontrol as soon as possible, the
rate of labor reallocation tends to be highest at the
earlier years of the planning period. On the other hand, in
order to minimize the reallocation cost, it pays to postpone
structural change to a later stage. This, cqmbined with the

effect of the discounting, implies that the labor
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reallocation rate is highest by the end of the planning
period, with moderate reallocation in the middle of the
period. The optimal trajectory is thus concave at the
beginning and convex at the end of the planning period.

2) Comparative analysis indicates that 1in most
cases, a parameter change will produce an intuitively
reasonable effect on the optimal trajectory. For instance,
an increase in the value of the time discounting factor
leads to more structural change at a later stage since the
present value of a later change is smaller. An increase in
the labor reallocation penalty parameter will reduce the
magnitude of labor reallocation.

3) The time discounting factor plays a crucial role
in determining the curvature of the optimal trajectory in
the terminal year T. Without discounting, the optimal
trajectory converges to the target point at diminishing
rate; while with discounting, it does so at an increasing

rate by the end of the planning period.



CHAPTER THREE

DECONTROL IN A TWO-SECTOR TWO-RESOURCE MODEL

3-1 Introduction

The two-sector one-~resource model presented in
Chapter Two was based on the assumption that production
requires only one primary input, namely labor. In this
chapter, we introduce capital as a second primary input.

The chapter is organized as follows. In sectien 3-2,
a competitive equilibrium meodel with both capital and labor
fully employed is presented. The condition for a positive
activity level is derived in terms of the capital stock
level. sStability conditions and comparative static
properties of the model are analyzed. Section 3-3 specifies
a disequilibrium model that differs from the equilibrium
model only in that there is the possibility of
underemployment of the labor force. It also provides a
comparative static analysis of ‘that model. Section 3-4
discusses the issue of a social welfare function and the
optimization of that function with the disequilibrium model
of section 3-3 as a constraint. The distinction between the

competitive model and the diseguilibrium model lies in that

40
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the former assumes full utilization of both the capital
stock and the labor force, while the latter allows the
possibility of underemployment of the 1labor force. The
disequilibrium model is then incomplete in that it has one
more variable than the number of equations. This leaves a
role for the authorities to play, namely, to control some
variable of the model in order to optimize the social
welfare function. As in the last chapter, the social welfare
function takes the competitive steady state as a reference
peint. The economy cannot get onto the steady state growth
immediately, since, first, there is a capital accumulation
constraint, and second, there are social costs associated
with rapid change (as well as, perhaps, technological and
institutional inertia). The introduction of capital gives
the model more realism, but complicates the analysis. We
therefore use computer simulation to conduct comparative

analysis. The results are reported in Section 3-5.

3-2 An Equilibrium Model

The following assumptions characterize the model of
this chapter.

Assumption (A.l): There is a single malleable
capital good used as an input in both sectors; it is

produced in sector 2.

Assumption (A.2): Labor is homogeneous and grows at
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a constant annual rate n.

Assumption (A.3): Both capital and labor can be
shifted instantaneously from either sector to the other.

Assumption (A.4): There is zero profit.

Assumption (A.5): Wage income is all spent on googd
1. Cepital income is all re-invested.

Assumption (A.G): Capital depreciates at a constant
annual rate g which is independent of use.

Assumption (A.7}): The production functions in the
two sectors are of the Leontief type. The consumption good
y1 1s required as intermediate input to produce the capital
good y;, but not vice versa. That is, aj;; is positive and
asy Zero.

Assumption (A.8): The production of the capital good
does not require intermediate inputs.

The symbols used in this chapter are listed below.
Subscripts 1 and 2 denote the consumption-good sector and
the capital-good sector, respectively:

¥;: output of consumption good;

¥,: output of new capital good;

P1: price of consumption good, p; = 1;

pP2: price of capital gocd;

K : total quantity of available capital;

L : total labor supply:;

k : overall capital-labor ratio (K/L);
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w : wage rate;

r : gross rental rate per unit of capital;

R : gross rate of return to capital. r/pj3:

Ki: quantity of capital employed in sector i, i=1,2;

Li: quantity of labor employed in sector i, i=1,2;

ky : the labor force employment rate;

z : ratio of labor employed in sector 1 to total
employed labor ( Li/(kjL) ), 0 £ 2 £ 1;

q : the rate of depreciation of capital;

n : the rate of growth of labor force;

I : gross investment per member of the labor force;

ej: labor required per unit of output in sector i,
i=1,2;

cj: capital required per unit of output in sector i,
i=1,2; _

ayz: the quantity of good 1 required to produce one
unit of good 2.

Productio ctions

The production functions are of the Leontief type

Y4 Li Ki
Yi=min(-:-j—J-'-,—,—)

aj3 ey ¢4

At the point where all factors are fully employed, R
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{3.2.1") in Li Kj o
¥y =—=—=— 1.3

]
[
~
(48]

Competitivs: Equilibrium

In competitive equilibrium, no profit is made in either

sector. Hence
P4¥4y3 +WLi +rKjy = pj¥j i, 3 =1,2, 1 #7
Using (3.2.1') we obtain
(3.2.2") Dja4 +wej +rcy = pj i, J =1,2, 1 # 7

Static efficiency requires also that there be full
employment of both capital and labor,! i.e., Ki1+K»=K and

Ly+Lo=L. This requirement may be written as
(3.2.3") k = 2 cy/e; + (1-2) cy/es
Thus, k is bounded by c;/e; and cy/e,:

min (cy/ey, ca/ey) £ k £ max (cy/e;, cy/es)

l. Here we assume perfect mobility of capital. The
other extreme case is perfect immobility. The latter is more
realistic in that it reflects the fact that an economy
cannot quickly transfer the existing capital stock from one
sector to another, although it is free to allocate its new

investment to either sector. See Das (1974) for discussior
of this issue.
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Consumption Assumption

Total wage income is wL and the only consumption good in the
economy is good 1. From assumption A.S, in equilibrium the
value of consumption must equal the supply of good 1, net of

intermediate usage:

wh = p1Y¥; - p1@12¥2
or

(3.2.4") w/py = z/e; - (l-z)aja/ep
av S

From assumption A.5, gross saving in the economy is rK.
Since the value of gross investment must equal the value of

gross saving in equilibrium, one gets

rK

P2Y3

or rk

P2 (1-2)/ey

This equation is nonlinear in r, k, pp and z, while (3.2.4')
is linear in w and z. By Walras' Law, one of the consumption
and savings assumptions is redundant. To avoid nonlinearity,

we work with the consumption equation (3.2.4').

e owt ocess

Net capital formation is identically equal to the output of

new capital, net of depreciation:
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K =Yy - gk

Thus the instantaneous change in the capital-labor ratio is

(3.2.5") i = (1-2)/ey - (g+n)k

The equilibrium conditions are given by equations
(3.2.1') to (3.2.4'). The equilibrium model can be restated

as follows (p; = 1):2

(3.2.1) we; +rcy =1

(3.2.2) a1g + Weg + ICy = P

(3.2.3) k = cy/e; 2 + cp/ey (1-2)
(3.2.4) w = 2/e; - ayp (l-z)/e;
(3.2.5) ﬁ = (1-2)/es - (g+n)k

Equations (3.2.3) and (3.2.5) determine the growth
path of k once its initial value is given, while the other
three equations determine the range of k values that make
the endogenous variables economically meaningful.

Since there 1is only one dynamic equation in the
model, determination of the condition for stability is

2 Notice that when cy/e; = cp/e;, (3.2.3) becomes k =
cy/e; = ca/ey. Equations (3.2.1), (3.2.2) and (3.2.4) cannot
be solved for the four variables w, r, s, pa. The system is
therefore underdetermined. In general, equation k = cy/e; =
cy/e9 will not be satisfied since k is historically given.
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straightforward.3

eo 1: The necessary and sufficient condition to
have a stable and positive steady state wvalue for k is
c;/e; > cy/e,, i.e., the consumption good is the capital-

intensive good.
Proof: From (3.2.3) and (3.2.5}, we get:

I = (1-z)/e; = A + Bk

where A = cy/(cijeqa—Coey};

B

]

- ey/(cyep-crey).

When cy/e; > cp/ep, A > 0, B < 0. Then it is seen in Figure
3-1-1 (a) that the steady state dk/dt = I - (g+n)k = 0 is
stable and positive. When cj/e; < ¢3/ep;, A < 0 and B > 0.
For this case there are two possibilities, shown in panels
(b) and (c) of Figure 3-1-1, respectively. In (b), in the
steady state, the slope of the I curve is steeper than
(q+n), and hence the equilibrium is unstable, while in (c),
the equilibrium is stable, but with k < 0.

Algebraiéally, we may wriée

dk/dk = B - (n+q)

3. shinkai (1960) and Corden (1966) obtain the same
results, although they do not consider intermediate uses of
commodities. The Hawkins-Simon condition will, however,
guarantee that our result is the same as theirs.
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To have stable equilibrium, we need

dk/dk < 0,
or -ej/(cyep -~ Czey) < n+qg

Substituting this condition and c3/e; < cy/e; into the term

D in (3.2.12) below yields k™ < o. Q.E.D.
\ {g+n)k
I
/(q-m)k 7
K=0 :;?ﬁ:o
k k
. {b) (c)

Figure 3-1-1

Our next question is whether for a given value of k,
the model will determine a unique value for each of w, ¢, py
and z. If the answer is yes, then the system can be said to
be causal, that is, only the laws of the system and the
initial value of k need be known in order to determine the
entire future path of the system.

From equation (3.2.3),

(3.2.6) 2 = (k-cg/eg)/(Ccy/e1-Cpr/eq)

From equation (3.2.4),

(3.2.7) w = [(1/e; + ajp/ezlz - aja/e,
ey + ajjze; '

= (k - Ny}
ci1ex-Czey
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where N1 = (cg + aiacyi)/(ex + aize1)

From equations (3.2.1), (3.2.2) and (3.2.7),
(3.2.8) pg =Nz k
where Ny = (ep; +213€1)/C

{(3.2.9) r = (ey +a12e1)(clfel—k)/[cl/el(cl/el-czfez)]

Equations (3.2.6) to (3.2.9) show that for a given
k, a unique value for each of w, r, p, and z is generated.
Hence, the system is causal.

In order to have z, w > 0 for the stable case, we
need4 k > Ny; in order to have r > 0, we need: k < cy/ej;
since cy/e; - Ny = (cj/e;-Ca/ez)ey/(e; + ajgze;) > 0, the
range of k which ensures a positive level for every variable

is given by
(3.2.10) N; < k < cy/eq

It should be noted that when the price of capital
changes, the re-evaluation of the stock of fixed assets mﬁst
be taken into account. In that case, instead of the term
rciy, the term Rpzcy must be used in equations (3.2.1) and

(3.2.2), where Rpy = r. ﬁbwever, the solutions remain

4. when z > 0, then k > c3/ey; when w > 0, then k > N;.
Further, Ni - cp/eqp = ajge)(cy/ey-ca/ep)/[(1-ay1)ey +ajge;]
> 0. '
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unchanged by substitution.
Now let us focus on the effect of a change in k for

the stable case c¢j/e; > cp/e;. From the above results, we
get

(3.2.11) when cj/e; > cp/ejp:
dz/dk > 0, dw/dk > 0, dpy/dk > 0,
dr/dk < 0, dR/dk < 0.

(3.2.11) shows that with & higher capital-labor
ratio k, the per capita consumption level w is higher as
well (dw/dk > 0). Therefore, a capital-scarce country may
need to build up enough stock before it can have a high
consumption level.

The result of dz/dk > 0 is similar to Rybzyniski's
theorem: for a fixed price ratio, an increase in the supply
of a given factor expands the output of the industry using
that factor more intensively, and contracts the output of
the other industry. Here, sector 1 is the capital-intensive
sector when c3/e; > c3/e;. From (3.2.11), we notice that the
familiar neoclassical rule prevails: an increase in the per
capita capital stock reduces the price of capital services
and increases that of labor services.

The positive sign of.dw/dk for the case in which
ci/e; > cp/ep is a result generated from the assumption that

wage income is entirely spent on good 1. Since dz/dk>0, y;
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rises and y, declines when k rises, and so dw/dk>0.

The sign of dps/dk can be easily determined.
Surprisingly, perhaps, for both c¢j;/e; > cp/ep; and cj/ep <
cy/ey, dpy/dk is positive. The reason is that p; is not a
function of (cj/e;-cy/ez). Once we know dpy/dk>0, then we
can apply the Stolper-Samuelson theorem to determine the
sign of dr/dk: an increase in the price of a good increases
the return to the factor used more intensively in the
production of that good, and decreases the return to the
other factor. For the case c;/e; > cyz/e3, good 2 is labor-
intensive, and so we have dw/dk>0, dr/dk<O0.

fhe steady state of the equilibrium médel is defined

by setting k=o_in (3.2.5). We then have five equations and
five unknowns, namely k, 2, p3, w, and r. By simple
manipulation, we derive the steady state values of the five

variables as follows:

{3.2.12)
k* = ¢;/D
z¥ = (1-(n+q)cy)/e1/D;
P2 = (ep+ajze1/D ;
w" = (1-(g+n)(cqo+ayscy))/D;
r* = (q+n)py” ;
where D = ej+(g+n) (cre-Czey)

It is easy to show that the following condition
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guarantees a positive value for every variable in the steady
state.
(3.2.13) 1 - (g+n)(cgy + ajc3) > 0O
A necessary condition for (3.2.13) is 1l-(g+n)c > 0, which
ensures z* > 0.

Notice that from (3.2.12), dw*/dn < 0, i,e., a lower
population growth rate enables the economy to enjoy a higher

per capita consumption level in the steady state.
3-3 A Disequilibrium Model

We now specify a disequilibrium model in which there
is a role for the authorities to manipulate an instrument so
as to optimize a soclal welfare function, and thereby choose
a path leading to a competitive economy. Obviously, the
disequilibrium model will possess the feature that it has
one more variable than equations. The authorities fill the
gap by choosing one variable to be an instrument and setting
that variable at its optimizing value in each year.

There are several ways of specifying a disequi-
librium model. The disequilibria can arise in the goods
markets, due +to, say, price rigidity imposed by the
authorities; or it can arise in the factor markeis--labor or
capital may be in excess supply. Because our aim is to
investigate a developing socialist economy in which capital

is usually relatively scarce, we assume that the capital
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stock is fully utilized. However, the labor market is not
necessarily in equilibrium in each period. Due to the
characteristics of developing socialist economies, the
disequilibrium in the labor market does not generally
manifest itself in the same way as in a market economy; it
is more likely to take the form of underemployment of
workers than of some workers being unemployed while others
are fully employed. Since we assume homogeneity of the labor
force, this implies that each worker contributes only
k1x100% of his/her potential effort, where Kk; is the
"employment" rate. Labor input is defined in terms of effort
or "effective" labor instead of number of workers. Hence, L,
and L, measure units of effort. L is the total number of
persons in the labor force and k;L is the total number of
units of effort. The disequilibrium model is the same as the
equilibrium model except that L, + Ly = k;L.

(3.3.1) wey + rc; 1l

(3.3.2) 217 + Weg + ICy = DPg
(3.3.3) k = cy/e; z + cp/ey (ki-2)
(3.3.4) wky = 2/ey - ajp (ki-z)/ey

(3.3.5) k = (ky-z)/ey; - {(g+n)k

From {(3.3.1) and (3.3.2), we get the solutions for w

and r in terms of pj:

(3.3.86) W =20 (pp - Ng)/(cjep-Caej)
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where N3 = cp/cy + ajgp
{3.3.7) r = e (Ng - pa)/(cie3-Caeq)
where Ng = ez/e; + ajg

From (3.3.3) and (3.3.4), and taking account of
{3.3.6), we get the solutions for z and k; in terms of pj:
k N2 Co

(3.3.8) z2 = ("_'_-l) > 0 :
Cl/el-C2/62 P2 es

(3.3.9) ky = Ny k /py

[}

where Ny = (ep+ajzey)/c; = ey1/cy Ng-

BEquations (3.3.6) to (3.3.9) show that the four
variables w, r, z, and k; are all monotonic in p; (for pp >
0). As a result, policies of controlling the share of the
labor force in sector 1, z, the price ratio p;, the wage
rate w, or the employment rate k; are all exactly
equivalent. Therefore, we need only study the case in which
pp is controlled.5

From equation (3.3.9), when k; = 1, then p; = kN,,
which is the same as the result for eguation (3.2.8) of the
equilibrium model, i.e., when p; = kN, the disequilibrium
model reduces to the equilibrium model. Hence we see the

consistency of the two models.

5 In order to control z, from equation (3.3.3) we have
to have unemployment of at least one resource, since k is
given historically.
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To have z > 0 requires pp > Ca/e3 Niy;
To have w > 0 requires pp > Nj3;
To have r > 0 requires py < Ny:
To have k; < 1 requires pp > k Nj.
Since N4y - N3 = (cyep-cpe;)/(cye;) > 0, the conditions

for w, r > 0 above become
(3.3.10) N3 < pg < Ny
It is easy to check that
(3.3.11) N3 < kNy < Ny

Combining conditions (3.3.10), {3.3.11) and pp > kNy ylelds
the range of p; values that ensure positive levels for all

endogenous variables:
(3.3.12) kN2 £ p2 < Ny

Now we can look at the effect of a change in p,.

From the above equations, we get the following:

(3.3.13) When cy/e; > cy/e; (stable case),
dz/dpy > 0, dk3/dpy < 0, dw/dp; > 0, dr/dpy < 0.

These results bear some similarity to those of the
Stolper-Samuelson theorem: an increase in the price of a
commodity increases the return to the factor used more

intensively in the production of that commodity and
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decreases the return to the other factor.®

The direction of change for z is the same as for w,
since they are related by (3.3.4). For the stable case c¢;/e;
> cyg/e,, when w increases as p; rises, sector 1's output has
to increase because of the assumption that all wage income
is spent on that output and must always be enough to
purchase the net supply to the consumers of good 1. Hence
dz/dp, > 0.

The reason that dk;/dp; must be negative can be
explained as follows. From equation (3.3.3), k = (ci/e;-
co/eqz)z + kjca/ey, when cy/e) > cp/ey, dz/dpp; > 0, and so
dk,/dp, has to be negative since k is historically given.

We notice that in the equilibrium model, z is-not a
function of output price p;, while in the disequilibrium
model it 4is. This is because, for different prices, the
employment rate k; is different, i.e., the size of the
Edgeworth box varies according to the different prices,
although the total factor supply is given historically at
any moment. Actually this is how the disequilibrium model
works: make the k value in (3.2.3) of the equilibrium model
a function of price by using the capital-employment ratio,
instead of the capital-labor-force ratio, which is

6. Wegge et al.(1969) generalize the Stolper-Samuelson
and Rybczynski theorems to the nxn case for fixed

technology. Our results here are a special case of their
generalization.
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historically determined at any given time.

An increase of price p, causes the employment rate
ky to fall, which means the total capital-employment .ratio
is increasing. This kind of interpretation gives us another
angle from which to view the disequilibrium model. For the
stable case cj/e; > cy/e;, when pjp decreases, k; increases
and the capital-employment ratic K/(k;L) decreases. Using
the Rybczyiski theorem, it follows that the production level
of good 1, the capital-intensive good, will decrease, i.e.,
dz/dp,; > 0.

Combining eguations (3.3.5), (3.3.8) and (3.3.9)
yields
(3.3.14) K = EEEEEEE?L—( —i-- —j;ﬁ k ] - (n+q) k

czei-cje; Ny P2
The first term on the RHS of (3.3.14} is I, the

gross investment per capita. Note that

(3.3.15) dI es+adyse] 1
= (—) 2k
dpz cze1-ci1e2 P2

Hence for the stable case cj;/e; > cp/ep, when the price of
the capital good increases, the investment level I
decreases, since it is assumed that all the refurns to
capital are re-invested and result dr/dp; < 0 wheﬁ ci/ey >

cop/eq, from (3.3.13).



58

3-4 Objective Function

Having discussed the disequilibrium model, we now
turn to a discussion of the objective function used by the
planning authorities.

The objective function that we assume is analogous
to the one used in the last chapter. The goal is to reach
the competitive steady state as soon as possible since it
has a higher consumption level. But the steady state can not
be attainable instantly. First, it takes time to build up
the capital stock, and second, even if it were possible to
accumulate enough of the capital to attain the steady state,
it would not be desirable to do so since there are social
costs associated with rapid change.

The adjustment cost of economic reform is measured
by the net labor flow between sectors. Because of the
allowance for population growth, the net labor flow measure
has to be adjusted. We assume that increments to the labor
force are allocated proportionally to each sector so that
the labor force in each will grow at the same rate as the
population if there is no intersectoral labor mobility.
Taking this into consideration, we know that the change of
sector i's labor resulting solely from sectoral reallocation
is Lij(t)/(l4n) - Lj(t-1). Thg to;al labor reallocation is
then 1/2 Z|Lj(t)/(1+n) - Li(t—i)l. (As before, it is
multiplied by 1/2 in order to eliminate double counting.) In
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per capita terms, the total labor reallocation is

{ 1/2 £|Lj(t-1)/(1+n) - Li(t-1)[]/L(t-1). One can show that
this equals (172 X |zj(t)-z3(t-1)}), where =zj(t) =
Li(t)/L{t). Since z;(t) + 2(t) = 1, hence lz;(t)-z;(t-1)| =
lza(t)~22(t-1)|, and so 1/2 Z|zj(t)-z3(t-1)]| equals |z;(t)-
zp(t-1)1.

The length of the planning period, T. is exogenous
in the model. We assume that the authorities will control
the economy over the next T years and that after that the
economy will be completely decontrolled. Although the
authorities control ohly T years, they may take into account
the effects of their policy on the economy in the post-
control period. With this in mind, we specify the following

objective function:

(3.4.1) min ¥ 1/(1en)t Ly (t)-y])12 + s(z(t)-z(t-1))2]
cetitn

where s is a parameter representing the penalty weight for

structural change and y] is the steady state value of

consumption.‘

. Althoush we use a quadratic loss function as in the
last chapter, we cannot derive analytically results as we
did there; the accumulation of capital in the present model
introduces some complexities. In order to .study the

comparative dynamic properties we therefore employ computer
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simulation, the results of which are reported in the

following section.
3-5 Simulation Results

The optimization problem is stated as follows.

T

max
(3.5.1) min = (10 [(yE(t)-y1)12 + s(z(t)-z(t-1))2)
P2t t=1
te[l,T]
subject to
e yy{t) ky(t)
C21 €22 Yz(t) k(t)

k(t+l) = ya(t) + (1l-n-q) k(t)
z(t) = e; y1{t)/ky(t)
YT(t) = yi(t) - ajaya(t)

where y{(t) is the consumption of good 1 in year t.

For simulation purposes we assign the following values to

the parameter:

(3.5.2) e; = 1.2, ez = 0.5, cg = 10.0, ¢y = 3.5,
812 = 0.045, n+q = 0.06, s

1]
’d
[
<«
o
-
]
H
[y
(=}
-

Tmax = 40, k(1) = 7.736.

Note that in (3.5.1), the continuous time model in

the constraint has been converted to a discrete time model
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for simulation. Also, in (3.5.1), we consider only 40 years
of performance of the economy, since by that time the
economy has already attained its steady state in the
simulation.

The choices of parameter values in (3.5.1) are
arbitrary. The only necessary restriction on the parameter
values is that the capital-labor ratic be higher in sector 1
than in sector 2, i.e., cj/e; > cy/e,. Among alternative
parameter values satisfying this restriction, it was found
that although the competitive path may become quite
different (monotonic convergence rather than cyclical
convergence), the optimal solution to (3.5.1) is quite
similar in that it converges monotonically. Therefore, in
the following discussion, we confine ourselves to the ¢y and
e; (i=1,2) values specified in (3.5.2). The criteria for
choosing parameter values include considerations of realism.
For example, the initial capital stock level k(l) is set at
a level lower than its steady state level.

Before we discuss the optimization solutions, we
turn our attention to the underlying competitive model with
the above specified parameters. The competitive model
implies rapid adjustment of prices and factor returns, and
hence full employment of both capital and labor. It is found
that the competitive path converges to its steady state

cyclically, as shown in Figure 3-5-1. This is because the
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characteristic root of the dynamic capital equation is
negative (k(t+l) = 12.5 -0.56k(%t)).

The solution to the optimization problem (3.5.1)
converges to the steady state monotonically, as shown in
Figure 3-5-1, because both components of the objective
function try to minimize the departure from the steady

" state. Notice that the controlled model and the competitive

model reach their steady states at almost the same time.

Comparative dynamic analysis for a parameter is
conducted by varying the value of the parameter while
maintaininé the reference values for all other parameters.
For the sake of comparison, the reference path is also
plotted in each figure. The solutions to the optimization

problem are discussed below, in turn.
3-5-1. The Effect of a Change in a Labor Coefficient

When we allow e; or e; to change, we can examine the
impact of a once-and-for-all labor technical change.
Specifically, we decrease the parameter value by 2%. A labor
technical change thus implies less labor is required to
match the same capital stock, and produce the same amount of
output. As a result, the employment rate, k;(t), will
decrease. This is shown in ‘Figure 3-5-2 (a). The other
feature of a change in e; or e; is that a higher steady
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state capital level, k*, is required in order to absorb the
entire labor force. Obviously, the production levels in the
steady state are higher.

The effect of the change in e; can be decomposed
into two parts: a substitution effect and an employment
effect. The substitution effect refers to the effect that
the change in the parameter has on the output structure when
we hold constant the labor employment rate k; and the
capital stock level k. The output structure changes since
the relative capital intensities are altered. The employment
effect refers to the effect the change in the parameter has
on the output structure when the technology is held
constant. When an e; value decreases, the substitution
effect is to increase the production of the commodity that
uses the labor resource more intensively, namely the capital
good, while the employment effect is to decrease the
production of that good. The directions of change are just
opposite for the consumption good.

Take e; as an example. When e; is decreased by 2%,
the employment rate k; in year 1 decreases from 0.96964 to
0.95503 (dk;(l) = -0.01461), while the capital stock in year
1 is unaffected (dk(l) = 0.0). The effects of the e; change
on the output levels are calculated as follows, where B is

ey e '
the inverse of the matrix [:;1 c§ » and dB is the change in
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the B matrix.

dy; (1) ky(1) dkj (1)
= dB + B
dyz(1) k(1) dk(1)
substitution employment
effect effect
-0.05634 0.063919
= +
0.160906 -0.18263
0.007576
-0.02172

The substitution effects thus work so as to offset the
employment effects. In our calculation above, the net
effects are to increase production of the consumption good

and decrease that of the other one.
3-5-2 The Effect of a Change in Capital Coefficient

A decrease in c; or c,; represents another form of
technical change. It implies less capital is required to
produce a given amount of a commodity. Hence the same
capital stock can absorb a larger labor force, i.e., the
empluyment rate k;(t) increases monotohically over time, as
shown in Figure 3-5-3 (a). The steady state capital stock
level becomes lower since cabital is more efficient than

before. As far as the steady state level of production is
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concerned, a decrease in c; or cp represents an enlargement
of the capital stock. An increase in the capital stock will
increase production of the commodity that wutilizes the
capital stock more intensively, and decrease that of the
other one. In our case here, the consumption good is more
capital intensive, here its production level is increased
monotonically over time.

If we carry out the substitution and employment
effect analysis, we get the following for the effect of a 2%

decrease in cj.

dyy (1) k1(1) 1 dky (1)
dB + B
dyo (1) k(1) dk(1)

substitution employment
effect effect
0.020443 -0.019381
= +
-0.04911 0.055375
0.001062
0.006267

The outputs of both commodities thus increase as a

consequence of the decrease in cj.
3-5-3 The Effect of a Decrease in the Penalty Parameter s

The penalty parameter s represents the importance
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attached to the net transfer of labor in the objective
function. A decrease in s will then permit a greater net
flow of labor between sectors. As is shown in Figure 3-5-4,
when s decreases, a greater net flow of labor does in fact

take place in the earlier years.
3-5-4 The Effect of Planning Period T

In the optimization problem (3.5.1), the length of
the planning period T is exogenously given. By changing T,
the consequences of extending or contracting the period of
control can be examined. A longer planning period cannot
increase the objective function value since with a longer
planning period the authorities always have the option of
duplicating whatever they chose for a shorter period. Figure
3-5-5 illustrates the results. It is found that a five-year
planning period will almost exhaust the benefit of
controlling the economy as far as the objective function F
is concerned. Measured in terms of an index of the present
value of the per capita consumption stream, CONSUM index (=
=1/(1+v)tyG(t) ), however, a longer planning period will
result in a lower value, since the competitive path
maximizes this index. But the index is only one element in
determining the length of the period; it ignores the

adjustment cost.
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3-5-5. The Effect of a Respecification of the Objective

Function

Obviously, the form of the objective function for
the optimization problem (3.5.1) 1is not wunique. Other
choices could be made, and it is of interest to see what
their effects would be. To put it another way, we would like
to find out whether the results for the reference case are
robust with respect to a misspecification of the objective
function. If an optimal policy is computed using the wrong
function, might the resulting path not be quite inferior to
the path using the correct function? In order to answer this
question, different objective functions are experimented
with while retaining the reference parameter values of

(3.5.1)., The first alternative is the following:

T
(a) F =t§a’f/(1+v)t [-yF(t) + s(z(t)-z(t-1))2]
=1

This function takes into account the cost of the
economic reform, as well as the benefit of it in terms of
higher per capita consumption. The resulting per capita
consumption series, yfT(t), is shown in Figure 3-5-6. It is
seen that the solution for the obﬁective function (a) has
more fluctuation than the reference case solution. Thus
there 1s tradeoff between higher consumption and less

fluctuation.
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(by F =:§§§/(1+v)t Liv§(e)-yi(£))2 + s(z(t)-z(t-1))2]

This function penalizes any deviation from the
competitive path (denoted by yf(t)), as well the structural
change. The results in Figure 3-5-6 show that the optimal
solution based on (b) is closer to the competitive path,
although the differences from the reference solution are

relatively small.

Tmax
(c) F =% 1/(1+v)t (y;C(t)-y15%)2

t=1

This function takes into account only the variance
of the consumption level about the steady state path. The
results in Figure 3-5-6 show that more change takes place at

the early stage, since no penalty is imposed on structucal

change.
(d}) F = gkl/(l+v) (z(t)-2(t-1))
t=1

When the objective is to minimize the net flow of
labor between sectors, the solution based on (d) shows that
more structural change takes place in the later years to

take advantage of the discounting factor, as intuition would

suggest.
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Generally speaking, when different objective
functions are used, different optimal time paths result. The
more the function emphasizes the consumption level, the more
the optimal path will bend toward the competitive path,
since the latter maximizes the present value of the coasump-
tion stream. From Figure 3-5-6, we notice that the different
paths generally have the same trend, i.e., converge to the
steady state monotonically, rather than cyclically. We may
conclude that the simulations are relatively robust to the

choice of objective function.
3-5-6. The Effect of a Terminal Capital Stock Restriction

One might like to put a restriction on the terminal
capital stock in order to have a desired level of capital in
the post-planning period. Here the reference objective
function in (3.5.1) is used. When no such terminal restric-
tion is imposed, it is found that the capital stock for the
control case in the terminal year, k(T), reaches 99.9% of
the corresponding level for the competitive case, kf(T). The
results for different restrictions are shown in Figure 3-5-7
and Table 3-5-1.

From Figure 3-5-7, we notice that it is possible to
reach a point on the competitive path in several different
ways. This is so because the parameter value we chose is

such that the characteristic root of the dynamic capital
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equation is negative, and hence it possible to start from

Table 3-5-1
The Effect of Capital Restriction

k(T) = a kf(7), T = 20

a Objective function value
0.9991 1.1416345666E-02
0.9999 1.2252524153E-02
1.0 1.2768468263E-02

Note: a is the ratio of k(T) to kf(T).

a lower stock level in year (T-1) and reach the same level
in year T through manipulation of the employment rate, k,(T-
1). Mathematically, if k(T-1} < kf(r-1), when (1-k1(T-1)) =
(1-n+bgyq) (k(T-1)~kE(T-1))/byy, then k(T) = kE(T), where by,
= 12.5, bypy = -1.5, and n = 0.06 as in the reference case.
The higher the level of the terminal capital stock, the
higher the objective function value. However, the differen-

ces are not large.
3-6 Conclusions

In this chapter, we set up and analyzed an equi-
librium model and a‘corresponding disequilibrium model. The
conditions for stability and positivity were derived. we
then used computer simulation £o conduct comparati#e dynamic

analysis of an optimization problem in which the equilibrium
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model was used as a reference and the disequilibrium model
as a constraint. The main results are summarized as follows.

1). The solutior to the optimization problem (3.5.1)
converges to the steady state monotonically.

2). As was shewn in Section 3-2, a lower population
growth rate yields a higher steady state level of consump-
tion; a higrer initial capital stock also gives a higher
consumption level.

3). A change in a parameter has two effects: an
employment effect and a substitution effect. The net effect
depends on the signs and relative magnitudes of the two.

4). The form of objective function has a modest
impact on the optimal solutiocn.

5). A five-year planning period seems long enough;
increases in welfare when the period is lengthened beyond
five years are relatively modest.

6). A terminal capital restriction may be costly in
welfare terms. However, the cost is not large based on the

parameter values in (3.5.2).
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CHAPTER FOUR

MULTI-SECTOR MODEL

4-1 Introduction

Having considered two-sector models in the previous
chapters, we now wish to pose the optimal decontrol problem
in the context of multi-sector model.

Capital goods represent past decisions concerning
investment that determines the production potential today.
Thus by producing capital rather than consumption goods
today, future consumption possibilities are increased.

In the last chapter, only one type of capital good
was allowed for, and the analysis was thereby simplified. If
a single type of capital good is the only asset in the
economy, then whatever portion of income is not consumed
must be channeled into the accumulation of the stock of that
asset. In that case, no portfolio problem exists: there is
no problem of allocating a given amount of net investment
among alternative assets. However, such a problem arises
immediately when different types of capital goods are
permitted.

In designing a comgetitive multi-capital model
answers must be to found to the following three questions,

78
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analogous to those posed in the one-capital-good case
studied in the last chapter.

(1) Does there exist a vector of per capita
capital stocks and a price vector such that the system will
attain a steady-state equilibrium?

(2) Is such an equilibrium point unique?

{3) Is the equilibrium stable?

Unlike the one-capital-good case of Chapter Four, to find
the answers to the above three questions is not easy for a
multi-capital-good model. Existence of a steady-state point
is seldom an important issue; most likely cases of non-
existence can be attributed to a model that lacks economic
interest. The uniqueness and stablity questions, however,
cannot be dismissed so lightly. We return to this issue in
the next section.

There is a difference between our preséntation here
and the conventional input-output literature.. The latter
treats capital investment as just that amount that is
consistent with the exogenously given values of final
consumption. It does not take inteo account any constraint
represented by the investment budget. Our approach overcomes
this by allowing the investment decision to be subject to a
budget constraint, namely that the value of investment in

any periocd can be no greater than the capital income in that

period.
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We develop a model that is stable around its steady-
state when the technelogy is correctly specified. Besides
its theoretical interest, the issue of stability is relevant
for our optimization problem in the next chapter as well.
Two features of descriptive multi-secter models-- the
possibility of intertemporal inefficiency and the problem
of dynamic stability — do not arise in optimal multisector
models, as argued by Burmeister (1980). In the first place,
it is obvious that a consumption-inefficient path cannot be
optimal with respect to any sensible intertemporal criterion
function, for additional consumption can only be beneficial
except in contrived cases. Second, the dynamic path of the
price vector is determined by the solution to a maximization
problem in optimal models. Thus i1f the optimal solution
requires that stability hold, that solution will alsc ensure
that the initial price vector is selected so that conver-
gence to a saddlepoint equilibrium will occur. There is,
however, a difference between the optimization we have in
mind and the one Burmeister refers to. The liberalization
pelicy in a socialist country is simed at decontrolling the
economy by the end of the planning period. If the competi-
tive market model were unstable, decontrolling the economy

would not be justified.
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4-2 Investment and Instability

There are two modeling issues related to investment:
first, the determination of the overall level of investment;
second, its allocation among different capital goods. Total
capital income is determined by the model. As a result of
Assumption (A.5) in the previous chapter, total investment
is thus equal to total capital income, and hence is endogen-
eous.

After determining the volume of investment, a multi-
sector model must specify its structure by type of capital.
There are various ways to treat the investment shares. The
problem is more that there is no wide:rpread agreement on
which ones are best. One way is to treat the shares as pre-
determined. For some purposes, such as testing the feasibil-
ity., consistency, and/or desirability of otherwise formu-
lated investment plans and growth targets, it may be best to
treat them in this way and analyse the consequences of a
specified investment allocation.

. Adelman and Robinson (1978) used what is probably
the most satisfying way to model investment allocation. It
consists of two parts. First, determine the desired invest-
ment by each sector; second, model the allocation process by
which the supply of investablg funds is reconciled with the
demand. If the two do not match, an adjustment mechanism

must be brought into play.
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Dervis et al. (1982, p.l76) present a less ambitious
approach. They assume that money markets do not exist and
that invastment funds are allocated in proportion to the
sectors' shares in aggregate capital income (or profits).
Purther, one can adjust the proportions as a function of the
relative profit rate of each sector compared to the average
profit rate for the economy as a whole. Sectors with higher-
than-average profit rates would get larger shares of
investment funds than their shares in aggregate profits.
That is, the allocation of investment will respond to profit
rate differentials, and high-profit-rate capital goods will
attract funds from low-profit-rate capital goods. An extreme
form of this approach assumes that there is no inter-
sectoral mobility of investment funds. In essence, all
investment is financed by retained profits (ignoring savings

from government and labor income), or v=0 in the following

equation:
rjki(t) Ry - AR
Aj(t) = + Y —
T(riki(t)) AR
ry(t) pi(t) - (1-g)py(t-1)
Ry = + .

pi(t) py(t-1)

where Aj(t) is the investment share of the ith sector in
period t; AR(t) is the average profit rate of the economy

(T(Ry)/m); Ry(t) is the profit rate in sector i, defined as

>
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net returns to the ith sector plus capital gains; v measures
the intersectoral mobility of investment funds.

In the above formulation, the parameter v is not an
index of the degree of perfection of capital markets. Even
if v were zero, the system would move towards equalizing
profit rates over time, and if v were too large, it would be
easy to make the sectoral profit rate oscillate. v is rather
an indicator of the responsiveness of capital markets to
static market signals, namely, the current profit rates in
the various sectors.

Burmeister (1980, p.216) has another specification
of the mechanism for allocating net investment among
different  types of capital goods. His allocation mechanism
is assumed to satisfy the competitive equilibrium condition
that rates of return on every asset, including capital gains
or losses, be equalised in every period. That is,

él r1 ém Im

—+ (—=-q1}) = «v. =— + (— - Q)

Py Pl Pm Pm
‘Thi: portfolio equilibrium condition has the usual interp-
retation: in the absence of uncertainty, the net return to
alternative types of capital must be equal. Here Pi/Pi
represents capital gains or 1losses in sector i, while
(ri1/pi)-q9i is ‘the net rental return, allowing for deprecia-
tion. The sum of the two is the total net return on the ith
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asset (e.g. a machine of type i}.

Burmeister et al.(1977) found that, in a wide range
of circumstances, simple "rule-of-thumb" policies that
violate the portfolio equilibrium condition do quite badly
as measured by a variety of criteria. Their finding under-
scores the importance of the portfolio equilibrium condition
as a requirement for the intertemporal allocation of
resources.

However, there is a problem known as the saddlepoint
instability in multisector models with a portfeolio equi-
librium condition (the so-called Hahn problem), and this has
been a focus of attention in the theory of dynamic modelling
theory.! The central issue is that capital gains or losses
are a primary source of destabilization in the economy.
Nonexistent or imperfect capital markets would "solve" the
problem of instability by essentially eliminating the
possibility of capital gains, as was argued by Shell and
stiglitz (1967).

Later research incorporated the Shell-Stiglitz
argument into formal models. Burmeister, Dobell and Kuga
{1968) demonstrated, by proving the global stability of a
simple growth model with many capital goods and no capital
gains, that the "Hahn phenomenon" is not inevitable simply

l.

Becker (1981) has a good reference list on this
topic. :
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as a consequence of the introduction of many capital goods,
but rather depends on the fact that the compositicn of
investment is cr .cially influenced by anticipated capital
gains. Inada (1968) derived the same ccnclusion from a
Leontief model with many capital gouds and no capital gains,
although his intention was not to investigate the Hahn
pioblem. The result that multicapital goods nodels are
stable in the absence of capital gains considerations is not
surprising, since such models can be reduced to the two-
sector growth model when the number of capital goods is
reduced to unity. Burmeister and Graham (1974, 1975} used an
adaptive price expectations mechanism to establish that if
expected rates of price change are always in the opposite
direction from actual price changes the multisector model
can exhibit stability provided that the technology satisfies
certain generalized capital-intensity conditions. Burmeister
and Turnovsky (1978) constructed a model in which the speed
of adjustment of short-run pricé expectations is charac-
terized as a parameter reflecting the degree of rationality.
By assuming fixed capital stock, they derived sufficient
dynamic stability conditions to ensure a positive relation
between the changes of expected and actual prices.

Kuga (1977) proved that for heterogeneous capital
goods models, with a portfdlio equilibrium condition, the
equilibrium is a regular saddlepoint. In such models, for
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any initial capital stocks there would exist a suitable
choice of initial prices of capital goods which would lead
the economy eventually to a steady state; without the
suitable selection of initial prices the economy would
behave unstably. Technically, Kuga rules out the possibility
of pure imaginary characteristic roots for his model.
Therefore, there are two ways his saddlepoint model,
starting from the correct initial values, will converge to
its steady state. One is by moving to it monotonically,
which corresponds to the case when all the characteristic
roots are pure real numbers. Burmeister (1980, p.224) has
illustrated this possibility in his Figure 6.3. The other
way of convergence to the steady state is cyclically, which
corresponds to the case when all the characteristic roots
are complex, half of them having positive real parts, and
the other half having negative real parts. By deliberate
choice of the initial values of the model, the characteris-
tic roots with positive real parts become inoperative, so
that the roots with negative real parts lead the model to
the steady state cyclically. This possibility is shown by
the solid curve in Figure 1, while the dashed curve shows a
particular divergent time path for the two capital stocks.
To the best of my knowledge, all of tiie research in
this area has been carried out with neoclassical production

functions, so that the marginal prodﬁctivity condition
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determines the factor uses in production. Therefore, the
labour-output and capital-output ratios are functions of
prices. (See Burmeister, 1980, pp.215-226.)

In the remaining sections of this chapter, we
develop a multisector model that assumes (a) Leontief fixed-
coefficient technology, and (b} a portfolio equilibrium
condition. Assumption (a) makes both the labour-ocutput and
capital-output ratios constant over time, and hence in-
variant to the price variables in the model. Compared with
the case of a neoclassical production function, then, one
might expect that the Leontief technology would make it more
likely that the model would be stable. With full employment
of. factors, we will show that the dynamic path of the
capital stock depends only on the capital stock itself, not
on the price variables. Therefore, one can examine the
stability of the system with i = 0 and 5 = 0 by analyzing
separately the stability of two subsystems, namely ﬁ = 0 and
P = 0. Under these two assumptions and some strong tech-
nological conditions, we will establish that the model with
three commodities and two capital goods is locally stable
around its steady-state equilibrium, which is in contrast to
what the literature has shown so far. The result is derived
on the assumption of one COnsumption good. Leontief technol-
ogy is a crucial element for tﬁe stability result, and this

is of some interest. Compared with neoclassical models,
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models in the Kaldbrian spirit seem to have more ability to
survive when capital gains are modeled. We shall consider
this point further in the last section of the chapter.
Burmeister (1980) suggested that saddlepoint in-
stability can be avoided by introducing some kind of
friction that causes markets to adjust slowly. Leontief
technology can be interpreted as one kind of friction on the
production side, in the sense that it will not allow
movement of the labour-output and capital-output ratios. The
model presented thus solves the saddlepoint instability
problem in a manner similar to that of Burmeister and Graham
(1974, 1975), and Burmeister and Turnovsky (1977, 1978).
Their models introduce the friction from the demand side

while ours does so from the supply side.
4-3 A Leontief Model with a Portfelio Equilibrium Condition

Consider an (m+l)-sector economy with m distinct
capital goods and one consumption good. No joint production
is possible, and technology is of the Leontief fixed
coefficient type:

Ly Kiji Kmi
(4-3-1) Yi =min (——r _—r e r—'—) i = orlr ...

€1 i “mi

where Y3 is the output of the consumption good, Yj.is the
output of jth capital good (j =1, 2, ..., m), L4 and K5
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are the inputs of labour and the services of the ith capital
good, respectively, into the production of the jth com-
modity, ej is the labour requirement per unit of output in
sector i, and c4; is the requirement for services of the
jth type of capital per unit of output in sector i.

As will be shown in the following chapter, when
intermediate goods are modeled, the model still has a stable
and positive steady state. To simplify the discussion in
this chapter, we disregard the intermediate uses of goods.

Perfect competition would force all sectors into a
situation in which no extra profits were made in any sector,

i.e., production revenue would equal production cost.

Formally.

(4.3.2) P = wE + CR

where P = [p; P2 :+- Pml’
E=1[e e ... e ]!
R = [ rl rz ) rm ]l
Cll .o le
C = . . .

Clm LR cm

w is the wage rate;

r4 is the rental price for one unit of the jth type of
capital.
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The static efficiency condition prevails so that all factors

of production are fully utilized:

(4.3.3)

where

A =

"

Assuming

(4.3.4)

where
A‘l

and

bg.
Then ¥ =

(4.3.5)

where K =

AY = K

ey €3
€10 €11

mo “ml

[ L Ky K2

[ Yo ¥3
that A 1is

¥ = A1k

n
o
o

cer Y 1!

invertible, from (4.3.3), we have

is a row vector and b g is a column vector.

[Yy Y3 ...
Y = b_QL
[K1 Kz

Yml' is given by

+ BK

cer Kpl'-

The capital accumulation equations are
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(4.3.6) K = Y - qK

where q is the rate of depreciation of capital stock {(the
same for all types).

The per capita capital accumulation equations are
(4.3.7) k = [B - (n+q)Iqlk + b

where k = K/L and I is the identity matrix of order m. The
RHS of (4.3.7) is the supply of net investment, the LHS is
the demand for net investment. Hence, the capital goods
markets all clear. By Walras' Law, the market clearing
condition for the consumption good is redundant.

Next, we have the portfolio equilibrium conditions:

Py, rj P1 ry
(4.3.8) === § =mn = o o —— i=1, ..., m

P{ Pi P1 P1
Condition (4.3.8) has the usual interpretation: in the
absence ofuncertainty, the net returns to alternative types
of capital must be equal in equilibrium. Here ﬁi/pi is an
expected capital gain or loss, while rj/pj is rental return.
It 4is assumed that agents have perfect foresight with
respect to next period's prices. Since there is no error,

the expected capital gain or loss is the same as the actual
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gain or loss. If capital good 1 is taken as numeraire, 2 P1

=1, and (4.3.8) becomes

pi = pirl - ri i = 2, .., m.
In matrix form, the above equation becomes

{4.3.9) § = NR

where P=[pPz2P3 +++ Pm I’
pp -1 0 ... O
p3 O -1 ... O
N=| .~ . .
Pp © 0 ... -1

Finally, following tradition (e.g., Kuga (1977)), we
assume that saving behaviour is such that consumption and
real wage income are always equal. Accordingly, capital

income is all invested.3 We have then

(4.3.10) k'R'= [ ﬁ +(n+q)k 1'P

2, In the literature on the saddlepoint instability
problem, the consumption good is usually taken as numeraire.
However, taking capital good 1 as numeraire leads to a
somewhat neater result in the present context. The choice of
numeraire does not, of course, affect the results in any
fundamental way. Kuga (1977) uses a capital good as numera-
ire as well.

3. Burmeister (1980, 220-221) has more discussion on
this. When the capital gains income on capital is also
reinvested, equation (4.3.10) is still valid, since that
portion of income is also saved, and thus it is added to
both sides of equation (4.3.10). :
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= k'B'P + b' o P

Our model consists of equations (4.3.2), (4.3.7),
(4.3.9), and (4.5.10).

The price of the consumption good, pg. 1s determined
by an equation similar to (4.3.2). However, we are not
interested in pg here.

Combining (4.3.2) and (4.3.10). we have

k! (C-l-B') - b .0

(4¢3.11) w =
k'c-lE

From (4.3.2), R is therefore given by:

kt(Cc"l-B') - b' 4
(4.3.12) R =Cl[ Ip-E 1P
k'C iE

We now analyze the steady state equilibrium, in
which the left sides of both equations (4.3.7) and (4.32.9)

are zero. From equation {(4.3.9) we have

ry = 1Pi
or R= P

Substituting this into equation (4.3.10) gives r; = n+q;
hence
(4.3.13) R* = (n+q)P*

where the asterisk denotes an equilibrium value.
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From k = 0 we have

(4.3.14) (B - (n+q)Iplk™ = - b g

Combining (4.3.2) and (4.3.13) yields

*

{4.3.15) P [In - (n+q)C)~lw™E

Considering equation (4.3.15) for the first com-
modity, the numeraire, and taking into account equations

{4.3.2) and (4.3.13), we have

(4.3.16) w* = 1/{e] + (n+Q)C1(Ip-(n+q)C) L1E]

where C; is the first row of the C matrix defined in
(4.3.2).
In the remainder of this section, we will show that

under certain conditions, the model has a positive steady

state.
We introduce the following notation for later use.
0 0 «ee O
€10 €11 -+ Cim
a = . . . .
émo le LI clnrn
(Yor ¥) = (Y¥p/L, ¥1/L, ..., Ygu/L)' = (Yo, Y1+ ««-.
Ym)'

ao = [eo el DRI em]-

1) The non-negative matrix C in
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(4.3.2) is indecomposable and *the row vector ag is positive.

Assumption (A.2): The exogencus rate of labour
force growth, n > 0, satisfies the inequality n+gq < 1/v*

where v* is the Frobenius root of the matrix a.

Assumption (A.l) implies that the production of any
capital good requires at least one different capital good as
input, and labor is indispensable in the production of every
good. Assumption (A.2) ensures that the growth of popula-
tion is small enough to allow a steady state equilibrium
with positive quantities.

al: Let A be a non~-negative square matrix

and v* be the Frobenius root of A. [1/(n+q)Ip - A]"l > 0 if
and only if (n+q) < 1l/v*.

Proof: See Murata, 1977, Theorem 3, p.109; or

Takayama, 1985, Theorem 4.D.2, p.392.

Concerning the steady state equilibrium of the

model, we have the following thecrem.

Theorem 1: Consider equations (2), (7), (9), and
(10) under assumptions (A.l) and (A.2). There exist unique
k*, P*, w*, R* > 0 such that (P, k) = 0.

(o]e]

0

Assumption (A.2) ensures that the matrix a
satisfies the conditions of Lemma 1, and thus [Imer-
(n+qral~l > 0. At full employment, we see that a(yg, y) =

(0, k) and ag(yp, ¥) = 1. Since y = (n+q)k in the steady
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state, we have (yg, Y) - (n+g@)a(yg. y) = 4@ where d = (yg, 0,

.. 0)'. Thus in the steady state equilibrium the vector
(yo™, v*) = [I - (n+qra]”id” 20
is uniquely determined for given d* or yq". Further, full
employment implies that

ag*(ye™, v*) = ap™[I - (n+q)a®]71d™ =1

This implies yo® > 0 is unique. Since k;* = 0 contradicts
the indecomposability assumption and yi* = 0 is consistent
with k = yi¥ - (n+q)k;* = 0 only if ki* = 0, we conclude
that k*, YO* and y* are uniquely determined and positive.

To prove P*, w* > 0 one need only derive [I-(n+g)C]~

1 > 0 from [I-(n+q)a]~! > 0. This is so because

— —_ =1
i
0 0
[I-(o+q)a]™d = | I - (n+q) | ————
C.o c'
|
_1 0
= |8 H > 0
where Hy = (n+q){I-(n+g)C'1~1C g

Hy = {I-(n+q)C']17 L.

Since square matrix C is indecomposable and is a submatrix
of matrix a, and in view of (e) in Murata, 1977, p.110, the
ﬁFrobenius root of a is not less than that of C. In view of
Theorem 8 in Murata, 1977, p.113, we have [I-(n+q)C']~ L, and

*

thus [I-{n+q)C]~!, > 0. Thus we conclude that k*, P*, w*, rR*
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are uniquely determined and positive. Q.E.D.
4-4 Stability Analysis

Our next task is to establish that the dynamic
system consisting of equations (4.3.7) and (4.3.9) is stable
under certain conditions. From (4.3.7) we notice that the
dynamic path of the capital stock does not depend on prices.
As a result,

d].{j

(4.4.1) 0 for i =2, ....m; j=1, ..., m.

dpj

Equation (4.4.1) holds only when there is one
consumption good in the model. If there are two consumption
goods, then A, as defined in (4.3.3), is not a square
matrix. As a result, Y in equation (4.3.5) will be a
function of L, K, and Yy ( the output of one of the two
consumption goods). The level of Y, is determined by éhat
commodity's market clearing condition, which involves wage
income and the price of the commodity. Accordingly, Y in
equation (4.3.5) will be a function of both capital stocks
and prices, and equation (4.4.1) will not hold. Of course,
one can aggregate the twq consumption goods into one
composite good.

Equation (4.4.1) implies that the price variables
have no influence on the way the capital stocks accumulate.

Therefore, in order to examine the stability property of the
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model, one need only examine the properties of dﬁj/dki,
déj/dpi for all i, j. If the subsystems ij = 0 and éi =0
are self-stablz, then the model with kj = 0 and éi = 0 for
all i, J is stable as well. dpj/dk4 has no role in determin-
ing the stability of the model because of equation (4.4.1).

This result is summarized in the following theorem.

Theorem 2: If both subsystems i = 0 and é = 0 are
locally stable at their rest points, then the system
consisting of [ﬁ = 0, é = 0] is locally stable in its steady

state.
oof: The linear approximation to system [i = Q,

P = 0]
o .
dk dk
(4.4.2) H = dk dap
-— e —
4P | ap
dk | dP

has dk/dP = 0 from (4.4.1). The global stability of (4.4.2)
requiresthat the eigenvalues v satisfying |H - vIzp_3l = 0

all have negative real parts. Since |H - vIyn_;| equals?

4. see Murata {1977), Corollary 3, p.7.
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dak |
— VI, 0
ak |
(4.4.3) ——— — — — —
[
.. ap
| — - Vg
ap
ak dp
= — VIm —_— - VIm—l =0
ak dap

where m is the number of capital goods, v denotes the
eigenvalues of the system. The stability of X =0 and P = 0
implies that +the eigenvalues associated with these two
subsysﬁgms all have negative real parts, and hence the
eigenvalues of (4.4.3) all have negative real parts.
Therefore (4.4.2) 1is globally stable, and the original
system is locally stable. Q.E.D.

One remark is in order concerning Theorem 2. As is
well known, with a neoclassical production function, the
equilibrium peint is a regular saddlepoint (Kuga 1977).
Since a néoclassical production function has an infinite
number of possible production processes, while a Leontief
function has only one (i.e., the latter is a subset of the
former), it follows that Leontief technology, coupled with
some other technological restrictions, must have put our
model onto the regular saddleéoint path of the neoclassical

model at every moment of time. Otherwise, the neoclassical



100

model would have had two regular saddle paths instead of
one. In order to verify this, one only has to check that on
the regular saddle path of the corresponding neoclassical
model, the capital-output and labour-output ratios are

constant over time. We will show in Section 4-5 that capital

stocks and price in our model will converge to their

respective steady state values cyclically. As is discussed
in Section 4-2, there are two possibilities for Kuga's
saddlepoint model, starting from the correct initial values,
to converge to its steady state: one is to move to it
monotonically, which corresponds to the case when all the
characteristic roots of the model are real numbers; the
other is to move to it cyclically, which corresponds to the
case when all the characteristic roots are complex with
nonzero real parts. Our model is, then, always on the

cyclical saddlepath of Kuga's model.

Now let us examine the subsystem P = 0. From

equation (4.3.9),
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(4.4.4)
déz p2 -1 o ... 0 — -
— 0
dpj P3 o -1 ... O dr
dp . —_— oo
—_ = . = . . . . . dp4 + ry 1
dp5 .
dPm 0
— Pm 0 0o ... -1 L
(m-1)xl (m~1)xm mxl the jth
element is 1
drp/dpy 1°

where dR/dpj = [ drlfdpj dry/dpy

Then from equations (4.3.12) and (4.3.14), we have

dp .
{4.4.5) — = ry1 Ipay
0 ... 0
Bk'(C~l-(n+q)Ip) |1 ... O
+ NCTL[In - . .
k'Cc-lE .
B AU |

where dp/dP = { dP/dp, dP/dp; ... dP/dpyp ]. and all the
variables above are set to their steady state values.

From (4.3.7) we have

dk
=B - (n+q)Im

(4.4.6)
. &

As a consequence of the complexity of the price
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equation in the model, one generally cannot lay out suffi-
cient conditions to ensure that the two subsystems are
stable. ( This is illustrated by the three-sector model
below.) Therefore, we conéider the special case of three

commodities, of which two are capital goods; that is, m = 2.

The model with m = 2 is as follows:

(4.4.72) Pg = Weg + L3Cip + L2C20
(4.4.7b) Pp = Wej + rjci; + raca;
(4.4.7¢C) Py = Wepy + rjCip + L2C33
(4.4.74) kl blo bll-(n+q) blz kl
. = +
k2 b2y by baz-(n+q) ko
(4.4.7e) Py = L1P2 - I
(4.4.7%) rik; + roky = (b10+b11k1+b12k2)
+ Pa(bag+baiky+bazka)
where
-1
. ey €1 3 boo bo1 Doz
Al = | ¢y 11 c12 = bjo b1 bi2 = B
C20 €21 C22 bpo b21 b2z
(4.4.8)
boo = eyez(kirkaa-kizkz1)/P1. boy = ejea(kzi-kz2)/D;3,
boz = e1ez(kiz-k31}/Dy, "byp = egealkapkyiz-kyoka2)/D),
bi1 = egez(kaz-k20) /Py, b2 = egez(kip-k12)/Dy.
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egey (kyoka1-kapk11)/D1, ba1 = egeq(kyo-kz1)/Dy,

o
o]
o

]

= epey(kii-ki9}/Dy. D1 = }A], kij = Cij/ej.

o
[ 8]
[ 8]

|

There are seven equations in the above model, either
to determine steady state values for seven variables pq,
P2, W, ry, ¥z, k; and ky, or to determine the values at some
point other than the steady state equilibrium point for the
seven variables pg, éz, W, Iy, Iz, ﬁl, and ﬁz. (py is set to
1.)

The steady state equilibrium values of the model are

given as follows:

r;* = (n+q), rp* = (n+q)py”,

pa” = [ex+{n+q)bgaD1] / [e1+(n+q)bgiD1],
ki® = {bysbyo-bigbaa+ (n+q)big] /Dy,

kp* = [bigba1-ba1bao+ (n+a)bzgl /Da.

« [1-(a+@)c]{i-(n+qiey;] - (n+q)2epacy
W o=

e1+(n+gq)bp1Dg
where Dy = [b;j-(n+q)][bss-(n+qg)] - byibis.

Theorem 1 proves that the steady state values for
all endogenous variables are positive. Also from Theorem 1,
we have [I-(n+q)C]~!> 0, which implies
(4.4.9)  [{(l-(n+g)cy;)(l-(n+g)cys)-{n+q)2cicz;] > 0, and
1-(n+q)cjy > 0 for L = 1, 2; hence [e} + (n+q)bgiD;] > O.
Now consider the staﬁility of model (4.4.7). From

(4.4.7b), (4.4.7c), and (4.4.7f), we have
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g1 Cii W/dPZ
=2 Clz sz dr,/dp;

where M; = bgg + bajk;™ + byokp™. Differentiating (4.4.7e)
with respect to pp, and substituting the results from the
last three equations gives
déz L dr1 drp
E;; =n*+p ap,  dps
= [MjMa + M3]/D3
where M; = bgg + bpoi1ki™ + bagkay™,
Mz = pPa(ezC23-€1C22) - (e1612-22€11)
= (P2bg1-bp2)D1.
M3 = (n+q)D3 + pa¥eiky” + e1k; ™,
D3 = kj(epc1-e1C22) + ka(e1c12-e2¢)))
= k1bg1D3+kabg2D1
By using iz = 0, i.e., kijbay + kabss + byg = (n+q)ky, we get
the following:

(4.4.10) dpp/dp; = [e1+(n+q)bgiDy] (k3 +ps*k3™)/Dg

The numerator of (4.4.10) 1s positive as a result of
(4.4.9). Then the necessary and sufficient condition to have
dézldpz in (4.4.10) be negative is

(4.4.11) D3 = kj(ezcai-e3Cz3) + kz(ejciz-escy;) < 0.
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Differentiating (4.4.7d) with respect to k; and k,

gives
dk; dkp
dk dk; dk, by~ (n+q) by
(4.4.12) — = . . =
dk dkz dkz b21 bzz—(n+q)
dky dkj

The necessary and sufficient condition for the
stability of capital accumulation is that the trace of
(4.4.12) be negative and its determinant positive. Analyti
cally, when the B matrix in (4.4.7f) has the sign pattern

+ 4+ .
+ 1.

+ . the capital side is stable; when it has the sign

pattern .. » the price side is stable. However, it is

not possible for the B matrix to satisfy both conditions
simultaneously, because any column or row of an inverse of a
positive matrix has to have at least one negative and one
positive elememt. This is precisely why it is not possible
to find sufficient conditions on the sign pattern to ensure
that both the price and capital sides are stable.

In order to find some‘numerical example so that the
analysis is more tractable, we impose the following sign
pattern for matrix B in (4.4.8) with Dy > o.
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which implies

koy = ajkas, kaz = agkpo.  kii = 23kip-
a4k12, Dy = 208162k12k21 d > 0, aj > 1 for

~
|
o

n

d = ag(ajaz+azaz-ag-asg) +1 - ajaz > 0.

With the above sign pattern, the determinant of (4.4.12) is

positive, and its trace will be negative if
bj;-(n+q) < 0O and bpa-(n+q) < 0.

A particular set of values that satisfies the above

restriction, and hence makes the model stable, is as

follows:
A = Ci1p €11 €12 = 10 10 0.833
Ca2p €21 €22 B 32 10
boo bOl b02 0.425%69 0.07031 -0.02734
B = blo bll b12 = -0.54688 0.04688 0.02344
bzo b21 b22 1.40625 -=0.20625 0.04688
n+q = 0.06.

The steady-state egquilibrium values are
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ky¥ = 5.1507, ky* = 26.2140, py* = 0.1965

and the values for (4.4.10) and (4.4.12) are then
dpy/dp, = -0.190877,

dﬁ ~0.01312 0.02344

dk -0.020625 -0.01312

Therefore the two subsystems are locally stable at their
steady state equilibrium points. According to Theorem 2, the

system consisting of those two subsystems is stable as well.

4-5 Simulation Results

We now report some simulation results for the model
specified in the last section, modified to make it consis-
tent with discrete time. After some manipulation, the
homogeneous part of the accumulation equation for the first
capital good can be expressed as follows:

ki (t+2) - [2+byj3+bya-2(n+q)] ky{t+l)

+ [{1+by1-(n+q)) (1+bgoa-{n+q))~byobai] kj(t) = 0
for which the characteristic equation is found to have only
complex solutions under the condition of positive steady-
state values. The stability of the above equation requires
that the absolute values of its characteristic roots be
smaller than unity. The particular set of values chosen in

the last section is found to satisfy this restriction, that
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is, the time paths of the capital stocks and price oscillate
around their steady state equilibrium point before coming to
rest at that point, as is shown in Figures 4-2 to 4-4.

In this experiment, eight different sets of initial
values of the three variables k;, kp, and p3y are used. It is
found that the time paths of these variables all converge
cyclically to their steady state values (5.1501, 26.2140,
0.1965). For 1illustrative purposes, we show only the
simulation results based on two sets of initial values: (7,
40, 1.00) and (3, 20, 0.01), represented by the solid and

dashed lines in each graph, respectively.
4-6 Concluding Remarks

We have defined a model that assumes Leontief
technology and portfolio equilibrium conditions. The three
commodities and two capital goods case gives an example that
is stable around the steady state equilibrium point. The
stability results are quite important. Contrary to what is
required for stability in the literature, our model requires
neither adaptive expectations nor a market disequilibrium
adjustment mechanism in order to establish local stability.
Leontief technology is primarily responsible for the
stability results.5 It blocks the channel through which the

5. The assumption that all capital income is invested
is alsc utilized in Kuga's model. Thus this assumption is
not crucial for the results of our model.
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price variables might have any influence on the capital
stocks.

The implication of the stability result associated
with Leontief technology is of interest. In the growth
theory literature, the Harrod-Domar one-sector instability
problem is resolved by assuming a neoclassical model, which
makes capital-output and labour-output ratios endogenous, a
Kaldorian model, which makes the saving rate endogenous, or
a classical model, which makes the population growth rate
endogenous. As far as the Harrod-Domar instability problem
is concerned, these three models are equally powerful.
However, once we go to a multisector model with heterogene-
ous capital goods and a portfelio equilibrium condition, the
situation becomes different. The neoclassical model cannot
then provide a solution to the instability problem. This is
attributed to the introduction of the portfolio equilibrium
condition in the literature. The Kaldorian type model, on
the other hand, seems able to resolve the instability
problem. Our model is in the Kaldorian spirit: it has fixed
factor-output ratios and endogenization of the saving rate.
The question is why the Kaldorian model works while the
neoclassical one does not. Obviously, the answer i1s not
because of the introduction of capital gains or losses. And
it is not because of the endogenization of the saving rate,

since Kuga (1977) does not reguire the constancy of the
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society's saving rate, and in fact it is endogenous there as
well. Therefore, the answer must be that it is the Leontief
technology that makes the difference.

The next question is how Leontief technology works
in a different way from that of neoclassical technology,
such that the former leads to stability while the latter
does not. The answer lies in equation (3). In a Kaldorian
model, such as the one we have.here, the technology coeffi-
cient matrix A in (3) is constant over time. Hence price
variables do not enter the capital accumulation equation
(6).5 Thus, the portfolio equilibrium condition does not
introduce any complexity into the capital accumulation
process. The dynamic property of capital accumulation is the
same as that when there is no portfolio equilibrium condi-
tion. On the other hand, in a neoclassical model, the
technology coefficient matrix is a function of prices
through the marginal productivity relations. As a result,
the stability of the capital accumulation process depends on
prices as well. Thus the portfolioc equilibrium condition
introduces a destabilizing element into the caéital ac-
cumulation process. In a general equilibrium setting, in
ocrder to satisfy the portfolico equilibrium condition, the

factor-output ratios have to be adjusted in each period

6. when there is more than one consumption goods, this
is not true. However, there is the possibility of aggregat-
ing the consumption goods into one composite good.
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until the steady state is reached. This adjustment process
could be so fast that the factor-output ratios would never
reach their steady state values. An analogy is with the
frictionless motion of a small ball on a concave surface:
once the motion has started, it will never stop. This
amounts to what Burmeister (1980, p.233) suggested, namely
that some friction is needed in order to restore stability.
On the other hand, Leontief technology allows only one
production process, i.e., there is "perfect" friction. (It
is impossible to move a car when its brakes are on. This is
analogous to how Leontief technology functions in our
model.) Under some technical conditions, then, no in-
stability can arise. Of course, a neoclassical production
function encompasses the possibility of constant factor-
output ratios over time. However, such constancy will not
hold unless initially the economy is 1in steady state
equilibrium, since no a_priori restriction is imposed on the
values of the factor-output ratios.

Needless to say, the sufficient stability conditions
for the model are very stringent. However, our findings may °
open some new possibilities for the analysis of saddlepoint
instability in models of this type.

The next chapter presents a dynamic simulation
analysis of the three-sector 'two-capital-good model in an

optimization framework, using the set of chosen parameters.
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Curve |

Figure 4-1. Curve 1: stable
- Curve 2: unstable
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CHAPTER FIVE
COMPARATIVE ANALYSIS

OF A THBREE-SECTOR OPTIMIZATION MODEL
5~-1 Introduction

We continue our examination of the decontrol problem
using a three-sector model based on that of Chapter Four. We
use simulation to find the optimal time path of the control
variable in the decontrol optimization problem, which is
described in Section 5-2. A comparative analysis of the
solution is conducted in Section 5-3 by varying the values
of particular parameters. Section 5-4 provides a summary
statement of conclusions. In order to facilitate the
discussion, we refer to commodity 2 as the "manufactured
good" and commodity 3 as the "construction good". The first
capital good is thus "manufactured capital" and the second

ene "construction capital".
5-2 Description of the Model

The analysis of the three-sector equilibrium model
presented in the last chapter, in which there were two
capital goods, illustrated the importance of the stability
of the model. In a simulation with an unstable model, some

lle
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variables may become negative in some periods. An optimiza-
tion using the model as constraint, and requiring positive
values for all variables, may therefore be infeasible, even
when underemployment is permitted.

On the other hand, when we have a model that is
stable and has positive steady-state values for all endogen-
ous variables, it may not be true that all of the variables
will have positive values for some positive initial capital
stocks, unless they reach critical values that are close
enough to their steady-state levels. Unless the‘ initial
capital stocks are at or above their critical levels,
optimization using the model as a constraint and requiring
positive values for all variables will become in”easible
again.

With this in mind, the values for the parameters are
chosen such that a stable and positive steady-state is
ensured and the initial capital stocks are chosen such that
the model with full employment (the equilibrium model) will
generate positive values for all endogenous variables in
every period. In addition, in order to make the model of
this chapter comparable to those in the earlier ones, we
allow the possibility of intermediate input. As the discus-
sion will illustrate, this possibilty does not.affect the
conclusions of the stability properties of the model.

In order to define the model in discrete time and



lis

make the results more interpretable, a modification of the
original version is made. We take the consumption good
{instead of one of capital goods) as numeraire. As a
consequence, the portfolio equilibrium condition takes the
following form, which is slightly different from the one in
the last chapter:

p2(t)-pa(t-1) ra(t) p3(t)-p3(t-1) r3(t)
+ = +

pz(t-1) pz(t-1) p3(t-1) p3(t-1)

The foregoing condition states that capital purchased at the
end of period t-1 will yield the same rate of return in
period t for both capital goods.

The complete model can be written as follows:

{5.2.1)
pl(t) 0 0O 0 pl(t) e) Ca1 €31 w(t)
pz(t) = aj2 0 0 pz(t) + €9 Co9 C32 rz(t)
P3(t) a1z 0 Of! p3(t) e3 €23 C33 r3(t)

ey e2

eq yi(t) ki (t)
C21 C22 €23 y2(t) = ka(t)
| ©31 €32 ©33 ya(t) ka(t)

ka(t+l) = ka(t) = ya(t) - (n+q)ka(t)

k3(t+l) - k3(t) = y3(t) - (n+q)k3(t)

p2{t)-pa(t-1) ra(t) P3(t);P3(t-l) r3(t)
pa(t-1) i pz{t-1) i P3(t-1) i p3(t-1)

wit) ki(t) = yi(t) - ajpya(t) - ajsys(t)



119

= yT(t)

where k;(t) is the employment rate in period t and yf(t) is
the per capita consumption in period t. By setting ki(t) =
1.0, for all t, the model becomes identical to that of
Chapter Four. In the above model, as in the models of
earlier chipters, intermediate use of the consumer good is
permitted. However, in a highly aggregated model such as the
present one, the intermediate flow of the consumer good
takes place mostly within the same sector; while flows
across sector boundaries are allowed, the values of a;, and

ayy are set to be quite small. The full set of parameter

values is as-follows:

(5.2.2) [;i ey es3 1.2 0.4 0.5
C21 C22 C33 10 10 0.833
C31 C32 C33 8 32 10

n+g = 0.06, ajs

0!06, 313 = 0-012;

i
n

Ka(1) 4.888, kj3(t) 25.798,

pPa(1) 1.435, p3(l) 0.264.

The technical parameters (ey, Cij) are the same as
those in Chapter Four so that a stable and positive steady-
state is guaranteed. The values of aj;, and a3 are such that
the steady-state wage rate is positive. The initial capital
stocks, kz(l) and k3(l), are set below their respective
steady-state levels, reflecting the fact that developing
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socialist countries would generally have less than the free-
market equilibrium levels of capital. The initial prices,
po(l) and p3(l), are set at levels higher than their
respective steady-state levels, reflecting the fact that in
such countries industrial goods tend to be over-priced
relative to the agricultural (i.e., consumption) goocds.

The purpose, then, is to "conduct optimization
experiments subject to (1) the model 1listed above, (2)
positivity constraints, and (3) the reguirement that k;(t)
be less than or equal to unity for all t. As before, the
social welfare function consists of two components. One
represents the benefit of the economic reform, the other the
cost associated with the reform process. The benefit is the
gradual increase in the consumption level over the planning
periods; the cost is related to the net flows of labor
across sectors, required to achieve the higher consumption
levels, and defined as 1/2 3 |zj(t)-2z4(t-1)], where zj(t) is
the share of sector i's labor force in the total employment,
il.e., zy(t) = ©Lj(t)/(ki(t)L{t)). Mathematically, the
optimization problem is as follows:

(5.2.3)
Min F = 201/(140)E [ (vE(E)-y§5)2 +
teé[1.T]

3
s (172 & lzg(t)-z4(t-1) )2 ]

subject to (1) the model listed above;
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(2) all endogenous variables be

positive;

(3) 0 < kj(t) < 1.0.

where yf(t) is defined in (5.2.1), and y§* is the steady-
state value of yfT(t).

Before proceeding to the discussion of the optimal
solution, we observe that the absolute value function is not
differentiable at the point of zero net labor flow. Hence,
as an approximation, we have replaced it in (5.2.3) by a
quadratic function of the form A(zj(t)-zj(t-1))2, where
parameter A is determined as follows. Over the interval of
zero and the biggest net labor flow (which is calculatable
. from the optimization), the sum of the difference between
the function =zj(t)-zj(t-1) and the function A(zy(t)-z4(t-
1))2 equals zero. For the parameters chosen in (5.2.2),
parameter A is found to be about i4.0.

We begin with a reference scenario. The values of
the technical coefficients (ej and Ciy) given above are used
in this scenario. The value of s in the objective function
is chosen to be 100.0, which is the same as in Chapter
Three. The length of the planning period is chosen to be T =
20, the discount rate to be v = 0.04. The variables we are
interested in are the employment rate, ki(t), the three
outputs, y;(t)., yz(t), and y3(t), and per capita consump-
tion, yT(t). shown in Figure 5-2-1. All the endogenous
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variables exhibit a cyclical time path after the period of
decontrol ends. This reflects the fact that the competitive
equilibrium model produces cyclical paths for the variables
over that period. The full employment, or competitive
regime, is not reached within the planning period. One
component of the objective function minimizes the variance
of per capita consumption around its steady-state (which is
higher than the initial level), and it is therefore higher
than the competitive regime in the planning periocd. The
consumption-good sector is a more intensive user of manufac-
tured capital than of construction capital. Therefore, k; is
at a higher level than that in the competitive regime at the
terminal year, while kj is at a lower level.

To improve our understanding of the model, we
conduct two comparative experiments: one examines the
effects of a change in the population growth rate; the other
examines the effects of a change in the initial capital

stocks.
5-2-1 The Effect of a Change in Population Growth Rate

Figure 5-2-2 shows that as the growth rate of
population, n, decreases from 0.01 to 0.005, and to 0.003,
the competitive per capita consumption level yT(t) decreases
during the first few years, then increases and eventually

ends up at a higher steady state value. The steady-state



value for competitive consumption is higher with a lower
growth rate of population since less capital stock is needed
to keep per capita capital ratios constant as the population
grows, and more capital resources can be channelled to
increase per capita production. This may rationalize family
planning policy in some countries such as China, where the
authorities have tightened their .control over the issue for
more than a decade. That the per capita consumption, yf(t),
is lower for a lower population growth rate during year 1 to
year 12 reflects that as n decreases, the two capital stocks
increase, and that the increase of manufactured capital has
the effect of increasing y§(t). which is smaller than that
of decreasing yf(t) as a result of the increase in construc-
tion capital, over that period. Another observation from
Figure 5-2-2 is that, starting with the same initial capital
stocks, the smaller the population growth rate, the longer
it takes to reach the steady-state. This is partly because
less decumulative factors exist in the system for a lower
value n, and partly because a lower value n leads to a
higher steady-state level of yf(t), which is further away
from the initial yf(t).

5-2-2 The Effect of a Change in the Initial cCapital
Stocks

When the competitive model is initiated with
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different capital stocks, different competitive paths are
generated. The results are shown in Figure 5-2-3. Three
different initial capital stock levels are used: [4.888,
25.798], [5.000, 26-000], [5.050, 26.100). The time patterns
of per capita consumption yf(t) are quite different among
them. The lower initial capital stocks, the more fluctuation
y$(t) has. Per capita consumption yT(t) at year 19 reaches
only about 1/3 of that at year 1 with the initial capital
stock [4.888, 25.798)], while the other two initial capital
stocks allow small consumption fluctuation. Hence, misal-
location of the scarce resources in the pre-planning periecd
has large impact on per capité consumption. A lower capital
resource country should not, in the early stage of its
development, devote too much of its scarce rescurces to
consumption sectors, rather, it should channel as much
resources as possible to build up its capital stock while
keep the consumption level at not much higher than the

subsistence level.
5-3 Comparative Analysis of the Model

Comparative analysis for a parameter is conducted by
varying its value while maintaining the reference values for

all other parameters. We discuss them below, in turn.

5-3-1 The Effect of a Change in a Labor-Output Coefficient
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We have three labor-output coefficients: e,, e;, and
e3. A change in the value of one of them represents a once-
and-for-all labor technical change. Its effect can be de-
composed into two parts: a substitution effect and an
employment effect. We define  substitution effect as the
effect that the change of the coefficient has on the output
structure when we hold constant the labor employment rate
and two capital stock levels. The output structure changes
because the relative capital intensities change when an ey
value is altered. A decrease in an e; value can be viewed
partially as an increase in the labor force. Compared with
the reference scenario, it implies +that less labor is
required to match the same capital stocks and produce the
same amount of output. Thus, employment rate at year 1 will
decrease. Take e; as an example. When e; is decreased from
1.2 to 1.152, or 4% decrease, the employment rate in year 1
decreases from 0.96867 to 0.96446 (dk;(1) = -0.00421), while
the two capital.stocks are unaffected in year 1 (dk,(l) =
0.0, dk3(1) = 0.0}). The change in the technology matrix B is
denoted as dB. Then the effects of the decrease in e; on

year 1's output levels are:

dyy (1) Ky (1) dkj (1)
dya(1l) = 4B ka(1) + B dko (1)
dy3(1) k3(1) dk3(1)

substitution employment
effect effect
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0.00103788 -0.00180912
= -0.00151594 + 0.00230224
0.00389858 -0.00591988

-0.00077124
0.00078629
-0.0020213

It

The substitution effects thus work so as to offset the
employment effects. The net effect depends on the relative
magnitudes of the two. In the present case, the substitution
effect is smaller than the employment effect, thus in year 1
the productions of the consumption good and the construction
good decrease, while the production of the manufactured good
increases. The experiment results are shown in Figure 5-3-1.
Similar analysis can be done for any other year.

The analysis of the effects of a decrease in ey oOr

e3 is similar to that of e;, and is not reported here.

5-3-2 The Effect of a Change in a Capital-Cutput
Coefficient

The model has six capital-output coefficients Cij- A
decrease in the value for any of them represents once-and-
for-all capital technical change. This decrease in the Cid
value implies less capital is required to produce a given
ambunt of a commodity, thus. the same capital stock level

can absorb a larger labor force. As a result, the employment
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rate, ky(t), will increase for earlier years. The effects of
this decrease in Cij value can be decomposed into the
substitution and employment effects. Take c3, as an example.
A 4% decrease in c3 value from 32 to 30.72 increases the
employment rate k; at year 1, the productions of the
consumption and construction goods, and decreases that of
the manufaétured good in year 1. The results are shown in

Figure 5-3-1.

dy; (1) -0.0110772 0.0134631
dy; (1) = 0.0092923 + |-0.0171328
dy3(1) 0.0188218 0.0440547

0.0023859

= -0.0078605

0.0628765

Comparing the effect for any parameter (ej or Cij ).
we notice that when any of them decreases, the substitution
effect is to increase the productions of those two goods
which wuse the resource (labor or the ith capital) more
intensively, and decrease the production of the third good.
When an ey (Ci4) value decreases _&p‘“any of the three
sectors, the employment effect is tojéséfease {(increase) the
production of the two goods which use labor most intensively
since the employment rate k;(t) becomes lower (higher). The
direction of the change for the production of the third good
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is just the opposite.l In the data chosen for the reference
case, the manufactured good (y;) is the least labor inten-
sive, the construction good (y3) is the least manufacture
capital. intensive, and the consumption good (y;) is the

least construction capital intensive. This is why the sign

+
pattern of the substitution effect matrix is [::J
+

+ -
for a decrease in ej, |:+] for a decrease in c3y. E+_] for
- +

a decrease in C34y: and why the sign pattern of employment

- +

effect is | + | for a decrease in ej, | - | for a decrease
- +

in ¢34 or c34.

5-3-3 The Effect of a Change in Penalty Parameter s

In the reference scenario, the parameter s is set at
100.0. Since different socialist countries have different
starting points for economic reform and also different
cultures, one may argue that the value of s we set is too
low or too high for some country. In. this section, the value

of s is changed to examine its effect on the optimal path.

1. our discussion here is actually an extension of
Rybczynski theorem.
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As intuition suggests, an increase in the penalty
parameter will tend to smooth the optimal paths for y;, y;
and y3 since structural change is weighted more heavily.
When s increases (Figure 5-3-2 shows the case in which s is
increased from 100 to 900), y; and y3 will increase in
earlier years so as to smooth the paths. This requires the
economy to give up some production of the manufactured good
Y2 in order to release enough capital stocks for y; or vyj.
Since the consumption good y; and the construction good yj
are labor intensive relatively to the manufacture good y,,
the extra 1labor supply comes from an increase in the
employment rate. Hence the employment rate, k;(t), increases
as the penalty parameter s increases. To summarize, from the
simulation, we have the following relation:

dki(t)/ds > 0.
From another point of view, once we know the sign for
dky(t)/ds for the first few years, we can decompose the
effect of an increase in s into the substitution and
employment effects. The change in s does not affect the
technology coefficient matrix, that is, the substitution

effect is zero. The effect of a change in s from 100.0 to

HIH

900.0 is calculated as follows:

dya(!) = B 0.0 =
dys(t) | 0.0

+ 1+
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5-3-4 The Effect of a Respecification of the Objective

Function

In order to test the relative robustness of the
results for the reference scenario defined in (5.2.3},
different objective functions are experimented with while
retaining the reference parameter values of (5.2.2). The
resulting per capita consumption paths, y$(t), are shown in

Figure 5-3-3.

500
(a) F =2 1/(1+)% (yE(t)-y§")?

t

This function is only part of that in the reference
scenario. The structural change penalty is deleted from the
objective function. The results show that per capita
consumption is similar to that in the reference scenario.
The difference is that by only considering the variances,
consumption can reach a higher level than in the reference
case. Because there is no penalty for structural change,
there is a jump right after the terminal year. Otherwise
this function gives roughly the same solution as the

reference case.
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5Q0 3
(by F = %11/(1+v)t [ - ylc(t) + si}_::llzi(t)-zi(t-l)l2 ]

This function takes into account the cost of the
economic reform, as well as the benefit of it in terms of
higher per capita consumption. Obviously, per capita
consumption is higher monotonically than that in the
reference case during the planning period. There |is,
however, a trade-off between a higher consumption and less
fluctuation. It is seen that a higher consumption is
associated with a higher fluctuation. The reason is intui-
tive. In order to achieve a higher consumption, the manufac-
tured capital (kj) is accumulating at a faster pace than in
the reference case,‘while the construction capital (ki) is
accumuzlated at a slower pace, since the consumption-good
sector is a moré intensive user of manufactured capital than
of construction capital. As a result, the construction
capital is at a lower level by the end of the planning
period. Naturally, it takes a longer time for the contruc-
tion capital to reach its steady-state.

(e) F =X 1/(1+n)® [(yFet)-yi(£))2 + sElzy(t)-zy(t-1)12)

This function penalizes any deviation from the
competitive path (denoted by yf(t)) as well as structural
change. The results show that the optimal solution based on

{(C) is closer to the competitive path, which is what the
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function implies.

To summarize, the results we derived will depend on
the objective function we choose. Different functions will
generally result in different optimal solutions. In general,
the more the function emphasizes consumption, the more the
optimal path will move away from the competitive stream;
while the more the function emphasizes employment, the more

the solution will move towards the competitive path.
5-3-5 The Effect of A Change in the Planning Period

In Chapter Three, the effect of the length of the
planning period T was discussed. It was shown that a longer
planning pericd would not increase the objective function
value in the minimization problem, since the authorities can
always duplicate whatever they chose for a shorter planning
period. Here we do the same experiment by using the refere-
nce objective function form in (5.2.3).

The values for objective function values for
different planning periods are shown in part (a) of Figure
5-3-4. Alternatively, one can use some other index to
compare different planning pariods. One such index is

CONSUM, the present value of per capita consumption over

500 years:

500
CONSUM = t%l/(l-i-v)tyf(t)
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The values of the index CONSUM for different planning
periods are shown in part (b) of Figure 5-3-4. We notice two
points. One is that, with regard to the objective function
values F, ten years of planning period will almost exhaust
the benefit of controlling the economy. The second is that
the benefit of controlling the economy in terms of the
CONSUM index is not well exhausted even when T = 100.
However, this index is only one element in determining the

length of the periods; it ignores the adjustment cost.
5-3-6 The Effect of Terminal Capital Restrictions

One might like to put restrictions on the terminal
capital stocks in order to have desired levels of capital in
the post-planning period. Here the reference case is used.
wWhen no such restriction is imposed, it is found that the
manufactured capital (k;) in terminal year, k,(T), reaches
100.78% of the corresponding level for the competitive case,
kfz(T); while the construction capital, k3(T), reaches 97.1%
of kf3(T)- The results for different restrictions are shown
in Table 5-3-6, which suggests that a stronger restriction
is more costly in terms of the objective function value and
the degrees of freedom the authorities have over the

planning period.
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Table %-3-6 The Effect of Capital Restrictions

ko(T) = betal kfp(T), k3(T) = betaz kfj(T)

[betal, Full Employment  Objective Function

beta2 ] From Year vValue

[(1.008, none 299.86250452
0.971]

[1.002, 17 - 20 299.86322121

0.98]

(1.001, 2 - 18 306.91405947
0.99 ]

[1.0001, 2 - 18 310.32661076
0.9999 ]

{1.0, 1.0] 1-19 310.74585523

Note: betal and beta2 are the ratios of the respective
capital stocks to the corresponding competitive ones.

5-4 Concluding Remarks

In this chapter. we set up a "decontrol" optimiza-
tion problem, which minimizes the variance of per capita
consumption around the long-run steady-state and penalizes
the net flow of labor across sectors. This optimization
problem is subject to a constraint of a three-sector model,
in which the underemployment of the labor force is explicit-
ly modelled. Because of the complexity of the two capital
accumulation equations and the portfolio eqguilibrium

conditions, we used computer simulation to conduct
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the comparative dynamic analysis. The main conclusions are
summarized as follows:

1). The solution to the optimization problems {(5.2.3)
converges to its steady-state cyclically.

2). A lower population growth rate yields a higher
steady-state value of per capita consumption; higher initial
capital stocks generate a higher consumption.

3). Once-and-for-all technical change in one of the
technical co-efficients has two effects: an employment
effect and a substitution effect. The net effect depends on
the signs and relative magnitudes of the two.

4). A higher penalty foé structural change smoothes
the time paths of the production of the three commodities.
Terminal capital restrictions may be costly in welfare
terms.

§). The form of the objective function has a large
impact on the optimal solution. An emphasis on the penalty
of underemployment will bring the solution towards the
competitive path, while an emphasis on the increase of the
consumption level will pull it away from that path.

6). A 1l0-year planning period seems long enough:
increases in welfare when the period is lengthened beyond 15

years are relatively modest.
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Figure 5-3-1: the effect of a change i{n salsctad labor
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CHAPTER SIX

SUMMARY AND SUGGESTIONS
6-1 Summary

The year 1989 was one of great importance in the
world history of economic and social development. It was the
year in which the socialist countries of Eastern Europe
began to give up the basic central planning principle in
favour of free markets. The urgent task facing those
countries then became how best to effect the transition.
There are two basic approaches. One is to make the transi-
tion immediately, as Vietnam did. The obvious disadvantage
of that approach is that too much structural change may take
place in a very short space of time. (The inflation rate in
Vietnam was 1,000% in the year in which the change took
place.) The other approach is to effect the change in a
gradual manner so that the social and economic costs of the
transition will be spread over a longer period. Both the
USSR and the People's Republic of China have adopted this
approach. It is said that the price reform process will take
five to ten years to accomplish in those countries. (See the
Globe and Mail, A5, May 23, 1990, and BS, May 22, 1990.)

The research reported in this thesis focused on the
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dynamic properties of such transional processes. We have
considered three different models, each based on different
assumptions. The first had only one primary resource, labor.
The second had labor and a single homogeneous capital good.
The third had labor and two types of capital. We defined a
social loss function for each of the three models. The
benefit of the economic reform was represented by minimizing
the difference of per capita consumption from its steady-
state level, and the cost of the reform was represented by

minimizing the net flow of labor between sectors.

In Chapter Two, we analysed the first of the three models.
The major conclusions were:

1l). The optimal trajectory is a monotonic function
of time. It is concave at the beginning and convex at end of
the planning period.

2). Comparative analysis indicated that, in most
cases, a parameter - change will produce an intuitively
reasonable effect on the optimal trajectory. For instance,
an increase in the value of the discounting factor leads to
greater structural change at later stages since the present
value of a change at a later time is discounted more
heavily.

3). The discounting factor plays a crucial role in

determining the curvature of the optimal trajectory in the
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terminal year. Without discounting, the optimal trajectory
converges to the economy's rest point at a diminishing rate;
with discounting, it does so at an increasing rate by the

end of the planning period.

In Chapter Three, the second model was analysed. The
computer optimization results showed that:

1). A change in a parameter has two effects: an
employment elfect and a substitution effect. The net overall
effect depends on the signs and relative magnitudes of the
two.

2). A lower population growth rate yields a higher
steady-state level of consumption. A higher initial capital
stock gives higher consumption over the entire period.

3). The objective function has a moderate impact on
the optimal solution.

4). A five-year planning period seems to provide
most of the benefit that could be obtained from longer
periods. A terminal capital restriction seems to be costly

in terms of the objective function values.

In Chapter Four a multisector model with multiple capital
goods and portfolio equilibrium conditions was developed. In
growth theory, saddlepoint instability arises in a neoclas-
sical multisector model with a portfolio equilibrium
condition. This instability can be avoided by introducing
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some friction on the demand side such as adaptive price
expectation and sluggish price adjustment. As an alterna-
tive, we introduced the friction from the supply side by
specifying Leontief technology, and thereby resolved the
instability problem in a different way. Unlike the neoclas-
sical model, our results suggested that in a Kaldorian model
there is no instability when portfolio equilibrium condi-

tions are introduced.

In Chapter Five, the third model was analysed through
computer simulation. The results showed that:

1). A decrease in the growth rate of the population
increases the steady-state value of per capita consumption.

2). Higher initial capital stocks are associated
generally with a higher consumption level over time, which
may justify controlling investment so as to effect a rapid
accumulation of capital.

3). A higher consumption level during the planning
period does not have é tradeoff, in the sense of being
associated with greater fluctuation in the post-planning
period, unless the objective function puts a very heavy
weight on per capita consumption.

4). A once-and-for-all change iﬂ one of the techni-
cal co-efficients has two effects on output: an employment
effect and a substitution effect. The net overall effect
depends on the sign and the relative magnitudes of the two.
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5). A greater penalty for structural change smoothes
the time paths of production in the three sectors.

6). The choice of an objective function has a major
impact on the results. A greater penalty for underemployment
will bring the optimal solution  towards the competitive
consumption path, while a greater emphasis on per capita

consumption will move it away from that path.
6-2 Suggestions

As with most research, there is much more that could
be done. Qur research has not touched the followed areas, in

which there is obvious potential for further work.

1). The modelling of step-by-step liberalization in
the transition from a centrally controlled economy to a
market economy. Consider an economy that has two sectors: in
the first sector the prices of the outputs are controlled by
the authorities, while in the second one they are market-
determined. Firms in both sectors take output prices as
given. Because of the rigidity of commodity prices in the
first sector, fﬁe labor and commodity markets are not
necessarily in equilibrium at any point of time. On the
other hand, in the second sector, the labor and commodity
markets are always in equilibrium through the market
adjustmenﬁfﬁﬁ?}

The question facing the authorities is how to work
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out the timetable to 1liberalize particular sectors in
particular year. The sequence of liberalization depends on
how important a sector is when compared with others by
virtue of its linkages with the rest of the economy (Clark,
1984). Intuitively, important consumer goods sectors, such
as staple foods, should be liberalized later since they
affect the stability of the economy, while capital good
sectors may be liberalized earlier since generally capital
is scarce, hence has high marginal productivity in a CPE. By
means of computer simulation, one could work out optimal

liberalization sequences of this kind.

2). Analysis based on models with neoclassical
instead of Leontief production functions. A Leontief
function does not permit substitution among factors.
Generally one would expect that neoclasical function would
yleld a better performance since the latter includes the
former as a limiting case, and also, in the long run,
substitution among factors does take place in real produc-

tion processes.

3). In the input-output literature, it is suggested
that the technical coefficients should be allowed to change
over time. If such allowance were incorporated, attention

could be paid to the stability conditions in the two~-sector

and three-sector models.
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4). Open economy modelling. Countries generally
interact with the rest of the world. This is especially
evident in the case of the socialist countries that are
liberalizing their economies. Open economy modelling could
be as simple as putting one exogenous element into the cost-
revenue relations, or as complex as endogenizing the rest-

of-world economy.

5). Government fiscal and monetary policies. In our
study, the sole role the government has is to control the
economy through the use of price instruments (or, equivalen-
tly, quantity instruments). Fiscal and monetary policies
could be modelled and their impacts on the optimal time path
for liberalization analysed.



APPENDIX A TO CHAPTER TWO

In this appendix, we discuss the characteristics of

equation (2.2.10), which is reprinted below for convenience.

(2.A.1)

(M+s1g)23(t) - s323(t~1) - S3/7(1+V) zZ7(t+l) = sz

A particular solution to equation (2.A.1) is

(2.4.2) z§ =z

and the general solution to (2.A.1) is

(2.A.3) zy(t) = 2§ + ¥

where z? is the solution of the following homogenecus
equation:

(2.A.4)  (M#s)q)2(t) - s327(t-1) - s3/(1l+v)zy(t+l) = O
which has characteristic equation

(2.A.5) s3/(1+v)h2 - (M#sjq)h + s = 0

The two roots of equation (2.A.5) are h; and hj:
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(2.A.6) I -
M+s1q + - (M+S1Q)2 -~ 45§/ (1l+v)
h, =
t 2sl/(14v)
M+sq - J(M+slq)2 - 45%/(1+v)
ho =

251/ (1+v)

Since (M+s;q)2 - 4s$/(1+v)

= M2 + 2s;qM + S$[1-1/(1+v)]2

>0
281 281
SO (M+syq) > >
J-————— 1+v
l+v
Tnat is,
(2.A.7) hl > 1

Also it is easy to show that:
since hy > 1 is not true because M > 0.

The solution to equation (2.A.1}) is then:

(2.A.9) z1(t) = 2} + cyh} + coh (0<tLET)
1 1 1 2
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The initial and terminal conditions together determine the



two coefficients c; and cjy:

(2.A.10) z,(0)-2)
C1=—_...]:.._lh3
hf - n}
zy(0)-27
cz —_-1—-—-1‘-11’{.
hf - n}
where hT - b3 > o.

Therefore equation (2.A.9) becomes

(2.A.11) . . b3 hf - hf nh
Zy(t) = 27 + (27(0)-27)
1 1 1 1 W3 - o]
where h3 hf - hf h§ = (hyh;)t ( nI-t - n-t
<0 (0 £t <T)
Now define
h hf - b hf
(2.A.12) g(t) = 20 (0Lt T
b - hf

Using h; > 1, 0 < hy <1 vyields

hY - hf < h] nf - hf < hY nf - nT 0k < 0

50 0 < g({t) <1 (0 <t <T)
Also from the definition of g(t) in (2.A.12), we have:

g(0) = 1, g(T) = 0, and hence

{2.A.13) dg(t) 1
— - (hd h} 1n(hy) - b nf 1n(hy))

h} - bf

1
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<0 since hy; > 1, 0 < hp < 1.
(2.A.14)
e 4 b oy - B B (a2
= (h} hf (1nh1)2 - hT n (1ohy)2 )
dt2 nY - nf '
> since h¥ h} < nf nf ,
<0
(lnh;)2 > (1lnhy)2 , hjhy= 1+v >1.
(2.A.15)
d2qg(t) hf h¥ [(1nh;)2 - (1nhy)2
_ = <0
di:2 ,t:T h¥ - hf
(2.A.16)
d%g(t) h¥ (lnhy)2 - hT (1nh,)2
————— = > O
dt2 ‘t:o hy - hY <

If we consider the special case with v = 0, then
hyhs = 1, or 1lnh; = -lnh,; hence (2.A.15) equals zero and
(2.A.16) equals (lnh;)2 > 0. We might assume that the sign
of (2.A.16) is positive for a positive value of v.

?(t) Tl(t)

I

I

i
. :

(a) (b) 27 > z;(0)
Figure (2-a-1) (v > 0)
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If initially (2.A.16) is positive at t = 0, it will
be zero at scome time t', and after t', it will be negative.
The paths of g(t) and z;(t) are shown in Figure (2-A-1},

both are monotonic functions of time t.



APPENDIX B TO CHAPTER TWO

In this appendix, we use Cramer's rule to verify
relations in (2{2.20).

The matrix form of the equation system is in
equation (2.2.18). To simplify matters, we report only the
final results for the partial derivatives.

The symbol D below refers to the determinant of the
appropriate matrix generated from the (T-1)x(T-1) matrix on
the left side of equation (2.2.18). The subscript (T-n)
means the matrix is of dimension (T-n)x(T-n), which is
generated by deleting the first (n-1) columns and (n-l1) rows
of the (T-1)x(T-1) matrix on the left side of equation
(2.2.18).

To simplify the notation further, we drop the
subscript 1 referring to sector 1, since we now work only
with that sector, use the subscript to denote time period, z
to denote zJ, and df to denote df/daj.

(2.B.1)
Sl S

1
DT—ldzl = [(z_zl)DT—ZDO + (2-22)-]::- Dpo3 + (2—23)(-;——)2]3!1'_4
v +v
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S Sy T—2
+ (2-24) (—) 3.5 + ... + (2-Z(p-1))(—)172pg ] dM
1+v l+v
S1 51, S1 4
+ [ Dy # Dp.3 + (—}%Dp_q + (—)3Dp_q + ... *
l4v 1+v l+v
51
+ (——)T-2 Dy ] M dz
l+v
S1
DT_ld22 = [(2-27)s31DgDp_3 +{2-22)D3Dp.3 + (2-23) Too DyDyp_g4
Sy 2 53 3
+{2-24) (——)“D1Dp_g + (2-2g){(——)~ DjDp_g + ... ] dM
l+v 1+v
Sl 5
+ [$1DgDp_3 + D3Dp_3 + —D1Dp_4 + &———)leDT_S + ... ]Mdz
1+v 1+v

DT_le3 = [(z-zl)sf DgDp.g + (2-22)S1D1Dp_gq + (2—23)D2DT_4 +

5] 53

+ (2-24) —— DaDp_g + (2-2g) (——)2DsDp_g + ... ] dM
14w 1l+v
53 5; 2
+(sf DoDp_g4 + S1D1Dp_4q + DaDp_g4 + —DDp_5 + (—) DaDp_g
l+v 14w
51
+ (—=)3DyDp_7 + ... ] Mdz
1+v

DT_1d24 = [(Z-Zl)SEDoDT_S + (Z—Zz)S%DlDT_s +(2-23)S1D9Dp_g +

Sl Sl 2
+(z-2%, DyDp_5 + (z-25) —— D3Dp_g + (z-Zg){~——) D3Dp_q
l+v 1+v :
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+ ... ] dM
5)
+ [s] DoDp—s + s§ DyDr_g + s1DaDp_5 + D3Dp_s +'I:: D3Dp_g +
53
+ (—)2 DBDT_', + ... } Mdz
1+v

Dp_1dzg = [(2-27)S5$DoDp_g + (2-23)35DyDp_g+(2-23)S¢ DoDy_g

s

+ (2-24)S1D3Dp_g + (2-2g5) Dygbp_g + (2-2¢g) DgDp_+

l+v

+ ... ] dM

+ [s$DoDp_g + SD1Dp_g + SfDaDy_g + S1D3Dp_g + DgDp.g

S1
+ —— DyDp_7 + ...] M dz
l+v
Dp.ydap.; =
[(2z-2z))dM+MAz]sT~2DgDg + ... + [{2-2(T-3))dM+Mdz]s)DgDy_g

+ [(2-2(T-2))dM+Mdz]s1DgDp_3 + [(2-2(T-1))dM+Mdz]DoDp_5

where
Dg = 1 (defined}
Dy = M+s;q > 0
) | s? as?
Dy = (M+s1Q)2 = —= > 0 ( (M+S1Q) - —— > 0 )

l4v 1+v
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2s¢
Dy = (M+s3q)3 - (M+s1q) > 0
l+v
It can be shown that Dg , Dy , --. ., D;3 > 0. My conjecture

is that D > 0 holds for any number n. Then relation

(2.2.20) follows directly from the fact of (2.2.19).
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