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ABSTRACT

In this thesis we investigate the existence of a particular class of linear space
cailed an almost uniform linear space. An almost uniform linear space is a linear
space in which exactly two lines (called long lines) have sizes u and w, respectively,
and all other lines (called short lines) have the same size k (k > 2). We determine
the necessary conditions for the existence of an almost uniform linear space, in the
cases where the long lines intersect (or are disjoint) and have the same size (or

distinct sizes).

Next, we are interested in establishing the sufficiency of said conditions for
almost uniform linear spaces in which the short lines all have size two, three, four
or five. If we assume that the short lines all have size two, this follows immediately,
Also, we can show that the conditions are sufficient for almost uniform linear spaces
in which the short lines have size three and
(i) the two long lines intersect and have the same size u, or
(if) the two long lines intersect (or are disjoint) and have sizes u ¢ {5, 7, 9} and
w e {79, 13, 15}, where u = w,

By generalizing the conditions in (ii), we provide partial answers to the existence
question for almost uniform linear spaces in which one long line has size 6t + 5,
6t + 7or 6t + 9 (t > 0) and the other long line has size w, w > 6t + r (r = 5,7,9).

There are only partial solutions for the case of short lines of size four or five.
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Introduction

A triple (P,L,1) is an incidence structure if the sets P and L are disjoint sets
and I ¢ P x L is an (incidence) relation. The elements of the set P are called points,
and the elements of L are called lines. If P is a point in P and | is a line in L, and
(P,]) € 1, we write P I I; we sometimes say that a point P is contained in line 1. An
incidence structure (P,L,I} in which every line contains two or more points, and every
pair of points is contained on exactly one line is called a linear space. Well-known
examples from geometry are affine and projective planes, and in higher dimensions,
affine and projective spaces. Another example that is of special concern to us is a
Steiner system S(2,k,v) which consists of a set of v points, and a set of blocks (lines),
where each block has exactly k points, k > 2, and every pair of points is contained
in one block (line); in particular, an S(2,3,v) is a Steiner triple system of order v,
denoted by STS(v). In other words, Steiner systems S(2,k,v) are the
uniform linear spaces.

There has been an extensive study of many classes of linear spaces using the
traditional approach of classical synthetic geometry (cf.[B1] for a comprehensive
bibliography). However, there are also strong connections between linear spaces and
certain incidence systems called designs. A design is a pair (V,B) where V is a finite
set of points and B = {B;:i € I} is a family of subsets of V called blocks. The order
of the design (V,B) is v = | V|, the cardinality of V, and K = {|B;|:i € I} is the set
of block sizes of the design, Furthermore, a pairvise balanced design (PBD) with
index 1 is a design in which every pair of points is contained in exactly one block. It

is immediate from this definition that a linear space is essentially a PBD with index

1. From this viewpoint, we are then able to include in our considerations various
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results of combinatorial design theory.

Existence problems of PBDs with specific sets of block sizes are of particular
interest. For instance, problems regarding the existence of PBDs with index 1 having
exactly one block of size w and all other blocks of the same size k (these are

sometimes called near uniform linear spaces) has been explored in more recent

years. When k = 3, the necessary conditions were determined and the sufficiency of
said conditions were established, in part, by Doyen and Wilson [D1] in 1973 for

w = 1, 3 (mod 6), and by Mendelsohn and Rosa [M1] in 1983 for w = § (mod 6). The
combined work of Brouwer, Lenz, Bermond, Bond, Wei, Zhu, Rees, and Stinson [Ra6}
provided solution of the same problem for k = 4. The existence of PBDs with one
block of size w and all other blocks of size k > 5 is largely an open question; Hamel,
Mills, Mullin, Rees, Stinson and Yin [H2] have recently given an almost complete
solution to the existence problem of a PBD with one block of size nine or thirteen,

and all other blocks of size five.

A natural extension of the previous problem is to examine the existence of
linear spaces with v points in which exactly two lines have designated sizes u and w,
and the other lines have the same size k; these spaces will be called
almost uniform linear spaces. There is a further distinction in that the two special
lines (called long lines) may either intersect or be disjoint, and these two possibilitics
must be considered separately when determining the necessary conditions. We
attempt to prove the sufficiency of these conditions, when the other lines (called
short lines) all have the same size two, three, four and five, respectively. Most of our
efforts will be concentrated on determining the existence of almost uniform lincar
spaces with short lines of size three.

Generally, to prove sufficiency for a given value of k, we must construct
almost uniform linear spaces for each admissible v, u and w (the values v, u and w
that satisfy the necessary conditions). We usually begin by constructing, whenever

possible, the almost uniform linear space with minimum value of v (the minimum
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order). This is either accomplished by = direct or recursive construction. It will be
evident later that. as a consequence of a very important result in combinatorial
design theory, the Doyen-Wilson theorem, and Rees-Stinson theorem (cf. Theorems
1.7 and 1.41), the number of constructions to be found can be considerably reduced,

provided that k = 3 or 4.

There are several kinds of recursive constructions which are employed
throughout the thesis. Many of the almost uniform linear spaces can be built from
existing group - divisible designs (cf. Definition 1.2) and balanced incomplete block
designs ( cf. Definition 1.5), possibly in conjunction with specific embeddings of
particular designs into larger designs. This is most useful for almost uniform linear
spaces whose order v is sufficiently large. Another recursive technique involves
Skolem n-sequences and hooked Skolem n - sequences (cf. Definitions 1.26 and 1.28)
which can be utilized to provide a convenient method of constructing some of the
short lines of size three in almost uniform linear spaces of certain orders. For smaller
values of v, direct constructions are often needed. It is remarked that we are able to
completely settle the existence question for almost uniform linear spaces with short
lines of size three and the two long lines of sizes u and w, where u € {5, 7, 9} and
w e {7, 9,13, 15). "

An overview of the content of the thesis follows:

Chapter 1 covers many of the important definitions, terminology and
theoretical results, The existence of almost uniform linear spaces with short lines of
size two is established and the necessery conditions for the existence of almost
uniform linear spaces with short lines of size k > 2 are then determined. A summary

of recursive procedures is given in §1.3.

The central part of this thesis is concerned with constructions of almost
uniform linear spaces with short lines of size three. First if we assume that the two
long lines have the same size u, and that they intersect, the necessary conditions from

§1.2 are proven to be sufficient in §2.1. Analogously, if the two long lines are
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disjoint, a partial solution is obtained. In the remainder of Chapter 2, there are
numerous constructions of almost uniform lincar spaces in which one of the long
lines either has size 6t + 5, 60 + 7 or 6t + 9, t > 0, and the other lne has size w.

The problem of existence is solved completely whent = 0 and w € {7, 9, 13, 15},

In Chapters 3 and 4, it is only possible to apply recursive technigues similar
to the ones outlined in §1.3 in order to construct almost uniform linear spaces with
short lines of size four or five. Since no suitable direct constructions could be found,
there are far fewer constructions given, especially when we assume that the short
lines have size five, since we do not even have an analoguc of the Doyen-Wilson
theorem.

In the conclusion some possible future rescarch problems and other open

questions are discussed, along with a prospectus of the results.



Chapter 1
Basic Concepts

§1.1 Preliminaries

Definition 1.1 An almost uniform linear space (AULS) is a linear space with v
points in which two lines have sizes u and w (called long lines) and all other lines
have the same size k (called short lines), denoted by LS;(v;{k, u, w'}) or
LS4(vi{k, u',w'}), according to whether the long lines intersect or are disjoint.
(For undefined design theoretical terms, we refer the reader to the books [B1], [B2),
[H1] and [S4].)

If the two long lines have the same size u, we write LS;(v;{k, v Hor
LSg(vi{k, u""}). We define LS;(ku"w") = {v: 3 LS;(vi{ku" w*})},
LSd(k,u',w') = {v: EILSd(v;{k,u',w'})}.Furthermore,
LS(ku',w") = LSy(ku’w')n LSi(ku",w"). The sets LS(ku’,w"),LS;(k,u"w"),
LSd(k,u*, w") are often referred to as the spectrum of almost uniform linear spaces
(the spectrum for AULSs with intersecting long lines, and with disjoint long lines,
respectively) for given k, u and w. In this paper we shall investigate the existence of
AULSs with short lines of size k, where k is a positive integer such that 2 < k < 5.
There are several kinds of designs which prove to be very useful in the

recursive constructions given in this paper.

Definition 1.2 A group-divisible design {GDD) is a triple (X, G, B) such that
(1) G is a partition of X into subsets called groups,
(2) B is a class of subsets of X such that a group and a block contain at most one

common point, and



(3) every pair of points from distinct groups occur in a unique block.

The group-type or simply type of a GDD(X, G, B) is the multiset { |G |: G € G}. To
denote the type of a GDD, we use "exponential' notation; thus, a GDD of wype

4 oo . . : Ara . : A G -
g °** g, Isonewhere there are t; groups of size g, 1 < i < n. WK is a set of

positive integers, then we say that a GDD is a K-GDD if | B| € K for every B € B,

Definition 1.3 A GDD is resolvable if the block set can be partitioned into paraliel

classes (i.e. sets of blocks each of which partitions the point set).

Definition 1.4 A transversal design(TD(r, n)) is a GDD on rn points with r groups
of size n and n? blocks of size r.

Definition 1.5 A balanced incomplete block design(BIBD) is a pair {(V, B) with
parameters v, k, A which satisfy

(D |V =v,
(2) |B| = kfor all B ¢ B,

B) I{B: {x,y} B, x*y,x,ye V}| = &, and
4k <v.

A BIBD with 4 = 1 is denoted by (v, k, 1)-BIBD. In particular, a (v, 3, 1)-BIBD is
called a Steiner triple system of order v (STS(V)).

The notion of embedding a Steiner triple system into a Steiner triplc system
of a larger order plays a crucial role in developing many of the recursive

constructions of AULSs with short lines of size three.
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Definition 1.6 An STS(w) (W, A) is embedded in an STS(v) (V, B) if W ¢ V and
A cB.

When (W, A) is embedded in (V, B), we also say that (W, A) is a subsystem of
(V, B).

A powerful theorem concerning embeddings of Steiner triple systems was proved by
Doyen and Wilson in 1973 [D1]. It has direct consequences in the problems under

consideration.

Theorem 1.7 Any STS(w) can be (properly) embedded in an STS(v) if and only if

vz2w + 1.

The Doyen-Wilson theorem can be interpreted in another way. We first introduce

some essential terminology.

Definition 1.8 A PBD (W, A) is a subdesign of the PBD (V, B) if W ¢ V and
AcB,
If W =V, then (W, A) is a proper subdesign.

Definition 1.9 An incomplete PBD(IPBD) is a triple (V, Y, B) where V is a set of
points, Y < V and B is a set of blocks satisfying:

(1) foranyBe B, |[BNnY| <1, and

(2) any pair x, y such that not both x and y are in Y, is contained in exactly one
block.

The set Y is called a hole. If |B| € K for every B € B, then we may write
IPBD(v, w; K) where v = | V| and w = | Y|. In particular, if K = {k}, we may then
consider the existence problem for an IPBD with one hole Y of size w and all blocks
B in B of size k:
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Theorem 1.10 The necessary conditions for the existence of an 1PBD(v, w; {k}) arc

va(k-Dw+ Lv=1w(modk-1)and v(v - 1) = w(w - 1) (mod k(k - ).

Proof: Consider a point P which is not in the set Y. Since P is contained in at least
w blocks of size k, and each block contains k - 1 points other than P,

v2(k-1)w + LIf Pis a point which is not in the set Y, then all blocks through P
have size k, and there are v - 1 points other than P. Then v - 1 points can be
partitioned into (k - 1)-tuples; thus, v.= 1 (mod k - 1). Similarly, v - w points can be
partitioned into (k - 1)-tuples by considering a point R which is a point in the set Y.
Hence, v = w (mod k - 1). Next, count the pairs of points in this IPBD. There are
v(v - 1)/2 pairs of points, and w(w - 1)/2 pairs of points are from the set Y, and
tk(k - 1)/2 pairs of points are from the t blocks of size k. Thus,

v(v-1)/2 = w(w-1)/2 + tk(k - 1)/2 or v(v - 1) = w(w - 1) (mod k(k - 1)).

We note that definitions 1.6 and 1.8 imply that a Steiner triple system (V, B)
contains Steiner triple system (W, A) as a subdesign since (V, B) is a PBD(v;{3}). By
deleting all the blocks in A, we can view W as a hole. Thus, an equivalent way of
stating Theorem 1.7 is:

Theorem 1.11 Letv=1, 3 (mod 6), w = 1, 3 (mod 6) and v 2 2w + 1. Then there
exists an IPBD(v, w;{3}).

Mendelsohn and Rosa [M1] have proved an analogue of the Doyen-Wilson
theorem:

Theorem 1.12 Let v, w =5 (mod 6) and v > 2w + 1, Then there exists an
IPBD(v, w;{3}).

The embedding given in definition 1.6 and the design constructed in Theorem
1.12 will be used as building blocks in various recursive constructions.

Thus far, we have stated some pertinent definitions and theorems which will
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be valuable in constructing numerous classes of AULSs that are covered in
succeeding chapters. The connection of the above discussion with the problems
examined in this thesis will be explored in greater detail later, when the basic

methods of construction are described.
§1.2 Elecmentary Relations

We can easily settle the existence problem for AULSs with the short lines of

size two.

Theorem 1.13 Suppose that u, w > 2.

(1) LS4(2, u, w‘} ={vivzu+ w}

(2) LSi(2, u',w) = fvivau +w-1}.

Proof: Clearly, the total number of points v is at least u + w, oru + w - 1,
according to whether the two long lines are disjoint or intersect. On the other hand,
including a line of size two joining any two points not both on the same long line

yields the desired linear space.

Next we investigate such problems for AULSs with short lines of size greater
than two. It requires that we distinguish not only between the possibilities that the
long lines may intersect or be disjoint, but also whether the long lines have the same
size or not. Initially we shall determine the necessary conditions for the existence of

AULSs with long lines of size u and short lines of size k, where k > 2.

Theorem 1.14 If v € LSy(k, u"") then

v 2 ku (1)
v=1{(modk-1) (2)
=u (mod k- 1) (2)’

v(v - 1) = 2u(u - 1) (mod k(k - 1)) (3)
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Proof: (1) Let P be a point on one of the long lines. Since there are at least u short
lines passing through P, and each short line contains k - 1 points other than P, the
total number of points v =2 (k - l)u + u = ku.
(2) Consider a point R which is not incident with either of the long lines. Al lines
through R are short lines, and there are in total v - 1 points other than R. These
v - 1 points can be partitioned into (k - 1)-tuples, so v= 1 (mod k - 1). Similarly, by
considering a point on one of the long lines, we conclude that the v - u points not on
the long line can be partitioned into (k - 1)-tuples, hence v = u (mod k - 1).
(3) There are v(v - 1)/2 pairs of points altogether in the linear space. If we let r be
the number of short lines, then there are rk(k - 1)/2 pairs of points determined from
these lines, along with u(u - 1) pairs of points from the long lines. Thus, in total,
v(v-1}/2 = u(u - 1) + rk(k - 1)/2, which can be written as
v(v-1) = 2u(u - 1) + rk(k - 1). Hence, v(v - 1) = 2u(u - 1) (mod k(k - 1)).

Corollary 1.15

() Ifv e LS4(3,u’ ) then v 2 3u, u = 1, 3 (mod 6) and v = 1, 3 (mod 6).

(i) If v € LS4(4, u" ") then v 2 4u,u = 1,4 (mod 12) and v = 1,4 (mod 12);
oru = 7,10 (mod 12) and v = 1, 4 (mod 12).

(ifi) If v € LS4(5,u” Y then v 2 5u, u = 1, 5 (mod 20) and v = 1, £ (mod 20);
or u = 13 (mod 20) and v = 9, 17 (mod 20).

Proof:

(i) Statement (2) of Theorem 1.14 gives v = 1 (mod 2). Also, u cannot be even, for
otherwise, in (2)’ v = 0 (mod 2), which contradicts the above. If u = 1, 3 (mod 6),
then from (3), v(v - 1) = 0 (mod 6) i.e. v =1, 3 (mod 6). We cannot have u = 5
(mod 6), since (3) then gives v(v - 1) = 4 (mod 6) which has no solution.

(ii) We first note that u » r (mod 12) where r = 1, 4, 7, 10 since (2)¢ then implics
that v =0, 2 (mod 3), contradicting (2). If u = 1, 4 (mod 12) or u = 7, 10 (mod 12)
then v(v-1) =0 (mod 12), hence v = 1, 4 (mod 12).

(iii) Firstly, u » r (mod 20) where r # 1, 5, 9, 13 or 17 since (2)* gives
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v = 0,2 or 3 (mod 4) which contradicts (2). If u =1, 5 (mod 20) then v(v - 1) = 0
(mod 20) or v =1, 5 (mod 20). If u = 13 (mod 20) then v(v - 1) = 12 (mod 20)
i.e. v=9, 17 (mod 20). Finally u = 9, 17 (mod 20) is impossible since v(v - 1) = 4

(mod 20) has no solution.

Theorem 1.16 If v e LS;(k, u") then

vku-k +1 (1)
"v=1(modk-1) (2)

v=u(modk-1) (2)’

v(v-1)=2u(u - 1) (mod k(k - 1)) (3)

Proof: We observe that (2), (2)’ and (3) follow by applying precisely the same
arguments as in Theorem 1.14. In order to prove (1), let P be a point on one of the
long lines. Since there are at least u - 1 short lines through P, it readily follows that
va(k-Du-1)+u=ku-k+ 1

Corollary 1.17

(D IfveLS(3,u")thenv 23u-2,u=1,3 (mod 6) and v = 1, 3 (mod 6).
(i) If v € LSi(4, u") thenv24u-3,u=1,4 (mod 12) and v = 1, 4 (mod 12);
oru=7, 10 (mod 12) and v = 1, 4 (mod 12).

(i) If v € LSi(5, u”")then v > Su -4, u = 1, 5 (mod 20) and v = 1, 5 (mod 20);
or u = 13 (mod 20) and v = 9, 17 (mod 20).

Proof: The arguments are precisely the same as in Corollary 1.15.

Theorem 1.18 Let u < w. If v € LSy(k, u", w") then

va((k-1w+u (1)
v=1(modk- 1) (2)
v=u(modk-1),v=w(modk-1) )’

v(v-1)=uu-1) + w(w - 1) (mod k(k - 1)) 3)
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Proof: (2) and (2)’ are again obtained in the same way as betore. To prove (1), take
a point P on the long line of size u. Since there are at least w short lines through P,
clearly v 2 (k - 1)w + u. We know v(v - 1)/2 is the total number of pairs of points,
On the other hand, if r i3 the number of short lines, there are rk(k - 1)/2 pairs of
points determined from these lines, as well as (u(u-1) + w(w-1))/2 pairs of points
from the long lines. Therefore, v(v-1)/2 = (u(u-1) + w{w-1) + rk(k-1))/2 or
v(v-1) = u(u-1) + w{w-1) (mod k(k-1)).

Corollary 1.19

(i) If v e LSy(3, u' ,wthenv22w + y,u= 1,3 (mod 6), w= 1,3 (mod 6) and
v=1,3 (mod 6); oru =5 (mod 6), w =1, 3 (mod 6) and v =5 (mod 6).

(i) If v € LSy(4, u', w*) thenv 23w + u,u=1,4 (mod 12), w = |, 4 (mod 12) and
v=1, 4 (mod 12); or u =7, 10 (mod 12), w =7, 10 (mod 12) and v = 1, 4 (mod 12);
or u=1,4 (mod 12), w =7, 10 (mod 12) and v =7, 10 (mod 12).

(iii) i v e LS4(5, u’, w*) thenv 24w + u,u=1,5 (mod 20), w = 1, 5 (mod 20) and
v=1,5 (mod 20); or u =1, 5 (mod 20), w = 13 (mod 20) and v = 13 (mod 20);
or u=s1,5(mod20),w=9, 17 (mod 20) and v =9, 17 {mod 20); or u = I3
(mod 20), w = 13 (mod 20) and v =9, 17 (mod 20).

Proof:

(i) We note that neither u nor w can be even. If u = 0 (mod 2) or w = 0 (mod 2),
then v =0 (mod 2) by (2)* of Theorem 1.18, contradicting (2). [f u = 1, 3 {(mod 6)
and w = 1, 3 (mod 6), then (3) implies that v (v - 1) = 0(mod 6), in all cases, hence
v=1,3 (mod 6). If u =5 (mod 6) and w = 1, 3 (mod 6) then v(v - 1) = 2 (mod 6)
or v =15 (mod 6). We cannot have u =5 (mod 6) and w = 5 (mod 6), since (3) gives
v(v - 1) = 4 (mod 6) which has no solution.

(ii) Neither u nor w can be congruent to 0, 2, 3, §, 6, 8, 9 or 11 (mod 12), since

v = 0 or 2 (mod 3) which is impossible. If u = 1, 4 (mod 12) and w = 1, 4 (mod 12),
or u =7, 10 (mod 12) and w = 7, 10 (mod 12), then v (v - 1} = 0 (mod 12)
ie.v=1,4 (mod 12). If u = 1, 4 (mod 12) and w = 7, 10 (mod 12} then
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v(iv- 1) = 6 (mod 12) i.e. v =7, 10 (mod 12).
(iii) Certainly neither u nor w can be congruent to r (mod 20) where r = 1, 5, 9, 13
or 17, since we would otherwise obtain v =0, 2 or 3 (mod 4) which contradicts (2).
Hu=1,5(mod20)and w=1, 5 (mod 20). thenv(v-1)=0(mod 20) orv=1,5
(mod 20). If u = 1,5(mod 20) and w = 9, 17(mod 20), or u = 13(mod 20) and w = 13
(mod 20) then v(v - 1)=12 (mod 20) i.e. v=19, 17 (mod 20). If u = 1, 5 (mod 20) and
w = 13 (mod 20) then v(v - 1) = 16 (mod 20) i.e. v = 13 (mod 20). We note that
u =9 (mod 20) and w = 9, 17 (mod 20) , or u = 17 (mod 20) and w = 17 (mod 20)
is not possible since (3) gives v(v - 1) = 4 (mod 20). Also, u = 9 (mod 20) and
w = 13 (mod 20), or u = 13 (mod 20) and w = 17 (mod 20) since v(v- 1) =8

(mod 20) has no solution,

Theorem 1.20: Letu < w. If v e LS;(k, u' ,w*) then

va(k-Dw+u-k+1 (D
v=1(modk-1) (2)
v=u{modk-1),v=w(modk - 1) (2)’
viv-1) =uu-1) + ww- 1) (mod k(k - 1)). 3)

Proof: (2), (2)’ and (3) follow as in Theorem 1.18. Let R be a point on one of the
long lines. Since there are at least w - 1 short lines through R,
va(k-DNwv-D)+u=(k-w+u-k+ 1

Corollary 1.21

(i) If v € LS;(3, u,w)thenv22w+u-2,u=1,3(mod 6),w=1,3 (mod 6) and
vs=1,3 (mod 6); or u =5 (mod 6), w=1, 3 (mod 6) and v = 5 {mod 6).

(i) If v e LS;(4,u”, w)thenv>3w + u-3,u=1,4 (mod 12), w = 1, 4 (mod 12)
and v=1,4 (mod 12); oru=7, 10 (mod 12), w= 7, 10 (mod 12) andv=1, 4
(mod 12); or u =1, 4 (mod 12), w = 7, 10 (mod 12) and v = 7, 10 (mod 12).

(iii) If v € LS;(5, u, w*) thenv 24w + u-4,u=1,5 (mod 20), w=1, 5 (mod 20)
and v =1, 5 (mod 20); oru =1, 5 {mod 20), w = 13 (mod 20) and v = 13 (mod 20);
oru = 1,5 (mod 20), w = 9, 17'(mod 20) and v = 9, 17 (mod 20); or u = 13 (mod 20),
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w = 13 (mod 20) and v = 9, 17 (mod 20).

Proof: These conditions follow as in Corollary 1.19,

§ 1.3 Methods of Construction

There are essentially two types of construction that we use: direct and
recursive. We will describe the recursive techniques which are applicable for
constructing AULSs. In general, we partition the v points of the set P into certain
subsets; for recursive constructions this is done in such & way that various design -

theoretic results may be applied.

Definition 1.22 A partition 7 of the set P is a family of subsets P; (i € I) such that U P=P
tel

and for any P;, P;, either P; = Pyor ;N P; = o fori # j.

The subsets P; are called cells. In numerous constructions, we shall designate these

cells by capital letters such as A, B and C. If there are n; occurrences of cells of size
vi, we write TI(vy',..,vy) . Inparticular, T(1'y)",...v%") isa partition in which the

set {=} is a cell.

The first construction makes extensive use of existing {3}-GDDs to build the
required linear spaces. One particular class of {3}-GDD proved to be invaluable in
many of our constructions. Colbourn, Hoffman and Rees [C2] established the
necessary and sufficient conditions for the existence of a {3}-GDD of type g'x! (the

group of x points is called the long group). Their result is stated below.
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Theorem 1.23 Let g, t and x be nonnegative integers. There exists a {3}-GDD of
type g'x! if and only if the following conditions are all satisfied:

(iifg >0,thent>3,ort =2andx =g, ort=1landx = 0,ort = 0;

(iiyx sg(t- Horgt =0

(iii) g(t - 1) + x = 0(mod 2) or gt = 0;

(iv) gt =0 (mod 2) or x = 0;

(v) 5git(1- 1) + gtx = 0 (mod 3).

The significance of applying Theorem 1.23 is that every pair of points from two
distinct groups is therefore already contained in a short line. However, if two points
are from the same group, then the pair of points is not contained in a short line.
Thus, if we wish to construct an AULS from such a GDD, then each of these pairs
of points must be contained either in a short line or in one of the long lines.
Consequently, an appropriate additional "structure” must be imposed on each of the
t groups of size g and the one group of size x. An amended procedure is necessary
for an AULS in which the two long lines intersect, and we will find that Theorems
1.7 and 1.12 need to be utilized in certain constructions for v sufficiently large. The

general methods of approach are herewith summarized.

Theorem 1.24 Assume g, t and x are nonnegative integers which satisfy the
conditions of Theorem 1.23.

(a) If t = 0,2(mod 6) and gx = 1(mod 6), or g = 1(mod 6),x = 3(mod 6) and

t = 0,4(mod 6), or g = 3(mod 6),x = 1(mod 6) and t = 0(mod 2), or g,x = 3(med 6)
and t = 0(mod 2) then gt + x € LS4(3, g“) U LSd(S,g*,x').

Suppose that g, is a nonnegative integer such that g, = 1, 3 (mod 6) and
T<spiski(g-Dor7<g <%(x-1). Thengt +xe LS(3.81.¢") U LS (3.g1x") -

(b) If g, x = 0 {mod 6) and t > 3,or g = 0 (mod 6),x = 2 (mod 6) and t > 3,0r
g=2(mod6),x=0(mod6)and t = 0, 1, 3, 4 (mod 6), or g, x = 2 (mod 6) and



10
t=0,235(mod6), then gt + x + 1 € L§3,(g+1)*") U LEGB,(g+1)",(x+1)") .
Suppose that g; is a nonnegative integer such that g;= 1, 3 (mod 6) and 7 < g; < %
or7<g <k Thengt + x + 1€ LS (3,61,(g+1)") U LS (3,g7,(x+1)") -

Ifg1=0,2(mod6)and 6 < gy < %g-1or6=<g)< k-1, then

gt +x+ 1e LS3,(g,+1)"(g+1)") U LS(3,(g,+1)",(x+1)") -

(c)Ifg=0(mod6),x=4(mod6)and t > 3, or g =2 (mod 6), x =4 (mod 6) and
t =03 (mod 6), then gt + x + 1€ LS;(3,(g + 1)", (x + 1)").

Suppose that g; is a nonnegative integer such that gy =5 (mod 6) and 5 < g; < &x,

then gt + x+ 1€ LS (3.1,(g+D)") - Ifgy=4 (mod 6) and 4 < g; < %x - | then

gt +x+1le ng(as(gl"'l)‘a(g""l).) *

Proof: (a) Form a partition (g!, x}) and construct a {3}-GDD of type g'x!. Replace
two of the groups of the GDD either by two lines both of size g, or by one line of
size g and one line of size x, The remaining t - 1 groups of points cither all have size
g or t - 2 of the groups have size g and one group has size x. Since the number of
points in each group is congruent to 1 or 3 (mod 6), we replace each of these groups
by a Steiner triple system. Next, since 7 < g1 < %(g- 1) or 7 < g; < %(x - 1) and

g1 =1, 3 (mod 6), by the Doyen - Wilson theorem (Theorem 1.7), we can embed an
STS(g;) into an STS(g) or an STS(x). Replace the subdesign by a line of size gy. If
STS(g,) is embedded in an STS(g), replace the remaining groups by copies of an
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STS(g) in order to obtain an 1§ (et+x{3, g1, x°h) . We must form an STS(x) in order

10 obtain an 1§ (et+x;(3, g1, g'h - If STS(g;) is embedded in an STS(x), we replace

one group of points by a line of size g and replace each of the t - 1 remaining groups

of size g by copies of an STS(g) in order to obtain an g  (et+x;3, g1, ') -

(b) Define « to be the intersection point of the two long lines. Form the partition
w(1',g', x') and construct a {3}-GDD of type gixl. We declare the two long lines on
the union of ® and the points of two appropriate groups, and form either an
STS(g + 1) or an STS(x + 1) on « and the points of a group with size g or x. Next,
either construct an STS(g + 1) or an STS{x + 1) which contains « and the subdesign
STS(g), where = is not a point in STS(g,) . Replace the subdesign by a line of size
g1, and place copies of an STS(g + 1) on w and the points in each remaining cell of

size g and, wherever appropriate, form an STS(x + 1) on « and the points in the cell
of size x, thereby proving that gt + x +1€ LS A3, 81, @+1)7) U LS (3, g, (x;1)') .

Finally, if g; = 0, 2(mod 6) and 6< g < %g - 1 or 6 < g, < &x - 1, follow the basic
arguments in the previous paragraph except that an STS(g; + 1) is embedded in an
STS(g +1) or an STS(x + 1), and the subdesign STS(g; + 1) also contains .

(c) Form the partition 7(11, g, x! ) and construct a {3}-GDD of type g'x. Declare
two long lines on = and two cells of sizes g and x respectively. Place copies of an
STS(g + 1) on w and the points of each remaining cell. Next, apply Theorem 1.12
to construct an IPBD(x + 1, g;;{3}) which contains =, but the hole does not contain

. Proceed as in the second part of (b) to prove that

gt +x+ le IS(3g, (g+1)7) . Finally, construct an IPBD(x + 1, g; + 1;{3}),
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where « belongs to the IPBD and the hole. The rest of the arguments are the same

as above, thereby giving gt + x + 1 € L§(3, (g,+1)", (g+1)") -

Corollary 1.25 Assume that g, t, x are nonnegative integers that satisfy Theorem

1.24. Suppose thai gy = 1,3 (mod 6) and 7 < gy < 3g or 7 < g; < %x. Then

gt + x + 1e LS@3, g;, (e+1)*) U L83, g, x+1)*) . 10 g, =35 (mad 6) and

52 g shx then gt + x +1e L3, g7, (g+1)") -

Proof: In order to show thatgt + x + 1 ¢ LS(3, g/, (g+1)) U LS (3, g, (x+1)*)
apply Theorem 1.24(b). To show that

gt+x+ le L§(3, g, (g+1)) U LS(3, g;, (x+1)") ,since g;- 1 =0,2 (mod 6) and

6<gi-1<%g-lorb6=<g-1<%x-1apply Theorem 1.24(b) where g; is replaced
by g, - 1. Hence, we have shown that

gt + x+ 1le LSE3, g, (g+1)") U L83, g;, x+1)*) - If gy =5 (mod 6) and

5 £ g4 < %x, follow the above procedure, applying Theorem 1.24(c).

It is not always possible to partition the points of an AULS in such a way that
a {3}-GDD of the special class considered earlier may be used. Quite often
transversal designé (cf. Definition 1.4) may assist us in forming the essential
{3}-GDD. We are priinarily interested in transversal designs TD(5, n) and TD(6, n).

Typically what we do is to begin with a particular transversal design, and delete some
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points from two groups to obtain either a {4, 5, 6}-GDD or a {3, 4, 5}-GDD. We
then recursively build the desired {3}-GDD using a form of Wilson’s fundamental

construction (FC) [W3]:

(FC) Let (X, G, B) be a GDD. Let G = {Gy, ... ,G,}. Let each v € X have an
associated weight w(v). Suppose that for each block {vy, ... ,vi} in B, there is a
{3}-GDD with k groups, having sizes w(vy), ... ,w(v). Then there is a {3}-GDD

whose groups have sizes E wiy) fori=1,..,m
veG,

Once the {3}-GDD has been recursively constructed, we then complete the task by
applying basically the same arguments as in Theorem 1.24. Occasionally, we delete
a block of a transversal design, deleting some points from two groups of the resulting
GDL and apply FC again to obtain the required underlying {3}-GDD.

Although the majority of recursive constructions depend on existing
{3}-GDDs, for many of the smaller values of v, there are no GDDs available.
Another technique which permits us to construct AULSs of certain orders, mostly
applicable when the two long lines intersect, involves the use of Skolem and hooked

Skolem sequences.

Definition 1.26 A Skolem n-sequence is a sequence of length 2n, in which every
integer 1, ... ,n appears exactly twice and the two appearances of the integer i are i

apart,

It is well-known that a Skolem n-sequence is equivalent to an (A, n)-system, a set of

ordered pairs {(a;, b;): i = 1, ... ,n} such that b; - a; = i for every i, and

Ota, 8) = {0, 1,.. 20-1}.

i=1
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Theorem 1.27 An (A, n)-system exists if and only if n = 0, 1 (mod 4).
Proof: See, e.g., [C3].

Definition 1.28 A hooked Skolem n-sequence is a sequence of length 2n + 1, in

which every integer 1, ... ,n appears exactly twice, and the two appearances of the
integer i are 1apart, but the (2n)-th member of the sequence is & "hook” (or a "hole",
or "blank").

A hooked Skolem n-sequence is equivalent to a (B, n)-system which is a set of

ordered pairs {(a; b;):i = 1, ... ,n} such that bj-a; = i for every i, and LnJ(al., b) =
il

{0, 1,...,2n-2,2n}.
Theorem 1.29 A (B, n)-system exists if and only if n = 2, 3 (mod 4).
Proof: See, e.g., [C3].

We need more definitions for our description of the second major

construction.

Definition 1.30 Let D; = (Vy, By) and D, = (V,, B,) be two designs. Then a
bijection

a: Vi — V,is an jsomorphism if the induced mapping a: B; — B, givzii by «(B) =
{a(a):aeB} is also a bijection from B; onto B,. We say that Dy and D, are
isomorphig; if Dy = D, then « is an automorphism.



Automorphisms of a design form a group under the composition of mappings.

Definition 1.31 Let e be an automorphism of a design D with v points. Two points
x and y of D are in the same orbit of points under « if a'(x) = y for some t > 1. Two
blocks B., and B, of D are in the same orbit of blocks if &%(B,,) = B, for some

sz 1,

An automorphism a of D partitions the points and blocks of D into disjoint orbits
since the property of being in the same orbit is an equivalence relation. An orbit of
blocks (points) can be generated by any one of its members. Hence, we need only
give one block called a starter block or base block, to represent each orbit of blocks
in a design. Usually, for cyclic constructions, with V = Z,, the natural automorphism
i — i+ 1(mod v)is chosen. It can be proven that each of the differences between
pairs of points, mod v, appears exactly once in a design with index A = 1. To
illustrate this, consider the construction of a cyclic STS(15): Let V = Z,5.We can
generate the triples of our design from the starter triples 0 14, 02 8 and 0 5 10.
There are two full orbits of triples, {014,125, ...,14 0 3} and
{028,139,..,14 16} i.e. each of these two orbits has length 15. The third orbit
of triplesis {0510, 16 11,27 12, 3 8 13, 4 9 14}, a short orbit of length 5, namely
a Ya- orbit. Observe that the differences are + 1, £ 2, + 3, ..., £ 7 and any pair of
points with these differences appears exactly once.

In many of our constructions, we will find that it is convenient to represent the

point - set P as the union (ljz x{il) U {e} where 14{: W=V . Since every point
1

i=1

of an AULS has a subscript, we shall state that pure differences arise from pairs of
points of a line which have the same subscript, whilst mixed differences arise from
those pairs of points of a line which have distinct subscripts. (For a general

description of Bose’s method of "symmetrically repeated differences”, see, e.g., [H1}.)
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The second major recursive construction can now be prescnted,

Lemma 1.32 Suppose that u, v and w satisfy the necessary conditions of Corollaries

1.15, 1.17, 1.19 and 1.21, and u < w.

(a) fu=3(mod6)and w=1 (mod 2) oru =35 (mod 6) and w = | (mod 6), then

there exists an LS;(u + 2w - 2; {3, u*, w*}).

(b) If there is a nonnegative integer u; = 0 (mod 2), uy = 2u, w = 3 (mod 6),

u;=0 (mod 2) and u = 1, 3 or 5 (mod 6), or w =5 (mod 6), u; = 0 (mod 6) and

u = 1, 3 (mod 6), and uy > w - 1, then there exists an LS(2u; + w; {3, u,w').
Furthermore, if u; = 2 (mod 6), w =1 (mod 2) and u = 1, 3 (mod 6), or u; =4

(mod 6), w = 1 (mod 6) and u=5(mod 6), and u; < w-1, then there exists an

LS(u, + 2w -1;{3,u*,w*}).

Proof: (a) Form the partition (1}, (u - DY, (w - D).

Case 1: u=6t+ 9 0<t< (w-9)/6, wherew =6r + s;s = L3orS, andr2 |,
Cell A is the set {o} x {1, ..., 6t + 8}. Cells B and C are given by the sets
Zgr + 5.1 % {i} where i = 1, 2. The point « is the intersection point of the two long
lines cg + + » g gand 0415« » + (6r + s - 2);0, We can classify the short lines to be
of types ABC, BBC, «BB and BBB. By an easy method of counting, there are

(6t + 8)(6r + s - 1) lines of type ABC, %(6r + s - 1){(6r + s - 6t - 9) lines of type
BBC, %(6r + s - 1) lines of type «BB and (6r + s - 1)(t + 1) lines of type BBB.
Construct the lines of types «BB and BBB, by considering the pure differences
among the points of cell B,namely +1,+2,43,..., +%(6r+s-1). The lines of type «BB
can be generated from the starter line «0;(%(6r + s - 1)}, developed mod 6r+s-1,
where © + j = o; 1 < j < %(6r + s - 1). The lines of type BBB are contained in

t + 1 full orbits and therefore will cover 3t + 3 pure differences. There are

%(6r - 6t + s - 9) remaining pure differences, denoted By % j1, o & Ju(6r- 60+ 5-9)
which must be covered by lines of type BBC. We will construct Skolem or hooked
Skolem sequences to assist us in formulating an easy way to determine these lines.
Ifs=1andr=23(mod4),ors =3andr= 0,3'(m0d 4)ors =5 ahd
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r = 0,1{mod 4), we can construct a Skolem (3%(6r+s-3))-sequence, consisting of the

Lres-3)
pairs (ay, by)sees (e + 5-3)» Ducor + 5-3)) Such that U fa, b} ={0.1,...6r+s-4}.

ial

Since the short lines of type BBC will cover some of the 6r+s-1 mixed differences,
we can regard these mixed differences as elements of the ordered pairs in the

Skolem sequence constructed above. Therefore, define the starter lines of type BBC

to be Ol(jl)l(bjl)z,...,ol(j % - 6m’_g)) ®, . The pairs (0+i)1("j,+i)2
1

E(Sn--&to.i'-ﬂ 2

(i = 1,...,6r+s-1) are covered since a =b -j for anyl=1,...,5(6r-6t +5-9). Clearly,
I I

the pairs (0+),(b, +) (i =1,..,6r +s-1) are also covered by lines of type BBC.
172

Since there are (6r + s - 1) - 2(%(6r - 6t + s - 9)) = 6t + 8 mixed differences left,
these must be covered by starter lines of type ABC. Therefore, the conclusion from

the above discussion is that the starter lines of type ABC are

“101(‘3&,)2’ ’m3h3ol(akmd)2’ °°3:+401(bkl)2’ we 9%,601 (D, ) gra701 (67 +5-3),

o050, (6r+5-2), ,where lskqs%(6r+s-3) and kqatjl.lf s=1 and r=0,1{mod4),or s=3

and r = 1,2 (mod4),or s=5 and r = 2,3 (mod 4) then construct a
hooked Skolem (%(6r+5-3))- sequence.The starter lines of types «BB,BBB and BBC

are the same as before.The starter lines of type ABC are

mlol(ak,)z’ ’°°3r+301(ak,,,,)2' °°3r+401(bk1)2’ ’°°&+601(bk,,,,)2’ o701 (67 +5-4), ’



o 50, (67 +s -2)2 .

Case 2: u=6t+50<st<(w-5)/6andw =6r+ l;r> 1.

Cell A is the set {o} x {1, ..,6t + 4} and cells B and C are given by the sets
Zgx {i}; i = 1, 2. The point = is the intersection point of the two long lines

@y« + *0g 4 g0and 0315 - + » (61 - 1);@.Asin case 1,by counting,there are (6t + 4)(6r)
lines of type ABC, (6r)(3r-3t-2) lines of type BBC, 3r lines of type «BB, and
(6r)(¥s + t) lines of type BBB. The lines of type «BB are generated from

(), (3r)y, developed mod 6r. Since the lines of type BBB are contained in t full orbits
and one % - orbit, we can generate the lines from the starter line 0,(2r);(41),,
developed mod 6r (the % - orbit) and t starter lines of the form 0;a;(2a + 1), where
a 2 1. The remaining 3r - 3t - 2 differences # jy, ... ,* j3.3,.2 are covered by lines of

type BBC. If r = 2, 3 (mod 4), construct a Skolem (3r - 1)-sequence such that

3r-1
rU{al., b} = {0, 1, .. ,6r - 3} The starter lines of type BBC arc
isl

j j . Using similz ing as in Case 1, the st
0101)1(1’11)2’ ’0*03"3"2)1(‘61:,.::.:)2 Using similar reasoning as in Case 1, the starter

lines of type ABC are “101(“1:.)2' ’°°3n101(ak,,.,)2' °°3:+201(bk.)2’ '“m.zox(bk,,.l)z

01,30y (67 = 2),, @ 0(6r - 1), ,where 1 <kg<3r-1,and ky»j.Ifr=0,1
(mod 4), construct a hooked Skolem (3r - 1)-sequence such that

3r-1
{J la, b} ={0,1,..,6r-4,6r-2}. Lines of type BBC are generated as above. The
i=]

starter lines of type ABC are
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[#7}

c'°10|(""1:,) ’msrozol(ak,,,,)z’ °°3,,20,(bkl)2, ’m&ozol(bk,,,l)z’ %6301 (67 ~ 3),,

2'
%6r1q0y (65 = 1),

(b) Form the partition x(1?, u? w -1 .Ifu=1,3(mod 6), by Theorem 1.7,

construct an STS(u; + 1) one of whose points is =, which contains an STS(u) as a
subdesign, and if u = 5 (mod 6), by Theorem 1.12, construct an IPBD(u; + 1, u; {3}).
Replace the STS(u) by a line of size u. Let cell A have size w - 1, and cells B, C each
has s.ze ug. Apply the method of construction described in (a), constructing a Skolem
(%(uy - 2))-sequence or a hooked Skolem (%(u; - 2))-sequence in order to generate
the short lines of types BBC and ABC. If u; < w - 1, form partition

n(1!, u,!, (w - 1) and construct a Skolem (%(w - 3)) - sequence or a hooked

Skolem (%(w - 3))-sequence following the construction in (a).

For some cases when we need to construct an AULS, most often of minimum
order v, where the two disjoint long lines of sizes u and w, and u, w = 1, 3 (mod 6),

we use two results regarding Steiner triple systems [R7].

Theorem 1.33 Let S;, S, be two Steiner triple systems of order n and 6k + 1,
respectively, where k is a nonnegative integer. Then for any n > 6k + 1 there exists
a Steiner triple system § of order 2n + 6k + 1 containing S; and S, as disjoint
subsystems.

Theorem 1.34 Let §,,S;be two Steiner triple systems of order n(n = 3 (mod 6)) and
6k + 3, respectively, where k is a nonnegative integer. Then for any n > 6k + 3 there
exists a Steiner triple system S of order 2n + 6k + 3 containing S;and S; as disjoint

subsystems.
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These theorems lead to the following lemmas:

Lemma 1.35 If n = {, 3 (mod 6) and 6k + 1 are integers such that n > ok + 1, then
there exists an LSy(2n + 6k + 1; {3, n, (6k + H'H.

Proof: In Theorem 1.33, replace the subsystems by lines of size n and 6k + 1,
respectively.

Lemma 1.36 If n = 3 (mod 6) and 6k + 3 are integers such that n > 6k + 3, then
there exists an LSy4(2n + 6k + 3; {3, n', (6k + 3)"}).

Proof: In Theorem 1.34, replace the subsystems by lines of size n and 6k + 3,
respectively.

In order to completely determine the spectrum of AULSs with two long lines
of sizes u and w, and short lines of size three, we need to construct such spaces for
all values of u, v and w satisfying the conditions in Corollaries 1.15, 1.17, 1.19 and
1.21. However, since the two long lines can be replaced by two Steiner systems, we
are able to exploit the Doyen- Wilson theorem to radically reduce the number of
constructions to be found.

Lemma 137 Letu=1,3 (mod 6),u > 7 and vy € LSy(3,u" ") (v, € LS;(3, u"")). Then
v e LS,(3, u") (v € LS(3, u“)) forallvz>2v, + 1,v=1,3 (mod 6).

Proof:  Replace each of the long lines of size u by an STS(u) in
LSd(vo;{S,u"})(LSi(vo;{3,u“})), obtaining an STS(v,). By Theorem 1.7, we can
embed the STS(v,) into an STS(v), and reintroduce the two long lines in the

subsystem STS(v,), resulting in an AULS with two long lines of size u and the short

lines of size three.
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Lemma 1.38 Letu,w=1,3(mod 6),u,w>7andu < wand v, e LS4(3, u, w)
(Vo € LS;(3, u’, w")). Then v € LSy4(3, u',w') (v e LSi(3,u’, w")) for all
vz2v,+ L v=1, 3 (mod 6).

Proof; The arguments are essentially the same as in Lemma 1.37.

If one of the long lines has size congruent to 5 (mod 6), we can apply

Theorem 1.12 to obtain the following result.

Lemma 139 Letu=5(mod6)andw=1,3 (mod 6),uz25w>7andu < w,
v, € LSy(3, u,w) (v, € LS;(3, u', w*)). Then v € LS4(3, u', w*) (v € L§;(3, ', w*))

for all v = 2v, + 1, where v = 5 (mod 6), v, = 5 (mod 6).

Proof: Replace the long line of size u in LSy(v; {3, ', w*}) by a hole on u points
and replace the line of size w by an STS(w). We therefore have an IPBD(v, u; {3}).
By Theorem 1.12, there exists an IPBD(v, v, {3}) for all v > 2v, + 1, where we
consider IPBD(v,, u; {3}) to be the hole. We can always reintroduce the two long
lines in the subdesign IPBD(v,, u; {3}). Thus, we have constructed an

LS4(v; {3, u, w‘}) for allvz2vy + 1.

The recursive techniques are far more restricted for the construction of AULSs with
short lines of size four. We can build our linear spaces in some cases by using various
{4} - GDDs. The necessary and sufficient conditions for the existence of a {4}-GDD

all of whose groups have the same size was established by Brouwer, Hanani and
Schrijver [BS].

Theorem 1.40 Suppose t > 1.There exists a {4}-GDD of type g' if and only if t > 4,
g(t - 1) = 0 (mod 3), g%t(t- 1) = 0 (mod 4) and (g, t) * (2, 4) or (6, 4).

Also, several {4}-GDDs of small orders [R6] can be used to recursively construct the
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required {4}-GDDs by means of Wilson’s fundamental construction [W3], which play
a central role in building AULSs of particular orders, in an analogous way to the
methods described in Theorem 1.24. On occasion we will find that the inclusion of
particular embeddings of BIBDs with block size four will enable us to produce some
constructions, an obvious analogue of embeddings of Steiner triple systems applicd
previously. The necessary conditions for such embeddings to exist have been proven

to be sufficient in [R6], [W1], [W2]. In fact, in [R6], an analogue of the Doyen-
Wilson theorem is proven:

Theorem 1.41 There exists an IPBD(v, w; {4}) if and only ifv23w + I,v=lor
4 (mod 12), w =1 or 4 (mod 12), or v=7, 10 (mod 12) and w = 7 or 10 (mod 12).

Some infinite classes of linear spaces are obtained by considering resolvable {3}-
GDDS. We know that the block set is partitioned into parallel clusses, and that this
can be done as long as the groups all have the same size. If to each of the r parallel
classes we adjoin a point at infinity, we obtain a {4}-GDD of type g'r!, which can he
described as the "completion” of the resclvable {3}-GDD [R6]. We note that to apply
such designs in the present context, we are necessarily restricted 1o group sizes which,
possibly with an additional point =, will give us a BIBD with block size four, since
our linear spaces have short lines of size four.

We can also apply the notion of completion for the construction of desired
{5}-GDDs, in tandem with BIBDs having block size five whose order must be
congruent to 1 or 5 (mod 20) [H3], in order to construct AULSs of particular orders
with short lines of size five. The recursive techniques involving the use of specific
GDDs, Wilson’s fundamental construction, and certain embeddings of BIBDs can be
applied, albeit in a more limited way. Since we do not have an analogue of the
Doyen-Wilson theorem, the spectrum for AULSs with short lines of size five is far
from complete. Therefore, we are able to obtain only what are essentially individual
constructions, along with some infinite classes, by following the general procedures
developed earlier.



Chapter 2
Almost uniform linear spaces with short lines of size three

§2.1 Almost uniform linear spaces with two long lines of size u
and short lines of size three

We shall rirst assume that the two long lines intersect. In Corollary 1.17(i), the
necessary conditions for the existence of these linear spaces were determined, and

are now shown 10 be sufficient.

Theorem 2.1 lLetu > 7.
v e LS;(3,u”")if and only if v > 3u - 2, u = 1, 3 (mod 6) and v = 1, 3(mod 6).

Proof: The necessity of these conditions has been established in Corollary 1.17(i).
To prove sufficiency, first consider the orders v such that 3u - 2 < v < 6u - §. Since
v =13 (mod 6), v = 6u - j where j =5 (mod 6) or v = 6u - k where k = 3 (mod 6),
kx9

Case 1: v = 6u - j, j =5 (mod 6).

Case laiv=06u-j,j=5+ 6randu > 6r + 1.

Form the partition (1%, (u - 1)3, (u - 6r - 1)!), when u > 6r + 1. Apply Theorem
1.24(b) whereg =u-1,t =5Sandx = u-6r- 1. Ifu = 6r + 1, form the partition
a1, (u - 1)) and setg =u-1Lt=5andx = 0.

Case Ib:v =6u-jwherej =5+ 6r,2r<u<6r+ landr>?2,

Form (1%, (u - 1)3, (3u - 6r - 3)}) and apply Theorem 1.24(b) withg = u-1,t = 3
and x = 3u-6r-3.

Case2:v=06u-k k=3 (mod6yandk>9:k =9 + 6r.

We consider u = 1 (mod 6) and u = 3 (mod 6) separately.
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Case 2a:u =1 (mod 6) and u 2 6r + 5.

Form n(1l, (u - 1), (u - 6r - 5}) and apply Theorem 1.23(h) withg = u- 1,1 = §
andx = u-6r-5,

Case 2b: u =3 (mod 6) and u 2 3 + 3r.

Form #(1}, (u - 1)% (2u - 6 - 6r)!) and apply Theorem 1.24(b) withg = u - 1, ¢
andx = 2u -6 - 6r.

tt
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£

Case 2ccu=1(mod6),2r + l <u<or+5rzl

Form 711, (u - 1)3, Bu - 6r - 7)!) and apply Theorem 124(b) withg =u- 1,1 =3
andx = 3u-6r-7.

Case 2d:u=3 (mod 6), 2r+1 < u < 3+3rwhere r =1 (mod 2) and r = 3,0r
r=0(mod 2) and r = 6.

Form #(11, (u - 1)3, (3u - 6r - 7)!) and apply Theorem 1.24(b) with g = u-1,t = 3
and x = 3r - 7. Finally, consider v = 1, 3 (mod 6) and v 2 6u - 3. Since we have
shown that 3u - 2 € LS;(3, u” ), by Lemma 137, v € LS;(3, u’ ) for all v > 6u - 3,
v=1, 3 (mod 6).

Next, assume that the two long lines are disjoint. We approach this problem

in = similar way, however we are only able to provide a partial solution.

Theorem 2.2

(a) If u = 1, 3 (mod 6), then LSy(3u;{3, u""}) exists

and 3u = min{v: ILSy(vi{3,u" }}.

(b) Suppose u=1 (mod 6). v ¢ I_Sd(3,u“)ifv =1 (mod 6) and4u + 3 < v<6u-S5
or v=23 (mod 6) and v = 6u - 3.

(c) Suppose u =3 (mod 6). v € LSy(3, u")if v = 1 (mod 6) and

4u + 1<vgbu-50or v=3(modb)anddu + 3 cvgbu-3;33¢ LSd(3,9").

Proof:

() v 2 3u from Corollary 1.15(i). Form a partition a(u?) and apply Theorem 1.24(a).
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(b) If v = I(mod 6) and 4u + 3 < v < 6u - 5, form @(u®, x1) and apply

Theorem 1.24(a) withg = u,t =4 and3 < x < 2u -5, x = 3 (mod 6). If

v=3(mod 6) and v = 6u - 3, form m(1', (u - 1)%, (2u)') and apply Theorem 1.24(b)

where gy = u, g = u- 1, x = 2u.

(¢) If 4u + 3 < v < 6u - 3, form m(u?, x1) and apply Theorem 1.24(a) with g = v,

t=4and3 <x<2u-3 x=3 (mod 6).

MNexy, we prove 33 e LSy(3, 9“).Form 'n(61,93).The three cells A,B and D are given

by the sets Zyx{i};i=1,2,4. Cell C is given by Zsx{3}.The short lines are of

type ABD: - 04ip(2i)4(i = 0,1,.,4) 138504 2;(4-i)5(2i+2)4(i = 0,1,2,3) 313,34
44y 513254 616265 T17274 818284 112534 314254 415,64 516574
61784 715204 810214 111554 311,74 416,84 517504 6,8,14 7,052,
819234 1147y 316205 417514 51824 61034 711244 812,5; 1,3,1,
216214 317524 418534 510544 615,54 Thd64 81357,

type ACD: 011314 1,0324 242305 310314 410304 S5;2314 6,150, 714314
813305 010334 115344 211334 3:2344 415325 515334 614524 713334
812324 012354 133364 21435, 311364 413354 5,056, 613344 71135,
814344 03374 114384 215374 313384 414374 511584 612374 71538,
815364

type ABC: 01843 116523 217,33 31543 410025 5:2,3; 614,05 713,24
819213 016253 147213 215205 3,0,55 411513 Silpds 613,53 712,03
811505

type ABB: 015,72 17055, 210:8; 31258, 41253, 51455, 61152, 71628,
816,75

type BCD: 750344 65035, 8,037; 30384 651544 051374 521324 45233,
822364 572384 323324 42331y 204304 024364 7p4334 2,514 15540,
82535,

type BCC: 050333 152333 21323 351343 49445, 523333 63343 792353
871334

type CCC: 031353 03234,
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type BBD: 354505 15551y 256524 126534 Sa8xdy 0755, 127204 225:7, 0:2.8,
type BBB: 021232 024262 124282 224272 3252()3 337382
The long lines are 011, - - - 8;and O4ly- -+ 84 If du + 1< v < 6u-35, form w(u?, xY

where 1 < x < 2u -5, x =1 (mod 6) and apply Theorem 1.24(a) with g = u, t = 4.

Corollary 2.3 If u = 1,3 (mod 6) then v € LSy(3,u Yor all v > 6u + I,
v =1, 3 (mod 6).

Proof: This follows from Theorem 2.2 and Lemma 1.37.

We will be successful in completing the spectra for AULSs in which the two
long lines both have size seven, nine, and thirteen, once we have provided

constructions of the AULSs with orders not covered in Lemma 2.2.

Lemma 2.4 25,27,33 € LS4(3,7" %31 € LSy(3,97);43,45,49,51,57,63,69 € LSy(3,13"");

49,55 € L§y(3,15™).

Proof: To prove that LSy(25;(3, 7“}) exists, we give a direct construction. Form a

partition (72, 111) and construct short lines of

type ABC:  Opigiz  13ip(i+7)3 24ip(i+3)3 34ia(i+10)3 44ip(i+6)3 Sin(i+2)
61ix(i+9)3 (i = 0,1,...,6)

type ACC: 017393 0183103 143353 134463 210313 223103 316377 3,8393 44233,
414353 510393 5113103 65373 6,685

type BCC: 01343 055383 152353 156393 253363 2,73105 394373 350381 45549,

' 491583 5263103 552393 650373 6734104

type CCC: 032363 337383 4393103 033343 234383 132373 0353105 133793 135364

The long lines are 0;1; + + + 6; (i = 1,2). Similarly,to show that 27¢LS4(3,7""),form a

partition 7(7%,13%) and construct short lines of

type ABC:  Oyigis  1yip(i+7)3  24ip(i+1)y  3qip(i+8)3 44ix(i+2)3  54ip(i+9)s
61i5(i+3)3 (i = 0,1,...,6)

type ACC:  0/73123 083113 0193103 131363 1;2353 1;3383 2403105 2,8312,



type BCC:

type CCC:

33
2193113 32375 3,336;5 314353 4103113 4113105 4,95125 5;3:8;
514373 515363 6,05123 613113 6,23105

0143105 0553123 0563113 150555 1563123 1573113 2,0573 2513125
263835 3o3ly 322383 3,739 41323 43393 4583105 5523114
5133105 554393 6533123 6543113 6,55105

038395 038363 052333 133373 134383 135395 236593 2343125 3555114
517383 6573105 10311512,

Next, 33 € LS4(3, 7")by forming a partition 17(73, 121) and cells A,B, D are given by

the sets Z x {i} (i = 1,2,4) and cell C is the set Zy5x {3}. Construct short lines of

type ABC:

type ABD:

type ACD:

type ACC:

type BCD:

type BCC:

type CCD:

type CCC:

00x3 1:1,05 242,63 313533 41823 515923 6462115 1305115
3,157 51283 03553 214,53 4155113 056565 200,75 4lods
62513 13,15 Spdof3 3,593 1,6,105 3,0,105 2,1,105 042,85
011504 01414 01524 132234 144954 135244 233264 21504 246514
32,24 318535 316,54 40555 412965 413024 41624 S1004s 511534
53904 516264 6,0s14 611524 61334 614204 615,54

011534 0,248, 0,055, 0,765 1,730, 1;5314 149524 1,846,
218524 20535 248384 2,9354 3111305 316315 3,1sd 312364
41950, 417314 41534 510314 5110524 51835, 6,63d4 6110364
0,1533 093105 112385 1:363 21233 215115 310553 314285 440535
4163103 411585 5133115 55573 511363 610525 613383 617293 615383
06502 020524 051534 053364 lolsly 159344 151155, 156364
2,050 21051y 257584 255554 3p83la 3adada 321055, 49332,
40384 421365 Sy3sly Sy3s 525264 638304 652324 653334
0,255; 0,895 153355 152383 2523115 2,3593 350595 32363 3273115
botsTy 49105115 496583 526573 S5:0383 So13103 60513 6,748
6,519

231050, 15505 338305 2391y 43llgly 831152, 556524 14752
6953 237534 8310335 3310444 Ssllsdy 337555 43655, 132354
034165 9511464

4353105 134595 0363113 057310
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type BBB: put an STS(7) on the seven points of cell B.

The long lines are 0;1; -+« 6; (i = 1,4). We obtain 31 € LS4(3.9 ) by forming a

partition 11(92, 13‘), cells A and C are given by the sets Zg x {i} (i = L 3) and cell

B is the set Zq3x {2}. Construct short lines of

type ABC:

type ABB:

type BBC:

type BBB:

013,05 Oylol3 02523 00,33 01143 0,557 019265 0,107,
018585 1y(i+1)iz(i = 0,1,.8)  2(i+2)niz(i = 0.1..4)  2,12,5,
2,863 2,9,75 217583 310503 31daly 3112523 319533 310445 3,855,
316265 317273 3111583 414205 47513 416223 410,37 48544
419,55 412,65 4111573 43,83 Si(i+5)iz(i= 0ld)  5,2553
511065 51175 510585 69205 6110513 6,823 66237 67244
611555 613,65 610,73 612,85 7110505 71813 719225 717233 7;ln%;
7111555 710,65 7112573 712583 8,(i+8)5iz(i = 0,12,5,6,7) 81253,
81443 815,85

016577 0142125 110512, 13103115 210,115 2,1510; 3,153 3,225,
41002, 41155, 51105 513,12, 6,211, 64,5, 715265 7;324-
8;7211, 8,3,6,

6211503 7912505 055,13 11512515 051525 5511525 253,33 151153,
0p3x43  2,12p4; 310,55 457553 Sx10563 25863 325773 496574
154,85 610,83

0,4,9, 057510, 0,608y 558,12, 156512, 9,10,12, 2,659,

2,8,10, 3,7,8; 158,95 438,115 5,7,9, 359,11, 1,2,7,

The long lines are 0;1; - » « 8; (i = 1,3). Now, 43 € LS(3, 13""Yby forming a partition
m(31, 132, 14Y), cells A and D are the sets Zyax {i} (i = 1, 4), cell B is the set
Zi4x {2} and cell C is the set Z3 x {3}. Construct short lines of

type ACD:

type ABD:

Opigly  14is(i+3)s 24i3(+6)s 3qi3(i+9)s 41is(i+12)s . Sqia(i+2)4
61i3(i+5)q T1ia(i+8)s 81i3(i+11)g 9is(i+1)s 104is(i+4)g 111is(i+7)q
124i5(i+10)4(i = 0,1,2)

0,034 0,138, 01,5, 0,765 014,7, 0,658, 0,129, 0,8,10,
015,114 095124 1;10,0, 1311514 1;13;2, 1712,65 140,74 1518,
1179 115910, Tidlly 136124 2450s 29214 26024 243534



type ABB:

type BBD:

type BBB:
type BBC:

type CCC:

35
2111985 2,10,54 28,94 21132104 2,051, 2;12,12, 3,950, 3,714
3,402, 3112534 315244 313251 318264 312574 3110,84 31115124
412,20 4113534 411285 45,5, 40,6, 4,777, 44,8, 4,159,
43,10, 4,8511, 518,05 52,15 511155, 5110565 511574 5:9,84
5109, 5;12,104 5113,114 5:55124 6,504 616514 6,12,24 61953,
61241 618,85 6,109, 64115104 6;3,114 6115124 740,05 7413514
Til2s 71834 Tidoda TiToSa Ti626s 713,74 Ti911y 712,124
8,10,1, 8;11,24 82,34 816244 810,54 811564 819,74 8;3,84 84,9,
8172105 91,0, 91944 91854 913,64 915,74 917,84 941159,
912,10, 9110511, 93,12, 1046505 10;5,1, 10,8,2, 10,153,
10,107, 10111,85 10,99, 101410, 10,7511, 10,0512, 11,350,
Ml 113524 11,734 1140544 11313,5, 1144,6, 116,10,
11112,114 11;8,124 12012,0, 12,3514 12,10,2, 12;5,3; 1211444
12,9:55 1212,64 1241157, 120,84 12,13,9,

012,10, 013,11 1339 1128y 211,75 22,5, 310,13, 3;1,6,
4169, 410,11, 5147, 51326, 6,057, 614,13, 7,10,12, 745,11,
85,12, 88,13, 910065 944,12, 10,3;12, 102,13, 11;2,11,
1119210, 124456, 12,758,

1151350, 2,705 Opdyly 812,14 0,3:2, 7,922 6,10,3, 451153,
327584 831004 204,54 6312,54 3,5:64 911564 68,74 12,1357,
5213584 2512584 536294 253394 059,104 15105104 152,11, 6511511,
7,13,124 4,10,12,

Tol1512; 1,59, 153713, 0,5,10, 0,158, 4,859,

9)13,03 1512,03 558,03 0211505 3,405 2,6,0; 7510503 0,2,15
10013513 3,813 1olloly 495513 657513 9512515 1pd923 5,752
3,10,23 8511523 6,132 259,25 0512523

031323

The long lines are 0;1; - -+ 12; (i = 1,4). Next, 45 € LSy(3, 13" by forming a
partition m(3%, 13% 16) where cells A and D are the sets Zyyx {i} (i = 1, 4), cell
B is the set Zj5x {2} and cell C is the set Z3 x {3}. Construct short lines of
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type ACD: same as for LS (43:{3, 137,

type ABD:

type ABB:

type BBD:

type BBC:

0115535 Opldpdy 0,954 0,0,65 Oq(i+4)a(i+7)4(0 = 0,1.34) 0,39,
0115124 131450, 1100y 142y 19265 110274 14258, 1,5:9,
113105 1413511, 1,0,12; 2)(i+4)is(i = 0,234) 2,105, 21,5,
2014595 209,104 212,11y 235124 37150, 3,13214 3;ia(i+2);

(i = 03,56) 3111534 3jdody 312264 3172124 4(i+8)a(i+2),

(i =0,1,3,4,5) 411584 40,85 42,9, 45,10, 414511, 5,13,0,
51314 S;(i+4)a(i+5)a(i = 034.7) 510564 5,957 S5;1210, 5,611,
6112,05 612514 611524 6113534 6,544 6,14,8; 64,9, 6,0,10,
6132115 61155124 716205 7172y Til4224 718234 719244 71255,
Tally6s 7115,7, TiSolly 410,124 84igig(i = 1,6,7,.89) 8,15,2,
81234 810544 81105, 8;4;10; 9,90, 9,144 9,14,5, 91556,
9112,7, 9110584 9,6,94 9,111,104 9,0,11, 92,124 10,3,0; 10,551,
10,7224 1036534 10,874 10,985 1071329, 10,145,104 10,1111,
10012,12, 115505 11415515 1133524 11,0,3, 11,104, 11,255,
1131064 1156510, 1177510, 11413,12, 12,8,04 12,9,1, 12,1152,
12114,3, 12,112,844 12,55, 1213,65 1246,7, 12138, 12,1559,
0110513, 0;2,115 046512, 17158, 146515, 1479125 21055, 211515,
212,13, 3,8,10, 3,912, 3,114, 4,4,7, 4;3,10, 4,1,6, 5,5,12,
512215, 5:0,145 616510, 6,911, 6,78, 710,13, Tylyd, 71253,
8,5514, 8;11512, 8;3,13, 943,45, 9,5,8, 975135 10,1515, 10,254,
10,010, 11,8511, 11349, 115125145 121152, 121054, 12,7510,
2,750s 0,150, 10511504 456514 0512,1, 851451, 510,24 9,13,2,
212,24 3,12,35 4510535 155,34 256044 357544 115134, 8,13,5,
056554 7915555 498964 557264 13,514,654 051157, 153,74 2,14,7,
411585 3515,8; 1512,84 057,95 151159, 105129, 10,15,10,
2,8,10; 12,13,10; 2,10,115 1,911, 4515511, 5,9512, 4514512,
6,8,12,

2,505 69,05 051505 3,805 7p11,05 412,05 1513505 10,14,0,
6213513 0,2,15 3511515 9510515 15,7515 8,12,15 14515515 45,15
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02825 4713223 3,523 11514525 12,1523 6,752 1510523 2,9,2

type BBB: 55135155 3565147 5263115 023292 8;9,15, 759,14,
type CCC: 031525
The long lines are 0;1; - -+ 12; (i = 1,4). Also, 49 € LSy(3, 13"") by forming a

partition m(3', 132 201), where cells A and D are sets Zygx {i}(i = 1,4),cell B is set
Zogx {2} and cell C is set Z3 x{3}. Construct short lines of
type ACD: same as for LS(43;{3, 137 }).

type ABD:

type ABB:

Oqig(i+3)4(i = 0,1,2,4,7,8) 0;10,64 0,17,8, 0,16,9, 0,65124 1100,
11091, 1712524 1319564 133,74 1;14,84 1;13,9, 1;15,10, 1;18,11,
11175124 2,000 215518 212524 211534 21408s 216,54 2118,94
213105 207,114 2,812, 3,50, 311551, 31182, 33,34
B(i+10)(i+4) (i = 0,1,23,8) 3,98  4,10,2,  4,15,3,
4)(i+19)2(i+4)4(i = 0,1,23,5) 48,8, 417,10, 4,5,11,4 5,15,0,
519214 514954 5111564 516574 5116585 5114995 515,104 S,10,114
5172124 611805 611214 611524 61634 6,8x%s 614284 63,9,
6125104 6115114 6,0,124 7113:0, TiToly 7116524 7;18,34 74104,
Ty11554 7112564 7119574 Thldolly 7435124 8;17514 8,924 811253,
810244 8118,54 812264 8113,74 811,85 8;19,9, 8:4,10, 9,140,
9113044 9110554 94(i+9)a(i+6)s(i = 023,6) 918,74 9;16,10,
9165114 10,7,04 10,0;14 106,25 10,5,34 10,17,7, 10,2,8, 10,99,
10,8,105 10445114 10315124 11;16,0, 1151451, 11,7524 11,173,
113384 1138954 115564 1131210, 11311511, 114135124 12,950,
1206514 1200,24 1292934 121754, 124165, 12,1756, 121,74
12,19,8, 12,5,9,

013215, 0111519, 0412,13; 0,5,14; 0,9,18, 1,058, 1;1,9, 132,16,
15260 1147y 21105125 2111515, 213,17, 2,14,16, 2,919,
310,10, 311516y 312,175 31657, 314,8, 47,16, 4114,18, 4,6,13,
413,11y 4195125 5,035 511585 5,213, 5,17,18; 5;12,19, 6,7,11,
615216 619213, 61105145 6117519, 7,056, 71152, 7,89, 71455,
15217, 817,15, 8,511 813;8, 8,10,16, 8,651, 9:0,19; 9,154,



type BBD:

type BBC:

type BBB:

type CCC:

38
95,8, 913517, 912,72 103,185 10105195 10115125 10135145
10,15,16; 11,0515 11425155 11195105 11;183195 114265 124105185
12112,15, 12,4,11, 1273514, 12,8513,

111504 2512505 4517504 698505 321920, 2510514 4318214 85191,
13716515 13,15 1513224 1151752, 4519,24 8514524 355,24 49,3,
8210534 16519;3; 7213534 1151453, 2,0dpdy Sp12544 95164,
6217284 15,1884 1519,54 5,517,545 13;15,5, 3,955, 751455, 0,1446,
6215,64 728264 16318564 39864 027574 851257, 52957, 1151657,
10215574 0515,8; 6518584 721258, 5513,8 331058, 031759, 251159,
72109 156,95 85159 059,10, 11,135,105 14,19,104 6,10,10,
1518510, 0,2,11, 16,1751, 135195114 9,15;11, 3,12,11, 5,18,12,
2,9;124 4516512, 12,14,12, 10,11,12,

02503 15105053 8,16,03 357,03 14515,05 254,05 619,05 12517504
911503 13718505 0513513 1512513 10517513 659,13 15,1915 255,14
T)18;13 4yldyly 8y1lsly 3516513 0516925 1514525 12518525 351352,
251925 510,23 415,25 817,25 6511525 7,925

0,11518; 0y412, 175170 1,515, 23,6, 6,12,16, 2,8,18,
9,14,17, 5,7,19; 4,10,13,

031323

The long lines are 0;1; -+« 12; (i = 1,4). Next, 51 € LSy(3, 13™") by forming a
partition w(31, 132 221), where cells A and D are the sets Zyyx {i} (i = 1, 4), cells
B and C are the sets Z,; x {2} and Z3 x {3}. Construct short lines of

type ACD: same as in all previous cases.

type ABD:

011045 019,55 0ql364 Oqin(i+3)s(i = 04,..8)  0,2512; 13,04
Lilply 146524 131564 1912,7, 1;18,8; 1,2059, 1,9,10, 114411,
13195125 220,05 2121515 210,24 2411534 215084 2116554 214294
212,10, 2,175,114 2,75124 3,80, 3:2,14 3112,24 313,34 318,44
311554 3117,64 311057, 3,658, 31155124 4711524 4410,3,
41(i+20),(i+4)4(i = 0,1,..,4,6,7) 4;14,9, 5:17,0; 5:7514 5:8,5,
5,964 511874 5116584 512194 5;15,104 51125114 5115124 6116504



type ABB:

type BBD:

39
6117514 610,24 6,234 6113244 610,84 6111,9, 6;20,10, 6,19,11,
6118124 744,05 T191a Th17224 117234 Ti8x8s 712:54 7112564
713,74 716211, 7113124 810,14 8,13,2, 8,15,3, 8,144 8117,5,
8119,65 811657, 8,218, 80,9, 8,14,10, 9,504 916285 91454
912,64 9113,74 97,84 91894 9119,104 9118,114 9,3,12, 10,12,0,
10,1515 1041852, 1041334 10,657, 10,10,8; 10;17,9; 1041510,
10,165114 10,215124 11,905 1131151, 11,2,2, 11,193, 113454,
11,5,5, 11314264 11,8510, 11,7511, 11,0512, 12,1150, 12,5,14
120(i43)2(i+2)(i = 0,1,4,5,6) 127154, 12,1455, 12,12,9,
0,12;21, 0413519, 0,311, 0,14515, 0418,20, 0,16,17, 150,10,
1111516, 1,5,21, 141317, 114,7, 12,8, 2,14,19, 219,13, 2,1,18,
2,3,15; 218,125 216,10, 310,21, 317,115 39,20, 3;14,16, 34,19,
315,13, 4,312, 413,16, 416,8, 419,15, 4,17,19, 4,7,18, 5,0,5,
5162115 5,2;10, 5135145 5:4:20, 513,19 614214, 611515, 65,8,
6179, 613,215 616,12, 710,14, 7111518, 7:5,15, 711520, 7110519,
716,21, 8,2,20, 8,818, 81456, 85,12, 8;3,7, 8,9,11, 9,0,15,
9110511, 919512 9116520, 91521, 9414517, 10,0,3, 10,11,20,
101819, 10,59, 10,24, 10,7145 11;18,21, 1133517, 11;10,12,
11315516, 11;13,20, 114156, 121016, 12,2,19, 12,1513, 12,20,21,
12,6518, 12,10,17,

0213504 1510,04 6,7,05 2515505 14,18,04 19,2104 Opdpls 3,13,1,
6:20514 12318515 831dply 1651915 415,25 5,19,24 752052,
116524 8,924 142124 15,535 6517534 12,14,3, 16,18,3,
8220534 9221534 07244 951944 12,1654, 3514544 17,2158, 2,114,
0218554 351055, 751355, 11519554 6,15,5, 12,20,5, 10,2156,
5020064 4911564 38,65 13318,64 616,64 0517574 Solly7q 7919574
914,74 22157, 15;20,7; 11,138, 491258, 1,3,8, 8,178,
15519,85 14,2085 151994 3.5,9; 7,10,9, 2,16,9, 9,18,9,
13,1549, 11517510, 13,21,10, 0,12,10, 5,18,10, 10,165,104 346,10,
029,114 10,1514 2135114 35205114 1pdp1ly 11521511, 115125124



type BBC:

type BBB:

type CCC:

40
17520512, 556,124 483124 9516512, 10414,12,

058;03 5214505 4916503 11515503 253205 10520:03 6521203 7517503
199,03 12513,03 18719505 0511513 158515 4513515 218,15 19520514
917513 3316513 721513 12,1513 62ldyly 5510515 0,2052; 15172,
421523 10,1823 5516523 831123  Tal5y23 359,23 12,1952,
6213223 2,14,25

02152, 026519, 49,105 304918, 1o1151dy 255,75 25699, 810,13,
1,212 45,17, 2,12,17; 8515215 758,16, 15,17,18,

031525

The long lines are 0;1; « - - 12; (i = 1,4). In order to verify that 57 € LSy(3, 13™"),
form a partition m(5%, 13%), where cells A, C, D and E are the sets Z3x{i}
(i = 1,3,4,5) and cell B is the set Zg x {2}. Construct short lines of

type BCD:

type BBC:
type BBD:
type ABE:

type ACE:

00511, 0,505 0113125 Opdsdy 0,955, 041510, 0,752, 051239,
0,8514 0510364 056384 lpl3lly 156364 131230, 155434 1,7:8, 15234,
lodsly 1595124 1511575 158594 1510510, 2,2510, 251148, 2,12:2,
21354 257594 253314 28364 2210574 256384 2,9:0; 253114 3,3:8,
3,834 321324 392314 3,53124 39511, 351150, 3512510, 350464
3,109, 357384 4ghsSs 429994 425574 453464 457404 491233,
471385 48sdy 49105114 450510, 451151,

192503 024223 021,33 23243 324263

1ods2s 052,35 153,54 0,3,74 25812,

O1igis  14ip(i+5)s 24ip(i+10)s 3qia(i+2)s 44in(i+T)s Sqix(i+12)s
61ix(i+4)5 Tis(i+9)s 81ip(i+1)s 9qin(i+6)5 101ix(i+11)s 114i(i+3)s
124i5(i+8)s(i = 0,1,...,4)

O4i(i+5)s 11(i+5)(i+10)5(i = 0,1,..,4) 2410325 211335 2,1234
211355 219365 314375 315385 316395 3133105 3423115 4494125
414305 4112315 418325 417335 511345 512355 513365 510375 517385
617395 6163105 6183115 653125 6710305 70315 7{7425 7110435
T111345 7112355 815365 811375 812385 813395 8143105 993115
91113125 9;7305 918315 916325 1071335 10,2345 10,11355 10,12404



type ACC:

type ADE:

type ADD:

type CDE:

41
10,3475 1114385 11,5595 11,0105 11;103115 11465125 12411305
1210515 1212525 12,8535 12,9345
05493 0383113 0,73123 0;6510; 1305113 1,23125 1,3310; 151545
212373 23355 210383 26383 30313 31113123 3,739; 3,8;10,
410555 411363 4123103 4133113 5:558; 514393 5163123 5,10511,
610333 6113123 612393 6143113 731323 715363 713393 T14383 810563
895113 87385 8;103123 9,03123 931333 9,5510; 9,243 10,0585
10,5573 10143103 10,6595 11313115 113357 11,2383 11,9312,
12,0573 1232333 1244463 12,155,
0144105 0g111s 0,24125 13325 1,035 1jlsds 216475 25485
2111495 3184125 319405 314415 4110445 411255 41465 5,109
51114105 534115 618415 616425 61235 719465 712475 717485
8144115 8114125 8,12,05 9:5,35 910445 99,7455 10,0,85 10;9,9s
10164105 11y2405 1137415 1135.25 1211455 1218465 12,1047s
01048, 0,594 0164114 0,104124 03,74 1,2474 1,5410; 114464
1114124 18495 2,249 2114104 2,04124 23447, 213484 311434
316410, 310474 3:54114 3124124 412484 409, 413,54 41648,
417411y 514494 5174124 50414 5,246 515484 61104114 6,043,
61445, 611474 6,94124 7114124 7,5464 7184105 7104115 74344,
810454 817484 813494 8124105 811465 912434 916412, 948,11,
9194104 91144y 1014412, 10,3411, 10,2,5, 10,7410, 10,148,
1110464 1131494 11384114 11,8412, 11,3410; 12,54124 1213464
12,0444 1241424 12,79,
030405 039425 031235 035445 031485 052,95 0384115 0534125
034465 138405 133415 137425 136485 13095 139,105 1312411
1314125 233005 235415 2311425 236435 2312465 238495 2304105
2394125 3310005 330415 334425 337435 33945 333455 33ll,lls
33124125 456415 431225 4310,35 433445 438,55 430465 4594115
4374125 536405 539415 531425 538435 S324ds S538eSs 535475
53104115 6311405 6312415 639435 637485 631455 633465 63047



type CCD:
type DDE:

type CCC:

42
6310485 T3lyls T364ds 735455 7310465 7312475 7334105 Ta74lls
8311445 8310455 835465 838475 832485 831295 8374105 830,125
9357405 933,35 932,55 931475 93dy85 93695 93104105 948,2
10312445 1030,55 1052465 1033,75 1038,85 044,95 101,105
10354125 1132425 11311465 1138475 113985 1133895  [135,105
11364115 11310415 1238405 1238435 1237475 12311,85 123195
123124105 1235,115 1264125

338324 236424 336554 05237, 457511y

145405 2411415 041025 1411435 448435 69,55 647465 9411475
3412485 547495 2484105 0424115 4,410,125

0393103 138393 1373105 2355115 3383123 4353123 6575115

The long lines are 0;1; ++ - 12; (i = 1,5). In order to prove that 63 € LSy(3, 13",
form a partition 7(7%, 132, 301), where cells A and D are the sets Ziax {i}(i=14),
cell B is the set Z3gx {2}, and cell C is the set Z7 x {3}. Construct short lines of

type ABD:

034505 0122,34 040,44 0,17,74 Oiniali = 1,2,5,6,8,412) 1,(i+13),i4
(i = 0,1,3,5,7,10,12) 117224 1121244 11242()4 1*]1]284 1117294
11222114 21(i+26)2i4(i = 0,1,5,6,9,10,11) 2-]19224 2]25234 214244
212377, 21084 23,124 31(i+9ia (i = 0,1,.5.7u11) 31756,
31282124 41(l+22)214(l = 0,5,6,9,10) 4124214 4]23224 4129234
4120244 413274 414284 41252114 4]02'124 51(i+5)2i4

(i = 0,1,3,..9,11,12) 5,3,2, 529,10, 6,(i+18)ia(i = 0,2,4,57,89)
6121514 6724534 6119,64 6152104 6132114 06142124 7115524 710234
713264 7123284 71(i+1)2i4 (l = 0,1,4,5,7,9,...,12) 81(l+14)214
(i = 0,2,3,4,9) 817214 8111254 810264 8]29274 8124284 8]222104
8192114 81202124 91(i+27)2l4(l = 0,1,5,7,8,12) 9]25224 9126234
01844 9115964 99121594 9732104 971,114 104(i+10)4i4

(i = 0,1,..6,8,11,12) 10,757, 10,2459, 10,26510, 11,25,0, 11,23,14
11124224 11120234 11115244 11128254 11129264 111i2(i+7)4

(i = 0,1,245) 11;27,10, 12,(i+6)iqi = 02,3,4,6,7,10,12) 12,1751,
129121554 12720,8; 1217,94 12415,114



type ABC:

type ABB:

type BCD:

43
011305 0426515 0129523 0;16,35 017543 0418555 0;24,65 1426505
1127513 171923 1129533 1,0x43 131555 172,65 25(i+9)ai5

(i = 0,1,34,5) 2121323 2417563 31(i+22)i5(i = 0,1,..,5) 321565
41503 4121513 41(i+T)a(i+2)3(i = 0,1,.,4) 51(i+18)5i3(i = 0,2,4,5)
S124313 514533 5115:63 6129503 612515 6,15,23 610,35 612845
616255 618563 7114203 742513 741623 7117,35 7124543 7,20,54
7126265 814,03 828,13 8;3:2; 8,26,33 8ylpds 8;2,5; 819,65
91(i+10)3i3(i = 0,1,..4) 9,755 9116565 104(i+23)i5(i = 0,2,4,6)
1011713 10,20,33 10;19,55 11y3,15 113(i+6)siz (i = 02,...6)
12128505 12314513 12111525 125(i+22),(i+3)3(i = 0,1,2,3)
0114227, 0,20,21, 0,15,19, 0,3,23, 0,25,28, 1;3,28, 1,4,12,
1159 116,10, 1,815, 216,24, 2115529, 2,18,28, 2,8,22,
2111520, 310,29, 311585 312315, 31325, 314262 4165125 4413,26,
411419, 4,15:18; 4116517, 50,215 511525, 5:2,28, 519,26,
517227y 611517y 619,16, 67,10, 6,11514, 6,12,13, 744,21,
112227, 719928, 711929, 717,18, 8:21,27, 85,12, 86,13,
810,15, 8,825, 9117520, 9,22,29, 9,18;19, 9,0,23, 9,6,24,
10:0;2, 10,1528, 101859, 10,356, 104455, 11413,19, 11,14,21,
1117,26, 11116518, 11317,22; 12,0,5, 1241526, 1212,27, 12,3529,
124,19,

2,050 1551304 0,2304 353304 824304 12,5304 75630, 8,0314 4,131,
Si23ls 18,3314 20p431y 13,5314 Os6aly 2750524 Spl324 1752924
623324 424324 28)532 22,6524 150334 Tolsds 10,253 215353,
1924334 425334 2356334 150344 1631384 652345 23,354, 25,444,
26,5344 2856344 125035, 1951354 22,2354 2493354 29,435, 175545,
326354 1720564 18,1364 23,2364 2753364 21y4364 22,5364 926364
24,0974 22,1374 26,2374 19,3274 638374 55474 105657, 25,0584
1251385 27,2385 23384 154284 1655384 656384 19,059, 0,139,
1392394 15,3394 114394 85394 2056394 750310, 151310, 14,2310,
28,3310; 12,4310, 9553105 18563104 0503114 13,1311, 18,2311,



44

Sa33lly 17243114 29553114 27463115 11,0512, 29,1312, 122412,
10,3512, 16544124 15553124 1456312,

type BBC: 3,215,035 16520505 8520513 659513 4528523 259523 1511533 7alda3;
293243 5518543 033553 21525553 Iyda03 5513404

type BBD: 1152950, 16521505 1920505 23,528,054 1722420, 351951, 9,22,1,
16225214 12515714 2622931y 031524 9510525 1351452, 18526424
21529:2y 132534 6727235 11518534 3514534 5528534 2517244 32724y
11512544 19,2744 24,2954, 05855, 427254 1392055, 16526,54
9225554 10520264 135264 8513964 14526964 4925:64 159,74 252157,
14518774 15528574 11527574 3210584 21928,84 9,19,84 14,22,8,
729,84 4516594 3712594 25;29,9 26528,9 622594 0,135,104
428,104 175215104 20525104 155245104 85105114 2,19,11, 6,285,114
14524511, 2352611, 237,124 83195124 65215124 24526512,
23,27,124

type BBB: 0,657, 0317526~ 0;12516; 0514520, 059515, 0,18,22, 4,13,23,
0519528, 0,25;27, 112529, 156914, 131316, 1515,27; 157519,
1537185 15105215 15207225 255,25, 2518,23, 2,10,12, 9,13,17,
22149169 2520529, 23115267 3513925, 8,17,18, 359,20, 3,15;17,
32165275 3949260 8311523  19922,245  15;23,25, 14,17,29,
189215245 99215267 4220527, 105275285 5715;265 5,20,23, 5,19;21,
597285 59169225 5711517, 8314928, 524,275 540,29, 6518520,
226285 63115195 6725;265 125205265 63155169 617,23 4918529,
9227929y 49149155 177195255 135159225 75155205 7,16,23, 7,17,28,
82125215 5,510,145 8916529, 7,95115 479,24, 9512,18, 10,11,13,
10,16,19, 4510,17, 10,518,255 10,22926, 21,22;23, (4,11,
125179527, 13528529, 7512524, 12514225, 75225259 115155214
3511522, 85265275 3585245 95149235 13518527, 11516528, 11524425,
20524928, 12;19,23; 12522,28, 7,13;21; 0,10,24; 10,23,29,
2,139245 1,23.245 254,22,

type CCC: put an STS(7) on the seven points of cell C,
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The long lines are 0;1; + -« 12; (i = 1,4). Next, form a partition m(1}, 122, 181, 261),

embed an STS(13) into an STS(27) which contains the twenty-six points of cell D and

the point «, and construct short lines of

type ABD:

type ACD:

type ACC:

Oyigiy 14in(i+12)g 24in(i+24) 3yi(i+10), d1ip(i+22)y Syin(i+8)4
61ig(i+20)g  Tyin(i+6)s  81i(i+18)g  9yin(i+4)y  104in(i+16)s
114ip(i+2)4G = 0,1,..,11)

04i3(i+12)4(i = 0,2,5,7,8,10,11) 0;15513; 0;4315, 0,33165 017,18,
015214 04135244 0,9525, 1,16524; 1;3525, 134304 1;15514 1;10524
1417334 13 +2)3(i+4)a(i = 03,4,567) 1,115, 1;1256, 2,16510,
217511y 2443124 2413313, 2;14514, 241515, 2,0516, 23317,
2105184 21153194 2,2320; 2195214 2,12522, 2,5523, 3,5522,
3175234 31105244 3,2325, 31050, 31151, 3;1232, 3;13334 3,1454,
311755 318364 316374 3116384 3115394 414384 4,99, 43310,
4155114 4163124 4111313, 4.85144 417315, 4143165 4117517,
42318, 41319, 41220, 4113521,  5,16520,  5,45214
5105224 51155234 5:23244 5115254 519304 S5,(i+5)(i+1)g

(= 0135) 5111334 511435, 517374 6116365 63575 611438,
614394 6103104 6113114 6,(i+1)3(i+12)4(i = 0,1,4,56,7) 6,113144
6117515, 7193184 7103194 7111520, 7,17521, 7415522, 7,16523
7143244 1112525, 7114204 7110314 731325 713334 7313384 71255,
81(i+5)3(i+4)q(i = 0,1,3,5,9,11,13) 8;1136, 8,1238, 8,17510, 81311,
81335124 8143144 8113316, 9,153164 9(i+2)3(i+17)4

(i = 023,468, 11) 911318, 914524, 9;9534 10,(i+17)s(i+2)4
(i = 0125) 10335, 10,1556, 10,958, 10,239, 10;(i+5)(i+10),
(i = 0,123,5) 10,12514, 11;17;514, 11,(i+12)5(i+15),

(i = 03,67,8,11,12) 11,9316; 11,16517, 11;14519, 11,4520,
11,11524, 11,13525,

01123143 0163163 1j0313 1133145 246573 2185115 333113 314495
403103 4,153163 5;33123 51133173 6,10512; 6195155 7,5575 716385
8123155 817393 9103173 933163 101113143 10;13316; 11,3573

n



type BCD:

type BCC:

type CCD:

40
11,8510;
0217515 Oad335 055354 Oall374 Oal39y 0510311, 057313, 0415314,
0213315, 0514317, 0512319, 051621, 033323, 0,625, 15830,
1232, 1p35hy 156365 10385 109310, 110412, 121341, 1414315,
15163164 1512318, 15155205 1511322, 15524, 2,131, 21233,
257554 2314574 251159, 253311y 2Aa13y 22315, 298316, 2515417,
29319, 2,521y 2,65234 220325, 3215505 31152, 3o(i+6)3(i+4),
(i = 04,6,8,10) 351364 352316, 3p(i+4)s(i+17)4(i = 0,13.5) 351724
42315 425535 41055, oig(i+Tali = 04,8,11) 491430, 4y16413,
457317, 4213319, 43321y 4315234 4917525, Sofi+3)sig
(i = 02,1012) 5,105, Spl4365 5,748; 593144 Spdal6y Sq6318,
52319, 55173204 5,852, 50324y 6931y  Gy6s34 630554
6216574 65339 Goldslly 62173134 6515515, 6512517, 6,5419,
6215205 6311521, 645234 68525, To630s Tohs2y ToTady TolT464
Ta13:8, Toldsl0y 75163124 05144 Tolalby To8zl8y 7510520,
T1521y 7935224 195244 857314 88334 8135, 851347, 851240,
80511, 895135 856515, 811517, 816519, 8710521, 852422,
83175235 85155254 952304 957324 99384 9213364 915384 9sy10,
95113125 9533144 9510516, 9,0418, 9,14420, 9516522, 9,12:23,
90,8244 10,331y 10,1534 10,955, 102,74 10,1659, 10,1541,
10,1213, 10,5154 10,10317, 10511519, 10,14:21, 10,0523,
10,7524 104525, 1121230, 11,0024 1illsds 1159564 115858,
115105104 11525124 11515144 11,7:165 1153518, 1156420, 11513522,
11,1524, 11,5525,
0,025 08393 173175 o133 215105 25163175 3q0513; 353585
45125155 436495 52113125 5513163 6573133 6525105 To23123 ToS3l15
8,53143 853383 921363 9553175 10835175 10563135 11514517
11,4165
1051750, 1313505 7316305 4311514 O3ldsly 8516314 8515524 951642
35142 10516334 T315334 230453, 1551758, O3l6a8q 431234



type CCC:

type «CC:

47
1331555, 438354 12316354 037365 233364 435364 1031557, 131757,
9312374 1311384 2317385 335384 038394 531339 631739, 1575104
2363104 113153104 2316311, 7311311, 8312311 12313512, 548512,
93173125 53103134 0363134 1333134 5363144 75105144 339515,
03113154 113173164 63123164 83133174 139317, 4513318, 14316518,
03103194 33173194 0393204 33133205 73123214 2383214 43175224
03143224 9314323, 10313323, 1312324, 336324, 7314525,
11516525,
1383143 4363155 0333155 43103143 234375 0353123 1353153 93105115
23113133 235495
w7383 143153 ®132; 0123173 053165 63113 033103 ©9513,
0343

types «BB and BBB: place an STS(13) on the twelve points of cell B and the point

«. One long line is 0y1; - - - 11j=and the other long line is obtained by replacing

the subsystem STS(13). Hence, we have proven that 69 ¢ LS4(3, 13"%). We present

our final direct constructions. Form a partition 11(61, 131, 152), where cells A and D
are the sets Zj5x {i} (i = 1, 4), cell B is the set Zg x {2} and cell C is the set

Zy3x {3}. Construct short lines of

type ABD:

type ABB:

type ACD:

Oyloly 043234 012064 010,74 131504 134244 110,64 15,134
212584 2159 213,10, 24,11, 3,57, 3:00124 3;1,13, 3.2,14
410715 418534 415084 413564 51224 511554 513274 5148 61do64
610294 62104 6135114 71200, Tidala Ty5pSa Tylyldy 810,24
811334 81244 8yh13; 915,05 913,24 9,0,8¢ 9,1,9, 10:4,5,
10,0210, 10,5511, 102,12, 11;5,1, 11342, 11,157, 11,3,14,
12103, 12118, 121412, 123713, 13,00, 13,3,8, 13,2,9,
13,5105 1425, 1441511, 14,5,12, 144,14,

01455, 112,35 21051y 3134y 41152 51055, 611552 To0sdy 81355,
9,254y 101153, 11,02, 12,25, 13,158, 14,0,3,

001050 016524 083%, 0,235, 013385 0,59, 054310, 0,951,
0,13124 0,7513, Oylizldy 139515 1,852, 1y453s 1,055, 1,257,



type ACC:

type BCC:

type CCC:

type BCD:

18
1,658y 171239, 1,105105 1,551, 1,7312, 143304, 2,10,05 2,831,
2152y 27535 2093y 26355 2,126, 247y 251024 240313,
255144 38505 3115l 3,1052 311233, 3,548, 3phS, 3,740
31958; 31395 3111310y 32301, 43305 4,732, 4,95, 41047,
411238, 4,639, 411310, 411500, 4,5512 4,2313, 24,0314, 5,630,
511131y 5:5534 511238 51136 5839 5195105 57311, 510512,
5183134 5123144 60505 6231y 611525 6,833y 646345 6,535,
617574 6110584 6143124 6,1313; 6123144 7,1252, 7,103, 7,3+,
Tyl1a6s 719574 Tils8s 710594 715310, 7ydslly 7,63124 748313,
87:0; 810314 8,135, 816365 80574 81138, 84395 83310,
812311, 8,23124 818314, 9\Taly 912534 9;11ad4 93354 98164
9,657, 9105104 9313114 94123124 9,55134 94414, 10,230, 10,3314
100952, 10,1153, 10,108, 10,436, 10,847, 10,0;8, 10,79,
10,63135 10,1314 114450, 11,6334 112384 11,10:5, 11,346,
11,758, 11139, 11312310, 11,0511, 11,8312 11,9513, 12,130,
1201231 12,052, 12,835, 12,546, 12,1157, 12,48, 12,9:9,
12,210, 123311, 1246314, 136514 134524 13,333, 13,154,
1311135, 13,2364 131557, 13;103114 13,9512, 13,12313, 13,7314,
14112,0, 14,431, 14,2524 1411534 14,7384 14,056, 14,3474 14,58,
1411139, 14,6510, 14,10413,

0103123 1;15113 2,2310; 310565 444583 510333 6,393 7,237
81593 9193103 10;53123 11353113 1273105 13,0585 14,839,
0,033 055573 052365 095113 353343 3,83123 356193 3,152,
154310; 11563 1575123 1535115 252333 2o0383 29437 2503105
4y4sS; 49113123 493363 4582105 Sy73113 5,5363 Solsds 5923124
052355 1353105 234395 355383 4363123 63103113 133575 03759
1593123 2383115 33103125 0383115 64758

Opfaty 051235, 0,83114 053313, 0510514, 15552, 159564 15258
1,8510 1503124 2,5314 2,934 2512374 263114 2113134 3,530
30584 3,735, 3510394 3113124 459504 40415 451374 452494
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‘'he long lines are ;1; « - - 14; (i = 1,4). Finally, 55 € LSy(3, 15" ) by forming a
partition w(152, 251), where cells A and C are the sets Z,5x {i} (i = 1, 3) and cell

B is the set Zy5x {2}. Construct short lines of

type ABC:

0110503 0,18;13 0;6,23 017,35 Opdpds 01,55 0,23,65 0,775
0112,8; 0,119; 015,105 05145115 0,2;125 0,24,13; 0,19,145
118,05 1,20,15 1315,23 111533 1;10p43 1;5,5; 1;22,65 1,24575
106,83 113,93 13175105 1,015 14185125 1;14,135 1,125145 2,405
2121513 212423 217,33 21233 213,55 2111565 21575 2;5,85
2112595 219,105 2155113 219,125 21165133 2;10,145 312,05
317,13 312223 3115,33 31943 316555 311865 3;19,7; 3;10,8;
3123,93 31165105 3;13,113 3,45125 3,20,135 3,2,145 4,3,0; 48,15
4118)23 4122,33 41683 4117,55 419,65 414,75 4,16,8; 4,249
4115103 4,119,115 4,205,123 4,5,133 4,13;145 516,03 5112515 512,23
$18533 5,18y43 5113553 517263 5116,73 5119585 5;5,93 520,105
Sidplly 51145125 5,23,133 53,145 6,24,05 6,915 6,425 6,10,35
611383 6111553 611665 6120,75 612385 616,95 6,7,10; 618,115
610,123 6,17,133 6:215145 712,05 7419513 711723 7124535 715045
7120553 713,63 7115773 710,83 747293 71135105 7,18,115 731,125
712,133 7116,143 8,20,0; 8;16515 8,0,2; 8,2,33 8;14,4; 8;21,5;
8110,6; 8,23,73 813,85 88,95 814,105 8,12,11; 8;24,12;
81115135 81225143 91503 9yloly 9120,25 919,33 913243 9122,55
9124265 910,73 9121583 912,95 9,14,105 9:6,115 9,8,125 9,12,134
918,143 10,17,03 1024513 10,1523 10,1933 1051145 10,1454
10112;65 10,373 1012,8; 1044,9; 10,8105 10,21,115 1016512,
10175133 10,9143 11,1805 1130513 11313523 11;21,3; 11,7445
11115553 11320635 1144573 11317,85 1139,95 11,5105 11;11,115
11,23,123 11119;135 113145145 1241603 12511515 12,3,2; 12,5535
128043 1210553 1216963 12412,73 12,7,83 12;17,9; 12,23,10,
12)10,113 124135123 12122;135 12115143 13119505 13;23,15



type ABB:

type BBC:

type BBB:

50
13110023 134935 13:2547 13{12,5; 1313263 13,6573 13,18,
13,0093 13115103 13122,113  13)15:12; 13215133 13,7514,
14123,0; 14115513 141825 14111533 14,0583 14,16,5; 1419563
141573 14114583 1412195 143,10, 14205115 14,9412,
14,13,13; 14,17,14,

0182137 0305225 0;5:20; 0;165215 0,359, 1,29, 14115135 1,719,
121,23, 114516, 2413518, 2,14,20, 2,052, 2,658, 2,17522,
310,115 3;155; 313:8, 3114,17; 3,21,24, 412,23, 4,2,75 4,10,11,
414515, 4021, 5115215 511,22, 5,10,17, 5,095 51524,
61125145 6115225 615,15, 611819, 612;3; 71459 71115235 78,10,
71142215 716212, 819,15, 81657 81153, 817,18, 8,5,19, 97,23,
914210, 9,13,15; 9111516, 9;17,19, 10,10;13, 10,0,23, 10,5,22,
10415520, 10,618, 1116510, 1132224, 11,1520, 11,3;16, 11,8,12,
1212021 12,918, 122,24, 1211519, 124,14, 1318524,
131916, 13135145 13117,20, 13,5,8, 14,6,24, 144,18, 14,7,12,
14,1510, 14;2,22,

11514503 7513,05 051503 9,21505 2,15,05 3,22,15 13,14,15 5;10,14
6217213 24p13 Tpl6y23 Spldp2y 923,23 11519525 1252152,
1251335 18,2033 16,2333 0514933 356533 15,24543 19,204,
16517283 1512583 2152243 4,23,55 2,8,5; 10;19,5; 7,18,5;
9124753 1921563 0520563 455,63 814565 15517,63 2,13,73 9510,7
822275 11517,73 18921573 354,83 9511583 824583 15,18,84
20,22,85 1514,93 16520593 10,18,9; 15,22,95 13,199, 12,18,105
2215105 6319,105 10,22,103 0,24105 357,113 95175115 1525114
23,2415 55165113 65115125 5,7,125 12;22,12410,215125 3,17,12,
149133 89,133 318,135 056,135 105155135 0,15;145 424,144
526,143 85115145 20,23,14,

0045135 1,759, 2,6516; 14,1516, 4,8,17, 5,18,23, 10,1216,
3511,21; 8,19,21; 13;22;23, 3,10,23, 7511515, 0516519, 1513,17,
2,14,18; 3,512,155 496520, 5,17,215 16,518,225 95145195 758,20,
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2,5,115 0,325, 156515, 10514524, 0,7,10, 158,165 2517523,
4511512y 912,20, 63135215 75145225 85155235 55125245 0512517,
1011518y 2512519, 3513,20, 4575215 659,22, 6,145,235, 7,17,24,
028,18, 1519523, 2,10520, 11,20,24, 4519522, 559,13, 3,19,24,
13,16,24,
The long lines are 0;1; - - - 14; (i = 1,3).

Lemma 2.5 Letu = 7, 9 and 13. Then LSy(3, 0’y = {viv =3y v=1, 3 (mod 6)}.
fu=15ve LSd(B,IS")for all v 2 45, v = 1,3(mod 6) except possibly v = 51,57,

Proof: This follows from Theorem 2.2, Corollary 2.3 and Lemmma 2.4.
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§2.2 Almost uniform linear spaces with one long line of size 6t + 5,
one long line of size w and short lines of size three

From the necessary conditions in Corollary 1.19(i) and Corollary 1.21(i), we
must have in such an LS(v;{3, (6t + S)*, w'}), w= 1,3 (mod 6) and v = 5 (imod 6).
Furthermore, we consider that w > 6t + 5. If w = 1 (mod 6) and the two long lines
intersect, we shall employ a method of construction described in §1.3 10 recursively

build an AULS with the minimum number of points v.

Lemma 2.6 If w=1 (mod 6) and w > 6t+5, then there exists an
LS;(2w+6t+3;{3,(6t + 5),w })where 2w+6t+3 = min{v: 3LS;(vi{3.(6t + 5)"w'})}.
Proof: We know that v > 2w + u - 2, by Corollary 1.21(i). Since u = 6t + 5,

v > 2w + 6t + 3. Form the partition 7(1%, (6t + 4)!, (w - 1)%) and apply

Lemma 1.32(a).

Corollary 2.7 Ifw = 1 (mod 6) and w > 6t + 5, then v € LS;(3, (61 + 5)", w") for
allvzd4w + 12t + 7, v = 5 (mod 6).
Proof: This follows easily from Lemma 2.6 and Lemma 1.39.

Corollary 2.8 If w = 3 (mod 6) then 4w + 6t + 5 € LS(3, (6t + 5)", w').
Proof: Construct an LS;(4w + 6t + 5;{3, (6t + 5)", (2w + 1)'}) by applying
Lemma 2.6. Replace the line of size 2w + 1 by an STS(2w + 1). By Theorem 1.7,

an STS(2w + 1) contains a subdesign STS(w). The subdesign is replaced by a line
of size w.

There is, unfortunately, no apparent construction for an AULS of minimum
order in which the two long lines intersect, and one long line has size w congruent
to 3 (mod 6). However, it is possible to construct an AULS of minimum order in
which the two long lines are disjoint, with one long line of size w = 1 {(mod 6),
provided that t = 0.
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Lemma 2.9 If w =1 (mod 6), then 2w + 9 ¢ LS,4(3, 5", w') and
2w + 9 = min{v: 3LSy(v:{3,5", w' D}

Proof: If w > 13, form the partition m(1}, 10, (w - 1)) and essentially follow the

arguments in case 2 of Lemma 1.32(a) except that the line cyo, - - + ®,40is replaced
by an IPBD(11, 5;{3}) (cf. Theorem 1.12); the hole does not contain «, The line of
size five is placed on this hole. If w = 7, 23 € LSy(3, 5",7") is obtained by direct

construction. Form the partition n(5%, 6, 71). The cells A and B are given by the sets
Zgx {i} (i = 1, 2), cell Cis the set Zg x {3}, and cell D is the set Z; x {4}. The
short lines are of
02314 040524 0830, 0,355 1,205 1,352 155464 lidads 2,252
215314 314334 313344 311354 310364 414364 410304

type ACD:

type ABD:
type ABC:
type BCD:
type BBC:
type BBD:

type CCD:
type CCC:

2,334,
4,245,
0,054,
314,04
0,3;15
41155,
0,130,
492444
394,04
223504
335304
03152,

2,1534
4,154,
01534
3,0,14
044253

022364

192524
254724
033314
133344

012264
111,05

1p1514

0,433
0,3,34
135324
234353

143,514
414514
112,15

123364
05143

1,34,
055334

114434
4,052,
20,03

2,0544
022553

154,54
233334

The long lines are 0,1,2,3,4; and 0414 - -+ 64.

110254 211204 212554 213,64
412934
21943 313223 312533 413:33

224314 324324 325354 421364

034354

Corollary 2.10 If w = 1 (mod 6),then v € LS4(3, 5, w') for all v > 4w + 19,
v =15 (mod 6).

Proof: This is clearly a consequence of Lemma 2.9 and Lemma 1.39,
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We have no general result for proving the existence of AULSs of minimum

order, where the two long lines are disjoint and one long line has size congruent to
3 (mod 6). We can do much better when one long line has size five and the other

long line has size nine or fifteen.

Lemma 2.11 23 € LS43,5°,97),35 € LS(3,5,15 )and 23 = min{v: ALS(»:{3.5°.9'})}
and 35 = min{v: ALS(vi{3, 5", 15'})}.

Proof: Form the partition m(5%,9%). The long lines are 0,1,2,3,4; and 0314 « - - 85,

The short lines are of

type ABC:  Ojisi3(i = 0,1,.,4,7) 016253 018563 015,83 1,ip(i+2)3(i = 0,1,...,5,7)
118,85 136515 29ip(i+4)3(i = 0,1,.,5,7) 248513 2/6533 3,ip(i+6)3
(i = 0,1,...47) 316023 318233 315253 44ix(i+8)3( = 0,1,...5,7)
418,55 416573

type BBC: 2365035 458,035 053313 537515 154223 558,23 037233 2;5:33
153243 698243 024255 257553 155903 326203 028,73 254973
196983 377,83

type BBB: 051525 055,60 157285 314252 426075 253,85

Next, form m(5%, 152). The long lines are 0;1;2;3147and 0314 - - « 144. The short lines

are of

type ABC:  04i5i3(i = 0,2,6,7,9,10,11,13) 012515 0714533 018,43 04,55 0,5:84
0135123 0y1,145 1,101 112,23 1;(i+2)y(i+3)5(i = 0,1,4,59,12)
138,55 130565 135593 13135105 1,9,115 1;15135 1445143 24in(i+2)3
(i = 02,6,11,12,14) 23,33 211,53 2,7563 2,10,73 2,8,93 2,5,104
21137113 2449125 219703 34ix(i+3)3(i = 0,2,3,6,7,11,13,14) 3,124,
3,873 319,83 3;5,113 3;105123 3145133 311505 4qin(i+4);
(i = 0,6,7,11,13) 4112,5; 414,65 4,14575 48,83 4,10,95 45,124
419,143 43,15 4127135 411535

type BBC: 12313503 255,03 470205 7,8,03 321003 256515 729,13 0311513



type BBB:

55
4815 15513 3,7523 1,923 56,25 4511525 8,10,25 10,13,3;
721235 69533 8311533 45,35 10,11085 6313245 157,83 5,945
4514545 0,7,55 6510555 9211555 5513555 3,14,55 5,106 158,65
212,63 11514565 9513563 052,73 912,75 154,75 355,73 11513,7;
03,83 1131285 2,10,85 4513,8; 151485 013,95 12,14,9; 2,11,9,
457,95 153,93 09,105 112,105 2545105 35115105 814,105 0p4,115
812,113 65145115 23,115 1,510,115 0515125 6,512,125 257,125
85135125 9,14,12; 058,133 5,12,135 10,14,135 3,9,135 6,7,134
5,85143 0q6y1d5 35135143 214,145 7510,144

0210512, 324512, 258,97 3,658, 5:72115 459510, 1565115 7513514,
0,551, 152,13,

Finally, 35 € LS;(3, 5", 15°) by forming the partition m(1%, 21, 41, 14%) where cell B is
set Zp x {2} and cells C, D are sets Zy4 x {i} (i = 3, 4) and constructing the short

lines of

type ABD:
type ACD:

type ACC:
type BCD:

type BCC:
type CCD:

0,005 011514 1,024 131534 2,044 211,54 310,64 311,74
04is(i+2)4(i = 0,4,6,8) Oyisia(i = 3,59,13) 041254, 01157,
07311y 013124 131304 132314 1yis(i+4)s( = 04,68) 1,105,
1313365 1:557s 113394 13125114 1473134 211250, 213514 2;11524
212335 210565 211374 2110585 2,539, 244310, 2,3;11, 265124
2193134 3,8304 3,7314 313324 315334 311lads 3,255 310584 3,139,
3,12310, 3,13311, 3.4512, 3;10513,

0123105 1;95113 217383 316593

025314 0510334 05,0554 057574 051138, 051339, 0,9510, 0,151,
02123124 0p43134 1510505 159524 lpdsts 1pl364 153584 1659
1,2310, 18311, 1555124 1,11513,

023363 0,238; 103133 1573125

539304 331330, 436304 7311405 052304 036314 13951, 44831,
331131 10312314 136324 457324 5310524 8312324 2313324 04843,
13733 11312534 439534 6313535 13558 338344 739344 236544
1031334, 6312354 431335, 839354 1311354 33735, 2311364 331046,



So

558365 637365 9312364 031237, 23837y 339374 8313374 031037,
138384 2312384 9313384 537283 031039y S3l139y 431239 237394
0575105 13135104 3353104 103113104 Osd3lly 9310311, 6311311,
235311, 0393124 73103124 113133125 233312, 035:134 132313,
6383134 33123134

type CCC: 031333 1443103 53123133 4333113

type ©CC: 03113 13123 ©83103 5363 74133 3qdy 0249,

type ©BB:  «0,1,

The long lines are 041,2;31% and 0414 « « + 1340

Corollary 2.12 v € LSy(3, 5, 9*) forall v> 47 and v € LS(3, 5, 15 ) for all v 2 71,
Proof: This follows from Lemma 2,11 and Lemma 1.39.

Some individual recursive constructions for AULSs where the two long lines

are either disjoint or intersecting are now provided.

Lemma 2.13 If w = 1 (mod 6), then 4w+ 12t+7, 4w+12t+13 € LSy(3, (6t + 5)",w").
Proof: Start with a partition a(13, (w - DY (12t + 10)H)or (14, (w- 1), (12t + 16)"
and apply Corollary 1.25.

Lemma 2.14 If w =9 (mod 12) and 0 < t < (w-5)/6,

then 4w + 12t + 5 € LSy(3, (6t + 5)", w").

Proof: Form the partition w(1%, (w - DL ((Bw + 12t + 5)/2)2) and apply
Lemma 1.32(b).

Lemma 2.15 If w=1 (mod 6) and 0 < t £ (w - 5)/12, or j is a nonnegative integer
such thatj = 5,11or17,0<st<(w+ j-4)/12and w2 + 8, then

4w + 12t + 1, 4w + 12t -] € LS(3, (6t + 5)°, w).

Proof: Start with a partition (1%, (w - 1)3, (w + 12t + 3)) or

a(1L, (w - 1)3, (w + 12t - j + 2)) and apply Corollary 1.25.
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Corollary 2.16 17 € LS;(3,57,7'),23 € LS(3,5",77); 35, 41 € LS(3, 5", 13") and
59 ¢ LS(3, 5, 19°).

Proof: 17 e LS;(3, 5, 77) by Lemma 2.6. We have 23 ¢ LS;(3, 5", 7") since there
exists a {3}-GDD of type 6°41[C2), and therefore we can apply Theorem 1.24(c). By
Lemma 2.9, 23 € LSy(3, 5,7). In order to prove that 35 € LS(3, 5 13'), we give a
direct construction. Form w(1%, 62, 101, 121), where cell A is Z;gx {1}, cells B, C are
the sets Zg x {i} (i = 2, 3) and cell D is the set Z;, x {4}. Construct an

IPBD(11, 5;{3}) which contains the point «. The short lines are of

01i5(20)4(i = 0,1..5) 13ix(2i+1)4(i = 0,1...,5) 210,104 211504 212764

type ABD:

type ACD:

type BCD:
type BCC:
type «BB:

type «CC:
type BBB:

213524
4,250,
5,557
7214
8,564
0,031,
143364
310304
410374
6,314
710364
911304
0,084
424364
0,133
422333
0,5,
00433
02152,

28084 215284 31in(2i+3)4(i = 0,1,es8) 315914 410524 411564
4138, 418510, 4,544 5,09, S11o114 512534 513,54 Sidals
610264 611584 6125104 613244 614505 615524 710574 711294
7132114 714254 115234 810244 8112105 812584 813204 814924
910,54 911514 912,114 943534 914574 915:94

014334 0,255, 0,557, 0,339, Oyl3ily 1,2,0, 130524 1,434,
115384 1313105 245314 210534 213554 212374 21159, 244411
311524 313384 315364 312384 314310, 412314 415434 41135,
44394 4133114 514504 5,224 515344 S1lsbs 513384 5,0510,
612334 614354 611374 615394 6105114 755504 748424 T42ad4
711384 135104 811314 8,3334 81055, 81457, 81229, 8,5311,
9,352 910444 912364 914384 9,5310,

0,25114 Tolghs 153574 2,524 2,059 331y 3525104 451534
55554 593304

024353 190343 192353 251323 253343 3,0313 333353 450353
50323 Spl343 "
wlydy 02,3,

w0l353 @343

032y 15355, 25455,

One long line is 0414 + « + 114 and the other long line is formed on the hole of
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IPBD(11, 5;{3}). Thus, 35 € LSy(3, 5", 13"} if the hole in the IPBD(11, 5;{3}) does

not contain «, and 35 € LS;(3, 5', 13‘) if the hole does contain =, Hence,

35 € LS(3, 5", 13"). Next, 41 € LS;(3, 5", 13") since there exists a {3}-GDD of type
12341[C2] and we thereby can apply Theorem 1.24(c). We need a direct construction
to prove that 41 € LS4(3,5", 13°).

Form n(5%, 10, 132). The short lines are of

type BCD:

type ABC:

type BBC:

type ABD:

type BBD:

type ACD:

05152, 03364 05510, Opdady 0951, 0,1012, 1,233, 1,7:8,
15835 1312310, 1p1l3ly 155375 253324 2,238, 2435, 2,5:8,
263104 2,7312, 3,8534 3511310, 358364 3,659 357311, 35350,
40304 425564 4p33%s 427310, 4xds8y 423124 55545, Sa12311,
53395 527324 Syl Solsbs 631057y 6511312, 65652, 6,953
6289 60344 Tolzly 7210585 721230, Tob311y 75055s To8ads
82638, 8,594 Sxslly 831152, 8957, 810514 9,656, 9,9:9,
9511305 9512534 957574 9,8411,

014263 018,85 012,05 0313 17573 112115 145105 145:95
216,73 213,95 21133 215,83 314,83 3,a33 319523 3111y 416,15
411563 413,55 4,5,105

125203 328205 09203 22913 498513 337523 056523 5,8,23
89,33 637233 ofighs 0483 69555 055,63 058573 052,85 1ydo95
27293 3292105 1,2,105 455115 057115 0péy125 6,85125 23,125
010,05 01985 Oi1p11y 016264 0,72124 05010, 149,14 1,150
133,12, 14855, 13,0085 1,6,105 210034 2125114 204524 219,12
217774 218204 310254 316284 312514 313224 3157124 318234 444274
47524 41209, 419,10, 4,051, 4184,

226204 324214 526214 129524 24234 527234 133284 59,44
326254 49554 15764 28360 255,7a 053774 3,584 09109 45759,
78510, 4569114 18512,

012315 014524 0,553, 019384 041055, 0;1157, 0,129, 1052
116534 141238 138365 111374 1,239, 133114 2,531, 2,154
211255, 2110564 212384 214394 2,0310; 319505 36345 311136,



type ACC:
type CCD:

type CCC:

59
31357 31039 3143104 37105115 4,250, 4,431, 4,753, 41155,
419465 4112385 ;83124
013573 114353 265113 3,75125 4,033,
13730; 5383505 6310305 03731, 831231 336314 839524 5310524
231232, 031334 4310334 3311334 S373d4 1031154, 15335, 23655,
73935 0312364 237364 032374 638374 431237, 031158, 13838,
339384 131039 7311394 139510, 338310, 2310310, 035511, 13115114
2393114 0365124 334312, 135312 9512512,
034385 0393103 4393113 132345 1363123 33103125 23335; 748510,
53113123 436373 536393 2383115

The long lines are 0;112,3;4;and 0414 « ++ 12, Finally, a direct construction is
necessary 10 show that 59 € LS(3, 57, 19%). Form m(1%, 10%, 12, 182) and construct an
IPBD(11, 5;{3}). The short lines are of

type ABD:

type ACD:

type ACC:

017224 015244 014554 012,74 04iziq(i = 0,1,3,6,8,....11) 1,7534 115,54
144264 112,84 1Lin(i+1)4( = 0,1,3,6,8,.,11) 217284 2,5,64 214574
212594 24ip(i+2)4(i = 0,1,3,6,8,..,11) 317264 3,5,74 314284 313,104
31ia(i+3)4(i = 0,1,2,6,8,..,11) 4gix(i+4)4(i = 0,1,2,3,6,...,11) 4,558,
414,94 517274 51594 5142104 5123124 S5qip(i+5)4(i= 0,1,3,6,8,...,11)
617,84 615104 61dally 6,2,13; 64ix(i+6)4(i = 0,1,3,6,8,..,11)
17294 7125104 7155114 145124 7435144 Tain(i+7),4( = 0,1,6,8,...,11)
8172104 8,5124 814,134 832,154 8yin(i+8)4(i = 0,1,3,6,8,...,11)
Niz(i+9)4( = 0,1,2,3,6,.,11) 915,13, 914,14,

01i3(i+12)4(i = 0,2,4,5) 01143134 01163154 1,6304 13(i+7)3(i+13),
(i = 0,1,.,8) 244304 2413314 214314, 2,15315, 2,2516, 2,17317,
3ip(i+15)4(i = 0,1,3,4) 318317, 3;12324 44(i+6)s(i+16),

(i =01,..5) 5;(i+12)3(i+17)4(i = 0,1,2,3,5) 50334 64isi4

(i = 0,1,..,5) T(i+6)3(i+1)4(i = 0,1,..,5) 815524 81(i+13)5(i+3)4
(i =01,.4) 9116334 911344 91655, 913364 914374 911238,
016373 0193173 0;10;113 0413133 07123155 0,3383 10313 1;2335
143143 1353135 13153163 13123175 2405123 2,13105 2,5563 23357



type BCD:

type CCD:
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2183115 2,95163 3,63143 3,73155 3163173 393133 3,5:103 323114
410323 441333 41123133 4443155 453175 47143105 583105 5,139,
5123103 513363 5;53113 51473 6,03105 673113 6,83125 6,9;14;
61133163 6,155173 710553 Tql3l63 77,2312y 7,315, 744313,
71143175 80563 811573 82383 8,393 $;4:3105 8113125 9,235
9175105 9:85155 90593 91133143 911317
Ogis(i+10)4(i = 0,1,2,3) 0515514, 05315, 027416 0263174 12950,
L1751, 1+ 1030+ 12)4( = 0,1,..5) 216305 2517315 223314,
2113164 2,852 25534 26344 2593174 35730, 3210314 329413,
3712315, 3,133164 32163175 3p4324 38364 4215504 42231y 421752,
4)1534 4573154 45163165 453317, 4o8384 5,530, SoTaly Sofa2y
59534 503144 5311315, 5512316, 5710317, 651230, 651531,
6213324 6517334 6,234 61354 69316, 6214317, 751050, Todsly
757554 Tala124 7503134 Tallzldy 7923154 7513307, 8211504 851241
8,(i+14)5(i +2)a(i = 0,1,34) 8513584 8,574 9516314 Ui+ 1)3(i+2)y
(i = 024,6) 94334 952554 958574 10(i+9)5(i+2)4(i = 0,1,24,6,7)
10,1435, 10,1257, 1156335 11,53, 1151635, 115246, 115147,
1153385 115109, 11517310,
1317304 2314504 031131y 538314 0316524 3311524 237534 1231443,
03758 1031534, 1231634, 331335, 038554 931135, 441235, l3446,
639364 7312364 1051736, 14315565 033374 23957, 631647, Talds7,
1051357, 1131557, 031058, 131438, 1131638, 831338, 519:8,
431758, 23658, 031339 1312394 7317394 33839, 631159, 82959,
231539, 531459, 155310, 238510, 3312310, 13315510, 628510,
739510, 10516510, 11314510, 0314511, 2316511, 3310511, 5312411,
7383114 63153114 113133114 439511, 9312312, 83143124 63174124
33163124 4311312, 7513512, 5315312, 5316313, 10512313, 448,13,
6313313, 2317313, 1315513, 13317314, 4316314, 1363144 9510414,
5y7314s 138315, 436315, 10314315, 3317315, 355416, 0415416,
83175164 034317, 152317, |
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type ©CC: (3173 023133 0331ds 063123 «73163 083105 «l3113 «9;155
04353

type BBC: 153503 254505 6,905 10511505 155515 2510515 3,815 1510523
325923 238923 158535 3510233 556035 050543 154543 758543 5510545
251583 196253 4310253 397555 1592635 7,10565 3.6,65 448,65
111973 226973 8310573 025283 137283 8311983 6710,83 058,95
4757293 9311593 0525103 456,103 829,103 095115 3245115 65115114
0,75123 2995123 45115123 031151335 2555133 459,135 (4,145
207143 359143 53115143 75115155 5295155 253,153 051,163
6372163 5282163 0732173 5,72173 9510,175

type ©oBB: 0,10, 1,2, 3,11, 04,5, 6,8, ©7,9,

One long line is O4l4 - -+ 1740 and the other long line is formed on the hole of

IPBD(11, 5:{3}). We complete the construction in precisely the same way as in the

case of an LS(35,{3, 5, 13*}).

Lemma 2,17 Letw=3(mod 6). Ifj = 1,7, 130r 19,0t < (w + j - 4)/12,
w28+ j, thendw + 12t - j € LS(3, (6t + 5)", w").
P.aof: Form w(1%, (w- 1)3, (w + 12t - j + 2)Y and apply Corollary 1.25.

Corollary 2.18 23,29 € LS(3,5",9"); 41,47 € LS(3, 5", 15); 65 € LS(3, 57, 21").

Proof: It is proven in Lemma 2.11 that 23 € LS4(3,5",9"). A direct construction is

essential to show that 23 e LS;(3, 5 9'). Form m(12, 21, 41, 8%), where cell A is the

set Zy x {1}, cell B is the set Z, x {2} and cells C, D are the sets Zg x {i}

(i = 3,4). The short lines are of

type ABD: 070,04 01144 130,14 14,1254 240024 211564 310534 311574

type ACD: 00313 016324 044335 0,335 042364 0,7374 116304 1;5324
Liig(i+3)4(i = 0,1,3,4) 211504 245314 216334 212344 217354 210574
314304 31331y 342524 345344 311354 3,7564

type ACC: 041553 142373 243343 30365



type BCD:
type BCC:
type CCD:

type «BB:
type «CC:
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0034y 02235, 056365 0337, 13530y ladsly 1al32y 13733,
021383 025573 120523 123363
057304 233305 13731y 236315 033324 437324 132334 335334
337344 436344 034354 516354 031364 435364 13037, 23537,
0,1,
00353 1333 ld; w637,

The long lines are 0,1,2,3;and 0414 - - - 7,0. We prove that 41 € LS(3, 5", 15") by
forming the partition m(1%, 2, 101, 14%), where cell A is the set Zyyx {1}, cell B is
the set Z, x {2}, and cells C, D are the sets Z4 x {i} (i = 3, 4). Construct an
IPBD(11, 5;{3}) which contains «. The short lines are of

type ABD:

type ACD:

type ACC:

0:0214 01152, 1,034 Tylpdy 2,055s 2,1564 3,057, 3,158,
4,09, 411510, 5.0,11; 515124 6,0,13;, 6,150, 7,052, 7,153
810264 811574 910,85 91,9,

014305 0;2334 0,53%4 0110555 041564 016574 Oyizigli = 8,9,11,12,13)
0135105 19230 133314 1,132 135354 19564 14,1057, 1,458,
11839, 1712310, 1473114 1463124 1,05134 21504 2,031, 2,542
213334 211054, 211257, 212384 24439, 2,7310; 2,8;11, 2,11512,
2163134 315304 318314 313524 314334 3113344 312354 3110364 3,79
3163104 3112311, 393124 3;11313, 4,6304 49314 40324 4,533,
1158, 4113554 418364 411157, 411238, 433114 42312, 47313,
517304 516314 512524 510334 514384 519454 518364 511374 Sql1384
5:1059, 51133104 5,53134 6111314 69324 6,7334 6,12344 6,335
610364 612374 6,108, 6,139, 6:8510, 6;5311; 6;13312, 71350,
711051, 716384 Ti11354 713365 715574 719384 710394 741510,
Tidsll, 7183124 7912513, 8,1030, 8;431, 8,852, 8133, 81134,
817554 815484 811339 819310, 8,03114 833124 823134 91230,
911314 917324 941033, 91234, 94455, 9111365 9,957, 9,510,
9163114 910512, 9;3313,

010573 15115135 2,93135 30315 4;8310; 5;3312; 614363 74247,
8163125 9,8413;
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type BCD: 0,950, 00344 05103105 0,53124 152314 15855, 1p13114 1595134

type BCC: 052483 051333 056383 05113123 0573133 153353 1543123 156373
1505115 15104134

type CCD: 831150, 033304 537314 12313314 6311424 4313324 10312524 6313334
9311533, 8312334 73934y 338344 13635, 031235, 24636, 73123604
5313364 034374 738374 3313374 337384 1313384 036385 3311394
53639; 231239, 0323104 43113104 93103115 2313311, 15103124
4373124 1383134 43105134

type CCC: 132355 038393 3363105 233393 134393 23103113 455383 5393125
0354103 1573115

type ©BB:  «0,1,

type ©CC: 00393 ©73103 02383 13123 03133 3343 5311,

One long line is 0414 - - + 1340 and the other long line is formed on the hole of

IPBD(11, 5;{3}). The rest of the arguments parallel the previous construction. We
note here that, by Lemma 1.39, v € LS;(3, 5, 9*) for all v > 47, v = 5 (mod 6). We
approach the problem of establishing that 47 e LS(3, 5, 15") similarly, working with
the partition 1r(11, 82, 141, 161) where cell A is Zgx {1}, cells B, C are the sets

Zg x {i} (i = 2, 3) and cell D is the set Z,4x {4}, and constructing an
IPBD(17, 5;{3}). The short lines are of

type ABD:

type ACD:

type ABC:

type BCC:

type «BB:

type «CC:

i0gig (i+14) 1ol (i+12)120 (i+10)3504 (i+8)1dsis (i+6)(5qig
(i+4)69i4 (i+2),72i4(i = 0,1,..,,13)

(i+1)103iy (i+3)13i4 (+5)12314 (i+7)133i4 ((+N143is (I+11)153i4
(i+13)163i4 (i+15175i4(i = 0,1,..,13)

017203 117213 216713 316523 415723 515233 614233 T1dods
813243 913253 1012553 1192563 1271565 13,1575 14;0,753 15,0,04
021363 022353 023343 130353 1p2343 151333 250523 251343 -
293373 3;0333 321323 326373 450363 421353 492373 50313 525573
524303 620373 633363 654353 72363 To4s373 733353

04y wlz7y 02335 556,

w0343 wly73 2333 5365
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type BBB: 051525 053555 026572 153267 12$255 254105 255575 354575
One long line is 0414 + + + 1340 and the other long line is formed on the hole of
IPBD(17, 5;{3}). We are able to give a recursive construction to prove that
65 € LS(3, 5.,21‘). Form =(1!, 20", 22%) and apply Lemma 1.32(b).

Lemma 2.19 Let w =1 (mod 6) and w > 19. Then 4w - 23 € LS(3, 5", w").

Proof: If w > 31, form m(1%, (w - 21)}, (w - 1)), construct an IPBD(w - 20, 5;{3}) and

apply Corollary 1.25. When w = 19, form w(1%, 16}, 18%) and apply Lemma 1.32(b).

For w = 25, form m(1%, 61, 221, 24%) where cell A is the set Zy, x {1}, cell B is the

set Zg x {2}, cells C and D are the sets Z,4 % {i} (i = 3, 4). Construct an

IPBD(23, 5;{3}) and construct the short lines of

type ABD:  i105i5  i1p(i+22)y  §12p(i+20)y  i132(i+18)y  ijda(i+ 16),
1152(1+14)4(1=0,1,...,21)

type ACD:  0;21514 0;12524 0;333; 0yd384 0,1855, 017364 0,6374 0,958,
0,059, 0,7510; 041311, 0,14512, 0,513, 011315, 0,2317,
0113519, 0,8321; 0;105234 1,150, 1,(i+19)3(i+2),
(i = 0,3,4,67,1020) 1;1733;4 1,7344 1714574 1416310, 183114
1303134 1,203144 1,63164 1,18318, 14520, 2714514 2,1333, 28344
211155, 212564 2116975 218484 2,19;9, 2115510, 2,(i+21)3(i+11),
(i = 0,1,n4) 2110517, 2,7319; 233214 216523, 3,230, 3,17324
316344 319354 3120464 3123375 315384 3413394 3143104
31163114 3,123124 3,73134 3;113144 3;19;15, 3114316, 3,3318,
31225204 31103224 4117314 44(i+1)3(i+3)4(i = 0,3,11,12) 414,35,
412574 4110584 411839, 4121310, 4163114 4,9312, 4,22513, 4,5;16,
48317, 41113194 4,20521; 4173234 5119304 5115324 5420344
5121364 517374 5123384 511439, 5113104 5323114 51165124 5443134
5163144 5;173154 51103164 510317, 5113184 55320, 5;22322,4
6122314 6112334 614355 611057, 617384 611394 6123510, 6133114
6123124 6185134 61193144 6,53155 6;173164 613317, 6116518,



65
6121319, 6,155214 6115235 7,1630; 7110524 7,18344 716364 7,208,
7,99, 71133105 Tydslly 773124 Tq113134 7414514, 7;21515,
71193164 7,23317, 7422318, 7,83194 7415520, 7;17;22, 8;2051,
87235 81155 82137, 81559, 8,0510, 818511, 810312,
863135 816314, 82315, 84516, 8;13517, 812518, 8;23319,
81175204 8,11521, 8,95235 917304 918324 9119344 9110364 911648,
9,22310, 9;15511; 9;03124 9,1313, 9;33144 9;18515, 92516,
9,17517, 923318, 914319, 916520, 9,521,  9;11522,
10,(i+2)3(i+1)g (i = 0,2,10,13,14,22) 1041355, 10,957, 10,1159,
10,20312, 10,18;13; 10,2216, 10419517, 10,175184 10,5519,
10,1520, 10,14;21, 10;3322, 11,850, 11,252, 11,1054, 11346,
11,1758, 11;20510, 11,13312, 11314313, 11;23514, 11,4515,
11,11516, 11415517, 11,0518, 11416519, 11,12520, 11;19521,
11;18522; 11,21323, 12,1450, 123831, 1219534 12,055, 1211374
121659, 1220511, 124153513, 12,5514, 12,22515, 12,18316,
12021317, 12,2318, 12,3319, 12,1320, 12,4521, 12,12;22,
12,23;23, 13,2050, 1311031, 13,2332, 1312344 13,1936, 13,2138,
13,3510, 13;183124 13,1514, 136515, 13,1516 13116517,
13,8518, 13,0319, 13,7520, 1317321, 13,9522, 13,523, 14,2230,
14,1331, 1411452, 14,53, 14,1055, 141737, 14,1659, 14,7311,
14,19513, 14;20315; 14,23316, 1418517, 14,9318, 14,1519,
14,8520, 14115214 14,2;22, 1414323, 15:2330; 15,5314 15932,
15,653, 15;2254, 15116364 150484 15:2310; 15,3312, 1513514,
1512316, 15,7517, 15,10;18, 154319, 15,11320, 15,2121,
15;19522, 15,20323, 16;350; 16,1131, 16,652, 16,253, 161154,
16112354 161857, 16110594 16,95114 16513313, 16115515, 16,4317,
16,5518, 16117519, 16,1520, 16,7521, 16,1652, 16422523,
17,550, 17115315 17,2024 17423334 17,9344 17119554 17,1136,
17,1458, 17,1010, 17,2112, 17,22;14, 17,3316, 17,1518,
17,18519; 17;165204 1725214 17,6522, 17,8523 18,18:04 18,4314



type BCD:

type ACC:

type CCD:

OO
18413524 18420334 181144, 18,835 1815365 18,037, 18,1739,
181233114 18123134 18112315, 1893174 1819319,  18,10520,
1816521y 184215224  18;15234 19,1030, 1991231, 19,332,
1918334 19915344 191635, 1915365 19118374 19438, 19,1110,
190233124 19993144 19;133164 19;21518; 19,20320; 19,0321,
19175224 19195234 20421304 20,1631y 20422324 20,1433 20,044,
2015354 2041364 2001237, 20,15:8; 20,839, 2043311, 20,9313,
20,104154 20465174 20,203194 204235214 20,4422, 20,13523,
2110404 21423314 21,5524 21411335 21417344 21,735, 21,22364
2191937, 2143384 21,2039, 21185104 214312, 21421514, 21,8516,
2116518y 21124204 2115224 21,12523,4
0253224 0923235 1503204 1563214 204318, 2522319, 351516,
3123174 45173144 4514515, 55173124 55215134
01203233 04193223 0153165 1193123 1433103 1;135215 2,55124
2193173 2144205 3183215 31155185 3,013 433153 4;19523; 404164
513393 51133183 5183123 6163183 61145203 640393 7,053 711334
7123123  8;3383 8153197 81143227 9135203 914597 9,125214
10173103 104213233 1046383 1146373 1111353 11193223 12,7516
124103175 127113193 13123145 131115227 1345135 14411412,
1410433 14765215 151173183 15:13155 15:83143 16403215 164185234
16195205 171123133 17173173 17,0443 18163143 18,5373 18,3322,
1911523 191145173 191165223 204114173 20,18319; 20,2375
21,13316; 21103145 21,9515,
4417304 1312304 649504 13515304 139314 336314 731951, 051831,
11316524 1318324 037324 4321524 0322334 16319334 10518334
15321534 3312344 14316344 5321344 13323444 332135, 1532335,
2317554 16520554 8518364 9314364 031236, 7313365 3520474 531547,
442237, 115313374 1231958, 6322384 213384 8311384 345394 7321494
12422:94 4523394 53163104 8393104 123173104 143195104 0317311,
103193114 53223114 113144114 1383124 6319312, 11315312,
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12320513, 103165134 3317313, 4373144 8310314y 2318314, 038315,
3573154 9523315, 16321316, 05203165 7393164 5314317, 1311517,
20322417, 73143184 133193184 15520318, 13103194 2393194 6312319,
18521520, 93195204 3323320, 10312521, 18322521, 93133214
0313422, 143235224 8320522, 163174523, 14315523, 3318323,

type BCC:  0,13233 0593203 0331635 0503105 0563113 05133175 057385 043125
02153225 0195215 0,145183 15105205 1513227 1523195 1583235
1543153 1533115 1573183 15133143 13123165 15,5395 15175215
2:93105 2313143 252333 2563163 25123183 25175195 2,55203 250515,
2113213 2573233 2583133 3583193 32163183 3233133 39174235
350363 3943143 3773223 3,93113 35205213 35103153 352355 4553115
4713163 47103133 4573123 453343 4503233 452365 4,95215 4518520,
47153193 4583223 594363 531373 5553103 5283163 55133225 5505195
5733143 5;93185 5;123153 5;23205 57113234

type CCC: 63103233 1363133 4353183 53165233 5383173 2343165 105213224
1343193 13173203 0323113 23145213 43103113 63155173 73113205
23224233 2383154

type ©oCC: 053133 113183 033193 73155 0123233 0174223 04383 15215
0031605 063203 «02310; «03145

types «BB and BBB: Form an STS(7) on « and the six points from cell B.

One long line is 041, - - » 234 and the other long line is formed on the hole of

IPBE{23, 5;{3}).

Thus the spectrum for AULSs in which one long line has size five and the
other long line has size seven, nine, thirteen or fifteen has thereby been completely
determined.
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Lemma 2.20 LSd(S,S',’f") = {viv 2 23v =35 (mod 6)};
LS;(3,5,7)={viv2 17v= S(mod 6)};LS(3,5°,9") = {viv > 23.v = S(mod 6)}:
LS4(3,57,137) = {v:v235,v=5(mod 6)};L8;(3,5",13") = {v:v220.v=5(mod 6)};
LS(3,5°,157) = {v: v » 35,v = 5(mod 6)}.

Proof: We obtainv ¢ LSd(3,S‘,7')for all v 2 23 and v = 5{mod 6), from Lemma 2.9,
Corollary 2.10, Lemma 2.13 and Lemma 2.,15. Also, v € LS;(3,5..7’)for all v > 17,
v =5 (mod6), by Lemma 2.6, Corollary 2.7, Lemma 2.15 and Corollary 2.16. Next,
v € LSy4(3,5°,9% for all v > 23, v = 5 (mod 6), from Lemma 2.11, Corollary 2.12,
Corollary 2.8, Lemma 2.17 and Corollary 2.18. In order to prove that v € LS;(3,5‘,9‘)
for all v > 23, v = 5 (mod 6), apply Corollary 2.8,Lemma 2.17 and Corollary 2.18.
Hence,by definition,v € LS(3,5*,9*) for all v 2 23, v =5 (mod 6). By Lemma 2.9,
Corollary 2.10, Lemmas 2.13 and 2.15,and Corollary 2.16, v € LS,4(3,5",13"}for all
v 2 35, v= 5 (mod 6). By Lemma 2.6, Corollary 2.7, Lemma 2,15 and Corollary 2.16,
v € L§;(3,5",13 ) for all v > 29, v = 5 (mod 6). Finally, Lemma 2.11, Corollary 2.12,
Corollary 2.8, Lemma 2.17, and Corollary 2.18 yield v € LSd(S,S‘,ls')for all v 2 35,
v = 5 (mod6). Similarly, by applying Corollary 2.8, Lemma 2.11, Corollary 2.12,
Lemma 2.17 and Corollary 2.18, we obtain v ¢ LS;(B,S*JS') for all v > 35,

v =5 (mod 6). Thus, v € LS§(3,5,15 ) for all v 2 35, v = 5 (mod 6).
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§2.3 Almost uniform linear spaces with one long line of size 6t + 7,
one long line of size w and short lines of size three

From Corollaries 1.19(i) and 1.21(i), if an AULS has one long line of size
6t + 7, then the other long line must either have size w = 1,3 (mod 6) and
v= 1,3 (mod 6), or w =5 (mod 6) and v = 5 (mod 6). We shall also assume that
w > 6t + 7. We begin by recursively constructing an AULS where one long line is
of size 6t + 7 and one long line is of size w = 1,3 (mod 6) and has minimum order

v =2w + 6t + 7.

Lemma 2.21 If w = 1,3 (mod 6), then 2w + 6t + 7 € LSy(3, (6t + 7)", w"), and
2w + 6t + 7 = min{v: 3LS4(v;{3, (61 + )", w'})}.
Proof: By Corollary 1.19(i), v 2 2w + 6t + 7. The result follows by Lemma 1.35.

Corollary 2.22 If w= 1,3 (mod 6) and w > 6t + 7, then v € LSy(3, (6t + 7)*, w') for
all vz dw + 12t + 15,
Proof: Apply Lemma 1.38.

If we consider an AULS with two intersecting lines of sizes 6t + 7 and
w = 1 (mod 6), there is an analogous result, although there are more restrictions

which must be imposed on w whent > 0.

Lemma 2.23 If w =1 (mod 6t + 6) then 2w + 6t + 5 € LSi(3, (6t + 7)", w") and
2w + 6t + 5 = min{v: 3LS;(vi{3, (6t + 7)", w'})}.

Proof: From Corollary 1.21(i), we get v 2 2w + 6t + 5. Since w = 1 (mod 6t + 6)
and w > 6t + 7, there exists an integer r > 2 such that w - 1 = r(6t + 6). Form the
partition n(1%, (6t + 6)° *1, (w - 1)!) and apply Theorem 1.24(b).

Corollary 224 1f w =1 (mod 6t + 6), then v € LS;(3, (6t + 7)", w") for all
v 24w+ 12t+11.
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Proof: Apply Lemma 1.38.

There is no obvious general recursive construction when the AULS of
minimum order has two long lines which intersect, one of which has size
w = 3 (mod 6). However, if we assume that t = 0,u = 7and w = 9 or 15, we can

provide direct constructions.
Lemma 2.25 There exist AULSs LS;(25;{3, 7", 9°}) and LS;(37:{3, 7", 15"}).

Proof: Form the partition m(1%, 6%, 8, 10!) and construct the short lines of

type ABC:  ijin03(i = 0,1,24,5) 0,155 02,43 0,3,65 014283 0,5,13 0,693,
017273 130283 112593 133243 114p33 115373 116553 1417203 240523
211515 233,95 214983 215:65 216573 27233 310,33 311223 3,214
313273 314553 315293 316283 3,703 4,0x43 41093 42,25 4,383
41555 416063 417213 510253 S5qloty 5:2,33 513223 514265 5,659,
517283

type ACC: 032393 141323 215383 314463 443373 5{1373

type BCC: 051363 057493 153363 157383 255573 256383 353353 3.0315
4,2375 491393 552383 Sy3383 650923 Gplady 755197 7a2444

type CCC: 033393 0443535 036375 133383 235363 43839

type oCC: 00383 13553 2333 639y w4374

The long lines are 0;112;3;4:51%° and 0,152732425,6,7,, Therefore, we have

obtained,by direct construction, the space LS;(25;{3, 7, 9*}). In order to prove the

existence of LS;(37;{3, 7", 15°}), we give another direct construction. Form the

partition (1%, 61, 82, 141) and the short lines are of

type ABD: 0,005 0;2,15 034924 0,695 011544 0433124 141524 143,14
115244 117254 112564 118974 212584 2142124 216564 210,74 23,8,
215294 313264 315274 317284 311554 3142104 310511, 44,8, 416934
4,0,104 412,114 415554 4172134 5152104 517,114 511534 5732134
516904 510,94
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type ABB: 0,57, 1,0,6; 24175 3,052, 411535 5,259

type ACD:  O4i3(i+6)4( = 0,1,24,57) 0,333, 01655, 1;1305 1,2334 1,038,
114394 1433104 11,7311 1,53124 1,63134 23305 25315 2;1324
210334 2125104 2163114 247354 2443134 316504 317314 315334 314324
310344 3115124 312394 3133134 40504 443314 41652, 4,74, 44512,
415394 411364 412374 513324 512344 511314 5163124 514364 515374
517484 5,0354

type BCD: 050524 051344 052354 0533174 024314 0553134 056384 057364 150314
121384 152304 153394 143114 155364 1563104 157374 250394 2,135,
2023124 253384 294374 295305 236334 2573104 3,057 391334
3223114 393344 324354 3553104 326394 327525 490311, 4,139,
4223134 453364 424304 495354 463y 457334 5,0313, 551511,
522324 5933124 54334 525384 526364 54730 6503104 6,1513,
622314 623355 624384 625344 626574 627312, 7,05124 7,1510,4
12364 793374 Todady 725325 To6314 797394

type BBD:  3;7,04 455,14 2;6024 057534 0515124 152,13,

type ©BB: 00,5, ol,d, =2,7, «3,6,

type BBB: 053247 25355, 42007, 15556,

type «CC: w313 w244y 03373 w5364

type CCC: 032333 034363 035373 132353 133363 134373 334353 236473

The long lines are 0;1;2,3,4;5.@and 04l - - - 1340,

Corollary 2.26 v € LS;(3, 7,9 ) forall v = 51, and v e LS;(3, 7°, 15" for all v > 75,
where v = 1,3 (mod 6).
Proof: Lemma 2.25 and Lemma 1.38.

The following lemmas provide various recursive and direct constructions to

prove that AULSs of certain orders exist.
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Lemma 227 If 0 <t < (w-7)/6,t=0(mod 2) and w = 3t + 3 (mod 6t + 0), then
4w + 12t + 13 € LS(3, (6t + 7). w').
Proof: Form the partition w(1}, (6t + 6)(W+6U+6)/Gt+3) (o)) We note that
(w + 6t + 6)/(3t + 3) is an integer since it is assumed that w = 0 (mod 3t + 3). Use

Corollary 1.25 with g; = w, g = 6t + 6 and x = 2w to obtain the desired result.

Corollary 2.28 If0 <t < (w-7)/6 and w=3 (mod 3t + 3), or t = | (mod 6) and
w =9 (mod 12), then 4w + 12t + 13 € LS(3, (6t + 7)", w").

Proof: If w=3 (mod 3t + 3), form the partition

a(1%, (6t + 6)(W+6+3)/(1+3) (ow + 6)) and apply Corollary 1.25 with g, = w,
g=6t+6andx = 2w + 6.If t =1 (mod 6) and w =9 (mod 12}, form the partition
w(1L, (w - DL, (3w + 12t + 13)/2)%) and apply Lemma 1.32(b) where

uy = 3w + 12t + 13)/2.

Lemma 2.29 If w =1 (mod 6) then 4w + 12t + 11 € LSy(3, (61 + 7)", w').
Proof: Form the partition 1r(11, (w- 14 (12t + 14)!) and apply Theorem 1.24(b)
withg; =6t + 7,8 = w-1and x = 12t + 14.

Lemma 2,30

(a) If t = O(mod 2) and w = 1 or 3(mod 6) then 4w + 12t + 9 € LSy(3,(6t + 7)".w’).
{(b) If t = 0(mod 2), t # 2 or t = 1{mod 2) and w = 1{mod 6t + 6), or t = 0 and

w = 1,3(mod 6),or t = 2 and w = 1(mod 6),or t = 1,4 or 7(mod 9) and

w = 41+ 5(mod 6t+6),0r t = 3,6(mod 9) and w = 2t+3(mod 6t+6),0r t = 9(mod 45)
and w = 2t+3(mod 6t+6), then 4w + 12t + 9 ¢ LS;(3, (6t + 7)", w).

Proof:

(a) First, construct an STS(4w + 12t + 9) which contains disjoint subsystems
STS(6t + 7) and STS(2w + 3t + 1), by using Theorem 1.33. By Theorem 1.7, embed
an STS(w) into STS(2w + 3t + 1), replacing STS(w) by a line of size w. Finally,
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replace STS(6t + 7) by a line of size 6t + 7.

b) Form the partition w(1%, (6t + 5)(¥+4+3/(2+2) (- Y1) and apply
p PP

Theorem 1.24(b).

Corollary 2.31 If t = 1,24 or 5(mod 6) and w = 1{mod6), or t = 0,2,3 or S(mod 6)
and w = 3(mod 6); w 2 8t + 11, then 4w + 12t + 9 € LS(3, (6t + 7), w').

Proof: Form a partition m(1},(w + 4t+ 3)*(w - 1)) and apply Corollary 1.25 with
g1=06t+ 7, g=w+4dt+3andx=w-1.

Lemma 2.32 If w=3 (mod 3t + 3} and w > 6t + 7, then

4w + 12t + T e LS, (6t + 7)", w)).

Proof: Form w(1%, (6t + 6)(¥*6t+3)/B+3) (o)1) and apply Corollary 1.25 with
g1 =w, g =6t + 6andx = 2w.

Lemma 2.33

(a) If j is an odd nonnegative integer, 1 < j < 5, t is a nonnegative integer such that
0 < t < (W-j-4)/12, and w > 12+, w = 1,3(mod 6),then 4w+ 121+j € LS(3,(6t +7)"w).
(b) If j is an odd nonnegative integer, 1 < j € 23;0 <t £ (w+j-4)/12 and w 2 12+ j,
then 4w + 12t - j € LS(3, (6t + 7, w).

Proof: Form a partition (1L, (w-1)3,(w + 12t + j+ 2)1y and apply Corollary 1.25
with gy =6t + 7, g=w-landx =w + 12t + j + 2 (for (a)), or
X =w+ 12t -j + 2 (for {b)).

Corollary 2,34

(a) 25,27,31,37 € LS@3,7,9).

(b) 37,39, 43 € LS(3, 7", 13").

() 39, 43, 45, 49, 55 € LS(3, 7', 157).
(d) 55,57, 63, 67 € LS(3, 7", 197).
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(e) Ifw=219and w= 1 (mod 6), t = 0,1,3 or 4 (mod 6), and w > 8t + 19, then

dw + 12t - 15 € LS(3, (6t + 7), w").

(f) 61,67, 69,73 € LS(3, 7", 21°).

(g) Ifw 221, w=1(mod 6) and t = 0,2,3,5(mod 6),0r w = 3(mod 6) and

t=0,1,3 or 4(mod6), w 2 8t + 21, then 4w + 121-21 ¢ LS(3, (61 + 7)", w).

Proof:

(a) It follows from Lemma 2.21 that 25 € LSy(3,7",9") and 25 € LS;(3, 7", 9°) by

Lemma 2.25. Hence, 25 € LS(3, 7',9*). Next, 27 ¢ L.Si(3,7*,()‘)by forming partition

(1%, 6 8!) and applying Theorem 1.24(b). We obtain 27 € LSy(3,7",9") by direct

construction. Form the partition n(7!, 9/, 111y where cell A is Zypx {1}cell Bis

Zyx {2} and cell Cis Zg x {3}. Construct short lines of

type ABC:  i10piz  (i+9)110i3 (1+7)1 2505 (i+5)35i3  (i+3)44ain  (i+1)5i3
(i+10):6,i3 (i = 0,1,...,8)

type AAB: 911010, 748,12 516125 3143y 112442 041055 8,96,

type AAC: 244103 6,8,03 37113 5915 4,623 810,23 57,33 0,93,
6110143 1,8443 0,753 2y9,53 1,10,65 3,8;65 0,2,7y 4,97
5110183 1;3483

type AAA: 013151 0448 0114167 1445, 1,7\9; 243,10, 2,5,8;, 2,6,7,
31619; 47710,

The long lines are 0y15 « + + 65 and 0313 - + + 83. Forming the partition #(1!, 6%, 8%

and applying Theorem 1.24(b) yields 31 € LS;(3, 7", 9°). A direct construction is

necessary to show that 31 e LSy(3, 7, 9*). Form the partition (72 &', 9') and

construct short lines of

type ABC: 010,03 131513 242;33 313513 414923 515573 616,57 02,24
114563 296043 311553 443373 510,23 615:35

type ABD: 011504 043224 014244 015264 016284 130314 142534 113,54
115274 116004 210504 291924 215,44 213264 21458, 310534 342,54
314774 315714 316524 410044 411564 412,84 415554 416514 511,54
912274 51334 Siéala 516264 610,84 611344 612924 613,04 614234

type ACD: 043314 0y1334 015354 047374 130524 1;5344 114364 112184



type ACC:
type BCD:

type BCC:
type CCD:
type CCC:
type BBB:

75
21131y 245334 217354 210574 31450, 3,054y 3,236, 313385 4,330,
414324 416334 411374 5:5304 511324 51334 514484 612514 65055,
016304 6,437,
014363 143473 2;2363 316373 410355 35,0363 6;1375
023324 034354 051364 026374 136315 153335 15237, 15,7584 2,050,
225315 230344 257304 343ly4 322344 325474 350384 457304 4,542,
421354 430364 522304 526324 5,0334 551385 657334 651344 64635,
653374
055373 150343 251385 353363 423383 5p435; 6,052
136304 037314 237324 234334 437344 233354 335364 536384
031333 152454
put an STS(7) on the points of cell B.

The long lines are 011y -+ - 6; and Ogly +« + 8.

Form the partition n(11, 8!, 14%) and apply Lemma 1.32(b) with u; = 14, w = 9 and
u = 7 to prove that 37 € LS;(3, 7, 9‘). For 37 e LSy(3, 7*, 9*), form the partition
7(74, 9!) and apply Theorem 1.24(a).

(b) Form the partition n(11, 6% 121} and apply Theorem 1.24(b) to obtain

37 € L(3, 7", 13"). It is demonstrated that 37 € LS{3,7", 13") by direct construction.

Form the partition (7%, 10, 13') and construct short lines of

type ABC:
type ABD:

type ACD:

0,085 iisig(i = 1,2,..6)

0(i+1)p(20)g (i = 0,1,5) 14051 14(i+2)x(2i+3)y (i = 0,1,...4)

210024 211p%g 2i(20)4(i = 3,.46) 310534 3115: 312,74 31459,
315211y 316315 41in(2i+5)g(i = 0,1,2,3) 415,14 416534 Sqin(2i+4),
(i = 0.1,.4) 516505 6,0504 611525 612,55 6135124 614515 6,553
Oyizig(i = 1,3,57,9) 0;23114 0443124 lyigia(i = 02,6,8) 15344,
L4310, 1353124 2550, 23331y 210334 211355 219574 21449,
216311y 31430, 315324 316544 3,8365 3,738, 3,0510, 3;2512,
417304 416324 418384 411364 413384 45510 410512, 5,031, 5952,
511334 514354 516374 517394 5183114 617344 6,0364 6,257, 6,58,
618395 6193104 6,151y



type ACC:
type BCD:

type BCC:

type CCD:

type CCC:
type BBB:

To

010565 137395 217383 311393 41239; 5,233; 6,354,

023374 097364 025395 026385 0x9311y 0323104 021312 15733,
230y 15039y 1pds8y 1o63105 133005 1583125 23130, 23,12,
205114 25554y 257310, 258304 259365 320324 32230, 3adily 32547,
326395 358335 329385 42035 4938, 433304 daSylly da6gdy da7:2,
413105 5,038y 531324 5293124 Syd374 526304 523304 528354 6138,
624385 6:3324 6,536 6,239, 628374 6995,

050343 155393 24363 321373 452385 552373 620574
839304 S3731s 639314 438324 235334 439334 13234y 33735, 23035,
234364 O3l37s 03238, 13339, 338310 437311, 6373124
033393 136383 035383 335363 13435,

put an STS(7) on the points of cell B.

The long lines are 0y17 » « + 6y and 041, + - - 12,. In order to show that

e LSi(3,7*,13')form the partition n(ll, 6L, 81, 122) and construct the short lines of

type ABC:

type ABD:

type BCD:

type ACD:

type BBD:

010,83 013523 0,593 017563 1,103 114935 116,53 1,0513 2,2,5,
215243 217583 2115113 313515 316,05 310533 3,283 4,dody 4,7,105
411573 43,93 5:513 510557 5,243 SidoTs
01104 012524 Oyd4q 016264 112514 113234 135,54 17574 2,044
213264 214984 2162104 311554 314274 31594 31Tally 4,020, 4,2,8,
4155105 416524 Silaly 513,94 563114 5,753,

093114 052314 0p8334 057274 131324 152364 159584 251158, 27464
2503104 358304 336354 323374 426395 4210315 4511311, 5,040,
525324 5210334 621384 6,839 7533104 7o5344 7pdaS,

0111314 0,533 0;1375 0,335, 0,759, 0,05115 01058, 0,510,

11434 1,230 1311524 1;1059, 148584 1,7310; 1,65114 1,946,
210314 219324 213304 212334 21103114 247555 216374 211394 3,9344
312324 314314 3110365 37385 315305 3163104 3,133, 4,853,
412344 415354 410374 4133114 441314 4,636, 411159, 5,855, 5,046,
513324 512384 516344 5111374 5,9510; 5,1040,

204904 637205 396314 SoTals 053224 47524 15234 496534 19394,
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Saligdy OpdSs 256054 027264 425,64 196574 2,557, 055,84 3578,
052995 157595 0515104 3545105 1555114 243,114

type ®BB: (6, wld, ®257, =355,

type BCC: 0563113 0,03103 194353 153363 1283105 2,159; 2,3310; 25,2364
320343 355373 35103113 450313 455493 492383 5,2373 556383
5233113 623393 6223113 6363103 634373 720373 751323 7593115

type CCD: 134304 7311304 639304 536314 337314 839314 046324 4310324 73832,
739335 136334 033334 048344 7310344 13334, 039355 231035,
1311354 334364 35311364 138364 239574 531037, 43837; 33538,
436385 0311384 035394 233394 439394 83113104 2353104 13103104
2384114 5583114 1373114

type ®CC: 03383 w0323 1353 w4311y w6373 «©9310,

The long lines are 0,1; + + + Sq@and 0414+ - - 1140, Next, by direct construction, we

show that 39 ¢ I.,Sd(3,7',13*), by forming a partition 1r(72,121,131) and constructing

short lines of

type ACD: 040305 0,924 0,234, 043365 0;10:8;, 05310, 0,63124 0,731,
014334 048354 111314 132334 177354 1310374 135394 1,63114 113304
118324 119344 114364 212324 217344 210364 21538; 2165104
2133124 24431y 248334 2,135 2311374 313334 3110354 315374
316394 317311y 318304 310324 314344 3111364 319384 41034,
415364 416384 4173104 4443124 4,831 419334 4411324 4,037,
411394 515354 516375 517394 5183114 519304 514324 5111344 510364
511384 5123104 646364 617384 6143105 6183124 6;9514 6;1133,
61015, 6110524 612394 6;3311,

type ACC: 0413113 1303113 240393 311323 442333 5,33103 6,135

type ABD: 016574 042,94 0115114 116284 1335105 1305124 243,05 245,94
2125114 333,14 314104 3115124 446504 413:54 414,11, 5,051,
312235 5157124 640,04 611574 615,44

type ABB: 0,04, 0,3,5; 13155, 132545 2)0,6; 21154, 31052, 35465 41255,
41012 513242 S5ilaba 614265 61253,



type BCD:

type BBD:
type BCC:

type CCD:

type CCC:

78
034395 05757y 02955, 0s23105 Os03dy Oal52y Osl1310; 05043,
1231y 15339 1210310, 137335 1h1305 LSydy a1l 12930,
292354 257324 2510304 25531y 2033k 2283105 2437y 2:130; 32133y
3510311y 3253125 303y 3a2365 32837y 4hly7y 490324 daS:dy
84,7512, 49355, 4210335 4211385 49836, 42039, 4xd0y Sal310;
58384 525534 5293114 553324 522374 Sallgly 526354 6233y 62532,
657364 6295105 63653, 62435, 613ty 6311511,
4501y 193524 055364 03984 15258, 35659 246124
0,3385 0553105 10343 155363 200363 2293115 356393 393374
3311y 492995 50573 Sx4310; 630383 6523104
24650 557305 0310514 G3llzly 33957, 03238 3338, 83949,
1051159, 0533104 055311, 134zl 031312, 9310312, 2311512,
25585 2873 3353113 133463 137995 43593 da6a8y 6473103
138;10; 7383113

The long lines are 0,1 + + » 6;and 0414 - - + 12, Finally, 43 ¢ LS;(3, 7", 13") since we
can form a partition m(1", 67, 12!) and apply Theorem 1.24(b). Now

43 € LSy(3, 7, 13" by first applying Theorem 1.33 to construct an STS(43) which
contains disjoint subsystems STS(15) and STS(13). By Theorem 1.7, embed an STS(7)
into an STS(15), and replace the subsystem STS(7) by a line of size seven. Replace
the STS(13) by a line of size thirteen.

(c) Form the partition 7(1, 6 14') and apply Theorem 1.24(b) 1o show that

39 € LS;(3, 7, 15*). A direct construction is needed to demonstrate that

39 e LS4(3, 7*, 15‘). Form a partition 1r(72, 101, 151) and construct the short lines of

type ABD:

type ACD:

010,04 0y(i+1),(2i+3)4(i = 0,1,...5) 1;(i+2)5(2i+4)(i = 0,1,...5)
24(i+3)21+5)4(i = 0,1,...,5) 314264 31(i+5)(2i+8)4(i = 0,1,2,3)
312514 41(i+5)o2i+7)4(i = 0,1,..,4) 413524 S1(i+6)5(2i+8)4

(i =0,12,3) 513214 518234 610,9: 6;1,114 612,134 633504 6,424
615944 iqizia(i = 1,2,..,6)

0:8514 0,0325 013344 014364 0,9:84 0,1310; 073124 0,6314,
106404 193324 111334 119354 110374 1,7394 1443114 123134 27314
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212335 2,0284 23165 246384 214310, 2;83124 25314, 3,230,
311324 315344 310554 317374 319195 3163114 3133134 419314 443334
4,755, 418365 4,538 40510, 4163124 4143144 59304 5,552
516384 510364 518374 51339 5123114 5113134 615314 6,0534 61355,
611575 6,7384 616310 6143124 612314,

type ACC: 012355 15383 241393 314383 441523 514373 618393

type BCD: 0,231, 059324 0,733 Opdydy 058355 051364 055374 050584 14324
12384 151354 155365 153374 158384 15059, 1593104 24334 256364
29574 251585 25539 28510, 27311y 2,33124 3514y 35438,
3,6995 3523104 3205114 3,93124 3,83134 3973144 458304 450314
4,655, 43310, 453114 4513124 4573134 4,931, 55,5505 Sodaly
5,8324 5,634 52764 5223124 593134 Spl3ldy 657305 653314
026324 628334 629344 692954 694374 6503144

type BCC: 053363 156573 250323 393353 492343 590433 651354

type CCD: 031304 334304 13631y 237324 539334 738344 435354 239364 236374
233384 134394 238395 5373104 3395114 1483114 0353124 0345134
5363134 3383144

type CCC: 037393 036383 133373 446395

type BBB: put an STS(7) on the points of cell B.

The long lines are 0,1 «++ 6;and 0414 - - + 144. Form the partition m(1%, 14%) and

apply Corollary 1.25 where gy = 7, g = 14, t = 3 and x = 0 to show that

43 € LS(3, 7", 15"). Next, 45 € LS(3, 7', 15") by forming the partition w(12, 21, 143)

and applying Corollary 1.25 where gy = 7, g = 14, t = 3 and x = 2. Form the

partition (1%, 6!, 143) and apply Corollary 1.25 where g; = 7, g = 14, t = 3 and

X = 6 to prove that 49 € LS(3, 7', 15"). Finally, 55 ¢ LS(3, 7", 15") by forming the

partition 7(1%, 121, 14%) and applying Corollary 1.25 where gy = 7, g = 14, t = 3 and

x = 12.

(d) Form the partition (1%, x!, 18%) and apply Corollary 1.25 where g1=7,8=18,

t=3andx =0,2, 8or 12

(e} Form the partition w(13, (w + 4t - 5)3, (w - 1)}) and apply Corollary 1.25 where
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g1=6t+ 7, g=w+4t-5t=3andx=w-1,
(f) Form the partition w(1%, x, 20% and apply Corollary 1.25 where gy = ot + 7,
g=20,t=3andx =0,6,8 or 12.
(8) Form the partition w(1}, (w + 4t - 7)%, (w - )!) and apply Corollary 1.25 where
g1=6t+ 7 g=w+dt-7t=3andx=w- 1

The following lemma outlines the construction of AULSs where the two long

lines intersect, and one has size w = 5 (mod 6).

Lemma 235 Ifw =5 + 6r (r > 0) and w > 6t + 7, where

2w+ 6t + T<v<dw + 12t + Sandk=3 + 3r) (mod t + 1), 1 <k <2 + 3r,
then 4w + 12t + 15 - 6k € LS;(3, (6t + 7)", w').

Proof: Form the partition 7(1%, (6t + 6)(¥+4t+32K/(2+2) " . 1y1) and apply
Theorem 1.24(b).

Corollary 2.36 For v =5 (mod 6) and w = 5 (mod 6), v € LS;(3, 7°, w") for all
v 244w + 1§, ’

Proof: This follows from Lemma 2.35 and Lemma 1.39.

The next two results give constructions of AULSs with two disjoint long lines,
one having size w = 5 (mod 6).

Lemma 2,37 Let w =35 (mod 6).
(2)If 0 < t < (w-13)/8,and t = 0,2,3 or 5(mod 6),then 4w+ 12t+3 € LS4(3,(6t +7)",w").
(b)If0 < t < (w-11)/8 and t =0,1,3 or 4(mod 6),then 4w+ 12t+9 € LS4(3,(6t +7)"w").

Proof:
(a) Form the partition 7(11, (w- 1), (w + 4t + 1)3) and apply Theorem 1.24(b) with
gi=6t+7,g=w+4t+ 1L t=3andx=w-1,

(b) The arguments are as in (a), with partition (1}, (w- DY, (w + 4t + 3)}).
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Lemma 2.38 Let w = 5 (mod 6).
(@)If 0 < t < (w-17)/8 and t = 0,1,3 or 4(mod 6) then 4w+ 12t-9 € LS4(3,(6t + 7)".w").
(bYf0 <1< (w-19)/8 and t = 0,2,3 or 5(mod 6) then 4w+ 12t-15 ¢ LSd(S,(6t+7)',w‘).

Proof: For (a) and (b), form either the partition 1r(11, (w+ 2t-323, (w- 1Y or

7(1%, (w + 4t - 5)3, (w - 1)!) and follow the same arguments as in Lemma 2.33,

The final results regard the construction of AULSs whose long lines are both
of sizes congruent to 1 (mod 6) and intersect. We utilize Wilson’s fundamental

construction [W3] which was described generally in §1.3.

Lemma 2.39 Let m > 5 and t be a nonnegative integer such that 1 <t < m and
6m » O(mod 6m - 6t). Then 36m - 12t + 1 € LS;(3, (6m - 6t + 1)°, (6m + 1)°).

Proof: There are two parts to this proof.

Suppose that TD(6, m) exists, then delete t points from two of its groups to obtain
a {4,5,6}-GDD of type m*(m - t). Put a weight of six on every point, apply FC

(cf. §1.3), giving a {3}-GDD of type (6m)4(6m -60)% Add a point =, and then apply
Theorem 1.24(b).

Otherwise, for m € {6,10,14,18,22,26,30,34,42}, delete a block from TD(6, m + 1) to
obtain a {5,6}-GDD of type m®. Delete t points from two groups of the {5,6}-GDD
to obtain a {3,4,5,6}-GDD of type m*(m - t)2 Put a weight of six on every point of
the GDD, apply FC, resulting in a {3}-GDD of type (6m)4(6m-6t)2. Add a point o,
and apply Theorem 1.24(b).

Corollary 2.40 61 € LS;(3,7, 13°),109 ¢ LS(3, 7", 257).

Proof: Form the partition 7(1, 6%, 12!) and apply Theorem 1.24(b) to prove that
61 e L§;(3, 7", 139, Similarly, 109 ¢ LS;(3,7",25") by forming the partition

(1%, 614,241y and applying Theorem 1.24(b).
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Lemma 241 Letm > 4 (m = 6, 10) and t be & nonnegative integer such that

1 <t< m, where 6m = O(mod 6m-6t).Then 30m-12t+ 1 € LS;(3,(6m-61 + l)..(hm+ D).

Proof: Since TD(S5, m) exists, delete t points from two of its groups to obtain a
{3,4,5}-GDD of type m*(m - t)°. Put a weight of six on every point, apply FC, to
obtain a {3}-GDD of type (6m)3(6m - 6t)2. Add a point @ and apply

Theorem 1.24(b).

As in §2.2, our goal is to complete the spectrum for AULSs with one long line
of size seven, and the other long line of size nine, thirteen or {ifteen. First we will fill
in any gaps by giving constructions of AULSs with orders that were not covered by

any of the previous lemmas or corollaries.

Lemma 2.42 33 € LS(3,7,97);45,49 € LS(3,7",13°);33 € LS{(3,7.13"):
51 € LS(3,7,15").

Proof: First, form the partition 7(72 9', 10') where cells A, B arc the sets Z; x {i}

(i = 1,2), cell C is the set Zigx {3}, and cell D is the set Zo x {4} and construct

short lines of 7

type ABC: 010715 011533 131505 112593 292523 243,43 313,53 34,7, 4,4245
415573 515253 516585 616,33 610,45

type ABD: 012,04 043524 034264 0;5:84 016214 110014 133235 144554 1,577,
116904 210044 211564 214984 215,04 216924 310254 311574 312,34
315,14 316084 410584 411505 412524 413,84 416,64 5,0,74 511534
512554 513214 514924 611x44 612585 613264 614504 615,24

type ACD: 0,053 0;9344 0,75: 9:5574 177324 118344 116364 112384 26314
213534 215554 217374 313304 310525 318364 314384 412314 44133,
41035, 416374 517304 5:334; 514364 511384 618314 615334 6,2:5,4
641374

type ACC:  0,2565 044383 1;3343 151355 210383 211393 311363 312393 41839,



type BCD:

type BCC:

type CCD:

type BBB:

83
413353 510323 516393 617393 670363
023304 079324 026334 020364 19314 154324 15135, 156384
21314 250344 253364 254374 32304 39374 323354 3,8384 423314
48334 430344 420574 529334 5y1384 558354 522364 637334 6,635,
622375 679384
02333 0;7383 192373 155383 2,3373 256383 330313 3,6373
421323 455593 520343 523363 650353 61343
039304 436304 138304 037314 435314 238324 536324 133324
234334 235344 437344 439354 339:Fy 137364 338374 537384 033384

put an STS(7) on the points of cell B.

The long lines are 041y - - - 6; and 0414 - - - 84. Since we can form a partition
n(1}, 64, 81) and apply Theorem 1.24(b), 33 e LS;(3, 7, 9*). We can prove that
45 € LS(3, 7", 13") by forming the partition m(1%, 61, 122, 141), where cell A is the set
Zygx {1}, cell B is the set Zg x {2}, cells C and D are the sets Zj5 x {i} (i = 3, 4),
and embedding an STS(7) into an STS(15) which contains « and the fourteen points

of cell A. Construct short lines of

type ACD:

iiglg(i = 0,1,24,56,8,10) 3,2334 7,1057, 12,959, 1211511, 2,01,
311324 413334 5i234s 614354 745354 1317374 91784 10,859,
1319510 11473114 811304 410524 11334 613384 7125, 133456,
12,557, 1016384 8;739; 11;83104 5495114 1,730, 31131, 61033,
Tylsds 813354 81236, 101437, 13,5384 911059, 12,7510, 0;85114
21930, 47314 5111324 8,034 99135, 103365 11,357, 113448,
115539, 0163105 1163114 38504 5,915 611052, 741133, 10055,
1131365 91237, 121338y 01429, 1;5510, 2,10511, 4,650, 6,831,
719524 811035 91134, 12,036, 81137, 0258, 1,259, 244510,
3:53114 5110304 13110314 12,8524 10,9334 1216384 1131155, 13047,
211385 31339 4123104 Sidslly 6,550, Ti63ls 10,7524 9,833,
119345 131635 1111364 310385 411394 5:3310; 6,231, 73450,
1055315 86524 124334 13,8384 0,935, 217365 41157, 51059,
611310, 7133114 1313304 91431y 9,552 113633, 0,734 1,835,



type ABD:

type BCD:

type ABC:

type ABB:

type «BB:

type BBB:
type ACC:

type BCC:

type «=CC:
type CCC:

sS4
319565 56574 61158,

O1laly 0pds2y 0y3234 012265 00527 11322y lidady Tyhady 1108y
212234 215244 293294 27y 210293 3dady 312255 340274 3,3.104
811555 43265 41284 445911, 510,64 5,528; 6417 6,59, 7,38,
Ti494 Thlpl0y 814,10, 8,2,11, 8,051y 90,0, 9,2,10; 9ds0,
10,3,05 10,2545 100,115 11,504 11,451y 11,2,2, 12,150, 12,455,
12,5,1¢ 13,524 13,39, 13135 134,11,

0,332 0,7535 02534 0,105, 0;0510, 15106, L3119, Iods2,
19585 1215115 221304 258574 25659 252314 321054, 323314 35947,
305114 4910585 492304 55115104 5:5:34 507354 528464

130,13 40,85 6,095 00,115 12,0525 Sql,85 11,1505 81554
311,75 211933 112533 122,105 62,75 13,2115 12,3515 8,354,
418,55 514773 1505 10,5:23 1;52103 915,63 8,5293 3,524
5,237 61304 71052 94153, 1011ady 114053

w0yl wydy 3,5,

0,45, 1,2,5,

011555 0433103 1p4395 2,5:65 2,831l 3,65105 495105 7,758,
9,053; 1013115 11,25105 13,042

Ogdabs 152363 250383 255493 352353 356383 3573115 490385 453464
dylsdy 495115 5;1334

©0310; lg6y ©8:9; w2lly Sy w3q7

035575 031395 0363115 637393 152573 253593 3adalls 248383 33558,
1585105 47510 53105115

One long line is 0414 + + + 114 and the other long line is formed by replacing the
subsystem of STS(15). Next, 49 ¢ LS(3, 7°, 13") by forming a partition

7(1, 61, 122, 18Y), where cell A is the set Zigx {1}, cell B is the set Zg x {2}, cells
C and D are the sets Z;5x {i} (i = 3, 4), and embedding an STS(7) into an STS(19)

which contains « and the eighteen points of the cell A. Construct short lines of

type ABD:

i102i4 (i+12)112i4 (i+6)1?/214 (11-1)132i4(1 = (,1,..,11) (5-i)142i4
G = 0,1,..5) (17-)145(i+6)s(i = 0,1,..5) (17-0)1S5ia(i = 0,1,..,11)



type ABC:

type BCC:

type ACD:

type ACC:

85
012523 015313 112583 115563 212543 2,593 312,7; 35,105
412,03 415553 512555 5152113 611583 614975 731503 71426 81563
814253 911xd3 914513 1071593 104451153 1131513 11345105 1240524
12135103 13;0,85 373,33 1410033 1413,55 15,0503 1543543
16,0,10; 16,3575 17,0595 17,3,8,
0263113 031373 0y4353 13103113 153353 152373 2,93113 253363
213105 3523115 350365 351393 452383 450243 493393 5,235 55058,
524374
014314 0,032 0,11334 071034, 0,937 07584 0,659, 0,510,
147304 141324 139334 1310354 135364 1311385 14339 1444114
213304 28315 211344 210354 2110564 211374 217510, 2,55114
318304 313314 312584 315354 316364 310374 31113104 3;15114
41304 47324 4110334 411554 412364 43384 41459, 4,811,
512314 518324 517334 510344 514374 516384 5110394 5195104 611314
613324 610334 614344 616374 619384 6111394 61105310, 74304
715324 T18334 112354 719364 7110384 711394 7435114 8,230, 8,734
8111944 81835, 8;0364 813374 8;13104 893114 9,950, 91031,
918344 913354 9111364 912374 9163104 9173114 1016504 10;4524
1012334 10,7355 104336, 10,8384 10;539; 10;10311; 11,931,
1111524 1134334 1136344 113557, 11;038: 114859, 1142510,
1205314 1299324 1216534 1217344 124837, 124158, 12,059,
1204310, 13,0504 13710524 13,5334 1314355 13;1364 134238,
1319594 137113114 14911304 1410314 1419344 141135, 144464
141757, 14483104 14,6311, 15;10504 15111314 15544, 15,6554
1517364 1511374 15:3310; 15;23114 16,5304 164652, 1643434
1619354 1618364 1614484 1612394 16103114 1746314 17,2424 1711334
17,334, 17{1037; 17,5484 17,759, 1705104

013383 130523 2)2363 314393 416395 511333 6,2355 773115
8143103 910353 10,0313 1133575 12433113 1316373 14423105 15,8595
16113115 17445115
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type CCC: 5383113 037393 132383 5393105 0333103 436383 738:10;5 1,550,
type ©CC: 2393 385 w3343 063103 «0;113; =5;7;
type ®*BB:  «0,5; olyd, «2,3,
type BBB: 051525 053545 153:5; 2245,
One long line is 0414 - - - 11 and the other long line is formed by replacing the
subsystem of STS(19). Next, 33 € LS;(3, 7, 130) by forming a partition
7r(11, 62 81, 12}) and constructing short lines of
type ACD: Oyig(i+1)4 14i3(i+3)g 24ia(i+5)g 31i3(i+7)g 4yiz(i+9)y Sylati+ 1),
(i =0,1,..7)
type BCD:  0qi3(i+2)y 1,i3(i+4)s 2ai3(i+6)y 32i3(i+8)y 4aiz(i+10)4 Sainiy
(i =01..7)
type ABD:  (i+5),0,(i+10)4 i1 1siy (i+1)2,(1+2)4 (i+2)3,(i+4),
(i+3)142(i+6)y (i+4)5:(1+8)4(i = 0,1,2,3)
type ABB:  012;3; 11324, 214255 310:5, 410;15 5,152,
type @BB:  «(,3; 1,4y ©2,5,
type BBB: 052,45 1,3,5,
type «CC and type CCC: form an STS(9) on « and the eight points of cell C.
The long lines are 0317 « - Si0and 041, + + + 114w, Form the partition w(1', 8!, 14%)
and apply Corollary 1.25 with gy = 7, g = 14, t = 3 and x = 8 to prove that
51 € LS(3,7,15).

We now are able to summarize all of the above resuits in the following

theorem.

Theorem 2.43

LS(3,7°,97) = {v:v 225 v=13(mod 6)}; LSd(3,7',13‘) ={v:v 2 33, v = 1,3(mod6)};
LS(3, 7,13 ) ={v:v 2 31,y = 1,3(mod 6)};LS(3, 7", 15 ) ={v: v 2 37,v = 1,3(mod 6)}.
Proof: By Lemma 2.21, Corollary 2.22 and Lemmas 2.27, 2.30, 2.32, 2.33 and 2.42,
and Corollary 2.34, v € L§y(3,7",9") for all v 2 25, v = 1,3 (mod 6). Similarly,

v e LS(3,7,9%) for all v » 25, v = 1,3 (mod 6) from Lemma 2.25, Corollary 2.26 and
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Lemmas 2.27, 2.30, 2.32 2.33 and 2.42, and Corollary 2.34. Next, v € LS4(3, 7', 13*)

for all v > 33, v = 1,3 (mod 6), from Lemma 2.21, Corollary 2.22 and Lemmas 2.29,
2.30, 2.33 and 2.42, and Corollary 2,34, Now, v € LSi(3, 7", 137) for all v » 31,

v = 1,3 (mod 6) from Lemmas 2.23, 2.30, 2.33 and 2.42, and Corollaries 2.24 and
2.34. We have v € L.S4(3,7°,15 ) for all v > 37, v = 1,3 (mod 6) from Lemmas 2.21,
2.27, 2.30, 2.32, 2.33 and 2.42, and Corollaries 2.22 and 2.34. Finally,

v € L§;(3, 7*, 15') for all v = 37, v = 1,3 (mod 6), from Lemmas 2.25, 2.27, 2.32, 2.33
and 2.42, and Corollaries 2.26, 2.31 and 2.34,

§2.4 Almost uniform linear spaces with one long line of size 6t + 9,
one long line of size w and short lines of size three

From Corollaries 1.19 and 1.21 if an AULS has one long line of size 6t + 9 (t > 0)
then the other long line has size w = 1,3 (mod 6) and v = 1,3 (mod 6) or size w=5
(mod 6) and v = 5 (mod 6); also, w > 6t + 9. Firstly assume that the two long lines

intersect and start by constructing an AULS of minimum order.

Lemma 244 Letw=1 (mod 2), w > 11.

Then 2w+ 6t+7 € LSi(3,(6t+9)",w")and 2w+6t+7 = min{v: ILS;(vi{3,(6t+9) w1}
Proof: As & consequence of Corollary 1.21, v > 2w + 6t + 7. Apply Lemma 1.32(a)

to prove that LS;(2w + 6t + 7; {3, (6t + 9)', w*}) exists.

Corollary 245 If w = 1 (mod 2), w 2 11, then v € LS;(3, (6t + 9)*, w") for all
v 24w + 12t + 15, where v = 1,3 or 5 (mod 6).

Proof: Apply Lemmas 2.44, 1.38 and 1.39.

If the two long lines are disjoint, we can prove an analogous result when



88
w =3 (mod 6).

Lemma 2.46 If w = 3(mod 6), 0 < t < (w-9)/6, then 2w+61+9 € LS 4(3.(61 + 9", wh)
and 2w + 6t + 9 = min{v: ALSy(v; {3, (6t + 9)", W' })}.

Proof: By Corollary 1.19(i), v 2 2w+6t+9. There exists an

LS4(2w+6t+9;{3,(6t +9)*,w*})by ] rmma 1.36.

Corollary 2.47 If w = 3(mod 6),then v € LSy(3,(6t + 9)",w Yor all v 2 4w+ 12t+ 19;
v = 1,3 (mod 6).
Proof: Lemmas 2.46 and 1.38.

There are no apparent recursive constructions if w= 1 or 5 (mod 6). However,

by setting t = 0, u = 9 and w = 13, we can provide a direct construction to verify
that LS4(37;(3, 9", 13"}) exists.

Lemma 2.48 There exists an LSy(37;{3, 9", 13'}).

Proof: Form the partition (6%, 9% 131), where cells A,B are the sets Zyx {1}

(i = 1,2), cell Cis the set Zg x{i} and cell D is the set Z,3x {4}, and construct short

lines of

type ABD:  0qisiq (i = 0,1,2,4,6,7,8) 045034 043254 110,94 11,104 125114
1950124 134904 193214 116224 148234 117244 24i(i+5),
(i = 0124,6,78) 2:58; 213,104 34ix(i+1)4 (i = 0,1,....8)
4ip(i+10)4(i = 0,1,...,6) 4844 417254 Sqix(i+6)4(i = 0,1,...,8)
64ix(i+2)4(i = 0,1,24,6,7,8) 645,54 613274 Tyix(i+11)4(i = 0,1,2,4,6)
71521y 713234 18354 T17264 81i(i+7)4(i = 0,1,2,4,6,7,8) 85,10,
813,12,

type ACD: 0,059, 0413104 0433114 0453124 170555 131364 14374 15384
212514 293424 290335 245444 310304 3433104 3123114 3443124
410464 413374 414384 415394 515324 512334 511344 513354 611304
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61331y 633lly 003125 70575 7238y 7,19 Thsl0y 81,3,
81054, 8235, 8,330,

type ACC: 012343 132333 21343 3;1:57 41321 5,054 0,2:5; 7,35,
814455

type BCD: 055334 05234 051583 623312 152305 ladgdy 1,535, 12339,
20431y 291554 255364 2503104 394324 302304 31311y 3,048, 40433y
425374 423384 4223124 551374 525304 52334y 52439y 62131, 6435,
67239 6253104 731324 7523104 7203114 753334 84304 85247,
825311, 8313124

type CCD: 334304 035314 032524

type BBC: 031503 596505 498505 18313 255923 236533 328233 057243 357,53

type BBB: 0,258 05355, 04,67 253045 1297, 153,60 637282 425575 15548,

type CCC: 031334

The long lines are 0;1; « -+ 8;and 0414+ + - 124,

Corollary 249 v ¢ LS (3, 9%,13") for all v » 75; v = 1,3 (mod 6).

We will now present constructions of AULSs in which the two long

lines may either intersect or be disjoint, provided that certain conditions on t and w

are met.

Lemma 2.50 Ifw=6t + 7 (mod 12t + 18) and 0 < t < (w - 16)/12, then
2w + 6t + 11 € LSy(3, (6t + 9)", w").

Proof: Form the partition w((6t + 9)(W+Ot+11/(0+9) 41y and apply
Theorem 1.24(a).

Lemma 2,51 If w=06t + 5 (mod 12t + 18) and 0 < t < (w - 14)/12, then
2w + 6t + 13 € LSy(3, (6t + 9)", w). '

Proof: This readily follows, as in Lemma 2.50, by forming the partition
n((6t + 9)(w+61+13)/(6l+9)’ Wl).
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lemma 2.52

(a) If w=13(mod 6) and 0 < t < (w-9)/6,then 4w+ 12t+15 € LSy(3,(6t + 9) . w").
(b) If w = 1(mod 6) and 0 < t < (w-9)/6,

then 4w + 12t + 17, 4w + 12t + 21 € LSy(3,(6t+9)" w").

Proof:

(a) Form the partition 7(1', (w - 1)* (12t + 18)!) and apply Theorem 1.24(b) with
gr=6t+ 9 g=w-1Lt=4andx = 12t + 18.

(b) Form the partition 7(1}, (w - 1)% (12t + r)}) where r = 20 or 24, and apply
Theorem 1.24(b) where gy = 6t + 9, g =w-1L, t =4andx = 12t + r,

Lemma 2.53

(a) If j € {1,3,5,7,9,13}, 0 < t < (w-j-4)/12 and w > 16],

then 4w+ 12t+j € LS(3,(6t+9)"w").

(b)Hjisoddand 1 <j <190 <t <(w+j-4)/12 and w > 16+],

then 4w+ 12t e LS(3,(61+9) w").

Proof: Form the partition w(11,(w- 1)3,(w + 12t +j + 2)!)and apply Corollary 1.25
where gy = 6t + 9,g = w-1and choose x = w + 12t + j + 2 for (a),

x=w+ 12t-j + 2 for (b).

Corollary 2.54

(a) 37, 39, 43, 45, 49 € LS(3, 9", 13").

(b) 43,45, 49, 51, 55,57, 13 € LS(3, 9", 15°).

Proof:

(a) By Lemma 248, 37 € LSy(3, 9°,13"). We have 37 ¢ LS;(3,9", 13") since we can
form the partition 7(1%, 83,121 and can apply Theorem 1.24(b). A direct construction
is necessary to show that 39 ¢ LS4(3,9",13"). Form the partition m(8, 9%, 131), where
cells A, B are the sets Zg x {i} (i = 1, 2), cell Cis the set Zg x {3} and cell D is the
set Z13x {4}, and construct short lines of

type ABC: 00,33 111553 2425735 31343 414203 5;5,03 616063 717573 8,843
type ABD:  0y(i+1)ois(i = 0,1,..,7) 130584 13(i+2)5(i+9)4(i = 0,1,..,6) 2,0,34



type ACD:

type ACC:
type BCD:

type BCC:

type CCD:

type CCC:
type BBB:

9]

2]1?_44 21(i+3)2(i+5)4 (l = 0.].....3) 31011 l_g 31 1_\_‘24 3|2:04

3y(i+ 9+ Dg(i=0,Ld)  4ia((+6)4( = O.L23)  H(E+5)(i+10)
(l = 0,1.2,3) 5112(1"1‘1)40 = 0,...,4) S](!:(‘i_l 517:74 518234 (‘iiiz(iﬁ"))“
(l = 0,1,...,5) 617224 6“‘234 71l2(l+4)4(l = 0.2.3.4,()) 7[13‘)4 715254

7485114 8,0512 81155, §,2525 813,65 Sydady 85234 810014 8,750,
01438 0;239; 0;1510; 016301y 00312, 1,653, 1123y 14435,
110564 113374 214304 2331y 212324 2,5301y 2015124 3,236, 3,5:7,
3,758y 31059, 3163104 41651y 43324 4,733, 443ty 4,545, 5,030,
51159, 5143510, 53311y 573124 6,73d5 60554 6,1304 6,447,
615384 711304 71531 716524 712334 Tids12y 812374 816384 8,7:9,
8,0510, 81511,

0,5573 111373 210365 311333 411323 51235 6,2337 7,0333 8,3:53
052305 055524 05135, 050574 0573104 Iplsly 153334 16364 12058,
g1y 2,554 2,255: 220374 2533105 2563124 323305 3,041,
3,133, 392384 37311y 437525 49637y 45539 42410, 453512,
5,5304 557364 553384 524394 5223114 654424 Golady 627574 65339,
6,55125 To33q 703354 Talg8y 755310, Tol3ily 8,731 8044,
823364 8,6394 8523124

024365 152373 250343 35363 4olsdy 5p1363 G023 72363 85145,
037305 234314 031324 055534 336344 637355 435164

344475

form an STS(9) on the points of cell B.

The long lines are 0417 - - - 8; and 041, + - - 124. In order to prove that

39 € LS;(3, 9', 13'), a direct construction is required. Form the partition
n(1L, 61, 81, 12%), where cell A is the set Zg x {1}, cell B is the set Zg x {2}, cells C

and D are the sets Zy5 x {i} (i = 3, 4), and construct short lines of

type BCD:

02i3i4(i = 0,1,2,5,6,7) 0211334 029344 128384 124394 ]2(1"!'9)3(1'1"]0)4
(i = 0,3,4,5) 1233114 1211344 227354 2/2(H'5)3(1+6)4(I = 0,1,5,())
2,9384 2,339, 2043105 350544 351554 352364 3211574 3,738 3,553

,326324 3210314 423304 427314 429324 424334 42831 l4 42]344
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4525105 451139y 35510394 595484 5203104 35,7305 Sp4311y 5:8374
S2%364 52335,

type BCC: 054587 0533105 173105 155363 250313 252383 353383 324393
450553 403105 S50523 Splzlly

type ABD: 0,058, 1,059, 5,0,104 4;05114 311,05 511554 611564 711574
012214 612924 242534 312544 413504 513294 6132104 743,114 414554
114264 214974 714284 (1+4)5(i+1)4(1 = 0,1,2,3)

type ABB: 011555 013545 111535 112555 240215 21325, 310535 31425, 44152
51245 610,45 710025

typec @wBB: 0,5, wlydy 253,

type ACD: 0,250, 07524 0,8334 044344 049354 01364 010374 046394 035104
05311 135305 133314 148224 141334 1410344 191135, 14457,
112384 1,03104 1,93115 29304 234315 211324 217344 216354
213364 2310384 212394 2453104 203114 339315 315324 316334
312354 314364 313374 31038y 311394 31103104 3113114 443424
49134 416344 417364 41237, 41138, 4,539, 483104 511030,
518314 513334 512344 510364 511374 516384 5173114 611304 61514
618344 6110354 619374 614384 617394 6123114 714304 716314 710324
7110534 718354 7111364 719394 7113104

type ACC: 04103113 176573 211383 317383 411343 4,0310; 5,539; 3543114
6103113 613363 7423335 715373

type CCD: 638504 2311314 4410324 037334 335344 034354 8310364 531037,
133384 038394 73113104 1363114

type CCC: 036393 132353 137393 234363 5383113 2393103 344373 3395115

type @CC: 0333 ol3103 2373 ®63113 ©4353 0839,

The long lines are 041y » + - 7y and 0414 + + + 114%0. Next, to show that

43 € LSy(3, 9%,13"), form the partition 7(9%, 121, 131) and construct short lines of

type ABC: 010,43 0y1525 132,33 243243 333525 314553 4153105 516,73 616,105
06,7265 78513 88565 80,113 iyisiz(i = 1,2,4,5,7)

type ABD:  0y(i+2)5i4(i = 0,1,..,6) 130274 1;(i+3)(i+8)4(i = 0,1,...,5) 20,14



type ACD:

type ACC:

type BCD:

type BCC:

type CCD:

type CCC:

03
2152y 2+ )(i+3)3( = Old) 308, 319 3.2:10,
3+ 5)50+ 10400 = 0,1,23) 4yia(i+2)3(i = 0,1.23) H0s6; 4,727,
418583 Syin(i+9)4(i = O.1edd) 5q7aly 518224 64ia(i+3)5(0 = 0.1.5)
618295 Tyiai+ 10)4(i = 0,1.n6) 8172y 8;(i+ Dali+)g(i = 0.1,...5)
01157, 0,338s 0,59, 0,10310; 08311y 0,9312, 1,031, 1;11:2,
18535 11638 1,10554 19365 216305 2,548 2;10:9; 2,9;10,
211510y 241312, 319524 3,733s 3334 310354 3(1s6y 3,10:7,
4150, 4951y 44659, 411510, 4,211 4,712, S153; 5:23d,
514554 51364 516374 518584 61130y 6,531y 6,724 6yl310,
614311, 6,83124 Tidsds Ti3354 718365 715374 71638y 710394 81830,
81731y 814324 8,353, 89311, 810512,

016373 0,03113 135373 132343 23373 2;0583 3,065113 34483 40514
413483 510393 57103113 62393 06,0333 723115 7,93105 8,155,
810323

052304 055344 058354 07364 0533114 0503124 15,7304 15451,
1510364 1511374 150384 1563124 2511314 2906325 225334 250774
259384 254394 331324 350334 3210344 353494 3273104 3553114
4958y 456354 492560 490310, dolally 4933124 59304 Sofsla
Sy1354 Sollsby 593574 S5o8a12 650305 Ggfisly 633524 65874
6211584 652094 720524 752334 TalsBy 79994 Tods3l04 7510311,
8,1053, 8,034, 81155, 8,810, 87511, 8,2312,

0563103 051395 153353 158393 2573105 251383 3595113 35638
4,8410; 4,73113 552565 S5y0575 Gylads 65495 Todally 75485
8,455 8,393

131050 33430, 13231y 331031; 238324 5310524 639334 431153,
137344 8311344 235354 739354 430364 035304 439374 237374 2310484
437184 131139, 738394 5363104 2333104 0363114 353115124
0343103 133464

type BBB: Place an STS(9) on the points of cell B.
The long lines are 0714 + - - 8; and 0414 - - - 124. We can show that
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43 € 1.5;(3, 9", ]3') by forming the partition 1?(11, 82, 141, 121) and constructing short

tines of

type ABD:

type ABC:

type ACD:

type ACC:

type BCD:;

type BCC:

type CCD:

016205 0,525 0245 0,0564 05485 0,33, 113515 1,723,

116254 114774 115294 Tiladq 217024 290044 244564 215,84 233,104
212,54 315034 314254 31378 31109 317211, 316365 d1dady 41346,
411585 47,10, 410515 4,574 513,54 511574 51729 5105114 5,652
5285 615564 6,784 610510, 611504 62,34 616595 T12574 710,94
732114 7)Toly TySota Tidal0y

0115123 07,135 130,135 1,285 216x45 2,125 3,0,6;5 3,2,7
412583 41665 5,52103 Sphally 6145133 6,355 7115103 76515
0,231 01435, 0,657; 041139, 0;10510, 01511, 11504 1;1152,
118365 1,738 1,510, 1:23114 2012304 23315 24653, 2,847,
2,939, 2110511, 3,230, 311314 3,135% 3194, 3:338; 312310,
410305 413325 42534 419554 4112395 4idslly 511330, 5:841
517334 Si53%q 5112565 5193105 6110314 613524 611238, 61055
612574 61113114 711150, 742324 719534 7735, 715364 71684
00573 0,8:9; 03555 1,0:65 1333125 1;9510; 2,055; 2,751l
2)13133 3,0585 314353 31103113 4;0515 4:55113 4,73133 Sqls3s
514363 51023 611393 6,3363 6,5573 7,05135 7,338 7112
057574 0,5524 0,10535 058505 08584 053354 lols2s 15635, 1ollsl
1135114 153510, 1pds6, 150334 251359, 2511310, 2,050, 2,5;14
206325 251365 2595115 3:650s 320524 3r2%4 3512384 32339 do3s0,
Aisly 4992, 41335 47739, 405114 50510, 5,530, So7sl
SH125114 5,855, 63334 631058, 6511584 6513315 65057, 6555114
6,83105 729505 755554 To036s Talsls Tylaka

0523125 0,0593 013113 155585 157393 2,2533 2,105125 3,85104
31373 355393 35113133 432355 4,83125 4565105 Splsbs Sp3513
593113 Si2343 6,573 693123 Ty33d3 123105 To63125 7p83lls
758305 0312314 63031y 4310525 731252, 43833, 1131253, 551333,
033344 63113y 8313344 ladads 231155, 1231335, 131055, 741046,



LHS)
3311364 239;64 ()3]33[’\4 3310374 43]]374 .‘-“;1:374 "’3'3‘;7_; 430384
135585 2313385 0310:8; 13839y 034395 23059 531039, 132310,
6373105 4313310, 35711, 638311,

type @BB:  «0,7, la6; 0255, 34,

type ©oCC: 13123 5363 02383 wd373 3393 103133 ol

type BBB: 031525 05355; 024262 123572 124255 223505 254375 530575

The long lines are 0,1y + « - 7o and O4ly - -+ 1lgo We need a direct construction

to show that 45 € LSy(3, 9%, 13"). Form the partition (9%, 13, 14Y), where cells A,
B are the sets Zg x {i} (i = 1, 2), cell C is the set Z4x {3}, and cell D is the set
Zy3x {4}, and construct short lines of

type ABD:

type ABC:

type ACD:

type ACC:

01109 01455, 0251y 032104 1,25105 1,556, 1,602 144,11,
2511 23,7 21434 2163125 3,534 313212 31458, 3,604
317205 413944 415204 41694 417254 418aly 51621y 5\72104 58,6,
510024 613264 617524 682114 611574 60534 74853 Ty12124 70,8,
712044 8,04, 81150, 8,429 8,254 ifinig(i = 0,1,2,5,7,8)

01 +5)i3(i = 0,123) 1,0,13 1,305 1,743 118573 2,05103 2,145,
2785 218,123 310,93 3115133 3;205 38505 405115 4,153
41295 4idals 5112123 S5i2x83 51493 S132105 614573 6,2115
616255 615,33 Tids53 Tidals 115223 716533 8162115 8,5:9; 8,3,5,
8,7,75

014324 019535 06344 07365 0,557, 0,10:8, 012411, 011512,
119505 1913534 141138, 1,555 1411257, 13384 1,894 1,10312
2,040, 216314 2,2384 213355 211136, 2,938, 2,139 2,13;104
3.8514 3110524 3,735, 311264 313374 3;594 3111310, 344511,
418524 414334 4110564 417374 41238, 4153104 413311, 4,0512,
512304 513334 515544 Si637a 5113385 5111394 5:83114 Sq1312
611350, 61131y 6,08 61835, 61438, 6,12395 6,9310, 62312
711250, Tadsly 716524 719354 7113464 71059, 747510, 7405114
80314 811524 812334 8;8365 81337, 812310, 8,10511, 8,312,
0183133 12365 218373 311323 4463125 5;0573 663105 783115



type BCD;

type BCC:

type CCD:

type CCC:
type BBB:
type BBD:

8143()3

96

256304 2523114 237394 255384 3212314 3252394 3,4304 3,11524
453304 4913344 424304 4910374 57263124 55134324 557344 35,1137,
050334 0303114 0912954 628384 79314 7510334 751359y 7,12312,

821354 8,937, 8,059; 8243124

0x4353 0,03123 0573135 156573 lpd3115 1593105 253310,
2,123133 3,377 3;63133 358393 450523 5,8312; 554310,
521353 45115125 6y43135 62595 6575105 750553 7o63115
8,23115 85483 85105135

131050, 531130, 758304 23731y 1131331, 531051, 23352,
931252, 536335 1312335 7T3ll334 339344 1031234, 44834,
10511555 03455, 051365 639365 335364 058374 13437,
7312384 1311384 336394 439394 0310510, 136510, 234510,
549411, 137311, 3311511, 5313312, 759312,

2355123 0333133 1395133 2383105 3343123 049511,

Oxdy7 152,85 155465 2,57, 304565 03,8,

2,138,
4,6383
721334

557524
231335,
06384

348410,

628204 425214 428224 223234 728244 123254 022264 627264
226274 325284 127284 025294 0262104 1242104 5282104 0212114

3,511, 254,12,

Clearly, 45 € LS;(3, 9", 13"} since a partition n(1, 8%, 123) can be formed and

Theorem 1.24(b) is applicable. A direct construction is given to verify that

49 ¢ LS(3, 9', '13'). Form the partition n(ll, 61, 122, 181), where cell A is the set
Zyyx {1}, cell B is the set Zg x {2}, cells C and D are the sets Zp x {i} (i = 3, 4),
and embed an STS(9) into an STS(19) which contains = and the eighteen points of

cell A, Construct short lines of

type ACD:

i103i4(i = (,1,..,11) (1+12)113|4(i = 0,1,..,,11) (i+6)123i4

(1 = 0,1,...,11) 513304 (10-i)133(i+ 1)4(1 = 0,1,...,4) 1713364 413374
12,3384 21339, 14,3510, 0,3311, 113450, (4-i)1ds(i+1)q(i = 0,1,....4)
514364 (16-[)143(l+7)4(i = 0,1,...,4) 1715304 1615314 015324 115334



type ABD:

type ABC:

type ACC:

type BCC:

type CCC:
type =CC:

07
13,5585 315455 115365 (104)53(+T)4(i = Old) 14030y 040314
(1-)63(+ 204G = 0,1.9) 13,7305 12,731y (5-iN73(+2)y

(i = 0,1,...9) (17-)73(i+8)y (1 = 0,1.2,3) 108304 17831,
(6+1183(1+2)4 (i = 0,1,.,5) 38383 1318395 183104 15,8511,
1019504 11,9314 1579324 1419334 21933, 121935, (4+1)95(i+0)4
(i =01,.,5) 410405 5;10314 12;10324 (13+i)105(1+3),

(i =01..,4) ij105(i+8)4(i = 0,1,2,3) (9-i)115i4(i = 0123)
(17-i);115(i+4)4(i = 0,1,...,7)

010234 042,44 014,94 0315104 140524 11554 115,813,110y
211204 292514 244264 210274 312204 313214 315204 311274 41202y
413254 414284 415,114 511534 510244 5,2594 532104 6plaly 6444,
610294 6152104 713204 715254 711284 7411,y 814504 8,0504 8,357,
812;114 914214 991264 945274 9122104 1045524 104025, 1042,8,
1043294 1172534 1111044 1110584 1115994 1243234 125244 1242974
12445104 1314524 1312554 1313364 1311511, 14,0504 145,14 144455,
1432564 1515504 15,0714 1513244 1514574 1611524 1614:34 16,384
1610511, 17,3524 171534 17119, 17,010,

013523 015,85 134293 12113 2335113 2,525 302113 34402
4,0,8; 4115115 51485 515,53 612,13 613245 7,0273 7:2,105 8,151,
8,5,75 910043 913,75 10115105 10,4515 11;3,33 11,4,105 12,0,04
12,1,8; 130565 13,5593 1411505 14,3,5; 15,155, 15,2533 1612,65
161533 17:2,03 1714263

09:113 12333 2,5:8; 313393 412555 5:23113 673105 7,15,
8,43105 9;143105 1044575 1111373 12,5363 13,0533 14,6383 15,0563
16,095 17,4395

0y1333 052595 0555105 1p2583 157393 13363 252373 24353 258393
30513 3,6:95 3,85103 40s%s 493373 4555115 5,03103 551364
Syd3115

055573 052585 135293 1383135 2363105 344485 33103113 6575115
(3113 03355 wl423 04363 «7383 93105



type BBB:
type oBL3:

98
071525 053245 153555 25455,
000252 001242 “92232

One long line is O4l4 -+ + 1140 and the other long line is formed by replacing the

subsystem of STS(19).

(b) We demonstrate that 43 € LS(3,9", 15°) by giving two direct constructions. First,

form the partition 7(9%, 10, 15') and construct short lines of

type ABD:

type ACD:

type ACC:

type BCD:

Opizig 017224 018264 0412574 036284 14ix(i+2)4

1724 118,85 152094 1165104 24ia(i+4),

27064 2185105 2,2,114 216124 3qin(i+6)q

3,784 3185124 312,134 316214y 44in(i+8),

47210, 48,144 4:2,05 416514 Sqinfi+10),

5172125 Si851s 512324 S16234 6iali+12),

6,7214; 6,8,34 612584 616054 Tqinli+14),

TTols 785« Ti2obs  TibsTa  Syili+1)q (i = 0,1,34,5)
817234 8,857, 82,8, 816,94

0,139, 0,0510, 0;2511, 0,912, 044513, 0,6514; 1,130, 1,051,
19511, 443124 1465135 1,8314s 2250, 2,931s 214524 216334
285134 2,73144 3,950, 31daly 316324 318334 317384 315554 410524
47334 446584 4355, 415564 411574 Sidsds 516354 510364 517574
5384 5,59 6:8564 6(i+5)ai+Mali = 0,1,4,5) 61339, 715484
7009, 714310, 7yisll, 742512, 743313, 8,850, 8,7310, 83311,
80512, 81513, 82314, |

013353 017383 112353 113373 240353 241333 340313 312333 412345
418393 512383 511393 611383 612363 7,7393 746383 816393 8435,
053334 02155, 052474 0,959, Opdlly 0y7513, 1,544 1o6a6s 158484
12310y 1533124 lplalds 233ls 2,233, 2,955, 283104 27312
2,5514, 3,7314 353365 32534 326310, 313124 3,914, 4y440,
4572 46574 4,894 45311y 49413, So23ly Sols3s 5208,
553310, 526312, S831ds 653304 6,552, 6olsdy 65436, 6565114
60313, 726304 722354 73374 Todd TaB3lly 7o53134 850404



(1%}
82832, 8938y 82639, 87311y $:22313,
type BBC: 027203 294503 123303 da7a13 2a8s13 da0o27 4a8:33 a2y
328243 023253 523353 0222(13 1353?3 ():7273 035:33 32(\:3~ l:h:‘)_-‘

A

type BBB: 051545 056585 157285 223572 354057 255,05

type CCD: 537304 138314 536314 132424 339325 033335 539335 33834y
03234y 038354 437554 137304 239364 039357, 42837 13038, 43938,

23739, 1353104 5383124 0333144

type CCC: 036373 334565

The long lines are 0;1 + - - 8; and 0414 « + « 144. Second, form the partition

w(11, 82, 12}, 141) and construct short lines of

type ABD:  Oyigiy  19i5(i+2)y  24ia(i+4)y  34ia(i+6)y 4(i+8)y  Syia(i+ 10),
61i5(i+12)y Tqis(i+1)4(i = 0,1,..,,7)

type ACD:  Oqis(i+8)4(i = 0,1,.,4) 0;83134 1115105 116311 1,012, 1,913,
L1430, 1,731y 2113124 2453134 212304 243314 214324 27334 31630,
311151, 315324 319334 3110344 310354 4)is(i+2)4(1 = 0,1,4,5) 4,334,
412554 516344 5111354 518464 519374 5110384 5;7394 64is(i+6),
(i =0,1,..,5) 4(i+6)3(i+9)( = 0,1,23,5) 743134

type ACC: 0463113 0;73105 045393 1:5383 1713105 1,2333 2,103115 2,085
216393 314373 311333 312383 4473113 46383 4193105 5,0313 5,2:5;
513343 6193113 6463573 6183103 740333 71523 7,53104

type BCD: 058334 051354 023375 051039, 05115114 0523134 155304 157444
159364 15838, 15105105 1503124 255314 253354 222374 22839
2513114 25103134 357304 3511524 3510364 329384 3413104 3,83124
4523157 450334 457374 421139, 4710411, 4504134 523404 598424
595344 596384 5295104 53103124 631314 022434 0210354 62549,
60,9511 6303134 7310404 723324 7,834y Tol1364 7264104 7574124

type BBC: 02503 155,03 357203 197213 495515 153523 597927 124533 306534
156945 355,43 0xdyds 237243 023553 457,53 030905 293,07 0,5,7,
256273 426283 07293 224293 1325115 5,05115



iype =BB:
type CCD:

type «CC:

100
oollyly @2,5, ©3sdy %657,
039305 138305 4310315 839314 036305 136325 241032, 739524
331043, 456335 S3llyds 05238 13934, d3llgdy 73855, 43955,
53635s 135965 336364 237364 438374 631057 051137, 13758,
3311384 435484 034395 239995 035310 338510, 057311y 244411,
23115124 3353124 3373134 1311513,
02363 w0310 w5573 wlydy w8ylly 349,

The long lines are 0;1; « - - 7yand 0414 - - - 134=. Similarly, direct constructions are
provided to show that 45 € LS(3, 9, 15"). Form the partition (92, 121, 151) and

construct short lines of

type ABD:

type ACD:

type ACC:

type BCD:

Oiigig(i = 024,6) 07214 01553, 0,855, 013575 0plo8y 1;0,24
1+ D)o+ 3)4( = 0,1,.5) 1,894 1475104 24ia(i+4)4(i = 0.2,4,6,7,8)
2550 2157y 239 31754 3iiai+6)a(i = 02468) 3;5,9
33211y 3113135 4ini+8)ali = 02,67.8) 41429, 4155114 4115124
437134 510,10, Sidlly 512512, 5,513, 5,11 53,0, 5.6514
51722 58334 6102124 6172134 6,251, 615,04 614214 613524 616,34
6118 6,857, Thigli+14)a( = 01246) 7,524 Tp30ds 7,864
17578 Siigli+ Dali = 0,1246) 815544 23265 8,885 81729
0,594 0111310, 0.23114 040512, 07313, Oyd514, 1,(i+6)s(i+11),
(i = 0234) 13312 Ll3ly 211313, 2,0514, 2,250, 2,71,
20432 23334 310305 316314 318524 39534 3110544 311157 415524
411335 41238 411055, 418364 418574 S163%s 517354 518364 SidaTs
51058, 511394 613555 6110564 61258, 6,99, 654510, 6,711
T +6)3(i+8) (i = 0,1,.,5) 8,0510, 83311, 811312, 8,913,
8,2:14, 8,70,

0i1363 0383105 0,335 1,0353 112485 1,7s113 2,658 2,951l
2,5105 34373 311355 312533 41659, 413311y 40575 533105
5123113 5:5593 615363 6185113 6,0513 7,052 7y1sd3 733355 8,465
8,5:85 815105

0,733 02535 09574 01139, 00311, 0,23135 1,1lal, 1,56



type BBC:

type BBB:
type CCD:

type CCC:

101
635y 1339, 19300, Iobslly 25505 2,25, 2.3,7, 23439,
251310 2263135 32830y 32033 32538, 3215104 393124 327314,
426305 422324 45137y 4283125 425313y 4210304y 55530y 5.3.0,
Sy1158 5210310, 5273125 558314 021130, 021052, 65334, 6,249,
625511, 6313y Tab33y Tolydy Talls6y TaSa8y Talyl2y ToSyld,
851304 826124 825385 8:23104 8,8511; 823313,

526203 152503 428,03 020213 1adaly 123223 5,7223 3adad;
057533 327283 Oxbay S38pd3 025563 326563 ladaTy 256,73 Ta8y7,
0,285 156583 425,93 628293 2,729 0532103 258,103 157,104
3,85113 25,115

021585 25325, 4o657,

338505 49930, 03331y 2393l 4310514 139:2, 0311524 33742,
438534 S3llydy 2310535 13834, 431138y 73938 131135, 83935,
034354 152364 637364 039364 036574 235374 7310574 931058, 33438,
157585 03859, 631059, 336310, 5373104 105115114 236312 445,12,
03105134 6311314, 133514y

2,738

The long lines are 0417 « + « 87 and 0414 - - - 144. Form the partition
a(11, 21, 81, 141, 201), where cell A is the set Zg x {1}, cell B is the set Z x {2}, cell
C is the set Zyyx {3} and cell D is the set Zyyx {4}, and construct short lincs of

type ABD:

type ACD:

010,04 011514 110,24 111534 210044 2,1555 310264 31574 4,08,
4119, 510,104 S11p114 610,124 6415134 7,054 741524
Ogis(i+2)a(i = 0,13,5,6) 0712384 0,19564 0,959, 0;153104 0,751,
0114312, 0416313, 141130, 1y1331, 18584 1419555 11546
1,G+17)5(+Na (i = 0,134,6) 11239, 14123124 23304 27314
2,(i+8)3(i+2)4(i = 0,1,4,5,6,9,11) 211659, 2,113104 2;193124 3,130,
3,17314 3118524 3110334 310344 311554 39(i+2)3(i+8)4(i = 0,1,3,4)
3116310, 3193134 4,830, 49314 4115525 413534 47344 411335,
414364 411457, 410510, 4117511, 4418512, 41193134 Sqisig

(i = 0,1,2,4,5,7,8) 5119334 5:3364 5,10594 51113124 5,143134 619304



type ACC:

type BCD:

type BCC:

type CCD:

type CCC:

type «CC:

type «BB:

102
610315 6,192, 6,1433, 6,234, 6,175, 6118364 6;1537, 61058,
61139 6163105 633114 7411335 71534y 7112455 716365 718374
7113384 7,14394 7,23104 7,16511, 793124 7143134 7;10304
0,10;183 043135 0,238; 0;113175 137993 1;53103 1163165 145145
2,03123 2,123 2,14517; 2,65185 3143155 3;85115 3;125145 3,7519;
4103165 411363 412353 43113123 5195123 5;133185 54165175 565155
61831605 614353 6,113133 6,73123 705155 7313185 7,173195 7,3373
050334 0,235, 046374 0512594 0511311, 0573134 151304 153344
155464 15448, 1512310, 1503124
021353 03343 0103193 0583144 07133155 05173183 0593163 1523153
1263113 1573173 158393 15103133 15163193 15143184
2314504 15319504 5317504 436304 7318304 12316504 036514 231931,
4312314 1631831, 3315314 53831y 11314314 137324 3313324 11316524
5312324 8310524 6317324 9314324 2316334 437334 13317334 639334
831833, 1231533, 1051134, 6314344 1316344 18319444 9313344
15517344 0310354 7511354 638354 15318354 439554 14316554 0313364
1314464 7316364 2312364 10317564 9311364 031374 2310374 3319574
4316374 11318374 12313374 139384 12317384 11315384 5319384
7314484 3316384 031199, 7315394 451739, 5318394 6319394 831339,
13175104 133143104 5373104 83193104 3393104 43183104 0344114
8315311, 103143114 12319311, 2363114 93185114 13153124 103165124
5313312y 7383124 2343124 33173124 03183134 103123134 23133134
13113134 5363134 83173134
035393 033383 1383123 13134193 2333113 2493175 33123183 3353145
6373133 53153163 3363103 43113193 052373 03143193 1345104
9310315,
033113 0143153 023183 003173 «73103 1333 ©63123 ©133165
4487 €93194
0,1,

The long lines are 0;1; » - - 7y and 0414 - + + 134%. In order to show that
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49 € LS4(3, 9" 15'), form the partition n(‘)l. 10Y, 157) and construct short lines of

type ABD:

type ACD:

type ACC:

type BCD:

type BBC:

Opisig (i = 0,14589) 03225 0,233, 07305 0,627, 112314
L+ Da(i+2)4( = 0234,7.8) 110035 17274 1,028, 2,ia(i+2),

(i = 0,1,..,5,8,9) 2,7.84 21659, 313234 3,(i+ Da(i+4),(i = 0.3.4.7.8)
3,0555 312565 3,794 3165104 44is(i+4),(i = 0.1L4589) 4,340,
42,74 475105 4,6511g 51254 Si(i+ Da(i+6)4( = 0234.7.8)

5,0,74 Si7511y 5162124 64ia(i+6)4(i = 0,1,..5.89) 6,7212; 6,613,
713774 Ty(i+ 1)o(i+8)4( = 034,7,8) 7,029 742,104 7,713y 7,614,
Siia(i+8)(i = 0,14,5) 83,10, 812,11, 8,714, 8,6:05 88,1,
819,24

04i3(i+10)4(i = 0,1,24) 083135 1112311, 133124 1,7313,4 1,834,
119505 2;(i+10)3(i+12)4(i = 0,1,...4) 3,0313; 3,ix(i+13),

(i = 0,1,.,4) 41(i+5)3(i+14)4(i = 0,1,.08)  Sy(i+10)3i4(i = 0,1, 4)
61is(i+ 1ali = 0,1,..3) 6112354 T1(i+5)3(i+2)4(i = 0,1,24) 714354
811033, 8,1334s 8635, 8;11364 8,147,

0;113125 0,339; 0,75103 0,53135 065145 1,045 113105 1;23114
15563 13133143 200593 211343 212573 2,365 215483 312313,
3,8310; 36573 3193113 3;53143 4,05123 413115 4,23133 433144
4143105 50363 511373 512383 513343 5:5393 6,7393 616383 64455
61103134 6115145 7,03105 713145 7,25123 7,33135 7,83113 8,047;
811593 82333 8;53123 814383

0,231 Opl310; 055115 0265124 0214513, 0x03144 158310,
L(i+ TG+ 11040 = 0234) 1555124 257304 2,9524 2,099 2135124
28313, 26314, 3,150, 3p831s 3723114 3,8312, 3,54134 353314,
4o(i+10)3(i + 13)g(i = 0,1,3,4,5) 455504 5523144 5,3304 Sx6314 527424
Sy1334 Sydshs 6312314 653524 6,8334 630384 6211354 62364 Tod304
7951 1513524 755334 Tol03y To135s 856524 8514434 825444
851335, 85,7465 88374 911534 999344 951055, 951d464 91237,
93384

158205 3,903 S5,7,03 1a6213 2,813 doYl3 152523 497523 829023



type CCD:

104
154533 257233 a8933 Oalsdy 498,83 6,943 259555 526253 159263
3oy 027263 023273 426273 729273 057283 529,85 224,83 056595
358293 45,93 025,103 23,105 6585105 0,2,113 357,115 558,115
0282125 153,125 2,5,123 7,85125 09,133 155,135 3565135 355,145
2,65143 157,145

038305 1231450, 138314 5310314 5252, 1031132, 337334 431233,
1932585 63113dq 8312385 033354 239555 537554 831435, 035464
133364 436364 8313364 10312365 031337, 13657, 2310574 335374
Tall37y 43957, 0314585 155385 23438, 83958, 1151358, 731248,
631058y 131239, 231439, 3310595 4313395 738394 63959; 531139,
2:55104 6512510, 457510, 3311310, 10314310, 9513310, 0511511,
6313311, 3383114 4314311, 9310511, 031512, 4311512, 7514412,
0312312, 1513313, 236313, 33123134 7513314, 9514314,

The long lines are 0y1; + -+ 8 and 0414 - -+ 144.
We can prove that LS;(49;{3, 9°,15") exists by forming the partition (1%, 81, 121, 14%)

and constructing short lines of

type ABD:

type ACD:

type ABC:

012,05 01152, 0,0p44 0,(i+3)y(2i+6),( = 0,1,23) 0,751, 0,8,3,
019554 11734 11(i+3)p(2i+5)4(i = 0,1,23) 1,25134 1;8,25 149,44
1110564 20524 243544 24(i+4)y2i+6)4(i = 0,1,...,4) 2,9,34 2,105,
2,117, 3,(i+4)5(21+5)4 (i = 0,1,...5) 3,10p44 3,11,6, 32,8,
41(i+5)a(2i46)4(i = 0,1,.,5) 4111555 4,257, 41159, S1(i+6)5(2i+7),
(i = 0,1,..5) 5264 51184 510,10 67,84 618,10, 69,12,
6110004 6,112, 6124, 61157, 6,059, 613,115 7:8,94 7195114
710,134 Tillply 712,34 T11aSs 710585 713,105 7142124 iginig
(i = 1,345,6,7)

010574 0,139 01125114 0,73134 134304 131158, 173104 1133124
21931, 2,859, 2,103114 2,33134 312305 3;3524 311310, 3;1312,
4112314 47534 414311 42313, 56504 5.1152, 51054, 5,8312,
6110315 6,1133, 6,235, 6113313, 71050, 7;1524 732544 716364
0110583 071195 1311555 110295 22,125 2,1,13; 311,123 310,75



type ACC:

type BCD:

type BBC:

type BBD:

type «BB:
type BBB:

type CCD:

type CCC:

105
410263 4135115 513297 514235 64003 6517 754y 70533
045365 0113135 033103 012385 503103 11385 1323125 113303
2103113 231367 242353 244373 313105 353133 316385 3,039,
410353 4113103 43383 493133 50373 5.23135 54353 511312,
6163123 613373 06,4395 6,538 75373 710311y 7,8;93 712313,
0512304 0431y 021354 053365 0310373 0223114 025334 15130,
154334 155344 157364 1533104 1593114 250314 202324 25735, 2419,
2553104 2533114 357304 323314 396324 328374 32538, 3,039, 44550,
451351y 4,852, 4,9334 451059, 451310, 5513304 Sa83ly 521052,
5,0334 526384 5253114 68304 63314 650424 621334 Godady 621335,
729304 7513324 723344 Tal1354 728364 8alzly 83034y 851245,
824364 855374 856584 924324 955364 9213374 923485 929394 9285104
1046335 10;11574 1059584 1051359, 10,12310; 10575125 11510504
1157444 11513584 11512394 11563104 115115114
1,511,035 0510505 759,03 9,10:13 3511513 257515 1210523 329523
475,23 6511523 7,823 5311533 8310533 3adydsy Tollady 7510555
159563 657263 2984263 629273 527273 428773 05,2587 128281 10311584
508293 256,93 2535103 1572103 62105103 8392103 4565115 0,85114
1525113 5,95113 3575123 4992123 5705123 258,135 053513,
4,10,114 25115124 1535125 0555124 0575134 1567134 45115134
325,134
wdyTy wlySy wlylly; 039105 ®259; 0,6,
0,154 0295115 35698, 255,10,
3311504 237314 6311314 739324 5312324 2310434 3312334 8313334
13134344 931234, 8311344 033354 436354 539354 8310354 0313304
139364 10312364 2311364 134374 7312374 339375 230374 038384
132384 7310384 4312484 637394 5311394 233394 103133104 2393104
0343104 0313114 63133114 7383114 036312, 113123124 234312,
3353124 9310312, 0312313, 1353134 4383134 063103134 93113134
3343133 1373115
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type oCC: @74137 ®53107 ®83123 wi3lly w1333 06393 0324

The long lines are Oy1; - - - 7y and O4ly « + + 13400,

Use Corollary 1.32(b) withu; = 18, u = 9andw = 15 0oru; = 20, u = 9 and

w = 15, to show that 51, 55 ¢ LS(3, 9*, 15‘). Now, 57 € LSy(3, 9", 15‘) follows since

Lemma 1.36 can be applied to construct an LS4(57;{3, 15", 21"}). Replace the line

of size twenty-one by an STS(21), which contains a subdesign STS(9); such an

STS(21) exists by Theorem 1.7. This subdesign is then replaced by a line of size nine.

A direct construction yields 57 € LS;(3, 9°,15"). Form the partition

a(1', 2%, 181, 20%),where cell A is the set Zy4x {1}, cell B is the set Z, x {2},cells C

and D are the sets Zyg x {i}(i = 3,4),embed an STS(9) into an STS(21) which

contains « and the twenty points of cell D and construct short lines of

type ABD:  0,0,0; 0,114 170524 131534 210:44 271554 310:64 311574
4,0,84 411,94 510,104 5115114 690,124 6915134 702144 7115154
8105164 8115174 9105184 9115194 10,014 10,1524 1130:34 111244
1210554 1241564 1310574 131184

type ACD:  0)i5(i+2)4(i = 0,1,5,6,8,10,11,12,15,17)  0,7344 071335, 0119364
0,1639, 0,183114 0,33154 0,23164 014318, 1;18344 112354 1,064
111374 1719384 15(i+3)3(i+9)4(i = 0,2,3,5,..,12) 1373104 11163134
2;(i+16)3(i+6)4(i = 0,,2,45,79,.,17) 24239, 21193124 2;14314,
314484 31(i+15)3(1+9)4(i = 0,1,2,5,6,10,11,15,16) 3193124 3423134
31193164 3,183174 3,73184 318314 3114524 313334 4111510, 4473114
4183124 41153134 41183144 41173154 41165164 4123174 44i3(i+18)4
(i =0156) 44304 41431, 4332, 419354 4113364 419374
5i(i+11)3(i+12)4(i = 0,2,4,6,10,14) 57103134 57123154 35,3317,
5119319 512304 519314 510435 5114444 517354 514374
5116384 516394 61(i+9)3(i+14)4(i = 0,2,6,8,12,16) 6,183154 67105174
613318, 61123194 614314 6114334 612344 6916354 610374 6713384
617395 6119311, 7:33164 716317, T1(i+9)3(i+18)4( = 0,2,4,6,8,12)
T1\73194 7110314 7112334 718354 7116374 712384 7118394 7103114
T1143124 71195134 8153184 8133194 8719304 816314 819324 817334



type ACC:

type BCD:

type BCC:

type CCD:

107
811154y 8;1055, 8,236 8,157y 8838, 81439, 8175105 810511,
812312, 818313, 81514, 8,0315; 9,1330; 9,193l 9,(i+5)x(i+2);
(i = 04,10,12) 9,233; 9dady 9y(i+6)3(i+5)4(i = 0.408.10) 9,737,
9,1138; 93310, 9,18316; 98317, 1041933, 10,534, 10,035,
10,4564 10,(i+6)3(i+7)a (i = 0,1,6,10,12) 10,939,  10;14;10,

10,8511, 10,3512, 10,1014, 1011315, 10133165 10,2318,
10,1750, 114435, 114(i+18)3(i+6),(i = 0,1.23) 11,6310, 1113511,
11,5512, 11,17313; 112504, L+ 10)3(+15), (i = 0,2:4,6)

11,95165 11311318, 11,7504 11415524 12,1247, 12,1558, 12,1959,
1295105 1243311, 12425124 1213313, 1211514, 1214515,
12,8516, 12,17517, 1210518, 1216519, 12,050, 12,731, 12,432,
12,1833, 12,1345 134is(i+9)4(i = 04,510) 13,13510, 13,6511,
13,1312, 13,2315, 131173164 13,9517, 13{15;18, 13,1230, 13,331,
13,1152, 13,8334 13,16344 1311855, 13,7364

014493 1143175 2445153 31123135 4105123 583183 6;6383 744354
81133145 9;0313 10415155 1133585 12,5565 13145195

051239, Oxdy11y 0,5135 0519515, 0513317, 058319, 1,140,
15103105 1518512, 1573144 151235164 1513518,

0,159; 0,0510; 0,33113 0,23143 0573153 05163185 0563173 1505115
1543195 155485 153365 15143165 1,2315; 19517,

3316504 5318304 839504 035314 1317315 12318314 2313314 238524
6310524 7318524 16319524 16317334 9310534 4311534 6315434 033344
17519344 931334, 8312344 133354 5312354 931455, 15317354 8315364
6314364 331236, 1031136, 1431857, 23337, 1031357, 831137,
1310584 355484 9312384 14317384 8317:94 531439, 1131339, 4312410,
23193104 15318510, 103155114 113145114 2393114 03175124 4313312,
7316312, 037313, 1383134 639513, 344314, 63163144 15319314,
13315315, 436315, 783154 0314316, 1383164 537316, 1314417,
5319317, 034317, 1318318, 6319518, 4316418, 0515519 6511319,
234319,
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type CCC: 0393195 0363185 03125163 0585135 13133165 132553 1363123 1373195
4483143 133185193 35143155 23113163 23103183 3393183 8310319;
113125195 53103165 53113155 236373 4373103 23123173 53133173
03155165 7395113 115173183 33103173 73123143 3373135
type oCC: {323 wl3lly @3319; 073173 43183 5193 63133 103144
w8y163 ©12515;
type «BB: w51,
One long line is 0;1; + -+ 13;o and the other long line is formed by replacing the
subsystem of STS(21). Finally, 73 € LS(3, 9*,15") by forming a partition 7(1%,8%,32h
and applying Corollary 1.25.

We will be successful in determining the spectra for AULSs with one long line
of size nine, and the other long line of size thirteen or fifteen, when we provide

constructions for those orders which were not included in the previous lemmas.

Lemma 2.55 51,63 ¢ LS(3,97,13');39 € L§;(3,97,15").

Proof: In order to show that LS(51;{3, 9", 13*) exists, form a partition

n(l L gl 122, 181), where cell A is the set Z,gx {1}, cell B is the set Zg x {2}, cells

C and D are the sets Zjp x {i} (i = 3, 4), and embed an STS(9) into an STS(19)

which contains « and the eighteen points of cell A ( STS(9) is replaced by a line of

size nine), and construct short lines of

type ABD:  i1051y (i+12)115i4 (i46)125i4 (11-0)132i4(i = 0,1,..,,11) (5-i}145i4
(17-1)49(i+6)4 (i = 0,1,...,5) (17-i)155i4(i = 0,1,...,11) (2+1)164i4
(i = 0,1,..,9) 046510, 116511, 1317504 127,14 017924 117,34
1417244 151754 1697264 1717274 517284 417294 3172104 2175114

type ABC: 012523 015:93 1y2503 1355113 292513 235,43 312565 31575
412583 415253 5125103 515513 6115113 6144503 617,75 711205 714223
T 7233 811513 814243 817253 911553 94,103 9175113 10,1525
1014283 10,7243 1111,83 1144263 117,103 12,0505 1233933 12,6564



type BCC:

type ACD:

type ACC:

type CCD:

type «BB:
type BBB:
type «CC:

109
1310513 1313085 1316555 14,0523 14,3205 1410295 15,0584 153,10,
1562115 16,0533 1673253 1616273 17)0043 17,3373 17,6210,
0,595 0s63117 0573103 1333575 labally  Lab9y 2,335 20437
2,95112 320395 3923113 321383 daly7y 42339% 4953115 Soli64
Sy23105 553383 620315 6383 Ta0s2; Talsby TaS393 63233
011051, 014335 045344 0,757 01638 0,009, 1;1050; 1,952
1,1554 136365 1,2385 1,89 2i83ls 233y 2,635, 20264 2,547
22310, 31430, 311058 3,554 313365 31037y 3Sally 4,730,
8,1534 410554 4,2364 413385 4111311, Si630y 5,0524 Sidsdy 5,947
51594 517310, 69515 610524 6,534 68474 6,138, 6,239,
614310, 711304 731124 716535 71536 Tyds8s 7110394 7,911
82:0s 8,751y 8,114y 8,955, 86575 88310, 83311y 9,950,
9,351y 916584 914354 918364 911310, 9,231, 10,1150, 10,632
10,053 1075, 109565 10,339, 10,10511; 11,11514 11,752
11,3335 11,0584 113457, 11,5584 11,9510, 12,1524 12,7534 12,844,
12257, 12,958, 120495 12311310, 13,;3:24 13,1133, 13,255,
13,1056 13,7584 1319994 1363115 14,3304 14,551, 14,855,
14,136, 1411157, 14110510, 14173115 156504 15,2314 15,958,
157364 153574 150310, 15,1511 16,030, 16,8524 16,953
16,1155, 16,1058, 16,1395 1614311, 17,0315 17,5424 17,233
17,158, 17,858, 1771159, 17,3310,
0183113 0p1333 135473 1j33ds 217393 2;105113 3113113 3,239
44465 4,9310; 533113 52385 6:3365 7y7s83 8:0310;3 940475
10,155 1111523 12,5105 1310385 14,0585 15,4555 1642565 17,6595
548:0s lydsly 28324 8310535 23784 331055, 431136, 131047
0311384 63729, 5363104 0353114
oy7y @lafy ©2;5; @34,
021925 03325, 0p426; 133272 124252 223560 224272 57627
00333 01393 ©2:55 044103 06,83 «7;3115

The long line of size thirteen is 044 « -+ 1140, Similarly, 63 € LS(3, 9°, 13") by
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forming a partition x(11, 121, 14}, 182), where cells A, B are the sets Zygx {i}

(i = 1,2),cell Cis the set Z;4x {3}, and cell D is the set Z;,x {4} and constructing

short lines of

type ACD: 003104 0,1314 04,2305 043324 0443114 015364 016594 017454
111324 132334 133374 134304 1453114 1311344 177384 11135104
212344 213354 214364 215304 216374 2173104 248394 219384 313364
314384 3153104 316344 317395 318374 319314 31103114 44374 4,539,
416304 47344 41831y 419324 411335, 4111334 515444 5163114
517324 518364 519354 5110304 51113104 5{12334 616324 617504
6183114 69334 6,103104 6911374 6712314 6913394 717313 718324
719394 7110334 7111504 7112384 7413375 710354 818354 819344
8110574 8111394 812364 816310, 8,084 8113114 9,93114 96364
9111314 9712594 9413444 910324 911304 942,84 10410314 1041148,
10112354 104133114 1040304 1041334 1042524 1043394 113115114
113123104 114313334 1140374 1131384 114229 113344 1144414
12112504 1241346, 12,03114 1241344 124255, 12,3314 1246334
1215484 13113524 1310334 131139, 1312364 13,3384 1314344 1315354
13183104 1440344 1411354 1442314 1443304 1444324 1445334
14410564 1447475 1511364 1592374 1513334 15143104 15,5314
15110554 15,75114 1548304 16923104 16433114 1674354 1615324
1616314 1647464 1698384 161937, 17133104 1744394 17;537,4
17113384 1717334 1718344 1719364 17,10524

type CCD: 9313504 0313314 11312324 448334 10312344 6311354 0311364 131237,
6310384 031039, 139310, 23123114

type ABC:  0;0,83 0,159 0,2,103 0,165,113 0,13;123 0;3,135 1;2,05 1;1,84
117593 1155105 13107123 1312563 234503 20515 217,103 2;9,114
20125123 29115133 318,03 3110513 311523 3;2,115 3,4,125 3;14,134
411003 415513 418523 410533 4165125 4415105 5,115,035 5:9;13
312923 5116333 Sylydy 5117135 616503 6116913 6111523 611333
6115x43 6117953 7114313 716023 712533 7110045 710,53 717,65



type BCC:

type «CC:
type ABD:

11
819525 86033 812083 $114:57 8172137 81,73 98a3y 9,120,
9,5,55 9311583 9114373 912105 1016243 10,4255 10,528 10,747,
106565 103,95 11;13,5; 119,105 11710575 11412,83 11,119,
11116563 1204545 12,1573 12,3283 1271495 12,6105 12417511,
133,73 1318,65 131139 131165105 13;d5115 13,7125 14,1358,
14,0,9; 14195133 14115115 1432125 144,63 15,505 15,17293
15,155,133 15,14,115 158,125 15,9565 16,1305 16,1215 16,8104
161155115 16155125 160,133 1771203 17,3515 17,1723 1710114
17,155,123 1717565

020523 Opds63 05105113 0,75123 1503123 1533133 lals6s 1o53ll3
21355 256385 273133 2593123 3045 333113 355463 3523104
4,23133 4515105 457393 453383 522333 Sy73llz Sad3l33 546494
621373 6,4355 6583133 6593115 750553 72383 Todsds Talglly
8513135 854393 8,83115 8,557 90583 9243123 953373 955493
10,2555 10,3565 10,105133 10,839 1151333 11od3105 11554125
1156573 12;2573 12,3993 12,55105 12;115135 13,7103 13,1445
13563135 13,2113 14,0565 14,2345 14,3310; 14583123 15,0595
15,1583 15,2363 1553353 1650373 1652393 1655383 162123134
17,8510; 17,33125 17,0515 1754473

w0335 01323 wdylly wS313; 63125 w7483 =9510;

014534 016044 0,757 0:5:84 119214 1717554 1716564 10,94 248514
211724 211534 21105114 313504 3116524 310034 3111254 4496,
4114,8, 4117510, 417,114 5114914 5;1057,4 5;13,84 5{15,94 610,44
617554 6112,65 612084 Tilads 71864 7113105 719,114 8,8,04
8,101, 8;1152, 811234 9117,34 913254 914274 9172104 1041054,
1012564 10113575 104115105 114150, 1114524 1131554 113964
12,5:24 12411,7, 124139, 12,8,105 13,6505 1315514 1319574
13015511, 141658, 141159, 14112,10, 14,5;114 150,24 15,1244
153,84 15:16,9, 1611450, 16634 161285 16,994 17150,
1718214 171254 171165114



type ABB:

type BBD:

type «BB:

112
0,951, 010,155 0;12,14, 08,17, 1336, 148115 1145145
1113515, 211555 212316, 2432145 2165135 31659 3172135 3,15,17,
35,12, 411516, 412,125 49,135 435115 5,035 518,12, 5¢446,
515975 611587 61329, 61425, 67103145 744516, 7111512, 713,57,
715215, 813515, 8,055, 814,175 81135167 910,95 912,65 9,10,13,
9,152165 1004125 1071314, 10;9,17, 10182155 1130,4, 111255,
111658, 11,7517, 121259, 1241510, 12,0,16, 127,12, 13,0,10,
13115125 13,2514, 13711517, 14,258, 14,10,17, 14,7515, 14,14,16,
15175115 152,13, 151545 156510, 1611511, 161457, 16710,16,
16135172 17111314y 1718292 17107135 171576,
07504 254504 11513504 10512504 9516504 5917504 021514 2;17514
3213,1, 61151y 7,16514 12515,14 12513524 159,24 708024 2510524
6215024 394524 559,34 1513534 253534 8510534 11516934 7514534
328,44 5214044 729244 4313244 11515044 16517244 028554 9515554
4210554 0712554 5516554 13714554 9514964 5911564 1515064 056564
7210564 13517564 0517574 156974 325974 12516974 2715:74 8314497,
051158y 4515,8; 8516084 910,84 1251784 15,7284 627294 231159,
310094 14917:94 4212594 528,94 429,104 1535104 0527104 62165104
5210,104 145155104 83135114 1525114 0145114 45115114 6,517,114
312,11,
©by14y w1517y 0,157 095125 ©5,13, ©10,115 3516, 4,8,
0247,

One long line is 0;1; - » - 11y and the other long line is formed by replacing the
subsystem of STS(19). Form the partition 7(1, 83, 14}) and apply Theorem 1.24(b)
to show that 39 € LSi(3,9',15').
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Lemmga 2.56
LS4(3,97,13 ) = {viv 2 37, v = 1,3(mod 6)};L§;(3.97,13") ={viv 2 33, v = 1.3 (mad 6)}:
LS(3,9*,IS*) = {v:v 2 39, v= 13(mod 6)}.
Proof: The first statement follows from Lemma 2.48, Corollary 2.49, Lemmas 2.52,
2.53 and 2.55, and Corollary 2.54. Secondly, Lemma 2.44, Corollary 2.45, Lemmas
2.53, 2.55 and Corollary 2.54 leads us to conclude thatv e LS;(S.‘J'. 13')l‘ur all v = 33,
v = 1,3(mod 6). As a consequence of Lemma 2.46, Corollaries 2.47, 2.54 and Lemmas
2.52 and 2.33, v ¢ LSd(3,9*,15*)f0r all v 2 39, v = 1,3(mod 6). Finally, Lemma 2.44,
Corollaries 2.45, 2.54 and Lemmas 2.53 and 255 lead to v ¢ LSi(3,9',15‘) for all
v > 39, v = 1,3(mod 6).



Chapter 3
Almost uniform linear spaces with short lines of size four

§3.1 Almost uniform linear spaces with two long lines of size u
and short lines of size four

We begin by demonstrating the existence of an AULS whose order v is the
minimum, and the two long lines intersect. Our method is essentially analogous to

the one outlined in Theorem 1.24(b).

Theorem 3.1 Let u = 1,4 (mod 12). Then 4u - 3 € LSi(4, u" ") and
4u - 3 = min{v: ILS;(v:{4, u"})}.

Proof: According to Corollary 1.17, v > 4u - 3. Form the partition 7(1%, (u - 1)*). By
Theorem 1.40, there exists a {4}-GDD of type (u - 1)% Since u = 1,4 (mod 12), we
can place two copies of a (u, 4, 1)-BIBD on « and u - 1 points of a cell in the

partition. Place two copies of a line of size u on = and the u - 1 points of a cell.

Corollary 3.2 v € LS;(4, u") forall v> 12u - 8.

Proof: This is a consequence of Theorem 1.41.

We cannot employ a recursive construction for all admissible

u = 7,10 (mod 12). It is possible to give individual results when u = 7, 10 or 19,

Lemma 3.3 25 € LSi(4, 77);37 € LS;(4, 10™°); 73 € LS;(4, 19™);
25=min{v:3LS;(v;{4,7" N},37=min{v: 3LS;(v;{4,10"" N}, 73 =min{v: ILS;(v:{4,19°"P}.
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Proof: The orders 25, 37 and 73 are minimum by Corollary 1.17(ii). Form partitions
x(1%, 3% 6%), 7(1%, 3%, 9% and 7(1', 312, 18%). There exist {41-GDDs of types 3*62, 3001

and 312182 [R6]. The construction is as in Theorem 3.1.

Corollary 3.4 v ¢ LS;(4, 7 )for all v > 76; v € LS;(4, 10" ) for all v > 112;
v € LS;(4, 15" for all v > 220, where v = 1,4 (mod 12),
Proof: Apply Theorem 1.41.

Next we consider an AULS with two long lines of size u which are disjoint,

We can prove an analogous result provided that u = 1,4 (mod 12).

Lemma 3.5 If u = 1,4 (mod 12) then 4u € LSy(4,u"")
and 4u = min{v: LS (v;{4,u” ).
Proof: Form the partition m(u®) and construct a {4}-GDD of type u?, by

Theorem 1.40. Complete the construction as in Theorem 1.24(a).

Corollary 3.6 {viv =4uorv>12u + 1,v= 14 (mod 12)}  LSy4,u"").

Proof: We conclude this from an analogue of Lemma 1.37.

The rest of the results in this section concern AULSs whose two long lines

intersect. The scope of recursive constructions is narrower since there are {ewer
appropriate {4}-GDDs.

Lemma 3.7 4u ¢ LS;(4, u") for all u = 1,4 (mod 12).

Proof: Form a partition 1r(11, 3L, (u- 1)%) and construct a {4}-GDD of

type (u - 1)*31: delete (u - 4)/3 points from a group of a TD(5, (u - 1)/3) to obtain
a {4,5}-GDD of type ((u - 1)/3)*1! and putting a weight of three on every point,
apply FC.
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Lemma 3.8 lett be a nonnegative integer such that 4 < t < 12, If u = 1 (mod 12),
or u=4(mod i2)and t=0,1 (mod 4), thentu -1 + 1 € LS;(4, u").
Proof: Form a partition (1!, (u - 1)!). We can construct a {4}-GDD of type (u - 1)!

by Theorem 1.40. The rest of the proof is similar to Theorem 3.1.

Lemma 3.9 73 ¢ LS;(4,16 ).

Proof: Form a partition 7(1', 121, 15% and form a {4}-GDD of type 154121, by
deleting a point from a group of a TD(5, 5) to obtain a {4,5}-GDD of type 5%,
putting a weight of three on every point and applying FC.

The next lemma basically summarizes what orders belong to the spectrum of
AULS with two long lines of size u which intersect, for any admissible u which is

congruent to 1 or 4 (mod 12).

Lemma 3.10

(a) If u = I(mod 12),then {4u-3,4u,5u-4,60-5,..,12u-11} U {v: v > 12u-8} < LS;(4,u"").
(b)If u = 4(mod 12),then {4u-3,4u,5u-4,8u-7,9u-8,12u-11} u {v:v > 12u-8} c L§;(4,u"").
Proof: The claims in (a) and (b) both follow from Theorem 3.1, Corollary 3.2,
Lemmas 3.7 and 3.8.

We now state precisely which orders we have proved belong to the spectrum
of AULSs with two long lines either of size thirteen or sixteen. Unlike the analogous
problem in the previous chapter, we were unsuccessful in completing the spectrum
even in these special cases. Since recursive techniques are more restricted, and the
direct methods utilized previously do not seem to extend to this situation, we are left

with some gaps.

Lemma 3.11 _
{49,52,61,73,85,97,109,121,133,145} u {v: v > 148, v = 1,4 (mod 12)} < LS;(4, 13"").
{61,64,73,76,121,136,181} u {v: v > 184, v = 1,4 (mod 12)} < LS;(4, 167,
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Proof: The first claim follows from Lemma 3.10. The second claim follows from
Lemmas 3.9 and 3.10,

[t should be remarked that no similar result was determined if it was assumed
that the two long lines had either size seven or ten. It appears that another sort of
direct method must be developed in order to handle such cases. Therefore, a large
part of the spectrum still must be determined. Finally, the spectrum of AULSs with
two long lines of size u which are disjoint, for any admissible v, remains largely
undetermined.

§3.2 Almost uniform linear spaces with one long line of size u,
one long line of size w and short lines of size four

We are able to construct some infinite classes of such AULSs by employing
the method of completion of resolvable {3}-GDDs.

Lemma 3.12 Let u = 1,4 (mod 12) and r is an integer such that r 2 2. Then
(3r + Du - 3r e LS;(4u",(r(u- 1) + 1))
and (3r + Du - 3r=min{v:3LS;(v;{4,u",(r(u- 1) + D'}}.

Proof: Clearly, v 2 (3r + 1)u - 3r by Corollary 1.21(ii). Form a partition

7(1, (u - Z*L(r(u - 1))1). We note that we can construct a {4}-GDD of

type (u - ¥ r(u- 1))1 by adjoining r(u - 1) points at infinity to r(u - 1) parallel
classes of a resolvable {3}-GDD of type (u - 1) * 1 Hence, the long line of size u is
formed on the point « and the u - 1 points of one of the cells, and the long line of
size r(u - 1) + 1 contains = and the r{u - 1) points of the penultimate cell, Form a

(u, 4, 1)-BIBD on « and the u - 1 points of each remaining cell.

Corollary 3.13 v e LS;(4, u’, (r(u-1) + 1)) for all v > (9r + 3u-9r + 1,
v =14 (mod 12).
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Proof: This follows from Theorem 1.41 and an analogue of Lemma 1.39.

Lemma 3.14 Let u =1 (mod 12) and r is an integer such that r > 2.
Then ((6r - 1)u - 6r + 3)/2 € LS;(4,u”, (((2r - Du - 2r + 3)/2)") and
((6r - Du - 6r + 3)/2 = min{v: ALS;(v;{4, u’, (((2r - Du - 2r + 3)/2)"H}.

Proof: v > ((6r - 1)u - 6r + 3)/2 by Corollary 1.21(ii). The arguments parallel those
in Lemma 3.13; form a partition n(1, (u - 1, (((u - 1)(2r - 1))/2)1) and construct
a {4}-GDD from a resolvable {3}-GDD of type (u - 1)¥ by adjoining

((u - D(@2r - 1))/2 points at infinity to the ((u - 1)(2r - 1))/2 parallel classes of a
resolvable {3}-GDD of type (u - 1)*".

Corollary 3.15 v e LSi(4,u*, ((2r - u - 2r + 3)/2)*) for all

v 2 ((18r-3)u - 18r + 11)/2, v = 1,4 (mod 12).

Proof: This follows from Theorem 1.41 and an analogue of Lemma 1.39.

We previously discovered that Wilson’s fundamental construction could be
applied in various situations to build the necessary underlying GDDs. The following

lemmas make use of this technique in order to construct particular AULSs.

Lemma 3.16 Let t be a nonnegative integer such that 1 <t < 3.
Then 181 - 9t € LS;(4, (37 - 91)°,37°); 241 - 12t € LS;(4, (49 - 121)", 49").

Proof: Form the following partitions: (11, (36 - 9t)}, 36%),

m(1}, (48 - 121), 48%). We can construct {4}-GDDs of types 36%(36 - 9t)?,

48%(48 - 121)", by first deleting t points from a TD(S, 4) to obtain a {4,5}-GDD of
type 4*(4 - 1)!, and then either putting a weight of nine or twelve on every point of
this GDD, applying FC, in order to obtain the desired GDDs. The rest of this proof

is similar to that of Lemma 3.12.
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Some other classes of AULSs may be obtained by applying results of Rees and
Stinson [R6]:

Lemma 3.17 Suppose there is 2a TD(S, m) and 0 < u < m. Then there is a {4}-GDD
of type (3m)*(3u)l.

Lemma 3.18 Suppose there is a TD(6, m) and m < u < 2m. Then there is a
{4}-GDD of type (3m)*(6m)'(3u)'.

Lemma 3.19 Suppose there is a TD(6, m), and 0 < u < m. Then there is a {4}-GDD
of type (3m)>(6u)l.

From Lemma 3.17, we have the following immediate consequence.

Lemma 3.20 Suppose m = 0,1 (mod 4), m > 4, and u is a nonnegative integer such
that 0 < u < m. Then 12m + 3u + 1 ¢ LS§;(4, Bu + )", Bm + 1)").

Proof: Form a partition 7(1}, (3u)}, (3m)* and apply Lemma 3.17, as well as the
procedure in Lemma 3.12.

Analogously, from Lemma 3.18, we can state two subsequent conclusions,

Lemma 3.21 Let m = 0,4,8 (mod 12), m = 8 and m # 14; u is a nonnegative integer
such that m < u < 2m. Then 18m + 3u + 1 ¢ LS;(4, (3m + 1)*, Bu + 1)°).
Lemma 3.22 Let m = 0,4,8 (mod 12), m > 8 and m » 14; u is 2 nonnecgaltive integer
such that m < u € 2m and u = 0,1 (mod 4). Then 18m + 3u + | € LS;(4, (3m + 1)',
(6m + 1)°).

Lemma 3.19 leads to the next lemma.

Lemma 3.23 Suppose m = 0,1 (mod 4), m > 4 or m 2 9, respectively, and u is a

nonnegative integer such that 0< u £ m.Then 15m+6u+1 € LS;{4,(3m+ 1), (6u+ 1)').
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We have thus far restricted our considerations to AULSs with two long lines

that intersect. However, Lemma 3.17 can be linked with an embedding of a
(m, 4, 1)-BIBD into a (3m + 1, 4, 1)-BIBD to obtain the following result.

Lemma 3.24 Let m =14 (mod 12), m > 13,and u is an integer such that 0 € u < m.
Then 12m + 3u + 1€ LS4, m’, (3u + 1)°).

Proof: Form a partition (1%, (3u)}, (3m)*) and embed a (m, 4, 1)-BIBD into a
(3m + 1, 4, 1)-BIBD, replacing the sub-BIBD by a line of size m. Thereafter, use the

same reasoning as in Lemma 3.12,

In a similar manner, Lemma 3.18 may be used in conjunction with such an

cmbedding to produce the next result.

Lemma 3.25 Let m = 04,8 (mod 12), m 2 8, m # 14 and u is a nonnegative integer
such that m < u < 2m and u = 0,1(mod 4).Then 18m + 3u + 1 € LS(4,u",(3m + 1)").

Proof: Form a partition w(1%, (3m)*, (3u)?, (6m)!) and embed a (u, 4, 1)-BIBD into
a (3u + 1, 4, 1)-BIBD, replacing the sub-BIBD with a line of size u. Otherwise, see
Lemma 3.24 for the general method of approach.

It was possible to complete the spectrum for AULSs with two long lines of
specified sizes, and short lines of size three. By contrast, we shall consider only one
special case here, assuming that one long line has size thirteen and the other long
line has size sixteen, and will list the orders that we can demonstrate belong to the
spectrum, If the long lines have sizes congruent to 1 or 4 (mod 12), recursive

techniques can be applied more readily.

Lemma 3.26
(2){73,88,157,172,193,196,205,208,217} L {v:v> 220,v = 1,4(mod 12)} cLS;(4,13",16").
(b){136,157,169,172,193,196,205,208,217} u{v:v2220,v=1,4(mod 12)} cLS4(4, 13", 16").
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Proof:

(a) Form the partition 7(1!, 12!, 15%), and apply Lemma 3.20 to show that

73 € LSi(4, 137, 16"). Similarly, 88 e LS;(4, 13", 16°) by Lemma 3.23. In order to
prove that 157 € LS;(4, 13°,16"), form a partition 7(1', 127, 48") and embed a

(16, 4, 1)- BIBD into a (49, 4, 1)-BIBD which contains « and the forty-eight points
of the tenth cell, replacing the (16, 4, 1)-BIBD by a line of size sixteen, Construct a
{4}-GDD of type 129481 by completing a resolvabie {3}-GDD of type 12°. Next,
172 € LS;(4, 13", 16") by applying Lemma 3.24. We have 193 € LS,(4, 13", 16" by
forming a partition (1}, 48", embedding a (13, 4, 1)-BIBD into a (49, 4, 1)-BIBD
which contains « and the forty-eight points of the first cell, and embedding a

(16, 4, 1)-BIBD into a (49, 4, 1)-BIBD which contains o and the forty-cight points of
the second cell, both sub-BIBDs being replaced by lines of sizes thirteen and sixteen
respectively. The rest of the proof is standard. By forming the partitions

n(1t, 484), where r = 3,15 and 24, and the two embeddings mentioned in the
previous case, we can show that 196, 208, 217 € LS;(4, 13‘, ‘16'). We can construct a
{4}-GDD of type 48*1by deleting (48 - r)/3 points from a group of a TD(S, 16) to
obtain a {4,5}-GDD of type 16%r/3)}, putting a weight of three on every point and
applying FC. Next, 205 ¢ LS;(4, 13", 16") by forming a partition 7(1?, 51%), embedding
a (13, 4, 1)-BIBD ((16, 4, 1)-BIBD) into a (52, 4, 1)-BIBD which contains « and the
fifty-one points of the first (second) cell, and replacing both sub-BIBDs by lines of
sizes thirteen and sixteen respectively. Finally, since we have shown that

73 € LS;(4, 13‘, 16'), by Theorem 1.41, we conclude that for all

v23:73 +1=220,v=14 (mod 12), v € LS;(4, 13", 16").

(b)It should be remarked at the outset that, by the recursive constructions developed
in (a), 157,172,193,196,205,208,217 € LS4(4,13,16").Now, 136 € LS4(4, 13", 16") by
forming a partition 1r(166, 401), embedding a (13, 4, 1)-BIBD into a (40, 4, 1)-BIBD,
and replacing the sub-BIBD by a line of size thirteen. The line of size sixteen is
placed on the points of the first cell. On the points of each remaining cell, form a

(16, 4, 1)-BIBD. We thereby can directly conclude from Theorem 1.41 that
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v>3-136+ 1 =409, v =14 (mod 12). Next, 169 e LSy(4, 13", 16°): form a
partition 7(13%, 521) and construct a {4}-GDD of type 13°52! by completion of a
resolvable {3}-GDD of type 13 and embed a (16, 4, 1)-BIBD into a (52, 4, 1)-BIBD
formed on the fifty-two points of the last cell. What is left to consider are

v = 1,4 (mod 12) and 220 < v < 400. In order to prove that

220,232,241 € LS,(4,13",16"), form the partitions (1%, r*, 48%) where r = 27, 39 and
48, and embed a (13, 4, 1)-BIBD ((16, 4, 1)-BIBD) into a (49, 4, 1)-BIBD as before.
If r = 27 or 39, delete (48 - r)/3 points from a group of a TD(5, 16) to obtain a
{4,5}-GDD of type 164(1'/3)1, put a weight of three on every point and apply FC, to
construct a {4}-GDD of type 48%L.For r = 48, proceed as for 193 € LS;(4, 13, 167)
in {a), working with partition m(1}, 485). For 244 < v < 301, form partitions

7(1}, r!, 60%) where r = 0,3 (mod 12), 3 < r < 60; embed a (13, 4, 1)-BIBD and a
(16, 4, 1)-BIBD into a (61, 4, 1)-BIBD, replacing the sub-BIBDs with the required
long lines. Constuct a {4}-GDD of type 60%1, for 3 < r < 51, by deleting (60 - r)/3
points from a group of a TD(5, 20), to obtain a {4,5}-GDD of type 20%r/3)!, and
putting a weight of three on every point and then applying the FC. If r = 60, the
partition is n(ll, 605) and we proceed in the usual way. Next, 229, 337, 373 € LS;(4,
13,167 by forming partitions (1%, 12, (6r - 6)!) where r = 13, 19 and 21; embed
a (16, 4, 1)-BIBD into a (6r - 5, 4, 1)-BIBD which contains « and the 6r - 6 points
of the (r + 1)st cell. Construct a {4}-GDD of type 127(6r - 6)! by completing a
{3}-GDD of type 12", To show that 316 € LS4(4,13",16"), form a partition m(11, 63),
and embed a (13, 4, 1)-BIBD ((16, 4, 1)-BIBD) into a (64, 4, 1)-BIBD which contains
« and the sixty-three points of a cell. There exists a {4}-GDD of type 63°. We have
397 € LSy(4, 13", 16") by forming a partition w(1%, 72¢, 1081), embedding a

(13, 4, 1)-BIBD ((16, 4, 1)-BIBD) into a (73, 4, 1)-BIBD which contains « and the
seventy-two points of a cell. There exists a {4}-GDD of type 72*108! by completion
of a {3}-GDD of type 72* Form partitions a(1%, r1,754),r =0,3 (mod 12),3 < r < 75,
r#15,72thereby proving that 304,313,325,328,340,349,352,36 1,364,376 € S 4(4,13",16").
Embed a (13, 4, 1)-BIBD ((16, 4, 1)-BIBD) into a (76, 4, 1)-BIBD. Construct a
{4}-GDD of type 75%L,if 3 < r < 63, by deleting (75 - r)/3 points from a group of
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a TD(5,25) to obtain a {4,5}-GDD of type 25"(r/3)1.pul a weight of three on every
point and apply FC. If r = 75, form partition 7(1', 757) and proceed as usual. Finally,
385, 388, 400 € LSy(4, 13", 16") by forming partitions m(1, r!, 841, where

= 48, 51 and 63; embed a (13, 4, 1)-BIBD ((16, 4, 1)-BIBD) into an

(85, 4, 1)-BIBD which contains « and the eighty-four points of a cell. Construct a
{4}-GDD of type 844r1hy deleting (84 - r}/3 points from a TD(S, 28) to obtain a
{4,5}-GDD of type 28%r/3)}, putting a weight of three on every point and apply FC,
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Almost uniform linear spaces with short lines of size five

§4.1 Almost uniform linear spaces with two long lines of size u
and short lines of size five

Initially, we will construct an AULS with two long lines of size u,
u = 1,5 (mod 20) and of the minimum order v, in the case where the two long lines

intersect or are disjoint.

Theorem 4.1 Let u = 1,5 (mod 20).

(a) Su - 4 € LS5, u") and Su - 4 = min{v: EiLSi(v;{S, u"})}.

(b) Su e LSy(5, u™)and Su = min{v: ALSy(v;{5, v P}

Proof:

(a) By Corollary 1.17(iii), v > Su - 4. Form a partition (1%, (u - 1)°), construct a
TD(S, u - 1), and define each of the long lines on the point « and the u - 1 points
in o cell of the partition. Finally, form a (u, 5, 1)-BIBD on « and the u - 1 points of
each remaining cell.

(b) By Corollary 1.15(iii), v = Su. Form a partition 7(u’), define two long lines on
the points of two cells, and form a (u, 5, 1)-BIBD on the points of each remaining

cell.
Corollary 42 20u - 15 € L$;(5, u")and 20u + 1 € LSy(S,u™").

From Corollary 1.17(iii), the two long lines may also have size
u = 13 {mod 20), however there appear to be no recursive constructions which are

appropriate. The remainder of the constructions pertain to AULSs with long lines
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that intersect.
Lemma 4.3 If u = 1,5 (mod 20), u » 2541,105,121, then Su e LS5, u™").

Proof: Form a partition 7(1%, 4!, (u - 1)°) and construct a {5}-GDD of
type (u - 1)°41: delete three points from a group of a TD(6, (u - 1)/4) to obtain a
{5,6}-GDD of type ((u - 1)/4)°1}, put a weight of four on every point, and apply FC.

The rest of the arguments are similar to those in Theorem 4.1.

Lemma 4.4 If u = 1,5 (mod 20), u » 25,41 and t is a nonnegative integer such that
t>5,t=01(modS5), thentu-t+ 1¢ LS5 u").

Proof: We note that there exists a {5}-GDD of type 4! (delete a point from a

(4t + 1, 5, 1)-BIBD. Put a weight of (u - 1)/4 on every point, apply IFC, using a
{5}-GDD of type ((u - 1)/4)5, to obtain a {5}-GDD of type (u - 1)'. Hence, form
partition (1%, (u - 1)!), construct a {5}-GDD of type (u - 1)! and proceed as in
Theorem 4.1.

Corollary 4.5 241 € LS;(5, 417).

Proof: Form a partition m(1%, 40%). Construct a {5}-GDD of type 8 ([B4]), put a
weight of five on every point, and apply FC.

Lemma 4.6 If u =1 (mod 20) and t = 1 (mod 3), t 2 13, or u = 25 (mod 60} and
t = 1,4 (mod 10), t > 14, then ((4t - 1(u - 1) + 3)/3 € LS;(5,u”").

Proof: Form a partition (1%, (u - 1)}, ({(t - 1)(u - 1))/3)!). There is a resolvable

{4}-GDD of type 4! for all t = 1 (mod 3) ([H4]). Put a weight of (u - 1)/4 on cvery
point, and apply FC. Hence, we have constructed a {4}-GDD of type (u - 1)'. The
completion of this {4}-GDD is a {5}-GDD of type (u - 1)'(((t - 1){u - 1))/3). We



note that when u = 25 (mod 60), t = 1,4 (mod 10), in order that a
((t- T)(u - 1) + 3)/3, 5, 1)-BIBD exists.

§4.2 Almost uniform linear spaces with one long line of size u,
one long line of size w and short lines of size five

In the previous chapter, the completion of resolvable {3}-GDDs to
{4}-GDDS, led us to form certain infinite classes of AULSs. The technique can also

be applied here.

Lemma 4.7 Let u = 1,5 (mod 20).
Then 9u - 8 € L§(S, u, (2u - 1)) and u - 8 = min{v: 3LS;(vi{S, u’, (2u - )P}

Proof: By Corollary 1.21(iii), v > 9u - 8. Form a partition w(1%, (u - 1)7, (2u - 2))
and construct a {5}-GDD of type (u - 1)’(2u - 2)}, by completing a resolvable

{4}-GDD of type (u - 1)7. The long line of size u contains « and the u - 1 points of
one of the cells, and the long line of size 2u - 1 contains = and the 2u - 2 points of
the cell in the partition. Form a (u, 5, 1)-BIBD on « and the u - 1 points in each

remaining cell.

Lemma 48 Let u =1 (mod 20).
Then 13u - 12 € LS(5,u",(3u- 2)") and 13u - 12 = min{v: ALS;(v;{5.u"(2u- 1)"})}.

Proof: By Corollary 1.21(iii), v > 13u - 12. The proof is similar to that of Lemma 4.7;
form a partition #(1%, (u - )19, (3u - 3)}Y and complete a resolvable {4}-GDD of type
(u- D, thereby constructing a {5}-GDD of type (u - 1)1%3u- 3)L,
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Lemma 4.9 Let u = 25 (mod 60),

Then (23u-20)/3 € LS;(5,u”,((5u-2)/3)");

(23u-20)/3 =min{v:ALS;(v:{5,u"((5u-2)/3) )} and

(35u-32)/3 € LS;(5,u",((8u-5)/3)"):(35u-32)/3 = min{v:aALS;(v;{5.u"((8u-5)/3) D}

Proof: It follows from Corollary 1.20(iii) that v > (23u - 20)/3 and v > (35u - 32)/3.
Form partitions 11(11, (u - 1)(’, {((5(u - 1))/3)1) and n(!l, (u - l)"). ((8(u - l))/3)l).
Construct {5}-GDDS of types (u - 1)5((5(u - 1))/3)! and (u - 1)°((8(u - 1))/3)! by
completion of the resolvable {4}-GDDS of types (u - 1)®and (u - 1)”. The rest of the
proof is similar to Lemma 4.7.

Another method is to use transversal designs and the fundamental
constructions of Wilson. There are numerous results which arise from these

considerations.

Lemma 4.10 Suppose m = 4" for any n 2 1. There exists a {5}-GDD of type
(5m)>(3m)1,

Proof: Delete two points from a groups of a TD(6, 5) to abtain a {5,6}-GDD of type
5331, Give every point a weight of m, apply FC, using {5}-GDDs of type m> or m®
(the first {5}-GDD exists since there is a TD(S, m) for all m; the second exists by
repeatedly applying FC to a {5}-GDD of type 4% with all points receiving a weight
of four), to build a {5}-GDD of type (Sm)’(3m)'.

Lemma 4.11 Form = 4% n>1,28m + 1 ¢ LS5, 3m + 1)", (5m + 1)").

Proof: Form a partition (1}, 3m)}, (Sm)°) and, by Lemma 4.10, construct a
{5}-GDD of type (5m)5(3m)1.Then proceed in the usual way (cf. previous lemmas).

Lemma 4.12 If TD(S, m) exists then there are {5}-GDDs of types (4m)° and (4m)°.
Proof: A TD(5, m) exists for all m » 2,3,6 or 10. Give a weight of m 10 every point
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of a {5}-GDD of type 4% or 4% and upply FC in order to obtain a {S}-GDD of type
(4m)’ or (4m)°.

Lemma 4.13 If TD(5, m) exists then there is a {5}-GDD of type (20m)5(12m)1.
Proof: Declete two points from a group of a TD(6, 5) to obtain a {5,6}-GDD of type
573!, Give every point a weight of 4m, and apply FC, using {5}-GDDs of type (4m)S
or (4m)®, 1o build a {5}-GDD of type (20m)>(12m)".

Lemma 4.14 If TD(5, m) exists, then 112m + 1 € L§;(5, (12m + 1)', (20m + 1)*).
Proof: Form a partition (1%, (12m)!, (20m)°) and construct, by applying
Lemma 4.13, a {5}-GDD of type (20m)*(12m)L.

Corollary 4.15 225 € LS;(5, 25", 41%).

Proof: Form a partition (1%, 24!, 40%) and construct a {5}-GDD of type 405241
delete two points from a group of a TD(6, 5) to obtain a {5,6}-GDD of type 573},
give every point a weight of eight, use FC and {5}-GDDs of types 8 or 8%, to build
a {5}-GDD of type 40°24',

Lemma 4.16 If TD(S, m) exists, then there is a {5}-GDD of type (20m)*(16m)!.
Proof: Delete one point from a group of a TD(6, 5) to obtain a {5,6}-GDD of type
5541,put a weight of 4m to every point, and apply FC, to obtain a {5}-GDD of
type (20m)*(16m)".

Lemma 4.17 If TD(S, m) exists, then 116m + 1 € LS;(5, (16m + 1), (20m + 1)').

Proof: Form a partition n(11, (16m)!, (20m)°) and, by Lemma 4.16, construct a {5}-
GDD of type (20m)5(16m)].

Corollary 4.18 233 € LS;(5, 33", 417).
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Proof: Form a partition n(l'. 321, 405). and construct a {5}-GDD of tvpe 407321
delete one point from a group of a TD(6, §), yielding a {5,6}-GDD of type 554'.givc

every point a weight of eight, and apply IFC.

Lemma 4.19 Let 1 <t < 9. Then 265 - 4t € LSi(S, (45 - 41)", 45°).

Proof: Form a partition w(1!, (44 - 41)!, 44°) and construct a {5}-GDD of type
44°(44 - 41)!, by deleting t points from a TD(6, 11) to obtain a {5,6}-GDD of type
11°(11 - )}, giving each point a weight of four and applying FC.

Lemma 4.20 Let 1 <t < 7. Then 385 - 8t € LS;(3, (65 - 81)", 65°).

Proof: Form a partition (1}, (64 - 8t)}, 64) and construct a {5}-GDD of
type 64°(64 - 8t)L, by deleting t points from a group of a TD(6, 8), 10 obtain a
{5,6}-GDD of type 8°(8 - t)!. Give each point a weight of eight and apply IC.

It should be remarked that in the constructions given, various possibilitics for
the sizes of the long lines that arise from Corollary 1.21(iii) have been considered.
For example, in Lemma 4.19, for all choices of t, u = 1,5,9,13 or 17 (mod 20),

w =5 (mod 20) and v = 1,5,9,13 or 17 (mod 20). Next, we shall utilize certain
embeddings of BIBDs with block size five into larger ones in order to construct

almost uniform linear spaces where the long line of size u is disjoint from the long

line of size w.

Lemma 4.21 If 1 < t < 18, then there is a {5}-GDD of type (100)°(100 - 40)".
Proof: Delete t points from a group of a TD(6, 25) to obtain a {5,6}-GDD of type
253(25 - t)L. Give a weight of four to every point and apply FC.

Lemma 4.22 If 1 <t < 18 then 601 - 4t € LS(5, 25", (180 - 41 + 1)").

Proof: Form a partition 7(1?, (100 - 4t)}, (100)3), and by Lemma 4.21, construct a
{5}-GDD of type (100)°(100 - 4t). The line of size twenty-five is obtained by
replacing a (25, 5, 1)-BIBD which is embedded in a (101, 5, 1)}-BIBD containing o
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and the one hundred points in a cell of the partition. Otherwise, proceed as

previously.

Lemmad423If 1 <t<9%andr =105, or 1 gt < 1land r = 121, then
6r-5 -8t e L.5(525 (r- 8t)°).

Proof: Form a partition a1, (r-1-8)% (r- 1)) and construct a {5}-GDD of
type (r - 1)%(r- 1 - 8t)! by deleting t points from a TD(6, (r - 1)/8) to yield a
{5,6}-GDD of type ({r - 1)/8)°((r - 8t - 1)/8), giving every point a weight of eight,
and applying FC. The long line of size twenty-five replaces a (25, 5, 1)-BIBD which
can be embedded into a (r, 5, 1)-BIBD which contains « and the r - 1 points in a cell

of the partition.

Lemma 4.24 If 1 <t < 15, then 505 - 4t € LS(5, 21, (85 - 41)°).

Proof: Form a partition a(1}, (84 - 4t)}, 84°) and construct a {5}-GDD of type
843(84 - 41)!, by deleting t points from a TD(6, 21), yielding a {5,6}-GDD of type
215(21- 1)}, giving every poini a weight of four and applying FC. The long line of size
twenty-one replaces a (21, 5, 1)-BIBD which can be embedded into an (85, 5, 1)-
BIBD which contains « and the eighty-four points in a cell of the partition.

Finally, we look at the problem of determining the spectra of AULSs with one
long line of size twenty-five and one long line of size fifty-seven. There are only a
small number of orders that we can prove belong to the spectra in question. We are
able to demonstrate that corresponding AULS of minimum order exists if the long

lines intersect.

Lemma 4.25
(a) {249,557,577,657} < LS;(5, 25 ,57).
(b) {557,577,657} < LSy(5,25",57").
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Proof: We note that 249 is the minimum possible order of an L§;(vi{5, 257,57 by
Corollary 1.21(iii). Form a partition 7(1', 24% 56! and construct a {3}-GDD of type
248561:firstly, there exists a resolvable {4}-GDD of type 3% [LI]. By the method of
completion, we obtain a {5}-GDD of type 3571 Put a weight of eight on every point,
and apply FC. The proof for the other values in (&) is similar. Also,
557,577,657 € LS4(5,25",57 ) by applying Lemma 4.22 with t = 11, Lemma 4.23 with
t=6andr = 105, aswellast = 8andr = 121.



Conclusion

In this thesis, the existence problems for special type of linear spaces called
almost uniform linear spaces were examined. It was an easy matter to complete the
spectrum LS(2, u”, w"). The main body of work involved the investigation of almost
uniform linear spaces with short lines of size three. Recursive techniques were
applied in order to yield the entire spectrum LSy(3, u” ), and a partial answer was
obtained for LS4(3, u""). There were also partial solutions given for the spectra
LS(3, (6t + 5)",w'), LS(3, (6t + 7)",w') and LS(3, (6t + 9)°,w"). We were able to
provide a full solution to the above problems if we assumed that t = 0 and
w = 1,3 (mod 6), where 7 < w < 15,9 < w < 15 and w= 13,15, respectively. Some of
the recursive methods developed to handle the case of almost uniform linear spaces
with short lines of size three had natural extensions enabling us to construct almost
uniform linear spaces of particular orders with short lines of size four or five. The
majority of the constructions in these cases were achieved by using the notion of
completion of resolvable {3}-GDDs and {4}-GDDs, as well as Wilson’s fundamental
theorem. It was not possible to complete any of the spectra LS(4, u” ") or LS(S, u™h)

and considerably less could be done when we assumed that the two long lines were

»

disjoint. There were far fewer results if the long lines had different sizes, especially
when the short lines were of size five, since not having an analogue of the

Doyen-Wilson theorem available meant that we could not automatically conclude
that al} orders v which were sufficiently large belonged to the spectrum. Another
reason was that we could not develop any direct method akin to the one used in

Chapter 2, and this appears to be crucial for constructions of almost uniform linear
spaces of small v.
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It would be instructive to compléie the spectra LS(3, (6t + 5) . w),
LS(@3, (6t + )", w") and LS(3, (6t + 9)‘, w'), for any t, and admissible w, since these
incidence structures can be viewed as IPBDs with two holes, designs which more

recently have been studied by others.

It is probable that other techniques beyond the present work must be
developed in order to complete the spectra LS(4, u” )and LS(5, u”"). There are many
existence problems for almost uniform linear spaces with long lines of dilferent sizes
and short lines of size k, k > 4, which are not settled. Nevertheless, we feel that the

following holds:

Conjecture: If u, v and w are nonnegative integers, u < w, which satisfy the

conditions in Theorems 1.14, 1.16, 1.18 or 1.20, then there exists an LS(v:{k, u’, w')),
k € {3,4,5}).

One could explore similar existence questions by increasing the number of
long lines in the linear space, or studying the existence of PBDs with index A, & 2 1,
in which there are precisely m special blocks, m > 1. There is very little in the
literature in this direction for PBDs with index 4 > 1.
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