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Abstract

This thesis is a study of what it means for a frame t? be N-compa.ct. We find that

the frame analogues of equivalent conditions defining N·compact spaces are no longer

equivalent in the frame context; one must be careful in deciding what the appropriate

frame notion is. We show that it is the assumption of a choice principle (the Axiom

of Countable Choice) which provoke9 this departure from the spatial situation.

We analyze the several possibilities and show how it is the 'H-N-compact'

frames which best embody the notion of N-compactness. We develop the theory

and construct the H-N-compa.ctification, which uses a frame-theoretic version of the

classical ultrafilter formulation of the spatial N-compactification. We use this co~­

pa.ctification to show how these frames relate to the other 'N-compact' frames. Along

the way we construct a O-dimensional Lindelof co-reflection, and show how this relates

to the H·N-compactification.

Recent works in Abelian group theory have employed the groups C(X, Z) in

the study of reflexivity and duality. The N.compact spaces are important in this

regard because of a theorem of Mrowka. which shows how a group homomorphism

from C(X, Z) to Z is determined on a small part of X, if X is N-compact. We use

the II-N.compact frames to lift tius to a result about any group of global sections

of a sheaf of Abelian groups. Vve then are able to give a sufficient condition for the

local reflexivity of a sheaf to lift to global reflexivitYi it is enough that the frame is

II.N-compact. \Ve show that the groups known to be reflexive (in ZFC) each appear

as a group of global seclions of some sheaf on an N·compacl frame, or as the dual
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of such a group of sections. We can then use our generalized Mr6wkats Theorem to

establish their re8exivity.

In the final chapter we apply the techniques of Chapter 1 to the study of

rea.lcompact frames. These have been studied t but the definition usually given is

quite restrictive. We construct the H-realcompactification and develop enough of the

basic theory of H-reaJcompact frames to justify proposing that these be thought of

as the rea1compact frames.

IV



Acknowledgements

I am grateful to my supervisor Professor Bernhard Banaschewski, for his support,

guidance, and encouragement in matters mathematical. I have learned much from

his teaching and much from his examp:e.

I would also like to thank Bruce Kapron and Matt Valeriote for their generous

help with UTEjX, fonts, and stubborn laser printers.

The financial support of McM~ter University and the Government of Ontario

is gratefully acknowledged.

But lowe my deepest thanks to my friends, from whom I have received the

most.

v



For Bruce 2.nd Jane.

VI



Contents

Abstract

Acknowledgements

Introduction

0.0.1 Frames

0.0.2 An Outline

o Preliminaries

0.1 Introduction.

0.2 Frames ....

0.2.1 The Connection with Topological Spaces

0.2.2 Separation and Covering Properties .

0.2.3 Compaclifications...........

VII

iii

v

vi

1

1

2

5

5

6

6

7

9



.,

0.2.4 Quotient Frames

0.3 Sheaves of Abelian Groups • • • . • • . . • . . • .

OA Abelian Groups . . . . . . • . . . . . . . . . . • .

1 N-Compact Frames

1.1 Introduction....

1.2 Basic Facts about N-compaet Spaces

. ~ . . . . . . 12

14

16

17

17

20

1.3 Stone-N-Compact Frames .

1.4 SaN-Compact Frames and Countable Choice .

1.5 Herrlich-N-Compact Frames . . . . . . . . . .

1.5.1 Definitions............

1.5.2 The H-N-Compactification ...

2 Applications to Abelian Group Theory

2.1 Introduction .

2.2 Mrowka's Theorem . . . . . . . .

2.3 Tree groups and Mrowka's Theorem.

2.4 Conclusions and Questions . . . . . .

3 Realcompaet Frames

3.1 Introduction ....

3.2 H-Realcompa.ct Frames .

viii

· · . . 21

2!)

33

. · · . . 34

. . · · 37

48

48

51

60

70

71

71



,"

I

t
L
t
I

3.3 The H-Real-Compactification 76

3.4 Unsolved ProbleIllS . . . . . . . . . . . . . . . . . . . . . . . . . . .. 85

IX



.....

Introduction

0.0.1 Frames

There are several different aspects to the study of frames) each corresponding to moti­

vations arising from topology, logic, and algebra. From the viewpoint of a topologist)

frame theory is topology with the lattice of open sets taken as the primitive notion.

P. Johnstone explicates this idea well in his article [Jol] from which we draw the

following history.

The use of lattices in the study of topological spaces began with Stone's duality

theorems in 1936-1937. There for the first time an explicit connection was made

between certain algebraic objects (Boolean algebras) and certain topological objects)

(O-dimensional compact Hausdorff spaces.) In an important sense, they are the same

thing. The idea. of applying lattice theory to topology was soon developed further;

the Stone-Cech compactification (in its ultrafilter formulation) was one of the fruits.

In the 1950's Ehressman and his students began to take the equation betwccn

Boolean algebras and Boolean spaces seriously; proposing that lattices with the right

properties (frames) be viewed as 'topological spaces' in their own right) regardless of

whether the lattice was in fact the lattice of open subsets of some topological space.

Much of topology can be extended to these generalized spaces, and where it cannot,

it is often in the frame context that the situation is hetter. For example, by a result

of Dowker and Strauss [Do,St), the Lindclof property is preserved under coproducts

of regular frames (the analogue of products of spaces,) whereas it is well known that
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2

even binary products of (regular) Lindelof spaces need not be Lindelof. One even has

a Lindelof co-reflection for frames, (a 'Lindelof-ificatioIl'.) We shall spend some time

considering these facts in Chapter 1, where we shall prove some results which bear

upon the study of frames in its logical aspect, which we consider next.

It is well-known that the statement of the classical Tychonoff Theorem is

equivalent to the Axiom of Choice, and that even when the statement is restricted

to Hausdorff spaces one still requires the Boolean Ultrafilter Theorem. With frames

however the situation is different; there are precise analogues of these preservation

results, but they can be established without the use of any choice principles.

It turns out that many of the results in classical topology which depend on

nonconstructive principles no longer need such principles in their frame-theoretic

versions. Often it is only in showing that these more general results about frames

imply the classical results that one requires the choice principle; usually it is foun~

in the proof that a particular frame has 'enough points·, that it is representable

as a lattice of open subsets of some topological space. 1£ one is content to work

with 'pointless spaces' then one can even use the Tychonoff theorem in a constructive

context, [Vel. Much of frame theory has been developed with a constructive approach

to topology in mind.

0.0.2 An Outline

In Chapter 1, we investigate what it could mean for a frame to be N-compact. W~ see

that equivalent notions of N-compaclness for spaces separate into inequivalent notions

in the framc setting, primarily due to the preservation of the Lindelof property under

coproducls. We show how one of these notions, Herrlich-N-compactness, is really

the 'right' notion for frames, develop an H.N-compactification, and explore some

interesting consequences.

Mcmbcrs of the other c1as" of 'N·compact' framcs wc call Stone-N·compaetj

wc show that these are exactly the O-dimendonal LindelOf frames, and that this fact

.~...



3

is equivalent in logical strength to the Axiom of Countable Choice. V>le construct

an S-N-compactification, and show that it is the co-refiection to the category of 0­

dimensional Lindelof spaces if and only if the Axiom of Countable Choice holds. We

prove that the S-N-compactification coincides with the H-N-compactification after a

spatial co-reflection.

The class of H-N-compact frames includes many non-spatial examples, but

remains in a connection with some important properties of the groups and rings

C(X, Z) first established for N-compact spaces. We prove some of these facts in

Chapter 1, and leave the proof of others until the next chapter.

Chapter 2 contains some applications of our work in Chapter 1. This thesis was

originally motivated by some results in Abelian group theory concerning the groups

C(X, Z), in which N-compact spaces playa significant role. Such groups C(X, Z)

occur as (particularly simple) examples of groups of global sections of sheaves on

frames. If one is to generalize the results alluded to, one needs a notion of an 'N­

compact frame.'

We show how H-N-compact frames can be used to lift one such result of

Mrowka up to a result about arbitrary groups of global sections, (adding further

support for our assertion that these are the N-compact frames.) We note how one

can use this generalized theorem to prove some recent results concerning Boolean

powers and the groups G(X, Z). As another corollary we obtain a 'sheaf-theoretic'

result; we show how the property of local reflexivity implies global reflexivity.

The book [Ek,Me] contains some important new methods of constructing re­

flexive groups; constructions via 'tree sums' and 'tree products.' We show how a

tree product may be obtained as a group of global sections, and a tree sum as its

dual. Our generalized Mrowka's theorem can then be used to establish the associated

reflexivity results in [Ek,Me]. This brings all of the known reflexive groups under one

umbrella; groups of global sections of certain sheaves on N-compact spa.ces.
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In Chapter 3 we take some of the lessons learned in our investigation of N­

compact frames and apply them to an investigation of frame realcompactness. As

we did in Chapter 1, we show how the 'H-realcompact' frames 'lift' the idea of

spatial realcompactness properly, something the 'S-realcompact' frames (which have

already been studied) fail to do. We develop the basic theory, including the H­

realcompactification.



Chapter 0

Preliminaries

0.1 Introduction

We brieBy review the basic definitions and results we shall need in subsequent chap­

ters. Most of the introductory material concerning frames is wen-known, except

perhaps for Theorem 0.2.2. The book [Jo] is a good source for the details and back­

ground we cannot provide here. We give explicit references for anything not covered

there.

In Section 0.3 we introduce the basic notions concerning sheaves of Abelian

groups. The book [Te] is an excellent reference for this. Section 0.4 contains the

few definitions and results regarding properties of Abelian groups we shall need. The

books [Fu] are the best resource for general information about Abelian groups, and

the book [Ek,Me], soon to appear, contains most of what is known about reflexivity.
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