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ABSTRACT / Lo

-

tThe.finite element method has recently become a’

well- established technique in s%lv;ng geotechnlcal problems.

and has ln the p?st few vears been applled in glac1ologv
|

- to 51mu1ate ice mass flow problems. In‘fact the models

available have advanced much more rapidly than knowledge

.

of the phvs;cal parameters and laws .which describe ice

needed in the srmulatlon process. 1In this thesis, several

_functlonal flow laws are developed. !

These laws, it is hoped, will lead to a better flow
simulation for Lde.masses. Paramcters such as grain 51~e,
age, andefabrio, rhough poorly/con rolled in the testlng of
ice, are verv 1mportant to the fldw characterlstlcs of ice
2s can be shown.from a consideration of dislocation méve-
ments. A more syséematic'treatment of these parameters.is
needed:' |

e The influence of initial stresses on flow behaviour
not considered in previous finite element method simulaticns
of glacier flow, is shown to be significant. Two finite
element schemes are compared, and a scheme based on &
lmp11c1t approach appcars to be somewhat faster in computer
time.

The 1moortance of temperature to glacier ‘lo is

considered in thls thes;s. It is shown that non-iscthermal

conditions s;gnlrlcantlv affect the *ﬂou of ice masses.
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. : : ii: " fhleunctional £low 1aﬁs; and the;ﬁon~isotherm§l
—temperature distribution are.used to simulaté.flow of

the Barnes Ice Cap. Ihe‘simulétion-is found to be'poor

compared to obéerved results. It-is felt that a consider-

ation of initiél stresses, better temperature distribution

data, and imp:oyed‘flow laws are ﬁeedeé before the éinite

élément method simulation will lead to satisfactory fesults..

]

I
h )
A !

iv ‘ -



‘ACKNOWLEDGEMENTS , - = o

" . 4 / )

In presentlnc this thes;s, the author~w;shes

to thank the followlng individuals:

- Debbie, his wife, for her support, encouragement,
“in thls work

- Dr.

»

patience, and cheerfulness.

= Dr. J.J. Emery, .his supervisor, for 1nvolv1ng hlm

for his patience and support.

- Dr. F. erza, for many hours of discussions, for

his encouragement and his help. -
Y. Vaid, and Mr. E. Hanafy, for their helpful

discussicons.

- Environment Canada, Glaciology Division} for .

supporting him financially, and prov1d1nq valuablc-

e

field data for the Barncs Ice Cap. .

Finally, this thesis is dedicated to his brother,

Mark, who has taught him that to strive to become more than

you are leads to success, and that to be what you arc is

success.

.

v ; ' i




CHAPTER

CHAPTER

1
1-1

1-2

TABLE OF CONTENTS

INTRODUCTION
Ice Mass Flow Simulation

Glaciers . -

- Glacier Flow.

Glacier Temperatures

Ice Formation, Density,‘Fébric and '
Impurities '

Numerical Modeiling i
FLOW RELATIONSHIP FOR ICE
Creep |
Terminology anéd Method

' - —e
Terminology
Methods e
Revieﬁ of Empirical Lﬁst
Hooke's and Meier's Laws
Hooke's Law ) :
Meier's Law
Functional Flow Relationship
Functional Relationshipg Hgrw and H
Functional Relationships M, and M, - e

Flow Relationship for Ice Developed
from Micro-mechanistic Consideration

Summary P

vi

12
14
26

26

28
28
33

36

40



.CHAPTER 3

CHAPTER ¢

CHAPTER 5

REFERENCES
APPENDIX 1

“APPENDIX 2

™~

INFLUENCE OF INITIAL STRESSES
Initial Strcéses
Stress States ﬁssumcd_

Typical Ice Mass and Steady State Flow

Results.

Sﬁrqinq C ) \

|
Discussion and Methods of Dcaling Mlth
Initial Stresscs

5i
TEMPERATURE INFLUENCES ON GLACIER FLOW
Temperature Influences "

L

Ice Masscs Considered
Flow Relationships Considered

Discussion of Results

Thermal' Properties of Ice and Ice Massos

Summary

- CONCLUSION

Conclusion and Summary

-

SHEAR STRESS

DISLOCATIONS, DEFECTS AND DEFORMATION

vii

42

42

44

51

60
63

65 .

65
66

70

79

85

87




LIST OF FIGURES

FIGURE K ' TITLE - : Page .
- :..‘-.; ' . s

1.1 ' Barnes  Ice Cap : o . 3

2.1 Temperature st¥ess limits of rescareh - 23

2.2 * .Stress-strain rate limi 24

2.3 N Varicus laws ' . . o ) ‘ 29
2.4 Meier's Law at 09C lincarized " 30
3.1 Str;ﬁs‘states _ o | | 45
3.2 | Strain schemes ) K - ‘ ;o
3.3 Tce mass studied - : : 50
3.4 Fquivalent sﬁrcss i o 54
3.5 Cases 6-13 Equivalent stre=ss ' . &7
3.6 Cases 6-13 Hori:onﬁal stress . 58
3.7 Equivalent stress - explicit scheme . , 60
3.8 Equivalént'stross - implicit scheme 61
3.9 Comparison of steady state flow rates, Barnes 62 )
Ice Cap | T — .
4.1 ~Barnes Ice Cap toﬁpcraturc distribution . 67
4.2 12 Element mesh temporature'ﬁisgfibutions f '68' .
4.3 48 Element mesh temperature and velocity - 69
distributions ' ) -
4.4 Equ%valent stress - Element 12 of 12 clement chh i)
4.5 Comparison of steady state. flow rates t;om 76

Barnes Ice Cap

viii

Al.l Glacier section | ‘ asg
Az2.1 Types of defects : IOZ.A
A2.2 Crystal under stress ~10s

- e e m e o wmara - ——



A2-1

LIST OF TABLES

TITLFE

‘Glacier homologous temperatures

Typical flow laws

Constants for laws in Table. 2-2a as proposed by
various rescarchers .

Range of paramecters for various sets of5£esults
Activation cnergy | .
Functional form Mz from-ﬁ=.A(n) on(n)e_AE/KBT
Typical micro—doformgtiop parameters for ico
Stress stateg and schemes used in éimulatign
Stecady state surface flow rates

Equivalent stress as a function of'yimé_
Steady state surface velocities .
Hypothetical summer surface voiocities
Thermal conductivity of.icé - .
Typical geothermal flux - northern Canada

Coefficicnt of thermal expansion

B of Diffusion cquation .

b\ S

. -

'17—21

w
—
”

86

104



CHAPTER 1

INTRODUCTION

-1 ICE MASS FLOW SIMULATION

Using the incremeﬁtal lnltLal strain, flnlte clemcnt

methéﬁ approach, ,numbcr of. creep probloms in soil and rock

-

mechanics have becnestudicd previously at McMaster University

{1,2,3. 1Ice mass’ flow problems, that have generally been

difficulet to simulaﬁc using standardapprO\lmatlon mcthod

r

can

Jalso be e\amlned u51nq a sxmllar flnltO clement approach (4,5,

1

&) . Complcw stress and tompcraturc dlstrlbutloqs, conqtltut;ve
rolatlonqhqu, and boundary condltlon can be dealt with efficient-

lv using flnlto olement mcthod simulations. In this study,

~

constitutive relationships for ice, initial stress influences on
ice mass flow“(normally considered small (7,8)), and the temper-
ature distribution of ice masses have heen considered, since. these

.topics: require detailed attention in the development of realistic
simulation mecthods.

In Chapter Two, functional creep rclatlonahlps are¢ developed

based ron -a survey of avallablo empirical rela*lonthps, couplcd
L .

w1th a conqzdcratlon of the micro-mechanistic behaviour of ice.

The influenées gf initial stress states and temperatures -are then
considered in Chapters Three and Four. Large deformations and

SR S
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surging, which are of specific interest to the Barnes Ice Cap
(Figure 1) are then also cbnsidered briefly in Chaptef Three.
Two finite element mgghod ¥ormilations of the fiow problem

- o N - ) .‘.‘ .h . - - -
solution are also compared in Chapter Three {explicit and implicit

approaches). A‘Summarv of the work done. and rec

future studles are glven in the concluding Chapter™

mmendatlons for.

N

Before turning to these more detrailed aspects of e_study,
'introductory material on glaciers, ice and numerical modelling
approaﬁpes will be given. - For detailed inf ormatlon on clacze*s

a num}:‘er o* e\cellenu references are avallable (7.9, . Joulrnal

of Glaciology). . - R o

¢ .

1-2 _ GLACIERS
JIce masses cover approximately 10% of the land surface

of the edrth, are responsible for manv of our present landforms,
£ . .

are ixportant to world weather systems, and may become crucial

) * . o ‘

to the world's fregsh water supply (7, 9 ). For these reasons

al;ne, the dynamics of. large ice masses is'iﬁportani; In this
Yegard, the rapid advance of Glaciers {surging) is of particular
concern because it mav be indi;atiﬁe of broad climactic changes.
Potential large scale surging of the Antarctié ice mass, is
particularly disturbing because it is eétimated that such surging .

1 . ‘ @
could cause the mean Oocean level to rise by 30 meters, thus

‘looclng many of the worlgd's la*qes cities (9 ).

1-2.1 GLACIER FLOW

The movemen: of glaciers is well cdocumented, and is due
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to both basal sliding and internal deformation {creep). The
motion of glaciers may be continuous, although short or long -  # ™
term velocity fluctuations are common (10,11). a . -‘1

' BASAL SLIDING AND SURGING _ K A :

3

-

Basal sliding (i.e. movement of the glacier as a rigid
body over bedrock), although it i§'poor1§ understood, appears
te involve both pressure melting at obg;dkles {regelation) and
friction type.sliding {slip) (11,12°'. hSurging is the most.dramatic
case of basal sliding. Man} stagnant, or slowly moving ice ‘hasses
may sﬁédenly {in glacial terms) advance at rates of several kilo-
meters per year from average rates of several meters per year.
The result of thiS‘surgiﬁg is typically: ‘emptyving of t&e basin
feeding the glacier; crevassing of the glacier surface; and +hick-
ening of the glacier terminus. Surging mav be triggered by some
or all of the following: accumulation leading to larce loading:
climactic changes leading to softening; basal heating (friction
or heat from earth); or lubrication at the bed of the glacier.

CREEP : :

Glaciers also deform slowly by creer and this "steady

- - - . 3 - - - iy e
state” aspect of ice mass dvrnamics has received the most attention. o
. .- - . N - - - .
For instance, Nye has considered the velocity and stress distrib- (.7TL,J
¢ o .‘.A,

0
®
]
0

ution of glaciers, boundary effects, glacial cavities, ice fall

assuming such continuous deformations occurred (13). The ice mass

(el

of most concern to this study is the Barnes Ice Cap, Bafiin Islang,

igure 1), which is a remnant of the last ice ace. Through

Canada,
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1-2.2

interaction with Environment Canada, Glaciology Division,

surface veloc;tles, surging,

r

Barnes Ice Cap has been made available to this study.

considered that this

allow a reallstlc 51mulat10n of the Ba‘nes Ice Cao to be ccveloped.'

.

lnterachlon with the Divi

.

GLACIER TEMPERATURES

data on

topography and temperature of the

It is

sion L will eventually

A glac;er is classified according to its temperature

istribution,
energy flux and sur

at the p:e§§g;g

(also app 0\¢ma elv 0
_ﬂ
the pressure melting

[
!
L)
=
n
tr1]

FORMATION,

face

largest

whlch'is a function of previous history}

temperature and ot

temperature throucghout

o) .
C). If glacier

.

temper

fu
ot

ure, the glacier

ilce masses

basal

is termed

Pure &rvsta

molecules (1§) anéd a

forms slowly from sn

melt water andé

tenvera

1s termed cold
and Antarctical
ers may be at the
cina).

IQP"RITIES
rrangement of
2). Glacier ice
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has become orignted in a predominant ‘directian, and this fabric
is‘detected as banding or foliapion. Such fabric development has
a signiﬁicant influence on the response 6f ice ang must be

'éonsi ered when constitﬁtiﬁe relations@ip; are develcpeé. Most
glacier ice contains very few impurities. However, the'bd*itv

of glaciergice is stil} very 1mportant when deallng with any

flow law -for ice basecd on measurement of _‘low rates of natural
and art1¢1c1al ice masses, 81nce it has bee found that the‘
presence bgwéven A few parts per million of certain impuritiés
can either harden or soften ice (15 ;) Elastic Properties

of ice usedlin this study are Young's modulus {v) of 8.34 to 9.1
x_lOBMPa, and Poison's ratio (v) of .34 o -35 , based on tvpical

values from the literature. . =

1=3.1 NUMERICAL MODELLING

lathematical ep“escngab¢on ©f problems, includineg boundary

andg lnlglal conditions, can be done in a variety of wavs. .The most
obvious is to seek an exact solution. However, this is usually

not possible except for simple problems subject to rather restrict-

ive boundary coenditions. When ain exact solution can nos be foung,
fihite difference or finite element methods can he used. Finite

element discresi

t

ation of engineerine structures (Gams, bavs, etg)
— ! i
is a~recent cdevelopment since the method Tegulifes the computational

effert only computers can provide. The finite element method can
be used to solve cémplex problems ané for +he reader Iinterested in

-

more details, a numker of references are available (1,24). 1In

i s
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" this thesis two finite élément formulations of creep flow

probieﬁs hd&e.been used: The explicit scheme [ 2,3) calculates
the §olutfon at the next iteration as a function of the |
stress which is constant during the present iteration, while
in the implicit solution, the éolution calculated is a
function ©of the Ehanging.stress.' The impliciE}SOIution is
a faster §cheme. | ‘

.These schemes have been used in conjunction with the

- .

various functional flow laws developed in the next chapter

-

40 simulate the flow of large ice masses.



- CHAPTER 2

FLOW RELATIONSHIPS FOR ICE

2-1 CREEP

In common with many, materials, ice exhibitvs
permanent, time dependent deformations thdt are a
function of-the ;tress and temperature‘levels_involvgd,.
assuming the'defofhations_are net introducing gross
material changes (i?e._constant fabric) (25,26 ). This
flow  (creep) behaviour is generally considered to be
thermally activated, and in fact, glacier ice 1is
responding as a material at high temperatgnes{ since
its homologous temp%raturé?iﬁ (ratio of material
temperature to melting temperature) approaches unity
for typical glacier ﬁemperétﬁres of -20°C to 0°C (27,28,
29 ). While only the flow of large ice masses such ;s
glaciers is considered here, theré are many other areas
where a knowledge of ice creep is required. Examples
would include: service tunnels in ice; deep érglliﬁg
throuch claciers during qil-expforation and development:
militgry and scientific stations within large ice masses;
iceberg development at ice margins; and mining of ore

bodies under glaciers (20, 22,30). Obviously, any new

developments in the simulation of glacier flow will be of.

8
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bgnefiﬁ.to thésé'otﬁer.aréasiéf ice mechanics, and: the
'ggneral area of gedtééhnofgéy.

. The flow behavioﬁr of ice has been studied by .
many researchers, and a synthesis of this w&fk is given

in following sections. The ultimate acceptability and
. . . . \#

usefulness of anv ice flow relationship developed will
depend on how representative the ice testéd is of the

actual ice in 'the glacier being considered. However,

some terminology used throughout the rest of this study, bl

and the methods adopted by researchers in-the past, -

is discussed before considering the ap icability of
available flow relaé?bnships and the laBoratory and/or

-

field* data used during their dévelopment.

2=-2 TERMINOLOGY AND METHODS

Dt -
R d
S

. 2-2.1 TERMINOLOGY

While most experimental or field based flow
relationships are uniaxial in nature, actual creep
problems are multiaxial, both in stress ané strain
states, and to summarize the extensive previous research,
ﬁhe concept of an equivalent stress ang equivalent strain
rate from classical plasticity ang creep analysis is

adopted. Many possible definitions of effective stress

*The term "effective" is used in the metallurgy literature...

However, to avoid confusion with geotechnology concepts,
the term "eguivalent"™ is adopted in this study.

LY
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‘have been given, however, one that preserveés the uniaxial

form is adopted'heré (Dorn's definition): .
op = (o, -‘c?iz + oy = o)+ oy - cx>2 +'61iy»*‘
(2-1a) i
= 3//2 T oot {2-1b3
whereop is the eguivalent stress, o, oy, and ojare the i
normél stresses in tﬁe X,¥e, and z directions, T v is-the ‘ f ;

- . i

shear stress in'the Xy plane, ana1bct is the octahedral
shear stresgl SinceVDorn's definition actually giveé the
- equivalent stfess in térms of stress invariantg, the
equivalent stress is oﬁviously of constant magnitudeA
rfegardless of axes orientation. It sﬁould beﬁ;gted ;hat
.Equation 2-la is applicablé for the plane strain case.

It has been shown in plasticity thebfy that the,
incremental strains are related to the stresses (2,32,26431}).
Fiow lawsffor this reason are generally defined in terms
of strain rétes rather than total strains.

The eéuivalent strain rate adopted here, that again
preserves the uniaxial form, is Dorn's definition which
is obtained as the time derivative of the equivalent strain.

This equivalent strain €n is given by:

_ - 2,.2,..2 2 X s
ED—(2((Cx cy) +Ly+px+6€ xy)) /3 (2=2a)
= 2/V3 tgee . (2-2b)
where ¢  and ¢, are the strain im the x and y directions,cy..
is the shear strain, andé € oot the octahedral strain. Eguation

2-2a is again for the plane strain case.
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Another specific stress commonly encountered in

glaciology is the basal shear stress dué to the downhill

* -

component of an ice mass on a simple slope. This is
given by (see-éeiivation.in Appendix 1l): . ’ -

~

= fghag to \ ‘ ‘ (2-3}
where 1 is the shear stress, ¢ is'the ice density, h is

the depth of ice, g is the aclceleration due to gravity, and

d; is the surface slope of the ice mass. Implicit in this

expression is the assumption that the basal and surface
slopes of the ice mase are approximately’édhal.

Because it may seem strange to consider the flow

-
]
[P, ‘.

of ice a high temperature phenomenon, it is worthwhile to

define the homologous temperature (27,28,29):

’

8]

TH f TM/T -4)

melt

where T, is the homologous temperature, T, 1S the material

is the melting temperatdre of the

temperatur T
_ P : e, and melt
material. Further, if the normalized stresécn is
defined as:

SN =a /G

( 2=5}

where ¢ is the stress level and G is the shear modulus,
S s A S
it is found that groups of materials at comparable. homologous

temperature and normalized stress behave in a similar manner
. - H

A

and. have the same dominant micro-m echanisms acting (27, 28,29 ).

From the definition of homologous temperature, and the

2
X
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data in Table 2-1, it can beigeen that{ice;as it normally
exists, is certainly a material ét high température‘(TH> 0.78).
2-2.% METHODS‘

Flow laws"for ice ﬁave beenlderived.from either
laboratory‘Qr field measurements of known stresses and/or
strain rates, and aré tfpically pﬁt in some form of uniaxial
flow relationship. .To exteﬁd these relaéianships to the
more applicable in situ multiaxiél.flowrcase, the equivalent
stress and strain rate arc uscd to replace uniaxial terms.
Further, the components of strain raté Ere then generally
found by applyinglthe Prandtl—ReussIJSSumptions from
plastic. flow theory as indicated in Nve's work (33 .* It

- a—

is algo possible to dcvelop.flow laws for ice 1if the ;train
rate coéponents and the stresses are known. |

Laboratory results are most often obtained using
uniaxial testing methods (34, 35,é6), althouch beam bending
(37,38,39,40), shear tests {41), and indenter techniqucs
(42) are also used. The state of stress is known more

accurately during laboratory testing than in the field

where many unknowns exist. However, it is difficult to

ensure- that the ice and testing conditions in the laboratory

are representative of the in situ case.

*y =~gx; Cyv = %lxy where oi = OY'(cx+°v+°:3/3
A = A" whera T=Y 30y - -

%.

g™

B



13

TABLE 2-1

‘Glacier Homologous Temperatures

-

Th Depth (meters) Ref.| Location |
0-%80-0-982 O0<depth<basec 17 Antarctical
0-911 i;lo - 20 Greenldﬁdﬁﬁcvc
0.965-0.986 9.0<depth<61.0 30 Tuto i
0.9998-1.00 | 500. 43 | Athabaska
0.9994-0.9996 200. 43 Athabaska
0.9707 ——-- _ 34 | Tuto
g.999 l.S.Sx'c’.epth-é?.-O 45 Taku,Alaska,ice and

) firn

0.938 00.0<depth~18.5 45 Taku,Alaska,firn
0.912-0.907 10.0«depth=410. 46 Greenland
0.896-0.897 10.0<depth<300. 46 Bryd Station
0.963-0.996 00.b<depth<baée 17 lBafncs Ice Cap




-flow relatlonshlps.

' ’ 14
Fleld measurements of the strain components, depth
temperature,and tlme taken over grlds using survevxng

technlques, or boreholes using inclinometers, have also

been uspd to establish flow relatlonshlps for ice (8,12,1¢,

20 , 15, 48 45,49). For instance, assuming that the temperature

over the entire glacier is constant, and that the ice-rock
interface remains intact, it is possible to determine a
flow law from equations cf surface velocity, equilibrium,

and strain components. Obviously, such field monitoring

is both expensive and time consuming, particularly when

the remote location of ice masses such as the Barnes Ice

Cap'is_considered. Often the monitoring will only cover

a portion of the ice mass, anéd this must be considered

J

along’ hlth the qualltv of the flelﬁ data ‘when cvaluatlnq

- -

2-3 REVIEW OF EMPI?ICAL LAWS

In the past, glacier ice was considercd to behave -

as a Newtonian viscous fluié (7). In the early‘l950's

‘however, it was qenerallv established that glac1cr ice

behaves as a "plastic substance” following a power flow
law." Since that time, many experimental and theoretical

studies have been initiated to establish the appropriate

flow law(s), and have béen summarized in varving degrees

of detail hy various researchers (18,50). The ceneral
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forms of the maih flow laws that_have,been proposed are C

SIRI

.

given in Table 2-2. Thc flow law glven by Equatlons 1
‘

-and. 2 in Table 2-2 is the most common form found in the
llterature,‘probably because of its simplicity and ease .-
of''application. .. However, A and n have been qiben.hanv

dlfferent valuek by wvarious rescarchers as can be seen

lln Table 2 3. -

This raises the major problem of deciding®which,
if any, of the constants are best for a given problem, and

requires a consideration of the in situ stresscs, temperatures,

-

-and i€t fabrics.. The flow laws and constants describing them,
as proposed by various researchers, -are given in Table 2-3

where all constants have been maae consistent with stresses
in bars ( 1 bar = O.I.MPa) and straim rates in year-l a1y,
ag these units are most been adopted in the glaciological
iitegature. - | |

The range of stresses,.temperatureé, densities,
ages, grain sizes, fabriecs, ice types, and test conditions
for which various flow relationships have been developed .
are given in Table 2-4. Much of this information is
summarized in Figure 2-1 and 2-2 with the limiﬁs.df research
to’ date for representative sets of data clearly indicated,
The ceneral areas applicéble to the Barnes Ice Cﬁp are also

given in these _figures.

From Table 2-4, it can be seen that if the grain
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FIGURE 2-1 TEMPERATURE AND STRESS LIMITS OF RESEARCH

Reference List: .

-

—-BT{~Barnes,Tabor,Walker (42) ,oMS-Mellor,Smith (22)

r

" eS-Steinman( 36) , & BL-Butkovich,Landauver (41),

cV-Jialov(59), ® J8-Jellenik,Brill (58) ;% R-Rigsbyv (60),

CG-Glen (35),a4 Gld-Gold(6}l), ---B-Budd,Jensen,Radok A

(17 ) ,Barnes -Ice Cap{approximate limits of observed
results (16} -
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size is an important factor governing the flow of glacier

1ce, then considerable varratlon in flow rates could exist
over the stress- temperature range of 1nterest due to this
parameter s 1nfluence. In the past, experimentally-derived

laws for ice have primarily considered the influence of

-

stress and temoerature, althouch the influence of secondary
factors such as repeated loadrnq have also been con51dered
(34,38 . Laboratorv and field studies of glacier ice fabric
continue to be an important area of more recent research
in alac1ologv that should vield the necessary inf ornatlon
for eventually incorporating fabrlc ln‘lueuces into
srmulatlon approaches. Aspects such as grain size, air
inclusions, age, etc. (i.e. key ice type parameters) must
receive closer attention in future research.

Barnes, Tabor, and Walker (45) have suggested that
the deformation of ice can be divided into three recions

on the basis of temperature ranges. In each region a
“

‘different micro-mechanism is acting. The fact that several

mechanisms are contributing simultaneously to creep is a

concept discussed in following sections with regard to the

ceformation mechanism space concept of Ashby, Frost, and Goodman(62) .
In this study, two empirical flow laws from Table

2-3 - Meier's andé Hooﬁe's - have been used as base relation-

ships from\which functional flow laws that incluce temperature

influences were developed. These laws are considered to

be generally representative of the in situ condition of

’
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typical léfge ice masses such as the Barnes. Icé‘Cap.‘ It
shoﬁld'be no;ed that the-developmeﬁ£ u§ed. and the
Simulatioh programs, are not limited to these two laws.
_The flexibility ex;sﬁs in the programs t¢ incorporate

other features such as fabric, when adeguate research-

results become available.

2-4 HOOKE'S AND MEIER'S LAWS.

2-=4.1 HOORE'S LAW

Hooke used field measurements to determine the
various constants .for the flow lawr

£ = (T/A}l'ss

(2-6)

'L .
where { is the strain rate, 1 is the stress, and A is a .
constant (see Table 2-3). Much of Eoéke's data was

de%ived within 150 meters of the south dome margin of

the Barnes Ice Cap from four boreholes and-tunnels {see
Figure l-1). These field measurements gavé close agreement
to laboratory and indeéendently derived fielé results.

The ice showed fabric due %o c-axis orientation (Pages

of Chapter 1), ané foliation due to the elongation of
entrapped air bubbles, supporting the obkservation that

the ice at the glacier-margin was not homogeneous’og

isotropic. Hooke found that the Barnes Ice Cap could be

‘divided into white (air entrained), coarse blue, and fine
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blue ices,. and that the ice often contained a fine silt

not thought to influence its properties. Cleaxly, with
all of these factors involved, the "field" ice should

vield more realistic flow data than ice tested in the

laboratory. .

»*

Hooke founéd that n was 1.65, while A varied with

ice type as anticipated (i.e. fabric influences), being

. i ] I
2.8, 5.0, and 4.5 for white, coarse, and fgne ice respec-
“tively at -10°9C. It should be noted that the fabric of

ice described by Hooke is extremely variable throuchout

the ice mass anéd that crvstal orientation can vary in

all three directions. -
2-3.2 MEIER'S LAW (12)
~
. Meler's law:
: 3.4.5 IR
Yoor o= 0,018 Toct + O'l“ﬂoct. (--‘f
- (. = -3: 1 = 3"-3’_- A
Yoot D' ‘oct A o

was determined by combining field {faskatchewan glacier
which is temperate with ice grain size og 1 to 100 mm)

and laboratory results to obtain a two term flow law for

temperate clacier ice. $ince Meler combined field and

laboratory results, and a wide rance of stresses and grain

sizes werc covered, this law seems an appropriate basis

for developing 2 functional flow relationshi
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of as describing the'deformation’éf‘ice as the sum of
_two mechanisms which act simultaneously, but independently,
to produce flow. . R

2-4.3 FUNCTIONAL FLOW RELATIONSHIPS - pf-

Hooke's and Meier's laws, as shown in Ficure 2-3,
r .

have been chosen as base laws from which functional flow
relationships can be developed covering a full rance of
glacier ice temperatures. Hooke's law, déscribingc the

behaviour of ice at —lOOC, forms the base law for developing
complete functional forms Hppyw (Hooke (Barmes, Taboxr, Walker
activation encrgJ)) and H,, (Hooke (Weertman acitivation)).

Meier's law at 0PC has been used directly as shown in

Figure 2- it has

w
[p]

, and also as shown in Figure 2-4 wher
been linearized be£¢een the Ddints indicaied, to determine
functional ferms My andé Mo, respectively. To ihc-orporate ~
temperature, the use of the Arrhenics équaéion with the
aésumption ot approprié&p activation enercies is fequired.

The Arrhenius relatidhship,lusually written to describc

the importance of temperature, is a straight line on a

log loc plot of temperature_agg\tQE\?uant-ty of intcrest. -

In other words, a rate process approach is adoptéé Lo

describe the thermally activated proéessupf ice flow.

2=

L

.32 FUNCTIONAL RELATIONSHIPS Hgqy, Hy

Hooke's law, which was originally civen in terms

0of Nve's ecguivalent stress and ecuivalent strain ra

re

2,
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~has been converted to Dorn's ecuivalent stresst:D) and

‘eguivalent strain rate_(éD)-yielding: n

€, = .4665 (¢ /a)" -
o "D . o R-s)

: S L. i S
where n 1s 1.65 and A is™.0Q bar yri/D, The assumption

-

of a fixed A implies that the ice is being considerea as

.

uniform in this cas8, i.e. blue ice throughout the Rarnes
- . . , - ' ’
Ice Cap, From rate process theory, the temperature

dependence ¢f ice can be written as:

: f = A eTSE/EST n -
€y = Rpe L8y | for T:=-8"C (2-9)
- . - N - w - . = - -
anc o= AT RS a0 sor meos®c (o0

where L and U refer to lower and upper temver Ture ranges,

- v

.

ané A, -3E,'X, c., N, and T are éefined in Table 2-2. The

t1

ractivation energy is known' to vary with temperature as is
shown in Table 2-5.
| ' The term: .

' | h e /KT 7
is’ the thermal actgyation‘cqméonent énd'is defived from
rate Process. theecry con;iderations. By.eéuating Eguations
2-8 ané 2-9 at ;he.temperatuée at whicﬁ Equation 2-8°
was cerived, and subséquently éolving Ecuations 2-5 ang
2-10 at the teﬁperature where the activation energies

by

change, the functional flow relationship Hpry becomes:

@%ﬁ ' : | )

Y]



Barnes, Tabor, Walker (42) - BTW, Weertman (504 - W

TABLE

2-5

ACTIVATION ENERGY

-

o

i . STW ] | 1N L
Temperature Rancé| 2E | BV ] Desicgnation LE |

o v IKJ/melel ; | KI/mole

C h-2 ! | . .

= "'. .l ' o i ]
=2 to -8 = "% j120.0 [1.26 SE, 120.0 |
L : i
8 to -14 | 78.1 .82 AE] 60.041

) | . . .
14 to -22 | 78.1 .82 pEL 60.04
J
!

L]



e = 1.674x100%e79518.35/T ch.es
fp = 3.870x10°%eT14624-9/T  1.65,

]

-and

. .

. ; . * . -
where °p 1S in bars ané ¢ in vear ™=.

Lower

7 <-8%

c Y H
o : BTW
T »=8"¢C )
c -~ s
- {2-11)
activaticn

~

energies given by Weertman (350) have also been considered

B

since they may give more realistic results

2-5). The functional flow/rélationshiz Hy
. , 19 -7215.8/T 1.65
e~ = 2.633 x 107 e c
. D * D
.. - 22 -18624.9/7 1.65
andé ey = 3.622 x 1077 "7°77 4 g

(see Table

®
becomes:
o
.7 <=8°C
ic >
RN
T > —SOC
C_
(Z2-12)

Obviously, the activation energies aprlicable for ice

flow stucdies must receive further research

2-4.3b FUNCTIONAL RELATIONSHIPS M. AND Mo

usinc the Barnes, Tabor, and ¥Walker activati
vields the functional flow relationship My:
. ‘o 1A 1021 1,114 1021 4.
a = L.laaX o] + l.llaxl z
o, D 3
and B
- T2 13 A
= G —)—-8\.10.-._4 + r 819\‘10‘ - - .
£ Je L0 c 4.0 dNM L <
D D D

-

emphasis.

5. -146238.9/7
re
C
-8 M.
c= -C 1
5,,-9518.39/7
oo-8% {2-13)

This form of development can be used for any appropriate

activation energies.

The second method used to develop a

flow law from Meier's oricina

e

ized form given in Figure 2-4.  If several deformation

' mechanisms afe known te act, the region over which one o

functional

work is to use the linears-

h



. them is dominant can be represented-by 2 flow law of the

form:

p T A c | (2-14)

over the appropriate region, and by a similar devélogment
over all regions. To maintain a close £it to Meier's
original curve, the'felationship was linearized in three

-

es interaction

-

i

parts as shown in Figure-2-4. . This im

'

of the mechanisms in the transiticnal

H

ecicn of the curve.

The functional flow relationship, Mo+ for this represens-

Fl .

tion is then-

- - -rE/RIT %
: (c) PlT)maB/ReT

where A anéd n are cdependent on-stress level as civen in

Tabkle 2-6 for_the‘Barheé. Taber ané walker activation

&

energies.

Comparing the functional forms shown in

to the observed data in Figure 2-2, it can be See=n that

L S

the functional laws lie in much the same recion as the

observed data. Exact ac

H

(=]
n

eeément will not be possib
because of the many varlables that were nos controliled in

the tests such as grain size or age. In facs, these
- i J

-

specific functional .forms were chosen because it was

O
o}
3
“n
'J.
(o7
m
H
8,
(i

hat the Hooke ané Meier's flow laws are mos=

representative of the fielé conditions. Haé a hase flow

-
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TABLE 2-6

FUNCTIONAL FCRM M_ FROM

2
. niz) =aAaE/X_T
_ (}e =/

4]

i ' s
STRESS RaNGE! - A
L @] < =]
 (Bars) - | n 0°¢ o -38°¢ -89C to =45
| S . 21 C 13
0.1 - 0.67 | 1.1 2.53x10 1.095x10

2 - 13
4.00x10 - 1.735x10

i 12
1.79x10 2.101x10"7

t
[




law been chosen from some other work in which laboratory

results are more representative of the field conditions

of interest, it would still not be expected that this law

couléd be applied universally. When a functional flow

relationship is being developed, consideration of all the

factors thought to be important in the . field will lead to

the choice of the bes*t available base law +o start from.

2-5 FLOW RELATIONSEI 0
MECHANISTIC CONSIDERATIONS

Ice has a recular, repetitive array of molecules
in its crystal structure, and it is the imperfectidns in
thils structure which allows creep deformations under

shear. Details concernitg the tvpes of impenfections

but rather theilr use by Ashby, Frost ané Goodman #c

cevelop a flow relationship will be discussed {27, 28, €2 ).

Mo
For the reader interested in a2 summary treatment of dis-

locations, defects and deformation, Appendix 2 has been

K
1

nclucded covering these topics. -

The influence of cgrain size, acing. barriers, and

rost, and Goodman considered the various possible mechanisms

>
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-

which describe the deformation behaviour of ice

dislocation creep, diffusional creep, dislocation glide -

and found. that the strain rate is given by the sum of

the strhkin rates of the various mechanisms

They also gave maps in terms of homologous

{27, 28, 621

temperature and

normalized stress showing the regions in which given

‘Geformation mechanisms arebdominant.

-

Sa. S =y
L L Y

TLee

an

-t . '
The flow relationship they suggested (with sub-

ticon of appropriate activation energies, atomic

volume, etc. as given iA Table 2-7) which is termeé AFG

in

where ED

T is

e

8]

temperatures ané grain sizes, and
been given es a function of

the functional forms, Hypw:

the absolute

1s the grain size, and €e

this study ig civen by:.

N

temperature,

~17, the strain rate for ice has

o
Sy

2 .
2,0 )
. . 5 o4746.8/T
(¢ _/G)7(1+50(c_/G) )y o+
s s -7195.6/T
)
' Te—4746.é/*r )
5 7195677
(2-17)

-1 . . .t
) 1s Dorn's eguivalent strain rate,

G 1s the shear mogulus, &

.
-

and M

is cD;B(baré

1c.

cifference between functional

).

been ev

| EBZsSecd

uated

on Equation

for various

these strain rates have

stress in Figure 2-3 along with-

The AFG precicts

flow laws anéd AFG 1s about four orders of macnitude over



.38

(***°p,3uod),

A&x\oo.; dxo uo:.no: da/ Y-y dxo

-

©Cao=la /-

HO A
dxo U=""dy

wmov. 8z UOTSINJTIpP 9I0D Uol3jedo[st(| » ao 49
11 ge +UOTSNIJTP 9400 UOTIED0TST(Y me\mso 20
o / 0T X 6° 8¢ SEOUXDTYY Azepunoq. urexs wo ¢
: . I . qo,
. 60b " 8¢ uoTsngjtg Aaepunog AD o
11 81 ¥UOTENIITA Axepunoy oom\mEU ro
“ 29" 81 UOTSNIJTU ownyop s %
e TT 8T »UOTSNIITQ 2unfop omm\mEo >0L
o - o !
_m&mloaxvmo.ﬂ+ eroﬂxmﬁm.ﬂumm.vﬂvm\N~OH L9 . Snyupoy aesys mso\mocav a
) - . , . u
91eLe - oumumuoasou butypon Ag iJF
8 0T X g6 BT 2030084 5, 10b1Ing wo &
’ .mm:oﬁ X {2'¢ 87 2UNTOA DTWO}Y mEo 15
: anyea 2DUB10 J0Y uotidraosoq uouosauc4

L= d'T4V L

d0T1 HOd mzu&mz<ﬁ<&.ZWHECEZCth:OzUHE IVOIdAL

==

w



39

-

. 0T X v919°8 - JURIEUOD uvwzZ] oy gy,

. ctoH 81 juelsuod 208 /ud Qr

' ' SLEE® Y4 JUTH 204 uoTjeaTlOV Ao Ay
_ .moﬁoﬁ x.u.m. .82 $80178 wﬁuoﬁoa NEU\U:>G d,

’ moﬁ X pL's .mm mmmﬂcowm:oEﬂc \

) - w;mm‘ 8¢ T30 u

- ) . .
anTeA oouarajoy . moﬁuaﬁuumoo uoumsmumL

L-¢ ATV

(PoniuT3uo)) 411 04 SUALAWVUYA NOLLVWIOJIU-OUDIW IVOLJAL




40 L Ls

the fange of temperatures'and stresses of interest. How-

ever,

it should b®noted that the grain size of the ice

from which the base laws for‘the functionalfflow laws

were derlved, and the grain size used in the APG flon

Jdaw form, also varled.by at least’ thls order of macnlhude.

.

For a grain size of 10 or 100mm, .the AFG predictions agree.

quite well with the observed resulis in the low stress

”-

range.

SUMMARY

A
Flow laws based on both empirical ané theoretical

A >

considerations have been examined tesm.develop essentially

five

ice:

.

functional stress-sirain rate. flow laws {or glacier

L T

~ o m.oqald -9318.39/T 1.65 a
CD—l.GM.\lO e : y To :2-8°C
B - s 27 -14624.9/T_ 1.65 . __co
€=3-870x10 o5 r, >-8%C
- 77 5
€ =2.63Sx1010 f"lsfrc 1.65 T_ <=5
-%‘ { D S e q.QD ) c -
Yt s3ie220%2 o ARSI 165 1 %
D D c -
. | _14624.9/7
i (20401080 + 1o10ax102te 405y 1962497 o goc
Mo ]% D -
Pt 1 * -
- = — - g
d(0.278x10%% + 4811000 P 0)e 18357 o 8%
. - _-v\e e m
ey~ (o) cn(“) e B/ -
M, {
'2 L

{(Table 2-6)
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While discrepancies obviously exist between predicted

ates (Meier, Hooke) as indicated in Ficure

ancé observed
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’ CHAPTER 3 . -

INFLUENCE OF INITIAL STRESSES
T . — , -
3-1 - T INITIAL STRESSES

.

- The solution.of time dependent boundary value

proklems reguires a+knowledge of ‘both tHe initial andé
- s s S on L “:'.. . .
boundary conditions. ,Dutring the flow analysis of ice

b -

RN

masses, the ipitial~stresses.can

o

lay an important role

a8 . b ~ ]
as most flow relationships PrCce are stress dependent.

Custemarily in the study of large ice masses with relatively

flat surfaces it is assumed that flow is due to the shlar

stress r'(Equation 2-3) acting at anyv depth. Qbviously,

using -this assumption for : implies that the normal stress

influences are not sicnificant {(i.e. R or small

— < Iy v

by

L. : 4 . - ‘ . - :
a_ anc Poissons ratic v = .5) and thgz the bedreock profile

]
b
2]

vt
-

is similar to the surface profile. These assumptians that
\ L4

were made for ease of analviical treatment in the past can
inftroduce sianificant errors.- However, such simolifving
assumptions are not necessary in the finite element .
methad . )

The "retentlion" of lateral stress states cue =0
previous vertical stresses is well recognizeé in ceotech-

nology. For instance, the maximum pDast effective vertical

pressure (preconsolidation pressure) a soil sustained due

el
42

o




previous conditions can often be determined through consol-

idation Eésgg‘(54) and knowledge of this pressuig‘is critical

" in settlement.?roblems.' This has aiso been shown for typical
rbck'sqheezing prqbiems under hiqh‘la!g!al stresses (°H>>'°V)
in Southern Ontario (65). Similarly, it would seem reasonable
for ice, that influences of previcus'§£réss‘s;ates might .also
‘be retained. (Also termed remnanﬁ stress states ih this studv.)
This possibility and its .influence is considered in this
Chapter. B ) ' : .

In the finite element analysis, such stress states can
be considered if thei; levels and extent are known. Many
valley glaciers, which are common in Canada ané Europe, have »
been receding in the past ceﬁtury.wit. their firm limit
tetreating to higher altitudes. This recession may have -
caused sbme unloading of such ice masses. The most pronounced
case ¢f glacier recéééién,'and the associated reduction &%,

vertical stresses, is the world's ice caps which have been

‘much larger in the past.  For this reason, remnant lateral
stresses méy'be influencing the flow of these glaciers.
This should be contrasted with the usual assumptions
that the surface slope determiné§ the shear stress. In
5
consicdering the influence of ini;ial stresses usinc the

finite element method approach, two general cases were con-

n

T
idered: 1) elastic siresses under self weight which has .

been the usual approach to déate:; ané 2) remnant initial stresses
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of various magnitudes. The various Stress states are dealt

with in the following section.
In this Chapter, two different finite eleménts for-
mulations are also comparecé. The formulation which-has been

used most often to date is a small deflection theory approach

using a fully explicit scheme based on the incremental,initial

strain method, and termeé E here (1,2,3,25 ). The second
formulation, developed by Mirza (66) for the sim:lation of ice mass

flow, uses either small or larce deflection theory and an
implicit géﬁeme to solve icé_mass flow éroblems. This approach
bwill be termec I here (66,67.68,69 )f, The two finite elemént
me&thoé formulations have béen used xo simulate the same probiemj

-

anc the solutions compared to\determine the relative merit' of the

wo simulation methods. Tt must be noted that the stress states assumes are

hypothetical and that superposition is not implied.
3-2 STRESS STATES ASSUMED .

- The shear stress as a2 function of surface slope . is

¢iten used in ¢laciological work, and this is discussed briefly

-iQLthe”previous section. The second common assumption for *the

P

‘Stress state acting is that it is the elastic- stress state under

.self weight as shown in Figure 3-la. When the horizontal and
T " .
vertical stress levels are the same with no shear. stresses on

- these planes (level éround with v=0.5), Figure 3-la becomes

[

Figure 3-1b, the hvdrostatic case. If remnant stréssés exist,

then the total Stregses are not functions of the édepth alone,

and no*simple’ relationship between the stresses can be derived
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analyticailv (Fiqure 3-1¢). In this case. fleld _Measurements

-are reculred to determlne the. in gitu stress levels. Although

"abrlc lS indicative of a memo*y" of past history, it was

-

-,

assumed o*ev;ouslv that remnant’ st resses (if they exist) would

clssipate rapidly'because the relaxétion time of ice is small
compared to the time span involved with glaciological events.

Thus,” it woulé séem reasonable o assume that the -°

gravity stress state or one close to it, prevails. However,
early in this study and durinc previous work by Hanafv(53), two -

.aspects of potential concern were recognized: 1) I they do

exist ,remant st*esses woulc significantly influence glaviéer
3 :
elnan

flow rates, particulary with regaxd t¢ surcing:; and 2) R *
treésses would be responsible for part 0f the apparent lack of

acreement between measured and predicted flow rates when appro-

Priate flow relationships and initial gravity stress states

have been*assumned.

Given these problems, it was evident that remnant stress
state influences must be investigated in detaily with final

=

resolution of their importance depending on improved field

measurements of stress conidtions in actual ice masses. Two .
cistinct potential problems havé been identified here - “low .
relationships andé initial stress conditions - ané beth are -

critical to realistic ice mass flow simulas ion. InCeed, the

as an initial conditioh at the time the flow analysis is initiates

.



(¢ = 0 for_ analysis in a2 finite element.program is just a-

-

point in time as far as the glacier is "concerned"). .

The potential influence of remnant stress states was
dealt with in two different ways. 'In the first case, desig-

natedASl,rthe.remnant stress levels were diven simply as a -

- -~ 1

function of the vertical stress:

~

¢

i v

o, = Ko ' ' . o (3-1) -

- but it was felt that this could lead to some problems as this

+ . - .
concept borrowed from soil mechanics is not reallv applicable

'for sloping ground. For_ this reason, the remnant stresses

(assumed to be lateral) were considered in case $, to be given

by:

¢c,.. = X ¢

K B (3-2)

Ko

where ¢_ 1s the elastic horizontal stress and X is a multiplier

o

-

~

introcducing a perturbation from the elastic case, i.e.:.

~

bt 1+a" _ . S (3=-3)

1

..where ¢ is the perturbaticn facter. The shear stress from the

-
-~

elastic self weicht sclution was used throughout.

Fl

Once the stress state is determined it 1s necessary
in the finite element methoé solution to determine the strains.
In this study, the strains (elastic, plastic, creep) could

be cealt with in a varietv of wavs. However, only twoc were




considered here'as shown schematicaily'ih Figure 3-2: CT

- -

7~ . :
1. The remnant strains are not recoverable and generally
SN L . ‘o . A .
unknowsr (-U-)." For simplification the 'initial strain state
\ i : _
is taken to be the elastic strain due to.self weight.. Eowever
e - .

the remnant ‘stresses are -assumed to influence flow and the

initial stress state is the remnant stresges plus the self

- weight stresses.

.

;. " The remnant st;ains are recoverable and related Lo +he

Y

T i . s YW . . . - -
 ¥emnant stresses by elasticity(-R-).° The initial stress state

.

is the remnant stresses plus self weicht stresses as above..

The first c&se was uSec in reporting results for this study

as it appears the more reasonable, although both schemes were

emploved initially. S - . \\\m

3-3 TYPICAL ICE MASS AKRD STEADY STATE FLOW
- Three finite element meshes, for a hypothetical ice slope

.with break, svmmetrical about AB as shown in Figure 2-3, were

rt

0

used to study the influence of initial stresses. The various

tress levels and the schemes used in +the

th

inite element method
_flow simulation.of the large ice masses is given in Table 3-1.
To determine the influence of initial stress states on the
behaviour of large ice masses, the steady state finite element

method solutions for the various initial remnant stress caces

have ‘been compareé in terms of eguivalent stresses ané surface

¥

~U- Unknown, =-R- Recoverahle.
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(a)-U- :
GRAVITY
i STIFFNESS :
; ' v Y
|
v .
displacements {4}
. strains o {el
N K stresses {c} . -

{b) -rR-

GRAVITY
LOAD.
. VECTOR

P

-

a

v

perturbation stress (remnant)

creep solution

REMNANT '
STRESS LOAD STIFFNESS
VECTOR -

P (5]

total

v

displacement {a}
strains f {e}
stresses {0} :

g

creep sclution

.

—ZICURE 3-2

STRAIN SCHEMES

-
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~

velocitié;. Steady state has'been.considered ﬁo be Eﬁe
condition ‘-when the ;tréin rates are essentialiy constant for‘
each elemépt, i.e. the eglivalent stress is no longer changing
signiﬁ}cantly.‘ ' y ]

: If the steady state finite element method solution
affer a reasonable time is nat influenced significantly.by
the initial stress conditions assumed Ji.e. relaxation'of
locked-ift stressesi, then for the finite element method |
simulation of glacier flow problems,_the‘ggavity state of étress
can be used as the iniﬁial!éoﬁdition. Ig'the iﬁfluencerf
initial stresses“ig_significant, then the.éntire glaciological
historf, or_the stéte of stfégs.at the beginning of the analvsis,
must be determinakle (i.e. £fieléd measureménts of stress, or flcw
rates which are back solved for stresses) for use in the finite
element method simulatébn.
3-4 RESULTS

In this section, the steady state finite element method

solutions of large ice mass élow problems are presented aﬁé
comparédﬁ The tvpical ice masses given in Figure 3-3 as well -

as the Barnes Ice Cap were mo¥elled using the finite element

method cdescribed previously by other researchers (4,5 J. Th

1]

results will be discussed¢ in conjunction with Table 3-1.
In Figure 3-4 the eguivalent stress is shown as a
function of time for Element 10. The ecuivalent stresses (cases

rst very differenty have become

$4

1l to 5) illustrated, at £
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somewhat closer at steady state, but do not apbear

55

to converge

at steadv state (history about 5 .hours). ' .' -

compéred in Table 3-

3-5 anq

almost, eachec. "Again the siresses at

Cases 6 to 13,

3-6,

it can be seen

for

2 and in Fi

-H

that

the more refined'grid

res 3-5 and 3-6.

have been

- -
From Figures
the steady state solution is

teady state have not

converced. The-éteady staté surface_velocitieé for the vériéus
cases are given in Table 3-2. It can seen that the finite
‘element method su;taceﬁvelocities for different initial conditicns
are significantlf different. 1In fact, using the S, stress
11 = | : : ‘ 3
scheme the flow has gone uphzll_:o: the very high hotlzontal
tress levels due to the assumption that'thig s ss is simply
a multiple of the rtical\étréss.
- : ’ g can een from a qqmoé son.o‘ %Lgu;es
3-6 that éi though the eg ltalent stress has becom
small‘éhanges ir horicontal st:eés are still'occurr;
steady state may not quite have been reached.
In Figure 3-7 the eguivalent stresses are
several elements for variout éaées, cover tg lotger
*(@bout 3 months) than had previcuslv been comoleced
explicit method. Thet:esults indicate that the i
solution Zor the steady state flcy o{ the ilce_ramp is finally . .
reached at about 12000 minfutes (Scavs]. Element 1I demonstrates
steédy state behaviour at about this time, while mest other
elements appear to reach steady state much earlier. The results
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or the implicit scheme using the same grid are-shown in
X . : C o > A ‘ ‘
Figure 3-8, andé are the same as for the explicit scheme at

steacdy state.

For both. the imnlicit and ¥plicit schemes, the

1]

. . - - .
initial stress has szgn'f:cantl~\influqnced the steady state

‘ : : Lo
solutiecn, although the Cifference between the ecuivalent stresses
at steady state iTless than the oricinal (t = 0) difference.

-
The steady state solution for the explicit scheme can be compared

*

to the steady state solution for the implicit scheme. It can

be seen that the. steady state stressec precdicted by both schemes

-
-

e influence

it

are identical. Both schemes clearly indica<fe the

[N
(oD

of in gnore

N

tial stresses, if they exist, is too larce tc ke

B YR

H

[

¥ Lo convert fiecld

70 overceme this problem it will be necessa

measurements into m

w

I

)

o
B4 ]

th
©

—
=

o
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ot
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it

’—A

L. c . .
concitions for the finire

[

element simulation of ice mass ‘low.

various flow laws. The ¢ results show very poocr agreement te

h. improved

o,
rt
¥
[}
rt
¥,
)2
rt
b )

the observed restlts, and igkéé exnecte
knowledge of potential in sisu siresses that the simclaticn

results can be significantlv imoroved.

W
1
LVAl
n
c:
‘u
"
{
P
0

Glaclers, throuchout most of their history, move very

slowly. 2t times however = clacier may advance rapicély feor a

L

scheme
unst

in development by Mirza as McMaster University
s T

k]
able a teacdy state.
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short time, called¢ surging ( 7,70,71), and then start‘moving

slowly again. Surging of whole valley’'glaciers and parts

of- ice caps has been known. to occur. Nguven - used joint

. elements as an approach to mocelling the surge process- (4 ).

However, the néditions which cause sUdrging are not well known,
\..\ )
and in fact the debate about surging continues today. . However,

since surging appears to be an instability problem, a large
ceflection approach coupled with initial stress considerations

ané, transient thermal cqnéitions may be needed to 'solve the

w

surging problem. This tvpe of an approach 1s being developed

H

at McMaster Universitv usin input from the study reported here.
X 3 ] x Y e

. INITIAL STRESSES o

=
[
+3
K

3-6 DISCUSSION AND METHODS OF DEALING
»

hj

rom the results of two formulations which consider

.the role of initial stress states, it was seen that the usual

]
elastic state of stress under gra

not necessarily the correct initial conditior

ty lecading assumption is

“
}.J'

e |
th
0
H
t
&
th
=
3
¥
ot
M

element method simulation of large ice masses. Perturbg;ions
from the elastic stress state inditate that the déual_sgate

oI stress assumed (gravitv) is not a limiting case cdue to Zlow,
but rather, ‘that the fielé conditions mus: be known at the

Several methols of determining the in situ state of

'
0
v
'_l
(W]

|(:
b

¢]
[
fu
0
3+
o]
(W]

Stress are possible (typ oGy using methods

cdeveloped by Nve (7,34)), althouch methods based on field

-~

measurements have mainly been used (€. In future simulation
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-

flow rates obﬁained in the field (car

e beiwc

- e

~aken

to use the: correct- £low rates as indicated 1n Chapter 4) coupled

with obhe boundarv condltlons Wlll be used

to dete:mlne the

initial stress state, which can then be used to study ¢lacier

flow. Eowever, this will alsc reguire a detailed knowledge

of the appropriate flow relationship as @iscussed previously.

. Since creep inevitably involves geometry changes,

a large cdeflection simulation method seems to

-

- to ice mass flow problems than the curr
5

concditions such as temperature, still
: <
by most researchers (even those using

(75)), must also be consicdereé alonc wi

assumed

the finite element methad

tH ini

-

be more suited

nt aosroac". Cther

t0 be isothermal
had .

»

tial stresses..

ané appropriate flow Telationships before significant advances

in the art of ice mass simulation will

sti1l]l needs further work *o take it int

past the ini?gation cf steady state.

occur.

-

The implicit scheme

the comglete time domain

§
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. ' S CHAPTER 4 \J
i TEMPERATLEY IN LU:NCES 'ON GLACIER FLOW -
. . ‘-/ \,
4-1 _ TEMPERATURE INFLUENCES

Glaciers; typically foundé at temperatures between

o . o~ . : : :
0°C and -60"C, have uniform Or non-uniform temperature

t

1S

O,
bt

ributions which mav approach steady-state or be transient.

ct

his C

In apter, the importance of considering these temper-—

flow problems

-

ature dist r:buglons wheﬂ simulating clacie

a1

) .. ) 3
18 examinec.

A .ts.-':mperat-éE glacier is by definition az, or closc .
tc, the pressure melting temperatufe througacut and moving
p:iﬁarily.by basal slip and internal deformation.'fCorrespoﬁd—
ingly, a colé glacier is at a2 temperature lower <han the

pressure melting temperature throughou:, and moving primarily

by internal deformation. fThese two rather broad classifications

~ .. . . . .
usec 1n Hls studyv to describe ‘the ice mass uncer
1

Y
In the previous Chapter, the injluence-of initial

tress was examined usinc “model" temperate claciers, while

P
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Slm la*lv a tvpical ¢ ¢ Barnes Ice Cap, .repre-
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sentative of Canada's northern ice masses has been modelled.

“r Lk
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The temperature distribution for the Barnes Ice Cap was

'provided.by the‘Gladiglogy Di%ision'of Environment Canada,l
ané is based on observed results and a sfeady state . - .
mathematicai model {72). This tem?eratu:e distribution _
for the Barnes ice\Cap is given in ?ig_u:e 4-1. In the more {‘
general case, when the'teméeratﬁre dis:{ibution of a natural
ice mass 1s sought, a model.whic; iﬁcludes:‘ a) frictional
héat; b) geothermal £flux; ¢) érevassing;ld) convection 5f
surface air; e) absorption of radiation; ané £)the movement )
of water, shoulé be"used. These factors could then be used
in a transient thermal analysis fin‘telelement medel to ' .
-pfediét the temperatufe distribuffsétgf any glacier, althouch
this has not been éone here. (Thermal analyses form part
cf a related current research program.)

It shoulé be noted that cue to'geothermal flux or
fricticnal heating, ice masses in Northern Canada tend to be

warmer at theilr base than at their surface (for example,

Figure 4-1). . . 3

4-2 - ICE MASSES CONSIDERED. Coy .%

w

s . . -
To determine the influence cf temperature on the
creep behdviour of ice masses, the glaciers modelled in

Chapter Three were used again, but differe

8]
t
ct
m
1
N
)
Al
[}
rt
o]
H
m

w

distributions were adopted (Figures 4-1, 4-2, and 4-3).
The Barnes Ice Cap, shown in Figure 4-1, may in fact be at:

he pressure melting point at the base (ice becomes water)

rt
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oY . DISCUSSION OF RESULTS

<9
i
on

-For the steady state flow condis tio hhe creep *a;e,. ;

egui ivalent stress, aﬁd su*‘ace veIOC1uv are const@nt. _To

"study the influence of temperatu:er the ecuivalent stresses
andé éu:face velocities have been compared for the steady
state fléw co néitions. .
~
- . [

A *

The eguivalent stress in Ficure 4-4 is shown as*a

function ©f time for various flow laws (Glen,

.0]‘

icoke, Nve) for

clear tha ‘he

rt
rt

Element 12 of the twelve element hesh. It 1

.

ice mass reaches the steady state flow condition very guickly,

recardliess of the flow law. The 4wo isothermzal ice masses

hown for cempariscn to the non-isot He_mal ice

i
“
L
o
0
OJ
v
n

Increasing the temperature non-uniformity tends to increase
- —aade A L . - -~ - .
€ steacy state siress ldvels as the ice mass becomes colde

Chagter 3} are giv 1n Table 4-1 fou various semperature
.
cistributions and functional flow relationships Hoymmew  The

-

law are given in Table 4-2, and are alsc shown schematicaliw

igure 4-3. Once acain, the influence of temperature is

\
n

criace velocities (velcocity diswribuzion! for the Barnes
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Barnes Ice Cap are cbserving the actual ice mass field

+
-

conditions’

. To examine the possible consecuences of using averaced

vearly surface velocities, Table 4-3 was cdevelopred to show

_hypothetical summer surface velocities compared to averace

vearly values. If the Barnes Ice Cap southern margin behaves

a8s an ice mass whose summer is typically four mcnths

3 * long,
Qver which 50% of the vearly surface deformation oceurs in
e summer, then 1t can be seen from Tabdle 4-3 thaz the sumﬁe:
surface velocity is 150% of‘the averageéd vearly surface

velocity.  If the observed results were then ceorrected =c

account Zor these hypothetical summer surface velcoccities,

‘comparisons wish &r

oy

e finite element method results will

"then show much closer agreement beté&en predicted ané chserwed

H
0

esults 1 the functional form flow laws oo OF H. arc used

e

&%Ee laws derived from Barnes Ice Cap data). While this

Ciscussicn is kased ‘pothetical consideration of summer

. surface velocities, 2s asgect of the simulation should
certainly be ext nded-in future studies.

‘€ results.cdiscussed above clearly indi

" icate that
the in situ temperature distribution has & significans influence
on the Zlow behaviour of ice masses. Comparing observed

annual surface velocities of the Barnes Ice Cap to steady sgtate

finite element method simulation results, it was found thas

the agreement was generally poor for all flow laws consdered. .
i

1
W .
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However, the;observed.surfacé velocities are the annual .
avefage rates which may *be éonslderably less than the .summer
rates near the marcin. - The stéady state - finite element
Emethod simulation results for_functional flow laws HBT” ané
jf:w based on data from the Barnes Ice Cap'Mérgin, may p%ové .
1tp be more reascnable- if éhfé effect is consicdered in delelop-
ving Zlow relationshiss aporopriate for-ithe total ice mass.
<
4-5 THERMAL PROPERTIES OF ICE AND ICE MRSEES
Future finite element simulation will consider -both the
transient hea:t flow characteristics ané creep Dehaviour oI
;cé masses. Since this will recuire a2 knowledze cf the
thermal properties of ice, as well as the strencth properties
invelved, this section will deal Dbriefly with the thernal
croperties inveolved. The cgeneral sransient heat transfer eguatiern’

applicable for a glacier, which must be solved in the ébuplei oroblem is:

-
B - z e, z el AN o~ TR

—_— - - - UL Y i 2 o) ) = = -
TR R [::\ zz (2 23z < Tpic 0 La-Ls

specific heat In acdéition, +the surface temperatures mus

3. . . -
abe ¥Bwn ané on the suriace:
-

A A
o = - . & - . - » )
K== 1 - X — X = X (s =2 ) (J=2) _;'
XNooXx ~ o RS by = by =3 -

W



Py

»

. -

where E;is boundary ‘heat input, N N ';z, Ia::é direction ;os,ines’

in the x, v, and z directions, and & is thé;filﬁ coefficient. . -
. . L

% program for the above therﬁal‘analysiS‘has.:ecently been

deyéldped by ﬁgrza (73) ané will be used du;ing an extension

of the current study. Factors tc be considered include:

albedo, thermal condugtivity, rainfall, radiation, geothermgl

-

. 8
flux, winé ané friction. s : : - .
. v ' S
Albedo - :

Lol

Ice surféces nérmally rellect about 60% of the in- - v
coming radiation, althoucgh covéring the surface with &
can reduce this to 20%. Paterson suggests that the albedo
o snow varies as it ages from 70-90% reflection when fresh,

te/only 20-40% when it becomes ice (7).
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rarious researchers whe have foltnd that for the temperature

v

1

rance 0f mest ice masses that K varies inmersely with

temperature, somewhat with crystal orientation, but does not
vary with crystal size or source of the ice (1§). Tvpical

relationships for thermal conductivity which are available -

re civen in Table 4-4.

i}

Y

xternal Heat Sources

- There are several well-recognized sources of external

heat including rain, geothermal flux, radiation, and friction .

7

to be considerec. -
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-1, Rainfall

Rainfall contributes heat egual tc the heat of =he

‘volume of water that precipitates ané this heas is given b

e - e -

¥

T w* rain c : ; . (4=3) v
ﬁhere Cw.is B0 cal{cm%_and T is the rate of precipita;io“.
This contribution is generally small due to the nature of +he
climate in clacial fecions (73 .

2. Radiation .

Rédla::on frp" the sun, thought to be the main
cgnt;ib:tor tc;the energy ol ige masses,-is‘propor;ional to
the ancle of';rciéence e the radiaticon. Mensthly radiation

. . - ) -
values: 0of less than 10 iancelies (1 langely = 1 ¢gram cal/ecx™:
te sevé:al nunéred langelies per month are appropriate for
BaiIiin Islancd (Barnes Ice Cap) cdepending on the season f"g.
T6). Tc model the Sarnes Ice Cap, either monthly or dall:
recerds could be u;ed te determine the guantity oI inccming
radiation. SQEE records are found in the Canadian Monthiy
Record (768.

Geothermal Flux

Digsipation of the earth's primal heatr (77} cauSés
heat flow through the earth's crust into the Glacier as aﬁ .
.external heat source a+t the ¢lacler base (about ;.é rcal/em-
- = :
sec (37)). Typical values cf geothermal- flux in Northerw
Canada are civen in ;éble.Q—S. .

* - LY
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- ’ CHAPTER 5

SUMMARY, CONCLUSIONS, AND FUTURE WORK

Glaciers are largericé Qasses,fand in tétal cover
ten pefcentfof the world's land fufface. With the advent
of the finité-element method itjis possible to construct
models of any of these ice masses to describe flow character-
istics and temperature disﬁribution.‘ In this study, the
. behaviour of a typical cold gla&ier of the Canadian North,
the Barnes Ice Cap, was simulated‘using'thé incrgmental.
initial strain finite element method. ‘ Several important
aspects relevant to the numerical modelliné'of'ice massas
were studied, including:

1. functional flow laws

2. 1initial stress conditions (in situ stress state)
3. temperature distributiocn.

~.

2 functional flow léw is aﬁ important anéd necessary
materials descriétiom.needed in the finite element method .
simulation since each material has its own flow character-
istics. Since flow laws are generally poweér functions ¢of the
stress, a small error can be gréatly magﬁifiea. A-survey

of the available work done with regaré to empirically
determined flow laws ‘and the conditiﬁns under which the laws
were derived was carried out. FQ;ther, the movement of

dislocations in' a crystal lattice, and parameters which are

N
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iméb;tant to the movement of dislocations through the
lattice were briefly considered. It was found that in
deriving a flow law for ice.thaﬁ empiribél work has not
controlled with sufficient atﬁention-those parameters which
a consideration of the movement of dislocations shows to
be.very important. Several functional flow laws were )
péoposed to deal with the simula;idn of the non-isothermal
Barnes Ice Cap. 'These laws, designated Hpp, Hy. Ml,.and‘
My, were.derived from base laws which origigally did not
consider the temperature.Qariatipn of flow rate, buft wefe
extended by assuﬁ;ng the creep deformation of ice to be
thermally activated.

The influence of initial stress states on gladier
flow ﬁas been examined._ Gla;iers may have a “"memory" of
previous stress states imposed oﬁ the elgstié sﬁQte of stress
under. gravity. Bec%&ée the finite element method simulation
of glaciers has_in the past coasidered only the possibility
of stress stateérdue to gfa;ity, it Qas necessary to determine

X

the importance of other than this stress state. It was

fo%nd that the "ﬁemory" of past stress-states is important

to glacier flow. The differences between o¢bserved flow

rates and finite element method predictions of the flow Qates

of glaciers may be in part due to the lack of knowledge of

the in situ stress state. It may be necessary to determine

—
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“-

the state ef stress in a glacier based on observations
of surface flow rates, rather ~than assuming the gravity
state of stress prevails. ‘

| The creep rate of ice for a temperature variation
of as little as 5°C changes almost be an order of magnitude.
The importance of ndn—isotﬁérmal conditions on the behaviour
‘of ice masses was investigated. It was found that thé flow
' of ice masses Es signifibantly influenced_ﬁy tempeiature
. distribution. The in situ temperature distribution of ice
masses must be known. Using the temperature distribution
based on observed field results and a simple mathematical
model, and using the functional flow laws proposed -in this )
study, the Barnes Ice Cap was modelled usinglthe finite
element method. It was found that the non-isothermal
Bérnés Ice Cap steady state finite elemenﬁksugface velocities
predicted did not compare favourably with the observéd flow |
rates. This may be becausé the metheds used to derive or
reduce .data vield average values. However, factofs such
as stress gtatesland ice charécteristics must be considered:
in more detail before improved results-are obtained.

B Two finite‘élemgnt approaches have been used to

solve creep problems: the explicit scheme which determines
the solution at any increment as a functiop of the previous;

and the implicit scheme which determines the solution at

any increment as a function of the present and previous

- . . . - - — .o - PR e e e
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increment. - It was found that the steady state solution

predictéﬁ by both schemes was the same, but that the impliéit
scheme was moré efficienfz |

Future research must;' : )

l) consider systematically the parameiers_iﬁfluenéﬁng
the creep of ice; 2) consider‘zhe initial streés conaitions:
3) inboféérate large de;lectionhtheory into the finite-element

. w .
method to model glacier surging; and 4) couple temperature

distribution with the flow of ice masses.
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APPENDIX 1

SHEAR STRESS _ .

<

Many simé;e relationships have 5een derived in the'pasf-
. to deal %ith limiting céses of complex problems. This Appendi£
is included to dembnstrafe_the derﬁéatibn for a shear stress
‘re;ationshiﬁ freéueptly used in glaciology, and the limitations
to‘which its application must be sﬁbject: '
Assume that the glacier shéwn in Figure aAl-la is under
a state of gravity stress. The average basal sheé? is to’be

© found over the section shown.between al and ay. The section of
interest .is idealized.as shown in Figure Al-lb to allow simpli--
. fication of the trea£ment. -

From Figure Al-1lb, the depths hl’ and h2, and the rate of

change of depth are:

-hl'=-{L + (Xz-Xl)}sin”(us - ub)
) }{(A1-1)
h2 = 1, sin (as - ab)
ané hl_hz = -sin (ao_ - c's >

where ¢ and-aB .are the ice surface and basal slopesﬂ‘respectively.
d
To determine the shear stress the ice mass must be in a

state of equilibrium. The various forces are:

97



'a"_

'SECTION OF GLACIER - Al-1b
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Fyo the force on aB = % Yh; cos &y ST (AL

C _ 2 dh B

E?, Ehe fo?ce cn CD = % YFhl + 2h1 I ox + ‘
dh . .2 2 ‘ ' Al-3
&x Gx)_)cos ap _ . ‘ ( )

W, the welght comoonent of ABCD along x is

(Zhl 3 Q? §x)éx sin LN (Ai‘4)
T, the shear force is TS L (A1-3).
Force équilibrium aldng x”implieé éhe sum of Fxfis
zero, (SFR=0):
IF =0 =F) -Fy,~W+T
o = {%thz =%vh, +thgh 8x + Y(dh)z Si}cosqu .
%T - % (hy + h, + %% § %) &x sin @y + tbéf = 0 . {(Al~6)
Now, if ;052 is almost unity (ab= 0}, then
T —-yhldk - % (g 2 §x2 + yh, sin a; +
326\ sin O ‘_ . .(Al'7)
Assum.ng that all’ terms contélnlng (dh)2 and g% sin ab\;—xre.
small then:‘ )
_ dh . -
- Tp TYRy Fx trhy sin oy . (Al-8)
BUT:
= g% :lsiﬁ (_as + o) (Ai-g{
and therefore A 1-8 becomes: ' ]
Ty, = -vh; sin (ag - ab)-+_th sin oy, . C {Al-10)



.. .
AR el i | g e S s s e i oy ma————— e et c————

100
v
‘-Assuming (ds‘- uB) small and ey small then:

-

Tp. T YRy o ' -

Eqﬁation Al-1} is -applicable in ,s.it{lations of small surface
slope and base slope,but not for large—slopes or where the

surface and base slopes differ significally.

-

3

T

.

(Al-11)
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APPENDIX, 2

DISLOCATIONS, DEFECTS AND DEFORMATION
This‘Appendix is intended for those seeking more
details concerning the micromechanistic behaviour of
materials, without having to refer to outside references.
Crystalline materials, ice, métals and minerals, are made

of a regular repetitive arrangement of molecules, this

arrangement having imperfections of various types.

Imperfections

The possible types of impérfections are:
1. Point (substantial impurity, . interstitial vacancy, self
interstitial, Skottky, Frenkel);

2. Line (screw or edge):

3. Interfacial ({(crystal boundary, stacking faults), and ; -

4. Bulk (voids or inclusions).

L

These imperfection types are shown in Figure A2-1.

The various types of defects will have different . influences

. K c.
on the creep behaviour of polyvervstalline materials, and in
fact, creep deformation as a rate process is dependent on

the presence of such defects.

lo1
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FIGURE A 2-1 TYPES OF DEFECTS
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‘Nabbaro-Herring Creep

These defects are controlled by diffusion processes

and other factors. Grain boundary or lattice diffusion creep, o

also called Coble or Nabbafd—Herring creep, as ‘illustrated in
Figure A2-2, is facilitated by increasing the number of line

defects or grain boundary defects. In Figure A2-2, a tensile

_stress (i.e. shear stress at faces) is causing the flux

of material from the interior of the vstal to the edges,

resulting in a strain rate:
'

! = BoaD/d’KT . ' .
where ¢ is tﬁeiétrain rate, ¢ is the s&tress, é is' the atomic
volume, D.is the diffusioncoefftu%ént, d is the grain size,.
K is a constant, T is a temperature, and B-is a constant
{Table a2-1).

Assuming Fick's Law* applies, Equation A2-1 is known
as the Nabba&o—He:ring_Creep equation, where volume diffusion

values are applicable for D.

..

Coble Creen

When diffusion results in material moving along the

grain boundary, the process is called Coble Creep and the

3C - s .t .. : . .
* Flux = D = (diffusion coefficient x concentration gradient)

——
o,
—
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' TABLE A2-1
B OF DIFFUSION EQUATION

BURTON (29), POIRIER (86)

B IN LATTICE CREEP t
Grain Shape Stress B
'Spheré_(diameter a) o Shear 40.

T Tensile 13.3
Cvlinder (L=24d) Tensile 12.2
Long sguare rod ‘Shear . 16/V2

d2=area ‘
N
cube a3 » . Tensile - 12
Foil d x & Tensile 7.5
—. Tensile . . 12.0
B IN COBLE CREEP
Grain Shape Stress B
" ISphere _ Tensile -| 148
. Shear ' 148/3
Foil Tensile 12
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T ~ TENSILE STRESS

—INITIAL SHAPE

4—FINAL SHAPE -

'-]- TENSILE STRESS

F1sure A 2-2 CrysTaL UNDER STRESS



I

- R v
resulting straiﬁ rate is-given by:’
£ = BD 8o@/vd3KT = ST T (a2-2 )

.

where the various guantities were described earlier, but

) 2 . ) .
in this case edge or grain'béundary values are applicable

for D, and § is the Burgers vector.

Dislocation Movements

Interstitial atoms and vacancies move by ddffusion

-

as do_impurities,'and may influence the creep behaviour
of ice by impeding or assisting the motion of dislocations.

Dislocations, known to be mobile in ice, and having t¥pical

3 6

velocities‘of 10~ to 107 “M/sec, glide on the basal plane,

and may pile up on grain boundaries to. cause microeracks.

Weertman and others have calculated the dislocation glide

creep rate (87).

Mukerjee, Biré and Dorn (88 ), after reviewing

many possible deformation mechanisms, found the strain rates
in géneral could be given by:

Buld(gyn .  (a2-3)

£ T KT G

-

where the various guantities were described earlier, and G

is the shear modulus.

Applicability

Equation A2-3 can be used to Sescribe many flow ™
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.

re;ationships. When lattice and grain boundary diffusion
creep occurs, Equations A2-l'and-A2-2.app;y.'.if there is
érain boundary sliding on a smooth interface the sﬁrain

‘rate becomes:

-

(A2-4)
N

where Wg is the grain boundary width 9 ). If the graiﬂ

- E_:SGWgDT/KT -

interface is rough, the creep rate due to sliding becomes (28):

¢ =AwaD (2 + ¢ 26) /T © (a2-5)
5 e .

where i, h, W, and L are associated with the grain boungary .

thickness, roughness, spacingignd dimensions.

és_old ice contain§ more-diélocation, it is expected
that if diffusional creep is imﬁp;tant,'then ége‘will increase
" the strain‘rate. ‘Similariy,'sufféce preparation methods

. b}
might lead to an inc¢rease in thé number of dislocations and

s

increase -the strain rate. .

ay

When deriving the strain rate based on dislocation
thgor&, the'assﬁmptions abou£ aveéage grain size, dislocation
density, ete.’ givé aﬁ.iqsight into, for éxample, the,
reason for specimens in one‘test series aged for shorter
of_longer times behaving_éifferently-

) -Tﬁeory.also shows that several deformation

‘mechanisms can act at once, the total creep being additive.

Or, on the other hand, when several mechanisms are acting

e
o

o )
v
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T
one of them slows the others doﬁn, a rate coﬁtro;ling
. . -
process is involved. Ashby and Frost have defined regicns

but
.in which bothuthese major tyéeé of creep processes are e

involved, and defined regions where a certain one of them

is dominant (deformation maps) (27, 28).






