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ABSTRACT 

An investigation is made into the coupled lateral torsional 

response on frame buildings to horizontally directed earthquake 
- , 

excitation. Attention is confined to the accuracy of the static code 
provision on torsionaJ effect with special reference to the National 
Building Code' of Canada 1977 (NBC·77). 

A mathematical model to compute the dynamic response of a 

building is presented. The formu1ation of the general equation of 

motion to a monosYll'lr.et·rical building is developed in detail. The 
static storey torque is compared with the dynamic torque computed by 
using the response spectrum technique as outlined in the Commentary K 

of NBC 77. It has been found that the sympathetic coupled translational 
torsional resonance occurs'at the buildings with small eccentricities: 

To uniform structure, the static code torque estimate is good if the 
effect of sympathetic coupled resonance is not significant. To 

buildings with large eccentricities, sympathetic resonance is unlikely 
to occur and the current NBC requirement of doubling the computed torque' 

for design is a very conservative requirement. 

To buildings with eccentrical offset, NBC 80 proposes a 

modification on the definition of structural eccentricity. A study in 

this aspect is made through the floor torques comparison between 
dynamic analysis and static codes calculations. The results show that 

the improvemen~ by NBC 80 is only partial. Buildings with eccentric 
offsets are irregular buildings, only a dynamic approach can lead to 

a realist·ic estimate of the torque distributions. 
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1.1 . General 

CHAPTER 1 

INTRODUCTION' . 

• 

" 
For functional and ar.chi tectura 1 requi rements, buil dings a.re. , . 

generally designe'd .aseither symmetrical, rnonosymmetrical or asymmetrical 

structures as shown in Fig. 1.1. When asymmetrical buildings are sub-

jected to earthquake ground shaking, torsional response will be produced 

in addition to lateral response. In design, it is necessary to account· 

. for sUEh torsional response,.·which may induce additional shear force . . 

on the lateral resisting elements such as columns and walls of the building 

(shown in Fig. 1.2). 

~ Several methods of analysis have been proposed to 

the'effec't of torsion in buil~ings. For instance, the National Building 
~ 

COd~ of Canada 1977 (NBC77) 'has defined torsio'na.l moments (Mtx ) in the 

horizontal plane of the buil'din.g .to be. computed in each storey by . 

using the f~Tlowing fo~ula[lJ:" '.' Po 

. 
(1.1) r 

. in which Pi is the lateral force applie.d to level i'of the building, 

Vis the base shear. ex is the design eccentricity. whic,h shal·.l be com­

puted by one of the following equations~ whichever proyidesthe greater 

stresses: 

.. ex = 1.Se + 0.05 On . or 

ex = O.Se, - 0.05' Dn 
~ 
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When the design eccentricity ex exceeds 0.25 Dn,-NBC77 requires that 

either a dynamic analysis shall.be made, or the effects of torsfon as 

computed in Eq. 1.1 shall De doubled. 

As an alternative method, NBC?? also allows the dynamic response 

spectrum technique to be used" for design calculation, provided that 

the dynitmic'value of'base shear V is not less than 90% oOf the sti!tic base 

shear.[2],[3] 

The equivalent static torsional provisions in most building codes 

in the world are generally presented in the same form a~ the product 

of s.bear force al]d design eccentricity. in each floor. Under sllch .load 
-. 

procedure, for a building of given dimensions and weight, a change of 

structural eccentricity e, i.e. the distance b~tween the centers of 

mass and rigidity 

torsional moments 

shears. However, 

at one level of a building, will only affect the 
f 

a~t leve.l, but has. no 

many l~estigations based 

- . 

infl uence on the storey 

on dynamic analysis have 

pointeci out that both the shear and torsional moments are functions of , 
the building eccentricities.[4] Tso and Asmis[5] and Keintz'el[6] also 

have shown that the modal coupling may occur in symmetrical or nearly 
• 

symmetr.ical structures when the fundal1'.ental translational -and torsional 

periods are nearly equal. All these observations are not reflected in 

the seismic code provisions. 

In order to clarify the effects of cou~led torsional-translational 
.tt 

dynamic responses on buildings due to the' earthquake excitations, the 

present study is made to assess the accuracy and applic~bility of the 

COd~ provisions in taking the torsional response effect into account. 

The torsional moment distribution along the height of the building is 

taken as the parameter for study. The static torsional moments are 

compared to the torsional moments computed by the dynamic response 



• 

Particu1ar attention is given to the fo11owing guide1ines from 

the NBC77 and its commentaries. They are (1) the use of the design 

eccentricity expression ex = 1.Se + 0.05 D, (2) ·the necessity of 

doub1 ing the computed torsiona 1 moment when the des i gn eccentri city 

ex exceeds a quarter of the f100r p1an dimension Dn' 

The current computation' of static torsiona1 moments in each 

f100r by most of the bui1ding codes is restricted to the 1oca1 

horizonta1 p1ane of the bui1ding. It does not'take into. account the 
• 

additiona1 torsiona1 effects due to the adjacent f100rs in which the 

centres of mass and rigidity do not 1ie vertica11y above thecorresp­

onding points in the f100r under consideration. 

For bui1dings with eccentric offsets (or setbacks), NBC80 pro­

poses a change of the definition of structura1 eccentricities (e) to .. 
take care of such additiona1 torsiona1 effect. This aspect'of the 

modification is studied in this thesis a1so. 

1.2 Review of Past Works 

The torsiona1 effects in bui1dings due to seismic 10ads have 

been investigated. in numerous studies in recent years. It has been 
~ ~ 

shown that the· coup}ing between trans1ationa1_ and torsiona1 vibr~ns 

for a bui1ding, in which the centers of mass and ri"gidity do not coincide, 

~an 1ead to a considerab1e dynamic.magnifiCa~on of torsiona1 momen" ' 

Therefore, it is usefu1 to review the existing know1edge of the effects 

of coup1ed trans1ationa1 and torsiona1 motions by citing some of the 

studi es carri ed.o.w: by di fferent authors. 

The possibi1ity of induced torsiona1 motions to a symmetrica1 

structure subjected to ground motion was i11ustrated by Tso and Asmis[5] . 

, . 
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' .... .. 
Si~ilarly, the study 90ne by Kei~tzel[6] also ~howed that in the case of 

close periods of torsional and translational vibration, a resonance· 

like incre~se of the vib~tional amplitudes could occur. 

~ue to the earthquake wave motion, N. M.:Newmark[~] developed 

a rational basis for determining torsional earthquake effects in 

symmetrical buildings. He concluded that the ratio of the accidental' 

eccentricity to the' long plan dimension varied almost directly with 

the fundamental frequency of vibration of the building and with the 

transit time of the earthquake wave motion. He also pointed out that, 

the yielding in torsion might be much., more serious than yielding in 

flexure or in linear displacements, and design should provide greater . , 

assurance of resistance to torsional yielding than to other types of 

yielding. 

During the'1971 San Fernando earthquake, the importance of rota-

tional component of ground motion on the torsional responses of many 

b~ildings were observed[8]. Srnce all strong motion seismograpps were 

designed to record the three .,perpendicular translational motions only, 

no actual record on the rotational component of eart~quake had been 

obtained. Based on the fundamental reTations in the theory of elasticity, 

the rotation about a vertical axis could be derived by spatial differ­

entiation from horizontal displacements; Tso 'and Hsu[9] presented torsio'nal 

spectrum for design purpose. 

Seismic analysis of asymmetrical struc!ures subjected to ortho­

gonal components of ground acceleration wer:. studied by Tso, Biswas[lO] 

and Fajfar, Zele[ll]: These, authors all claimed that the response from 

bidirectional excitation could be approximated by combining the resppnses 

of the system subjected to individual unidirectional excitation in a 

root-sum-square (RSS) manner. As another observati on', Tso and ,'Bi 5was 
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had examined toe sensitivity of the response. parameters considered to 

the phase relationship between the·two components of ground excitation. 
~J . Kan and Chopra developed-a simple procedure for the analysis 

\ . '. -

of elastic response of to~·ional coupled "building to earthquake ground 
\ ... -' 

motion. They' observed that lateral and torsional·motions would be 
~ . 

strong!~.y coupled when the eccentricities were· large, and less obvious 

perhaps,but clearly displayed by force vibration tests, was the strong 

coupling between lateral and to~ional motions of buildings with close 

·natural f~quencies and essentially coincident centers of mass and resis­

tance. As a very important conclusion, they pointed out that coupling 
• 

between lateral and torsional motions induced torque and in general reduced 

base'shear, and the effect of 

i ncreasei12J, [13J. 

torsional coupl i.ng decreased as damping 
o 

The root-sum-square procedure in dynamic response spectrum 

technique applies only if the periods Tl , T2 are well separated. The 

study' do~~ by ~u~~'~'~;rg, Hs~ Tso[14]me~~~oned tha~ the proper 

phase relationship between .the lateral load effect and torsional effect 

should be accounted fo~ on a medal basis. The conventional method which 

obtained'the response from the worst combination of RSS lateral and . -
RSS torsional loadings, generally tended to overestimate the response. 

In order to take the torsional effects into account, particularly 

when the periods ratio T = ,T¢/Tx' in which T¢ is the uncoupled torsional 

period and Tx is the uncoupled translational period in x axis direction, 

is close to one, the new German Seismic Code DIN4149 provides a supple-

mentary fictitious eccentricity.in the design eccentri~ity calculation 

to approximate the dynamic effect of vibration coupling. Muller and 

Keintzel recommend that ·the approximate method is ~ot excessively 

conser~ative[15]. 
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1.3 - Objective and Scope 

The purpose of the present analysis is to study t~e effects 

of coupled translational-torsional dynamic response on buildings due to 

earthquake excitati on. Taki ng into account the torsional response 

effect, both the static and dynamic format of National Building Code 

of Canada (NBC7?) are used and compared to examine the accuracy and 

applicability of the static code. 

To reflect the behaviour of a building undergoing lateral 

loads, a ma1hematical model consisting of lumped masses and flexural, 

shear and torsional· springs is created in Chapter 2. The formulation , 

of the stiffness matri x referred to an arbi.trary reference ~oi nt 

is discusseiin detail in this chapter also. 

Chapter 3 is devoted to the study of the effects of base shear 

and torque envelopes when coupled torsional-lateral motions- are con­

sidered. Three uniform monosymmetrical frame buildings, as Shown in 

Fig. 1.3, are used as examples for this study. One building is a 

six-storey structure with uncoupled translational period in X axis (T.x) 

is equal to 0.5 sec. The second buildi'ng is a -twelve-storey struc-

ture with Tx equal to 1.0 sec. The twenty-four storey building with 

Tx equal to 2.0 sec., is chosen as the third example. For simplicity, 

the 1400 kips of floor weight is used in-each building. The floor plans 

for these three building~ are shown. The plan dimensions in-both X and 

Y axes are equal to 100 feet. Small, moderate and exceptionally large 

eccentricities are expressed by the ratios of eccentricity (ey ) to plan 

dimension (Dy)' i.e. ey/Dy = 0.03, ey/Dy = 0.10 and ey/Dy = 0.50 

respectively (shown in Fig. 1.3(d)). Associated with various eccentricities, 

the dynamic response spectrum method, according to Comme~ary K of NBC77, 

is used to study th'e effects of coupled translational-torsional motion. 

, -, 
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The ratios (7) of uncoupled torsional periods (T$) t~ uncoupled lateral 

periods (Tx) vary in the range of 0.6 to 1~4. Dynamic responses in 
J 

shear force and torque "envelopes of the three bui1dings show the simi1ar shape. 

For detailed examination, the twelve storey building is chosen to 

be studied· in detail for the effect of sympathetic coupled torsional-

lateral resonance. 

The accuracy and applicability of current static code (NBC77) in 

the torsional provisions is studied in Chapter 4. The formulation of 

design eccentricity (ex)" and the reguirement of doubling torque when 

design eccentricity exceeds 0.25 of the planned dimension are studied. 

Torsional provisions in four other countries'(Germany, New Zealand, 

. !'Iexico andU.S.A".) building codes are also investigated. 

Buildings with eccentric offset (or setbacks) will .induce 

additional torsional effect besides the local .floor torque due to the 

non-coincidence of centers of mass and rigidity in the plan. NBCaO 

provides a modHication on the definition of structural eccentricity 

(e) to take this situation .into account[16]. Buildings with top .two, 

four and six floors as the eccentric offset portion of the twelve storey 

frame building are taken as examples to examine the improvements and 

discrepancies of NBCaO modification. 

It is hoped that the present work will provide some. insight 

to the effects of coupled translational-tars~nal motions on buildings 
-\. 

and provide some comments on the adequacy and accuracy of the current 

National Building Code of Canada. 
, 
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CHAPTER f. 
MATHEMATICAL MODEL 

2.1 Introduction 

When a building is subjected to lateral loads, a frame struc­
y 

ture win deflect predominantly in a shear mode and a shear wall struc-

ture will deflect predominantly in a bending mode. In order to perform 
~ 

dynamic analysis and study the effect of coupled translational and 
? 

torgional motion for buildings wni~h consist of frames or walls, a 

dynamic mathematical model comprised of lumped masses and shear and 
• flexural springs is created to represent the two types of structures. 

A two-dimensional plane model is first studied to verify the ac­

curacy of the model. By applying static horizontal forces to the models 

and their corresponding real structures, the horizontal deformations can be 

compared. These results demonstrate that the propos~d model can represent 

the building behaviour when the building is subjected to horizontal forc:e. 

The dynamic analysis of an asymmetrical building will need 

a three-dimensional model which will consist of shear, flexural and 

torsional springs. The derivation of t~e stiffness matrix for this 

spatial model will be dis'cussed in detail within this chapter also. 

2.2 Modelling of Plane Structures 

2.2.1 The Configuralion of the Model 

Under horizontal loading, the lateral deflection of a building 

will consist of two parts., namely, chord drift and web drfft. To 
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delineate the flexural and shear behaviour of a structure, a unit model; 

which includes shear (Ksr and _flexural. (K) springs and mas);, will be 

considered as shown in Fig. 2.l(a) .. Fig. 2.l(b) shows-that when the mass 

of the IOOdel is rotated e by moment M, the spring Ks will not be affected. 

Fig. 2.l(c) describes ~he mass as it is shifted ~ horizontally by a 

• force P , the spring K will not be stretched. Therefore the stiffnesses 

of springs K and K can be taken to represent the bending and shear _ s 

, 
stiffnesses of the structure. 

2.2.2 The Evaluation of Sprinq Stiffness for Wall and Frame Structures 

The stiffness of flexural springs (K) can be derived as shown 

in Fig. 2.1 (b). Consider unit rotation to be .8 = 1 due to ex'ternal 

IOOment (M). The internal for~s (F) developed by elongation and 

shortening of (K) springs are 

F = K • (~ • e) 
2 

To satisfy the static equilibrium condition, the external force (M) 

must be equal to the internal force (F·a). Hence, 
2 

M=K·t· e 

and the stiffness of fl exural spring ( K) is 

2 . M (2.1 ) K = l e 

in which the term of (~)\I represents the flexur~tiffness (Kf) of 

the unit model. . / 
\ . 

The stiffness of shear spring (Ks) can be defined as the shear 

stiffness of the unit directly. As shown in Fig. 2.l(c), the stiffness 

of the shear spring CKsl is 

P K =­
S l!. 

(2.2) 



·" 13. 

center of mass 

I 

h 

f---__ -=a'--_----:!. 

(al 

~M 
e .. 

K Ks ~ - Shear Spring 

K, K - Flexural Spring 

a 

(bl 

~" 1. 

P r; -
" .. f 

Ks 
K - 'K 

.;.; . 

(el 
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Figs. 2.2 'and 2.3 show that flexural deformation dominates wall 

structure and shear deformation is predominate in frame structure. 

To represent the wall structures, the stiffnesses of shear spring and 

flexural spring of the model can be taken as 

1 ) . 
6Ei 4 + 
5Gh2 

(2.3) 

K wall = 2EI , T 
a h 

(2.4 ) 

• 
For frame structure, according to Heidebrecht 'and Smith[17J, 

the shear spring stiffness is 

KS' frame (2.5) 

assuming that the contraflexural points are located at the mid-span 

of the beams and mid-height of the columns. The flexural spring 

stiffness for the frame structure is given by 

_ AE 
K, frame - a h (2.6 ) 

where 'a is a factor which depends' on the structural plan layout and 

geometric properties of the columns. For example, for a f~ur-bay, 

frafue'structure (shown in Fig. 2.3), a =,1.25 assuming the area, 

YOungJs modulus and height of the columns are uniform. 
\ 

2.2.3 The F.ormation of Stiffness Matrix for Multi-Degree of 

Freedom Model 

For a multi-unit model, (shown in Fig. '2.4(a)), a single unit 
. 

is first isolated to study the equilibrium of the static elastic forces 
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16 

of unit (i) 
between 

9i - Absolute"'overturning rotation 
of unit (i) . 

Ki- Stiffness of flexural spring 
Ksi-Stiffness of shear spring 

.- , 

. Fig, 2 •. 4 Relationship" of Geometry and Forces of Multi-d'egree of 
Freedom unit 

" 



, 

.-
when the model is ·subjected to external lateral forces (shown in 

.Fig. 2.4(b)). Consider the second unit for example,- horizontal force 

equilibrium gives 

: ~ + K • ~ = 0 
2s3 3 

r 
and moment equilibrium leads to 

~2 
. ~ . h3 = 0 

3 "2 

; 

(2.7) 

in whi ch K , K , K- and K3 are the sti ffnesses of shear and fl exura 1 
s2 s3 :"2 

17 

springs for unit 2 and 3 respectively, ~2 and ~3 are the relative hori­

zonbl displacements and 9
2 

and e
3 

are;ttie absolute rotations with 

respect to the verti cal axi s for uni ts(: and 3. 

and 

For any unit (i), Eq. 2.7 can be generalized as 

2 _ ai 
M. 1 - -2-

K 
s· 

1 

h '+1 1 • to. • K 
- -2- 1+1 si+l (2.8) 

.Fig. 2.4(a) shows that the absolute horizontal displacement 

Xi of any unit can be expressed by the· relative displacement to i and 

overturning rotations e
i

, 6· l' such that 1- ~ 

h. 
Xi ~ 'x. 1 + ~i + (6. 1 + 6i ) 1 

1- 1- "2 
h. 

or to': = X. X. 1 (e. 1 + e. ) .. 1 (2.9) - - 2 1 1 1- 1- 1 
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Substituting Eq. 2.9 into Eq. 2.8 yields 

p. = - (K· 1 • X. 1 + (Ks . + K 1 X,' (K 1 .X'· .... 1 
'. si' ,- 1 si+-l si+l 

.... 
(J-K ·h.)· e. 1 - (lK . h.- lK hi:r 1 ) 

. 
" 2 si 1 1- 2 si 1 ,tsi+l ... '!!r" ", 

. ei + (k 
.2 si+l \+1 ) 9i +1 A (2.10) . 

and 

K hi K h. K· hi +1 si s. 1 si+l M. = ( ) X. 1 - ( 1 ) X. 
1 2 . 

1- 2 2 1 

K h.i +1 K h. 2 
K. a. 2 

si +'1 si 1 
) Xi+l ( 1 1 ) - (. 2: + 9. 1 4 2 1-

2 2 Ks. h. 2 K hi +1 
2 

K. • a i K'+l a i +1 1 si+l + ( 1 + 1 + 1 + ) 9i 2 2 4 4 . 

2 K \+1 
2 

(Ki +1 a i +1 si+l 
2 4 

) . 9i +1 (2.11 ) . . ~ 
•• 

Rearranging the Eqs. 2.10 and 2.11 into a matrix form, the stiffness 

matrix for the four-unit plane model is given in Eq. 2.12 and it can 

be symbolized as, 

(2.13) 

, 
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.. 

Pl xl 

P2 Kxx KX6 Xz-
P3 I x3 -

I 

P4 ----l----- x4 
= (2.12) 

Ml 61 

Mz sym K6e - 62 

M3 63 

M4 94 

and Kll = Ks + K 
1 s2 

~2 = -K 
s2 

Kz2 = Ks + K 
2 53 

Kz3 --K _ = 
53 

K33 = K + K 4\ 53 5 

-K "-K34 = 
54 

K44 = K5 
4 



and 

and 

/ 

[K ] = x6 

~l = 

~2 = 

~3 = 

~4 = 

~l 
o 

o 

sym 

~3 0 

~3 K34 

K12 0 0 

~2 ~3 0 

K33 K34 

K44 

_ 1 2 1 2 ~ 
K12 - - 2 a2 • ~ +4 KS2 • h2 

1 2 2 1 
~2 = 2 (a2 • ~ + a 3 • K3) + 4 (K

s2 

2 
hl + K . 

s2 

20 
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( 

~3 = 1 2 ~ + 1 K h 2 - "2 a3 . 4 53 3 

. K33 = ~ (a3 
2 2 1 ·h 2 + 2 . ~ + a4 . K4) + 4" (K

s3 
K . h4 ) 3 54 

~4 
1 2 1 h 2 = - 2" a4 K4 + 4" KS4 4 

_ 1 2 K + 1 K h 2 K44 - 2" a4 4 4 s4 4 

2.2.4 Verification of the Model 

To ascertain whet~er the ~odel can be used to represent the 

behaviour of a building under horizontal loading, a five-storey single 

bay reinforced concrete frame structure (shown in Fig. 2.5) ~nd a ten­

storey rei nforced concrete wa 11 structure (shown in Fi g. 2.6) are 

21 

chosen as examples. Based on the proposed model, a 'plane frame' ~ 

programme and also the moment. area method are used to compare the 

correspondi ng horizontal di spl acements of the two structures and thei r 

equivalent models, when they are subjected to lateral loads. 

Table (2.1) lists the comparison of horizontal displacements 

in five cases for the five-storey frame building. 

for the flexural spring stiffness '(K) and Eq. Ks ~ 

By using Eq. 2.6 

L 12~I , which 
h 

assumes infinite rigid beam for the frame structure, Case I displays· 

the proposed model's horizontal absolute dis~lacements (X., where i 
. 1 

represents the number of unit of the model or the floor of the building). 

Case II uses the same shear spring stiffness (Ks) as Case I but 

grea tly increases the fl exura 1 spri ng stiffness (K) to examine the 

infJuence of flexural spring stiffness of the model for frame structure. 

Case III adopts Eq. 2.5 to evaluate the shear spring stiffness and 
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CASE I 

V lIelgh Weight 
AS ,m:! of of )(- h Xs- hJ 

Floor unit unit 

1 IS' 51,16k 39200 414,22 

2 12' 51 :,6k 49000 926,22 

l 12' 51. 16
k 49000 926.22 

4 12' 51. 16k 49000 926.22 

5 11' 41.16
k 53455 1202.48 

• X '" 12£1 
• >: h' [' 

1 
21 

l !1.,: !2 
bl b2 

ois-
[,lacomen 

Xl. K 

0,053 10
10 

0.016 10
10 

0.099 10
10 

0.116 1010 . 
. 

0.124 1010 

] 

, 

'J 

l' 

CASE II CMEln 

K. XI K lCriw , 

414,22 0,0525 1010 231,96 

926.22 0.0160 1010 463.17 

926.22 0.0951 1010 
463.11 

926.22 0.111 1010 
463.11 

1202.48 0.111 1010 661. 44 

" 

CASE IV 

XI K lC e- • 

0,101 1010 313,63 

0.154 1010 463.11 

0.194 10
10 463.17 

0.224 1010 46j; 17 

0.235 10
10 661. 44 

unit - K • Klp/ft 
X • ft 
E • 3000 KS! 

I 
CASE V I 

I 

XI Xl 

0,0193 0.010 I 

0.126 0.116 

0.166 0.160 I 

0:196 0.190 I 

0.201 .0. 205
1 

, 

Table 2.1 The Effects of nexural stiffness and shear Stiffness to a F.x-arne Structure. (Static Jlnalysis). 

/J 

N 
W 

t 



assumes that the contraflexural points are all located at the mid-span 

of the beams and mid-height of the columns. As a further comparison, 

the shear spring stiffness eval uation at the ground floor of the frame , 
building is modified in Case IV. The contraflexural points of the 

col umns at the ground fl oor are raised to 2/3 Hl to consider· that the 

col umns a't the fixed end are not allowed to rotate., By using the 
~ 

\ 
'plane frame' programme; Case V displays the 'exact' static horizontal 

displacements (Xi' i = 1 to 5) for the 'real' frame building. Some 

observations can be generalized as follows: 

(1) The flexural spring stiffness (K) is an insignificant factor 

in frame structures. It can be deduced from Cases I and II in 

which the displacements are very close despite the fact that 

the magnitude of flexural. spring stiffness. (K) are changed 

greatly in Case II. 

24 

(2) The assumption of flexible floor beams is significant in assess-

ing the shear stiffness for frame structures. For example, 

the shear stiffness (K ) calculated using Eq. 2.5 in Case III 
~ s . 
• 

is almost 50% that of Cases I and II. 

(3) To allow for the flexibility of the floor beams and columns, 

the assumption of'points of contraflexture at mid-span of beams 

and mid-height of col.umns is valid to most of the frame structure. 

However, the end condition of the columns at the ground should 

be taken into 'account. In Case IV, the inflection points of 

columns move upward at about 2/3 Hl , as suggested by W. Schueller[18], 

and the lateral displacements calculated in this case are the 

closest to the 'exact' solution given by the' plane frame' pro­

gramme indicated in Case V. 



The validity of the model to represent wall ,structure can be 

studied in Table 2.2. According to Eqs. 2.3 and.2:4, the stiffnesses 

of shear and flexural springs are used to'calculate the 

horizontal displacements for the reinforced concrete wall structure 

25 

in Case I. By keeping the same flexural spring stiffness as in Case I, 

Case II considers the magnitude of shear spring sti,ffness to be increased 

grossly. As a comparison, the 'exact' horizontal displacements of the 
" 

wall structure computed by moment area method are 'listed in Case III. 

Some observations can be drawn as follows: 

(1) The shear spring stiffness is an insensible parameter to wall 

structure. The comparison of lateral displacements in Case I 

and Case II show only 2% chan'ge in lateral displacement; 'while 

the shear' spring stiffness Ks is changed by 8,440 times. 

(2) The static lateral displacements are nearly equal in Case II 

from the model and Case III from the 'real' structure. This 

is a result that in beam theory, shear~ deformation, of the beam 

is neglected. 

Based on these sample calculations, it is felt that the mathe­

matical model is a fairly good model to represent the behaviour of wall 

and frame structures subjected to lateral loading. Moreover, ignoring 

shear defromation in wall structure and flexural deformation in frame 

structure is justified in evaluating the shear and flexural spring 

.stiffnesses respectively. This model will be used in the 

dynamic analysis of building in the rem~ining,portion of this thesis, 

, ' 

\. r 

, 
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Table 2.2 

I· 

J 

CASB 1 , 

"aight lIeight K K. X.10· 2 

16' 3.llx 107500 ll0507. B 0.065 

16 1 ' 3.11x 107500 I1B507.0 0.237 

16' 3.llx 107500 110507.0 0.505 

16' 3.ll
x 107500 ll0507.0 0.055 

16' 3.lIx 107500 110507.0 1.2B 

16' 3.llx 107500 11B507.B 1.76 

16' 3.llx 107500 llB507.B 2.29 

16' 3.11x 101500 lIB507.B 2.B5 

16' 3.llx 107500 11B507.0 3.44 

16' 3.llx 107500 110507.0 4.04 

~ 

K 

107500 

107500 

107500 

107500 

107500 

107500 

107500 

107500 

107500 

107500 

CASB 11 - _ CASB 111 

K. X.10·2 X.10·2 

1010 0.057 0.05B 

1010 0.220 0.222 

1010 0.479 0.402 

1010 0.022 0.B26 

1010 1.24 1.240 

1010 1.71 ~.715 

1010 2.23 2.231 

1010 2.79 2.194 

1010 3.31 3.376 

1010 3.96 3.969 

Unit IE. 4300 ka! 
. K • Kip/ft 

X. ft 

.~ 

(Homent 
Area 
H.thod~ . 

r 

The Effect,~lexural Stiffness and Shear S tiffnoss to a wall s tructuro. (static IInalysis) 

N 
01 



2.3 

2.3.1 
C; 

Spatial Structure Modelling 

The Configura'tion of the Model , ~ \ 

, "'" In order to study the coupled torsional-translationaj seismic' 

responses on' buildings,a three, dimensional model based on the similar 

features of the,plane structuni model is created as shown in Fig. 2.7. 

Analogous to Fig. 2.1, K , K Y and K , K are the shear springs and sx· s· x y 
flexural springs of the unit in~X and Y directions respectively. For 

the unit with center of mass and center of rigidity does not coincide, 

an additional torsional spring K~ is added between the units and ex' 

ey represent the eccentricities in the X and Y directions. 

Any transverse force applied through the center of rigidity 

(or shear center) will not ca~e torsion, also, when the structure 
,; 

27 

, 
is subjected to applied torque, the twist takes place around the shear· 

center and there is no lateral displacement. Following these mechanical 

principles and the definition of stiffness, the shear springs are 

arranged to allow the reaction fo·rces in both X and/or Y directions 

to pass through the shear center, the flexural springs in either X or , 

Y direction are located in a plane which crosses the center of rigidity. 

To represent the torsional stiffness of the model the torsional spring 

is left in a position to let the torque be directiy applied around the .shear 

center (shown in Fig. 2.7). Therefore, when the reference point is at 

the center of rigidity, the stiffness matrix [K] of this model would 

be a diagonal matrix, regardless whether it represents a symmetrical, 

monosymmetrical or asymmetrical structure. Symbolically, the stiffness 

matrix of a unit model, referring to the center of rigidity is 

[ :' 
a 

U [K] = 
Ky 

(2.14) 

a 
'-. 



• 

Ky 

Fig~2.7 Spatial Spring Model 

-
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y 

y 
Ky 

Kx 

Kx,Ky - Flexural springs in X and 
Y axes 

"Ksx,Ksv- Shear springs' in X and 
·Y axes 

K¢ - Torsional spring 

~ 



: 

in which Kx and, Ky are ~he trans1ational stiffnesses of the u~it in 

t, Y'-axes_ directfons respective1y and K$ is the torsiona1 stiffness 
. \ 

of the unit referring to it's center of rigidity. 
. ., ' , 

2.3.2 The Fo~u1ation of Genera1 Stiffness Matrix 

29 

In the dynamic ~na1ysis" the resultant of the inertia forces 

'act at the center of mass, the e1astic forces occur. at tQe center of 

rigidity (shown ~n F-ig. 2.S,). When these two centers do not coincidE!., 

torsiona1 response wi11 resu1t. 

For' a spatia1 mu1ti-unit mOdel, the stiffness mat~ix and mass 

matrix caIJ be very comp1ex, espec.ially when the reference point is 

arbitrary. In order to il1 ustrate the process of stiffness matri x 

formu1ation, a'monosymmetrica1 mu1ti-unit model (shown in ,Figs. 2.9 

and 2.10) withrefer~nce point of each unit at .the center of mass is 

studied in detail. The units of the model are uniform and the centers 

of mass and rigidjty of each unit are originally located on two vertical 

axes. 

The study is split into three parts which Are lateral response 
~, 

in X direction, torsional and'overturning responses of the unit. Fig. 

2.10 disp1ays that the absolute lateral displacement Xi of any unit is: 

h. 
Xi = X. 1 + D.Xi 

+ (8
i
_
l + 8.) . _1 + (q, i - q,. 1) . e 

1- 1 2 1- Yi . , .,' 

Therefore, '-the relative displ acement D.X; of shear spring of unit i is: 

D.X. = X. - X. 1 - (~~'l + 8.) 
,. 1 1 1- 1- 1 

hi 
-2 - (q" - q,. 1) 1 . 1-

(2..15) 

The'eq'ui1ibrium equation of motion for one ,unit in the X direction 
-

is 
(2.16) 

:-:; 
," .", 
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Fig.2.l~Multi-unit Spatial Model 
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Substituting ~Xi into Eq. 2.16 yielos. 

-
.. M . X. - (K )... X. 1 + (K + K . ) X. - (K .) X.,, +1 

, , sXi ,- sXi s.xi+l ' sXi+l 

} 
h. 

- (K • -2') • 9
1
'_1 - (Ksx . ,sxi , 

+ (K 
SXi +1 

e ) 
Yi 

hi +1 . -2-) 

~ ... 1 ,-

9. ,. 

- (Ksx . : ey ,. + Ksx 
,):" .. i+l 

e ). ~" + (K 
Yi+l . sXi +1 

'~'\J) . 

. Yi+l . e '~"1 .. 
, . . 

(2.17) 

; 

In m~trix.form, it is shown in Eq. 2.1~ 

The equilibrium equation of torsional motion at the center of 

mass is • 

+ K" ~Xi+l 
• sXi +l 

2 -e = -M. y: g.(t) 
Yi+l ", 

.\. y. , 

Substituting Eq. 2.15 into Eq. 2.19 yields: 

e ) X. 1 "- (K y.,- SX. , , e + K 
Yi sX i +l 

+ (K • e ) X"+l + 
sXi +l Yi+l 

h. 
(K·e . -2') 

sXi Yi 9. l' ,-

+ (Ksx . e 
hi 

K hi ;:l ) 
'2"- e 9. , Yi sXi +1 Yi+l' 2 , 

" 
h. 1 

ey .
2

) (K ,+ ) 
(K~,. + K - . e -- e sXi +1 Yi +1 2 ,i+1 sXi , .i , 

~ 

(2.19) 

e ) X; 
Yi+l ' 

<1>; 1 ,-



2 
(K + K • e v ). 9,'+1 

9i+l $.1(i+1 ";+1 

Also, Eq. 2.20 can be rewritten into a ,matrix fonn as Eq. 2.21. 

o J o ... 0 

o 0 
. . 

, 
sym " 0 

" 

sym 

and = 

= 

= 

= 

K l' n- ,n = 

= 

= 

o 

+ [K : K : Kx~J xx I xe I 'f . 

.... 
K n-l, n 

Kz2 Kz3 o 

. 0 

o 

K 'K n,n-l nn 

• 

, 
.if 

33 

(2.20) 

(2.18) 

( 



34 

and 
1 

h1 + K .• h2) Kll = 2 (-KsX1 sX2 
\. 1 

K12 = 2 . K h2 sX2 ........ 

~1 
: 1 K . h2 = -2 . . sX2 

~2 = 1. (-K h2 + K . h3) 2 s~ sX3 

~3 
1 K h3 = 2 . sX3 · · 1 

~-1, = 2 KSJ( hn n n 

~, 
1 

Ks~ hn n-1 ~ -2' . 

Knn 
1 K' . hn = -2 sXn 

Kll K12 '0 ... 0 

[Kx<?J = ~2 ~ ... 0 
3 . 

'" sym '" K 
" n-1, n 

" '" 'K 
nn 

and 

Kll = -{K . e + K . e ) 
sXl Yl SJ.<2 Y2 

K12 = K e . 
sX2 Y2 

~2 = -(Ksx . e + K . e ) 
2 Yi sX3 Y3 

~3 = K e 
sx3 Y3 · 

K = K e n-1, n , sXn Yn 

! Knn = -K e 
.sxn Yn 

:.. 
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I91 
,0 0 X 

91 1 

~2 
I9 o " . 0 

~.:..-

92 [K
9X 

I 
K<j><j>J 

e1 + K'e ' 2 . " , ~2 
, . , , . , , -

sym I ' 9n -¢1 9n 

, ~2l . 
.. 

- - Lr¢r {I}' 9¢( t) (2.21 ) 

where ~1 K12 0 ..... 0 , 

[K J = ¢x ~2 ~3 0'" 0 
, , ., 

"-
sym , 

K 
"- n-1,n 

"- , 
Knn 

and 

Kll = - (K • e + K sX
1 Y1 sX

2 

K12 = K 
sx'2 

• e 
Y2 

~2 = - (K • e + K 
sX 2 'Y2 sX 3 

~3 = K • e sx
3 Y3 

~-l,n = KSXn e 
Yn 

Knn = - K 
sXn 

. e 
' Yn 

.' 

~1 ~2 0 . . . . . 0 

[K¢e J = ~1 ~2 ~3 O· .. 0 
, 

0 , 
"- , 

.... K • "- o-l,n , , . 
J 0 K Knn n,n-1 



-and 

and 

= 

= 

= 

Kz2 = 

= 

; 

K = n-1,n 

K -n,n-1 

K nn 

Kz2 

= 

= 

= 

= 

= 

j
~-1,n = 

K = nn 

1 (K 
"2 s~ 

1 
- "2. KSX3 

1 
-"2 Ksxn 

1 
"2 . KSXn 

1 
"2 - KSXn 

h n 

Kn K12 0-····· 0 

Kz2 Kz3 0"· 9 
sym K n-1,n 

, K 
nn 

K +K +K e 2+K 
¢1 $2 SX1 · Y1 sX2 

- (K -+ K • e 2) 
¢2 sX2 Y2 

K +K +K e.2-i-K .e 2 
¢2 $3 sX2 Y2 sX3 Y3 

- (K¢ + Ksx 
n n 

36 
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In Fig. 2,.10, ei denotes rocking angle of unit i. The equili­

brium equation of rocking motion can be written as, 

-
Ie e. - K (e'+l - e,.) . 
i' xi +1 ' 

hi +1 
- K • AX,. +1 . -2- - K sxi +1' sXi 

hi = -I 
2 e; 

, , (2.22) 

Again, substituting AXi in Eq. 2.15 into Eq. 2.22, one obtains: 

.. K h. s· , K h. - K h" l 
( 

si " s i +1 ,.,. ) 
K h. 1 si+l ,+ 

I e. + 
ei ' 

( , ) 
2 . X. 1 -,-

K h. 2 K 
(_ xi 

2 
si ' + -'-:---) 

4 

+ (-

2 K ,a. 1 
xi +1 1+ 

2 

K h.e s· loy. 
+ (' , 

X. -2 , 2 

2 2 
K . a. + K. 1" a. 1 xi ' , + , + 

ei -1 + ( ,2 

cp. + , 

K h.e s. , y. 
- (' , ) 

·2 cp. 1 ,-

K h. le 
Si+l ,+ Yi+1 

( 2 ) 

or, Eq. 2.23 can be formed into a matrix as Eq. 2.24. 

K h:2 + K h 2 
si ' si+l i+l 

+ 4 lei 

(2.23) 

The assembly of equations 2.18, 2.21 and 2.24 leads to the 

undamped general equation of the motion in x direction, when the refer-

ence point is at the center of mass namely, 
-

[ : 
0 

um + [K] .\:] "[: 
0 

:.1 
gx 

Ie = Ie ge (2.25) 

0 0 gCP 

where the generalized stiffness"matrix [K] is 
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K Kxe KXG> xx 

[K] = K Kee KeG> (2.26) ex 

K¢x K¢e KG>¢ 

By eliminating rocking moment response, assuming Ie = 0, the 

overturning rotation e can be written as 

(2.27) 

Therefore, a condensed stiffness matrix [K] resuits, 

( 
-1 

- [K -K .K [K] = xx xe ee_
l 

(Kq,x - Kq,e • Kee 

(KxG> - -Kxe 

(Kq,q, - Kepe 

This condensed matrix [K] is still a symmetrical matrix, because -

since 

(2.28) 

Using the same procedure, the general dynamic equation of motion in Y 

axis for the spatial modelling can be obtained. The condensed stiffness 
I 

matrix [K] to an asymmetrical 'structure, in which the reference point 

is the center of mass, can be wri tten as 

[K] = 

(K -K e.Kee -l.Kex) 0 
xx x x 

o (Kyy-'),e.Kee -l.Ke ) 
y y 

-1 
(K", -K"'e .Kee ",x ... x x 

.Kex) 

( -1 
K", -K"'e .Kee ",y '" y y 

• Key) 

-', 



where 

• 

and 

a _.... a 

I o· - a 
e2 ..... 

..... 

[K ] = ex 

~1 

~2 

~3 

~,n-1 

K,1 K12 0····· a 

~1 ~2 ~3 a '" a 

1. = - (-K h1 + K . h2) 2 sx' sx 1 2 
1 = - 2 . Ksx . h2 

2 

=l(_K .h
2

+K 
2 s~ . . s.)(3 

1 
= - 2 . Ksx3 h~ 

~3 
sym .... 

...... 

0···· a 

K n-1,n 

, K 
nn 
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(2.24 ) 

, 

\ 
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and 

1 (K 2 2 + 1 (K h 2 + K 2 
K" = a1 + K - a2 ) - h2 ) _2- xl x2 . 4 .sxJ 1 sX2 
- 1 a-2 + l h 2 K,2 =-2- K -, K x2 2 4 sX2 2 

1 (K a 2 + K 2 1 h 2 + K 2 
~2 = - a3 ) + 4 (Ksx - h3 ) 2 x2 2 x3 2 2 sX3 

~3 
-1 K 2 i K h 2 = -2- a3 "!" 4 -x3 sX3 c 3 .. 

K = 1 K 2 1 K h 2 -2 - an + 4-n-l,n xlJ sXn 3 

Knn = 1 K a 2 +l K 2 2 - xn n 4'- sxn· _. h
n 

K" K12 0 0 

[Ke~ = ~1 ~2 ~3 o . '0 
"-

"-
0 "- K "- n-l,n "-

"- , 
K' Knn n,n-l 

! and , 
K" = 1 (K - e h1 - K e - h2) 2 sx Y1 sX2 Y2 , 1 

K12 = 1 K e h2 2 - - -sX2 Y2 

~1 
1 . 

h2 = - - K e 2 sX2 Y2 

~2 = 1 (K e. h2 -, K e -. h3) . 2 sx Y2 sX3 Y3 2 

~3 = l K. e - h3 2 - sX3 Y3 --
lK K' = e _ h. 

i n-1,n 2 sXn Yn n 

K = 1 K e h n,n-1 -2- sXn Yn n:-: 

Knn = 1 K e h 2 - sXn Yn n 



.. 

2.3.3 - ~e General Equation of Motion • ".:. 

Eq: 2.25 represents the' general ,equation of motion where the 

reference point is at the... center of mass. While the rererence point 

of motion is arbitrary in the spatial modellin~, the mass matrix will 

no longer be a diagonal matrix. 
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Fig. 2.11 shows that in the ,X and Y coordinate system, an arbit­

rary point p and centers of mass and rigidity are located at eXp, Yp), 
f 

-(Xm~ Ym) and (Xr, Yr) respectively. The translational displacements 
I 

-- in the X and Y axes of any point (i)-of the unit are defined as Ui and 

Vi and the rotation of the unit as counter-clockwise directioD as 
-

positive sig~ is indicated by~. The general equation of ,undamped 

motion in terms of the displacements of an arbitrary point p for a single 

unit is 

.. 
M 0 H(Yp - Ym) U p .. 
0 M -M(X - X ) V 

-M(X\ 
P m P 

,M(Yp - Ym) - X ) Ip ~ P m 

K 0 K (Y - Y ) Up x x p _ r 

+ 0 Ky -K (X - X -) -V 
y P r P 

Kx(Y~ - 'Yr ) -K (X - X ) y p r 
K~ 
p ~ 

M 0 0 gx 

- - 0 
1\ 
~ 

0 • gy 

0 0 - I 
G> ~ 

where I = 
P 

I + M[ (X . -m P _ 
X )2 + (Y 
m P 

_ Y )2J m 

KG> = 
p ~ + Kx (Yp- Yr)2 + K y (Xp - Xr)2 (2.30) 

------



>-' 

Y,v 

C.R(~,YJ . ~ 

• 1 
~(X ,Y J. 

p p 
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--t---+------------------------------------------x,u 

POINT POSITION DISPIACE.'IENTS 

P (X , y ) U , V , <i> p p p p 

CM (X , y ) U , V , <i> m m' m m 

CR (X , 
r 

y ) 
r 

U , 
r 

V , 
r <i> 

Fig. 2.11 Geometric Relations of Arbitr~~ Point and 
centers of Mass. and Rigidity 
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In equation-2.30, Imis·mass polar,moment of inertia of the 
, , 

Ci unit referred to the,mass center: The elements of stiffness matrix can 

.: 

-
; 

--l 

. be expressed by the torsional (K¢) and. shear (Ks), flexural (K)spring 

K •. h 
[ sy (X"' X )] . 

2 P r 
/ '., 

and KR = K~ is the torsional stiffness of the unit referred to its center 

of ri~idity. ' To arbitrary point p, the term K/ can be expressed as 

. .,.,. . 

, K¢ =' [K. + K 
P" ¢ sx 

(Y _ Y )2 + K' 
p.r ,sy 

"CX - X )2 -'{[K h, )] P r sx . 2'Yp - Yr 

K a2 K h2 
,-1 

K h 
Y·m -' {[K'" . -R-cx -( x~ + sx . [ sx (Y - Xr )] . 4 2 P r sy 2p 

K~ • b2 .K • h2 
)-1 Ks~ h 

+ s~ (Xp - .xr )]} ( '2 4 [ 2 , 
j /' 

• 
When Eq. 2.30 applies to a multi-unit model, each element of tne 

mass matrix in ·Eq. 2.30 becomes a diagonal matrix. Let EMYi = Y '-Y 
Pi mi 

and ·EMX. = X - X the mass matrix for a mul ti-unit model can be written as 
1 . P. m " 



't' 

ml 

l' 
0, ,.". 0 1 

, I 
m2 , 

sym' 

o '" 0 .. ' I 
I " " o 

" I , 
mn I 

-d-I-'-

I 

I 
I 

-I-

ml 

I 
ml EMY I 

o • '0 

. 1 

0 
I- - -

0" ... 0 I -ml EMXI 
m2 

0·,,· 0 

", 0 

" 

I o· 
,/1 

I , 
m I n o 
- - -1- I 

PI / 

where I = I + mi [EMXi
2 + EMyi

2] 
,Pi mi ' 

I .. 

, 

" 

, 
• 

" '.' 

, , 

0 . , " , 0 
~ 

m2EMY2 ' o " .. 0 
"- • 

"- 6 "- ... ' 

'm EMY n n, 
.... " 

0 ...... 0 , 

-m2EMX2 0"", 0 , , o ...... 
" ''- EMX mn n 

-- --'-
o '" - .. ' 0 

, . 
I '0"":0 
.P2 ; 

• 
, 0, 

"-

" 
::-- , Ipn 

, 
".;'1 

" 
.) 

• 

" 
, . 

t 

, .. 
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. 
The stiffness matrix in Eq. 2.30 for a multi-unit model is replaced 

by the condens'ed stiffness matrix [K] CEq. 2.29) while .the eccentricities 

of ce~ter of rigidity to the arbitrary point ('1') applied'into Eq. 2:29 
~ . 

are defined as E~Yi = Yp'. - Y and ERXi = X - X"t. S)'lUbolically, the 
. 1 r iPi r i 

stiffness matrix is 
" -1 ' 

(Kxx-Kxe·Kee .Kex ) o 
x . 

CK- y-K e.Kee -l.Ke ) y y y y 
• 

sym 

The terms of \x' Kxe' Kee ' KX<i>'· Kyy ' Kq,¢' are all matrices which. have 
x 

been shown in Eq;-2.18, 2.2,1 and 2.24 but the eccentricities e and e 
- Yi Xi 

shall be substit;uted by ERYi and· ERXi respective.lY. ,. 

For examp,.e, 

sym 

where' . 

= K sXl 

= -K sX2 

~2 = K sX2 

-K 
. SX3 

= 

o ...... 

... ... .... 

... 

+ K 
sX2 

+ K sX3 

... 
K n-l,n 

~ 
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K = -K ~ 

~ n-1,n sx . n 

Knn = K 
sXn 

~ . 
Kll K,2 0 ...... 0 

T ' 
[KexJ = [KxeJ = Kz1 Kz2 Kz3 

o ... 0 

"-
"-

"- " 
"-

"- K 
..... n-1,n 

..... 
.... 

~,n-1 Knn 

where 

Ki 1 
1 

\x·· h1 +-K h21 = 2(-
1 sX2 

K12 = 1 K h2 Z sX2 
, 

• 1 
~1 = K h2 -Z · sx2 

. 

Kz2 
1 h2 + K h3) = - (-K 2 sX2 sX3 

Kz3 
1 

h3 = - . K 2' sX3 . -. 1 K = Z . K h n-1,n sXn n· 

K = 1 K hn - Z · t' n,n-1 sXn , ., . , 
Knn . - -Z · K h . 

sXn .n 
, 

K1, K'2 
o ...... 0 

T 
[K J = [Kxq,J = q,x Kz2 Kz3 

o .: . 0 
"-

" "-• " sym "- K .... n-',n 
" ..... 

0 
'K . nn ~ 
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where 

h, = - (K x .' ERY, + K ERY
2

) 
5 , SX

2 ... 
K,2 =. K· 

- SX2 
. ERY

2 

< 

~2 - - (Ksx • ERY
2 

+ K .- ERY 3) 
2 . sX3 . 

. ~3 = . K Efh sX3 " 

y ~-'.n= . Ksx 
n 

• ERY
n 

~n - -K 
sXn 

• ERY
n 

--. 
,<. 

K" K,2 0 . - .. - . . " 0 .r 
( 

[K ] = ~2 ~3 0···· . 0 
e6)( . .... 

..... . 
i 

/ 

, . ..... 

"' K sym ...... 
n-',n ...... 

...... 
..... 

Knn 

and , . ( 2 2 , 
h 2 + K h 2) Kll . = - K . a, . + K . a2 ) + 4" (K 

2 x, x2 . . SX, , s~ 2 

K'2 

_ , 
K 

2 , 
K h 2 --2 . 

~ 
a2 + 4" • 

s~ 2 

~2 = 1 (K • 2 2 , 
h 2 + K h/) a

2 
+ K • a3 ) + 4" (K . 2 x

2 . x3 SX2 2 sX
3 

~3 = - 1 K 
2 , 

K h 2 
2 x3 

a3 + 4 • sX3 
. 

3 
· · · , 

a 2 + 1 h 2 Kn.;"n = - 2 . K K . 
xn n 4 sXn n 

~n 
' . 

Kx 2 + 1 K h 2 
= 2-' an 4 s~ . 

n n 



and 

Kll = , 

K12 = 

~1 = 
..... 

~2 = 

~3 = 
• · • 

K = . n-1,n 

K n,n-1 = 

~n = 

and 

[Kcf>q,J = 

where 

~1 = 

o '" ... o .. ' 

. ~2 ~3 o " .. 0 

1 (K 2 " sX1 
. 

1 
Z· K sX2 

, 

h1 . 

h2 . 

.... 
'-

ERY1 

ERY2 

'-
'-

'-

) 

K sX2 

'­
'-

. h2 

K n-1,n 

• ERY2) 

1 K h2 •. ERY2 -Z . sX2 
. 

1 (K . h2 . ERY 2 - KSX3 h3 . ERY 3) Z sx 2 
1 K h3 ERY3 Z . ,sx3 
1 

.Z . K h . ERYn sXn n 

1 K hn ERYn -Z . sXn 

1 
\xn ~ hn ERYn Z 

Kll - K12 o .. 0 

K22 ~3 
o .... 0 

'- .... 
'- .... 

sym "- K . .... n-1,n '-
'-

'-

Knn 

Kcf>l + K + K 
4>2 • sX1 

ERy1
2 + K 

sX2 
ERY 2 

2 

+ K . ERX1
2 + KSY ERX 2 

5Y1 2 2 
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K (K + K ' ERy
2
2 + K 

12 = - 92 s~2 ' SY2 

K_2 = K + K + K ,ERY 2 + K 
'~ 92 93 sX2 2 sX3 

+ K ERX 2 
SY2 2 

L3 = -(K", + K 
'~, "'3 sX3 

+ K 
sY3 

ERX 2 
3 

ERy3
2 + K 

sY3 

ERY 2 
3 

K = -(K + K ERY 2 + K . ERXn2) n-l,n 9n sXn n sYn 

ERX 2 
n 

Substituting Ks ' K , ERY i' ai by Ksy ,' K , ERX', and b" matrices 
, xi xi ) Y ill 
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[KyyJ, [K eJ, [K ,J, [Kee J and [Ke ",J can be shown to have similar forms. 
y y." Y y'" . 

Consequently, the detailed description of Eq. 2.30 applied to 

multi-unit model is complicated. However, this equation is 

. very useful, parti cul arly when the dynami c ana lysi sis appl i ed to offset 

buildings in Chap,ter 4. 

• 



CHAPTER 3 

THE EFFECTS OF COUPLED TRANSLATIONAL AND TORSIONAL 

MOTION IN MONOSYMMETRICAL FRAME BUILDING 

3.1 Introduction 

Completely symmetrical structures do not exist. Owing to inevitable 

eccentricity, it is necessary to take'coupled response into account for 

buildings which are s~bjected to earthquake excitation. In Chapter 1, a 

review of many investigations on .the effects of seismic coupled lateral­

torsional response on buildings is presented. The general conclusions are 

as follows: 

(1) Coupled lateral and torsional motions cause torque and reduce 

base shear. 

(2) The effect of torsi ona 1 coupling' depends strongly on lJJcp/ lJJx~ 

the ratio of uncoupled torsional frequency to uncoupled 

lateral fundamental frequency. 

A·parametric study on the effect of coupled motions is' made in this 

Chapter. Particular attention is qiven to the circumstance when the 

phenomenon of sympathetic coupled torsional-translational resonance occurs. 

Three groups of monosymmetrical uniform frame structures are studied in' 

this Chapter. They are a six-storey building with uncoDpled translational 

period Tx=O.5 sec, a twelve-storey building with Tx=l.O sec and a twenty 

four-storey structure with Tx=2.0 sec. (shown in Fig. 1.3) 

Different ratios of uncoupled torsional 'periods to uncoupled translational 

periods related to small :eccen~ri.city(e/D = 0.03), mo.derate eccentricity 
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(e/D = 0.10) and exceptional large eccentricity(e/D = 0.50) in each 

building group are considered. A,dynamic'analysis by applying the 
\ 

response spectrum method according td Commentary K of National Building 

Code of Canada(NBC 77) ,is carried out. As a comparison, the stati~ 

shear force and torsional calculations based on NBC 77 are also cal-

culated for each building. • 

3.2 Uncoupled Fundamental Translational and Torsional Periods 

The study of general equation of 'motion in Chapter 2 presents 

equation (2.30) of which the reference ,point can be arbitrary. In a 

monosymmetrical structure, when the reference point is at the center of 

rigidity(sho~ in Fig.2.9), tbe terms of Xp and Xr of Eq.2.30 a~e equal 

to X ,and y is equal to Yr. 
m ( p 

Therefore, the off-diagona) elements of 

stiffness matrix are all equal to zero. Let e = y lor y ) - y represent 
y p r m 

the monosymmetrical structure's eccentricity in y axis direction, the 

undamped free vibration equation of motion in terms 'of the displacements 

at t~of rigidity is 

= o 

in which I = I + M . e 2 
cp m y 

Based on the above equation, the uncoupled translational periods (T ) can x 

be defined by the condition that the torsio~al rotation (cp) is set to 

zero. i.e. 

[ M ] {x} + [Kx ] {x} = 0 - (3.1) 



• 

Analogously, when the structure is only rotated around the center of 

rigidity, the .inertia torque occurs at center of "mass is I . ~.". An 
m 

additional translational inertia force occured at center of mass, du~_ 

to the eccentricity(ej)' is M • ey . ~. Hence, the uncoupled tor­

sional fundamental period T~can be obtained by equation 
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" [ I~ ] {~;} + [ K~ ] { ~"} = ° - (3.2) 

e 2 
Y 

~----

3.3 The Comparison of Base Shear Between Stiff and Flexible" Structure 

Due to seismic excitation, a stiff(short period) structure may 

develop largerbase shear than a flex~ble(long period) structure. In NBC 77, 

the formulation of static base shea~ V = ASFKIW, in which S = 3°·5 is 
.ff 

"the seismic coefficient and T is the fundamental period of the structure, 

has reflected this fact. According to Commentary K of NBC 77, the 

lateral dynamic storey forces Pi for any mode i are computed from equation 

" { Pi} = [M ] • {~}. Y i . \ i - (3.3) 

• where.[ M ] is the mass matrix of the structure, column vector" {~}. is 

the mode shapes, Yi is the modal participation factor and Sai is the 

spectral acceleration. As shown in the peak ground motion bounds and 

elastic averag-e response spectrum(shown in Fig.3.1), the spectral 

acceleration Sa increases when the 'fimdamental periods arid damping 

ratio ,decrease. 

Table(?l) lists the base shears by equiva}ent static calculation 
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,'\ 

-Bui1ding I II III 

Tx 0.5, (sec) 1.0 (sec) 2.0 (sec) 

Tota1 Height 6 x 11' _ 0" 12 x 11' -0" 24 x 11'-0" 

Total. Weight -CW) 8,400 k 16,80ok 33,6001< 

Static 
Ca1cu1atic:o 

** , 423.33k 672.01< • 1066.13k V=ASFKIW -
. 

S- 0.5 c-. 

- iT:" 0.63 0.5 0.40 
. 

R.S.S. , 
Dynamic i; = 0.05 • 
Ana1ysis 

{ P }i",[M] {<P}i Yi Sa 762.6k 757.01< 
. .) 

~0.60 
~ 

S a1 0.10g 0.05g \ 0.03J 

Tab1e 3.1 Base Shear Comparison Between Static Ca1cu1ation 
and Dynamic Analysis 

** A = 0.04 
F = 1 
I = 1 
K' = 2 



and dynamic analysis combined by root-sum-square{RSS) method for the 

three frame buildings under the assumption that the buildings are 
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symmetric structures. (i.e. e = e = 0) x y 
It is interesting' to notice that 

,-
the dynamic base shear for the six-storey(T = 0.5sec) building with total ,. x ' 
weight 8,400k is larger than the twelv'e-storey{T = 1.0sec) building with , x, 
total weight l6,800 k • Tables 3.2 (a) to (d) display jf!e contribution of 

spectral acceleration and mode 'shapes to the' sh~ce calculation. 

For example, in the fi"rst mode, the largest base shear occur's at the six-

storey building due to the higher spectral acceleration Sal and larger 

magnitudes of, mode shapes { ~ } • 

Commentary J and K of N.BC 77 limit the base shear computed from 

a dynamic analysis to be not less than 90 per cent of that obtained by 

the static procedure. The base shear study mentioned above shows that 

for ort period stiff structures, the static base shear underestimates 

" the dynamic a alysis by a factor of 1.8. Therefore, the necessity of 

dynamic analysis for earthquake engineering is more apparent .. 

Dynamic analysis by response spectrum method is adop.:ted in :this' Ii" 

thesis. .Due to the"assumption of li'near elastic structure behaviour in 
.~. ., 

the. Duhamel integral [19] equation"the numerical coefficient K in the 

static procedure is chosen as equal to two to exclude the consideration 

of ductility for the frame structure. 

3.4 The Consequence of Coupled Translational and Torsional Motion to 

Base Shear 

The equivalent static base shear formulation of NBC 77 does not 

reflett the contribution of eccentricity and coupled motion to the seismic 

response of structure. However; the comp~riso~ of dynamic base~ear to 
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u 1')(1 • 0;5 SEC TXt· l.O·SEC TX
l 

• 2.0 SEC 
1/ . 
I [w] ~ 1 Sal Vi [w] '~1 Sal Vi [w] ~'l r 1 sal T(l) r1 (Shear) r1 (Shear) 

1 HOok 0.1303 I t 756.30k 1400 0.0465 
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Tablo 3. ~ (a) 1st Hode Dynamic Shear Forces comparison for Duilding with Tx 
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cl 

.. 0.5 
1.0 
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Vi 
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[I/l 
' , Vi , vi 

(Sh;!..) t (i) <1>2 Y2 S·2 (Sh •• r) (If] ,402 Y2 So2 (Sh •• r) [1/] <I> 2 Y·2 SI2 

I I 14bo 
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1 1400 ' -0.3660 93.29 0,1456 20B.61 2000 0.1440 301.20 1 

2 1400 -0.5502 47~i: 1400 0;2~09 101.35 2S00 0.2602 , " 
' 269.00 

3 1400 -0.4593 -0.7452 0.12 - 21. 1400 0.3591 130.62 2000 0,3566 '199.99 

~ 

4 HOp -0.1392 I I - 79.01 '1400 0.3904 ' 63.39 2qOO 0.3970 107.16 
5 1400 0.2514 - 96.43 1400 0.3034 - 11.19 2000 0; 3065 3.60 

, 6 1400 0.5100 - 64.95 ,1400 0,3163 1.1143 0.12 - 02.97 2000 0.3240 1.1004 O,OB - 97.00 
7 1400 0.2050 -142.10 2000 0.2102 - 101.34 
0 " 1400 0.0669 -100.71 2000 0.OB27 - 230.14 
9 1400 -0.0019 -193.24 ~OOO -0.0653 - 259.67 

10 1400 -0.2200 -177.90 2000 -0.2060 - 242.60 
11 1400 -0.3312 -136.56 2000 -0,3239 - 100.05 
12 ,1400 -0.3903 - 74.56 2000 -0.4016 - 104.54 

, 

0 • 
" 

762:6 ". "": 157.0 
I' 

R.S.9. V base. R.B.S. V base· . R.B.S. V baat • 790)6 
- - - - , -- --- ----- - ---- --

• 

.' 

Table 3.2' (b) 2nd Hade Dynamic Shear Forces Comparison for Building with T 
x n.s DOC 
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y i V' V V til) [If) ~ 3 .Y 3 , Sal ISh.er) 
[If) ~l Y3 , Se3 ISh.er) [II) ~ 3 

, 
'Y3 Sa3 , ISh.ar) 

" 

,,8 

, ' 

0.\349' ' 1 1400 ' - 0.5193 I 1 27.37 1400 -0.2350 

I r . 
65 •• 5 2800 

I I 
134.83 

2 1400 - 0.3710 - 7.85 1400 -0.3020 40.81 2000 I- 0.3033 04.04 
3 1400 .0.2539 - 0.4036 0.12. - 33.00 1400 -0.3053 0.75 2000 I- 0.3096 3.25 
4 . 1400 0.5505 

1 .1 
- 15.79 1400 -0.2436 39.65 2000 I- 0.2514 79.60 

5 1400 0.1360 21.54 1400 -0.0107 - 0.624 0.12 65.20 2000 I- Q.0205 '0.633 0.12 133.54 
.6 1400 - 0.4544 30.01 1400 0.2254 66.32 2000 0.2162 . 137.54 

7 ' ifJ400 0.3752 42.60 2000 " '0.3700 
. 

91.51 , 
0 1400 0.3019 3.34 2000 0.3029 12.77 
9 1400 0.2431 36.71 2000 0.2501 60.72 

10 1400 0.0113 62.20 2000 0.0214 121. 94 
11 1400 -0.2259 63.30 2000 :- 0;2175 126.49 
12 ' 1400 -0.3705 , 39.69 2000 0.3760 00.21 

.. . 
• .., , . R.B.S. V base. 762.6' R.S.B. V base • 757.p R,8.S. V baae • 790.6 , 

" 

Table 3.2 '(c) 3rd Mode Dynamic Shear Forces Comparison for Buildings with Tx a 0.5 Soc (ex a ey a 0) 
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V [I/l .p 4 
V [ Ifl S"4\ 

V 
Y'4 'Sa

4 (Shear) Y4 sa4 (Sh.gr) .p 4 Y4 Shaar)1 
'--->./ , 

'-:-" 1 1400 0.5507 I I 7.~3 1400 1-0.3077 

I I 
30.97 2000 -0.3073 

r ·1 

63.21
1 2 140Q -0.1321 - 9.66 1400 1-0. 392~ 8.78 2800 -0.3932 18.43
1 3 1400 -0.5205 0.2466 0.09 -. '5.46 1400 -0.1943 19.57 2800 -0.1961 -38.87 

4 

~oo 
0.2550 I . I 11.06 1400 0.1451 33.58 2800 0.1429 -67.45 

5 1400 0.4585 ~ 96 1400 .0.3808 0.4294 0.12 23.ll 2800 0.3801 0.4337 0.12 -46.63 
6 400 -0.3652 , - 10/.60 1400 0.3430 4.36 2800 0.3477 0.0 
7 . 1400 0.0590 29.ll 2800 0.067C . 59.S! 
8 1400 -0.2667 33.36 2800 "0. 260C 69.32 
9 1400 -0.3993 14.12 2800 -0.3991 .31.44 

.. 
10 - 1~00 -0.2434 r 14.68 2800 -0.2505 \ -26.73 

II I 1400 0.0889 r 32.24 2800 0.0794 -63.24 
12 1400 0.3581 r. 25 .83 2800 0.3545 -51.67 
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Table 3.2 (d) 4th Mode Dynamic Shear Forces Comparison for Buildings with T 
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• static base shear for t~three monosymmetrica1 frame structures(shown in v 

Fig.3.2) exhibits that the dynamic base shear will decrease when the . 

eccentricity increase~. Fig.3.2 also shows th~ the dynamic base shear 

drops abruptly when the center of rig~ity is close to the center of mass 

and the uncoupled torsion'~eriod ,is eq.ua1 to the uncoup1'ed translational 

period. ~tua11y, this is one of ~he pRenomena of sympathetic torsional 

and translational resonance which occurs in structures with, small eccentricities. 

Fu,rtheF study of this particular aspect will be discussed- in Section 3.6. 

---3.5 The Study of Dynamic Torque Affected by Eccentricity and Coupled 

Motion 

Based on thero~um-square rule, dynamic torsions,are shown in 
~' -

, -
Figs.3.3 to '3.11 for buildings with sm 11, medium and exceptionally large . ' 

eccentriciti~s as~ate~,m:n\:in;:o1JP1ed torsional periods which vary in the 

neighbourhood of toup1ed tTans1ationa1 periods. 

Bec the equivalent static base shear(Vs) is not a function of 

structura1eccentr~city and coupled motion, the dynamic torques(Mt ) are 

normalized by a factor of Vs/Vd in each circumstance before it is compared 

with the static torque calculation of NBC 77 in this thesis. ~ 

" 
The distribution of dynamic torque envelopes for the three fr~me 

buildings are similar. For simplicity, the study of the twelve-storey building 

is used for discussion in detail. 'The following comments can be made: 

(1) Sympathetic coupled torsional-lateral resonance Qccurs in 

buildings with sma'" eccentricities when the uncoupled 

~torsiona1 period is equal to uncoupled lateral period. Fig. 

3.3.disp1ays the fact that the RSS dynamic torque is four,times the 
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staic torque when the ~ccentr'icity 'is small (Le. e/D = 0.03) . 
. / .. 

, In t~.e case of building with moderate eccentricity(say e/D = O.lQ)} 
. " 

the ratio of dynamic torque tb static torque ,is about tWa. 
, • p' 

(2), The current static torsion dE!sign.crit~ri,on in NBC 17 requ.ires '\ ' 

" 

the, doubling of the torque when the designeccentrtcity 'E! ", x 

exceeds one-quarter of the dimension of ~he,structural plau .i~' 

tRe direction 'Of computed eccentricityj~ver, the dyna~'~~~ 
to~ion f~r the structu're witb excePt~on~l1Y hr6e·.eccEmt~icity , 

, . ~ 

. (~,.e. elf>. = 0.5) is only ane-third 'af static torqiJ0her,efare, 

) the sympathetic resanance i1 not 'significa"'t ~the bUi1ding 

')possesses large eccentricity and the criterian af the present , 

. building cade to' dauble the design tarque for such cases is 

(3,' 

a cansbative requir~ent: 

In general; t.he static design tarque ion· NBC • .?? is a gaod 
• • 1 _. 

, . 
estimate when ,the fundam"enta\ un~oupled tarsianal' peria-d' is 

removed! 20 per cent fromth~ uncaupled fundamental 

transl~tianal period. 

3.6' ) The Study of SYlnpatheti c Resonance' 

The fr:equenCies af the three"manaS~E!'!::i~al frame buildi_ngs with 
• .. p A~ .' 

'small (e/D = 0.03), m6deiate(e/D'= 0.10) and exceptianally, large(e/D = 0.5), 

,:. eCC'E!nt.;iC}~ieS, assa;iated with diff~~nf ratiaS-:af 'uncoupled t~rs~~al 'periods' 
, , ", " ~. , ( , ' 

. )9. uncouRled translationa,l~;peria:ds are tabulated in Tables 3.3 (a):to (c) . 

. ~ne' 5an: observe /~Ill' the, t~t '!:es: t~a to> for structure wi th small eccentr:i ~i t.i es, 

'the frequencies ar,e dis~il:juted> ip pair-so Within e ch pair, the freq~e~cies . , 
,~ " 

, are clGlse to one another. For visualization" the ,irst four'modal 
" 

',' , fre~uenci~s,~or : .. the bU.iJd,ing, With~' = 1.0' Sec are 
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0.8 U.066 6 ... 830 35.53.9 ~9.523 57.300 75.557 

0.9 fu·757 ~.353 34.62< ~S.18E 55 • .s9 72.55' 
i· 

.• 1.0 11;278 14.40< 33.20, f42.405 53.391 68.19'3 

1.1 10.656 1.3.SS! 31.363 \4o.8ll 50.362 65.72 

1.2 9.984 1u.55s 29.38l \39.934 47 ... 1.37 62.12 

.' 
Z - 0 .. 50 D 

't"To;./TJ '" 1 .,2 .,3 .,4 '" 5 ., 6 
, 

0.8 p,0.367 iJO.1T. 30.575 9.141 64.787 76.674 

0.9 9.894 28.1.3! 29.:i47 6.86' 61.788 73.121 ':0 

1.0 9.420 126.~9' 27~S 4.596 58,788 69.567 

1.1 'S.956 25.432 26.:177 2 .. 374 55.SS6 66.095 .. 
1.2- 8.5((9 24.528 25.069 0.241 53.042 62.763 

J ' . . . 

Table 3.3 Cal Frequencies for Building 

Z2 
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. 
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• 

T = 0.5 Sec., ~ = '0,05 x 



.' .. ' 

% - 0 .. 03 J) 

\ 
, 

.... T9!1;. ., ,1, .,2 .,:3 .,4 .,5 01 6 .,7 
. 

, \ 0.8 ... :246 7.887 l8.733 23.541 3l.694 38.853 '3. 79~ 

-(1.9 1\.2l0 7.052 18.6l8 21.055 3l.42. 34.836 43.40C 

1..0 6.058 6.524 l8.n4 1>-9.5l5 30.l94 32.716 41.639 

1..l 5.63l. 6.364 l6.8l4 1>-9.078 27,78E 32.237 38.292 

1..2 5.l89 6.330 15.489 fl8.984 25.56< 32.115 3?226 
. . 

.. 
" 

-r-T9/~ ., 1 "!.Z ., 3 014 ., 5 ., 6 .,7 
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0.8 6.03l. 8.4l4 1.8.076 25.l29 30.468 41.626 42 .. 08 

.0,9 5.877 7.675 l7.602 22.939 29 .. 547 38.l6l 40.78 
. -

l.O 5.639 7.20l l6.87l 2l.544 28.l64 36 .. 037 38.85 

l.l 5.328 6.928 15.925 20.745 26 .. 462 34.852 36.488 

-
l.2 4..992 6.777 l4.912 20 .. 30 24 .. 709 34 .. 046 34.24C 

, 
, 

-r-T9ti: 01 1 
. .,z ., 3 ., 4 01 5 ., 6 ., 7 

0.8, 5.J.83 3.5.005 l5.62 6.0l2 35.905. 45.089 45.360 

, 0.9 4.946 l4.0l H.86E 24.770 34.l83 42 .. 082 43.lO2 
~ 

l.O 4.710 1.3.25 1.4.14 3.534 32.470 39.795 40.933 

l.l 4.477 12.66 13 .. 44 2.33l 30 .. 806' 38.059 38.833 

*" 1..2 ~.254 n.20 n.79 l.l83 29.2l7 36~665 36.887 

'. 

T;ili~ :3.:3, Cbl Frequencies £or Bu.i-lding_ 
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, ., 

",8 .. 9 .1 ., 10 ,"-n- ",12 

53.539 55.255 65.774 67.384 75.273 

48.020 54.741 GO.459 '65.15' 71.930 

45'.l70 52.44 $.954 62.a96 67.787 

".539 48~i9" ~6.l92 57.338 65.575 

44.329 44.385 1s2.74c 55.999 60.33.5 

.,8 01 9 ., 10 .,n .,12 

53.067 57.399 63.l64 72.25l 72 .. fs 
l.4n 52,639 6l.l9C 66.306 70.0l0 

48.&48 49 .. 741 6 .. 2';9 62 .. 690 66.635 

45 948 48.141. 4.670 60 .. 704 62 .. 534 

~ .88l 47 .. 272 5l.0l8 58.35l 59.625 

~ 

' ., 8' ., 9, . ., 10' '" "l1 ",12 

5j.8n 6l.635 68.41 '4.llG 75.239 

5l.276 58.662 65.n 70 .. 229 70.542 
. 

~8.696 55.708 6l.83. 66.527 66.986 

46.1.90 52.839 58.64 63.529 63.74 

43 .. 800 50.l03 55.60 60 .. 240 6l.595 

'T = 1,00 Sec" ~ = 0.05 x 

.. 

= , 



• 

E - 0 ... 03 D 

'r'" T.rr,. .,} ., 2· CJ'\J· .,4 .,5 '" 6 .,7 

0.8. 3.125 3.954 9.463 ll.8OS 16.400 19.505 22.731 
. . 

0.9 3.107 3.535 9.399 10.5&4 16.172 17.~ 22.383 

1..0 3.030 3.263 9.104 9.'816 15.221 16.813 20.99~ 

1..1 2.822 3.184 8.435 9.632 13.954 16.673 19.23 

1..2 2.601 3.167 7.767 9.589 12.825 16.629 17.67, 

l: - 0.10 ]) 

.... T./~ 
" 

'" 1 "'2 "'3 "'4 ., 5 ., 6 ","7 

O.S 13·017 4.207 9.llS 12.584 15.674 20.963 121.702 

0.9 12·940 3.,83s 8.866 fll . 505 15 .. 103 19.341 20.883 

1.0 12. 820 3.601 . 8 .. 479 120• 82 ' 14 .. 285 1.8 .. 402 19.72' 

1.1 12.6&4 3.4&4 7.989 10.44! 1.3 .. 347 17.902 18.41! 

1.2 2.496 3:39C 7 .. 472 10 .. 23 12 .. 423 17.125 17.&4 
. 

z - 0.50 D 

-r-T./TJ ",1 .. 2 ",3 .. 4 '" 5· '" 6 ,'" 7 

0.8 2.593 7.422 7.951 13.28< 18.376 22 .. 659 23.23 

0.9 2.474 6,94' 7 .. 546 12 .. 62 17.444 21.139 22.039 

" 1.0 2.356 6.570 7.1n ll.96 16.526 20.003 20.872 

;1..1 2.240 6.276 6.818 11.32 15.&43 19.139 19 .• 755 

1.2 2.128 6.038 6.491 10.72 14.807 18.451 18 .. 72 

Tiwle 3.3 (c)· Frequencies for Building 
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",8 .,9. ., 10 ",11 

26.884 28.749 33.84 34.247 

24.269 28.269 30.59 33.662 

23.288 26.438 29.44C 31.457 

23.ll0 ~4 .. 207 28.79 29.231 

22.242 23.<)53 26.46 29.161 

",s ., 9 '" 10 ",11 

27.41l 28:936 32.64 36.459 

26.34E p6~ 732 31.37 33.ne 

24.86' 25"1. 466 29.590 32.153 

23.195 24~ 79.7 27-"'0; 31 .. 334 

21.57C 24 .. 433 25.66' 29.'356 

",s '" 9 '" 10 .,11 

27.633 31 .. 627 )5.J.l 3S.03' 

26,220 30.006 33 .. 31 35,69' 

24 .. 829 28,4U 31.53 33.89< 

23.493 26.880 29.83 32.32' 

22.228 25.431 28.22 30 .. 58 

T = 2.00 Sec. x 

.,12 

39.217 

36.410 

35.066 

32.936 

30.261 

",12 " 

37-J75 V 
Is. 9.16 
33.st.3 

31.577 

30.889 

.. 12 

38.155 

36.093 

34.174 ., 

32.551 

31.512 

1; = 0.05 



-<.., " 
~. 

75 
, , 

depicted in Fig.3.12. 

The study of mode shapes and modal participation factors for a 

building with T = 1.0 sec at·, = T .... / T = 1.0 is indicated in Figs.3.l3 
, x '. x 

.to 3.15 and Tables 3.4 to 3.6 .-

Attention is drawn to the buildings 

The mode shapes, modal participation factors 

with smalr~cent~iCities. 
and periods of six modes for 

the small eccentric building with, = T .... / T = 1.0 are shown in Fig.3.13 and .• x 

Table 3.4. .. It is interesting to notice that in the first four modes, the 

, periods, the magnitudes of translational and torsional mode shapes, and modal 
t!§J , 

• participation factors are c10se.in each pair of modes. According to the 

• 

dynamic force equation(Eq.3.3), pairwise modal contributions consist of 

. nearly identical modal shear forces(both magnitudes and signs), but the modal 

,torques hav~ the same magnitudes with opposite .~igns. 

In anoth~r words, in a building with small ~ccentricity under sympathetic, 
-"r, 

resonance condition, the pairwise modal contributions are out.of phase (phase 
, L· 

angle 9"'11' ) for torques and in phas'e ( 9"'0 ) for shear force~. 

Moreover, o~ing to ,the periods being close in the lower two pairs of 

modes, the root-sum-square(RSS) rule in 

will exaggerate the design torsions and 

combining the modal contri~ion~ 

underestimate the response of 

shear force for the small eccentric buildings with equal uncoupled 

translational and torsional periods ('.e. , = Tq, / Tx = 1.0). The 'mode 

shapes and modal participation factors for structures with moderate 

eccentricities at , = 1.0, generally appear in the same patterns and' 

charact~rs(~hown in Fig.3.14·and Table 3.5). H~wever, owing to the 
, I!" 

, . 

differenGe in pairwise mode periods, the cross modal torque interference, . ' 

as mentioned before to the small eccentric 'building, ,is not so significant 
!" 
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Fig_3.12 Effect of Eccentricity'and Uncoupled Periods Ratios 

", to Frequencl.es of Building (T,.: =l. OSec) , I; = 0.05 
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Period 
Mode --

aha 
1 

Z 
,3 .. 
5 

~ 
~, 7' 
aJ :- ,.. 

,~ • 

. T1~ 1.037 

x 
.~6~9E-Ol 

.9322£"'01 

.139'E.OO , ' 

.aa~lHOO 

"-) 
Y, ~ 1.591 

'fheta 

- .122~E-02 

_.i~28E_02 

- .359'E-02 
-.HU~t-O< 

.22&8E.00 _.57'0[-02 

;z666EiOO •• 66~~ 
.3028[+00, -.1525[-02 

.~3~8E'OO _.a2~7~' 

.3621E.00 -.8&39E-02 

o ' ,3a~3E'00 -.9291~ 

.\009E'00 -,9S97E~a2 

".~111EtOO .9151f-Ol 

Period 
Mo<IC 

ah.a 
I 

T2= 0,963' r. co 1. 563_ 

, • ~ H n:;;o 1~--~---;12~ St-o 2 
x Theta 

""z -I--~.""9mR I • Zorr-or 

.... 
0 
> 
3 

3 .. 
G 

.1392E.OO -;U~QEtOQ 

.3~57E~02 

.HD~t~Ol 

.2266E.00 .5&3&E-02 

.r-~--.-'2T6HrroO • 67'f8r=D2-

7 -.-
9 

l:rr 
11 

.In 

'.3027E.00 .7651E-02 

.J3~8E'OO 

.3622E.00 

.D.1iCUt-Ol 
• 

•• 8983E-OZ 

;3&'~~OO .9~~1[-02 

.~OlOEOOO .9750E-02 

.ltl1Dt.f'Ua .~~06E-OZ 

yi = Modal 'P,articipation Factor 

T3a 0.347 rJ A 0.5240 

x Theta 
.11i~'t'-00 --.3863E-02 

;una-ad -.71a~E-02 ' 
,3596E.00 ~.9'96E~02 

.39a9E.oo •• IO'7£-dl 

.3039£+00 -.9982E-02 

.!107E.OO ~.808'~ 

.2062E'00 -.5053E-12 

.6nGe-lft -.1307E-02 , 
-.UHE-Ol .Z627[ .. OZ 

-;;mlJEtOO • 6197E"Jr 

.-.3300EtOO \ .8900E-0~ 

-.a96BEtOO .ID36E-'l. ~ . 
T4= 0.322 r .. ~ O.509B 

x Theta 

.H53['" .lUSE-U 

-;!THEtdd .UlJlr-tr 
.3585EoOI ,.'~~9E-02 

'. "3'9 71 n 0 0 • 9 lf7E"lfl' 
.3&29Eooo .8&76E-02 

•• 8223E-Ol - .UlDE-DZ 

. ... zZl"E.uQ ... 5li6"lL-i"lrr 
_. 3l20Eo 00 ;.. .78HE-OZ 

•• J9~VUg _.91Z>E-OZ 

Table 3.4 Mode Shap'cs for Duildinq T =1.0 Scc.e/D=0.03,T=1.0, ~=O.05 
x 

" 

T5A 0.200 r .. -0.1927 

x Theta 

.2358E' DO -".89HE-az 

--.rmma • -.I""Fn 
.3&67E.00 -.1\'7E~01 
• 2~-"9ETO 0 - ,l9n~lf2'-, 

.1l79E-d! -.zaUE-O\ 

-.~nod '.!97?~-02 

_.37\3EtOO' ... 1,Slf'.D1 

-.3812E+00 -o1\5[E-01 

~ .n291\tDO , .1963E-02 

... 119\E-,01------ -,.13zn:-O\--
,.22'IE'DD -.&993[-02 

" -. 
2 

Theta 
, .znu ... , .,3996.-02 

"01ffirtal .&465£-02 
•• 35UE.OO ·~6\6'E-02 

j .Z\"l2ETjJD ',3996E-02 

.IH9E-Ol ":' 1\39E-15 ----.... ' - .,,~~EtOO _ .3976[-02 ' ,. 
_.3752E.OI - .6\3\E-02 

~;J8Z1EfOO -.6'130E-OZ 
_.2\lJEtaO _ .n72E-02 

·...----;~IIllE-ul .. • ,,9Z5E-U7 , 

·.226~EtO~ '. ,.39HE702 
.31HEJUU- ,6I\1Jlt=rrz 

" 

, 

, 

.... 
q> 
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Period liil;' 1.114 ric 1.584 T3= 0'.372 Y," 0,5499 

Modeh 'P' 9 a e X Theta X Theta 
1 " ,\6'U-01 - ,1191E-oZ ,J~6\Eo 00 -,359\E-PZ 
.,. .nuu_·u - ,nut-o~ -.-212lU-110 -,6U~t-O~ 

3' ,.1395E'00, '-, 5516~-OZ ,36,09EoOO -.8535E-02 

• .. .".00 ... \'4J~ ,\oO~E.OO -,UUE-02 

5 .. ,2Z69EoOO '': .5&l6E-02 .3156£000 -.9ZHE-OZ 
.. ' 2"1~Q ' ,61>"2£-111- -..l U,,£,o.4D -.7UU-OZ-

ri, 7 .• 30Z9EtOO ' • ' ~,n6"-02 ,ZOaOEoOO " -,\676E-aZ 

~ · . ' ·"·"EoaO - 10n£-0-2.. -toQUE_a I -,lU~~ 

~ 9 ,J6Z1EtOO. - ,86HE-OZ -,7912E-01 . ',Z506E-02 , 
, . , • "ZU-lIO r , 9 0.9 4E-O~ ~ll.1U-l10 , sa50'-aZ 

'11 ,~OOOEoOa •• 9'9&E-02 \ -,5269EtOO ,I'I5£-OZ . 
• ,. , 

U6EtOO . ':- II 6+9£-0-2.. •• 3S1J.£tOO , n 6'£.a4.2.:. 

Period T2 .. 0.072: r. C ,1. 560 T4c 0.292. Y-4 C O~ 5626 _ .. 
MO<1~hape X Theta X 

/ 
Theta' 

1 .,\6YfE'-H • anr-n'Z' ,'\\'3£0 air ,,'l5m-R' 

• • Q 2l.ll £-01 :.ZJ9-7£-U- -.-264 6U-l1 a • -'o-lo~JE-O~ 

3 "P89EtOO ,'5UE-az . . ,356\E"oa , 16ZH-Of 
I ..... "0 ,\6Ut-U- ~"t.o-Oa " Q~Q1t-02,o. 

5' ',226'EoOO ,5~~IE-02 .'119EoOO ',9UaE-a! ' 

· .1. , "6~2E.ua • ..;6SUL-02- . _.lL68£,o.OO , .7"\£-42-
ri 

~ 1 ',JO~5EtOO , 7\la~-OZ ' • 2062E. 00 ,H~'E-12 

~ " . " a .IlUt-U- • ~'f·O' .1UIEeD2 

9 .J622EtOa ·,a69~E-or - ,8202E-01 '-.U5iE-or 
~O-, , .'8IoS,U-lIO ,9U5~ ---.2ll.Jfl a 0 -,5522[-0' 

u ·,~a13EoOO .9~'2E~az -,'J3~ZEtOO "', t905E··OZ 
'. 

··'UU-lIO " ase/fo02 •• ...:....uUE·oQ . 1!:.~uzeE •• 2 

yi ; Hodal Participation Factor 

Table 3.5" Mode Shapes for Iluilding T ;1.0 Sec.,e/D;0.lO,T"'1.0, s;O,05 
• x' 

) 
,-....... 

T5~ 0,223 y .... 0.2760 

X ... Theta 
,23aOEoQO - ,65\1E-02 

.... U7-aU41 , - ,lOS-1t-OL-

, ,59~6£oOO - .1155£-01 

~u;..oD .."U~ 
·.16~6E";D1 ". :. .1321E-03 

!'-ri2tllUO O. , .nu£-.I-

~,372D£o OD r, ,'U76r-al 
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~,Z4~OEtOa •. >.6581E-OZ 

~2£a01 • , 8 n.gE-OIo-
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-.lU'~Q · .. "aUEd' 
T6= 0.174 ~ .. 0.3455 
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. ,.l7'OE+-4a ..... ""E-U-
',U12EoDl . ,U90E·IZ , 

',,2\15'.0 D • ·,U1Qia4Z-

.U69E-at" . ' · ,-.• l2a~E-O\ • 

?U22£+.oa ,-,6240£-42-
,. 

;';,37HEtOO . :, ';,I281E~OZ 
• 

~J;.lIiOOO ~ '. 11 UiaO.a.,. 
--.rH1Eua , ~.'985E·az . ' 

-~nnE-OI ,Ul.JE-O~ 
" 

.". 
,uautOO .503\E .. 02, 

.U51Etoa .IUX'E_OZ ! 
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'1, 

'r 

Period T1= 1. 333 r, '" 1. 584 T3= 0.444 r. = 0.7946 

Mod~hAn, X Theta X, Theta 

1, ,46614E-01 ~ • TT50t-:OT .1459000 . - .1414[-02 
2 ,.9l49E-01 ~ .15 3 9E- 0 2 .27,52HO~ , -.2575E-02 ,. .1.~I~·UU ." "0- 0 Z .31t~t.+OO . -.3263£-02 
~ .U~6E+00 M'.2ge4E-02 • 4117 E + 0 0 -.JJ29E-02 , ' 

• '''"O<UU • , •• b~.O-OZ .443iJEJOO -.2712£-02 
6 . ' .2669E+00 - .4H5E-02 .H19i+OO" - .14~ eE-02 

rl / ., I .~ ..... -.. ."au.-u, .J~~ilt.tUO • 3Z 94£-0 3 
:> 
~ e .3350E+00 - .5241E-02 .n ii6HOO .2U2E-OZ' 

, " 

~ ,.otl.·uu .,. .'bZU~-UZ .:l44DEtOO .4542£-02 
10 : .3e41E'00 ' -.5909E-02 .4497E-01 .6'48E-02-

IH .. UUbt.·UU M .blU).-U' ... 3383£-,01 ,1881£-02 
12 ,.4113E'00 -.6205E-02 ~.eL06E-01 • e652E-02 / 

, Period T2= 0.474 'Yo " 1. 117 ' , T4= 0.267 r~= 0.2924/ 

Moog
hap X Theta X Theta 

1: ,.l479E-01 '.95e.E-UJ .n9m1fU' ,- '4OTh-1fz' 

2 , .7h4E-Ol .U79E-Ol .J702E+QO -.6520E-02 

J .11U'~+OO, ' .. uzo.-oz .36SaEiUO -.6S95E!02 
4 ' /1520E+00 '.J4eOE-~2 I ,Z242HOO - .4l21E-02 -.-- ,19;~.'00 ',4.16E-OZ ·.9Z79c, .. 02 -,3143£-03 

r-l 
6 ,H06£+OO ,.b29E-02 -,2431l+0U , J6H~-02 ., 
I ',lO>4t.'QO ' ' .,Ull.-Ut ... J8a2~tGG ,·6134£-02 :> 

~ e .32,elE+OO 
I 

,53llJE-QZ -.He5E+Ot .6'~JJE-02 

,~ ,3b14.'~,0 r .~.910-Ul , -.,ld9t.+uu ,3911E-02 
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,I. 

1\ 
Ill, ,:',Qlr.+(,u .~bb'.·~_ .2J,:bC.tiJu -.JEUbC,-UZ 

12 ~ff'+ZJt:+Oo .56e91!-('~ .asolt:.+'1.: -.O(;.7t.-02 
, -, 
Yi = Modal Ilarticipation Factor 

Ti\b1e 3.6 Hode, Shapes fOr Iluilding T =1.0 Sec. ,e/0=0.05/T=1.0, /;=0.05 
x 
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in this cas~. 

F1~3.15 and Table 3.6 exhibit the mode shapes, modal participation 

factors and periods for the building with exceptional large eccentricities 

when ,= 1.0 It is observed that the mode periods are well s~parated and 

the cross modal torq~ interference does not affect the dynamic response .. . -. 

for thi s buil ding, even th~ugh the uncoupl ed torsion{' an'd transl ati ona 1 

periods are equal. 

In order to display the effect of cross ~dal torque interference, 

. the dynamic mod-ai base shears and base torques for the twelve-storey 
lo 

buildings with small, moderate and large eccentricities at, = T¢ / Tx = 1.0 

'are 1 isted in Table 3.7 

3.7 The Discussion of the RSS Role for Modal Contribution 

The maximum elastic force in mode i' is given in ~quation 3.3, in 

which Sai is the spectral acceleration for ith mode. Because the maxima 
. 

in each mode usually do not occur at ~he same time, the method of square 

root of the sum of the squares of the modal response is proposed to. , 
, . 

obtain the maximum total response. For instance, the maxim,um total shear 

force (p) is approxi~ted by . • • 
• 

P max = J (Pl )~ax + (P2)~ax + (3.4) 

, 

. . . 
In a system with two degrees of freedom having class1.cal modes, when the 

two natural frequencies are close to each other, that is, when W2- W, «'1 
w,+ Wl 

the response functions ex~ibit b~ating and behave 'as a sine or cosine' 

wave 'of frequency W 2 + w l . modulated by a trigonometric function of 
> 



" , 

.' 

" 

.-

• 

~ 

. (J, ...... 

• 

" 

• 

, 

' , 
~/D HODS 1 l 3 4 5 6 7 

Base • 370k 345 106 103 l) 43 10 , Shear 
M 
0 Base _lS350k- tt 0 

Torque 14150 -4l70 3691, -1309 1115 -613 

BaSB ,405k ' . 
Shoar 313 119 00· 30 '20 ~I) 

0 ... 
0 Base" _16940k- tt 1)260 -5070 Ull -1662 1017 -790 Torque 

. Base 406~ 90 ,l57 55 19 19· 19 
0 

shear 

'" • 
_31300k- tt 0 BaSEl 9696 -9535 -3601 -1755 1300 -943 Torque: 

. 

Table 3.7 Jase Shear and Torque for Duilding . 
, . 

,;,< 1 
''J 

U 9 10 '11 u-
II 5 II 3 6 

511 -311 lUl -194 154 

0 15 5 8 3 

-41,6 466 -251 261 -142 , 

0 5 ' 3 U 1 

"562 -340 -203 427 -105 

T • 1.0 Soc, t • 1.0-x 

, 

• .' 

lIewark , 
R.8.8. Ro·r.~~ .>h 6TATIC 

535.7 691 67l 

11770 11990 6303 
, -

537 579 67l 

22430 20760 PHO 
• 

56l 597 61l 
" • 

3H20 32490 107500 

f. 

" 
• 

t 



; 

, 

85 

frequency w2 - W, . This phenomenon may illustrate the situations 

described in previouli section. However, to obtain the total maximum 
• 

response of a structure, Newmark and Rosenblueth presented an equation[20] 

to modify the approximated RSSmethod. i.e . 
• 

• 
Q 2 = E Qi 

2 + EE Qi . Qj (3.6) 
i i~j ,. 2 . 

1 + E: •• ' 
lJ 

W' . - Wi. 

where = 1 J E: ij . 1;' 1;' iWi+ j Wj 

and w' . = w.Jl - 1;: is the damped frequency. 
1 1 • 1 

'-
. .,;. .. 

In this thesis, 5 per c~nt damping ratio ( n is adopted for all 

the examples, so 1;'.'; 1;'. ,; I; = 0.05 and w'. = w. ,-
1 J ,1 l' 'W j - W j are used 

" ' 

for simplicity. ,Therefore, thesimplfied results lead to E:ij =~WT1~'_-~W~j~-,_ 
I;{ Wi + Wj 

Based on this form, the dynamic design base shear and torque 

are computed once more for the twelve-storey monosymmetri~al building 

with different eccentricities. The comparison of the difference of base 

shear and torque between equations (3.4) and (3.6) are shown in Figs. 

3.16 to 3.19 under the condition that the uncoupled tors.ional period i.sequal , 

to uncoupled translational period. I 
. , 

Intuitively, equation 3.6 drops the torque and increases the 

shear forces dramatically when the eccentricity is small. For .instance, 

the RSS rule underestimates the base shear to the structures with small 
. 

and moderate eccentricities by the factors of 0.78 and 0.93 respectively? 
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if the calculations are compared between Eq.3:4 and Eq.3.6 . On the,other 

hand, the RSS rule overestimates, the base torque of these two structures, 

by the factors of 1.67 and 1.08 respectively. Conseq~ently, the normalized 

dynamic torques (Mt = Mt~' Vs ) by equation 3.6 differ from the calcula-

""lid 
tion of equation 3.4 by a factor of 2.14 for the structure with e/D'= 0.03 

and 1.16 for the structure with.e/D = 0.10 • ~' 

3.8 Conclusions 

The study of dynamic base' shear an'd torque in' the 'coupl ed 

translational and torsional response in monosymmetrical frame buildings 

leads to the following conclusions: . 

(1 ) The coupled torsional-translational sympathetic resonance 

occurs 5n the structures with small eccentricities. The 

closeness of the coupled periods is the governing factor to 

the phenomenon of torsional coupling. , 
(2) For the structures with large eccentricities, the ratio of 

uncoupled torsio aJ to translational periods does not reflect 

the effe t of thcloseness of coupled periods. For 

i'nstance, he first and second, periods are 1.33 sec and 

0.47 sec respectively for the building with exceptionally 

large eccentricities(e/D = 0.5), even when the uncoupled 

torsional and translational periods are both 1 second . 
. 

The cross modal torque interference in this case is indeed 

very small. 

(3) The current static torque calculation in NBC 77 defines 

that the torsion should be doubled when the design 
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I 

eccentricity (ey) exceeds 0.25 On is. aconservative\ 

requirement. 

(4) The .conventional RSS rule exaggerates-the torsion and 

diminishes shear force responses when the center of mass is 

close to the center of resistance of the structure and 

the uncoupled translational and torsional periods are 

approximately equal. The equation (3.6) is believed to be 

the 'best' estimate of maximum total response, particularly 
, 

to the structures with coupled motions' periods are not 
'. 

well separated .. 

" 

• 
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CHAPTER 4 .\~) 

TORSIONAL PROVISIONS IN BUILDING CODES 

4.1 Introduction 

Subsection 4.1.9 'Effects of Earthquakes ,. of NBC 77 defines 

..... the static formulation of torsional ·moments (Mt ) and ·design eccentricity 

(ex)' When the design eccentricity (ex) exceeds 0.25 On, Building Code 

(NBC 7.7) requires that a dynamic analysis shall be made or the torsion 

shall be doubled. Commentary J .... and K of NBC 77 allow the use of 

analys·is by response spectrum method and 1 imi1! the dynamic base shear 

such that it can not be less than gO per ceht of static base shear. 

In order to study the accuracy of the static code provision on 

torsional effect, the normalized dynamic torques studied in Chapter 3 

are comoared to the static calculations according to NBC 77. Mono­

symmetrical frame buildings with uncoupled translational period (Tx) 

equals one second and various eccentricities are taken as examples. 

Moreover, the static torsional provisions supplied by another four 

countries building codes (i.e. Germany, Mexico, U.S.A. and New Zealand 

codes) are investigated at the same time. 

For irregul~r buildings with eccentrical offset (or setback), 

NBC 80 modifies the~ulation of static eccentricity (e). Also, it 

is studied and diSCUSS~ in this chapter. 

4.2 Torsional' Provisions in Building Codes 

Most seismic BUilding.Codes formulate the static torsional moment .. 

., 

• 
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at each storey by multiplying the storey shear and a quantity termed 

. 'design eccentricity' (ex). As tabulated in Table 4.1 most building 

codes, . except the German code, define the design eccentricity into 

two parts. Generally, the first part is a function of the eccentrici~y· 

< defined as'the distance between the mass center and the resistance 

center. This part accounts for the complex motion of torsion and the 

effect of. the simultaneous action of the two horizontal ground motion. 

NBC 77, Mexican and New Zealand codes introduce a magnification factor . 
by 50 pe·r cent ·to 70 per cent. The second term is call ed· a~tal 

eccentricity to attribute other factor~uch as the variations in the 

estimates' of the relative rigidities, uncertain estimates of dead and 
l 

live loads at·the floo~ levels, addition of wall panels and partitions 

after completion of the building, variation of the stiffness with time 

and inelast;c or plastic action. The effect. of possible torsional 

motion of the ground is also considered. In general, this term is a 

functiqn of 0 - the maximum dimension of the storey m)red perpendic--
ul ar to the direction of lateral ground moti on. 

\ 
Canadian Code (NBC) is one of the few codes in which dynami c 

analysis by using response. spectrum technique can be applied as an 

. alternative for design calculation. For combining the maximum response 

from different modes; the root-sum-square rule is utilized: 

As well as indicated in. Commentary K of.NBC 77, the study of 

effects of coupled motion in Chapter 3 has demonstrated that the static 

torsional moment is a good estimation when L is out of the range of 

+ - 20 per cent. Because the envelopes of floor torques for· both static 

and dynamic analysis to the three frame bu~dings are similar, only the 

base torques (M~o) 'of the l2-storey buildings are chosen to study the 

accuracy of building codes. 
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Country Design Eccentricity Convnont 

Canada (1J Ox D 1.5e + 0.050 Torsional shear on member 
or ex D 0.5e ~ 0.050 based on worse of two 

cases 

Germany [21) Ox Q 0 + ei + 0.050 Torsional ahear,on member 
or Ox a e - 0.050 based on worso of two 

cases 
'. ", 

Mexico [22) ex Q 1.5e + 0.100 
I 

Torsional shoa~ on member 
or ax Q a - 0.100 based on.wors~ o~ two . 

. casos 
, , 

New Zealand [23] ex D 1.70 - e2/0 + 0.100 Torsional shear on member; 
or ex D e - 0.100 based on worso, of t~o 'i' /' 

casas 

Turkey (24] 
~. I 

Ox a e + 0;050 --
, 

U.S.A. [25] ex Q e + 0.050 Negative torsional shoar 
on member neglocted. 

U.S.A • ex Q e + O.O~O Torsional shoar on momber ' 
(ATe 3-06) [26) or ex a e - 0.050 bascd on worse of 'two 

cases. 
" 

e a structural eccentricity 

el c eccentricity factor to allow for sympathetic resonance effect [IS} 

o = plan dimcnsion of floor 

Table 4.1 I The Formulations of Design Eccentricity of Different Countriea 

J 

~ .... , 
'0 
W 



As shown in Figs. 4.1 and 4.2, the normalized dynamic base 

torques by RSS rule according to Commentary K of NBC 77 and Newmark and 
• 

Ros'enblueth equation (Eq. 3.6) are presented with various ratios er) of 
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uncoupled torsional peri?ds to translational periods. Itcan be seen. 

again, the dynamic RSS torques are substantially reduced in the buildings 

with small eccentricities due to the cross modal torque interference. 

The other torsional moments of five seismic codes are also presented. 

The results show that'the German code provides a good estimate, particu­

larly when the uncoupled torsional and translational periods are equal. 

This .1S because there is an additional term e
1 

in the German code's 

design eccentricity which takes into account the effect of· sympathetic 

coupled resonance[15J. The other four seismic codes have no provision 

for t~is effect. In decreasing order of und~restimation, they are the, 

New Zealand code, Mexican code, Canadian code and the U.S. code. 

For a building in which the design eccentricity exceeds 25 per 

cent of plan dimension, NBC 77 -requires the static torque to be doubled. 

Fig. 4.3 shows the normalized dynamic and static torques for the 12-

storey frame building with exceptionally large eccentricity (e/D = 0.5). 

As a comparison, a' curve marked 1/2 NBC is also presented to-show if 

the requirement of -doubling torque is ignored. It can be seen that the 

static torque. curve without doubl ing has conservatively enveloped the 

dynamic torque curve. It shows fur.ther that the doubling static torque 

as currently specified in NBC 77 is a very conservative requirement for 

buildings with large eccentricity. 

, 
4.3 Buildings with Eccentrical Offset 

The design eccentricity e defined in NBC 77 is a local measure-
, x 

merit in each storey of the building. To an irregular building with the· 



3 

-M 
0 
~ 

• 
Eo< 

2 "-
I 
~ 

I:'l :>: 

" " 0' ... 
0 

.j.J 

" til 

" ::0 

e/D ,,0.03 

,'( = 0.05 

--

0.8 

• 

Newmark & 
Rosenb~ueth 

0.9 LO 

- Vs 
Mt=Mt' Vd 

1.1 l.2 

Fig. 4~1 The Effect of To=-sional Period. f~r ~Buildinc 

30 ---- -, M ..,. 
0 R.S.S. 
~ 

• 
Eo< 
"-I 20 
~ 

NeWI:lark & 

I~ 
Rosenblueth 

'" 
t; = 0.05 

." 10 - Vs 0' ... e/
D 

=0.10 Mt=Mt. -
0 Vd .j.J 

" III 

" ::0 

0.8 0.9 '1.0 Ll L2 

Fig. 4.2 The Effect of Torsional Period for Building 

"'.--
~ .. , - ~ . 

Ge=an("=l) 
N. Z. 
Mexico' 
NBC 77 
U.S.A. 

-C =T ... !T . 
" x 

T 1.0 Sec. 
x 

German ("~1) 

N. Z. 
Mexico 
NBC 77 

U.S.A. 

-:::=T qlT 'x 

T = 1.0 Sec. 
x 

~ 



, 

/ 

r ) 

Height 

132' 

121' 

110' 

I 
IL_ 

I - M"t = Mt. VS 

IL, • Vd 
elD = 0.50 

I 
99' Ll_

T ~ = 0.05 

00' 
I 

Lf-
77' 

I 

DYNAMIC-J.L-
NBC 77 

66' . Mt ( '[ = 1.0 ) 
~ __ L 

I 
55' 

T = T<jl I Tx 
L, __ .L 

I 
44' Lr - - .1 

I 1/2 NBC 77 
33' ~r- --

I 
22' L,- ___ 

, 
11 

~ I 

L-r---
. I A 

a 20 40 60 00 100 

Fig. 4.3 Comparison of Torque for Building 'r = 1.0 Sec. 
x 

'" 

. -

Torque 

Nt (K-FT.10
3

) 

i 

\D 

'" 



feature of eccentrical offset (shown in Fig.4.4), NBC,80 provides a 

modi,fication on the definition of structural eccentricity (e). For 

fl~or x, e is given by equation 

N 
L: P. eix i=x 1 ' 

e = (4.1) 
N 
L: P. 

i=x 1 

, 

97 

where e. = distance between the center of mass at floor i to the center 
lX , 

'of resistance at floor x and N is the total number of .floor. Equation(4.l) 

essenti any establ i shes an equival ent structural eccentri ci ty for f1 oor x by 

considering all the torques caused Py shear forces in and above floor x. 
. . 

Therefore, the effect of eccentric offset of the upper sto~ies can be taken 

into consideration. 

The establishment of general equation of motion in Chapter 2(Eq.2.30) 

'. allows the dynamic analysis for a building to be referred to an arbitrary' 

point convenientl~. In 
I 

a comparis~f dynamic 

"-

order to clarify the applicability of new equation(4'.1) , ..., 
and static ana.1ysis according to Canadian Building 

Code is made~ildings with the features of eccentrical offset. Within 

each flt~the fl~r ~n is assumed symmetrical. 

As shown ~ Fig.4.4, the eccentric offset floor plan is arranged 

to reduce half of the floor dimensions in Y,axis (half number of floor columns 

are reduC:e.d, in the same time). Therefore, the centers of mass or rigi9ity 

of the offset floors and centers of mass or rigidity of the floors of the lower 

portion of the building do not lie on one vertical axis, and the structural 

eccentricity is entirely due to the eccentric offset. 

Three frame buildings with two, four'and six eccentric offset top 

stories are censidered (shown in Fig.4.6). Assuming that the 
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columns in each floor are regularly, symmetrically spaced. half of mass 

and irrterstorey lateral stiffness are taken for the offset floor. 

,b~au~~ the translational stJffnesses in X and Y di1"ections are 

and 
m 

K = l: 
Y i=l 

in which kxiand kyiare the 1ater~ness of each column in'X and Y 

axes respective1y_ and m is the total number of columns in the lower 

portion of building's floor plan· . 

gg 

• 

'. 

• By further assuming that 'the lateral stiffness of each column in 

b~th X and Y axes are equal. i.e. kxi = kyi ' 31% of floor torsional 

stiffness and mass polar moment of inertia at the regular lower portion 
, ' ~ 

of the tlui 1 di ng can be taken for the offset fl oors. Since the floor 

torsional stiffness {K~l }Ap,the lower portion of the building is 

and the torsiomi,l 

therefore 

m 
K¢l = 2: k . x. 2 + 

i=l yl 1 

stiffness (K¢2) in the 
~ 

k . • x. 2 
Yl ,1 . 

k . = k . yl Cl 

m 
= 2 2: 

;=1 

m 
= M l: 

2 i=l 

m 
,Kd>2 = 5 l: 

kci : Ci 8 i=l 
K¢l m 

2 ,2: lL, . C, 

m 
2: k . . Yi 2 

i=l Xl 

offset ,floor is 

m 
+ 2: k. 

;=1 "\. Xl 

2 

= 2= 0.31 16 
2 
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Mass polar moment of intertia for the floor in the lower portion 

of the building refer to the center of mass is 
. .. 

1"'1· = I + I 
'+'. xx yy 

where.p is· the floor area mass density. And the mass polar moment of 

intertia for the offset floor is 

Hence I cb2 '··S 
1</11= 16 = 0.31 

As shown in Fi g. 4.5, the referencrpoi nts for the lower porti on 

of the building are chosen as the floor ~~~er of mass (or rigidity). The 

reference points for the eccentric offset floors are located on the vert­

ical axis through the floor centers·ofj~SS (or rigidity) of the lower 

portion of the building. After the dynamic analysis is completed for. each 

mode, the dynamic sh~ar forc~ and torques·occured at these fictitious 

reference points are transferred back to the 'real' center of mass (or 

rigidity) for the eccentric floors. It can be seen from the fig~re, 

the torque (free vectors) are unrestricted moving to center of mass of the 

offset floor while transfer shear force (sliding vector) to the center 

of mass (or rigidity) involves an additional torque at the center of mass 

'I . of the offset fl oors. 

Figs. 4.7 to 4.9 show the comparison of store~ues occured . . \ 

at floor mass centers to the three irregular buildings. ~e calculations· 

are based on NBC 77,' NBC 80 an~ dynami~ response spectru~sis, ·The 

fi,nal dynamic torque envelope is the result of the RSS combination of 

twelve modal response. The natural frequenc'ies of these buildings are shown 
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p, 

(' 

~ 
" 

M:xle (1)1' (1)2 W3 W4 

structure A 4.634 6.909 14.304 20.109 

'" 
" Structure B 5.134 7.693 12.932 17.361 

Structure C 5.324 7.900 11.692, 17.682 

. 

w5 

~2. 076 

22.057 

23.298 

, . 
~' 

I _, ~ 

' , 

w6 W' 
7 

27.464 32.105 

30.050 31. 922 
• 

26.121 33.224 

---- ----
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Table 4.2 The Frequencies of Eccentric Offset Structures A,rr and C 
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NBC 80 ~ 
106 

It can be seen that the prop edstructuraleccenti'icity (e) by 

improves the storey torque at t e iower portion of the structure 

. due to the top .offset. However, it overestimates the dynamic analysis 

even if the doubling torque requirement is ignored when the design eccen­

tricity (ex) exceeds 25% of the length of the structure. 

At the top offset part, the storey torques retain the same 

formats for both NBC 77 .and NBC 80, but the dynamic torque diagrams show 

that there are substantial torsional moments. for example, in the building 

with six-storey offset, the dynamic torque at the bottom of the offset is 

more than seven times the static value predicted by the code formulae. 

The replotting of three dynamic torque curves are shown in Fig. 

4.10. It is interesting to note that not only the .magnitude of the storey .... 
torque increases as the number of offset floors increases, but also the 

shapes of the curves chan9ing. For the bui 1 di ng with si x offset floors, - . 
the dynamic torque at the bottom of the offset stories is larger than the 

torque of the floor below it. No static·code has been able to simulate 

such a distribution of torque and it can have considerable design impli~ 

cation~ since the torsional stiffness of the offset stories is normally 

smaller than the lower part of the building. 

The study described above demon·strates that the modification of 

the structural eccentricity e in NBC 80 is applicable to buildings· with 

eccentric offsets, but its application to such bUll dings should be carried 

out with caution. The new formula leads to conserVative estimates on the 
' ... 

main portion of the building, but it has the same drawbadK at the offset 

portion as NBC 77. So, the improvement is only partial. Buildings with 

eccentric offsets are irregular buildings, only a dynamic approach can 

lea.d to a realistic estimate of the torque distribution. Building codes 
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should state explicitly that the static method is only applicable to 

buildings whose· centers of mass and centers of,resistances lie on two 

vertical lines. A dynamic analysis is, necessary if' the structures does 

not satisfy such stated conditions. I 

, 

1.08 
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CHAPTER 5 

CONCLUSIONS 

The use of the mathematica1 mode1s has enab1ed the dynamic an~1y­

sisto be app1ied to symmetrica1, monosymmetrica1 and asymmetrica1 uni­

form buildings and irregu1ar bui1dings. The research indicated in the 

previous chapters concentrates on the effects of coup1ed trans1ationa1 

and ·torsiona1 motions of the frame bui1dings due to earthquake ex,.citation . . , . 

Based on NBC77, both static and d~namic ana1yses on shear force a~d 

torsiona1 provisions are performed and studied. The resu1ts of the 

investigation can be stated as f0110ws: 

1. NBCn static torq~ formu1a provides adequate descriptlon of 
-

storey torques a10ng the height of the bui1ding when the mass 

centers and centers of resi stance of the f100rs 1 ie on two 

vertica1 axes a.nd the effect of sympathetic C;oupled resonance 

is not significant. 

2. . Sympathetic coupled resonance of torsiona1 and 1atera1 vib­

.rations occurs in the bui1dings with smal1 e~centricities when 

uncoup1ed torsiona1 and 1atera1 periods are c10se to each other. 

In this kind of building, the c10seness of pair-wise 10wer 

natural periods creates severe mod?l coup1ing. However, when 

the uncoup1ed torsiona1 perio~ is not within 20% of the uncoup1ed 

1atera1 period, the effect of sympathetic resonance can ~e 

neg1 ected. 

1 no 

. . 
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.-

\ no 

3.· Sympathetic coupled resonance occurring in a building r.educes -

4: 

shear fo.rce response and stimul ates torque. 

Buildings with large eccentricities do not po~sess the closeness 

of pair-wise lower periods. Sympathetic coupled resonance is 

unlikely to Qccur in buildings of this kind even when' the 

uncoupled torsional period is almost equal to the uncoupled 

lateral period. 'For such buildings; the Building Code (NBC??) ~ 

static torque formulae adequately estimates the storey torque . 
• 

Doub'ling of the static torque when the design eccentricity exceeds 
, . 

0.25 Dn is a very conservative requirement. 
. 

5. Compared with static code provisions, dynamic analysis permits 
. . 

!! more realistic description of the behaviour of a building 

which is subjected to earthquake loadings. To reflect the 

dynamiC and static properties of a complex building, (for example, 

uncoupled translational and torsional periods, various struc­

tural eccentricities and an irregular layout in plan and/or 

elevuion) only dynamic analysis can take these into account. 

Therefore, the necessity of dynamic analysis is apparent. 

6. The use of the RSS rule in the response spectrum technique should 

,. 

be carried out with caution. It is believed that the expression 

gi ven in Eq. 3.6 provi des the .' best' maximum combi ned ,sol uti on 

for each mode. The RSS rule will overestimate the torque values 

~nd underestimate the shear forces when the pair-wise lower 

periods of the structure are close. 

A comparison of the building codes from five different countries 

with respect to torsional provisions shows thaLthe current 

German Code provides a good estima'te of torsion~ An additi ona 1 

factor in the calculation of design eccentrfcities should be 
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considered in the Canadia~Building Code when the effect of 

sympathetic coupled resonance is significant. --o 

S. -The modification of structural eccentricity in NBCSO is appli-

cable to buildings with-eccentric offsets. However,. the 

investigation shows that the improvement is only partial. 

The new formula indicates a cons~rvative estimate ~ the main 

portion of the building and keeps the same-torque value as 

NBC77 at the eccentric offset portion. Dynamic study demonst­

rat,es that the torques at the -offset portion are grossly 

underestimated. Buil dings with ecc.entric offsets are irregul ar -

bufldinsp;. Only the- dynamic aRproach, such as the response 

-spectrum technique, can lead to a realistic estimate of the 

torque_ distribution. 

The study ot the eccentric offset building also shows that the 

doubling of the torque requirement is not applicab~e to.~he 

torsional calculation for irregular buildings when the design 

eccentri~ity exceeds 0.25 On' 

'. 
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APPENDIX 

LI ST OF SYMBOLS 

.. 
cross sectional area of column. of the 
frame building 

- floor plan dimensions of the building 
in x, yaxes respectively for unit (i) 

center of mass 

- center of rigidity 

dimension of the building in the 
tion of the computed eccentricity 

imension of the building in y 
direction ~~ 

computed structural eccentricity 
between the center of mass and center 
of rigidity at the level being 
considered . 

computed structural eccentricity in 
x and y axes direction 

- distance between centre of.mass at 

115 

floor i to center of rigidity at floor x 

supplementary fictitions eccentricity 
in German code DIN 4149 

You.ng I S modul Js 

_- mass eccentricity related to reference 
point in x,y directions of unit (i) 

eccentricity of center of rigidity 
related to reference point in x,y 
directions of unit (i) 

developed spring force of the mathemati­
cal model 

shear modulus 



gx, gep 

\' 
hi 

I 

I epi ' 

I6i 

Imi 

Ipi 

KRi 

ep 
KPi 

Kxx, Ke6, Kcjlep, Kxe, 
Kxep and Keep 

Ksxi, Ksyi 

Kxi, Kyi 

Kepi 

[K] 

[i<] 

Mtx 

Mto 

f Mt 

Mt 

ground lateral acceleration in x direc 
and ground torsional acceleration 

unit (i) height of the building 
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-moment of inertia lJ • 

- mass polar moment of 'inertia of unit (i) 

- mass moment of inertia in rocking motion 

- mass polar moment, of inertia refer to mass 
center of unit (i)' 

- mass polar moment of inertia refer to 
arbitrary pOint P of unit (i) 

-

(-

-

torsional stiffness refer to center of 
rigidity of unit (i) 

torsional stiffness refer to arbitrary 
point P of unit (i) 

symbols of stiffness matries of the model 

shear spring stiffness in x and y directions 
respectively of the mathematical model for 
unit (i) 

flexural spring stiffness inx and y 
directions respectively of the mathematical 
model for unit (i) 

torsional spring, stiffness of the 
mathematical model for unit (i ) 

stiffness mat ri x of mode 1 

c:ondensed stiffness matri x of model 

static torsional moment at level x 

dynamic base torque ~ 

dynamic torque 

normalized dynamic torque 



<. 

Mi 

Mei • 
Pi 

Yi 

Y{ 

Tx 

Up, Vp, Um, Vm, Ur, Vr -

V or Vs 

Wi 

W{ 

Xp, Yp, Xm, Ym, Xr , Yr -

Xi 

ei 

6i 

epi 

T 

Sa.~ 
1 

mass of unit (i) of the model 

overturning moment at unit (i) 

lateral force at unit (i) 

model participation factor of mode i 

polar radius of gyration of mass (i) 
of the model 

uncoupled perioa of lateral vibration 
. of the building in seconds in the x 
'axi s di recti on 
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uncoupled torsional period of vibration 
of the building in seconds .. 

displacements of points P, C.M. and C.R. 

minimum literal seismic 'static force at 
the base of the structure 

dynamic base shear 

natural frequencies of mode i 

damped frequency 

positions of points P, ~.M. and C.R. in 
x-y cartesian coordinate axes 

absolute· lateral displacements of unit (i) 

abso~ overturning rota~i on of unit (i) 

re~tive lateral displacement between 
unit (i-l) and unit (i) 

absolute torsional rotation of unit (i) 

ratio of uncoupled torsional period (Tep) 
to uncoupled lateral period (Tx) of 
vibration of the building 

spectral acceleration in mode i 
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; 

, {<P }i -, mode shapes of mo~i 

~ - damping ratio 

p - mass density of unit 

I = 

m 
unit column vector 

, 

• 




