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ABSTRACT
| This thes!s presents a study in - exieﬁdiqé_;the
eccentricity concept to multistory bufldings to eQaluaée
thelrv torsional behaviour under static and_dyﬁamic latéral\\ﬂ
lcads. The eccentricity concept enables the §eparation of
horiiontél loadings fnto lateral and tofsional coﬁponents
'thereby enhancing the understanding .d% the structurat
behaviour of muitistory buildings.
To acheive this, formal definition for the center of
" rigidity fs establ ished ‘For eccentric and irrégular
mﬁltjstory buildingslin general. The centers of rigidity
are shown to be lcad centers at the floors and they should
be reference points from which eccentricities are measured.
A procedure is given to locate the rigidity centers with the
éid of a plane frame program.
The centqﬁ§. of twist are then defined. They are
convenient points of reference for the general ized ‘Floor.
- displacements and will lead to uncoupled equations of
lateral and torsicnal equilibrium. The centers of rigidity
and centers of twist are in general load dependent and - not
the same set of points for multistory buildings.. Only for
buildings with proportional Framing that ﬁheQ become the

same set of points.



"

A method for lateral load analysl% 6F symmétric"aﬁd
eccentric setback ﬁtructufeé is presen%ed next. The
. éccenérfcity conc;pt and the displacement comb@tible load
concept are emplioyed by the Proposed methoc. Thfé is a non-

.trivfal épplicatlon of the eccentricity conceS? in analysis

of irre Glar multlsfory buildings. .

éLinally. an énalytical invesfféatidn fntd‘the static.'
and dynamic Nbeﬁaviour of uniform eccéntrfc ' wall-frame
.bgildfqgs- is carrieq out to examine the compfexitieg' of
wé{l4Frame fnteraction under eccentrfc loadings. A‘class‘oF
uni%orm ecceﬁtrlc wall-frame buildfngs had been . identified
which will have centers.oF rigidity along a vertical 1ine,
thereby satisfied the seismic proviéfon requirement of NBCC
1985. The adequacy'of the code proéedures is evaluafed for
this. class of structures. It Is shown that for other
classes of eccentric wall—ﬁ;ame mu]tistory buildings, it‘is
"diFFicult to apply the concept.oF eccentricity and code
Procedures - to obtain geésonable estimates of the torsional
effect. For eccentric \wall—F;éme.structures in general,
therefore, dynamic analysis remains to be the‘most réliabie
method to distribute the torsionai effect at the present

time,
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CHAPTER 1

INTRODUCTION -

1.1 Genqral

_ In highrise building design, one important aépect is
the ability of thé‘gaildlhg to peerrm in a -safisFactory
mannér under Iéteral-lbads. . These lateral loads can be
caused by wind, zand)or sefsmic ground motions. A buildfng
becomes‘asymmet#ic if there exists {rrggularity 1n'géoﬁetry.'
or unevén dfstributfon oF stiFFness or mass in the plan of
theistructufe. For aSymmetrfc buildings, Tlateral loadings

will lead to torsional résponses. fn addition to lateral

responses. Torsional responses will {nduce adﬁitional shear
Forcés'Ttorsional shears) to the lateral resisting elementsA
of the building. Further, additional deformations and
motions are'also {hduced. the effect of whiqh s especially
pronounced at the perimeter and corners of the building.

The additional torsional shears demand extra strength

requiremehts for the lateral resisting elements. The

additional deformations may cause non-structural damage to

windows and curtain walls, while the additional motions may

lead to human discomfort. Therefore, from a designer‘s

point of view, asymmetiry usually implies additional strength
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and/or stiF#ness‘requirements for the lateral load resisting

3
-y
<

system..

B LE
PR

‘GTven the architecturé} building planllayout. it is
necessary. for designers to. have an appreciation of the
torsional load effect on the building. This enables the

! ‘ required strengths and stiffnesses of the different lateral.

resisting elements to be estjﬁated in the préliminary design
sfége.“ The ‘usual types of lateral resisting elements .
employed In highrise design are shear walls and homent
res{sting‘ frames. It fgxalso possible to cohbfne‘ these
elemen%s to' form a resistfng system, résulting in buildfngs
‘commonly known as wéll—Frame struétures.

In | many seismlc' building codes

[1,3,6,12,21,27,31,38], allowance is made for the torsional

effect. SThe butldings are required to design for

additional torques applied‘slmultaneously with the required
lateral forces. The applied torque at any floor is cgmputed
as the product of the lateral load and a quantity known as
design eccentricity.at that floor. ~ The design eccentricity
fs in . turn expressed as a function of the stéuctural
eccentricity at the particular floor. The structural
eccentricity f{s defined as the distance between the center
of rigidity at a level and the resultant of all applied
lateral! forces at the same level. Therefore, {n order to

evaluate the floor torques, it is necessary to establish the
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structural eccentricities at the different floors of the

Two Important questions come up if one. adopts the

building -coéé| approach to;g)léw for the torsional effect.

First, how can one in -general determine the structural.

: eccentricities, and hence the design torques as specified in

the codes? This question arises since the determination of

-

the structural eccentricities requires a knowledge of the

. riéfdity centers of the buflding. However, there is  no

accepted pfocédurq"to locate the rigidity centers: in
genéral. The buitding codes leave the problem of locating
ﬁﬁe rigidity centers of a building to the discretion_of the.
designers. ‘Thus the eccentricity concept Fof toréional
response computatioﬁ can‘not readily be applied in design.
| Second, the - setsmic loqd eFFects.are often treated
by building codes as sets of prescr{bed statically
equivalent loads. So, how adequate is the quasi-static code
procedures in representing the torsional eFFect‘caused' by
lateral loads which are dynamic in nature?
Different sefsmic Building codes use different
approaches  to approximate the eFFch_ of  torsion in
buildings. ; Special attention will be paid to the'toFsional

proQisions of the National Building Code of Canada 1985
(NBCC 1985) [3].
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NBCC 1985 appears to recognfze the fact that the-

stafic éeismic provisiqns can not be épplied to ‘all
lrFegular multistory buildfngs [14]. . A new clause
(4;1.9.24) had been fntrgduéed In NBCC 1985 which directg
attention " to the flmftations of the applicability oF‘ the
torsional prqvfsfons : o o .

"Where the centroids o?‘masé and centers oF.stiFFness of the.

different floors do not lie approximately on vertical lines,

a dynamic ‘analysis shall be carrifed out to determine the -
torsfonal effects...".

The centers of stiffness as specified in clause
(4.1.9.24) égn‘be 1nterpreted'és hfviﬁg the‘same meaniné‘ as
centers of rigidity in deFining'strUctural eccentricities.
Thus in applying spécichally the torsfonal provigioas of
NBCC 1985.. am\Sesigner has to have ‘a8 knowledge of the
rigidity centers of the buflding in 6rder to .

(1) deﬁermfne whether the provisions are applicable;

"and assuming the provisions are applicable, to

(i1) determine the structurgl eccentricities, thus
the desfgn eccentricltjes and Finélly the design torque at
each story of the butld{ng... ' i

It 1s the purpose of this research to provide
answers concerning the application of the eccentricity
concept to evaluate the torsional eFFecf on multistory
buildings in general. Specifically, it ié.concerned in (1)

to provide a framework such that eccentricities in
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multistory buildings are defined,. (1i) to study  the.
limitation of using the eccentricity concept in dealing with

torsfonal prob]éms. and (i{i) to evaluate the éccurécy of

the Canadian torsional code provisions as applied. to

‘multistory buit@ings.

l.é Review of Past Works _ _

~The torsional behaviour of bufldings due to static:
eccentrjc\!atera] loads had beén investfgaéed in past yéars.‘
The eccentricity concepé, as de;fved from the field of
mechanics . of elastic materials is extended for torsional
analysis of multistory bulldings. WIth the aid of the
eccentricity concept, the lateral and torsional component of
the applied eccentric loads can be fdentified.’

In mechqnfé; of materials, the eccentricity of the
applied leocads on an uniform section witl-be +the distance
netween its shear center and the resultant ioad. The shear
cenfer is deFlned as the noint when the resultant lateral
locad acts through will resuit in no twfstfng of the section.
Its location will be a function of the geometnic properties
of the section and independent of the app!iéd foadinés.

Wilbur [39] first extended the eccentricity concept
to the tbrsional analysis of eccentric regular frame
buildings with orthogonal- framing. The frame behaviour was

modelled as a shear beam in his analysis. A paper on the

¥
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torsional ‘béhaviOur of ébdentrtc,slnélé story buflqingé was

\presehted by LIn [19]. The eccentricity concept was used to

analyse a éingle reinforced concrete story. . Efastic .

behaviour of concrete was assumed and ‘the s;rucfural layout

was not restricted fo orthogonal framing. The. center of
rigidity  was introduced’ as an alternative term for the

center of stiffness and since then it became a more accepted

‘termino!ogy in highrise design. Thet{:jifmixing'of the two

terms "ecenter oF,stiFFnéss" and "cente “ f rigidity” can be

‘ [
found in: many,later publlshed materials on the - topic, eg.

NBCC 1985 _\From then on it was believed that the .

éccentricity concept for 'single story bui]dings can be

extended directly to multistory structures without

modification. Based on this belief, the rigidity centers of
a .multistory building are computed on a per- floor basis,

assuming that the effect of adJécent floors above and below

. 15 negligible. . Later reseafchers recognized that the
. N ) S
torsional behaviour of multistory buildings was more
complicated. The complexity in the distribution of

torsfonal effect can  not be predicted py single story
models in general. Poole [26] determined that the rigidity
centers of multistory;:buildings will be in generé1 a
function of thelapplied loads. He suggestéﬁ to idéntiFy the

shear center at a story as the rigidity center. A computer
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model was . proposed to obtain the Tateral shears in the

resisting elements ~and usé the resultant of the . lateral

shears at .a . story to proVide the location on’the , shear
qenter at that story. Tso [33] pointed out that in current

sefsmic codes, diFFicultles arise in defining the centers oF

/-
rigidlty for irregular buflidings. There Is generaiiy no

accepted procedure for estimating the structural

.eccentricity quantity for multistofy buildings. - The same

problem was also rafsed by Humar [16]. Humar {nterpreted

the center of .« rigldity (referred.to as the center of

resistance in [16]) ldiFFerentiy ?rom thé 'conventional

concept. Conventionally, the rigidity centers are
Interpreted as points at ficor levels, when the _resultant
lateral forces aot'through them will result in no rotationai

movement of all floors. - Humar defined the rigidity center

at a floor as the point when the resultant lateral force is.

applfed through it, the level under consideration does not

undergo any rotation. It 1s permitted to have twisting to

. occur at other Flogr Tevels. HoWever. no formal procedure -

for determining the centers of rigidity was given 'in his

discussion.

It was about FiFty Years ago that the Idea of

applying the eccentricity concept for torsional anaiysis of

multistory bulldings was inftiated. However.'two fundamental

Questions still remain unanswered. First there does not
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appear to be any accepted definition (the conceptual -

definition) for the figtdltyn‘centers of multistory
bu11dlngs. ISecond.' Fbr'any given definition oF‘the center
of riéidlty._ researchers often falled to -prov{de a
convenient  computational procedure for the designer' to
locate the rigidity benters. | |

The torsional provjsiohsfof many seismic codes also
utilized the eccéntrlcity concept for building dgsigh. Some
fnvestigations . into . the acéuracy of thé different seismic
code procedures as applied to single story buildings had
been conducted. The modal spectrum‘technique [29] was used
as the -standard for comparison of solution ostained.
Bustamante and Rosenblueth [7] anéiytiéally fnvest{gated the
.dynamic magniFicatfon of the torsional effect fh single
story buifdings. Kan and Chopra [17] afso studiéd the
dynamic fesponses of a torsionally coupled single story
building. It was found that the dynamic behaviour of a
torsionally coﬁp]ed system is related to that of a
corresponding uncoupled system.  The uncoupled'system will
have coincident mass and rigidity centers, but with* other
properties ident{;al to the actual system. The effect of
modal éoﬁpling was\aiso investigated in their study. The
German sefsmic code {6] ° introduced supplementary

eccentricity term in the design eccentricity calculation.

1
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%‘ - This is {ntended foeprovide apbroximation' of the modal
t l coup[ing effect [22]. Tso and Dempsey [36)- carried out a
% dynamic  analysis study ‘on’ monosymmetr{ ¢ single. story
E . ' ‘_ ‘buildfngs to assess the accuracy oF the torsional. provisions
; o of a number of seismic codes. It was . found that most
! Seismfc codes underestimatevthertorsional effect in special

circumstances when Cross modal_ coupling effect is

! siQniFicant,

*

In dealing with multistory buildings, Newmark [24]
developed a simple estimate of the equivalent eccentricity
for symmetrical structures to account for the ccrsional‘
comconent of ground motion. Base on the continuous method,

S an analysis oF the elastic earthquake response oF asymmetric
j multistory structures on elastic foundations was presented
| ] by Mendelson and Baruch (20]. " Kan and Chopra [18]

; investigated the dynamic behaviour of a cltass of uniform

frame buflding. The ﬂrames were modelled as shear beams and

vertjcal lines. The dynamic responses of such a

the building had mass and rigidity centers Fal]inz on two
lass of

torsionally coupled system can again be related to responses
of the corresponding uncoupled system. Pekau and Gordon £25]
studfed the cross modal coupling effect on mulitistory frame
buildings. Rutenberg, Tso- and Heidebrecht [30], GIUck;
Reinhorn and Rutenberg [13] suggested approximate dynamic

. - )
analysis method for uniform eccentriF wall-frame buildings.
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Tso and Meng [37] studied the dynamic behaviour of shear

beam bufldings to assess the accuracy of the 'torsiohal'

provisions of NBCC 1977. It was found that the code -

procedures provided reasonable approximation for shear beam

butlidings with mass and rigidity centers falling on two

vertical _lines. This Finding was fncorporafed as an

additional cléuse fﬁ NBCC 1985 stating the limitations on
the appllcablkﬂty of the torsional prov!éions.

[t can be seen that most‘researchers evaluate the
éccuracy of the seismic codes'uéing either single story
building models or shear beam models; for the reason that

the rigidity centers of these models &an easily be located.
‘ . .

1.3 Scope and ObJjectives

The purbose of the present research is to extend the

concept of eccentricity to multistory bufldings to .- study

their torsional behaviour under static and dynamic lateral

loads.

In chapter 2, a formal definition of the center of
rigidity will (Ee given and mathematical expressions
establisbed for multistory buildings. A practical procedure
for determiﬁing the locations of the rfgidlty centers in
multistory buildings is then suggested. The intermixing use

of the terms "shear center", '"centeé-of rigidity", "center

-
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~of stiffness" and "center. QF twist“ has been . a geneta!\

practice in highrise building design. The condftions, under
which each‘term can be strictﬁy applieq-will be classified.
With the rigidity centers .defined, the structural
eccentricity at a floor can then be determined. Once
est;Blished. the eccentricity concept can be employed in the
torsfonal analysfs of multfstory buildings.

It is shown that emplovying the eccentricity ‘concept

fn - lateral load analysis will lead to-an efficient solution

[
of the problem, computationwise. - More importantty, it

«€nables the fdentification of the lateral and torsional
component of the applied locads. Thus designers wil] have a
better appreciation of the torsional characteristics of the

building in design.

In chapter 3, a non—triv{al example of employing the

eccentricfty concept is given In.the st dy of behaviour';cF‘

buildings with eccentric setback unde lateral loads. In thé
prel iminary desfgn stage of such buildings, it is desirable
to have hand calcylation procedures for determining the
dfstributfoﬁ of resfsting.Forces in the lateral elements.
The concept of “displacemcnt compatiple“- lcad will be
Introduced. This together ‘with the eccentricity concept
enables a hand calcutlation .method to be used For analysis oF
a special class of eccentric setback buildings. This

Proposed procedure will also provide a better understanding

. m e
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of ﬁhe load transfer mechanisms {involved in such Euildings.\

-.Hith the centers of rigidity pfoperly deﬁtned. the
accuracy ‘aﬁd applicability of current éeismic code of NBCC
1985 in predicting the torsional behaviour of muléistory
buildings_.is studied In chaﬁtér 4. The class of ‘uniform
eccentrfc wall-frame bulldings -with mass and rigidity
;entérs Falling on two vertical lines to which the code
procedures are applicable {s identified. Invesfigation Into
the interaction between the walls and frames under eccentric
lateral loads Is then conducted. The dynamic responses of -
this class of eccentric wall-frame building§ afe'studied to
ﬁrovlde a base of reference Fbr asseséing the accuracy - of
code procedures as applied to such ‘structures. . The
limitations of using the eccentricity concept to study the
torsional behaviour of eccentric multigtofy buiidings“are
glso presented.

Finally, the concluéions _of this stLdy are
summarized in chapter 5. . It {s the hope of this study to
clgriFy the difficulties and applicability of the
eccehtriéity conqept in the study of torsional 'behaviour"oF

multistory buildings under lateral loadings.’
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) Chapter 2

ECCENFRICKTY CONCEPT FOR MULTISTORY BUILDINGS

=

2.1 IntrOduction

In highrise building design. one important aspect‘

is the ability oF the buiiding to perform in a satisFactory

.manner under iaterai ioads caused by wind, or seismkc ground

-~
motions. If there exists asymmetry in geometry.l stiFFness

or mass distribution In the Plan of the buiiding. lateral

'ioadings iead to torsional responses. in addition to lateral

' responses. From a design viewpoint. ft Is necessary to know :

,

the magnitude of such torsionai effect ' so that the required

——

strengths and stiFFnesses oF the diFFerent iaterai resisting
elements (frames and/or walls) can be est ted. In many‘
seismic' building codes, aliowance for the torsional effect
is made by requiring buildings to be designed for additional
torques applied simultaneously with the required iateral
forces. The applied torque at any floor is computed 'as ‘the
product of the iaterai 1oad resultant and +the design
eccentricity iat that'ﬁgpor. The design‘eccentricity s a

Function of the structural eccentricity which is defined 'as

' ‘the distance between the center of rigidity at a ievei and’

N

- the resultant of all lateral forces at that Tevel.

ThereFore, in order to calculate the Fioor'torques using

-13
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code provisfons. it is necessary to establish the structural

eccentrlcities at the dfFFerent fFloors of the - bullding.

Assuming the line of action of the égsultant lateral load at

\

each Floor Is known, ‘the Problem of determfning‘ the

structural eccentridityfthen reduces to locating the center

of rigidity at'each‘F 4 Thus the eccentricity concept

plays an important role both in the understanding and in the K’f‘\\\
: ' C /

design of eccentric bufidings. ‘

The concept of eccentricity arose from consideringj

the behaviour of a single story building with a roof slab/

which provides the diaphragm action to mobi 1 {ze the

resistance of different lateral resiéting elements [19].

For such buildings, it can be shown that the center of

rigidity can be: located by requiring the first moments of -

the stiffnesses of the lateral resisting elements about the

[

center of rigidity heing zero. This gives rise to the [

interchanging use of the terms "center of rigidity" and

"center of stiffness", sinde they represent the same point

on' the roof slab. Acting through the_center of rigidity,

the resulpant of lateral loadings gives rise to -

translational deformation only. Since each ‘resisting:

element experiences the same displacement, the center of

rigidity can also be determined by considering ?he first

moments of the shear forces fnstead of the first moments éf
the st;FFnesses of the elements. As a result, the center

)
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of r!gidit? fs atso‘ldentlfféd with the "shesar .center" of

I . the single story bullding.

‘ Thb, 'exténsibn of this concept _fo ,.eccentric

l. - - multistbny buildings fs not trivial. ' There are ”diFFerent
definitions for the centers of rléidity. One interpretation;"
[16]1 defines the center of rigidity at a floor being the

- peint when the resultant lateral Force at that floor passes

- "through it, the Floor wili not undergo any rotatfon. The

.other Floors may or may not have rotation. Anotber
k suggestion [26]4 s to fdentify the shearAcenber at each
| floor 'bs the center of rigidfty in order to obtafn the
structural eccentrfcity at that Floor.-_ In this thesls. the

centers of rigidity of a mu!tistory bullding are deFined as

the set of points located at flcor levels such that when the
given distribution of lateral loadings pass through them, no
rotationat movement of the buflding about a vertical axis
will beccur [34]. {Lis Iast definition 13 a direct extension
of the concept of eccentricity to multistory buildings.
Even for bulldings with identical floor Iayouts. the centers
of rlgidlty may not be determined based on examination of a
typ[cal floor planl An example of such a situation‘ls an
uniform eccentric wall-frame structure. Due to the wall-

frame interaction effect, the relative stiffnesses between

the walls and frames Joined by the rigid floor diaphragms

A
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change from Fioor to Floor.- As a result. tne “common

linterpretetion thet the centers of rigidity of an uniForm

buiiding can be obtained by exeminetion of a typicai floor

plan does not apply in such a case.

With  the centers of rigidity defined, . it is

e
[

necessary to derive a procedure to determine the locations

of these centers for eccentric buildings. : The dGPpgse for

the determlnetion of such centers are three fold: - First,

"having located the centers of rigidity, the Fioor torques

caused by the lateral loads at each Fioor can be determined
by repiecing the resultent iaterai force at each Floor by a
Force and a torque ting at the center of rigidity at that
floor, The Fioorrque distribution provides an useful
measure of the <torsional effect caused by the: lateral
loadings on the building. Second, the design eccentricities
as given in most‘seismic codes are expressed in tecms‘cF the
structural eccentrlcity. Thus a knowiedge of the
eccentricity of the butlding s required for the ‘aseismic

design of buildings with 8l lowance for the torsional effect.

Third. recent changes in the sgismic provisions of NBCC. 1985

stated that the torsionai provisions are strictiy applicable

to eccentric buiidings with centers of mass and centers of

“

rigidity located. on two vertical 1ines. For eccentric
buiidings that do not satisfy such condition, the code

provisions may or may not be valid to estimate the torsionai

“
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'effeqy fnduced by seiémic‘groundlmotions. The code suggests

to use the more reliable abproacﬁ of dynamic analysis [4] to

estimate the torsional effect wunder such Circumstances.;

Therefqre.'.in order to determine whether the"torsional
‘pfovisions can be applied with confidence, <there is a need
| for the ‘designer to locate the centers of rigidity. of‘ the
buflding. Currentiy, there 'does not appear to be any

-

accented procedure to determine the centers of rigidity Fof

ultistory buildings. ' Without such a‘procedure.
the éccéhtrictty value at each floor level remains {11-
. def{ned. As a result, designers of such buf]dings are left
to their own intgrpretation of the tofsionél pfovisions' in
the séismfc codes. |
While the‘ rigidity centers are fmportant.. in
identifying the lateral and torsional .load effect, there
éxists another set of points - the centers of twist, which

a]so‘.plays an fmportanf_ role {in the lateral analysis

process. For single story buildings, the center of twist 13‘

used to obtain the torsionail deFormatioh under appiied

torque. Defined as the polnt on the roof slab which
’

experiences no translational displacement when the locading -

consists of applied térque'only, the deFormation‘bF a sﬁngle
story building subjected to lateral foading can be solved

readily if the deformations are reFerred to the center of

.
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t st.. For a slngle story bullding. the center oF twist
cofncldes with the center of rlgldity. . Again, there doesr
not appear to be any procedure avallable Fcr Iocating the
pos|tlons dF the centers of twist for multistory buildings.

The purpose of this chapter Is to clarle the

‘concept oF..“center oF rfgidity and "center of twist“ For

multistory bufldings, and extend the concept of eccentrlcity

and fts role in multfstory bufiding design. The centers of

_ rigldity and centers of twietfwill.be deFinednmethematlcélly

Fq( multlstory bui!dfngs. The purpose to use each set of
centers in the design and analysis of - eccentric buildings
will be discussed. A practical procedure-to Iocete the
centers of rigfd{tyﬂwili then be presented. Thfe procedure
involvee the ‘uéé of a standard p!ane Frame program only.
Therefore, 1t 'is a procedure well suited For use In design
offices. Finally, three examples oF eccentric buildfngs
subjected to seismic lateral loadings are presented. The-
results are_computed based on.static code procedures and are

compared te - that from dynamic spectrum analysis to

i]lustrate‘ the accuracy of the code procedures of NBCC 1985

}n estimating the torsion effect on the bui1dings.

In  the development of the theory, the following
assumptions will be made: .
(1) Material behaviour is 1f{near elastic;

(2) Deformations are small;
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“kS)‘\Floor slabs act as rigid diaphragms +to  transmit
lateral loads; and

(4) ?or simplicity, only orthogonal Fremihg_ arrangements

_ are considered. All resisting elements wil] have thelr
+ principal axes parallel to theé reference axes of the

Ean . . N . -

structure.

2.2 EccehffiEFSIngle étory BUIfdfnés

A  A _ BeFofe considering the behaviour of multistory
é%?»«.{ ) 'beildings. it is useFul to trace the development oF the ~
o center of rlgidity and center of twist concept for enngle
story bulldings first.. ‘

2.2.1 Center of Rigidity
For single story . bulldings,  the equation of
equi 1 {brium Fof the Foof diaphragm apoﬁt some reference axis

z (Fig. 2.1) can be written as

: kxx 0 Kxo 1Px
0 kyy kye = Py (2.1)
Kox  kgy  kgg i’
where
‘ Koo = % (Ky) 4 o @2.2a)
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kyy = 5 (ky)J » . : . A ' (Z‘Zb?‘l
- Kox = kxg = *{2 (kx}i:Yi' o (2.2c)
’ - ] j . B
Koy = kyg = f Geyd g Xy (2.2d).
' v 2 E 2 o
Kog = B (hdy Yi® ¥ E (k) pxy™ » (2.2¢)

(k)1 and (ky)j represent the stiffnesses of the individual

. res{sting elemgnts in the % ahd Yy glqbél direétfon_gnd 'Yi

.ana X represent the distances of these elements from the
reference a*is z. The iateral ioads applied to the building
aré represented bylbx and Py-respectively. P9 will be the
torque. on the buflding as éauéed by'Px and Py.aboup the =z
axis. Denoting the'x.and y coordinate of the line of action
of . the applied loads as Xq and Y, respectively, then the
_torque Ioadjng F’e will be givén by

Po = Py Xn = Py Yp (2.3)
Let the coordinat?s of the center 6F rigidity be fepresentéd

by Xq and' Yp. Then, by definition, if the load resultants
act through the center of rigidity, 8y will be equal to

Zzero. Egn. (2.1) becomes

kxxa'x = Py _ ' (2.4a)
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kyysy = P, B S

-,

Ld

Using eqns. f2;4a) ang (2.4b), eqn. (2.4c) can be ‘written as

k k

9% _8y o : ‘

, Px + y Py = YRPX f XRPy : s e (g-sl
CUXX 44 '

Since P, and Py are independent, eqgn.. (2.5) leads to

x. o Sey Bl gxy

R = {2.6a)
kyy z(ky)J
k Bk, )Y
Yo = - 2 o x L] (2.6b)
kxx x(kx)i

t-

Therefore, the location of the center of rigidity is

determined by the ratio of first moments of stiffnesses to

total lateral stiffness. In other words, fts location can

be computed as the center of stiffness.

and dy were

determined, the resisting forces in each individual element

can then be computed. For frame i in the x direct#ék. the

Once ‘the lateral displacements Gx

lateral resisting Férce (Ft)} is ‘given by Yo e o
- (k)
x’i .
(FL); = —— P S - (2.7a)
' Ik, ) '
Coxt i
g\
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In . which the superscript v denotés -response' asséctated

, \ .
with the lateral load effect. . Ean. (2. 7a) shows that the

applied force P_ can be distributed among the _resisting

elements acbordlng to their relatfve stiffnesses,
Similarily, for elements in the Y direction., the

lateral resfsting force will be gfven by

o (k 5‘ » ' |
(Fly yd o (2.7b)

= y
z{ky)J |

Thus the resultant of the resisting forces in each ﬁirectfon

-will pass‘ through the center of rigidity of the building.‘

'

Since the resistfng forces will also be the resisting shears

fn the elements, the center of rigldity is often fdentified

as thg'shear center-For'singlé story buildings.

. The above analysis  leads to the interchanging use of

the terms "center oF rigidfty" "center of stiffness" and

shear center"” for sfngle story buildings. As shown in eqn.

(2.6). the rigidity center will only be a function of the

stiFFhess properttes of the building and does not depend on
the applied loads.

2.2:2 CenterloF Twist
The center of twist is defined as the point on the
roof slab which does not undergo any tréhslational

displacement when the struhture is subjected to applied

! .JE;@E‘_" iy JEAR e T Y T T T Y I I e e Litnitol b



23

torque only. Assuming that the coordinates of the center of
twist are represented by XT and YT‘. Subjected to applled

torque, the center of twist will have no. translatlonal

displacement and the displacements of other polnts on the

‘41--—:)-

stat onary polnt. 'A rotation of the rooF slab by an amount

8 1 induce. displacements $ <i and ayj along the: plane of
stiffness of element § and respectively. For small
displacements, then

6x| = --(Yi - YT) 69- : ‘ (2.8a)
Gyj =. (XJ - XT) 69 " . (2.8b}

" The  torsional shear developed in an element is-given by

_(F

‘(—lX—l

)J = (k )j v , (Z.le

in which the superscript "T" denotes response associated
with the torsional load effect.

Since +the applied torque Ioading results 'in no net

.resultant force on _the structure, ‘the sommaﬁion of all

resisting ‘Forces in the x and y direction will be equal to

zero., Thus,

roef slab can be computed treatlng the center of twist as &

o= (k) 8, o : (2.9a)

L]
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5 k) yOyXEg =0 . qzatom)

and from which Xy and Yy can .be..determined;'. From eqgn.
(2.10), the x and vy coordlnate oF the center of twist wiltl
be given by
(k) Xy ST |
- —Y J7d . (2.11a)
E(k )J | o
E(k ) Y . . . . ‘
Yo 2 —xLL | | o (24110)
I(Bx)i :
Comparing eqn. (2.11) Qith eqn. (2.6) shows that the center
of twist cofncides with the cenyer'of Eigidity .qu. single
story 'buildfngs; "The 1ocation'oF the center of twist will
again be a Functfcn of the stlFFness ‘bropertfes of the
structure only and fndependent of the applied torque.
An alternate proof that the center of rigidity and

the center of twist necessarily be the same péint for single

story bulldings can bé given using the work- —energy prlnciple

in mechanics. : : ‘ —

Consider a single story building acted upon by a

torque‘ Pe and a point. lcad Py whose line of action passes

through the center of rigidity. When load Py is .applied

first, the floor diaphragm will move, as a rigid body,

without rotation by an-amount‘sy_ The work done by Py will

be

o

- /—/
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W= P dy/Z N IR (2 12)
Next, the torque P' is applied. resulting in an angle of
w

rotatlon 68. This rotation will take place about the: center

of twist. Assuming  that the center of rigidity does not.

coincide with the center of twist, but is focéted at a

: diétance "c" From ft, then the center of rigidity will be

displaced a Further distance equal to csa The total work

done by all forces is now

< .\ . . '
W = Pycy/Z + Pgég/2 + Pycég . (2413)

If the load sequence is reversed, {.e. Pe is applied first,

and followed by Py, the total work done will be given by

W = Pese/2 + P8 /2 ' g (2.14)
For &a linear elastic;structure to which the principle of
superposition holds, the' total strain energy in the
structure will be independent of the _sequence of load
application. Thus, 1the total work done.should be the samé

for both cases. Equating eqns. (2.13) and (2.14) leads to

_

the condition of =

P yCég = 0 - (2.15)
Since P # 0 and 65 *+ 0, this leads to
c=0. ‘ (2.16)

Thus, the "center of rigidity” must coincide with the
"center of twist" for a single story structure.
Thus far, a procedure to locate the center of

rigidity and center of twist for single story buildings fs

-
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given. In the next section, the role played by each of the
two ‘centers in the lateral load analysis process wi]l be
prasented.

2.2.3 Uncoupling the Equation bF'Equilfbrium: "
If fhe center of twist {s taken as the origin of

reference, then “thi equilibrium equatfon as expressed by

eqn. (2.1) can be redGced.to three independent equations:

“

k¥x 8¢ = Py (2.17a)
. k¥y §K.=‘pyéj (2.170)
Kagdg = — Pey + Pyg¥ C | _ (2.17¢)
in which '
kee = Ik )y (Y - YT)Z
*Itkg) g Xy - xp)? | (2.2f)
e = xﬁ - Xg . | e (2.18a) -
e, = Yq - Yg u ” | (2. 18b)

Though mathematically Xr and X represent the same quantity.

(so i3 Y; and Yg), Xg is preferred over Xt (YR over Y1) in
egn. (2.18) for deF{nihg the eccentricities. This follows

directly as a straight {nterpretation of the definition of



I " structural eccentricity as; stated earlier in this chapter.
("'-. Eqn., (2 l7) represents three uncoupled equlllbrium

Vequations. The First two equations govern -the lateral
equllibrium oF the bullding in the x and vy direction

respectlvely. The last equation. on the other hand. governs

the "torsional ‘egullibrium of the structure.. The torque{
. N .
loading‘represented ‘in eqn. {2.17¢c) is expressed as the’ ‘sum

. :_ of the product ‘of the lateral Ioads and the ‘corresponding

'y

eccentricity'(ex or eyl..

Thus in: lateral load analysis of - single story
structures, the rigldlty center is useful. “in identiFylng the -
lateral and torsional load component The .center oF twist.
on the other hand; 1s a convenient point oF reFerence for
obtaining the solution to the problem.

L.

The lateral shear as given by eqn. (2.7) and

P computed once the displacements 6 Gy and P are determined

from solving egn. (2. 17). " The total design shear (F )i or

(F )J of an element will be the sum of the lateral and

torsionai'shears.

¢

(Fadi = Ukdy Loy = (Y4 = Y1) sg] o (2.19a)

(Fylj = (ky)j [8y + (X5 = Xp) 4] (2.190)"

From eqn. (2.!9): ft can be seen that the element Furtheet

torsional sheer‘aa given by egn. (2.9) In an element can be.
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away From the center oF twist wiii -be most susceptible to

the torsionei eFFect. : Thus an edge element 'wili’ be a

criticel eiement in' single story bufldings as far as

]

(S

2.2.4 Torsional Provisions 'n Seismic Codes as Applied to
' Single Story Buildings

LY

" torsional . moment at each story as a product of the story

sheer and a quentity termed "design eccentricity - e " ks
tebuiated in Tabie 2. 1, most buiiding codes.‘ except the

German Code. deFine the design eccentricity in two parts.

..... W

The First pert is expressed 8s some magnification Factorh
" times the- structural eccentricity. This’ pert deals with the
‘compiex nature of torsion and the effect of the simuitaneousl
‘ action oF the two horizontai ground disturbance. The second °

'term is called accidentai eccentnicity to\account_‘For’ the

possibie additional torsion erising from varfations in the

estimates ofy the reiative rigidities. uncertain estimates of

dead and live ioads at the Fioor levels, addition oF wall

paneis and partitions- aFter completiég?of the buuiding,

variation of the stiFFness with time, and,;ineiastic or

plastic action. The effects of possible torsionai.motion of

the ground are also considered to be included in this term.

This term’ is in general a Function of the pian dimension D

" Most seismic buiidihg'dddes formutate the design

TV e
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In which "e" {s the structural eccentricity}

gccentricity "e" 'in egn. (2.21) shall take on

expressed by eon.‘(z.la);

29

' Of  the building In ‘the _directionr of  the . computed -

eccentricity. y " o ' ) EEEE v ‘
Take the case of the. Ngtionai Bui]ding‘ﬂCode of
'Canada 1985 [3] for discussion.' The torslonaikmoméﬂt Min

the horizontai Plane of Floor n can be interpreted as
Mtn = Ve, (2.20)

?H'thdh V,, ‘is the interstory shear at floor n.‘,,_Vn will be

~

equal to the design base. shear v for single

bufldings. The deslign eccentricity e6 55511 be computed by

one of _the-?olloWIng equations. ‘whichever provides the\.

‘greater stresses:
‘S = 1.5+ oupop,

€n = 0.5e = 0.10D,

Ean. (2.21a) is intended for elements lying qn the -

same side as the.mass oenter, as measured from the center of
rigidity, or more appropriately. the center of twist oF the
structure. For elements on opposite side oF the mass

center, eqn. (2.2Ib) will- be appiicable. The strocturel

values as
With ecdentrloity defined for . single story
buildings, the application of code procedures for' eseishic

design of such structures will be a straight Forward.task.

in -

;story '

(2.21a)

(2.21b)



2.2.5 Summary - . - N e

@r .

. The center of rigidity and center oF twist are. two

-

"important points of reFerence in the torsionai analysis of

buildings.- The severity of the torsional eFFect is commonly

measured by the eccentricity oF the buildlng.‘ It is deFined

. as the distance between the center of rigidity and the

resultant of all latera?l Forces at-the rooF "~ For single
story'buildings. the center of rigidity can be identiFied as
the center of stiFFness or as the: shear center of the

building. Though the center of twist cén be proved to be

the same point as the center of rigidity. it plays a

~different role n the lateral load analysis " process,

Formulation 'of the problem with reFerence to the center of
twist as origin will lead to an .uncoupl ing of the equatlon

of equflibrium. ' The lateral and torsional responses can

.then be determined separately. For single story buildings.

the location of both the center oF rlgidity and center of’

twist wili depend on the configuration oF the resisting

'system. and independent of the nature of the applied loads.

Hith eccentricity deFined For single story buildings. the
torsional provisions of building codes can then be applied

For aseismic design of such structures,’

2.3 Eccentric Multistory Buildings

Complications in'behaviour of a multistory bpilding

.
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" floors be represented by the coordinate vector {X

o ‘ ". " - . .v . . . . 3]
are oFten caused by - the varlation in geomet?y and/or
structural propertles along the height. As a res lt, the»
oxtonslon “of the eccentricity concept, ;to multistory

buildings will not be a trivial task.. For - mls1tistory
buildlngs. the centers oF rigidity and oenters of twlst will

not necessary be the samerset_of points. The two centers

.befng different .sets of ooints In generat . can be proved

agaln using the work-energy prlnciple in mechanics.

As. for slngle story buildings. " the. work done
expfessions ‘for two 1oad sequences wl]l be compared. Let |
the building be acted uponeby ‘a set oF torques {P }and a

set 'oF lateral Ioads {P } ‘at floor levels. Th - line. of

'actfon /pF the floor Ioads {P'} will .pass. through +the

Crigidity oenters oF the bulldlng having coordfnate vector

IXL}'f IF the lateral loads {Py} are applied - first, . the

floor -diaphragms will undergo translational displacements

{8,}. The work done by. {P,} will be

L

' 1 Tre 4 o
W= =
2 (P} {{y? , (2.22)

- r

- 1f the tofques {Pe}-are'next applled} the floor diaphragms

will further undergo rotational deFormafions repreéentéd by

¢
the vector {89}, The rotation of a Floor'slab will take

place. about the cénter of twist of the particular Floor.

.Let the locations of the centers of twist at the VdiFFerent

T}, then

[t Lo s (o i o T T T YT TS T s
SO LS SR R A S A g L O Db S O b Wl ey iy
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. the total work done by all forces will be
Lp oT Ao (Top
W= {Py} {_sy} + ={Pg} (85}
- 2 2 7 |
| T _ : ~ , : |
CH RN T - DXpDLs) | (2.23)

in which

[XL] and [XT] are diagonal matrfces with diagonal elements
equal to elements 1n the vectors {XL} and {XT} respectively.
If the lcad sequence s reversed with the torques (P ¥ being

appl{ed first followed by the lateral ioads {Py]; then the

"work done expression will be given by

- Llp,T RPN PN I
W= , {Pg} -{69} + 5 (Pyris,r | (2.24)

Since the total work done is inqebendent of the .sequence of
load  application for linear elastic structures, equating

the work done expressions as represented by eqns.(2.23) . and

~(2.24) results in

(P} (X 1 - [Xp1) {85} = © L (2.25)
Uniike working with scalar gquantities, the condition that

(X1 - [%;1 ="[0] . ‘ (2.26)
s a sufficient but not a necessary condition that eqn.

(2.25) be satisfied. It is a special solution to eqn.

(2.25) that represents the situation when the centers of

rigidity and the centers of twist are the same set of
. - ‘ ) .
points. £ ‘ :

’
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Detailed study of the centers of figidity- and
centers - of twist for multistory bufldings will be presented.

~

S . )
fn the foliowing sections. : - ~

2.3.1 Centers of Rigidity

In the following, the development of the center of
- T '

rig{dity concept is-For orthogonal Framfﬁg buildings only.

"Non-orthogonal framing structures &(HI ‘be deait with in

Appendix A.

"'To 'obfaiﬁ‘the Iécétions of the éenters‘oF rigidity
'Féﬁ a N story Euilding\withlrigid.Flobr diaphragms, consider
the %ollowihé matrix.equéiion of eéuiljbrium writteﬁ>Fér.£wo
orthogonal hotizdntgl directions x and y, and <for moment

equilibrium about the vertical z axis.

Kol [0 [Kgll [ta) (P, |

[o1l [Kyy]"[Kyé] (e, = Py (2.27a)

(Kex] [Keyl [Kepl| |18] ~ |tPg -
or |

[K1 (6) = (P} - o . c2.270)

Ean. (2.27) 'gives rise to' a set of 3N equations for the
displacement variablés {Gx]. ;(5y} and {69} about 'the
arbitrary z axis. Each submatrix is of order N by N - and
each subvector is of order N by ‘1: For buildings with

orthogonal framing, . . the stiffness . submatrices are

R T IR A EA R e . ;
A R A T e T e Sd it pac e LI Rt e yA Sean el L dnaad
- . L
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- | o o . B . |
;i.,;ézg:5531ble in'uﬁermg of ihdividual frame stiffness matrix
5\\ [K j or (Ky1j by the‘following relations:
~ ‘. ‘ ?‘ . ' S ) .
: (K] = Pk o ' - (2.28a)
K =5 Ik, . (2.28b)
o J ‘ . L :
Mgl = [T = = T IGT vy . z.z80
[Kygl = [Kq, 1T = RRLS TR Y T (2.28a)
[Kgg] =}HY]‘[K><3'1[”' + HXIye, 150Xy (2.28e)
- where
[kx]i 'is the stiFFnéSSvmétrix of resisting element i whose
'~ plane of orientaf{on is parallel to the x reference
axis,
. . 7
[Ky]j is the stiffness matrix of resisting element j whose
plane of orientation is parallel to the vy réFergnce
axis.
[X]J is the diagonal.lcoordiﬁate matrix of element . j.

The -diagonal elements in +the matrix being equal
to the x distance of the jth element from the

y reference axis. .
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[Yli_ is the diagonal ‘coordinate ‘matrix of element i.

The dfagonal gleménts in the matrix befng equél

B ! “
'J
A

. o, Y
PRI ;

‘to the y distance of the i élement rom the
% reference axis. _ 'fjt)

R . B Let the x éﬁd y coordihates o# the cénters of
- rigidity be.rePresenfed by {XL} and {YL}-respectfvely. _ﬁhen
the lateral 'loadS' act at the centers of rigidity, the

:

structure will have no rotational deformation, or {§

e]'='_.
{0}. . Rewriting eaqn. (2.27) will Jead(to the following sets
oF‘equations:" _ . ‘ . ‘
FKxx]{dx}‘= (P o - (2.29a) -
ERyy108y3 = (P} : . (2.299)

- IR, J08,3 + [Kg 108, = (Py)

. L o= mIPLIOYLY ¢ [P,I0X ) (2.29)
fn  which [P, ] and [P,] are diagonal matrices with diagonal
elemenfs equé? tofelements in‘{Px}rand {Py} respectively.
Substituting egns. (2.29a) and {2.29b) fnto eqgn. (2.29¢c)
-resultslln | o
TR T 17 P+ K IIK, 17 MR )
= IPLICY D+ [P IOX)

- IYLHRY o+ DX IPY (2.3

I

in which [X ] and [Y_] are diagonal coordinate matrices with

diagonal elements equal to elements in {XL} and (Y}

respectively.
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Slnce load vectors {P } and (P} are independent.
egn., (2.30). 1mplies that -
[KexJEK ] lfpg} = = [YL){Py) - (2.31a)
[Keyqtkyyl“th} = [X1Py) | (2.31b)
from which {XL} and (Y, } can be solved. Hence,
X3 = (RN K 1 [, 17! P o
= P17l IKG Y (s (2.32a)
Yy = - [Pg]"[KexJ o™t Py "
LI o NS I TR | (2.32b)
It can be seen that. the centers of rigidfty are in
general both a function of the lateral load distribution and
' stiFFness propertfes oF the’ structure. Thus. For mult{story
buildings. the centers of r{gidity can no lqnger be
Identified as the stiffness centers of the structure n
general, Also. they do not necessarily Fall on a vertfcél
1ine. | ' o
AOnce the ]atérél djsplaégmentsnfax} ann,{ay}, were
determined by

solving egns.  (2.29a) and (2.29b), the

resisting foices ‘in the elements can then be
computed. . ' .

(FR} g = (KD (8,)

(2.33a)
U5y = Ik, 1y (6) (2.33b)
Considering the definition of [K

9y3 as given in eqn.
(2.28d), egn. (2.32a) can be-wglitten as

Wi | . ; | 2

[
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'[Py]{xL} = S[X]J[Ky]J(ay}"d.: . _'? ‘ (2.34)

© The product [K, ]; (§,} represents the lateral floor loads on
the . Uth element due to deFlection {8 } ThereFore. .the

right hand side of eqn. (2.34) can be interpreted as the

first moments of the.Floqr loads of all elements about the 2
S

" axis due to displacement {6 }.  Finally, the x eoord?ﬁete of

the center . of rigidity at eacﬁ Flooflis then given by the

~ first moments of the floor loads divided by the total

>

applied load at that Floor.' A'similar‘argument can be used

to interpret eqn. (2 32b) in determining the y'coordinates‘

of the centers of rigidity.' THereFore. {XL} and {YL} as. -

defined 'in eqn. (2. 32). can be interpreted as the "load
centers" and thus the centers of rfgidity of a mu}tistory

buildiné should be ldentiFfed with the "load centers" of the-.

‘building.

'~ Great care eheuld be exercised fn distinguishiné the
floor loads from: the interstory shear forces. ' If .ene
computes fhe ratio of the F{ret moments of the interétory
shear forces eF all elements to the total intersto}y shears,
one obtains the !ecations of the$shear'eenters. Poole [26]

suggested the use of plane frame programs to determ{ne the

-shear centers and use the shear centers as reference points

to measure floor eccentricities. It ean be shown that if

the resultant of the applied loads at each floor passee

J

-
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through the shear center at that Floor."both translationei

and’ rotational displacements wiii occur. ThereFore. it Is

{ncorrect to measure eccentricity’ with respect to shear‘
center For multistory buildings. | .

The load center concept represents a generalized
of, interpreting the center of rigidity in buildlng des

For singte- story buildings. ne attempt had been made

i di?Ferentiate between-resistinglforgg,end*resisting shear?in

an element since they represent the same . quentity. This has
a misleeding eFFect on’ designers.‘ Most People overiooked‘
the_ fact that latera) Floor logds and laterel Floor shears
are diFFerent quantities as.far as multlstory buildiﬁgs are

concerned S S ,\'

,2.3.2 Centers of Twist'

The  centers of twist are defined as points in the

pPlanes of. the floors whlch do not undergo any translational

displacement when the structure s subjected to applied
torques only. Under applied torques, there Qill be rotation
oF the floor slabs. Let‘the rotational displacements be
represented by the vector {85}, Then the" ~torsional

resisting forces fn the elements wil} be given by

T
{Fx}i
T
{Fy}d

T KDY - [Y7D) (8g) : ' (2.35a)
[Ky1§CEX1y = [X1) (4. N (2.35b)

1]
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T

‘T'ﬂ thCh [XT] and [YT] are diagonal matrwces wnth _elementsj'

) denotfng the x.and‘y coordinates .of the centers of “twist.
fFor; lateral equilfbr{um. - the summatiqn_ of all’
>resisting EForces fnl the x and ¥ d!rection at. eaﬁh floor

- needs to be zero.‘ Thus, -

ELGI (DY) N[YeD) (85} = (03 - .  (2.363)

IR, 1 00xT 5 <) I D) (g = (o) - o ' (2.380)

rd!nate vectors oF the centers of twist as
{YT} with eIements being equal .to the diagonél,
‘ {XT]~and [Yf] respectively. ' then the vectors -

7} and-(Yy} can be obtained by solving eqn. (2.36).

[8g] "IK,, T "[K 41085} . (2.37a)
-1 T=lpe :
= D81 TIK 1 TIK g1(6g) : . (2.37b)

'..l
[y
|

. where [683 is a diagonal matri§ with diagonai elements equal
to elémentsﬁ-in {69]. [XT} and {YT} are thus in general a
Fuhction of ‘the resulting rotations. or fmplicitly a
Function of the applied torque distributfdn. The centers of -
twist will not necessarily fall on a vertical line and they

are in general diFFerent From the centers oF rigidity.
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2 3. 3 Special Cless oF Multfstory Bufldings~
' Ae shOWn In prevlous sections.. the centers oF

rigidity end centers of twfst oF multistory buildings are in

» general (i) load distrfbution dependent; ~ (if) not

'*neoeSSari!y the same set of pofnts; ‘and (lii) not 1ined up

verticelly above one another. In this sectfon. the
conditions under whlch the structure needs to satisfy In

order to heve the centers of rigidity and centers of twist

Ioad lndependent. colncfde with one another and Ife on a:.

.vertfcel axis will be dfscussed.‘

-

E Consider the coordinete vector of "the centers of

rigidity in the % dlrection as given by eqn. (2.32a):

o

Xy = [Pyl"rKey][KW] Py} | | (2.32a)
'_DeFining the product of the matrices [Ke ] [Kyy]_
[a] = [Key][Kyy] (zraa)
‘and express [a] as sum of two matrices [a] and "] by the
relation.
[a] = (3] + [a"] (2.39)

(3] 'Is a diagonal matrix containing the diagonal elements of
[al. Making dSe of eqns. (2.38) and (2.39), egn. (2.32a) can

.be. written as

X3 = a1y + Py 17 1a" 1P . (2.4D)
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where (I} f{s.the unity vector with all elements equal to-

unity. FOf'{XL} to be load‘independentf it is necessary. to

have -

ince { y}‘is an arbitrg:y’Tbad vector, eqn (2.41) can only

be'satisted if [a'] s a null métrix.- or: reFerring to egn.

(2.39), matrix [(a] is a diagonal matrix.

//’,_,»Similarly. writing the pro?fifof the matrices [Kéx]
.-\‘ l . - '“
cand [Kx ] as .

R LW | O . (2.42)
—*and‘express [b] as ' ' _
. [bl = [5] +‘[b:]f;di3 DR '.“". ' ;o (2.43)

. where [5]'_15 ‘a diagonal maEfo' containing the' dfagonal

‘elements of* [bl, - th" néEessary condition fpr the Ly

coordinates be fhe' centersvﬂof rigidity to . bé - toad

'~jndependent is when [b} is a diagonal matrix.

“The conditions under ‘which the locations of the

L) T . * : .
centers of rigidity. will be load independent .are thus
' determ!néd. Similar treatment can be applied to the centers

of twist.

~

The x coordinates of the centers of twist are gﬁven

by

D S .41

. -1 . “ l. .. :. o i . o :
L Fa 3Py = {03 | . (z.41) :

Rl R A T st B i et
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X7} = ueJ"IK T 'EKWJt«se} S (2.37a)
'Using eqns. .(2.38) and7(2.39).‘”the above’ equation éan'bé
‘ wrltten as L ' ' .
“{Xp) = [aej‘fta]TfGEJ . |
.= [&1(1y &g 17 a1 Tieyy ‘  (2.44)
Following the same argument as- Fbr the centers of rfgidity.
o - the condftion For the x coordlnates of the centers of twist
b L befng load 1ndependent is
(a"1m = o3 .. ' S (2.45)
l . - or when [a] iIs & diagonal mafrfx. This is the same
! g . : conditfon as required For Ioad independency for the- centers
f ' oF rigidity. . The: prooF For load independent conditfon For
! . .
; the y coordinates oF the centers of twist: follows alongh*\
i ‘
i a sfmflar Ifne oF reasonfng.
R
!

In  summary, the conditions that the. centers;‘nf
rigfdftf; and also for the centers of twist, to be load-:
1ndependent are when [a] and [b] are both diagonal matrices,
If the centers oF rigidity and centers of twist are load
Independent, they are in fact the same set of points. This
fact is evident by comparing eqns. (2.40) and (2.44) »

A special class of multistory buildings can be

identified having centers of rigidity and centers of “twist

; A . | '/// -
| . . .o i
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being the semezset oF polnts and both are, Ioad fndependent.,;i
Consider e building thet has proportfonal Framlng. ,ﬁhe':

stlFFnesses oF the resfsting elements are proportional to

" one another 1n each oF the global directlons For thls txpez

o

oF bui!dlng- ' In other words. the stlFFness matrlx oF -each

.element can be expressed by the relationship.

K3y =edRd - T (2,46
and - ' ' ' . ‘ I

t

) [Ky]J.='§J[RyJ o o L (2.47).

where qi.‘BJ'are some proportional constants“end-fﬁkj and

[R.] .are stiFFness matrlces characteristlc to the reslstIng_

elements in the x and y dfrection. respectively. Uslng the -
\

deflnlttons of the global stiFFness matrlces as glven 'In

‘egn. (2 28), one can eastly verle that

(SRR =,ch*]":Kxe]{x};f —;t—— (I3 (2.482)
< | ’
. S - IB.X, . U :
Lo - -l el 1A - .
XD = (Xg) = DKy [Kyg1t1) = e, tn . (2.48b)

In this case; not onlty the centers oF’rigldity and
centers of twist are; loed independent. 'hence represent{ng

the same set oF points. but they will also e on a vertical

. axls. The location of the centers in this caqe . can  be.

determ{ned uslng the relative stiFFness considerat{on oF the

elements based on a. typlcel single Floor plan. of the
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. building. ‘a Fact that is generaily recognized by the’ design
:proFessions. For such structures. the centers oF rigidity
nycan again ‘be identiFied as the centers oF stiFFness or shear _
“i?centers as For singie story buildings. : with the building f-'

. being uniForm.‘ the center of mass at each Floor will also

i“Fall on a vertical line. - Thus uniForm multistory buildings
1with proportional Framing is one class oF buiidings to which

‘ the torsional provisions oF NBCC 1985 are applicable.-_-

2 3 4 A Procedure to Compute Floor Eccentricities a st'

A
‘,i"'

To determine the - ecCEntricities oF a multf/tory

'eccentric building. it is necessary to locate the center of
rigidity at each Floor. The locations ‘of the centers oF

- rigidity are given by eqn. (2'32) They can be determined

once the lateral load distribution along the height. -and the

global wstiFFness of the complete structure are defined. -
However. such an approach to obtain the . locations oF centers

-~

of ~ rigidity s not particularly useful during preliminary

——

design- since the global stianess matrix of the structine

may not be readily available at this stage. "~ An alternative '

approach is-‘suggested here which does not require the
explicit use of the global stiFFness matrix oF the structure
and therefore is more suitable to be used in the design'

context
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This alternative ' ...approach s based  on \the
~_interpretation of the ‘center of rigidity Formula as given by .
eqn.. (2.34). it is shown that the rigidity centers can be

'interéfeted as. the “load centers"‘ at, . floor. levels.

¢

TR R e
.

. Tnerefore.; If the loading on each resisting element at each

,Floor; is’ known. under the . assumption ‘of no rotational

deformation, the lodd center at each floor can be‘ obtained‘

by. dividing the First moments oF the element loads by . the-

totai Toading at that Floor.

_Assuming that ;the bullding is -restrained from
rotating, the lateral floor dispiacements In the  x
dtrectfon. .{6 } ~.and the interatory shearwoF all‘ elements
‘under loading. [P l can’ readily be obtained by means oF--a
standard plane Frame program. thhe global stiFFness matrix
[K ] can be simulated by Joining aﬁl the reS|st1ng elements
spanning the{x direction by rigid beam elements with hinged
‘ends- at floor levels, An‘example;oFithe computer model for a

~wall-frame buflding will be givén in the next section. Once

the interstory sheare'in each resisting element are knoﬁh;

_one can obtain the floor loads on the.individual elements.r

1

jThe Y coordinate of the load center at each floor is given -

) x\g//by the ratio of the First moments of these Floor loads about

reference axis .z and the totai £loor load at that - flocr.

One can repeat - the same procedure to obtain the x

coordinates of -~ the 1locad centers by analyzing the



displacement and~linterstory -shears oF elements in the Yy

direction subjected to lateral loads Rt }. '

.

-

2.3.5 Examples

Three fexampies are presented. representing three

diFFerentxclasses of multistory buildings to demonstrate the
variatjon of the rigidity. shear. stiFFness and, twist

centers 4under given'lateral 1oad distribution. Each of

- these buildings is nine story high, = -having uniForm

rectangular floors of dimensions 20 m by 10 m and a uniForm

floor height of 3 m.- The arrangement oF the resisting

elements are such that each building is symmetric in the x

direction and eccentric in\the y direction, es shown in Fig.

2.2. Building A has wall elements to regist the lateral

loads. The rigidity of each element at the top three floors
7

is. reduced to two~thirds that at the base. ThereFore.‘~

--Building A Is a building with proportional Framing, and the

centers of rigidity can be determined on a per floor basis.

Building B is similar to Building A In every aspect except

For the right edge wall (wall 4).  There is no reduction of

rigidity For wall 4 along its height for this buflding.

»ThereFore. Building B represents a building where the

Framing is non—proportionel. Building C 'represents an

eccentric uniform - 'wall-frame huilding. - The lateral
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resisting elements in “the ey direction _consist of. two

fdenticatl unifbrm walis‘and two identicalT uniform frames.

Further. the beams in the frames are considered very stiff

in relation to the columns so that each Frame .can be treated

as’ ”a‘ "shear beam" For computational purposes{u " The

srrigidities \of the wails and Frames are chosen such that

N,

there is signiFicant well-Frame Interaction in the building.

Other inFormation concerning the buiidings are summarized In

Tebie 2.2. For Building C, it ‘should be noted that aithough

the waiis and the Frames are uniForm. the framing oF this

structure is- non—proportional. as the stianess matrix oF a
\
wall diFFers from that of a Frame.f .

. 7 L ,

The bui]dings " are subjected -to an uniform
distribution and an inverse triangular distribution of

lateral - leoads.' The lateral load resuitants are assumed to-'

act through'the centers“of mass of each buildingr. _
._The _ locations é% the centers of rigldity‘in each of

the three buiidings are determined by the Procedure as

outiined in the last section. A computer model ts created

for each building to be analysed by the plane frame program.

“As an example, the“computer model for Building C .is shown in

Fig. .2.3. The centers of stiffness of the resisting

. elements are also determined, on a per floor basis assuming

‘each- tioor behaves 1like a single story building. The

TR

oy
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dlstribhtlbn of the—rlgldlty and stiffness centers_ef: the

three buildings are shown in Fig. 2.4a and 2.4b for uniform

and inverse trlangular "load _distributlonx respectively.
i ' _T?"Bulldlng A, having a proportlonel framing arrangement, is
‘ ". - shown to have the centers of rlgidlty lving on' a vertlcal
axis, as expected. Despite the fact that Buildlng B leFers
only in a minor manner from Building A, it nonetheless is a
. © buflding of non—proportlonal framing,. and there"ie a
N considerable -scattering of the centers of rlg!ditya Thlé
| l scatterlng I's a result of compatibility requlrement imposed
i on - the reslsting elements at each Floor due to the . rlgld
E floor dlaphragms of the buflding. Fimally, the: scattering
i ? , is‘ even larger for the uanorm wall-Frame bullding c. It
g N ‘can be -seen. that only for Building N that the figidity
F centers can be ldentiFied as the centers oF stiffness of" the
; - : bulldlng.
Plotted in the same figures are the shear centers
and . centers of twist dlstrlbutlen for the given loedlngs..
) " The centers‘oF rigidity and shear centers are different sets
o of points for Bufldlné B end C.  Thus measutlng' the
eccentrlclty with reFerence to the shear center will be, in
general, lncorrect For multistory bufldlngs.
The centers of twist may also séatter and do not

necessarily fall on, a vertlical line. Howerer._ the

scatterlng is not as much as the varlation .of the centers of

e L A A T e T Y T o T
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,rigidity' as fdemonstrated'by‘Buiiding é;;' Thel centers of

twist lie virtuaiiy‘on a vertical line For both Ioad cases,
Based on the e*ampies studfed, ° it is shown that the
centers of rigidlty,‘ stiFFness centers, shear centers and

centers of . twist wili ‘be’ diFFerent sets oF points. in

.general. . Only For buiidings with prOportional Framing that

they represent the same set of points.‘l

"2.3.6 Uncoupling the Equation of Equilibrium
It has been shown Ehat the center of twist 'is a.

' convenient point of reFerence in the analysis of single

story buiﬂejngs for eccentric iaterai loads. . The centers of

twist also play a similar roie in the case of muitistory
pa

buildings.

In this sectfon, it Is shown that the set of 3N

equations of equiilbrium as given by eqn.} (2.27) can be
uncoupled into three sets of N equations of equilibrium

using centers of twist as reference points. The _resaiting‘

“

equations will describe the transiational deformations in
two horizontal directions and the rotational deFormation‘ of

s

the system.

Let the coordinates of the load resuitants reiatlve

to the reFerence axis z be {X m} and {Y_} respective]y. For

lateral loads that arise’ due to- the inertial;éﬁfect of the

} . - . S 49
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floors, as pommonlyjassumed in sefsmic analysis of multi-

story butidings, {Xm] anq‘me} wijl be the coordinates of

the z axis, let one define a new displacement vector <{Ax}.

{qu, {Ae}>. {Ax} and {Ay} are‘Qisplaqement-vectoré referred..

‘to the centers of twist of the buflding. - In other words ,
the reference ‘bbints_ for tgx}‘and ‘{Ay} Lpgvg :coofdinate
vectors {X¢} and {Yq} respectively. . The. relation bétweeﬁ
this new set of'dlsﬁlécement vector {4} and the old set of
displacement zecfpr (&) with resﬁécf‘té the z reference axis

is given by ]

Lh s on gy et

: the mass centers of the bullding. Instead.of referring to

B 73 S=ar T3 T7y a L ' (2.49)
where
~ [11° [0) [Yy] o |
[T] = (01 ~ [I1] ~[X4 ] ' {(2.50)
. o o1 1 N

The equation of ‘equilibrium using the new

- displacement vector (A} can be written as

tk" 168y = (PT) (2.51)

L. . *
The transformed stiffness matrix [K ] and transformed load

. * ) )
vector (P } can be related to the original stiffness matrix

fK] and load vector (P} by

(k"1 = [r17EKICr] ) | . (2.52a)

and
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=Ty 0 T T (2.520)

Egn. (2.52) is qbtaihed Frpm therreQUirement that the strain

energy 9F‘>Athe system s -invariant  under - 1 inear
transformation. Us!hg eqns. (2.50)- and: (2,52). fhe :
T equilibrium equétion'given by edn. (2.51) becomes uncoupled

into three sets of N equations each, as given below:

IR 1A = (P S (253

A . ' . ) -1 .
[Kgg 1 = ([Kggl = [, J[K, 17 [Kq)

. -1 <o , V :
o Koy JIK, 1T IR B = (BgT) (2.55)

" where

{Pg Ve ~IP 1Y ) = [Kg JIK 17 (P} .

‘ +[P 10X} - [Kéyq[kyy]_l(Py}H - (2.56)
The ;ecoﬁd term on tHeInght hand éide of egn. (2.56) can be
written, with the use of ean. (2.3?b), as'

-1 .

' _ -1, -1
“ERgy JIK, o 1 (P) = =[P IIP 17 [Ky 0K, ]

(P}

x
= [PV} . (2.57)

Sim{lar interpretation can be used for the fourth term in

'

eqn. ‘(2.56). Therefore, egn. (2.56) can be rewritten in

the form

K, 168, Y = (P)) - (2L5{)
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Py )= = IPLITY) E D+ IRIXG) = D) (2.58)

L Physlcal]y;"eqn;'(ZaSB) fepreeehts,tﬁe‘térqqeshéenerated by
the ‘lateral -loads If the resultants of the applied loads
'are- tkensferred to ect'through‘the centers of rigidity.

“DeFin{ng the -eccentricity at'each Floor as

the 'distance
o ’ : between the foad resultant and the center oF rigidlty (or :
! - 'Joad center ) at that Floor. then

-

| {ex} ;xm} é.{xL}

~ (2.59%a)
4 - IR {ey}

AR R L (2.5%0)
Usfng the definition of
(2.59), the

B

the ﬁuilding takes the.FemiliaﬁfForm'of

‘eecehtr!cjty‘as:'gfveh “by eqh;'
applied-tordue vector due to [ateral'lbads on

(P ) = =[P, Jle ) + [P Iley) e tzse

i . . ”Ednsl‘ (2.53) and (2.54) represent the equat{enS‘oF

" force eqUIlibrium‘ In the x and y-‘difection. with the

‘dfsplacements referred to the cehters‘ef;twistf thIer ean..

(2.555- is the torque equilibrium, equatien. fhey are
uncou?led .and. can be solved‘-indfvidually, .:'Once' the
solutions bt displacement vectors are obtajned;l the floor -

loads acting ‘on individual resisting elements can be

determined. ' \ |

The forces in an element are given by the sum

L LY
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_ oF the laterel and torsional resisting Forces.'l_For element

1'|n the x direction.

i -

{Fe}y = [K ],({A }oo DYy YDA - (2.61a)

For. element J in the y dfrectfon.'then‘“

AR )y = FKij({A } o+ ([x:J 4‘[Xf]){A - j-cz;sjb)

<

. Bese‘on ~eqn.‘ (2. 61). it shows that 1t is diFFlcult

.to_i 1dentiFy those res{sting elements oF ‘a multistory

- building being the most susceptible to the torsional. Ioed;
;effeot._ DfFFiculties arise due to the Followfng reasons: -

(i)' A scattering of the centers oF rigldity on both :

\,

sides of the mass centers wil] result in torque loadings not

_actfng in the same dfrection at the Floor Ievels. Thus

. some: floor torques ere counteracting Floor torques at other

~.

leve]s. ‘The net ‘torsional eFFect is, diFFicult to interpret.

+

the ~element - is most critical to torsione! _eFFect._ 'The

. centers of twist . scatter on both sides oF-_en'tedge

Nelement; as demonstreted by Building C under :triangu13r

distributed load irfg. 2. 4b). Thiss e fs difficult to
provide a single measure to determine whether an e!ement s

furthest away From the centers oF twist. !

(ii1). Well—Freme bui!dings can have diFFerent

'degrees of Iatera! and torsionel wall—Frame interactfon. “In

. ‘(ii) Being an edge element does not guerentee thet

[P
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such cese, the ﬁorsional‘sheers, ln the walls may not always

rec't in the same dlrectlon as the lateral sheers ‘along\ theu:h

“r

height oF the element. ln,other words,'the torslonel shears

-

’ méy counteract the lateral shears at‘ certaln levels.

resulting in a smaller value oFsshear acting on. the element.

This sltuatioﬁ will -be illustrated with the aid of an

: example later in this section.. «

-

To show that the uncoupling procedure has merlt. not

p

only to provide a better physlcal Insight, but also in

-r

)-computetlonal sense,. a program is prepared, based on ther
. procedure .outlined.. . The computation time for analysing - a"

" number of,eccentricAmultlstory buildings is compared, using

the.,prop056d ,procedure and als?f obtainihg the solution

" directiy by solvfng the 3N by 3N. matrlx formulatiocon (coupled

procedure) _[35]. For each computatlon siheme. eFFicient

- algorﬁthms are used; Evaluatlon of the two schemes s made
by comparing the CPU tlme required in (1) sol ing for  the -

alobal structural displacement vectors {8} a (4} fn the .

solution phase. and (ll) determlnlng the Fl r loads on the
resisting frames in the backeubstitution phase. ~ The torque

vector ({Py"}) as defined by ean. (2.56) s used: in the

'computEtion. A summary of the algorlthms employed in each

phase of the schemes are g{ven in Table 2.3.

[y

An eight, slxteen‘andlthlrty-two story asymmetric

-

)

[ PRNCYOEVSPEID S gAY
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'oF 4 x 104 N/m uniForm aiong its height.

and centere of rigidity I1s shown in Fig. 2.6 for th

(element 9) are plotted in Fig. 2.7. Thr

Veccentricity, the proposed procedure makes

" effect. At the Bottom-nine Fioora,? and

uninrm wali-Frame building with Fioor pian shown '1h Fid;

2.5 will be used*as sample structures. Structures with the

'same Fioor plan had been used by Gldtk | in multistory‘:
_ buiiding studiee [13] Each building has an uniform Floor-

height oF three meters and the iaterai resisting eiements‘i
. consist oF Ptanar walis and Fremes spanning the v direction‘

‘and “two _identicai walls spanning the 'x direction. The

Frames are modelled as shear beams with due consideration pg"

R

-account for the Fiexibiiity oF conneoting beams.: ‘The

properties of he resisting elements are given in Table 2 4.

Each buiiding i subjected to a distributed iaterai ioading

Identical resuits were obteined using the tﬁo
analysis schemes. The distribution oF the centegs of twist

fxteen

story buijlding. Again, the center oF twist and center oF ‘

rigidity are¢ not the same point at each Floor. © Also, -the

'loci of these centers do not tie on- verticai axes. The

significant scattering oF these centers From vertical axes
are due to wall-frame interaction whlch exists fin these
example -buildings. The shears in the right edge wali

h the concept of

it possible to

fsolate the torsional load effect Ftom the lateral load

2]
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Floors. the torslonal eFFect due to the eccentrlc Jateral_
loads actually reduces the total Iateral shears in this

element.- Thus the edge elements are not necessarily most"'

susceptible _to’ torsional eFFect in the ‘case’ _oF eccentric )

. e‘wall-Frame structures. This Finding. contrary to. xcommon'

expectation. '1s_ a consequence of the complex walI-Frame .
,Jnteraction ' eFFect existlng in the. example ' buildings',
o cons1dered. A more detafl study oF eccentric wal]—Frame

bulldfngs will be given fn chapter 4,

The .CPU  seconds- required In each phase on a‘ CDC-

CYBER éls computer are listed ln Table 2.5. It can be seen
that the proposed procedure has an advantabe over thet
coupled scheme. requlring only about half of the. computatlon
time in the solutlon phase.. !n‘the backsubstitution phaSe.
the proposed procedure is more‘ mathematlcally’ invo]ved

thereby ‘requirlng more computation eFFdrt; However,.Asuch
» draw back s @ffset. by the gain in the solution phase which

‘consumes the major portion of computatlon time in the

overall analysis process. The overall advantage of the

present scheme over the- coup!ed scheme f{s 66%, 96% and 116%.

respectfvely for the efght, sixteen and thirtywtwo story

buifdfng. With tncreasing number of stories, the amount of

computation time saved can be signiFicant.

i
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"2 3.7 Torsionai Provisions in’ Sefsmic, Codes as-Appiied to ;'

Multistory Buiidings

o

~. .

standard plane Frame programs., the centers oF rigidity ican
convenientiy be iocated “for a muitistory buiiding. With“the_

s-rigidity centers determined. the‘structurai eccentricities.u

will also be deFined. - However, compiications can-arise in

'applying the computed values oF Fioor eccentricities to.

‘~the torsionai provisions in buiiding codes. This ‘is because

of the. possibie scattering oF the rigidity centers aiong the

-height of the ‘Building [Bh?]. For - discussion purposes.‘
'Buiiding A, "B and C (Fig. 2. 2) wiil again be used- in this
section as exampie'structures. Building A has proportionai"

framing and the’ mess and rigidity centers Fall on tko ’

verticai_iines. For this type of buildings. there would. be

no problem of interpretation and the code wouid provide .
" adequate provisions' to allow For the seismic torsionai

 effects.. Once deviated From proportionai framing, thé&b

rigidity centers no longer lie on a vertical axis,' as

. demonstrated by Bullding B and C. It is observed that the

centers 1oF rigidity can be iocated on either side oF the

centers of mass of the floors. Since the floor eccentricity

is " defined as ~the distance measured from’ the 'center oF-

K

rigidity to the center oF mass at that floor, one would

therefore encounter both poslitive and negative vaiues of

Hith the proposed procedure based on. the. use_ of

[ P
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'eccentricity nan

'Floor eccentricities For Building B and C. ‘which in turn

'makes the interpretation of the code provisions diFFicult.l'

" To simpliFy the'interpretation, one.. simple. but not:

- strictl corregst way is to treat the center oF rigidity .at .
Y & |

each - floor to'be the stiFFness center at that Fioor.‘:;The"_

'locations .of the centers oF rigidity determined in this
. manner were shown as solid lines in‘Fig. 2.4, ‘The floor .
'eccentriclty based on. such locations_oF the centers of

,rigidityu is‘denoted_as e',- in contrast'to the true. Floor-

S

The seismic 'shears in some elements oF these

‘bufldings - will be determined next. assuming each building is

located in Vancouver. Canada. The acceleration related and

velocity related selsmic zone (Za and Zv respectively) .are

both zone four In “this case.--,‘The "bulldings - have a
p#undamental perfod oF_O,G seconds and will be subjected to
.seismic .ground excitation in the y direction. The base
Ashear fs determined according to the base shear Formula oF .

'_NBCC 1985, The- distribution oF the design base shear as

lateral loadings at Floor levels is computed based on two
approaches. The first approach relies on the static
equivelent loading distribution as suggested by NBCC 1985,

In the second approach, a dynamic modal response analysis is

carried out Ffor each building. To make the comparison
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A . . T

meanlngFul. the base shear as determlned by dynamic analyslS“

B

s normalized to the statlc base shear : value.nz_-The

‘lnterstory shear distributlon is- obtafned by combinlng the

Flrst Flve modes oF modal contrlbutlons to lnterstory shears

 ln a square-root-sum—square (SRSS) manner. - -For ease oF

1dentlFication. any quantlty obtained by combinlng the First

~

five modal responses is ‘labelled as "dynamic" in this,

Shown ‘in Fig. = 2. 8 ls the 'comparlson oF the

R R R T YT I ey ey v rerms sevaperey

lnterstory shear"*Force envelopes based on NBCC 1985 and.t

dynamic analysls{l. The results based on dynamlc analysis is-

. larger than those based on, NBCC 1985 at the top portion oF-

the bulldlngs. Thfs can be expected slnce there is no

correctlon for the hlgher modal contrlbutions ln the ‘static
code computatlon .for these bulldings (Ft = 0, [(31).

‘However, the leFerence between the statlc “and . dynamic

results is small. and both approaches glve a similar pattern

of  load dfstributlon.

-One  of the most important effects due to torsional
responsei is the addltlonal. lnteretory shears; commonly
neFerred to as ‘the torsional shears, on certain resisting
elements of the bulldlng.‘ It la .usual to consider the
reslstlng element that fs Furthest away from the centers of
twist and ‘is located on the same slde as the centers of mass

as ' the element most susceptible to this torsional shear
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_eFFect. For.this'neesonf the interetory‘sheap enveiopes are
- calculated For eiement 4 of each of the three buildings.

Shown in Fig. 2 9a’ are the shear envelopes oF wali 4. of

Buiiding A. Three curves  are shown in the Figure. - They are

>caiculated based on (i) dynamic modal analysis fncluding

First Five modal’ -contributions; (ii) the code design
eccentricity formula according to7NBCC 1985, namely e =

1.5e .+ 0. 100 3 and (111) when the effect of torsion is

negiected.;. on one hand, _the shear enveiope determined by

dynamic analysis represents the best estimate of the

interstory shear. in that element. 'Tne shear enveiopes

.obtained based on eode 'provisions is "an  attempt to

approximate the dynamic snear -envelope. On the ther hand,
t:h

the diFFerence between the shear envelopes de ined ' by

'static analysis and that with torsion ignored represents the

torsional shears on the resisting element as predicted by

'the code.

From Fig. 2.9a, it is seen that .the torsicnal shears

on the edge wall are in fact significant. Also, .the code

procedures lead to results which are in good agreement with

that from dynamic analysis. - Since Building A has .

proportionai Framing and the centers of rigidity and centers

of mass lie on two ‘verticai strafght. lipes, such an

. agreement could have been anticipated.

~

R
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Shown in ng. 2 9b are the shear enveiopes for wall

4 OF Building B. The computation oF the shear envelope

t based on ‘the code procedures is carried out using the

approximate floor eccentricity value e . Despite the crude
nature by ‘which e is determined. " the sheaq\envelope using
the‘ code -procedures and taking e  as the structural
eccentricity did provide a good estimation of the interstory
shears for wall 4. Similar to Building A, the ~torsional
shears are significant Forhthe design of this element.aias

evident from the total shear and lateral . shear (torsion,

ignored) envelopes shown.,

The interstory shears in Frame 4 of - the - eccentric
wail-Frame building c are shown in Fig. 2. 10. To be abie to
apply'the design-eccentricity equations, .1t 'is acsumed that
the centers of twist coincide with the centers of stiFFness
of this building. Further. the floor eccentricity is again‘
taken to be e for use‘in“ code'procedure computation. Two
observations can be made In this figure. First, 'the
torsionai shears in this frame is in generel small. For
certain locations along the height of thelfrane. the lateral

shears become larger than the total shears, - suggesting that

torsion has in Fact a beneficial eFFect at these Jocations

‘of the frame. Second. the code procedures provide a

resonable estimate oF the dynamijc shears. at ieest for this

frame.

\
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However, '-due to the complexity of wall-frame
. : 4 ‘ e

“Interaction {in Bullding C, the conventional notion that

frame 4 .uill'be:fhe resisting element most susceptible to

;torsional ‘effect fs no Ionger'valid; This can be seen by

examining the ‘sheadr envelopes of wall i In[aqfldlng C, as

.shown In Fig; 2.10. The design eccentricity used for this

frame is e

- p.Sef,— Q.lODn. One can see that over most of

- L, &
theuwall torsional shears are substantial.

LY

Baged oﬁ thé examples iyudigd, it is shoﬁn that NBCC‘
1965 provides a good estimate of the torsional shears ~for
‘Euilding A, 1t is the‘class-oF regular eccentric structures
to which' the code provisions are applicéble.' For other

buildings. with scattering of the rigidity centers, the

distribution of torsional effect can be complicated.  The

code’ provisions 'méy {(as in the case of Building B) or may

not (as i{n the case of Building ‘C) provide. reasonable

~estimates of the torsional shears. Therefore, the most

relfable, way to estimate the torsfonal effect Is by means of
dynamic analysis.
2.3.8 Summary

In this chaptér. the .eccentricity concept is
extended . from single story structures to mulfistory

structures. It Is shown that the center of rigidity-at each

800 L AL %S Al T St Hr Cha
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K floor can be interpreted as the center oF the lateratl

resisting loads in the elements. The centers ‘of rigidity oFt

e multistory building will both be a. Function of the
stiffness distribution and Ieterel load- distribution of  the
building. With the rigidity centers located, the structural

eccentricities at the Floor levels are also defined.

A practical procedure is suggested to determine the

locations of the centbrs of rigidity for multistory
buildings. Despite the complexity oF the structural framing,

the suggested procedure involves only the ‘use oF standerd

Plane frame - pquram' and is a procedure well suited for

design offfice uee. Since an explicit statement is given in.

NBCCV‘ 1985 tnat the . seismic torsional "provisions are

_ egplicable to eccentric buildings with locations oF -centers

oF mass and centers of rigidity along vertical axes, the

procedure . Is an useful means‘to determine whether one can

... —.apply the codified toreionél provisions with conFidence.

The centers oF twist are a set oF convenient ‘points

. of reFerence in lateral load analysis of buildings.

Formulation of the lateral load problem with respect to the

centers oF twist will lead to an uncoupling of the equation

oF equilibrium. The uncoupled analysis procedure nas two
advantages over the conventional approach in soiving the

coupled 3N equations of equilibrium. First, by separating

~the lateral effect from the torsional effect, it provides

IR
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‘better 1nsight into the structural behaviour of the bullding

under eccehtric lateral. loads. N Thls AIS‘ partlcularly ;

valuable during the desfgn phase oF the building. Second,

. the proposed procedure Is a _more efficlent way to obtatn

numerically the solutlon to the-problem.7 A factor of two in

_saving of computatlon time resulted for the 32 story

‘ buflding example used. The saving increases with !ncrease .

of the number of stories in a building. In view oF these‘

‘advantages. it is helleved that the ‘proposed scheme is a

vfable procedure to be incorporated In all the standard
three—dimensional structural analysis programs.

The conditions under whfch the oenters of rigfdfty
and centers of twist will be load distribution independent
are determined. It shows that For multlstory buildings with_

pProportional Fram{ng. not only the centers of rfgidity and

.centere of ty]st are load.dlstributfon independent, but the

two centers are corncidentland also lie on a vertical axis,
For this class of multistory bulldings, the locations of the

centers of rigidity can be determined'on a per Floor basis, .

. treating each floor as a singie story building.

The qenters'oF rigidity, centers of stiffness, shear
ctenters. end centers of twist are in generatl dfFrerent sets
of points for muitistory bufidings. = Bufidings with

proporticnal Framing is one special class of structures that
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all four centers will represent the same set oF points for

_such buildings.; 15 W

By means of exampies. the iocations of" the centers

'oF rigidity and the abiiity of .the codified torsionai

procedure to estimate the. interstory shear envelope in three
eccentric buildings are presented.‘\ It is shown that . for
buildings with centers oF rigidity iocated along a vertical
axis,d the code procedures provide a good estimate of' the

torsional shear distribution. For buildings with centers of

rigidity scattered From a vertical axis, the code'procedureS'

may or'.may not provide a good estimate.oF the torsional.
effect. ‘ThereFore. cne should interpret that_the condition

of centers of rigidity located aiong a verticai axis-to'be a
/

o SUFFicient, but not 4 necessary condition For the NBCC 1985

torsional provisions to be applicable. Further, the second

example {Building B) showed: that™ even with a slight

deviation from proportional Framing, the rigidity -centers

showed wide scatterlng from a vertical axis. It would be
reasonable to expect such scattering will exist in most

buildings where non—proportionai-Framing is the rule rather

- than the exception. Therefore, requiring the rigidity

centers to be on a verticai'axis'méy not "be the best

criterion to determine whether code provisions for torsion

are applicable to a particular building.  When in doubt, the

evaluation of torsional effect is best done by means of
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- dynamic analysis.’

o ) . . .
plan dlmens:on of buildzng in the direction of
the computed eccentricity O .
structural eccentricity
design eccentricity at level n'

t .

structdral eccentricity in the x dfrect{on

]
-

structural eccentricity measured wfth respect to

. stiffness -center

[}

1]

portton of base shear to be concentrated at top
of structure

total resisting'Force(s} in.element i

.nEs:st1ng force(s) in element i due to - lateral

load effect -

resisting Force(e) in element i due to torsional
load effect’ :

identity vector and identity  matrix,
respectively

polar mass of inertia about mass center

element identifiers

overall, gilobal stiffness matrix of a structure
with respeht to the z reference axxs and twist

centers. respectively

stiffness and stiffness midtrix of element i,
respectively .

characteristic matrix for felements in the x
direction . - *
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[T]
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X

: design torsional momént?at 1é§el‘hff

‘Fioor levéﬁ‘identfffér

~

IFToor mass .

total number'oF'Floors'

‘load vector with respect to the reFerence z axxs v
.and twist centers. respectively—_.

S
applied lateral Ioad(s) 1n the x direction

applfed torduéﬁ@)._“f -

design bése shear

_design shear'ai.lével-n

work done by applied load5"

x coordinate position(s) 6F'élemeﬁ§ J

' x coordtnate . positions = of the centers. of

rigidity

x coordlnate p051tion(s) oF the applied loads

x coordiante posxtion of the center of rlgldlty
x coordinate position(s) oF the centers of twist
acceleratfbn and Qélocity ‘reléted zéne.
respectively S ‘

null_vector and null matrix, respéctively

proporfional'constants'

transformation matrix

transiational displacement(s) in the x direction

P P T
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xi

-\Lxs}.{a;

RS

= displacement of . element i due to

rooF slab

. %.(69}.--= rotational dtspIacement(s)
{ ‘ A

Co,

68

rotation of:

= global displacément vector with respéct to the z -

* reference axis and twist centers,

13
; —
>
*
N4

respectively .
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o]
!

m=73.424 X10%g
" 1p=3.0594 X 105kg* m

(a) Framing plan of Building A and B\)

@I @I = ® o -@:'O‘“ |

-,

m=73.424 X I0°kg
- Ip=3.0594 x 10%kg:m?

(b) F'rammg plan of: Bmldmg C-
, .
‘ Fig 2 2 Framing Plans of Building ‘A, B and C

. ’ : . C l :'v 2
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Tabie _2;1 DESIGN ECCENTRICITIES FROM SEISMIC CODES OF-
' DIFFERENT COUNTRIES . 4
Country Desfgh;éccentricity

Canada [3]!'3

Germany [6]]

Hexico,[Z?Jl

New Zealand [12]!

Turkey [21]

u.s.A. [3172

(SEAOC)

u.s.A. 17!
(ATC 3-06)

. =

i

= D.5e -

-l

= l.5le.+v0.IODn

‘= @ -

l1.5e + O.IODn

e + e, +_0'050n‘

O.DSDn

= e -.O.IOD

=_E

= e

+

0 (OD

0.050n

0;050n

D.OSDn

O.DSDn

O’PODn

= 1. Te- e’ /D + 0. IOD

oo

Wh—O

= structural eccentricity

eccentricity fagtor to allow for.

effect

= plan dimension of: Floor

Torsional shear on member based on
Negative torsional shear on member
to buildings with mass
failing on two vertical

Applicable

lines

[

sympathetic resonance

worse of two cases
neglected

and rigidity

centers



| Table 2.2 FLEXURAL AND SHEAR 'RIGIDITIES OF RESISTING.
: ~ ELEMENTS ‘IN BUILDING A,. B AND C
"Buliding Floor - Y Elements
1 2 3. 4 5 6
A 7/F-9/F 1261 2ED ¢ 2El  4E1  SE1  SEI
1/F-6/F 18EL 3EI  3EI  6El 7.SEl. 7.SEl
8  7/F-9/F 12E1 261l  ZE1  eEl  SEI  SEI
1/F-6/F - 18E1 3E1 ~ 3EI = 6El 7.SE1 7.5E1
C . . 1/F-9/F 2.4EI 2.4E GA . GA 16.2El 16.2E1
El = 6.4 x 10%8.m2 E
GA = 0.526 x 10°N:
i . s
g
I
\ .
LY
t4
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TABLE 2.3 ALGORITHMS: EMPLOYED IN THE COUPLED AND UNCOUPLED
ANALYSIS SCHEME ' o - . -

*

Coupled Scheme

Uncoupled Scheme

1. Solve the equillbrlum
equation :
K] ['O.J [K )| L ) (P} .
i 9. [y, KO3 11aX3 = dip™3
[Kgy ). [K3o] |t A LA

by elimination procedures

T. Invert [Kyd and (K, T
2. Form the pro u§ts ‘
[A] = w]_ 11 ‘&]
(8] = cK” KSR
3. Solve the equitibrium
equations A
(a)[K w1{8,3={P_} by’
inversfon maﬁing use
of [KTx _1 from 1.
(b)LK .1 }=(P_} by
nvgrsiﬁn maKing use .
- of [K_>3"}! from 1.
(c)ccxeef ik 1041~
1c81%%a
¥—£K Tlfﬂ }-
gTTﬁﬁnatton

P .. {a) Solution

Phase »ff

Coupled Scheme

Uncoupled Scheme

1. Determine member forces
3=l I (L8, 0-[Y] (8,1
- {FX }J—EK ]J({d }+TX] {6 1

AN

1. Locate theltwist centers e
{XT}= [Ae] l[Bj{A } )
(Yp)=-[81" ' (AT (8}

2.Determine member forces
{F } —[K ({a_ )~
<[¥1: £V (8D
F } —[K ]J({A 1+ 8
J —[x 1) (8g)).

(b) Solutfon Phase., , | ] -

P
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% CF PROPERTIES OF ELEMENTS IN. THE 8. 16 AND
Y

83

32 STORY UNIFORM WALL-FRAME BUILDING
Element ‘Type Rigidity
: ‘ e
{ 1,9 Wall E1=0,11433x10!2N.m?
2-6 Frame GA=0.54536x10SN
7.8 waill E1=0.41668x10! IN.m?
10,11 Wall E1=0.24696x10!ON.m2
7
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TABLE 2.5 COHPARISON.OF COMPUTATION TIME
. .
Structure  Scheme CPU seconds
M . :
: Solution Backsubstitution Total
Phase Phase
~— 8 story Coupled 0.200 0.021 0.221
Uncoupled 0.109 0.024 0.133
16 story Coupled 1.474 0.069 1.543
Uncoupled 0.695 0.094 0.789
‘32 story  Coupled = 11.599 0.259 '11.858
Uncoupled 5.147 ‘0.353 5.500
-
3
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CHAPquda/ﬁ\
LATERAL LOAD ANALYSIS OF - BUILDINGS WITH SETBACK

3.1 Introduction

By means of the eccenfricity concept, one can
fdentify the translational and torsfional 'resbonse . of
multisto;y build;ﬁgs under léteral loads. .. Each of the
tran#lational and- térsional response cémponent Acan Jbé

computed by matrix manipulation with the help'of computers.

However, such an approach is‘npt particulariy useful during

pPreiiminary design. Details in the configuration of the
lateral load resisting system may not be readily available
at this stage. For preliminary design purposes, it is

preFefable to have a hand calculation procedufe to get an
eétimate of the load distribution. in the different elements.
SucH an analysis will usually bé performed cn an ‘idealfzed
structural model of the building. The results are treated
as a first iteratfon In the design process.

[n highrise design, builidings can be classiﬁfgd, in
general, as regular and irregular structures. Regular
structures are defined as ﬁaving no vafiation in geometry of

the floor plan along its height. The lateral load

resisting system of the reguilar structures will be of the

85
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_same- type (f e. elther all Frames or all walls), If 'tte

resisting elements were not uanorm. the change ln rigidity
of each element needs to Follow the same rule of - varlatlon

along Its helght so that the Framlng Is proportional.

- T

Proportional Framing buildings have been defined in chapter .

2.' For such: bulldlngs. the dlstrlbutlon of lateral end

torsional loads among reststlng elements can be’ determined

‘on a floor by Floor besls. Such a dlstributfon pProcess can

~

easlly be carried out using hand cailculation procedures.

The floor by floor treatment of load distribution
can not be extended to lrregular- bufldings since the
resisting el:;ents no longer bear the same ratio of rigidity
along their helghts. Buildings with setback is a class of

irregular stnuctures in which both the floor area and

lateral .stlFFnesses are reduced at upper Ffloors. As a’

.

result, lt Is generally not amenable to be analysed by hand
calculatlon»procedures. However, (n this chapter, a hand
method fis presenteo toLanalyse the lateral load.distrlbutlon
©n  multistory buildings with setback occurrfnol‘ét . one
level. For bufldings with lateral reslsting'elements that
satlsfy the assumptions in the theory, the procedure 'wlll
lead to the exact solution.of the probtlem. It s shown by

example that even if the reStrlctlons imposed are not

satisfied exactly, the proposed Procedure can stil!l give an

useful estimation of the toad distribution among the
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reslstingreiements for desigh‘pdrp&ses. The proposed: method

- . .makes direct use of the eccentricity concept for multistory

buildings as discussed in chapter 2, and can be considered
as a nontrivial example . of using this concept on
asymmetrlcal multistory bulld!ng design.
| e e

3.2 Bulldings with Setback \; -

| Multistory bulldings are designed wlth setbacks . For
archltectural reasons or restrictions imposed by WOQaI by-
laws [z]. In its simplest form, a bullding with setback can
be . considered to be made up of two portions ~ s tower and a
base. The part bF the structure above the setback level is
identified as the tower and the part below as the base. To
provide a tapering effect along the height, a-building may
have \multiple setbacks, each starts at a different ‘level.
Depending on the location of the tower relative to the base,
one .can also classify setback structures- T:to structures
with symmetric setbacks and eccentric setbacks. |

Due to the sudden change In stiffness at theé

setback, the load distribution is often complex 1in the
ne i ghbourhood of the setback level.  When the ‘setback is
eccentrically located, further complication will arise due

to the torsional effect,

Before proceeding to eccentric setback structures,
“



88

It will be useFul to first understand the. behaviour oF‘
'symmetric setback structures. In the following sectton.-the‘
behaviour of symmetric -setback structures under lateral
loads - will first be studied by employing .the "displacement

ccmpatible load " concept [l1].

3.3 Bulldings with Symmetric Setback

. Consider a multisfory bﬁildfng with ‘uﬁfForm floor
hefght h and having a s}ngle setback along the X d]rectioﬁ
as shown in Fig. 3.]. | For ease of reference, the complete
bui]dlhg is divided into two parts, a highrise wing with N
stories and a total height of Nh, and a lowrise wing of n
storfes with ‘a height of nh. Lateral  loads - 2P,
(i=1,2,....N) éiong the Y direction are assumed to be acting
through the mass center of the floors. Making use of the
symmetric nature of the;problem, only one half of the
building needs be considered, ‘subJected to fateral loads Pi
as shown in Fig: 3.la. This hglF-buildfhg will bg referred
to as‘ the reduced structure in this section.  For
slmplicity. the lateral ‘load resisting elements are faken te
be flexural walls. Within the reduced structure there are a
total of B walls in the building spannfng the Y direction.
with b walls (b<B) fn the highrise wing. The walls are
numbered consecutively starting Frqm the teft inner wall of

the Hhighrise wing. Therefore, wall J (J=1,2,....,) are
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walls within- " the highrise wing while wall J
(J=b+1,b+2,....8) are wails Within the lowrise ‘wing. The
location of wall j relative to the YZ ptiank (teken\to be the
origin) Is denoted by coordinate Xy 1t s assumed ‘that
each wall Is unfform witH Flexurat rigidity (EI)J and floor
slabs act as.r[gfe diaphragms, -capablie of mobilizing the
lateral resistance of all the walls.
| Conceptually, one can view the highrise wing part of
wthe reduced structure 8s being equlvelent to a cantilever of
tength Nh and with bending rigfdity given by EI where Ef
isl the combfned rigidity of the walls within the highrise
-wing.. Similarly, Fhe lowrise wing portion can‘be-treeted as
anotﬁer cantilever of length nh and bendihg rigidity El
where E1"" s the combined rigidity of the walls within the
- lowrise wing. These twe cantilevers gare connected' at
reéular intervals of h up te the setback Ievel via tHe
diaphragm action of the floors. Since there will not be any
rotatiopal deformation of the*structure when subjected lto
the lateral loadings, the lateral deFlections in the Y
direction of these two cantilevers have to be equal at floor:
levels for each floor up to the setback level. The
conceptual model described is shown in Fig. 3.2,
The ‘complicafion in distributing the lateral loads

amang the two cantileveﬁs of unequal height is caused? by
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Toadings above the setback léve]i : IF there‘were no load

applied above the setback, the loadings at and below the.
setback can be distributed to the cantilevers In préporflon

to thefr relative stiffnesses. This way of load

proportioning ensures  that both the conditlons_ of

equilibrium and compatibility are satisfled at each floor

level. However, with applied 1oads exf:fed above the set-

back ievel, and being taken by the highrise cén£1lever,

additional deFle§£lons of the highrise cantilever af‘Floors

belgw " the  setback -level will occur. As ' a resuit.

proportioning the applied loads below the setback - level

according to the relative stiffnesses of the can Ilevérs'
would violate the compatibility requirement at.Floor levels

_below the sétbéck.

Based on this observation, the technique of
"displacement compatibie® loaQIngs {s used. For thfs
technique, . the appiied loadlngs.a}e divided into th parts.
+he first loadiné condition consists of the applied loads
above the setback: level plus a set of "diéplacement
compatible” loads (PL); acting at and below the setback
level on the highrise cantilever and no loading on the
lowrise cantilever. set of " displacement compatible
loads, or compatible éds for short, 1{s such that it wilil
produce deflectfoné whi will nullify the deflections at

and below the setback level caused by loadings on the

A
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highrise cantilever above the setback. As a result,

cbmpat!bility‘1conditlpns are maintained between the two
cantilevers undé; this part of loading. The secona Ioadlgg
condi?ion ‘con§ists of the dLFFeCénce 3? £he total loadings
and !loadfngs ‘of the Flrgt part.  This second; loading is
appliéd at and beiow the setback level ’ oﬁly. fﬁe
distriﬁution of this.part of loéd!ng can be carried out in

proportion to the relative stiffness of the  individual’

cantilever, Such dYstribution will again maintain the
compatibility conditions required between the. two
cénfileveréf- The "actual loads applied t9 .each of the
cantilever will be the Isum of the 1locad contributions

1

resulting from the first and second loading condition. This
-technlque is §éhématical!y i1lustrated in Fig. 3.3. |
. To establish the First.loading condition, consider
an Imaéinary‘ cut being médé'to separate the highrise and
lowrise cantilever. Above the setback le{el. the highrise
Eantileyer takes the entire agplied loads Pi (i>nm). These

loads will cause deflections A, at floor levels. The

deflections 4, (i¢n) at and below the setback level can -be
computed based on a‘caét}1ever‘oF tength nh and rigidity EI'
subjected to an end force S and an end moment M. The force
S and moment M are the base shear and overturning moment

respectively at the setback level caused by ' the applied
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10ads Pi {(i>n) on the tower portiog. These floor
deflections can therefore be¢ written as
. ' . . .
&=14,)g + (3,4 . (3.1)

where subscripts S and M denote quantities associatgd with

‘end force S and moment M respectively. '

‘ The set of compat}ble Ibads fs determined such. that
théy will  produce deflections equal but opposite to those
defined by ean.(3.1). Agplfcat!on of a force equals byt
opposite .to the shear force at the setback level  will
produce deFlectioqs that cancels (Ai)S' To obtain the
compj€lble loads which will cancel the deflections (4,), as
defifye In ean. (3.1), the.superposition principle can be

used. Qne can consider the load effect of a cantileQer

subjected to an end moment, M being the combined effect dF

two loading conditions. The first consists of a set of

loadings at floor levels and the end moment M. The set of
. S )

loadings at floor leveis are chosen such Ehat there will bew

no net deflection at these floor levels. The second

consists of loadings at' floor levels equal in magnitude but
opposite to thoge fleoor loads of the. first loading,

Illustrated .in Fig. 3.4. The first loading in Fig. 3.4 is
equivalent tq the case of a cantilederﬁ with intermediate
rigid supborts at Fegular intervals subjected to eﬁd momenf
M.  Therefore, the set of compatible loads that will cancel

the deFle;tions (Ai)H is equal to the reactions at these
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Supports. The reaction forces R; can be expressed as
M
Ry = = K, tien) o (3.2)

h.
“where ' K{ is a set of numerical coefficients ‘readily'
obtainable from structural anélysis. . The valués of Ki
depend on the height of the setback level abpve the Qround.
For a given setback height, K, decreases rapidly for floors
located remote ?rom the setback level. Tabler 3.1 shows
typicg! vé]ues of Ki' ?ar practicgl purposes, one can
fgnore the values of F(f for floors beyond three stories dan
from  the setback level. The displacement compatible loads

can then be written as
(Pc)I = —SEin+Ri ' o (ign) (3.3)

where 3 is the Kronecker delta.

in
Substractfng‘ the first part of loadings from the
lapplied loadings, the second part. of loadings is given by
P, ch)i. {(i¢<n). The second part of loadings can then be
tributed between thg two cantilevers according to their
stiffnesses 1n the region below the setback level. Thus,
the final distfibution of loadings on the highrise

cantilever F; is as follows:

Above the setback Ievel.'

»

1= P (i>n) (3.4)

At and below, the setback level,

t



Ll RIERL I i*rtﬁwﬁﬂ_fwrpmv‘ﬁmxwﬁwzww-‘x TR PSR e L e e

B e e e R e e rer
\

v

. .““ N “‘ -

f | , S | B oy 94
b . : £ o
CF.= (P ), + (P, - (PL) v (8.58)
e e T il .
* ‘ 1 ’ L3 | .
o — = [EI%P, + EI (Pl (i¢n)
(EI + EI ). . ‘
t ' The final loadings on the lawrise cantilever E;' {i¢n) are
equal-‘to the proportional loads due to the second loadfngl

conditfon.‘ Mathematically.

CEI
Fi= e [Py - (PO, {i¢n) (3.6)

P " + el

Once F; and F;“ are determined, th Ioadings on the

be obtained by | the proportional

Individual walls can
.th

f stiffness rule. The loading at the it floor on the Jj .
wall in the highrise wing is given by 1“\
’ (ET) - .
(Fy, = —dF CTeN) (3.7)
J°i £1 i

(J=1v2v--vb)

The loading on ihdividual walls in the lowrise wing is

F (i<n) (3.8)

(F.), e [
Jjii El | i

(d=b+1,...8)

3.4 Bulldings with Eccentric Setback N

The additional complications involved in eccentric

setback structures are twofold. First, it s necessary to

Perge <o s o e e
AN N
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establ Ish the torsicnal‘1cadings} based on the applied Icads
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3

and ‘the ecceﬁtricltfes -of the building ceused by the

— .
eccentric setback. . Second, it -is necessary to evaluate the
addltionar loadings on. the lndiv{dual elements. due  to the c

overall torsfonal eFFect. Therefore, there are three steps
involved 1in the determination of load distribution ameng

res{sting elements ‘in bulfidings.. with eccentric setback

subjected to Iateral loads. . These are: (1) evaluation of .

1oad distribution on elements due to the lateral loadfngs,
assuming nq r:\ftional deformation oF the building will take
placei (i?}= evaluation oF the torslonal loadings ‘on  the
etrdcture and flii) determination of the load distrfbutfon

~8
on diFFerent resisting elements under the torsional loads.

'The_ final loadings on each element will be the‘ combinatioh

of results from steps (i) and (1if).

‘Cons%der a N story bulldihg. with uniform filcor
height h having La single‘ecceﬁtrlc setback along the X
direction cnly. The building is subjected to lateral ioads
F’1 (i 7,/1,2.....N) along the Y direction. The 1oad
resultan; at each floor is assumed to be located at a
distance\(xp)f from the origin, as shown in Fig. 3.5. The
structurel configuration analysed is similar to that of the
reduced \ structure shown in Fig. 3.1a. The essential

difference 1is that torsional response is‘expected in the

vy TS e [y e et s e

Psn i e
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current en‘ely'ei 5.

Let the locatfon of the center of rigidity at. eech.

L)g.; Then. one can replace the

original applied lateral loads by an equivalent loeding.
' : ' . .

‘s,

] ccnsistfng of a set of lateral load resultants acting

through the center oF rlgidlty at each floor together with a

'set. of floor tonaUES—:y#%F?é.' 3.6). The magnitude oF-the
Floor.torques are given by - , e et as

— -

translatlonel loadings to the different wall elements can be

treeted using the procedure as suggested Fcr buildings w{th

-symmetr{c setback; as presented in the previcdﬁ section.

The ’ second . set of loadings will produce torsional
deFornations and are referred to as torsional Sloadings. As
defined in ‘eqn.{é.S). the torsionel loadings _cen be
determfned‘.!F the location of the cenier of ‘riglidfity (XL)i
atleach floor is known. It has been shown. In chapter 2 that
for .a multistory buildfng, the center of rigidity‘at each
Floor\lcan be fdentified as the load center at that floor.

Vv

In other worde. If the loadings on each resisting element at

~all floors are found based on the assumptinn that there .is

no rotation of the Floor slabs. then the c!hper dﬁ rigidity

o Ty o= Py D)y = (%141 . (3.9)
~The first set of ° toadings . produls . transtational
dispiacemente only ] and - will be referred to ‘as the
fransleticnal locadings. The distributfon of these
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at any ?Ioor can be obtained by dividing the First_moment of
the forces on the resisting elements by the total loading at
that floor. From eans.(3.7) and (3.8), the loading on wall

J at the ith Floor due to translational loadings is given by

(Fj)f' Then the location of the center of rigidity can be

.. found as follws:

————— — "

TTTRIDIITY el DD - ST T e e =

- e (X )y = 3 §)1X4/R, {(i>n) (3.10)
For the floors at d below the setback Teyel
! . . ) . B )
f ) (XL)i "'Ji(le’ixJ/Pi . {Ten) . (3.11)

Eqn.(3.9), together with eqns. (3.10) and (3.11) completely
define the torsfongT loadings, or fioor torques Tl'
The loadings on each resispfng eiement caused by the

applied torques can be found using a similar approach as

P

" for symmetric setback structures. Conceptually, the

building is again represented by the  highrise wing and

lowrise wing connected at floor leveis at and below \the
setback. The compatibility condition requires that both
wings Shéuld have.the same rotatibn at each of these fiocor
levels, To obtaln the ioad distribution, the torque
loaaings will be divided {nto two partsf The first leading
condition éonsists of thé applfed torqﬁes aboﬁe the setback

level, together with a set of "displacement compatible"
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ST

torques (T e acting at and- below the setback level on  the

highrise wing. No loading will be applied on the
wing In thls First loading conditlon. The-'"disp!aeement
compatible” torques. or compatlble torques for short, actlng-

on the hfghrise wing are. such that together with the applled

torques above the setback level, there wlll be no net

4

i ‘ rotation of floors at and_beiow the setback level. As a

S result, compatibility is maintalind under- the first torque
- . .

lbading cohdition; The seéond-torque Toading condition

‘ consists of the remaining torques and s given by Tt (Ted s
(i¢n). Compatibflity conditlon at floer levels can agaln be

.'maintained if the Forces on the
1 . -
distributed proportionally according to their

resisting elements _are

relative

torsional stiffnesses contributions to the overall torsional

stiffness of the entire structure (highrise and

e
~

lowr{se

wing) below the setback level. The division of torque

t | loadings into theee two parts is schematically illustrated

in Fig. 3.7.

To calculate the compatible torques (T )i' it is

necessary to evaluate the loadings on each resfsting.elemeﬁt

in the highrise wing, as caused by “torques ebove the

setback. Since the highrise wing (s a proportional framing

structure, an applied torgue T, will cause lateral forces to

be developed in the walls at level fonly. As a result, the

force acting on the Jth element in the highrise wing at the

towrise
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ith  fioor due to torgue T’ above the setback:  level can be

written as '

T{(EE) { (X =XT) o
(FHy = 4 — 4T T (3.12)
Iy <
. . .

In egn.(3.12), K; denotes the torsional rigidity of  the

highrise wing'and is given by
Kq= '?EI' 02 | 3.13
=1
X;‘denotes ,the .locatjoh~ of the centers of twist of the

highkrise wing. Being 3 structure with proportional framing,

\

+the centers of twist can be identified with the cenférs of

stiFFness} Thus

1

L] b b .
Xt =Ji§EI)jXJGigEI)j (3.14)
Therefoke. the loadings on glement J In the highrise
wing due to'thé applied torques Ti (i>n) will éonSist of
point loads (#3)1. (i=n+1.h+2...;N). These loadings will,

cause deflections of the element at and beiow the setback

level. These deflections can be written as

Si5 = (Byrg + (811 (ien)- {3.15)
where (Gij.)s gnd éij)m are deflections due to a force sj and
a moment ‘m‘j respectively applied at the setback levei on
element j.  Force j and moment m; are the shear force and

bénding moment at the setback level caused‘by the loadings
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ﬁ KF; Yy (i=n+1,n+2,...,N) -above the setback. Let (Féji ‘be

'the _set of compatible Ioads applied to the Jth wall so that

&> the net Floor deflections of the wall at and below the.
setback _level will be zero. The technique to obtain . such
loadings 13 similar to what has been described under section .

‘-3.3 in deating with buildings with symmetric setback. In

énalogous to éqn.(3.3). the set of compapible foads on wall

J can be written as:
(FCJ)i = —SJGIn + (r.j)i ‘(i‘n) (3.!6)
(j":lrzr--vb)
where Ein denotes the Kranecker delta and (rJ)' is "the set

of forces ineeded to nullify the deflection (8 e similar

to ean.(3.2), (ry); is given by - ' T~
T . | |
(ry = = : (i¢n) (3.17)
J ho
where K, is given in Table 3.1. .

These ‘'sets of compatible loads on the eléments in

the highrise wing produce no net resultant forces, but they

! produce a set of "compatible"‘torqdes (Tc)i,,as given by
_ . ‘ | |
(Tc)i =J§§F°J)ix5 (i<n) (3.18?
The first torque loading condit}on then conéists OF‘TP fi>n)
of the applied torque loadings above thé setback level! and
(Tc)i' (i<n), as given by eqn.(3.18)'on the highrise wing,.

with no loading on the lowrise wing. Since there is no
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_déFlection of any wall at floor levels at and below the

setback For both wings. there is no floor rotat!on for both
wings. ThereFore. the compatibiiity requ!rement fs ensured
for ﬁhls Part of loading.

_ The second pért of loading‘consists of the remainder
of. the. applied torques st énd below the setback level.

Mathematically, they can be expressed as Ti“‘Tc)f' (i¢n).

' The distributfon -of this part of ‘loading on the base

structure’ (the first n stories of the complete structure)
can be obtalned by proportioning according to contribution
of the torsional stiffness of each elgment_to the overall

torsfonal stiffness of the base stfuéture. Being a

structure with proportional framing, .the center of twist of -

the base structure can again be fdentified with the éenter

of stiffness of the base structure and is determined by

B B
X = :(E!) JETEL)
T J 3% JJ 1

(3.19)
S |

For ' a given appl{ed torque Ti (T.)y at the ith floor, the

loads on the resisting walls are given by
B M " . '.
LT =T TED) (X=X ). :
(Fyyy = —L—=ed SR | (i¢n)  (3.20)

Ko

‘J=l|2|- -|IB)
where K, is the total torsional rigidity of the base

structure. Mathematically, it fs aiven by

/.

{
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Ko -JiSEIJJ(xJ—gT) N . (3.2n
Therefore, the load dlstfibutlon to the walls within the

highrise wing is given by the following:
Above the setback level,

T{(ETY §(Xy-X7)
{3
KO
At and below the setback level,

(Fy = (1>n) (3.12)

‘(FJ)

MKy [Ty=(To) ICED) § (X i~X)
AL M 14 T Geny - (3.22)

h - Ké
For walls within the lowrise wing

i=—SJEin%

(J=142,...,b)

o DT =T T(ED) (X (=Xo) |
1y = e L3 T (eny (3.23)

Ko

(f

(J=b+1,...,8)

The total ioadinés on each jndivjdual wall will Be .
the summation_ of the C6ntr1butfon_From the translational
loadings and the torslonal-loadings. For walls f{n the
highrise wing, the loédings.are givén by (FJ)i + (f}
(F ‘

)y where "
i is given by eqn.(3.7) and A(F} ), is given by
eqns. (3,12} oé,(3.22).'~ For walls in the lowrise wing, the
total loadings are given by (FJ)i + (FE.)f where (Fj)y is |
gfven by eqn.(3.8) and (F]')i by eqn.(3.23).

" Two simplifying assumptions were made in the

development of the procedure to facilltate understanding.

First, the resfsting elements are assumed to be | uniform
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walls. But, In general, the procedure will apply- {f the

flexural rlgidities of the walls vary along the height of

‘the building ' provided that the rigidities of the walls _in

the highrise 'wing as a group ' remaln proportional and the
rigidities of the walls wfthfn tﬁe base structure also

£
remafn proportional.

-Recognizing the lateral behaviour of ﬁhe'Frames is
similar to that of a shear beam, the procedure.outlined is
also_applidable to setback bufldings with frames instead of

walls as lateral load resistihg elehents with the fﬁilowing

. ) |
.modifications. First, the flexural rigidity (El)j of the

resisting walls should be replaced by the equivalent shear

bBeam rigidity (GA) ;v [15]. Second, since the deflection of

‘a shear beam is not governed by bending, the quantities

(Ai)M and Cdij)m repéesenting deFIectfons caused by
overturning moments at the setback level do not exist. As a
result, to apply the procedure to setback-frame structures,

the quantities Ri and (rJ)i'as given in eqns.(3.3) and

«(3.16) shouid be taken to be zero.

As a second simpl{fying assUmpﬁion. the influence of
the resisting elements spanning Perpendicular to the load
direction is neglected in the formulation. These elements

will not provide resistance to the translational part of

‘1oadings and thereFore. their effects on buildimgs with
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symmetr%c _sefback can indeed be i{gnored. . However, ‘these
eélements wi!ll participate 1In resisting the tor%’bnal
loadings. Thelr effects

can be taken

including thelr contrlbutlons to the torslonal

the highrise wing K

0 »8s given

-~

in eqgn.(3.13),

torsfonal stiffness of the base structure K

eqn.(3.21).

3.5 Examples

Three examples will be presented to illustrate the
proposed procedure of

lateral

analysls of
" structures.

Each of the example bulldlngs (building D,
and F)

E
is a nlne story structure (N= 9) with a single setback
at the seventh floor (n= 7

An uniform floor height of 3 m
_is assumed (h=3).

To reduce the complexity of the problem.
shear walls

spanning the Y dlrectlon only are provided as
lateral toad resisting elements.

’Bulldlng -D is a eymmetric setback

structure .
framing layout as shown in Flg. 3.8.

with

Due to the symmetrical
nature of the problem. only one half of the building
The reduced sfructure (Fig.

of a total of four shear Qalls (B=4)
in

needs
be considered.

3.Sb) consists

ith two walls locateo

each of the two wings (b=2) Walls

within the

as given 1inh

'setback

lnto account by
stiffness of

and ‘the

base
structure are made uniform,

and for those extending intoc the
tower, the flexural

rigidity is reduced by one half as given
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"given in Table 3.4. and checked with those
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-1n Table 3.2. The loads acting on the redpced structhre.
along the axts of s&mmetry, consist of point IQags.gm)lzo kN

at floors 1 through 8 and a 60 kN load at the top.

Since the rigidity variation satisfies the
assumptlons of prOportionaI framing within the highrise wing
and also w!thln the base structure, as assumed in the

theory, - the proposed procedure will lead to an. exact

h

sblutfon of the problem. The ﬁirst set of loadings consists

of the applied iloads above the setback level tdgether with

the compatible loads at and below the setback. With .end

shear S befng 180 kN and end moment M being 720 _kN.m,~ the
compatible loads can readily be computed using egn.(3.3).

: N .
The second set of locadings will b% thq applied loadings at

loads. The
subdivision of the applied loads is sdmmarized in Table 3.3.
The distribution of the second set of loadings among the two

cantilevers is obtained by proportioning the loadings

according to their relative stiffnesses.

Knowing the forces on the two wings, Further
distribution oF the forces among elements W1thin each wing
“can be accomp! ished using the stiFFness pProportioning rule,

as given by eqns. (3.7) and (3.8). The computed results are

from matrix

\

analysis. The final load distribution in the elements are
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plotted in Fig. 3.9. In the figure, the :solid lines

L3

represent the load distribution if it is obtained by

proportioning according to wall stX(fngsses. _JThis ;impieﬁ

distribution rule leads to agreemént‘ with -the’ correct

results at regions above the setback and also at regions two

floors below the setback level. Underestimation of wall

loads occurred in-walfs tn the highrise Qtng at location one
floor below the setback. For walis in the iowffse wing,
underestimation of floor loads occurs at the setback level
up “to a.Féctof pF.two. This éXample indicates that the

effect of force concentration occurs . In the vicinity of the

setback.

St

To demonstrate the proposed method on eccentric

setback structures, Building E, a structure 1dent1cal‘to the

Fa ‘ :
.'reduced structure of Building D is adopted for fllustration

purposes. The wall properties are given in Table 3.2. The
same set of loadings, as acting on the reduced structure of
Building D, is applied along the Z axis which is now no
longer qﬁ_ axis of symmetry; ahd torsional réqunse is
expécted fn the present analysis. The total Idéd effect can
be expressed as a combination of the fransiétional and
torsional effects. The translational load effect and {ts
distr!bution hasébeen dealt Qith in the previous example on
symmetric sSetback strucfuré. To determine the torsional

load effect, ft is necessary to establish first the

*
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torsfonal loadings acting on_the building and ‘then the
distr!bution of torsfonal shears among the resisting walls.
To establish the torsional loadings, eqns. (3.10) and
3.11) afe used to locate the rigidity centers. With the
wall Ipadslgiven in Table 3.4, the rigidity centers at Floér
levels can be determined. The locus of the rigidity centers
is ﬁlotted in Fig. 3.10. The centers of stiffness, as
determinedg>based on treating each Floor as a single

story

lstructure. are represented by the solid lfnes in the same

figure. It can be seen that identiFyfng the rigidity
centers as stiFFness centers For multistory buildings can be

very much 1in error in buildings with eccentric setback.

This will {n turn;lead to larger errors in the estimation of

toréional_loadings,-particularly in the setback region. For

exampie; the torque at the setback level (Tth floor) is 9552

KN.m. - Hoﬁever. if. the "stiffness center" is considered as

the center of rigidity, the torque at the setback

level

will be 2667 kN.h, ;n underestimatlon_oF more than three
times the actual torgue in this example.

Using the compatible load concept, the total torgque

-loadlqgs are again segregated into two sets. The first sét

consists of torques applied to the structure above the

setback level +together with the compatible torques at and

below the setback. The‘second set will be the applied

EPRY Lok Bk A R b b v Vit b Rt Ol SLO L il

T
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. . : .
torques at and below the setback level less the compatible

A
torques,

As determined by eqn. (3. 9), the applned torques

. above the setback level are given as 960 kN.m.: The center'-

of twist fér the highrise wing, as given by ean.(3.14), 1is
found to be located at 8 m from the origin. Forces in walls

Il and 2 within the hlghrise wing due to torques above the

setback can be determined using ean.(3.12). At the ch

. ' v "
floor, we have (f])ga=(F,)g=24 kN. At the 8" floor, (Flig=

-(F 2) g=48KN. WIth s = -s,= 72 kN and my= ~h,= 288 kN, the

.compatible 1loads, as expressed by eqgn.(3.16) can be, found.

Typlcally._ the compatﬁ?le loads on walls 1 and 2 at the 7th

. Flecor are (Fcl)7=—(Fc2)7= 193.9 kN. The resultant

compatible torque at this level is given. by the mgpent of
the ~compatible loads aboug the reference axis aS/’glven by
egn.(3.18). Thus, the compatible torque €J£he 7th floor
becomes (To); = 3878 kN.m!  Compatible tarques at other

Flooﬁgkcan be calculated in a similar manner. The division

of torsicnal loadings on the structure is presented in Table

3.5. The first set of torques is to be resisted by walls in

the highrise wing whiie the second set is' resisted by
elements within the base structure. Forces on the resisting
walls due to the torsional Ioad effect is tabulated in Table
3.6. The total loadings on an element can be obtained by

combining the translational loads (Table 3.4) with the
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torsional . loads (Table 3.6). . The actual load distr{bution

In the edge walls are plotted in Fig. 3.9. The solfdl]ines

represeht shears con the 11, computed on a floor by Floon_.

 basis [19]: ~ Due to the irregularity at the setback leQel.!

the two methods produc very diFFerent results. In the case

of wall 4, the shear force is actually reduced at floor 6

v

while the floor by floor approach predicts. an fncrease. in

shear. .

In order to evaluate the practical{ty of the method
to apply to bufildings where fhe conditions of proportional
framing are not satisfied, anqther bufliding, Bqlfding F is

considered. Building F has the same framing as Building £

rexcept that the rigidity of walls 3 and 4 are reduced by 25%
. at floors 5, 6, and 7 (Fig. 3.8 .and Table 3. 2). The same

lcadings on Bu1ldfng E are applled to Building F. The load

distribution In Bullding F is calculated 1in 'two Qays.
First, it is calculated bywthe proposed methéd. neglecting
the 25% rigidity reduction in walis 3 and 4. Theuresults of
this E9mputation wf!i be identical to those shown for
building E. Second.- a three dimenslonél Frame analysis is
carried out, us{ng actual framing properties oF Building F.

The .results of both calculations are shown in Fig. 3.11.
The closeness of the results between the two calculatigns

indicate that the proposed hand calculation procedure is

. 109
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capabie oF estimating the load distribution among resisting \
eiements in buildings -with setback, even though the Framing

‘of the buiiding is not strictiy proportionai

3.6 Summary . - . e
‘A ‘method suitabie for preli%inary desfgn use is

presented to caicuiate the ioed distribution among resisting

. elements in buiidings with symmetric or eccentric setbeck

subjected to ieterai loads,
This- proposed method is a nan-trivial dpplication of
the concept of eccentricity to evaluste the force

distributton in irreguiar eccentric muitistory . buildings.

.One of the compiexitlﬁs in load distribution in structures
. with setback is due ‘to the abrupt change. in stiFFness at the

‘isetback level. To overcome this diFFicuity. the concept of

"dispieoement compatible” ioading is employed in the
proposed method. ' _ , : ot

Eor buildings with symmetric setback, the lateral .

‘Toading“ is divided tnto two loadings.: The first loading
_consists of applfed loadings acting on the,towar . structure -

: ~ -
‘together with a set of "displacement compatible” 1gdads

acting at.and below the setback; All such'loadings will be

resisted by the highrise wing alone. The 1dwrise wing has

zero loading on it and remains undeformdd. The second

loading will then consist of the applied loads at and below
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the setback less the "displacement compatible" loads. This
second set ‘of ]oadinoe ‘Will be nesisted. by the  base
structure.  The final responde can be obtafned by summing
the kresponees under each loading condition. ‘

For bufidings with eccentric setback, additional

computation. is necessary to takKe into account the torsional

effect. The Iateral logdings are first subdivided Into"‘“\\

{
translational component and a.torsional component, using the
concept of eccentricity as developed in chapter 2 }For

1rregular multistory Buildings. The distribution of the

‘_translational -component of laterat loadings can be- done

using the technique For buildings with symmetric setbeck.
To ‘establish the toreionaf‘component of lateral loadings,
the locations of the center of rigity of the building need

to be determined. The locatfons can be found convenienttly

based on the results from the translational component‘ locad

distribution. ' The distribution of torsional shears to

various elements can be done by using the same "displacement
compatible" 1cad concept again. The finat loadlngs on each

resisting element would then be the sum of loadings due to

~
3

the translational and the torsional componenmt. of lateral .

loads.

Three numerical examples had been worked out to

demonstrate the proposed method of analysis. ' Force

}/)
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concentration .is observed in the vicinity at and below the
setback level where special attention should be paid to the
‘design of such structures. For buildtngs with stiFFness
sariatfon_ which ‘satifies the basic assumptions. of  the

method, the procedure . leads to exact solution of .the

problem. For structures that do mot strictly obey the

assumptions, the procedure can still prov!de: reascnable

estimates'of the design loads.

4

The 2roposed method not. only can be used as a

practical tool for assessing the design loads on resisting

etements in a setback structure, it also provides some

insight Into the 1dad transfer mechanism invelved in such
structures. especially in the region where thHe setback
occurs and. complication of behabfour is expected.
R - o
3.7 Notations
‘B,b = number of resisting walls in the reduced
structure and in .the highrise wing,
respectively ’ ‘
» . .
EI..EI. = flexural rigidity of the highrise and lowrise
» cantilever, respectively
» e =,
F..Fi = translational loading acting on the highrise
1 and lowrise cantllever, respectiVer
(Fj)i = translational load on the itN floor of wall Jj
( cj)i = .compat1ble load associated with the torsional
load effect
{Fj)i = lateral loading acting on the highrise. and

lowrise walls respectively, as caused by the
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torsional load effect .

Floor.height
FfoorlidentiFier
wall identifier
reaction coefFicienf

torsional rigidity of the base structure and.
of the highrise wtng. respectivelyfﬁs\\

overturnfng moment acting ‘on the highrise

- cantilever and on wall j, respectively

number of floors in the highrise and lowrise

. wing, respectively

applied. lateral load . and compatible
translational load, respectively :
lateral load 'requifed to offset the oVerturing
effect ’

end shear caused by the translatlonal and
torsional load eFFect. respectively '

torque loading caused by the eccentric lateral
loads and compatible loads, respectively

x coordinate position of a wall element

x coordinate position of the rigidity center
and of the floor lecad resultant, respectively

x coordinate position of the twist center of
the base and highrise wing, respectively

2

floor deflection of the highrise cant1lever and
highrise wall, respectively

-Krdnecker Helta o .
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- Flg. 3.8 Example Bulldings (Building D, E and F)
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Level

Setback Level

n=2 Y

n=3

n=5

n36

=N ‘—11.217

n-1 " 1.69

n-2 - ~0.46 -0.43 -0.43 ~0.43
n-3 - 0 0.13 0.11 0.11
n—4 - ;) - - -0.04 -0.03
n~5 - - - - 0.01

PR PPV

[
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- _ TABLE 3.2 FLEXURAL RIGIDITIES OF RESISTING WALLS IN'
N > BUILDING D, E AND F. )
' 2!
e
Building - Floor Wall
L 2 3 4
\ . . . -
- D".E —. B/F~9/F ."1.5El . EI - -
f ! T 1/F-T/F 3 E1 2 EI- 2 €l . 2 El
I
F 8/F-9/F 1.5 EI ~  EI S-S
I . L
J 6/F-1/F 3-EI 2°EL . 1.5 El .5 EI
! . 1/F=5/F 3 EI 2 EI 2 El- 2 El -
'} ET= fiexural rigidity .
‘I” * reduced structure .
% ar +
i
i
i
|
‘0

P
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" TABLE 3.3 LATERAL LOADINGS ON REDUCED STRUCTURE OF
‘ 7 BUILDING D ' —--

|

© . Floor  tApplied Loads = ~ ~Set 1 +  Set 2

; . (kN) " ' Ny (KN) -

6 .- s - 0

® v

t20. . 120 ; 0

-

120 . -a8s” . 805
. T o

120 S 38" _ze7 - !

o]

5, 120 L 2
4 20 | 27" .7 a3
3. ﬁ ‘izo ; , | ‘0 K 120
2 Cco-ze - o 120 .

L 120 : 0 - 120

RN

diéplacement compatible loads . T

1 L]
.
.
. .
T—
.
iy
&
,
:
Ay
- ~
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TABLE 3.4 RESISTING FORCES IN ELEMENTS OF REDUCED | <
STRUCTURE OF BUILDING D (kN),
'\- - “.-
Floor Wall S o
1" 2~ 3 4
. (X 4=0) (Xj=20).  (X;=35)  .(X;=45)
9 - 36 24 ol - 0
8 72 48 0 0
7 -89 -59 134 134
6 143 95 ¢ -59 -59
.5 12 8 50 50
4 47 32 21 oz
3 38 25 28 28 h
2 41 27 . 26" 26
! 40 27 27 27

multiply numbers by 2 to give forces in.actual element
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y .- <& -
~ TABLE 3.5 TORSIONAL LOADINGS ON BUILDING E

Floor Applied Torques = Set 1 4 Set 2

AP ‘ (KN.m) (kN.m) T (kN.m)

9 | -a80 R
8 -960 . - 2960 0
7 7 _9585 . 378"  -13433
6 2821, - . . -3007" 5918
5 -4137 . L 828" - _406e
| e c I 220" . 2053
' o3 27192 - o ez
‘ 2 Cosze38 . o © . -2638

I  -2675. 0 - -2675

.displacement- compatible torques

' A
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TABLE 3.6 RESISTING FORCES IN ‘ELEMENTS OF BUILDING E
DUE TO TORSIONAL EFFECT (KN)

Floor

“Watl

1 2. 3 4

9 24 -24 0 )
8 48 -48 o 0
7 120 215 . ~120° 214
f‘s" 16 —;64 53 94
5 75 a9 ) ~44 -79
4 59 -8 ~18 - -33
3 63 725 ;45
2 62 "3 -24 ~42
1 62, 4 -24 -43




CHAPTER 4

STATIC AND DYNAMIC BEHAVIOUR OF
UNIFORM ECCENTRIC WALL- FRAME BUILDINGS
4.1 Introduction
Shea?ﬂ walls and moment resisting frames are the two
most - common types of structural systems used in mult1story

building design. Each can serve both as a gravity and a

Iaterai load resisting system.‘ Moment resnstfng Frames.

being more Flexible. can be designed to exhibit good ductlle

behaviour. while For shear walls, though berng IESS'.

ductile, ‘can prov1de the required stlFFness to a building.-'

"By the combined use of walls and frames, a better control of

.interstory‘drlFt can be achieved. ThereFore, dual systems

consist}né of a combfnation of séear walls and ?rameé have
become a viable structural system for buxlding de519n. Such
systems also had been recognlzed by the earthquake deszgn
provisions of NBCC 1985 as a desirable form of constructuon

The code allows lower earthquake design forces to be used

for buildings equ1pped with duai systems, provided that-

‘"The frames and ductile flexural walls shall resist <the

lateral force in accordance with their relative rigidities
consnderlng the interaction of the flexural walls and
frames...'", 3

. ul?

It js the inteription mechanism o

walls and frames

129
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whiéhrmakés the behaViour more éomplex-than build:ngs hav1ng
‘all Qalls. or all frames as lateral resisting elements.

- This chapter fs a study -of the behaviqur oF‘
eccentrtc. waIl-Frame buildings subject;d to . Iaterél loads
and | the applicability of the sefsmic-torsnonai, provisions‘

of NBCC 1985 to this type of bufldings. In studying the

behaviour of eccentric wailr#rame buildings. ;hbt"bnly the

 wall-frame interaction in lateral ' deformation, but also’

\

'walT—Framé interaction caused by torsional deFormaﬁion needs_

to  be taken into account. - To make the analysis tractable,
only qpiform wali—-frame buildings will be ‘considered.
Specific reference will be made to the class of wall-fiame

buildings_ with mass and rigidity centers 1lving on two

<

vertical lfines. Comparison of results will be made between
that predicted by the code_and results obtained from dynamic:

spectrum approach in assessing the accuracy of the code

provisions for this class of eccentric buildings.

4.2 System Parameter Identification

Before getting involve with the dynaﬁzc behav1our.
it is useFul to have an understand1ng of the behaviour of

such a system under static lateral loads.
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T The _ wal!—Frame jnteraction study is most
édnveniently carried out to base on -anérmatioﬁ‘ oF-:thel
Tndependent wall and Frame system behaviour. ThereFore, a
short summary of wall behav:our and Frame behaviour under

tateral 1oad1ngs will be presented. Rather than referring

to spéciFic buildings, a general approach to identify key

parameters that affect the overall behaviour will be taken.

A wall building “(Fig;' 4.1a) deforms mainly by
flexure and can convéniently be modelled as a ‘cantilever o

r‘ ’ ] beam. For a given distribution of lateral loading w(z), the
f 'governing‘ diFFerént{al equation of equilibrium can be
’ ’ N - .

| expressed as

. : : ) '

-i R EIiZ:w(z) ' (4.1a)

; Yaz? Lo : -

: wherg EIy is the.total Flexur;l rig{dity of the wall sYstem;

; ‘ On the other hand, momen£>resisting frames shbjected‘

o to lateral loadings (Fig. 4.lb) can 5e modelled as shear
| ‘beams. . For frames, deformation is caused dominantly by

shear actions. The cgrrespohding equilibrium equation can

be written as

iy ) - dzy : . ’
: . . GA —— = —w(zZ) ' . (4.1b)
ydz2 .

—

where GAy is the shear rigidity of the frame system. For a




given frame system. the shearﬂgggrdity GA can be evaluated.

Study For such evaluation can be Found in [15].

For QlVEﬂ_ boundary - conditions, the deflection -

response cen be obtained by solving eqn.i}.l ). The stress

resultants (1e. shears. moments) in the resistfng elements

can then be computed once the deFIection curve is deFined.

ey

i

'4.2.2 Stetic Laterat Behav:our _ of  Uniform Symmetric

WalI-Frame Buildings
For a dual system, the walls and frames will 'both
contribute resustance to the applied loads. with walls and

Frames d1str1buted 1n parallel and belng coupled by fFloor

-diaphragm actions, the equilibriuﬁ equat1on of a wall-frame .

.bulldfng (Fig. 4.1¢) can be written as [15]

d4y d2y o '
El — - GA — = wi{z) * o (4.2)
Yaz4 Yaz? ' : :

Under uniformly distfibuted load w(z) = w, the deflection

curve will.be given by
wH4 (uH}sinh(uH)+l z
y(z} = 7 ¢ (cosh(aH—)-1]
Ely(aH) bosh(uH) : ’ H '
) z 22 1 =z 2
~(aH)sinh(aH—) + (aH} [~ —=—(—) 1} - T (4.3)
H H 2 H
in which

al = J(GAy/EIy) H ' .(4.42
and H is the total height of the building.

tt can  be seen that the building response. is 4

?

-/
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function  of \the‘ non—dfmensional parametér aH. aH is a
measure  of the degree of Iateral wall-frame interaction.

Eqn.(4.3) is plotted in Flg. 4;23 for dfFFerent aH. Qéers.

‘For small values of nH a dominaht wall'system is :mplued

Large aH values 1nd1cate the exlstence of a dom1nant Frame
system. This can be observed in Fig. 4.2a where for . extreme
aH values. the deflection curves approach that of a wallx

building of‘a frame building.

For systems with moderate aH values, a significant

degree . of 'wal l-frame interaction exists. "ft can be seen

(Fig. 4.2a) that elastic curves of Buildings with

signiFicant wall-frame interaction Qilﬁ exhibit . ‘double
curvature characteristics.g' Such behaviour indicates that
wall behaviour dominates at the iower part of the bunld1ng

Frame behav10ur. on the other hand, controls_deFlections atr

the top part of the-buildingu The practical rahge of aH

Values is from 0 to & [15]. . A_system with aH va!ue of 5

can be considered to haye a strong degree of wall-frame

-

Knowing the equation of the elastic curve, the

stress resultants in individual resisting elements - can

readily be obtained. The lateral shear distribution in a

wall (Sb) or a frame (SF) is given by:

-

. ~ .

e
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L d~y
Sw(z) = EI —3 (4.5a)
- dz’ .
- SF(Z)U; =-GA — - ' . (4.5b)
} -dz .

The superscript "L" relates quantities associated with the

lateral load effect. EI .and GA ih eqn.(4}5) 1s'the‘Flexural

and . shear . rigidity 6F an ' individual Wall and frame

respectively{ The distribution of lateral_shears will thus .

also be a function of the Iinteraction pérgmeter aH. A plot

of eqn.(4.5) w{th uni form loading is éiQen Lin Fig.i“4.3a;

"Unlike wuniform wall bulldings or frame b@i]diﬁgs. shear

distribution in the resisting elements will no longer be of
thé,samé shape as éhé applied shears. Fér'dual systems-Qith
significant wa}l—Frame ‘interaction, shear revérsa%' Qill
oEcUr at the top o# the walls; A réverse' §hear' force
distribution on the wél1s are réquired to limit  the

interstofy 'driFt of the walls tQ values cohpatible to the

frames. Such reverse shear forces have to be provided by

the frame system. As a consequence, the frames have to
resist loadings in excess of the total app]ied loads on the
upper part of the buiiding. u
" In sSUmmary, the lateral behav%our of strongly
interacting wall-frame éystems,can be typified by:
(2) a double curvature elastic curve; and

(b} s?ear reversal in the walls.

=

¥
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Static Torsional Behav10ur oF UniForm Symmetr1c Wall—
_Frame Buildings

Torsional respenses result if the building
'"(Fig. 4.1c) is shbjectedr to torque . Joading TfZ).': The *

torsional moment equilfbrium equation‘cen.be written as

. @ 4 _ : - L
E : S a%e a2 , - - S .
o o T EI - GJ— = T(z) : L (4.6)
w 4 d24 ‘ . i P '

in which EIw and GJ are the tors:onal r1gldit1es oF the wall
. and Frame system respectfvely about the centers of twist of

the bu1ld|ng. OFten 1t is convenient to express the

torsional rigidity as a product of the lateral r1g1dity and

;the torsional radius of gyratfon of the system. - Nameiy:
- 2 o | S
EIw = Elyrw . } . N\ (4.7)
T _ 2 . - .
GJ = GAyrF o : {4.8)

; ‘ with rw and re being the torsional rad1us oF gyration of the o

wall and Frame system respectively about the centers of

twist, For a g1ven building with walls and Frames arranged

. _ in a. symmetrical manner, the centers oF twist and centers of

rlgidity c01ncide with the mass centers of the structure.

._Under uniform applled torque distribution T(z) = T;

the twist distribution is given .by:
.4

. TH™ 7 (BH)sinh(BH)+!
a({z) = {

z
7 [cosh(BH~)—-1]
EIW(BH) cosh({8H)} ' H .

z s 2" 1 2 ¢
- —=(BH)sinh(BH—) + (BH) [_ (=) 1}
T . H

(4.9)
2 H
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A

where- - S o

J (GJ/E.I w) H = &H (r,‘_-'/r'w) ' o (4.10).

The torslonal- response will be' a Function, oF‘ethe non-
;'dfmensipnal parameter BH whlch meesures the' degree ‘of
tprsTonaI"wall—Frame interactfon, Egn. (4.9) islplqtpediih'
Fﬁg, ‘4.2b"a1ongside the laperai deflection cerQes;‘ For
‘equal.qH and 8H vafues._ie. . | . _

TR =T ' ‘ N i
- the :iateral and tqrsibnal ‘response c&rves will K have'

identical shapes._ The parameter 8H has the 'same - effect

control!:ng the torsnonal behav:our as the parameter aH  in
controlding lateral . responses. namely- For extreme BgH
valeesy-a torsionally dominant wall or Frame system implles

Under' the torque loading, tors1onal shears ST and ST

W F
~will be induced in the wall and frame elements respectively.
; . d3e g .
Sw(z) = EI o . o (4.12a)
: dz . o
ds - _
‘SF(Z = —GA .x —— . ,(4.12b)
’ dz - ; -

- The- superscript "T"‘relates quantities assoc1ated w:th the

torsional Ioad effect. In-eqn, (4.12), "x" is the dtstance

of the element as measured from the centers of twist. -

¥

The torsional shear distribution is plotted'in Fig.

4‘3b_ alongside: the lateral shear distribution curves.,

a
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1

f;‘f_ B .:Tbnsional?-shear”%euersal'is elsb dbserved in the resisting

".wells.ﬁ*::As”; pointed _out. beFore. "'shear - reversal. Iis
) characteristic of wall~Freme "systems when “tfey Interact
together.. and in this instant; to resist the torsional

*.‘-loads.:

o ' For a building subjected to lateral and torsional

loadings. the total design sheers in a resisting ‘element.

3_"=~ \\\\given by . the sum of the lateral andltorsionel snears- "lhe

above studylindicates that, In generel. torsional shears.jn
" a wall are not alweyskadditive to the late) shears aloné!
its whole Hefght.u¥1t Is only when oH equaJETsH that ‘the two
shears will complement each other. Thus. the commonly held‘
view that "an. edge resisting element will be the element
most susceptéble to. torsional eFFect" is not neeessarily

true For wall—Frame buildings. In other words, it is no

‘longer suFFicient to study the\torSIOnal eFFect for an'€ddge

. element only in evaluating the torsional behaviour of

buiidings.

4.2.4 Static Behaviour of Uniform Eccentrlc Wall—ﬁrame
Buildings ) - ’

~

To Tistudy the behaviour of eccentric wall-frame
buildings under ‘statici lateral loads, .a monesymmetric
- building model will be used (Fig. 4.1d). The esuilibrium

equation under laterai.load w(Z) can be written as [28]:
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3 L El — "= GA,—= =~ aGA —— = w(z) . . - (4.13a)
. - Ygz2 . Ygz2 C }
da*e - d?y de o o _
El,— < -aGA GJ— = T(Z) = e w(z) (4.13b)
oz Yaz2 " dz2 _ L

Ma" . denotes the distance between the;rigidjty center C oF T

the .wall[ system and e rigidity center C. of the frame
system.. For uniForm buildings. the'rigidfty center of the
wall system corresponds to the center of st1FFness oF the
//gelLs Slmilarly. the rigidity center oF the frame system

4”_.can be lidentified as the center.oF stiffness of the frames.
//(//’ . "e" is the distance between the applied ioad resultants and .-

‘the'rigidity'centerlc of thé-wa11¥system. : Ean. (4.13) is a

"9

pair, oF 'coUpled equations reFerring t@ the. wall center as

origfn. ‘The First equation governs the latera]iequ111brium

Ml . Ki
whule the second- equatlon governs the torsionel eqﬁilibrium_

*

of * the bullding. Due to the Jnteract1on~oF‘thefwalls and .

‘frames, - the twist'centersbyfll not be on a vertacel lfne.

L N

eQen‘ for uniform burldings., ‘Thus it will be leF{cult tok.
x‘*\;;Ret use oF the transFormation with the thSt centers -as
points oFireFerence (as discussed in chapter 2) to uncouple
the differential equatlons oF equ1llbr1um.
Solution to eqn.(4.13) " can be achieved through .

decoupling of the equilibrium equetionS‘ by elgenvalue

technique [28]. However, such a decoupllng process does not

fremm i e
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Physically ~generate a translational and a torsional load‘

component;. Instead. ‘the uncoupled equilibrium equations

have to be- interpreted as two Independent planar ‘wall-Frame

systems subJected to prescribed loadings. Such a decoupling

~approach is an useful means of obtaining the solution. but
It does not a]qu “itself readfly ‘to useful Physical

'interpretation,

4.2.5. Special Ciass'oF Uniform chosymmetric Wall-Frame
’ Buildings ' '

L

It can be seen that the parameter "a"'in €qn. (4.13) ’

s associated with the coupiing terms. Uniform wall—Frame

buildlngs with arrangement oF resisting elements such that

,“a being Zero represent a special class oF wall-frame ‘

structures For the Following reasons. ~——

T o) ‘The' equilibrium ean.(4.13)  wil] become:'
uncoupled. As a result, .solution to the problem will be.
simpler in the mathematical sense. The Iateral and

torsional 'response can, be separately identiFied and. then
combined to" give the total response.

- (i1) The origin of reference (ie. the wall center)
eill become the rigidity center (and aiso the twist center)
of the building (Fig. 4.1e). The building in this case can
be treated as.havingltwo. proportional framing systems"

sharing a commeon center of rigidity.
s
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(111)* As a dlréct lmpllcatfon From (i;), “the

_buildlng wlll have rigidity centers and mass centers Falllng

on two vertical llnes.\ ThereFore, the seismic tor31onal

provlsfons QF NBCC 1985 should be appllcable to thlS SDEClal
class of wall-Frame buildlngs ." ,_' -

In view oF the above observatlons,n_it is décideo'to

~carry out a ldetall. ‘study of | thls classj oFilwall—frame .

buildings in this tnésls.

. The resultlng uncoupled equatlon of equlllbrlum w1ll.

-~ . N

adopt the Following Form- -u . . o e
ady " d? ( o I : ' kd é)
— - GA ——= = w(Z)} o ST .
E[de4 Yaz? e |
d49 . dze_ T C . ) :
'EIN__Z‘- GJ——§.=_e_w(z) : i ) - (5.6)

~ Alternately, the two equations can be written in'a form with

'non—dlménslonal parameﬁens as : .
ddy () dly  w(z) LT
- - = S ' . (4.2a)
az®  HZ az? E1,, ‘ ‘ :
.d4(rwe) Sgry2 dz(rwal e w(z)
4 Tz . 2 - T (4.6a) -
dz ; H B da ; fw‘ Ely |
where _ - : ' o L
ry = J(E:w/EIy) | | I T (4.3a)

w will be thé-torsional radius oF gyratlon of the wall
system - about the centers of tw15t ‘ The leFerent system

parameters associated' with.a monosymmetrlc -uniform walil-
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associated with the applied load w(z).-

Frame buildlng of thlS class ,are; : .aH, BH and ‘é{;w.

o D Lo -"A.'-. g L4l

Physically,, one: can Lnterpret these parameters ' in ﬁthE:t

Following manner; . .*_‘._ l v ©
‘ aH IS the lateral lnteraction parameter,.
BH is the torsional |nteraction parameter; and B
T E/rw is the non—dlmenSIOnal eccentr|c1ty of the system

The two uncoupled " .differential ‘equatﬁons . of

-

equllibrlum. ‘as.:given by eqns.(4.2)-and (4'6).3 are of the.

e .

same Form as that oF a symmetr:c wall—Frame butldlng under
I

-~

lateral and torque loadings respect:vely. Thus thevsolution

for. the static responses of the structure_ under eccentric

‘«

lateral 1 ocads will be equal to the. comblned Ilateral and
torslonal‘ responses of an equivalent symmetric -wall-Fframe
bulldlng.‘

-

4.3 Dynamic Analysis of a Special Class of  Uniform
) ‘ Monosymmetr1c Nall—Frame Bu1ld|ngs (a=0, aH=BH) .-

pot To. evalute the adequacy oF the torsnonal .code

provislions on, thel class oF wall—Frame structures with

coincident wall and Frame; centers. the. modalf spectrum
technique is used as a base' for ‘comparlson. CIn thls
'apprqach.‘one has to know the dynamic characterlstics of the
building. = In. static analysis,  the rigidity center lsl a

convenient point of reference from a mathematical point of

S
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view. HoweQer. in dynamic analysis. the mass center wnll bev

a more appropriate pofnt oF reFerence For 1nterpret|ng the U

results.. Unlike the rfgidlty center. the mass center is not

sensitive to- changes on the structural system -conFiguratron

and LsJ more readi]y,determined.;‘ In view‘ioFf'thisv ,the;

N

mathematical FormulationidoF the dynamic problem 'wjiﬁ- be

conducted with reference tc the mass centers oﬁ - the .

butlding.. which are assumed to Iine up along a vertical

axis.

The equation of freé vibration for such a building =

fs given by [13,18]:

m - o] |¥ " k. -ek Y 0 :
ol 31+ YooY = (4.14)
0 mp 8 aeky‘ ke (] 0] '
_yh which

Y(z,t) is the lateral response function of tne‘building at

" the mass centers;

6(z,t) is the torsional response function of the building;

p fs'the mass radius of. gyration about the mass centers;

‘ky is  the 'sfiFFness operator portraying the“'blaterar

stiffness of the reststing'system; and
J&Lﬂjs the stiffness operator portrayiné the tcrsional
stiffness of the‘resisting‘system.

With the‘ parameter "a'" equals zeroc,. the stianess

parameters can be expressed as

142'




e e e e e e .

U\ S

solution. The‘boundary_condltlons for a wali-
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k. = E1.D% - GA DZ L S (4.:5)
ko = (EI, + EI ez)D - (Gu + GA_e?)D? :
_ 2 A 2, 2.2 : A
= EIy(r-w + e.)D ‘ GAy (rF_\+ e”)D . (4.186)

In eans. (4.15) ami (4.16), D is the aifferential operator

with respect to.z.‘-"Dn beihg defined as a“ / az". Due te

. the ’ineFtial load eFFect‘in thfs case, - the equation of

motion wLPI be coupled. even For this special class of wall-

' Framedbg1ldings{ ‘Lettingl

Yl ol | : | -
= {Yd sinot = (¢)simet . - T (4T
8 % . - -

where a being the circular fregquency and Substitution':oF

edn. (4.17) into eqn. (4.14)  leads +to the efgenvaiue

_probtem:

2 - _
ky e m eky ¢y B 0 -
2 2| - = . o (4.18)
—eky ke—m.mp ! ¢B ‘ p .

The normal procedure for. obtaining the Frequencues and mode

shapes will be as Fo]lows.

(i) Eqgn. (4.18) represents a coupled homogeneous

system. Solution to the homogeneous system is termed the

homogeneous - solution., . [t will contain a number of ~

integration constants and also the frequency of vibration
W
(ii) The integration constants can be determined by

incorporating the boundary conditions into the homogeneous

framE'building
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At the base :— the geometric boundary conditions 'require

zZero deFormatibn (deFlection; rotation, 'twisting and

warping) at the base, thus

(43 = m' =0y .. . (4. 19a)

At 'tne top .- the stress boundary cond1t1on5 requnre zZero

stress ,resultang (moment. shear, bimoment and. tprsional

moment) at the top, thus

(437 = (o) e (4.198)
e1, —eEr, | | GA,,  -eGA, o

Y e - Y Y ey (o) (41909

0 .Elw " 0 GJ . . .

(fii) For non—triviaﬁ solutlon of, the 1ntegration
constants, a srngle character:stlc equatlon with unknown )

.can be obtained From the homogeneous solutlon. - Solving the

~character|st1c equation will vyield the Frequencies of

vibration of the diFFerent modes.

(iv) Backsubstitute the frequency of vibration into
the homocgeneods solution will yield the mode shape of the

particulér mode.

. - \. .
It can be seen that close form soiution to the
eigenvalue problem using the conmtinuous approach is very

compiex and cannbt be obtained in general analytical |, form.

However, .the,dynamic characteristics of a particutar, class

of wall-frame buiidings, namepy. buildings with aH eguals
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BH. can be obtalned expl1c1tly .A detail development of-the

below.
4.3.1 Natural Frequenciés'and;node Shébés

The special classs of wa]l—Frame buildings referred

to in this section will be theose uniForm monosymmetric wall~

\theory for this~special class of buildings will be ‘given'

frame buildings with coincident wall and Frame stiffness:

centers (a=0)” and edual degrees oF lateral and torsional

waIl—Frame 1nteract1on (aH. = BH).

The efgenvalue prob]em for this class of wa]l—Frame

.

L2 . - }
(kg = 0g°mp%) 4o = | N (4.22a)

k ~u“m ° é | - 0 : v c ‘
Vo= ‘ o (4.18)
_eky_ ¢e . 0 . ‘ ' ) r
Defining fhe‘assoclated uncoupled translational system as
2.y . : - '
. . - (4.
(ky @y m) ¢y 0 . E o . o (4.20a)
or
a4 2 2 ‘ :
- GA - m = : : 4,

‘ (EIyD. T yD uy } fy . D.A | | . (4.20b)
. will be. the natural Frequenéy_ of vibration of  the
transtational systeh,‘ The mode shape *y is ncrmqlizéd such -
that

A, . - .

fLmoy dz = 1 ' : _ ‘ (a4.21)

o -7 _
Slmllarly, the - assoc:ated uncoupled torsional system will be
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AN
or =~

(€1, (ry2+e®)0% - GA_(r 24?202 - u Zmp?1y, = 0 (4.220)

“9 will_ be the natural: Frequency of vibration of the

- torsional system. The mode shape *9 is normal1zed such that

H : : : - L -
f mp vg© dz =1 (4.23)
0 - . :

© When aH equals BH,‘theh : ‘.' *

'rw = rF‘=,r- . ; o “'i . (4.11) .
2, 2 4 2,0 2 2. o
[{r™+e™) (El D GA D )—\mbemp ]"’e =0 (4.22¢)
The dynamic characteristics of the uncoupled systems
can 'bq\ expressed as a function of the system parameters.

The translatfqnal' Uncoupled system is repﬁesented by the

e
equation '
(aH) m o ‘ '
(04 - ——=p? -y 22 b, o . _ (4.20c)
C w2y El, ' -

The homogeneous solution to eqn. (4.20c) as given in [15] is

—-— 3 » H i
¢¥(z) = Clcosklz+C251nAlz+C3coshA22+04$:nhA z (4.24)

2 .
in which ' . : I ' .
2 // a? 2 2 aZ . .
M7= ) + s, -] - — : (4.25)
. 2 El 2
. Y
and
2,5 = 3%+ o |  (4.26)
Substituting the boundary conditions ;::;, ;
/ * 1



‘at the base :'

: yy(q) =0,

| ‘?y {0y =0
at the top : :
vOO(H) =0

res’ - 2 , --'_ - :
*y (H) a v (H) = 0

into egn.(4.24) gives the‘governing.characteristic equation .
2,2 ' S

A!-- . ,xz A
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(4.27)

(4.28)

(4.29)

(4.30)

| 2 . S U A
2+ ( 5 + —7?)cosALHcoshA2H+(—— ——)srnA?H51nh12H—U (4731)

A A

3 1 o Moo
The solution to eqgn.(4.31) Fdr-obtaini:g/fhe

be obtained by trial and error For given

- R - -

Backsubstituting the efgenva!ue my|

correspending

of the

eqn.(4.24) gives - the

eqgn.(4.21) vieids ¢

T e e e A

torsional system.

1 .
5 o _(oHy? 2 2 m o '
{ (D" - > D - vy T —E——E] Vg = 0 (4.22d)
! H EI_ rc+e '
‘ . b4
¥e(2). = Clcosq]z+czsinnlz+C3co§hnzz+C4§inhnzz (4.32)
3 ‘
in which
\ / o2 2 , om o2 o2
LT R G N o T S 1 - — (4.33)
\ 2 El T +e 2
and
n,° = m 2 + o2 (4.34)

Normalization with respect to the ‘massr

eigenvalues can

value of aH.
itq mode into

mode shape.
-

according to

Similar treatments can be appl1ed to the uncoup!ed

R

i
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The correspondlng boundary condit1ons are‘:.

rag”

¥ (0) = v (0) = 0 - S S a.3s)
4ot (H) = 37" " (H) - a \Pg’(H) =0 . (4.36)

The governing_characterlstic equationAisegiven by

2+ﬁ—~5 + ———)COSanCOShn2H+(—— - “*)sinan51nhn2H 0 (4.37)»-

The efgenValue'From solution of eqn. (4.37) is Qei”and the
normal1zed i*N mode shape will be Vg - '
The, translational'mcompqnent ¢ and the. tonsionali

component ¢, of- the coupled mode shape can be expressed in
9

nterms of the uncoupled counterparts ¢ and Vv, . respectively
A S .

as [13.18]. T i
s | - v, 0 {hu,| R -
i< v Y = [¥] (n}- T (4.38)
) 0 ¥gi|vg ' '

in.-which uy, and ng. being proportional constants. Eqn. (4.38)

holds >true” only when the modes oF the unc0upied system ‘wy

_and ¥g have the same shape Thls condltton 1s satlsfleo when

aH equals BH. N ‘ R

1
v

One can aseribe to this speciallclass of uniforn
wal l=frame bﬁﬁfoings the Follow1ng structural
characteristics: '
| (i) A single torsional stVFFness;radius‘oF oyrafion
"ri can be defined Fof both the wall and frame system.

(ii) Defining 0 as the uncoupled forsidnal to
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‘By substituting'the uncoupled First»mode Frequencies'm

-

- Ay :5’.:’.“_'.!'[?“-.!;'1\?. bR S LA by oo

il

lateral Frequency ratio ue/m . this ratio can be-, expressed ..
readlly inl terms oF the other‘ system* .parameters. .;Usingx‘;'

"egns. (4.20¢c) and (4. 22d) yleld 3

Q = me/u = jﬁ(r + e )/D ] _.‘ o B g (4,39)

(i11) The corresponding uncoupled mode shapes will.

.,
n

also bear simple ratfo to one another, ie. .

-

. _ . . . ‘ ) 8 Co
Vo= PNy o s (4 a0)

Substitut1qg eqn. (4 38) into eqn (4 18). premult1ply1ng by ‘:

[¢] and integrating over the domaln Zz from zero “to . H ylelds

2.2 _" ol
By T o My 0
2z, . .
-emy /o ¥y 0 3 - .

vl
gy into ean.(d.41), the Frequency of the F1rst two modes. w
é”d‘“z of the COUpled system can be solved for.
) . o o 2 ‘ o
eyt e o [ 140 f’QfI‘ﬂ,lntgiE/p) 1 (4.42)
, 2 ‘ | : N L. ’ .

Eqn.{4.42) imoiies,that u,y £ uy e The response mod sjoF the}-u

coupled  system will thus exist in pairs. The yibretion

Frequency will be a function of -the \two‘ non-dimensional

parameters @ and e/p.

“ 4
v

. ' To conduct  Ffurther . studies, it is .useful to

estaolfsh the prectica) ranges for the paraﬁetérs Q and e/p.

It is unlikely that buildings be designed with lateral and

torsional stiffnesses drastically different.  For most

2 2 =i L (4.l
andx

L

e
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5 bufldings, Q assumes‘valueeafh‘the‘practical,range-‘?com' i
1 0.8 to 1.25. . . v S ) O
E‘ Foh.thé paraméter-e/b, con51der the Floor plan oF a

- ',‘.* o rectanguiar ‘building (?19;4 4 4) hav:ng characterist1c

dimenéion Dd;. " The polar mass.. radius oF gyratlon about the

SV ‘_'e': mass center is’ related to Dd as Follows. »' S .

o2 o 2nz o T e
DeFininé the aspect ratlo'oF the building as . '

"R=1D_sB R o c ST e

'fh which D 115 the plan dimension of the butldlng in' the

-

dfrection of the computed eccentricity, then.the Following“

relation holds . . . -13':, ~;:'

\ N -

e e [P~ e
- = ¥ 5) ' ' B . . (4.45)

- ‘Dn : 1+R

-'Eqn.(4;45)‘1s p!ctted in Fig. 4.5. For e/D values rangrng

from 0 to 2.5 wi]1 correSpond to buﬁldfngs with small tof

-

Iarge eccentrlcity. Thus From Fig._4 5 the ‘practical range

. of e/p can be. taken from 0 to 1. 0

T e e~

;\ ' o l'f The .Frequency- ratio Ly /u 'is‘ia.‘pacameter— of
particular signiF}cance,ﬂ StudieS'[36:37j'bad " shown. that
_when the Frequencies of ‘adjacent modes. are closed together
within..ésn. ‘. cross -modal HcoUprng \wifl“ oceur.> From

eqn (4. 42). the frequency ratio mZ/u is_given by

uy ‘ 1+9 +./[(1 -a%y +4(_e/p_) 21 o
e (4.46)
u) 2 [e%~(e/p)?] :
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A plot oF eqn (4 46) iS'given in Fig. 4 6._-The frequencies

of the First two modes are closed together when . é/u" is

about unity. This occurs whef. n is' close to unlty and when‘

: e/p is small Such’ observatIOn is consnstent with prevuous

FLndfngs. Nith larger eccentricity. the two Frequenc1es

- L . . oL ~
separate’ Further apart-reducing the effect of cross modal

uCéUb]ing..: o SRR PR .

. . e ’ - ; . ’ ’ |

Three- examples_ will be' presented to study the®

oy

" variation of v1bratlon ‘freguencies as a function’ of the

-

-paraﬁeters Q.and.e/p.‘ Three‘uniForh‘weli-Frame buildings

(Building G, Hréhdll)‘ace'csed;as example etructures. Each’
structure is a nine etory bufldfng wjth.uniForm floor height
oF'3 m. "The framing plans are shown i Fig. 4.7.  _There

will be two frames providihg lateral resistance in the 'xf

direction. In the vy dfrection, two waILs ‘and wéﬁFrames are’

used .as resisting elements. The rtgidtties of t

.elements in each building are ‘listed in Table 4.1.

The aH

and 8H values of_all three buf]dings ere-ccth equall to 5.

:fﬁus strong degree ‘oF wall-frame ihteracciq ’ both
tranSlacicnally . and ~torsionally,_’ is expected; ‘ The -

fundamentaf _per{od of vibration of all buildings - is ‘O.S

seconds. The three builciﬁgs will have Identica]l ccup|ed’

moede shepes. the Ffrst six of which are shown in Ffig. .4.8.

1t can be seen that the. modes of vibration exist in

151

pairs.

- - L
S
s s et T i e -



.builbing., Due to the closeness in frequencies oF vibra

of adjacent modes, cross’ modai coupling is expected for tht

152

For the First mode, the‘ iateral component and the torsional

_ component will aiways be in phase uwith one another.

However, ‘For the second mode; the torsuonai component wril
be 180° out-of-phase with the Iaterd] component This will:
have . special si;nificance on the torsionak‘_behaviour of
buildings under seismic.loads.- A detail discussion in this
aspect wiil‘be‘presented at a later stage.. 4- ’d

The Frequencies and perfods of vibration are given
in Tabie 4.2. ~ Bui] ing G has an Q value of l 0 .and an e/p
va+ue oF 0.05. The ‘omputed uz/u ratio, .according to
egn (4.46)."is i. 05. ' As observed From Tabie 4.2, 'the same )

frequency ratio applies- to. other mode palrs- of

building. - Building H has the @ value_increased to 1.25 -
while e/p is maintanied at 0.05. The computed mz/u ratuo

s 1.26. Sti}e “the Frequency separation is more than 25%.

1

modal coupling wiii not be important in this case. For the

~

last structure. Buiiding I{ 2 is maintained at 1. 0 while the

*eccentricity is increased by 10 tlmes With e/p being equal_

' to 0.5. ‘The frequency’ ratio mzfal is computed to be. 1.73.

"Modal coupling again wiii not ° be limportant for ‘this

building. It can be seen that once ¢ is remote From unity

or the eccentric1ty is increased. th tpral Frequencies

will be far. apart. As a resuit. the eFF‘ct of cross modal

<
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o couplfng ‘will'not be‘signiFICent under'such circumstances .

Since cross modél COupling’isna' dynamlc phenomenon, most‘;

code provisions do not allow For such eFFect. . ThereFore.

Cthe recognftion when cross modal coupdrng is likeLy to be

swgniFicent is lmportant.l particularly when one tries to
compare results between code procedure and dynamlc analybxsh

The mode shapes oF the buildlng aFter normalnzatlon

can be expre%sed as:

© preresec L
'¢y, 3 (iyL'¢YL L ‘:' L B ‘ ‘(4.473)“-
*eJl | Mer Yerf - T ¢ - | o
\ L
- | | ) .

N L Yyz Y1 (a.470)
¢9I2 Yoz Va1 ‘ o

in which the number subscripf indicates the response  mode’

number. Defining

82

uy, = 0.5[1—n?+JE(1-9?)2+4(e/p)aj ; (4.48a)
Hgp = 0.5[I-QZ—J?<L-93)2+4(e/b)ZJ " (4.48b)
. then | »
- e/p :
by = ——— (4.49a)
L Mcesor g 2 .
Yo1 = 7*===£g====?f= : ‘ ' (4.45b)
[Cesp)? RLTTRR ‘ ‘ ‘ : .
o - R
— ! X e [
u = — (4.49¢c)
ya /[(E/p) +u 23
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“ez is T R o oo (4.a9d)

/t<e/pi g <

The same procedure can be repeated For obtaining the dynamic

. properties oF other higher pairs oF modes.

the development of the above analys:s. 'speciFic‘

v

reFerence is “made to uniForm walI—Frame bUildings. However.“

it must be emphasized that the’ resu]ts apply equaliy well to

.'proportionai Framing bu:idings. whether they are ali wail

_ buildings or ali Frame buildings.p

;fl\.

S A S -
The success oﬁ the.above analysis  relies .on- two

requirementS' . e | <.

(a) A“singie structurai'eccentricity "e““ can “be

deFined for the buiilding. For wali—Frame buiidlngs, this

is made possibie oniy when the wail centers coincide with

'the frame centers. Mathematlcaiiy, the parameter “a",equals

zZero.

_(b) A single torsionai stiffness radius of gyration

"r" can be defined for the ouiiding  For wali—Frame

buildings, this requirement. is satisfied when aH equais BH.

49°3.2 Seismic Forces Determination
KnOWing the dynamic characteristics of the building,
modal spectrum analysis \[29] can then be’ carried ' out to

determine the force resuitants on the building caused by the

different modes, The dynamic lateral forces on  uniform

bt e i



: (T ~and  T,) obtalned from the Flrst two modes of

L epectruﬁ (Fig. 4.9) are often used to

"stiff buildings.
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..symmetrlc wall Frame structures were presented in [53 When

an eccentrtc building is excited by ground shaktng," both -

*translational Forces and torques wi]l result ln each mode

The translational Forces-will act through the centers oF’

7ma"J of the hﬁilding._ﬁ The Forces (F and Fo) and torques

response -
'ﬂare given by L
' ‘ = 2.9 _ H - - L . -
'F! ='{?yl m Sa(ulf%%{¢yld2]¢y1- | (4.50
i Ho Lo e
) Tl.?-,_[puylualm‘ Sa(grl.'AE)"{)wyl‘dz]qa_y[ ' 0 (4.500)
F, = [u %m Sa(mz.EJN @zlv,, - (4.50¢)
- = - H : '
Tp = [euypug,m Sa(mz-E)I¢yldzJ¢y1 ] . (4.50d)
I%' eqn. (4,.50), " Sa is the spectral acceleratlon. it is a

Function of .the Frequency and damping E of the particular

mode. For simplicity, a flat or a -hyperbo}iC- design

represent the

earthquake input. The flat spectrum will be appropriate for

Hyperbolic spectrum, on the other hand, is
suitable for buildings with longer pericd. "Also, equal
damping for all modes will be assumed.

The total dynamic response of the building is

obtained by combinangrresponses of the contr:butlng

v

modes,



e

often in a square?koot—sum—equere (SRSS) manner. . S

L]

4.4 -Torsional-sheaﬁsvfrom Dynamic Analysis PefspeCtjve-s.Ju

The neture .of . the torsional problem as from. a.

dynamic analysis, point of vley is dfFFerent from .bulldjng

-code approaches. . For an eccentric structure, each.-mode in

dvnamic “analysie is a coupled mode hav:ng " both . a

'transleﬁlonal~and a torslonal response component (Fig. 4.8):

Thus' a SIngle mode response wlll glve rise to both lateral

v

forces (acting at the mass centers) and torque ioad1ngs, as

v

lrepresented by eqn. (4,50).

"Under most circumstances, a.coupled mode shows 'a

) preFerence of action'[32} It can elther be a mode with g

domlnant translatlonal component and w1th a small rotational -

. component, . or the response fs malnly rotational wlth minor

‘ translatfonal movement. The Formerltype of modal behav iour

wilt be denoted as lateral predominant. The action of such

a mode will give rise to. malnly lateral forces. The latter'

type of modal behaviour is denoted as torsional predomlnant.‘

‘with a m|nlmum amount of - lnduced lateral loadings.

Coupled modes can be labelled either as lateral or
torsional' predomlnant_ only if the cross' meodal coupling
effect is not severe. The condition that will lead to

severe cross modal coupling has been discussed in section

4.3.1. When the building has uncoupled lateral and torsicnal
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Frequencies being -close . to one another and when the

'vstructural eccentrioity ‘is smafl. crossu-modal coupl ing:
.effect can be expected L3éj{. when the»cross modal'coupling‘

eFFect is severe, the lateral and rotatlonal component of a'

response mode 'wil] be comparab]e in magnltude. As a
result. “a response mode can not be’ ident1Fied as being

lateral . or torsional predominant.  In this thesis,

~"°

; “ 7 _ \
_.discussfon is restricted to those buildings when the cross

‘e

modal coupling efFect is negligfble,

Further,‘ due to structural asymmetry. .tHe iateral

_Forces acting at the centers. oﬁ mass wnll jnduce additional

.

' torque loadings on the buildtng.‘ ThereFore. the total

-

the

torsional .eFFect tn dynamic analysis can be attr1bu to
m

two sources: (a) torque loadlngs arose fro

translatrona!~torsional coupling ‘of " a response mode,

referred to as “inertial torgues™ ih this thesis; and‘ (b)
staﬁic- equfvalent torque loadings arose from transFerrino
the‘ lateral forces from the centers oF mass to the centers
of rigidity of the build1og, reFerred to as'"torques due to

the eccentric lateral load effect" in thlS thesis.

‘The torque loading Induced cn the building by Ieach

mode is’ glven by a combznatlon of the 1nertial torques and

_torques due to the eccentric load effect. Depending on the

phasing of the tateral mode shape and the +torsional mode

K
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shape jﬁ a_cdﬁpled'mode. these two soﬁfces Qf torqqe'JoaQipg
g' S .+ may 'reinFofée' each othef. br'tend-to,éénEel_‘eaCh other., ‘

| Consider the first\tWQ}cduﬁled_modés showh‘in Fig. 4.8. ﬁqr_}”: \
the' first mode, the inertia{ torqgeé_ére in phase‘with fﬁé;'; B
‘torque loédiﬁgé- due to the eccentric Iéteral loadi eFFéct.'

lh oﬁher-wofds. the fwo torques wil!\bé~additive “resulting

. : & . B . ..
in Jlarger _torque values. Such modal behaviour will be

. N " ! \ N N " .. :
: denoted as an Tn-phase mode in this thesis. For the second
mode, however, the inertial torques will coqnteréct5 the

- torques due the écceﬁtrjc,!étera} load effect th;; ‘}educing
e ovéra}l.torpiénal effect.  This kind of moaay behaviour

o _N\wil1i be denoted as out-of-phase mode. . R
. | To. Facilltq£e ldiécussioh léter on, the resisting
elements on the same side as:the_mass-cenfefs, .as heasﬁred
from the centers of twist (or cenﬁers of rigidit&)i will be

identified as elements on the positive side in this thesis.

For these elements, an n-phase mode wili induce tors{onai‘

: shears ,which act in theasame direction as the tlateral

’ L “'shears; resu]ting in larger shear magnitudes in them. For

elementé on opposite side of the mass centers (6f glements
on the negative side), an in-phase modg.thUcés_‘torsional
shear's which counteract the lateral shears, resulting in a
lower shear value.on thé element. With an out-of-phase
model the reverse will be true. . The tbrsiona] shéars caused

by an out-oFfphase mode will reinforce the lateral ‘shears

.\
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In elements .on the negative side.nj'For elements on the

. Pt

positive side. the sheags_gre redgced
"~ Fimally, 1In dynamic analysis, the responses. from
different modes are-combined to give.the total respomse of
the bdiiding. However,lﬁmany ' studies had shown that For.
symmetric buildings of regular proportlon and medium'ﬁe:ght.
the: main contribution of lateral forces comes from the
Fundamentai mode. However. for eocengsic ouildings .oF
regular prOportion.' one has to incLude contributions from
E

the First pair of modes. Dependlng ‘on  the 'reiatlve'

torsional stiFFness to lateral stiffness of the buildnng, it

" is possibie for eccentric buildings to have a second mode
o rather than a First mode which is lateral predominan As a
'.:result, at lesst 'a second mode should be included in

' the determlnation of . total response for eccentric

Two situations arise when considering the response

- oF the first pair of modes. ]

" (a) Onme has the situation with mode | being lateral
predominant and mode 2 torsionai predominant. Being lateral
Predominant, the Ffirst mode is thevmajor contributor of
'lateral, shears to the resisting elements., - Further.. aiso
beingxan-in—phase mode; torsional shears from the first mode

will reinforce the lateral shears in the elements . on the

Y
I
:
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posﬂtfve side. ' Thus the First mode response governs the

behaviour of these elements. The second.mode response  is

\

less slgnificant For these e]ements since. this torsionéf

predominant mode is also an out- oF—phase mode., However, for

the elements on the negatave side. the second mode

contribution ..can be as . 51gniFieant as the -first mode

.beoaose torsional shears from the Firsf mode counteract

the lateral shears while tofsional shears from mode 2

reinforce the ‘lateral shears. Thus one can not identiFy

‘solely - mode - 1 . as the sfgniFicanf mode For checking the

torsional shears: in elements on the negative side.
'(b) One has the case In which the first mode is

torsional predominantﬁ'énd the second mode fis lateral

fpredomingﬁt. Since mode 2:15 now the major contfibutor of

lateral"shears. the first mode response .no Iongef - governs
the behaviour o?ke]ements on the positive side. IHowever. on
the other hand; the second mode, being an out—of—phase‘mode.
wiltl oot be a major contributor of total shears to these

elements either. Thus, both the first and the second mode

response will be' equally important for - elements on the
'posit%xe.side, Behaviour of elements on the negative side
will be governed mainly by the second modal contribution

since the total shears come from the second mode. They will

now be the elements most susceptible to the torsional

effect.

o 230 e g o i g

_—r
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Summarizing, complexity jnAshear force distribution °

fn different fesisttng elements of a structure based on
" .dynamic analysis can be attributed to (1) the existence of
lateral and torsional pFedomlnant modes; and (if) the

ex{stence of ‘{n-phase laferal predominant ' or out-gf—phaée

lateral predominant modes. Mode 1 of an eccentric structure

will falways bé an in-phase mode while_ﬁode 2 will be an
outfoF—phgse mode . ‘ For the sfituation when modé 1 is>:also
lateral 'predomfnant;‘ qpe behaviour of the efemeﬁts qnl the
positive side_.wf]l. be gerrﬁed‘by':thé FUndameﬁtql mode

response. For elements on the negatfve side, responses from

both mocde 1| and 2 afe important. For sftuations when mode 2

————— i

becomes lateral ﬁredomingnt.wthe critical eiements are those
on the negative side and their~ﬁehaviour_wijilbe géverned by.

. the response of the second mode. Reéponses of both mode 1
aﬁd 2 are impdrtanﬁ Forithé positlve'sidé elements in this
latter case.

Thg torsionél provisions of most se}émic codes can

B e

simulate the situgtion. when the seismié  forces fn the
structure. come from an in-phage lateral predominant mode.
This would be the case {f cross modal coupling effect is
small, end also the building’s'FpndamentaY mode 1s a lateral

predominant mode. In the situation when a bullding has g
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" lateral .pfédbminént second mode, the code provisions would

tend to overestimate the shear for. the elements on the
: b . ‘

positive side. The code failed to.identify the .elements on
the hegative side as .éritfcél' torsjoﬁafly ‘and .may 

‘ . i f
.underestimate the tosional effect on such elements.

4.5 Seismic - Loading Comparison :-H'BuiIQingr Code Appricach
) versus Dynamic Analysis : ' '

Due to the static nature of the code provisions, it

& -

Is only effective to represent the situation when the majoﬁ

contribution of ' sefsmic ﬁbadé to a building comes from a

lateral bredom{nant. mode with in-phase “torsional effect.
ThefeFore.' in comparison betweén dynamic-analysis and code

provisions, emphasis will be.placed on the assumption of the

\ .

presencé of a latera] predominant first mede. Mathemat ical

treatment in determining the behaviour of su¢h a lateral

L

-.predominant fundamental mode will be given below. To be

cohsistent with the spirit of the code, further restrictions

are . Imposed onto the class of structures to which the

'discussion is directed to. These re§triction$ are listed és

follows:* (i) The class of buildings will be . limited to
those midrise wall-frame buildfng§ to which .higher mode
éontﬁibutioﬁs; are not important. (ii) Fori midrise
buildings, ‘the natural period id ushally o;ér 0.5 second%

and a hyperbolic shape spectral curve will " be considered

‘appropriate- to use as earthquake spectral input. (iii)
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Elements on the positlve side oF the bullding are identiFled

by the code as most susceptible to the torslonal eFFect.

The design eccentricity equationt appropriate For these:'

elements is suggested by the code as

enal.s_e+olo' L (451)

In this theSls, €mphasis will be placed in evaluat1ng the

accuracy of. the above equation to obtaln the shears in these
elements.

. The cohdition under whlch a building will ‘have a

lateral predom1nant Fundamental mode can ‘be ' judged by

studying the lateral Force ratlo F /F This ratio wlll be

‘constant along the helght oF the building but will be a

function of the spectrum used. . For a hyperbol1c spectrum,

fe. Sa(w,£) o w, then
’ \

Fy ‘El-n2+2(e/p)'2-/[(1—92)2+4(e/§)21‘2 ‘ _

Fp - 7 ar9®-(e/e)1cesp)?

,Eqn.(4£52) is plotted in Fig. 4.10. - With the fundamental
mode berng Iateral predominant requires that the force ratlo'
F /F to be much larger than unity. The larger the ratlo

‘F1/F2 is, the high the degree of lateral predominancy of

mode one will be over the second made. From Fig. 4.10, a

~ (4.52)

T 183 -

lateral'bredominant Fundamental mode exists when Q is larger

than unlty and when e/p is small. Take the case of being

1. 25, the F 1/F» ratios corresponding to e/p values’ o 0.15,

0.3 and 0.6 are 9.6, 2.7 and 0.8 respectively. Th r a
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. of the second_‘mode will . be smaller ,xban

~effective range of e/p.

given value oF n.

bulldlng becomes more

torsionally unbalanced. . If the ,Ffrst mode ls:,lateraf

redomlnant. . then relatlvely speaklng.- m9de,,23 oan_ be

ldentified as torsional predomlnant.' "The lateral_

‘thet of ‘the
. G ' x A s
fundamental mode.. . -. ~ T

it may be assumed that a_ lateral predominant

n

Fundamental mode exlsts lF the Flrst mode glves rlse to at

least 90 % of the total combined two mode response;“ Then,:

mathematically. . for mode 1 to be lateral_ predominant, lt_

_requlre5~that<

Fi/Fp ' _ I
L : =3 0.9 o . (4.53)
VY FNZ 41 o | Lo T
, 178207 ¢ |
or explicitly. Fi/Fo heeds to be
4.10),

larger than 2.2 (Fig.
For a given 2 value (ﬂ > l). the range of e/p values
over which mode |

from Fig. 4.10,‘ For exa ple, with @ equais to 1.25, the

values‘. are determined to be
0 < e/p < 0.34. _ |

Two uanorm nine story wall-frame buildlngs havlng
different dynamic probettfes will be used for illustration.

The bufldlngs have an uniform floor height of 3 m. - The floor
plans of the two buildings (Building J and K) are shown

in

the degree of predomfnancy decreases with-'

: ;increasing Qé/p“ values. ) as‘ the

FESDODSEH

is latera predomlnant can be determlned"

64



:.Fig. '3 1. - Two rigid Frames provide iaterai resistance in '

the x direction. " In the y direction.. two walls and two

s:Frames are used as resisting elements. fThe‘ rigidity
- distribution oF the eiements are- summarized in Tabie 4,1.
The buildings haye equal and significant degrees .of Iateraif

.-'and torsional wali Frame interaction with ‘aH equais BH and.

N

- both take on a Vaiue oF 5. The Fundamentai period of
.vibration is chosen to be 0 6 seconds. Buiiding d has an
" uncoupled Frequency ratio oF 1.25 and an e/p value oF 0.15. .

Frequency ratio of Building K is reduced to 0.8 while'
the same eccentricity ratio oF 0.15 is maintained.

_ The Iaterai shear distribution, in the tNO buildings_

b

as. predicted by NBCC 1985 will be compared to that From

) dynamic analysis. " The two buiidings are. again assumed to be

located in Vancouver. Canada~with acceieration and velocity
related =zone . both being'4 in this case. For comparison
purposes. the base shear as determined by dynamic anaiysis

is normaiized with respect to the design static base shear

value. For dynamic analysis, the'response of the First five

.

‘modes are- combined .In a SRSS manner to give the totai

response., By comparing the response as predicted by the

code with the five mode combfﬂdd response, the accuracy of
the code procedure can be assessed. By comparing the two
mode and the five mode combined responses, the effect of

higher mode contributtons can be studied.

o a1 e Aoty e
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'apredomfnant F1rst mode while apnldlng K.h s, a lateral

Regarding . effect, . the total torque
loadjngs From each mode are given by, combining the inertial_

. torques and torques due to the eccentric “lateral 1oad
efFeét;,f For the.First.two.modes. the:fnertial torques are

‘shear

' distrlbution

_both bufldings.

‘K respectively.

'predomlnant second mode.

e Eressed by eqns.
. e entrief lateral JOQU eFFect are g1ven’by the

hthegﬁbe wrntten as.

C T les

.\ -

Shown in Flg. 4. 12 1s a: comparison oF the 1nterstory'

Force enve]opes' oF the ??two

based on NBCC 1985 provisrons, »two_,mode and

'FIVE ‘mode "dynamigc responses show very . Iittle d:FFerence For

Thus the code procedures are.’

providing good estfmates oF |nterstory shear

capable oF

Also, higher modal (modes\? through 5) contributions are not

Y

important For these two bufld ngs.

4

be 99. 5 % and 7 3 % oF the total response For Bu1ld1ng d and-

L= TN

-

tors:onai

(4.50b) and (4.50d). The torques due to

<

N 4
«

thé. lateral loads Fl and Fz and the structural eccentricity

g

, C

"év; whach is assum%E to be constant along the helght of the;‘

o 4 ,'ﬂ . .
buildlng. - The ’total torque loadlngs of. mode l“and 2 .ean

&

PR . ~
.. . . . "
. e A . "
. R *
s "
. e

&

bulldlngs ' The\

dlstribution.‘

(The‘ Iaterai reSponse of ‘mode '1 alone ds computed to‘

It is obvfous that Butldlng J has-a IateraL

produqt of

o B s g A

LonT TFie Tiefpey

o

-4
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Typ = F

11 . + Tz = Fy ego. o o (4.54b)

. The torun ratio TI/TII‘wiIP be_epe trum dependent;-

g : .‘using a nyperbolie shape-spectrum‘fnput. one:obtainsythat L
- ‘= TII Twoluimplications‘roan be :obsetved “from thisf
relatlonship. lFirét,ﬁ.it implies that the two torques are

o ‘(&always 180 out-oF—phase with one another.v Secongdl, in, terms

har i

- oF absolute magnitude, the t que ratio remains conhstant and
is independent oF Q and e/p.. hus a torsionai predominant
mode does not give rlse to total orquékloadings larger than

. a ‘lateraP predominant mode. The torsional, effect from ‘a

»

lateral predominant mode and a torsional predominant mode is
. B w . ‘.

‘equal, but.oppos?te in direction,; -

.

A{t will be convenient to express the torque loadinge

of each mode as the product of the lateral forces and the

g ——— - - .

dynamic eccentricity of the particular mode . nThe dynamic

eccentricity edi of mode i is defined as "the distance . from

the center of pigidity that tne tateral forces ehould‘apply

rpam—————

1 . 3 "\ © to ‘produoe' the total seismic torques for -the. pakticular
el - ;.af"_mode".- In non-dimensional form; the dynamic eccéntETtTty_
- édi can be. expfessed as . -M
oqi = €qi/P = ®/p + T /(F o | RE? 55)
. di will be constant a!ong the he1ght of the butJd1ng and is”
R
' A independent oF the form of spectrum used The dynamic
& __eccentric1ty of the First two modee W1!1 be given by
: . L Sl - S S
- ] ' . S . ) '
- 1 E * . T . - - .

nC
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_ e S0-0))2haces?] + (1m0
By = =+ — e . (4.s6)
e . 2(e/p) o
. e Jra-e®)Zhacesn 1 - (1-9%) -
By = = ~ ——— ‘ ‘ (4.57) .
P . 2(e/p) R
\ .
o

To assess  the accuracy oF;the deéign éccentricity
equation; ‘eqn. . (4.51) ES to be compared to fhe dynamic

eccentriéity calcuiaﬁed _based.oh contribution from mode _i

only and mode | is assumed to be a lateral predominant mode.

. S .

" For* cemparison purposes, the design eccentricity s

normalized with . respect ,to »p. By making use of the

>relatibnship given by egn. (4.45), -fhe normal ized -design

fecdentricity from thg cdde can be expreséeq as

e " e ' 12R?
-5 -+ 00 Y/ (—
p p. 1+R

) - - (4.58)

in which "R" is the aspect ratio of the floor plan as giveh
by egn. (4.44), " The desigﬁhahd dymnamic eccentricities are

compared in Figﬂ'4.135 Two aspect ratio values were éséumed;

cor?esponding "to. 0.5, and 2 Jn  determining the design
eécgntricity. It can be .seen that the code .tends to

uhderestimate the torsl@nal effect jn some regions. Take

the case @ being 1.25 and e/p being 0.3. The hbrma[ized

design " ecrentricity for aspect ratio of 0.5 and 2 are 0.6

* r

and 0.76 respectively. . The computed édl value is 0.73.

Thus the code slightly querestimaté the 'torsiot%l effect
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for R equalé to 0.5. Sfmilar compar i sons can be maae; Fof
other values. of Q. IH general., tHe design eccentricity
edugtion -is adequate for enéombassing the.sefsmfc torsional
effect. It must be emphasized that if @ is 1ess~£han 1.25
énd when the eqcéntricfty is small,. cross modal éoupling
jWill occur. The aboVercdmparison based on a siﬁglg mode
'rgsbonselwill not be'strlct}y valid. |

Pa comparison ‘of the static design shear envelope

~with that from dynamfc analysis for .the léft and right edge

‘

element  of Building J is made in Fig. 4.14. The dynamic
,respohse is.based on the first two mode éontribué{ons, since
higher mode‘gontribytipn is not‘important.For th}s_building.
For the righf edge element, the coqe provides a gdod
happroximation to the shear d{stribgtion as compared to
dynamic analysis. For théuleft'edgé eiement. design shears
tends ?o be overestimateq by code proviéions. éy Eomparlné‘

the design shears with the lateral shears (labelled as

" torsion fgnored iR the figure), the torsiqnal effect

.

predicted by tﬁg code cén be studied. Thé forsional efFedt
expected on thé_right edge eleéent is larger than'tﬁe left
edge element:since the rféht edge-element is oﬁ'the positivé
side ‘and fdentified by the.code as a torsional critical
element. . |

A comparison of the static design shears with that
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from dyﬁamic analysis in Buflding K is made in Fig.l 4.15.
For the left edgefelement; a goéd‘ estfﬁate of dééign Sheaﬁé
is obﬁafnéd;A ‘_For  the iight edge élement.‘ a ‘drastic
overestimation  of - the torsfonal effect leads . to
overéstimation' of the design shears from code provisions.
The reaéon fQ;fSUJh estimation of. design shears is beﬁause
Bullding K belongs to the class of buildings that has &

\

lateral predominant second mode as discussed in section 4.4,

/4fg\\0thef Classes of Uniform Monosyhmetric- Watl-Frame

Buildings -
To complete the discussion on uniform wall-frame
A
bgi]dings.‘ it 1is necessary also to consider the following

‘classes of wall-frame bufidings:

(1) UniForm‘monosymmetric:wall—Frame buildings with

"a=0 and uH is approximately équaT to BH.

(11) Uniform monosymmetric wall—Frame buuldings wlth .
a=0 and eH.drastically differs from BH: and ’ )
. (ifi) The  more - generalh class . of . dg:;;:;\\
monosymﬁetric wall-frame buildings with g being non*zero.

Each “of the aoné classes oF‘ uniform Wall—Frame
'bunldlngs will be dealt withy in the Fol}owing sections.
4.6.1 Un:Form Monosymmetr:c wall-Frame Buildings with a=0

and aH=gH

1f. the interaction Pparameters eH and BH of the

R
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"resistihg‘systgm aré:no&ﬁ%qual. M£?quthe results in section
4.3 are not strictly ~correct. HOQever,  TF the two
paraﬁeters are 'similér_ in magnitudé. one.’ may use the
so]u;{qn valid for aH=BH‘as;a'F€rSt approximation to the
true’\¥ojut10n. A correction or improveméntgfo.tﬁis First
approximation can be established by méans ‘of . perturbation
analysis [23]. |
‘ When aH is approximately'equal'to BH, then one can -

writé the torsional radius of gyration ™ and e of the wall
and frame system reépéctive]Q as: ' '

g f S T . (4.59a)
. » . . )
rF =r 4+ r . . o o (4.59b)
- . . : . ’ .
in wh}gh r is the difference between Te and "W [t is
assumed that r' is small in this analys?s. The efgenvalue
problem is now represented'by'
kK -ek_||s 0 s 0
Y 4 o T Yi= (4.60a)
—eky ke ¢e 0 ¢e 0
-or
[k1]{¢} = elk,1{¢} - (4.60b)
in which . _ ‘
g = 2r v GAyD ‘ . (4.61)

The perturbation index € is introduced‘ in egn.(4.60) to
facilitate the grouping of terms of comparable order. of

magnitude. (//;Be eigenvalue and the corrésponding

i

",

eigenfunction of the given system will be denoted by u'iéhd
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{'¢}i respectively. T Express:ng the fefgenvalue and )
" eigenfunction in powers of &, then ‘
i w - uq+ su! + O{s ) - . - (4.62)
NS | i i ' Lo
(41, = 8%, + e0ohy, + 00 (4.6

The an_énturbéd ‘so'lurtilcms }.s? and wo}-i <(¢ ). /ga\
obtéfned Tn section 4 3.1 in solving the EIQEHVEIUE problem
given by egn. (4. 18) Subst1tut1ng eqgns. (4.62) and (4.63)
inta eqn. (4 60b) and equating lfke powers oF s;. the F1rst
order perturbation . equation s given by f
1063 = Zim" 1081y 2 [k ,1000 v 2al e’ 160, (460
Expre55|ng .the&firsﬁ.order carrection‘qf the eigenfunction
as a linear combination-of the unperturbed' eigenFantions,:
then: . |

1 . R .
‘i¢ bpoEorap ety | . (4.65)

ry
L

. LY ! . '
Subétjtute ‘eqn.  (4.65) into eqn. (4.64), mnitiplying by

t¢0}; .Integrating over the domain Z and mak1ng use of the

1% orthogonallty propert1es oF the normal modes, then

o

. I[.k(¢)](¢)dz

wi = 2u0 (4.66)
L0 ! &
e IR 38D @z L -
a;: = 032 0.2 \ izj (4.67)
I wh - (w3) :
J

Coefficient &;; can be determined in the final solution of
. ‘ . . .
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eqn. (4 60) in the normatization oF the eigenvector {@}

——

"The corrections to the e1genvalue and elgenFunction'
are gfven in eqgn. (4.66)_ ‘and (4;671 respectf@ely.: ‘wa;‘
observations can be made:-,

(1) Theucorrection to tné ejgenvalue~as .represented

by ean. (4.66) is small since r  is small.

¢1iy fn ean. (4.67), the coeFFlcient 8;j ©an take on
' th

_large values when the natural Frequenc:es of the fth énd J

mode,. (m? f and (uj)7 are‘approximately ,equal Such' é
situation wil]l'occur when the pnenomenon of strong -eroes
modeI" coupllng takes | place with mode I and j " In other

words, large correctlon to the unperturbed mode shape can be

- expected when there is cross modal coupling.'

-

To avoid such a situation._ht fequires tnat either Q
be - remé%e from unity or the eccentricity e/p be nejetivelyr
Iange.. This can be demdnstfated with thfee of the example
structures used earlier. Building G (Fig. 4.7) has en 1}
Valee equal to unity and with eCCentricity being small (e/p
=-0.05). éloseness in vibration frequencies (Table 4. 2) of

ad jacent modes Ieads to strong cross modal coupling. Once.n

is remote From unity (Building H, @a=t.25, e/p=0.05) or the

'_eccentr1cnty is increased {Building I. N=1.0, e/p=0l5). the

V1bratlon _Frequenctes of adjacent modes will be ‘'separsted
further apart. Cross .modal coupllng effect wrll noct be

important under such cnrcumstances.

A}
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4.6.2 Uniform Monosymmetric wall—Frame Buildlngs wnth.
: (f) a=0 and cH drastlcally leFers from RH

(11) as0

Fer these latter two.classes eFvuanprm weli—Frame
bulldﬁngs. close.lfqam solution to the eigenvalue pFoblem
using fhe contfnuouszapproach cannot. be obtainesu"‘ As  a

result. one has to resort to the use of drscrete approaches.

Im matrix form, ‘the equation of mot1on of a free vibratlng

structure taking the mass centers as origin will be
[N] o3 o5 N TR I e | B (0 o ,
2 —poF Y ve ={ 1 (a.68)
. [0] [NJO {6} [Key] ‘[Kee] (e] . 0 a2
in Whlch o : ‘ v

[Mf‘fs the diagonal mass matrix with diagonal elements be:ng

|

%. ' equal to the floor mass m of an uniForm building.

t .

f “—e{K ]»[K e] [K9 1y [KBB] are stiffness matrices as deFtned in

_eqn. (2 28) of . chapter Z.For bu{idings w1th orthogonal
' . Feamlng; and ‘ l '
; . - (Y} and {8} are respectively the ‘iateral“ and rotational
dtsplaceﬁent vector of the_mass centers.
Aésuming |
{r}
{8}

<{®) sinet “ ' / (4.69)

- leads to the eigenvalue problem
. 2 .
K — .
[Kyyl=uTIMT K ]

> ol e} = (o) C (4.70)
[Kgl  [Kggl-aZ[MIp :

et

)
S i fap it 4 rETYTNT BARMCL RIS o b arind iy



- Solving - the . eigenvalue “problem. of eqgn, (4.70) Qs}ng

numerical scheme will vield the naturaf'Fﬁequency 0y and‘
mode shape {i}i of the ith mode of .vibration. For a N. story

monosymmetric ‘buildtng,‘ I will range from | to 2N for a

total of 2N modes.  Substitute eqn. (4.69) Into egn. (4.68),

-premultfbly by fé}T and by making use- of the orthogonai

properties of the eigenQectors. eqn. (4.68}) can be uncoupled -,
into a set of 2N équatfons, If the mode shapes aré
normalized with respect to the mass matrix then - the

uncoupled equations. of motion will aséumgl_fhe Followiné

Form:
- 2 )
él + ml @l = 0 a
$. .+ w20\ = g ) (4.71)
i~ i i\‘ , . B
. N '
@ 2 .0 ' ’ ',

an t gy by =
Each of egn. _(4.*&) represents the equation of motion of a

.

free vibrating sjnglé degree of freedom system. The medal

forces <{F} {T}>?'0F mode'i.will be given as -
{F} _ T M] fo] :
= mS {uw B (8}, (1} | 2 (#};  (4.72)
{TH 1 . © |[0} [Mlp
in which ' '

(F} represé@nts the modal l'ateral forces acting at the mass

centers;

L
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{T} representsmthe modal torqueé on the sfructure;<and
Sa(u +£) is the modal spectral aocelergtjon as gfvenhoy -fhe.
design pectrum. -

. Once the modal forces {F} and {T} éare determlned
the stress resultants oF the resisting elements in each mode
‘can be obtaaned by treating lt as’'a statrc problem. _Schemes
as outlined in chapter‘Z can be employed for obtaining fhe

'« 7 solution. The- ‘total dynamic responses (forces, torques.

L _g displacements, etc.) can be obtained by combining the moda]

'“féresponses of. several contr!butlng modes.. oFten in a SRSS

g In" the above, the discrete approach to the -modal

.applicable to a wide class of structures and is 'not as
]

.

will be a convenient tool oF analysis. Hd@ever. it may not
be an efficient tool in enhancing the understand1ng of the

dynamic behaviour of buildings.

R

Two exampleSE‘will be presented, one for each of

these two classes of buildings forementioned. Each example

is  chosen to demonstrate specific behaviour of  these
. 10

buildings when subjected to seismic loadings. i
! . .

. e
Two nine _ .story uniform wall—-frame ~ buildings

W

“(Bufiding L and M) with floor height of 3m will be used -

examp[e structures. Building L has coincident wall and

spectrum technioue was outTined. "~ This technique i

restripﬁive és the centinuou! method.  The\discrete approach -
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frame stiffness centers (a=0) with framing plan shown in

Fig.. 4,16. fwo.walls are used to ﬁrévide resistancé in the
x direction. _-In.thé y'éirection} two walls and two frames
are used as resisting elements. The lateral wall-frame
1nteréction . parameter oH equals 5 while the torsional

interaction parameter BH takes on a value of 1. Thus the

two interaction parameters are drastical1y' diFferent.i The
'structurg has strong,wali%Frame interaction laterally but -

torsionally it has a dominant wall system. Building M is

identical to Building Jbekcept that the Framé "elements in

the "y direction are shifted 1 m to the right from their

Y

Lo original position (Fig. 4.16). - Due to this change in

layout, the wall centers no longer coincide with the frame
o <, _ '
centers. The separation between the two sets of centers

R

-will be 1 m (a=l). »OThe frame center now coincides with the
mass center at.gécﬁ Fl%or of the building. The rigidity
P " | . distribution of the resféting elements for both. buildings
% are summarized fn Tabie 4.1. ‘Ihe Fuﬁdaméﬁté! periqd.éF the
two buildings is approximately 0.6“sécdis. They are
_a@ssumed to be locaﬁed in Véncouver, Canadé. The acceleration’
and'veTbcjty zone are both 4 in this Ease.
B Building L has coincident wall and frame centers.
As a result, thé centers 6F rigiaity lie on a vertical axis

and the code provisions should be applicable. For Building

»
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1
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.both buildings.

'torSIOnal effect for both elements except at the 7

)

M, 'even with a slight shiFt in the Frame centers results in-

a. scattering oF the rigidity centers on both sides of the

© mass centers ~ when’ subjected to an ,inverted trianguliar

distrlbuted load - (Fig. 4 7). However. the stiffness

centers, -as determined on a Floor by - Floor basis, will fall
on a vertical line as represented by the solid line in ‘Fig.
4 17.

The"responses as predtcted by the code procedures

will be. compared to that from dynamic analysis for the two .
buildings. Thev dynamic responses are obtained- by
combining -5 mode responses in a SRSS manner. - The dynamic

results are’ normallzed 50 that the dynamic base shear equals

to the static base shear for comparlson purposes.

The interstory shear distrlbuttons are compared
Fig. 4.18. Little leFerence .is found between that

predicted by ‘the code and that From dynamlc analys:s. In

other woerds, the code procedures are capabte of provndlng a

I

very good estimate oF interstory shear distrlbutron For

The design shears in the leFt and right edge element

of  Building L are compared in Flg. 4,19, The torSIOnal

provisions of NBCC 1985 provrde reasonable’ estimates oF the

Floor

At this level, . the desngn shears are underest:mated by the

-

code. ThlS d:screpancy can be attributed to the eFFectr/oF

N
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1

'higher ‘mode_.contrfbutions' inA dynamic . analysis.  The
_ltorsional effect For both elements is very smal | when the
"7desién shears are compared to the latera], shears -(torSiﬁn
‘ignored) . Thls is due to the Fact that the two wal
‘ elements fn the # direction are very rigid (Table’ 4.1) and

‘resist mopst oF the torsional Ioads. - Because oF1 the

.dfFference 1n the degree of lateral and torsional QalI—Frame

5

interactxon. the lateral shears are slaghtiy larger than the"

total shears at the top two storfes for both elements. Such

”

'.observation is consistent with previous Flnd}ngs that due to.

.wall—Frame‘ interactlon. torsiona] shearé?\n\a\wall element

do not necessary complement the lateee+~shears

(

Becauser of the- scattering ‘of Ehe rigidity centers,

it will be diFF1cuIt to.apply the tors:ona] provisions ' .for '

the design of BuildfngiM. If the stiffness centers are. used |

.

as reference. points to .determine eccentricities, the

. structural eccentricity-thus determined.wili be denoted' as

-

. : \ .
e'.‘ The design shear distribution base on'e is .shown in

Fig. 4.20.7¢ Despite the-'crude nature by which.e  is
determined, the code did provide a good estimation of design.

shears for both ejehents. Theitorsional shears.iﬁ the right

edge element (element 4)-is larger than that in the- leFt

-

.'-V\ . N ‘o .
edge element (element 1), However, such good agreement in

- this example : can . be misleading. Building C studied in

e g foaimnn v mra e
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chapter - 2 is another unf{form wali—Frame building with non-
' colncident.wall and frame centers (a=13 .m). However, the
torsional shears in the left edge element (element 1)} as

determined by the code procedures are Iarger Ihan that in

;s the rfght edge element (element 4), as can be seen in Fig.

2.10a_ ThereFore.‘fpr the class of wall-frame buildings when
the Walj‘centere'do not coincide.with the frame centers, the
torsional provisions in the code cannot provide consistently
a reasonable estimation of the torsional eFFecf. Thus,
dynamic analysis appears to be the only reile?le means tp
distribute the torsional effect at the present time For{this
class of eccentric buildings.
~
4.7 Summary
Analytical investigation into the behaviour of
uniform wall-frame buildinés under static Iaterel loads had
- been conducted. Three parameters had been identified to be
associated with the static behaviour of the special c¢lass of
uniform wall frame buildings with coincidenf wall and frame
centers, namely:‘ aH, BH, and e[rw. aH can be interpreted
as a parameter ﬁeasuring the degree of léteral_ Qali—Frame i
interaction while BH measures the degree of torsional wall-
Fre@e interaction, e/rw is the‘non—dfmensional eccentricity
associated with the appl ied léteralA\oads. The Atorsional

responses will be in direct proportion to this parameter. It

13
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s shown that For wall—Frgﬁe_build}ngs. aﬁ edge‘elément i's
not necessarily the element most susceptible tc the
torsiconal effect. Eéch element can be equally‘ critical
{ under such circumstancés. .
- Analytical investﬁgation into -the dynamic SehaQiour
“of  uniform wall-frame buildings is made possible when the
stiffness centers of the Walf system cofncide with the
stiFFness centers of the frame system and with aH equals BH.
The parameters whnch aFFect the dynamic character of such
buildfngs will_be 1l and e/p. 1 is the torsional to laferal
frequency rat}o of the associated uncoupled systems. e/p is
L the'lnon—dimensfonal eccentricity measured wi£h reépect to
the inertial torsional e#Fect.

For tH?s‘special class pF.walI-frame buildings, the
provisions of NBCC 1985 are applicable since the rigidity
centers Iié ‘on a vertical éxis: Therefore, the design
eccentricity equation (e = 1.5 e + 0.10 D,) of NBCC 1985
éan be evaluatéd:assuming the first mode of the structure
being lateral predominant and is the major contributor to

total response. Numerical examples were “used to

_ > ‘
substantiate the findings. The analytical results were

extended to wall-frame buildings with aH abproximatgly

equals to 8H through perturbation analysis. The solution

assuming aH equals BH can be used as a8 reasonable first
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ahproximate to the true solution . provided cross .modal
c9upling'wfll not occur in the syste@.

l Numericél'kinvestigation into fhe applicability of
the sefsmic torsional provisions to two more classes of
wali—Frame bufldings were also conducted.  These are:

(1) Uniform wall-frame buildings with coincident
wall ana Fréme stiffness centers bu? with aH' drasticaily

different From\BH; and

(1§) The more general class of uniform wall-frame

buildings with noﬁ—coinc}dent wall and 1Frame stiffness
centers. | )

Fo} buildin§§ with coincident wali . and Frahe
centefs.l the code mﬁFovisions did provide reasonable

‘approximate of shear distrfbution'in the resisting elements.
However, . for those wall-frame buildings with non-coincident
wall and frame centers, because of the complicated wall-
frame Jnteréction. the NBCC 1985 code pro;isions ¢annot
consistently give reliable , estimates of the torsional
effect. For th%s latter class of buildings, evaluation .of
seismic torsional effect is best dene by means of dynaﬁic

analysis.
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4.8 Notations

{(F}

GA,GA
Y

distance between‘,gtlFFness centers of wall
system and stiffness centers of frame system

L

proport{onal constant

dimensior® of | building parallel to ground
excitation :

stiffress center of frame and wall system,

respectively

' | | | 4

integration constants

differential operator
diagonai dimension of rectangular floor plan

dimension of building in direction of computed
eccentricity '

flexural rigidity of w3dll element. and wall
system, respectively’ :

torsional rigidity of wall systvem about wall'
center

’

structural eccentricity

“dynamic eccentricity of mode i

normal ized dynamic eccentriéity of mode i
design eccentricity at Fipor n

structural eccentricity measured with resbect to
stiffness center

lateral. force distribution at mass centers
induced by mode i

lateral force vector

shear rigidity of frame element and frame
system, respectively
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torsional riéidity of frame system about wall
center . '

total height of building

unit vector and unit matrix, respectively
stiFFﬁgss operators

mass-matrfces S -

distributed mass per unit height

Floqr mass L .

total number of floors im building,

aspect ratio of floor plan o N

torsional radius of gyration of wall and frame
vsystem.
1

torsiconal Fadius of gyration of the frame and’
wall_system, respectively about the wall certers

spectral_acceleration

laterg]l shear distribution on frame and wall
element, respectively

torsional shear dfstributiqg_on frame and wall
element, respectivgly

uniform torque distribution

inertial'torque distribution induced by moéé i
applied torque distribution

inertial‘torque vector

total torque loadings induced by mode 1 and ‘2.
respectively :

uniform lateral toad distribution
applied lateral load distribution

distance of resisting element from wall center

g

~—
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displacement function ‘and: displacement vector
respectively with respect to mass centers

displacement .functfon with respect to wall

center

.lateral wall-frame interaction parameter

PR

torsional wal l-frame interaction parameter

fntegration constants

mass radius of gyration abeut mass center

twist function and twist vector respectively,

‘with respect to the mass center

twist fuhction with respect toc the wall center

vibration frequency of mode i

vibration frequency of mode i of the uncoupled
lateral system . . .,
vibration frequency of mode i of the uncoupled

torsional system -

zeroth and first order approximation of
vibration frequency respectively of mode i

vector with preoportional constants

torsional® to lateral frequency ratio of
uncoupled system

perturbation index :

eigenxﬁFtor and ejigenfunction respectﬁvely of
the | mode :

zeroth and first order approximation
respectively of the eigenfunction for mode i

eigenfunction of the ith mode of the dncoupled
lateral and torsional system, respectively
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(c) ' : {d)
I |
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I Cw wallcenter
—>C¢:frame center
Wi | | B .,
QN .

e .

Fig. 4.l Framing Plans of Wall, Fra(me) and Wall-Frame Buildings
(a) Symmetric Wall Building, (b) Symmetric Frame Building,
(c) Symmetric Wall-Frame Building, (d) Eccentric Wall-Frame
Building (a#0), (e) Eccentric Wall-Frame Building (a=0)
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Fig. 4.6 Coupled and UncouplQ Frequency Ratio Relationship
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‘Building M

M=73.424x103kg

- mMpP2:3.06x108kg.m2 -

Fig. 4.16 Framing Plans of Building L and M
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Fig.. 4.17 Distribution of Rigidity and Stiffness

Centers for Building M Under Inverted
Triangular Distributed Load
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; - . TABLE 4.1 FLEXURAL AND SHEAR RIGIDITIES OF RESISTING
; g | _ ..~ ELEMENTS IN BUILDING G, H, I, J, K, L AND M
i B !
1
‘ Building Floor Elements
. ‘ i 2 3 4 5 6
G . 1/F-9/F El GA GA EI .87GA .B7GA
H 1/F-S/F  .95EI .95GA .95GA .9SEIl 1.1GA I 1GA
I 1/F=9/F  1.9E1 1.9GA 1.9GA 1.9EI L.4GA 1.4GA’
: J I/F=9/F  .99EI .99GA .99GA .9SEI 1.1GA 1.1GA
g K - 1/F-9/F 1.6E1 1.6GA 1.6GA _1.6EI 1.1GA 1.1GA
+ L :
NN L 1/F-9/F  .96E1 .96GA .96GA .96E! 32El 32EI
i M 1/F-9/F .99EI .99GA .99GA .99EI 1.1GA 1.lGA
El = 8.8 x 10° N.m?
GA = 0.303 x 10° N ,
7
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. TABLE 4.2 FREQUENCIES AND PERIODS OF VIBRATION OF BUILDING
. G, H AND I : ‘ |

=

Mode ‘Féequehcies(féd/sec) .~ Periods(sec)"

’ Bullding . Building

G " H I G H 1

. <; 1 -10.47  10.47 . 10.47 0.60 .0.60  0.60
2 11.01 13.14 = 18.14 0.57 . 0.48 0.35

'3 35.97 35.97 35.97 _o0.18 .'0.18 0.18

4 37.82 45.13.  62.30 - 0.17 . 0.14 0.10

5 '76.88 - 76.88 76.88  0.08  0.08 0.08

6 B80.83  96.45  133.17 0.07  0.06 _ 0.05

‘.

o
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CHAPTER 5

'CONCLUSIONS

) : -
The concept of eccentricity is extended to
asymmetfical multistorY'buildings to study their orshgnal
. b
behaviour under static and dynamic lateral loads, '

The deFiqjtion of ceﬁters of rigidity Fpr Zultistory

buildings in this study {s taken as "the set o% oints at

. floor ‘tevels whén the resultant latera! igads act through

them, no rotat{onal-d}spiacement of the bu{!di?g tesulﬁs".
The centers of twist for mulfistory bu}ldings, Ion the other
hand, are defined as "the set of points at floor levels
which will not undergo any translationai dispiacehent whén
the'bui1ding is subjected to applied. torques only".

Based .on the above definition for eéch.‘centery
mathematical expressions are established and presented. The

Fo]lowibg Findings.can be observed based on this study.

. ({a) The' centers of rigidity and centers of twist

are in genehal load distribution dependeﬁt, ie., depending

on the.load variation along the height of the building. -
LQ) They will be.in general two diFFgrent sets o;f

points.

(c} The centers of rigidity can be interpreted as

208

~
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the centers of resisting forces in the elements when the.

'bufldfng 15'constralned'fo deform in a tranélatlonal mode

oﬁiy. Therefore, the centers of rigidity ¢an be interpreted
as the "load centers" for multistory buildings. " The

rigidity centers will be, 1In géneral, different from the

" shear ceﬁters and centers of stiffness of the building.

(d) Theré is a special class of eccentric
~.

multistory bulildings generally termed as_ bufldings with -

proportional ‘Framing which will have centers of rigidity.

centers‘%F stiFFness. shear centers and-centers of twist all

fbeing the same set oF_points. Theit locations will be load

distribution independent, falling on a vertical line and can

be determined on a per.floor basis.~

(e) The Centers.df rigidity are the -set of points to -

'whfch eccentricity sﬁould be measured From, Because 6F the

. e
definition used For rigidity centérs, one can fdentify the
lateral and torsional component of the applied loads using
eccentricity measures.

(f} By .using the centers of twist as the set of

reference points +to describe the mbvements of the floor

. B S .
diaphragms, -it is possible to obtain, separately and in an

efficient manner,_. the translatiocnal and toréiohal response
of the structure.
The _eccentricity concept and the “"displacement

compatible” load concept are employed in the study of the

A
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. A
behavlpur .eF eccentric setback structures - under lateral'
ﬁ» loads.‘ -This can be coﬁsldered as a”nen—trlval application
" of the eccentricity concept to evaluate force dfstrlbution
in lrregular structures.' The eccentricity concept enab!es_

8

the separatlon of the lateral and torsional load components.

The displacement compatlble loads. are lntroduced to the
highrise "wing of a setback bullding to offset the 1oad
- effect above the setback level This enables the remaining

applied loads on the base (applied loads less the - ‘compatible

loads) be dlstrlbuted according to the™ relatlve stlFFnesses

of the reslstlng elements The proposed method is a simple

A ———

tool of analysis, but it also enables a better understandlng

———

.of the load” transfer mechanism involved ln_ setback
"structures.

The eccentricity concept plays an  important role

also hin the sefsmic design of bufidings .wheh employing
building code procedures, - In’applying speclflcally the
torslonal provisione of the National Building Code of Cenada
1985, & knowledge of the rlgldlty centers of the buildlng is
-requlred to: : ] - - -
(a) determine whether the torsional proelelons are.
applicable; and assuming the pcovlslons‘are appllcable,-to
oA T ,(B) determine the structural eccentricities, thus

\ the deslgn eccentricifties and finally the design torque at
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each story of the building.. -
/ For (a) above, the code requires. that the following
condition be met in.order that the torsional provisions are

applicable: o L

"Where the centroids of mass and centers of stiffness of the

different floors do not lie approximately on vertical lines,

.8 dynamic analysis shall be carried out to determine the

torsional effects.....".

.In the above:cléuse. the te;m-?céntefs oFVstiFFness"
is used in place &f the térm‘"centers of Figidityf. . This
will have a misleading e#Feét implying that>the centers of

rigid?%y can“be determined on a per floor basfs.A To-imbrove

the 'interpretation,.oF the code, formal definition of the

. centers of rigidity should be given by the code &and the

‘centers of  rigidity should be the only term used

consistently throughout the seiémic provisfons.
According to the code, the torsional provisions are
also applicable to structures with centers of rigidity Iying

approximately on a vertical axis. However, even for those

structures that deviate slightly from structures. with

rigidity centers falling on a vertfcal‘lfne, they showed

considerable scattering of the rigidity centers. Examples

- of. . such buildings-'are (i) near proportional framing

buildings (eg. Building B, Fig. 2u2) and (ii) wall-frame
buildings with wall center almost coincidés with the frame

center (eg. Building M, Fig. 4.16). .The rigidity centers
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are in Fact‘gensitive quantitiés Once scattering ' occurs,
;

the Iocus of the centers’ﬁf rigidlty will not: resemble that-

,

oF a vertical axis (Flg. 2.4b and Frg. 4, 17) So practically
. . ‘.
it is difficult %o ldentlfy those asctual buildings that fall

into 'the - category with rigldlty . centers Falﬁing

approxnmately on a vertical axis and to which the torsional

“\—/
provisions are applfcable.

Difficulties arise also in the process of
fdentifying the todsional'critical element in design due to
the following reaso%s:

T

(a) A-SEEEﬁering of the cenfers of rigidity on both

sides of the mass centers will result in torque load1ngs not

acting \n the same direction at the floor levels. Thus some

floor torques are countéﬁacting floor torques at other

levels. The net torsional effect is difficult to visualize.

(b} Being an edgé element does not guarantee that

the element is critical torsionaily. " The centers of twist

can-scatter'on,both sides of an edge-element. Thué an edge

élement will not be an elemént located furthest éway from
the centers of twist at every floor.

(e) Due to the coﬁglex nature oF. wal l-frame
interactiqns, the torsional shéars in a wall element may

counteract the lateral shears resultfng in loweg design

" shears. - In other words, torsion may have a beneficial

effect on wall-frame structures.

.k_/f“!e
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. . . [
e . .

B?Séd on~tﬁe ébéve argumentg. it igjsugggsted that
clause (4.1;9.24) in NBCC 1985 be rephrased as:

"Where the centroids oF.mass_and centers éF rigidity.of the
diFFerent floors .do not lie on vertical lines,' a dyﬁahic

analysis" Shéll be carried out to determine the 'torsional

keFFecfs....".

with'.sucﬁlstrict limitations, the applicabi[fty.oF'
the +torsional provisions will becdﬁe rafher' restrictive. .
However, this shou]ﬁ be intgépretgd as a realization - that
because of the simplicity of the code procedures;- it will

not be able to cover a wide'class of eccentric buildings in

genefal;‘
Problems as expressed by (a) and (b) -are kovercomé

when .requiring the centers oflrigidity‘(thus the centers of

-twist) to fall on a veftical line. Préblem expreésed by (c)

can be -overcome'by requiring‘the torsional shears which
counteract the lateral shears'(termed as negative torsional
shears) be neglected.-_ Such requiremeht had already been

incorporated im some seismic éodes [1,31,38].

' ?95@ on a strict interpretation on the locations of -

the rigidity centers, then buildings with proportional

framing and uniform wall~-frame buildings with coincident

wall and frame centers are two classes of structures to

which the tors%onai provisions of NBCC 1985 are app!licable.

.-
re
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Thé code pﬁocedures are adequate in gncémpaésiné the
torsional .éFFect For these two'cjaséeg of pu%idngs. For
other classes 'oF frregular ‘Structhrgs which showed a
-;cattering"oF'- rigidity centers, jdyﬁamié.analysis is the
most reliable method for distribuffng the torsiona}. effect

éﬁ the present time.

iy
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.. APPENDIX- A

A T T e e

-CENTERS OF RIGIDITY FOR NON-ORTHOGONAL FRAMING BUILDINGS

Consider a planaf element I arranged with ' its

p]ane of stiFFness fnclined at an angle with the % reFerence (

axis (Fig. A.l).

DeFining the local

stlFFness matrix oF the

given element along the axis of stiffrness Y as [E]i. . The

contribution oF

this element to

each- 'of the stiFFnese‘

submatrices appearing in'the eqpilibr{um equation .

y:

[K_. ] [K..] [K_.] {6} {F’}
(K3 [KOYD fkoolf 4y = {pX3} - | " (AL)
L RN RN ST B EEAT) {F*{,} |
will be: ’

Ko J; .= [E]isinzeT (A2)
[ny]{ = (K, I; = -[E]isineicosei . (A3)
[Kxeli = [Keg]i B [ny]ixi __LKxx]iyi : (A4)

L IK,,1; = [K] cose, (AS)

‘[Kee]i = [E]i(xicosei + y'isinei)2 (A?)

in which xi.

'yi and ei are defined in Fig. Al.

Semming' the submatrices as expressed in - eqns: (A2) fh?ough

(A7) for all e
matrix of the st

Let the

lements will generate the global

ructure.

£l

stiffness

X and vy coordinates of the centers 'oF

2i8
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rlgidfty be represented by {x } and {Y 3 respectlvely When .

the lateral Ioads {P }.and {P '} act at the rigidity centers,

the structure'will undergo no rotationati deFormation. or’

{68} will be a null vector. Egn. (Al) can then be expressed.'

as o

(o) (8 + [K, T (8)
[y (83 + Ik 1 (8
[Moxd L) + [KgyT (8,3 = ~IR,1 (¥ + [T (X} (AIO)

[P ¥ . (A9)

[P*] and [P ] are diagonal matrices with diagonal elements

equal to those in vector {P } and [P } respectlvely

, Solving the coup]ed eqns {A8) and (A9} ‘gives

=1 =1

(8,3 = K7 (P + 1K1 (P ) - (A1)
' I l -1 ' . '
(8} =K1 (B} + [Ky] (P} | (A12)
in which '
~1 _ _ -1 -1 |
KT = (K=K, Ik, 17T K, 1) | (A13)
- -1 _ -1 R
[Kp17" = DK 170K, DI (A14)
-1 _ L -1 -1 '
(K3l ° = (fK,,,] [Ky, 0K ] [ny]) . (A15)
-1 _ -1 -1 ‘
[Ky1T" = ~IK317 K, JOK, ] o (A16)

Substituting eans. (All) and (Al2) into edn.(AlO) and making
use of the fact that [Px} end [Py} are. independent locad

vectors results: in

Cev v o ‘:1- -1 -1
X} = [P, " ([Kg, JEK,] +[KGyJ£K3]

-1

) (P) C(AIT)

-1 -1
LY = IR T KG, DTK 17 4Tk 1EK, 1T (P ) (A18)

Eqns.(Al?) and (Al18) define the locations of the"

load centers, ' and hence the centers of rigidity of any.

G S - AB)
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k1,

:EPX}.{P

Pg)

'{xL}v{YL}

x

i

i
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eccentric muttistory buflding.

u "

I

element identifier.

Z[KJk]i ‘(j=x. v, 83 I'(:X' )'f' B)

: stiFFnessfmafrix of planar resisting element _

lateral load vector in the x and y direction,
respectively

torsional load vector

x -and y coordinate position vector of the toad
centers : ‘

x coordinate position of:the shear 'center .of

element with respect to global reference system -

y coordinate position of the sheér center of
element with respect to global reference system

- displacement vector of structure in the x and ¥

direction, respectively

" rotation displacement vector of structure -

angle of orientation of element (see Fig. Al}
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