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ABSTRACT

In this thesis. we have studied the properties of a superconductor in

which there are two competing dynamical interactions. One of the interac­

tions promotes the pairing, while the other is pair breaking. \Ve have studied

the model in the framework of Eliashberg theory for the complete range of

coupling strengths. from weak coupling (BCS) to the extreme strong cou­

pling limit. \Ve find that there are distinctive signatures in the specific heat

results that are not found in a model with no dynamical pair breaking.

The work was motivated by the fact that the parent compounds

of most of the high-Te superconductors are antiferromagnetic insulators. In

the superconducting state, spin fluctuations have been observed, at least in

LaSrCuO and YBaCuO. For an s-wave superconductor, spin fluctuations are

pair breaking. The observed thermodynamic data are consistent with the

model that we have studied.

iii



ACKNOWLEDGEMENTS

I acknowledge financial support from the Natural Sciences and En­

gineering Research Council (NSERC) of Canada. the Harry Lyman Hooker.

Desmond G. Burns, and Clifton \V. Sherman scholarships.

The administrative staff of the physics department. Marg Wilby,

Jackie Collin, Jane Hammingh, and \Vendy ~Ialarek have all been extremely

helpful and kind. I also thank Jane as my squash partner.

I would like to thank all of the physics faculty at McMaster for the

stimulation that they have provided in the form of courses, seminars. and

discussion. I would also like to thank Dr. D.:\.. Good\ngs and Dr. C.V. Stager

for stimulating teaching assistantship work.

My fellow students, post-doctoral fellows, and visitors have all con­

tributed a great deal to my work and my stay at McMaster. Frank Marsiglia

was extremely helpful in all aspects. Elisabeth Nicol has assisted in many

ways. Her keen eye as a proof reader, and her invaluable help after lleft Mc­

Master are greatly appreciated. Ewald Schachinger has provided invaluable

nssistance with computing. John Benjamins has kept the computer system

running, and has also provided a great amount of technical assistance. I have

enjoyed stimulating discussions with !vlicheal Prohammer. Abdalla H. Ab­

dalla has provided stimulation, both intellectualy and socially, and enriched

my stay immensely.

All of the work in this thesis has been done in collaboration with

Jules Carbotte. I could not ask for a better supervisor, and I thank him

deeply.

IV



Acknowledgements

~vIy family and friends have all been supporti\"e of my endevours, and

I thank them.

Alex Peace has been infinitely patient, loving, kind and supporti....e.

Thank you.

v



Table of Contents

Chapter 1 Introduction.................................... . . . . ... . . .. 1

Chapter 2 Eliashberg Equations.. .. . . . .. . . . .. .. . . . . .. . .. . . . .. . .. ... 15

Chapter 3 Spin Fluctuations in Superconductivity 29

Chapter 4 Numerical Results ;3

Chapter 5 Asymptotic Limits... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 93

Chapter 6 Conclusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 101

Appendix 1: Strong Coupling COTTection3 109

Appendix 2: A3ymptotic Limit 11;

Appendix 3: Asymptotic Limit for Hc2 in Eliashberg Theory .....•.. 125

Bibliography. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 141

vi



Chapter 1

Introduction

1.1 GENERAL BACKGROUND

Superconductivity was first observed in Hg by K. Onnes1 in 1911.

Since the initial discovery, many more materials have been observed to su­

perconduct. Recently, great excitement has been generated by the discovery

of superconductivity in various metallic oxides, with transition temperatures

of the order of lOOK ::!.

Superconductors exhibit some beautiful behavior. They are named

for the property that below their transition temperature, Te , they have no

DC electrical resistance. Their AC electrical resistance is zero for frequencies

below a certain threshold, at which point it becomes finite. This behavior is

shown in Figures 1.1 and 1.2. Figure 1.1 shows the temperature dependence

of the DC resistivity of a high Te material. There is a sudden drop of the

1



2 1 Introduction

resistivity to zero, with an onset of about 95 K. Figure 1.2 shows the fre­

quency dependence of the optical conductivity of a typical normal metal and

a superconductor.

The optical results shown were calculated using Drude theory for the normal

state, and the theory of Mattis and Bardeen4 for the superconducting state.

Optical conductivity is typically measured using far-infrared techniques.

Superconductors also exhibit some unusual magnetic properties~which

were discovered in 1933 by Meissner and Ochsenfelds. As a superconductor

is cooled through Te , it begins to expel magnetic flux from itself. \Vhether

the flux exclusion is complete or not will depend upon the details of the indi­

vidual material. A type I material will expel the flux completely, and will be

perfectly diamagnetic for applied fields less than the thermodynamic critical

field, Hc(T). For applied fields in excess of Hc(T), the material reverts to the

normal slate.

A type II superconductor is perfectly diagmagnetic for applied fields

less than Hct(T), the lower critical field. As the applied field is increased be­

yond this value, flux begins to penetrate the sample. '¥hen the applied field

rea.;:hes Ho:z{T), the upper critical field, the material goes into the normal

state. Figure 1.3 show magnetization curves for type I and type II supercon­

ductors. It is important to note that this magnetic behavior is not simply

a consequence of the zero electrical resistance. A material with z~ro elec­

trical resistance will freeze in whatever flux was present when it makes the

transition to the zero resistance state. It will not expel flux.

Measurement of Hc(T), the thermodynamic critical field, gives one

the free energy difference between the normal and superconducting states
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Figure 1.1-Resistance versus temperature for a sample of YBa2Cu306.S3. Note

the dramatic drop in resistance, starting at approximately 95 K. The zero

resistance state is fully developed at approximately 91 K.
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Figure 1.2-Real part of the optical conductivity of a superconductor and a

Drude metal. Note the zero optical conductivity for the superconductor up

to twice the gap edge. There is a delta function at the origin which gives the

zero DC resistivity. The superconducting conductivity was calculated using

the results of Mattis and Bardeen4 •



1.1 General Background 5

through the relation

(1.1 )

where FN is the free energy of the normal state and Fs is the free energy of

the superconducting state, per unit volume.

The specific heat of a superconductor exhibits a discontinuity at the

transition temperature. This type of behavior is characteristic of a second

order phase transition. At low temperatures the specific heat vanishes ex-

ponentially, which indicates that there is a gap in the excitation spectrum.

Figure 1.4 shows the specific heat of aluminum as a function of temperature.

The normal state data was obtained by applying a magnetic field of sufficient

strength to drive the sample into the normal state.

There are many other physical properties of superconductors wh~ch

are too numerous to discuss in detail. One property which has received n

great deal of attention within the context of the high Tc:: oxide supercon­

ductors is the isotope effect. For most conventional superconductors, the

transition temperature Tc:: 0:: ~, O'~~, where M is the ionic mass. This is one

of the indications that lattice vibrations are related to the superconductiv­

ity. In the oxide superconductors, the isotope effect is generally small6 , and

this is sometimes interpreted as an indication that lattice vibrations arc not

responsible for the superconductivity in these materials.

The theoretical explanation of superconductivity was a problem that

challenged physicists for nearly half a century. It was not until 1957 that

a. successful microscopic theory of the phenC'mena was formulated. Various

phenomenological theories were proposed prior to 1957 which met with some

success.
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Figure 1.3-Magnetization versus applied field for type I (upper) and type II

(lower) superconductors. Both types are diamagnetic until the applied field

reaches Hc(T) or Hc1(T). At this point the type I material goes normal, while

the type II material enters a mixed state, eventually going normal at H';:2(T).
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Figure 1.4-The specific heat of AlB6 in the normal and superconducting states.

Note the jump at Te• Also note the exponential behaviour at low T, indicative

of an energy gap in the excitation spectrum. The normal state data was

measured by applying a magnetic field to drive the sample normal.



8 1 Introduction

In 1934. Gorter and Casimiri proposed a two fluid model which was

reasonably successful in describing the thermodynamic properties of super­

conductors. In 1935, F. and H. Londons developed a theory for the electro­

dynamics of superconductors, based upon the two fluid model. This model

was very successful. In 1953, Pippard9 generalized the London theory to in­

clude non-local effects. In 1950, Ginzburg and Landaulo were able to extend

the London model by taking into account spatial variations of the superfluid

density. This theory was able to successfully describe the magnetic behavior

of both type I and type II superconductors.

The development of the microscopic theory started with Frohlich'sll

proposal that it is the electron-phonon interaction that is responsible for

superconductivity. It is interesting to note that Frohlich was unaware of

the isotope effect when he made this proposal, although the publication of

that discoveryl2 preceded the publication of Frohlich's work. In 1956, L. N.

Cooperl3 considered the problem of a pair of electrons interacting only with

each other in the presence of a filled Fermi sea. The attractive interaction was

assumed to arise from the electron-phonon interaction, and was restricted to

act between states within WD, a characteristic phonon energy, of the Fermi

surface. Ht found that a bound state existed for the pair of electrons when

both their spin and momentum were equal and opposite. This suggested that

the Fermi sea is unstable to the formation of these pairs, usually referred to

as Cooper pairs.

In 195;, Bardeen, Cooper and Schrieffer (BCS)l4 proposed a wave

function for a superconductor which incorporated the ideas of Cooper. Using

this wave function, they were able to successfully describe the features of

the superconducting state. Their theory requires one paraIIl~ter, and once


















































































































































































































































































