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ABSTRACT

- The object of this investigation is to estéblish
a method of deﬁermining the locug"of.centres of
riéidit§ of an asymmetric multi—story' building
structure, which can be applieé to determine, with
. acceptable’ accuracy, the she;r ‘forces in the

load-resisting panels in a static or dynamic analysis.
Based on a more general \definition for the
centre of rigidity within a parti;ular story\ of &
multi-story building structure, a method is developed
for the evaluation of the locus of centres of rigidity
of a multi-story building séructure{ Otﬁer existing
~methods are also discussed. It has ‘been found that the
locus of centres of r191d1ty is not only a function of
the structural propertles but also a function of the
distribution of lateral forces acting on the mplt1-
story building structure. It has also been shown that
for a building structure consistifig of panels which are
disproportional in stiffness, the traditional method.
(in whicb only the structural elements in an isolated
story is considered for tﬁe determinatiog/of thgrcentre
of rigidity within that story) do ngg\give a satis~

“f@é}ory estimation of the locus of centres of rigidity.
£
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The applicability of the locus of ceﬁ;res of
rigidity to the evaluation of tﬁe shear forces in the
loéd—resisting- panels in ~a static- analysis |is
‘investigated. --Based on the results of this investi-
gation, methods of determining fhe panel shear forces
in a static analysis are recommended fof various types
of building structures.

- The applicability of the locus ‘of centres of
rigidity to the evaluation of the panel shear forces in
a dynamic analysis using & three degree*on%;é;dom
modél is also studied. The results of this study show
that the distribﬁgzg; of the panel shear forces in a
frame building structure obEained by using,the model,
agrees well with that obtained by wusing a three-
dimensional dynamic frame prograﬁ. The model can only "’
provide a rough estimation of the magnitude of the

panel shear forces.
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CHAPTER 1

INTRODUCTION

)
1.1 Generalg//

During \an earthq:ﬁke, asymmetric building
structures undergo torsional osgillations in addition
to lateral oscillations. Torsional response affects
the induced shear forces in the load-resisting
elements. In an attempt to allbw for this effect,
special torsional provisions are provided in many
seismic codes. In general these torsional.provisions
require the designers and the analysts to consider an
additional loading effect due to a torsional momeﬁt
given by the product of the story shear within a story
and a quantity Fermed "design eccentricity" of the same
story. ,

In order to calculate the "design eccentricity"”
of a story, the centre of rigidity within the story
must be dgtqrmined first. The centre of rigidity of a
single-story structure is defined as the point at which
the application of a transverse force will cause only
translation but no rotation of the story. The defini-

tion of the centre of rigidity within a story of a

multi-story building structure 1is, however, not vyet
4



clearly established, although traditionally the defini-
fion for that of a single-story structure has been used
for each story of a multi-story building‘ structure.
This fact cértainly imposes some limitations on the
applicability of the torsional provisions to the static
analysis and also the applicability of a simplified twe
or three éegree—of-freedom model to the dynamic
analysis,

Because of the lack of a clear view of the
concept of the locus of centres of rigidity of a multi-
story buildiqg ‘structuré, guidelines +for the
determination of such a locus are not provided in many
building codés. For iﬁstance, the National Building

Code of Canada (1980) requires that

e = —— - (1.1)

n

in which Fi the lateral force applied at level i

eix the distance between the centre of mass
at floor i and the centre of rigidity at

floor x.

Guidelines for the determination of the centre of



rigidity at floor x are, however, not provided. It is
therefore -worthwhile to sFudy how the locus of centres
pf rigidity should be evaluated and how it can be used
to predict the shea; forces in the loagd-resisting

~

elements.

1.2 Literature Review

The torsional response of a building structure
subjected to earthquake excitation has long been of -
concern to structural engineers., Much research work

has been devoted to this subject, yet the effects on a

building structure due to torsional response are not

well understood.

-

L3
In general, the translation and rotation of an

~
pa

asymmetric building structure arewcouﬁled. This was
first brought out by Ayre ([1]. He also pointed out
that if the translation and rotation are uacoupled, the
advgntages are that the twisting of ;h; building plan
is eliminated "and the analysis is much simpler.

The torsional response, of an idealized
asymmetric single-story structwre has been studied
extensively [1, 2, 6, 14, 16, 33, 35]. The results of
these studies have shown that when the torsional and
translational frequency .are closely spaced, Ehe torque

is ampiified considerably especially when the damping



ratio is low and the eccentricity is small [16, 33,
35].

The Eorsipnal response of an asymmetric multi-
story building structure has been studied extensively
as well [5-7, 9-11, 13, 15-17, 19-20, 23, 24, 26-34,
36]. It has been shown that considerable amplification
of the torque and slight reduction in the total base
shear are to be expected for closely spaced lateral .and.
torsional frequencies [6, 17, 20, 23, 24, 26, 32, 33}.
Bu;tamante and Rosenblueth [6] analyzed a large numger
of asymmetric building structures in which static
eccentricities are assigned to some or all floors and
concluded that a rough estimate of the torsional
effects can be obtained from ghe response of a single-
story structure with Similar characteristics. Skinner
et al. [33] showed that if an asymmetric buildihg has
successive stor?s which are geometrically the same so
that the centre Qf gravity and the centre of stiffness
of each floor lie in two vertical lines and the radius
. of inertia and of stiffness have two constant valugs,
the building has normal modes and periods which can be
~derived from its normal modeg, when symmetric, and from
the results for a correéponding asymmetric single-story
structure. This finding cqincides with that obtained .

o ~
by shiga [32]. - Kan and Chopra [16] investigated the

E
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same class of building structures and showed that for
flat or hyperbolic earthquake acceleration spectrum,
the base shear and torque in a torsionally coupled
system are related tp the baée shear in .a correéppﬁﬁing

uncoupled system. A similar conclusion was drawn by

-

Wittrick and Horsington [36]. Gluck et al. [11]

applied the same approach to a wider class of'building
structures. Reinhorn et al. [26] uncoupled a coupied
system under certian conditions and proposed. an

approximate method for the dynamic analysis of a wide

class of torsionally coupled building structures utili-

zing the properties of their unéoupled counterparts.,
Rutenberg et al. [29] relaxed the restrictions on the
geometry of the building structure imposed by Rutenbetg
et al. [28].

For a highly asymmétric multi—gtory building
structure Blume and Jhaveri [4] suggested that the
timé»history analysis should be used. Humar [15]
warned that large story shear can develop between the
tower and the base portion of & multi-story building
with set-back towers.

Douglas and Trabert [7)] concluded that simulta-
neous application of two orthogonai components of
ground motion can significantly influence the response

of the elements in a torsionally coupled system. Tso

-

i»



and Biswas [34] claimeé that .the response can be
approximated by taking the root of the sum of. the
square df the responses of the system subjected'0 to
individual uni-directional excitation.

In‘aéesign the static analysis, 1in whicﬁ the
equivalent inertial forces are applied statiéélly at
the mass centres, has commonly bee; used. Hbﬁsner and
Outinen's paper [14] was probably the first one to show
thét the maximum force in the more flexible'panel is
underestiméted when the static analysis is used. Then
Bustamante and Rosenblueth [6] introduced the concept
of dynamic amplification and dynamic eccentricity, on
which the torsional provisions in many buildiﬁg code;
have been ;6rmu1ated. Meng [20] studied the static
code provisions for torsional effect, with special
reference to the National Building Code of Canada
(1980), and concluded that at sympathetic coupled
resonance the static code provisionsiunderestimate the
story torque by a factor of two. Tso and Dempsy’(BS]
conc¢luded that‘ four of the five seismic codes
considered underestimate the torsional moment when the
static eccentricity is small and the ratio of the

uncoupled torsional frequency to the uncoupled lateral

frequency is close to unity.
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Traditionally- the centre of rigidity within a

story .of a multi-story bdilding’ structure has been’
taken as the centroid of the séiffnessesaof éhe columns,
of an 1isolated story assuming fixed ends. Realistic
assessment of column stiffness by,takind into account
the flexibility of the beams connected to‘the column
was discussed by Blume et al. [4], Lin [18], and Muto
[21). Poole'[§51 de%qp%bed a more general method of
establishing the centre of gigidity within a story. 1In
Poole's approach, the relative stiffnesses of the
panels in each direction are obtained by placing the
panels end to end connected by rigid bars at each
floor, and by applying the lateral loads vertically
distributed as specified in the particulaf building
éode. Harris [12) set up equilibrium equations that_
must be satisfied when the building structure is
subjected to torsion only, and solved the equations for
the locations of the centres of rigidity using a trial

and error approach.

1.3 Objective and Scope

The purpose of the present study is to establish
a method of determining the locus of centres of
rigidity of an asymmetric multi-story building

structure, which can be applied to determine, with



acceptable accuracy, the shear forces in the load-
resisting panels in a_static or dynamic analysis., In
this thesisla.panel is defined as an assemblage of one
or more structural elements, fo; example, a plane wall
or a frame. Rigid diaphram 1is to be assumed
throughout. For simplicity, one axis of symmetry is
assumed; however similar conclusions are expected to be
drawn form the more general case of no symmetry.

The applicability of the mathematical model,
developed by Meng [20}, to the static analysis of a
tall multi-bay framé and a tall plane wall is investi-
gated in Chapter 2.

A proposed method for the determination of the
locus of centres of rigidity of a multi-story building
structure is described in Chapter 3. Other existing
methods will also be discussed. For each of the
methods described, the variation of the locus of
centres of rigidity with respect to the parameters
governing the lateral stiffness of a multi-story
buildihg structure is then investigated.' In this study
the cross-sectional area of column, moment of inertia
of column and beam are the parameters of interest. The
effect of non-uniform panel and dissimilar panel (frame

versus wall) are also studied.



In Chapter 4 the shear forces in the load-
resisting panels of a multi-story building structure
subjecteéhéo equivaient static lateral forcgs are
calculated. The variation of the panel shear forces
with respect to the stiffness parameters is also
investigated. The panel shear forces are then compared
. with that obtained by wusing the three dimensional
sta;ic frame program in SAP IV [3]. SAP-- IV is a
. structural analysis prodram for static and dynamic
response of linear systems. For simplicity, a
triangularly distributed load is taken to be the
equivalent’étatic load.

In Chapter 5 the panel shear forc?s in the lbad-
resisting elements of a multi-story builaing structure
subjected to earthquaké excitation are calculated in a
dynamic analysis using the three degree-of-freedom
model developed by Meng (20]. The panel shear forces
so obtained are compared wth those obtained by using
the three-dimensional dynamic frame ﬁrogram in SAP 1IV.
For both types of dynamic analysis, response spectrum
is wused. Using the equivalent static 1load in
compliance with the thional Building Code of Canada
(1980), the panei shear forces are again calculated
using the static analysis énd then compared with that
obtained by using the three-dimensional dynamic frame

program.



CHAPTER, 2

STRUCTURAL MODELLING

v

2.1 APPLICATION OF MENG'S MODEL TO A MULTISTORY

STRUCTURE

In order to study the behaviour of a multi-story
building sbructure‘subjected to lateral forces,:it is
necessary to develop a7 theoretical model "which

W

adequately describes tﬂé characteristics of 'Fhe
building structure. )

For the study ‘of the effect of the coupled
translational and rotational motion of a buildin%
tstfuctdge consisting of frames or walls, a theoretical

Pl

madel comprised of .lumped masses, shear springs,

t____,”_,,*

flexural springs and torsional springs was dévéloped by
Meng [20]. For easy reference, Meng's model is
described in Appendix I. Meng applied this model to a
five—sfory, one~bay frame and a £en-story plahg wall,
and demonstrated that the.model can provide a fairly‘
good estimation of the behaviour of a frame or a wall
structure,

w-To ascertain whether Meng's model is applicable

to a multi-story frame, the twenty-story, two-bay

reinforced concrete frame described in Table 2.1 1is

10
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TABLE 2.1
PROPERTIES OF THE EXAMPLE FRAME
Size (inches)
Height|Exterior . | Interior
Story| (feet) | Column Beam ‘| Column * Others
2
4 E = 432000 K/ft

1 15 28x28 || 24x28 32x32

. v = 0.3
p-10 |12 28x28 24x28 | 32x32

Bay width =

11-201{12 " 124x24 20x28 28x28 20 ft.

considered as an exampie frame structure. The frame is
subiécted to triangularly distributed lateral forces at
the floor levels with ten kips at the top floor level.
The deflection characéerist?cs of the example frame
structure obtained by using Meng's model are ghéwn in
Figure 2.1. Also showh in the figure are the
deflection characteristics obtained when the flexural

10 times (to

spring stiffnesses, K, are increased 10
elimgnate flexural response) and when the points of
contraflexure of ghe columns of. the bottom story are
assumed to Q&Jat two-thirds of thé-story height from
the ground level rather than at mid-height as in Meng's
model. The example frame is also Qnalyzed using the

plane frame program in SAP 1V.

From Figure 2.1 some observations can be made as
. o
follows:



LEVEL

FLOOR

12
20
10
=10 K\\\\
\\\\
15 y/ plane frame
> //' program
/Meng 's model
(o= %h)
//Meng]’s model
5
A 1 1
2 .3 4
DEFLECTION  (FT)
' 'Figure 2.1 Comparison of the deflection shapes of the

example frame described in table 2.1
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(1) Meng's model <c¢can provide a fairly good
estimation of the deflection characteristics of

a frame structure.

(2) The assumption that the inflection points of the
columns of the bottom story are at two-thirds of
the story height from the ground level provides

N a better estimation of the deflection

characteristics of a frame structure.

(3) The flexural spring stiffness, K, is a
‘ significant factor in determining the dé&flection
characteristics of a frame structure especially

when the frame is tall. This is because of the
highef contribution of the chord drift to the

déflection of a taller frame.

2.2 Structural Modelling

In the analysis of a multi-story building
struqturé, several stofys are often lumped together for
combutatonal purposes. Figure 2.2 shows a .deformed
interior intermediate story of a frame structure
subjected to a point loqd, P, "at the top of the frame
so that the interstory shear, S, for every story is -
numerically equal to P. Points of contré%lexure are

assumed to be at mid-span of the beams and columns.
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by s

b :
e ]

- 2 v 2

Figure 2.2 Deformed interior intermediate story of a
frame subjected to a point load at top

Figure 2.3 Deformed beam segment, AB. s“ubjected to a
bendina moment at B
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The interstory drift between the ith floor and

the .‘i.—lth floor, 6]’.' is given by \
§, = §, 8, .
i 51,1 * 1,2 (2.1)
or
. o= ) . . . + 6 . -
61 (08,1,1 * 5f,1,l) + (66,1,2 °f,1,2) (2.2)

where the Subscripts 6 and f denote that the
contributions to the interstory drift are due to the

rotation of the joint and the flexural deformation of

the column respectively. Since

- h .
6e,i,l -2 ei (2.3)
3
_ S h
and “e,1,1 = w7 () (2.4)
in which h = story height
Ici = moment of inertia of the ith story
column
E = modulus of elasticity,
h s h, 3 '
therefore Oi,l = 5 . ei + ?Ef;; (E) (2-5)

Figure 2.3 shows the deformed beam segment, AB,

subjected to a bending moment, M at B, Using

BL'

g
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moment-area method, the deviation of the tangent to AB

at B, dAB'

AB

in which M
BL

Iy

From geometry

AB

therefore Gi

The moment

therefore MBL

I}

i

U

is given by

M b b
75?’;—1'7&)(%'2‘“ (2.6)

bending moment acting on AB at B
moment of inertia of the beam to the
left of joint B

beam length to the left of joint B.

b
1
MBLbl .
TET— . (2.8)

actiﬂg at joint B is given by

Sh (2.9)

I../bl
i /5?l+ T 757 . (2.10)
bl b2

Sh
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Substituting (2.10) into (2.8) yields

-

o

1
8 = 28 (2.11)
E I,,/bl + I /b2

S
6

Substituting (2.11) into (2.5) yields

s _ Sh (% + “ci 1

-1 1 N . ) (2.12)
i,1 7 26T h T,,/b1 + 1,762

Similarly it can be shown that

6= (B gt : ) (2.13)
27T V2R T 7RI R T 7R
sh> 2Ics 1

Therefore §; = (1+ . ) (2.14)
17 12ET h I,,/Pl + 71,702

and the interstory stiffness, ki’ is given by

12ET1 .
- S__ ___¢c1 .
h
_ 1
where Fi = 5T
. 1 + ci | 1
b Ibl/bl~+ Ibz/bz

Figure 2.4 shows the deformed configuration of
an interior bottom story. If the point of
contraflexure of the bottom column is assumed to be at

ah from the ground level then



Figure 2.4
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Deformed interior bottom story of a frame
subjected to a point load at top

1

K:l
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Q

S 1,1 = (1 - he, (2.16)
_ S 3

S¢1,1 = 3ET - (L - «)h] (2.17)

cl

M = h a)h 2.18

5 = S (3 + (1 -9%h (2.18)

9 ,1,2 = O (2.19)
-— S . 3

°f,1,2 T 3IEI_; (oh) (2.20)

Following the same procedures, it can be shown that

Fl = Il (2.21)
3 3 cl (l-a) (3-2a)
4[(l-a)” + 7] + .
N h Ibl/bl + Ib27b2
For o = % , F, = - 1 (2.22)
4, el | 1
3 9h I,,,/bl + 1, ,/b2
. . .th
The interstory drift between the i floor and
the i—(r+l)th floor is given by v
Ar = &, + 6§, + ... + &, (2.23)
i i-1 i-r
If it is assumed that Ic, h, Ibl and Ib2 are the same

for the r storys between the ith floor and the

i-(r+l)th floor then
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61 = ai—l = ,.. = Si—r (2.24)
and . 5p = r éi (2.25)
3 21 .
rSh ci 1
or Ar = == (1 + . ) (2.26)
l2EIci h Ibl/bl+Ib2/b2
3 F.
_ s _ Sh . i
Hence Ki =i = mr ra ’ (2.27)

Using equation (2.27) in Meng's model, the
example frame described in Table 2.1 1is ana}yzedk
_ statically for df%ferent values of r. The applied
lateral forces are distributed accordingly as shown in
Table 2.2. The results displaced in Table 2.3 show
that the deflection characteristics of the example )
frame can be predicted fairly accurately even when r
equals ten.

Meng's médel is also aéplied to a twenty-story
reinforced concreta\plane wall which is 20 feet wide
and .5 feet thick. The height of each story is 12
feet. The results listed in Table 2.4 show that the

deflection characteristics of the example wall can be

predicted fairly accurately when r equals five or less.



TABLE 2.2

N
3

APPLIED LATERAL FORCES FOR DIFFERENT VALUES OF r

21

FLOOR - FORCE (KIPS)
LEVEL r = r = 2 r =5 r = 10
20 10.0 14.75 28.5 48.75
19 9.5
18 9.0 18.0
17 ~~ 8.5
16 8.0 16.0
15 7.5 37.5
14 7.0 14.0
13 6.5
12 6.0 12.0
11 5.5
10 5.0 10.0 25.0 50.0
9 4.5
8 4.0 8.0
7 3.5
6 3.0 6.0
5 2.5 12.5
4 2.0 4.0
3 1.5
2 1.0 2.0
1 0.5




TABLE 2.3
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DEFLECTION CHARACTERISTICS OF THE EXAMPLE FRAME
FOR DIFFERENT VALUES OF r (a = 2/3 h assumed*)

FLOOR DEFLECTION (FEET)

LEVEL SAP IV r = 2 r = 5 r = 10
20 0.4188 0.4154 0.4173 0.4226
19 0.4054
18 0.3901 0.3867
17 0.3728
16 0.3538 0.3503
15 0.3331 0.3299
14 0.3108 0.3072
13 0.2873
12 0.2627 0.2589
11 0.2372
10 0.2120 0.2069 0.2068 0.2054

9 0.1895 '
8 0.1668 0.1617

7 0.1441

6 0.1214 0.1163

5 0.0991 0.0935

4 0.0771 0.0717

3 0.0557

2 0.0353 0.0296

1 0.0164

* in the bottom story

of the original structure
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TABLE 2.4
DEFLECTION CHARACTERISTICS OF THE EXAMPLE PLANE
WALL FOR DIFFERENT VALUES OF r

23

FLOOR DEFLECTION (FEET) :
LEVEL SAP IV r = 1 r= 2 r=25 r = 10
20 1.9337 1.9343 1.9493 2.0709 2.5094
19 1.8013 1.8020
18 1.6691 1.6697 1.6838
17 1.5371 1.5377 )
16. 1.4058 1.4064 1.4195
15 1.2755 1.2761 1.3871
14 1.1470 1.1475 | 1.1594 | - -
13 1.0206 1.0212
12 10.8973 | 0.8978 0.9083
11 0.7778 0.7783
10 0.6629 0.6633 0.6723 0.7406 0.9884
9 0.5536 0.5540 '
8 0.4509 0.4512 0.4586
7 0.3558 0.3561
6 0.2694 0.2697 0.3752
5 0.1929 0.1931 0.2321
4 0.1274 0.1275 0.1313
3 0.0741 0.0742 ‘
2 0.0343 0.0344 0.0363
1 0.0092 0.0921
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Thus it is felt that Meng's model can be used to
represent the behaviour of a frame or wall structure
subjected.to lateral forces. Even when several storys
of a building structure are lumped together, the model
is still applicable without significant loss of

accuracy.




CHAPTER 3 -

LOCUS OF CENTRES OF RIGIDITY OF A

MULTI-STORY BUILDING STRUCT

3.1 EXfSTING METHODS OF EVALUATION

The concept of centre of rigidity is a very
important concept within the static analysis of a
multi-story building structure subjected to earthquake
excitation. The static analysis has been widely used
although the applicabilit& of the concept of centre of
rigidity to an irregular building ‘'structure is not yet
well understood. Nevertheless there exist methods
which can be used to evalﬁate thg centre of %igigity
within a particular story of ‘a multi—story buildipg'
,Structure. Three of these methods will be discussed in
the following sections.

@

3,1.1 Traditional Method

The centre of rigidity of a particular story of
}a multi-story bu1ld1ng structure- has traditionally been
obtained by considering the elements within that story
only (Figure 3.1). If the érory is displaced laterally

with no rotation in a horizontal . plane, the total

»
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Figure 3.1 Plan view of the ith story of a multi-story
frame building structure

Panel 1 Panel 2 Panel 3
| l 1
: 1 f y — —
code—-specified load ~ rigid bar._
N R / o \\A .
N | l
. - |
> o
o
X
o~
x
&
Y

Figure 3.2 Force-resisting panels connected by rigid
‘bars for the determination of the locus
of centres of rigidity
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moment about a vertical axis passing through the centre

of rigidity must be zero. Thus

i
K..
j=1 J1
in which K.. =

ji
Ai =
;/i =
q‘ =

and hence

-)75. =

Al(yl - yjl) = 0 (3.1)

jth panel stiffnéss within the
ith story

story drift of the ith story
y-coordinate of the ith story
centre of rigidity

y—coordinéte of tﬁe jth panel
within the ith story

number of force-resisting panels

(3.2)

Il ~1 0O
=

In.deriving equation (3.1), the rocking response

of a building structure is assumed negligible, i.e.,

the columns are assumed inextensible. If fixed end

condition is assumed for the columns in the story, then

for a frame. panel
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s 12E12ji
Kji = le ——;3——- (3.3)
i
in which Ig.' = moment of inertia of column £ of the
2 jth panel within the ith story

E = modulus of elasticity

hi = story height of the ith story

s = number of columns of the jth panel

within the ith story

and for a wall panel

12E1,

Kyi = (3.4)
1

il

in which 1I
W .
ji

moment of inertia of wall j within

the ith story

3.1.2 Improved Traditional Methéd

Equation (3.2) 1is still employed but a more
realistic approach is adopted to evaluate the‘ panel
stiffnesses. For a frame panel equation (I.S)‘can be
. used to acceunt for the effect of flexible beams., For

a wall panel equation (I.3) can be used to account for

the effect of shear deformation.
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3.1.3 General Method Specified in New Zealand Standard

NZS 4203:1976

~

In this method the centre of rigidity within a

story is defined as the poidt at which the inertial
forces above the story must be applied so that there is
no rotation within the story [25]. The following
procedures are advocated.

The panels in each direction are placed end to
end and connected by rigid bars‘at each floor level as
shown in Figure 3.2. The structure is then subjected
to lateral forces vertically distributed as specified
in the building code and‘is analyzed statically using a
plane frame program. The rigid bars dictate that at
each floor 1level all the panels have the same
displacement, i.e..the structure is displaced laterally
with no rotation in a horizontal plane,. The panel
shear forces within a story are indications of the
relative panel stiffnesses within the same story. The
centroid of the panel shear forces is the location of
the centre of rigidity defined above.

To be consistent with the centre of rigidity
concept, the columns should be assumed inextensible\in
the plane frame program. However, as shown later, it .
is sometimes "advantageous to arbitrarily assume that

columns are extensible.
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3.2 PROPOSED EXACT METHOD
A building structure can be idealized as a
structure -with only two degree—onfreedom at a

reference point at each floor level, i.e. translation

in one horizontal direction and rotation about a
vertical axis passing through the reference point. By
applying a unit force or a unit moment at the reference
point, thg corresponding flexibility coefficient can be
determined

(Figure 3.3). Thus the flexibility matrix,

[F], can be found such that
{8}

in which {A}T

~

(F] {P}

(3.5)

{6, 6. oo 6. 6, 6. ...

1 72 n 1 72 n

T _
{p} = {pl Py veo P My My ... mn}
—- D -
fll fl2 L ] . L) L] fl,2n
£2l .
(F] = . . .
f2n,l ° ot s f2n,2n
L .
in ich n = number of storys
Gi = displacement of the ith floor level
K = rotation of the ith floor level



L)

o=t .| o=f

| n+i,i N+i,N+i
p=l —— ‘}“’“84.. ' ( }——b— 5=f
A i N+l
. ‘ =]

m

Figure 3.3 Flexibility coefficients for the ith floor
level, obtained by applying a unit force or
a.ynit moment at the reference point of the

it floor level

Figure 3.4 The lateral force and torsional moement at
the‘referencghaxis or the centre of rigidity
within the. i~ story NS

e e \\_4.
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P; = applled,ﬁea

at the ith floor level
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e fat the reference point

m, = applied moment at the reference point

aE the ith floor level

Equation (3.5) can be re-written as

(o3| Eyy) Ey) {p)
e} [F,, ] [F,,] {n}
in which {&}T = 08, 8y .e. 8 )
{637 = o) 65 +c0 0.}
Tipy T = {p; Py ... P}
{m}T » = {ml My oo mn}
: _f%l Ceeeen f%nT
Tl ;
Ey ceeees £
1 -
‘ f%,n+l SRt £1, an
SRR :
n,ntl *°°°°°° fn,2n
fn+1,l cree fn+l,n
F,) o= | . :
. sznfl TRPPRIE S

(3.6)



fr}+l,n+l Tt fn+l,2n
F = » -
{ 22]

» .

f2n,n+l e 0 e 0 0. fzn'zn

— -

If the building structure is displaced with ne

rotation then

{6} = {0}

and hence

- -1 ‘
{m} = -[F,,] [F21] {p} (3.7)

If the definition of the centre of rigidity
within a story is the saﬁe as that wused by NZIS
4203:1976, then the equivalent force system at the
centre of rigidity of the story is as shown in Figure
3.4. If the story is not to rotate about the centre of

rigidity, then

- '
. pj) (Yl - Yy ot
1 J

( »
]

N~
ILe~—g

m: = 0 {(3.8)
i 4 .

- . .
in which y; = y-coordinate of the reference point at

the ith floor Jlevel,

e
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therefore

*yy ‘ (3.9)

v
It
I

[N

. (e
o3|l e~—3

For convenience, the centre of each floor level
of a regular -building structure can be taken to be the
‘reference point. To calculate the flexibility matrix,
(F}], the three dimensional static frame program in SAP
"IV can be used and a great deal of computational effort
is needed, Therefore the proposed exact method does
not have great practical -value. Névertheless it is a
rational method to evaluate exactly, according to the
original definition, the locus of centres of rigidity

of a multi-story building structure.

3.3 FACTORS AFFECTING THE LOCUS OF CENTERS OF

RIGIDITY

The locus of centres of rigidity is governed by
the relative panel stiffnesses which in turn are
governed by the ‘member properties. Consider a
ten-story building structure with plan view and
elevation view as shown in Figures® 3.1 and 3.2
respectively. Only the member properties of panel 3

-

affecting the story stiffnesses of the panel in the



direction of the applied lateral forces are varied in
order to study the effect of various basis stiffness
parameters on the locus of centres of rigidity. Table
3.1, shows the parameter(s) varied in each case. The
inertial forces at the centres of mass are assumed to
be triangularly distributed.

For each of the five methods previously
discussed in this chapter and for each of the eight
cases listed in Table 3.1, the locus of centres of
rigidity 1is determined. The results are shown in
Figures 3.6-3.13. The Y-~coordinate of the céntre of
rigidity, Y, is normalized with respect to the plan
dimension, D, of the building structure 1in the
y-direction. .

Traditionaily it has been assumed that when a
building structure has an identical floor pl;n_in each
story, the line joining the centre of rigidity of each
story will form a straight vertical line. Apparently
this is based on the results obtained by u§ing the
traditional method or the improved traditional method
as shown in Figures 3.6-3.9 and Figures 3.12—3.13,
which are for the cases in which the story stiffness of

a panel 1is wuniform with height. It can also be
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. TABLE 3.1
MEMBER PROPERTIES OF PANEL 3 OF THE TYPES
OF STRUCTURES STUDIED

3

Member Properties of Panel 3
Moment of - | Moment of
Case |Inertia of | Area of | Inertia
No. Column Columns | of Beam Comment
1
1 SICO SACO SIBO
A I
2 ICO > Co BO
3 >leo Aco T80
4 ICO ACO SIBO _
5 ICO ACO IBO top flve.storys
SICQ SACO SIBO bottom five storys
6 ICO ACO IBO top five storys
0 0 0 bottom five storys
7 8"x40' plane wall’
8 4"x40"' plane wall ,top five storys
8"x40' plane wall Bﬁftom five storys
Notes:
! LN and I__ are the member properties
ang 2, "Columns "and beams are squares — -- -
ICO = l;333‘ft47#ﬁ for exterior columns
= 2.470 ft4 for interior columns
S AL = 4.000 £t°
co 4
IBO = 0.643 ft

To model a building structure with set-backs, as
shown in Figure 3.5, the corresponding beams in a
perpendicular direction also have 2zero member
properties.

A wall is considered as a column with rigid beams. -

A
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NN

N

Figure .3.5 Sketch of the ten-story building structure
with set-backs referenced in table 3.1

N



38

>0

T

[°C 9]ge3 Ul | 9SED 'u0j UuOL}BN|eAd JO Spoylau :
m:orgm>»nvwcwmpaoxuww_mewommgpcmuwo%uo_mocomw;masou.m.m m;:mwu

"

NI WI m. *B m. NH

{ SNWNTI03 318ISN3LX3)

OY¥UONULS ONBTH3IZ A3N A

QMUANUELS ONUTIH3Z AN ¥
( Q3AOYAWT )

OOHL3IW UNOILICOUYL @

QOHL3W ENOILIOEYL ©

EOHLIW L38X3 X

3AT0




L"€ 91qe3 UL 2 ISBD U0} UOLIBN|BAD 40 SPOY3 3L

m:op;m> xn/mmmkuno zwpvpmr; 40 S2J43U3D JO LOO| 40 uostaedwo) /°E m;:mwm.

( SNWNTI0D 319ISNALX3)
QYUONYLS ONGIE3Z A3N
OYYONULS ONUIH3Z M3N
. { O3AOYdWI )
QOHL3W BNOILIOUNL
"QOHL3IW BNOILIGUYL

" QOHL3W L3YX3

<, .

| b 1

XxXonB

-



40

[€ 9]1ge3 UL € 35ED 404 UOLIEBN|BAI JO Spoylau
snotaea Aq psulelqo A31pLbta JO S843U9D 4O LDO| JO udstaedwo) g°¢ dnbig

g
A
2T T°7 0°7T 6" 8" pe £ 2"
i i ! t i -
o)
@
9
- P
o
O
, . o .
( SNWNTI02 IT1EISN3LX3)
L QUUONDLS ANGH3Z M3N A -
O¥UONULS ONGTIB3Z AN @ O
. ( Q3AOHIWI )
§ OOHL3W TBNOILIOUNL O & k N
QOHL3W TUNOILIOHYL O
- QOHL3W LIUX3 X | R
, @ -
5 1 1 1 i 1 1 sw

13A37

¥



41

(‘€ 91QP] UL p 9SBD 404 UOLIBN[BAD 4O SPOYIaW

. SnotdeA Aq paute1qo A3Lptbid jO S843USD 1O LD0| JO uoSidedwo)  §°¢ dunbid
a
A
27 ToT 0T 6 L ge g* pe g* 2
] 1 { [} w i [}
L &
i i
m ®
- NV i -
) 9
2 B _
_n o
™~ T
®
ﬁ $v 7
& 5
( SNWNTI03 -3IGISNALXE )
L QuUONULS ONUTH3Z AN A 4
OYHANELS ONBH3Z AIN ¢ ¢
i ( O3AOHAIWT )
AQOHL3IW UNOILIAUYL 0O b 7]
QOHLIW BNOILIALHL O
! QOHL3IW LJUX3 x i
&
1 1 1 _. 1

0T

T3A3T



42
bl [}

’

1"€ 3]qe} ulL G ¥Sed 40} UOLIBN|RAB JO sSpoyjaul
SnNoLJ4eA AQ pauLelqo A3LpLbLd JO S843udd 40 1I0] 40 uostdedwo)  QL°¢ s4nblLy

T°T 0°T 6" 8* L - 9° " ve - g° .c"

o
! %
| -
N o~y
¢ SNWNTI02 FgIsSN3Lx3) f
JYYONULS ONEIGE3Z M3IN A : . ‘ .
T O4UaNglS ONBTIO3Z AN v g

( Q3A0HAWT )

OOH13W IENOTILIOUSL
QOHLIW TYNCILIOUYL
QOHL3IWN 13uXx3

X Oon0

RELEN



43

e o]

T°T 0°T 6

[€ 9({Qel UL g 3SED 40} UOLIRN|BAD 4O SPOY)Iaw
SNOLABA AQ pauLe3qo A3LpibLd JO Saujuad Jo 1D0] JO uostdedwo)

wﬂ .mi M AVB MB

[L°c aunbL4

Na

F
{ SNWNT0J 3719ISN3ILX3)
QB0N-LS ONDTIU3Z ASN
QJUONYLS ONYIH3Z MA3N
. ( O3AOHdWT )
QOHL3W TTUNOILIGUHL

AOHL3IW TIBNOILIOUHL
J0OHL13W 134X3

X 0aa

A

L=y

=
=g

.&l.ﬁ_r ] !

(O oo A IR — oo VI SO o e W e . VIR NP e Y

VAT QIO

e

13A37



44

1°€ 91qe3 UL / 3SED 404 UOLIBN|BAS JO Spoylail
snotaen Aq paulre3qo A3ipibia o sda3usd JO LOO} JO uostdedwo)  21°€ 34nblLd

d
M.v kS
e* T 2°1 T=T 0°T 8" LA g® G® p2 ge
1 .i i ] X { 1 T i 3 |
a
W
G
fad -
o
@ .
A .
b Tl |
q X -]
~ (SNWNT03 379ISNALX3) i ! ,
L OYUONDLS ONEH3Z AN A ; . : : i
QYUONELS ONETW3Z A3N v G i
( Q3ADNdNI )
ODHL3W TUNOILIAWML O | 2 b
GOHIIW TUNOILIONYL O Jib
OOH13W 1JHX3 X 4 " - 4
d 1 ¢
h §
L 1 ] { 1 3 ) 1 , 1 b

13A37



[ "€ 91Qel UL § 9SED U0 UOLIBN|BA3 JO SPOY3 W

SnotueA AQ pauie3qo A3Lpibld JO $8a3UD 4O LDO| 4O uostuedwod  €1°€ aunb L4
m P
A
peT £eT  2°T 7°7 0°T 6° 8" L® ‘ge Go ye ge
i ) ] vm | } [} 1 { [}
A .
i | 15
4 .
- mN \. /»,
- i _A - N
)
3 - €
\ Q 1
L. . — ¥
a )
R 4 5.
X
oL
- : . - g
) 0] . -
( SNWNTI0D IIGISN3LX3) m
| OQ¥DONUIS ONOTIEIZ A3N A . 1y
OMUONDLS ONGE3Z AN v O}
{ A3AOHIWI ) A
- QOHL3W TENOTLIOBML & L % 18
QOHLIW TUNOILIODHL © [
i AOHL3IW 1J6X3 X . 16
Os. ] .
i 1 i 1 1 L i 1 ] 4y 0T

.
s e Tt 8 e T e e



46

observed from examining these figures that when the
proposed. exact method or either of the two methods
based on the New Zealand étanda;d is used, the locus
obtained is not necessarily a straight line. For
example, Figure 3.12 shows that when panel 3 is a
uniform wall.pénel, there is a gradual shift &n the
locus along the height of the building structure
because a frame panel is less stiff in the lower part
and stiffer in the upper part while the reverse is true
for a wall panel. Figure 3.6 reveals that only when
the story stiffness of panel 3 is a constant multiple
of’that of the other panels in each and every story,
i.e. when panel 3 is’ proportional in 'stiffness to the
other panels, the same straight line locus is obtained
regardless of the method used. It should be noted thaé
the panel 3 in case 1 is not exactly proportional to
panel 1 or panel 2 because the boundary conditions for
a particular story singled out from panel 3 is
different from those for the corrre§§ondiqg story
singled out from panel 1 or panel 2. Nevertheless the
‘effect due. to these differences in boundary conditions
is negligibly small and a‘straight line locus 1is still
obtained as shown in Figure 3.6. Thus the panel 3 in
case 1 can be regarded as proportional in étiffnessfto

]

panel 1 and panel 2.



When panel 3 is a non-~uniform ffame panel, it is
ihtgrésting to disco&er from examing Figure 3.lb that
there is a relative increase in the magnitude of the
quantity "?/D" at where there is an abrupt step change
in the story stiffness of panel 3. This relative
iﬁcrease in the magnitude of "Y/D" means a relative
increase in the contribution of the story stiffness of
panel 3 to the‘total.stiffness of the story.

As far as the lapéral stiffness is concerned, a
building structure with sef—backs'as sketched in Fiqure'
3.5 is expected to behave like a building structure
with a non-uniform panel 3. Consequently the logi- in
cases 5 and 6 have similar var}atiéns as can easily be
seen from comparing Figures .3.10-3.11. Figure .3.13
shows that a sudden step change in the wall stiffness
affects the locus slightly. . This is becau§e the wall
panel is so much stiffer than the frame panel that even
when the stiffness of the wall panel is reduced by a
half, the wall panel is still much stiffer than the
frame panel.-

In general, the traditional method or the
improveé traditional method does not give an accurate
evaluation'of the locus when ‘the load-resisting ﬁanelé
gré not proportional to each'o;her. This is expectgd

in view of the assumptions made in these methods. As




the points of contraflexure are not at the mid-span of
the béams and columns of the top and bottom story, the
improved traditional method cannot provide an acéurafe
evaluation of the'panél stiffnesses in ‘these storys.
Consequently, the improved traditional method can only
provide a reasonable estimation 'of the locus within the
intermediate storys but not the top and bottom story as
shown in Figures 3.6-3.9.

 Figures 3.6-3.13 show that the loci obtained by
using either of the two methods based on the New
Zealand Standard compare well with those obtained by
using the exact method. This serves as an independent
check for both the exact method and the procedures
specified in the New Zealand Staqdard.

| It 1is noticed that when panel 3 is a frame

panel, the assumption that columns are inextensible
helps to give results closer to those obtained by using
the exact method because a frame panel deflects
predominantly in a shearing mode. On the otﬂer hand
when panel 3 ié a yall panel, the assumption that
columns are extgnsible helps because a wall panel
deflects predominantly in a bending mode.

Equations (3.7), (3.9) and (3.10) reveal that
the locus: of centres of rigidity depends no£ only on

the structural properties of the building structure but
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also on the vertical distributiog of the lateral forces
acting on the. building structure.  Other than the
triangularly distributed.latgral forces previousiy
considered, two other distributions of lateral forces
are considered. The first one consists of uniformly
" distributed lateral forces at the floor ‘levels while
the second one is a single lateral force at the top
floor 1level, The loci of centres of rigidity for
selected cases.gn Téble 3.1, _obtained by using the
various distributions of lateral forces, are .as shown
in Figures 3.14-3.15. For a frame building structure
the locus is quite independent of the vertical
distribution of lateral forces. Even when the frame
building structure has set-backs, the loci obtained by
using the vérious distributions of lateral forces are
still very close to each other as shown.in Figure 3.14.
For a building structure with both wall and frame
panels, Figure 3.15 shows thét the loci can be quite
different for different distributions of later forces’
used.

The acceptability of a' method for the
determination of the locus of centres of rigidity of a

multi-story building structure can be best measured by
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the accuracy with which the determined locus can be
used to evaluate the shear forces in the load-resisting
elements.. In the next chapter the acceptability of

each of the five methods will be investigated.

%;



*

CHAPTER 4

‘ .
STATIC ANALYSIS OF A MULTI-STORY
BUILDING STRUCTURE

A%

4.1 METHOD OF THE STATIC ANALYSIS

. The shéar force within a- particular story of a
panel is made up of two effects. One is due to'the
applied lateral fo;ces and the other is due to the

applied torques. Thus
- F.. = F+. + F°, (4.1)

“in which Fji is the shear force within thg ith étory of

the jth banei and tﬁe Super§cripts L and t denote the
effects -due to the applied lateral forces and- the
applied torques respectively. -

When a torque is appl{ed at the top of a
building structure, a moment equal to the applied
torque-Ais devéloped within the story under
consideration. Therefore qi;h regard“to ﬁiggré 4.1,
the ith story torsional moment .about the ith story -
centre of rigidity is given by |

-

AT, - ¥ - 4,
P (F; - ¥5) L (4.2)

T, =
1

R s

'jl

. 53
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YA

M3

><Y

Figure 4.1  The lateral force and torsional moment at -the .
centre of rigidity within the i~ story
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\
If rotational equilibrium is to be maintained, .
the torsional moment must equal the reéié;ing moment.

Hence

T [;‘K(' 24§ ok (7 1210, (4.3)
= N CEY + X, - X 4.
i 521 jitii J1 521 jiti ji
in which ¢i = rotation of the ith story
t = number of paneis in a directioh

perpendicular to the applied lateral.
forces,
and §; and 2; are respectively the'y—éoordinate and
X-coordinate of the ith story centre of rigidity about

which the ‘story rotates under the torsional moment Ti'

Thereforq

T, - .
1
, ¢i = q - . ' (4°4)
- 2 ¢ St e 2
jzl Kyilyi=yyq) # jZl Ky1(%3=%41)

LRt St ‘ , '
‘ﬁnd Fji = Kji(yi : in)¢i . . -(4-5)

The shear force due to the applied lateral

forces at the centres of-rigidity‘is given by



K.. n
F’.‘i=..__.._._.31 I p. (4.6)
j ? o gei

L B

"~ It can be observed from examining equations
(4.4), (4.5) and (4.6).that it is necessary to evaluate
the relative story stiffnesses rather than the actual
story stiffnesses of the panels. Since the panels in.a
direction perpendicular to.the applied lateral forces
also participate to resist the torsional moment, they
must be included in the process of evaluating the
relative story stiffness;s of the panels. In the

traditional method and the iméroved traditional method,

the actual story stiffnesses of the panels can be

evaluated easily. For the methods based on the New

Zealaﬁd Standard it is advocated that .all panels in
both directions’ be tied with rigid bars at each floor.
and the same procedure; followed as.are described in
Chapter 3. As for the exact ‘method the rélative story
stiffnesses of the panels can be obtained according to
the New Zealand Standard with the assumption that
columns are extensible.

fheré are other apprbaches that can be adopted
to calculate the tqrgional-momént, Ti’ .If the sum of
the forces above the ith ‘étorQ. is considered té be

acting at the ith story centre of mass, then



Py) ¥y = ¥y) (4.7)

T, = ( i

1

He—3

j=1

If each of the applied lateral forces is considered to
be causing an applied moment at each of the floor

. levels, then

Po(¥s - ¥y (4.8)

4,2 EANEL SHEAé FORéES BY THE STATIC ANALYSIS

For each of the five methods described. in
Chépter 3 and for egch of the eight cases listed in
Table 3.1, the shear forces in- the load-resisting
panels are calculated. The equivalent static load is
assumeé to be a triangularly distributed load as shown
in Figure‘3.2; Figugés 4,2-4.17 illustrate Fhe‘shear
forces acting on panel 3. The panel shear'forqe is
norﬁalized“with‘ respect to the corresponding story
shear force. For simplicity éf presentatién, ‘the
normalized Sheaf forces acting on other panels are not
shown here., The.panel shgar forces obtained by using
the three—diﬁensional static, frame program in SAP'IV
aré taken to be"the theoretical values for pu;pose of

comparison. k
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A wall panel deflects like a cantilever and a
frame panel deflects like'a shear beam. That 1s, the
two types of panel have different deflected shapes.
Consequently, the relative stiffness of a wall panel
within a particular story with respect to that of a
frame panel within the same story changes with height.
As this cannot be accounted for in the traditional
method or the improved traditional method, neither of
the two methods can give an accurate predéftion of the
panel shear forces for the types of structures which
have both wall and frame panels. .Figure 4.9 shows that
the percentage error of the shear force in the top
story of panel "3 can be as high as 30% when the
improved traditional method is used. The same figure
shows that the normalized shear force obtained by using
the three dimensional static frame analysis decreases
gradually with height.

Frame panels which are disproportional 1in
stiffness also have different deflected shapes.
Therefore whén the traditional method or the Improved
traditional method is used, significant errors in the
pfedicted panel shear forces are expected as
illustrated in Figure 4.3-4.5. In general, the
" improved traditional method can give a fair estimation

of the panef shear forces near mid-height of a frame
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building structure because of the wvalidity of the
assumption that points of contraflexure are at the
mid-span of the beams and columns.

As 1s pointed out 1in Chapter 3, there 1is a
relative increase in the contribution of the story
stiffness of panel 3 to the total story stiffness at
where there 1s an abrupt step change in the story
stiffness of panel 3. Consequently, a relatively
larger portion of the story shear force is attracted to
panel 3 at such a location (see Figure 4.6 or 4.7).
Since neither the traditional method nor the improved
traditional method can predict such a relative increase
in the contribution of the story stiffness of panel 3
to the total story stiffness, both of them fail to
predict corfectly the panel shear forces in the story
where there is a step change in the story stiffness of
panel 3.

It can be observed from examining Figure 4.2
that the normalized panel shear force obtained by using
the three-dimensional static frame analysis 1is not
constant with height. This 1is because the boundary
qonditions for a story of the panel 3 in case 1 are
slightly different from those for the same story of the
other panels. As a result, the panel 3 is not exactly

proportional in stiffness to the other panels.
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Nevertheless, the effect of this type of dispropor-
tionality in stiffness is so small that even the tradi-
tional method or the’improved traditional method can
provide a fairly good estimation of the panel shear
forces.

| Figures 4.10-4.17 suggest that either of the two
methods based on the New Zealand Standard can provide a
fairly accurate prediction of the panel shear forces.
Figure 4,15 shows that even for a building structure
with set-backs, the predicted panel shear forces are
still very aé&urate: In most of the cases studied, the
largest error of the predicted panel shear force 1is
usually found in the top story. This is probably due
to the fact that the contribution of chord drift to
story drift is the largest in the top story, which
causes an increased degree of violation of the basic
assumption that the deflection of a panel does not
depend on the flexural‘behaviour of the panel. The
unusﬁally large erfors of the predicted panel shear
forces in the top story as shown in Figure 4.17 should
be noted. It is interesting to see that if columns are
assumed extensible, the chord drift effect can be

somewhat accounted for in many of the cases studied and

a more accurate prediction of the panel shear forces is

obtained. However, 1t must be pointed out that the
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assumption in the New Zealand Standard, that the
columns are extensible, is totally arbitrary.

It is not surprising to find that the exact
method can give results close to those given by a
three-dimensional static frame analysis., .- -The large
error of the predicted panel shear force in the top
story in Figure 4,16 should be noted. Figure 3.12
shows that the centre of rigidity within the top story
obtained by using the exact method is close to that
obtained by wusing the New Zealand Standard with the
assumption that columns are extensible. However,
Figure 4.16 shows that there is a significant
difference in the predicted panel shear forces in the
top story by the two methods. This can be explained by
the fact that the torsional moment may be positive or
negative depending on, whether the quantity "y/D" is
greater or smaller th;; 0.5, :

In case 3 the moments of \inertia of the columns
in panel 3 are very large compgred to tﬂose of the

beams, Therefore panel 3 is exgected to defect like a

coupled wall panel rather thanfa frame panel., Figure

4,12 suggests that for a building structure consisting
of frame and coupled wall pgnels, large error of the
predicted panel shear foyfce in the top story 1is

expected when the exact mephod or either of the two
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methoas based_on'the'N¢Q Zeaiand Standard is used. If
the'moments of inertia of the.coium;s in panel 3 are
only two timés those‘of‘the corresponding col&ﬁnslin
panel 1 then the moments of inertia of the coluﬁns and .
beams in panel 3 are comparable in magnitude and panel
3 wiil deflect like a frame panel. In this case, the
exact method or either of the two methods based on the
New Zealand Sfandard cén‘give -a fairly accurate
prediction of tﬁe.bapel shear forces as shown in Figure
4.18. Figﬁre 3.19 shows‘ the feéuits "for this
additional case, oglained by using .the traditional
method or the improved traditional metﬁod. |

| As mentioned in section 4.1, the 'torsional
moment within a particular story c;n be calcuiated
using either Eéuatiqn (4.2), (4.7) or (4.8). If the
New Zealgﬁa Standard is followed, -with the assumption
that:columns are extensible, and if- the -building
structure haS~set;backs as describéd in case 6.in Table
,3.i,_ the ngfgngzed panel shear forces, - obtained-by
using the ;arious methods of calculating the to}sional
moment within a story, are as shown in Figure 4.20.

Figure 4.20.shows that fquation (4.2) yields much more

accurate results than. Equation (4.7) or {4.8). If the-
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\\‘
building structure does not have set-backs, the locus

1
of centres of ma¥%s becomes a straight line. Hence Y.

J
in Equation (4.2) becomes a constant. As a result,
Equations (4.2) and (4.7) become  identical. Figure
4,21 shows tﬁe results for the type of structures
described in case 4 in Table 3.1. If the building
strcuture has a .straight—line locus of gentres of
rigidity and no set-backs, 1i.e. iﬁ is of the type
described in case ,1 in Table 3.1, Equations (4.2),
(4.7) and (4.8) become identical. Consequently the
panel shear forces obtained by using any of the three
equations are the same.

Table 4.1 summarizes the recommended methods

Jused in the static analysis for the evaluation of the
panel shear forces in various types of building
structures subjected to static lateral forces. Based
on the results presented in this Chapter, a method is
recommended 1if it predicts the panel shear forces
comparatively better than the other methods. Sometimes
a slightly less accurate method ié recommended if the
method is much §impler to'use. The maximum percentage.

~error in the predicted panel shear forces obtained by

using the recommended method is also indicated.
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TABLE 4.1

RECOMMENDED METHODS USED™IN THE STATIC ANALYSIS
FOR THE EVALUATION OF THE PANEIL SHEAR FORCES IN
VARIOUS TYPES OF BUILDING STRUCTURE SUBJECTED
TO STATIC LATERAL FORCES

Type of Building
Structure

Comments

7

All panels are
proportional to
each other

r

Traditional Method is recommended
(maximum error . 14%). Other 7]
methods can give better results
(maximum error I 9%-12%)

)

Not all panels are
proportional to °
each other
(uniform frame
panels only)

New Zealand Standa;djgith the
assumption that columns are
extensible is recommended (maximum

error = 11%). Improved Traditional

Method can be used (maximum error
Z 20%)

Not all panels are
proportional to
each other (frame
panels can be
non-uniform, ~
building can have
set-backs)

New Zealand Standard with the
assumption that columns are
extensible is recommended (maximum
error -~ 18%). Other methods give

less accurate results (maximum
error 7 18%-40%)

Building structure
with both wall and
frame panels

Tradftional "Method is recommended
if the wall stiffness is much
larger than the total stiffness of
the frame panels (maximum error

2 28%). Other methods give less
accurate results (maximum error

S 22%-110%)




CHAPTER 5

DYNAMIC ANALYSIS OF A MULTI-STORY BUILDING STRUCTURE

-
-

5.1 MODIFIED MENG'S MODEL -

c A TﬁﬁE@ DEGREE-OF-FREEDOM DYNAMIC MODEL

In general a theoretical modei developgd for the
dynamic analysis of a multi-story building structure
subjected to earthquake excitation requires the use of
a quantity calfed ‘“eccentricity". . This gquantity 1is
usually taken to be the separation betJ;en the centre
. of mass and centre of rigidity within a story. As can
be observed from sEudying. Chapter 3, the 1locus of
centres of rigidity and the relaéive'story stiffness of.
4 panel depend on the method of evaluation. Thus ﬁhe
usefulness of such a theoretical model is not only
limited by thé assumptions madg in formulating‘ the
model but. also .by the methoét>empléyed for the!
evaluation of the Iocus of centres of rigidity and tke
relative story stiffness of a panel.s

For one of the building structures described in
igble 3.1 the lecus of centres of rigidity is
evaluated using one of the methods described in Chapter
3. The "eccentricity" qf‘each story is then computed.

UsTnQ;>the "Response Spectrum Technique" and Meng's
_f

o«
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i

three degree-of-freedom dynamic model; the modal
inertial forces and torques at a reference axis at each
floor level are obtained. Instead of p}oceeding to
calcuiate the modal story shears and stéry torques,
Meng's model is modified to give .directly the modal
panel shear forces using the techniques described in

Chapter 4. 1In place of Equation (4.2), Equation (5.1)

should be used.

[N

n
T = jgi [} + By = v ] (5.1)
in whieh TE = rth mode torsional” moment within the
ith 'story
rg = rth‘ mode inértial moment at the
reference axis at the jth floor level
pg = rth mQde inertial force ‘at the
refereﬁce axis at the jth floor level
yrj ; y-coordinate of the jth floor level

reference axis

The. "Root Sum Square Technique" is then\applied
. directly to the modal panel 'shear forces to ﬁbzgiﬂJthe
panel_shear forces. Ten modes are considered in order
to include all significant modes in each of the three
¢ directions X, Y and %, as recommended in the New

Zealand Standard [(25]. The regponse spectrum curve for

{
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. .
5 percent damping ratio in the National Building Code
of Canada (1980) is adopted and the gréund acceleration
ratio is assumed to be 0.04 which is specifieli for Zone
2 in Canada.

Using the same response spectrum and the
three~-dimensional dynamic frame program in SAP IV, the
building .structure is analyzed again. To Dbe
consistent, the "Lumped Mass Technique" 1is used. The
panel story shear forces obtained by such an analysis
are then compared with, those obtained by using the

" modified version of Meng's model, the "Modified Meng'é

Model".

5.2 . PANEL SHEAR FORCES‘OBTAINED BY USING THE

MODIFIED MENG'S MODEL

figures's.l—S.G éresent the panel shear forces
obtained by using the Modified Meng's Model for
selected cases in Table 3.1. The panel shear forces
within a given gtory, irrespective of by what method
they are obtained, are normalized with respect to the
story shear force (within the same story) obtained by
using the three-dimensional dynamic frame program in

SAP IV. -,
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It can be observed from examining Figures

C ¥
5.1-5.5 that a rough estimation of the- panel shear
forces of a regular frame building structure subjected

to earthquake excitation can be obtained by using the

"

Modified Meng's Modeli For a frame building structure
with set-Backs, Figure 5.6 shows thézﬂfﬁﬁ\@;rors in" the
predicted panel shear forces within the set—back storys
can be quite substantial because of the larger errors
in the estimated frequency responses of this type of
,build@ng structure using the Modified Méng‘s Model.

It is.critical to notice that the.distribution
of Ehe panel shear forces obtaiped by using the
Modified Meng's Model closely matches that obtained by
using the three—dimensional dynamic frame analysis.
.TH{s suggests that the Modified Meﬁg'S'ModeI may
pfovide‘an accurate prediction of the distribﬁtion of
the panel shear forces, B§ normalizing the panel shear
forces within a story, obtainé& by applying a given
method of evaluation tz(igs‘Modified Meng's Model, with
respect to the story shear force (within the same
story) obtained by using the same method, the possible
errors -due to the differences in the story shear forces
(obtained byiusiné the Modified Meng;s.model and the
three~-dimensional dynamic frame analysis) are

eliminated. The riigits shown 1in Figures 5.7-5.8

v
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clearly demonstrate that the Modified Meng's Model can
provide a fairly accurate prediction of the
distribution of the panel shear forces.

An important design implication is that if the
distribution of the panel shear forces can be predicted
accurately, a conservative design envelope can be
constructed for the panel shear forces,. Since the
panel shear forces obtained by using the Modified
Meng's Model are close approxiamte results, they can be
used as the basis for the construction of the design
envelope.

It is noted from étudying these figures that if
the New Zealand Standard without the assumption that
columns are extensible is used, comparatively larger
errors in the predicted panel shear forces result
especially in the top story.

The 1i1mproved traditioanl method can, in general,
give results as good as those given by the other
methods. However, less accurate results are obtained

-

for the top and bottom story in which the points of
contraflexhre are not at the mid-span of the beams and
columns. For cases in which panel 3 has a sudden step
change in story stiffness, Figures 5.5~5.6 reveal that

the ihproved traditional method is unable to provide a

reasonable estimation of the panel shear forces within
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the story where the step change in the story stiffness
of pan%l 3 takes place. It is expected that if a
reasonéély good assumption, about the locations of the
point of contraflexure in "these storys" can be made,
better results can be obtained for these stories.

Since Meng's Model employs Equation (I.5) to
eééluate the stiffness of the shear springs of a frame
stgﬁcture, it seems consistent to use the improved
traditional method to evaluatégggg\Tgcus of centres of
rigidity and the relative story stiffnesses of the
panels. This i8 probably why the other methods cannot
provide a better estimation of the panel shear forces

than those given by the improved tradition method.

5.3 COMPARISON WITH RESULTS OBTAINED BY USING THE

= STATIC ANALYSIS

In compliance with the National Building Code of
Canada (1980) the equivalent static forces acting on
one of the building structures listed in Tablefﬁx% are
calculated. Using thes; equivalent static forces
instead of the trianqularly distributed forces
previouslf used in Chapter 4, the building structure
can be analyzed statically to get the panel shear
forces. These panel shear forces are then compared

with those obtained by wusing the three-dimensional
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dynamic frame program in SAP 1V.

Figures §.9—5.i2 present the results for
selected cases in Table 3.1. Again, the panel shear
forces within a 'story, obtained by using a given
method, are  normalized with respect to the story §Pear
force (within the same story) obtained by using the
same method. Thus the results shown in Figures
5.9-5.12 can only serve to reflect whether the static
analysis is able to provide a reasonable estimation of
the distribution of the panel shear forces within a

story.” s .

©~ It is noted from Equation (4.2) that the
torsional moment within a story, and hence the panel
shear force within the same story,; depends on the
lateral forces acting at the floor levels above that
story. The provisions in the National Building Code of
Canada (1980) for the determination of the equivalent
static forces are primarily based on the predominant
f@rst—mode response of a regular symmetric building
structure,. For the <case in which panel 3 is’
proportional in stiffness to the other panels, the
predominant dynamic responses (twxanslational and
torsional) are i}milar to those of a regular symmetric

building structure. It follows that the distribution

=Y
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of the panel shear forces estimated by using the code-
é%ecifieé static forces can combare well with those
obtained by a three:dimensional dynamic frame analysis
as shown in Figure 5.9. The sligﬁt errors are érobably
due to the effect of the responses of higher modes? -

For a building structure consisting of panels
aisproportional in stiffness, the predoﬁinanﬁ dynamic
responses- are very different from that of a regular
symmetric build}ﬁélsﬁructure. Consequently the cbde-
specified static forces cannot approximate the actual
dynamic load effects. Hence it is expected that the
equivalent static analysis cannot provide a reasonable
estimation of the panel shear forces for these types of
building structures. ‘This is demonstrated by the
results shown in Figures 5.10-5.12. Thé exceptionally
large errors found in- Figures 5.10 and 5.12 suggest
that the static analysis is not good at all for a
building structure having a wall panel or a coqpled
wall panel in addition to frame panels.

The methods that should be used, in conjunction
with the Modified Meng's Model for the evaluation of
the panel shear forces in various types of building
structures subjected to earthquake excitation, are

summarized in Table 5.1.
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TABLE 5.1 *

RECOMMENDED METHODS USED IN CONJUNCTION WITH
THE MODIFIED MENG'S DYNAMIC MODEL FOR THE
EVALUATION OF THE PANEL SHEAR FORCES IN
" VARIOUS TYPES OF BUILDING STRUCTURES
SUBJECTED TO EARTHQUAKE EXCITATION

Type of Building
Structure

Comments

All panels are
proportional to
each other

Improved Traditional Method is

recommended (maximum error 210%).
Other methods give less accurate
results (maximum error 11%-16%).

Frame building
without set-backs
(panels can be
disproportional and
non-uniform)

Imrpoved Traditional Method is
recommended {(maximum error -19%).
Other methods give egually
accurate results.

Frame building with
set-backs (panels
can be
disproportional and
non-uniform)

&

New Zealand Standard with the
assumption that columns are
extensible is recommended
(maximum error - 19%). For the
Improved Traditional Method,
maximum error - 30%.




CHAPTER 6

CONCLUSIONS

The concept of the locus of centres of rigidity
and its application to the évaluatién of the shear
forces in the load-resisting panels of.a multi~story
building‘structure have been investiéated. Based on
the, results obtained 1in .this study, specific
conclusions and recommendations have been made in‘the
abpropriate chapters and will not be repeated here in
detail. Howevér, some general conclusions Qili be made
as follows: ;

— ’ !
(1) For a building\ij;fucture consisting of panels

&
proportional in stiffness, the locus of centres

of rigidity is a straight line. The panel shear

forces in this wype of structure (subjected to.

static lateral forces or earthquake excitation)
can be determined fairly accurately using some

simple methods. For a building structure

consisting of .panels disproporticonal in’

stiffness, more general methods may be required

and the predicted panel shear forces may be less

accurate\(see Tables 4,1 and 5.1).

-
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(2) The logus of §entres of rigidity of a multi-

h

story building 'structure is not only a function

of the structural properties of the structure
4 but also -a function of the distribution of

’

lateral forces acting on the structure.

3

(3) The- modified Meng's model cén provide a
reasonable approximation of the panel shear
forces and a fai}ly accurate prediction of thé
distribution of the panel shear forces in a

frame building structure subjected to earthquake

excitation.

(4) The code—specifﬁed equivalent static loads
cénno; approximate the actual dynamic .load
effects acting on an asymmetric building
structure subjected to earthquake- excitation.
Therefore the distribution of the panel shear
forces, obtained by using these equivalent
statié loads in the stétic analysig, do not
compare well with éhat obtained by a

-three-dimensional dynamic frame analysis. The

modified Meng's model should be used.
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The conc}usions and recommendations made in this
thesis@aré based on the studg of a class of building
structures which have a square layout and only two bays
in each of the two orthogonal directions, More
research work is needed to show that these conclusions
and recommendationg are applicable to a building
structure which. has a ﬁore eomplex layout and any
number of bays.

It has béen shown that if the general method in
the New Zealané Standard is used, the assumption that
columns are extensible helps to give bettér prediction
of the panel shear forces. However, the use of this
assumption is totally arbitrary. Since the taller a
building structuré, tﬁe more the behaviour of the
bu@ldihg strucéure 55 influenced by the flexural
properties of the columns. Therefore, further re;earch
work is needed to demonstrate that this assumption is
also useful for the analysis of a building structure
which has more ‘than 10 storys.

This study reveals that for a building structure
which has panels.é?;pfoportional in stiffness, the more
general method in the New Zeaiand Standard with the
assumption that columns are extensible is recommended
for. the evaluation of the locus of centres of rigidity

and relative panel stiffnessess in the static analysis.



109
-
. i“ . -
Further study can be carried out to investigate the
possibility of using the simpler Traditional Method or
Improved Traditional Method when other conservative
provisions in the National Building Code of <Canada

(1980) are taken into consideration. . b

T



(1]

(2]

[4]

(5]

[6]

7]

REFERENCES

Avre, R.S., "Interconnection of Translational
and Torsional Vibrations in Buildings", Bulletin
of the Seismological Society of America, vol.
28, no. 2, April 1938, pp. 89-130.

Ayre, R.S., "Experimental Response o0f an
Asymmetric, One-Story Building Model to an
Idealized Transient Ground Motion", Bulletin of
the Seismological Society of America, vol. 33,
no. 2, April 1943, pp. 91-119.

Bathe, K., Wilson, E.L. and Peterson, F.E., "SAP
IV - A Structural Analysis Program for Static
and Dynamic Response of Linear Systems", Report
No. EERC 73-11, Earthquake Engineering Research

Centre, University of California, Berkeley,
California, April, 1974.

Blume, J.A., Newmark, N.M. and <Corning, L.H.,
"Design of Multistory Reinforced Concrete
Buildings for Earthquake Motions", P.C.A., 1961,
pp. 76-86.

\

Blume, J.A. and Jhaveri, D., "Time-History
Response of Buildings with Unusui#/C figu-
rations", Proceedings of the Fodrth Werld
Conference on Earthquake Engineering, Chile,
vol. 2, 1969, pp. A3-155 to A3-170.

Bustamante, J.I. and Rosenblueth, E., "Building
Code Provisions on Torsional Oscillations”,
Proceedings of the Second World Conference on
Earthquake Engineering, Tokyo, Japan, vol. 2,
1960, pp. 879-894.

Douglas, B.M. and Trabert, T.E., "Coupled
Torsional Dynamic Analysis of a Multi-story
Building", Bulletin of the Seismological Society
of America, vol. 63, no. 3, June 1973, pp.
1025-1039. ‘

1

110



111

(8] Elms, D.G., "Seismic Torsional Effects on
Buildings", Bulletin of New Zealand National

Society for Earthquake Engineering, vol. 9, no.
1, 1976, pp. 79-83.

{9] Gibson, R.E., Moody, M.L. and Ayre, R.S., "Free
Vibration of an Unsymmetrical Multistoried
Building Modelled as a Shear-Flexible Cantilever
Beam", Bulletin of the Seismological Society of

America, vol. 62, no. 1, February 1972, pp.
195-213.

[10] Gibson, R.E., Moody, M.L. and Ayre, R.S.,
"Response Spectrum Solution for Earthquake
Analysis of Unsymmetrical Multistoried
Buildings", Bulletin of the Seismological
Society of America, vol. 62, no. 1, February
1972, pp. 215-229.

(11)] Gluck, J., Reinhorn, A. and Rutenberg, A.,
"Dynamic Torsional Cbupling in Tall Building
Structures", Proceedings of the Institution of

.Civil Engineers, Part 2, 1979, pp. 411-424.

[12] Harris, A.A.K., "Approximate Stiffress Analysis
of High-Rise Bulildings", Journal of the
Structural Divison, ASCE, no. ST4, Proc. Paper
13700, April 1978, pp. 681-696.

[13] Hart, G.C., DiJulio, R.M., Jr. and Lew, M.,
“Torsional Response of High-Rise Buildings",
Journal of the Structural Division, ASCE, wvol.
101, no. ST2, Proc. Paper 11126, February 1975,
pp. 397-416.

[14] Housner, G.W. and Outinen, H., "The Effects of
Torsional Oscillations on Earthquake Stresses",
Bulletin of the Seismological Society of
America, vol. 48, no. 2, July 1958, pp. 221-229,.

{15] Humar, J.L. and Wright, E.W., "Earthquake
Response of Steel-Framed Multistory Buildings
with Set-Backs", Earthquake Engineering and
Structural Dynamics, vol. 5, 1977, pp. 15-39.

[16] Kan, C.L. and Chopra, A.K., "Coupled Lateral
Torsional Response of Buildings to Ground
Shaking", Report No. EERC 76-13, Earthquake
Engineering Research Centre, University of
California, Berkeley, California, May 1976.



(17]

(18]
[19]
(20]

[21]

(22]

(23]

(24]

(25]

(26]

112

Keintzel, E., "On the Seismic Analysis of
Unsymmetrical Storied Buildings", Proceedings of
the Fifth World <Conference on Earthquake
Engineering, Italy, 1973,, Paper No. 10, Session
B, pp. 110-113. '

Lin, T.Y., "Lateral Force Distribution 1in a
Concrete Building Story", Journal of the
American Concrete Institute, wvol. 23, no. 4,
1951, pp. 281-296.

Medearis, K., "Coupled Bending and Torsional
Oscillations of a Modern Skyscraper", Bulletin
of the Seismological Society of America, vol.
56, no. 4, August 1966, pp. 937-946.

Meng, V., "The Effects on Coupled Translational-
Torsional Dynamic Response on Buildings", M.Eng.

Thesis, McMaster University, Hamilton, Canada,
April 1980.

Muto, K., "Aseismic Design Analysis of
Buildings", Maruzen Company Limited, 1974, pp.
83-91.

National Research Council of Canada, "Naticnal

Building Code of Canada, 1980", National

Research Council of Canada, 1980, Subsection
4.1.9.1.(22), p. 153.

Pezien, J. and Chopra, A.K., "Earthquake
Response of Appendages on Multi-Storey
Building", Proceedings of the Third World
Conference in Earthquake Engineering, New
Zealand, vol. 2, 1965, pp. 476-486. ’

Penzien, J., "Earthquake Response of Irregularly
Shaped Buildings", Proceedings of the Fourth
World Conference on Earthguake Engineering,
Chile, vol. 2, 1969, pp. A3-75 to A3-89.

Poole, R.A., "Analysis for Torsion Employing
Provisions of NZRS 42(03:1974", Bulletin of New
Zealand\ National Society for Earthquake
Engineering, vol. 10, no. 4, 1977, pp. 219-225,

Reinhorn, A., Rutenberg, A. and Gluck, J.,
"Dynamic Torsional Coupling 1in Asymmetric
Building Structures", Building and Environment,
vol. 12, 1977, pp. 251-261.



(27]

(28]

(29]

[31]

[33]

(34]

(35]

113

Rutenberg, A, and, Heidebrecht, A.C.,
"Approximate Analysis of Asymmetric Wall-Frame

Structures", Building Science, 1975, vol, 10,
pp. 27-~35.

Rutenberg, A., Tso, W.K. and Heidebrecht, A.C.,
"Dynamic Properties of Asymmetric Wall-Frame
Structures", Earthquake .Engineering and
Structural Dynamics", vol. 5, 1977, pp. 41-51.

Rutenberg, A., Gluck, J. &nd Reinhorn, A., "On
the Dynamic Properties oq Asymmetric Wall-Frame
Structures", Earthquake Engineering and
Structural Dynamics, vol. 6, 1978, pp. 317-320.

Rutenberg, A., Hsu, T.I. and Tso, W.K.,
"Response Spectrum Technigues for Asymmetric
Buildings", Earthquake Engineering and
Structural Dynamics, vol. 6, 1978, pp. 427-435.

Rutenberg, A., "A Consideration of the Torsional
Response of Building Frames", Bulletin of New
Zealand National Society of Earthquake
Engineering", vol. 12, no. 1, 1979, pp. 11-21.

Shiga, T., "Porsional Vibrations of
Multi-Storied Buildings", Proceedings of the
Third World Conference on Earthqguake

Engineering, New Zealand, vol. 2, 1965, pp.
569-584.

Skinner, R.I., Skilton, D.W.C. anad Laws, D.A.,
"Unbalanced Buildings and Buildings with Light
Towers Under Earthquake Forces", Proceedings of
the Third World <Conference on Earthquake

Engineering", New Zealand, vol. 2, 1965, pp.
586-602.

Tso, W.K., and Biswas, J.K., "Seismic Analysis
of Asymmetrical Structures Subjected to
Orthogonal Components of Ground Acceleration",
Proceedings of the Sixth World Conference on

Earthquake Engineering, India, vol. 2, 1977, pp.
1217-1222. ‘

Tso, W.K. and Dempsey, K.M., "Seismic Torsional
Provisions for Dynamic Eccentricity", Earthquake
Engineering and Structural Dynamics", vol. 8,
no. 3, May-June 1980, pp. 275-289.



(36]

114

Wittrick, W.H. and Horsington, R.W., "On the

Coupled Torsional and Sway Vibrations of a Class
of Shear Buildigns", Earthquake Engineering and
Structural Dynamics, vol. 7, 1979, pp. 477-490.



APPENDIX I

MENG'S MATHEMATICAL MODEL

[}

I.1 PLANAR MODEL

A unit planar model consisting of a rigid mass,
a shear spring of stiffness KS and flexural springs
each of stiffness K is as shown in Figure I.la.
Refeéring to Fiqure I.lb and I.lc, it can be shown that

,Ehe stiffness of the shear spring is given by

p
K =ZS- (I.1)

K = 22 . % (I.2)
a
where P = the applied lateral load
6 = the deflection of the mass B
m = the applied moment
8 = the rotation of the mass
a = the s;paration between the flexural

springs

S~
R
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K - Shear Spring

K - Flexural Spring

1Y

Flexural and shear springs
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Thus for a wall as shown in Figure I.2, the
stiffness of the shear spring and the flexural spring

are respectively given by

™
_ 12FI 1
Ks, wall ~ 3 ( 2 ) (1.3)

h 4 6Ea

* p)

5Gh
2ET
and K = L5
wall azh

For a frame as shown in Figure I.3, the stiffness of
the shear spring and the flexural spring are

respectively given by;

S lZEIi 1
Ks, frame - .z 3 21, ) (1.5
i=1 hj 1+ i
T
bl b2
BTt BT
Y
Rerame = ® R (I.6)
where o = f; factor which depends on the structural

layout and geometric properties of the
columns. - (For the four-bay frame as
shown in Fiqure 1.3, « = 1.2 assuming
that the area, Young's modulus and height

of the columns are the same.
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Figure I.2  Shear and flexural deformations of wall structure
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Figure 1.3  Shear and flexural deformations of frame structure
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A = cross—-sectional area of the columns.

For a multi-unit planar model, the stiffness

matrix is generally given by [20]

P K | K X
——— = __’_4?5__;!___ ol —-—— (1.7)
M KGX KSG 9
where [K ]T = [K, ]
%6 Ox”°

For a four-unit planar model as shown in Figure

I.4, equation (I.7) becomes

\
) A
|
PZ e i - | X2
1
P3 Kex i Kyo X3 .
P ! X
4 4
P | e |2
l
Ml : ‘ 61
I i
M2 Kex g Kee f 92
My ! -
M 6
\ 4 k 4 )
where Kll Kl2 0 0
(K] = L Kyy Kyy 0
XX K K
33 34
sym K44
- —
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unit 4

Xi~ Absolute displacement of unit(x)

A~ Rel%;ive displacement betwaen
unit u(i-1)/ and u(i)

©;- aAbsolute o erturning rotation
of unit (i)

Kij- Stiffness of flexural spring
Kgj-Stiffness of shear spring

R

Figure 1.4 Relationship of geometry and forces of multi-degree-
of-freedom unit :



and

and

Kll
12
21
22
23
32

33

34

i

Kgp * Ksz_
P .
’.
s2 * Kg3 ¢
~Ks3
Kg3 * Kgy
“Ksy
Ksq
Ky K, 0 0
) fa1 Kyp  Kpy 0
° Ky Ky3 o Ky,
0 0 K, Ky4
-2 (K. +h -k _.p )
2 sy My 7Kg, ooy
l [ ]
7 Kgy * by
1
-3 Ky o by
-2 (K, v h - K. - h)
2 sz " Py 7 Kgg - hy
1 o
7 Xs3 * by
1
-3 Kg3 - hy
_l(K oh—K ’h)
2 53 * B3 - Kg, 4
1
2 Kgq * B
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= 21 .

Ky3 = 5 Kgq * By
1
Kgg = -3 Kgy t By
B Ky, K, 0O 0
Kao Ky O
[KQQ]"-'
Kyz3 K3y
sym K44
L _
_ 1.2, 2,04 . L h2 p2
and K,y = 5 (a;°K; + a,°K,) + 7 (Kgy*hy + Kg,0ho)

1 2 1 2
Ripg = — 3 a 'Ky + 7 Kgyohy

—l ] ‘2. ‘_1'— .2 y .2
Kyp = 3 (857K, + ageKy) + F(Kgoehy + Koqehy)

1 .2, 1, .2
Kyz3 = = 7 83°Ky + 7 Kgqyehg

1,2, 2., 1 .n2 o2
K33 = glag-y + a,oKy) + 7(Kgathy + Kgyoyhy)

1 .2, 1 L2
K3g = -~ 3 "By + 7 Kguhy

- I.2 SPATIAL MODEL

A unit spatial model based on the similar
features of‘the planar model is as shown in Figure I.5.
Assuming that‘;ocking momeﬁt responsé is negligible,
the general equation of undamﬁed motion iﬂ terms of the

displacements of an arbitrary point p (see Figure I.6).
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a
erxv— Flexural springs in X and
T 7 Y axes .
K¢y Kg,~ Shear springs in X and
Y axes
xé - Torsional spring
Figure I.5

Spatial spring model
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Figure 1.6 Geometric. relations of arbitrary point and centres
of mass and rigidity
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\

for a single unit is

- T ()
M 0 M(Y -Y ) i
P m p
0 M M (X =X ) { 050
M - -M -X . <
[HOpYg) MOxgeX) o] ¢
Kx 0 Kx(Yp—Yr) Up
+ 0 K -K (X =X
y ¢ FpX 4 vy
6
K (Y -Y -K (X =X K
~X( oY) K (X =X ) o ]| v |
- - / . 3
M 0 0 c
= - 0 M 0 § MI.9
{ ng )
S0 0 I $
 _ 5 2¢ - \7 7
= I_+M[ (X_-X_)° + -
where I = I +{(x -x)? + (v -v)? A
i
o _ o0 v 22 . _ 2
Kp KR + Kx(Yp Yr) + Ky(Xp Xr)

The general equation of undamped motion for a

multi-unit spatial model can be derived in a manner

similar to that for a multi-unit planar model.

e



