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. _ ABSTRACT

A study has been made of the inelastic seismic response of

3

single story structures having symmétrical as well as asymmetrical
configurations and subjected to-bidirectional excitations. The intent
of this investigation was (i) to assess the significance of force
interaction in yielding of columns in the analysis of inelastic

structures, (ii) to proQide guidelines as how to account for the

.~

bidjrectionaljty of the ground motion, and (iii) to clarify the role of

0

neccentricity®™ In the lateral-torsional response of inelastic
b J . -

asymmetrical systems, Lo

The elasto;piastic responses -of symmetrical systems with
interaction effect included or igporeé are presented for sinusoidaf base
motions as well as earthquake gréund motions. The latter exc{tation
consisted of Fi;::;;irs of recorded earthquake‘ground motions. It is
found that the interactioﬁ effect is significant For-stiFF structures
with low yield strength and it increases thelresponse. Tke increase
becomes substantial for very stiff strucgyres. For this‘ty;e of

structure , an elasto-plq;tic analysis using uniaxia[ excitation could

seriously underestimate the displacement ductility deménd. 1t is

* recommended herein that such structures be designed to remain e[astic or

‘almost elastic under expected earthquake disturbances. Taking the

interaction effect and the critical orientation of ground motion

components into account, the ductility deménd can be up to 40% Targer

-

than estimates calculated otherwise.

iv



’

An inelastic analysis of single mass rﬁonosymnqtr'ical structural
quels subjected to the two horizontal components of ground motion is
performed, A pew concept of ecceﬁtricity based on the yield properties
.of the resisting elements is prop'osed as a better Index to denote the
severity of térsion on'the inelastic response of asymmetric systems,'

4

Thr?dqcti lity demand of asymmetric structures with uniform strength

distribution, t.e, with zero plastic eccentricity, are sz%wd to be not

much different from those of symmetric s{:f-uctures.
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CHAPTER |

INTRODUCTION

1,1 GENERAL =

In dynamic anilXELi:;;:%bildings subjected to earthquake
excitations, it has been cdstomary to consider pianar models of the
structure along its orthogona! principal planes of resistance subjected
to components of the ground motion one at a time. This approach
requires less effort and coat as Eompared to a more glaborate three
dimensional apaIysis of the sam; problem 'Nevertheless. one shouid keg;
in mind that a buiiding located in a seismic area is general ly subjected
to the simultaneous action of the multicomponent excitation consisting
of three orthogonatl transtational components and as many rotational
components. It 1s [mportant then that the .planar modelling of the
problem be Jjustified based on the characterfsties and configuratiaﬁ‘of
the Euilding under consideration, in plan as well as {n elevation.

For buildings which are regular in elevation, the inclu;}on of
the vertical component of the ground motion is only of secondary
Importance. This is because this component is less severe as compared
to the othef horizontal components and at the same time buildings
usual 1y possess substantial strength in the vertical direction to resist
the gravity loads. It was also shown (25)lthat the vertical Fomponenf
has a minor effect on the lateral deformations of a structure,

-

Furthermore, .the rotational components of the ground motion are usually



ignored because there is little ayal lable data on them. Therefore,
horizontal components of earthguake ground motions, applied either
simultaneously oé one at a time, represent the most commenly used input
to simulate the earthquake effect on buildings.

To anélyze the bqjlding under the effect of the two horizontal
compongnts, planar modelling can be used provided (i) the bullding has a
symmetric plan, l.e. with coincident centers of mass and rigidity, and

{ii) the building remains elastic. In other words., planar'ﬁedellingwls

strictly valid for eiastic sgmmetric systems onty. However, not many . -

.structures in practice qualify for such descriptions. On one hand, it
. is not economical to design ordinary structures to remain elaétic when
subjected to severe but rare earthquake excitations and hence Lpe1ast[c
behavior can be éxpected under such excitations. In the inelastic
range, even for symmetric structures, the slmuftaneous application of-
the two horfzontal components can be significant since the two
. components can be equal ly damaging to the'structure..'To properly
account for such effect, the interactign of effects caused by the two
components acting on the yielding structure shouid be considered by
extending the uniaxial nonlinear models of reslsting'elements to the two
- dimensfonal case. Since such studies are often.costly. they should be
only used when the effect of interaction {s'significant, Therefore, an
Iinvestigation which examines the significance of such interaction Is
desirable. Furtherﬁore. the two horizontal components used ln the input
need not coincide with the ground mbtiohs along the principal direcftons

of the structu}al resistance. In fact, their orientation with respect

to the structural axes should be regarded as a random parameter. In

" —— . " e



deterministic analyses, the critical orientation that gives 38 maximum
value to a certain response parameter should be considered. {Therefore.
\

information on how'to incorporate such effect within the framework of

planar model 1ing is required. -

. -
S

A third factor that complicates the situation is that most
buildings have some irregularity in plan. Due to this asymmetry,
their lateral and torsional deformations are coupled because the-centers
of floor masses and centers of resistance do not coincide. For such
systems, a nonplianar analysis should be considered. Most studies on the
lateral-torsional responses assume the structure remains in elastic
conditibﬁ. However for reasoné mentioned above and under strong
shaking, 1t is likely that many of the resisting elements will be

excited beyond thelr elastic limits and hence a devoted inelastic

analysis of asymmetrical buildings is important.

1.2 LITERATURE SURVEY : o

The analysis of the inelastic response of structures to seismic
excitations s a very wide subject and-tne relevant pubtished
literature is voluminous. The objective of this survey is to highligﬁf
some of the published work that is related to. the s;ecific areas of the
present studx’and to introduce to the reader some of the concepts
dlscusséa in thé‘subsequent chapters. These areas are the modelliqg of
Inelasticity, the representation of the ground motions, and the effects

of torsional coupling on the inelastic response of structures. The

brganlzation of this survey follows the same logic according to which
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the research developed fn the subject of inelastic response of
" structures. For ¢his purpose, the survey is divided intc the fol lowing
sections: (i)planar modelljgé; (ii) three dimensional modelling; (iii)

.spatia)l combination rules; and (iv) effects of asymmetry. -

The first qﬁhtlon reviews the early studies on the inelastic

response of structures to seismic excitations. These planar analyses

simplified the problem by assuming that it was sufficient to

independently analyze the structure along {ts principal axes of

-

resistance subjected to horizontal ground motion acting one at a time.

However, recognizing that such assumption might be an oversimplification

gnd it might l1ead to underestimate the response, more elaborate analyses

which consider the simultanecus action of the different Eombonents of
the ground motion on three-dimensional struétural models havg been
reported. These studies are reviewed in the second section. Another
approach to complement the findings of the planar model 1ing anal yses was
to devise approximate schemes to combine the independéntly obtained
planar responses so a; to estimate the total response. Tﬁéfdevélopment
of such schemes is discussed in the section on spatial combination
rules. . o

Asymmetric structures with torsional coupling are one example. in
which planar modelii;g fs 1nadequate. Anélyses examining the effects

of asymmetry on the fnelastfic response of structures are reviewed in

» the last section of this survey. o

]

1.2.1 PLANAR MODELLING :
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Planar mocdel ]l ing of the problem of the seismic respanse of
fnela§tic strﬁctures has been the subjgct of many studies éither on
single story or mult! story structures. lﬁ such model 1ing, only one ;‘
horizontal component of the ground motion is aéLlled to the structural -
model. Even with the reduction in the amount of calculation by virtue
of assuming a planar model, the complegity of the problem ﬁgqulres
Further simplifying assumptions. Among the assuﬁptlons which are common
to many. studies (40, "54, 55) are the following : (i) J&e shear beam
idealization, in other words, floors are assumed to be rigid and the
inagastic act if:m is confined to the coludmns; (ii) the # umped plasticity
assumpt fon, under thch the formation of a plastic hinge is restricted
to specified sections along the column Eeight. usual iy the;hd ;;:?lonva
where maximum stresses ére-lfkely to occur; and HJl)the elasto-

plastic idealization of the nani inear behavior ofq%lements.

Less‘rest?lctlve assumptions were adopted by other studies.
Clough et al (10) examined & tall'bulldlng in which bo o] g o d
de£§.undergo inelast-ic deforMations. They indicated the

*

effectiveness of the strong-column;wea@-glrdér design approach in
. '

‘réduclng the ductiliity demand. According to this approach, columns are-
ﬁestgnéd to remain essentfally elastic while girders are designed to be =
responsible, For.dlssla:jlng the lnput energy through ;\elastlc behavior. :

Instead of restrlctlng the inelastic ;Etlon to the formation of
a plastic hinge, Hen et al {56) allowed the' spread of plasticity over a
finite length of an inelastic cantilever beam. As a result they

observed some reduction in the amount of the plastic drift. However, it

was concluded that the syétem response did not seem to be overly



L)

sensitive to such parameter,

Jnsofar as the ideal izatioa of the material nonlinearity, s
general class of inelastic behavipr which is similar to the Ramberg
Osgood relatiogipip was proposed by Jennings (18). ‘It inciudes the
elasto plastic and the bilinear relationships as special cases. These
modeig can-best describe ghe fnelastic dyélic behavior of steel

structures.- For reinforced concretg elements which exhibit stiffness

deterioration with load reversals, simplified degrading stiffness models

“were proposeq (11) and the effect of this feature on response was examined

..

¢
(9,10,

-~

[*

'Within'the Frémework of p!aﬁar modelliﬁg It.is possible to
Incﬂpd? other effects in aédltion to the-singlé horizontal component of
the éround motion. Lopez and Chopra (25) considered the simultaneous
acffonrof one hoiléon 11 component and thgfverflcal qomponent of

ea;tﬁqugye excitations on a sihgle story fnelastic structure, They

. concliuded that the vertical component has.ﬂittle effect on the lateral
‘ .

geFormations of the structure. éravity effects, or P-4 effect. however,
coul'd be an 1nFlué%cial parameter in enhancing the collapse of yielding
structures under certain conditions as shown by Jennings and Husid (l?).'
For fall strgcéures with low design strength, th?re fs a high potential

of col lapse tue to the P-a effect. -

[~ -

1.2.2 THREE DIMENSIONAL MODELLING :

Planqpanglyses assume implicifly from the outset that the
effect of the simultaneous action of the two horizontal components of

the ground motion together with the interaction of the resistance

-

> -



properties Iin the plane perpendicular to the one being analyzed are
insignificamt. While this may be valid in the case of the simultaneous
‘action of one h;r!zontal component and the vertlcél component as was
shown by Lopez and Chopra {25)., it is not expected to be the-case when
considering the two horizontal components. Since these two components
can bg equal ly sevére, then their simultaneous appl fcation can cause
iimultangous yielding of some resisting elements. v, T et
To study the force intérqction.eFFect on»the fnelastic behavior
of structural elements, Nigam (34-36) in his leading work attracted the
attentfon to the fact that, even for simple fnelastic elements,
ignbring interaction effects is unrealistic. -~ In (34), his mafn
contribution was to bridge the gap between the éeneral theory of
fnelastic members under combined stresses pﬁeseqted by Hodge (15} and
its application to the case of dynamic loadings. In this theory, the
concept of a yield surface or a plastic potential is used. The
yield surface expression s a function of the general}zed forces acting
on the element. In addition to the existance of a yield surface, a flow
rule which controls the grbwth of the plastic deformations should be
assumed before the stiffness matrix reiating the incremental forces and
displacements can be found. The reader is referred to Appendix A for
. more detalls on the derivation éf'such matrix .
Nigam alsc considered the response of single méssvtwo degrees of
freedom systems to two horizqnta{ components of base excitation. Under

sinusoidal base excitations, he observed that including interaction

enhances the energy dissipation capacity of tbg system and as é result

3



t?e steady state displacement response is feduced for most of the ranée
of the excifing to system frequencies ratic. Using an ensemble of five
pairs of artificial earthquakes records, the mean displacement response
was presented for systems of naéural periods ranging between 0.25% to 2.5
sec. Over most of the pericd range, the effect of interaction was not
pronounced as compared to the standard eléstoplastic response. More
discussion on Nigam’s work can be found in the subseguent chapters.

Subsequent to Nigam’s work, a number of research papers ;ere
published (24, 27.;37—39) addressing the problem of inelastic spaie
frames. A formulation based on the kinematic workhardening flow rule
I's presented in (24, 37). Mora (39) also simulated the gravity effects
by assuming a worksoftening material. ,

In recognition to the severe damage to the reinforced concrete
structures during the 1971 San Fernando eartthake {38) which could not

be explained using inelastic planar'analyses. extensive work has been
. -

done on the biaxial bending of inelastic reinforced concrete columns (1-

3, 46). The main effort is on extending the available degrading

stiffness uniaxial models (11} inte the two dimensional case.

1.2.3 RULES OF SPATIAL COMBINATION :

One deslgn/;%proach to find the maximum responée of a structure
to a multlcomponént/excitation I[s first to eva;uate independently the
response to each cohponent excitation deemed significant and then
combine these spatial effects usiﬁg some épproximate scheme. This Is

analogous to combining the modal responses of an elastic multidegree of

freedom system using the modal combination rutes. While the latter has

\_\
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been receiving considerable attention (57), it was only recently, with
the growing concern over the effect of the simultaneous action of the
different components of the ground motion, that the spatial combination
rules started to attract some attention (4).

The SRSS rule, widely used for modal combination, was the first
to be proposed for combining the spatial effects (33), If Qij is the
jth response parameter (dispiacement, moment, et;. } due to the
independent application of the component J of the grouna motion, then

the combined Fésponse Q; is given by
m
Q; = (leq,i y1/2 . _ (1.1

where m {s the number of components considered in the analysis, This
s
rule is based on the stochastic treatment of the problem. Assuming the

fnput motions to be Gaussian processes w%th zero mean which are

1

statistically independent, then the responses of Fn elastic system to
such disturbances will be of the same nature and the meéan square

deformation is proportional to the variance. Under these assumptions.
L
the variances of the effects of the diffeqpqt components are additive
. N ) .

and so are the ‘squares of the responses.

If,in 5 +two dimensional case., the two horizontal components are

further assumed to be of equal fintensity and tg have identical spectral
shapes, identical effects QJ (j=l.g) are dbtqined. Then it fol lows from
the SRSS rule that the'combined response Q is equal to the response to
one component Q] times v2. In other words. the two dimensional nature
cén be aécounted Fo? by increasing the unidirectional respoAse by 40%.

Rosenblueth (44) replaced the quadratic expression in Eq (l.1}, .

/
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which defines. an ellipsoid In the response space, with a |inear

expression
o='3: a0 T3

In which the combined response is given by a }inear comblination of the
responses to the individual components Jj. Factors aj are obtained so as
to minimize the errcor due to the linearization of the quadratic

expressibn and are found to be given by
a| =] 3 aj = 0.3 for j)qu (’,

According to this rule, the combined response Is equal to the maximum
response due to cne compenent plus 30é‘g§ the responses due to other
componénts. .
!
it should be pointed out that these rules are based on the
assumption of the statistical independence among the different
comﬁénents of the ground motion which was first introduced by Penzien
and Watabe (41). Hence these rules do not account for any correlation
that exists in actua) recorded gnsund motions. In additioh, the
combinétion rules are derived on the basis of elastic response
conditions. Nevertheless, they have been applied to the cases in which-
1nelast1; 3ctiop,takes place. The consequences of such app]lcation

Is »

remafn. an open question, .

Ll

1.2.4 EFFECTS OF ASYMMETRY#:

It is well known that both translational and rotational motions‘

3
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are induced in asymmetrical structures when subjected to seismic ground
motions, Most studies on the lateral-torsional response probiéﬁs assume
the system remains in the elastic range (20, 2], 50). Under strong..
shaking, i1t is likely that many of the resisting elements will be

excited info the inelastic range and the nonl inear hysteretic effect

from inelastic action will affect the laterai-torsional résponses of the

system. The onset of yielding markedly influences the response of

asymmetric structures by : (1) lengthening of the structure periods due

to reductions in its stiffness, (2) formation of hysteresis that leads

to absorbing energy, and (3) migration of the centre of resistance of

the structure with respect to time; The complex interaction between

these effgcts is éompounded by the irregulaf nature of the éarthquake

excitation.

Little work has been' done on this subjecé using single story
models (6, 16, 22, 23, 45, 47, 49, 5]-53, 58), and even less has been
done to address the full scale problem of multistory buildings (5).
The prime concern of these studies s to evaluate the peak ductill;y
demand of the resisting elements. Edge displaceﬁent. as an index of the
nonstructural damage, is also investigated (6, 51}.

The models used in these studies can be broadly classified into
two groups :

(1) unfaxial sfrength mode'ls {6, 16, 49, 51, 53) in which the resisting
elements can offer ;esistance only in one direction. The contribution
and the interaction o;’;he resistance in the perpendicular direction are

ignored.
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(2) biaxial strength models (13, 45) in which each c;}umn is represented
by two independent piecewise | inear springs. It was pointed out (45)
that ‘the occurifnce of yielding in one direction affects thesresponse in
the other direction. Basea ;n this observation, the {nteraction between
column forces in yielding is considered fn (52, 58), and the concépt‘oﬁ
the yield surface is used as the yield criterion. 4
The main findings of these studies are dlscusSeﬁ in the
fol lowing.
< (i) Effects of lﬁteraction:
Kan and Chopra (23) replaced the multi{ element eccentric

structure with an equivalent single-element model for inelastic

torsicnal response calculation, The single element is located at the

Tinitial location of the center of étlffdéss of the originail multi

element system. For this single elemknt, an interaction éxpression is
obfained in terms of the overall tarque and shedr at the element’s
location. The main effdrt of this study was to simpliFy~the_multi-column

problem to the single elemedt model. Clarification of the effeats of

interdction on the overall system resﬁons’es»was-only*theg secondary

objective. Yamazaki (58) considered a four ,column eccentric model
subjected to the two horizontal components of(zssprded ground motion;
Comparing_the elasto-plastic and the elasto-plastic with finteraction

L

responses he concluded that fnteraction does nof necessarily lead to

larger ductility ratios as compared to the case when interaction is ignored.

(ii) Excitation Level :
The displacement response of an' inelastic asymmetric structure is

an increasing function of the excitation level.

n
.

/)
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{iif) Pseudo Regonancet:

Assuming elastic behavior, this refers to the amplification of
the rotational respénse [f the uncoupled torsional to latera) freguency
ratio is close to unity provided the system eccentricity is small (20),
This phenomenon however seemslto lose its impact on the response in the
p.resen;.:e of imelastic action. It is shown (6, 51, 53) that this case
does not lead to extra large values of the ductility demand in the
inelastic response of asymmetric structurés. The reasoh {61) is that
due éo yielding in the "system, the "effective” Freqﬁenéﬁes of the system .
are detuned even tqspgh the initial uncoupled Frequeﬁcies are equal,

This observation however differs from the finding given In
(22). ‘Kan and Chopra (22) have carried oug'a parametric study to
éompare the elastic and inelaétic responses of a singlte mass
monocsymmetric system under horizontal earthquake (E1 Centro 1940) ground
excitation and _concluded that the torsional coupling eFth depends

significantly on-the uncoupled torsional to lateral frequency ratio,

being most pronounced for systems with this ratio close to unity.
R .

{iv) Nominal Eccentricity :
Tso and Sgdek (51) examined the inelastic response of a single
' story model consisting of a rigid slaS supporﬁea oy three differgnt‘
frames whose stifFﬁess properties control the value of the system
';:;entricity, Using two actual earthquake records (1940 El Centro and
952 Taft), it was found fhat eccentricity has the effect o% incregsing
the ductility demand by a factor of two‘and'the edge displacément by a

factor of three as compared to that of a symmetrical system, Bozorgnia

b,
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and Tso (6), using a similar mode!l to the one described above, further
indicated that the effect of eccentricity becomes very significant in
the case of stiff structures with low design yjeld strength.
Irvine "and Kountouris {16) studied the" inelastic response of a
aimple torsional 1y unbalanced model consisting of two identical frames
/supporting a diaphragm and the eccentricity js obtalned there}n by
shifting the center of mass of the diaphragm. They reported that the
ductility demand on the most stressed frame fs rarely more than 30%
greater thaq that in é simifar but symmetric structure and they reached
the conclusion that the peak ductility demand and the eccentricity of
the structuré are only weakly correlated. -
There does.notlappear Eo be a common concensous regarding the-

importance of eccentricity on ductility demand at the present time.

{v) Frequency Content of the Ground Motion :
. . ¢
.Tso and Sadek (53) pointed out that the ductility demand depends
to a greaf extent'on_the frequency content of the ground motions,

particularly in-the period range beyond the elastic period of the

+

structure, This. is consistent with the observation that the effective

natural perfiods of systems which are excited wel 1" into the tnelastic
range will be elongated beyond their initial elastic period.

In the iight of this information it ts possible to characterise

ground motions based on the general shape of the associated elastic

-

acceleration response spectra. Bozorgnia and Tso (6) examined the

fnelastic response of asymmetric structures to two types of ground

motions. Ground motions of the first type are those which exhibit very



irregylar accelerograms and whose Freguency content decreases in the
long period rangei_The other group consists of ground motions having
some predominant long period components and as a result thelr elastic
response spectrum exhibit pronounced peaks In the long period range.
Since inelastié action leadé to elongatign.of the system period,
Bozorgnia and Tso conc luded that excitations of the Second type wll)’
"induce substantial deformations in the yielding structure. Thgﬂ}BgB\
Parkfield and the 1977 Rbmanla earthgquake records are.used as examplesl

of the second type.

1.3 OBJECTIVES AND SCOPE : |

Based on the remarks in Sectlon 1.} and after reviewing the
available literature imSection 1.2, %ﬁé following objectives are set
forth for the present investigation.
(1) To clarify ghe effects and assess the significahce of including the
interaction effect 1n.thé inelastic analysis of structures so that the
designer becomes better Informed about éhe limitations of the inelastic

ﬁd/ | .. '

-

planar modelling.
(2} To provide guidelines as how'fo account for the bidirectionality of
the excitation ;sfng urifaxial planaf responses.
‘(3) To clarify the role of the system’s parameters of asymmetric;l
buildings in their inelastic Iateral-tOfs{onal responses.

The scope of the present study is confined to single story
buildings subjected to the two horizontal components of the ground

P
motion., ~+Buildings with both symmetrical as well as monosymmetrical’

Bl
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configurations in plan are studied. 'To.accomplish the stated
objectives, the study is organized as follows. In Chapter 2, the
behaQior of inelastic columns under biaxial bending is discussed using
sinusoidal excitation. The concept and the signiFicancg/oF the
interactfion effect is first introduced using an ldealized ground
motion. In Chapter-3.-the eFfe;ts of the interaction effect are
discussed for inelastic symme?rical systems subjected to earthquake
_groﬂnd'moti;ns. In Chapter 4, the inelastic response of asymmetrical
buildings‘subjected to earthquake excitatfons is dlscusséd. Aé the end
of each chaﬁter, a brief summary of the analysis I's presented together
with the conclusions obtained pertaining to that partlcdlar chapter,

} )
Chaptep 5 provides an overall rreview of the work done and the

conclusions obtained in this fnvestigation,



CHAPTER 2.

SINUSOIDAL RESPONSE OF INELASTIC COLUMNS

SUBJECTED TO BIAXIAL BENDING

-

2.1 INTRODUCTION : )

jColans in 10w'r}se bui ldings can be often model led as members
subjected to biaxial bending only. Axial loads caused by overturning

momehts are often :;;;?T‘aﬁg‘can be ignored. 1In this chapter, the steps
. . 5 .
of calculating the response of inelastic columns subjected to biaxial

bending are presented. These steps are‘: (i) the derivation of the

;feid'cgitqﬁion that takes into account the interaction between ﬁhe two

- acting bending moments; and (ii) the formulation of the associated,

éfiFFness matrices. Coluqu.of both circular and [ sections are
considered in this chapter. |

The sinusoidal fesﬁonse of the inelast;L golumn; with the
interaction effect included or ignored is examined. The present wsrk is
based on the study.by Nigam (34, 35) with the objective of
substantiating its findings on the significance of interacfion. The
equation§ of_motfon are presented in normal ized form and the contrelling
parameters are identified to be:.(i) the sinusoidal input frequency to
system frequency ratio; (ii) excitation level; and (iii) the phase
angle between the two input motions along the principal structural axes.

' t

The effects of these parameters are discussed. The ‘conservatism of

simple strength interaction formula in design codes is discussed as

17
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applied to the dynamic response of. typical | sections.
\\
2.2 YIELDING IN COLUMNS UNDER BIAXIAL BENDING :

Column¥ In actual bulldings are usually, subjected to 2
,combinatLoh of straining actions, For example, at the joint 'bf .two
. . S, _

intersecting frames, the column {s subjected to biaxial bending,

torsional [oments, and axial loads. lﬁ theory, all these_straininq
" actions should be_incorb&réted into the vield crfterion éf the column.

For low rise buildings, the.gffect of the axial Loads on columns'ig'leSS
.Impoftant as compared to that of bend!ng“mohents and 1t Is permissible
to meéel the inelastic behaviour of the éolumn by taking* into account
the biaxial bending only. This simqliffcétlon fs adopted in the present
study and yielding caused bg bi§xi§1.bendlng moments js considered for a
member with an idealized [_secti;; and a circular';:cti;n.

3
L)

2.2.1 YIELD cuRves-: P

Tthéolumn is assumed é; be subjected to bending moments Hl and
92 along ;ts two principal axes. If {he cofumn {s assumed to be fixed
at both ends, shearing force along one direétion is given by V};éﬂilh
(i=1,2); where h is thg column height. Let Hpi be the plastic moment
capacity of the ;section in Ehe ith direction. Then the hﬂastfc shear
capacity can be defined as fo=2Hpi/h. The interactfon expressions are
most conveniently presented in terms of f, and f3 which are the
normal ized shearing - forces with respect to their respective plastic

capacities Vpl and sz. Other straining effects such as axial forces

and torsional moments are fignored.

.
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Seberal'assumptlo 5 need to be made to simplify the ana[ysls.
These assumptions®are: (1)/the partial plastlficationkof the section is
lgnored. lnlother words, th; section is assumed to change from the
elastic state inko the fulfy plaﬁti: state or vice versa. (2) Material
Lé_assumed to be glasto—p4astlc with no work hardening properties. The
significance of the.wgrk hgrdénlng becomes less imporfant in a dynamic

analysis than ina s;atlc one, This ismainiy due to the presence of
the Inertla[ fofces whose céntribd£[on dominates over the contribution
of the stiffﬁess—related forces. (3).A stable plastic material is
assumed according t; Drucker’s deFiniFion (12). {4) The material is
assumed to show neither stiffoess nor strength déteriorations when,

subjected to load reversals. 'l

I .

IDEALIZED 1~SECTION ;; ¢ ) .

The computation of Eg; xleld curve for an actual | section can
be great]y simplIFieJ'By‘considerigg an ideal 1zed séct{o; as §pown in
Fig (Z.IL. This idealizea sgction is obtained by ignoring the web and
assuming Eﬁe FlénQES to be rectangular sections. The consequences of
ignoring the web om the interaction egpression wi[l be. discussed later
in‘thiz seckion. For this Idéallzeé section, the lower bound approach
(15). Is employed to derlve the yield functidn ¢. In this approach, a
fully plastic stress distribution is assumed and then the stress

resultants. satisfying this distribution are found. 'Assum}ngliero axial

forces, the neutral axis (NA) passes through the centroid of the cross
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section (CG) and divides the cross sectionai area into two egual areas.
On either side of NA, the yield stress oy is uniformly acting in
compression or in tension. For any orlentation of NA which {ntersects

the flanges, the fol lowing expressions of moments Hx and Hy are obtained

-{1~a)H N(x) 8

e = S [ 7 (-o)ydy + [ (o))y dy) dx
-H ~B CN(x) .
H N(x) B
+ s (-oy)y dy + f (ay)y dy] dx
(l=a)H -B N{x) o .
(2.1)
—(1-a)H N(x) B ]
M, = J [ f (-o)xdy + f {o,)x dy] dx
YTy g Y VN(X) y .
H N{x) B
+ I rs (—ay)x dy + [ (oy)x dy) dx
(I-a)4 -8B N(x)

where N{x) is the equation of NA and is given by vx where v is the'slobe
- of NA, and a = tg/H where tg is the depth of the flange and 2H is the

web depth. PerFormfng the integration with respect to y gives

.

H ~
Me= oy S (B2=(NGO)Z) dx
{1-a)H
(2.2)
. H . :
M, =-40 S %X N(x} dx
4 Y (1-a)H :

-

Substituting with N(x)=vx inte Eq (2.2), and integrating with respect to

x,there is obtained
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—
Hlet o, W313a(8/M)2 - vE(1-(1-a}d))
3
3 3 ' (2.3)
Hy=—%ay wH?[1=(1-a)"] |'
Let the plastic moments pr and pr of the idealized section be given by
M. = 2 o,aHB® .
g - 2 (2.4}
pr =2 OyH Ba(2-a)
L} j -
M LS

Normal izing "x and Hy in Eg (2.3} using pr and pr respectively gives.

1 v@ i~{1-0)3
. my, = I - - >
3 (H/B) a
§2.5)
2 v él,—(l-a)3
m, = -
3 (H/B) a(2-a)

.

.

where m, and my are the normalized acting moments. Eliminating v from

both equations in Eg (2.5) gives tﬁe Fol'lowing interaction expression

L]

2 =1, ' (2.6)

4 1-(1-a)3
The value of the bracketed term in Eq (2.6) is presented in Table (2.1)
as a function of a =tg/H. [t can be seen that sufficient accuracy is
maintained 1f the bracketed term in Eq (2.6) is replaced by unity. .Thus

Equation (2.6) reduces to %
m, + .-5.3 =1 (2.7)

Next it 1s required to express the Interaction equation in terﬁ!s of the

~

* m—p—
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Table 2.1 The Variation of the Bracketed Term in Eq {2.6)

with Ratio a
— 2
a=te/H {(3/4) _S.(_E_Sl_s_}
1-{1-a)
0.1 0.999
0.2 0.996
0.3 0.99
0.4 ¢.98
" 0.5 0.96
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“

normal ized shear forces acfing on the column. Let the 1-1 and 2-2 axes
be the local axes of the column cross section along which the normal ized
shear forces f} and f, act respectively. As shown in Fig (2.2), the
f) and f, components will produce the minor and major bending moments m,

and my respectively., Thus Egquation (2.7) can be written as fol lows
p
|'F1| + ‘Fz =1 (218)

The modulus sign in Eq (2.8) accountslfor the negative values of -

The derived expression has the simple form
£+ f7 =l
which describes a family of yield curves, Exponents p and q depend on
t;;? geometry of the cross section. For the idealized | section, p=1 and
g=2 . ' In general, the direction having the |arger exponent, direction
2 in this case, corresponds to the strong axis bendiﬁg. Since fy is
-
always less than unity, then by rai%iggait to 8 higher power, its

contripution in the interaction expression decreases. This is to

" reflect the larger resistance in this direction.

- .
- o i r

v . "

EFFECT OF IGNORING THE WEB

The ratio of the.area of the web (A,} to the area of the flanges

{Ag) is used as é measure of the relative importance of the web in the

'

evaluation of thé plastic capacity of the section. For the idealized

~

section in which 2?& web is completely ignored, this ratio (Aw/AF) is

equal to zero. hen and Atsuta (8) considered the web in their more
. 1) - -
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Vs

elaborate analysis of | sections. They presenteﬁ interaction
‘expressions for two sectjons, a Jlight section W8x3] with ratio A, /Af =
0.3, and a heavier section Wl4x426 with ratio A_/A¢ = 0,25, For both ]
seétions ' p-=l. however q was found to be equal to 2.45 and 2.18 for the
1ight and the heavy sections respectively, As expected, inc'l uding the
-web leads to la;ger values of the exponent g in the interaction
expression. '_I'ﬁis implies that including tge web contribut.ion makes the
difference in strength in the two principal directions more distinct.
The interaction curves of these two sections (8) together with that of
the ideal ized se;:tion are shown in Fig (2.3). It can be seen that the
error Introduced due to ignoring the web is not large particulalrly for
the heav_y [.section. Moreover, the approximate expression predicts
1 ower .strepgth capacity. hence it is more conservative at least from the?

static point of view.

CIRCULAR SECTIONS

For cir'c_ular sections,solid or holfow. the interaction

expression is available in the .I iterature (34) and is given by

fF2efia . L (2.9)

LOWER BOUND AND UPPER BOUND YIELD CURVES

Y

The lower bound yfeld curve is the oné that admits the maximum
possible finteraction and it can be obtained based on Drucker’s

definition of a ‘stable plastic material as one exhibiting a
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. 1.0
1 8x31 (q =2.45)
} W L4x426 (q =2.18)
: 0.8
IDEALIZED (q=2.00)
I SECTTON
.
0.6}
R [PPSR .
1 g _
0.2t N
o | ! I
0 0.2 0.4, 0.6 0.8 1.0 ;
: _ . 3

Fig (2.3) Yield Curves of the Idealized I-Section and Two Typical I[-
Sectipns
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convex yield curve. Th;zrefore. the Jower bound vyield curve is

compc;sed of straight‘ 1ine segments, .i.e. of zero curvature, connecting.
points f= +1 as shown in Fig (2.4). Also in the same Figure, the upper
mest yield curve is.shown. It corresponds to the case of no
interaction, {ﬁ other words the eleﬁent is al lowed to reach its full
plastic capacity jn‘each direction independent of the state of loading
in the other dfrection. The yield curves for symmefrical sections of
dif%erent éhapes are bounded by these two curves, Therefore, they will
" be re?erred to as the lower and upper bound yield curves in this study

for ease of identification.

2:2.2 STIFFNESS MATRIX [S]®P i
It Is essential for response calculation purposes to derive the

stiffness matrix.which relates the ‘incremental forces and dIsplEgements

at the ends of the fnelastic column. |
In planar Formulatfons.ile.when interéction is ignored, the

stiffness matrix of an elasto~plastic element is given by the following

diagonal matrix . : ~

(] - [51‘ 0 ] . o _— ¢
. 4
0 . = . ‘. -
where the coefficient sy {1=1,2) either takes on the val%f)gg the

elastic st{ﬁﬁﬂ?ss ki wheh the force in direction 1 is lower 'th )thé
. . ,
uniaxial strength of the element in the same direction, or*it is equal

to zero otherwise. .

By



UPPER  (NO INTERACTION) 4f5=Va/Vpa

LIMIT—\

'CIRCULAR SECTION I-SECTION
. ) . . ) ) ' 2
(F2% %=1 |+ )=

Fig (2.4)  Yleld Curves
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If interaction is inciuded in the Formlulation. the elasto-
plastic stiffness matrix [S]1®P can only be obtained .af-'ter deriving the
interaction expression ¢ which defines the yieid properties of a section
in terms of force components. The theoretical basis of this
formulation is outlined in a general form in (15), and is applied in
(34). For completeness, the“Formulation of matrix [S1®P is included in
Appendix A in the present thesis. -It is given in terms of the

derivatives of ¢ with r’é\épect to the force components as fol lows
['Sl SL2] . -
S21 sz Jd° :
' G )
| , e /vy

kika .
= (Z.10)

) e () 2
e e BNy ()
\ aVI avs ] BVZ /

~where V, (j=1,2) are shear forces in the column in the l-1 and 2-2

(s]®P

directions. ltl can be ‘'shown that determinant I{8]%P| ‘s invariant and
is equal to zero. This is a manifestatiqn of the no workhardening
assumption used in this studx. Under this assumption, yailrues oﬁ
larger than one are inadmissible, i.e. A¢ = 0, when conti&uing_plastic
loading s taking place. Deter’mi.nant I['5]ep| would have taken on
positi.ve or n;gatlve values {if workhardening or worksof-‘tening.
respectively, was assumed‘in the formulation (?9). . J

N
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In the special case when the elastic stiffness in the two
directions are the same, i.e. kj=kp=k, the sum of the diagonal terms

which is given by

3 k- 2 2
172 e a
sp+sp = : /(_fL)'+(.fL) C(2.11)
d 2 Y ) 2\ 3V1 v 3V2
“(57:) 2 (55
BVl 3'\/2
also becomes invariant for all inclinations®of the force vector ¥ in

the force space, and the.sum reduces to s)+sp=k.

-The variation of the stiffness coefficients with the angle of
fnclination ® of the force vector f in the force space, can be
demonstrated most conveniently by considering a column with a circular
section whose yield curve is also circular. The stiffness coefficients
can be represented in terms of 8 using the following relationsﬁfps

f1/é = cos 8 ; and fa/¢ = sin @ s
Then sy and sz can be shown to vary propeortional to sinze and cos?Ze
respectively, and $12 varies as (-sin8 cosB), The variations of these

" functions are shown in Fig (2.5). It can be seen that incl'uding.

interaction leads to considgrable variations in the coefficients of the

stiffness matrix as_contrasted to the case whenfnteraction is ignored.

-

3

2.3 SINUSOIDAL RESPONSE QE COLUMNS :
2.3.1 EQUATIONS OF MOTION :
A simple structural model consisting of-a massless inextensible

~

column carrying a rigid mass m at the top, is used as an example for
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response calcuiation due to the bidirectional dynamic base excitation as

shown in Fig (2.6a). . The column is assumed to be clamped at both ends;
the deformed shape of the column in one plane is il lustrated in Fig
(2.6b).

The moticn of the mass due((o’ base excitation ijgl and :lgz along
the principal axes of the column, "can ‘be adequatgly described in terms

of the general ized digplacements vy and v, as follows ’ ‘

m o 07V v Ugq ()]
TR e
Q m VZ Vz ng(t)

where Y is the restoring force vector. In incremental form, 1forces and

displacements are related as fol lows

AY = [S] ay S ' | (2.13)

»

where [5] is the coiumn"stiffn.ess matrix which is dependent on the-:
resistance function aSsumed and the stat,g of stresses. Two types of

fnelastic behavior are considered herein.
) »

Type(1): Elasto-Plastic with No Interaction (EP)
In this case the column can be model led as two independent elasto-
plastic springs in the I1-1 and 2-2 directions, characterized by load

deflection curves as shown in Fig (2.7). The column stiffness matrix

is given by . _ o g

(S1<rs, o ,
] (2.14) :
0o sl ‘ |




N

-

Fig (2.6} Column Hodel_

(b) DEFORMED SHAPE

"33
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Fig (2.7)  Unlaxial Load-Defiection Curves of the Column In Two,
Directions
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where Sy= kj or 0 depending on whether V; is less than or equal to Vpi

respectively.

Type(2) Elasto-Plastic with interaction (EPI)
If the interaction between the two latq;g;:fpmponents of the shearing
force Vl and V, is considered, the yield criterion is given by the yield

curve ¢. The column can be in one of the f@llowing conditional states:

(1) Elastic: the column is said to be elastic if é<I

[S1=[S)%=rk; 0 ¢ |
[ . (2.15)
0 RJ :

(ii)Piastic: if ¢=1 and the incremental plastic work is pqsitive. then

the fully plastic state is assumed for which

[51=[5]%P=[S5]®-[S)P

where

| 2
K7 (i) klkz(i) (i_) 7
!

{S1P (2.16)

2 2 .
¢ ) ¢ .
k - +k - a 2
() * (57) b)) )
av,/\av, - Navyl .

As for the excitation to the system, the ground motion Is
given by two lateral components of Sinﬁsoidal waves along orthogonal |,

directions. The two waves have identical acceleration amp!itudes, A,
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and Frequencies.ms., The wave along the 2-2 directfon lags the one in
the 1-1 directlon by an angle p, These components are expressed as
follows

\
Ugy(E) = A sinlugt)’
“ . (2.17}
ugz,(t) = A 5in(m5t+p) by

=
Equation (2.12) can be put into a nondimensional form by
dividing the first and the second rows by Vpl=kl5l and Vp2=k262

reépectively. there is obtatned

i 0 u F rsin{w t{
[ 2] i"’ +ul '%: ~uf 3 : (2.18)
0 l/ygd tup fa. (r/Bg)sin{ugt+p)
where
! Ul. Up = Vl/61, Vz/&z; '
fio £ = V|/Vpl, Vl/szi

lﬂl. ﬁ!z = Jk]/m' szlm:

Yo = uzlul; and B, = szjvpl.

'

The hondimenslonal ampl itude r is given by A/Ay], where A is an

yl
acceleration value which will cause the cdiumd to Just reach yfeld in
direction 1-1,independent of, direction 2-2. In other words, Ayl=vpl/m'
The ratio r serves as a measure of the intensity of the excitation,

Furthermore, if 'a nondimensional time varlable t=ut is
introduced, then Eq (2.18) can be rewritten as fol lows

rsin{nt)

= _{ {2.19)
YE /8c)rsin(nttp)
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‘q“‘

where n is the excitation frequency to the column natural frequency

ratio, ang dots represent differentiation with respect to 1.

SYSTEM PARAMETERS :

’

For a column of ciﬁculér cross section, the column has
identical stiffness and plastic capacit; in the 1-{ and 2-2 directions,
i.e. y.=! and Bé=l. then équation (2J9) indicates that the controlling
parameters are

{n Excita;ion level 'parameter' r; its value ranges from 0.5 to

1.0 in this Study.
///)’ (2) Excitation to system frequency ratio n{ values of nz in this
study range from 0.1 to 2.0. -

{3) Phase angle p; values between 0° and.90° are assigned to p.

.

:3 Ltf
ENERGY CALCULATIONS «
"From,Eq (2.12). the equilibrium of forces in one direction i

can be expressed as fol lows

The present model has a movable base which Is excited by Eg,. However,
the above eduation which is expressed In terms of the relative

displacement coordinate vy, Can as well describe a system with an

. immovable base and whose mass Is acted upon by a force (‘mag|)- Hence

the following energy calculation accounts for the relative energy
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quantities only. Let the system of forces in Egq (2.20} undergo an

' " fncremental displacement dvy, then the work done.by the system is given

by

“

m;{dvi t Vydvy = -mag(dv1 To2.2n)

Integrating Eq(2.21) from at-rest conditions to the point that the
displacement of the system is equal to vy yields*the following ene;gy
. [ I
equation
V' - Vi V'{ -
S mvldvi + f V‘dv; = [ —fugdv (2.22)
0 0 0 et™™1,

llﬁ"tﬁfq equation, the first term represents the kinetic energy Eki- and

. the second term is equal to the sum of the strain energy stored in the

system Esi and the energy dissipated by plastic deformations Epi- The
right hand side of the,equation gives the energy imparted to the system

in direction i, fll‘ .Hencé. the equation of energy balance in direction

_is which shoold be satisfied at any time instant, is given by

.~ ' ] ¢
g +(Egp + Epg) = Epy (2.23)
To facilitate * the .evaluation of the energy integrals, the following

change of variables is made -
. vi

Epq = f v dv
ki = 4 ™1 avy
- _ vy ' A .
Egy + Epy = 5 Vitdvf + ov) (2.24)
S
E” = {) Mugivy dt e

T~
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Y L

" In the second integral, the fncremental, displacement dv; is decomposed
. * T .

‘into its elastic and plasti'c components to allow the separation of the

strain energy and the plastic energy quant{ties. Substituting
: ~

dv?=d\li/k1 and simplifying the above integrals gives

By = mv2/2

Egy = VE/2k, (2.25)
-
€y = é Vi dvf

Normalizing the above expressions with respect to the eiastic energy

capacity in directién I Ee|=k|6f/2. and recognizing that uj=v;/&; and
Fﬁvl/‘l/iai' gives

By = (Qy/ep? . ]

Egy = F§ (2.26)
o

Epy = 2 f fy duf

pi =

Adso normalizing Ejj with Eqy and writing Uyj=Asinugt gives "«

t .
Epy = 2 6 rsinugt g dt | . (2.2m

The energy expressions in Eqs (2.26) and (2.27) can be expressed in ’

terms of 1 and its derivatives as fol lows ?
= o
i = uy
2
Esi = fj
(2.28)

u
fpr =21 Fy duf

.
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h . " .
Elf =2 f rsinn1 u; drt
"0

The energy integrals are numerically evaluated using the trapezoida)

. rule. a

\
2.3.2 INTERACTION EFFECTS :

Te study the interaction effect, the sinusoidal response of the

slﬁgle mass system with a column of a clircular cross section {3
computed, first with interaction inciuded (EPI} and then with
interactfon effect tgnored (EP). Other parameters of the model are
2 =0.8, r=1, and p=30°9. At the steady state stage, the displacement

responses u), and up can be expressed as fol 1ows

uy blsin(nt)+upl

1

n

Uy b251§(n1+p)+up2

where displacement ampl itudes bl' by and permenant_sets ”pl; Up2 aret
§1lustrated in Fig-{2.8), With no Intgractfon. the stgady state
Arespon%e in directions 1-1 and 2-2 are {dentlcal except %or phase
differences due to the nonzero value oﬂﬁghe phase angle o in;tnd input
mot fon. Includlng interaction however leads to significantly different
iespénses in the two directions as shown In Fig (2.8b). Figure (539}-h'
comp;kes the hysteretic behavior in the two case$. With no interaction,
the top figures show the well known elasto-plastic hyste;etlc behavior.

On the other hand, the bottom figures shoWw that interaction influences

‘o : ;
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the stiffness properties of the column in the two directicns depending
on the relative position of the force vector f Fro; the yield curve. To
clarify this depéndence,. the locus of the tip of the force vector in the
FI"FZ space is included in Fig (2.9)., While the tip of the force vector.
remains inside the yield curve, as in segment | to 2, the coll@‘n re'rnalns
elastic and possesses full elastic stiffness {n the two directicns.
Reaching the yield curve at point 2, the column s said to.be in the
plastic state and awthe force vector sl1ips downward from point 2 te
point 3, f| increases and Fz decreases along the curved portions 2-3 In
the respective force-displacement diagrams. Once the force vector
dep_arts from the yield curve at point 3, the column starfs unloading
with elastic stiffness indicated In the hysteresis as straiéht ! ine

segrents 3. to 4. Similarly, behavior can be Interpreted up to point 6

in the figure.

. ﬁ\ !

EFFECT OF YIELD CURVESﬂ THE STEADY STATE RESPONSES ~

One important effect of shear forces interaction in erleIng of
the column is the reduction of the force level at which inelastic action
is initiated. Using columns model led wlfh different ykle‘ld curves and
subjected to sinusoidal excitation with phase‘ angle p=0%, Figure (2.10a)
shows the shear force level when the tip of the -force vector first
reaches the yleld curve. For the upper bound yield curve corresponding
to the case of no interaction, this For'ce'le\_fe} is given by fl=f2,-_1_ In
other words column will not yield in one élrec’tion until 4ts uniaxial
yield strength in the same direction is reached. For lower yield

. ) . ‘
curves, this force level decreases being m!nimum,‘for the lower bound



'/ .
. x>, .o
(] UPPER BOUND (O CIRCULAR
: <> LOWER BOUND T I SECTION ,
b R —F<_ | T .
NN P *
- NN ~<
N ~
~ ~
8 N ~ ~
— N \\ ~ rudf
\\ ~ \\
~
ol ~ Q
N ~ n \\
61 N _ .
N\ E\\ N
o N
AN N
AL N \
R N
. \\ . AN
RN AR
\ »
2 . k,) N \
T y N AT
N\ \
. N \1 &
N\
\
o) ] 1 | ] N @
0 2 4 .6 .8 |
. f1
*

£ Y

-}



1.5

“
(] .UPPER BOUND (O CcIRCULAR
(> LOWER BOUND ° . » T T SECTION
1 T 1 ! 7
Ve
p: O-O . ‘ /,’B .
- 4 —
r=1, 2..8 -
m=-8 I/O
&
- R 7 L -
- //
s R
/ -
/
| L e .
. /
7
/ i
/
v __Ih
= P )
/
/
/ e
A | | |
.5 1 105 2 b1
O ~

46

Fig (2.10b) Steady State Displacement Amp) {tudes b; and b,i Phase

r

Ar;gle= 0
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yield curve, f1=F2=0.5. If other parameters of the model are taken to

be n2=0.B. and r=1, Figure (2.10b} shows the steady state displacement

amp | {tudes b1 and bj. It can be seen that‘ displacement response
P i

correlates with the yield force level. The lower the yield level, 1‘

" smaller by, by responses become. With t'he !ne(éstic behaviox: initiated

earlier in the time history of response, more energy is dissipated
s .

through hysteretic behavior at earl ler stages and the dlsplacem:ent
response 'Is eventual Iy reduced.

A more fnteresting case Is provided if the sinusoi‘da‘l"exci ation
in the 2-2 dl;ection lags tl'1e one in the 1-1 direction by p=909. Ffor
this ;Shase angle and using a circular yleld curve, Nigam (34) showed
that:-continuous plastoic response wk\l occur. In other words. once the
tip of the force vector reaches the yieid curve, it will remaln thereon
indicating that the column top and bottom end’ sections remain fully
pﬁstlc for the rest of the excitation. [n order to examine the effect
‘of using a different y'eld curve on th!s behavior, the FI—FZ re'sponse
curves for systems with different yield curves are shown in Fig (2.1 )
—One can see that the situation of the continuous pla'stic response is
independent of the shape of thé yield curve being used. For the upper
bound yleld curve, i.8. no interaction, this situation .means that the
column reaches tts plastic capacity in one directicn and it remalns‘

plastic while the other dﬂ'ection remains elastic and vlce versa, Shown

in Fig (2.12) are thg b; and 2 responses for these cases, and the

and b, remain unchanged as '

fol lowing observations can bednad

{1) With no Interaction;
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+—Fig (2.11) f,-f, Response Curves of Models with Different Yié’ld
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compared to those at p=0°. In fact. the displacement ampl itudes are

{ndependent of the phase angle. Varying p will only affect thg sequence
of plasttic lpaaing arlt_:i unloading in the 1-] an;:!KZ-—Z directions.

(2) Unl ke the case wltﬁ p=0°, amp | itudes b and b, obtained using the

lower bound yield curve are higher than those correspondin? to colv'umns
<0f cirr_:ular or 1 sections, This can be attributed to the observation

that if a lower, yield curve is being retraced —;u)'ing excitation, as In
¥ the sftuation of coﬁtinuous ;.:lastlc loading, this will result in thinner

hyfteretic loops and In turn a lesser amount of energy can only be

dissipated per cycle of loading, This eventually leads to a larger
response. This observatio;w is illustrated in Fig (2.13) by showing the
- steady state hysteretic loops of models with different yleld cumses,
\The:ie loops are extracted from the/c.omplete hys‘teretic response

» calculation. The area enclosed by any of these complete loops is
equivalent to the plastic energy dhsip@ per one cycle of loading

(E

p)‘ For each case shown in Fig (2.13), the value of Ep is also
-

presented in the same Figure. Comparing these values c;onﬂrms that the
lower bound yield curve leads to the smal lest value of enbrgy dissipated
per cycle, and in turn to the largest response as compared to those of

R ‘
circular or I-section yleld curves.

.

- To.

EFFECTS OF THE EXCITING FREQUENCY AND AMPLITUDE :

-

L ')_ ) .
So far the discussion has been 1imited to models with frequency

ratio parameter. n2=0.8. and excitation tevel r=1. Howev‘er. it can be

»

seen Frrom"th'e normal ized equations of motion in Eq (2.19), that the
A}
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response s dependent on these parameters. To examine their effects,
the frequency }esponse curves of the displacement ampl itudes of models
with different ylfeld curves are shown in Fig (2.14). Response curves
are shown for two values of the excitation leve! parameter r=0.7 égg l.
Phase angie is taken to be 90%, for which case all yield curves will Ieaq
to equal displacement amplitudes in the two directions. bj=by=bs except
for the I[-section yield curve.- The fol lowing observations can be made.
(1) Consider the curves in Fig (2.14a) with r=0.7. The model with no
lnteracylon shows a typical softening behavior as deplicted by the shift
of the peak to the left #way from n=l. Including interaction enhances
the.softening effect even further, The peak eccurs at a value of n2 as
;OH’ES 0.25 %or the model with the lower qu?E\XiEId curve, for the |
;ection model, by is larger than b; because the section is more flexible
in the 1-1 direction.
(2) Increasing the excitation level to r=1, all models with interaction
effects included exhibit the unbounded type ;F response. On thelbther
hand, the one wtth no interacflon stfl] exhibitg a curve with bounded
response. In fact, it is shown f34) that such a model wlll exhibit
unbounded response at a higher value of excltation level, namely r=4/n
This shows that Including interaction yll | conﬁ!derably fncrease the
steady state displacement response in the low frequency ratio range
over that of the conventional elasto-plastic mode}. Agaln, for thig
. a
range, the lower bound yfeld curve leads to the largest responses.
(3) For both values of r, resQ?nses of models with circular or I—sectloq
yield curves can be ‘conservatively estimated by those obtained using one

of the two limifipg yield curves, namely the lower and the upper bound

oo
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yield curves, depending on.the frequency ratio. For low frequency
ratios, displacement responses can be approximated by those based on the
lower bound yield curve. For large frequency ratios, an elasto-plastic
model with no interaction will lead tc a larger response and ean be
adequately used to apﬁroximate the interaction effects. The transition
value of nZ between these two approximations varie; depending on the
excitation level r. With r=0.7, this value is as low as r|2=0.4 and it

becomes even |lower for the larger value of r=I.

2.3.3 ENERGY INPUT : : ‘

Let the,sum of thqlégergy input in directions |-l and é—z dufing
one cycle of loading In the steady state era of response be denoted by
EI' Figure (2.15) shows the E] response curves obtained ﬁsing dlfFerént
yield curves and with phase angle p=90°. Response curves are shown for
two levels of excitation r=0.7 and |. For both cases, interaction

increases the energy input response for low values of ratio nz. The

: 3
largest increase is observed for models with loyer-bound yield curves.

Thé'opposité;howeVen~H\::ue for large values of n2. In which cases,

fgnoring interaction 1eads to larger energy input per cycle response

Values._ The limit&_of the frequency_ratio ranges for fhe;e two -

situations again vary depending on the excitation level r. ’ '

2.3.4 EMFECTS OF PHASE ANGLE p :

The varfation of the steady state displacement amplitudes bl and

¥ »

A

- m——
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by with the phase angle p ranging 'From 0° to 90° is shown in Fig (2.16)
for models with n2=0.,8. and r=1, With a"circular yield curve, equal
amp ] itudes b=by=b are observed for the‘ two Eases of p=0° and 90°.

In the first case. i.e. p=0°, Nigam (34) pointed out that since (¢
Identical excitations rsinnt being inputed in the -1 ;':md 2-2
directfons, an equivalent one dimensional problem with excitation equal
tc‘> Y2rsinnt along the 45 degree direct’i'on wi.l‘l give the sahe total
response as the original bidirectional excitation problem. It Is
obvious then that the components of this total response along the
original axes should be equal.

For the other case with p=90°, Input mottons in the l-l' and 2-2
directfons are given by rsinnt and rcosnt respectively. The resyltant
excitation is then time invariant and is given by the parameter r. L
Figure<rz.l7) shows the locus of the base motion to be a circle of
radius r. The '_two input motions are completely uncorrelated In this
case-. Also in Fig (2.17), the locus of t'he- top maés motion is shown to
be another ciré%f of radlus.b. It appears that since the input motions
in the two directions are completely uncorrelated, tﬁere i{s no
redls@:ributlon of the energy Input, and hence equa_l‘ responses are
obtained in the two directfons. For other values ;f p. the input
motions are partial |y correlated and the energy redistribution affects
the response by fncreasing the response in one direction and decreasing

it in the other. e

Let the radial dlsplécement amp | 1tude br be defined as fol lows

b = max [(blsinntlz + (bzsin(n1+p))2]l/2
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. |
Usingethis expressidh, it can be shown that for p=0°, or completepy

correlated motions, br=J2b. and for p=90°v or completely uncorrelated
métion:[ b.=b, for intermediate values of p, Figure (2.16} shows the
radial amplitude.b, to "be decreasing function of p. This uniform
decrease in b, can be ascribed to the logs of correlation between the
input motions as ’'p grows from 0° to 90°.

N \ilth. Interaction fgnored (EP); amplitude b becomes independent
of the phase angle. Its value {s found to-be larger than the maximum
amp | ltudepbm that an equivalent model with interaction can have over the
" range of the phase angle p from 0° to 90° (see Fig (2.16)). To estimate
the max{mum steady state amplitude with finteraction overl this range of

R ,

the phase angle\ using the amplitude b, calculated . by neglecting

interaction, the rathr_bm/b fs shown,in Fig (2.18) as a function of nz

!

fotr different yield curves. Two useful observations ca‘n_be méde .

»

.First, 1t can be seen that the ratio b,/b is.insensitive to the yield

curve used.’ In other words, the max!imum effect of the phase angle on

. -
-the displacement amplitude is insensitive to the shape of the yield

n

curve. Second, for frequency ratio paramet;er nz greater than 0.6, the
ratio bm/b has values very close to unity. This suggests that for this

" N -
range of frequency ratios, an elasto-plastic model‘wil] give a good ’
) , .

‘estimate of the steady state amplitude. '

2.3.5 RESPONSE OF TyplcaL<i—seCTioNs : = = v
,'u In designing columns su_bJeéted‘ to statl;: blaicla'!l: ;e ing
effects, des!_gl:i codes (42) suggest to use the straight |ine st'rgg,

L.

\' I e
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Interaction formula Fl+f2 when evaluating the ultimate capacity of the

-

column. This approximate formula s known tg result in conservative

desfign of such columns. An equivalent approach in case of dynamic loads
N : .
Is to approximate the plastic capacity of the column in the four

quadrants of the force space with the lower bound yleld curve, The

degree of conservatism of this apprpach- when appl fed ‘tc;'colt.;mns of

S

actual cross sections is-examined in the following. Two typicai rolled -

I-sections, a heavy section'Wl4x370, and a tight sectlon Wid4x82, are ©

cons ideréd for this purpose. Te dimensions of these sections are \

presented in Table (2.2}). The ratio of major to minor ;Slastlc capacity

(Bg) is 1.99 and 3.06 for the heavy and the 1ight sections respectively.

Assuming the same fixed end condltions in the major and the minor
dirgttions of the column, the ratio of the stiffnesses fn these

ﬁ(ctions (Yd,is 2.73‘and 5.96 for the heavy and the 1ight sections
‘respectively. _‘

The steady state displacement ampl itude t:>l of twd columns having
these sectlons as cross sectlons in requnse to sinusoidal excitation
with p=09, Bd r=0,7 and 1 are shown in Fig (2.19a,b). In this flgu;e.
curves obtained using y|_eld curve derived earlier in Section 2.2.1 for
the ideal ized I-sectfon as well as the Iower bound yield curve, as an
approximate calculation. are presented. Except for the ca;e when r=1}
together with Jow Frequengy. ratios, the straight line approximatiohof the
curved ]-se‘ct'for; yield curve w;l | give a8 good estlmate-pf tI:\g steady

state displacement amplftude. For the situation when r=1 and nz is low,
o

the approx Pma/t:té'alculations prg?jict a larger displacement response.



” -

Table 2.2 Dimensions of Twoe I-Sectloms (Inches)
2H 2B te t,
WiaxB2  14.31 10.31 _ 0.85  0.51
W14x370 17.92 16.47  2.66 1.66
28, tg = width and depth of the flange;
2H, t, = height and thickness of the web.

64



- .
72
T l T g
') W L4x82
PHASE ANGLE = 0.0
g.ol -
.
g EW
Y Y] ’
[£3] Py
a
5 6.0 | ¢ APPROXIMATE CALCULATION  —
= » (LOWER BOUND YIELD CURVE)
t .
n
E 6
= 4.0 ]
[N
wn
2.0} -
i
b.0 ! 1 I
\ 0.0 0.50 * 1.0 1.50 2.0
2
n

FIg (2.19a) Comparison of Frequency Response Curves dF the Light I-
Section (W14x82): r=0.7, 1.0 and p=0

. ) : . L 4

~

) *
- -



*
: W 14x370 .
[
/umsn ANGLE = 0.0,
8. - _
-y .~
s} . t *
)
| A Y
=2
= ¢ APPROXIMATE CALCULATION |,
Pl
w 6. (LOWER BOUND YIELD CURVE) —
-
o]
<
@
4. =
"‘
2. 1
0 0.0 I | 1
. £ 0.0 0.50 1.0 ( 1.50 2.1
’ a2
. , n
L
L C —
d’ - £
Fig (2.19b) Comparison of Frequency Response Curves of the Heavy -
) Section (W14x370); r=0.7, 1.0 and ¢=0
t -
’ » ]



2.4 SUMMARY AND CONCLUSJIONS :
v
.

In this chapter, the dynamic response of co I*.umns having cross
{

sections with two axes of symmetry and subjected to biaxial bending 'due
to sinusoidal base motions along two orthogonal horizont jrections
has been discussed. The intention is to'gain insight as/to the effects
of including interaction in the inelastic analysis of columns under
biaxial bending. In addition to circular columns, which were considered

by Nigam (34), columns having | siections are studied. An exprgssion of

-

the yield curve for an idgal ized l-sectio‘n is derived and compared with
~other investigators’ work. . Factors such as the shapé of the yield
curve assumed and the pha§e angle betw;en the two inpu't motions are also
discussged. Col umns are model Ted efther as two independent elasto-

plastic springs in the two lateral -d&g(%ictions or a yield curve which

. L]
accounts for the interaction between the two acting bending moments fis

assumed. The response parameters are the steady state displacement
amp 1 {tude and the 2nergy input per cycle of loading. " The results are
presented in the form of frequency response curves. Based on the

results presented in the chaptert'. the following conclusions can be made.
? , K
1. For systems with large ratios of excitation to system

[y

. frequencies, including the interaction effect has the tendency to reduce

the steac.ly state displacement response. For such systems it is adequate

-

to consider the elasto-plastic responses. ) .

‘2. Interaction becomes significant for systems r(ith |l ow

d -
l

~
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frequency ratios particularly with high levels of ex€itation.
lncluang interactionleads to a _large increase of the steady state
. : -

displacement response over that of an elasto-plastic model. 6;; this
situq;ion.é conservative estimate of the response can be obtatqed if

the lower bound yield curve, which admits maximum interaction, is

R

|

assumed for the element, considered.
‘ &

3. Varying the bhase angle between the two input ainusoidal
waves leads to the redistribution of energy in the two orfhogonal

~
directions of the syq}ém when the interaction effect is intluded. The

redistribution of energy causes the response in o

increase and in the other to decrease. The maximum effect of the phase
. T ] ‘ ‘

angle on the displacement amplitude is insensitive to the shaqg of the

yield curve assumed. In addition, an elasto-plastic model will give a

s

good estimate of this maximum displacement amplitude provided the

. v
frequencies. ratio is large (nz)O.GL

'4. Using a circular yiedd cu;ve. Nigém (34} ;EBhed analytical ly R
that a situation of continyous plastic response wil 1 occur at a phase
angle equal to n/2. 'it has been shown numerical ly that this type of
behavior is independent of the shape of the yield curve assumedé"’a;en-

the phase angle iﬁ equal to u/2, the system is subjected to an

»

_ . ]
excitation whoge resultant remains constant with time and is equal to

the amplitude of the component excitation.

N

. A T{

5. For columns under static biaxial beﬁding. the use of ahﬁﬂ*:
approximate 1inear strength interaction formula%leads to conservative

design of such columns. Under dynamic loads, an equivalent approach is
. . P
- ~

b}

o b mm—



to use the lower bound yield curve to represent the plastic capacity of
q .
the element in the force space. Comparing the approximate calculations

as applied to two typical rolled l-sections, it is found that the

straight.line approximation of the curved [-section yield curve gives s

/good estimate of the steady state disple‘;t':ement ampl itude except for the
.2

4 situation of low frequency ratio combined with high excitation levels.

/-‘—\
In such situations, the approximate estimate can be very conservative

compared to the more accurate estimatg - _ <
VAN

Ir :



P . CHARTER 3 ) .

RESPONSE OF SYMMETRIC STRUCTURES TO

EARTHQUAKE EXCITATIONS

3.1 INTRODUCTION : 4 S ¥

[t 1s common practlice suggested by design codes that a three
‘dimensional sthructure sub_]ected/te'mmtlcomponent earthquake ground
motions can be analyzed by first csnslderimg planar responses to :,ach
ground motion component one at a time and ther‘1 these responses are ’
combined to give thegfinal responses. This procedure grebtly simpl if‘iejs
the analysis of a complicated problem and it has’ its val ldl?y ba.5€d on
the 5uperpos‘ftion.pr1nciple wl:l applies in the elas&&;ange,&b
response. Although th_ls concept is strictly val I? for e)astlg response
conditions, this procedure-is often used In analyzing the inelastic
responses of structures. Among the primary effects 0Qer‘,‘looked in
applying such a8 procedure in the fneladtic range are: .(l) the effect of
forces interaction on the yielding properties of the resisting eiements‘
(type of the resistance function); and (2) the eFFegt of the
sfrnul‘taneogs actlion oFJ- various components of :he ground motion
(combinat fon schemes). o : /\

The consequences of neglecting these effects on the inelastic
response sré examined In this chapter for structures havirg two axes of

’

symmetry In plan. Specifically, a s)}mmetric ‘single story model

’

consisting of a rigid slab on four coiumns.,ls used for this purpose.

omy
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-

The Inelasth behavior of the column is‘taken to be elasto-plastic when
eing deFérméd in one direction, and the yield criterfon is prescribed
b¥ a circular yiefd curve when subjected to simu | taneous deFoFmatlons in

" two horizontal directions. In this way, tQF effects of forces
1

tnteraction on yielding properties of the columns {s taken inte account.
To avoid the conclusions obtained being dependent on the particular

ground motion record used, an ensemble of five pafirs of orthogonal

--horizontal components of recorded earthquake records is used as the

lnput'ground nnﬁjons.

After derfving the equations of motion in a form suitable for
earthquake response calculations, thg effects of force {Interaction are
3xamlned fn detail. The resﬂghse parameters of interest are the
ductility demand as defined by the ratio of the maximum displacement Ep
the yield deformation, and the energy finput.

Approximate methods to qstlmaté ducﬂ{ligy demands are then
discussed. One method is to combine thé.tué-planar elasto—plastic.
responses aé&oﬂhlng to schemes avai%able in. literature. Anqéper mEthoq .
which requires only+the elastfc.response of the systgm is propo;ed. The )

v e .
accuracy of these methods is examlned._ [

The consequences qf‘leFerence In.nafural perfods in the two .
dlrections‘a;e then discussed. It\is shown that the orientation of __

directions of excitation with respecﬁ to the structural axes becomes a

siganicant parameter {n th\s case. ' .

. -

3.2 EQUATIONS OF MOTI

Consider a_single'£
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. ) -
’
.
L]

{

mass m and of a8 squara shape in plan wiéh dimsnsions D by 0.. The deck
fs supported on four circular section columns on rigid footings locatpd
at the extremitlies of a équare of dimensions a by & as qhown'ln Fig
(3.13. In this part oflthe study, the structural model is assumed to
have a symmetric conFi.Lration 56 that the center of mass (CM) and the
center of stiffness %%%}-are coikcident. The qefﬁ;mation of the
structure is adequately dgscrlbed by Qe and‘qy
displacements at CHM relative to the base. The equations of motion of

» the two ans |lational

this model when subjected to the two horizontal components of ground

motion in the x and vy directiodg‘ ng(t) and Ggy(t). can be written as

~ follows

[M] {3} + [c] (&) + (Q) = ~[M] {Gg(t)) 8.1
where ) ’ -

{ay = Qyr Q) |

(01T = Cgyft), Ugy(t)

M) =m [1); [1] Is’the igentity matrix;

{Cl=2kmruw, O " f
[0 uy] - . l .

and § is the fractional critical damping_ln both x and y directions.

{Q} 1is the\réstoring force vector, dx and w, are the “natural

frequencies of the model along the x and y directions resbectlvely. Wy

is taken to be proportional to 0, with a factor 6f préﬂs?tionality y: in
-~y

other words, .u = ¥ Wye T T /[ . L.
a » :

For inelastit responselcalcplations. the -incremental form of Eq

—

¢

-

T m
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(3.1 Is used, namely ' P s
(M) a(q} ;[c] a{a) + [Ky] Ala) = -[M] a{uglt)) (3.2)

. -
where [Kt] is the tangential global stiffness matrix of the system °

S * *
assembled: from the individual updated column stiffness matrices [S]; as
i . L : RN .
follows ~ W .
4 . -

(K] = £ [5] I : ‘3.3
el = I B (f”'_“j . , |

The elements of [S]i depend on the resistance function assumed gnd' the

state of stresses as explained ear|i&r in Sectdon 2.3.1. ©

-
.

Aquation (3.2) can be put Into’a dimensioniess form as Fpl\lows_

~a

-

Fx and Fy are ’:he system yield stréngth along.,the x and y axes

- ™. . ; - . :
A(u) + 2Eu, {1 ol a(0) +'w [Ky) A(u) = ALB) - (3.4)
. s 0 Y -
where o L : .
. T * . . - - 0 - . . .
u)" = <a./8,. ay/e: .
. [(Kel = [Kp1/Ks
’ a =211 e . -
o A(G) (s) A{ug(t)}. ~ .
and [8] = [63( 0 ] .
0 6y ¢ ' < N
L and Gy are the overall-yield displacement of the system along the x
-y
and y axes respectively and given by : &3
&, = F /K, i and dy = Fy/Ky a .. . -

respectively. The ratio of the yield strength In the y direction.to the’

L] - L4

[

N




! ~
one in the x direction is denoted by B.

EXCITATION TERM {G)

. To introduce equivalence among responses of structures yith
different natural periods to g}ﬁund Totion Eb(t) or among responseé to
different earthquake records, a normal fzation factor in acceleration
unjts should be applied to ag(tL Obviously, this normalization factor
shou kd be a measure of the streng?h of the g}ound excjtation. Since
there does not exist a unique way to quantify the strength Bf ground
motion, different parameters have been used by different researchers as
the normatization factor. Thgse parameiers can be grouped into: (i)
struétural period !ndependeﬁt parameters such as the peak ‘ground
acceleration .ng or the root mean square a;celeration Gnns.(Bg). and
(i1) structural period dependent parameters such as the elastic spectral
acceleration Sa (17.\5]) or some derived inelastic spectral acceleration
Sap (22, 5B) of a specific ground motibn.. These alternétives are shown
in Fig (3.2) for the case of the N5 component of the 1940 E1 Centro
earthquake record. The drawback_rn usfng parameteés in group (i) Is
that these parameters are structural period fnvariant. As a resu]t,;
they tend.?p overestimate the anticipated eartthaée force levels for
intermediate and long perlod systems as comparéd to those for short .
period systems. The strength supply necessary to keep the ﬁystem
elastic Qhen~subjecteg to these forces {s in turn overestimated, An
improvement §s achieved by using the spectral acceleration of a specific
earthquake, This approach can take fnto account the specifics of a

particular ground motion, however it lacks resémblance to actual design
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pragtice. . R

Usiﬁg a émooth‘elastié specﬁrﬁm f?r_norma\{za%ion purpéses would
overcome the above ment{oﬁéq shortcsmiﬁgs. In this study a smooth
speetrum S; is used. The shape of S; is such that }t is flaﬁ/fd?;;>
petiods T;SO.S sec” and inversely propért}onal to the period ForlTx>0:S
:'séc. :1n the flat portion..the.ratlo S; to the peak ground accelera}ion'
Ggm' is assumed to I;ave a value of: 3.6B. This value correspords to ?‘.he
amplification factor suggested by Newmark and Hal)l 4341‘?dr'ﬁ.5;
critical ly damped elastic system. The variation of the ratio S;/aén is
shown in Fig (3.3) as a function of natural period Tx'

Writing (Ug(t))= S5 (lg(t)), the excitation term (G) in Eq

{\
(3.4) can be written as

@7 = R W2 @gt), 0, (v2/B)Tgy(t) (3.5)
. -~
where -
R =mSy/F, o : (3.6)

With R=1, ms; fn Egq (3.6) can be considered as the reqd!red strength of
a lightly damped simpie oscil lator.so thét ft will Just reach yieia.
when subjected to a grodnd motion having a spectral acceleration value
of S;. Larger values of R correspond 'tq the case of structures whose .
desjgn étrength capacity is lower than the élastic strengfh demand and
. ‘Hence these systems will llbe excited Wnto‘the inelastic range.

. Therefore, R can be considered as a strength reduction factor tn the

desfgn context. - T
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SYSTEM PARAMETERS :

Unless otherwise mentioned, the symmetric model studied is

considered to have identical properties in the x and y directions. In
’ o TTN—— . ) '

terms-of the system parameters, this means

Fy=F;x (B=1). n.)y=ux (y=1), and 6y=6x. ) ‘
The lateral peerd T%zZn/mx‘is varied from ‘0.1 sec tb 2.2 sec. 0.5% of
critical damping 1s used to reﬁresent the viscous .Fomponent of energy
pissipation ﬁechanism in the ;ystem. 'This_value 55 consistent with the
level of viscous damping assoclated with the selected smooth design
spectrum (31). .

The rgﬁapnses of elasto-plastic models‘(EP) and the elasté-
plastic ﬁodel§ with 'interaction effects included (EPI} are%itudied.' In
the EPI mode !, yiéld[ng propert;gs of columns are prescribed by circular
yield cu?ves as discuésed in the previbus chapte}.

Two Walues of R are used herein,.-namely R=3 and 5. With R=3,
the sygtem‘hag a design st;ength which Is one third of the elastic
strength demand and the system will be moderately excited into the

fnelastic range. The largé} value.of R indicates that the design

strehgth of.-the system {s considerably lower than the elastic strength

nd and the system will be excited well beyond its elastic |imit.
NUﬁER[CAL ]NTEGRATION H
r
The equations of motion are solved numerically assuming 1inear
variatioh of the accelefation over a short time increment At., To

saﬁfsfy the stability conditlon of the numerfcal method, At is taken as

Pl
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iOZ ;ec. but not.moré than 1/30 of the Initial elastic pericd for,
systems with very short periods; say T, €<0.2 sec. Equilibrium iteration
Is performed using the Newton-Raphson technique to reduce_ghe unbalanced
forces to an accept;bly small value. In the case .of EPI response,
speclal care Is requdred to prevent any premature unloadlng off the
yield curve. An efficient numerical scheme is used in this regard and

the details of this scheme are given in Appendix B.

3.3 ENERGY CALCULATION : - - _

From Eq (3.1), the equilibriumof es indirection i (i=x,y)
is given by ' :

mai +'C‘EI' + Q[ = *rp‘ﬁ'gi . ) ' (3.7)

Multiplying Eq- (3.7) by dq, and integgating, one can obtain the energy

equatian as follows
G .
{)mq'dq + ! ciqidqi + f Q[dq‘ ,6 ﬂ'll..lgidqi {3.8)

In }his equatfon, the integrals represent, respectively, the kinetic
energy (Eki)' the energy dissip;ted by viscous damping (E ;). the sum-oF
the strain energy stored (Esf) plus the energy dissipated by plast!c
deFormation (E i)' and the ené;gy 1hparted to the system (Eli) in

direction 1. Changing variables of lntegration in Eq (3.8}, one obtains

Q. t, - toL
m S qidq; + ¢y I.Q¥dt + f (QidQF+Q{dQ?)'='I fmugiqidt
0 0 0, 0
e :;] (3.9

where dqf and dqP are the elastic and plastic components of the

W
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displacement incfement dq. Hence it s possibl to evaluate Esj.and Epi

separately. Normaﬁ]zlng Eq (3.9) with resé%ct to the elastic energy

capacity in dlrecfién i, Ee5=Kid¥/2. and recognizing the following
4 relationships o+

ci=2mfw, daf = dQ;/K;

. =

Ugj = Sa Ugi » R=m S;/F[. and . p
§ = /s \\x
then the normal ized energy expresgioni are given by
Eyp = (0;/up)? )
Eyi = (4E/uy) ! u? dt
- _Eﬂ'=af - (3.10)
Epy = 2' 1" G, ot
. t .
Epy = 2R é ugy ot - .

The chenge in these eﬁérgy quantities over the time interval from t to

t+At isTevaluated using the trapezoidal rule as follows

-

BE,; = [WR(t+at) - UE(t)1/wd
BE ;= [U2(t+at) + UZ(E))(2E At/w))
sEgy = [@f(teat) - Q301 | NERTY
BE; = [T (t+at) + Ty (t) J[uf(E+AL) - WR(1)]
BEp; = [lg; (t+AE)G(L+AL) + Tgg (E)O(E)IR At
3.4  EFFECTS OF INTERACTION :’ o | !

In the fol lowing sections, the sfgnificance of interaction is

_examined. Attention is focused on duct!lity demand, permenant set, and



energy input as the resgonse parameters for comparison.

3.4.1 DUCTILITY RATIC RESPONSES :

Ductility ratio along certain direction is defined herein as the
ratib of the absclute maximum displacement to the yield displacement In
ihé same‘dlreciion. Let w, and u, be the ductility ratios For-thg x and
y directions.  They are defined as ' . R

My = max fu,(t} , u, = max ldy(t)l

b4
Shown in Fig (3.41 is the variation of ductility demand‘ux
against lateral period Tx with quce interaction included (EPI} and
ignored (EP). The two horizontal components of the 1949 Olympia
earthquake records are uséduas input. It can be gssp that when the
structure has a design strength one‘FiFt? of the elastic strength demapd
{R=5), intefaction causes s#gnificant increase in the ductility ratio u,
in the short period range, whereas the EP and EP] responses become
practfcally the same fn the ang.period range. This frend can..be
explained by examining the detailed response chefac;eristics in both
ranges. Figures (3.5) through (3.8{ show'the details of the
displacement response of the EP and EPI systems with periods 0.1 and 2.2
sec. | - |
Figﬁre (5.5) shows the time history of displacement response;
u,(t) of a lang period structure with T,=2.2 sec. Both the EP and EPI
responses are shown. In each c;se. the'fésponsq,fs'mainly vibratioﬁal

in nature; the plastic drift contributign—ts_Qsly a'minor part of

the total displacement. From the similarity bet_w'éef‘\g_ag_gp and EPI
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résponses . It ahpears thaf a“yieldlng structure with a long period is
quensitlve to the the %urther reduction in its strength capacity that
cccurs if interaction is includéd.

On the other H;nd. Fngre (3.6) shows that a shqrt period
structure (0.1 sec) ha§ different ‘'response characteristics.. First
consider the top FTgu?e showing the EP response. 'lt can be ;een that
such é short perﬁﬁq strqcture with ltow desjgn strength (R=5) experiences
large plastic d;iFt which constitutes most of the\qlsplacement response.
The vibrational part of response has on{y minimal contrib@tions.4 When
interaction effect Is included, the plastic drift Is substantially
fncreased as shown in the bottom figure in Fig (3.6). While the plastic

drift at the end of ground motion is less than five times the yleld

\ disblacement for the EP system, it Is-increased to more than ten timgs

when‘fﬁteraction effect is included. Therefore, short pertod structures
with low Qesign strength are prone t6 exhibit large p{éstlb drift and
sensitive to the effect of interaction. Including the interaction
effect could lead to sub;tantial.lncrease in response over an equivalent
EP response In thiﬁ s{tuation, *

| * The hysteretic behavior of the above cases Is-shown in Figs
{3.7) and (3.8). For the long period structure with'Tx=2.2 sec, the
hgstereth»behavlor Is;characterized by a number of complete wide loops
signifying the vibrational type of response as shogn in Flg (3;7L
0jfferent from the straight elasto-plastic hysteresis developed in the
EP system, Interaction causes iess regular hysteretic behavior as shown

ifn the bottom figure In Flg (3.7). The hysteretic behavior of the short

period -structure fis characterized by a large number of thin hysteretic
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h=5, T =0.,1 sec

Fig (3.8) Hystéref_:.ic Behavior of the EP and EP! Models; T=0.1 sec and

“R=5 :
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loops. These small loops are incapaple of dissipating much of the
energy in t;e strdcture. This is compéééated by slzable plastic drift.
as an alternative mechanism of énergy dissipation.

. S0 far the effects of interaction on the displacement response
are-discussed when the structure is exclited well into the inelastic
range (R=5), These effects however aré strongly dependent on the'ievel
of excltation..'The EP and EPI responses to the Olympia ground motion
for the case when R=3 is shohn in Fig (3.9). Compared toc the previous
case with R=5, the displécement response is considerably reduced for the
EP system, and 1s.reduced even Furthef due to interaction particulariy
in the short period rénge. fherefofe, it appears.that interaction

becomes less significant on the displacement response Fo:"labrate levels '

of excitation. .

N

Energy Transfer : . ) ' ot

Allowing interaction in the model means that the béhavior in one
direction affects.the response‘in the.ofthogonal éirect!on; and vice
versa. One 1ﬁt;res§ing consequencé is that par£ of the Energy imparted
in one direction can be transfered to the orthogohal direction. An
example of the energy tranfferiis.preée;ted in Fig:(é.loi.ﬁ\lt shows the.
varistion of duct!lity ratio u, agalnst T, for the EP and EPI cases with
R=§.- In each case .the NS and EW component of the 1940 E{ Cenﬁro
earthquak; records are acting along the x and y directfons respectively,
IF can be seen that u, for the EPI cése is noticeébly l1arger than that

of the EP system, even in the long period range. In that period range, -

the EW component of the EI antr6 ground motfon acting along the Y

.
~ - - n
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direction becomes stronger than the NS component; as Indicated in Fig
(3.11). Because of the coupling of motions in the x and y directions

P
due to interaction, the response in the x direction is affected by the

- EW component. This increases the response of the EP] system over the

equivalent EP. system,

,  3.4.2  AXISYMMETRIC PROPERTIES OF THE EPl SYSTEM :

.

For structures subjected to seismic excitations, the angle of
orientation eg of the axes of ground motion with respect to the
princjpal structural axes (see Fig (3.124?-?5 a random parameter. The
orfentation that gives the maximum value to some response quantity
should be considered in design. A related problem [s to determ[ne the
resistance that can be offered by the structure along directions
dIFFerent_?rom the principél directions. Both stiffness ahd‘strength
resistance functions need t§ be considereq?

Consider a symmetric structure with identic;l circqlarbcolumns.
The.yielding of each column. {s described by a circqlar yield curve. The .
ovéiall'stifﬁness a;d'strehbth resistance functions in their respective
planes are shown in Fig (3.13). The axisyhmetry of the resistance
functions of the .system implies the axisymmetry of the response. First’
let us define the normalized radial displacement u.(t) to be given by
(uﬁ(t)+u§(t))”2 and the radial ductility ratio u. as the maximum
value of the normalized radial disg}acement. i.e. up=max lupg{t)|. It

should be noted that the radial displacement does not occur aloﬁg a

fixed direction. In fact its direction varies with time and at any time

&
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t, it is given by arctan(uy(t)/ux(t)). A1s0, let the resultant of

Uqy (£) and U (t}), the 1-1 and 2-2 components of loading be expressed in
Y1 Yg2

polar form as P(P(t),8{t)) with magnitude and angtle given by

P(t) = [(Gg,<t>)2+(682(,t))ZJ‘/Z . a2y
e(t) = arctan[ugz(t)/ugl(t)]
Now, {f this system of loading s assumed to.act on the axisymmetric
structure at two arbitrarily different orientations, it is expected that
‘the radlat response will be 1dentlcal'Ty/both casks, Thls is due to the
well known fact that the radjal response of axisymmetric models Is
independent of the oriegtation of the applfed load provided iths
magnitude remains unchanged. Therefore, for an axisymmetric structure
where identical stiffness in two major axes exist and whose yield
properties can be described by a circular yield curve, the radfal
response should be independent of the orientation of the ground motion

axes.
Let us consider the inmelastic response of the system with T =1

. sec and R=5, when subjected to the two horizontal components of the [949

Olymbia earthquake ground motion. Thre; valugs of the orfientation angle
84 are considered, namely 0% 30°, and 60°. Figure (3.14) shows the
displacement response u,(t) and'uy(t) along the x and y directions
respectively. It can be seen that.the response along fixed directions
such as the principa} structural axes is strongly dependent on the

orieptatfon of ground motions, In fact, with interaction effects

included, the time variations u,(t) and uy(t) corresponding to any

" orfientation 04 can be related to u,(t) and Uyo(t) evaluated for eg=0°,

by the following régatlonal transformation v

,,4’*\\\
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(3.13)

u, (t) |:eoseg sineg] Uyoft)

uy(t) fsineg coseg uyo(t)

On the other hgnd. identical curves of the raadial. displacemeni;
up(t) al;'e obtained for the different vatues of eé'. as sho‘wn.in Fig
(3.15a). This calculation confirms that the radfal response of the
axisymmetric structuresis independent of the excitation ;Drlentation as
expected. Howeyer. if the interactifon eFﬁect_is ignered, then the .
radial response will vary ;ith angle of orfentation. Figure (3.15b)

shows different curves of u.{t}) for different values of 8 This

g
calculation 111lustrates the {1 logical consequences of ignoring the
1nteract16n effect in computing the overall Inglastlc responsé of the
system subjected to bidirectional ground motion excitation.

Since ur(t) is Invarfant with respect to orieﬁtation. it follows
that the radial ductility ratlo.ur is also invariant of orientation
angle 85 Figure (.3.16). shows B for models with interaction included |

(EP1) or ignored (EP) as a function of 8, ranging from 0° to 90°,

9
'Hhi le = does vr;lryﬂ;uith eg in the EP model, it remains invariant for
altl Bg vaI;es in the EPI m.t-:\dell.

From design boint of"view.. the radial ductitity demand ¥ is an
impﬁrtant respoﬁ.s‘e parameter. Nigam (34) recommended that this quantity
be wused as a measure of deFormatiou; in structures sub jected to
bidirectional excitations. Moreover, radliat dl;ICtl lity ratio provldes'an

upper bound of ductility demand along cer_‘taln direction due to all

possible orientations of ground motion axes. . For the % dfrection, it

’

——
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Fig (3.16) Variation of the Radial Ouctil ity -Demand u. with eg in the
EP and EP]! Models; R=5 and T=1 sec '



100

can be stated that

max u,(8g) = wr ’ (3.14)

where u' is the radial ductility that is invariant with respect to
orientation angle, l.e. obtained using the EPI model. u; can be
compared with u, evaluated ignoring the interaction effect and
' orientation of the ground motion input. This comparison shown in Fig
{3.17) indicates that ductility demand can be seriously underestimated
if these effects are ignoréd In the analysis, particularly for short
per{od structures, ‘

The gxisymmetric property of response for models with fdentical
properties is also reflected in the total energy input response. The
time varfations of this parameter for models with and withéut
interaction effect taken into account is shown in Fig (3.18a, andrb).

1t can be seen that identical curves are obta{hed when»interaction is
included for different values of eg: 1t foii;ws‘from this , that the
value of the energy Input at the end of t@e groynd motion s also

fnvariant with respect to 8, in models with interaction as shown in Fig

g
(3.19).

3.4.3 ENERGY INPUT :

The total energy input E; IS defined as the ratio of the sum of
energy Input in the x and y directions at ?He end of earthquake
eQE?tatfon to the elastic energy capacity E,=F,8,/2. For models with
and without interactioﬁ, the variation of E; as a function of natural
perfod T, is shown in Fig (3.20). The two horizontal components of the

1952 Taft earthquake records are used as input ground motion in the
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calculation.' The curves are shown Fo'r R=3 and 5. With R=5, the energy
input response is considerably increased for short period structqres
with . T,<0.2 sec when the effect of interaction is included. Only a
slight increase is observed for structures in this _period range ‘F:)l" the
case when R=3, On the other hand, beyond Ty=0.2, including interaction
hardiy aﬂiects. the emergy input responses for both cases of R. - [Jsing
the Taft earthquake records and considering 'systems_ w?th natural periods
_ragging from 0.25 to 2.5 sec, Nigam (34) state.d that including
interaction effect in the model- tends to reducé the energy input
response by up to 30% as compared to thatYof an equivalent EP model.
Structures with natural period Tx‘=0.25 sec is the lowest period
considered by Nigam. It is shoWn here that for shorter period

stru‘ctures:. say Tx=0'2 sec, including interaction effect.: can lead to

considerable increases in the energy input responses.
For elastic systems, if the ene'r.gy input E;(Ro) at an
excitation level R, is known, then the energy input at anot!‘*ér

excitation level n times larger, is given by
*

-

E}(MRo}=n? E](R,) (3.15)

for inelastic systems, Jennings (18) suggested that the concept of

2

scaling energy by the n© factor also be used in an approximate sense.

‘ 3
For the inelastic range, the equality in Eq {3.15) becomes
ET (R nZ E](R) . . , ' (3.16)

In F-igure {3.21), the energy input values calculated for models with R=5

are comparjed with those estimated based on the energy input response of
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models with R=3 . In other words, the estimate ts gfven by (5/3)2
E;(R=3L It can be seen that the éstimate is generally conservative for
systems with T, 0.4 sec; however for systems with shorter periods,. this
method seriously underestimates the energy input response;

So far, specific’ earthquake records (Ei Centro 194‘10. TE_:'Ft 1952,
and Otympia 1949) are used to il lustrate the e#Fect of interaction on
different response parameters of Interest., The results obtained are
compared with observations made by other‘investigators. One important
observétion is that for short period structures (T, <0.25 sec), the
fnteraction effect is significant and many conclusions obtalned by
previpus fnvestigators do not 9pply in this short period range. 1In
order to ensure the observations made are -not specific to the particulér
pair‘oF earthquake records used, a statistical approach is used as
described in the next se;:tion.

.
3.4.4 RESPONSE TO ENSEMBLE OF EARTHQUAKES :

it-is wel ] known that many specifics of-ah earthquake record
cannot .be quantif?ed readily. Therefore, any findings based on records

of a single instrument during a single earthquake shouid be taken with

caution. Thus to confirm the findings obtained so far using specific’

earthquake rjcords. it is decided to consider the average responses to
an ensemble of earthquakes. Averaging tends to eliminate the specifics
and reveal the general trends in the responses. The ensembie used in

this study for this purpose Is described in the following.

-

o,
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ENSEMBLE OF RECORDED EARTHQUAKES :

The ensemble of ground moflons consid‘ered consists of the two
horizontal components of five actual earthquake recordings. The
spSgifics of these earthquakes are listed/in Table (3.1). Al 1
earthquake recordings are cléssifvled to-be strong either in terms of
their magnitude, ML)G, or in terms of peak acceleratioﬁ.

:An important ‘characteristics of the ensemble is the associa.ted
elastic response s‘bectra. I. Shown in Fig (3.22) i.s the mean acgeleration.
spectrum of the five earthquake records for fractional critical ’dal-'rplng
£=0.5%. In eag}\ pair, the stronger component is the one with the larger
peak acceleration. Thls component is scaled to have one g peak
@‘ccelerat'ic;n and considered to act in the x dlrectibn: The other.
copponent 1s scaled up by the same Facfpr and considered to act in the y'
direcfion. It is seen.that the mean spe-ctrum. both in the x and y
directions, of the‘e.hsemble has a similar tre:ld as the smooth spectrum
S; used to def-'ir;e the strength of the structure. The S; curve is also
shown in the séme.plots. the coefficients of varfation (COV) of the
response to these earthquakes lﬁ the x and y directions are also shown

-

in Fig (3.23) as a measyre of dispersion of re“lts around the average
values. ; L/

DUCTILITY DEMAND

Figures (3.24), (3.25), and (3,26) show. the average curves of

ductil ity demand Uyr Uy and u,. obtained using the elasto-plastic and

3
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Table 3.1 Information on the Ensemble of Recorded Earthquake
Ground Motions. '

DATE -EARTHQUAKE RECORDING MAGNITUDE COMPONENT MAXIMUM DURATION
‘ SITE M “*  ACC.(@) (SEC.)
1940 Imperial . . SO0E 0.348 30
May 18 ° Valley El Centro 6.5
' S90W 0.214 30
1952 Kern Taft, ' S69E 0.179 30
July 21 County Lincoln schoo! _ 7.2
Tunnel ' : N2IE 0.156 30
1934 Lower ‘El Centro S90W 0.183 30
Dec. 30 California Imperial Valley 7.1
SO0W 0.160 30
1949 Western = Olympia, Hwy. ] NB6GE 0.280 30
Apr. 13 Washington Test Lab 6.5
’ NO4W 0.165 30 -
1971 San ~Caltech 4 S90W 0.192 20
Feb..9 Fernando Seismological Lab™ 6.3 .
‘ . goow 0.089 20
| 4
. L ]
[ -
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#actor’R:B and 5. / Trends of the'average curves are in égréemqnt with

those observed e‘ rlier for the 1949 Olympia earthquake records, HenQe
the effects of interactionl on duct“i lity demand can be summarized as
follows: .

I. Including interactieon in the inelastic analysis of long

period structures (T,>0.5 sec} has a minor effect on ductility demand

response. This holds true‘; for al)l levels of yield strength relative to

the eléstic strength demand, in other words for all values of the
>y . b ' l
reduction factor R, .

» N
2. For short period structures (T,<0.5 sec) with moderate yield

strength (R=3), interaction favorably reduces the displacement rfasponse.
Therefore, for this ;lass of )structures. an elasto-plastic analysis is

exp;cted toc give conservative values of ductility demand.

3. short period stfuctures (T,<0.5 sec) with low yield sfrength

(R=5) exhibit largé?‘values of ductility demand based on elasto-plastic

., . ° : ‘
analysis wit® unidirectional excitation. For s_ucﬁ structures, including

ir;teraction increases ductil i-ty demand even Fé:rther. The increase
becomes very substantial for very short period structures (Tx=n'.] sec).

) . . . . A
; )

’

* THRESHOLD YIELD STRENGTH LEVEL

a0

Yield strength capaci/ty has a remarkable ‘eFFec.t on ductility

h

demand of very short. period slructures (T=0.1 sec). Figure (3.26) shows.

the variation of average ductility with perjod for the cases R=3 and



E 4

e

117

R=5. The p-T cuﬁveé’are remaﬁkably different i tﬁe shoré period range.
In the left figure® (R=3), the u-T curve has a' ajor peak'at Ty=0.2 sec,
thén it deéreases for smal ler perlods. A w7 e with this feature is
denoted as the bounded" type. For the case R=5, the u-T curve does not

show any peak at T *0.2 sec and the values increase monotonical ly for
X .

'd
decreasing perlods. This behavior will be referred to as the
"unbounded" tgs?’"ﬁ‘ﬂés distinction suggests the ex!istance of a
N s S .

threshold level of yield strengfh_of structurgs that separates the two
types of behavior. The ductl]fty resp;nse of a structure'la the short
perfod range is characterized by the bounded or the unbounded type &
curves depend;pg on its yletd strengtﬁ';apaclty being greater or !ower
than the threshold level respectively. . The practical significance of
the threshold level of yiéld strength {s that one can avolid the very
high ducfflity demand’ in £helvery short period structures by providing a
yield strength‘capacity that is larger than the threshecld. value.
The duct!1ity demand w, obtained using the elasto-plastic mode!
wiﬁth T,=0.1 sec is shown {n Fig {3.27) for the ensemblg of earthquake
records. Models are assumed to have different yield strength levels

relative to the elastic strength demand as {ndicated by values of the

reduction factor R ranging from | to 6. .In the figure, the occurence of

. -

fu

the bounded and unbéunded types of ductility demand curves s identifled
by the open and solid markers, resbectively. The fol lowing observations
can be made. ) “

l. Yield strength which is as low as one third to one fourth of the
elastic strength demand §eemsito be a reascnable estimate of the threshold

level of yield strength capacity. These values corfespond to values of

the reduction factor R between-3 and 4.

- -

e :
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—
2. For structures whose yield strength capacity are lower than the

threshold value(i.e. R}3), substantial values of ductility demand are
observed. They even exceed the relation v2u-I =Rrsuggested in (55);

3. Based on the current study it would be prudent to design very.;tiff
structures with vield ;trength no less than one third of the elastic

strength demand to avoid excessive ductility aemand on the elements.

P

RADIAL PERMANENT SE ‘ ; “

The permanent set is the non;ecoverable plastigideformétion at
the end of excitation. This parameter is important iq determining
re;airing costs and fhe feasibility of restorjng a damaged structure:
Let Moy and Yoy be the permanent deformation in the x and y directions
respectively, Then the radial permanent set up {s given by

2,1/2,

(upf+upy The average curves of Uy are shown in Fig (3.28). The

trends of these curves are similar to those of the ductility demand
curves. Also it can‘be seen tha% short periQd structures with low yield
;trength (R=5) are particularly prone to substantiél permanent
deformat ion, The inclusion of interaction effect will further increase
such permanent deformationf - The permanent set constitutes most of the
ductility demand of short périod structures as shown-in Fig (3.€). "

\

DISPERSION OF RESULTS :

»

Figure (3.29) shows the coefficient of variation (COV)

associated with the mean responses of ductility demand Uxr By and U
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and permanent set Hp for models witﬁ interattion effect included or
ignored. Also’'the average values of COV qver the period range are
.presented in Table (3.2). Based on the values in Table (3.2), including
interaction has IittleleFFect on the scatter of response. Aiso it can
‘be observed that the permanent set u, shows the largest scatter. This
indicates the sensitivity of permanent set to the particular records

used.

RELIABILITY OF INELASTIC DESIGN METHODS -

Mahin et al (26) assessed the.rellabllity of the inelastic
design mthod suggested by ATC (48). In their a;sessmené. a singlie degree
of freedom model. of elther elastoplastic or stiffness degrading behavior
vls subJeqted to unidirectional excitations consisting of an ensemble of
ten earthquake records. Attention is focu?ed on the reliability of the
method to 1imit the ductil ity demand to the specified values. . It is
found that this method falls to 1imit the ductility démand for
structures with short period and low design strength. The results of
that study can be complemented by tﬁe findings of the present study In
;hfch the model used is more realistic in two ways. First, the
interaction eFFeét is Included in column yielding and second, the
simultaneous action of bidirectional excltatlon;.ls considered. Let n .
dencte the ductility demand obtained using the elasto-plastic model and
‘cdrrespond to ﬁahln's results, and the radial ductility u: denote the
ductil ity demand obtained with Jnteractfon effect included. The
varfation of the average ratio “;/”xo with natural period T, fs shown fn

Fig (3.30) for models with R=3 and 5. This ratio averages over the
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Table 3.2 "Average Values of COV of Different
Response Parameters :

R=3 R=5

3 EP EP1 - EP EPI

Uy 0.27 0.27 0.31 0.3l
0.37 0.38 0.51 ©D0.52
U 0.28 -0.30 0238 0.39

0.64 D0.68 0.71 0.73
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entire period range a value of 1.16 for R=3, and ].40 for R=5. Thus the
realistic estimate of ductiiity which accounts for interaction effects

and bidfrectional ity of excitation, can be up to 40% larger than the

—t

values:caliculated otherwise.

TOTAL ENERGY INPUT : ) — _ .

The mean values of the ratio ’3}-' total energy finput E; obtained
pi— .

with interaction effect included to that of an equivalent elasto-plastic

model are shown in Fig (3.31). For models with R=3, the average curve

" fluctuates very close to unity throughout the period range. The same

observation holds'tru:s'-F;Jr models with R=5 except {n the short perfod
range where there Is a substantial increase fn the total energy’input to
the system when interaction effect Is taken into account. This confirms
.th'e findings based on the 1952 Taft earthquake records which indicate
.'that for a short period strbcture with low yield str‘gngth. interaction
causes the input energy response tq in'c;rease. ’Thls_ increase Is or;_the'.

average about 50% ove'r‘that when Interaction is neglected.

3.5 APPROXIMATE ESTIMATES OF DUCTILITY DEMAND :-

An elaborate inelastic gnalysis of structures which takes into
account force lnteractionv effect is complex and dFten co's:tl)lf.'
Ther:eFore it is'very‘,deslrable to have simple approximate methods to
estimate the inelastic response of _sti‘uctures. The useFuIness of any

ap'proxirnate method s assessed on basis of two criteria. First, the

1 .
effort required to obtaln the ‘Initlal approximate value or the
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"est imator", and second, the degree of conservatism relative to the
* "true" values.

In the fol Iowing; two approximate methods are g.iven to estimate
the ductilfity derhand of single .stor‘y structures with ident:.lcal
properties along two principal'directions. The distinction between the
two methods is baéed on the nature of the "estimator”. In the first
method, the elastd-élastic response is used as the estimator. Attention
i? focused on available formulae in 1lterature (33, 44, 48). It is
dencoted as the EP-estimator method. In the second methlod, a scheme is
proposed inwhich only the elastic response is required. Hence it Is
denoted as the E-estimator method.

In both methods, the beﬁt estimafed value.!. of ductility demahd
are defined to be those calculated using models with interaction effept
inctuded and are invariant to the orientations 6F'ground motion axes

relative to the structural axes, namely the radial ductility u;-

3.5.1 EP-ESTIMATOR : o
The radial duct!lity n;]can be estimaed by combining the
ductil ity demand Uy and Uy based on the EP planar responses to the two

horizontal components of ground motion acting one at a time. Two

combination schemes afe attempted herein, namely

l. Newmark (33):

ey = Y2 my - (3.7
H—__"—-\- .
2. ATC3-06 (48): .
g it 30%7uy 4 '(3.18)

‘X
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Ratios “;/”El and “;/"EZ are calculated using the ensemble of
earthquakes reccrds. Figure (3.32) sﬁows the variation of the mean
values and the range of these ratios as function of systems period.-
Values are shown for models with R=3 and 5. The fol lowing observations
caa\be'made. l . |
1. The curves of the mean values of the ratios for the two schemes are
very similar, They both fluctuate close to unity. Thgn on an average
basis, both schemes are considered to be equally successful .

2. A carefﬁl compar ison of the fanges associated with the two schemes
indicates that using the second scheme, which consfders the respoﬁ;es to

" both components, tends to reduce the dispersion of results for both

values of R.

3.5.2 E-ESTIMATOR :

Newmgrk_and Hall (32) pféposed a method to derfve the inelastic
design spectrﬁﬁ from the élé;tic design response spectrum. They -
proposed to deamplify the smooth elastic.response spectrum using period
dependent factors #(u) defined as follows: '

Short: period range,

S = et - - (3.19)
Long period range: - '

Lo = . . (3.20)
The inelastiec spectrum so obtained if used in analysfs is ;xpected

to limit the values of ductility demand to the specified value u.
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In the Fdllowlng. the #(u) factors are further modified. the
. modifled Féctors, denoﬁed as I', when éppl}ed to the elastic displacement
response, i.e. with reduction factor Ro=1, Wi11 give an estimate of the
ductility demand of a sFructure whose design strength is Rn times lower
than the elastic strength demand. T factors are derived il the.
Folloqing for different period Fahges. g:je"’llmlts of these ranges are

determined based on the trends obserYed for the méan_dlsplacemghtﬁ,\\

*
-

response curves obtained hereln.

]
‘. Short Period Structures (T7<0.2 sec)
Let u, be the elastic response corresponding to R=R,, and i, be

the response that needs;% be estimated when R=Rn. then according to

(32) |
Ro= ¥(2ug-1) 5 and Rp= v(2ug-1) . (—\\
Therefore, . _ ) |
(RN 2t
) o

dividing denominator and numerator of the R.H.S. term in the above
equation b& 2y, and sett}ng Rn/Roén.Lgive;
n2(1-0.5ug )2 ug/ug)~(1/2g) .

(un/u°)=r(n) is the required amplification factor which is dependent on
rayiq‘n{ Slnce"l'\’o Is egqual to unity for elastic response design, it is
reasonable to assume the associated ductility u, to be eqﬁal to unity.
Subsfitqt[ng "6=l and droppiﬁg the remaining 1/2 term onithe R.H.5., the
above expressio'n reduces to

. T(n) = né/2. ' (3.21)
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¢ ii. Long Period Structures (T>0.5 sec)

r(n}= R,/R, . "
=n (3.22)

¢ '
< ii1. Intermediate Period Structures (0.2<¢T7<0.5}
'Y - A linear varfation of I(n) is ayd between the “two
expressfons obtaiﬁed at T_=0.2 sec and T=0.5 see=

Ihe variation of I'(n) with period of this proposed scheme for

two values of n=3 and 5 is shown in Fig {3.33),

TEST CASES :

—— =

The amplification factors T for n=3 and 5 are applied to the

’ eﬁastlc radial displacement response spéctrun obtalined using the/l-940

Bl Centro and 1952 TaFt earthquake ground motions. The obtained estimate

of ducti 1ty demand 1s compared with the radial duct!! lty u response of

systerns with design strength equal to one third and one fifth of the

elastic strength demand. The comparison is shown in Figs (3.34 and

(3.35). The estimated values are in general rgasona_bly conservative.
Howevgr. for systems \:ith very short period (Tx;-o.l seé) and low design
strength (R=5), ductil!ity demand can be seriously underestimated by the
proposed scheme. This Is a manifestation of the problem of high
fnelastic response of very stiff struc‘i:ur.es with low yleld strength-‘
which was cbserved earlier.

Another inelastic feature which is not taken jnto. account here is

.the period shift due to yielding. The apparent shift between the two

curves of the estimated and actual' ductilities in the left figure of Fig
( .
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(3.35) is a clear example.
Except for the sltuatidn of very stiff structures with tow yield
strength, the accuracy of the proposed scheme can be considered

reasonable In view of the already existing dispersion of resﬁlts of the

inelastic responses from individual pair of records.

X

4
3.6 SYMMETRIC STRUCTURES WITH UNE?UAL PERIODS ALONG TWO PRINCIPAL

DIRECTIONS :

So far, discussion h;s been 1imited to symmetric structures
having identical natural periods along the>£and y directions. [t .Is
however useful to consjder.systems with unequal perfods, being

representative of most actual structures.

3.6.1 EFFECT ON DUCTILITY DEMAND Uy :

In order to examine the effect of the natural period in the y
direction being different from that fn the x direct}on on the ductility
demand in the x direction, two models are defined: (i) A model with
beriod»[n'the y direction‘ . lower than that in the x direction and they

ére related by Ty=.(2/3)Tx; and {(ii) in the other model, the periocd in

the y direction is greater than that in the x dfirection, Ty=(3/3}Tx. L In

both modeis, Ty

'Fléure {3.36) shows the ducti) ity demand u, obtained using these
i

is different’ from T, by a factor oF'one_thir&.

r . .
models as a function of Ty The two horizontal components of.-the 1940

’

El Centro and the 1952 Taft earthquakes records are used as ground

motions with the stronger component in each case acting along the x

“~— f
’
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Ductility Démand w, of the EPI Models i Ty=Ty,

and Ty=(4/3)T,; R=5
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L3

Ty=(2/3)Tx‘
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¢ Y/ , .
direction. The elasto-plastic response with interaction effect included
Is calculated for models with yleld strength equal to one fifth of the
elastic strength demand (R=5). For purposes of comparison, equivalent
curves obtained using axisymmetric models with Ty"'Tx are also included.
It can be seen that curves lébe_l led Ty=(4/3)Tx are not much different
from those of the axisymmetric model in thE\-Long period range of Tx'
For low values of Tx' ductility_demand obtained using the model with
Ty=(4/3)Tx can be significantly lower than those of the_axlsymmetric
model. Reductions up to 50% from the axisymmetric model values‘are
encountered; On the other hand, making the system stiffer In the y
direction has a more profound effect of increasing ductility demand in
the x direction, Uygs particularly for low values of Tx’ Ductility “x‘ in
'éhe mode | with.Ty=(2/3)Tx is only 401 to 80% larger t?an those of
.equivalent axistmetric models for T¥>0.5 sec whereas ductility values
can be three times as large as those of the axisymmetric model for low
values of T; (0.1 ifg)a//This increase can be attribﬁtgg to the fact

. N . . . _r..-.-—
that making the structure stiffer in one direction, Le.with_a shorter
' ) ‘

period, leads to a further reduction in the combined overall périod of

the system.

3.6.2 ORIENTATION OF GRIBUND MOTION : ~J

For systems with unequal periods In the x and y dlrggt!ons; fhe
radial displacement response is dependent on thﬁLBrﬂentatlon of the
ground|notion axes because the system stiffness function is no longer

on the

ax{symmetric, Té examine the effect of orientation angle eg

W
sy

D

L



’ : 138

radia) response of such systems, it is sufficient to consider any of the
two models defined In the previous sectlion. The model with Ty=zé/3)Tx
is considered for thfg purpose. Henceforth in"this section, the x and y
directions are referred to as the longfaﬂd short perfod directions
respectively. .

Figure (3.37) shows the radial ductility'ur as‘a function of Bg
ranging from 0° to 1_800 with Iqﬁﬂfvals of 15°.‘ The model Has the

following properties: T,=1 sec, T,=0.67 sec, and R=5. Orj

e ground motion {NS

is said to be zero when the stronger componen

r—.,

component of the 1940 E! Centro and S69E campon of the_1952 Tgft) is

_ acting along the Io;g period direction, then Gg i's increased,in an
anticlodkwise sense. <The figure shogs that thg radial ductfligy is no
longer independént'of_the ortentation angle eg. since the system lacks
the stbffness<axlsympetry. Values of u_ show considerable v;riatiqp for
le#erent values of eg. This variation is also dependent on the groun
motlion used. Consider-éhe radial ductility u#ds) 50d7H£135)

corresponding to 99545° and 1359 respectively. It can be seen that

u£45) < u£l35) for the' case of the El Centro ground motion while -

u#45)>u£135) for the other grounJ§Eg¥10n (Taft). This can be_
L ' '

Interpreted by considering the Ffequeﬁcy content of Ehe eﬁfective‘.

respon§e spectca Sé45) and Sg'35’ iﬁ eqsz’gase. The effegtive response
spectrum associated with an orientation angle 64 i's obtained by first
resolving the two components of ground motion along the structural short
3hd long beriod directiaﬁ; then the effec&ive spectrum-is the one
assoclated with the compdhent along the short geriod direction. Flgure

{3.38) shows the élastlc acceleration spectra Sé‘s) and 5él35) fgr the
) ) i . .

r
Ya

L T



Fig (3.37)

x

Variation of the Radial Ductility Demand with 84 in the EPI
Model; Ty=1 sec and.Ty=0.67 sec
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two ground motions. The relative ‘values of ductflity correlate well

"with the relative frequency content in the response spectra beyond

T=0.67 sec. In other words, for EI éentro g
ur(_45) < u’(-135)
(45) (135)
§5°7(1>0.67) < S, (T>0.67) -
and for Taft, . . w

RE45) 5 ,(135)

v s{PATr0.67) > si135UTr0.67)

Among all possible values of Bge the two cases Bg=0° and 50° are
of practical signiFIcancé since tﬁe ground motion axes colnéide with fhe
pr.incipal structural axes. And it i-s th;e case with Bg=90° that will,
most |lkely glive larger response, u'(_90‘)' since the orientation is such
thaf the stronger component is acting aldng the short |.:>erlod direction.
To assess fhe validity of assuming ‘ u'r(_90} as an upper 1imit of response
parameter u. Fdr different eg. consider the variaﬁién .6f the ratio u'(_eg}
/w0 with e;as' shown in Fig (3.39). Using the EtCentro and Taft
ground motlons and with R=5, ratfo u{®a’/u{®0 is shown for selected

Q_alues of system perlod.".Tx=0.2. 0.5, and 1 sec. For most cases ur(_90) is
larger than ductilities associated with'other orientations. In some ~
‘cases, this ratio is larger than unity by at most 20%. . This.
observ;tlgn suggelst: that a reasonat:;le estimate of ductility demanc-l
_in stru(:;tures'with unequa_ ! periods in two directions é‘an be obtainéd v
™\ considering the response wheh the stronger cqnponent.' i‘s acfing alorbthe
short pélllod d!r‘ection and the other component is acting in‘tr_m'e lonq

period direction. . ~

. - .
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»
APPROXIMATE RULES :
/ _ The approximatet®chemes dLscussed_ln Se;ﬁjon 3.5.1 are used in

-+

this section to estimate the ducti’l ity demand In the long and short

period directions. As mpntioned earlier, these schemes fequlre the EP

>

planar responses to eath component ‘of the ground motion to  be

‘ a . L. .
independently calculated. In addition, two orientations of the ground.

motion are taken Into account ir*tNe estimate, namely @ =0°, and 90°

g
which correspond to the cases wher the stronger component is either

acting In the long or short period directions respectfvely. According
Lcﬂ:hese schemes, the estimates of the ductftity demand in the long and

short period directions are given 1in the fol lowing.—.

Long Period Direction : : k :

Scheme | s ‘ 0
T . : ¢ 1.40 u, /\ o
) - u = max{ . .
1 1,40 ud0
' Scheme 11 l e
L “ ] 0 -
a . “lx + 0.'i>-yy .

IJE2=H\BX§. .
L ‘ ugo + 0.3 “30.

Short Perfod Direction :

- Scheme 1 _
1.40 u0

u = max Al
vEl I .40 u3°
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Table 3.3 "Ratios of

i

[y

LONG PERI}D DIRECTION

144

Accurate Estimate of the Ductility Demand
Approximate Estimate

“a

SCHEME (1) SCHEME (11).
(sZé) ELCENTRO ~ TAFT = ELCENTRO  TAFT
0.2 1,74 1.62 0.96 1.07
0.5 1.13 0.76 0.84 0.
0.8 1.49  0.92 s o
t.0 , 1.76 0.83 0.96 0.61
1.5 _1.32 0.84 0.73 0.93
2.0 ' . 0.83  0.88

G'B§\

SHORT PERIOD DIRECTION

~ SCHEME (1)

SCHEME (11)

(szé) ELCENTRO  TAFT ELCENTRO  TAFT
0.2 0.68 . 1.05, 0.88  1.36
0.5  0.89 0.79 1.18 1.04
0.8 1.22 0.64 1?39 0,80
1.0 0,70  0.58 0:92° . ON3
1.5 0.65  0.75 0.87 0.9
2.0 0.80 _;.;h'.'- 1.04

- 0.97
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Scheme 1
0 0 ‘
vy + 0.3 uy,

u £z < max .
y 20+ 0.3 430

’gbest estimate of ductility demand in each dlirection, u; and
-

u;. are obtained using the model with interaction effect included and

defined to be the actual maximum value over the entire range of eg.

The ratio of the accurate to the approximate gstimates of the -

ductil!ty’ demand in the long and the short period directions are
presented in Table (3.3) for selected values of T,. 'In the long period
direction, ductility dem;nd is best es'timated by scﬁme (ii), for which
ratios in Table (3.3) are close to unity. Approximate estimates by
scheme (1) are exceeded by up to 70%. lr-\ht—lh_e/sh)v-t‘ﬁeriod direction,
‘scheme (i) seems to give reasonable estimates of 'tﬁe ductility demand.
1t may be noted that the duct!lity qemand in elither d-irections is best
estimated by th& scheme 'that includes a larger contribution of fhe

unfaxial response in the short period direction.

|
3.7..  SUMMARY AND CONCLUSIONS : L
[4 . .
w inelastic response of symmetric structures to earthquake

exc_H;ations I's examined in this chapter. The main objective of the

study s to assess the significance of \includlng the interaction effect

in the Inelastic analysis of ;ymmetrlc ;truc’ture}'./l-‘-cfi}ls purpose,

the elasto-plastic response of a single mass s'ymetric structural model

-

with interaction effect fncluded or ignored Is considered. The two
. . ) o
hor fzontal components of ground motions are taken to act simultaneously

-

Py

-t ——t——
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on the model. An ensemble of five palrs of recorded earthquakes ground

motions Is used as input and the mean values of responses dfg\pngsented.

Fl

" The effects of interaction are discusSed In detall end the response
) —

parameters of {interest are taken to be the displacement ductfility

demand, permenant deformations, and the total energy Input to the

system. Buildings with identical or different properties in the tds

lateral directions are cbnsidered in the study. Based on the results

and‘dfscussion prgsentgd in the chapter, the following conclusions can

be drawn.

1. Includ the interac‘ on effect has only a minor effect on

the inelastic resporise for lgnhg périod structures (say 7>0.5 sec) or
short period structires excited moderately into the {nelastic range,
Therefore, an elasto-plastic analysis without taking the yléld
interaction effect into account wil)l be sOfficient for determining
ductility demand estimates for these classes of structur;s. .

2. Stiff structures (T<0.5 sec) with 1oV yleld strength,
hence those excited well intQ_the inelastic range, are shq@ﬂ to
exhibit large valuyes oF;duct{Iit demand based on‘elasto-plast!c
analysis. For such structures..the Interaction effect Is significant

and {t further Increases the ductility demand. The increase becomes
”

substantial for very stiff structures (7<0.2 sec). This observation Is

significant on two counts. First, 1t points out the fnadequacy of
‘planar Inelastic analyses to estimate the ducéllity demaqg for stiff
structures excited well into the Inelastic range. Second, it shows that
the ductility demand for such structurg§ pén be exceedingly high.

Therefore, very stiff structures should be designed sa that the'expécted

> -
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earthquake disturbance will not cause the strqsggie to be excited well
into the inelastic range. In other words, it is prudent to design very

stiff structures to remain elastic or almost elastlc when subjected to

the probable earthquake excitation. Since none of Ehe existing studies

on effects of interaction considered structures s this period range,

this effect has been overlooked before. -

3. The radial ductility ratio in systems with identical
properties along EEF two lateral directions of resistance is invatiant
to.the orientation of the ground motion directions relative to the
structural axes provided the interaction effect is Included in the
inelastic analysis. Sueh quantity can be used as an index of ductility

demand in structures subjected to bidirectional excitations, ahd should

be used in ductility estimates for deslgn purposes. //’,,—_\\

4. A more realistic estimate of ductility demand which takes

‘Into account the effect of interaction and the bidirectional ity of

excitatlion can be._on the average, up to 40% larger than .estimates
ealculated otherwise. Such ahestirnate can,;ae derived using the elasto-
pléstlc uniaxlal responses of the system.by approximste rules. These
rules are either (1) increasing th laxlal response to the stronger
component by 40% or (i!) as the sum of the Un;;;T;T'Fh?ponSe to the.
stronger component plus 30% of the response to the other coﬁéon;nt

5. "An approximate estimate of the duct{1ity demand OF symmetric

e
structures based on ampllfying the elastie response with a perifod

dependent factor is proposed. These Factors are related to those

proposed in (32) to &erive fnelastic response spectra from elaetie
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smooth spectra. Except for very stiff structures with low yield
strength, this approximate method seems to be satisfactory.
6. For systems with unequal perliods In the two lateral

. directions, the radiatl ductility ratio shows considerable variations

with the angle of orientation of ground motions eveﬁ-ﬁf the interaction

effect is taken Into account. The maximum radial ductility ratio over
‘thé englre range,of the angle of orientation can be reasonably est!matea
by-orienting the pair of ground motions such that the stronger component
is acting aléﬁg the shorter period direction.

7. The maximum effect of the orientation of ground metion
components on the ductility demand in the longer period direction can be
estimated by the 30% rule, i.é. the sum of the maximum uniaxial response
In the longer deriod direction plus 30% of that In the shorter period
dtrgzzxen. And to account for this e%fect in the shorter period
'directlon. it is suf;]cient to increase the maximum uniaxial response in

this direction byldﬂi.

oty



HAPTER 4 -
RESPONSE OF ECCENTRIC STRUCTURES TO . -

EARTHQUAKE EXCITATIONS

4.1 INTRODUCTION :

A detailed analysis of fnelastic response of asymmetric structures
is carried out in this chapter for the fol lowing reasons, First, most
of structures have some asymmetry In plan due to arch!tectural or
thctional r;;sons. Even‘in nominal 1y symmetric structures, -asymmetry
s inevitable due to uncertaiﬁity of 1ive load distributions or
ImberFectioﬁSlln material which can cause variation in true stiffness
distribution. Second, 1tlis not economical to design ordinary
buildings, residential, offices, and warehouses, etc., to remain elastic
under the action oilsevere earthquakes because of thekprohibitive cost.
In addition, there are specific motives béhind the present study of
asymmetric ?tructures. namely

{1) In asymmetric structures, yielding that‘occurs along one of

the principal directions of structural resistance, affects the response

>

fn the orthogonal direction because of torsional coupling. It follows -

that it s important to consider the effect of forces Interaction on
cblumns yielding along with. the siﬁultaneoﬁs action of the two
horizontal comeQents of ground motion in the analysis of }nelastfﬁ
asymmetric systems. Very little informatfon on the effects of

interaction in the inelastic analysis of asymmetrical systems is found

149
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\\-fn the 1iterature. Tne‘reader'JL referred to Section 1.2.4 i:ihhapter 1
for more discussion én this subject. [n *the present study, the
horizontal ground motions are considered to come from two orthogonal
2&rectlons. and the effect of forces interaction in yielding of columns
}s included tn evalustion of the responses of asymmetrlcStructuresunder
such bidirectional ground motion excitatjons. |

(2) Existing studies on inelastic torsional responses contain
apparently conflicting remarks regarding the |6portance of soﬁe
parameters on inelastic response of asymmetrical buildings. As an
example, structural eccentricity which is considered as the most
important parameter Lp‘elastic response studies, received different
comments in fnelastic response studies by different investigators. The
comments vary from "insignificant™ (18) to "response varies linearly
with eccentricity" (58). In this chapter, a new concept of eccentricity
based on the yleld propertigﬁ of the system is proposed. It is shown

tha% this new Eccentricity is a better index to‘pharacterize the

fnetastic torsional effect on ductil ity demands.

4.2 FORMULATION AND MODEL PARAMETERS :

Consider the monosymmetric conFiguratiQn of the structural model
described in Section 3.2, by assuming the center of mass (CH) and the'
center of stiffness (CS) to be noncoincident along the y direction. - The

offset is-denoted by the nominal eccentricity e The additional

y'
rotational deformation qg needs to be incorporated into the equations of

mot ion. Thé dynamic equi | fbrium equations with reference to CM can be
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written as fol lows.

m 0 07 a, e 0 0 8} Q) {Ugx(t)
0m 0 r'ae + 2Em | O wy 0 rc'la + Qe = -m 0 (4.1)
0 0 m Ey 00 wla Qy Ggy(t)

In addition to the symbols defined earlier in Section 3.2, r is
the radius of gyration of the rigid stab about CM, Qe is the restoring
torque, ané g is the torsional Frequengy given by JKe/mrz, ;here Ke is
the torsional stiffness of the system. The'incremental restoring forces

and deformations are related by the tangential stiffness matrix [Kt]
A(Q} = [K¢] 8} ' . (4.2)

The system st{ffness matrix is assembled using the updated elements

stiffness matrices [S]i as fol lows
4
(Ked = I, [013(81y00)y | - (4.3)

where [S]"is the element stiffness matrix,in the gleobal x and y

" coordinates. [S]; can be written in the form

(51 = [sx_ sxy] S ¢
Sxy Sy '
.and is related to the one in local;coordinates. defined earlier, as

follows

(S)y = (L1] (814 (L1 -

~3

¥



152

If 8; is the inclination between local and global coordinates for column -

i, the matrix (L1, is given by
(L1 =[cos 8y sin 8'} '
-sin 8; cos 8 '

For the ith cotumn with position coordinates (xi, yi) with respect to

CM, the position matrix (0] i3 given by

01y =1 -yy/r 0]

(4.4) a
X'/r 1 . .
Hence, the elemen%s of matrix [Kt] in general \are given by
Kelt) = Iy sy i Kylty = Iy sy
Kg(t) = Iy sy(y/m2 + s 0x1/m2 = 25ty /r) (xy/r)
ny(t} = ny(t) = I Sxy . {4.5)

- Iy =Sy (Y1/F)+ suylxy/r)
. KBQ = Kye(t‘) =Zi 'sy(x‘/.r)- sxy(y[/r) . ) .
The underlined terms in Equations {4.5) are those terms that appear only

when interaction fs included but vanish otherwise.

"

Kox(t) = Kyg(t)

In the elasgic‘rangé. the stiffness matrix reduces to the

following )
1 - ey ‘o
(Kl =K, |-e, 0% 0] : (4.69
0 0 YZ

C e e —————— - - R —

———-
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Thus there are only three system parameters which affect the response of

the system in the elastic range. They are {i) eccentricity eyr (ii)‘
torsionatl to\lateral frequency ratio 0 =m9/§!.'and (iii} 1ateral
frequency ratio Y:uy/wx. |

In the inelastic response with interaction ignored (EP), the
stiffness matrix [Kt] still has the'samé)Form"as in Eq (4.6)7 however

Its coBfficients become time variants

] - ey(t) 0 .
by
[Kel = Ky(t) [- e tt) qzm 0 (4.7)
0 0 v2(t)

-—

Sincé the stiffness value of an elasto-plastic element is either the

initial elastic sk!FFness or zero, then it is expected that signichant

variations do occur in the system parameters from thir respective

initial values when the system is excited inté.the inela§tic range, As

aresult, thefé is noc apriori reason to believe that these parameters

will influence the inelastic response in the same capac{ty that they are

known to do to the elastic casé. ‘ |

Upon including the interaction effget in the i&élastic response

.. 0f the system (EPI), further complications aré introduced to the.
coefficients oK the matrix [Ky) due to the presence of the additional

terms undertined in Eq {4.5).

NORMAL 1ZED EQUATAONS OF MOTION :

Equations {4.1) can be put into a nondimensdonal form as fol lows
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Uy 10 00y 0y Ugx ()
l.-‘le +2me- 071 0 L.le +owy 0269 ="Rh))2( _0‘
u,) - o -0 v]d, v, - [ odreigue)
(4.8)
\

where

Uye Ugs Uy = Gy/8y, rag/ég. ay/éy,
Q. Qge Qy = Qu/Fx+ Qg/Fge Qy/Fy
¢ where ég i5s the torsional yield deformation, and Fx. and Fy are the

=y
system yield strength in lateral deformations. Fg is the system yield

'strength uﬁder pure torqgue,

To investigate the inelastic behavier of the model, the

fnelastic responses were computed considering the fol lowing mode|

k_-—:——
parameters,
P

l. Lateral perieod T =2n/uy ranges from 0.1 to 2.2 sec.
2. Torsional to lateral frequency ratio fi=l. The spaclﬁg between

columns, a, in the model is adjusted so that the torsional and lateral

frequencies are equal. In general, buildings having the resisting
s

elements uniformly distributed in plan can be shown alsc to have a
frequency ratio of unity.
3. Nominal eccentricity ey; unless other wise mentioned, the

eccentricity ey is taken to be equal to one fifth of the plan dimension

h] .

D, i.e. ey=0.2 D.” This value corresponds to bufldings with large.

eccentricities.

The study is confined fo systemé with identical stli:;nﬂugand

o ] oo

A
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strength properties in the twe lateral directions. In other words, y=!
and B=}. This ijeads to equal yield deformations of the system in

translations and rotation, i.e. Gx"‘y:aa-

o<

4.3 EFFECTS OF INTERACTION :

To assess the signif"_i_cance, of interaction in the presence oF.
eccentricity as compared to that in the symmetric case, the symmetric
and monosymmetric c\ﬁfigurations of a single mass model are considered
as shown in Fig (4.1). _The monosymmetric configuration in Fig (4.1b) Is
obtained from fts symmetric counterpart by shifting CM of the rigid slab
along the y axis, and leaving the four coldmn arrangemeﬁt unchanged.
This introduces an eccentricity ey to thd syktem. qulure (4.2) shows

.\ the elasto-plastic response with interaction ignoréd (EP) .and inc 1 uded

Y (EPI) of both models when subjected" to theiwo horizontal components of

the 1952 Taft grouﬁd motic.:;;'u'. ﬁodels have their yield strength equal to

ome fifth of the\elastic strength demand, 'i.e. R=5. Curves shz;w the

variation ofé/t.uf:tillty'demand of column I, w,,, with lateral period Ty. .

While cotumns In the s'ynrnetrlt_; model are equa‘ly stressed.‘ column lis

the most stressed columﬂ in fhe eccentric model. It is seen that the

I!ncrease in response due to interaction from the response ignoring

interaction is larger when the model is symmetrical. This observation

is generally applicable for periods T,<0.5 sec, and most pronounced for
T,€0.3 sec.

To make the conparison' more transparent, the ratio of ciucti 1ity
demand u,| with and without interaction is replotted in Fig (4.3) for

both tﬁe symmetric and monosymmetric structures. For this comparison,

.
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- equatfions but also the columns’ deformations v (t}, vy(t) in the two
© 4 :
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the 1940 E1 Centro anc; the 1949 Olympia ground motions are used In
additien Ato the 1952 Taft earthquake records. Comparing the top and
bottom plots , one can.see that this.ratio is higher for t.he symmetric
mode | tﬁan that for the eccentric model 1in general. While this ra_tio
reaches up to a value of 2.75 for the symmetric model, a maximum value
of only 1.75 is encountered for the ecce'ntric mode 1, Based on these

observations, one can conciude that (1) ductility demand is higher if

r-ln’terac‘tlon effect is taken into account, and (2} i_n,teraction affects

the displacement kResponse of eccentric structures to a lesser extent -

than it does to thatAoF symmetric structures.
To éxplain such behavior, consider the. interrelationships
betweenvthe two lateral components of deformations of a column located

in a symmetric and In an eccentric structures. In symmetric str'uétures.

‘the response in one direction is Independeﬁt of that in the other .

, direction if elastic or elasto-plastic behavior is assumed. Including

the Interaction between lateral forces Is thé‘onl-y mechantsm which

accounts :for the response in one direction being affected by the
response in the other direction.. .'On ‘the other_ hand, in eccentric
" systems, responses in the two lateral d‘irecttoniare }hﬁrldepenqent even
without coqsideri ng interaction because'olf torsional coupti ﬁg. Not only
the overall stte,rn's def-‘orma‘i:ﬁs U, (t}, uy(t). and ug(t) aré dependent
Becsuse of the ’s-lmulte_lﬁous solution oLtheh"f:ls;namic equil ibrium

lateral directtons are'intérdependent since thé rotational compdrgt

ug(t) contributes to both components as gfven by O’ :

¢



-r

P

160

V() = uy () - uglt) (y/r)

Vv lt) = Uy (h) + uglt) (x/r)

Therefore, the eccentric structure already h;s some of the effects that
Inelastic Interaction might have.on thé respSh;e by_vlrtue of torsional
‘coupling, nametly (i) the .transfer of energy input‘bétween the pfincipal
f structural diréctions, angtil) yielding.in one directicon affects the
response in the othe:luirection. As a result; including the interaction
’ effect in eccentric systems p}oduces less dramatic—change than: for the
case of ;Jmmetric systems.
Since interaction has less effect on asymmetrical systems, it is
' “quzy’ decided to neglect the 1nferaction effect in the elasto-plastic response
calculation of eccentric systems for the remaining part of this chapter.
while negiecting the interaction makés the mpdelling less reafistic. one

can focus better the torsional coupling ef%ect on the fnelastic response

of eccentric systems.

4.4 PLASTIC ECCENTRICITY CONCEPT :
4.4.1  BACKGROUND :

In torsionally coupled systems, the amount of rotation is
usual ly goyerned by the offset oF-the cghtqz,pf load apptication from
the center of rigidity. In earthuake excitation, applied forces ére
'acting through the center of mass. The center of rigidity refers to the

‘ —"¥¥QNt in the floor d?hn through which if a lateral load is applied then

.); )
the floor will only translate with no rotation. In elastic response
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analyses, the resisténce is offergd by the stiffness .properties of
elements. Therefore, the definition of eccentricity is based on the
refative location of the center of stiffpess with respect to the center
of mass.

This definition however becomes inconsistent when the structure

is assumed to be excited well into the inelastic range.l At this stage,
A

since most if not all the elements have reached their yield strength

limits, resistance is bette;.characterized by the strengtﬁ-dlstribution
rather than by the stiffness distribution within the system. The
inadequacy of .such elastic definition of eccentricity is also evident
from the conflicting findings of the available studies on the inelastic
torsignal responses as indicated in Section 4.1. The substantial
dispersionlof conclusions suggests the need of a better index to
estimate the ductility demand.for eccentric structures. One such index
is to givé'an aﬂfernatiye definition oé-eccentricity based on the yield
strength propgrties of the resistiﬁg elements.

This fdea was touched upon in two of the earliest papers on
inelastic torsicnal response.& Tanabashi n 1960 (47) studied an

eccentric single story model consisting of a rigid slab on two parallel

frames with one stiffer than the other. ‘Using idea!ized ground motions,

he stated that *we shall need to make the rigidity of structures.

distributed as.uniﬁormly as possible In regard to the ultimate state

rather than the elastic range of stiffness members.,” And in 1969,

4

Shibata et al {45) studied a similar model and they emphasized the

importance of the yieid strength of columns by stating that "the

-

distribution of strength as well as of stiffness has significant

P
Q‘
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fnfluence on the nonlinear rrespo.nse." Although these studies pointed

out the significance of the ;trength distribution on nonlinear response,

no specific guidel ines were given as to incorporate this information
when specifying the eccentric model for inelastic response analyses,

Moreover, the results of thesé studies are |imited since 'they are based

“on fdeal fzed ground motions.
¢ : .
4.4.2 DEFINITION : $ ’

Consider the ith resisting element in a stru"ciure.. Its effect
on the response calculation can be described by its load-deflection
curve-s alorlg,the x a:d y directions. In each direFtion. the elasto- .
plastic idealization is assumed. These load deFl;;:tion curves are
characterized by the elastic stiffness k., and ky; and the yleld

strength Vpxl and V According to the definition of the e]a’stlc

pyl”
eccentricity, it is the distance between location of the center of
stiffness from CH. The coordinates of the center of stiffness can be

eval uated as fol lows

Y
, B kvt
5 B Ky (4.9)
' gy = LMVt
zl Ky g

In a similar manner, the center of yield strengths caﬁ be found as

follows

\l
“¥
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Iy Vpyi Xi .
Xy = AN
Zi v
Pyl . . (4.10)
v It Voxi Yi .
L
Ii Vpxi

Coordinate§ Xp and yp def/me the center of strength (CP) which
reptesents the point of action of the resultant of the ‘resistlng-- yield
forces. The plastic ecce\\tricity (ep) is then defined as the offset of
th‘is center of strength (CP) Fror.nrthe center of mass CM. The relative
location of the center of streng‘th CP depends on the strength
distribution of the resisting elements. The structure_ is considered to
have uniform strength dist:'lbution if the center of strength CP and the
centef of mass CM are coinciden't. f.e. the plastic eccentricity ep is
equal to zero. ‘It is then e;(pected that ' such ;tructure will experience
less rotational deformations in its post-yietd response as c;xnpared to
that of an equivalent structure but with,-‘a nonuniform strength
distribution,i.e. the plastic eccentricity ey is not equal to zero.
Before examiﬁing the influence of the plastic eccentricity oRy
dynamic inelastic resﬁonse‘ c'>f"asym@;ric structures, it fis ‘inatructive
to gi.v_e an example to show fts effect to induce rotational d;éﬁfrmations.
For this purpose, consider a single story structure supported on four
columns which are symetrical{y‘ arranged and assumed to h'ave fdent)cal

stth‘nessest Thus the center. of itiff-'ness coincides with G “However

let columns | an‘g 2 have Iouer yield strength than. se of columns 3

and 4. This leads the center of strength CP to be offset Airom CM. The
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difference in strength levelg is adjus?:d\so that the plastic

eccentricity ep is equal to 0.20. Thlis initia lg;;ymmetrlc structure is

subjeéted to the‘NS and EW components of the 1940 El Certro earthquake -

records along the x and y directions respectively; he other parameters
of the model are: Tx=Ty= | sec, and R=5. Figure (4.4) shows the time

variations of the deformation components at CH, nawely uk(t). uy{t). and

o . .
uglt). lt{can be seen that the model initiglly behaves in a symmetric

Fashion‘with the rotatlon%l component Ug t)'is equal to zero. Once
yielding is initiated with. golumns reaching. their vyield sfrength. then
the uneven distribution of strength influ@nces the response and rbtétion
is induced and It persists til] the end o% the excitafion: Tﬁis is due
to the complica£ed pattern of yielding and unloading sequence of the
four qolumns. This example shows that the presence of the ‘plasti
eccentricity will induce rotation in the post yield era of response of
;tructures known to be symmetric in the elastic sense.

--.\ ﬁ
4,4.3 EEFECTS ON ASYMMETRIC STRUCTURES :.

To assess the sjgnlflcance of the plastic eccentricity in the
hinelaiii; résponse of asymmetric structures conﬁigg;,xhe following two
models (see Fig(d.S))consiséing of a rigid stab on, four columns and
having the fol Ipwing properties.
HODEL SP :

. ' o ,
The stiffnesses of columns 3 and 4 aFe Iargeruxﬁan those of
f .;Yr: h‘.' -

columns 1 and 2 and the difference Is adjusted so that the offset of the .

. <
center of stiffness from CM is one fifth of the plan dimension. Since

the asymmetry in the elastic sense iswdue to the uneyen distribution of
(l‘

A}

>

s
!_)-'
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stiffness, the eccentricity obtained is referred to as the stiffness
~

eccentricity (eg). If the yleld strength of' the .columns are taken to be

proeportional to thei‘r stiffness values as shown in Fig (4.5b), then the

center of strength CP is offset from CM and the value of the plastic

eccentricity along the y'am is ep=0.2D. 'The y axis r,emains an axis of

‘ \

By

symmetry.

DEL § : :

;

In this mdwl./éhe stiffness distribution is t;.pe same as n\c;del
SP. Howéver co’l ans are assUmed to have ideﬁtlcal »yielc'il strength
irrespective of their stiffness v;lues. By so doing, the center of.
streng® CP coincides with CM and the plaLtic 'ecc:entri,city vanishes

~

=0}.

-

The inelastic wgsponse of the two models gre co@?& in Figures
(4.6), (4.7), and (:.8). These resppnse parameters are Yam and uym
defined as the max!mum absolute values of rotation and translation,
respectively, at CM and the ductil ity demand on tolumn 1. In each case,
the system yield strength ‘is eqi.lal to one'ﬂfth of the elastic streﬁgth
demand (R=5). The f:wo components of the 1940 E1 Centro and the 1952
Taft earthquakes records are used as lnaut. The. fol lowing observations
can be made. |

i. Cofnparing the broken and solid 1 l_njes in Fi;_.'a (4.6)‘ shows that
the rot.ational deformation ug, is considerably. reduced in the S model
which does nét ::ontaln plastic ecceﬁt_r{ci'ty. B This observation-is qutte.
evident for short period structures Qlth T,€0.2 sec. Reducttons in ugy ‘l

of up to .75% are obtained at Tx=0.'l sec'. For othet__' period values

e .
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reductions of 50% are not uncommon. . \ ,
. . .
it. Figure (4.7)'shou5 that the transiationd) component Uym 18
not systematically affected by changing the value of the plastic

eccentricity.

‘i o -~
ﬁi i. The ductilifty demand on the most stressed column, number |,
~

combines the eFFe‘cts of the rotational and translational displacements,.

-
”

The ductility demand fs defined.by ' .

by = max |ux(t)-[:9(t)/'r)(a/2)]| o (4.11)

The infiuential effect tQat the plastic eccentricity r@s on the response
is evident by compar!ng*the. sol id and bro’ken 1ines coi‘responding to

models with and without plastié eccentricity, respgctively, In Fig

L}

(4.8). By eliminating the plastic eccentricity, as in the mode | S,.it

is poss¢ble to timit the ductil ity demand for short period structures to
values less than ten while for the other model, ductility demand can b
as large as 28. ‘

v

These opservatib‘ns Ihdicate that although the two-anéls used are
equivalent ftn the elas;tic sense, t.:hel.r responses are éignIF;cantly :
different by the virtue of diﬁff’erences in the sf@gth ;Hstriﬁufion.
The one that has nonuniform ‘strength‘dlstribution'exhibitedl larger\

rotational deForrﬁatIons and comsequently large'r ductility demands., A

. structure attains its maximum deformations during the strong shaking era _

. .
of the excitation., At this stage the structure isExcited well into the
. . . ' " ~ ) .
inelastic range and it is the strength dists#ibution rather than the

stiffness distribution that governs the response. Therefore, -a

L . . ) .
structure with un!form strength distrfbution will behave more 1ike a
) 4
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symmetric structure with less rotation and more uniform distribution of
ducti ity demand on the elements across the plan.

In the foregoing discussion, models with large values of plastic

* eccentricity as well as stiffness eccentric'ity have been used. It is

useful however to see how sensitive structurés. which are excited well
into the iné:lastic range, will be to variations_in'the value of the
eccentricity of both types. This is achieyed as follows. On one hand
the response o{ structures having ide:nt.ic'al values of stiffness
eccentricity (eg=0.20) but with diFFergnt values of plastic eccentricity
(ep=0. 0.10,-0.2D) are considered. On fhe other hand the responses of
structures having identical values of plastic eccentricity (ep=0.ZQ)
are considered for different values of stiffness eccentricity (e5=6.
0.1D, O.ZD).‘ These response curves are shown in Figs (4.9) and (4.10)
for the 1952 Taft and 1940 E1 Centro ground motions. Figures (4.9a) and
(4.9b) show the variation of the max imum rotation Ugp@gainst lateratl.

period ;rx. The spread of the curves in the left plot, corresponding to

different values of €ps shows that the structure is sensitive to

"variations in the magnitude of the piastic eccentricity. This

sensi:tivity is particﬁlarly significant for short period structures
(T,¢0.5 sec). The rotational response s considerably reduced with
d_ecreasiﬁg'values of the plastic_eccentricity. On thé other hand Ithe
right plots in Figs (4.93) and (4.9b) show that the rotatfonal
response is insensitive to variatfons in the value of the stiffness

eccentricity. All curves have steep slopes in the short' period rare

with substantial values of deformations. This indicates that regardless

L e ——— . ——
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of the magnitude of the stif’f;ness eccentricity, response is control led
by the plastic eccentricity.
—~

This observation is true also for ductility demand responses_on
the critical column ai_spprn in Figs (4.10a) and {(4.10b), In addition
to the curves of the different asymmetric models, curves cor;esponding
to the trﬁe symmetric case, i.e. ep=es=0. are also included. In the left
figure, it can be seen that the two cu;ves of the symhetric and'
asyﬁmetrit case with zero plastic_eccentrfclty are very close even in‘

/ \
the short period range. Thus by aiming towards a uniform distribution of

yield strength, it is possible to‘eFFectively reduce the additi&nal
ductility demand due to stiffness asymmetry. This effect is
. particularily useful in view of the findings of the'present study énd the
related étudjes‘JG) iquicating'fhat short peried structures are
vuinerabte to the combined effect bF inelasticity and asymmetry. I[n the
right figure, all asymmetric models curves are substantially larger than
that of the symmetrfc case. This shows the consequences of having
different strateéies of stiFFness.distribution. including the one of
uniFo;m distribution (eg=0). Even with no elastic eccentricity, it
fails ’to reduce the addittonal ductility demand due to‘asymmétry'

because of the Influenclal effect of the large plastic eccentricity

v

common in these models.

>

*The usefulness aof the-pYastic eccentricity is based on two

assumptions. First, all resisting elements are assumed to have reached

Y

their yield strength capacity. Second, the load deflection curve of any

el ement participéting in the lateral resistance is idealized by the
. . . —
elastic-perfectly-plastic retationship. The first assumption

’
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,

corresponds to the ¢ase of structures being excitnguell:into the

inelastic range either due to severe excitations or when the design

-

strength of a struéture is well below the anticipated elastic seismic

. . .
~ -~

forces. In this- range, the strength distribution cbntro]s the response

.

as indicated earlier. However, if the structure is only moderately

excited into the inelastic range, the strength as well jf the stiffness

distributions interact in a complicated way to, control the response,

Therefore, neither the. stiffness eccentricity nor the plastic

eccentricity alone wil’/l be an adequate index for torsion. The second

assumption is the elasto-plastic idealization of the elements.

resistanceq?unctions. Although this idealization approximates actual
behavior only in limited cases, it has been widely used in nonlinear

analyses. ' This idealization is a special case of the.more.general
bitinear curve with the yielding branch having a nonzero slope. For the

bilfnear idealization, the specification of the plastic eccentriéity is

st}ll simple because the'yielding branch is also a straight line. The

.

- extension of the plastic eccentricify concept to the more complicated

nonlinear curves will require additional work and it is considered

* .

‘beyond the scope of the present study.

Vy

- .
In the parameteric study of the plastic eccentricity and the

elastic eccentricity, it has been assumed that they are independent'

parameters. In other words, even if the elastic eccentricity is
dictated for éxample by the architectural consideratidns. one can still
minimize the magnitude of the plastic eccentricjty and hence reduce the

rotational deformations should inelastic response occurs. To a |imited

. -
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extent, this assumption is valid as shown below, :Consider the two
structural plans shown in F{g (4_L1y One consists of a rigid §Iab
;upported on two open frames parakﬁel to-the direction of excitation,
The frame to the rléht has larger beam and columns than those of the one
tolthe left. For th}s system, both types of ecceﬁtricity are expected
to be of similar magﬁitudes. The other‘system has its slab supported on
an open frame and an infilled frame as shown in Fig (4.11b). While the
infilled frame %s stiffer than the open Fréme and hence the center of
stiffness is offset from CM, the ultimate strength of the two structural
elemeﬁts are almost thg}same since_the infilled wall fails in a brittle
manner once the strain exceeds the critical value. Therefore, the
éenter of strength coincides with CM and ep=0 in thi; second'struc£ure-
This example demonstrates the independence of the concept of elastic

.

eccentricity and plastic eccentricity for certain types of structures.

4.5 MASS vsS STIFFNESS UNBALANCED ECCENTRIC STRUCTURES :

»

So far, discussion has been | imited to models whose elastic

Ly .

asymmetry, i.e. the relative location of CS from CM, is due to stiffness

unbalance. Asymmetry can also be fntroduced in structures due to the

uneven distribution of masses. Structures with irregularly shaped siabs

or uneven distribution of the 1ive loads are typical examples in which

,
-

the center. of mass ﬁay be shifted off the center of sFiFFness. Such .
asymmetry is gaid‘to be du; to mass unbalance.

Asymmetric structures ‘With efther mass or stiffness unbalances
will give the éame qvera}l elastic response provided the system

parameters are identical. However, their ipelastic responses will be

.
0
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diFFerentAsInce in this range the response depends oh the 1etai s of the
structure. A model with mass unbalance irs shown in Fig,(4.12). It

-
consjsts of a rigid slab on four identical columns symmetrically

arranged and the CM of the slab is shifted along the y direction. This

eccentricity is referred to as the mass eccentricity (e,) and is taken

S—-rt0 be'equal to one fifth of-the plan dimension D (em=0.ZD). _Takin'g the"

fFirst moment of yield forces about-tM, it can be showﬁ that the center
of strength coincides with the center QF st:f‘Fness. hence the plastlc ‘
eccentr‘iclty of the system Is glven by ey =0.2D. This modei will be
referred to as the MP model. The inelastic respoﬁse of this model
(eq=0.2D, e;=0.20) is compared with that of the SP model (eg=0.2D,
ep=d'."fD) in the fol I_owing way. The rat'i:o of rotation ug, and
translaflon Uy of the MP model to those of the SP model are shown in
Fig (4.13) using the 1940 E} Centro and 1952 Taf"t ground metions. It
caﬁ be\seen that the translatfonal component is !nsensitive to the type
of ecgentriclity as indlicated by the_ratios being littie different from
unity. However the rotational deformations of the MP model are less
than those of the SP model by a Factor of 301. on thP.average.

The ratIos of ductthy demand of polumn 1 in the two models are
shown‘in Fig (4.14), The ratios are clearly beilow unity. Thus the
du‘cti lity demand on the most stressed colun;n fn ,asymnetric'_structure;
with mass unbalance is smal ler than thatlin an equ I’vale;;t system Eut ‘
wi%h stiffness unbalance. This is not only because of the smaller
rotational deformations ggg)a+so the.rotgtional component contributes

less to the column duct!1 ity fn the mass unbalance model since the

L
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column’'is locat;d closer to CM as compared to the case of stiffness
unbalance. Column | is located at a distance a/2 or (a/2)-e; away from

CM in the stiffness or mass unpalance models respectively.

4.6 EDGE DISPLACEMENT :
The edge displacement of the fldor slab serves as measure of the
nonstructural damage potential. The pq§itive edge displacement 4, is” ’

defined as the absolute maximum displacement of the edge of the slab

furthest away from the initial center of stiﬁfnes; CS, in other words

By = max  [A (£}l (4.12)

where
By(t) = Uy(t)=(uglt)/r)(D/2)

N . o
Since the relative location of this point is invariant in all the
’ - .
asymmetric models considered herein, the edge displacement 4, is a
useful parametgr of comparison. The information on the edge

dtspfacementis.normalizéd with regbectto Ay5 whHich is the edge

displacement of an equivalent symmetric model. The ratio A,/A

’

Xo .

representqlthe asymmetry effect, in other words the additional
deformations introduced due to asymmetry. The variation of Ehis‘ratio-
against |ater$l_period is shown in Figs (4.15a, and b)., Ratios are -
obtained using asymmetric modéls ;fth uniform gn nonuniform streﬁgth

distributions and asymmetry is either due to- atiffness or mass

unbalances. The fol lowing observations can be made.

- i. 5symmetry effects are substantially reduced in the stiffness

v

i
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.the ratio Ax/Axo can be as large as 5 for the nonuniform strength
distribution case, its value ié kept below 2 for the other case.

ii, Strength distribution affects the mass unbalance models.to a
lesser extent thaﬁ it does to the stiffness unbalance models. This can
be explained by recal ling that the rotational component of deformation
s less in the mass unbalance systems as shown,earlier. rSince the
plastic eccentricity essentially affects fhe rotational deformations of
the system, it js expected that eliminating the plastic eccentricity In
the mass unbalance system will affect the total displaéement~:Esponse to
a8 lesser extent .

iji. Independent'of the type of the elastic eccentricity, mass
or stiffness types. asymmetry effects can be limtted to values between
one’ and, two over the entire period range by proportioning strength for

‘unlform dlstributons

-4.7 SUMMARY AND CONCLUSIONS- :

The effects of asymmetry on the inelastic response of structures
have been di;cussed. The prime concern of this study is regafdtng the
role of "eccentricity"'in the inelastic response of asymmetric
structures. For this purpose a single mass monosymmetric structﬁral
mode | subjected to the .two horizontal components of grogng motions fis
used. A number of models-are used to represent a variety of buildings
with different stiffness as wel! as strength distributions among the
resisting elements, To limit the size of the study, only bulldjngs with

identical properties in the two lateral directlions are considered.
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Moreover, the torsional to latfpal freguencies ratid is assumed to have
a value of unity inall modeis. The response parameters of interests
are the rotational and lateral deformation components at the center of
mass, the ductility demand on the most stressed column, and the edge
‘displacement. Having analyzed the resukts, it is possible to make the

fol towing conclusions.

(A) Effects of Interaction:
‘1. Including interaction between the two lateral components of

;hear in yielding of columns affects the inelastﬁc response of

-~
-

asymmetric systems .to a lesser extent than it does to the symmetric
caé;:) This can be attributed to the presence of torsional coupling. Tt
) _,introduces to the asymﬁetric system some Features thét interacfion Is
known to have, namely the allowgnce of transfer oF.energy between the

two lateral “directions.

{B) Plastic Eccentricity Concept:
l. An alternative definition of eccentricity based on the

. ultimate strength prOpertlés‘is proposed as a better index to denote the

severity of torsion on the inelastic response of asymmetric\structures.: -

The proposed plastic eccentricl@y is defined as the offset ofxﬁhe center
of streﬁgth from the center of mass of the system. The center of
strength can be obtained by taking the first moment of -the yield forces
in the resisting elements about any arbitrary point in the floor plan.
2. Different from the experience wlth the elastic eccentricity

(the offset of the center of stiffness from CM}, the rotational response

~ ' /
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of asymmetric structures excited well into thg inelastic range I§ found
to be strongly correlated with the ﬁagnitude of the plastic
ecceqfricity; Structures with uniform strength distributions, or =zero
plastic éccentricity. are expected to experience considerably less

rotational deformations in their inelastic response as compared to the
case of, struc&gggif:Ath nonuniform strength distributions. The
redqg;&on in rotational deformations and consequentiy in the elements
ductility demand is particularly evident for stijﬁhéyructures‘

{ 3. The plastic eccentrici%y concept helps in understanding the
nature of the inelastic torsional responses. Under severe excitations,
most and if not all the resisting elements reach their strength 1imits
and the rigidity of tﬁ; system is best characterized by its strength
properties. The response in these sftuations is controlled by the
strength distribution. Strhctures having uniform distributions of
‘strength will behave more 1|fke symmetri? systems fn ductility demand
estimates. -

4, Stiff strucfures-with yield strength well below the elastic
strength demand aéé known to be vulnerable to the effect of asymmetry
(6). By providing a unfform strength distribution, it is possible to
effectively reduce the rotational response as weil as the elements
ductil ity demand for structures under strong eérthquake excitations.

The ductil ity demands of asymmetric structures with uniform strength

disYribution are found to be,not much different from those of a

distributions)/.

/s
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(C) Masgs versus Stiffness Eccentricities:

t. Within the elastic definition of eccentricity, asymmetry can
be due fo either uneven distributions of st}aness or mass. Th{s
distinction is useful Bnly in ;;;‘:;;E\SF Inelastic response since it is
model specific. Comparing the inelastic response of structures of-both
types shows that while the lateral compenent of deformation at CM is
Insensftige to the .type of asymmetry, the rotationél component is found
to be less in the mass eccentric‘systems a$ compared to that of the
stiffness eccentric systems. This observation is in agreement with the

h)

findings in (49).

(D) Edge Displaceméﬁt:

1. For a structure with uniform strength distribution, asymmetry
can oﬁly increase the displacement of the edge furthest away from the
initial center of stiffness by 100% at most over that of the symmetric
case. This information would“be useful in the design of nonstructural

elements such as ¢laddings at the perimeter of the building enyelope.

-

»
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CHAPTER 5

SUMMARY AND CONCLUSIONS

5.1 SUMMARY :

In this investigation, a study has been made of the inel§stic
seismic response of single story structures hﬁving symmétrical as well
as asymmetrical conFigurationéxand.subjected to bid{;ectional
excitations. The intent of thi; investigation was (i) to assess the
significance oF.Forces interacfidn in yielding of columns in the
analysis of inelastic structures, (ii} to provide guidelines as how*to
account for the bidirectionality of the ground motion, and (iii) to -
clarify the role of "eccentricity" in tﬁe lateral-torsional response of
inelastic asymmgFrical systems. '

To gain insight as to the effects of includiﬁg'Forceé
interaction, the dynamic respbnse aof inelasticzcolumﬁs sub{ected to
biaxial bending due tB s!nusoidal base motions along twolorthogbnal
directionsis discussed. The elmsto-plastic responses. with interaction
effect included or ignored are presented. Columns having either
circular or 1 sections are Eonsidered in the discussion.

The f{nelastic response of single ;tory struétural mode |
stbjected to the simultaneous action of the two horizontal components
of ea%thqhake ground motions is then discussed. An ensemble of five

pairs of recorded eaﬁthquakes‘ground motions is used as input and the

mean values of responses are presented. Attention is focused on the

192
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displacement ductility demand responses. In this part of the study,
buildings with identical or diffe}ent properties in the two 1atera!
directions are considered. The effects of the orientation of the ground
'mgtion components with respect to the structural axes are examined.
Approximate méthods to eﬁtimate the peak duct{lity demand are presented.
One method which requires only the elastic response of the §ystem is
propesed. ’

Finallz, the effects of asymmetry on the inelastic response of
structures are examingd using 8 single mass monosymmetrical structural
mode! subjected to bidirectional earthquake ground motions, The
significance o% fﬂé interaction effect is assessed for such torsionally
coupled system. The prime concern in this part 6f the study is
regarding the role of "eccentricity™ in the inelastic respoﬁse of
eccentric structures. A.new concept of eccentricity based on the yield
properties of *he resisting elements is proposed. The adequacy of the
proposed eccentricity as a measure of the rotational response of
inelastic eccentric systems is examined. The response parameters of -
interest are thé duct il ity demand 6n the most stressed column and the

edge displacement.

5.2 CONCLUS]ONS :

By the end of each of chapters 2, 3, and 4, related’
conclusions are included. In addition, the outstanding conclusions are
presented in the fol lowing to help gain an overall view qF the findings

of the presenf work. .
-
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B 7. . : .
Based on the discussion in chapter 2 on the effects of

interaction for inelastic columns subjected to biaxia! bending due to

-

sinuscidal -input motion, the following conclusions can be made.

1. For systems with large ratios of execitation to system
frequencies, inctuding the'ﬂnteraction engct has the tendency to reduce
the steady state displacemgnt response. For such systems it is adequate
to consider the elasto-plastic responses. '

2. lInteraction ‘becomes significant for systems with low
Frequency ratios particularly with high levels of e;citation.
Including interaction leadsto a large iﬁcrease of the steady state
displacement response over that of an elasto-plastic model. For this
situation, a conservative estimate of the response can be obtained if
the lower bouﬁd yield curve, which admits.maximum interactioﬁ, is

assumed for the eleﬁent considered.
3. Varying the phase angle between the two input sinusoidal
waves leads to the redistribution of energy in the two orthogonal

directions of the system when the interaction effect is iqpluded. The

redistribution of energy causes the response in one direction to

increase and in the other to decrease. The maximum effect of the phase
angle on the disblacement amplitude is insensitive to the shape of the
yield curve assumed. In addition, an elaéto-plastic model will give a

good estimate of this makimum-displacement'amplitude provided the

frequencies ratio is large (n2>0.6).
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Based on the ineiastic analysis of symmetrical structures
subjected to bidirectional earthguake ground motions presented in

chapter 3, the following conclusions were reached.
4

(A) Effects of Interaction : -

l. Including the interaction effect has only a minor effect on
\ .

.the inelastic response far Jlong period structures (say T»>0.5 sec) or

short period structures excited moderately into the inelastic range.
Therefore, an elasto-plastic analysis without taking the. yield
interaction effect imrto account wili be sufficient for determining
ductility demand est}ﬁates for .these classes of structures.

e

2, S5tiff structures (T<0.5 .sec) with low yield sti‘erfgth. hence
those excited well into the -ine‘l astic range, are shown to exhibit large
values of-: ductiiity demand based on eiasto-plastic analysis. .For such
structures, “the interaction,efféct is signif"i‘;ant and it Fuv_"ther

increases the ductility demand. The increase becomes substantial for

very stiff structures (T(D.Z sec). This observation is significant on

‘

.two counts.- First, it points out the inadequacy of planar inelastic

analyses to estimate the ductility demand for stiff structures excited
well into th‘e inelastic range. Second; it shows -that the ductility
demand for such.structﬁres can b‘e exceedingly high. Therefore, very
stiff structures should be designed so that the expected earthquake
disturban;:e will not cause the structure to be excited well into the
inelastic range. In other words, _it is prudent to design‘very stiffF
structures to remain elastic or almost elastic when subjected to the

probable earthquake excitation. Since none of the existing studie.:-?'bn

-



1946

effects of interaction considered structures in this period range,
this effect has been overlooked before.
‘ 3. The radial "ductility ratio in systemé with identical
préperties along the two lateral directions of resistance is invariant
to the orientation of the ground motion directions relative to the
structural axes provided the interactidn effect is included in the
inelastic amalysis. Such quantity can be used as an index of ducti Lity
demand in structures subjected to bidirectional excitations, and should

e
be used in ductility estimates for design purposes.

4. A more realistic estimate of ductility deménd which takes

‘into‘account the effect of interattion and the bidirectionality of

: excitation can be, on the average, up to 407 larger than estihatés
calculated otherwise., Such an eﬁtimate can be défived using the ngsto-

rules are either (i} increasing the uniaxial response to the stronger
4
. component by. 48% or (i) as the sum of the uniaxial response to the

stronger component plus 30% of the response to the other component.
. - v

(B) Approximate—Estimate of Ductility:

I. An approximate estimate of fhe duﬁtility demand of symméfrfc
structures based on amplifying the elastic response with. a period
dependent factor is broposed. These faétors are related to those:
proposed in (32) to derive inelastfc,response spectra from elastic

" smooth spectra. Except for very stiff structures withv IJW yield

strength, this aﬁproximate method seems to be satisfactory.

r
L4 - -~

plastic uniaxial responses of the system by approximate rules. These,

JRS
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For symmetric structures with unequal periods in the two lateral

{ directions, the following conclusions were spechically stated.

1. The radial ductility ratio shows considerable variations with
the angle of orientation of ground motions even if the interaction
effect is taken into account. The maximum radial ductility ratio over
thé entire range of the angle of orientation can be reaqonably estimated
by orienting the pair of ground motions such that the stronger component
is acting along the shorter pericd 'directian.

2. The maximum effect of the orientation of ground motion

components on the dﬂctillty demand in the longer period direction can be

eséiméted by the 30% rule., i.e. the sum of the maximum uniaxial response
in the longer period direction plus 30% of that in the shorter period
direction. And to account for this effect in the shorter period
directiom, it is sufficlent to increase the maximum uniaxial response in
this direction by 40%.

-

Examining the™~inelastic response of the single mass

monosymmetrical models subjected to the two horizontal components of
earthguake ground motions, the following conclusions were drawn.

ba

L

(A) Effects df Interaction:
{: Including lntegéction between the two lateral components of
shear'in ;Iefding of columns affects thﬁ inelastic response og
asymﬁetrfc systems to 5 lesser extent fhan it does to the symmetric

case. This can be‘at::l:uted to the presence of torsional coupling. It

introduces to the asym etric system some Feaﬁures that'interaction is
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known to have, name 1y the al lowance of transfer of energy'between the
. .
two lateral! directions. y N

{B) PTéstic Eccentricity.Concept:

l: An alternative definition of eccentricity based on the
uttimate strength properties is proposed as a better index to denote the
severity of torsibn’on the inelastic response of asymmetric structures.
The proposed plastic eccentricity is deFined as the coffset of the center
of strength from the center of mass of the system. The center of
strength can be obtainedfhy taking the first moment of the yield forces
in the resisting elements about any arbitrary pd}nt in the floor blan;

2. Different from the éxperience with the elagtic éccentricity.

{the offset of the center of stiffness from CM), the rotational response
of asymmetric structures excited well ;nto the lnefastic range is found
to be strongly correlated with the magnitude of the plastic
?ccentricity. Structures with uniForq strength distributions, Q%;hzero
plastic ecceﬁi?icity. are expected to experience coﬁgidérably less
rotational deformations In their 1nela5ti€ responee as compérgd to the
case of structures with nonuniform strength'distf}butions. The
reductio; in rothtional deformations and consequently in.;hé elements |
ductflity demand is particularly evident for stiff structures.

3. The plastic eccentrfcity concept helps ;n undgrstanding the
nature of the inelastic torsionai-responses. Under severe excitations,
most and if not all th; resisting elements reach their strength 1imits
and the rjgidity of the system is Sest characterized by its strength

properties. The response in these situations 1s controlled bi the
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strength distribution. Structures having uniform distributions of
's'tr-engﬁh will behave more |ike symrﬁetric systems in ductil lty‘ demand
) »
estimates. . .
-4, Stiff structures with yield strength well below the elastic

strength demand are known to be vulnerable to the effect of asymmetry
il (6). By providing a uniform strength distribution, it is possible to,

effectively reduce the rotational response as we\l | as the elements
ductility demand for structures under strong ea‘-thquake excitations.
The ductitlity demands of asymrfpetr,ic stru?tures withsuniform strength’

distribution are found to be not mi diFfe‘rent from -those of a

completely symmetric structuré'(both;‘ in stiffness®and strsngth

distributions). - ' . . )

. ! L )
5. For'a structure with uniform strength distribution, asymmetry
Corud

can only increase the displacement of the edge furthest away from the
. initial center of stiffness by 100% at most over that of }Iﬁ_grm\etric

Q../case. This information would‘be‘ useful in the design of nonstructural

e . .
elements such as claddings at the perimeter of the building enveiope.

The abovg favorably indicates that the proposed plastic

eccentricity is a useful index of the severity of r;gtfonm response. of
¢ : ' :
structures excited well into the irpela'stic range. However, if the

B &

structure 1s on moderately excited' into the inelastic range, neither”
the elastic eccentricity nor the plastic eccentricity alone will be'an

| adequate index for torsional response. Moreover, the pla.stlc

»

eccentricity is introduced herein based on the elasto-plastic

-

fdeal ization of the inelastic behavior of res®ting elements. It is

k]
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desirable,to extend such a useful concept to the case of more elaborate

‘ideal izations of - the inelastic behavior of elements.

.
»

{C) Mass wg{§us Stiffness Eccentricities:
I. Within the elastic definition of eccentricity, asymmetry can

be due to either uneven distributiﬁnﬁ of stiffness or mass. This

. .

distiriction is useful only in the case of inelastic response since it is

model specific. Comparing the inelastic response of structures of both

types shows that while EPE laterad compeonent of deformation at CHM is

insensitiQé to the type of asymmetry, the rotationa] cgmponent is found
- . R

fo-be-leqs in the mass eccentric systems as-compared to that of the

sgiFFness eccenfric systems. This observation' is in agreement with the

findings in (49). . : ’
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APPENDIX A

. DERIVATION OF STIFFNESS MATRIX [S]%P

OF AN ELASTO-PLASTIC ELEMENT WITH INTERACTION EFFECT

S
The following formulation was original 1y presented by Nigam (34)

and is given here for completeness.

The incremental forces A{Q) and incremental displacements A{q)

are related by the general element st!ffness matrix [S] as follows

4(Q) = [S) A(q) | (A1)

The fincremental displacement oF_;Grj;?ement undergoing 1nelastic

deformations can be decomposed into elastic and plastic components
a(q} = 4(q)® + a(@)® ' . (A.2)

The elastic component A{q}e obeys Hooke’s law and ig}is responsible for

X changing the force 1level as given by ' ) !

A(Q} = (S1° A(q)® | (A.3)

where [5]% is the elastic stléknegs matrix of the element and Is given
by - : ~ .
[S1€ = rk; © - (\_// - (A.4)
| [o kz] ‘ '
where k; and 4k2 are the élement elast I'c’stif-'fnesses ialong fts or;thogonal
principal axes of resfistance. i

The plastic component A{q}P follows the plastic flow rule, For a

stable plaétlc material, there exists a yleld curve ¢ whose expression
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v~ .

is a function of the general ized forces simultaneousiy acti on the
element, -namely Q; and Q,. An associated flowrule statégfihat the
incremental plastic displacement vector A{q)p lfes along the outer

normal to the yield curve, or in a mathematical form

[ 2¢ , )
A{g)}P = A 2——-— . (A.5)
3(Q)

where ) is a positive scalar. Moreover, for a perfectly plastic

material, the incremental force vector A{Q) should be.tangential to the

yield curve since the growth or the tfﬁnslatioh of the yield curve in
tﬂe force space is not al lowed. Hence the normality rule holds true and
it states that the inner product of A{q)P and A(Q) should vanish or
-~ J
(4{Q},4{q}P) = 0 . . (A.6)

In other words, the increments of the plastic displacement and the force
vector are orthogonal. ‘ (\

Rewriting Eq (A.3) as fo]lows

—

A{Q) = [S]® (A{q} - A{q}P) - (AT)

and substituting Eqs (A.7) and (A.5) Into the normallity rule in Eq

(A.6), one can obtafin an gxpress]on for the'scelar X -

PYs
ata)7 [s)1® g--—-%
: a(qy)

A= = . . ' (A-B)

3 (3¢
b i
3{Q) 3(Q)

Substituting Eq (A.5) and Eq (A.8) into Eq (A.7) gives

P




2
MmT[me}~~

3{QJ 3¢
(s1® 3

a{Q) = [S)® { afq) -

/

[
2 )

3{Q}

(3¢ lT 2(Q)

la(Qﬂ
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(A.9)

Performing the inner multiplication and rearranging, Eq (A.9) becomes

3¢ ¢
(&) "‘kz(ﬁl)(
8{Q}=[51¢ _ 21_ . ‘
ad a¢d )
- kl(ﬁ—l) tky (sz) kl'kz(%_l_)(;;_z) k%(%
or
A(Q} = [S)®P A{q) ’
where ' - .
[S1% = [S1®-[51P
and o *

.

el

k%(f’i
2q,

2
) +k2

(s)?

3¢

e gy

- A -

tk2

34

aQ,

3¢

aQ;

)

-

-

)

A{q}

(A.10)

(A.11)

(A.12%

N
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APPENDIX B

NUMER!CAL INTEGRATION

B.! NUMERICAL INTEGRATION :

The equat{pns of motion of a system whose deformation is
described by displééement vector {u} and acted upon by {P(¥)} are given
by ‘ -

(ML) +{CI(0) + (F) = (PE)) (B.1)
whefe [ﬂ] and [C]’are the mass énd-damping matrices respectively, and
- {F} is the‘éestoring force vector. .Equation (B.1) can be written in
incremental form as fol lows |

[MJA{U} + [CIA(Q) + [K)A(U) = A(P(E)} ° - (B.2)
where [K] is the tangential stiffness matrix. The equations oF_motion
‘can be numerically solved assuming the properties of ;he structure to
remalp unchanged during a short time i;terval At Assuming the
'accelerafioTJpector to vary linearly withinlthE‘time Incremeng. t‘E‘

Following'récurfence relationships can be obtained

A = (6/at2)a(u) - (6/A6) (1)) - 3(L(O)) . (8.3)

1}

‘A{0) = (3/At)A{u} - 3{u(t)} - (At/Z){G(t)} ' (B.4)

Substituting Eq (B.3) and Eq (8:4) into Eq (B.2), the following pseudo

static equillibrium equation is obtained

\

“(K") AQu} = A(P"} (B.5)

”

where [K"] is the effective dynamic stiffges& matrix and A{P'} is the .
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)

effective load vector and they are given by

> . . .
(k"1 = [K] + (6/8t2)[M] + (3/at)[C] (B.6)

AP") = A(P) + ((6/8)(G(£)1+3(3(%)})[H]
+ (3{0(t)}+(At/2) {G(L) ) [C] / (8.7)
The change in displaéement vector, A{u), is obtained by solving the set
of algebraic equations in Eq (B.5). 'Then using EQ'(B.AS; the change in
-.the velpciey vector, A{U), can be obtained. The total displacement and
veiocity vectors at the end of the current timer;;ea are' given by

{u(t+at))

{ult)) + A[U]

{GE+a)) = {O(D)) + a(0)

To avoid the accumulation of the errer due to considering the
.equitibrium of the incremental Forces. the acceleration vector hﬂt+At)}
can be found sc‘qs to satisfy the equilibrium of total forces as follows
(U(E+81)) = [MILC(P(E+aE)) - (Fp(t+at)) - (F(t+at)))  (B.8)
. : R .

- where {Fp(t+aAt)) and (F(t+At)} are ‘the total damping and restoring

forces, respectively, at the end of the time step.'

B.2 STATE‘TRANSITIE§§ Lﬂ ELEMENTS WITH INTERACTION EFFECT INCLUDED :

v ‘.-‘ﬁ )

‘ T ELASTIC TO PLASTIC

plastic state if the value of ¢, based on the forces at the end of the

time step, is equal to or larger than unity. Should ¢ become |arger

than unity, which may very well occur, the incremental displacement-

vector A{u} s applied in two portions, the first porticn eA{u) fis

;H applied such that the element will just reach 9ield and the second

B — Lo {;\ : N 7_1 bl ,'__'.._.,'4. -

The element ts said to change from the elastic state to the

-,
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portion {l~e)a(u) is then applied assuming the element in the F/lastic

range.

(i)  PLASTIC JO PLASTIC _ .

To ensure the continuation of the plastic loading, two

conditions are examined.

.

l..The incremental plastic work awP should be positive., awP is
a-scalar quantity gfven by the scalar product of the total force vector
{f(t)} and the incremental plastic component of displacement vector

&{uP), or in‘?hetz_#/,

awP = (E0))T ALUP) : 5

»

awP : D : ‘

. R .
- 2. For a specified displacement increment A{u)}, a force.

Y

increment A{F]e is calculated assuming elastic coﬁditidns.'i.e.

A(FI® = [S]® A(u) - R

if the new force vector {f(t))+A{f}® moves outside the yleld curve, then

the elastic state is incorrect and the p\astic,loading shodld‘continue{

Equivalently, continued plastic loading occurs if
(m T a{F)® > 0
where {n) is the vector normal t6 the yvield curve at the position of the

foreg vector'isee Fig {B.1)).

el

Implementing condition | only, as suggested in (34,58), was .*

found in the course of this study to require very small“vélﬁes'of time

interval At (0.001 sec) in order to prevent -the occurrence of premature

unlbading of f the yield cugve.* On the other hand, implegﬁnting both -

conditions was found to be efficient in eliminating the possibility of

.
~

e
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premature unloading even a larger time interval At=0.02 sec. Hence,
the Fol1owfng conditional jstates are implemented in the algoni}b@

.

Plastic~Plastic:
aP 30 ANDZER  (mT ACFI® 2 0 (B.9)
PIastic-ElastLp (Unloadfpg): _
awP <0 AND . 7T a(f1e < 0 | (B.10)

B.3 EQUILIBRIUM ITERATIONS :.

In the process oF'the nﬁmerical integration, a number of factors

A}

give rise*o unbalanced forces. An iterative scheme is required to keep
these forces with?n acceptably small values. ‘The fol lowing describes
significant sources éf sy;h forces.;‘ | <
. 1. The step-by-step integratron schemg assumes the properties of
the sttutture ta remain unchanged within the time interval of
integration. However, in time fné?ements in which the stiffness of an
elemeént changes due to yl;lding or unloading, equilibrium is disturbed "
and unbalanced forges are introduced. S
"7 2. When fhe element is said to be plastic, the chgnge fn éhe
force vector.due to a specified change in displ;cement s evaluated
using the upd.ated stiffness matrix [S]®P as fol lows
yf) = (1% afw) : i
The ;ip of the new total force vector may very well lfie outside the
yielq cqrve; tn other worés .

0 {(F(L)}+a{F) ) >]

Since these situations are not admissible, the force vector neé&s to be
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S | \

pul led back onto the yield curve. This in turr; will introduce unbalance

A * in the f;orces equilibrium.

\ The resulting unbalanced forces are treated using the Newtoﬁ—

Raphson iteration scheme, The iteration algorithm c¢an be written as
fiollows ]

(k") aqu) k) < gr kY (B.11)
where A[u](kH) is the change of displacement vector due to applying the
unbalanged forces vector A[Fu}(k) resulting from the kth iteration.. The
iteration is repeated untill the following condi;:ion is satisfied

- na(F )y ¢ o000 T (B.12)
. -
Twe cycles of iterationé were Fo.und sufficient for this purpose. The -

1

true incremental displacement vector ?s g'iven by

MUY = A(w)® +kgl ALY ' (B.13)
-
- where
/ . 8u° = K17 arP") s (B.14)
B.4 VERIFICATION OF THE PROGRAM :

" ot The devélop;ed p;'ogram is verified bty ;omparing the numerical
! results of sinusoidal excitation of elasto-plastic systems with and
_ without interaction against corresponding analytical results presented
. . in "(.34).- fhe comparison is shown in Fi‘g (ng. Based on the excel !ent

agreement observed between the numerical and analytical results, the

developed program is considered reliable.
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