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ABSTRACT 

A study has been made of the inelastic seismic res~ons~ of 

sing I e story structures hav i ng symmetr i ca I as we I I as asymmetr i ca I 

confi gurat ions and subjected to bi direct i'ona I exc itat ions. The intent 

of this investigation was (i) to assess the significance of force 

Ill.teraction In yielding of columns In the analysis of Inela'stic 

st ructures, (i i) to prov I de gu i de lines as h,o>; to account for the 

bidirectional Ity of the ground motion, and (i,ii) to clarify the role of 
. " . 
"eccentr i c I t,y" I n the I atera I -tors I ona I response of i ne I ast I c .. 
asynmetr i ca I systems. 

The elasto'-~:i'lastic responses ,of symmetrical systems with 
. 

interaction effect included or ig~ored are presented for sinusoidal base 

mot ions as we I I as earthquake ground mot ions. The latter exc i tat ion 

consisted of fihairs of recorded earthquake 'ground motions. It is 

found that the interaction effect is significant for stiff structures 

wi,th low yield strength and it increases the response. The increase 

becomes substantial for very' stiff structures. For this type oi 

structure, an elasto-plastic analysis using uniaxial excitation could 
, , 

ser i ous I y under est i mate the' d I sp I acement duct iii ty demand. It is 

recommended herein that such structures be'designed to remain elastic or 

'a I most e last i c under expected earthquake disturbances. Tak i,l1g the 

Interaction effect and the critical orientation of ground motion 

components into account, the duct I I i ty demand can be up to 40~ larger 

than 'es,tlmates calculated otherwise. 

iv 
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, 
An i ne last i c ana I ys i s of sing I e mass monosynyn-:tr'i ca I structura I 

mode I s subjected to the two hor i zonta I components of ground mot ion is 

performed, A new concept of eccentricity ba~ed on the yield properties 

,of the res I st I ng elements I s proposed as a better I ndex to denote the 

severity of torsion on'the inelastic response of aSY,mmetric systems, 

Th~'1t~cti I ity demand of asymmetric structures with unifor~ s~rength 

distribution, i,e. with zero plastic eccentricity" are fO~d to be not 

much different from those of symmetric structures. 
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1.1 GENERAL : 

In dynamIc 

CHAPTER 1 

INTRODUCTION 

an~bu I I dIngs subjected to earthquake 

excItatIons. It has been customary to consider planar models of fhe 

structure along Its orthogonal prIncIpal planes of resistance subjected 

to components of the ground motion one at a time. ThIs approach 

requ i res I ess effort and cO,st as compared to a more ~ I aborate three .. -
dlmens I ona I afa I ys I s of the same prob I em. Neverthe I ess. one shou I d keep 

In mInd that a buildIng located In a seIsmIc area Is generally subjected 

to the simultaneous actIon of the multlcomponent excItatIon consIstIng 

of three orthogona I trans I at I ona I components and as many rotat I ona I 

components. It Is Important then that the.pla~ar model lIng of the 

'problem be JustIfIed based on the characterIstIcs and confIguration-of 

the buildIng under consideration. In plan as wei I as in elevation. 
"-

For buIldIngs whIch are regular In elevatIon. the Inclusion of 

the vertIcal component of the ground motIon Is only of secondary 

Importance. ThIs Is because this component Is less severe as compared 

to the other horIzontal components and at the same tIme buIldIngs 

usually pOssess substantIal strength In the vertical dlrectkJn to resIst 

the gravity loads. It was also shown (25) that the vertIcal component 

-has a minor effect on the lateral deformations of a structure. 

Furthermore •. the rotational compOnents of the ground motion are usually 

1 
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Ignored because there is I itt I e ava I I ab I e data on them. Therefore. 

horizontal components of earthquake ground,motlons. appl led either 

slmu~taneously or one at a time. represent the most commonly used input 

to simulate the earthquake effect on buildings. 

To analyze the bl!-! Idlng under the effect of the two horizontal 

componj!nts. planar model I ing can be used provided (i) the building has a 

symmetric plan. I.e. with coincident centers of mass and rigidity. and 

(i I) the bui ldlng remains elastic. I n other words. pi anarniode I I I ng "I s 
• 

strictly val id for elastic symmetric syst~ms only. However. nqt many , 
,structures in practice qual ify for such descriptions. On one hand. It 

• is not economical to design ordinary structures to remain elastic when 

subjected to severe but rare earthquake' excitations and hence LPelastlc 

behavlo~ can b~ .xpected under such excitations. In the inelastic 

range. even for synrnetr I c structures. the s lmu I taneous app I I cat I on of' 

the two hor I zonta I components can be sign I fl cant since the two 

components can ~e equally damaging to the structure. To properly 
I 

account for such effect. the I nteract I on of effef:ts caused by the two 

components acting on the yielding Structure should be considered by 

extending the uniaxial nonlinear models of reslstlng'elements to the two 

dimensional case.' Since' s~ch studies are often costly. they should be 

only used when the effect of Interaction Is'slgnlflcant. Therefore. an 

Investigation which examines the sl.gnlflcance of such Interaction Is 

desirable. Furthermore. the two horizontal components used In the Input 

need not coincide with the ground mOtions along the principal directions 

of the structural resistance. In fact. their orientation with respect 

to the structura I axes shou I d be regarded as a random parameter. In 

.-- .-----_._-
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deterministic analyses, the critical orientation that gives a maximum 

value to a. certain response parameter should be considered. {Therefore, 

I nformat Ion on how'to I ncorporate such effect with I n the framework of 

planar mode I I I ng Is requ ired. 

A third factor that complicates the situation Is that most 

bui Idlngs have some Irregularity in plan. Due to this asymmetry, 

their lateral and torsional deformatlons-are coupled because the· centers 

of floor masses and centers of resistance do not coincide. For such 

systems, a nonplanar analysis should be considered. Host studies on the 

I atera I -tors I ona I responses assume the structure rema I ns In e I ast I c 

condition. However for reasons mentioned above and under strong. 

shak I ng, I t Is I I ke I y that many of the res 1st I ng elements w I I I be 

excited beyond their elastic limits and hence a devoted Inelastic 

analysis of asymmetrical bu! Idings is 

1.2 LITERATURE SURVEY : . 
The analysis of the Inelastic r~sponse of structures to seismic 

exc I tat Ions I s a very wide subject and· the re I evant puott shed 

literature Is voluminous • The objective of this survey is to highlight 

some of the pub I Ished work that Is related to the specific areas of the 

present stud¥ and to Introduce to the reader some of the concepts 
... .#. -

discussed In the sub'sequent chapters. These areas are the model ling of 

Inelasticity, the representation of the ground motions, and the effects 

of torsional coupl ing on the inelastic response of structures. The 

organization of this survey follows the same logic according to which 

, 
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the research deve loped l'n the subject of I ne I ast I c response of 

structures. For tthis purpose, the survey is divided into the fol lowing 

sections:- (i)planar modell~; (ii) three dimensional modelling; (iii) 

spatial combination rules; and (iv) effects of asymmetry. 

'I The first S,fctlon reviews the early studies on the Inelastic 

respons~ of structures to seismic excltatloni These planar analyses 

simplified the problem by assuming that It was sufficient to 

Independently analyze the structure along Its principal axes of 

resistance subjected to horizontal ground motion acting one at a time. 

However, recognizing that such assump~ion might be an oversimpl ification 

ijlnd it might lead to underestimate the response, more elaborate analyses 

which consider the simultaneous action of the different comPonents of 

the ground motion on three dimensional structural models have been 

reported. These stUdies are reviewed in the second section. Another 

approach to complement the findings of the ,planar model ling analyses was 

to dev Is e approx imate schemes to combi ne the I ndependent I y obtai ned 
• , l 

planar responses so as to estimate the total response. 
. ) 

The devil I opment 

of such schemes Is discussed In the section on spatial qomblnatlon 

rules. 

Asymmetr1~ struc~ures with torsional coup I ing are one eXBII1Jle. In' 

wh I ch planar mode I I I ng I s Inadequate. Ane,lyses examining the effects 

of asymmetry on the Inelastic response of structures are' reviewed in 

~ the last section of this survey. .. 

1.2. I PLANAR MODELLING 

# 
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Planar model ling of the problem of the'selsmlc response of 

Inelastic structures 
J . 

single story or multi 

has been the subject of many studies either on 

story structures. In such model I ing. only one 
) ~ 

horizontal component of the ground motion Is appl led to the structural ~ 

# 
model. Even with the reduct jon In the amount of calculation by virtue 

r of assuming a planar model, the complexity of the problem requires 

" . 

,..1'.... 

,r'- , 

turther simplifying assumptions. Among the assumptions which are common 

" to many. studies (40, ~54.?5) are the following: ;1) t~e shear beam 

Idealization. In other words. floors are ~ssumed to be rigid and the 

i neia~t i c act i~n is corif,i ned to the co I Limns; , (I iJ the tit umped pi ast I cHy , . 
assumption. under which the formation of a plastic hinge Is restricted 

C _.I 
to specified sections along the column hei'ght. uS,ually the r.,d sections •. , 

where maximum stresses are· likely to occur; antJ (I I I )the e I asto-
~ , 

plastic Idealization of the 1'lItf11 Inear behavior of~lements. 

• • Less restrictive assumptions were adopted by other 

Clough et al (10) examined a tal r building In which bo 

Mel'S ul1.dergo I ne I'~st'l c deformat Ions. 
t...,..... " . 

They Indicated the 

effect I veness of the strong-co I umn-wea~-g I rder des I gn app,roach In 

'reducing the ductl I Ity demand. According to this approach. columns are: 

~esl~ned to remain essentially elastic while girders are deSigned to be , 

responsible .for~dISSf~ln9 the Input, ene~g~ t:rough I~elastlc behavlor.'­

Instead of restricting the Inelastic action to the formation of 
'" .. - . . . 

a plastiC hinge, Wen et al (56) al I owelil', the' spread of plastiCity over a 
, 

finite length of. an Inelastic cantilever beam. As a result they 

observed some reduction In the amount of thl! plastiC drift. However. it 
, . ~ 

was concluded that the system response did not seem to be ov~rly 
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sensitive to such parameter. 
\.. 

.I nsofa'r as the I dea I I zat I 011 of the mater I a I non I I near I ty. a 

general class of Inelastic behavi!Jr which Is simi lar to the Ramberg 

Osgood relationship was proposed by Jennings (18). It includes the 
t'\... 

elasto plastic ana the bi I inear relationships as special cases. These 

models can.best describe the Inelastic 6ycllc behavior of steel 
" . 

structures.' For re.lnfcirced concrete el ements which exhibit stiffness ,. 
deterioration with load reversals. simpl ified degrading stiffness models 

W~re p;opose~ (I I) and the effect of th I s feature on response was examl ned 
• , 

'(9.1 I). 

Wlt~ln. the framework of planar model ling It Is possible to 

In~ude other effects In addition to the single horizontal component of 
. 

the ground mot Ion. Lopez. and Chopra (Z,S) cons i dered the s i mu I taneous 

act"f on -of one h~~ I zO~.1 co~ponent and the" vert I ca I component of . . ", 

earch~ke excitations on a single sto:y Inelastic structure. They 

conc I uded that the vert I ca l component has 'I I tt I e effect on the I atera I , 
deformat I on~ of the structure. Grav ity effects. or' p-t. ef.fect. however. . . , 
coul'd be an Influenclal parameter In enhancing the col lapse of yleldhlg 

structures under certain conditions as shown by Jennings and Husld (19). 

For tall structures with low design strength. there Is a High potentlai 

of col lapse'~ue to the P-t. effect. 

Ir . . 
1.2.2 TH~EE DIMENSIONAL MODELLING: 

, 
.' 

Plana~alyse: assume Impl Icl)!-I'y from the outset that the 

effect of the simultaneous action of the two horizontal components of 

the g~ound motion together with the Interaction of the resistance 

• 
"- ---' 
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properties In the plane perpendicular to the one.belng analyzed are 

Insignificant. Wh I Ie th ismay be va 1'1 din the case of the s I mu I taneous 

act I on of one hor I zonta I component and the vert I Cll I component as was 

shown by Lopez and Chopra (25) .• It I s not expected to be the· case when 

considering the two horizontal components. Since 'these two components 

can be equa I I y severe. then the Irs I mu I taneolis app I I cat I on can cause 

iimultaneous yielding of some r~slsting elements. , . 
To study the force Interaction effect on the 'Inelastic behavior 

'. , 

of structural elements. Nigam (34-36) In his leading work attracted the 

attention to the fact that. even for simple Inelastic elements. 

I gnor I ng I nteract Ion effects Is unrea I I st I c. In (34). his main 

contrlbutloa was to bridge the gap between the geperal theor~ of 

I ne I ast I c members under combl ned stresses pre'Sented by Hodge (IS) and 

Its application to the case of dynamic loadings. In this theory. the 

concept of a y I e I d surface or a pI ast I c potent I a lis used. The 

yield surface expression Is a function of the generalized forces acting 

on the element. In addition to the exlstance of a yield surface. a flow 

ru Ie wh I ch contro I 5 the growth of the pI ast I ~ deformat Ions shou I d be 

assumed before the stiffness matrix relating the Incremental forces and 

displacements can tie found. The reader Is referred to,Appendix A for 

more details on the derivation o{such matrix. 

Nigam also considered the response of single mass two degrees of 

freedom systems to two horizontal components of base excitation. Under 

sinusoidal base excltatlo'ns. he observed that Including Interaction 

enhances the energy dissipation capacity of the system and as a result 

," 

~ . 

. . 
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the steady state dl sp I acement response I s reduced for most of .. the range 
• 

of the exciting to system frequencies ratio. Using an ensemble of five 

pairs of artificial earthquakes records, the mean displacement response 

was presented for systems of natural periods ranging between 0.25 to 2.5 

sec. Over most of the period range, the effect of interaction was not 

pronounced as compared to the standard e I astop last i c response. More 

discussion on Nigam's work can be found in the subsequent chapters. 

Subs.quent to Nigam's work, a number of research papers were 

publ ished (24,27, 37-39) addressing the problem of Inelastic space , ~ 

frames. A formulation based on the kinematic workhardenlng flow rule 

Is presented In (24, 37). Mora (39) also simulated the gravity effects 

by assuming a worksoftening material. 

In recognltl.on to the severe damage to the reinforced concrete 

structures during the 1971 San Fernando earthquake (38) which could not 

be explained using Inelastic planar analyses, extensive work has been 
• • 

done on the biaxial bending of Inelastic reinforced concrete columhs (1-

3, 46). The main efrort Is on extending the avai lable degrading 

stiffness uniaxial models (II) into the two dimensional case. 

1.2.3 RULES OF SPATIAL COM81NATION 
/'" '"\ . 

One desigo approach to find the maximum response of a structure 
I 

, I 

to a multlcomponent'excltatlon Is first to evaluate Independently the 

response to each component excitation deemed Significant and then 

combine these spatial effects using some approximate scheme. This Is 

analogous to combining the modal responses of an elastic multldegree of 
. 

freedom system using the modal combination rules. While the latter has 
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been receiving considerable attention (57), it was only recently, with 

the growing concern over the effect of the simultaneous action of the 

different components of the ground motion, that the spatial combination 

ru I es started to attract some attent ion (4). 

The SRSS ru.le, widely used for modal combination, was the first 

to be proposed for combi,ning the spatial effects (33). If QiJ Is the 

Ith response parameter (displacement, moment, etc. ) due to the 

Independent app I I cat I on of the component J of the ground mot I ~>n, then 

• 
~e combined response QI is given by 

(J. I ) 

where m I s the number of components cons I dered I n the ana I ys I s. Th is 
( 

rule is based on the stochastic treatment of the problem. Assuming the 

I nput mot ions to be Gauss I an processes wi th zero mean wh I ch are 

stat i st i ca I I ¥ independent, then the responses of an e I ast I c system to , 
such dlsturbarices wi I I be of the same nature and the m~an square 

deformation is proportional to the variance. Under these assumptions, 

the variances of the effects of the dlffer.eqt components are addltl Ve 
.... 

and so ·are tile' squares of the re~ponses.· 

If,in a two dimensional case, the two horizontal components are 

further assumed to be of equal Intensity and t~ have Identical spectral 

shapes, identical effects QJ (j=I,~) are obt~ined, Then it fol lows from 

the SRSS rule that the" comb I ned response Q Is equal to the response to 

one component QI times ./2. In other words: the two dimens'ional na.ture 

can be accounted for by increasing the unidirectional response by 40~. 

Rosenblueth (44) replaced the quadratic expression in Eq (1.1), 

f 
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wh I ch def I nes. an e I I I pso I din the response space. with a I I near 

expression 

( 1.2) 

In which the combined response Is given by a linear combination of the 

responses to the Individual components j. Factors OJ are obtained so as 

to minimize the error due to the linearization of the quadratic 

expression and are found to be given by 

( 

According to this rule. the combined response Is equal to the maximum 

response due to one component plus 30~ the responses due to other 

components. 
'j 

It should be pointed out that these rules are based on the 

assumpt Ion of the stat I st I ca I I ndependence among the different 

com~6J,ents of the ground motion which was first Introduced by Penzlen· 

and Watabe (41). Hence these rules do not account for any correlation 

that ex I st sin actua I recorded ground mot Ions. In addit i oM. the 
~ .. 

cllmblnatlon rules are derived on the basis of elastic response 

conditions. Nevertheless. they have been appl led to the cases In which 

I ne I ast I c cfct I OI). takes p I·ac::e. The consequences of such app I I cat I on 

remain. an open question .. 

I. 2.4 EFFECTS~ ASYMMETRY,J: 

It Is weI I known that both translatIonal and rotational motions 
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are Induced In asymmetrical structures when subjected to seismic ground 

-motions. Host studies on the lateral-torsional response problems assume 

the system remains in the elastic range (20, 21, 50). Under strong .• 

shaking, It is likely that many of the resisting elements will be 

exc I ted I nto the I ne I ast I c range and the non I I near hysteret I c effect 

from Inelastic action wi I I affect the lateral-torsional responses of the 

system. The onset of yielding markedly Influences the response of 

asymmetric structures by : (I) lengthening of the structure periods due 

to reductions in its stiffness, (2) formation of hysteresis that leads 

to absorbing energy. and (3) migration of the centre of resistance of .. 
the structure with respect to time. The complex Interaction between 

these effects Is ~ompounded by the Irregular nature of the earthquake 

excitation. 

Little work has been done on this subject using single story 

model s (6, 16. 22, 23, 45. 47. 49. 51-53. 58). a,nd even I ess has been 

" done to address the full scal e problem of multistory buildings (5). 

The prime concern of these studies Is to eval uate the peak ductility , 
demand of the reSisting elements. Edge displacement. as an Index of the 

nonstructural damage. is also Investigated (6. 51). 

The.models used In these studies can be broadly classified Into 

two groups : 

(I) uniaxial strength mode'ls (6.16.49.51.53) In which the resisting 

elements can offer resistance only In one direction. The contribution 
;-

and the Interaction of the resistance In the perpendicular direction are 

Ignored. 
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(2) biaxial strength models (13. 45) in which each column is repr~sented 

by two independent piecewise I inear springs. It was pointed out (45) 

that 'the occur~nce of yi e I di ng I none direct Ion affects the; response In 

the other direction. Based on this observation. the Intecactlon between 

column forces In yielding Is considered In (52. 5B). and the concept of' 

the yield surface is used as the yield criterion. 

The main findings of these studies are dlscus~ed in the 

following. 

(I) Effects of Interaction: 

Kan and Chopra (23) rep I aced the mu I tie I ement eccentr I c 

structure with an equivalent single element model for Inelastic 

torsional response calculation. The single element is located at the 

Initial location of the center of stiffness of the original multi 

element system. For this single elem~nt. an interaction ~xpression is 

obla i ned in terms of the overa I I torqu~ and sheir at the element's 

location. The main effort of this study was to slmpllfythe, multi-column 

probl em to the' singl e el eme~t model~ Clarification of the effe .. ts of 

lo1:era.;t Ion on th~ overa I I system. responses:was,on I Y' the ... secondary 

objective. Yamazaki (58) consldere~ a fourf~olumn,eccentrlc model 

subjected to the two horizontal components o~rded ground motions. .. 

ComparI n!( the elasto-plastlc and the elasto-plastlc with Interaction 

responses he conc I uded that I nteract I on does not necessar I I y I ead to 

larger ducti I ity ratios as compared to the case when interaction is ignored. 

(II) Excitation level 

The displacement response of an' Inelastic asymmetriC structure is 

an i ncr-eas i ng funct i on of the exc'i tat i on I eve I . 

. . 

• 



" 

-.. 13 

, 
(I II) Pse~do Resonance: . . , 

Assuming elastic behavior, this refers to the amp I ification of 

the . rotational response If the uncoupled torsional to lateral frequency 

ratio is close to unity provided the system eccentricity is sma I I (20.), 

This phenomenon however seems to lose its Impact on the response In the 
\ 

presence of inelastic action, It is shown (6,51,53) that this case 

does not lead to extra large values of the ductl I Ity demand in the 

I ne last i c response of asymmetr I c structures, The reason (5 I) is that 

due to yielding in the "system, the "effective" frequencIes of the system 

are detun~d even though the Initial uncoupled frequencies are equal 
Jo*". • 

This observation however differs from the finding given In 
) 

(22), 'Kan and Chopra (22) have carried out a parametric study to 

compare the elastic and Inelastic responses of a single mass 

monosymmetrlc system under horizontal earthquake (EI Centro 1940.) ground 

exc I tat I on and conc I uded that the tors I ona I coup I I ng eff~t depends 

sign I f I cant I y on ·the uncoup I ed tots I ona I to I atera I frequency ratto, 

being most pronou~ced for systems with this ratio close to unity, 

(Iv) Nominal Eccentricity: 

Tso and Sadek (51) examined the inelastic resPonse of a single 

. story mode I cons I st I ng of a r I g.l d slab supported 01) three d I ffer\nt 

frames whose stiffness properties control the value of the .system 
/. 
eccentricity... Using two actual earthquake records (1940. E I Centro and 

1952 Taft), it was found that eccentricity has the effect of increasing 

the ductl I ity demand by a factor of two and 'the edge displacement by a 

factor of three as compared to that of a symmetrical system, Bozorgnia 

, ' 

. , 
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and Tso (6), using a simi lar model to the one described above, further 

Indicated that the effect of eccentricity becomes very significant In 

the case of stiff structures with low design yield strength . 
• 

Irvine 'and Kountourls (16) studied thE!' Inelastl,c response of a 

simple torsionally unbalanced model consisting of two Identical frames 
• 

" supporting a diaphragm and the eccentricity Is obtained therein by 

shifting the center of mass of 'the diaphragm. They reported that the 

J dUftl I Ity demand on the most stressed frame Is rarely more than' 30~ 

greater than that In a simi lar but symm~trlc structure and they reached 

the conclusion that the peak ductility demand and the eccentricity Of 

the structure are only weakly correlated. 

There does not appear to be a common concensous regard I ng the , 
Importance of eccentricity on ductility demand at the present time. 

(v) Frequency Content of th'e Ground Hot I on : 

,Tso and Sadek (53) POI~ted out that the ductl I Ity demand depends 

to a great extent'on,the frequency content of the ground motions, 

particularly In·the period range beyond the elastic period of the 

structure. Th Is, I s cons I stent with the observat I on that '\he effect I ve 

natura I per I ods of systems wh I ch are exc I ted we I I I nto the I ne I ast I c • 
. . ." . 

range wll I be elongated beyond their 1~ltlal elastic period. 

In the light of this Information It Is possible to characterise 

ground motions based on the general shape of the associated elastic 

acce I erat Ion response spectra. Bozorgnla and Tso (6) examined the 

Inelastic response of asymmetric structares to two types of ground 

motions. Ground motions of the first type are those ~Ich exhibit very 

. , 
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i rregl! I ar acce I erograms and whose frequency content decreases I n the 

long per I od range." The other group cons I sts of ground mot ions ha v I ng 

some predominant long period components and as a result the\>r elastic 

response spectrum exhibit. pronounced peaks In the long period range. 

Since Inelastic action leads to elongat~of the system period. 

Bozorgn I a and Tso conc I uded that exc I tat Ions of the second type w I 1.1 

'induce substantial defqrmations in the yielding structure. The 196'6,,-

Parkfield and the 1977 Romania earthquake records are used as examples 

of' the second type. 

1.3 OBJECTIVtS AND SCOPE: 

Based on the remarks In Section 1.1 and after reviewing the 

avai lable literature irrSection 1.2. tne following objectives are set 

forth for the present Investigation. 

0) To clarify the effects and assess the significance of including the 
1 

Interaction effect In the Inelastic analysis of str.uctures so that the .' . 
designer becomes better Informed about the limitations of the Inelastic 

planar modelling. 'u 
(2) To provide guldel ines as how' to accciunt for the bldire.ctional ity of . 

the excitation using uniaxial planar responses. 

'(3) To clarify the role of the system's parameters of asymmetrical 

buildings In their Inelastic lateral-torsional responses. 

The scope of the present study Is confined to single ~tory 

bui ldlngs subje~ted to the two horizontal components of the ground 
r 

motion. '8ui Idings with both symmetrical as wei I as monosymmetrlcal 

... 

,. 
4 
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• 

conf I gurat Ions In p I an are stud led. To accompl ish the stated 

objectives. the study is organized as follows. In Chapter 2. the 

behavior of Inelastic': columns under biaxial bending. Is discussed using 

sinusoidal excitation. The concept and the slgnlflcanc~of the 

Interaction effect Is first Introduced using an Idealized ground 

mot ion. I.n Chapter 3. the effects of the I nteract I on effect are 

discussed for Inelastic symmetrical systems subJected· to earthquake 
• 

,ground motions. If) Chapter 4. the Inelastic response of asymmetrical 

buildings subjected to earthquake excitations Is discussed. At the end 

of each chapter. a brief surrmary of the analysis Is· presented together 

wi th the con.c I us Ions obta I ned perta I n I ng to that part I cu I ar chapter. 
o I . 

Chapter· 5 prov I des an overa I I Irev i ew of the work done .nd thv 

conclusions obtained In this Investigation. 

• 

--
.' 
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CHAPTER ?.. 
I. 

SINUSOIDAL RESPONSE OF INELASTIC COLUMNS 

SUBJECTED TO BIAXIAL BENDING 

2.1 I NTRODUCTJ ON •• 

:Co I umns I n low' rise bu I I dings can be often mode I I ed as members 

subjected to biaxial bending only. 

mome1lt~ are often ~ can be 

Axial loads caused by overturn I ng 

Ignored. In this chapter, the steps 
\ , 

of calculating the response of Inelastic co'lumns subjected to blax"lal 

bending are presented. T~ese steps are: (I) the derivation of the 

Yleld'crit~rlon that takes into account the interaction between the two 

acting bending .moments; and (if) the formulation of the associ·ated 

stiffness matrices. COIU~Of both circular and I sections are 

conslderea I'n this chaPt~r. 
o , 

The sinusoidal response of the Inelastic columns wIth the 

Interaction effect Included or Ignored Is examined. The present work Is 

based on the study by NIgam (34, 35) wIth the object I ve of 

substant I at I ng Its find I ngs on the sign I f I cance" of I nteract Ion. The 

equatIons of motIon are presented In normalIzed form and the control ling 

parameters are Identified to be: (Il the sInusoIdal Input frequency to 

system frequency rat 10; ( Ii) exc I tat I on I eve I,; and (I I I) the phase 

angle between the two Input motions along the principal structural axes. 
t 

The effects of these parameters are discussed. The'con~ervatlsm of 

sImple strength Interaction formula In desIgn codes Is discussed as 

17 
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app I I ed to the dynam I c response of ,typ I ca I I sect Ions. 

" 2.2 YIELDING IN COLUMN§'UNDE~ BIAXIAL BENDING 

Column'!l'~ln actual buildings are usually, subjected to a ,,' ..... ' 

.comblnatl.on of straining actions. For exampl e. at the joint ~of .two . , 
Intersecting frames. the column Is subjected to biaxial bending. 

tors'lonal Il'oments" and axial loads. In theory. al"I these straining 

act ions shou I d be .1 ncorPorated into the y i e I d cr iter i on of the co I umn. 

For low rise buildings. the.~fect of the axial loads on columns is'less 
I 

Important as compared to that of bending moments and It Is permissible 

to l1l<*)el the Inelastic behaviour of the column by 'taklng" Into account 

the biaxial bending only. This slmpllfi~tlon Is adopted In the present 

study and ylel'd-Ing caused by biaxial bending moments Is considered for a 
. r" 

member with an idealized I section and a clrcular~ctl~n • 

• 
\ 

2.2.1 YIELD CURVES·: t' 

Th~ column Is assumed to be subjected to bending moments HI and 
. . 

HZ along Its two .prlnclpal axes. If the column Is assumed to be fixed 
, .. ~ 

at both ends. shearfng force along one direction Is given by V'I=2HI/h 

(1=1.2); where h is the column height. Let Plpi be the plastic moment 

capac'l ty of the ,sect I on I n the I th direct Ion. Then the p'l ast I c shear 

capacity can be defined as Vpl =2P1pl /h. The Interaction expressions are 

most conveniently presented In terms of fl and f2 which are the 

normalized shearing· forces with respect to their respective plastic 

capac I ties V p 1 and V p2' Other stra I n I ng effects such as ax I a I forces 

and torsional moments are Ignored. 



... 

.. 

• 
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Several'assumptlo s need to be made to simplify the an·al.ysls. 

These assumptlons'are: (1) the partial plastlflcatlon of the section is 
. 

Ignored. In other words, the section is assumed to change from the 

elastic state info the ful 11 plastic state or' vice Versa. (2) Material 

f.s .assumed to be elasto-p'lastlc with no work hardening properties. The 
. 

significance of the.w?rk h~rdenlng besomes less Important In a dynamic 

anal ysls than In a static one. Th I. is rna I n I y due to the presence, of 

the I nert I a I forces whose contr I but Ion doml nates over the contr I but I on 

... 
of the stiffness-related forces. (3) A stabl e plastic material is , 
assumed according to Drucker's definition (12). '(4) The materia lis 

assumed to show neither stlffaess nGr strength deteriorations whe~ 

subjected to load reversals. 

IDEALIZED I-SECTION • 
~ . 
The compwtatlon of t~~ yield curve for an actual I section can .' . , , be greatly Simplified by considering an Idealized section as ~hown In . . 

Fig (2.1). This Idealized section Is obtained by Ignoring the web and 

assum I ng 'the flanges to be rectangu I ar sect Ions. The: consequ~nces of 

IgnOrl~g the web o~the Interaction expression wll I b~dlscussed later 

In'tt'd.' sect Ion. For th I 5 I dea I I zed sect lon, the lower bound approach 
.. ~ 

(15), Is employed to derive the yield function,. In this approach. a 

ful Iy'plastlc stress distribution Is assumed and then the stress 

resultants satisfying this distribution are found. 'Assuming zero qxlal 

forces. the neutral axis (NA) passes through the' cent'rold of the cross 

II 
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section (CG) and divides the cross sectional area into two equal areas. 

On either side of NA. the yield stress c y is uniformly acting in 

compression or in· tension. For any orientation of NA which In:tersects 

the flanges. the fol lowing expressions of moments Mx and My are obtained 

-(l':'a)H N(x) 8 
Mx I [ I (-cy}y cy + I (Oy}y dy] dx 

-H -8 N(x) 
H N(x} 8 

+ I[ I (-Oy}y dy t I (cy}y d~] dx 
(l-a}H -8 N(x) 

(2.1 ) 

-( l-a}H N(x) 8 
My = I [ I (-Oy}x dy t I (cy}x dy] dx 

'-H . -8 N(x) 
H N(x) 8 

+ I[ I (-Oy}x dy t I (cy}x dy] dx 
(l-a)H -8 N(x) 

where N(x) is the equation of NA and is given by ~.x where v is the 'slope 

of NA. and a = tf/H where tf is the depth of the flange an'd 2H is the 

web depth. Performl'ng the Integration with respect to y gives 

H 
My = -4 cy I x N(x) dx 

(l-a)H 

(2.2) 

. 
Substituting with N(x}=vx into Eq (2.2). and integrating with respect to 

x. there I s obta I ned 

• 



M - 0 H3[3a{B/H)2 - v2{1-{I-a)3») 
x "3 y . 

My = - 4 0 vH3[1-{I-a)3) 
j y 
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(2.3) 

Let the plastic moments Mpx an? Mpy of the ideal ized section be given by 

Mpx = 2.0yaHB2 
(2.4) 

Mpy = 2 OyH2Ba{2-a) 
./ , 

Normallz1ng Mx and My in Eq (2.3) using Mpx and Mpy respectively gives. 

a 
~2.5) 

= ~ __ ~__ 4:i~:~~: my 
3 (H/B) a{2-a) 

where rnx and my a~e the normalized acting moments. El iminating v from 

" both equations in Eq (Z.5) gives the fol lowing Interaction expression 

m.~ = I y , (Z .6) 

The va I ue of the bracketed term In Eq (Z.6) I s presented in Tab 1 e (Z.I) " 

as a funct I on of a =tf/H. J t can be seen that surfi c i ent accuracy is 

maintained if the bracketed term in Eq (Z.6) I~ replaced by unity •. Thus 

Equation (Z.6) reduces to 

rnxt m~ = I (Z. i) 

Next It Is required to express the Interaction equation In terms of the 
,. 



• 

. 

Table 2.1 The Variation of the Bracketed Term in Eq (2.6) 
with Ratio a 

o. I 

0.2 

0.3 

0.4 

0.5 

{ 
a(2-a)2} 

(3/4) ----------
1-( l-a)3 

0.999 

0.996 

0.99 

0:9B 

0.96 

, 

/' 
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normalized shear forces acting on the column. Let the I-I and 2-2 axes 

be the local axes of the column cross section along which the normal ized 

shear forces fl and f2 act respectively. As shown in Fig (2.2), the . 
fl and f2 components wi I I produce the minor and major bending moments mx 
and my respectively. Thus Equation (2.7) can be written as fol lows 

2 
Ifll + f2 = I (2.8) 

The modu I us sign in Eq (2.8) accounts for the negat i ve va I ues of fl' 

The derived expression has the simple form 

which describes a family of yield curves •. txponents p and q depend on 

t~geometrY'Of the cross section. For the Idealized I section, p=l and 

q=2 • In general, the direction having the larger exponent, direction 

2 in th i s case, corresponds to the strong ax is bend i rig. Since f 2 Is 

always l~s than unity, then by ral~lt to a higher power, Its 

contr~ution in t~ interaction expression decreases. This Is to 

ref I ect the I arger res I stance In th I s direct Ion. 

EFFECT OF IGNORING THE WEB 

The ratio of the area of the web (Awl to the area of the flanges 

(Afl I s used as a measure of the re I at I ve I mportance of the web I n the 
" 

evaluation of the plastic capacity of the section. For the Idealized 

section in ",hich t.!r,web Is completely ignored, this ratio (Aw/Afl Is 

equa I to zero.· 'then and Atsuta (8) cons I dered the web in the i r more 
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elaborate ana 1 ys I s of I ' sect Ions. They Interaction 

'expressions for two s~ctjons, B ,light section WBx31 with ratio Aw/Af = 

0.3, and a heavier section WI4x426 with ratio Aw/Af = 0.23. For both 

seCtions, p=I, however q was found to be equal to 2.45 and 2.lB for the 

light and the heavy sections respectively. As expected, Including the 

~ 

web leads to larger values of the exponent q In the Interaction 

express Ion. 
, 

, , 
This Implies that IncludIng the web contribution makes the 

difference I n strength I n the two pr I nc I pa I direct Ions more d I st I nct. 

The Interaction curves of these two sections (B) together with that of 

the Ideal ized section are shown In Fig (2.3). It can be seen that the 

error I·ntroduced due to '1 gnor I ng the web I s not I arge part I cu I ar I y for 

the heavy I sectIon. Moreover, the approxImate expressIon predIcts 

lower stre~gth capacIty, hence It Is more conservatIve at least from the 

statIc poInt of vIew. 

CIRCULAR SECTIONS 

For cIrcular sectlons,solld or hoI iow, the Interaction , 

expression Is available In the literature (34) and Is gIven by 

f~ + f~ = (2.9) 

LOWER BOUND AND UPPER BOUND ~IELD CURVES 

The lower bound yIeld curve Is the on~that admits the maxImum 

posslbl e Interaction and It ca~ be obtained based on Drucker's 

definition of a 'stable plastic material as one .eKhlbitlng a 
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convex yield curve. Therefore. the ,lower bound yield curve Is 

c~sed of straight. I ine segments. ,i.e. of zero curvature. connecting 

points f= ±I as shown in Fig (2.4). Also in the same Figure. the upper 

most yield cur~e Is.shown. It corresponds to the case of no 

Interact ion. i ri other words the element is a I lowed to reach its fu I I 

plastic capacity .in each direction Independent of the state of loading 

in the other direction., The yield curves for symmetrical sections ~f 

different shapes are bounded by these two curves. Therefore. they wll I 

'be referred to as the lower and upper bound yield curves In this study 

for ease of Identification. 

2:2.2 STIFFNESS MATRIX [SJep , 

It Is essential 'for res'ponse calculation purposes to derive the 

st I ffness matr I x wh I ch re I at;es the 'I.ncrementa ( forces and dl sp I a~ements 

at the ends of the Inelastic column. 

In planar formu I at Ions. I.e. when I nteract I on I s I gnored. the 

stiffness matrix of an elasto-plastlc element is given by.the fol lowing 

dlaQonal matrix 

[SJ 

I, 

where the coefficient sl (1=1.2) either takes on 

elastic S~I~ss kl when the force In dt'rectlon I 
o 

r 

.the va I ~f ,the 

I s· I ower Jth~'" the 

uniaxial strength of the element In the same direction. or"'lt Is equal' 

to zero otherwise. 

' . 
• -. 

, 

. . 
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If interaction is included in the formulation, the elasto-

plastic stiffness .matrix [S)ep can only be obtained after deriving the 

interacti.on expression ~ which .defines the yield properties of a section 

in terms of force components. The theoretical basis of this 

formulation is outlined in a general form in (15), and is appl ied in 

(34). For completeness, ~rmulatlon of matrix [S)ep Is Included in 

Append i x A I n the present thes i s. -It is given in terms of the 

derivatives of ~ with re;pect to the force components as fol lows , 

• (~y -(::.)(::) aV I 
klk2 

= (Z.IO) 

C· )2. C· f kl _ +k2 _ C. )( a. ) (~)2 . av I -av2 
- aV I aV2 aV2 

where VJ (J=I,2) are shear forces In the column In the I-I and 2-2 

directions. It can be -shown that determinant I[S)ePI ·Is Invariant and 

Is equal to zero. This Is a manifestation of the no workhardening 

assumption used In this study. Under th I s assumpt lon, va'l ues ~ . . 

larger than one are Inadmissible, I.e. A+ = 0, w~en contl-1uing'plastic 
• 

l"oatilng Is takIng place. Determinant I [S)ePI would have t<lken on 

pos It I ve or negat I ve va I ues If workharden I ng or worksoftenl ng, 

respectively, was assumed In the formulation (39). 

J 
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In the special case when the elastic stiffness ;'n the two 

dl.rectlcins are the same. i.e. kl=kZ=k. the sum of the diagonal terms 

which Is given by 

I 

. (Z. II ) 

also becomes Invariant for al I Incl Inatlons'of the force vector ~ in 

the force space. and the.sum reduces to sl+s2=k • 

. The var I at I on of the st I ffness coeff I c I ents with the ang I e of 

Inclination a' of the force vector f In the force space. can be 

demonstrated most conveniently by conslderi.ng a column with a circular 

section whose yield curve Is also clr~ular. The stiffness coefficients 

can be represented In terms of a using the fol lowing relationships 

Then sl and Sz can be shown to vary proportional to sln 2a and cos 2a 

respectively. and slZ varies as (-slna cosa), The varlati~ns of these 

funct ions are shown In Fig (Z.S). It can be seen that Incl~dlng 

Interaction leads to considerable variations In the coefficients of the 

stiffness matrix as contrasted to the case when Interaction Is Ignored. 

2.3 SINUSOIDAL RESPONSE OF COLUMNS 

Z.3.1 EOUATIONS OF MOTION 

A slmpl e structural model consl~ mass less Inextenslbl e 

column carrying a rigid mass m at the toP. Is used as an example for 

, 

. ",' 
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response calcuiatlon due to the bidirectional dynamic base excitation as 

sho~n In Fig (2.6a). The column Is assumed to be clamped at both ends; 

the deformed shape of the co I umn I none plane lsi I I ustrate'd in Fig 

(2.6b) . 

The moUon of the mass due~o'baS!! excitation ~I and Ugz a long 

the principal axes of the column. can'be adequat~ly described In terms 

of the genera I I zed d I iP lacements 'v 1 and v 2 as fo I lows 

= -ml~g 1 (t) 1 
Ugz(t)\ 

(Z.IZ) 

where ~ Is the restoring fo~ce vector. In I~cremental ,form.~orces and 

d I sp I acements are re I ated as fo I lows 

boy' = [5] bolt (2.13) 

~---

where [5] Is the column'stlffness matrix which Is dependent on the· 

res I stance funct I on assumed and the sta~ of stresses. Two types of 

Inelastic behavior are considered herein • 
• 

Type(I): Elasto-Plastlc with No Interaction (EP) 

In th I s case the co 1 umn can be mode I I ed as two Independent e I as'to-

plastic springs In the 1-1 and 2-2 directions. characterized by load 

deflection curves as shown In Fig (2.7). The column stiffness matrix 

Is given by 

• 

(2.14), 

. r 
'-
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where sf= kl or 0 depending on whether VI Is less than or equal to Vpi 

respectively. 

Type(2) Elasto-Plastlc •. wlth Interaction. (EPI), .' 

If the Interaction between the two late~nents of the shearing 

force VI and V2 is considered. the yield crfterlon is given by the yield 

curve +. The column can be In one of the fol lowing co~dltlonal states: 

'(f) Elastic: the column Is safd to be elastic If +<1 

(2.15) 

-(11)Plastic: If +=1 and the incremental plastic work is positive. then 

the fu I I y pi ast I c state I s assumed for wh i'ch 

[Sj=[.5jep=[5je_[SjP 

where 

p . I 
[5j ~ ______ ~ ____ ~I 

kl (~)2+k2 (~)2 
aV I aV2 

kZ (a+ )2 
I av 

I 

(2.16) 

a+ 2 . k~(_) . avZ 

As for the exc I tat Ion to the system. the ground mot Ion Is 

gi ven by two I atera I components of s I nU50 I da I waves a long orthogona I 

directions. The two waves have Identical acceleration amp I Itudes. A. \ 

• 
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and frequencles,,,,s" The wave along the 2-2 direction lags the one In 

the I-I direct Ion by an ang Ie p. These components are expressed as 

follows 
\ 

ugi (t) = A sln("'st) 
(2. (7) 

ug2.<t) = A slri("'st+p) .". 
c-I 

Equat I on (2.12) can be put I nto a nond I mens I ona I form by 

dividing the first and the second rows by Vpl=kl&1 and Vp2 =k 2&, 

respectively, there Is obt~ned 

where 
uI' u2 = vI/&I' v2/&2; 

fl' f2 = VI/Vpl ' VI/Vp2; 

"'I' "'2 = Jkl/m. Jk2/m; 

lrSln("'st) / 

(r /Bc) s I n(",s t+p)1 

, . 

(2. (8) 

The nondlmenslonal amplitude r Is gIven by A/Ayl' where AYI Is an 

acceleration value which wll I cause the column to Just reach yield In 

direction 1-1.lndependent of\ direction 2-2. In other words. AyI=Vpl/m. 

The ratio r serves as a measure of the Intensity of the excitation. 

Furthermore. If 'a nondlmenslonal time variable t=Lllt Is 

Introduced, then Eq (2.18) can be rewritten as fol lows 

= \ rsln(~t) / 

ty~ /Bc)r5in(~t+p)~ 
(2.19) . 

•• 

,. 
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where n is the excitation frequency to the column natural frequency 

ratio. a~dots represent differentiation with respect to •. 

SYSTEM PARAMETERS 

For a column -of circular cross section. the column has 

identical stiffness and plastic capacity in the I-I and 2-2 directions. 

i.e. Yc=1 and Bc=l. then Equation (2.19) indicates that the control I ing 

parameters are 

(1) Exc Itat I on I eve I 'parameter' r; Its va I ue ranges from 0.5 to 

1.0 in this study. 

~ . (2) Excitation to system frequency ratio n; values of n2 In this 

I study range from 0.1 to 2.0. 

(3) Phase angle p; values between 00 and. 900 are as~lgned to p. 

?v­
ENERGY CALCULATIONS :' 

. From,Eq (2.12). the equilibrium of forces In one direction 

can be expressed as fo I lows 

mVI + VI = -mu gl (2.20) 

The present model has a movable base which Is excited by L91' However. 

the above equat Ion wh I ch I s expressed I n terms of the re I at I ve 

displacement coordinate vI' can as wei I describe a system with an 

. Inrnovab-le base and whose mass Is acted upon by a force (-mL9I)' Hence 

the fo 1 low I ng energy cli 1 cu I at I on accounts for the re 1 at I ve energy ) 

, 

; 
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quant I ties on I y, Let the system of forces In Eq (2.20) undergo an 
• 

,'Incremental displacement dv,. then the work done_by the system Is given 

by 

(2.21 ) 

Integrating Eq(2.21) from at-rest conditions to the point that the 
, 

displaceme,nt of the system Is equal to vI .ylelds',the following energy . -
equation 

vI _ vI 
J mVldvl + J Vldvi = (2.22) 
o 0 

(1~·'tMs. eq~ation. the first term represents the kinetic energy Ekl • and 

. the second term Is equa I to the sum of the stra I n energy stored I n the 

system ESI and the energy dissipated by plastic deformatIons Epl' The 

right hand side of the,equatlon gives the energy Imparted to the system 

in direction I. Ell' Hence. the equation of energy balance in direction 

, I. which shoOld be satisfied at any tim!! Instant. Is given by 

(2.23 ) 

To facl I Itate . the .evaluatlQn of the energy Integrals. the following 

change of variables Is made 
_ vI. • 
Ekl = f mVI dVI 

o 

(2.24) 

/ 
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In the second Integral. the Incremental, ~Isplacement dVI is decomposed .. . 

into its e I ast I c and pi ast (c components to a I low the· separat i on of the 

strain energy and the plastic energy quantities, Substituting 

dVI=dVI/k l and simplifying the above Integrals gives 

Ekl = mv2/2' 

, Esl = Vf/2k l '(2.25) 

Epi 
v'l 

dV'l = J VI 
0 

Norma I I zing the above express Ions with respect to the e I ast I c energy 

capacity In direction 

(,=V,/4~1' gives 

Ekl = (~I/"1)2 

Esl = ff 
J 

(2.26) .. 

A~ 50 normalizing Ell with Eel and writing llgl=Asin"st gives 
~ , . 

t • 
= 2 J rsln"st ul dt 

Q 

The energy expressions In Eqs (2.26) and (2.27) can 

terms of 1 and Its derivatives as fol lows 

Ekl 
'2 = ul 

I 

Esl = ff 

u'l 
f I' dU'l Epi = 2 f 

0 

(2.27) • 

be~pressed In 

.. • 

(2.28) 

\ 

. ' 

--" • 
.J 
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Ell = 2 J rsin n' ul d, 
o 

" 40 

" 

The energy Integra 1 5 are numer I ca.1 1 y eva 1 uated us I ng the trapezol cia 1 

rule. 

2.3.2 INTERACTION EFFECTS: 

To study the Interaction effect, the sinusoidal response of the 

single mass system with a column of a circular cross section Is 

computed,' first with Interaction Included (EPI) and then with 

Interaction effect Ignored (EP). Other parameters of the model are 

n2=0.8, r=l, and p=30o. At the steady state stage, the displacement 

responses ul. and u2 can be expressed as fol lows 

U I = blsin(nt)+upl 

u2 = b2sln(nt +p)+up2 

where displacement amp I !tudes b l , b2 and permenant sets upl' up2 are' 

I I I ustrated In Fig' (2.8). With no Interaction. the steady state 

response In directions I-I and 2-2 are Identical except for phase 

differences due to the nonzero value of4f~e phase angle p In~ Input, 

motion. Including Interaction however leads to significantly different 

responses In the two directions as shown In Fig (2.8b). Figure (2~" 
compa~es the hysteretic behavior in the two cases. With no interaction, 

the top figures show the weI I known elasto-plastlc hysteretic behavior. 

On the other hand, the bottom figures sho~ that Interaction Influences 
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the stiffness proper~les of the column In the two directions depending 

on the relative position of the force vector f from the yield curve.' To 

c I ar I fy th I s dependence. the locus of the tip of the force vector I n the ... ' 

f l-f2 space Is Included In Fig (2.9). Whl Ie the tip of the force vector 

remains Inside the yield curve. as In segment I to 2. the column remains 
~ 

elastic and possesses full elastic stiffness In the two directions. 

Reaching the yield curve at point 2. the column Is said to be In the 

pi ast I c state and a,theforce vector s I I ps downward from po I nt 2 to 

point 3. fl Increases and f2 decreases along the curved portions 2-3 In 

the respective force-displacement diagrams. Once the force vector 

departs from the y I e I d curve at po I nt 3. the co I umn starts un load I ng 

with elastic stiffness Indicated In the hysteresis as straight line 

segments 3 to 4. Similarly. behavior can be Interpreted up to point 6 

In the figure. 

EFFECT OF YIELD CURVES~ THE STEADY STATE RESPONSES 
- , ~;' ' -One Import~nt effect of shear forces Interaction In yielding of ~ 

• the co I umn I s the reduct I on of the force ·l.eve I at wh I ch I ne I ast I c act Ion 

Is Initiated. Using columns model led with different yield curves and 

subjected to sinusoidal excitation with phase angle p=Oo. Figure (Z.IOa) 

shows the shear force level when the tip of the-force vector first 

reaches the yield cur've. For the upper bound yield curve corresponding 

to the case of no Interaction. this force'le~el is given by fl=fZ=I. In 

other words column wi II not yield In one direction untl I 'Its uniaxial 

yield strength in the same direction Is reached. For lower yield ~ 

. ." ~ 

curves. this force level decreases being mlnlmum.for the lower bound 

• 

t 

• 
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yield curve, f i=f2=O.5. If other parameters of the model are taken to 

be ~2=O.B, and r=I, Figure (2.IOb) shows the steady state displacement 

amp I I tudes b l and b2. I t can be seen that d I sp I acement response , 
~ correlates with the yield force level. The lower the yield level, ~ 

smaller b l , b2 responses become. With t'he Inefastlc behavlo~ IAltlated 

earlier In the time history of response, more energy Is dissipated 
j 

through hysteretic behavior at earlier staqes and the displacement 

s Inusolda l.fexclk:on 

response Is eventua I I y reduced. 

A more Interesting case Is provided If the 

I n the 2-2 direct Ion I ags the one I n the 1-1 direct I on by p=90o. For 

this phase angie and using a circular yield curve. Nigam (34) showed 
o 

that·· cont I nuous pi ast I c response w ~ I occur. In other words. once the 

tip of the force vector reaches the yield curve. It wI I I remaIn thereon 

I nd I cat I ng that the co I ~mn top and bottom end'1ject Ions rerna I n fu I I Y 

P~stlc for the rest of the excitation. In order' to examine the effect . -
of uSing a different yield curve on this behav(or. the f I-f2 re'sponse 

curves for systems with different yIeld cur~~s are shOwn In Fig (2.1 
'-

One can, see that the situation of the continuous plastic response 15 

Independent of the shape of the yield curve being used~ for the upper 

bound yield curve. I.e. no Interaction. this situation means that the 

column reaches Its plastic capacIty In one direction and It remains 

plastic whIle the other d~ectlon remaIns elastic and vl~e versa. Shown .. " . . 
In FIg (2.12) are tHe b l an'l2.r-esponses for ,these cases. and the 

foI lowIng observations can be , 
nd b2 remain unchanged as .. (I) WIth no InteractIon 

·r 
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compared to those at p:Oo. I n fact. the d I sp I acement amp I I tudes are 

Independent of the phase angle. Varying p wi 11 only affect the sequence 

of plastic loading a~d unloading In the I-I and\2-2 directions. 

(2) Unlike the case with p:Oo. amplitudes b l and b2 obtained using t,he . 
lower bound yield curve are higher than those correspondln~ to col~ns 

.. of circular or I sections. This can be attributed to the observation 

that If a lowe~ yield curve Is being retraced ~Ing excitation. as In 

• "the situation of continuous plastic loading. this wi I I result In thinner 

~eretlc loops and In turn a lesser amou~t of energy can only be 

per cycle of loading. This eventually leads to a larger 

response. This observation Is Illustrated In Fig (2.13) by sho~lng the 

steady state hysteretic loops of models with different yield cu"",es. 

,These loops are extracted from th~mplete hysteretic response 

calculation. The ar~a· enclosed by any of these complete loops Is 

equl va I ent to the pi ast' c energy dl.s I~ per one cyc I e of I oadl ng 

For each case shown 
~ 

presented In the same figure. 

in Fig (2.13). the value of Ep Is also .. 
Comparing these values ~onf!rms that the 

lower bound yield curve leads to the smallest value of e~rgy dissipated 

per cyc Ie. and I n turn to the I argest response as compared to those of 

• circular or I-section yield curves. 

, . 
EFFECTS OF THE EXCITING FREQUENCY AND AMPLITUDE 

~)~ 
So far the discussion has been limited to models with frequency 

ratio parameter. ~2=O.8. and excitation level r=1. However. It can be 

seen from'the normal I~ed equations of motion In Eq (2.19). that the 

" 
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response.f s dependent on these parameters. To exam i ne the i r effects. 

the frequency response curves of the displacement amp I Itudes of models 

with different yield curves are shown In Fig (2.14). Response cur'ves 

are shown for two values of the excitation level parameter'r=O.7 and I. 
, ......... 

Phase angle Is taken to be 900 • for which case all yield curves wi II lead 

to equal displacement amp I itudes in the two directions. b l=b2=b. except 

for the I-section yield curve. The fol lowing observations can be made. 

(I) Consider the curves in Fig (2~14a) with r=O.7. The model with no 

Interac~lon shows a typical softening behavior as depicted by the shift 

of the peak to the I eft !!way from n2= 1. I nc'l ud i ng interact ion enhances 

the softening effect even further. The peak occurs at a value of n2 as 

low as 0.25 for the mode I wi th the I ower b~ e I d curve. For the I 

section model. ~ is larger than b2 because the section is more flexible 

In the I-I direction. 

(2) Increasing the excitation level to r=l. al I models with interaction 
II' 

effects Included exhibit the "mbounded type of response. On the other 

hand. the one w~th no Interaction stl I I exhibits a curve wlt'h bounded 

response. In fact. It' Is shown (34) that such a model wi I I exhibit 

unbounded response at a higher value of excitation level. namely r=4/n., 

This shows that Including Interaction will considerably Increase the 

steady state d I sp I acement response I n the low frequency rat I 0 rang'e 

over that of the 'tonve'ntlona I elasto-plastlc model. Again. for this 
• 

range, the lower bound yield curve leads to the largest,responses. 

(3) For both values of r. r~nses of models with Circular or I-section 

yield curves can be 'conser vat I vely estimated by those obtained using one 

of the two limiting yield curves. namely the lower and the upper bound 
," .~. 
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yield curves. depending on the frequency ratio. For low frequency 

ratios. displacement responses can be approximated by those based ~n the 

lower bound yield curve. For large frequency ratios. an elasto-plastic 

mode I with no I nteract I on w I I I I ead to a I arger response and !:an be 

adequately used to approximate the Interaction effects. The transition 

value. of 1)2 between these two approximatIons varIes depending on the 

excitation level r. With r=0.7. this value is as low as 11 2=0.4 and it 

becomes even lower for the larger value of r=l. 

2.3.3 ENERGY ~ : 

Let the .. sum of th;tnergy Input In directions I-I and 2-2 during 

one cycle of loadIng In the steady state era of response be denoted by 
. 

EI. Figure <.2.(5) shows the EI response curves obtained using different 

yield curves and with phase angle p=9Qo. Response curves are shown for 

two levels of excitation r=0.7 and I. For both cases, Interaction 

I ncreases the energy '1 nput response for low va I ues of rat 10 1)2. The 
I 

largest Increase Is observed for models with lower.bound yield curves. 

Th~·OPPoslt'e/however.~ true for large values of 1)2. In which cases, 

I gnor I ng I nteract Ion I e~s to I arger energy I nput per cyc I e response 

va I ues. The I I ml t~ of the frequency. rat I 0 .ranges for these two' 

situatIons again' vary depending on the excitation level r. 

2.3.4 E~ECTS OF PHASE ANGLE p : 

The variation of the steady state dIsplacement amplItudes b l and 

? 
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b2 with the phase angle p ranging from 0° to 90° Is .shown In Fig (2.16) 

for models with n2=0 .. 8. and r=1. With a"circular yield curve. equal 
• 

amp I Itudes bl=bZ=b are observed for the two cases of p=Oo and 900
• 

In the first case. i.e. p=Oo. Nigam (34) pointed out that since ~ 

Identical excitations rslnnt being Inputed in the I-I and 2-2 

directions. an equivalent one dimensional problem with excitation equal 

" t~ J2rslnnt aJong the 45 

response as the original 

degree direct Ion w I I I give the salne tota I 
", 

bidirectional excitation problem. It Is 

obvious then that the components of this total response along the 

orlglna.l axes shou I d be equa I. 

For the, other case with p=90 0 • Input motions In the 1-1 and 2-2 

directions are gIven by rslnnt and rcosn1 respectively. The resultant 

excitation is then time InvarIant and Is given by the parameter r. 

Flgure~.17) shows the locus of the base motion to be a circle of 

rad I us r. The two I nput mot Ions are comp'l ete I y uncorre I ated In th I s 

case. A I so In Fig (2.17). the locus of the top mass mot Ion is shown to 

be another clrc~ of ra~lus' b. It appears tha~ sInce the Input motIons 

I n the two dIrect Ions are comp I ete I y uncorre I ated. tJl!'r'e I s no 

redIstrIbutIon of the energy Input. and hence equal responses are . ' 

obtaIned In the two dIrectIons. For other values of P. the Input 

motIons are partl.lly correlated and the energy redIstrIbutIon affects' 

the response by IncreasIng the response In one dIrectIon and decreasing 

It In the other. 

Let the radIal dIsplacement amp I Itude br be defined as fol lows 
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Uslng'"l:hls expresslS'rl, It can be shown that for p=Oo, or completei'y 

, correlat!d motions, br =J2b, a~d for pc900 , or completely uncorrelated 

motions/. br=b, for Intermediate values of p, Figure (2,16) shows the 

radial amplltude,br to?e decreasing function of p, This uniform 

decrease In br can be ascr I bed to the I o~s of corre I at I on between the 

Input motions as'p grows from 0° to 90°. 

With Interaction Ignored (EP),. ~I Itude b becomes independent 

of the phase ang loe. I t5 va I ue I s found to be I arger than the max I mum 

~I Itud~bm that an equivalent model with 'Interaction can have over the 

range of the phase ang I e p from 0° to 900 (see F I g(2.16». To est lmate 

the maximum steady state ~lltude with Interaction over this range of 

the phase angle using the amp I Itude b, calculat~ 
,\, 

by neglecting 

I nteract lon, the rat I ~m/b I s shown ,I n Fig (02.1 B) as a funct Ion of 1)2 

for dIfferent yield curves, Two useful observations ca'n be made. 

,Flr!!t, It can be seen that the ratIo bm/b, Is,lnsensltive to the yield 

curve used.' I n other words, the maximum effect of the phase ang I e on 
, , 
,the displacement amplItude Is InsensItIve to the shape of the yIeld 

curve. Second, for frequency ratio' parameter 1)2 greater than 0.6, the 

ratIo bmlb ,has values' very ~close to unIty. 
... 

this suggests that for thIs 

" range o'f frequency ratlo~. an ela,sto-plastlc model 'WI I I give a goOd' 

'estImate of the steady state ~l I tude., 

" 
2.3.5 RE~PON~ OF TY~ICAL~CTJONS ,. .' . ..:, ~. 

I'n'deslgnlng columns sU,bJectect to statIc blaxl&'l, beatg 

effects. desl.gri codes (42) suggest to use the straight line stra 
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Interaction formula f l +f2 when evaluating the ultimate capacity of the 
. -

column. This approximate formula Is known tIl result In consarvatlve 

design of such columns. An ,equivalent approach in case of dynamic loads 

Is to approximate the plastic capacity of the colum~ In. the four 

quadrants of the·force space with the lower bound yield curve. The 
" . / 

degree of ,conser vat I SI1) of th I 5 appr?ach' when app I I ed 'to co I ~mns of 

actual cross sections Is·examlned In the fol lowing. Two typical rol led 

I-sections, a heavy sectl~n'WI4x3?0, aM a light section WI4x8?, are 

considered for this purpose. ~e dimensions of these sections are 

presented in Table (2.2). The ratio of major to minor plastiC capacity 

(Bc) is 1.99 and 3.06 for the heavy and the I ight sections respectively. , 
Assuming the same fixed end conditions In the major and the minor 

~ct I onsof the co I umn, the rat 10 of the st I ffnesses I n theSe 

~~Irectlons (y~s 2.73.and 5.96 for the heavy and the I ight sections 

'respectlvely. 

The steady state displacement amplitude b l of two columns having 

these sectlo~s as cross sections In resp~nse to sinusoidal excitation 

with p=Oo, ~d r=0.7 and .1 are shown in Fig (2.19a,b). In this figure, 
.-J' ' I 

curves obtained using yield curve derived earl ier in Se.ction 2.2.1 for 

the Idealized I-section as well as the lower bound yield curve. as an 

approximate calculation. are presented. Except for the case when r=1 

together with .Iow frequenl;:Y. ratlos,'the straight I ine approxlma~f the 
, 

curved I-section yield curve will give a good estlmate.of the steady 
I . • • 

state displacement amp I Itude. For the situation when r=1 and ~2 Is low. 
<T 

the approxfma~lculations pre~lct a larger displacement response. 

,?)" 
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Table 2.2 Dimensions of Two I-Sectlo"s ( Inches) 

2H 2B t f tw 

I WI4xB2 14.31 
.~ 
I 

10.31 0.85 0.51 
" . 

WI4x370 17.92 16.47 2,.66 1.66 

2B. t f = width and d~pth of the flange; 

2H. tw = height and thickness of the web. 
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2.4 SUMMARY ~ CONCLUSIONS: 
• • In this chapter, the dynamic respo~se of-col~mns having cross 

sections with two axes of s~;try and subjected to biaxial bending 'due 

to s i nuso i cia I base mot ions a long two orthogona I hor I zon~ect Ions 

has been discussed. The I ntent I on I s to' ga I n Ins i ght, as/to the effects 

of inc I ud I ng I nteract I on I n the I ne last i c ana I ys I s of co I umns under 
l' 

b i ax i a I bend I ng. In add I t I on to c I rcu I ar co I umns, wh I ch were cons i dered 

by N I gam/34J, co I umns hav I ng I ,ect I ons, a~e stud I ed.: An expr~ss i on of 

the yield curve for an Id~al ized \1-sectIOQ Is derived and compared with 

,other Invest i gators' work. Factors'such as the shape of the yield 

curve assumed and the phase angle between the two Input motions are also 

dlscus~ed. Co I umns are mode Ired either as two i ndepend~nt e I asto-

plastic springs in the two lateral ~ctlons or a yield curve which 
, I 

accounts fo'r'the Interaction between the tw'o acting bending moments Is 

assumed. The response parameters are the steady state displacement 

amp I I tude and the energy I nput per cyc I e of load I ng. ' The resu I ts are , 

presented in the form of frequency response curves. Based on the 

results presented In the chapteF', the following conclusions can be made. .. 
I. For systems with large ratios of excitation to system 

,frequencies, including the Interaction effect has the tendency to reduce . , 

the steady state displacement response. For such systems It Is adequate 

to consider the elasto-plastlc responses. .. 
• 

2. Interaction becomes significant for systems with low 

• 

I 

• 
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frequency rat I os part I cu I ar I y with high I e·ve I s of exeat Ion. 

Including Interactlonleads to a. large increase of the steady state 
~ ~. ~ 

displacement response over that···of an elasto-f>lastlc model. ~ this 

s i tua): Ion. a conser vat I ve est Imate of the respo~se can be obt~ I f 
the lower bound yield curve. which admits maximum Interaction. Is 

assumed for the element. considered. •• 
3. Vary I ng the phase ang I e betw~en the two input s.i nuso I da I 

waves leads to the redistribution of energy in the two orthogonal 
../ 

.~irections of the sy~tem when the interaction effect Is luded. The 

redistribution of energy causes the response in 0 

increase and in the other to decrease. The maximum effect of the phase 
• I . 

angle on the displacement amp I itude Is insensitive to the shap$ of the 

yield curve assumed. In addjtion. an eiasto-plastic model will give a 

.r- good estimate of this maximum displacement ampl itude provided the 

• frequencies. ratio is large ('12)0.6). 

4. Using a circular yie-1d curve. Nigam (34) ~ed analytically , 

that a situation of continl,lous plastic response wi 11 occur at a phase 

angle equal to fI/2. it has been shown numerically that this type of 

behavior is independent of the shape of the yield curve assumed~en· 

the phase angle is equal to fI/2. the system is subjected to an 
.... 

excitation whose resultant remains constant with time and Is equal to 

the amp 1 itude of the component excitation. ' .. It 
5. For columns under static biaxial bending. the use of ail't}· 

approx i mate I i neal' strength interact i on formu I a"l eads. to conser vat i ve 

design of such co I umns. Under dynamic loads. an equi va 1 ent approach is 

"" r-
.. 

f , ;--
----
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to use the lowe~ bound yield curve to represent the plastic capacity of 

" the element in the force space. Comparing the approximate calculations 

as appl led to two typical rol led I-sections, It Is found that the 

straight line approximation of the curved I-section yield curve gives a 

) good esti mate of, the steady state d Isp I acement amp I I tude except for the , , 
1 situation of low frequency ratio combined with high excitation levels. 

In such situations, the approximate estimate 

compared to the more 'accurate estlmat~ 
----/\ 

, 

A 

• 

\ 

j 

,-­
can be very conservative 

• 
• 
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3.1 

" . ,. 

• CHAP.TER 1 

RESPONSE OF SYMMETRIC STRUCTURES TO 

EARTHQUAKE EXCITATIONS 

INTRODUCTION: 
,. 

It Is common practice sug~ested by design codes that a three 

'dimensional s~ucture subJected~ultlcomponent earthquake ground 
If' 

motions can be analyzed by f.lrst conslderllilg planar responses to eflch 
• 

ground motion component one at a time and the~ these responses are 

combined to give thetflnal responses. This procedure gre~tlY simpl ifle; 

the analysis of a complicated problem and It has Its val Idl~y ~sed on 

the superposltlon,prlnclple W~I~ appl les In~the elaS~ange~ 
response. Although this concept Is ~lctlY valid for elastic response , , 

conditions. this procedure-Is often used In analyzing the Inelastic 

responses of structures. Among the prImary effects over,looked In 

applying such a procedure In the Inelaltlc range are: (I) the effect of 

forces Interaction on the yIelding properties of the resisting elements . , 
(type of the resIstance functIon); and (2) the effect of the , , • s I mu I tane04s act I on of var lous components of the ground mot'lon 

J 

(combInatIon schemes). ) , 

The consequences of neglectIng these effects on the InelastIc 

response'~~ examIned In thIs chapter for structures havIng two axes of , . 
symmetry In pl,an. Specifically.' a symmetrIc single story model 

cons I st I ng of a rig Id slab on four co I umns., Is u,ed for th I.s purpose. 

• , 

\ 

• 

\ 
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The Inelastic behavior of'the column Is taken to be elasto-plastlc when 

~elng def~rm~d ~ one direction. and the yield criterion Is prescribed 

b\ a circular yield curve when subjected to simultaneous deformations In 

two hor I zonta I direct Ions. 
) 

In this way. the effects of forces' ... 
Interaction on yielding properties of the columns Is taken Into account. 

To avoid the cQncluslons obtained being dependent on the particular 

ground motion record used. an ensemble of five pairs of orthogonal 

horizontal components of recorded earthquake records Is used as the 

Input ground mo~ ons. 

After der I v I ng the equat Ions of mot I on I n a form su I tab I e for 

earthq!lake response ca I cu I at.! ons. th/! effects of force I nteract I on are 
,./ 

examined In detail. The response parameters of Interest are the 

duct I I I ty demand as def I ned by the .rat I 0 of the max I mum d I sp I acement to 

the yield deformation. and the energy Input. 

Approximate methods to estimate duct'li Ity demands are then . .. . 
discussed. One method Is'to combine the t~o.planar elasto-plastlc 

responses a~Cor~lng to schemes aval\able In, literature. 

~whlCh requires only·the elastic response of t~yst~ 
~ccuracy of these methods Is examined. 

AllC!tper method 

Is proposed. The_ 

L 
The consequences 9f difference In natural periods In the two 

" .. 

• 
directions ale then discussed. It~ls shown that the orientation of~ 

directions of excitation Ith respect to the structural axes becomes a 

case. 

3.2 

Consider a y structure conSisting of a rigid deck of 

'. 
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mass m and of a square. shape In plan with dlm1nslons D by D •. The deck 

Is supported on four circular section columns on rigid footings located 

at the extremities of a square of dimensions a by a as ~hown'ln Fig 

(3.1) • 

have a 

center 

1 n th is part of the study, the structura 1 mode 1 is assumed to .. 
synrnetr I c conf I~urat I on so that the center of mass (CI'1) and the' 

of stiffness ~are coincident. The deformation of the 

structure Is adequately d~scrlbed by QX and qy' the two ~slatlonal 
. -

displacements at CI'1 relative to the base. The equations of motion of 

th I s mode 1 when subJ ected to the two hor I zontal components of ground 

motion In the x and y dlrectlo/s, ~gx{t) and ~gy{t), can be written as 

follows 

, 
[1'1] {~} + [c] {~} + {Q} • -[1'1] (~g{t)} ~.l) 

---.J ~ 
f 

{q}J • <qx'. qy? 
.. -T'" ... 

{ug{1:f} • <ugx{t), Ugy{t» 

[1'1] = m [1]; [1] Is the I~entlty matrix; 
• 

[Cl • 2~m [:x :~ • 

and ~ Is the fractl~nal critical damping In both x and y directions. --
{Q} Is the ,restoring force vector. t.i x and loI y are the ~natura 1 

frequencies of the model along the x and y directions respectively. loIy 

Is taken to be proportional to loIX with a factor of pr~tlonal Ity y; In 

other words, .1oIy• y loIX' --r' '. I ~ . ~ 

For Inelastl~ response calculations, the-Incremental form of Eq 

• 

• 

t 
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(3.1) Is used. namely • .. • 

(3.2) 

..... 
where [Kt1 Is the tangentIal global stIffness matr/~ of the system' 

"­
assemb I ed' from • the IndIvIdual updated column stIffness matrIces [511 as 

, 

I 
follow" . \, 

; , . . .. 

, (3.3) 

• 
The elements of [51 1 depend on the r~lstance fun~tlon assumed lind the 

.' ,-
state of stresses as explained earl11r In 5ec~on 2.3.1. 

,. 
In~ dImensionless 

, 
:i:quat Ion (3.2) can be pllt form as follows 

I" • 
;, 

+ 'Ii t.{~) + 2~IoIX [I 

:1 
t.{u1 [Kt1 t.{u) = t.{ t;) (3·M x 

. 0 

where 
• 

CulT " • 
(~/&x' qyl&y>; 

J 

[~] = [KtllKx; , 

t.{G) = _[&]-1 t.{~g(t»); --......... , 
and [a] . :J = [:x < 

\ 

&x and &y are the overal I'yleld displacement ~f the system alon~ the x 
... 

and y axes respect I ve I y and given by 

4x = Fx/Kx I and 4y = Fy/Ky •• 

~ 

F x and F y are ~he system yl eol d stl"'lngth a long, the x and y axes '" 

respectively. The ratiO of the yle'ld strength In the y dlrectlon~o the' 

. -. , '. ' 

I· 

• 

• 

"-

.. _'----...... _-- • 
" 
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I ... 

one In tbe x direction Is denoted by B. 

EXCITATION'TERM (G) 

To Introduce equivalence among responses of structures ~Ith 

different natural periods to ground ~tlon ~(t) or among response~ to 

different earthquake records. a normalization factor In acceleration 

units shou 1 d be app 1 I ed to ~(t). Obv lous I y. this' I)orma I Izatlon factor 

shou ~d be a measure of the strength of the grouncj exc I tat Ion. Since 

there does not exIst a unique way to quantify the strength of ground 

motion. different parameters have been used by different 'researchers as 

the normalization factor. These parameters can be grouped Into: (1)-

structura 1 per I od I ndependent par~meters such as the peak 'ground 

acceleration ~ or the root mean square acceleration 

(II) structural period dependent parameters such as the elastic spectral 

acce l'erat I on Sa (17. ,51) or s~e £Ier I ved I ne I ast I c spectra I acce I erat I on 

Sap (22. 58) of a specific ground motlbn. These alternatives are shown 

In Fig (3.2) for the case of the NScomponent of the I 940' ~ I Centt'o 

earthquake record. The drawback I,A us I ng parameters I n group (I) Is 

that these parameters are structural period Invariant. As a result. 
: 

they tend.to overestimate the anticipated earthquake force levels for 
.' 

Intermediate and long period systems as compared to those for short, 

period systems. The,strength supply necessary to keep the system 

elastic when subjected to these forces Is In turn overestimated. An 

Improvement Is achieved by using the spectral acceleration of a specific 

earthquake. This approach can take Into account the specifics of a 

particular ground motion. however It lacks resemb.lance to actual design 

--
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Using a smooth elastic spectrDm for normalization purposes would .. . 

overcome the abov'e mentioned shortcol\lings. In this study a smooth . . / .... 
The shape of Sa I s such that .ft Is f I at/or .,J • speotrum Sa Is used. 

- ----pe;,lo~s Tx~O.5 sec' and inversely proportional to the period fo'r- Tx>O .. 5 

• sec. In the flat portion. the,ratlo Sa to the peak ground acceleration' 
.. • CL r" , 

ugm ' is assumed to have a val ue of 3.68. Th is va I ue correspor1'd,s to the 

amplification factor suggested by Newma~k and Hal,l :,P'l}'fcir ·'tJ,5~ 

critically damped elastic system. The variation of the,ratio 

shown in Fig {3.3} as a function of natural period Tx' 

Writing (Ug{t})= '5; (TIg{t}), the excitation term (G) In Eq 
t 

(3.4) 

where 

can be wr I tten as 

(G}T = -R ~~ <rrgx{t), O. {y2/S }5gy{t}> 

r 

.. 
R 

(3.5) 

(3.6) 

• With R=l. mSa In Eq {3.6} can be considered as the required strength of 

a lightly damped simple oscillator.~o that It will Just reach yield. 

when subjected to a grounct motl-on having a spectral acceleration value 

• of Sa' Larger values of R correspon~ to the case of structures whose 

desJ gn strength capac I ty I s lower than the e I ast I c strength demal]d and 

hence these systems w.I I I be exc I ted I nto the I ne I ast I c range. 

Therefore. R can be considered as a strength reduction factor In the 

des I gn context. 
. , 

J 

\ 

, . 
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SYSTEM PARAMETERS : 

Unless otherwise mentioned, the symmetric model studied Is 

considered to have Identical properties In the x and y directions. In 

terms'of the system parameters, this means 

Fy=fx (8=1),' Wy=wx (Y~I). and 6y=6x' 

The 1 atera 1 per I Qd T X=211/ Wx Is var I ed from '0.1 sec to 2.2 sec.' 0.5~ of 

cr It I ca I ~alllPl ng I s used to represent the v I scouscorrponent of energy 

dissipation mechanism In the system. ,This value Is consistent with the 

level of viscous damping assoclate'd with the selected smooth design 

spectrum (31). 
• 

The re§~9nses of elasto-plastlc models (EP) 
, - .. 

plastic models with 'interaction effects included (EPI) 

and !he e 1 asto­

are ~died. ' In 

the EPI model, yleldl.ng properties of columns are prescribed by'circular 

yield curves ~ discussed in the previous chapter. 

Two 'lalues of Rare u!;led herein,·namely R=3 and, 5. With R=3, 

the sy~tem'has a design strength which Is one thlrd,of the elastic 

strength demand and .the' system wi 11 be moderately excited Into the . 
Ic range. The larger value·of R Indicates that the design 

Is considerably lower than the elastic strength 

be excited well beyond Its elastic limit. 

INTEGRATION 
, 

The equations of motion are sol ved nume'rlcal ly assuming linear 

varlatloh of the acceleration aver a short time Increment 6t~ To 

sat I sfy the stab I 1 I ty cond.I t I on of the numer I ca 1 method, 6t is taken as 

• > 
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0.02 sec, but not more than 1/30 of the Initial elastic period for, 

systems with very short periods, say Tx (0.2 sec. Equi I ibrium iteration 

Is performed using the Newton-Raphson technique to reduce-the unbalanced 

forces to an acceptabl y sma.l I val ue. In the case ,of EPI I"'esponse, 
~' .. ' 

special care Is requ~red to prevent any premature unloading off the 

yield curve. An efficient numerical scheme is used in this regard and 

the detai Is of this scheme are given in Appendix B. 

3.3 ENERGY CALCULATION 

From Eq (3.1), .the ~q\lll ibr I urn of ~ In dl rect ion 

Is given by \ 

(i=x,y) 

(3.7) 

Multiplying Eq (3.7) by dql and Inte~tlng, one can obtain the energy 

equation as follows 

(3.B) 

In this equation, the Integrals represent, respectively, the kinetic 

energy (Ekl ), the energy dissipated by viscous damping (~VI)' the sum·of 
r 

the stra I n energy stored (Es r) p'i u~ .tl')e energy d I ss I pated by pi ast I c 
.• <{' :'.~~~,: 

deformat I on (Ep I)' and the, en':,r;.gy,,- t~parted to the system (E I I) In 
" 1.. ' . 

direction I. Changing variables of' Integration In ~<:l. (3.B), one obtains 

(3.9) 

where dqe .and dqP are the elastic and. plastic components of the 
" 

i 
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displacement Increment dq. Hence it Is POSSlb) to evaluate Esl and Ep; 

separately. Norma·llzlng Eq (3.9) with res}ect to the elastic energy 

capa~lty In direction I. Eel=KI~F/2. and recognizing the fol lowIng 

relatlo[lshlps 

cl=2m(wl' dqT = dQl/KI 
- . - . 
ugi = Sa Ugi • R= m Sa/Fl' and 

01 " 0i/Fi' 

then the normalized energy expressions are , 

Ekl = • 2 (ul/wl) 
t 

Evl = (4(/"'1 ) J u2 dt 
.. - 2 0 

"" Esl = 01 

Epi 
,uL _ 

du~ = 2 J 01 
0 
t 

EI I = 2R J uglu dt 
0 

\ 
given by 

." (3.10) 

The change In these en~rgy quantities over the time Interval from t to 

t+6t is-evaluated using the trapezoidal rule as follows 

6Ekl = (u2 (tHt) - u~(t)]fw~' 

6Evl = [u 2(t+6t) + u2(t)](2( 6t/"'I) 

[O~(t+6t) -'O~(t)] 
. 

6E sl = (3. I I ) 
, 

6Epl = [01 (tHt) + 01 (t) ][u~(t+6t) - u~(t)] 

6E I I = [TIgI (t+6t)U(t+6t) + TIgI(t)U(t)]R 6t 

3.4 EFFECTS OF INTERACTioN 

In the following sections. the significance of Interaction Is 

examined. Attention Is focused on duct I I Ity demand. ,permenant set. and 

, 
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energy Input as the response parameters for comparison. , 

3.4.1 DUCTILITY ~ RESPONSES: 

Duct I I Ity ratio along certain direction Is defined herein as the 

ratlb of the absolute maximum displacement, to the yield displacement In 

the same direction. L~t ~ and ~y be the ducti I ity ratios for the x and 

y directions. They are defined as 

Shown In Fig C3.4~ Is the variation of ductl Iity demand ~x 

aga,i nst I atera I per I od T x with force I nteract I on I nc I uded C EP I) and .. 
Ignored (EP). The two horizontal components of the 1949 Olympia 

ear,thquake records are used as Input. It can be seen that when the -structure has a design strength one fifth of the elastic strength demaDd 

CR=5), interaction causes sfgnlficant increase in the duct! I !ty rati~ ~ 

In the short period range, whereas the EP and EPI responses become 

practically the same In the long period range. This trend can .. be 

exp I Ii I ned by exam I n I ng the deta I I ed response charac~er I st I cs I n both 

ranges. Figures (3.5) through (3.8) show the detal Is of the 

displacement response of the EP and EPI systems with periods 0.1 and 2.2 

sec. 

Figure (3.5) shows the time history of displacement response 

uxCt) of a long period structure with Tx=2.2 sec. Both the EP and EPI 
'. 

responses are shown. In each case, the'respons~ Is mainly vibrational 

In nature; the' plastic drift contrlbutlo.n--i-5....only a'mlnor 
, /' "-

part of 

the tota I dlspiacelJlent. From the 6imi larity betw·~..!h':.SP and EPI' 
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" responses It appears that a 'yielding structure with a long period is 

Insensitive to'the the further reduction In Its strength capacity that 

occurs if interaction is includ~. 
, 

On the other hand. Figure (3.6) shows that a short period 

sbructure (0.1 sec) ha; different 'response characteristics. First 

cons Ider t.he top figure showing the EP' response. It can be seen that 

such a short per~od structure with low design ~r.ength (R=S) experiences 
, . 

large plastic drift which constitutes most of the~sPlacement response: 

The vibrational part of response has only minimal contributions. When 
• , 

interact I on effect I sine I uded. the R.,I ast I c dr i ft Is substant I a) I, y 

Increased as shown in the bottom figure in Fig (3.6). While the plastic 

drift at the end of ground motion is less than five times the yield 

d I sp I acement; for the EP system. I tis' I ncreased to more than ten t I m,es 

when Interaction effect Is Included. Therefore. short per)od structures 
, , . 

with low design strength are prone to exhibit large plastic drift and 

sensitive ~o the effect of Interaction. Includiag the interaction 

effect could lead to substantial Increase In response over an equivalent ., 
EP response In this situation • 

• The hysteretic behav,lor of the above cases Is shown .In Figs 

(3.7) and (3.B). For the long period structure with 'Tx=2.2 sec. the 

hysteretic ,behavior Is characterized by a m-'ltler of complete wide loops 

signifying the vibrational type of response as shown In Fig (3.7). 

OJfferent from the straight elasto-plastlc hysteresis developed In the 

EP system. Interaction causes less regular hysteretic behavior as shown 

In the bottom figure In Fig (3.7). The hysteretic behavior of the short 

per I ad ,structure I s character I zed by a large n\Mllber of th I n hysteret I c 

• 
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\' loops. These sma I I loops are I ncapab I e of d I ss I pat I ng much of the . 
\ 

energy In the structure. This Is compen~ated by sizable plastic drift. 

as an alternative mechanism of energy dissipation. 

So far the effects of Intera~tlon on the displacement response 

are'dlscussed when the structure Is excited wei I Into the Inelastic 
~ 

range (R=5). These effects however are strong I y dependent on the I eve I 

of exc I tat Ion. The EP and EP I responses to the 0 I ymp I a ground mot I on 

for the case when R=3 Is showfl In Fig (3.9). Compared to the previous 

case with R=5, the displacement response Is considerably reduced for the 

EP system, and Is reduced even further due to Interaction particularly 

In the ~hort' period r~nge. Therefore, It appears ,that Interaction 

becomes less significant on the displacement response fo~erate levels 

of excitation. 

Energy Transfer : .. 
Al lowing Interaction In the mQdel means that the behavior In one 

direction affects,the response In the orthogonal dlrectlonj and vice 

versa. 'O~e I nteres1: I ng consequence I s that part of the energy I !'IP8rted 

In one direction can be transfered to the orthogonal direc'tion. ,6,n 

example of the energy transfer' Is, presented In Fig' (3.10). It shows the, .' . """-
variation of ductility ratio ~ against 'Tx for the EP and'EPI cases with 

R=5. 1 n each case .the NS and EW component of the 1940 E 1 Centro 

earthquake records are acting along the x and y directions respectively. 

Tt can be seen that \Ix for the ~P I case I s not I ceab 1 y I arger than that 

of the EP system, even In the long period r~nge. ,In that period range, 

the EW component of the.EI Centro ground motion acting along the J 
" 

.... 

" 

" 
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direction becomes stronger than the NS component; as Indicated In Fig 

(3. I I). Because of the coup ling of mot ions in the x and y direct ions 

due to Interaction, the response In the x direction Is affected by the 

EW component. This increases the response of the EPI system over the 

equivalent EP, system. 

3.4.2 AXISYMMETRIC PROPERTIES OF THE EPI SYSTEM: 

For structures subjected to 'sel sml c exc I tat Ions, the ang I e 'of 

orientation 9g of the axes of ground motion with respect to the 

prlnc,lpai structural axes (see Fig (3.l2{ifs a random parameter. The 

orientation that gives the maximum value to some response quantity 

should be considered In design. A related problem Is to determine the 

resistance that can be offered by the structure along dlrectlon~ 

different. from the principal directions. Both stiffness arid strength 

resistance functions need to be considered. 

Consider a symmetric structure with identical circular columns. 

The.yleldlng of each column Is d~scrlbed by a circular yield curve. The 
. . 

overal I stiffness and strenQth resistance functions In their respective, 

planes are shown In Fig (3.13). The axlsymmetry Of the resistance 

functions of the ,system implies the axlsymmetry of the response. First 

let us define the normalized radial displacement Ur(t) to be given by 

(u=(t)+u~(t)ll/2 and the radial ductility ratio ~r as the maximum 

value of the normalized radial displacement, I.e. ~r=max lur(tll. It 

should be noted tha~, the radial displacement does not occur along a 

fixed direction. In fact Its direction varies with time and at any time 

" 
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t, It Is given by arctan(uy(t)/ux(t»). Alsa, let the resultant of 

'UgI (t) and Ug2(t), the I-I and 2,-2 cOlllJOnents of loading be expressed In 

polar form as P(P(t),9(t») with magnitude and, angle given by 

pet) = [(~gl (t»2+(~g2(~) )2 J 1/2 

9(t) = arctan[~g2(t)/~91(t)J 
(3.12)' 

Now, If this system of loading Is assumed to,act on the axisymmetric 

structure at two arbitrarily different orientations, 

'the radla I response wi II be Ident I ca I ~ both casb. 

It Is expected that 

This is due to the 

I we I I known fact that the rad,! a I response of ax l.symmett I c mode I sis 

Independent of the orientation of the appl led load provided It~ 

magn I tude rema I ns unchanged. Therefore, for an ax i symmetr I c structure 

where Identical stiffness In two major axes exist and w~ose yield 

properties can be described by a circular yield curve, the radial 

response should be Independent of the orientation of the ground motion 

axes. 
Let us cons I der the I ne I ast I c response of the sY,stem wi th T x= 1 

sec and R=5, when su~jected to the two horizontal 'components of the 1949 

Olympia earthquake ground motion. Three valu~s of the orientation angle 

9g are consldered,,-n§!m~ly 00 , 300 , and 600 • 'FIgure (3.14) shows the 

displacement response ux(t) and'uy(t) along the x and y directions 

respec~lvely. It can be seen that the response along fixed directions 

such as the principal structural axes Is strongly dependent on the 

orientation of ground motions. In fact, with Interaction effects 

Included, the time variations ux(t) and uy(t) corresponding to any 

"orientation 9g C.1n be related to uxo(t) and uyo(t) evaluated 'for 9g=00, 

by the fo I low I ng rotat lona I transformation 
• 

", 

". 

i 
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(3.13) 

• 
On the other hand. Identical curves of the radial displacement .. 

ur(t) are obtained for the different values of 8g • as shown.in Fig 

(3.15a). T~ls calculation confirms that the radial response of the 

axisymmetric structures Is Independent of the excitation orientation as 

expected. However. If the Interaction effect, Is Ign9red. then the 

radial response wi II vary with angle of orientation. Flg'ure (3.15b) 

shciws different curves of ur(t) for different va I ues of 8g. Thl s 

ca I cu I at I on I I I ust rates the I I log I ca I consequences of I gnor I ng the 

Interaction effect In computing the overal I Inelastic response of the 

system subjected to bidirectional ground motion excitation. 

Since ur(t) is Invariant 'with respect to orientation. it fol lows 

that the rad I a I duct I I I ty rat I 0, ur , is a I so I nvar I ant of or i entat Ion 

! , 

Figure (3.16) shows Ur for models with Interaction Included, 
• 

(EPJ) or, Ign(Jred (EP) a,s a function of 8g ranging from 00 to 90 0 • 

.. ' 

Wh I leur does vary wi th 8g I n the EP mode 1. It rema I 'IS I nvar I ant for 

all 8g values in the EPI model. 

Fr,om design point of view., the radial ducti tlty demand Ur Is an 

i~rtant respon.se parameter. NIgan (34) reconmended tha,t this quantity 

be used as a measure of deformation In structures s~bJected to 

bidirectional excitations. Moreover. radial ductl I Ity ratio provides an 

upper bound of ductl I Ity demand along certain direction due to al 1 

possible orle·ntatlons of ground motion axes. For the x dfrectlon. It 
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can be stated that 

(3.14) 

where ~; Is the radial ductl I Ity that Is Invariant with respect to 
. 

orientation angle" I.e. obtained using the EPI model. • ~r can be 

compared with ~x evaluated ignor!ng the interaction effect and 

orientation of the ground motion in~t. This comparison shown In Fig 

(3.17) i nd i cates that duct iii ty demand can be ser i ous I y underest i mated 

I f these effects are I gnored I n the ana I ys I s, part I cu I ar I y for short 

per lod structures. 

The ~xlsymmetrlc property of response'for models with Identical 

properti es is a I so ref I ected in the tota I energy input response. The 

time variations of this parameter for models with and without 

interaction effect taken into account is shown in Fig (3.18a, and b) • 

. It can be seen that Identical curves are obtained when,lnteraction Is 

I nc I uded for different va'i ues of 8 g• It fo I lows from th is, that the 

value of the energy Input at the end of t~e gro4Ad motion Is also 

Invariant with respect to 8g in models with interaction as shown in Fig 

(3.19). 

3.4.3 ENERGY INPUT : 

The total energy input Ei Is defined as the ratio of the sum of 

energy Input In the x and y directions at Uhe end of earthquake 
I , 

exc'ltatlon to the elastic energy capacity Ee=Fx6x/2. For models with 

and without interaction, the variation of Ei as a function of natural 

period Tx is shown in Fig (3.20). The two horizontal components of the 

1952 Taft earthquake records are used as Input ground motion In the 
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calculation. The curves are shown for R=3 and 5. With R=5. the energy 

input response is considerably increased for short period structures 

wJth T.CO.2 sec when the effect of interaction is included. Only a 
, 

slight increase is observed for structures in this"period range for the 

case when' R=3. On the other hand. beyond T .=0.2 • inc I udi ngi nteract ion 

hardly affects the energy input responses for both cases of R . Using 

... 
the Taft earthquake records and considering systems, with natural periods 

,rar.lging from 0.25 to 2.5 sec. Nigam (34) stated that including 

interaction effect in the model, tends to reduce the energy input 

response by up to 301. as compared to thaf'of an equ i va lent EP mode I. 

Structures with natural period T.=0.25 sec, is the lowest period 

considered by Nigam. It is shown her~ that for shorter per i od 

stru,ctures. say T.=O.Z sec. including interaction effect can lead to 

cons i dera,b lei ncreases in the energy input responses. 

• For elastic systems. If the ene~gy Input EI (Ro) at an 

h 
.L./. 

excitation level Ro is known. then t e energy input at anot~r 

excitation level n times larger. is given by 
• 

(3.15) 

For inelastic systems. Jennings (18) suggested that the concept of 

sca ling energy by the nZ factor a I so be used in an approx i mate sense. 
\ 

For the inelastic range. the equality in Eq (3.15) becomes 

Ej (nR)C nZ Ej (R) (3.16) 

In Figure (3.21). the energy input values calculated for models with R=5 

are compared with those estimated based on the energy,lnput'response of 
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models with R=3 . In other words, the estimate Is given by (5/3)2 

• EI(R=3). It can be seen that the estimate is generally conservative for 

systems with Tx~ 0.4 sec; however for systems with shorter periods,.' this 

method seriously underestimates the energy Input response. 

So far, specific· earthquake records (EI Centro 1940, Taft 1952, 

and Olympia 1949) are used to illustrate the effect of Interaction on 

different response parameters of I nterest. The resu I ts obta i.ned are 

compared with observations made by other· investigators. One Important 

observation Is that for short period structures (Tx<O.25 sec), the 

Interaction effect Is significant and many conclusions obtained by 

prevl~us Investigators do not apply In this short period range. In 

order to ensure the observations made are-not specific to the particular 

pair of earthquake records used, a statistical approach Is used as 

described in the next section. 

3.4.4 RESPONSE TO ENSEMBLE OF EARTHQUAKES : 

It·is wei I known that many specifics of'~h earthquake record 

cannot .be quantified readily. Therefore, any findings based on records 

of a single Instrument during a single earthquake 'should be taken with 

caut Ion. Thus to conf I rm the find I ngs obta I ned so. far us I ng spec I f i c' 

earthquake .rjCOrdS' It Is decl,ded to consider the average responses to 

an ensemble of earthquakes. Averaging tends to eliminate the specifics 

and revea I the genera I trends in the responses. The ensemb I e used In 

this study for this purpose Is described In the following. 

• 

0, 
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ENSEMBLE O. RECORDED EARTHOUAKES 

The ensemble of ground motions considered consists of the two 

hor i zonta I components of five actua I earthquake re'cord i ngs. The 

sp'hi:lflcs of these earthquakes are IlstedJln Table (3.1). All 

earthquake record I ngs are c I ass I fled to' be strong either I n terms of 

their magnitude, ML>6, or in terms of peak acceleration. 

An I mportant: character I st I cs .. of the ensemb I e I s the assoc I ated . , 
elastic response s'pectra. Shown in Fig (3.22) is the mean ac~eleration 

spectrum of the five earthquake records for fractional critical damping 

(=O.5~. In each pair, the stronger component is the one with the larger 

peak acceler~tion. This compone~t Is sca'ied t9 have one g peak 

acceleration and consIdered to act In the x direction. The other 
" 

c~nent Is scaled up by the s~me fact~r and considered to act In the y 

direction. It Is seen, that the mean spectrum, both in the x and y 

directions, of the ensemble has a sImIlar trend as the smooth spectrum 

S~ used to defl ~e the strength of the structure. The s~ curve I sal so 

shown In the same, plots. the coeffIcients of varIatIon (COV) of the 

response to these earthquakes In the x and y directions are also shown. 

In FII;! (3.23) as a meas4re of dIspersIon of re",lts around the average 

values. ,L 
DUCTILITY DE HAND 

FIgures (3.24), (3.25), and (U6r show, the average curves of 

duct II I ty demand \Ix' \ly' and \l r obta I ned us I ng the e I asto-p 1 ast i c and 

.... 

• 

" 



' .. 
110 

• 

Tab Ie 3.1 I nformat i on on the Ensemb I e of Recorded Earthquake 
Ground Motions. 

DATE EARTHQUAKE RECORDING MAGNITUDE COMPONENT MAXIMUM DURATION 
SITE ML ACC. (g) (SEC. ) 

1940 Imperial . SOOE 0.348 30 
May 18 Valley EI Centro 6.5 

S90W 0.214 30 

1952 J<ern Taft, S69E 0.179 30 
July 21 County Li nco I n schoo I 7.2 

Tunnel N21E 0.156 30 

1934 Lower ·EI Centro S90W 0.183 30 
Dec. 3D California Imperial Valley 7. I 

SO OW 0.160 30 

1949 Western Olympia, Hwy. N86E 0.280 30 
Apr. 13 Washington Test Lab 6.5 

N04W 0.165 30 

1971 San Caltech • S90W 0.192 20 
Feb •. 9 Fernando Seismological Lab· 6.3 

~OW 0.089 20 

.. 

.. 

, . 
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• the elasto-plastic with in~eraction models for two values of reduction 
. 

factor R=3 and 5. of the· average curves are In agreem"lnt with 

those observed e rl ier for the 1949 Olympia earthquake records. Hence 

the effects of interaction on ducti I ity demand can be summarized as 

follow~: 

I. Incl~ding interaction in the inelastic analysis of loni 

period stl"'uc~ures (Tx>O.5 sec) has a minor effect on ducti I ity demand 

response. Th i s ho I ds true for a I I I eve I s of yi e I d strength re I at i ve to 

the elastic strength demand. in other words for al I values of the .... 
reduction factor R. 

2. For shor:t period s~ructures (Tx~O.5 sec) with moderate yield 

• strength (R=3). interaction fa'vorably reduces the displacement response • 

. Therefore. for this class of ~tructures. an elasto~plastic analysis is 

# . 
expected to give conservative values of ductility demand. 

3. Short period st~uctures (Tx<O.5 sec) with low yield strength 
~ 

(R=5) exhibit largeJvalues of ductl I Ity demand based on elasto-plastic 

, 

. . ", . 
analysis witlt unidirectional ~xcitation. For such structures. Including 
.. 
interaction increases ductl I ity demand e.ven ijrther. The Increase 

become~ very substantial for very short period structures (Tx=o".1 sec). 

• 
I 

THRESHOLD YIELD STRENGTH ~ . --

demand 

Y I e I d strength capac I/y has a remarkab I eeffect on duct I I I ty 

of very short. period structures (Tx=O.1 sec). Figure (3.26) shows· 

the variation of average duct! I ity with perJod for the~cases R=3 and 

, 
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ReS. The ~-T cutve~are remarkably different i short period range. 

In, the 1 eft flg~r"(R=3). the ~-T curve has a 

then I t decreases for sma I I er per I ods. A ~-T e with this feature is 

denoted as the ·"bounded" type. For the case R=S. the u-T curve does not 

show any peak at T ~"'O.2 sec and the va I ues Increase monoton I ca 1 1 y for 

" decreasing periods. This behavior wi 11 be referred to as the 

• '\ "unbounded" t~s distinction, suggests the exlstance of a 

threshold level of yield strength of structures that separates the two 

types of behavior. The ductility response of a structure' In the short 

per I od range I s character I zed by the bounded or the unbounded type Q 

" ( 

--curves depend~g on Its yletd strength capacity being greater or lower 

than the threshold level r~spectlveIY. ,The practical significance of 

the threshold level of yield strength Is that one can avoid the very 

high ductility demand'in the very short period structures by providing a 

yield s~rength capacity that Is larger than the threshold, value. 

The ductll Ity d~nd ~ obtained using the elasto-plastic model 

-with Tx=O.I sec Is shown In Fig (3.27) for the ensemble of earthquake 

records. Hodels are assumed to ha'\le different yield strength levels 

relative to the elastic strength demand as Indicated by values, of the 

reduction factor R'ranglng from I to 6. In the figure. the occurence of . . .' .. 
the bounded and unbounded types of ductl1 Ity'demand curves Is Identified 

by th,e open and solid markers. respectively. The following observations 

can be made. 

'.1. 'Yield strength which Is as low as one third to one four~h of the 

elastic strength demand seems to be ,a reasonable estimate of'the threshold 

lev~l ~f yield strength capacity. These values correspond to values of 

the reduction factor R between-3 and 4. 
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r 
2. ~~r structures whose yield strength capacity are lower than the 

threshold value(i.e. R)3). substantial values of ducti I ity demand are 

observed. They even exceed the relation J2~-1 =R suggested in (55). 
~ 

3. Based on the current study it wou I d be prudent to des i gn ver-y.st i ff 

structures with yield strength no less than one third of the elastic 

strength demand to avoid excessive ductil ity demand on the elements. 

, / 

RADIAL PERHANENT SET 
.... 

The permanent set is the nonrecoverable plastic deformation at 

the end of excitation. This parameter is important i~ determining 

repa i ring costs and the feas i b i I ity of restor i ng a damaged structure .. 

Let ~px and ~py be the permanent deformation in the x and y directions 

respectively:- Then the radial permanent set ~p is given by 

The average curves of ~p are shown in Fig (3.28). The 

trends of these curves are simi lar to those of the ducti I ity demand 

curves. Also i-t can be seen that short period structure~ with low yield ,-
strength (R=5) are part i cu I ar I y prone to substant i a I permanent 

defprmat ion. The inclusion of' interaction effect wll I further increase 

such per-manent deformation.' - The permanent set constitutes most of the 

ducti I ity demand of short period structures as shown- In Fig (3.6). " 

DISPERSION OF RESULTS 

Figure (3.29) shows the coefficient of variation (COV) 

associated with the mean responses of ductl I ity demand "x. "S" and ~r 

) 
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.. -\ 
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, 
and permanent set lip for mode I s with I nteratt I on effect I nc I uded or 

I gnored. A I so 'the average va I ues of COy iver the per I od range are 

presented In Table (3.2). Based on the values In Table (3.2), Including 

Interaction has little effect on the scatter of response. Also It can 

be observed that the permanent set lip shows the largest scatter. This 

Indicates the sensitivity of permanent set to the particular recordg 

used. 

RELIABILITY OF INELASTIC DESIGN METHODS 

Mahin et al (26) assessed the rei lability of the Inelastic 

design method suggested byATC (4B). In their assessment, a single degree 

of freedom model, of either elastoplastlc or stiffness degrading behavior 

Is subjected to unidirectional exc.ltatlons consisting of an ensentlle of 

ten earthquake records. Attention Is focused on the rellab,l Iity of the . . 

method to limit the ductility demand to the specified values. It Is 

. " 
found that th Is method fa I I s to I I mit the duct I I I ty' demand for 

structures with short period and low deslgn stren9th. The results of 

that study can be complemented 'by the findings of the present study In 

whl'ch the model used is more realistic In two ways. First, the 

I nteract Ion effect I s I nc I uded I n co I umn yl e I ding and second, the 

simultaneous action of bidirectional excitations Is considered. Let llXo 

denote the ductl I Ity demand obtained using the elasto-plastlc model and 

• correspond to Mah In's resu I ts, and the .ad I a I duct I I Ity IIr denote the 

ductility demand obtaIned with Interaction effect Included. The 
'\ 

variation of the average ratio II~/Ilxo with natural period Tx Is shown In 

Fig (3.30) for model s with R=3 and 5. Th,Is ratio averages over the 
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Table 3.2 'Average Values of COY of Different 
Response Parameters 

R=3 R=5 

.~ EP EPI EP EPI . 
Ux 0.27 0.27 0.31 0.31 

.4" Uy 0.37 0.38 0.51 0.52 

ur 0.28 0.30 0)38 0.39 

up 0.64 0.68 0.71 0.73 

~ ., 
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ent I re per I od range a va I ue of 1.16 for R=3. and 1.40 for R~5. Thus the 

realIstIc estImate of ductlll·ty whIch accounts for InteractIon effect.s 

and bldlrectlonallty of exc.ttatlon. can be UP to 401. larger than the 
~ 

va Illes: ca I cu I ated otherwl se. 

TOTAL ENERGY INPUT 

The mean values of th~ ratIo ~f total energy Input E~ obtaIned ..-.-
wIth InteractIon effect Included to thatpf an equIvalent elasto-plastlc 

mode I are shown In FIg (3.31). F~r mode Is with R=3. the average curve 

fluctuates very close to un I ty throughout the per i od range.. The same 
: ," . 

observat Ion ho I ds ·true for mode Is wIth R=5 exce~t I n the short per lod 

range where there I s a substant I a I I ncr·ease I n the tot,a I energy· I nput to 

the system when InteractIon effect Is taken Into account. This confirms 

the fInd I ngs based on the 1952 Taft earthquake records wh I ch I nd I cate 

that for a sl:\ort perIod structure wIth low yield strf:ngth. interaction 
1 

causes the input energy response tq In~rease. ThIs Increase Is on. the 

average about 501. over that when Interaction Is neglected. 

3.5 APPROXIMATE ESTIMATES OF DUCTILITY DEMAND •. 

An elaborate Inelastic analysis of structures which. takes Into 

acc.ount force I nteract I on effect Is comp I ex and often cost I y •. 

Therefore It Is very •• deslrable to have simple approxImate methods to 

estImate the InelastIc response of structures. The usefulness of any 

approximate method Is assessed on basIs of two criterIa. FIrst. the 

effor.t requ I red to obta I n the': I nIt I a 1 approx I ma·te va I ue or the 

,.,~-

., 
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"estimator", and second, the degree of conservatism relative to the 

"true" va lues. 

In the fol lowing, two approximate me~hods are given to estimate 

the duct I I I ty demand of sing I e story structures with I dent I ca I 

propert I e,s a long two pr I nc I pa I· direct Ions. The d i st'l nct I on between the 

two meth.ods I s based on the nature of the "est imator". In the fl rst 

method,the elasto-plastlc response Is used a's the estimator. Attention 

Is focused on avpl lable formulae In literature (33, 44, 48). It Is 

denoted as the EP-est I mator method. In t'he second method, a scheme is 

proposed In wh I ch on I y the e I ast I c response Is requ I red. Hence I tis 

denoted as the E-estlmator method. 

In both methods, the best estimated values or ductility demand 

are def I ned to be those ca'i cu I ated us I ng mode I s with I nteract I on erre,l:t 

I nc I uded and are I nvar I ant to ,the or I entat Ions of ground mot Ion axes 

• relative to the structural axes, namely the radial ductility ~r' 

3.5. I EP-ESTI HATOR : 
;1-'.' 

• The radial ductility ~rcan be estlma~d ~y combining the 

duct I I I ty demand ~x and ~y based on the EP planar responses to the two 

horizontal components of ground motion acting one at a time. Two 

Combination schemes are attempted herein, namely 

I. Newmark (33): 

~E I = J2 ~x , (3.17) 

2. ATC3-06 (48): 

'(3.18) 

, . 
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Ratios ~~/~EI and ~~/~E2 are calculated using the ensemble of 

earthquakes records. Figure (3.32) shows the variation of the mean 

va I ues and the range of these rat los as funct Ion of systems per lod.-

Values are shown for models with R=3 and 5. The fol lowing observations , 
can be' made. 

I .. -The curves of the mean va I ues of the rat I os for the two schemes are 

very simi lar. They both fluctuate close to unity. Then on an average 

basis. both schemes are considered to be equally successful. 

2. A careful comparison of the ranges associated with the two schemes 

Indicates that using the second scheme. which considers the responses to 

both components. tends to reduce the dispersion of results for both 

values of R. 

3.5.2 E-ESTIMATOR 
, 

Newmark and Hal I (32) proPosed a method to derive the Inelastic 

design spectrum from the elastic design response spectrum. They 

proposed to deampl Ify the smooth elastic. response spectrum using period 

dependent factors .(~) defined as follows: 

Short period range •. 

(3.19) 

Long period range. 

(3.20) 

The Inelastic spectrum so obtained if used in analysis is expected 

to limit the values .of ductility demand to the specified value~. 

• 
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In the following, t!le t{)I) factors are further modified. the 
. . 

modified factors, denoted as r, when appl led to the elastic displacement 

response. I.e. with reduction factor Ro=l, wI II gIve an estImate of the 

ductIlity demand of a structure who~e deS~gth Is Rn times lower 

than the e I ast I c strength demand. r factors are del'l ved I t'1 the. 

fol.lo~lng for different period ranges. ~ Imlts of these ranges are 

determined based on the trends obser\ed for the m~an .dlsPlacem~ 
response curves obtained hereIn. 

I. Short Period Structures (T<O.2 sec) 

Let)lo be ~he elastic response corresponding to R=Ro' and .)In be 

the response that needs tr be estimated wh~n R=R n• then according to 

(32) • ( 

Therefore, 

211n-1 

.~~ . 
dividing ~enomlnator and numerator of the ·R.H.S. term In the above 

equation by 2110 and setting Rn/Ro=n, s;!lves 

·n2(I~O.SlIo)={lIn/llo)-(1/2I1o) • 

(lin/IIo)=r{n) Is the required ~llflcatlon factor which Is dependent! on 

ratio n. Since ,Ro Is equal to unity for elastic response design, It Is 

reasonable toasslftl! the associated ductility 110 to be equal to unity. 
. t 

Subst I tut log 110=1 and dropp I ng the rema In I ng 1/2 term on:.the R.H.S.. the 

above expression reduces to 
• 

oJ 2 
.. r{n) = n /2. (3.21) 

'. 

1 .. 
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'i 
II. Long PerIod Structures (T)0.5 sec) 

= n (3.22) 

( 
• '~I I I,' IntermedIate PerIod Structures (O.2<T<0.5') 

( ~J A lInear varIatIon' of r(n) Is assu~d between the "'two 

expressIons obtaIned at T=0.2 sec and T=0.5 se~' 

~ varIatIon of r(n) 'wIth perIod of this proposed scheme for 

two values of n=! and 5 Is shown In FIg (3.33). 

TEST CASES 

fhe amp I I f I cat Ion factors r for n=3 and 5 are app I I ed to the. 

e~astlc radIal dlsplaceme~t response spectrun obtaIned usIng the~40, 

EI Centro and 1952 Taft earthquake ground motIons. The obtained estImate 
" . . 

of ductIlIty demand Is compared with the radial, duct I I Ity ur response of 

systems wIth desIgn strength equal to one thIrd and one fIfth of the 

e I ast I c strength demand. The compar I son I s shown In FIgs (3.34J. 
(3.35). The estImated va I ues a~e I n genera I reasona~ I y conser vat I ve. 

However, for systems with very short perIod (Tx=O.1 sec) and low design 

strengt~ (R=~), duct I I Ity demand can be serIously underes~lmated by the 

proposed scheme. Th I sis a man I festatl on of' the prob I em of high, 
• 

Inelastic response of very stiff structures wIth low yield strength 

whIch was observed earlle,r . ., 
Another Inelastic ieature whIch Is not taken Int~account here Is 

.the period shift due to yielding. The apparent shIft between the two 

curves of the estImated and actual ductilities In the left,flg~re of Fig 
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(3.35) I sac I ear examp I e. 

Except for the situation of very stiff structures with low yield 

strength. the accuracy of the proposed scheme can be considered 

reasonable In view of the already existing dispersion of reSUlts of the 

I ne I ast I c responses from I nd I v I dua I pa I r of records' . 
. ~ " , 

; 

3.6 SYMMETRIC STRUCTURES WITH UNE~~AL PERIODS ALONG TWO PRINCIPAL 

DIRECTIONS : 

So far. discussion has been limited to symmetric structures 

having Identical natural periods along the x and y directions. It Is 

however useful to consider systems with unequal periods. being 

representative of most actual structures. 

3.6. I EFFECT ON DUCTILITY DEMAND Ux 

In order to examine the effect of the natural period In the y 

direction being different frO(l1 tha't In the x direction on the duct I I Ity 

demand In the x direction, two mode.ls are defined: (I) A mode,1 with 

period In the y direction lower than that In the x direction and they 

are re I ated by T y=' (2/3JT x;. and (I I) I n the other mode I. the period In 

the y direction Is greater than that In the x directIon. Ty=14/3JTx' In 

both models. Ty Is dlfferent"from Tic by a factor of 'one third • 
. 

Figure (3.36) shows the duct I I Ity demand Ux obtained using these 
• I 

models as a function of Tx' The two horizontal components of-,the 1940 

EI Centro and the 1952 Taft earthquakes records are used as ground 

motions with the stronger component In each case acting along the x , 
/ 

lJ ' 

,\ 
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.J 
direction. The elasto-plast'lc response with interaction effect included 

Is ca I cu I ated for mode I s with yl e I d strength equa I to one fifth of the 

elastic strength demand (R=5). For purposes of comparison. equivalent 

curves obtained us.lng axisynmetrlc models with Ty=Tx are also Included. 

It can be seer) that curves labelled Ty=(4/3lTx are not much different 

from those of the ax I symmetr I c mode I In thNong per I od range of T x' 

For lo~ values of Tx' ductll Itydemand obtained using the model with 

T y= (4/3)T x can be sign I fl cant I y lower than those of the .ax I symmetr I c • 

mode, I. Reduct Ions up to 50~ from the ax I symmetr I c mode I va I ues are 

encountered. On the other hand. maklng'the system stiffer In the y 

direction has a more profound effect of Increasing ~uctll Ity demand In 

the x direction., \Ix' particularly for .LQlo! values of Tx' Duct I I Ity \Ix' In 

the model with. Ty=(2/3lTx Is only 40~ to 80~ larger than those of 

'" 
equivalent axlsymnetrlc models for "'x>0.5 seC' whereas ducti I ity values 

'::> 
can be three times as I arge as those of the ax I Symnetr,I c mode I for low "-

va I ues of T~ (0.1 ~ Th I s I nc~ease can be attr I bute,d to the fact ~/" 
that making the structure stiffer in one direction. i.e, with a short;r ,L 
period. leads to a further reduction In the combined overal I period of 

the system. 

3.6.2 ORIENTATION OF ~ND·HOTION 

For systems with unequal periods In the x end y directions; the 

radial displacement response Is dependent on the'ot.lentatlon of the 

ground mot Ion axes because the system st I ffness funct Ion Is no longer 

axisymmetric. To examine the effect of orientation angle 9g on the 

., 
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radial response of such systems. it is sufficient to consider any of the 

• two models defined in the previous section. The model with Ty=(Z/31Tx 

is considered for this purpose. Henceforth in""this section. the x and y 

directions are referred to as the long~d short period directions 

respectively. 

Figure (3.37) shows the radial ducti I ity IIr as a function of 9g 

ranging from 00 to 1800 with In~vals of 150. The model has the 

fol lowing properties: Tx=1 sec. Ty=0.G7 sec. and R=S. Or" ation angle 

Is said to be zero when the stronger componen 
. ~ 

component of the 1940 El Centro an~ SG9E compon is 
, . 

acting along the long period direction. then 9g I's increasect,in an 
"r 

anticioc!kwise sense. ·The figure shows that the radial ductrl ity is no 

iong~r independent of the orientation angie 9g• since the system iacks 

the stl~ness "axisymmetry. Values of IIr 

different values of 9g. This variation 

show considerable varlatiop for 

is also dependent on the groun! 

motion used. Consider the radial ductility 1I~4S) and IIP3S) 

correspon"d I ng to 9g~45° and 1350 respect I ve 1 y. It c;an be seen that 

11(45) < 11(135) for the' case of the E I Centro ground r r 

1I(45i>II(135) for the other grount~lon (Taft). r. r " 

motion while 

This can be~ . 
Interpreted by considering the frequency content of the effective 

11 

response spectra S(45) and S(l35) In each case. The effective response 
, .. a a "---' . 

spectrum associated with an orientation angl e 9g Is obtained by first 

resolving the two components of ground motion along the st:uctural short 

~d long period dlrectl~ then the effec~l~e spectrum -Is the one 

associated with the compOnent along the. short period direction. Figure 

(3.38) shows the elastic acceleration spectra S~45) and S~135) fQr the 
" ~" , 

, . 
... 
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two ground mot Ions. The re I at I ve va I ues of duct I I I ty corre I ate we I I 

. with· the relative frequency content In the response spectra beyond 

T=0.67 sec. In other words, for EI Centro 

u(45) ( u(135) 
r r 

S!45)(T)0.67) ( s! 135)(1)0.67) 

and for Taft, 

,,('45) ) u(135) 
r r 

.. S!45)(T)0.67) ) S! 135)(1)0.67) 

Among al I possible values of 6g, the two cases 6g=00 and 900 are 
. . 

of pract I ca I sign I f I cance since the ground mot Ion axes co I nc I de with the 

principal structural axes. And It Is the case with 6g=900 that wi II 

most 1 I ke I y give I arger response, u~90.l, since the or I entat I on I s such 

that the stronger component Is acting along the short period direction. 

To assess t~e validity of assuming' u~90) as an upper limIt of response 

parameter ur for different 6g, consider the varlation',af'the ratio 11~69) 

lu~90) with 6:as shown In Fig (3.39). Using the E"t-Ce,S!ro and Taft 

ground mot Ions and with' R=5, rat I 0 u~69) lu~90l I s shown for se l"ected . . ~ 

va I ues of system per lod, T x=0.2, 0.5, and I sec. For 'most cases u~90) Is 

larger than ductl I Itles associated wlth'other orientations. In some 

cases, thl,s ratio Is larger than unity b"y at most 20\., This, 

observatl~n suggests that a reasonable estimate of ductility demand 

in stru~tures.wlth unequ~1 ~erlods In two dIrectIons ,can be obtalned~y 

'\ considering the response wheh the stronger c~nent Is acting alo~the 
.. , 

short per I od direct I on and th~ other component I s act I ng I n the long, - ' .. 
period olrectlon. • 
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APPROXIMATE RULES 

The .ilpprox linate~chemes discussed lil Se~ on 3.5. I are used in 

this section to estimate ~he ductl1 Ity demand In the long and short 

period directions. As mentioned earlier, these schemes require the EP 
• 

planar responses to each component of the ground mot I on to, be 

" '" Independently calculated. In addition, two orientations of the ground 

m6t I on are taken I nto account In' t'lle est I mate', name I y 9g=00, and 900 

wh I ch ,correspond to the cases wher(l:he stronger ~ompcinent Is e I th~r 

acting In the long or short period directions resPectlllely. ,According 

... 

~hese schemes, the est I~te~ of the duct II Ity demand I n the long and , 
, 

short period directions are gl lien I n the fo I lowing.'''. 

Long Per,lod DIrection 

Scheme, I:", 

0° IIxE I 

Scheme II 
• 

IIxE2 

: 

, , • 40 II~ 

= maxI I'. 40 II~O 
, 

1 liD o:v~, + 
= max ';0 

IIx + 0.3 II~O 

Short Period DIrectIon 

Scheme I 
11

0 

= maxI 

I ~40 
Y 

llyEl " 
1.40 11

90 
Y 

" 

4 

<:> 

. " 
~. 

" 

#Iii'. 

"), , ' 

, 
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Table 3.3 'Rat I,os of ~ccurate Est imate of the Ductility Demand 
Approximate Estimate 

LO,NG PER,D DIRECTION , 
SCHEME (I) SCHEME ( If ) , 

Tx 
(sec) ELCENTRO TAFT ELCENTRO TAFT 

j 

0.2 I. 74 1.62 0.96 I. 07 

0.5 1.13 0.76 0.84 o.~ 
0:8 

.f 
1.49 0.92 1.29 0.72 

1.0 I. 76 0.83 0.96 0.61 

1.5 1.32 0.84 0.73 0.93 
0 

0.8f 
.... 

2.0 1.00 0.83 0.88 

SHORT PERIOD" DIRECTION 

SCHEME (I) SCHEME (If ) 

Tx 
(sec) ELCENTRO TAFT ELCENTRO TAFT 

0.2 0.68 1.05. 0'.88 1.36 

0.5 0.89 0.79 1.18 1.04 ... 
0.8 1.22 0.64 1.49 0,80 

1.0 0.70 0.58 0.92 ... :J 1.5 0.65 0.75 0.87 0.9 

2.0 0.97 0.80 1 •• 4 , 1.04 

• 
, 

- • r 
\ 
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Scheme I I 

1 
II~ + 0.3 II~ 

II E2 = max 
y 90 0 3 .. 90 lIy + • ~x 

~best estImate of 
~, 

ductl I Ity demend In each dIrectIon, U; and 

II;' are obtaIned usIng the model wIth InteractIon effect Included and 

defIned to be the actual maxImum value over the entIre range of ego 

The rat 10 of the accurate to the approx I mate pst I mates of the 

< ductIlIty demand In the long and the short perIod dIrectIons are 

~ , . 

presented I n Tab Ie (3.3) for sel ected va I ues of T x. I n the long per I od 

dIrectIon, ductIlity demand IS. best es~Imated by sc~ (il), for which 

ratIos In Table (3.3) are close to unIty. ApproxImate estImates by 

scheme (I) are exceeded by UP to 701.. I~erlod directIon, 

scheme (I) seems to glye reasonable estImates of the ductl I Ity demand. 

It mB¥ be noted that the duct I I Ity demand In eIther direct Ions I s best 

estlmat'ed by th! scheme that Includes a larger contrIbutIon of the 

uniaxIal response In the short period direction. 

SUMMARY AND CONCLUSIONS 

~'Inelastlc response of symmetric structures to earthquake 

excitations Is examined In this chapter. The main objective of the 

study Is to assess the significance of 'Including the Interaction effect 

In the Inelastic analysis of ~ymmetrlc structure~s purpose, 

the ela~to-plastlc response of a single ma~s symmetric structural model 

'with Interaction effect Included or Ignored Is considered. The two 
~ 

horizontal c~nents of ground motions are taken to act sllliJltaneous'ly 

• 
r 
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on the model. An ensemble of five pairs of recorded earthquakes ground 

motions Is used as Input and the mean values of responses ar~~~ented. 

The effects of I nteract Ion are d Iscussedl n deta I I ~d the response 
. ~ 

parameters of Interest are taken to be the dIsplacement ductl I Ity 

demand, permenant deformatIons, and the total energy Input to the 
l 

system. BuIldIngs with Identical or dIfferent properties In the td6 -
I atera I direct Ions are cons I dered I n the study. Based on the resu I ts 

and dIscussion presented In the chapter, the followIng conclusions can 
• • 

be drawn. 

I. Includ has only a minor effect on 

the I ng per lod structures (say T> 0.5 sec) or J 

s exc I ted moderate I y I nto the I ne I ast I c range. 

T.herefore, an elasto-plastlc analysIs wIthout taking the yield 

·Interactlon effect Into account wI II be sllfflclent for determInIng 

duct I I Ity demand estimates for these classes 0' structures. 

2. StIff structures (T<O.S sec) wIth 1·0\ yIeld strength, 

hence those excIted we~ I In~he InelastIc range, are shO.~ to 

exhIbIt large values of ductl II~ demand based on elasto-plastlc 

analysis. For such structures, the Interaction effect Is sIgnifIcant 

and I t further I ncr eases the duct I I I ty demand. The I ncrease becomes 

substantIal for very stiff structures (T<0.2 sec). ThIs observatIon Is 

sIgnIfIcant on two counts. FIrst, It poInts out the Inadequacy of 

'p I anar I ne last i c ana lyses to est I mate the duct I I I ty demand for st I ff .. 
structures excIted wei I Into the InelastIc range. Second, It shows that 

the ductl I Ity demand for such structur~s can be exceedIngly hlg~. 

Therefore, very stIff structures should"be del'.lgned sO .. t.~t th~.·expected 
~ -~ . 

• 

" .. ~., l 
. I 
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earthquake disturbance wi I I not cause the stru~~e to be excited wei I 

Into the Inelastic range. In other words. It Is prudent to design very ,. 
stfff structures to rema I n e I ast I c or a I most e I ast.lcc .. when subjected to 

the probab I e earthquake exc I tat Ion. Since none of th~ ex 1st i ng studi es 

on effects of I nteract Ion cons I dered structurefrp th I s per I od range. 

this effect has been overlooked before. 
.' . 

3. The radial ducti I ity ratio in sys't~m~ with identical 

properties along the two lateral directions of resistance Is Inva~lant .... 
to the orientation of the ground motion directions relative to the 

structural axes provided the Interaction effect Is Included In the 

Inelastic analysis. Such quantity can be used as an index of ducti I ity 

demand In structures subjected to bidirectional excitations, and should 

be uSed !n ductility estimates for design purposes. 

4. A more realistic estimate of ductl I Ity demand w_hlch takes 

Into account the effect of' Interaction and the bidirectional Ity of 

excitation ·can be, on the average, up to 40~ larger than .estlmates , 
calculated otherwise. Such aj)estimate can be derived using the elasto- .. 

plastic uniaxial responses of the system by approximate rules. These 

ru I es are either (I) I ncreas I~th I ax I a I r~sponse to the stronger 

component by 40~ or (I I) as the sum 0 the uniaxial ~ponse to the 
, 

stronger component plus 30~ of the response to the other component • . 
5. "An approxll]lBte estimate of the duct(llty demand of symnetrlc 

\ r-
structures based on amplifying the elastic response with a period 

'dependent factor Is proposed. These factors are related to those 

proposed In· (3'2) to der I ve I ne I ast I c response spectra from e I ast I c' 

1 
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smooth spectra. Except for very st I ff structures with low y I e I d 

strength. this approximate method seems to be satisfactory. 

6. For systems with unequal periods In the two lateral 

directions. the radial ductl I Ity ratio shows considerable variations 

, -with the angle of orientation of ground motions even If the Interaction 

effect Is taken Into account. The maximum radial ducti I Ity ratio over 

,the e~lre rang~,of the angle of orientation can be reasonably estimated 

by orienting the pair of ground motions such that the stronger component 

Is acting along the shorter period direction. 

7. The maximum effect of the orientation of ground motion 

components on the ductility dema.nd In the longer period direction can be 

estimated by the 30~ rule. i.e. xhe sum of the maximum uniaxial response 

I n t~ I onger ~ I od d I{ect Ion p I us 30~ ~f that I n the sho.rter per lod 

dlrect~n. And to account for this effect In the shorter period ... 
direction. It Is sufficient to Increase the maximum uniaxial response In 

this direction by 40~. 

. .. 

,I,. 
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CHAPTER 1. 

RESPONSE OF ECCENTRIC STRUCTURES TO 

EARTHQUAKE EXCITATIONS 

4.1 INTRODUCTION: 

d," 
1 

A detal led analysiS of Inelastic response of asymmetrIc structures 

Is carried out In this chapter for the fol lowing reasons. First, most 

, of structur~s have some asymmetry In plan due to architectural or 

• functional reasons. Even In nominally symmetric structures, 'asymmetry 

Is Inevitable due to uncertalnlty of lIve load dIstributions or? 

I mperfect Ions I n mater I a I wh I ch can cause var I at I on I n true st I ffness 

dlstrlb·utlon. Second, I tis not economl ca I to des I gn ordi nary 

buildings, residential, offices, and warehouses. etc., to remaIn elastIc 
, 

under the action of severe earthguakes because of the prohIbitive cost. "". . 
In addition, there are specifIc motives behind the present study of 

asymmetric structures. namely 
, 

(I) In asymmetric structures. yielding that occurs along one of 

the prIncipal dIrections of structural resistance. affects the response 

In the orthogonal dIrectIon because of torsional couplIng. It follows' 

that It Is Important to consIder the effect of forces InteractIon on 

columns yieldIng along wIth. t.he slmultaneo~s actIon of the two 

hor I zonta I com~ents of ground mot l.on I Ii the .ana I ys I s of '1 ne I ast I c 

asymmetrIc systems. Very little Information on the effects of 

I nteract Ion I n the Ine'l ast I c ana I ys 15 of asymmetr I ca I systems 15 found 

149 , 
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\.. I n the I I terature. 
~ 

Tt~e. reader 4s referred to 'Sect ion 1.2.4 in Chapter 

for more discussion on this subject. In ·the present study. the 

hor I zonta I ground mot Ions are cons I dered to come from two orthogona I 

~rectlons. and the effect of forces Interaction In yielding of columns 

I s I nc I uded I n eva I uat Ion of the responses of asyrrmetr I c structures under 

such bidirectional ground motion excitations. 
~ 

(2) Existing studies on Inelastic torsional responses contain 

apparently conflicting remarks regarding the Importance of some 

parameters on Inelastic response of asymmetrical buildings. As an 

example. structural eccentricity which Is considered as the. most 
• 

Important parameter )p e I ast I c response stud I es. rec e Ived different 

conments In Inelastic response studies by different investigators •. The 

comments vary from "Insignificant" (16) to "r:esponse varies linearly 

with eccentricity" (58). In this chapter. a new concept of eccentricity 

based on the y I e I d propert 19 of the sy.stem I s proposed. I tis shown 

that this new eccentricity's a better Index to' characterize the 

Inelastic torsional effect on ductl I Ity demands. 

4.2 FORMULATION AND MODEL PARAMETERS 

Consider the monosymmetrlc conflguratl9n of the structural model 
. -

descr I bed In S!?ct I on 3.2. by assum I ng the center of mass (CM) and tla! 

center of stiffness (CS) to be noncolncldent along the y direction •. The 

offset Is·denoted by the nominal eccentricity ey• The additional 

rotational ~eformation qe needs to be incorporated into the equations of 

motion. The dynamic Ilqul I Ibrlum equations with reference to CM can be 

-

, 
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• 
wr I tten as fo I lows. 

o 1 qx Q
x 

o r~e + Qe 

Wy qy Qy 

(4. 1 ) = -m 0 

In addItion to the symbols defined earl ier in Section 3.2. r Is 

the radIus of gyration of the rigid s lab about eM. Qe is the restoring 

torque. and we Is the torsional frequency given by JKe/mr2. ~here Ke is 
• 

the torsIonal stIffness of the system. The Incremental restoring forces 

and deformations are related by the tangential stiffness matrix [Ktl 

6{Q} = [Ktl 6{q} (4.2) 

. 
The system stIffness matrix Is assembled usIng the update~ elements 

stIffness matrIces [51 1 as .follows 

4 
[Ktl =I!I [011[51.1[0 11 (4.3) 

where [5]1 Is the element stIffness matrlxAln the global x and y 

. coordInates. [511 can be wrItten In the form 

.and Is .related to the one In local coordInates. defIned earlIer. as 

fOllok("' 

[511 = [L1T [51.:1 [L1 1 
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If e I I s the I nc I I nat I on between I oca I and g I oba I coord I nates for co I umn' 

I. the matrix [ll I Is gIven by 

• 
sin 

cos 

For the Ith column wIth posItIon coordInates (xI' YI) with respect to 

eM. the positIon matrIx [011 Is gIven by 

[
01

1 t 
" 

Hence. the elements of matrix [Ktl In general -are glven·by 

Kx(t) = LI sx; Ky(t) = LI Sy 

Ke(t) = LI sx(YI/r)2 + Sy(XI/r)2 - 2SXy (YI/r) (xl/r) 

Kxy(t) = Kyx(t) = Llo Sxy 

Kex(t) = Kxe(t) = LI -Sx(YI/r)+ Sxy(xI/r) 
I 

Ke<) = Kye(t) ~,LI -Sy(xI~r)- Sxy(YI/r) 

(4.4) 

(4.5) 

The underlln~ terms In Equations (4.5) are those terms that appear only 

when Interaction Is Included but vanish otherwise. 
C. 
In the elas~Ic "ange, the stiffness matrix reduces to the 

following 

t :' 
- ey 

: :] [Kl = Kx 02 

0 y2 

(4.6.) 

\, 
o 
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Thus there are only three system parameters which affect the response of 

the system In the elastic range. They are (i) eccentricity ey' (I i) 
, 

torsional to lateral frequency ratio n =w9j~x' "and (Iii) lateral 

frequency ratio y=Wy/wx' 

In the Inelastic response with Interaction Ignored (EP), the 

stiffness matrix [Kt 1 still has the'sami)form"as In Eq (4.6);- howev~r 

Its c~fflcients become time variants 

(4.7) 

o 

Since the stiffness value of an elasto-plastlc element Is either the 

Initial elastic stiffness or zero, then It Is expected that significant 

variations do occur In the system parameters from their respective 

f' initial values ~hen the system Is excited Into"the Inela~tlc range." As 

a resu I t, there I s no apr lor I reason to be 11 eve that these parameters 

will Influence the Inelastic response In the same capacity that they are 

known to do to the e 1 ast I c case. 

Upon Including the Interaction efflFt In the Inelastic response 

.pf the system (EPI), further complications are Introduced to the 

coeff I c I ents C?1i.. the matr I x [Kt 1 due to the presence of the add I tiona I 

terms under I Ined In Eq (4.5). 

NORMALIZED EOUATAClNS OF MOTION : 

Equiltlons (4.1) can be put Into a nondlmen!ilional form as fol lows 
~ 

". 

-C--
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Ux 

""{ 
0 

Ti 
Qx TI9X (t) 

Ua + f n o ~a + 
",2 n20a = -R"'~ 0 x 

uy "..0 y uy io (ila)TIgy(t) y 

(4.8) 

\. 
where 

uX' ua' uy = qx/&x'· rqal&a· qy/&y 

OX' Oa· Qy = Qx/Fx· Qa/F a. Qy/F y 

where &a is the torsional yield deformation. and Fx. and F yare the 

"'" system yield strength In lateral deformations. Fa is the system yield 

'strength under pure torque. 

To Investigate the Inelastic behavl~r of the model. the 

Inelastic responses were computed considering the fol lowing model 

" parameters. 
~~ 

I. Latera I per I ad T X=21T/ "'x ranges from 0.1 to 2.2 sec . 

2. Torsional to lateral frequency ratio n=l. The spacing between 

columns, a, In the model Is adjusted so that the torsional and lateral . 
frequenc I es are equa I. I n genera 1, bu I I dings hav I ng the res ht I n9 

I 

elements unIformly dIstributed In plan can be shown also to have a 

frequency' ratio of unIty. 

3. NomInal eccentrlclty ey : unless other wIse mentioned, the 

eccen~rlclty e~ Is taken to be equal to one fIfth of the plan dimension 

0, 'I.e. ey=0:2 0: This value corresponds to buildIngs with large, 

eccentrIcIties. 

The study Is confined to systems wItt! IdentIcal stlrnd 

/' 
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In other words. y=1 

and 8=1. This leads to ~qual yield deformations of the system In 

trans lations and rotation. i.e. ~x=~y=~e' 

4.3 EFFECTS OF INTERACTION: 

To assess the significance of Interaction In the pre~ence of 
• i -

eccentricity as compared to that In the symmetric case. the symmetric ~ 

and monosymmetrlc ~flgUratl~ns of a single mass model are considered ~ 
as shown In F.fg (4.1) .. The monosymmetrlc configuration in Fig (4.lb) Is 

obtained from Its symmetric counterpart by shlftlng.CM of the rigid slab 

" " 
along the y axis. and leav"lng the four column arrangement unchanged. 

Th I s I ntroduces an eccentr I city e y to thMtem. Figure (4.2) shows 

the elasto-plastlc response with Interaction Ignored (EP) and Included 

• 

~ (EPI) of both ~els when subjected" to theitwo horizontal components of 

the 1952 Taft ground motion. Models have their yield stre"ngth equal to 

o~ fl fth of t~\cJ.ast I c strength demand. I.e. R=5." Curves show the. 

variation o£~ctll Ity" demand of colunn I, \lxl' "with lateral period Tx' 

While columns In the symmetrl~ model are equallY stressed, col~ I Is 

the most stressed co I umn I n the eccentr I c mode I. I tis seen that the 

Increase ln response due to .interaction from the response Ignoring 

Interaction Is larger when the model Is symmetrical. This observation 

Is generally applicable for periods Tx<O.5 sec, and most pronounced for 

T x<O.3 sec." 

, 

To make the comparison more transparent, the ratio of ductl I Ity~ 

demand uxl with and without Interaction Is "replotted In Fig (4.3) for 

both the symmetric and monosymmetric structures. For this comparison • 

..J " " 
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the 19~ EI Centro and the 1949 Olympia ground motions are used In 

. addition to the 1952 Taft earthquake records. Comparing the top and 

bottom plots, one can, See that th Is .rat 10 Ish I gher for the symmetr I c 

mode I than that for the eccentr I c mode I I n genera I . Wh I I e th I s rat I 0 

reaches up to a value of 2.75 for the symmetric model, a maxImum value 

of on. I y 1.75 I s encountered for the eccentr I c mode I. Based on these 

obser vat Ions, one can conc I ude that (I) duct I I I ty demand Ish I gher If 

"I ~teract I on effect I s taken I nto account, and (2) i .n,teract I on affect s 

the d I sp I acement .. esponse of eccentr I c structures to a I esser extent' 

than It does to that of symmetric structures. 

'To exp I a I n such behav lor, cons I der' the... i nterre I at I onsh I ps 

between the two I a'tera I components of deformat Ions of a co I umn located 

In a symmetrIc and In an eccentrIc structures. In symmetric str'uctures, 

the response In one dlrect!on Is Independent of that In the other 

. directIon If elastIc or elasto-plastlc behavior Is assumed. IncludIng 

the I nteract I on between 1 atera I forces Is the on'l y mechan I sm wh I ch 

accounts·for the response In one dIrectIon beIng affected by the 

response In the other dIrectIon. On the other hand, In eG:centrlc , " 

systems, responses In the two lateral dlrectlonJ are ~rdepenqent even 

wIthout consIdering InteractIon because of torsIonal couplIng. Not only 

the overa'll syste.m's deforma~s Ux(t), uy(t), and ,ue(t) are dependent 

bec:use 'of the .s,lmulta~ solutIon o,,"the\or"'dynarnlc equll Ibrl!lrn 
~ (p (j , 
, 'equat I'ons tiuta'l so the 'co 1 urnns' deforrnat Ions' Vx (t), vy(t) I n the two 

L ' .J 
lateral dlrect10ns are .Interdependent sInce the rotatIonal 

Ue(t) ,contributes to both components as glven'by 

,/' ( 
J 

I 
" 
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Therefore. the eccentric structure already has some of the effects that 

Inelastic Interaction might have,on the res~nse by virtue of torsional . . 
·coupllng. namely (I) the .transfer of energy Input between the principal 

I 

structural directions. and (II) yielding in one direction affects the , 
response in the other direction. As a result. including t~lnteraction 

.(' 

effect in eccentric systems produces less dramatic change than· for the 

case of synrnetr I c systems. 

Since interaction has less effect on asynrnetrical systems. it is 

decided to neglect the Interaction effect' In the elasto-plastic response 

calculation of eccentric systems for the remaining part of this chapter. 

Whf)e negl-ectlng the Interaction makes the model I Ing less realistic. one 

can focus better the tors I ona I coup I I,ng effect on the I ne i ast I c response 

of eccentr I c systems. 
, . 

I 
PLASTIC ECCENTRICITY CONCEPT 

4.4.1 BACKGROUND : 

In 1:brslonal ly cOl,lpled systems. the amount of rotatIon Is 

usually governed by the offset of 'the C~f load applicatIon from 
t ' 

the center of rIgidity. In earthquake excltation.appl led , forc,!!s are 

actIng through the center of mass. The center of rIgIdIty refers to the 

~nt In the floor p'fan through whIch If a lateral load Is appl led then 
J) 

the floor wi II only translate wIth nO,rotatlon. In elastIc response 

,. , ' 

" 
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analyses. the resistance is offered by the stiffness ,properties of 

elements. Therefore. the def I nit Ion of eccentr I city I s based on the 

relative location of the center of stiffness with respect to the center 

of mass. 

This definition however becomes inconsistent when the structure 

is assumed to be excited well Into the Inelastic range. At this stage. 
/I 

since most If'Qot all the elements have reached their yield strength 
, 

I imits. resistance Is better characterized by the strength' distribution 

rather than by th~ stiffness distribution within the system. The 

Inadequacy of~such elastic definition of eccentricity Is also evident 

from the conflicting findings of the a~allable studies on the Inelastic 

torsional responses as Indicated In Section 4.1. The substantial 

dispersion of conclusions suggests the need of a better Index to 

estimate the ductility demand.for eccentric structures. One such Index 

Is to give 'an a,ternatlve definition of eccentricity based on the yield 

strength properties of the resisting elements. 

This Idea was touched upon In two of the earl lest pap~rs on ~ 

I ne 1 astl c tors I ona 1 response. Tanabash I In 196,0 (47) stud I ed an 

eccentric single story model consisting of a rigid slab on two para 1 leI 

frames with one stiffer than the other. 'Using idealized ground motions. 

he stated that "we shal I need to make the rigidity of structures 

d I str I buted as un I ~orm I y as poss I b I e I n regard to the u I t I mate state 

rather than the elastic range ,of stiffness members." And In 1969. 

Shibata et al (45) studied a simi lar model and they emphasized the 

importance of the yield strength of columns by stating that "the 

distrIbution of strength as well as of stiffness has significant 

• , 

'. 

I 
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Influence on the nonlinear response." Although these studies pointed 
/71 

out the significance of the strength distribution on non I Inear response, 

no specific guidelines were given as to Incorporate this Information 

when spec i fy i ng the eccentr I t: mode ( for i ne last i c response ana lyses. 

Moreover, the results of these studies are I Imlted slnce~hey are based 

"on I dea I I zed ground mot ions. 

4.4.2 DEFINITION , I 

Cons I der the I th res I st I ng element I n a stru'cture.. I ts effect 

on the response ca I cu I at Ion can be descr I bed by I ts I oad-def I ect I on 
.... 

curves alo~the x and y directions. In each direction, the elasto-
" . 

plastic Idealization Is assumed. These load deflection curves are 

char'acterlzed by the elastic stiffness kxl and kYI and the yield 

strength Vpxl and Vpyl' According to the definition of the e!a~tlc 

eccentricity, It Is the distance between location of the center of 

st I ffness from eM. The coord I nates of the center of st I ffness can 'be 

eva I uated as fo I lows 

( . r I kYI x I 
x = ---------s 

r l kYI 
(4.9) 

In a simi lar manner; the center of yle I d strengths can be' found as 

follows 

" 
<: • ~ " 

)", 
.. 

{" .,.. 

~ 
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rl Vpyl xI 
xp = ---------

rl Vpyl 
~ 

(4. 10) 
r l Vpxl YI 

YP = ---------
rl VpXI• 

Coord I nates xp and YP de~ the center of strength (CP) wh I ch 

represents the point of action of the resultant of the resisting yield , 
forces. The plastic ecc~trlclty (ep) Is then defined as the offset of 

this center of strength (CP) from the center of mass CM. The relative 

I ocat I on of the center 01' strenl!,th CP depenlls on the strength 

distribution of the resisting elements. The structure .. Is considered to , 
have ynlform strength dfstrlbutlonff the center of strength CP and the 

center of mass CM are co f nc I dent, f .e. the pi ast I c eccentr I city ep Is 

equal to' zero. ·It Is then expected·that·such structure wil I experience 

less rotational deformations In Its post-yield response as compared to 

that of 'an equivalent structure but Wlth~ nonuniform strength 

distribution ,I.e. the plastic eccentricity ep Is not equal to' zero. 
J. 

Befo!e examining the Influence of the plastic eccentricity o~ 

dynamic Inela~tfc re~nse of as~rlc structures, It' Is In!ltructlve 

to give an example to show Its effect to .Induce rotational def~rmatlons .. 

For th I s purpose, cons I der a sing I e story structure supported on four 

Symmetrlcal~. arranged and assumed to ~ve Ident cal .co I umns which- are 

• st I ffnesses. 

I et co I umns 

and 4. Th I s 

Thus' the center. of .tlf~ness coincides 

I an; 2 have lower yle1.d strength than. 

with 

. ~ 

I eads the center of strength CP to be offset tlrom CM, , 

.. ' " , 
-------. 

The 

.. 
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difference In strength 1evel!t is adJust~so that the plastic 

eccentricity ep Is equal to 0.20. This Inltlat1~ymmetrlc structure Is 

sUbJe~ed to the. tj; and EW components of the I'~ E I Centro earthquake' 

records along the x and y directions respectively. ~ other parameters 

,?f the model are: Tx=Ty= I sec, and R=5. Figure (4.4) shows the time 

variations of. the deformation components at CM, nawe1y ux(t), uy(t), and 
• ' 4 I 

US(t). It,can be seen that the model Inltl 11y behaves In a symmetric 

fashion with the rotatlon~1 component Us t)'is equal to zero. Once 

yie1din9 is initiated wlth~01umns reachln ,their yield strength, then 

the uneven distrlb~tlon of strength 
.. 

Is Induced and It persists tl I I the end of the excitation. This Is due 

to the comp 1 i cated pattern of y I e I dl ng and un 1 oad i ng sequence of the 

four co 1 umns. Th I s examp 1 e shows that the pfesence of' the.·p 1 ast IV" 

, eccentricity wl1 I Induce rotation In the post yield era of response.of 

~tructures known to be symmetric In the elastic sense. 

", 

- . 4.4.3 EFFECTS ON ASYMMETRIC STRUCTURES :. 

To assess the s I gnl fl cance of the pi ast I c eccentr Ie I ty In .the 

Inelastl~ response of asymmetric structures eons~the following t'l(O 

models (see Fig (4.5» consisting of a rigid slab on, four columns and 

having the fol !.9wlng properties. 

The sttffnesses of columns 3 and 4 a~e 
1.;1 

larger. ·,tl;llSn those of 
i,¥;,..'::, 

columns I and 2 and the difference Is adjusted so that the offset of the 
. . 4. 

center of stiffness from CM Is one fifth of the plan dimension. Since 

the asymmetry in the elastic sense i~due to the une~en distribution of 

~ 

.. 
f • 
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I 
stiffness. the eccentricity obtained Is referred to as the stiffness 

eccentricity (es )' I ( the y I e I d strength ofl the ,co I umns are take'n to be 
. 

proportional to their stiffness values as shown In Fig (4.5b). then the 

center of strength CP I s offset from CM and the va I ue of the ~ I as't I c 

eccentricity along the y'a~ Is ep=O.2D. 'The y axis r~mains an axis of 

J \ symmetry. 

~~ 

In this mod~he stiffness distribution Is the same as model 
If' 

SP. How~ver c~lumns are ass~med to have Identical 'yield strength 

• Irrespective of their stiffness values. I By so doing. the center of 

streng. CP coincides with CM and the pla~tlceccentri,city vanishes i ' . 
(ep=O). ~ I 

The Inelast~c ~nse of the two mode~e c~ In Figures 

(4.6). (4.7). and (4.8). These resppnse parameters are uem and uxm 

def I ned as the 'max I mum abso I ute va I ues of rotat Ion and trans I at Ion. 

respectively. at CM and the ductility demand on column I. In each case. 

the system yield strength~s equal to one fifth of the elastic strength 

demand (R=5). The two components of the 1940 EI ~entro and the 1952 

Taft earthquakes records are used ~s Iniut. The.fol lowing observations 

can be made .. 
) 

I. Compar I ng the broken and so I I d I I nes In Fig (4.6) shows that 

the rotational deformation uem Is considerably reduced In the 5 model 
,~:. , 

, which does n6t contain plastic eccentricity.) This observation' Is quite , . ~ . 
ev'ldent for short period structure,s with Tx<O.2 sec. Reduct tons In ue~ 

of up to ,75" are obtained at T x2 0;1 sec. For othe~ period va 1 ues 
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fig (4.6) Comparis~n of Rotation uem in the 5 ahd SP Models; R=5 
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reductions of 50~ are not uncommon. 
'\ • .. .. 

II. Figure (4.7) shows that the translat.'onal component uxm Is 

not systematically affected by changing th~ value of the pl~stlc 

eccentricity. 

~ .' , III. The duct II Ity demand on the most stressed co I umn; nUIItJer I. , 
• cooblnes the effects of the rotational and tra'nslatlonal displacements .• 

The ductl I Ity demand Is deflned,by 

lIx = max lux{t)-[ue{t)/r){a/2)ll . , 

: ' • 

The I nf I uent I a I e.ffect t~t the pi ast I c ,ec,centr I city t<lis on the response 

~ " , 

Is evident by comparing the, sol IQlllnd broken lines corresponding ,to 

modelS with and without plastic eccentricity. resp~~tlvely. In Fig 
. .. . 

..J (4.8). By el linlnatlng 'the plastic eccentricity. liS In the model S. It 

Is possfble to limit the duct I I Ity demand for short period structures to 

val-ues less than ten'whlle for the other model. duct I I Itydemand cim b'l!-

as I a,;ge as 28. _ 

These observllt Ions I rid I cate that a I though the two mode I s used -are 
J 

equ I va I,ent I n the e I ast I c sense. the I r responses are 5 I gn I f I cant I y . 

different by the virtue of differences In the st~gth sllstrlbutlon. 
, \ 

The one t~at has nonu~Iform 'stren~th distribution exhibited larger 

rotat I ona I deformat Ions and cOfllsequent I y I arger duct I I Ity demands. A 

structure attains Its maximum deformations during the strong'shaklng era 
~ , 

of the excitation. At this stage the structure Is~clted 'wei I Into the . "'-
I ne I ast I c range and I tis the st rength d I st.I but I on r.a~her than the 

stiffness distribution t.aat governs the response. T~efore. a 

structure with uniform st"rength d,Istrf'but"lon wi II behave more I ik'e a 
-' • 

-, 

'. ' - , 

'cI 

-
, .. 

• 

( '. 
" 
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symmetric structure with less rotation and more uniform distribution of 

duct i I ity demand on the elements across the p I an. 

In the'foregolng discussion. models with large values of plastic 

eccentricity as well as stiffness eccentricity have been used. It is 

u'seful however to see how sensitive structures. which are excited well 

into the inelastic range. wi II be to variations in'the va'lue of the . ' 

eccentricity of both types. This is achieved as fol lows. On one hand 

the response o{ structures having ident.ical values of stiffness 

eccentricity (es =0.20) but with different values o'f plastic eccentricity 

(ep=O. '0.10.,0.20) are considered. On the other hand the responses 9f 

structures having Idel)tical values ot: pl~stlc eccentricity (ep=0.20) 
<0 , 

are considered for different val'ues of stiffness eccentricity (es=O. 

0.10. 0.20). These response curves are shown In Figs (4.9) and (4.10) 

for the 1952 Taft and 1940 EI Centro ground,motions, Figures (4.9a) and 

(4.9b) show the variation of the maximum rotation uenflgalnst lateral. 

period lx' The spread of the curves In the left plot. corresponding to 

different values of e p • shows that the structure is sensitive to , 
variations In the magnitude of the plastic eccentrl'clty. This 

sens It I v I ty I s part I cu I ar I y s I,gn I fl cant for short per I od structures 

(Tx <0.5 sec). ,The rotatIonal response Is considerably reduced with 

decreas I ng' va I ues of the pI ast I c,eccentr I city. On the other hand the 

right Plot,S In Figs (4.9a) and (4.9b) show that the rotational 

response I s I nsens I t I ve to var I at Ions I n the va I ue of the st I ffne'ss 

eccentricity. All curves have steep slopes In the short' period 'rarl!;!e 

with substantial values of deformations, This Indicates that regardless 

-
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of the magnitude of the stiffness eccentricity, response is control led 

by the plastic eccentricity. 

This observation Is true also for duct! I Ity demand responses~on 

the critical column a~orn in Figs (4.IOa) and (4.IOb). In addition 

to the curves of the different asymmetric model s, curves corresponding 

to the true symmetr I c case, I.e. ep=es=O, are a I so inc 1 uded. I n the l,eft 

figure, It can be seen that the two curves of the symmetric and 

asymmetr ie case wi th zero pi ast I c eccentr i city are very close even In 
. I 

the short period range. Thus by aiming towards a uniform distribution ·~f 

yield strength, It Is possible to effectively reduce the additional 

ductility deman~·due to stiffness asymmetry. This effect is 

particularly useful In view of the findings of the present study and the 

related studies' (06) I.ndlcatlng that short period structures are 
o ' 

vulnerable to ~he combined effect of Inelasticity and asymmetry. In the 

right figure, all asynmetric models curves are substantially larger than 

that of the symmetric case .. Thls shows the consequences of having 

different strateg I es of st I ffness d I str I but lon, Inc 1 ud I ng the one of 

uniform distribution (es=O). Even with no elastic eccentricity, It 

fal Is to reduce the addltfonal ductility demand due to asymmetry 

because of the I nf"1 uenc I a I effect of the large pi ast I c eccentr I city 

common In these models. 
• 

'The usefulness Qf the.'~'ra·stlc eccentricity Is based on two 

assumptions. First, .al I resisting elements are assumed to have reached 

their yield strength capacity. Second, the load deflection cur~e of any 

-element part I c I pat I ng I n the I atera I res I stance I s I dea I I zed by the 

elastlc-perfectl~-plastlc relationship. The first assumption 
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corresponds to the case of structures being ~xcit~jW&1 I' into the 

inelastic range either due to severe,excitations or when the design 

strength of a structure is wei I below the anticipated elastic seismic 

forces. In this' range, the strength distribution controls the ,response 

as indicated earl ier. However, if the structure is only moderately 

excited into the inelastic range, the strength as wei I ~ the stiffness 

distributions interact in a compl icated way to,control the r~'Sponse. 

Ther'efore', neither the',stiffness eccen,tr'icity nor ,the prastic 

eccentr i city a lone willi be an adequate index for tors i on. The seCX)nd 

assumption is the elasto-plastic ideal ization of the elements 

resistance "'functiol'ls. Although this ideal ization approximates actuaf 

behavior only in I imited cases, it has be",n widely used in nonl inear 

analyses. This ideal !zation is a special case of the more. genera I 

bil inear curve ,with the yieldinij branch having ~ nonzero slope. For the 

bi I inear ideal ization, the specification of the plastic eccentricity is 

sti II sirl1Jle because the~yielding branch is also a straight I'ine. The 

extension of the plastic eccentricity concept to the more cOrl1JI icated 

non I i near cur ves wi I I requ i re add i tiona I work and it is cons i de'fed 

',beyond the scope of the present study • . , 
In the parameteric study of the plastic eccentricity and the 

elastic eccentricity, it has been assumed that they' are independent 

parameters. In other words, even 'if the elastic eccentricity is 

dictated for exa""le by the architectu'ral considerations, one can sti II 

minimize'the magnitude of the plastic eccentric~ty and hence reduce the 

rotational deformations should inelastic response occurs. To a limited 

, 

\. 



179 

Ii> 
extent, this assumption is valid as shown below, . Consider the two 

I I . F' (4 II) One consists of a rigid slab strustura pans shown 1 n 1 g ..' 

supported on two open frames para ~I e I to·the direct Ion of exc I tat ion. 

The frame to the right has larger beam and columns than those of the one 

to the I eft. For this system, both types of eccentricity are expected 

to be of simi lar magnitudes. The other system has Its slab supported on 

an open frame and an inflll ed frame as shown In Fig (4.llb). Whil e the 

I nfl I I ed frame is st I ffer than the open frame and hence the center of 

stiffness is offset from CM, the ultimate ~trength of the two structural 

elements are almost the'same since the infi I led wal I fal Is in a brittle 

manner once the strain exceeds the critical value. Therefore, the 

center of strength coincides with CM and ep=q in this second structure. 

Th i s examp I e demonstrates the independence of the concept of e I ast I c 

eccentricity and plast!c eccentricity for certain types of structures •. 

4.5 ~ Y§ STIFFNESS UNBALANCED ECCENTRIC STRUCTURES : 

So far, discussion has been lImited to models whose elastic 

asynmetry, i.e. the 're I at I ve I ocat Ion of CS from CI't.. is due to st i ffness 

unba I ance. Asymmetry can a I so be I ntropuced I n structures due to the 

uneven distribution of masses. Structures with irregularly shaped slabs 

or uneven distribution of the live loads are typical examples In which 
'. 

the center. of mass may be shifted off the center of s~lffness. Such 

asynmetry is said to be due to mass unbalance. , 
Asymmetric structu~es 'wlth either mass or stiffness unbalances 

wil I give the same overal I elastic response provided the ,system 

parameters, are Identical,.. However, their Inelastic responses wi II be 

.] 
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"-" 
different, since In this range the response depends oh the1etai Is of the 

structure. A model with mass unbalance I~s shown In Flg.(4.12). It 

con!lsts of a rigid slab on four Identical column~ symmetrically 

arranged, and the C M of the slab Is sh I fted a long the y direct Ion. Th I s 

eccentr I city I s referred to as the mass eccentr i city (eni) and I s taken 

"-to be'equal to one fl'fth of·the plan dimension 0 (em=.o.20). Taking the~ 

first moment of y I e I d forces abo~t tM, I t can be shown that the center 

of strength coincides with the center of stiffness, hence t,he plastic . .:.. . ~ 

eccentricity of the system Is glven',by e p=.o . .20. This model wll I' be 

referred to as the MP model. The Inelastic response of this model 

(e m= .0 .<20, ep=.o.20) I s compared with that of the SP mode I (e s =O.20, 

ep=ci:tO) In the fol lowing way. The ratio of rotation uO m and 

trans I at Ion uxm of the MP mode I to those of the SP mode I are shown In 

Fig (4.13) using the 194.0 EI Centro and'I952 Taft ground motions. It 

can be seen that the trans rational component Is Insensltlve.to the type 

of eccentricity as Indfcated by the, ratios being I l:ttle different from 

unity. However the rotational deformations of the HP model are less 

than those of the SP ~el by a factor of 3~~ on thllaverage. 

are The rat los of duct 1.1 I ty demand of ~o I umn I ~ n the two mode I s 

shown In Fig (4.14). The ratios are clearly below unity. Thus the 

duct I I Ity demand on the most stressed column In ,asymmetric structures 

-w{th mass unba I ance I s sma I I er' than that I n an equ I va I ent system but 

). -
with stiffness unbalance. This Is not only because of the smaller 

rotational deformations ~so the rotational component contributes 

less to the column ductl I Ity In the mass unbalance model since the 

, . 
f 

\ 
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column'is located closer to CM as compared to the case of stiffness 

unbalance. Column 1 Is located at a distance a/2 or (a/21-em away from 

CM In the stiffness or mass unbalance models respectively . 

4.6 EDGE DISPLACEHENT : 

The edge displacement of the fl~or slab serves as measure of the 

nonstructural damage potential. The ~Itive e~ge displacement "x is'> 
) 

def I ned as the abso I ute max I mum d I sp I acement of the edge of the slab 

furthest away from the Initial center of stlf.fness CS, In other words , 

"x = max I "x(t I I (4.1Z1 

where 

, . 
Since the relative location of this point Is Invariant in al I the 

, 
?symmetrlc models considered herein, the edge dlsplacem~nt "x is a 

useful paramet~~ of comp~rlson. The Information on the edge 
.- . . .: .. 

d I sp 1 acement Is. norma I I zed with respect to "xo 1011'11 ch I s the edge 

displacement of an equivalent symmetric model. The ratio "xi"xo 

representl!, the asymmetry effect, I n other words' the add I tiona I 

deformations Introduced due to asymmetry. The variation of this "ratio. 
• 

against lateral .perlod Is shown In Figs (4.15a, and b). Ratios are 
' .. 

obtained using asymmetric models with uniform an nonuniform strength 

distributions and asymmetry Is either due to' mass 

unbalances. The fol lowing observations can be made. 

i. ~ymmetry effect~ are substantially reduce the st I ffness 

unbalance models If a uniform strength 

• 

-1 
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.the ratio ~x/6xo can be as large as 5 for the nonuniform strength 

distribution case. its value is kept below 2 for the other case. 

II. Strength distribution affects the mass u!"1ba.lance models to a 

lesser extent than It does to the stiffness unbalance models. This can 

be exp I a I ned by reca I ling that the rotat I ona I component of deformat i on 

Is less in the mass unbalance·systems as shown,earl ler. rSince the 

plastic eccentricity essentially affects the rotational deformations of 

the system. it is exp~cted that eliminating the plastic eccentricity In . 
the mass unbalance system wi I I affect the total displacement response to -a lesser extent. 

I I 1. Independent· of the type of t~e elastic eccentricity. mass 

or stiffness types. asymmetry effects can be limited to values between 

one and,two over the entire period range by proportioning strength for 

uniform dlstrJbuions. 

-4.7 SUMMARY AND CONCLUSIONS': 

The effects of asymmetry on the Inelastic response of structures 

have been discussed. The prime concern of thIs study Is regarding the ~ 

ro I e of "eccentr I city" I n the I ne I ast I c response of asymmetr I c 

.. structures. For th I s purpose a sing I e mass monosymmetr I c struct;ura I 

model subjected to the .two horizontal components of gro~n~ motions Is 

used. A number of models'are used to represent a variety of buildings 

with different stIffness as well as strength distributions among the 

resisting elements. To limit the size of the study, only buildings with 
~ 

Identical properties In the two lateral directions are considered. 

., 
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Moreover. the torsional to lat:;al frequencies ratio is assumed to have 

I models. The response parameters of interests a value of unity in al 

are the rotational and lateral deformation components at the center of 

mass. the duct I I I ty demand on the most stressed co I umn. and the edge 

displacement. Having analyzed the resuhts. It Is possible to make the 

fo I I owl ng conc I us Ions. 

(11) tffects of Interaction': 

. I. Including interaction between ~he two lateral components of 

shear In yielding of columns affects the Inelastic response of 

asymmetric ~ystems .to a lesser extent than It does to the symmetric 
-\. ") 

ca,s,e.' This can be attributed to the presence of torsional coup I Ing. 'It 

__ introduces to the asymmetric system some features that interaction is 

known to have. name I y the a I 1 owance of transfer of energy between the 

two I atera I "d I rect ions. 

(6) Plastic Eccentricity Concept: 

I. An alternative definition of eccentricity b~~ed on the 

ultimate strength properties is proposed as a better index to denote the 

severity of torsion on the inelastic response of asymmetric.structures. ' 

The proposed plastic eccentricity is defined as the offset of, the center' 
" 

of strength from the center of mass of the system. The center of 

strength can be obtained by taking the first ~ent of the yield forces 

in the reSisting elements about any arbitrary point in the floor plan. 

2. Different from the experience with the elastic eccentricity 

(the offset of the center of stiffness from CM). the rotational response 

/ 
" 

1 



& 190 

of asynrnetr' I c structures exc I ted we I I I nto the Ine I ast I c range I s found ,. " 

to be strongly cqrrel~ted with the magnitude of the pl~stlc 

ecce~rlcity. Structures with uniform strength distributions, or zero 

plastic eccentricity, are expected to experience considerably less 

rotational deformations in 

case of, structures ~ th , ( 

their Inelastic response as compared to the 

nonun I form strength d I str I but ions. The 

redu~tlon In rotational deformations and consequently In the elements 

ductl I ity demand is particularly evident for stljf structures. 

( 3. The pi a.st I c eccentr I city concept he I ps I n understand I ng th'e 

nature of the Ine I ast I c tors I ona) responses. Under severe exc i tat ions, 

most and If not al I the resisting elements reach their strength limits 

and the rigidity of the system Is best characterized by Its strength 

properties. The response In these situations Is control led by the 

strength distribution. Structures having uniform distributions of 

strength wll I behave more I Ike symmetric systems In ductl I Ity demand 

estimates. 

4. Stiff structures with yield strength well below the elastic 

strength demand are known to be vu I nerab I e to the effect of. asymmetry 

(6). By providing a uniform strength distribution, it is possible to 

effectively reduce the. rotational response as wei I as the elements 

duct I I I ty demand for structures under strong earthquake exc I tat Ions. 

The duct 11 I ty demands of asymme1;r I c struct.JJres with un I form strength 

dis rlbutlon are found to be.not much different from those of a 

com letely sym~tructure 
dlstr butlons! . .l 

(both In stlffriess and strength 

" 

\ 
,,I _. 
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(C) Ma~s versus Stlffnes~ Eccentricities: 

I. Within the elastic definition of eccentricity, asymmetry can 

be due to either uneven distributions of stiffness or mass. This 

distinction Is useful ~nlY In t~f Inelastic response since It Is 

model specific. Comparing the Inelastic response of structures of both 

types shows that wh I I e the I atera I component of deformat Ion at CM is 

Insensitive to the ~¥pe of asymmet~y, the rotational component Is found 

to be less In the mass eccentric systems a~ compared to that of the 

stiffness eccentric systems. This observation Is in agreement with the 

findings in (49). 

(D) Edge Displacement: 

I. For a structure with uniform strength distribution, asymmetry 

can on 1 y I ncrease the d I sp I acement of the edge furthest away from the 

initial center of stiffness by IOO~ at most over that of the symmetric 

case. This Information would be useful in the design of nonstructural 

elements such as claddlngs at the perimeter of the b~lldlng envelope • 

• 
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CHAPTER ~ 

SUMMARY AND CONCLUSIONS 

5. I SUMMARY 

seismic 

In this Investigation. a study has been made of the Inelastic 

response of sing I e story structures ~ I ng synvn~tr I ca I as we I I 

" 
as asymmetrlca I conflguratlon.s\and. subjected to .bIdirectional 

exc I tat Ions. The I ntent of th I s I nvest I gat I on was (I) to assess the I.. 

significance of forces Interaction In yielding of columns In the 

ana I ys I s of I ne I ast I c stru.ctures. (I I) to prov I de gu I de I I nes as how ,to 

account for the bidirectional Ity o~ the ground motion. and (I I I) to 

c I ar I fy the ro I e of "eccentr I city" I n the I atera I :"tors I ona I response of 

Inelastic asymmetrical systems. 

To gain Insight as to the effects of Includln'g forces 
, . 

I ntera'ct Ion. the dynamic response of Inelas:tlc,columns subjected to 

• biaxial bending due to sInusoidal base motions al()ng two orthogonal 

dlr~ctionsls discussed. The~sto-Plastic responses, with Interaction 

e'ffect I nc I uded or Ignored . are present"d. Co I umns hav) ng either 

circular or I sections are considered In the discussion. . 
The Inelastic response of single story structural model 

subjected to the simultaneous action of the two horIzontal components 

of earthquake ground motIons Is then discussed. An ensemble of five 

pa I rs of recorded earthquakes ground mot Ions I s used a~ I nput and the 

mean va I ues of responses are presented. Attent Ion I s focused on the 

192 
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" 
displacement ducti I ity demand responses. In this part of the study, 

buildings with identical or different properties in the two lateral 

directions are considered. The effects of the orientation of the ground 

motion components with respect to the structural axes are examined. 

Approximate methods to estimate the peak ducti I ity demand are presented. 

One method wh I ch requ i res on I y the e I ast I c response of the .system is 

proposed. 

Finally, the effects of asymmetry on the inelastic response of 

structures are examined using a single mass monosymmetrlcal structural 

mode I subjected to bi direct I ona I earthquake ground mot ions. The 

significance of the Interaction effect Is assessed for such torsionally 

coup I ed syst,em. The prime concern In this part of the study Is 

regardi~g the role of "eccentricity" in the Ineiastlc response of 

eccentr I c structures. A· new concept of eccentr i.c ity based on the yi e I d 

properties of the resisting elements Is proposed. The adequacy of the 

proposed eccentricity as a measure of the rotational response of 

Inelastic eccentric systems is examined. The response parameters of· 

I nterest are the duct f'I I ty demand on the most stressed cO I umn and the 

edge displacement. 

5.2 CONCLUSIONS : 

By the end of each of chapters 2, 3, and 4, related' 

conclusions are included. In addition, the outstanding conclusions are 

presented I~ the fol lowing to help gain an overal I view of the findings 

) 
of the present work. 

I 

• 
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/. 

Based on the discussion in chapter 2 on the effects of 

interaction for inelastic columns subjected to biaxial bending due to 

sinusoidal input motion. the following conclusions can 'be made. 

1. For systems with large ratios of excitation to sys.tem 
) 

frequencies. including the interaction effect has the tendency to reduce 

the steady state displacement response. For such systems it is adequate 

to consider:the elasto-plastic responses. 

2. Interaction 'becomes signi,ficant for systems with low 

frequency ratios particularly witH high level s of excitation. 

Including interaction leadsto a large increase of the steady state 

displacemen~ response over that of an elasto-plas~ic model. For this 

situation. a conservative est~mate of the response can be obtained If 

the lOWer bound yield curve. which admits maximum interaction. i,s 

assumed for the element considered. 

3. Varying the phase angle between the two input sinusoidal 

waves leads to the' redistribution of energy in the two orthogonal 

directions of the system when the Interaction effect is included. The 
• 

'redistribution of e~ergy causes the response in one direction to 

increase and in the other to decrease. The maximum effect of the phase 

angle on the displacement amp 1 itude is insensitive to the shape of the 

yield curve assumed. In addition. an elasto-plastic model ·wi 11 give a 

good estimate of this maximum displacement ampl itude provided the 

frequencies ratio is large (~2>O.6). 

,:, 
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Based on the inelastic analysis of symmetrical structures 

subjected to bidirectional' earthquake ground motions presented in 

chapter 3. the following conclusions were reached. 

(A) Effects of Interaction : ~ 

I. I nc I ud i ng the interact i on' effect has on I yam i nor effect on , . 
. the inelastic response for long pe'riod structures (say no.s sec) or 

short period structures excited moderately into the inelastic range. 

ThereFore. an e I asto-p last i c ana I ys is wi thout tak i ng the, y i e I d 

interaction effect into account wi I I be sufficient for determining 

ductil ity demand estimates For these classes of structures. . .... 
2. Stiff structures (T<O.S ,sec) with low yield strength. hence 

• 
those excited wei I into the inelastic range. are shown to exhibit large 

values of ductil ity demand based on e'asto-plastic analysis. ,.. 
structures. the interaction.eFfect is signiFicant and it 

For such 

further . 
increases the ducti I Ity 'demand. The increase becomes substantial For 

very st i 1'1' structures (T<O.2 sec). Thls observat I on iss i gn i fi cant on 

two counts.' First. it points out the inadequacy of planar inelastic 

analyses to estimate the ducti I ity demand For stiFF structures excited 

)'lei I into the inelastic range. Second. it shows that the ducti I ity 

demand For such structures can be exceeding I yhigh: ThereFore. very 

stifF structures' should be designed so that the expected earthquake 

disturbance wi I I not cause the structure to be excite~ weI I into the 

i ne last i c range. In other words. ) tis prudent to des i gn very st i Ff 

structures to remain elastic or almost elastic when subjected to tt)e 
.... 't. 

probab J.e earthquake exc i tat ion. Since none of the ex i sl: i ng stud i es' On 

'. ",'" ----

. , 

" 
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effects of interaction considered structures in this period range, 

this effect has been overlooked before. 

3. The radial 'ducti I ity ratio in systems with identical 

propert i es a long the two I atera I direct ions of res i'stance is i nvar i ant 

to the orientation of the ground motion dir~ctions relative to the 

structural axes provided the Interaction effect is included in the 

inelastic analysis. Such quantity can be used as an index of ~ucti ~y 

demand in structures subjected to bidirectional excitations. and should 
, 

be used in ducti lity estimates for design purposes. 

4. A more rea list i c est i mate of duct iii ty demand wh i ch takes 

into account the effect of interattion and the-bidirectional ity of 

excitation.can be. on the average. up to 40~ larger than estimates 

ca I cu I ated otherw i se. Such.an est i mate can be der i ved us i ng the e,l asto-

plastic uniaxial responses of the system by approximate rules. These 

ru I es are either (i) i ncreas I ng the un i ax i a I response to the strong.er 
• 

. component by. 40~ or (I I) as the sum of the uniaxial response to the 

stronger component plus 30~ of the response to the other component . .. " 

(B) Approxlmate'Estlmate of Ductility: 

I. An approximate esfimate ()f the ductll ity demand of symmetric 

structures based on ampl ifylng the elastic response with. a period 

dependent factor Is proposed. These factors are related to those' 

proposed in (32) to derive ~nelasti~ response spectra from elastic 
I 

smooth spectra. Except for very stiff structures with low yield 

strength. this approximate method seems to be satisfactory. 

, 
• 

.. 1 
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( 
For symmetric structures with unequal periods In the two later~1 ~ 

directions. the following conclusions were specifically stated. 

L The radial ductl I ity ratio shows considerable variations with 

the angle of orientation of ground motions even if the interaction 

effect is' taken into account. The maximum radial ducti I ity ratio over 

the entire range of the angle of orientation can be reasonably estimated 

by orienting the pair of ground motions such that the stronger component 

Is acting along the shorter period odlrectlqn. 

2. The maximum effect of the orientation of ground motion 

components on the ductility demand In the longer period direction can be 

estimated by the 30~rule. i.e. the sum of the maximum uniaxial response 

in the longer per i od direct Ion p I US 30~ of that I n the shorter per i od 

direction. And to account for this effect in the shorter period 

direction. It Is sufficient to Increase the maximum uniaxial response In 

this direction by 40~. 

• 
Examining the'-Inelastlc response of the single mass 

monosymmetrlcal m;jelS subjected to the two horizontal components of 

earthquake ground motions. the following conclusions were drawn. 

(Al Effects of Interaction: 

). Including Inteiactlon between the two lateral components of 
" 

s'hear I ri Y I e I ding of co I umns affects the I ne I ast I c response of '. 
asymmetric systems to a lesser extent than it does to the symmetric 

Introduces 

can be ~I buted to the presence of tors i ona I coup I I ng. 

to the asy~etrlc system some features that Interaction is 

It case. This 

\ 
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known to have. name l'y the a I I c:>wance of transfer of e~ergy between the 

• two lateral directions. 1 

-r'\ 
(8) Plastic Eccentricity Concept: 

I. An alternative definition of eccentricity based on the 

ultimate strength properties is proposed as a better Index to denote the 
. , 

severity of torsion on the Inelastic response of asymmetric structures. 

The pr.Dposed plastic eccentricity Is defined as the offset of the center 

of strength from the center of mass of the system. The center of 

'" strength can be obtained by taking the first moment of the yield forces 

in the resisting elements about any arbitrary poynt In the floor plan. 

2. Different from the experience with the elastic eccentricity 

(the offset of the center of stiffness from CM). the totational response 

of asymmetric structures excited weI I Into the Inelastic range Is found 

to be strongly correlated with t~e magnitude of the plastic 

eccentricity. Structur.es with uniform strength distributions. ~ zero , . ~ 

plastic eccentricity. are expected to 'experience co~iderablY less 

rotat I ona I deformat Ions I n the I r I ne I ast I c respon6e as c0mp8red to the 

case' of structures wi th nonun I form strength 'd i str I but Ions. The 

reduction In ,rotlltI onaI deformations and consequently In ,the elements 

duct I I Ity demand Is particularly evident for stiff structures. 

3. The plastic eccentricity concept helps In understanding the 

nature of the Inelastic torsional responses. Under severe excitations. 

J 

most and If not al I the resisting elements ,reach their strength limits' 

and the r,fgldlty of the system Is best characterized by Its strel)gth 
-

properties. The response In these ~Ituatlons Is control led by the I 

... 
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strength distribution. Structures having uniform distributions of 

'strengJh wi II b\!have more I ike symmetriC systems In ducti Iity demand 
~. .. 

estimates. ) 

,4. Stiff structures with yield strength wei I below the elastic 

str~ngth demand are known to be vu I nerab I e to the effect of asymmetry 

(6). By providing a uniform strength distr.lbution, it is possible to. 

e~fect I ve I y reduce the rotat I ona I response as"we~ I as the elements 

duct II I ty demand for structures under ~trong eaithqUake exc Itat ions. 

:he ductility deman~s of asymmetr,lc str~tures wlth.;unlforll) strength' 

d I str I but Ion are found to be not mild!) different from those of a 
• • 

completely symmetric structure'(both In stlffness~nd strength 
~, ,. 

distributions). , 
5. For'a structure with uniform strength ONstribution, asymmetry 

can on I y I ncr ease the d I sp I acement of the edge furthest away from the 

Initial center of stlffnes~ by IOO~ at most over that of ~etrlc 

~case. This Information would b~ useful In the design of nonstructural 
.,.I " 

,elements such as claddings at the perimeter 'Of the building envelope. 

The above favorably indicates that the proposed plastic 

eccentr I city 1·5 a' usefu I I ndex of the sever I ty of r;::t lona I respons,!!. of' 

structures excited wei I Into the Inellstlc range. However, If the 

structure ~IS on~ moderately exclted'into the Inelastic range. neither' 

the eliilstlc ecce'nt:lclty nor the p.1astfc: eccentricity alone will be 'an , . 

adequate Index for tors10na~ response. Hpreover. the plastic 

eccentricity. Is Introduced herein based on the elasto-pla.tlc 

Idealization of the Inelastlc,b!,havlor of res~lng elements. It is 
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\ t 
L deslrable.to extend such a useful concept to the case of more elaborate 

'Ideal Izations of, the inelastic behavior of elements. 

(C) Mass v~sus Stiffness Eccentricities: 

I. Within the elastic definition of eccentricity. asymmetry can 

be due to either uneven dlstributi-&n's of stiffness or mass. Th·is 

d i st I nct Ion '1 s usefu I 'on I yin the case of i ne I ast I c response since It is 

~ model specific. Comparing the Inelastic response of structures of both 

,types ~hows t-hat wh I Ie t.he I atera-l component of deformat i on at· CM is 

insensitive to.the type of asymmetry. the rotatlona! c9mponent Is found 

to be.1 e!js I n the mass eccentr. I c systems as 'compared to that of the 

stiffness eccentric systems. This observation' Is in agreement with the 

findings In (49). 

~ -
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APPENDIX ~ 

·'. DERIVATION OF STIFFNESS MATRIX [S)ep 

OF AN ELASTO-PLASTIC ELEMENT WITH INTERACTION EFFECT, 

j 

The fol lowing formulation was originally presented by Nigam (34) 

and Is given here for completeness. 

The Incremental forces 6{Q) and Incremental displacements 6{q) 

are related by the general element stiffness matrix [S) as follows 
I 

6{Q) = [S) 6{q) (A.I) 

'The Incremental displacement of,~ement undergoing Inelastic 

deformations can be decomposed Into elastic and plastic components 

(A.2) 

The elastic component 6{q)e obeys Hooke's law and It Is responsible for • 
changing the force level as given by , , 

(A.3) 

where [S)e Is the elastic stl;kne~s matrix of the element and Is given 

by 

l (A.4) 

where kl and k2 are the element elastic stlffnesses along Its orthogonal 

principal axes of resistance. 

The plastic component 6{q)P fol lows the plastic flow rule, For a 

stable plastic material. there exists a yield curve. whose expression 

2~ 

, 
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, 
I s a funct l-on of the genera I I zed forces s I mu I taneous I y ac~ on the 

element. ·namely QI and Q2' An associated flow rule stat~at the 

Incremental plastic displacement vector 6[q)P lies along the outer 

normal to the yield curve. or In a mathematical form 

where ~ I sapos I t I ve sca I ar. Moreover. for:'<3 perfect I y pi ast i c 

material. the Incremental force vector 6[Q) should be.tangential to the 

yield curve since the growth or the trenslatlon of the yield curve In 

the force space I s not a I lowed. Hence the norma I i ty ru I e ho I ds true and 

It states that the Inner product of 6[q)P and 6[Q) should vanish or 
.,. 

(A.G) 
. • t • 

/ 

In other words. the I~crements of the plastic displacement and the force 

vector are orthogonal. 

Rewriting Eq (A.3) as follows 

6{Q) = [S]e (6(q)· - 6{q}P) (A.7) 

and substituting Eqs (A.71 and (A.S) Into the normality rule In Eq 

(A.G) • one can obtain. an expressIon for the scalar A . .. 
6{q}T [S]e l~~--! 

. a{Q) .. A ------------------- (A.S) = 

l~~--r [S]el~~--f 
a{Q} a{Q} 

Substltutfng Eq (A.S) and Eq (A.S) Into Eq (A.7) gives 

) 
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6{Q) = [S]e { 6{q) - (A.9) 

Performing the I.nner multiplication and rearranging. Eq (A.9) becomes 

6{Q}= 

or 

where 

and 

2 (~/ I 
aQI 

S]e _ r' t· a. 2 kl +k2 
aQI ( aQJ kl.k2G~)G~) 

/ 

6{Q} = [S]ep 6{q) 

• 
[S]ep = [S]e_[S]p 

[S]p = 

4 

~ (~)2 
. aQI 

a+ 2 a+ 2 

kl(_) +k2 (-) r+ )c+ ) aQI . aQ2 klk2 _' _' 
, aQI' aQ2 

. . 

klk2(:~)(:~) 
6{qj 

k2C' )2 
aQ2 

(A. 10) 

CA. II) 

C' )(+ ) kl k2 aQI aQ2 

(A.12t 

2C+ )2 k2 -
aQ2 

" 
i , 



APPENDIX ~ 

NUMERICAL INTEGRATION 

B.I NUMERICAL INTEGRATION: 

209 

The equat4pns of motion of a system whose deformation is 

described by dl spl';cement vector (u) and acted upon by (P(1:1) ar.e gi yen 

by 

(B.I) 

where [M] and [C ]'are the ,mass and damp I ng matr I ces respect i ve I y. and 
, , 

(F) is the restoring force vector. Equation (B.I) can be written in 

I ncremeiita I form as fo I lows 
, '--

[H]~(u] + [C]~(u] + [K]~(u] = ~(P(t» (B.2) 

where [K] Is the tangential stiffness matrix. The equations of motion 

can be numerically solved assuming the properties of the structure to 

• l 
rema I n unchanged dur I ng a short time I nterva I ~t~ Assuml ng' the 

'acceleratl0t.!ector to vary linearly wlthlnthe'tl,,!e Increment, ~e' 

following recurrence relationships can be obtained 

(B. 3) 

'.1(U} = (3/~t)~(u] - 3(u(t)} - (~t/2Hu(t)} (B.4) 

Subst I tut I ng Eq (B.3) and Eq (13;4) I rito Eq (B.2), the fo 1 I owl n9 pseudo 

static equl.llbrlum equation Is obtained 

(B. 5) 

where [K"] Is the effective dynamic stiffness matrix and ~(p"] Is the .. 

• 

i 



effective load vector and they are given by 

[KO] = [K] + (6/t.t Z)[H] + (3/t.t)[C] 

t.(po) = t.(P) + «6/t.t)(u(t)+3(u(t))[H] 

+ (3(u(t)+(t.t/Z)(U(t))[C] / 

210 

(B.6) 

(B.7) 

The change In displacement vector, t.(u), is obtained by sol ving the set 

of algebraic equations In Eq (B.5). Then using EQ' (B.4), the change In 

the, vel ~c I ty vector, t. (u), can be obta I ned. The tota I d I sp I acement and 

• r----.. ' ' ve I oc Ity vectors at the end of the current time step are "gl'ven by 

(u(t+t.t) = (u(t) ,+ t.(u) 

(u(t+~t) = (u(t), + t.(u) 

To avord the accumulation of the error due to considering the 

. equilibrium of the Incremental forces, the acceleration vector (U(t+t.t) 

can be found so~s to satisfy the equilibrium of total forces as follows 

(u(t+t.l:) = [H]-I. ((P(t+t.t» - (FO(t+t.t) - (F(t+t.t)) (B.8) 

• 
where (FO(t+t.t!) an~ {F(t+~t)l are ~he total damping and restoring 

forces, respectively, at the end of the time step. 

B.Z STATE:TRANSI~~~ ;N ELEHENTS WITH "INTERACTIO~ 
, ....... ~ ". 

EFFECT INCLUOED 

( I ) ELASTIC TO PLASTIC 

The element I s sa I d to change from the e I ast I c state to the 

pi ast I c .state I f the va I ue of 4>, based on the forces at the end of the 

time step, is 'equal to or larger than unity. Should 4> become larger 

than unity, which may very well occur, the Incremental displacement 

vector t.(u) Is appl led In two portions, the first portion tt.{u) Is 

appl le~ such that the el~ment wi I I just reach yield and the second 

• • 

". 
" 
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portion (1-&)lI(U) Is then appl led as;umi~the element 
,(, 

I n the t ast I c 

range, 

(I I) PLASTIC TO PLASTIC 

( 

To ensure the continuation· of the plastic loading, two 

conditions are examined. 

1.. The Incr:emental plastic work lIwP should be positive., lIWP Is 

a ',s1:a I ar quant I tyg I ven by the sca I ar product of the tota I force vector 

(f(t» and the I ncrementa I pi ast I c component of d I sp I acement vector 

tJ{u P}. or In~ 

lIwP = (f(t»T lI{uP) 
.' 

, 
2. For a specified ·dlsp'lacement Increment lI{U), a force, 

> 

Increment lI{f)e Is calculated assuming elastic condltl~ns; I.e. 

If the new force vector (f(t»+lI{f)e moves outside the yield curve, then 

the elastic state Is incorrect and the plastic loading should' continue. 

Equivalently, continued plastic loading occurs If 

{n} T lI{f)e )' 0 

where {n} I~ the vector normal to the yield curve at the position of the 

fotv vector '(see Fig (B'.I». 

'. 

Implementing condition only, as suggested In (34,5B), was,' 

found I n the course of th I s study to requ I re very sma I \' va I ues of t I me 

Interval lit (0.001 sec) In order to prevent ,the occurrence of premature 

un load I ng off the y I e I d cur ve. t On the other hand, I mp I e,ment I ng both . ~ 

conditions was found to be efficient In eliminating the possibility of 

----- ' 
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1 
premature un load I ng 

/' 
a I at"ger tIme i nterva I At=O.02 sec. Hence. 

the following condItIonal 

PlastIc-Plastic: 

AWP ~ 0 AND? R 

Plastlc-Elast~c (UnloadIng): 

AWP < 0 AND, 

B.3 EQUILIBRIUM ITERATIONS •. . 

are Implemented in the algor.lt~m ....., 

(B.9) 

(B. 10) 

In the process of the numerIcal IntegratIon. a number of factors 

gIve rIse 'to unba I anced forces. An I terat 1 ve scheme is requ I red to keep 

these forces wlth?n acceptably small values. 'The fol lowing describes 

sign I fl cant sources of s~ch forces .• , .. 

, I. The step-by-step Integrat~on scheme assumes the properties of 

tnerstrUEture to remain unchanged within the time Interval of 

Irfgratlon. However. In time ,Increments in which the ·stlffness of an -........ 

element changes due to :Ifldlng or unloading. equilibrium Is disturbed' . , 

and unbalanced fbr~es ar~ In~oduced. , , 

," 2. When the element I s sa I d to be pI ast I c. the Ch~nge I n the 

force v,ector, due to a specified change In displacement Is evaluated 

using the updated stiffness matrix [S]ep as fol lows 
• 

~{f} = [S]ep AIv} 

The tip ~f.the new total force vector m~ very well lie outside the 

ylel~ curve. In other words 

4>( {f'(t)}+A{f} ) )',1 

Since these situations are not admissible. the force vector needs to be 

, 
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, : 
pu I I ed back onto the y I e I d cur ve. Th I sin turn w 11 I Introduce unba lance 

In the forces equilibrium. 

\ The resu I t Ing unba I anced forces are treated using the Newton-

Rpphson I terat I on scheme. The I terat I on a I gor I thm can be wr I tten as 

lie II ows 

(B.II) 

where t.{u) (k+ I) Is the change of dl sp I acement vector due to app I yl ng the 

unbalanced forces vector ~(Fu)(k) resulting from the kth Iteration. The 

Iteration Is repeated until I the following condition 'Is satisfied 

(B.12) 

Two cycles of Iterations were found sufflcier.lt for this purpose. The 

• true Incremental displacement vector Is given by 

~(u) (B.13) 

where 

'. (B.14) 

B.k VERIFICATION OF THE PROGRAH .. -
The deve loped program Is ver I fled b.y compar I ng the numer I ca I 

results of sinusoidal excitation of elasto-plastlc systems with and 

without Interaction against corresponding analytical results presented 

In 1:4)., The comparison Is shown In FI~ (B~ Based on the excel lent 

agreement observed between the numerical and analytical results, the 

deve loped program" I s cons I dered re I I ab I e. 

o , 

J 



.. 

6 

5 

w 
§ 4 
I­
-l 
a.. 
~ 
<t 
w 3 
I-

~ en 
>­a 
<t 2 
w 
;­

CJ) 

, 

(\ 
\ 
\ 

\ 

I 0.. 
I \ \' I \ 
I 
I 
I 
I 
I 
I 
I 

I • 
I 
I 
I 

I /6 

a 
0.0 

I 
. 

S INUSOI ill'lL ~XCITATH)N 

PHASE ANGLE = 1TI2 
: , 

0 ~ll~!E!:Tr.,\L m:!I'UTATION 

-
: 

. .\ 
: . 
, 

VEP 

""-/ V EPI
. r 

.'- /' 

I~ l-....... • 

....... _-
~~ ---0-

0.5 1.0 1.5 

.FREQUENCY RATIO 

Fig (B.2) Comparison'of Numerical Results and Analytical 
Results in Ref(34) 

'215 

. 

2.0 




