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. :  ABSTRACT )

This project doecuments the results, of an investigation into

binary search trees.. Because of their favourable characteristics

binary, search trees have become Ropuiar for information storage and re-

’

trieval applications in a one léveL store. The trees may be of two types,

weighted and unweighted. Various algorithms are presented, in a machine
_ . . —_ . | R
independent context, for both types and an empirical evaluation is per-

formed. An important software aid used for graphically displaying a

binary tree is also described.
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T ) CHAPTER T

SURVEY AND OVERVIEW

1.1 INTRODUCTION

Binary trees are an important technique for organizing large
filés of i;formation because they strike a compromise between the wvarious
conflicting requirements of storage utilization, rapid retrieval time
and ease of insertion and deletion of information. A great deal of effort
has been given to the study of binary trees. Because of this, their
properties have become better understood and new ideas have evolved for
the optimization of the above réquirementé. Although they are not the
only method of file organization (c.f. hash coding o} scatter storage
techniques) and in some cases not the best, for oﬁe-level storage ap-

plications they have, become popular.

1.2 SURVEY

-

For discussion purposes binary search trees can be considered
as being of~two classes. The first class repregsents an attempt to keep
the tree more or less balanced i.e. no excessively long or short search
baths exist. The second class of trees have an assoclated set of weights
which can be thought of as the frequency o; a successful or unsuccessful
search for particular keys. The trees in this class are constructed so

as to minimize the weighted pathlength of the tree, meaning in generail,

that they would not necessarily be balanced. Trees of this class are

e

referred to as optimal. Other types of trees related to the binary search

tree have been reported. Fredkin (1960) proposed the TRIE structure,
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-

Sussenguth (1963) defined the doubly-chained tree and Bayer and MbCreighk\

(1972) defined the binary B-—tree. Further work and investigation of

*
-

doubly-chained trees has been reported by Patt (1969, 1972), Stanfel
(1969 , 1870, 1972, 1973), Kennedy (1972a, 1972b) and Hu (1972a). Bayer

7
(1972) has developed what he calls a symmetric Brtree, a modification of

4

the B—-tree. )

-~

The binary search tree and its application to searching and file
maintenance was first introduced by Douglas (1959), Windley (1960), Booth

and Colin (1960) and later Hibbard (1962). Windley and Hibbard derive

-
A"

forpmulas for the mean and variance of the number of comparisons necessary
to insert an item into a random tree and Lynch ,(1965) gives a more detailed
examination which encompasses the previous results. Other work concern-
ing the mathematical properties of random trees has Qeen doﬁe by Arora

and Dent (1969). .
"

Early work reported on balanced binary trees was given by Landauer
(1963), although his trees had a stéﬁctq{e different from the conventional
binary search tree. A very elegant algorithm was formulated by Adel';on—
Velgkil and Landis (1962) for creation and maintenance of a binary tree.
This algorithm has been further commented on by Foster (1965a, 1965b,
1973), Knott (1§7i), Reingold (1971), Martin and Ness (1972) and Knuth
(1973). VUpon insertion of a key the tree is festructured to.ke;p‘it
"AVL balanced". The deletion algorithm has beén given By Knott and
Knuth and some empirical investigations appear in Scroggs, Karlton,
Fuller and Kaehler (1973). Another ;ethod of keeping trees. balanced was

described by Bell (1965). Herxe an attempt to reduce the mean value of

the tree/(see Windley (1960)) was made by creating minimal subtrees of .

-



a glven size at each stage of the construction. An algorithm has been
formulated by Walker and Wood (1974) for the insertion and deletion of
nodes from this tree and some empirical investigatibns performed. Wong

and Chang (1971) describe and analyse a method for constructing balanced

binary trees. Theilr method structures the first n, = 2£+1-l nodes into

1

a random tree for some positive £. This tree is then rearranged into a

+

. balanced binary tree. The process is then repeated for tﬁe next

= 22(£+1)—1 nodes. A different class of binary search trees has been

N

B2
proposed by Nievergelt'and Reingold (1972). They are called trees of
"bounded balance' (BB-trees) and contain a parameter which can be varied
8o as to compromise“between a short search time and infrequent restruc-
turing. Their algorithms are similar in concept to those of Adel'son-—
Velskii and Landis in that restructuring may take place, upon the inser-
tion or deletion of any key, to maintqin‘the balance of the tree.

The second class of binary search trees‘was firqt investigated by
Knuth (1971). He gave an algorithm go construct an optimal binary tree

and pdsed several questiors about structuring optimal trees which became

.important in later studies. His algorithm requires space and time pro-

-

2 and is of 1imited practical use. For this reason some

portional t?*n
heuristic algorithms have beenndevised; They centre around the idea of
the weight of the suﬁtrees of nodes Being almost equal. Bruno and Coff-
man (1971) give a véry simple heuristic for Eonstructing nearly optimal
. . . ¢
trees.. Given a starting treé, it is transformed into one with a reduced
weighted path length by promoting keys with heavier heights nearer to the
root. Weiner (1971) also speéks of g heuristic for nearly optimal trees

but no details are available. Walker and Gotlieb (1972a) gave an ef-
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ficient top-down heuristic algorithﬁ.for nearly optimal trees. Their

method chooses as the key of the root that key of maximm weight which

best minimizes the weight of the root's left apd right subtrc . When

the tree to be comstructed has a small number of keys, Knuzh's optimal

algorithm is used.

Finally a new type of tree
by Walker and Gotlieb (1972b). It
the binary tree and the TRIE. Its
the TRIE or an optimal -binary tree

Important contributions to

called a hybrid tree has been defined

-

represents a generalization of both
search time is no worse than that of
on the same set of keys.

<3
the analysis of binary search trees

as regards weighted path length has been given by Nievergelt and Wong

970, 1973), Nievergélt and Pradels (1972), Rissanen (1973), Hu and

Tan (1972a, 1972b) and Hu and Tucker (1971). A method of displaying a

binary tree in a readable format has been given by Walker, Redish and

-

Wood (1973) and is found in Appendix 1.

N

M



CHAPTER IT

DEFINITIONS AND TERMINOLOGY

2.1 BASIC DEFINITIONS AND NOTATION "

For the purpose of this project we define an unweighted binary .
8search tree (henceforth a binary tree or simply a tree) as follows.

Definition

A binary tree is a finite set of nodes; if it has no nodes it is
a -
called a null tree. The following conditions obtain for each non-null

P

binary tree T.

) One node of T is a distinguished node called the root of T.

d1) ‘Each node has at most two successors which are designated

left and right sons, the node itself is the father. If a

node has no sons it is a leaf, if_it hasg one son and this

-

one son is a leaf, it ig'a semi-le;f;
(i1i) Each.node has associated with it an item of informatioﬁ
called a key, which is égsumed to bela character string.
. Av) There is an ancestor relation on T defined by: given two
nodes u andlv in T, u is an ancestor of v iff either Q

is the father oﬁ*v or u is the father.of some node w and

w is an ancestor of v. T must be connected, that is every

node apart from the root, must have the root as one of its
ancestors, and acyclic, that is no node can be its own
ancestor. Hence given any two nodes it makes sense to say

that one node is,either'to the left or to the fight of the

5
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other node.

-

i3

(v) ., There is a linear ordering defined upon the set of

s ’
possible keys by some transitive relation < (read "pre-

cedes'"), which, 1if the set of keys is some subset of the
integers, is the usual '"'less than"'relation. |
(vi): For a&l nodes u and v such that u is to the left of v,
. the key of u precedes the key of wv. !

In the following we use the notation tree(u) to ihdicate either a tree
with root node u or,if u = @, a null tree. In tree diagrams throughout
this project the key of a node is displayed as the‘labél of a node. The
convention of late lower case letters fo? nodes and late upper case
letters for keys is adopted. It should also be noted that if condition
(vi) of the above definition is omitted the tree is no longer a binary

search tree.

We sa?'alget of n keys Xi’ 1 £ 1 € n 1s ordered 1if Xi < Xi+1’

1 £ 1 < n. Each of the n keys of a tree may have associated with it a

-

i 1s denoted o s 1 ¢ 1 £ n.

non-negative weight which for any Fey‘x
These weights can be thought of as the frequency with which a key is.
expected to be searched for in the tree. There-mgy also be a set of
weights denoted Bi, 0 £ 1 < n, which give the frequency of unsuccessful

searches and are called external weights., Considering the keys as

i i+1?
30 and Bn having obvious interpretations. Therefore the more general

ordered, B, is the frequency of a key occurrifhg betwéen X, and X

binary search tree will be one of n keys X,, 1 £ 1 £ n, and 2n+l

non-negative weights ai, 1 i< n, and By s 0 <1i < n.

.
~a
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In the above definition of an unweighted binary search tree,

the Bi are zero and the a are one. Using the six conditions given

above we define two more classes of binary trees. A weighted binary

gearch tree is one in which oy 2 1,1 £ 1 £ n, the external weights

being zgro. A weighted external binary search tree is a weighted tree

where the Bi >0, 0 SQI € n. Figures 2.1.1 and 2.1.2 show examples of
an unweighted and weighted binary tree. The circular nodes are denoted

internal nodes. The weight of a key defining a node is found directly

below each node. Figure 2.1.3 i1llustrated a weighted external tree.

The square nodes are called external nodes, the external weights being z

-

found beneath them.

Given an n node tree, tree(u), with 2n+l weights « and Bi we

i
have the following definitions and terminology.

Definition

A search path from u to some node v in tree(u), P(v), is a

i

fhe father of LR 1 <1 <m. The level of a node u, 2(v), is the

number of nodes ip P(vj. The height of tree(u), h(u), is the maximum

sequence of nodes Uyseeesu , m 2 0, such that u = Uy, VR ou and u, is

level of aﬁy node in the tree. The size of tree(u), denoted size(u),

is the number of nodes in tree(u). For any v in tree(u), vzand v

denote the left and right sons of v. The subtree defined by v, tree(v),
is the set of all nodes w in tree(u) such that v is an ancestor of w
together with v itself. key(v) denotes the key assoclated with v. The

weight of tree(u), W(u) is defined as the sum of the associated weights,

n n ‘ .
i.e. W(u) = Z oy + X 81. The weighted path length of tree(u), WPL(u)
1i=1 i=0 .

[
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is defined as the sum of the products of the weight - of a key times the
level of the node defined by the key plus the sum of the products of an

external weight times .the corresporiding level of the associated external

node, 1.e. WPL(u) = Z a, x E(u ) + Z B x l(yi) where Y4 denotes an
i-l 1-0 )

— i — -

external node. Note that WPL(u) = WPL(u ) + WPL(u ) + W(u). The average

welghted path length is defined as AVGWPL(;) = ’EEQT‘ « The value of

tree(nl V(p) is Zz(y) for all v in tree(u). The minimum valué, denoted

A ) t b
MINY(n), is (n+l), x r - n+2p, where r is such that n = 2°-14p and

I

0 <ps 2. The maximum value of tree(u), MAXV(p) is 1+2+...4m = 2£___l

T
3
-
T
f

Letting T be the set of all ordered trees 6f n nodes (with keys l,..,,n), g

“ﬁ
then .the mean value of an n node tree, (MV(n)), is given by the sum of %ﬁ

the values of the trees in Tn divided by the number of trees in Th.

When the term average search length is used the average weigh%ed pAth

length is inferred. An optimal tree is ome in’which the weight path

length is minimized. In the c¢ase that the ai's are unity and the Bi's )

are zero, the minimization of the weighted path length produces a

minimum valued tree. We say that a key, X, is inserted into'tree(u) if

there exists t:ee(u'j, such thdt~tree%u)£§ tree(u'), u = u' unless u= 9,
. sizg(u') = n+l, tree(u") is a binary search tree, and ﬁor v in

tree(u') - tree(u), key{v) = X. Correspondingly, we say that a key, X,

is deleted from tree(u) if there exists tree(u') such that tree(u') & tree(u),

u = y' unless key(u) = X, size(u') = n~1, tree(u') 1is a binary search tree,
and for v in trée(u) - treeﬁu'), key(v) = k._ Finally we define the notions
of "romove" and "replace'' for binary trees.(see Figure 2.1g§). Given
tree(u), u ¥ 0, thgn given a ﬁo&e v in ﬁree(q); v is reﬁaved'from tree(u)

¢



key, X say, and a node v in tree(u) then key(v) is replaced by X
N

when v is given X as its key.

B

B
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An example of an unweighted tree

Figure 2.1.1

An example of a weighted tree

Figure 2.1.2 ’ ,




&

11

An' example of a weighted external tree.

B
Figurg 2.1.3




Remove node whose key is 8

Replace 10 with 8, note that the replacement
key has a restricted value if the resulting
tree is to be a binary search tree.

Figure 2.1.4

- 12
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CHAPTER- ITI

BINARY SEARCH TREE CONSTRUCTION ALGORITHMS

3.1 ‘INTRODUCTION TO AND OVERVIEW OF THE ALGORITHMS

3.1.1 GENERAL INTRODUCTION

-

For the purpose of discussion the algorithms described below can
be divided into two classes: .

(1) those that locally‘}estructure the tree as keys are input

to the, algorithm (Sections 3.3, 3.4, 3.5) and -

(2) those that globally restructure the tree and ;equire a fixed .~

g sequence of ihput-keys (sections 3.6, 3.7, 3.8).
The class (1)-algorithms construct unweighted binary trees which are
considered to be dynamic, i.e. frequent insertions and deletions are
performed.“We ére 1néerasted in minimizing the avéYage search path thch,
because the tree is unweighted, means no excessively long or short‘search
paths to the leaves should exist. Algorithms of class (2) construct
weighted or weighted extefnal trges wh}ch are considered static, i.e.
a fixed set of Qeys énd weiéhts are given and no deletions or insertions
are performed once the tree has been created. Trees in both classes are
considered to be combletely #ept in one level random access storage.

Transformatio;s are pérformed on the trees produced by algorithms
of class (1) and the trees givén ip Sectioqi3w7 in order to achieve the

desired atructute. These trénsformations are i1llustrated in Figure 3.1.1

and henceforth will be referred to as 'general tranﬁformations".
. )

e

13
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3.1.2 GENERAL IMPLEMENTATION DETAILY #

All algorithms are-implemented in Pascal, (Wirth, 1971), and

the following conditions obtain:

&Y

(11)

(111)

L3

"a pointer variable)

s a eaf, then both pt,lpt and p+.rpt will be pil

- since it has no sons.

Keys are of type ALFA, a packed ARRAY of ten CHARACTERS.

Keys of less than ten characters are left justified and

zero filled.

Each node of the binary tree is represdented as a Pascal

record which 1s assumed to contain at least three fields -

l

of information,
(1) the key of the node (represented by the varilable name
info of type ALFA),

(2) a pointer to.a node's left son (represented by the

-
variable name 1lpt), and

(3) a pointer to a node's right son (represented by the
variable name rpt).
Each node is referenced by a pointer variable and the

fields of the record are referenced through a pointer

variable and their respective field names, i.e. (1f p is

1) pt.info
2) pt.lpt
3) pt.rpt.

Use is made of the Pascal special symbol pnil to indicate

"a null pointer, so for example if p points to a node which.

-

" - . . -



A listing of the Pascal procedures for each tree is found in
Appendix 3. The utility routines which are needed by most of the

construction algorithms are found in Appendix 2.

15
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A double rotation

subtree name

subtree height

General transformations

Figure 3.1.1




3.2 THE BASIC TREE ALGORITHMS

3.2.1. INTRODUCTION

The basic binéry.tree algorithm is. the simplest of all binary
< tree algorithms. It Qas the fi#st to be implemented but because it re-
sults in an unfavourgble valued.tfee, in general it is not a éood
algorithm except, perhaps, for shott—iived trees. There is ﬁo restruc-

turing of any kind; the resulting-tree structure depends entirely on the

sequence of keys input to the algorithm. See figure 3.2.1 for an example

of a binary search tree. m

!
/

3.2.2 THE BASIC TREE INSERTION ALGORITHM (BTIA) i .

We assume that we are given tree(u) and that the key to Be
insertéd is X. ‘ )
(i) Ifum= ¢'the; enter X ;s the key.of.the root node and sto?.~
(11) ~ If X equals key(u) then X is alxeady in the tree so stop.
(111) if X precedes key(u) then repéat‘BTIA for tree(v), the left

subtree of u. | | ~

(iv) If X does not precedé key(u) then repeat BTIA for tree(v), the

right subtree of u. ' . -

ey N
R
L]
o
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3.2.3 THE BASIC TREE DELETION ALGORITHM (BTDA)

We assume we are given tree(u) and that the key to be

"deleted is X.

(1) If u =@ then X is not in the tree so stop. \
(1i) 1If X equals key(u) nthen three cases érise:
- {a) u has no‘;ons.
Simply remove u.
(b) u has exactly one son, v say.
Treé(u) is replaced by tree(v)v, that is, v is the new root
node of tree(u) and u is removed.
(¢) u has two sons.
Let z be the pogtorder pfedecessor of u. Replace key(u)
with key(z)+-.édd repeat step (ii) with u = z and X = key(z).
(11i) 1If X pre;edes key(u), then }epeat BTDA for tree(v), the left ‘

subtree of u, otherwise repeat BTDA for tree(v), the right subtree

of u.

-
L ]

+ Note that at this point tree(u) is no longer a binary search tree
since key(z) occurs twice. .



.
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3.2.4 IMPLEMENTATION >

The implementatibn of these algorithms conforms exactly to the
general implementation details of 3.1:2 except that a header node is
introduced. The right pointer field of this node will always point to
the root of the tree. This special node is used for convenience parti-

cularly in the deletion algorithm.

A binary §§§:éh tree of 7 nodes

. for the {nput sequence

i5, 25, 10, S5, 30, 20, 35

Figure 3.2.1

I
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3.3 THE AVL TREE ALGORITHMS

-

3.3.1 INTRODUCTION

AVL trees derive their name from two Russian mathematicians Adel'
son - Vel 'skii and Landis, who discovered this tree.search,algorithm. AVL,,
trees represent a compromise between balanced trees and arbitrary trees.
The scheme attempts to avoid excessively long o£ short search paths. Just
how well the algorithm achieves this goal will be examined later, but suf- ==

fice to say that from this point of view the results are very good. To

this end the algorithm dynamically restructures the tree to keep it "AVL

balanced".

AVL trees possess the following property, the AVL property,

which is dependent on the height of a tree, tree(u).

Defindition

A tree, tree(u) , is an AVL tree if for all nodes w in tree (u)
the height of the left subtree of w differs from the height of the right

subtree of w by at most one. Any tree fulfilling this property will be

referred to as AVL balanced. The balance factor of any node w in tree (u),
Ealfac(w), is defined as the height dé the fight subtree of w minus

the height of the 1eft'subtree of w. 1In succeeding diagrams the ﬁalance
factor is indicated by an integer directly below each subtree node. If in

an AVL tree, the balance factor of any node is 1, -1 or 0, the node is

said to be rigﬁt heavy, left heavy or balanced respectively (see Figure

3.3.1)0

- ¥

Imnediately after insertion or deletion one or more nodes may
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lose the AVL properti. Assume a node w has balance factor 1, On inser-
'tion tree(w) may be AVL unbalanced when a node is inserted into the right sub-
tree of w or on deletion, when a node is deleted from _the left subtree

of w (sée Figure 3.3.2). A symmetrical case exists if balfac(w) = ;1.

The given general transformations resgtore AVL balanée while preserving
the relationship of the keys. Figure 3.1.1 shows the only two cases which

arise for insertion (and the two most likely for deletion) with the cor-

responding rotations on the tree nodes necessary to restore AVL balance.

Symmetrical cases exist. Note that the height of the newly rotated m

subtree is the same as the original subtree before insertion of the new
key. Hencehfor insertion only one rotation is necessary since the rest
of the tree (if any) reﬁains AVL balanced. Howeve;, in the case of dele-
" tiom up to Lﬂlogz'n_J—l rebalances may be necessary as indicated in Figure
3.3.3. This is because deletion has caused the height of a subtree to be

decremented. . -

3.3.2 THE AVL TREE INSERTION ALGORITHM (AVLIA)

We assume that we are given tree(u) which is AVL balanced, and

that the key to be inserted is X.

€D If u= @ then enter X as the key of the root node and stop.
(11) Otherwise assume that X is to be inserted as with BTIA, then a

sequence of nodes will be traced out by the BTIA. Let this inser-

tion sequence be ul,'...,uk where u = u and k > 1. If keyCuk) = X,

then étop.aince the‘key is already present in.the tree.

(111) Locate the eritical pode, that is find the maximum 1, 1 < 1 < k,

such that balfac(ui) ¥ 0; 1if there 1s no such node set 1 to 1.

"
<

.-
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(1v) Insert X as with the BTIA.

{(v) Determine 1f rebalancing is required. Three cases arise:

(a) balfac(ui) = 1 or -1.

The tree has grown higher and no rebalancing is required so

stop (see Figure 3.3.4). This case arises when 1 = 1. in step
(1i4).

'
.(b) balfac(ui) = Q,

The tree has become more balanced so stop (se; Figure 3.3.5).
(c) 'balfac(ui) = 2" or -2.
The tree has becoﬁe AVL unbalanced and a rotation must be
formed.
(vi) Determine which rotation to perform. ?wo cases result:
(a) () balfac(ui) = 2 and balfac(ui+l) = 1 or
(2) balfac(ui) = ;2 and galfac(ui+l) = -1.
A single rotation is invoked (see Figure 3.3.6).

(b) (1) balfac(ui) = 2 and balfac(u -1 or

i+1) =

_(2) balfac(ui) =~2 and balfac(u = 1,

i+l)
A double rotation is invoked (see Figure 3.3.7).

3.3.3 THE AVL TREE DELETION ALGORITHM (AVLDA)

We assume we are given tree(u) which is AVL balanced, and that the
key to be deleted is X.-
(1) Assume that X is to be inserted with-the BTIA, then a sequence of

nodes will be traced out by the BTIA. Let this sequence, the

deletion sequence, be u

1200 oW where u; = u and X = key(y) (see

v b

Figure 3.3.8). P




(11)

(111)

(iv)
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Three cases arise,

o

(a) u, has n; sons,
Remove u, from the tree (see Figu£éx3.3.9).
(b) u has one son.
Remove U and relink the son of u to uk-l (see Figure 3.3.10).
(c) Uy has two sons. .
1f balfac(uk) = 1 , let z . be the postorder successor o% uee .
Otherwise, let z be the_postorder predecessor of u, . Replace

key(uk) with key(z) . A new deletion sequence is built up

whele u; = u and~u, = z. Repeat step (ii) (see Figure’3.3.11);;:é“

Examine the deletion sequence. Let 2 = k-1 (initially)¢, If ¢ =0
stop, otherwise threé cases arise.
(a) balfac(uz) = 0.

yﬁéﬁhéight of tree(ul) has been. decremented. Repeat step

!
(111) with & = 2-1 (see Figure 3.3.12).

(b) balfac(uy) = 1 or -1.

The height of tree(uz) is not Feduced and the rest of the
tree will be.unaffegtedﬁso stép (see Figure 3.3.13).

(¢) balfac(ug) = 2 -or -2.

-

Rebélancing is necessary {(see Figure 3.3.14).

Detérm;ne which rotation to perform. Let v and u be the sons

&+1
of uz.‘ Three cases result:
(a) .1 balfac(uz) = 2 and balfac(&) =1 or

(2) balfag(ug) = -2 and balfac(v) = -1.

A single rotation is performed as 11lustrated in Figure 3.3.15.
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Let % = %-1 and repeat step (1ii).

®) ‘) balfac(uzs = 2 and balfac(v) = -1 br\

. 2) balfac(uz) = -2 and balfaq(vj = 1.

A double rotatiomn is éérformed ;s'illustratgd in Figure 3.3.16.
Let £ = 2-1 and repeat step (ii1).

(c) .balfac(u,) = 2 or -2 aﬁd balfac(v) = 0.
A aingle rotation is performed and The algorithm terminates
since the height of £he ;o;;ted subtree has not decreased (see

Figare 3.3.17).

3.3.4 IMPLEMENTATION

As with the basic tree a;goriéhms a header node, thg? right pointer
field points to the root of the tree, is utilized. It is :?;o useful to
have balfac(w)’, for each node w in tree(u) , .available without having to
compute it. To this end the balance factor is an additiopal field of in-
formation in any record representing a node. On insertion only pointers
to the critical node, v say, ité father (used for relinking a rotated '
subtrge) and the insertednnode, p say, need be saved. Only the balance ‘
factors between v and p need be adjusted. Examination of the balance
factor of v and wh;ther p is in its left or right suétree determine
whether or n;t a rotation need be performed. At most the balance factors
of three nodes need readjuéting when a rotation is performed as indicated
in Pigure 3.1.1: On deletion a stack of pointers must be built to the
deleted Qode. Along with these pointers it is convenient to (have the
direction to the mext node in the search paéh (1.e. 1 = right, -1 = left{.

; . . .
The stack could be (PO, ao), (Pl, al),...(Pm, am) where P0 is the pointer

5
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to the header node, éo =1, P,, 1 5 1 < m, is the pointer to the i-th

i‘,

node in the search path, a, 1s the direction to move from this node to
get to the next, and Pm is the pointer to the node to be deleted. The
balance factors of the nodes in the deletion sequence u, 2 < m, are /////

adjusted as each is examined. Step (1ii) of AVLDA now may be interpreted

as:
v - (a) balfac(uz) = a,.
u, was left or right heavy and a node was deleted from its

left or right subtree respectively.
(b) balfac(ug) = 0,

u. was balanced and a node was deleted from one of its sub-

L

trees. Set balfac(uz) = -a, and terminate.

iR A R LTI bl SOl A

(c) balfac(uz) ="-a,.

u, was left or right heavy and a node was deleted from its

L
right or left subtree respectively. Rebalancing is neces-
sary.

On deletion rebalancing is identical to insertion with exception of the

special case illustrated in Figure 3.3.17.

o mm%mmfwﬂr*ﬁtﬁvm -~
y -
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key (w) = 10 ‘

Insertion of node with key 20 causes unbalance.

»

key (w) = 10

Deletion of node with key 5 causes unbalance.

key (w) = 20. ‘ .

Deletion of node with‘key 5 does not cause unbalance.

Figure 3.3.2
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Deletion of node with key 60 causes |__log2 IQ‘J -1 = 2 rebalances.

Figure-3.3.3

i=1, key(ui) = 10 balfac(ui) = 0. Insertion of X causes the height

of the tree to be increased.

Figure 3.3.4
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i=3, key(ui) = 40, balfac(ui) = Q. Insertion of X causes tree-to

become more balanced.

Figure 3.3.5



1 =3, key(y,) = 30, balfac(u) = 2, balfac(u,,) = 1.

i+l

A single rotatiom restores the balance.

1 4

-

Figure 3.3.6

Vet ! ~
.
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i =2, key(ui) = 25, balfac(uil = 2, balfac(ui+l) = -1,
The insertion of X causes a double rotation on nodes with keys 25, 30 and X.

A . !

- Figure 3.3.7




k = 5,.key(ur) = 40, key(uz) = 20, key(uB) = 30, key(uh) = X

i

balfac(ul) = 0, balfac(uz) =1, balfac(u3) -1,

balfac(ua) = 0.

Figure 3.3,8"
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k=4, key(u.k) = 35

k = 3, key(}lk) = 30

t

Figure 3.3.9

‘gigure 3.3.10
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:
k=2, key(uk) = 35, balfac(uk) = -1, key(z) = 30, z is the postorder
predecessor of . . , f;
0

k= 4, key(ui) = 15, kéy(uz) = 30, key(u3) = 25, key(pa) = 30.

a T e

Figure 3.3.11
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k = 4, key(w,) = 35, % = 3, key(u,) = 30, balfac(u,) = 0. The height

of tree u, has been decremented.

Figure 3.3.12
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k=3, key(uk)’= 30, & = 2, key(u)) = 25, balfac(u)) = -1. The height

Figure 3.3.13 : ‘E!..k

of tree(ug) is not reduced.

g
s

- N

Lo

k= 3, key(u,) = 20, ¢ = 2, key(u,) = 25, balfac(u,) = 2. Rebalancing
Y ‘ 2 2

necessary.

Figure 3,3.14
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k = 3, key(u, ) =20, & = 2,key(u,) = 25,

Yo41
balfac(uz) = 2, balfac(v) = 1. A single rotation is performed.

= §, key(v) = 30

Figure. 3.3.15

-
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k= 3, key(u.k) = 20, ¢ = 2, key(uz) = 25

38

LI @, key(v) = 35, balfac(ug) = 2, balfac(v) = -1. A double rotation

18 performed.

Figure 3.3.16 °




o
-~

balfac(ul) =.2, balfac(v) = 0. A single rotation rebalances the tree;

k = 3, key(uk) = 20, R_f 2? key(ug? = 25, Uppp = @, key(v) = 35,
the rotated subtree has not decreased in height.
i

Figure 3.3.17
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3.4 THE BOUNDED BALANCE TREE ALGORITHMS

3.4.1. INTRODUCTION

Trges of bounded baiance or BB trees are a class of unweighted
binary search trees which are easy to maintaip despite frequent inser=
tions or deletions. In this respect they are similar to the AVL trees
discussed in Section 3.3. They differ in one very impo;tant aspect and
thét\is they contain a parameter which can be chosen aibitrarily so as

to compromise between a shorter search time and infrequent restructur-

e |
Rgfinition ‘.

Given tree(u), u # @, then the root-balance of any node v in

aizq(vz) + 1 o
size(v) + 1 - A tree, tree(u),

tree(u), RB(v), is defined as RB(v) =

is sald to be of bounded balance & or in BB{a], 0 < a ¢ %, if and only - F
if for all v in tree(u) either size(v) = 1 or size(v) > 1 implies

(1) a € RB(v) < l-a and (2) tree(vl) and'tree (vr) are in BB[a].

>
The root ‘balance, hereafter referred to as the balance, is gn
indicator of the relative number of nodes in the left and right subtrees
of u; a tree is perfectly balanced if it is 4n BB[%}. In the illustra-n
tions, thé balance is indi;atéd by a rational number below each subtree
node. Figure 3.4.1 shows two exam#les of BB trees.
It is interésting to note that there 1§ a gap in the palance

\

of trees as shown in Nievergelt and Reingold (1972).

/
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Theorem 3.4.1

For all o in the range % < a < %,BB[a] = BB[%].

Insertion or deletion may cause the tree to lose its bounded
balance. Here thig means RB(v), for some node(s) v in tree(u), falls
outside the closed interval {a, 1-a]. For example 1if RB(v) = « then the
insertion of a key into tree(vr) or the deletion of a nodelin tree(vz?.
causes unbalance (see Figure 3.4.2). When RB(v) = l-a, gimilar cases
exist. If RB(v) falls out of range the general transformations of
Secé{on 3.1.1 are ;nVOked which restore the balance. The transformaiions

are the same as those in the AVL case but their use is restricted to

certain values of a. .

Theorem 3.4.2

4

If0<asgl1-~- jg-and the addition of a node w to tree(u), which
is in BB[a), causes a node, v say, to become unbalanced, then the follow-

ing transformations restore balance to v.

-

(a) I1If wis in tree(vr) then if RB(V;) < i:ia , a single rotation

restores balance, otherwise a double rotation is needed.

(b) If w is in tree(vz) then if 1~RB(V2) < %E%g » 4 single rota-

tion restores balance, otherwise. . a double rotation is needed.

The proof of this theorem can be found in Nievergélt and Rein-
gold (1921). The case of deletion of a node is inherent in the above.
For both insertion and deletion more than ene rotation may be required
to mainﬁain'balance (see Figures 3.4.3 and 3.4.4). Other transformations

may be introduced so that a may be increased but since ‘ R
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(a) 1 - %? > .2928, (b) BB[a] - BB[%] is.empty for % < a < %, (c) the
given transformations are simple and (d) Nievergelt and Reingold have !

shown that the average search time of trees in BB[1 - %?] is no worseﬁ

then 15Z longer than a completely balanced tree, it is reasonable to

X choose o in the range 0 < a < 1 --ég .

3.4.2. THE BOUNDED BALANCE INSERTION ALGORITHM (BBIA)

We assume that we are given tree(u) which is in BB[a], the parameter a,

0O<acsgl —-é? and that the key to be inserted is X. “
1) If u = @ then enter X as the key of fhe root node and -
stop.

(11) Insert X as with the BTIA.
(1i1) Examine the nodes in the search path to the new node. ?
Let v denote the node currently under examination;

initially v = u. If key(v) = X stop, otherwise two cases

'«exiat.
(a) o g RB(V) ¢ l-a.

v has not become unbalanced with the insertion of X.
Repeat step (iii) for ghe next node in the search
pafh (see Figuré 3.4.5).

' (b) RB(v) > 1-a or RB(v) < a.

| v has become umbalanced with the insertion of X.
A rotation must be performed.

(iv) Determine which rotation to perform. Two cases result.

i:ia » then'a

(a) X is in tree(vr). 1f RB(vr) <

single rotation is performed, otherwise a double
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rotation is used (see Figure 3.4.6).

1-2
(b) X is in tree(v,). If 1.- RB(v,) < m‘i , then

a single rotation is performed, otherwise a double
 d

rotation is used (see Figure 3.4.7).

Ler v be the root of the rotated subtree and repeat step (iii).

3.4.3. THE BOUNDED BALANCE DELETION ALGORITHM (BBDA)

. We assume that we are given tree(

2
2

0 <a g l-

1)

(11)

.,
N

N,

L

;K
, and that the key to be deleted is X.

Assume X 15 to be inserted as with the BTIA, then a

sequence of nodes will be traced out by the BTIA. Let

this sequence, the deletion sequence, be Upseessly
where uy = u ané X'= key(uk). "
Examinexuk. Three cases :esuli.
(a) w, has no sons.

R.emove-uk from the tree,.
() uy has one son.

Remove u and relink the son of w touw .
(c) uk_has two sons. -

1f RB(uk) = % let z be the éostorder succeésbr of

W otherwise. let z be the postorder predecessor or

successor of U depending on which will most improve

the balance of w if tree(z) is replaced by tree(v),

where v 1s the son gg\j/fz;\?ny). Figure 3.4.8
3

which is in BB[a], the parameter a,

Lo
.
R o |



44

i1llustrates the situationé%:Replace key(uk) with

+
key(z) ‘and repeat step (ii) with u =z and X = key(z).
During the search for z a new deletion sequence is

built up where u; = u and w = z.
Let 1 = 1.

(1ii1) Examine the deletion sequence. If i = k stop, otherwise
two cases result.
(a) a-s RB(u;) § l-a.
u, has not become unbalanced with the deletion of

the node with key X (see Figure 3.4.9). Let i =1 + 1 ‘ﬂ. N
and repeat step (iii). ' S

(b) RB(ui) < a or RB(ui) > l-qa.

-

. uy has become unbalanced; perform step (iv). . o,

(iv) Determine which rotation to perform. Two cases arise.

(a) If v, was in the left subtree of uy then let v be

S
1-2a
l1-a

, the right son of u If RB(v) < then a

i.
single rotation will restore the balance, otherwise

a double rotation is used (see Figure 3.4.10).

(b) If v, was in the right subtree of uy then let w be-

-

- v
i~§a , then '

the left son of u, . If 1 - RB(v) <

a single rotation will restore balance, otherwise
a double rotation is used (see .Figure 3.4.11).

' _ Let 1 = 1 + 1 and repeat step (iii).

+ Note that tree(u) is not a binary search tree since key(z) appears twice.
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' A <agl —-lgz then difficulties arise when size(u Y = 2. Referfing ‘

‘occurred improved the balance.” . '

324.4.. IMPLEMENTATION

-

The implementation makes use of a special header node whose right
pointer fieldbpoinré to phe rcot of«the tree. There is also an addition-
al field contained in eny record representing a node, the size fieid.
This gives size(u) for any u. This is all the information which is need-
ed to compute RBiu). When a key, X, is to be inserted into the tree, the -

size field of each node, U, in the insertion sequence isrincremented and

checked to see if it‘will be unbalanced upon the insertion of X. If.sda
a rotation is performed before the key is actually inserted. The: rota-

tions are determined as indicated by Theorem 3.4.2. If however, .

)

‘ to Figure 3 4,12, double rotation should be performed according to

the specifications of the theorem, but this is impossible since X has -

not yet been inserted. Therefore when siz_e(ui).'= 2 and a rotation must

Be‘idvéked a single rotation ig used. Still another problem exists as

-
>

indicated by Figure 3 4.13. Here an infinite loop results when

(1) key(u ) < X < key(ur+1 or (?) key(ui+1) < X < Eex‘ui).n A special

test 18 made for condition (1) and the tree is transformed as in the

1

-

.figure. Another spec#al rest is inc¢luded for an initial examination of

. 1 . ' | _ _
u - If size{ui) T 7 % ¢ then tree(ui) will be in BB[a]-after_the,inser

hY

tion and‘therefore.the key may be simply inserted in tree(ui) as with

BTIA, remembering to increment: size fields. If X is already present in

it

the tree, the insertion- sequence is scanned again and the size fields

)
!

decremented but no restructuring takes place sinece any rotation which had =

:

- \
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The deletion case is similar. For any u, if a node is to be

deleted from free(uz) then this may be treated as an insertion of a key

’

into tree(ur) and appropriate rotations invoke necessary before -any
: y )

actual deletion. Here the size fields of the nodes inp the deletion

sequence are decremented as each is exagmined and if the node to be de-

>

leted:is not preserit, they must be incremented on a second pass but no

restructuring is necessary.

The inequalities involving fractions are changed to an integer

form for.the different comparisons’ needed. For example,

size(vl) + 1
1 -

a L]
if a = = then a < RB(v) € l~a  is S Slze(v) + 1 °

which

Tl
i

_becomes“ é-[éize(v) + 1] < b°[size(v£) f 1] < (b-a) ¢+ [size(v) + lj-

This avoids division and comparison of real quantities which may cause
. ‘ N
difficulty due to rounding error. '
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Nl
ol =

1 1
2 . 2
Ay

key(v) = 10, key(v ) = 15. Addition of node with key X in cree(vr)“

causes unbalance. RB{v) = 2 < a.

o =

6’

unbalance. RB(v) = —£-<3a.

13

i L
2

key(v) = 10, ﬁey(vz) = 5. Deigtibn of ndde with key 5 causes

11

‘Figure 3.4.2

Nt
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1
2

N b=

o = ]3' Insertion of -X requires two single rotations to ‘restore balance.

Nodes with keys 10 and 30 are unbalanced upon insertion of X.

‘Figure 3.4.3.
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number of nodes
"in subtree

win

1 1-
2 2

as= %. ‘Deletion of node with key X requires two single rotations

to restore balance. Nodes with keys 25 and 5 are unbalanced.
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/
a = =, key(v) = 10, key(vr) = 20. Insertion of X causes unbalance
1-2a
1-a

~ o

at v, RR(v) < a, RB(vr)r< cadsing a single rotation. ’ R

a

N %,‘ke9(v) = 10, key(vr) = 25. ‘Insertion of X causes unbalance at v,

RB(v) < a, RB(vr) { %E%g_causing a double rotation.

Figure 3.4.6



Q= = key(v) = 25, key(vz) = 10. Insertion of X causes unbalance at v, o

1-2a
l-a

RB(v) > l1-a, 1 - RB(vg) £ . causing a double rotation.

A3

a = %, key(v) = 25, key(vl) = 15. Insertion of X causes unbalance at v,
1-2a ' '

RB(v} > 1l-a, 1 - RB(VE) < Qausing a singie rotation.

l-a

-

Figure 3.4.7
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o =1
4°?

imbroves the balance of W when z 1s deleted.

key(uk) = 15, key(z) = 20. Choosing z as the postorder successor

Figure 3,4.8

ll";‘"
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X
1
2
1
. 2
. [\
1 . .
@ =7, key(uk) X, key(ui) 20. -Deletiop(of U does not cause -

unbalance at u . ] ‘

»

-‘Figure 3.4.9
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1-2a

)<ot,RB(V)1flCL

1y

1 :
a =z key(uk) = 5, key(ui) = 10, key(v) = 25, RB(u

A double rotation restores balaﬁce.

X



wiro
Wi
-

? - %, key(uk) = 25, key(ui) = 20, key(v) = 5, RB(ui) > 1‘&,

1

-2Q
1-a

A double rotation restores balance.

-

1 - RB(v) ¢

wi &

15

S

N -~

a = %, key(uk) = 25, key(ui) = 20, key(v) ='15, RB(ui) > 1-a,

1-2a

1-a A single rotation restores balance.

1 - RB(v) <

Figure 3.4.11
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1 Y2
; <as 1 - - key(ui) =5, key(ui+l) i 10, size(ui) = 2,
‘) ‘
RB(u,) = £<a 'RB(u ) £ i-Zc A double rotation cannot be
i 4 i+l l-a ° K

performed since X is not in-tree(ui) yet.

Figure 3.4.12

“
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A special case forg the imple_:mented algorithm
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. 4
3.5 THE BELL-TREE ALGORLTHMS

3.5.1. INTRODUCTION

This unweighted binary tree construction method was first dis-
cussed ;nforpélly by Bell (1965). In generdl whenever a sequence of keys
';s fed to the BTIA, (Sectiomn 3.55, some subsequences will produce a

maximm valued subtree, e.g. 1f the complete sequence of keys is in pre-

ceding order.
Bell observed this and developed a techique to remedy this sitﬁat;on by

"forcing" what could be a maximum valued subtree to have a lower value

Sy means of transformations. Bell did not give an explicit algorithm for . :

this techique, hoﬁ;ver thé algorithms described below aré based on his
‘worg."lt is necessary to introau;e some new nbtatio@.
‘Definition
‘®Lven a tree, tree(u); thén for r>0
r-size(u) = size(u); if size(u) < 2T-1,
' 2T.1, if size(u) » 25-1.

In sucéeeding diégramS*r4size(u)‘yill be 'indicated below u. If tree(u) :

_ is minimal then for r > 0, tree(u) is (1) r-complete if size(u) = 2°-1,

(11) r-incomplete if size(u) < 2T-1 and (111) r-replete if size(u) > 2r—1.‘

. c o
For r > 0, r-trde(u) is a subset of tree(u) such that for v in tree(u),

2 v-is In r-treefu) 1ff 2(v) < r. For'k > 0, tree(u) is a k-minimal tree

iff for all v in txree(u) éiéher (1) size(v) < Zk—l'a;d tree(v) 1is

minimal or, (11):size(v) 3 2° and k-tree(v) is k-complete. This defini-

tion corrects an error in Bell -(1965). Each of the above notions is

.
L

‘11lustrated -in-Figure 3.5.1.

P I
Yry”
P
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The following tree construction algorithm builds k-minimal trees
at each stage of the construction for some parameter k >-0. When‘k = 1
" the insertion and deletion Flgorithms‘become the BTIA_and BTDA.of Sec-
tion B.é. The tfgnsforpations used to produce and maiﬁfain k-minimal
trees i; both-algorithms a;é the general transformations given in Section
3.1.1,0bse¥ving that. subtrees of k-minimal trees are (k-1)-minimal trees,
the techique 1is to builé k-minimal tfees(from.(k-l)—minimal treesel When
a node, u: becomes the root of a k-minimal tree, for a given parameter
k, and size(u) 3 E, u remains stétic,‘i.e. it is never rotated by any Py
transformation; its two.sons v and y say, must now become roots of
k-minimal trees (where size(y) 2 2 F,_size(yf > 2 l upon the insertion of
more'keys iﬁto ihe tree. The.Same idea 15 inherent in the deletion

algorithm.

3.5.2. THE BELL—TREE INSERTION ALGORITHM (BIA)

‘ Assume that k > 1, that we are given tree(u), a k—miniéal tree,
andjthe key to §e inse;ted is X. K
@) Ff u=¢@ thgn‘enter X as the root node and sfop.
(11) If size(u) < 2¥_1, then k' = Llog2(1+si'ze_(u))_|,other*-
. wise k' = k. ,Thig ensures that initia;ly p-minimal trees
are 5uilt for p = l,é,...,k.-
‘ i) Ass&me that X is to be inserted with the BTIA, then a
séquéﬁhé of nod;s will be traced out by the BTIA. .If éhe
key of any node equals g stop, otherwise let the first o
node in this sequence, which 1s ﬁot the root qf a

' kﬂQcomplete tree, be u, and the succeeding nodes be



q?\-::" :;*' !
) ~ (iv)
6]
C(vi)

Q\

62

u caes m s k"‘lo
1’ > m’

If m = 0-then X is entered as a son of uy-

For 1 = 1,...; m-1, if tree(ui) is a (k'-i);complete tree,

" then letting u, be the first such node, do the foildwiné:

if u, 18 a left son of u,_, then }et'z be the postorder
predecessor of ui_l,wotherwise let z 'be the pQStorder
successor of LR We deal with thé'predecessor case
only, the successor case follows similarly. Two cases

arise (see Figures 3.5.2 and 3.5.3 respectively). -’ e

(af X > kef(z): Replace key(ui_l) (=Y;sgy) by X and
then insert Y iato tree(ui_ ) using the BIA. Note '
thatithe right son of u;_;» Vv say, is such that

tree(v) is (k'-i)-incomplete.

S

() X < key(z). Remove z from tree(u) and insert X

into tree(ug). Reyléce‘key(;i_l) (=Y,say) w?th

key(ij'and insert Y iato t;ee(ui_l) uging the BIAi
If there 1is no uy fulfilling the conditiong of step gy)
then two cases arise‘(seé Fig;res 3.5.4 and 3.5.5

ﬁiespectively)h

Xa) gize(ﬁm? =1, If tree(ui_l)-is not a 2-complete
tree then carry out a rotation, otherwise_ X 1is
entered 4s a son of u

(b) aize(um) = 2, ‘X is.entered. as &4 son of'um.

4



3.5.3 THE BELL-TREE DELETION ALGORITHM (BDA)

Assume that k > 1, that we are given tree(u), a k-minimal tree,

M W W NN EEm
.

-

u # @, and the key to be deleted is X.
) ' Assume that X 1s to be inserted with the BTIA, then a
sequence of nodes will be traced out by the BTIA Let the

last k' nodes in ‘this sequence, the deletion sequence, be

AR P where X= key(uk,), and k' = k if Z(uk, >

.or k' = 2(uk,) otherwiset® See Figure 3.5.6 for k = 4.

Cii) .Three cases arise.

(a)

(b)

.9 I m W' N miwm ]
.

~

(e)

Y has exactl} one son, V.

Remcve‘uk, and relink v to uk,_l’(see Figure 3.5.&),
unless u = W in which case v becomes thefnew roct..
U has two sons.' .

Let \f and V. be the left and right sons of W, re~’
spectively. If k—size(vi)‘> k—size(vr) then let 2z

be the-postorder preﬁecessor of Wi otherwise let z

.be the postorder successor bf‘uk;. A new deletion

=z,
k' a

Replace X with key(z)+. Step (11i) 1is now repeated

sequence ui,...,ué;, is calculated where u'

with Upseesslye replaced by ul,...,u k' (see Figure

3.5. 8) -

W has .no sons.

If u =’ U ofs then a null tree results, otherwise the y

“‘deletion sequence is used to determine what action

<

m W W W M
o

+ Note that at this point in the algorithm tree(u) is.no longer a binary

] - L]

search tree, since key(z) occurs twice.

L4
S

t4

o £ "
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should be taken. For i = 1;..;,k'-1, if there is a

nk,_i such that

) tree(uk._i) is (i+l1)-incomplete, then immediately

we have that tree(ui) is k -incomplete; thus W,

is removed (see Figure 3.5.9), or

”

(2). tree(u.,_,) is (i+l)-replete; then letting uk'—i+l

and v be the sons of a#._i, if v is the 1xft son
let z be the postorder predecessor of key uk'-ij.
otherwise let z be the.postorder successor of
. ‘key(uk,ﬁi). A new deletion sequenee ﬁi,...,u'k,,
is calculated wher% n'k, = z. Replace key(uk;_i)
with key(z) and tﬂen‘use'the BIA to insert
\ ,.key(ug, ) into;éree(uk, i+l)'. Step (ii).is now
repeated with ul""’uk' replaced by ul,...,u K
(see Figure 3.5.10).- _ )
Otherwise if there is no uk, fulfilling'conditions

Cl) or (2) then remove W (see Figure 3.5.11).

"3.5.4 IMPLEMENTATION - : < /

A special Header node is introduced whose right pointer field

points-to the ‘roat of the tree. For an input parameter k, the imple—_

.nented insertion algorithm also makes use of the value Zk-l, called KVAL
. in the program, to determine its primary actions. An additional field
of information is contained in any record represent;né a node; the size
fleld This field gives the k-size of any node v in tree(u) This’

Y

*nformation is used o determine if for any v, treer) is l—complete, :
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%-replete or 8—incomp%ete; 1< % s k. In the insertion algorithm U, is
determined by simply examining the size field of each node in tﬁe inser-
tion sequence until size(v) < KVAL, for some v. Ihete is an initial ex-
amination of the insertion sequence to determine if the key to be inserted
is already present in the tree,‘uo beiog located at-this time as well.
This initial eearch ean be avoided if tdgtie& of each node in the inser-
tion seduence is‘checked to see if it is the key being insetted and if

. a transfgrmation needs to be'petformed at. this point in the sequence.

Any ttensformation carried out does not destroy the,propettieeoof the

tree but‘since the key must stil/)be located (meaning its original seetch
path must be found) the added work and complexity may not be worth the
effort. . If the key 1s ‘not present each node u

succeeding u. in the in-’

1 0

-~

sertion sequence‘is‘examined to see if sibe(ui) =‘l§y%%ﬂ,'i > 1, and if
: ‘ 2t

-

‘80 step (v) 1s carried out. If t%gé%%_s 1 then this correséonds to step
o 2 . ’ ‘

(vi)(a) and a simple transformetion must be invoked. Step (vi)(b) is

recognized when' u, = @ (actually 1= mtl in-BIA -at this point)

i .
For the deletion case a circular stack of length k + 1 is used
to contain pointers to’ the last k + l nodes in the’ deletion sequence
(stack[k+l] points to, the deieted node, stack[k] to its father,
- stack[k-1] to. its grandfather,... etc). With a litﬁle thought it is
seen that‘the.etack need only be bf 1ength k. The extra pointer_was
;found conveoient when deleting the last two nodes in a tfee; at thfe
_point stack[l] points to the header node. Agein the size, field of-the

nodes is used to determine any action that must be taken. The size,

field of‘the node to be deleted is investigated to determine if it ‘has
-0 ‘ ! N . v
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one, two. or zero sons. If the node 'has one or two sons step (ii)(a) or -

(b) 1is carried out; otherwise using the pointérs contained .in the stack

step ({1)(c) is performed.

(a)
(b)

(c)
(d)

_ ) 1 1
Subtrees with keys 25 and 45 are 3-complete.

Subtrees with keyé 10 .and 65 are. l-replete and 2-replete but .

i

3-incomplete, .

Subtrees with keys 35 and 55 are 2-complete but 3rinﬁomplete.

The tree is a 3-minimal tree.

B
f) D o
L
. s

i Figure 3- 50.1

~

((
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'BIA for 18, i=1, key(u ) 20 key(u) =10, key(z)=15, and X=18, and
treé (u ) is a 2~comp1ete tree.

:After the transformatlon key(u ) 18, and BIA is called recursively
! to insert 2071nto tree(uo).

" Figure 3.5.2

67




BIA for X, i=1, kéy(uo) = 20, key(ul) = 10, key(z) = 15, X < 15, and

tfee(ul) is a g-complete tree. .

After the transformation ke&(u = 135, aﬁd BIA is calledﬁrgbursively

i-l)

to insert X into tree(ui) and 20 into tree(ui_l).

Figure 3.5.3
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BIA-for 12.

m=2 A double rotation on the nodes containing keys 11, 13 and 12

" BIA for 12.

m=2 A single rotation on the nodes containing keys 14, 13 and .12

- Figure 3.5.4

69
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BIA for 6, m=1

.
.
( netttatahbiknaddionme

. Figure 3.5.5



BDA for 9.
key(u1)=10, key(u2)=5, key(u3)=&, key(u4)=9, i.e., k'=4.

Figure 3.5.6

s
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BDA for 25, one son case.

Figure 3.5.7"
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BDA for 40. _ . I

- Y

'y - \:c“'

Y k'=3, key(%k,)=40, key(z)=4S. Apply step (ii) at'z=u'y,.

v

Figufe 3.5.8

+

¢
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BDA for 40

akﬁ=3 i=2, key(uk)*40 treﬁ(uk. ) is (i+l) incomplete (i e.

ﬂ—incomplete) therefore remove ui. /

74
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BDA for 50.

K'=d, key(u,)=50, tree(u,, ,) is 3-roplete, key(z)=25. Use

BIA-to insert 30 into t:ee(uk,-l) and apply Sfép (i1) atcz=u'

.

k'{

" Pigure 3,5.10 - . M



BDA foxr SO

k'=4, since tree(ukJ_i) is (k'-i)-complete, 1<i<3 and tree(dk,_s)
'is not 3-replete simply remove u,. '

-

e

L)

£}
3

Figure 3.5.11

\
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3.6 KNUTH CONSTRUCTION ALGORITHM (KNCA)

3.6.1 INTRODUCTION

This weighted external tree construction algorithm.produces an

-

optimal binary seafhh tree; however, since it requires time and memory
,'l . v

space proportional to n2, it is of limited practical use.’ Obsenping that

all subtrees ‘of an optimal tree are optimal the following bottom-up tree

construction method is suggested. . Given n>0,n ordered keys Xi’

i’ 1 541i¢n,-and B 0O<g1ign,,

1<1¢g n, and 2n + 1 non—negatiVe weights a
the scheme is as follows. " Given the Toot node with key X

1 then its left

its

subtree is an optimum tree. for the weights al,...,a RE B: 8

0’ -t i- 1’

right subtree is optimum for ai+1,...,a , 81,...,8 . Therefore we can : i

n

build up optimum trees for all "weight intervals" Fy e ..,aj, Bi""’Bj’

i < j, starting from the smallest intervéls and working toward the largest

~

Let WPL(i,j) and W(i,j) be the weighted path length and total weight of an
optimum search tree w1th the weights Bi’ ai+l""""°"' .....,oj j.
and let R(i,j) denote the index of the key which is the. root of this tree

when i <¢j. 2An algorithm can be foé%ulated from the following equations

H

- :W'I’L(i,i)' = W(,1) = B, .. O0si¥am, . W A
_W(.'i,j)‘.-= W(i,3-1) +<;j + 8, 0 ﬁﬁ <3 <¢m,. @
<o e "
¥ WPL(1,j) = [;nin[wPLki,k—l) + Wl.’L('k,lj)J + w(i,3)]
- S i‘s‘ks:j- O-Si'<j_§n S &)
Eqnation (3) 'is the'ohservation that the weighted path length of a tree, :‘

@

with root node u say, 1s the ‘sunm of the weighted path lengths of, the

left and right subtrees of u plus the weight,of the entire.tree. It

r
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forces a root to be Ehosen'whicﬁ results in minimal path length. Using
equation (3) it 1is possible to evaluate WPL(1,j) for j—~i'= 1,2,..v,n.

Rduth (1971) proved the following theorem.

Theorenm

- There is. always ﬁ‘solution to the above equations satisfying
R(1,J-1) < R(1,3) s R(i+1,3) for 0 £ 1 < j < n, when the weights are
non-negative..

This limits thé search for the minimum in (3) since only

R(i+1,j) - R({,j-1) + 1 values of k need to be examined instead of -j-i.’

3.6.2 THE KNCA _
. N - Y
" We are given, n, > 0, n ordered keys_Xi, 1<1<$n, and 2n + 1-

weights as

A

l<4i<n and Bi’ 0<1c<n.

) . t".
- (1) Determineé all the one-node optimum trees. .For 1 € 1 < n, let

R(i-1,1) = i. ‘Let £ = 2,

(11) Determine all the 2-node trees. “If £ ¢ n then do step'(iii),
_ ; ) ) . :

Sﬁherqise do step (iv).

-+ (441) For j = 2, £+l,....n let £ = -2,

WPL(1,3) = W(1,3) + min({WPL(i,k-1) + WPL(k,3) |
R(,j-1) ¢ k ¢ ﬁ(i+1,'j)}),
ané R(1,3) eéugls\the ;glu; Sf k for %hich the minimum bccurs.
Let i = 2+1 aﬁd repeat step.fii), - |
(1v) . Coustruct the tree, tree (W. _ ' . ) .

A4 (a) Initially { =0, § ='n.

(b) If 1=j, u-= ¢,,otherwise key (u) = XR(i,j); u, ié gﬁven’by

(b) with 3 ; R(i,j)rl.énd u_ is given by (b) with i =‘R(i,j).'

._E
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" to the‘ﬁeight arrays.

3.6.3 IMPLEMENTATION . ' : )
The implementation of this algorithm'utilizes two (n+l)2 arrays
for the values of the wéight and the weighted path. length, an (n+1) X n,

array for'the'values of the root indices, two arrays of size p to céntain

.

tie keys;and theiruweights:and an arfay of size n+l ‘to Eontain externai
wg;ghts._ Only approg}matély one half of the storage allocated by the

two dimensional érrgys is actually used, -however this may be readily
. . RN [ -

overcome by suitable combinations and linearizations. 'The,resulting'

>

storage would be proportional to n3. It was found, for purposes'of this

project, that even with this reduction certaip'desired trees could not

be consfructed for lack of gpace.. For this reason and fgr.clarity of the

¢

iméiemented algorithm the arrays remain as ini&ially described. ' ﬁ

Since thls,proéram is needed by a@other tree coﬁstrﬁction~algorithm;

it has superfludus parameters which are used to determine correct indices
A . 0 ' ’ ’ . *
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3.7 THE BRUNO COFFMAN CONSTRUCTION ALGORITHM (BCCA)

03.7.1. INTRODUCTION
A\

This heuristic method of finding nearly optimal weighted trees,

defined by Bruno and Coffman (1971), requires relatively small amounts
of storage qnd.computation time, Given a tree, tree(u), the algorithm
performs transformations‘on the tree so as to reduce the weighted path
length. To do this, certain nodes must be promoted closer to the root.
The heuristic gives an efficient method for determining when a node.

" ,should be promoted and simple tqqnsformations to implement this promo-
"tion. Let us now consider the transformations in more detail.

Let Cn denote the set of binary search trees on the keys-.Xi and

L

the éeights o 1l <1 ¢ n., Let T -be in Cg. For notational convenience

i,

i let u;, a node of T-with key Xi"l < i < n, be denoted by its index i. hs
Define a‘transformation ti on Cn,‘l.s i ¢<n as foilows: ’
.-ti(T) = 1f u, is the root then T,
° otherwise see Figure 3.7.1. ( h .
. ) S o . -
«If uy is not'the root then after this transformation the levedl of hf
. has been decreased by one. A more general transformstion fi,k on Cn’

1 <4 ¢n, may be defined in which the level of u,_is reduced by k > 1.

For.1 1 g n, k21 . B

'ti k(T) = if k 1 then t (T) \O%herwise . . N . . .
b

. {if z(u ) < ktl then T

Lot‘:herwise ti(ti’k_lgT)).




pap—

" a neighborhood about T. It is easy to see that nQ(T) =4

the weights of the keys in B

i ’ AR ) “\ 8‘1
Figure 3.7.2 iéiustrates ti,k(T) for k = 2.  Let “ﬁ3 k 2 1, be a mapping

from C_ into 2 % defined for all T in C_ as follows:

m (T) = {T'[T' = ¢ (T),.1 g j’ £k, 1 g1 <n}. 7 (T) is said to define
k i,] : k )

s
(T) for k = 1

k+1

) and, moreover, nn(T) = ﬂn+i(T) for 1 > 1.7 There are at most n? members

in nn(T) and consequently by increasing k we do not necessarily inciude

all the members "of Cn in ﬂk(T).
With the above information the heuristic may now be described.
Given k>1 then proceed as follows: (15 enumerate the elements of ﬂk(T)

in some way until a T'-is found such that WPL(T') < WPL(T) and repeat

'(l) for T'. Since there are a finite number of elements in ¥ :(T) and

there is a T' such that WPL(T )} € WPL(T) for .all T in C , the process

must terminate. Two questions remain to be answered, the first being

_the selection-of'the initial tree T. Any arbitrary tree may be chosen

Ry

but in practice it 1s best 'to choose a "good" starting tree. Bruno and

Coffman found the. largest—first method was, successful. with this the
keys are partitioned into m blocks Bl,..;,Bm, where for blocks Bi’ B, +1°

4 s 1 < m, the weights of the keys in B are greater than or equal to

i

1+1° Now a random permutation of the keys
R :

in each block is obtained and a tree is construtted as with the BTIA

using as input the randomized keys of B :l £1.¢<m .In this ‘way keys

with’ 1arge weights will be closer to the.root. By varying the si;e of

o . . .
the .blocks different starting trees may be generated.'~The second ques-—,
- s ’ v .

tion is How to’ehumerate wk(T). Agsin a largest—ﬁirst scan has proven

satisfactory.' ASSuming’ai 2.?i;1 that is, the weight of key(ui) is
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.greater'than or equal to the weight of key(ui+l), 1l <1 <na, then

examine wk(T) in the or@er tl?k(l),...,tn’k(T), tl,k—l(T)"”’tn,k—l(T)’

t (T).

e e n’l

3.7.2. THE BCCA

" Assume we are‘given an n node tree, tree(u), whose keys Xi have

welghts o, 1 < i< n, and a parameter k, k > 1,

. { N
1) Define the sequence of nodes Uy Upyeeesu such that for

n

i,.l <1< n, the weight of key(ui) exceeds or equals

the weight of key(ui+l

(i1) Scan the neighborhood of tree(u) wk(tree(u)): For
. P
T ¥= k, k-1 ,3..,1 do step (iii) and then stop.
(111) Examine barticular elements of nk(tree(u)).; For

i'= 1l,...,n investigate t (tree(uw)). If

,j ‘ K .
WPL(t j(;ree(u))) < WPL(tree(u)) the weighted path length
’

" of the ttee has beén reduced and tree(u) is replaced by

" {
ty B(tree(u)) (continue with the next value of i).
3 N

I4

3.7.3. IMPLEMENTATION
e

The algorithm uses a special header node whose right oointe:
'fieldypoints to' the root oflthe tree Two adaitional"fielgs of informa-
'tion are contained in any record representing a node One contains the
weight of the’key which defines the node, the other.containe the weight
of~tne subtree defined.by'the nooe. Along with the. starting tree and the

parameter-k, a vectar of n keys Xi’ .such that for 1 g 1 < n -the'weight

of X exceeds or equals the weight of X;4q» 18 passed to the algorithm. !
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One very importanﬁ aspect of the heuristic ié the ease with which
one can determine if WﬁL(ti’kgtree(u)D < WPL(tree(u)) without actually
perfqrmingfény transformations. Referring to Figure 3.7.3 Qne can
calculate the new weighted path length of a tree,lgree(u),Lwhenta node

is promoted one level. Let tree(u) denote the tree after the transfor-

) mation,.WPL(tree(u))‘be its weighted path length and W(z), for any z,
be the weight of’tree(zl. Suppose y is to be promoted and it is a right

son of its father, v say, then

WPL(tree(u)) - WPL(tréé(u)) = [W(v)+fWPL(t;ee(vb))-+W(y)4-wPL(treé(y2)}+L

+ WPL(tree(y ))] - W(y) + WV + WPL(tree(v,)) +

A

+ WPL(c}Zegvr>) + WPL(tree(y )] | : ( g
- W) + W Ve [T + T >
v =.W(y)'—.ﬁ_(7)- ' < T
Therefore WPL(tree(w)) = WPL{tree(u)) + W - W(y). W

The same equation results when y is a left son of v. I; is important
to note that W(v) is the weight of the (left) right subtree of y after’
the transformation and that W(v) and consequently W(y) are the only

subtree‘wéighis_affected. 'W(v) is -easily calculated. If y is-.a right

son of v then W(v) is the weight of the left subtre

of y, W(yi), and

W(v) = W(y,) + a + W(v,), a 'representing the wel t of kej(b).‘ 1f y

is a left sop -of v then W(v) is the right suptree of y,_W(yr), and

W(v) = W(yr) + a, + W(vr). Wty) is now given b ’ oo

. N

W(y) = W(v)-!-a_y—i- W(yr) or

£ ,f W(y) = W(v)+ay+ W(yz) respectively.

3
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Since the ;hole process hinges on the welghts of the subtree of
y, two va;iables, initialized to W(yg) a#d Q(yr), are used. to holé the’
values of ﬁT;;) anq ﬁf§;} as y is promoted k times. Another variable,
initialized to W(y), is used t; contain the value ofqﬁz;). At each pro-

[N

motion WPL{tree(u)) is calculated using equation (1).. After k promo-

tions a comparison of the weighted path lengths can be made and if the
weighted path 1eégth has been reduceq, the t:raansforinat:ion(t:i"k is appl?eq.
Avrcircular stack 6%‘1ength k + 1 is used to contain pointers to y and
iés k‘ancestors; Also an array ofilength k is used to confain the values
ﬁi;i as y is being promoted. These véfues become the new weighté of
cﬁe left or right subtrees of y as each actual promotion occurs.

WPﬁ(tree(u))'is-calculated inirially by simply traversing
t?eeiu) and summing the weights of the subfrees‘defined by each node.
A wise cholce of the parahete; k ig the maximum level of any dode‘in

‘ |

the starting tree, although this may not be the best choice as far as

computation time.
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key (u) = 10, key(ui) = 35. .u, is a right son of its father.

1Y \

i

he'd

key (u) = 30, kej(ui) = 16.' ui‘is a left son of its father.

) 1, v

-« Figure 3.7.1

-
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45, ti,k(tree(u)) resu}ts

k = 2, key(u)
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Figure 3.7.2

- |'.|' ','

"

in the above.
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key(y) = 20, key(v) = 30. y is the left son of v.

L8

.
T

-

Figure 3.7.3
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3. 8 THE WALKER GOTLIEB CONSTRUCTION4ALGORITHM (WGCA)

3.8.1 INTRODUCTION

t

* This weighted éxternal tree construction method was defined by

4

Welker and Gotlieb (1972a) Like the Bruno Coffman algorﬁthm of Section

3.7, it avoids excessive amounts of storage space and" computation time

~and yet produces a nearly optimal tree on n ordered keys X, , l-s i<n,

*+

and 2n + 1 non-negative weights ay and Bi' The method is a combination

-~

of .two ideas suggested by Knuth (1971) to produce a tree that is very

. nearly optimal. The first idea was to choose as thé key of the root node

the input key of maximum weight and repeaf this process for subsequen;

subtrees.: This will not produce -an acceptable tree in all cases since

14
the external weights dre ignored. ' The second idea was to choose as the

*~.,

key of the root nodge, a key which results in the weight of the left and
" 1 9

right sybtrees of the root being almost equal. There may be one’ or two

. . - . .

such choices for this key as iﬁ&icate‘d in Figure 3.8.1. Walker and

!

Gotlieb call the "largest'«of the two keys (wheré largest refers to .the
ordering defi;ed on the keys) the centroid. Using this idea a key for
the root node, Q say,/mé§ be seleeted which hes a relatively.smal;\

weight. However, the weight of'key(ﬁz) dr_key(ur) could be much lar%hr

and should actually be the.root of the optimum tree. Trees constructed

by choosing the centroid as root were much "better" than those constructed

By the firat method. Walkey ané Gotlieb approached the situation in the
\ i B .-

following. manner. For a‘eet of n ordered keys X and 2n + 1 associated
Weights, they constructed n trees by choosing as the key of the root of

each tree a different, X and forming opttmal subtrees using the’ KNCA,

-
~
¥

e
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Many examinations 3uch as these revealed that the minimum weighted path
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length occurs.when the weight of the key of the root Is a loecal maximum,

i.e. if Xi is the key of the root then a4 < oy > a

i+1°
as the meighted path length of a tree whose root has Xi as its key, it mas

noted that if WPL(X ) > WPL(X ) < WPLX i+l) then this usally corregponds

to the assoclated o, being a local_maximum. In other words a local minimum
of WPLCX ) corresponds to a local maximum for the oy This relation does
not apply when there are a small number of nodes in one of the subtrees
since the weighted path length of a subtreeimay be signifieantly changed
upon the removal or addition of even one node. The method is formulated )
by choosing as_ the key of the root node that key which has maximum weight
in some neighborhood of the centroid. If this maximim is not unique the

key which is closest to the centroid is selected The process is’then

X repeated for the subtrees of the selected root node. When the number of

nodes in the subtrees becomes too small for this rule to be.effective the

KNCA is used to éonstruct an optimal subtree. .
N K
Two questions remain to be answered, the first ‘being the deter—

ndnation of a neighborhood about the centroid. Walker and Gotlieb supply

)

a parameter, F, to their algorithm to determine the neighborhood. Let a
and B denote the sum of the &y and B respectively and ng,j) denote the
weight of a tree with associated weights Bi’ 1+1° Bi+l""’ 42! j,ifj-

They use the measure —£g4ﬂl-for determining the neighborhood of the
centroid, i.e. 1f-
’ 0
|W,2-1) - W(,n)| < ¥Q.n)

.‘F

|2

_ then X, 'is a candidate for the key of the, root node. The seleFtion of F

.
] . -
* .

Denoting WPL(Xi)
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. egdgpends on o and B: They found the following choices of F to be accept-

able. (1) if B is many times a, choose F = W{O,n), @y if'a and B are
nearly equal choose F=4, (3)if B 1is small compared to a, the individual

o weights determine-the best value of F. After empirical investigations i

i
:
hey conclude that unless g is many times a, F = 4 1is an acceptable choice.

.Expansion of the neighborhood is. possible. Suppoae a set of m ordifed )

keys has been selected {Xj""’xk} j < k. Denote a* as the maximum

weight of any key in‘this set and X as the centroid. If the weight of

Xj equals a* and there is no other X, Such that Xj <X, <X and a) = ak,

then include in the set any X j —i-1 such that aj-i—l > aj-i’
- 1=0,...,3-p-1 and ap—l s'op, or j-p =;l}ogirj. _A sympetricalltest is ,
performed for Xk. This includeszany keys which have a weight larger than

N -

« those detected 'in the initial neighborhood and are near the centroid The
bound Llog J prevents the neighborhood from becoming too large.

The second question to be answered is that of the size of the
subtrees which are structured using the KNCA The parameter NO answers
this question. The larger the value of No the closer the tree will be
to optimal since larger subtrees are created By KNCA: However, Walker
and‘Gotlieb'found that there is a value of No beyond which the average
search 1ength of the tree decreases slowly or remains constant and that
this value is’ determined by a and 8. In genéral if 8 1s less than a few
times a, the value beyond which it does not pay to go is small, NO = l§

. being a good choice. It B is many times a,.N, should be increased to :

f ' ' . ' . . - {
perhaps 25 or 30, . . . .

S
e



91

3.8.2 THE WGCA

We are given, n > Q, n ordered keys.Xi, 1 x4 gn, 2nt1 nen—nega-w

. éiye w;ights ai, 1< i’s n, and 81’ 0 g1 g n,‘and the two eerameters No
and‘F.
) If n ¢ No; use the KNCA to construct an optimal tree.
) ({1) . Determine the keys in the neighborhood of the centroid.
Let X be the centroid er the w?ights being considered.
Form the ordered eet of keys S ks U{X } where the members
. of the set T, Xi, satisfy :

W(O,n)
F N

T W(0,1-1) - W(i,n)] < » 1 s F .5 W(0,n).

-

(111) Find the maximum weight of any key in S.

Find an index, max, such that a__ . = maximum ‘o, whére
( ' t
. Xi is in S. . | ‘
_ (iv) Detexmine if anfy key X; n S such that X, ¢ X_-has as its .
. associated weight & Let £ be the maximum index £ <.c

such that a, = . If there is no such &, let L be
L max . ! .

the null get and go to’ step (vi)i
) Expand the neighborﬁood-ta-the left of the centroid.

If X is the first member of S and az l , form the

.‘ordered set L = (X ""’X£—2’ 0 1} where

z—j -1 > ax -3 j = ,...,l—p-l and a a1 P ap, or

2-p = [log,n|. 1f x is not the fivst member of S let
.? L be' the null eet. _ .
(vi) Determine 1f ansr key xi': in S sui:h_chat'xi 3 X_ has ‘as its
assﬁciate& weigﬁt‘emax. Let r be thexg%nimem“iqdex, '
Ve . .
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> ¢, such that a_ = a_ .
T » Suc at a, nax G}f there is no such r, let R

be the null set and éo fo step (viii).
(vii) Expand the neighborhood to the right of the centroid.

If Xr is the last’' member of S and a f LI form the . d

ordered set R = {x Xp} where

X1 Tegpoee
[s3

-

r+] <rar+j+l"j = 0,..., P*r~1 and a 2 a @410 OF

p-r = l}ogij. If Xr is not the last member of S let
R be the null set. - g

(viii) Choose the key of the root node. Find the key X ot of

P maximm weight in the set Ly SV R such that

IW(O root—l) - W(root,n)l is mindmized. Chooseé X oot 28

the key of the root of the tree.
(1x) Repeat the algorithm for the éuhtzees Xl"i"xréot—l;'

: ocQ. - T — ti 1.
Xroot+1’ ,Xn:Where n is heht 1 and n~root respective Y

3.8.3 TMPLEMENTATION

e

The implemented algorithm followe closely the steps outlined ih
the WGCA. There are ;ﬁo parameters input, NO, the number of nodes
structured into an optimum subtree hy ehe KNCA and F which is used in

‘determining the neighborhood aboyt the centroid from which keys are se-

“lected to be possible keys of rootAnodes. There are no .additional fields .

L

" in any_recerd.represenqing a node. All calculatioﬁ% infolving weights

are done using two one-dimensional arrays of size n and n + 1 respectiVely i

-

which .contain the weights of che keys and the external weights. There

- are two one—dimensional arrays used to contain the keys and the set of'

possible’root keys. Extra storage is needed for the arrays used by the-
. . { . ) . .

/
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__KNCA and this is determined by the value of N,- The procedure STEP 1

is called recursively to find tkeys for the roots of subtrees yntil the

number of keys in the subtree to be created is less than or equal to N0

*

éy which time the KNCA is invoked.

The weight of the keys are indicated directly beneath each node. The
enternal weights are taken to be zefo. Keys 25 and 30 are. cholces for’ h -

the centroid with 30 being selected since 25 < 30

-
.

‘Plgure 3.8.1°



CHAPTER IV

T . 'EMPIRICAL RESULTS

4

« -

" 4.1 INTRODUCTION ‘ ;

The results given below are divided into two classes és are the
tree co;strqction algorithms of Chapte? III. Section 4.2 gives empiri-
cal results for the unweighteq algorithms of Sections 3.3, 3.4 and 3.5;
‘Section 4.3 gives those for the weighted tree algorithms of Sections 3.6,

3.7 and 3.8. In Section 4.2 an attempt is made not.only to empirically k

investigate the average search path but also to investigate the average

-

‘e

<
i

number of cransformatiops necessary to create and maintain a tree of a B
¥ . 1, ‘.}

particular size. f3~f§15 end 500 trees ofysize 1 to 5000 nodes are built - K

=
» * )

¥

up and then bfoﬁen'down‘and statiét;cs are collected on trees whose size
is a multiplé of 10. Permutations.of the ;rdered sequence 1,2,...,5000
are présented as keys to the algorithms each time a tgge is-built qb or
broken dbwn., (A listing ofvghe procedurgs used to col%ect gtatisiics for o
BB;trees-is glven as an ex;mple at the end of Appendix 3.) TFigures are

- ‘glven fgr.trees whose size is a multiple of 250. ‘The‘95% confidence in-
tervals are given for -all averageé shown. This is important since we "
aré interested in "average bgﬁaviour". Two mnemonics are used in the

tables of figures; "AV" refers to average,l"CI" to the confidence inter-

val. The standard measure of ﬁerformhncé that is investigated in Sec-

tion 4.3 is the average weighted path ¥?ﬁgth. Trees-sf';ize 200 are

constructed for this purpose. The Weigh;s used are é.subseg of those

used by Walker and Gotlieb (1972a) and appear in Table 4.1.1.

)
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Table 4.1.1 Test Data -

The a; and Bi vectors are arranged in the following magrices és

a

Ser 1
4-19 3 3
2 1 127
2. 152 3
33 1 1 8
128 350 1 2
1 2 .11
1 24 6 2
2 443 2
10 8 1 5
1 1 1 1

10 .

(12 » - S Y ", 0.19 ’ (120 ’
%yq d22 s e . R a39 , ahO
%181 %182° - - - %1997 %300
@y frequencies

128 4 4 5 1 1 1351327 11
31 2 3 1 2 759 4 1 1 7

1 1 16 813 1 4 1+1 1

1 2.1 1 2 410 51023 1 _1

87 2 1 8 3.4 163 2 314 150

1 2 1 3 421 1 9 1 1 2 10

111 3 1 1 3146 4 1 2 1

4 1 118 1 1 7 14515 9 3

1 210 2 12629 1161 1 4

4 2 2 6 4 114 5 5 153 1

[}
o

N = A - I e X

15

= N WUN

N i A B VR

H) B S N OH N

50

© 22

26

95

",
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Table 4.1.1 (cont'd.)

31113 11 1 1

1
3

2

7 4 1 1 20 1
2 1 1 &

90 3 1 4

1 3 30

6
5 2 40

4

7

1 2°1 7 1 2 4 2 6
11126 2 2 15
1 311 4 2 1 1 2
1.6110015 1 2 7 1 1 110
1129 2 13 3 1 1 2 1 2 81 10 1

2 1
1 4 29 1

2

1
1

6

2

1

1

1 3 5 4 62 7

1 1 124

3

1

1

9

13 2
1 & 19

3

1
4

2

1

1

1 4 120 L 1 3 3 6

1
1

1 11511 2

1 xr 7 1 339
1 2 29 3 1024 2 1 1 1 3 1 1

1

1

2 4 1 1.
21 1 1

3 6 2 2

5

114 90

1 1 8 1 61 130 2

-
3
.

9

1

123

Set

3

536 112 1 13 1 110 1 2 2 2

8

1011 1% 212 3

1 5 242 1 1 2 1

1
4

1 2 1 5
7246 1 1

1 10 1 1

1

27,071 712 2
1 9

1

3 2 1 1 2 1.1 4
1 2 1,2.1140 251 2 111 &4 227 227

1

1

1

4 10

3
1

b

1 24 2 2 2

"1

7 37 0

1 2171131,
1.133 2183 2 7 2 1 4 '115173

é 12

1

78 4 3 1 40 3 1.

1.2 3 184

1

1

2

l!

2107 7 1

1

1 .6 17 12

13 2 2

3 2 1% 1 4 3 2 1 10

.2 6 1 1 1 2 2 5

11

2

4

Set

2 1 3 1 1 130 1 1 1 1 33 30

1 31217 12

1 29-213.3 1 1 2 1

1 120 1
1 4 2 2

4

77

1 10 11

4
2

1

9

8

321
6 19 2 1 3

-

3

l 1 1 4 120 1 1

1 1 1 2 29 31026 2 1 1 1

1

55

3 3 11 28:4 4 5 1 1 135 13 27 11 32 11° 50

19

4

7 3.

1

2 3 1 2 759 &4 1

127 2 31

1

2 33 22

66

1
10

1

3

21 1 2 410 510 23

2 1 3 ‘421 1 9 1

1 8 71

"33

15

2,
.9

1.

1 1 8 1
4 43 2 1 4

3

1 118 1 1 7 145 15

2
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Table 4.1.1 (cont'd.)

Set ».
.
90 3 1 4 1 4 29 1 1 112 6 2 2 1 5 57240
1 2 1 1 33 2183 2 7 211 4 115173 1 1 2 4 4
1 1 24 1 1 1 6100 1511 2 7 1 1 1 10 3 1 2
1 1 78 4 3 1 40 3 1 122 3 18 7 37 30 1 512
2 152 3 1 4 1 1 1 613 1 4 1 1 1 1 126
2 4 43 2 1 4 1 1 18° 1 1 7 174 15 9 3 1 5 4
8 5306 1 12 1 13 1 1 10 1 2 2 2 3 2 2 1.2 1
4 10 2 1 1 11 40 2 51 2 1 1156227227 1 1 9 &
10 8,1 5 10 1 2 10 2 12429-116 1 1Y4 1 2 1
7128350 1 2, 1 8 2 1 8 3 4 1 63 2 3 1415 ‘1 1 1

Bi frequences

Class 1: The B, are all equal.

1
case 1 Bi =0 ,0¢<1i1<n.
S
case 2 Bi =10 ,0< 1 <¢<n.

Class 2: The Bi were chosen so that the sum of the Bi would be equal to

or less than the sum of the a/.

1
case 3
31 3 2 1 1 29 2 13 11 21 2 8 110 1 9
1 619 2 1 3 1 1 1 12 11 3 3 2 1 3
2 1 1 1 1 2 29 3 10 26 2 1 11 3 1 5 1
2 1 1 4 2 2 1 3 1 21 1 2 4 2 6 7 1
7 4 1 120 1 2 1 3 11 30 1 1 1 1 1 330
4 19 3 3 1 1 28 4 4 5 1 1 135 13 27 11 32 150
2 1 1 27 2 31 2 3 1 2 759 4 1 1 _7 3 2 322
33 1 1 7 2 1 1 2 410 510 23 1 1 9 6
12 1, '8 2 1 3 4211 9 1 1' 2 10 415 - .
6 43 1 1 1 18 1 1 7 145 15 9 3 1 5



Table 4.1.1 (cont'd.)

‘case &

4 43 1 4

1 2 1 8 1

33 1 1 7 1

2 1l 1 27 2 31
4 19 3 3 1 1 28
3 1 3 2 1 1 29
1 6 19 2 1 3 1l
2 1 1l 1 1 2 29

2 1 4 2 2

7 4 1 20 1

4

Class 3 The Bi'were chosen

gum of the a,.

1
case 5
2 1 52 3 1 4 1
128350 1 2 1 87 2
2 4 43 2 1 1
0 8 1 5 10 2
90 3 1 4 29

4

1

1 4

1 1 1 26 1 1

8 5306 1 12 1 13
4 10 1 2 1 1 11
1 1 78 4 3 1 40
1 2 1 1 33 2183
4

NN

oW W NS W

18

13

10

H W v & M

24

o

[
o

= N R R H N s

10
59

45 15
1 1
10 23
1 1
35 13
1 2
1.3
1 3
2 4
1 1

~N = N W

27

LB T O @

10

(9]

11

(W NI, N

so the sum of the Bi would be larger

1
18

10 2
1 1
6 100
1 1
40 2
3 1
"2 7

= W

15
10
51

2

=N R s e

-

LY

2

3 1
1 63
7 1
9~ 1
2 6
2 7
2 2
1 11
3 1
4" 1

4 1 1 1
2 3 14 140

45 15 9 3
16 1 1 &
2 2 1 5
1 1 1 10
2 3 .2

54 227 227 1
84 7 37 30
14173 1 1

98

5 4
415 1
6 2
2 322
32 150
10 1 9
2 1 3
1 5 1
6 7 1
"1 330
than the
1 126
1 1 1
1 5 4
1 2 1
5 2 40
3 1
1 2
1 9
1 512
2 4 4
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XL

A 1t

i

CEL

12
900

_ 24

49

70
307
40
25
10

case 6

8 315

248
24
14
11

14
73
22

14
13
30

37

41
15

11

18" 7 24
12 623 12
7 28 6
68 6 12
11 9 4
8 7° 7
15 121 23
66 323 999
12 6 6
18 7 497

Table 4.1.1 (cont'd.)

6 5
8 48 19
8 129 6
60 12
34 34
211 60 18
18 14 7
960 6 6
195 12 970
45 221 190

6 37
25

8

14 240

7
12
54
i2

6

49 78

6 23

6 479 12 19

42 6 570 94
9 145 183 6
6 6

14 49
6 25
4 1

43 2

30 72

97

8

5 k45
31 930

63

7

1 468

7
6

25
5

6 8°10
84 900 7
56 18 13

27 7

8 7

7 75 7
315 7 7

264 18 6

1 90 970

6 37 %9

99

4
P

6 156 720

6
30
13
43
98
66

540

78

6
25
5
907
7

18
160
840
110

6

350 14
18 31

5
6

12
8

’
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4.2 EMPIRICAL OBSERVATIONS ON A}GORITHMS OF CLASS (1)
4.2/1 AVL TREES h

for insertion of a key into a tree of a given size the following
statistics ;re tQSulated: ’ .

| T(1) the average number of comﬁarisons hecessary'to reach the
position’whére the new node will be insertéd,
(ii) the average Pumbér ;f single rotations performed when
| inserting the new key, -

(i11) the average ‘number of double rotationms pe%formed when in-

serting the new key,

>

iv) the average number of general rotations (single and double)
performed when inserting the new key. ~

The corresponding tabulated statistics are found in Table 4.2.1.
For deletion of a node. in a tree of a given size the Following \
- aré collected: ' ) B3

e
Pty

1) the average number of comparisons necessary to locate the

¢

?node to be dgleted; this quantity represenfg the average "§§%
) seargh for the tree‘size §§£ng considered,
(ii)l Epe average numbe; of single rotaﬁions negessafy to main-
taiﬁ the AVL balance upon-aeiétign of the node,
(11i) the average number of doﬁﬁlg‘rotationg necessary to main-
tain b;lange,
(1w the average number of speéigi“sipgle éotationsipetforﬁed
'(cqrres§6qding to step (iv) (c¢) in ﬁhe AVLDA) ,

) the average number of general rotations (single and double)

' necessary to maintain Balance,



101

the average number of nodes visited during the traceback

(vi)
procedure (i.e. the average number of nodes investigated,
using the deletion stack, until it is determined that the
tree i; AVL balanced.
These figures are found in Tables 4.2.2.‘ . “

From the tables it is clear that the average search for déletio;\

and insertion is logarithmic in the number of nodes in the tree. Other

statistics are observed to be independent of the size of the tree which

agrees with -the claims of Séroggs, Karlton, Fuller and Kaehler (1973).

It is of interest to note that the average traceback when deleting a

t

node is only about 2.0, an unexpected result.

&
4,2.2 BELL-TREES

' For insertion of a key into a tree of a given size the following

staﬁistics are tabulated:

(1)

11

(111)

(1v)

v)

(vi)

LI < hd

the averagé nutber of comparisons nécessa;y to reach the
position. where the new node will be inserted,

the average number of sihgle rotations performe& when
inserting a key,

the:average number of double rotations performed,

the average n;mber of genéral rotations performed (single
and double rdtations),

the average number of times step (v) (a) of the BIA is -

performed (henceforth referred to as single recurse rota-

[

tion),

theVEVerage number of times step (v) (b) of the BIA is



(vii)

(viii)

(1x)

(x)
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performed (henceforth referred to as double recurse rota-
tion), ‘ g

thélaverage o% the sum of the single and double recurse
counts (referred to as average recurse rotation),

the average of all rotations performed upon the insertion
of a key (the averxage of the sum of (ii), (1ii), (v), (vi),
the averaée number of nodes ‘examined in the sequence in
step (v) of the BIA before a (k'~i)-complete tree is |
found (ﬁenceforth referred to as average shift),

the average numbe; of times the procedure recurse is called

in the implemented version of the BIA.

The figures corresponding to the above are found in Tables 4.2.3 to 4.2.12

respectively.

For the deletion case the following are collected:

(1)

(11)
(111)
(iv)
v)

¢ - o

(vii)

the average number of comparisons necessary to locate the
node to be deleted; this repréSents the average search

path for the tree size being consiéeregg

the average number Af times the procedure ndsons is called,
the average number of times the procedure oneson is called,
éhe averag; number of times the procedﬁre recurse is called,
the averagé number of times the rode to be deleted has no
sons (Benceforth referred to-as probability nosons) ,

the average ﬁumbe; of times'fhe ﬁode to be deleted has

one son (referred to as probability oneson),

‘the average number of times the node t6 be deleted has two

" sons (éeferred to as probability Fwosons).
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These figures are found in Tables 4.2.13 to 4.2.19 respectively.

For the iﬁéertion'statistits a general comment holds true: as
the parameter k increaées the search path decreaseg and the amount of
rotations performed increases. This 1s expected since ‘as k increases
minimal subtrees of an increasing size are constructed at each stage and
ia order to do this'more fotations are needed. It is inter;sting to note
that all statistics, other than average search, are independent of tree
size but increase with k. ‘

For deletion Table 2.4.13 measures the averaée search path and
shows it is logarithmic in the size of the Erée. As k inéreases the
search path Jecrejses but‘for‘values of k equal‘to 45 and 6 the chéﬁge
is very smadl. able 4.2.16, AVERAGE RECURSE, is an indicator of the
complexity and the amounf of work needed to maintai; the tree. It is
seen thag it increases with k. The probability counts are as expected,

the average number of times a node to be deleted has two sons and no

sons (a leaf) being approximately equal.

4.2.3 BB-TREES '
For both insertion and deletion of ‘a kéy into a tree of a given

.

size the following statistics are collected:

-

(L the average number of comparisons necessary to reach the
position where the new node will be inserted and a node
will be deleted, |

(11) ~ the average number of single rotations performed when’

inserting and deleting nodes,
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!

(1i1) the average numbef of double rotations performed when
inserting and deleting nodes,
(iv} the average number of general rotations performed (single

and double rotations).

Tests were run for a values of’%, %, % and 1%%; the results for insertion

are found in Tables 4.2.20,...,4.2.23, those for deletion in Tables
4.2.24,...,4.2.27. .In the deletion tables_some entries under the con-—
fidence interval colﬁmn are blank. Because the number of occurences is
very small ﬁof the statistic being collected, the average is very low
and the corresgondigg con%idence intervals are ignored. Figures however
can be found in a table of confidence intervals for the expectation of a
Poisson variable. .

From Tﬁble 4.2.24 1t is clear that the averaée search path is
logarithmic in the size 6f the table. It is ‘observed that as a increases
the average séarch:is_geducéd and the confidence intervals become tighter.
The number of égneral rotations is seen to increase with o and those for
the insertion statistics are higher than for deiétion. However, in no
cage did the average gemeral rotation exceed a value of ome, meaning in-
frequent restructuring is performed. This result does not agrée with
the analytical discussion given by Nievergelt and Reingold (1972).c 1t
is of inFerest to note that a éingle rotation occurs @uch more frequently
than a éouble rotaéiog From examining Theorem 3.4.2 one would expect

this result. All statistics, other than average search, appear to.pe

independent of tree size.

P~

»
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4,2.4 CONCLUSIONS

Examination of the average search path for the three tree construc-
tion algorithms above (Tables 4.2.2,'4.2.13 and 4.2.24) indicates that
for larger‘values of k the Bell~tree aigorithm is the best. The AVL trees
-are seen to be superior to the BB-trees for values of a <-22- For ~

100°
a = B the difference is marginal. Examination of Tables 4.2.1, 4.2.2, /

100 )
413.101 4.2.16, 4.2.23 and 4.2.27 gives an idea as to the amount of work
involved in producing the various tree structures. ?or‘insertion the
gB—tree is superior. fhe,AVﬁ trees are very close to the BB—trées with
respecﬁ to average gene?al rotation, each .in fact being less than one.
The average total rotations involved in strhcturing a. Bell-tree is seen
tao be greatér than the BB-tree or the AVL tree for values of k greater
thgp threé.\ For the deletion case the BB-tree is superior with the AVL
tree again very close. It is difficult to analyse the Bell-tree case
ﬁut Table 4.2.16 does indicate an ingreasing amount of work‘as k increfses.
Central processor timings (in seconds) are included for the ruﬁning ime
"ﬁf each tree algorithm during the statistics collection pﬂase (see Table
4.2.28). The AVL trees are certainly superior in this respect. The
overall conclusion reached is that the AVLKtree construction algorithms
result in the "best" tree. The search path and work involved in struc-.
turi;g an AVL t;ee is'almost the same as in a BB-tree. However other
considerations can be given. The construction time.is least for the AVL
tree algoritﬁms, it is relatively simple t; undergtand and imglement as
compared wiéh the other two algorithms; only one‘rotation is needed to

restore an unbalanced tree upon insertion of a key and no stack is

needed, and empirically, at most only two rebalances are required for‘

e
L

o

P
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deletion. BB-trees are seen to be inexpensive to maintain but the average
gsearch path deteriorates for small values of a. The amount of work in-
volved in producing the Bell-tree and its complexity override the average

search path considerations. Therefore it is seen that the AVL tree

algorithm and the AVL tree structure is superior to both BB and Bell. .

"
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Table 4.2.28

Central processor timing on statistical runs

Tﬁe AVL tree construction algorithm
5356 “ : ~
The Bell-tree construction algorithm
k 2 3 4 5 6
7443 8483 10209 12399 15327
The BB-tree construction algorithm
1 1 1 . 29

x = - -

7 5 A 100

8056 7999 8003 8051
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4.3! EMPIRICAL OBSERVATIONS ON ALGORITHMS OF CLASS (2)

-~ -

4,3.1 THE OPTIMAL TREE ALGORITHM OF KNUTH

No empirical tests were made on the average weighted path length
of optimal trees constructed Sy Knuth's algorithm because of storage can-
siderations which has been previously pointed out in Section 3.6.3. The

figures shown in Table 4.3.1 are taken from Walker and Gotlieb (19722).

4.3.2 THE BRUNO COFFMAN ALGORITHM

[
¢

Empirical tests on this algorithm on.,all five sets of a data and
with B necessarily O (case 1) are found in Table 4.3.2. The running time

of the tree construction, the average weighted path‘length of the starting

Y

tree and the blocksize that was used in constructing the starting tree
are also included. The results of the average weighted path length are

slightly higher than those given by Bruno and Coffman.
I

-

"4.3.3 THE WALKER GOTLIEB ALGORITHM

Trees are constructed for all tree weight combinations of Table

4.1.1 and the running time for each construction has been included. The

results agree with Walker and Gotlieb (see Table 4.3,3).

4.3.4 CONCLUSIONS

Table 4.3.4 gives a synopsis(of fhe results for the above three

algorithms .using the five sets of a, data and the one set of’Bi data

i .
common to all tﬁreei(s case 1). . For the Walker and Gotlieb case, the
tree constructed with parémeters NO = 15 and F = 4 1s used in the com-

parison since this is an acceptable choice for most cases. For the Brumo

and Coffﬁan statistics the bloéksize is.chosen as 50 since this was the

~ »
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common size Bruno and Coffman used in their tests. The Walker and Gotlieb
algorithm is seen to be superior from both average weighted péth length

and timing considerations.

L’I
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Table 4.3.1

Average weighted path_length of trees constructed by the KNCA.

aset 1 aset 2 aset 3 o get 4§ o set S

B case 1 4.2944 4.6317 4.0035 5.0362 4.1379
2 6.6060 7.2555 6.4230 7.4164 5‘.9726
3 5.9633 6.5382 5.6524 6.5494 5.3331
4 5.8250 6.4549  5.5935 6.7508 5.4117
5 6.2576 6.5810 6.0850 .6.7320 5.8119
6

7.0856  7.1216 7.0125 7.1119 6.9904 .
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Table 4.3.2

1 A

Bruno Coffman statistics

a set 1
’ originél final
' avg. weighted ayg. weighted .
blocksize path length path length time/sec.
25 5.1321 4.4373 3.273
50 5.5000 4.3785 2.908
75 8.0752 4.4016 3.030
jkioo 8.1326 5.0757 2.796
25 8.2382 4.4759 2,712
150 941943 : 4.3775 2.887
175 9.0984 - 4.3211 3.012
200 8.3014 . 4.4768 2.907 .
% e
a set 2 ‘ ‘ i%_
original final -
avg. weighted avg. weighted
blocksize path length path length time/sec.
25 | 5.3740 4.7738 3.058
50 7.1026 -~ 4.9079 2,951
75 8.3166 4.8190 2.939
100 8.5040 5.0509 3.071
125 7.4120 4.8102 2.702
150 8.6599 4.8126 2.716
175 8.7423 " 5.0315 2.956

200 ‘ 7.7876 5.0024 2.639



a set 3

blocksize

25

50

75
100
125
150
175
200

a set &

blocksize

25
50
75
100
125
150
175
200

139

Table 4.3.2 (cont'd.)

original
avg. weighted
path length
5.7218
4,9510
9.3177
7.3108
8.2943
9.1884
8.7127
8.1593

original
avg. weighted

path length

6.2303
7.5322
7.2206
7.2021
8.9968
7.5701
8.7005
8.8301

final
avg. weighted

path length time/sec.
4,2422 2.759
4,2174 2.871
4.0772 3.081
4,1671 2.831
4,3815 13.073
4,0299 3.046
4,0864 2.992 o
4,0729 - 3.336

final
avg. welghted

path length time/sec. .
5.4557 2.851 i
5.6956 2.627 ‘
5.3076 2.749
5.3382 2.752
5.3696 2.887
5.4517 2.770
5.4364 2.752
5.2778 2.680 T



a set 5

blocksize

25
50
75
100
125
150
175
200

Table 4.3.2 (cont'd.)

original final
avg. weighted avg. weighted
path length path length
5.3241 4.4918
~5.8825 4.4775
' 7.1315 4.3974
8.0506 4.1899
9.5555 4.5832
8.2572 4.2681
8.0172 4.3321
8.5678 4.3194

5

time/sec.

2.936
2.669
2.776
2.853
3.328
2.748
2.907
2.672

140
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~ Table 4.3.4

Knuth Walker Gotleib Xﬁa"‘"‘BtEPo Coffman

“~

~avg. weighted avg. weighted . avg. weighted
path length path length . time/sec path length time/sec

q set 1 4.2944 4.3635 0.431 4.3785 2.908

2 4.6317 4.,7003 0.460 4.9079 2,951 .
3 4.,0035 4.0547 0.482 4.2174 2.871
\ 5.0362 5.0572° 0.481 5.6956 . 2.627
5 4.1379 4,1815 © 0.493 4,4775 2.669 ‘
4
|
i
o . ) & - X .
s



CHAPTER V

- CONCLUDING REMARKS

>

In this repoft various binary search tree eonstruction algorithms
have been presented and implemented in Pascal (Wirth, 1971). Two types
of trees have been examined: (1) un&eighted trees which are dynamically
maintained by local restructuring and (2) weighted trees and weighted
extetnal trees which are static in the sense that they require a fixed:

" number of input heys and their sttucture is determined by ; global method
involving all the keys. Through empirieal qbservations the various tree.
construction algorithms are evaluated. For_the unwelghted ease, the AVL
tree is seen to be superior, followed by the BB-tree and finally the
Bell-tree. Considering the Bruno-Coffman tree as a weighted external tree
(external weights are zero), then in the weighted external case the
Walker—Gotlieb tree aigorithm is best, followed'by the Brhno-doffman

" algorithm and then-Knuth's optimal tree.

A type of tree which could be examined in the future is-a
. . /-

weighted dynamic tree which is,eonstrugted using local testructuring.(
For example one might consider a tree.such as the BB-tree and ask whether
the weight of subtrees, instead of their eize, may be used to determine
a rotation to yield a tree whose'weighted path length is reduced. Also
another-problem mentioned by Knuth (1971) and which is yet unsolved,'is
a method of readjusting a weighted tree ‘to’ reflect changes in the weight
;values of the keys. The tree would update the weights of its keys de-

pending on their frequency of search and perform restructuring from -
s o - -

"

.
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ti;e to time to account for the changes in weight. The iéea could also
be extended to any weighted dynamic tree that may be devised. Such a
tree could be of practical use in library applicationms.

A practical use of the optimal binary tree construction algorithm
of Knuth is given in Appendix 4 along wit'h a further application of the
binary tree display algorithm (given in Appendix 1).

LY
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APPENDIX 1

A SIMPLE BINARY TREE DISPLXY ALGORITHM

I. Visual Representation of Trees

Methods of dis?laying trees have been discussed by Knuth (1968).
Knuth refers to three methods which as he says "have no resemblance to
actual trees'". They arekillusgrated in the following example.

Given the binary tree in Figﬁre Al-1 the representations are
(a) nested sets (see Figu;é Al-2),
(b) nested parentheses | .

%
(D(B(A) (C)) (E(H(F)(I)))) and

(c) indentation (see Figure Al-3).

All three representatigns give the same partial infofmat;on re-

garding the structure and order of the originai binary tree (since infor-

mation is lost concerning the order of a subtree with only one son);: this

_is ‘the ordering problem. Considering the subtree defined by the node .

with key E, it is not clear whether the node with kéy His a left or
right son of its father in,an§ of the above repreesentations. However,
by introducing a notation for the represen ation of null trees, as can
be done for each of these threé—representations the ordering problem is n
“no longer a problem!! ! ’
Rep;esentation (a) displéys the binary tree structure and ‘order
cléarly but is difficult to ﬁ;odﬁce._ Representgtion (b) is the familiar

way of representing a list. This representation is easily produced bu;

the structure and order though presént are opague. Representation (c)



Al-2
is also familiar. In COBOL and PL/1 the concept of a structure has been

introduced which is siﬁply an ordered tree. Both languages encourage

the programmer to present the definition of a particular structure by the
method of indentation as given above. Similarly the contents sectioq of
Knuth (1968) is another example of its use. This representation is easy
to produce and the structure and order:are mor; readily seen than in (b).
In all representations some type of binary tree traversal must

be performed to obiain the geys (Knuth, 1968), such that each node is
visited only once in some defined order. There ;re'three-p;incipal ways
of traversigg a binary tree which are defined as follows: if the binary

tree is null do nothing, otherwise the traversal algorithms are defined

recursively. ) .
PREORDER TRAVERSAL POSTORDER TRAVEkSAL
visit the root ’ traverse the left subtree
traverse the left subtree vigit the root
traverse the right subtree - . traverse the right subtree

ENDORDER TRéYERSAL

traverse the left subtree
traverse the right subtre
visit the root g

Three other traversal algorithms may be defined which are the reverse

of the above three.

REVERSE PREORDER TRAVERSAL REVERSE POSTORBER TRAVERSAL
visit the root : traverse - -thé right subtree
traverse the right subtree visit the root
traverse the left subtree traverse the left subtree
o REVERSE ENDORDER TRAVERSAL
« traverse the right subtree

traverse the .left subtree
visit the root _ .



Examination of representations (b) and (c) shows a preorder
traversal is performed on the binary tree. As cited‘above, the ordering
problem results when some subtree has only one son. This problem can be
solved by 1ntrqducing a representation for null trees as pointed out
above. However, this solution would still give representations that do'
not resemble trees, so we choose not to ﬁo this but rather choose a
different approach ypich makes use of a posto}der oY a reverse postor@er
traversal. If a postorder traversal or reverse postorder traversal is
performed, the ordef of the subtre; nodes will be retained since the root

of a subtree will be printed between its sons. In this way, the ordering

problem ig avoided and the complete structure and ordering information k

can be diéplayed in a straightforward manner. This observation, which
leads to a contradiction of Knuth's statement in which he says repre-
sentations. (a), (b) and (c) "have no rese;blance to actual trees", is
the basis of the follgving display algorithm based on representation (c). o
The algorithm can be used to display, as well as a binary sgérch tree, any “%
binary tree where there is no linear ordering defined upon the set of

possible keys by‘QAme transitive relation.

Definition

We say a display of a binary tree is canonical iff a left (right)

son is printed to the left (right) of its father.

II. Binary Tree Display Algorithm — DISPLAY (root, indent, nodeline,
width) .
The implementation of this algorithm fulfills the following

two conditibns:
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~
(a) the displayed tree will be in.canonical form and
(b) the tree will be displayed, rotated through 90° for convenience,
with the root to the left of the page and its successors to its
right. Therefore the key of the rightmost node will be printed
first.
Given these conditions a reverse postorder traversal must be
used. Howé&er, the traversal algorithm can easily be changed to suit
one's individual téﬁte. As the traversal proceeds déwn the tree a variable

S
called level, is incremented by one at each level of the tree. The

i
4

variablé level is used, when the visit routine is invoked, to determine
the indentation of the key to be printed (although not explicitly evalua-
ted the indentation is equal to level x imdent). This establishes an
%ndented }inear ofdering of the tree much like a f?eehand drawing (see
Figure Al-4 to Al-7). The structure is easily discernible from ghe dis-
play. The parameter root is simply a pointer variable whigh points to
the root node of the tree to be displayed. There may be more fields in
a record represneting a node, other than'the key field, whis? also may
be displayed; however care should be taken not to exceed the number of
print positions available on a print line.

To clarify the structure, branches are afso printed from each
node to its sons. ‘As will be noticed from Figures Al 4 to Al-7, the keys
are -printed a fixed number of print lines apart, in fact, "width" print
1lines. Hence branches which leave a’key at the "nodeline"th character
will necessarily be printed in segments of lenéth "width" at a time.

-As each print .line is set up, it is necessary to know when a branch

.o g
character should or should not be printed. This information is given

- . -
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by the BOOLEAN ARRAY brprint for level i. To ensure that keys are print-
ed "width" print lines apart, a BOOLEAN variable f is used (initally
false) which 1s set to frue whenever a'key has been printed (see proce-
dure visit), thus ensfring’' that procedure prntbranch will be called be~
fore another key i1s printed. Procedure prntbranch always resets f to
false before returning, thus ensuring that prntbranch will not be called
until another key has been printéd. Finally, it should be noted that
nodelige is restricted within DISPLAY, to be in the fange

1 < nodeline < 2 x indent: With a.little thought it will be realized
that allowing nodeliné to have values greater than 2 x indent wili, in
general, cause confusion in thé displayed tree. The procédure DISPLAY
together with illustrative printouts (Figures Al-4 to Al-7) of the tree

given in Figure Al-1 (except that each key is made up of 5 copies of

each letter, for clarification purposes) are included in the following.

P



Example of binary tree

Figure Al-1l
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THE PROCEDURE DISPLAY

PROCEDURZ DISPLAY(ROOTSPOINTSINDENT,WIDTH,NODSLINESINTEGER) }
» .
. PURPOSE: TO DISPLAY A BINARY TREZ IN A READASLE FORMAT

GLOBAL TYPE(S) .-

DIRECTION--A SCALAR TY2E USED TO T
MAY 'BE FOLLOWED FRoOM A~

POINT —-——=~ ~VARIASLES OF THIS TYPE AR
LOCAL CONSTANT(S) ‘
PRINTLIM--THZ OIMENSION OF T4Z 30OLEAN ARAY PRARAY. IT TNDIC
THE NUMBER OF LEVELS OF TH: STNARY TRE:Z WHICH AN 3¢
PRINTED ON A PAGS AND MUST 32 DETERMINID 3Y THZ USE:
. MAXe==--=-THE MAXIMUM NUMPER OF CHARACTZRS WHICH ARE ALLOWZD
IN A KEY . : )
LOCAL VARIABLE(S) .
ARPRINT---A 300LEAN ARRAY USID T3 INDICATE IF A 3IRANCH-CHAPAC
SHOULD BE PRINTEDQ FROM_A-HODZ IN A PARTICULAR LEVIL
IN THE TREZ,. IF ARPRINTLI) = TRUE A 3RANCH-CHAPACTZ
\MUST S PRINTED. Ra -
Fommmmmmm— BOOLEAN VARTIARLE INDICATING IF? o
TRUE $SEGMENTS OF 7RANCHES SHOULD 3E PRINTED IN. THE
NEXT PRINT LINZ. : )
_FALSEITHE KEY OF THE NEXT NONZ SHOULD 3E PRINTED IN
7T NEXT PRINT LINE -
: . «
CONST
L PRINTLIM = 333
MAX =103
TYPE
VAR BRARY = ARRAY[U({..PRINTLIM] OF BQOOLTAN}
BRPRINT$ IRARY § - '
FYBO0LEANS -
r. .................................................................

PROCEDURE SPAGCE(IIINTZGER) § .
. o
PURPOSE: TO PRINT THE NUMBER OF SPACES INDIC ATED 3y 1ITS PARARETER

VAR JTINTEGERS

BEGIN »SRACE+ : . -
. FOR J:t= 14 TO I DO HWRITE(Z 2)
ENDS »SPACE+ )

3
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.
’

IRPRINT¢ROARY)

L3INTEGER;

PROCEDURE PRNTBRANGH (LEVE

"

PURPOSE?

T
3
v

HIDTH 0O

ND INITIAL SPACING TO FIRST B8ANCH-

SPACE (NIDEL INE) §

azZ

we
e

r4%

=1

tl

vEL 00

= 1 70 L3
IF 8SRPRINTIM

M

FOR

THEN

1)

o
~l1]
o
e
11
'
Wi
-0
g
[0 o
0

BEGIN

END
Sp

LSE !
)

»
b

(INDENT)

AC=

£
WRITE(EOL

o~

u)

Y $

CONTAIN A K

#RESET FUAG INODIGATING NEXT ‘PRINT LINE WILL

F

CH+

WwZ

t=- FALS
~PRNTRRA .
P o dmwoawmew o owmemonwwwewe -------——--‘—-----—:—-—--’-——---————'.--;--—}—---——R

ENDS

\u-r
¢ >
Z oLy

T Ul il

[3
’ *

R33RPPINTIARAPY)

-
-
-

PROCEDURE VISIT(PIPOINTILEVELIINTEG

P
PURPOSE ¢
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Fr-=mOI
[l o 4 &)
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(Slnlal i s)
e Otz
OYDO0JII

a ZwJio
> . Q=T
o0 u

.oz own

QO Ca-Z
FrCcrzZo
O W
OHILINDY
U -0
0O W -
=0 130
O > w0
pHAm | ad
O a1 T
fd s O
O~ Z-
oOZH <«
ZrHounn'v
@ omz
Wi altit =
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Pelad o3 AR T
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¥ > NedN
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e O,

Ul ==
O~ Z Z
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HZZX
o oOoa O
QACd YXud

NCAZY
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- B | TR

~CARRIAGE CONTROL &

SPACE (1) 3

>T

&S
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NODELIN

NT OR N

-
P=
—

T
~THO CASES ARISEt EfTHER NOOZLINESIND
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- - B -

(AND 8Y DEFINITION NODELINE<2*INDENT) ¢
IF NODELINE GT INDENT
. THEN

»IF NODE TO BE VISITED IS & SON OF THE R30T NOD:
(LEVEL = 1),NO 3RAMNCH-CHARACTERS WILL 3£ PFINT
HENCE,SPACE TO THE FIRST PRINT PASITION OF THE

IF LEVEL EQ 1 ‘

THEN SPACE (INDENT)

ELSE

BEGIN
»SPACE TO THE FIRST PATSNTIAL 3PA
CHARACTER POSITION+ 3PANC
SPACE(NONEZLINE - 1)
" ePRINT A RANCH-CHARASTSR (3RPAINTI
© TRUEY WITH RTNUIRID SPACINS TN THE
NEXT POTENTIAL 3JANCH<CHARACT=P
POSITION®
FOR I _t= 1 TO _LEVEL - 2 ‘00 =
IF aRrRPRINTII1
. THEN
BEGIN _
. WRITE(S83) ¢
SPACE(INDENT %, 1)
END
_ ELSZ ‘SPACE(INIENT)
IF 3RPRINTILZVEL - 1)
THEN
BEGIN o
"HWRITE(Z12) 3 -
END SPACE(Z2*INDENT - NODEL
. END ELSE SPACZ (2*INDENT-NODZLINE#L
ELSE ‘

.BEGIN . )

#SPACE TO FIRST POTENTIAL SRANCH-CHARACTER
POSITION+ .

SPACE(NOOELINE =- 1)° _

APRINT A ARRANGH-CHARACTSER (BRPRINT(I) = T&
WITH PEAUIRED SPACTIMNG TO THE NEXT POTINTI
BRANGH-CHARACTZR POSITION+ L

" FOR I t= 1 TO LEVEL - 1 DO
- * IF BRPRINTII1 -
' THEN
BEGIN o
- HOITE(ZtZ) ¢
SPACE (INDENT = 1)
END
ELSE SPACE(INDENT) S
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- B . . .
.

#PRINT -FILLER-CHAPACTERS (MINUS S FORE
KEY IF NEGSSSARYs 161S) BEFOR
) SPACE (1)}
IF INDENT - NIDELINE GT ¢+
THEN
BEGIN .
t= 1 TO INDSNT=-NQOE -
fetze1T0) ] 0DELINE-1 00
SPAGCE(1)
, END
, END$
»PRINT THE KEY+
Pe, It s
UNPACK (P+. INFO, GHAY, 13 0
WHILE GHAYCLI1 GE =AZ noO ‘ _
BEGIN , _——
HRITE (CHAYEID) 3 : oy
I ¢t= T 1 - -
IF 1 GT MAX THEN GOTO 1i , C
END: , .
-»E§£§T FILLER-CHARACTERS (MINUS SIGNS) AFTER XEY UNLESS IT IS A
$
108 IF(P+,LPT NE NIL) OR (P+.RPT NZ NIL)
THEN
BEGIN
SPAGCE (1)} o
3= I+ 1} - -
enpsf OR J 1= I°TO NODELINE - 1 DO WRITE(Z-3);
. WRITEC(EOL); . _ ,
#SET FLAG INDICATING NEXT WIOTH PRINT LINES WILL CONTAIN BRANGCH-
CHARACTERS+ : .
F 1= TRUE
END? »VISITe -
(D T M en B AR e W M D N Y R S D D WS P e WS AN S MR M W WS R TR 4n WE D TS W W S Sw W e o P o wp W wm e w— W W W - -

AYtOIRECTION) S

iH
*
TRAVIRSAL OF TH‘ JINARY TREEZ
YS AND BRANGCHIS

PQOCEDURc TRAVERSE(P:POIN SLEVELSINTESER

£
PUQPOSE% TO PERFORM A PEVERSF POSTOXODZI
- AND INITIATE THE PRINTING OF

BEGIN »TRAVERSEs -~ o
#HHEN P IS NIL THE TRAVERSAL CAN PROCZED NO FURTHZR4
IF P_NE NIL
THEN

R
KE

. BEGINASE WAY OF
‘ RIGHTIBPPRINTLLIVIL] 8= FALSEY
LEFT $8RPRINTELIVEL] 1= TRUE
. ENDS A A
TRAVERSE(P* RPT,LEVEL -+ 1,RIGHT)}
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IF F THEN
PRNTBRANCH (LEVEL , BRPRINT) 3
1 CASE WAY OF
LEFT 318RPRINTCLIVEL] t= FALSE}
ENd.RIGHT!BRPRINTtLEVEL] t= TRUE°
VISIT(P,LEVIL,0RP2INT)
TRAVERSE(P*.LAT,LEVSL + 1,LEFT)
IF F THEN
- PRNTBRANCH(LEVEL,3RPRINT) }
ENDO? ~TRAVERSE®
S U
AEGIN ~DISPLAYS
SINITIALIZES
F 3= FALSE} ”
ARESTRICT ‘NODELINE.TO BE LESS THAN 2*INDZNT+ } -~
IF NODELINE GE Z‘TNDC
THEN NODELUINE t= NP INNENT = 1%
TRAVERSE(ROOT,C RIGHT)
END; »DISPLAYS
’
\ LY

[



APPENDIX 2

UTILITY ROUTINES

The Standard Pascal Procedures New, Pack, Unpack and Get

New(p) is a dynamic allocation procedure which ‘allocates a new
variable and assigns the pointer to the variable to the pointer variable
p. Assuming that b is ahCHARACTER array variable, z, is an ALFA variable
and.1 is an integer expressiPn, then pack(b,i,z) packs the n characters
b[i]...b[i+-1]‘into the ALFA variable z and unpack(z,b,1) unpacks the
ALFA value z into the variables b[i]...b[i+n-1]. Get is a file position-
ing pfocedure, get(f) advances the file pointer of file f to the next

file component when the file is in the input mo@e.

The Routines Random and Shuffle

These two routines are used in the statistics collection proce-

d*res for the unweighted trees. Tﬁgir listings follow.

TQ§~Routines Attention and T;me

These two routines allow access ‘to the central processor clock.

The Routine Readword

This boolean funetion is used'to read the keys of the nodes.
Lt reads characters and converts them-into a variable of tfpe ALFA, left
Justified zero-filled; using the staﬂdard Pascal procedure pack. Blank
is usgd as a delimiter and any-string éontaining.more than tén characters
i$ truncated. If a string has feweqﬂthan ten characters, its reméining

character positions are zero-filled. ‘The routine returns a value of ‘

”
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false when an end of file is detected or the special stop-character, :, is

read.

The List Management Routines Acquire; Release and Classoverflow

These three procedures are used to manage the allocation of

nodes and to collect nodes which have been deleted from the tree and
’

would otherwise be lost and not available for future use. frocedure
release links together any nodes deleted from the tree using the right-
pointer field of the record representing the node. The variable free is
used as a pointer to the first node in this list called the '"free list'.
Function acquire allocates nodes (i.e. returns a pointer to a node). If
the free list is not empty (free # nil), then acquire returns the pointer
to the last node enteréd into the free list and free is made to point

to the succeeding node in the free list. If free = nil, the free list
is empty and acquire tries to allocate a node by using the standard
Pascal procedure new., If new returns‘tﬁé pointer nil, the maximum
number of nodes. which were declared are,ball allocated and in use. Here
acquire calls classoverflow to print a message and the function returns
as false. This signals, in the implemented algorithms, an emergency

exit which terminates the particular algorithm.
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PROCEDURE ATTENTION(CfINTEGER);
BEGIN ~ATTENTIONS

MEM [ 1 1= C} ' ,
WHILE MEM € 1 ] 2 0 DOj : ,

END3 ~ATTENTION® _ !
S = an wn weem wnws W G W O D P T A G WD A A T T Y D DD D T AT D D D - - - .’ ..........

PROCEDURE TIME(VAR MSINTEGER)S

VAR
REC &t RECORD CASE S1BOOLEAN OF-
-~ TRUE® (ALFIALFA)®
N FALSEt (INTIINTEGER)
T ¢ ARRAY 1 .. ALFALENG] OF CHAR: B
I t INTEGER}
BEGIN »TIME+ —
ATTENTION(2L111530300000006C428) S
REC.INT t= MEM{4231% ' -
UNPACK (REC.ALF,T,1) 3 :
FOR T $=°1 TO & 0Q TCI) t= CHR(O)}
PACK(T,1,REC.ALF) } )
M t= REC.INT MOD 4096 + (REC.INT DIV 4096) * 10003
END: »TIME® P

FUNCTION READWORD (VAR HWORDS$ALFA)tBOCOLEAN;S

’ .
PURPOSE! TO READ THE CHARACTERS.WHICH FORM _THE KEYS OF THE NODES AND
CONVERT THEM INTO AN ALFA VARIASBLE

QUTPUT PARAMETERSH -
WORD--THE KEY OF THE NODE
NESTED PROCEDURES--8IGALFA,EO0LFILL
VAR LENGTHIINTEGER} B
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'S

.o'+++++/&$‘+++.+++++‘++++..+++++‘*,"‘+»+f‘****+*
PROCEDURE BIGALFAS

. » . . B *
PURPOSEt TO READ THE REMAINING CHARACT
CHARACTERS. AND PRINT A MESSAG

VAR It INTEGER, . i , P ‘;:“,
BEGIN oBIGALFA+ . e )

HRITE(-UITEH TRUNGATES 710 190 CHARACTERS 3) 3

CTERS 0 NGS..LONGER THAN 10
AGE A NCATION OF. THE STRING.

o

St ) ." A . o . | A h
SHRITE THE KEYs S . o

)?0 ‘ ; ' |
='Sr AND (INPUT+ NE EOL) DO

} P
.

' D3
‘. WRITE(EO
END$ »BIGALFA+ °

p++w++++++++§+++++++++++++t+++++++++
PROCEDURE EOLFILL(LENGTH:INTEGER)' SN

PURPOSE! TO EOL- FILL THE REMAINING CHARACTERS OF A~ STRING OF LESS
THAN 10 CHARACTERS _

VAR I,JIINTEGER‘ -

BEGIN wEOLFiLL* Lo B o i_ ’ : . . i
I = LENGTH 49 oL - P
FOR J Y0 5 X DO -
CHAY[J) t= EOL ‘ ‘
"ENDY »EOLFILLSY ® - e . ‘ -

i’p*-;!»i»,&+§'+++++‘f++0++§-++++++”+_+&++'+++%+

- BRY - - . . .
. i B . ’

i
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BEGIN »READWORD+® _
© »SPAN BLANKS AND END OF LINEs
HHILE (INPUT® EQ I 3) OR (INPUTs . .

[LE LIN EQ EOL{_oo

wCHEGK FOR END OF FILE&
IF EOF(INPUT)
HEN

) END
) GET CINPUT)
. ENOD3S

#CHECK FOR SPECIAL STOP-CHARACTER®
IF INPYT+ EQ STOPCHAR
THEN ‘
BEGI

LS

END}
READWORD t= TRUES . .
LENGTH t= 0} .

 PREAD THE CHARACTERS OF-THE KEY#
HHILgEé§nPUT+.NE = Z) AND (INPUT+ NE EOL) 00
IF LENGTH EOQ MAX: . ’ '
. THEN ‘ ) st

»THE KEY EXCEEDS - 1.0 .CHARACTERS, TRUNCATE IT+

) -BEGT ‘
. LEAS

N
3
G

T
Nt

opr

IG

oT

END - :

ELSE’ -
“TTBEGI : .

oy lop Lo
rm
-l 2
~LQ)
[ L L |
. Zr~X
~n

. END
END} R .
#ZERO- -FILL THE CHARACTER’ ARRA Y.+

EOLFILL(LENGTH)'I
1GIGET(INPUT)

#CREATE THE ALFA VARIABLE WORD+
PAGK (CHAY 51, HORO) 3 ,
,67B91END} “SREADNORD + |

"7
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o

)

PROCEDURE‘CLASSOVERFLOH§
BEGIN »CLASSOVERFLOW+

WRITECEOLEOL ,EOL 5= CLASSOVERFLOH-,EOL);
END"»CLASSOVERFLowt ‘

FUNCTION ACQUIRE(VAR PlPOINT)tBOOLEAN,

PURPOSE! B8O0LEAN FUNCTION TO RETURN A _POINTER TO A NODE. ACQUIRE FIRST

TRIES TO FIND A NODZ= THE FREE LIST AND IF THIS FAILS IT
TRIES TQ ALLOCATE A N W NODOE USING THE STANDARO PASCAL «

PROCEOURE NEW, IF_ ALL NODES HAVE BEEN ALLOCATEDC AND ARE IN USE
THE_QUTPUT PARAMETER IS RETURNED AS NIL AND THE FUNCTION
IS TRUE. . - ) .. LT .

OUTPUT PARAHETERS! _ ]

b SO

P-=~PQINTER TO THE NEW NODE
BEGIN ~ACQUIRES: E : ’ . .
ACQUIRE t= FALSES '

IF FREE EQ NIL - .
THEN . L ,
»TRY TO ALLCCATE A NEW NODEIIF THIS FAILS PRINT A MESSAGE.
AND RETURN THE FUNCTION VALUE TRUEs 4‘." .
BEGIN ST . R
NEW (P) 3 .
IF P £Q NIL .
THEN .
BEGIN - : %
- REQUTREERELOMI. . .n
END ' L e
. END ' EOR
EUSE o
o - ATAKE ‘THE NODE FROh THE FREE LISTs . - o
. BEGIN Se e _ o o
t= FREE; - .
FREE 1=, FREE®.RPT . : .o .
END - - S

ENO} »ACQUIRE+



. T e

PROCEDURE RELEASE(PEPOINT) . B~
» . ~ L4
PURPOSE? TQ PLACE A NODE (POINTED TO BY THE GIVEN INPU
DELETED FROM THE TREE ON THE FREE LIST. THE Sicht AnsnEE)
FIELDS OF THE NODES ARE USED-TO FORM THE CHAINC & |

INPUT PARAMETERS?
P--POINTER TO THE DELETED NODE
BEGIN »RELEASES ‘ '
IF FREE EQ 'NIL

- THEN

g¥&Y-ONE NODE IN THE FREE LIST{DEF.INE FREE TO
PN '

t= NIL

»PLACE THE NODE ON THE FREE LIST+ = - : L

BEGIN . .
. P2.RPT t= FREE} !
+ FREE t= P ...
. : END )

END; »RELEASE+




APPENDIX 3

LISTING OF THE BINARY TREE CONSTRUCTION ALGORITHMS

Glpbél‘gonstants, types and variables common to most algorithms
_are described in the following. The basic record structure of the nodes

is given in Section 3.1.2 and any additional fields ‘added to the record

are described with each qlgorithm.' ' Y

‘Common Global Constants

max ... the maximum number of characters .packed into an ALFA °

-

variable

[}

stopchar ... a special character used in the function readword to

indicate end of data

\

;Comﬁon Global Types

1

direction ... indicates which way to go from one node in the tree to

get to one of its soms, i.e. left or right,
’ r

.

, point ... variables of this Eype are ﬁoiqters to tree nodes .

Commén.Global Variables-

[

chay ... the CHARACTER érray usé@akby the sEandard Pascal .proce-

) dure pack; to hold the array.of characters which are

\ ' packed into an ALFA variabile

.

»

. ° current ...-pointer to the current node under examination ..

- ~

father ... .pointer to the father of the node currently umder .

- ¥,
4 .

examination: - - s

free ... the free list pointer . oo ?

. b s
. P
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head ... pointer to the speciél headér‘node.defined for certain

trees
inword '... the ALFA variable representing the key
nodecount ... variable giving the number of nodes in a particular tree

way ... a variable of type directiom which assumes values left

or right

In the listing preseﬁted below any statements in a comment were used in

éolleétiné statistics.



I LA

BEGIN »i:AXINODF+

= <

.

s 3 A S I LC. WAL IN, A.R

p¥ X X F X X ¥ X X o4 ox ¥

~GLOBAL CONSTANTS T

PQOFEUUPQ ”AKCNOU* WOCDSALFA!PIPOINT) S

PURPOSE 1 TO DFFINE THE ,FTELAS CF A NGDE

PARAMETER(S) 4 ' i .
WORD<=KZY OF NFW NEW NOOT - .
P---=~PAINTE® TO THE NEW “NoTE

"Pr INFO
P Pa,LPT

Pr ,RPT
NODEC OUN

AMALEND

"'.. *e

ENOj

-

HONECOUNT 4+ L5

A3-3 -

T REE ;
¥ X ¥ ¥ * X% % » » ; x ¥ %

YPES, VARIARL¢S+

LABEL 993 ] .
CONST ¢
* MAX = 1723 - )

STOPCHAR = Z3$Z3
TYPE

POINT = +TREZ! ‘ L

DIRECTION = (RPIGHT,LEFT)} .

NONE = REZCORN

. INFO!ALFQE
LoT2o0TATS
: RPT2POINT!
END
VAR

TRIFIGLASS 2.C OF NODES S '

FREE,HE AN, CUSRANT, FATHFR 1 POINT

wavidIPECcTTON:

INYIPDTALF A ' .

. CHAY tARRAY.(1,,i'AX] QAF CHAPS -

NONECOUNTIINTZGER S .
’¥¥¥¥¥¥¥¥#-‘44*#44¥¥¥¥*¥¥‘;*¥¥¥4¥¥‘4¥‘
PROCEDURE CRAEATIHIADIERS _

\d . . . .
PURPASE: TO PSPFO2M THE MNEZCISSARY. IIIITIALIZATEONS ]
BEGIN »CTATFHEANS R+ _ g
SINITIALIZE FRSE LIST POINTER AMD NONDE GOUNTERS
"FREE€ 1= NTIL2C, -
NODECQUNT I= ¢!
ACREATE HEADEZR NONSe : . u"q’
IF ACAUISS(HIAN) THEN GOTO-IXIT 9993 '
HEAN® ,ROT ¢= {TL
HEAD® L PT 2= HILS
END! #CREATEMEADERS _ )
p ------- - - o e a W v am - e et ——- - W W e e an e e e - o e we we e W - s ar e W AR Ee s R AR e e

AMD THCPEMEINT NOOE GOUNTE:



[ TIRN

LT

P T

‘10 TEND ; >

SEAPCHITEMS

—

A

AZ
m-={
N B

—4n

h i -‘-i

~
FuanI SEARCHITEM(WORNIALSA) $1PCOLEANS
PURPOSE ! 300LEAN FUNCTION TO NETSORINE TF THERE TS A NOOE
WITH GIVEN IMPUT Y=Y, OKR EXIT IF THE FUNOBTION I$
KE( IS NOT ORESSNT. -
" PARAMETER(S :
woop--mr K-‘%EI!.G SEATCHEN .
BEGIN ﬁSP&RCHTTt
SSARGHITEM t= TRUZIS
PIMITIALIZE PO0INMTZRS TO THE HEADER NODE ANN THE ROOT OF THE Tr
FATHEP t= HEANY N '
CURPENT t=. HCANS ,RETL . .
. 'JAY = QIGHT: . 7
»SEARCH £no THz K¥ve - -
WHILE CUPPENT NF AIL 920 .
IF CURRENTH, THFC HE WORD
TTHEN .
. REHIN
TREATHER t= .CURSENT:
IF WOPD GT CURRINT+.INFQ
THE'\! . oy
:EGIP‘
CURZELT.t= RUIRENT#*, RDT‘
T WAY 1= RIGHT;S
EMD .
. ELSE :
BEGIN
CURDENT 1= CURRSNT*,LPT!
- © .. WAY.t= LEFT:
. END ,
N0 S 3 ;
FLSE : Y ,
wKIY IS PIESTNTS ;
QEGIN .
STARCHITE: $= FALSES
_ GOTO 1.t
’, . ENDt
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* PROCEDURS BASICINSEQT(NCRS:ALFQ):

[ o4
PURPOSES TO CREATE 4 NEW NODZ WITH SIVEN TNOUT Kgy
PARAME T R(S)?

WORD-~THE KIY 0F THE NEW NODE TO RE GREATED
BEGIN ~3ASICINSERTs

PDETEPMING IF KEY IS ALPZADY OPISINT4

IF SEAPGHITSM (WOR0)

FueN

*KEY IS NOT PPESENTIGFEATS A MEW NMODE HAVING THIS

: REGIN .
IF ACQUIQE(PUDQTNT) THEN GOTO EXIT 99933 .
MAKENODE(NOOW,CUQDEIT)§ o )
rLINK NFW NODF TO ITS FATHE® &
CASE WAY OF
. RIGHTIFATHEFR® JRPT t= CURRSNTS
* LEFTY 2FAT HEG», L T t= CUPRENTS
2 ZNN :
‘ LA « END?
END S »EASICINSFPT& - -
f‘““----—; ———————————————————————— - ~~~~~~ WE AR GS SR N W Gy G W N A D W N W b e A s e .
PQOCEDUQE o= LI“K(P QSPOINT) : . h

pURPOS—t TO _LINK A QUWTR:7L§HOSE ROJT IS POINTED YO 3Y A GIVEN

POINTER,TN THE: TRET, . : .

PARAMET?Q(S): -

P~-PIINTSF TO T

N==-PATNTZ2 TH T
BEf'INmPf-‘LI\ :

IF~ ‘Ff\TH Re ,POT” n

THEN FATH”of oPT 1=

TLSE FATHER+,LPT 1=

END?! _aRSLINK¢

. _E)

F THE SUBTRZE T0 a: RELIN(FD
N NODS j

e

KEY+

-— o
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FUNGTION TWOSUBTREI(P1PCINT) 1300L7ANS

L _ ‘
t ROOLSAN FUNGTICN TN NeTFRMI
PURPOSE INPOT PQINTF® HAS THO 20N~

DELETS THIS NANZ Ay
TWISUBTREZ = TRYZ IF

PARAMETIRI(S) ¢

P--POINTEP TO THE NCNE T0~

3EGIN »TWASURTPFES

TWOSUYT?FFE 1= ¥ U=

-y

p‘v
L

REGT

D ee
~—

N
T
R
R

mmL
| oul guike)
(L L 194
J= ool U
JIA DI
[Tl =t
~0N8
Q-9.N
~—a 7
q.r"

IF Pe.LPT EN NIL
THTN
G TN

T

N

rnm

. , REL
wéh T RZLZA

NO-S
~END?! »TWOSURTREEY

v

Y-t

in

L]

mino

Zmwn.n
o

N
RILINKL

O ARD
2Z~DU)
| ~Z 0

ge
1N
~J
n
—
m
—
m
o

h X

- >
PY Y
N
l“
o

/
( -
FALSES -

m

J0
-~y
]

0
L
L ee il

AP

osSu
(P
£E(P

~ e L

~e (3 —




.~

PROCEDURE RASICDELETI(WORNSALFA) S
»
PURPOSEY TO DELZTZ FROM THE TREE A NODE HAVING GIVEN INPUT KEY

PARAMETER(S)
WORM==THENKEY NF THE NONE
VAR |

M

N
N

Qt; n
ONOD=Z,PREZOIPOINT -

BEGIN PRASICOILE TES

»

AL
"o

0
0=~

VU
100

TH
!

Hi—i
mm

n
P!

V1) —
—mn
M
Ty — =,

0
0
TEN+

N

i
e

o P}

)
S

-1

O~

0
D=

ll

=
R

E

\

TO RE DELETED

[oXe]

0

“ll'l

A3-7

:TED '
DECESSQOR OF THE NODE

PNETERMINE IF THE KEY IS PFESEMT IN THE TREES

IF TSEARCHITEM(WO®RD)
THEN

- . T aTHE KEY IS DRESENT4, ¢ -
- BEGIN ‘ /
TeDSCRIMENT HODE COUNTS

NOD=CNUNT 3=

rCHZICK TF %?

NON-hULL SULTER

Tn 3=
R“ES+

NODECOUNT
DSLETEN HAS TWO

IF desuaro::(cucoaﬁT)

THEN .
86T
rTHS NO
SURTRE
PPINZC
i
\. oNQNT s
Qs 1=
CURP=NT
REPZAT
FATY
pPor
cuw
UNTIL (
ks AVT 4 R I
IF TwWNS
‘ THE
. END .
cun e
END®

cRASICOFLETE ¢

T
(Y2172 I
/) o>

DU~
LMD

2=
LA
AN

c
0

1.

-4 (M

*

I -r-
M I

Zin-

n

fow But it

—oX
mme

~
Mx-

— -
-2
Irxro

[V ) ped
S ¢ ¥ )4

A

Moz

o ¥ Toud
mune
O -r
mo
7%



TR U T TR R L ]

K N

ok

bk

REGINANPIVE® FOR 3ASTG 3INARY TPEC
~PECFORI' NECESSARY TNITTALIZATIONSS
CREATEHIADER®
»INSERT -KEYS INTO THS TREEs

WHILE SZAOWORN(INYOF)) 10
SASICINSERT(IWWCRI) ¢

sDELETE NOOFS FROIM THE TREES

WHILSE PZANQWORI(INWNAPH) 1IN
9Q$ICDELETE(IQHOQD)!

99931FH0. »DRIVER FOR 3ASIC ITHAPY T2ET

e
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AV L T R ® =
¥¥¥~¥¥¥¥¥-¥-‘-¥¥¥¥¥144;;4;“**_‘*4*4".*;‘

~GLO™NAL CONSTANTS,TYPIS,VARPTIABLESY

P BRALFAG==AMN AUDITIO;AL FIYLN GONTAINID IN ANY RICOR) REPRISE \
NONE ANI TUSED TOVFOLTATH THE AALLNCE FARTO? g? Tﬁg“sgégs A
FAXDE PTH*-THC NT:HEnSION e THE DeLZTION STACK+ -
_ARTL 597+ ,
OMST
»AX = 1us
STNPCHAR = Z1Z=¢? &
YAXDEPTH = 4.3
Tyef POINT = +T70=1:
DISECTINY = {RIGHT LLZFT)
NONE = ©EgN?N .
IteEnsALFAY
LETIPATNT S
2PT1PNTHr T
, AALEASITALTSGI S S
ENTS : -
vAa® TRTFICLASS 2 a ' ' S
TEICLASS 2 L OF No0g >
HZAD,FRSTe2ATNTS §%§
WAYtNIRIATINL: 3
INMOFD L ALF AL .
CHAY TAP2AY (41, . ALY NE CHAP?
NORTCOUNTSINTZGZS
% X X X 3 X ¥ X X ¥ X X X » ¥ 2 X ¥ ¥ ¥ ¥ ¥ ¥ X £ X ¥ £ B XA ¥ X N ¥ %
ry

PROCZIIPI CPEATEHSADT

PURPISZ S TO ©TFFO24 THE GI5SASY I.ITIALIZATIONS

BIGIN ~CPEATHEADI? 4 -
AINTTTALT?Z FRET LICT PITIT<® AND NOOE MOUNTEDS

NI ZOOUNT t= 3
weTE = MTLS ‘ - . 4

#CRFATEZ HEANIS NNANEZ .
IF ACQUTIDT(HITAN) THE GOITN “XTIT 392934
HANS , »2T 1= :IILS

ENT? »CRZATIHFADIRG

PROCCAUST 1T A<KTNONT(AD"NSALFAPIESTHNT) S

~
PURPOS:L S TO'CSSATE Too FIZLIT NF TAHZ hed HOTNI AND TO INCRIMENT THI

\ MOVE CIUHTER
BEGIN ef AKIANS 4.

ras

-couwr e 3

HIATRIINT 1= NI0

Pr, 110 t= WN>N3

’.ﬁQLF.ﬂ‘C 1= ,:

oa i35 t= MILSY 7 &

PelLPT 1= MILY i
NT e

END"*‘ﬂK'Hﬁ
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-

PROCENUSE RIPCOTIT,S,PtPIINT) ¢

Py

PURPOSE: TO RFLINK A ROTATED SURTIZC 1O ITS FATHER
PARANITERS IHPUTH

P-=POINTER TO THE ROAT IF THT RITATEN SUITREE
S--PAINT=R TH THI OLND =02T NF TYZ SURTRZF
T--POINTE® TN THE FATHER 0F S
BEGIN #PI®0NTe '
IF T+, ,007T =51 S
THEN T+ ,R07 1= p
FLS® T+,LPT 1tz P
END}  ~2220907+ }
>
‘. ----------------------- ‘---5-.--‘_---_—---_——--—----_------------.‘ .......
PROCENUPZ S2ITATI(T,S,4201%T 18 8LYALIINTEREE) Y .
s .
PURPOSZt TOLPFOFQPM A §INGL-Z TOTATINN USIHS TH”EGIVCV [PUT POIANTERS,
PARAMTTSRS INPUT?® " N ,g”
MLVAL--TEOICATES THz QI25CTION OF THE 20TATION (+1.T0 THE LEFT
T RT34T)
Teoam0OINTZ5 1D TAF SATA™S AF T4f SUITRTE TO 3% S3TATED v ~
Syo=-20TNTERS T PIVILANT 2315 USED IN T4E ROTaTioN i
BEGIN ~S20TATFe ‘ -
SPERFNR* TU; ADPOROPSTAT. 3GTATIONS Y L
IF 24LVAL £ -1 )
THEN
8 GIN :
Se.LOT r2= £4,2PT4
Re.3PT 1= §
£8D
ELST
3 -REGIN : . )
St.ROT - t= £+, PTe
Re,L2T 1= S : \
oA

S0 JUST THT SALANCE FACTERS

S+ CALFA 1= YALVAL -, N
P+, YALFA t= Re,3IALFAS - P

F TS HODSS USFD Ite THZ ROTATION+

00

PRILINY THE ©QTAT-IN S48T- 7%
REPONT (T,S4°) '
ENDS »C0TATT L
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PROCENUOT DROTFATE(T,S,REP0INTIAALVALITHNTIRI") s .

» .
PURPOSE? TO PFRFORM-A DCUALZ POTATION USING THE GIVEN INPUT POINTERS.
PARAMITERS INPUTS : : ' )

FBALVAL=-=INDTCATES THE LTZ-CTIOuw NF THS =Z0TATI + c
2 R 1 CER S eLE OFATINN(+L TO THE LEFT
--==-P0QIY Q THE FATHL= OF THZ SUATRIZ TO 3T RITATE
SyR==POINTERS TO THE RELIVANT NODES USED IN THE ggTﬁ%IgN
VAP P1ONOLNLT!
BEGIN ~»NROTATE 4
APERFNRY THZ APPRIPPIATI POTATIINGT
IF RALVAL E9 1
THE?,
N REGIN R ’
L 1= B4,LPT; ‘ :
Or,LPT t=.P+ 20T
Pr, 39T = £
S*.RPT 1= P+ LLPT:
. P, LPT = S
EnND
LSz
3Z6GIN
D $= D+, 20T )
R*.?27 t= P 1 PTY T . <
Pe,LPT = £ N
S*.LOT = P+,2PT%
O+ ,39T7 1= § .
ENAO

B0 JST THE TALANGE FAGTOPS OF THF “0DSS USED, IN THE ROTATIONS

IF ©a,BALFAC 20 7 ' :
THZ N f
*EGIN
S+, JALFAG = T3
. R+, 3JALFAC =
£
ELSF
BEGIN _ .
IF P+,RALFAC 70 ALVAL * .
THEN | - T
TG : T
S+ ,MMLFAC t= ~3ALVALS <
R+, ALFAGC t= ( . S
£AD
ELSE
ARSGIN  °
St.PALFAC t= (3 .
Re,MLFAC t= SALVAL
SN2
P+ . BRALFANL 1=
END 2 .
APTLINY THE 29TATS0 SURTSFF TO ITS FATHER+

L4

REPIIT(T,H,5,P) 3

END! #NPITATZ G

| e —
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Yo

FUNCTION SZARCHITIA(NI?NtALFALyYrS

»
PURPOSE

PARAMZITZIRS QUTPUT:

5oIT POTN
FATHGR TT==PAIN
FATHER=~==POT N

- e . - -

4aq

VA®
PCURSTNT=-=-20INT

CURPINTtPOTIRTS
BEGIN mSTARNHMITE S
SINITIALIZE PNINT-2S FOR ©

TRy

TO THE ®NODI UNDTP GURRENT

i~ A

E-QDCH$

;

'}

>,
1t g
amd
Il X
Li7)ee
sof i)
Z O
— > ee
e )
a® e
U
he}
—
.0

I EIINOTWV
- J

-“D>uUr
o

v J
D~ O €Tl

L2
[0 T e 4

- 3
n

R
AT
ol1 IL + 184 , _
»CHEGCX FNR TY: CIITICAL MODE+

IF CU2SRENT* VALFAC N E
THfh ‘ !

1=

SDFTERN TNF TYT 1T XT IN THE SFARCH

IF CUP2SNT ~, IhFD
TH(‘_'_\I N
326GTie - :

FATYHES CURRENT S
JIF CUPR2T NT+ INFOOGT

3rGIN

NOoAas=
WoRN

[
IR}

m

£y

HWORN

|l

ENT 3
t= LEFT

" A3-12

FATHCRIT,CRIT, FATHZR2POINT) tRCOLEANS

AJIDLEAN FUNGTION TN NATOMINST IF THT GIVap
CTHE T2Ff T 2 e N INPUT KSY.IS PRESINI
éor p§c§~ﬁr’ ON cXTT TE THZ FUNCTION IS TRUE,THE KEy 12
PAPANETZIRS TIMPUT?H i
WOPN==THT KEY BZING SLARNHED ‘ '

IXANTINATIONS

SEMWENCE

CURREINT+.LPT}

%UQPCNT* «RPT}
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&
{
ELSE .
3ZGIN
. STAPCHITEM t= FALSES
. GOTNn. 1t
END?
UNTIL (CULSNT 23 NTL) ¢ .
. ~T1 t= T31 + 43
T 3= I1 - T4t
£MD : - .
. ELSE
T1 t= 13+
102ENNS »SEAQRCHITEMG
P-------_---—_--------—-------: —————— T v s > am m'en wn ey - - - - . s e —- = e 4D o am -
PROCENUDT ADJUST(CRIT,NIWNOITIPNINTIVAR SONCRITIPOINTS
~ AR IALYALIINTESTR) S ~ .
g
PURPQOSSt TO I-TTRMINT IF THT CFRITICAL #2DZ IS LTFT OR RIGHT 4TAVY AND
TO ADJUST THT SALAMAOS FAZTIRS PSTHWIZIZN THZ CRITICAL NOOE AND
THZ ~TW 200= -
PARAMETERS INPYTH .
CPIT-=m=~- POINTER TO THe SFITICAL NGDE
. NEWHODI==POINTZIR TO THE LW NINZ,
PARAMZIT=ZRS QUTPYT:
BALVAL-=T*NICATSS IF THT &5w YOS IS IN THE LEFT(-1) OR RIGHT (1)
SURTR=Z NF THZ <=TTTCAL H/D-
SOMCRIT=-20INTER T THZ NI SIYCCIZIJING THE CRITICAL NODE IN THE
TARGCH PATH . °

VAR, QtPOTHT?
BEGIN »A) JUST+ - . )

ApNETIRMINT THIT NOIS SUCC: DING
THIS NONT IS USET) FAR AaY 20:ZS

IF N%Al)? "+, INFO LT SPIT+,IAFD . .
HEI

NOJDE IN THE STAF+ 24T
SR .

=
WL
~an
[Ah!

e

IT = GRIT+.LPTS _ . -
L = ;

E-Pﬁ)Df N
INN=+,InNFD. LT 1+.INFO

VG IMN
2714 3ALFAC
f) H— 'Q*.L

-4
-t

$t=
T
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PQOCEQURE BALA&CE(FATHCQIf,C7IT,SONCDITSQOINT!QALVAL8INTEGEQ);

»
PUCPOSFt TO OFTERHMIMNE TIF THI T=SZ AAS 3ICOMI AVL -UNIALANCED AND I SO
TO PEZRFORNM A TRANRSFQOR-ATION 7O PEISTORE SBALANCE

PARAVET IO THPUT! .
IN THE LEFT(-1) 0R RIGHT(1)

BALVAL----IrDICAT S TF THT NEw MOOE IS
SU3ITR2I=Z AF THAS CEITICAL MONT
C2IT=w=== POTNTIR TC THD CeITTCAL NIDZ
FATHSSTT==DRATINTIR TN THY FATHZR2 38 THS CRITICAL NOINE
SANCRIT--=-20INTZ?2 T2 THT 0FT SUCSEZTOTING THT COITICAL NODT IN THE
STARCH 2A4TH
BEGIM s ALANLNT ¢ -
- elF THE CPITICAL NNDE AAS PALANLSETD NO ROTATION TS NECESSARY.IREADJIUS
TTHTS JALANCT FASTNR AOF THS CRITICAL NONT AND =XIT+
IF CRIT+,BALFAC £ . L
THZN .
GRIT+,3ALFAC $= IALVAL e~
ELSZ 1 3
IF"CRIT+,3ALFAC £ -RALVAL . g
THZN -
‘ CDIT’.‘:QL:LP = :) '
cLse . . .
™ PPERFOF 1 THT APPRIPPIATS POTATIONS
I¥ Sa~ IT+ JALFAC =27 ?ALVAL'
TH— K
* %EGIr . . )
elz = I2 + 13
SQCTATEbFAIﬂC&IT,CRIT,SON:RIT,BALVAL)
£END
'_‘LS:
3GIN :
T3 ¢ I3 & 133 . .
OPOTADNT(FATHCRIT,OCRIT,SONZRIT,,3ALVAL)
. €40 i
END?! ~PALANMNGCES.
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INPUT KEY

M

—

Iv

-~

o
TO 8% CREZATFD

WITH

.
-

N 0D

A)

-

NOD

WEW

RT(WIRNTAL
A

AVLINS
INPUT?Y

S

—~
~

:2

[

TR
ZTE

WOPD==THE KFY OF THE NEW

~

_PROC
PARA:
var

i
wx
- )
T i
Qb Lo
~C 1y <1 -
[ Y | ($1]
un_-:)\c [File'd
- OO
xg O
-~ LTl
an mP
- 0 R o
~Ip- <aCclW
[} §] [l ol )
Ll DR o B ¢

NI —ung
ouv -l
=iy Yoo
~NoeIx ot

- s
W wphae
e (X Vo Y anils gl o
A IO = =0
Lo P r
>0 Ll
—FCaoCCw
X < o
—CTOrO o
(LTI Py S ITH T4
Z Ot T
R T

Vel oAV 3 e ) Ve

4 oLz
[ Vs
<o gty
o 31 2T
LIS o o o
SC OO0
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(4 S

WZTTr 3

L Mg
(e AP ) o el o
W = um 222
= e e e e

X 2

¥

TR

THE

.
b

R)

[

AND LINK IT TO ITS FATH:
GOTH EXIT 3933

~

tPOTNY
=

SENT IN

r=
-~

1
bt

) e

-

Uion

ALFEADY PR

13
ITEM(HOR), FATHSRIT,00IT,FATH
SONTW N2DT

y50HCOIT, N
Y

TCHO2Y TN 0D

=R
il
[

ATH
10

!

L1

~COZATE TH

£6I

AOGH

BEGIN mAVLINSERT

T
(&
o "

aZ 9

uler > 1)
n J0
I
woc«
TO
—Z <
—rm
zz
oLy |
Zve
S 0

R VE LYY e ol

T =N
O+ =
< u9s
C ]
u'” «
T o

- >0
LI b=
L a

T ne
PALVARY|
v ui g
Mooz
O<anl

[l P &
O I
<L »
[0 e T VY]
o n
LI
[ S PRy
Zioy

\uHT Pt
] e o
g o
[alPage 3

=z’
tall,
=)

Lol ol AL
it O
|l tiB -~ N @]

I

DT
=T
Caulz

t

WDO '

END

A AVLINSTRTS

END 3
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Q.
PROCZNUFT AVLNELZITZ(WARNIALEA) ¢ . ) .
g . s
PURPOSZ? IQYDELETi THZ M990 WHO0ST KIivY IS SPICIFIED 8Y THE GIVEN INPUT

NESTE? P20CINURES=-=PRINARISUCH, PI3UTLO,ELINK
PARAMITZIRS TINPUT:S ‘
WORN==KTY OF THZ M0NT T9 =€ NSLITEN™~

TYPE '
PDILPT--0 LOSCAL TY?- 0OFINING A RPZCOPN USZID AS A DILETION STACH
FLIUIMNT. THS 670NN HAS T2 FIZLFS ' -
PT-=-A 205 T 79 A NOOf IN THE NILITION S=ZNUENCE
DR==THF JIF"TT10 T 2ROLZ5H FID- THZI NOOZ POINTED
TQ ~Y 9T 75 GZT TO THZ MN=ZXT NODE INWN TAHZ DELETION
ST MG T(+1=22T54T,«1=LIFT),
RACK===-4 LOCAL TY?: DPZFINING THE DELETION STACKY

. NEL®T = RECH?D :
:  DRITINTEGEP _

=N n
, AAGK = ARPAYIM1,,' AXITPTH) JF NELPT: T
vap . K ' .
ABACKP==THT *0ZLITIN'! STAT _ , .
Pow-ac-PAINTEC 10 THe NOD= TN BF DELETEDS =
RACKPIRAGK ! '
JITNTEGER S
PIOPOTNT?
I St A O L AT T R T T T T FFOE Y E R o
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PROCZIURT P2=CO

RSUCHK (PTRPOTNT) ¢
o 3 :
PURPOSE! TO FINN THI POSTIYIEP. PITDIGT 3508 0P SUGCCESS o 1O
?36§B“?L§Q ?3F°é~;§:gr%§qu?ngwc VY Tugé‘%ﬁ%nggcgg§ogo?§
FOUND, ELST THE 07 27 DE580% IS 00MD. THE DELETION STahGk 13
» / *
VAR Q,QFt1O0TINT; )
BEGIN »PIIDIISUGCCH
ADETIRYINFG IF THErNGDE IS LIFTA0R 2IGHT HIAVY,+ ,
I"t= 1 + 2°
IF P+, 34LFAC £ 1
THEN .
SFIND THE SUBGFASCAR 953 JTLOING THT STACK IN THE PROCESSH
ASGIN . v ‘
TRACKO{I - 11,00 t=z i
N 1= "2+ ,3PT
BACKOLTI.PT = "¢
BACKP({I1.00 = -1 ¢
1N 3= N+, PTL
warLg_gg\ua LTL DO
U7 t= T a1 E..-.
RACKLTY. AT 1= 10¢
ZACKPLTIT.N2 1= -1 e,
M.tz GAr.LeT o
£ND
END
TLSF

eFIND THE PREDECFSSNT RIBUILDING TY4Z STACK IN THZ PROCESS+

[REGIN
IACKPIT - 1)1.0p = =11 . .
Q 3= P+ 2T
AAnNKPITIYI.PT = 71
AAGKP{TI N? = 1}
Aq t='As.20T8 .
WHILS QN v LTL DD
"RLGIN
{ I t= 1 + 1¢
QAC4OFT1.OT 3= 193
QACKP(TI. N2 =13
N t= (e ,RRT
END - g
Enn _
ENNS APPIAOSSUCCH ) .

a
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*
-

~3UILN

R

—

PROCENUR

-

(RS
Pl et

bl Z
FCH
[N Y et
-

(FIRTY Pod

h'dg
W

H

LRI

TH
8

IN
N
RY

a g

A
S

£x

£S

£S
3YILN ¢

(ol

T0
NO
N E

.

PURPOSCE?

4

LN

1

TH
HTTH ACKP([(IT N9
FH

1
T+

915+
IF OT+,wALFAG

GIN

-~
=

L
ot

3

EGIN oF
»DS5 1
IF 1

3

I3

B

11

~k
[
Ir>D

(GRVy)

Q' -~
~ -
- T
ww
hit~

ST

N
<Tlt
Tl

(&7l

us

Zh-
(=€)
~2D
L]
(e on]
<l e~

ou

utQ

1134t
T XX

-

[
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[aa 1P WP

-

Ow
oTC
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YA
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SJhu
1.
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o O
2u
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Inn'a
T

Ol
LT

I
F
T

t

FATATIGCNG
g

Pab!

~
~

-2
.

~

3
-
c

APPROPIIAT

™

T

IF 2T+, ALFACG
THEN

¢

PT+,34LFAC
IF FT+,3PT+,3ALFAR

—
-
ol

TRFORM
TH

FLSE

=}
P

IF ©T+,RALFAC €9
TH

ROTATION
+

L
L7l &)
a7
O

-t
- T
Lot
ot
wLw
Lot
Qe
wc

[
i
I
[aalie 4
t

L B o

"

0

-1

n

‘1]opT’§T’DT’oRDT’1) )

+ .
I-11.PT,PT,PT+.RPT,{)

T . o1
21AGKP ¢

b2}
(

IR o

.DA}
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RS
(I-1).PT,°2T,PT*.RPT,1)3

I t=
RZ e
D

.

0
N

N

M

ELSST
WPEEFOM THE APOOPIIATE IOTATIONG

IF EF+,LPT*,3ALFAC -5
TH™YN

¢ 0
o
-
-]
-
[0

e
<

JoliN]
=Y
xS
A
k¢ Lond
~se
ks
1
H
-
[ ]
Re)
-
L]
1v]
-—‘
-
]
-—‘
_'
[ ]
r
T
—‘
-
)
[UY
L

gEnN
W

END?! ~RF3UILNS

i ' A
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PROCZNURI
[2d
BURPNSTE TN NFLETE THE I35 20IRTIN TO 3Y P AND RILINS ITS SURTREE
(IF ALY) . IS THE 5.0°Z 'HiS TWO SONS ITS _POSTORIER PREDICESSOR
75 SUGFI5302 ,7 SAY,TS FOUND. <ZY(7) REPLACZS THI <£IY OF THE
NO0E To 82 NZLETED-AN0 7 NOW 8ZCOMES THE NG TO BE DELETEN.
BEGIN APSLINYS
. P 1= 3ACKP[T1.°PT}
{ I 1= T - 13
‘ WITH ACKPIIY 09
Q=GIN . ’
- IF P+/RPT £1 HITL '
TqECl\
ATHT NGOS TN TZ NTLITEON HAS NJ_RIGHT SONI
DELITE Th= 5007 ,%ZLINK ITS 0wz SUBTRSE AND
NETZSr INS IF THZ TRIZT PENUIRIS BALANCINGS
N 3FGT! ‘
IF no 27 ¢
THEN PT+.RPT t= P+, LPT
ELSZ PT+,LPT 1= P*.LPT} S
SZL=ASE(P) S =
R REAUILIY "
ENO =
ELSFE
IF 2+,LPT E7 NIL
THE"
aTHI N0NZ TN _F NILFTIN 4AS NO _LcFT
SOTtIFLETE THE _NODT 4 RELINK ITS OME
SUTTOES AND DFTERNINI IF THZ TRIZ -
ZCIJIRES BALANCING. & :
' 9ZGIN
IF DR =7 1
\ THEZN PT+ .27 1= Pr RPT
ELSE PT+,LPT 1= Pe ,2PTF2
RILTASZ (P) ¢
RIQUTLD
. SR
LT
LTHE 4ANE TA aZ DILFTID HAS TWO SONSS
FINO ITS POSTORDEIR PREDEGESSOR OR
SUCCISSOR+
AFGIN
PIICOASUCC (P &
Pe. INFO 8= 3IACKP[I).PT+,INFO;
RELINKS
- END
ENO ’

END?

RILINKS

rRILINKS

A3-20
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BEGIN ~AVLDILETFe

AINITIALI?SE THZ NILETION STACK WITH THE HEANER NOIES :
BACKP[1).92T t= HATADS
AACKP[{L). 0P 8= 1
P gz HEANE,PPT
T t= 13
PDETERMINTG THZ SEARCH STAUENCI TO THI NODE TO 8% £
POINTESS AND AIRICTIONS T, _T4ag Q- TH3,N0DE T 9% DELETED SAVING THE
WHILE P NF NIL 90
JEGIN AN
D1 t= 91 + 133
I 1= 1 + 13
SACKPIT),PT t= 2%
. IF P+,INFN NZ WORN
THEN
IF P+, IYFC 6T WIPD N -
THEN :
SEGIL
QACKPL{I),0R t= -1}
P t= P+,LPT?
I'4 N .
ELSE
REGIN
3ACKPLII,0R t= 13
P t= P+, ,RPT
- END
CLSE
#THE MOOT IS PPISIHTIQSLETE THE NIDE AND NDETERMINT
IF RESBALAKRCING IS NECESSAPYS
BZGIN ‘
. NOAZCOUNLT 3= MONECOUNT - 13
IF NANEFSHINT NE €
THEL RELIKK
ELS:E
R83GIN
HEAD® ,ROT 1= NIL}
‘ . RELEASE(P)
ENDS
5070 1C
END
END?

10%ENDS ~AVLDELETES . ‘ '

- e v — o - S e am —- o . A . —— - ——— . oYn = s = W e W o —m o mm = = T
= I N T T L E S L S S S s mma e e e = -

BEGIN ~AVL OOIVERS .
WPERFORY NECESSARY INITTALIZATIONSS®
CREATEHTADERS
#»INSERT KTYS INTO THE TPTE& .

WHHILE RFADAORND(TINWOPY) DO
AVLINSERT(INWORD) 3

rDELETE KEYS FROM THE TREE+¢

WHILE READWORD (INWORN) NO
AVLOELETELTINWIRD) § ' -

999tEND, ~AVL DRIVERS -



1P

"

» ¥ % % »

»GLOBAL CON
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e 2 p T REE
¥ ¥ ¥ X ¥ X X2 B2 X X & ¥ % ¥ ¥ X X ¥ B ¥ ¥ ¥ ¥% ¥ 2 XN ¥ ¥ ¥

STANTS, TYES,VARIAFLES

SIZE=--AN ADAITIONAL FIELD CONTAINSD IN ANY RECORD RIPPESENTING A
NNDE AND SIVING TH97 SIZZ JF THE SUSTRZE JEFINZD. BY THAT NODE
NUMER, DIMON, N IFF ,PRONL, 000N, PRON3-=YSZY TN INSOUSLITIES INVOLVING
&
LABEL 399
CONST
MAY = 317 ¢ .
STOPCHAR = Z13
TYPE - : ' .
DOINT = #TRICS S
NIPECTION = (RIGHT,LFFT): -
NOIE = °260Pn .
CINFOTALFA® -
LT 12N TAT S :
- R,?T:DOILT: )
SYZETINTSGERS
§\§ END
VAR ¥
TREEICLASS 2.4 OF “MNNE;
HEAD,FPES , CHURPOINT ,FATHERIPAINT Y |
HAYTOTISEaTTAN: & .
ITNAOPALALFAS
CHAY$AOPAY(L,..!'AX] NF CHARYS
NODFCOUNTY INTZGER .
NUMER ,NEMNOM; DIFF, PROI1,P?00Z,PR0D3 1 INTEGER! _
N U R T I U N R T A BN I N S A ¥ ¥ 3 » ¥ ¥ ¥
. AN .
P ~
(



PROCEDUKE CRFATEHEADER]
v -
THE NZCISSARY INITIALIZATIONS

»
PURPOSE?! TO PERFNOOM

VAP
. FcALFA=--THZ

ALFARPEAL:S

BEGIN rCRIATEHFADERS
#DETERMINE ALFAS
REANCNU'CR) ¢
READ(NENN ) ¢
ALFA ‘: NUMER/NE

»CHECK TF ALFA I

PARAMEZTI? TO THE ALGORTTHMS

NOM 3
S IN PANGT S

IF ,ALFA GT (1.7 = SORTI(2.,:)/2.0)
THEN

BEGIN
. WRTIT
GOTOQ
END 2
rINITIALIZE MNODE
NODSCOUNMT 1= £3%
FRES 1= NTL
IF AGAUTIRI (HIZAD)
HEADN+ ,ROET t= NIL
eDETERPHMINEGS QUANT
DYFF t= DENDMY -
POQANY t= JIFF®MNY
PRONZ t= DEMO4*(
PRONT t= DENOM*D
END! ~CPEATTHFADERS

PROCENURE MAKTMONI(WORDIALFAIPIPOINT) S

—-O I Z

(2 ALOHA EYCIEDS
EXIT 999

COUNT ,FREE LIST

-
—

MZ oKL
e Jee’

n
o}
-e

2181 X3 Fe

1 - SART(2)/42 .

POINTER AND HEAJER NOIJE®

THEN GOTO <XIT 9992

£S INVOLVING ALFA IN TERMS OF INTERGEIRS#

t
“&

v NUMER - NUMIR) S
& .

~ ) ~ ,
PURPOSEt TO DEFTHNS THE FIELNS OF A RECORD REPRESENTING A NODE

PARAMSTTRS TNPUT:
Pocesl °9INTE® T)
WORN==XEY OF THE

BEGIN »MAKENODE 4

NODECAUMNT ¢

P+, THFQ tz WO
P+ ,SI7E 1= 1
Pe,R0T7T t= MTLS
Pe,LPT t= NTL?
ENNS #MAKENDDC S

t1ONK

STOP=Z,z0L) 3

i@k
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PROCEOURE RELINK (FATHER,OLNROOT,NEWROOTTIPOINT) 3
1
PURPOSE! TO RELINK A ROTATED SUATREE TO THE TREE

PARAMETERS TNPUT? _ - .
. FATHER----POIN € FATHER OF THE ROOT OF THI SURTREE TO BE

TZR TO TH T
- POTATE"D .
NEWRNOT---POINTZR TO-THI NEW 2007 OF THE ROTATED SUATRE
OLOROOT-~-=-POINTER TO THT OJLD ROJOT OF THE ROTATED SUBTRE

B8EGIN »RELINKY
N

f

=
[~y
pes

IF FATHE®+.PPT ©Q QLOROOT
THEN FATHER*,RPT 1= NZWROOT
ELSE FATHER+*,LPT 3= NEWSONTS
ENDS ARELINKS '
- —
e it e ittt dbad bbbt —————
PROCENURE SROTATE(PP,P,NIPOINT$PALVALIDIRECTION) 3 -

~
PURPOSES TO PERFORM A SINGLZ ROTATION

PARAMF TERS. INPUT

RALVAL-=-THE AIRZCTICN OF THE ROTATION
-pbq--—r-oornrzqs TO THF SSLEVANT NONES IN THE R0TATION
PPeme— = FATHE® OF THE R30T OF TAE SU3TREE TO ]E ROTATED )
VAR : o
APSIZE--THE SIZE OF THE ROTATEN SURTREX i .
------ AUXTILIARQY ©o0INTER VAPIABLEW
PSI7ZtINTEGERS B2
STPOINTS ~ "
BEGLN »SROTATES )
pI2 t= I2 + 13%
sPERFORM THE APPROPPTATZ ROTATIONY
IF BALVAL €0 RIGHT
THEN
3SGIN ¥
S t= MQrLPTS
Pe ,PPT t= S°
N+ .LPT 8= P?
END .
ELSE -
BEGIN

S t= N+ ,RPTS
De LPT ¢= S3
Ne.RPT 1= P}
END®
PSIZE 1= P+ ,.SI7ES
~ADJUST SIZE VALUES+
IF S £q NIL
THEN P*.STI7ZE ¢
ELSE P¢,SIZE ¢
Q*.SIZE 3= PSE7ES
»THE NODE OF THE ROTATFO SURTREE RECOMES THE NEXT NOBE TO EXAMINE¢

¢

ne ,SIZE *
N+ .SIZE + S+.SIZE;

-~

GUPPENT tz A%
RELINK(PP,P,7) ¢

END? oSQOTATEw‘

a



A3-25

PROCEDURE OROTATE(PP,P,N1POINTRALVALIDIRECTION) 3
PURPOSEt TO PERFORM A DOUALE ROTATION
PARAMETERS TNPUTY

3 HVAL";SFr?zgzc¥éc¥ngcTt;v§O¥ATIO”
----- TNTE *SLSVART NOOES IN TH T
=Y. Sa FATHER OF THE ROOT OF THE SUSTREE TO 36 RATATED
VAR g
sPSIZE--THZ SI7S OF THS 20VTATED SURTREF g
----- AUXTLIARY OCIMNTERP VARTIABLEs R
pszi@tivTrrEQ'
SYPOINT; \ o
BEGIN »DROTATES N %y '
pI3 t= I3 4+ 134 '
PSIZZ t= P+,SI7E} : . -
sPERFORM THE APPROPPIATS ROTATIONS ‘ T
IF eALVAL EQ, RIGHT ) . - .
THEN _ :
, BEGIN
- S t= N*.LPT? . , .
PADJUST SIZT VALUESSH .
IF S+,LPT: £n NTIL ' .
HE! P4+,STZE t= ©P+,SIZE = 0+,SI7S )
LSE P+.SIZE 1= P+,S17F - N+.SIZE + S+.LPT+,SIZE}S
IF S+.RPT £9 NIL
THEN N1.SIZZ t= Q+,SI7E - S+*.SIZE
ELgé gf.grzz t= 8f.§17£ - $+.S17E + S+.RPT+,SIZE}S
' SREBALANGE +
1*.LPT 1= S+ .,QPT3 .
S+ ,RPT t= N2 .
Ds,RPT t= S¢,LPT?
S+.LPT 1= P?
. S_END
-H~_BEGIN
S t= N+ ,RPT?
»ADJUST SI7F VALU?F&
IF S+.RQPT FN NTL _ .
.S £ 1=z Pe,SI?7E - O*,SIZZ |
Efg? g:.s}%? t= Pt.SIZE - Nt .SIZE + S*.RPT+,.SIZE}
3
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o

IF S+.LPT FN NIL
THEN Q*+.SIZZ t= Q+,SIZE - S*,STZE -
ELSE Q+.317% t= N*.ST7E - S+.3I7F + S+.LPT+.SIZE

~RESALANGE + )

ne, RPT t= S*.LPTS

Se.LPT t= N3 '

+LPT t= S+.0PTS .
" Se,RPT 1= P?
ENDS R .
S+, SI7E t= PSIZE: B

rTHE NOOF OF THE ROTATFO SUBTRES BEGOMES THE NEXT NODE TO EXAMINE+

CURRENT t= S3
RELINK{(PP,P,S) 3
END; ~»DPOTATES

.PROCEUUQC DUDLICQTEKEY(HODDiALFAYQ

PURPOSE'? 1O NEGPEMINT THE ST7S FISLOS OF THE NOOES IN THE_SZARCH
PATH TO THE NEW XEY WHICH IS ALREADY PRESENT IN THZ TREE
PARAMETEZPRPS INPUT? : .o
WORD==THE KEW KEY { h‘
BEGIN #DUCLICATEKIY+ "
CURRENT t= HEAD® RPT} ~ ~ e

»UNTIL XFY TS LOCATEN,RZINUCE SIZE FIELDS IN THc SZARCH PATH&
WHILE CURPENT*, INFO NE WORD OO
BEGIN

CURPENT +.SI75 = %us§§§g+.SIZF - 13
F W) T oUReEnT+, I
! TSENLCUR?ENT t= GURRENT*.LOT
ELSE RUGRENT t= CURRENT.OPT}

* o

b} .
END: ~DUPSTIGATEKEY+ )



PROCENUPE JUSTINSERT (WORDIALFA) ¢

PURPOS“: TO INSERT A XEY INTO A TREE AS IN THE BASIC TREE

ALGORTITHMN

PARAMETZRS THPUT!
WORD==THF KEY TO 2E INSEPTEN

BEGIN wJUSTINSERT& -
REPEAT

~

#CHECK FOR KEY/ALREADY PRESIMNT IN THE TREEZY

IF CURQENT*.INFO FQ WOPIO

AEGIN
DUPLICATEXEY (WORD) §
G6OTG 17 ¢
END S
CURRENT®.SIZE 1= GUPRENT#.SIZZ + 1
FATHER t= CURRENT? - 4
IF WOPD GT CUSRENT*.IMFO
© . THEN GUSIENT t= GURPENT+,.RPT
ELSE FURRENT 3= GURSENTHILPT]
UNTIL GURRERT £ NILS ‘
sINSERT NEW KEY INTO THE TO=F+¢
IF AGBQUIRE (CURPENT) THEN GOTO EXIT 399%
MAKENONZ (W0SH, CIRRENT) §
IF WN2N LT FATHER®. INFO _
THEN FATHIRAJLPT 8= "CUPR=ENT
_ ELSS FATHEO+.GPT t= GUFFENTS
103ENDS »JUSTINSERTS

A3-27
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PROCENURS FINCRBALANCE (VAP

AT RGeS MR AL

o

PUsPOSFY 10 BORBUTS THE"ALALTE.OF THELREET) TRSPE,TANTSES (L S

AR A AL-—TRDTRATES WHICH SUBTREE (LEFT OR RIGHT) FOR WHICH THE
woao-—--gé$n¥gzqésziggg#§o .

P AR A LEAC OUT?ai‘RALANC‘ OF THE (LZFT) RIGHT SURRE

INSERTION
VAR WLEFTSIZI--THE SIZS OF THE LEFT SUSTREE OF THE LEFT OR RIGHT
SUBTREE OF GCURRENT+ .

LEFTSIZETINTEGERS B

BEGIN oFINDBALANSSS .
I1F. BALVAL EN RIGHT
THEN I
BEGIMN . -

»COMPYTE QALANEE OF RIGHT SU3ITREE OF CURRENT AFTER
INSERTION :

TRESSIZE t= CUPRENT+.RPT+.SIZE + 23 .
IF WOPD LT CURFENT*.RPT+,.INFO

o

THEN . :
IF CgEP:NT+.RPT+.LPT NE NIL
o Nt
; LEFTSIZE t= GURRENT#,RPT+,LPT+.SI7E +
SLSE - ,
< LEFTSI7ZE t= 2
ELSE
N SEGIN
IF WOR0 EN CURRTNT®.RPT+, INFOD
7 "YaEN TREESIZE sz TREESIZE - 13
IF CURFENT+.RPT+.LPT NE NIL
THEL
LEFTSIZS t= CURRENT+.RPT+,LPT+.SIZE +
FLSE
LEFTSIZE 1= 1°¢
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i
- .
: ' QALFAC t= LIFTSTIZE*PROD3}
END -
ELSE ‘
BEGIN
. »COMPUTE RALANCEZ OF LEFT SURTRES OF CURRINT AFTER
INSSRTIONY :
) TREESIZE 1= CURPENT*.LPT+.SIZE + 23
IF-H?&ENLT CURRENT+.LPT+,.INFO ‘ QX:h’
IF C%JRE;:NTf.LPTf.LPT NE NIL ) ‘%’7"‘"«.,,
H ‘l - "“V
.ELSELEFTSIZE t= CURRENT*,LPT*,LPT+,SIZE + 2
LEFTSIZE t= 2 ’
ELSE
3EGIN
IF WOD £1 CUPRINTA.LPT+,.INFQ
THEN TREESIZE t= TREESIZE =, 1%
IF C¥QPENTQ.L°T+.LPT NE NIL
He N
; LEFTSI7E t=: CURRENTA. UPT+.LPT+.SIZE + 1
ELSE -
LEFTSIZE t= 13 )
ENDS
END QALFAGC t= (TREESIZE - LSFTSIZE)*PRO03S
END S
END: ~FINDRALANGSS ;
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. ) N7

PROCEDURS LEFTINSZRT(WOPDIALFA) 3

» .

PURPOSEt TQ DETERMINS IF.THZ INSEQTION OF A KEY INTO THE LEFT SUBTREE
OF A NOD= POINTED TO ©Y CURRENT WILL CAUSE CURRENT TO BE
UNBALANGCEDSIF SO A SOTATION IS PERFORMED TO RESTORE BALANCE.

PARAMETERS INPUT?

HORO=-=THE KEY TO 2E TNSZOTED .

VAR . , )
~BALFAC--==-THE SALUANCE OF THE NODS UNDER CONSIDERATION AFTER

THE INSSERTICN OF THE MEW KEY
LcFTSIZF——TH» SIZZ OF THZ LEFT SUITRES OF THE CURRENT NODE
AER EXAY THATION AFTER THE INSIRTION
TREESIZE-~ Ht SI7< OF TrHit SUITRZE OF THZ GURRENT NODE UNDER
EXAMINATION AFTSP THE INSIRTIONS
BALFAC,LEFTSIZZ, TREFSIZZITNTEGER o~
BEGIN »LEFTIMSEPTS o
LEFTSIZZ t= 2° ,
»COMPUTE THE. NEW SALANCE OF CURRENT AFTER INSERTIONS .
IF CURRSNT*.LST NI NIL o
THE!l LEFTSIZE 2= CUSRENT*,LPT+ SIZF + 23
TREESTIZE t= CURRENT+.ST7E + 23 '
QALFAC $t= LZFTSIZZ*2ZMO?
IF(Q%hgﬁc GE TRTESTZE+HUNSP) AND (SALFAC LE TREESIZE*DNIFF)
— Y .
ANO. REBALANGS IS NSCSSSARY SINGREMENT THE SUBTREZ SIZE AND
FIND THE NEXT HODE IN THE- STARCH PATH¢ -
REGIN
CURRENT+,SI7T t= NUIRENT+.SIZF & 13
FATHER $= CURPENMT
- CURRENT t= CURPINT+,LPT!
END :
_ #RE3IALANCE+
ELSE .
IF QURRENT+.,SIZZ EO 2
Eu:m SROTATZ (FATHIR,CUQRENT,CURRENT* . LPT,LEFT)
LSE : :
A5G IN
FINOGALANCE (RALFAC, TREESIZE, JWIORD,LEFT) S
IF BALFAC LT PPOAC*TREESTIZE
TQEH SQOTATE(Eé;?;R,CURRENT,CURPcNTf LLPT,
i ELSE OROTATE (FATYZR, CUPRENT ,CURRENT +.LPT,
LEFT) §
END

END; ~LEFTINSERT4
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%
PROCEDUQC RIGHTINSERT(WCORDIALFA) S
pu POSE? To DFT‘QMINE IF THE TLSERPTION OF A XKSY INTO THE RIGHT T
RPO3 NONZ POINTEN TO '2Y CURRINT WILL CAUSF cuprﬁ;GTo gga REE
UNQALANCtﬁ;IF SO A POTATION IS DERFOQmED TO RESTORE FALANGE. -
PARAMFTfRS INPUT T _
RDO--THE KFY TO SE INSIRTED
VAP _ _
APBALFAC-==-THE S3SALANCE 0OF THZ NONE UNDER CO NSIDEZRATION AFTER
THE INSRTION OF TH= NEW KEV
LEFTSIZE--THE SI2° OF THZ LZFT SUNTPEEL OF THE CURRENT NODE
UMDER SYAMT*IATINM AFYSR THE. INSSRTION
TREESIZE--THE SIZS QOF THE SURBTRRCI OF THZ CURRINT HODE UNDSR
EXAMINATINON AFTIR TH® INSERTION:
BALFAC,,LFFTSTIZE, TFEFSIZT e ILTZGERS
BEGIN #2I5HTINSERTS ) . M~

LEFTSIZZ 1= 1°% .
*COMOUTE THE HEW BALANC® OF CURRENT AFTER INSERTIONG

F CURRAINT+.LPT NFE NIL
I THEN LEFTSIZE t= CUIRCAT*.LPT+,.SIZE + 1}
TPEZSIZE t= CHRRENT+.,SI7E + 23

BALFAC t= LSFTSIZS*0QINQ":
}F(QALFAP G= TDCESI7F*1UVCR) AND ABALFAC LE TREESIZE*DIFF)

THEM .
»NO REBALANCE IS NECESSARYSJINCREMENT THE SUSTREE SIZE AND
FIND THE NEXT NQNE If THE SZARCH PATH £ .
BEGIN
CURRFNT+,SI7F t= CUARFNTA,STZE + 1
FATHER = CUR?MNT
CURRENT t= GURIREAT+,.RPT:
A0
SREBALANCES
ELSET .
IF CURPENT*,SIZT €0 2
TYEN SROTATS (FATHE R, CURRENT, CURRENT . RPT , RIGHT)
ELSE
BEGIN :
FINDAALANCE(RALFAC, TREESTZE,WORD,RIGHT) 3
IF AALFAC LT PRONS*TRZESTY
THEN SROTATE(E%I:%?,CUQPENT y CURRENT #.RPT,
ELSE OROTATE(FATHFER, CURRENT , CURRENT +.RPT,
RIGHT) +
TND*

ENDS #PIGHTINSFOTS -



PROCEDURE BIINSERTI(WORDTIALFA)
»
PURPOSE? TO INSERT A KEY It.TO THE

PARAMCT RS _INPUTH
WORD--THE KEY TO =E INSERTEN

VAR
PIPOIMT?
BEGIN ~I3TINSFPT4
FATHIP t= HEAD?
CURRENT ¢= HEAN+,PPT?
IF CURRENT £0 NIL
THEN
PENTER FIOSY KEY+
 8EGIN
& IF ACHOUIRE (CURKRINT
MAXKENODE(WDD, CURO
HEAD®.RPT 3= AUPRE
END
ELSF )
BEGIN \
REPZAT

A3~32

TREE

HEN GOTO £XIT 999%

IF CURRENT+.INFO NE WORD

THEN

[F_NUMER* (CURRENT*
THZN

?c

I7 F
tAY 3

[92] 3

m X—
DO mx
OCH < f
TV

N e

m
z

h

m
r
(1%
min

THEN

T
SI

S 4
STLISTRT (WORD) 3

«SIZE + 2) LE DENOM

Orr,

HZ TR3
MoLY

Zin

IS
NSEPT

[an 1844

L

HORD GT CURPENT+,INFO

»CHECK FOP GCONNITION OF INFINITE LOOPs

REGIN

I _CUPRENT+,SIZE

THEN
IF

£Q 2

CURRINT* ,RPT NE NIL

THEN

IF CUDRfNT% RPT+,INFO GT WORD

=N

-

SHALL TNOUGH SO THAT THE

ar

Ty




)

BEGIN
IF AC
MAKEN
IF FA
THE
ELS
P+ ,.LP
P+, RP
CURRE
P2,ST
CUPRFE
/ GOTN
¢ EMNDS
»KEY TO 82 INSERT
gI SHTINSERT (HORD)
T ELSE
*KEY TO BE INSERTED
LEZFTIMSZRT(WORN)
ELSE
~*KEY ALREADY PPZSZIMT IN THE
BEZGTH
NUPLICATEXFY(WORD) ¢
GOYOQ 13
END? .

UNTIL CURRKRENT £7 “MIL;S

~HAVE ENGCOUNTERED A NIL SUBTRFE, JUST ADD THE
THEN S0TO EXIT 999°

IF ACNUIRE (CUPRIAT)
MAKFNODE (40PD,CU0E2INT) ¢
IF WORPD LT FATYTRP+,INFO
THEN FATHZIR4,LPT 1= CURRINT
FELSE~FATHER®.3PYT 1= CURPENTS
ENDS
»IJINSFRT 4

1C TENIS

D INTO RIGHT SUBTREE
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0

ZZHAOom-

Z—*—"U OO"'”[
=z

Iroc
P v e IMIMMy
. Sueee L UIDBPO~D
wuux - =P En
< DONIIe O~
NW-~C i, 00 0
AV QI

o D> P ~te

Hithle e

(Naee

PZNZANZ 40D

3= -4

-e
.
e d

+

INTO THE LEFT SUBTREE+

TREEWY

=

2

NEW NODE S+

T
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vy i

PROCEDURE NASUCHNNNZ (WORDIALFA) ¢
P
PURPOSET TQ TACOTNENT THE STzz F
'ZNTED PRIOR TO TH
PARAMETERS TNPUT?

WORP=-THZ K=Y OF TH$ NODT TN 3E DELETEO

REGIN »NISURHNONS ¢

CURRENT t= HEAN+,ROT? ‘
WHILS CUPFEMNMT -NE NIL 90
3EGTIN ’ .
CURPENT+.SIZF 1= GCURCITNT+,STI7% + 13
TF HORD GT CURPINT A, INFD .
THEN CUSXREAT t= CURRENT ¢,ROT -
SLSE CUFRINT t= CUPRENT+.LPTS ‘o
ErDe - g
END? ~NOSUGHNODE R
P s m e - ---— - R - - - — > & = M= =t - e . R A W P W e e e W e wh w o

PROCENURE DILFTFNADE(PIFOINT)
» .
PURPOSET.TO NELETS A NOD- AMN KRZILINK ITS SURTREE (IF ANY)

PARAMFTERS TNPUT? *
P-=-POINTSF TO THE SUJITRSE OF THZ NODZ TO 8E DELETZID (IF ANY)

REGIN ~DZLETRENONES
NODECOUNT t= NO
RELIN K(FATH»Q,,U
RELZASC(CURRENT)

ENDS «DFLTTINODT S !

.J
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poorcnuqf PPEDOPSUCC (WAYIDIRECTION; VAP WORDIALFA) !

PURPOSE’

PARAMF TSR

PARAMETZRS

VAR

TO FIND THE DOSTORQ,Q 2R ZDICE S
T0 LT ANY TOQ PIPLACE ITS KIY WIT
PR= QOR OQ SUCCFSSOR

S

N

e d IJ o]
q ~ Y MM
‘X0 b= O
-t~ 3
(M NIM
V)

WAY--T1 WHETHER THE

D e L

mZ
-
-

WORD--THE OF THE PRIDECESSOR OR SUCCESSOR

/
P,QIPOINTE,

BEGIN »PREDIPSUCCSH : ‘

END?

FATHCR t= CUPRINT;
CASE "WAY OF
RIGHT? ¢
" AFIND THE SUCCESSOR+

BEGIN -
T+ ,RPT?

RIN

LeT

NE NIL NN
N

P t= N3

.Q t= Qt.LPTS
CUR/F-NT* . RPT?

[ ]

9,
T 8=

»FINO THE PREDES
REGIN

SFSSOF

END S «
END? -

rRPEPLAGCE THFE
PRENSCSSOR

FATHER»  INFO
FATH=ZP+,SIZ
HORD t= P+,
~PRENODPSUCE

(2

’)’ 44T

»

PREDECZSSOR CR SUCESSOX IS SOUGHT



PROCEDURf D-LETERIGHT S
PURPOSF! TO NETZPYIN

A3-36

E IF NELTCION OF & NODE IN THE REGHT SURTRPEE OF THE
NODE UNNDSR GURPENT “YXANTHATION WILL CAYSE UN3IALANGCE AN
TO PERFO3M A ROTATION TO RESTORE 3ALANCE ALANGEZ aAND IF S0
VAR
*BALFAC-~=-=THE 3ALANCE OF THZ NOOE UNDIR CURRENT EXAMINATION
LEFTSTZE=-=THS SI75 OF TWE L=F QTREE - -
- URk»“]\:!T Fvn--InﬁrlferT SUSTREE OF T+ NODE UNDER
Pomcememee AUXTILIAZY PHTLTZ94 :
LEFTSIZ:, TREESTZE,3ALFACEITLTFRER
PIPOINT; e
BEGIN ~DELETERIGHT+ '
#COMPUTE THE RALANCES OF CUPPENT ASTZR THIZ DELITIONS
LEFTSIZT 1= 1 ‘
IF CURPRTNTA,LPT N NIL .
THEN
LEFTSIZE t= CUP ENT+ LPTe,STZc + 13
TREESTZT t= USD=T+,SI7F¢
BALFAC t= LTFTSIZ ®DZNONM?
IF (IALFALC GS TRETST7Z*NUMER) AND (RALFAC LE TREESIZE*DIFF)
0R (TREFSIZE €9 1 :
THEN ‘
ANO ®FEFALANCE IS NECZISSARYINECRCUENT TUS CURREMT SUBTREE
SIZE AND FIND THE REXT HODC IN THE STARPCH PATHS
REGIN -
CURPRENT SIS t= NUARRINT*,SIZE - 13 N
FATHE® t= CUT2:hT} —
CURRENT 3= GUPPERT*,RPT! — \
END
eLse
' »PERALANCF ¢
BEGIN
P tx GCURDENTS
TREESTZE t= LIFTSTZES
LEFTSTZE 1= 1! :
SFIND THE BALANGS OF THT LEFT _SUBTPTE OF CURRINT AND
. DETERMINE THF APOROPPIATS ROTATIONS
IF CUPRINT+, LPT+, LPT NE NTL
TUEN N .
LEFTSIZ™ t= CURRINT+,LPT+.LPT+.SI7E + 13
QALFAG t= (Toce53(7?7 = LIFTSIZI)*PR0ON3S
{ IF RALFAC LY ©ORONZ2*TRFESIZE
H - -~
i ErSQnTATE(FATHE ,CURPENT,CURRINT+,LPT,LEFT)
ELQ:OQOTATE(‘AT%EO CURRENTC CURRENT+.LPT,LEFT)
CURPFENT®.STTE 1= CURRENT+.ETZE - 13
FATHER t= CUROENTS ’
CURRENT = P
END S B
END? ~DELETIRIGHT
/‘
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PROCENURE DZLETELZFTS

Py
PURPOSEt TO MFTERYINE IF JELTEINN- OF 4 NOOE IN THE LEFT SURT S
NOOE UNDIR CURRENT ZXA!I IMATION 4ICL CAUSE URSALANGE A SDOIFTEO
TO PERFNORM A POTATION TO ROSTORS IALANGCE .
VAR BALFAC THE QALANE X
o - € OF THI NONE YNAER GURRENT EXAMINATION
LEFTSIZE--THE SIZ7 OF THE LEET SURTREL 0F TAE - a
CURPENT =xA‘IvaTIAN e OF THE NOOZ uNDZR
Poemmcme e AUXTILIAPY POINTIRS
LEFTSTIZZ, T ESIZc,%ALFAC:IhTEGEQ:
PEPOINTY 777
BEGIN DELETFLEFTe
~COMPYTE THE IALANCE OF CURPENT AFTER THE DELETIONG
LEFTSTI?T t= 1°
IF CURRSNT+.LPT NS NIL
TUEN .o
LEFTSI?T t= CUPOFNT+.LPT4.SI7E S s
TRESSIZE t= CURITHT+,SI77¢
QALFAC f= LFFTSITZANELAv:
IF (3ALFAC RS TIESSTZL*NUNEP) AMD (3ALFAC LE TRESSIZE*DIFF)
OR (TREFSTZT £h 1)
THEN .
ANO REQALANCE IS NECESSARY!NEGRITMENT THE CURRINT SUBTREE
SI7E AND FIND THT NEXT NODE IN THE SEAPCH PATH+
BEGTN
CURRENT®.SI7T t= CUPRINT*,SIZE - 1%
FATHER t= (CUPQENT®
GURRENT t= CUPFcNT#,LPT!
e END -
ELSE .
*FPERALANC S+
’ REGTIN
P tz CURRFNT!
TREESTZE 1= CUPPENT* . PPT+,SIZT + 1%
LEFTST7F 1= 1%
SFIND THE PALANCE OF THT RIGHT SUATPEZ OF CURRENT AND
DETERMINE THE APPRIOPRIATE ROTATIONS
Y IF CURRENT*.BPT+,LPT NE NTIL
THEN CFTSTZF 5= CURPELT®,RPT,LPT+,SIZE + 13
QALFAC 1= L FISIZS*°P0031 .
IF BALFAGL LT PRODZ*TRIZSITE
Y Y
HEVs:oTATc(FATHEQ CURRENT yCURRENT+,RPT,RIGHT)
FLst NSCTATE(FATHER,,LURRENT yCURRINT ¢, RPT,RIGHT)
CURRENT +.SI7E f= CUPRR:NT+.3Tz8 -
FATHER 1= CURDENTS
CURRENT t= ot

£M0
END: «DELSTILEFTe

-
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PROCENURE BINELETZ(WODLALFA) S
I\ . .
PUPPOSE?® TO DELETE THZ NODE WITH GIVEN INPUT KEY

PARAMZITZRS IMPUT - :
WORND=--THE KEY OF THE NONZ TO AE DILETEN

VAR ‘
X PNEWHORD==THE KEY OF THE PREDECESSOR. OR SULCCESSOR 0OF THE
; NgBe To a¢ osterss - T>P0T NS
-------- = = - NDELETED IS A SEMT- A P
15 155 R90c I I-LEAF,P OINTS
NEWHAPNLALF A
lPOIdT.

BEGIN RQ%DELETE*

FATHEP t= HFAT)?
CURRINT t= HEAD*,RPT;

eCHEZCK IF (INITIALLY) THE TRES IS EAPTY 0P THE NODE IS NOT PRESENT+

WHILE CURRILT NZ NIL 00¢
IF CUPRENT*.INFO NE WORD

THEN
IF _WORD 6T CUR?S NT? INFO
THEN DELETEFIGH
ELSE DELETELEFT
ELSE

;HAVE LOCATEO-NOD'!CHECK IF NODE IS A LZAF OR SEMI-LEAF3
IF _CURRENT+,SI7¢ £O 1

THEN. . . . -
»NODE IS ‘A LEAF3JUST NELETES k
SEGIN : :
. DELETENGIE (NTL) ¥ .
GaTo iC3 - .
“ENN ‘
ELSE ‘ .
IF GURRENTH.SI7Z €0 2-
. THEN .
SNODE IS A SEFI-LEAF
BEGIN
IF CURRINT*.,RPT NE NIL .
THEN © t= CUPREMT+,RPT
ELSE o t= CURPENTH+.ILATS
DEL STENODE (P) § N
GOTO .41 C s
‘END
£LSe | .
T A LEAF 02 A SENMI-LEAF1?EPLACE THE
o nNOE T eSS TorD R 'SUGLESSOR 02 PREDECESSOR
. DEPENDING WHICH MOST TMPROVES THE BALANGE+

q»

N
wal



A3-39

IF CURRENT*,.LPT ET NIL
THEN

»NODE DOES NOT HAVE A LEFT SON¢

" BEGIN
LT
L

n

DS (CURRENT*.RPT)

om

N
€

‘.o

<290
2
Pin

END.
ELSE
IF 8 QRENT*,RPT EQ NIL

U
EN. .
B

»NODE ONES NOT HAVE A RIGHT SON+
BEGIN
EL
oT

T

TENODE (CURRENT +,LPT) 3 ' i
ics T - o

T

o

Nz
wm +H OO0

N
T

I mum

NZ WHETHEZR PREDECESSOR OR SUCCESSOR
HOSEN+ .

G
NT+.LPT+.SIZE GT CURRENT4+.RPT*.SIZE
DORSICC (LEF Ty NEXWOLD)

£
ENO®SUCE (RIGHT , NEHWORD) §
NEWWORD?S .

'l
S

R
. p
S
P

m —HJ
N0
-t

4

c

Z. M

m A om
~-"T0
QI 9

X

ORD ¢
05

m

ANOOE IS NOT IN THZ TPEE+
NOSUGHNIDE (WORPD) ¢
103ENDS A3RIELETE+ S .

e et e S - - - TN T TSI ST TSRS S
et =il e g R S adeind

o - - M w— o o

BEGIN +a3-TREST NRIVERS
. »INITIALIZES
CPEATEMEZADER 3
PINSET KEYS+

WHILE READWORD(INWORD) NO ) .
ABINSSRT(INYORD) ¢ : .. - .

#DELZTE KEYS+ _ ‘

WHILE RTZADWORN(INWORI) 320
B3DELETE (INWORD) ¢

G391 END., »BR-TRSE DRIVEPR+H



A3-40

. o 8 F L L TREF &
A S e A A e A A e e R O »

»GLOBAL CONSTANTS,TYPES,VARIABLESe

pK = THE PASAMETER OF THE ALGORITHM
SYZE AN ADDITToRAL SFIzin 11
E~- N ANY RECORD USED T
s AN ADDITIO O CONTAIN THE K-SIZE
LASEL 999 ,
CONST MAX=1C 3
STOPCYAR = Zt=¢
TYPE BOINT = *TREE?
DIRECTION = (RIGHT,LSFT)?
NODE = RECORD
INFOTALFAS
SIZEtINTZGZRS
LPTIPOINTS
RPTIPOINT
’ ° END; —
VAR : ,
TREEtCLASS 253 OF NODE?
FREE,HEADIPOINTS
WAY$OTOECTIONS
INWORD LALFA S
CHAYtAPRAY[1,,MAX) OF GHAR}
‘NODECOUNT, K, KVAL tINTEGE® S
a% % X X ¥ ¥ X ¥ ¥ ¥ X ¥ X X ¥ ¥

&-&4 $.% ¥ % ¥ ¥ ¥ ¥ % X % ¥ X ¥ %X ¥

PROCEDURE CREATEHEZADERS
» » .
PURPOSEL. TO PERFORM THE NECESSARY INITIALIZATIONS

VAR '
ITINTEGZRS

)
N@EGIN ACREATEHEADSHS
»INITIALIZE FRSE LIST POINTER,NODE COUNT AND THE PARANETER Ke

o X (Dve
LY Y4
= —Z

]
-
If 2o
C.»

~omm
oo |} ~CH

MmOz
O<MOA
AR ~0)

Ap»om
[l
AR .
-4
e of
n —
A0
| <
m >
D2T il ~ T =Y o
(V=]

.
?

P

.
i)
-

e ¥

A
<
p=]
~

DER NODT+
T

HEN 6OTO0 ZXIT 99935
N '

ENOS »CREATEHEAQER® \\ . .

4




PROCEDURE MAKENODE (WORD $ALFASPIPOINT)

»
PURPOSES TO CREATE THE FIELDS OF A NOOE

‘pARnMrT RS INPUTS

Powem- POINTER TO Tg NOOE
N

[~
WORD=--KZIY OF THE i

-BEGIN »MAKENOODE W

END; ~MAXENODES

A3-41

fomemom e - - = o n > = > ————— S > = e 4 = = - ——— A e - - ———

_PROCEDURE NEWNODE(FATHERIPOINTIWORDIALFA) S

»

PURPOSE: TO CFEATE A NEW NOOE

PARAMETERS TNPUTS
FATHER==FATH
WORD===~THE

VAR

ME NINE TO. BE SREATED

=
~
=2

F‘—
N K:

Zm

ns--poxurcp TO THE NIW NODE+
STPOINTS
BEGIN e NEWNODE+
»CREATE THE NEW NODES S -

IF -ACOUIRE(S) THEM GOTO EXIT 999;
MAKENOJC(WODU,S):
CASE WAY COF i
RIGHTtFATHER+,RPT 8= S9
éNbgFT 1FATHER®®, LPT 1= S3
’

»INCREMENT THE K-SIZE VALUE OF THE FATHER$
IF FATHSR NE HEAD '
THEN -
IFuF%THERf.SIZE MNE -XVAL

ENDS ~NEWNODES+

FATHER+.SIZE 1= FATHER®*.SIZE + 13

A
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PROCEDURE RELINK(FATHER,0LDROOT, NEWROOT1POINT) ;
PURPOSEt TO RELINK A ROTATED SUSTREZ
PARAMETERS TINPUT1

FATHZR==-THZ POINTER TQ THE F 5 = -
NEWRBOT--THZ POINTER 1O THE MEw ROOT of THE Suatreg- JTREE
OLOROOT--THE POINTER TO THE OLD ROOT OF THE SUSTREE
BEGIN @RELINK
IF FATHER+ .2PT EA_QLOROOT
THEN FATHZRF,OPT t= NIWR0QT
ELSE FATHER®.LPT £= NEWROOT |
END} ~RELINKS
btk bedade ekt @ ot o W W - - M= =SS P

PROCEDURZ SDOTATE(FATHEQ,PyQ7SSPOINT:QALVAL!DIRECTION);
* . :
PURPOSES TO PERFORM A SINGLEZ ROTATION

PARAMETERS IHPUTS
BALVAL--INDICAT
FATHER--POINTEZR
p,Q’S-“‘OOINTEQ

BEGIN »SROTATE ¢
eIz t= I2 + 13¢
#~PERFOR! THE APPROPRIATE ROTATION

IF BALVAL EQ LEFT ‘]
THEN . o
. BEGIN . ‘
P+, LPT 1= N
Q*.RPT t= P
Q"QLPT t= S <~
_END 4 i
ELSE

BEGIN :
P

Q+.SIZE =335
S+.SIZE = 1
Pe.STZc 8= 1
#RELINK THE ROTATED SUBTREE®Y
RELINK(FATHER,P, 1) ¢

ENDS »SPOTATE+
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PROCFDUQE DROTATE(FATHER, p’Q’S‘pOINT,BALVAL‘DIRECTION) .
PURPOSE! TO PERFORM A DOUQLL ROTATION
PARAMETERS INPUT?

BALVAL--INOTGATES THE NIRECT ' :
FATHER=-=-POINTER TQ TH: FATHC%ogrogqgnguggggII?g,%grgo?ﬁrgésHT
Py0,S-=-POINTERS TO RILEVANT NOOES IN THE ROGTATION ' N
BEGIN »DROTATE+ -
I3 t= I3 + 13+ "
»PERFORH THE APPROPPTIATE ROTATIONS ' -
IF BALVAL EQ RIGHT : ’ «
, THEN
BEGIN
S+.,RPT 1=Q3 ¥
. PA.RPT t= KILS
S*.LPT t= P '
END ’
ELSE
SEGIN : )
S*.LPT 8= Nt - L
ProLPT 2= NILS b
S’QRPT $t= P 1“.
ENDS "R
"@wADJUST THE K-SIZS VALUES+ 'E%
Sf.SI?E g = 3. \ ) i . e"b.,.: ."
Pe.SIZE t= 1% 7N
Q+.SIZE 1= 13 ( t

~RELINK THE ROTATED SUBTREES
PELINK (FATHER,P, S) 3
END] »DPOTATES

PROCENURE NIXTNOOZ(PSPOINT3;WORDIALFAFVAR O3IPQINT);

s
PURPOSE?t TO FIND THE NEXT NODE IN THE SEARCH PATH SUCGCEEDING A GIVEN
INPUT NODE

PARAHFTEQS THPUT
----- POINTER TO LAST KNOWMN NODE IN THE SEARCH PATH
HORD"KCY TO 3E INSERTED

PARAMETERS QUTPUT? '
Q--POINTER TO THE NzZXT NODE IN THE SEARCH PATH

BEGIN oNEXTNODE +
IF WORD GT P+.INFO

THEN
BEGIN
N N t= P+ RWPT,
WAY t= RIGHT; -
CEND .
ELSE
BEGIN
t= P+, ,LPT3 v .
AY t= LEFT -’

END?! »NEZXTNO
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PROCEDURE ROTATE(FATHIR,P,QtPOINTSHORDSALFA)

P : .

PURPOSE® TO INITIATE ONE OF THE GENERAL TREE TRANSFORMATIONS
PARAMETERS INPUTY

. FA

THER--PGINTER TO THZ FATHER OF THE ROOT OF THE SUBTREE TO 8E

SR
P, Qemm=m POINTERS TQ REYZLANT NODES USED IN THE ROTATION
wbao----<ev TO 3E INSERTED

VAR
#S-- POINTER TO THE NEW NODE+
StPOINTS
BEGIN ~ROTATES .
- »CREATE THE NEZW NODE+ )
NEXTNODE (9,W0RN,S) ¢ .
IF ACQUIRZ(S) THEN GOTO SXIT 9993 :
MAKENODELHOPD, S) 3 ,
ADE[EP!‘M‘?'NE THE APPROPRIATE ROTATION h
IF P+.LPT EQ NIL . .
THEN
CASEQ‘gé:‘TOEPOTATE(FATHE:’ ®,Ny,S,RIGHT) $
: ~ ’ (S > v
o LEFT $DRATATE (FATHER )P 40,3, RIGHT) }
EN
ELSE SE WAY OF
RIGHTIDPOTATE (FATHER,P,0,$,LEFT) ;
LE;T’?SPOTATE(FATH;R,P,Q,S,L:FT), .
END
ENDS »ROTATES /
(O n s W oe —p w—- @~ - - o - > e M W R M W Ss  a  Te A s e

PQOCéOUR: CHECKSIZE(PSIZZtINTEGER;VAR SUBIINTEGER) S

;URPOSE! TO0 DETERMINE " THE MAXIMUM K-SIZE A SUBTRE: MAY HAVE IF ITS ROOT

IS THE SON OF AN L-COMPLETE TREE,L<K

NPUT ¢ ! _

PARA I
-THF K=-SIZZ OF THZ SUARTREE
0

cn o um

Y O =
1M NN

tA

P
ARA Tqup K-SIZF THE SUBTRcE MAY ATTAIN

BEGT

-~ O
T ee T

S mn
QZ m

znZ »nx VX
1m

Ic

I

e

LT SUS 00,

t= sua DIV 2 . 3
END] »CH
g

N
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»

FUNCTION REPLACE(QlPOINT§W0R03ﬂLFA}VAR NEWWORDIALFA) t300LEANS

P
PURPOSE¢

P

PARAMETZRS
NEHWWO

VAR

300LEAN FUNCTION TO FIND TH
OF A NODE AND DOFETECOHMINE W
ORDER TO MAINTAIN A S3ELL-
IF S IS THE CASE IT RE

STORDER PREDZCZSSOR O

IT NEEDS 70 R€E O T
PON INSE
A VALUE

wf—{ T

cxom
AT =Ty

ZMmx
vy MDY
(e ila

n

xr

RTION OF T
OF TRUE,

A

0O THE SON OF THE NOOE FOR WHWICH THZ PREDECESSOR
£ NEW NOOE TO 8E INSERTED

IV 0O0—C 4

EY. OF THE PREDECESSOR OR SUCESSOR ‘

m
Ko

RD

-»
»SAVE,QQ--AUXILIARY POINTER VARIABLESY

QN, SAVEStPOINT}

BEGIN »PEPLACE® . o ;‘
‘R%PLACE t= TRUES
i 3= M
IF WAY EQ LEFTY ]
THEN .
»FIND THE PREDECESSOR® =
BEGIN
>“WHILE N+.RPT NE NIL DO
85GIN
SAVE t= Q3%
a 1= gt .PPT
ENOS
NEWAORD $= 1+.INFOS
IF H?SQNGT NEAWORD
REPLACE 8= FALSE
ELSE
€ KEY BE INSERTZD PRECENES THZ KEY OF TH
”;grnécasgga,EchsnzuT THE K=SIZE VALUES 0OF THE
NORES IN THE SZARCH PATH OF THE SUS3TREE
INVOLVED ANO RETURN THE XEY OF THE PREDECESSOR
EGIN , '
8 GIRELEASE(SAVE*.QPT)3
SAVELL,RPT t= NIL?
wHILa_gqNNE NIL NO
AESIN N e.SIZE 1= QAr.SIZE - 13
) Q0. 3=RA+.RPT

m
z
o

END
END ’
ELSE

~FIND THE SUCCESSORY



A3-46

BEEINnILE o
*.LPT NE NIL 00
BEG IN -
SAVE 1= N
N 1= Qe LT
END'S
NEWWORD 1= N+, INFO3
IF WORD LT NZWWORD
THEN
EPLACE t= FALSE
ELSE
oTHE KEY TO BE INSERTED SUCCEZDS THE KEY OF TH
SUGCESS0%,0ELETE THE SUCCESSOR ,DPCREEINT ThE
K=317E VACUES OF THE NODZS IN TAE SEARCH PATH
OF THE SUBTREE INVOLVED ANO PETURN THE
KEY OF THE SUGCESSOS+
BEGIN
PELFASE(SAVES,LPT)} Y
SAYS+.LPT 1= NIL! -,
WHILE Q2 NE NIL DO 2,
BEGIN Sy,
QQ*.SI7E t= QU*.SIZE - 1} %
Q3 1= QA+.LPT =
END :
END .
C END
END: »REPLACE® .
P e e R R R R el i sk Sntadiedindh b addatadindhatdndiatsintatindadinde - . - - -
PROCEDURE RECURSE (FATH, CUIRTPOINTHORDTALFASSUBS INTEGER) §
PURPOSEt TO DETERMINE -WHMAT CHAMGES “UST 9E MADE IN THZ TREE STRUGTURE
IN OBDER TO INSERT A MW KEY AND MAINTAIN THE BECL-TPEE
PARAMSTSRS TINPUT?®
R -2~=PQINTSR TO THE RONT OF THE SUBTRET IN WHICH THE KEY IS TO
RE INSERTED .
FATHER=--POINTER TO THE FATHTR OF THE ROOT OF THE SUATREE
SUB-=S_TRE SIZE THE SUBTREES OF THE NOJDE UNDER CJRRENT EXAMINATION
(U SAYY MUST 3¢5 I° U IS T0 SE L-COMPLETE,L<X
WORD-===THE KZY TO PI INSEPTED .
var QD.SAVE--ALFA VAFPTIASLES USZ0 TO CONTAIN KEY VALUES
HWH L= ALL c , <
¥ -9—9-§ ----- THE NEXT MOJE ;HREHETQggig?hg%}gNFOLLONING
THE t0DE UNDSR GURREN ,
SUBSIZE--===== e 1985 - VTNE S UATREES OF THE NOOE_UNDER CURRENT
L AMINATION. (0 SAY) MUST BE IF U IS T0 BE
© L=COi.PLETE L <<+
SON1POINT! .
NEWHORD, SAVE $ALFAS
SUSSIZE 4 IrTEGERS
BEGIN »REAURSES

»FIND THE NEXT NODE IM THE SEARCH PATH¢
NEXTNODE (CUPRy,WORDySON) §




IF SON NE NIL
THEN
IF SON+,SIZE En SU3
THEN
#THE TRSE IS L=CO“PLETE L<KICHECK IF THE T - ~
AND IF SO PEFPFOR™ A ROGTATTONG REE IS 1-COMPLETE
1IF SUS £qQ 1
- THEN
_ ROTATE(FATH,CUFR, SON,WORD)
cLSE .
ePEIFORM STEP & OF THE BIA+
BEGIN
IF PEPLACE (SON,WORD,NSWKORD)
THEN '
#STEP 5(3) OF THE BIAs h
B8EG IN .
CHECKSIZE (SON*,SIZS,SUSSIZE) § :
RECURSFE (CUXR ySOh, HORD, SURST7E) 3 .
SAVE 1= CURR®.INFO? s
CURR*, INFO 1= NZWWORD! )
REGURSE(FATH,CURR, SAVE,SUB) S
END -
ELSE
#STEP 5(4) OF THE SIA+
826 IN
SAVE 1= CURR*™.INFOS
. CURR+.TNFN t= HWARN
RECURSZ (FATH,CUPR,SAVE,SU3) ;
ENO}
ND
ELSE - . ®
~THE CURRENT SUATRES IS NOT L~COMPLETE,L<K,JdETERMINC IF THE
NEXT SUATRZE IS COMPLETES : ,
BEGIN
CH=CKSIZE (SON*.SIZE, SUBSIZE)
RECURSE (GU3R, SON, 40~D, SUBSTZE) 3
CORP+.STZE t= CURP*,SIZZ + 13
END :
ELSE N

rTHZ SUBTRZZ IS L-COMPLETZ FOR AN L<KIJUST ADD THE NEW NODE+

-

NEWNONE (CURR,WORD) ¢
END3 mRECURSE+
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iUNCTION SEAQCHITEH(Q:POINT;NOPO:ALFA)t?OOLEAN;.
PURPOSE?t JONLEAN FUNCTION USTN TO DETZRMINE IF THZ GIVEN INPUT KEY IS

PRESEINT IN THE TR
IS RETURNED AS T2

PARAMETERS INPUT?
Qe===- POINTFR TQ THE
WORN=-=THE KEY SOUGHT
BEGIN »SEARCHITZVS

SEARCHITEM 1= TRUES

-~

5 ., IF THE NOOE IS NOT PRESENT,THE FUNCTION

4 A

SUITPEE ROOT WYERE THE SEARCH BEGINS

<

REPEAT ]
sI1 t= T1 + 133 .
IF N+ INFO NE WORD
THEN »
IF Q*.INFO GT HWORD .
TYEN A 1= G+, LPT -
ELSE 12 t=1+.RPT -
ELSEB_GIN -
SV ST ARCHITEM t= FALSES :
GATO 1iC

ENDS
UNTIL (Q £Q NIL)}
103END; #SEARCHITEMS

‘»
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PROCEDURE SELLINSERT(WORNLALFA) S

"
PURPOSE? TO CREATE A NEW NODT WITH SIVEN INPUT KEY - .
PARAMETEZRS INPUTS
WORO=-THE KEY OF THE NEW NODE
VAR , , )
wCURREhT--POIngg TA THS GCURRENT NODE UNJIER EXAMINATION
FATHER-=~~PQINTZR TQ THE FATHEP OF THE CURRENT NODE UNDER
EXAMINATION .
SONCURR~-=-POINTER TC THE NIXT NODS IN THE SEARCH PATH
SURSI7E~--THc SIZE OF THEI SURTREES OF THE NOJE UNDER
Eo§§xneaarrom(u S5AY) MUST BE IF U IS TO BE L-COMPLET
< .
FATHER,GCURRENT,SONCURR IPOINT
SUBSIZ=ZtINTEGIRS
BEGIN oRSLLINSEPTH -
AINITIALIZE POINTZRSe k
FATHER t= HEAD?: ; :
CURRENT t= HEAD®,2PT:
WAY t= RIGHT?S .
IF CURQRINT €10 NIL .
THEN .
ENTER THE FIRST "NODE IN THE TREE+ . '}
BEGIN
NEWNODE (HF AT, WOPD) §
NONDECOUNT t= 1°
rTI1 t= 1%
END o
ELss \
WHILE GUPRENT+.,INFO NZ HOPD DO
BEGIN J
eIl 8= T1 + 13+
';é?g THE FIRST NODE WHICH IS THE ROOT OF A K-INCOMPLETE
cd .
IF "CURRENTs.SIZE £ KVAL
THEN .
BEGIN
NZXTNODZI (CUPRINT 4 WOPD, SONCURRY) §
FATHER 1= Curdent:
CURRENT 8= SONCURRS
END
ELSE
. ~DETERMINS IF THE KEY IS ALREADY PRESENT IN THE TRES+
) REGI
IF SEAPCHITEM(CURRENT, WORD)
THEN
AENTER THE NEW KEY INTO THE TRES+
. REGTN
CHECKSIZ7E(CURRENT+.STZE,SUASTZE) ¢
RSCUPSE (FATHER, CURRFNT, WORD,SU3SIZE) $
- NOAZGOUNT 8= NODEGCOUNT + 13
ENDS -
GOTO 1L
END .
ENDS
10tENDS »RELLINSERTS
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PROCEDURE BELLOSLETE(WORD:ALFA)

*
PURPOSE?! TO DELETE THE NOJE WITH GIVEN INPUT KEY
PARAMETERS INPUTS

WORN=-THE KEY OF  THE NONE TO A8E OFELETED
NESTED PROCEDUPES--CHIGKSTASK,FIXSTAGK ,PRINARSUGCE , ONESON , THOSONS
* JELETEREIULE ,REPLACENGNE N THERSTOE, NOSONS, DERTOE
VAR
APo=ioc e —ea POINTER TO YHE NODE TO RE NELETED
FLAGo====m == oAQL= AN VARIASZLZ, INDICATING THZ ODELETION STACK
NES0DS READJUSTHENT
STACK----=--- TGS Az LETIDN STAGK
SPTomm - mm===THZ 3TACK INDEX * :
STACKL Nsrq-—gchLzucTH OF THZ STACK FOR A SPARTICULAR VALUE
L :
STACK!ARRAY(1..40) OF PIINT:
PEPOINTS
STACKLENGTH, SPYt ITEGERS ‘qaﬂgbh
FLAGS3O00LEANS X
f'0'+++§+0{'{'#+++++§§+§0*++q+!+§#00+*""‘1
PROCEDURE CHECKSTACKS
PURPOSE: TO NETERMINE IF THT LEMGTH OF THE DELETINN STACK HAS BEEN
EXCEEDED. IF SO ITS INDEX IS SET TO £~AND A FLAG IS SET
TO INDIGATE THIS.
BEGIN ~CHSCXSTACK®
SPT t= SPT + 1
IF SPT GT STACKLENGTH
THEN
REGIN
FLAG = TRUZS
SPT 1= 1
END

END? ~»CHECKSTACKS
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HAT THE MAXIMUM INOEX

-
-

PROCKRDURE FIXSTACK?S

»
PURPOS

ﬂ‘&

L Lo

e
[
wz
==

0
o g
o
X
<l
-

VAR

W

SO THAT THE
10 BE

t

STACKLJY}

STACK{STACKLENGTHI?

SPT T0o K DO

3

GIN

-
-
-

THEN
REGIN
FOR éJ

BEGIN oFIXSTACKY
IF FLAG

.~

[Ge]

53]
U

[
g

s N

Q n

Z e
(1] 0=

-
0o
74178

[}

ND S
K4

- E
ENO; ~FIXSTAC
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PROCCQUPE PREDORSUCC (NQyAtPOINT) §

PURPOSES TO FIND THE POSTOP ©R DREDEAE ‘
REIUILD THE DELZ TI%N STEEEcCcSSOR OR SUCCESSOR OF A NOODE AND

PARAMETERS INPUTt * :

NIER JO THE SN OF.THE NODE FOR WHICH THE PREDECESSOR OR
SON OF THE NODE POINTED TO BY.Q o
UGG+ ' '
*.RP )

S
0
)
Q

A

»FIND THE PREDECESSORs
HHIL; QQ NE NIL 00
ECKSTACKS

IN
CH

'STACK(SPT1 1= Q13
QQ = G1*.RPT

w—_vsa

”

eLse, END

oFIND THE SUCCESSOR+ . .

HHILE QQ NE NIt DO ?‘ﬁﬁ

HECKSTACK L.

STACKISPTY 5= QN3 . g
t= QNr..LPT ‘ .

END . ) .

END! »PREDORSUCCY = - ° " <

I I S S e A T T T S R S S S S S O O O Y

PROCEDURE ONESON®

OU)OZ
P

© . )
PURPOSES TO.NSLETE THE. NODE LINK ITS ONE_SUATRES AND DECREMENT THE
KOSTFEVALOES OF ROOES IN T4 OFCETION STACK
VAR .
*P-<POINTEZR TO T4E NODE T0 3€ DELETED .
Q-POINTER TO THZ ONE SON OF THE NOOE TO BE DELETED®
PyDIROINTS __—
JITINTEGER S
BEGIN ~ONESONS ,
*03 t= 03 + {1
P 1= STACKISRJI! K .
IF P+, LPT EA NIL. .
THEN Q-lf Pt .,RPT
ELSE O 15 P4 LPTS |
~DELETE THE NOOE AND RELINK ITS ONE SONv
RELEASE(P] ‘ '
IF STAGKISAT - 11+.LPT EQ P {
THEN STAGKISPT -. r]*.LPT t= 0
ELSE STAGKCESPT - 11+.8PT t='Q;
+ .
PDECREMENT THE K~SIZE OF THEZ NOJES Iy THE DELETION STACK+
OR3P ARk, AT
JJ1%,S175 NE
THEN STAGKTJIT+.STZ¢ = STACKCJJI+,SIZE - 1
ELSE GOTO 1(3 \
103ENDS ~ONSSON+ ~
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PROCEDURS TWOSONSS

~

PURPOSES TO REPLACE
oF ITS PAST

. BOA)

VAR
»P--POINTER TO THE NODE TO B8z DELETEDS$

P,Q,QQSPOINT3

BEGIN » TWOSONS+
t= STACKISPT];

SDETERNMINE IF PREDECESSOR OR SUCESSOR IS BEST CHOSEN+
IF P+, LPT+,SIZE GT P*.RPT*,.SIZE

THEN
REGIN _ ,
At 1= natret
t= *,
_END ™
ELSE . R
BEGIN. : : - : :
Q 8= Dr.RPTS . . . -
nQ t= Q+.LPT : " -
ENDS . ‘Em
GHEGKSTACK S %
STAGKLSPTY t= 03 -
PREDIRSUCC (N1 4A) 3
Pe. INFO t= STACKESPTI*.INFO?

END; P TWOSONS+
p+++++++4-+++G0++#++’+'++++++++++++%+Q'-l-

PROCEDURE DELETEREDUCE (JIINTZGEP) S

i ..
PURPOSE! TO NELETE, THZ LAST NODE IN THS DELETION STAGX AND REDUCE THE
: K-STZE 'VALUES OF THE OTHER NOOEZS 'IN THE STACK
PARAMETERS INPUTS
““J==THE STAGCK INOEX INOIGATING THE NODE 1IN THE DELSTION STACK TO
TERMINATE NECREMENTATION OF K=-SIZE VALUES
JJSINTEGERS
BEGIN »DELETEREDUCETS
PDELETE THE NODE+
RELEASE(STAGK[SOT) ¢ .
IF STACKISPT - 11+.RPT £Q STACK(SPT]
THEN STACK{SOT - 11+.2PF t= NIL
ELSE STACKI(SPT - 1)1+.LPT t= NILS
PPEDUCE THE K=SIZZ VALUESS
FOR JJ t= SPT - 1 DOWNTO J

no
STACK{JJ}*.SIZE $= STACK{JJ]*,SI7¢ -1
ENDI. »DELETEREDUCE® -
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o
. 3
: PROC‘DURE REPLAGCENODE(Q0,Q,PtPOINT)
| PURPOSE ! TO FIND THE PREDECSSSOF OR SUCCESSOR OF A GIVEN INPUT NODE
! (U SAY),SHAP THZ KIY CE THE PREOECZSSOR (SUGCESSOR) WITH THE
‘ KEY OF O AND INSIRT THI"XEY OF U INTO THE TRZE USING THE
PROCEDURE RECURSZ OF THE INSERTION ALGORITHM.(STEP 2(C)(2)
OF THE 80A)
PARAMETERS INPUT!
P"'2312553H¥” THFE NOOE FOR WHICH THE PREDECESSOR (SUCCESSOR)
Q-=-=-POINTZIR TO THZ SON OF THE NODZ POINTZD TO 3Y P
QQ=--POINTER T9 THE SIn OF THE NODS POINTED TO 3Y 1
VAR ) l
»SUBSIZE--THZ SIZE OF THZ SUBTREES _OF THE NODE UNDER
OQSIOERATIOH(U SAY) MUST RE IF U IS TO BE L-COMPLE 1'.
P i
WORD====- AN AUXILIARY ALFA VARIASLE+

HOROtALFAS -
SUBSIZEYINTEGERY

BEGIN #2SPLACENONZS
»FIND THE PRENDECESSO® OR SUCCESSOR® ‘ h
PREDORSUCE (N0, ) 3 : _ \

ASHAP THE KEYSe , -

‘WORD 1= P*,INFO} . _ -
P».INFO t= STACKISPTI*.INFO? : T

»INSERT THE KEY INTO THE TREEs: S h
CHECKSIZE(Pe+,S12Z,SU3SI7 ‘ . -
Qrcuasc(wa,D WORD, SUBSI
r04 8= 04 ¢ 1,

" END} AREPLACENODS®

£)3
ZE) S

E
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UNCTION OTHERSIDS(RSIZEtINTIGER) tBOOLEANS
»
PURPOSE? BOOLEAN FUNCTION TO DETERIINE IF THE SUBTRZE OF THZ IN
K-INCOMPLETE SU3STREZ ROT GONTAINING THE NODE TO RE DELETED IS
(K=1)-REPLZTE. IF S0, THE FUNCTION RETURNS FALSE.

PARAMETERS INPUT?
RSIZE--THE VALUE 2**(K-1) - 1

R
HAYIDIREGCTIONS
BEGIN ~O0THERSIDE®

SDETERHINE IF THE SUBTRSZ WE WISH TO EXAMINE IS A LEFT OR RIGHT
SURTREZ + _
IF STACK(2)+.LPT+,INFO S0 STACK[31+,INFO
THEN WAY 3=.RIGHT
SLSE WAY 3= LEFTS
PDELETE THE _NODE AND DECRENENT THE K-SIZE VALUES OF THE NOOE IN THE
DELETION STACK+
DELETERSNUCE (2) 3 .
SPT $= 33
OTHERSINS t= TRUES .-
CASE WAY OF .
RIGHT? ) = .
IF STACK(2)+.RPT+,SIZE GT RSIZE .
THEN D
ATHE SUBTREZ IS (X-1)-REPLETEW® ’
BEGIQTacétsl t= STACK[ZI; RPTS °
BEPLACENODE (STACKE3I+.LPT,STACKL 31, STACKI2]) 3
OTHERSTIOE 1= FALSES .
ENOD S
LEFT _
IF S;ACKIZ]* LPT' SI7Z 6T RSIZE /
EN
»THFE SU3TREEF IS (K-1)-REPLETE+
8EG TN -
31 t= STACK[21+.LPT}
ggégﬁééNODE(STACK[3]*.PPT;STACK[31ySTACK[e])
4 ATHERSIDE t= FALSES
END 3

END?
END; ~OTHEZRSIDES

»
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FUNCTION NOSONS(PIPOINT)BOOLEAN] ' |
F . ,
PURPUSE? BOOQOLEAN FUNCTION TO OCLETE A e
THE BELL-TRZE STRUCTURS. TF THE Hons'mnG Ao 3NN AT RTAIN
WITHOUT RESTRUCTURING THE FUNCTION RETURNS FALSE.
PARAMETZRS INPUT® _
P--POINTER TO THE NODE TO BE DELETED' R
VAR RSIZE,SIZE--1
o Z--INTZRGTR VARIAALES REORES 5
. NTERCER VARIAGLES RECRESENTING THE K-SIZES OF
Qy QN =---~===AUXTLIADY POINTERSS
RSTZE,SSI175, JIINTEGERS E
Qn, GTPOINT:
BEGIN ~HOISONS
e02 1= N2 + 1%
NOSONS 1= TRUES . '
»INITIALIZE TO THE SMALLEST L-SIZE VALUESs "
RSIZE t= 1t } '
SSI7E 1= I3 *
3 1="spT 2713 ‘ -
SEXAMINE THE OELETION STACK TO DETERMINE IF A SUBTREE IS T
C-COMPLETE FOR SOME L<X+ :
WHILE STACK[J)+.SIZE £Q SSIZE DO
3ZGIN
J t= J - 14
IF J En 17
THEN ,
SALL THE SURTSEES ARE L-CNMPLETE,L<K}0ETER’MINE IF
THE OTHZR SURTRES OF THE INITIAL K-INCOMPLETE TREE
. IS (K=-1)-PZPLETE® ,
3EGIN
IF OTHERSIDE(RSIZE) THEN NOSONS t= FALSES
GOTA 24
END
ELSE
A8DJUST THE K~SIZE VALUES FOR THE NEXT SUBTREE+
BSGIN .
) RSI7E ¢= SSIZZ; _
SSI75 3= SSIZE ¢ SSIZE + 1
END e

END _
IF STACK[J!#,SIZE LT SSIZZ
THE :

Z Koo

#A SUBTREE. IS L-INCOMPLITE,L<K3SIMPLY OELITE THE NODE+

aéGIN
’ L REDU 2)°
S s 2UFALSE

L/HY\

£T
ON

OIT\

ENO -
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ELSE
»A SURTREEZ IS L-REPLET 1P T
4 SURTREE £5L<KIPERFORM A TRANSFORMATION ON
i T
» ’.LPT <
TACK 20 STAGKLS + 1)
BEGIN
Q 8= STACK[J1+.PPT}
QQ 1= Q+.LPT
END .
ELSE
BEGIN
N 1= STAGCK{JI* LPT3
Q0 2= Q*.RPT
END} .
DELETERENUGE (J) ¢
SPT ¢t= J + 13
STACKISPT) t= 03
ey s REPLACENODE (20,05 STAGKLYD)

201END; »NOSONS4+
P E FOr Y FE R ALY OYYTNY A YT Y YIYTIYTIYIYIYF CYTY Y CYEY OCYEEYE YA
PROCEDURSE DSCIDSS

-
PURPOSEZ?: TO DETERM
AND TO IN

BEGIN »DECINE+

N ?‘HAS ZERDO,ONE OR TWO SONS

ON

»THE N c
© 1= STAGKISPT!
FIXSTACK ¢
IF P+.ST7E EQ 1
THEN ‘
»THE NONE HAS NO SOMS¢
GIN )
BEGIN o FLAGL THEN 7E®0 t= TRUES
FLAGI t= FALSEZS+
IF NOSONS(P) THIN DECINEZS
ELSE
IF P+.SIZE &1, 2
THEN .
STHE MODE HAS ONE SON+
BeGIN  cLAGL THEN ONE 1= TRUES
: FLAGT 1= FALSES+:
ONESONS
END
ELSE
SsTHE NODE HAS. TWO SONS¥
’ BEGIN LAGL t= FALSEj+
.TWOSONKSS
DECINES
END S

END} ~DECIDEW
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.

BEGIN ~BELLOELETEW
~#INITIALIZE THE DELETION STACK+

AR Koo
Tl

K+ 12
D

1%y 1% 1%
—~ <D
- M aDpIeI>—
HOOO
D Zpe
O Fep—
o X
T w
“we I>»
-e

3

%4
X
m
A
im
£
*

A
¢}
OV I M= Hm

-4

™ I =dqinesiy

b o

pe

r >
WY
m

s

OO

HMOQIZZ T O N4
M~TO m
bd
AP RRes +H - TDI(fee

Te MmO}

IF HWORD GT P+, INFO
THEN P 8= P*,RPT
= P t= P+.LPT

»THE KEY IS PRESENT,DETERMINE HOW TO DELETE THE

E'
gQNT 1= NONDECOUNT - 13
C

—-—-.—,— . G T e  GEE G g AR A D D G TS - - . D - O D S WS e
T b

~INITIALIZES
CREATEHEADERS
»INSERT KEYS+

BEGIN »3ZLL-TREE DRIVER+

WHILE READWORD(INWOPN) DO

ENDS
9993END,
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KNUTH S
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PROCEDURE MAKENODE (WORDSALFASPIPOINT) S

»

PURPOSES TO CREATE THE FIELDS OF ANY RECORD REPRESENTING A NODE
PARAHETERS INPUTt

----- THE POINTER T
HORD-~THE KEY OF TH

BEGIN ~»MAKENODES® .
NOOECOUNT t= NODEGOUNY + 13
P+ ,INFO t= W gﬂ:
H .

0
Ps.LPT = NIL
L

0T
£ N

Pe.RPT t= NI
ENDS oMAKENODE & -

KEROCEDURE OPTREEKNUTH(INX1, INX23INTEGER)S
PURPOSES TO CREATE THE OPTIMAL TREE OF KNUTH

PARAMETERS INPUTS
INXI—‘;HESHINIHUH INDEX OF THE ARRAY CONTAINING THE HEIGHTS OF THE
INXZ-*Igg MAXIMUM INDEX OF THE ARRAY CONTAINING THE WEIGHYS OF THE

VAR

#D----THE SIZE OF THE SUBTREE CURRENTLY BEING CONSIDERED
) T0 DETERMINE ITS MINIMUM WEIGHTED PATH LENGTH AND THE
KEY WHICH WILL B8E ITS ROOT
MIN--VARIABLE USED IN CALCULATING A _TREE OF MINIMUM WEIGHTED
PATH LZNGTH FOR A SUBTREE OF SIZE D :
N----THE NUMBER OF KEYS T0 BE STRUCTURED INTO AN OPTIMAL TREE

DyT53Jy HINgMy KKy Ky NS INTEGERS

P’f&f+§§§f+++§+§+§§§++'+f+§+‘*4+l—40++0f



PROCEDURE FORHOPT(I,JIINTEGER’FATHER!POINT): )
THE OPngek TREE USING THE ARRAY OF SUBTREE ROOTS

PURPOSEI TO FORM

GIVEN 8BY THE

PARA?ESERS INPUT

K
FATHER-=-TH
VAR P$1POINTS
BERIN ~FORMOPTS
IF I NE J
HEN

R

#CREATE THE NEW NODE AND LINK IT TO THE TREE+

BEGI

END
END3 ~FORMOPT+

R
0 THE ROOT ARRAYSTHE
0 I<LSN, IS TO BE D
R THE FATHER OF T

-mo

THE ‘RO
(LY, I<L
70 THE

N

IF ACQUIRE (P) THEN GOTO EXIT 9993
MAKENGOE(HDIRTI,J] + INX11,P)}
IF FATHER NE NIL
THEN .
CASE WAY OF
( RIGHTEFATHER®.RPT t= P}
cyp LEFT SFATHER®ILPT t= P}
ELSE KROOT t= P

»FORM THE LEFT AND RIGHT SUBTREES#

WAY t= LEFTY
FORMOPT (1, R
£= 16¥

FORNOPT(R(

J] - i’p) :

tr,
TS
33153y P)

F THE SUBTREE WHOSE
OF THE NEW SUBTREE
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a

BEGIN »OPTREEKNUTH+ ‘
SINITIALIZE THE TOTAL NUMBER OF KEYSe
NODEGOUNT 3= 03
INXL t= INXL =13
N 8= INX2 - INX1?
SINITIALIZE AND DETERMINE THE ONE NODE OPTIMUM TREESS

FOR I t= 0 TO N DO
BEGIN

WPLII,I) t= 0}
WETGHITI,I1 t2 RETAFREQLT + INX1)3
FOR J ¢='I + 1 TO N DO : /
WEIGHTITI,J) 8= WEIGHTII,J-11+ALFAFREQTJ+INX1] /¢
BETAFREQ{ I+ INX1) .

ENDS
FOR Jt=_1 TO N DO
BEGIN

WPLI{J-1,J) t= WNEIGHTILJU-1,J13
R[J"i)J 1= J
END?3

»DETERMINE THE D NODE OPTIMUM TREESH

FOR D 1= 2 TO N DO k

OR J t= 0D TO N DO

BEGIN , -
I ¢= J - 03 _ s
i »FIND THE MIMIMUM WEIGHTED PATH LENGTH¢ A
K 8= R{TI,J-113% -
MIN 8= WPLET,K~1] + WPL(K,J1$
FOR 556;3 K+l TO R{I+1,J) DO
M 8= WPLEI,KK-11 # WPLIKK,J]3}
IF M LT MIR
BEGIN
' IN 8= MS
K 3= KK
N END
WPLIT.J] 1= WEIGHTII,J) + MIN;
R(T,J) 3= K
END?

o FORM THE OPTIMUM TREE USING THE R ARRAY+4
| FORMOPT (0 ,N,NTL) 3
END$ ~OPTREEKNUTH+
BEGIN #~OPTREEKNUTH DRIVER®
»INITIALIZE+ ‘
INITS
~CREATE THE TREE+
OPTREEKNUTH (1,NN) 3
999t END., »OPTREEKNUTH DRIVER®
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‘ ~B8BRUNO COFF 4 AN R E €
P L I B T T T I U e ¥T*.’c‘t‘6‘ . e e

»GLORAL CONSTANTS,TYPES,VARTARLES

FANDEPTH-==THI MAXIRUY 0T €F STON OF THE AP AYS STAR e
Memoomao—ae THE NUMIER OF H0CZS Ta ac STRURTURRyS < AND WGHSAVE

KEYHORI=-==THI TYPI DIFINIIG THE VICTORP OF KIY3 USSTD 3Y THE GORITHY
°L0CKSI77—-TH- ALOTKSIZZ USEN IN CONSTRUSTTING THZ STARTING TPIE
£---=-Z-- “UAIIITIANAL FPIUn T ANy SEF0en RIosedgntNACA NOHE ¢
IT GIVES TH: 4:fGRT JF THT ¥EY AHIGCY NETINES THT 1J)=
HGHT m == e AN &WQIT§°HAL FIZLT I ANY 280020 RIPIEZENTING 4 MIIJES
. IT 61 IT T TANT 0% THo SUSTOET WHNSI ©0NT IS THE NONE
OFOTHemam e THZ AXI~Uv% L-YSC QF ANY 003 TN THS STARTING TPef
ISEE)--m=~~~ THI 24N U °TF GINIRATOR Sv¥en
KEYFRZIN=~==THIS A2°AY COWTAILS Thaz AzISHTS OF THT XKEYS SUCH THAT
WZYFRTA(TY T3 THE NZIAHT IF yoaST0R(T])
VECTOR===~=THIS A22AY SOUTAIMS THI K7YS SUNH TIAT TH:s WE IGHT OF
S VECTORIII>T . T T54Y DF Y °CTNILT+1]
HATE ==~ THE WEISRT NF Tws vo-r
HPLOL )~~~ THE NEIGHTZD) 24Tw L~N5T4 OF T4 STARTING TRIE
. HOLNSAd~w—=- THZ WZIGHT=) 2ATH L:N53TH OF THZ NTA3LY OPTINAL TREE
# 4
LASSL 9993
Cans
. MAX = 173
STCP{HAR = 12}
= N = 2¢0¢
N MAXDEPTH = 2 2
TYP¢
POTIMNT = «TR7TES
DIRZCTINN = (PINHT,LTFT)
KEYWORNT = AR?AVY[1..01 ) OF ALFA
NONF = RICORD -
INFOTALFAS ) *
FRIONIIMTEGSR -
WHONTIINTCRTE S .
LPTIPOINT
RPTSIPOTNT -
INNS
VAR . _
CLASS 2.1 DOF 4CHT 2
HZADIOPITNT?
I2SCTIO S
YT ALFAS ax1 OF rudRs
R 1..( X “ M ) — - -~ .
éﬁﬁ%f&ara,w;wa,L? L)y APLNIH, ILOCKSITEtINTZGIRY
$INT=SGIR!
RI-YuI-N? L
EATAR2AY(1aenwl OF INTIGLIRS

2 % % & N % ¥ K 2 ¥ ¥ ® 4 X E X F X M X 3 ¥ ¥ F * ¥ ¥ »

PROCENURS CRzATIHIANS !
EURposex TO PTRFNA THE YHECISSARY INITIALIZATTONS

BEGIN eCRIEATTHEADIRG

INITIALIZE FPSS LIST POINTZZ,8IDT COUNTIQ,OANDON NUMIZO GEMEQATOR
SEEN ANN THE 3LOCKSI7e US> IN GREATING TH~ INITIAL TREZe

FOZF 2= NIL?

NODECOUNT 1= £

ISZ50 iz 9e7AG643e

ILACKSI7TE 1= 573

»CP{ATE HEADSR NOOF+

IF ACOUIRE(HFAT) THEN GOTA XIT 9993

CHTAD*.RPT 1= NIL? .



FUNCTTON WEIGHTFDPATHLERGTH(PIGATEOAIINTIVAR JZPTH

.

PURPNSE: INTEGER lanIOﬂ Ty CALCULATZ THE WTIGHT
TREIE AP THE naXIs'r L=Vv-L OF aNny ZWINE I
FUNRTION MAF™ ZZTUSLS THI WEIGHTZN PATH

PARAM:=TF23 JMFUT?

PROOT=-S0TRTEZ® TO THI ROOT IF TyE To:€

PAPAMITZSS NUTPYT!

AEPTYU==THZ FAXII'U ¢ LEVEL OF ANY NODZ IN THE T°

NESTED PRACTIUCFEt TAYFEST
VAR PLIEITNTISED? (

U OO T T T I S I

O T R R

PRGCEOURET TDAVEDSE(PSDOINTt751hT£TEQ)2

~

PUPPNSI: TO PTRFORM A PCSTOYLT

PARAMSTERS TNOUTS
[-wem-- VAXTIMUM LEVFEL
Pomee-- THE 2007 0OF T

BEGIY
IF

OF
-z
A TOAVYERSE S
P N NIL
THEN
3TGIN
IF

~q

+ %+
| aad X ol

v e 1L
-

-
LY

NN
END! ~TRAVESSE S

P**+++§++§+++¢+#&f+++

BEGTH

NPT+ ¢
oy t=

TRAYI23IT(POINT,1) ¢
N?IG%T;)D TNL—h’T“

NPATHLINGTHY

NWETGHTFOPQTHLEHGTHV

L d
LS

Vl

1= PL*

ENDS wdISHTZ
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tINT ZGcR) T INTEGE®S

ATH LENGTH OF A
T TREE., THE
H

o« =

*

PO T R T S S R 4

P TRAVIRSAL OF THZ

PEN

TR=Z
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onc DURZ - INSERTIXKIYLALFAIKIYFNIINTSGER PPIPOINT)
PUDPOQE% TO CREATE A 3ASIT YIMATY TRES AHE 3 HF ROC £
NZPEKRDS ON- THEZ ©CARAY =T °'® Pp, e T PROSRING RILATION
PARAMETERS INPUT: )
KFY====THE KIY AF TYUT NIDZ TO 93 CRTATER
géYFl--lg§N¥EIG?T 0F “THZ KZIv :
""" . X N _THT =0CT NF THE TOFD, THIS NDETERMINTS WHICH
- ORNERING ILATION IS USI) IN THC CONSTRUGTIQN OF THE TREE.
VAR -
PRIPOTINT
BEGINM ~INSERT .
IF PP E3 HZAD*.R°PT
THIN
»THE ORDVEXTINRSG ITLATIOY IS THF ALPHASZETIC QRELATIONSHIP
QETAICY THFE KEYS, THIS 3ILOCK IS USEZD TO COHLSTRUCT THE
STARTING T927:,4
REGTIN
QTEPTAT
JEGTIN
.PR t= PP?
AN JUST THI AZT3HAT AF THZ SUBTREE DEFINED 8Y
THT KOS POINTED T9 BY PO,
OOe ,WAHT $= POs NEHMT & KEYFAS
IF PO+, InFO LT §g o7
TH-* 2P t= [ I B
LSS PP t= OPe LOT] . b
. Enne ) ' -—
UNTIL PP = WTL S -

Y FCREATE THE .79 MONTe

IF AGNUIRE (D)
THEN GOTO EYIT 933

ELSE
ADFFINE THI FIZLOS OF THE NFW NODEZ AND LINK
IT TH ITS FATHTRs
3G IN _ .
HOD-COUNT 1= AOJSCOUNT ¢ 13
PO+ LPT t= MILS
OPe #OT 1= NTLY )
PR+, I1LF) t= v Y
PP+ ,FRE) 3= KEYFQ!
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PO+ ,WGHT 1= KEYFN! o
IF PR*INFD.LT ¥=Y
THIN PR*RPT t1=. pP»
ZLSZ PR+,LPT 1= PP !
END ‘ |
IND
ELSE |
rTHE QRIEITING 2ILATTOY IS THE USHAL LTSS 'TYAN RELATION b
BcTWIEN THZ YeIGHTS CF THE KXZYS, THIS 3LICK IS USED TO
SORT THE KEYS Nh THZIR WZIGHTSY
3EGTN
REPEAT d i 4
. B8EGIY
PR 1= ppe
IF PP+ ,FRTQ GI XEYFN
TH{' 99 1=, PP, LPT
ELST PP 3= PP RPT

. \eND? :
UNTI P £ NTIL®
#CREATE THE 4TW AONF+

I ACNUIRE (PP}
TAEL GNTD EXIT 399 |

ELSE
SDEFTHE THE FIELDS OF THE NEW NOOE AND LINK
' . IT 70 ITS FATHIRG '
AEGIN
“  NODECOUNT 1= MONEROUNT .+ 13
‘ pes,LoT $= NTLS
ope.SpT t= HILS
OO INFD t= KIVE ]
PPe,FFZ) t= KzYFA?
IF SR+ ,FREQ GE -%IYFA
THEN. PO+.LPT 1= po
- FLSZ PR.ROT t= PO ,
Enp e '

°ND

END? »INSZRTS
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PROGCINURE
r
PURPOSE?

PAFARETER
WATE-

1) A=

VA
VAR IIGHT NF A KZY .
OINTER TN THE =007 OF THE TPZz USED IN THF TPEESOQI

P4 -

-t

4+
PROCEZIURT ORDERKIYS(PIPOINTY S
o8
PURPOSE S T

J

X
m
2070
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o
=it
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Z0m
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ARZ X
4]}
< -0
MnMIX
Eatpd]
(o]
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~,0
1,0

rmnt

PARAMSTERS INP
P~~POINTER TO THE POOT OF THI TREIZ
BEGIN #NRNESKEYSS
SMHEN P IS NIL THE TRAVZRSAL CAN PROGEED NO FURTHERS e

IF P _NE NIL S T
THEN

¥

<7
=41

N -~ N
OAMARLSOZ M
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=0

A

=3
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n
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VIV~ I
L e
) P
*
e 0
ee {{ O
[l | |
[ hohad
R Y
> e
L ]

RO M =nNt
\3

0 0OR

Y AWV DX

MMl oM

Ve 10
-

A .0
s M<K

- o~

»

-

~ +
hel

-—1

~
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END: ~DRDERKEYSH ﬂ .




A3-68

’ 1
BEGIN »PEADYKEYSS ;
#CRIATS A TREZ,THI 0203ISIVG SILATION EING NEFINIA AS THE USUAL .
LESS THAN PZLATION ON THT wSIGATS OF THZ KEYSe - "
IF PEADWOFD (INWORD)
THEN :
»CREATE THE R[0T NCNES
IF ACQUIRZI(RNOT) :
THEN GOTI £XIT 399
ELSE
BEGIN
NOD-COUNT t= 1t »
ROOTHA LPT t= :ILS ;
ROQT ¢+, FPT 1= N%L.;szn A
QOOT+,. IIFO t= IN : ,
RZAD(FQ) § X
WATS t= Fne
200T+.FPF2 1= FAL 7,
X SHne g
WHILE SSADWORD(IHWORDY NC K
92GIN i
READ(FN) }
WATE t= WATE + FO0? .
TNSERT(INWOFI,FI,700T)
SND ¢ .
#SOPT THF KTYS ON DESCENNING ORIER OF THEIR WIIGHTS:
IVEC t= 1@ ) :
0P HIOKEYSI(RNOTY §
ENDS »READYKEYSE -
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J t= 1 70 3S? 00
300LT[J) t= AL SFE
[IJ) t= ToPUZ=:?
EOT _KIYS AT RANDI Frdr A SLOCK ANMD INSERT THIM INTO THE TRSE
IL THT 3LOCK IS =XHMAUSTED, 2=PZAT THIS FOR SACH BLOCK+
T 1= 1 TO NUM3ILXS 09
Q2GIN
< ThXZ t= I*2LS7!¢
TEXT t= TNuY2 - WSZ + 18 ‘
INX1IM1 8= TrY:L = +3% -
INX2P1 = TAXZ + L% e
IF INXZ2 67T M T
THEN INY2 1= y!@ .
FOR TIJJ t= INX:2 T0 X2 00
REGIN
IJ t= TIUKRC(RANDOM(INYL1/1,04INX2P1/1,09ISSED))
FOR ) t= IJ TO InX2 DN
IF 200L{J - INX1M1) =3 FALSE
‘ THEN -
. [SGIN
INSIRT(VECTORIJIL,XKEYFREQL I, .
HEAD® JRPT) 3
’ GOTO 1%
“NDY ,
FOR J t= INYX:i-TO 1) - 1 P9
IF 390Lfd - INXiMiY €9 FALSE
THE® :
TTGIN . o
S INSZRTUIVECTNRI JY, KCYFRENTJ,
HEADT.IPT) 3 T
GOTO 1¢C .
cnne )
1.1900L[J - TaXili1dl 3= TRUE
END .
PREINITIALTZE THE PIOLEAN ARRAY FOR THE NIXT BLOCK+
FOP J t= 1 TO RLS7 N0,
ND 0oL (JY t= FALSFS
AR TD
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PROCP“UOC O;\QE B3C(K WP LALDYINTINERIVAR WPLNEWSINTEGERS VECTOE!KEYNOQD)

PURPOSES TO GREATE A NEARLY OPTINAL TPET USING THE BRUNO COFFMAN METHOD

PARAMITZIRS INPUT?

Ke===s==THE PABAMETIR OF THT ALGQ® ITHPN : - -
VFCTOR--At ARXAY CORTAINING THE KZVS SOPTED IN DESCENDING ON THEI®
WPLOLD=-THE WZIGHTED PATH LINGTH OF THE STARTING TREE

PARANETZOS JUTPUTS ' :
WPLNTH==THI AIZIGHTEC PATH LENGTH OF THE NSARLY OPTIHAL TREE

NESTE?Y PR0OCIIURESE DETERMINIT,2GTATFIONS, COrPaE

»

LASEL 17
VAR '
PTAS ~wm e e m e THI TR OIEY TO THE ARQAY CONTATINING SU3ITREE HEIGHTS
------------ POILT=2 T0 THE NODI RFEING PROMITZIN
QAFAE Qe =wmcme=Td4: M2TIGHT OF THI KEY 9F THE NIDE TO 35 PROMOTED
SKXLIN======== THIS YASTARLS IMNAICATES THZ NUMBER OF ROTATIONS:
g;gf%FégY TO PFQ-OTZ THE NONT TURRINTILY BEING
STACK-===e === THZ AkAAY OF POINTERS REPPISEINTING THE SEARCH
. . PATH TO TAI NODE TO I PFQO%0TEZD
STACKLINGTH==TH~ LYT' yUn INDEX 0OF THE ARRAY STAGK -
HGHSAVE v e e = THE 122y YUHICH CONTAINS THE NIW WZIGHTS OF TH:Z
LEFT AND RIGAHT SUATRIZS OF THE NODE
RITFG 2570 TZ0
R R THZ WZIGUT OF THZ SURTPEF 4HOSZT ROOT IS THE
. MY oIt PR01'QTED ¢
R THE 4OTGHT OF THS LEFT SURBTOPEZE WHOSE ROOT IS
THs NOY: 37ING 220 ITEN _ .
HRerrerrrcee THZ W=IGAT OF THI-PIGHT SUSITREI WHOSE 200T IS TH:
N C RIING PROMOTEDS
gl6gg,¥?,?KL P9 Ty by INSHy IFFPT N, STACYLINGTHIINTEGER Y <
¢ ITNTS . o
STACKE APQAYT J,.,"'AXNEDTHY NF OOINT! . -
HGHSAVETAC2AY (1, ., AXN_PTHY OF INTEGERS R

I I T T T T T T T T S S S S S S S O T T T T

FUNCTION nevgpnrns(xzvaLFA)zQOOL‘Au'

" . .
PURPOSE ¢ f0OJLEAN FUNCTION TCO D E;JIN- IF TH4Z CURR
CAN 3E PZRFORNEDIIF IT CAN THE FUNCTION R

PARANTTTRS TNPUTS
KEY-~THS KZY OF THE NOOT 7O 22 PROMATED

NESTED PROGCIIUPTS FIXSTACK

f‘lO

T T
TURN

£

VAP . : : . , _ 3
FLAG==0 AN VAOTAALT INDICATING (TRUE) THI STACK JF POINTZIRS
FLAG--a00L AN A TEa 5 TRARG T s TRotL ,
SPT---TMNDSX TC THZT STA4Cx+
FLAGYROOLEAMS
SOPTIINTSEGER S '
PIPOINT?

RMATION

?

+
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PROCENUPI FIXSTACK?

» .
PURPOSET TO ANJUST THFE STACK NF OJINTIR3S TO THE NODE T c p e
THAT THZ MAXIMUA INOZX PIFIRINCES THE Nooa'rooag"Paggggéﬁo >0
+
VAP
INC, ), JTINTEGED S
TenbtPOINT:
BEGIN »FIXSTACKs
IF SPT NI STACKLENWGTH .
THEN _
APEANJUST THE STAGCK SN _THAT THI NONES_ARS IN CORRECT
SEAUENEE WITH THZ AXIWUY INDEX POINTING TO THZ NODE TO 8E
PROMOTZOD+ :
3EGIN
T TING t= STACKLAL5THY - 13
N FOR JJ t= SPT TN ING )0
AN 3CGIN )
N TEMP 3= STACK{STACKLENGTHIS
< FOP J t= Ty JJWNTO ! 00
N . STAGK(J + 1) = STACK[J]} -
STACK([.] = TiNo® :
: END
MG

ENN! »FIXSTAGKS

O S T T R T I S S S S S S A S

BEGIN »NZTE”MINEY

sINITIALTZES
NZTEQ/MINST t= FALSES
FLAG t= FALSS:
SPT t= ? :
STACK(.]) 3= 434D
P 1= HiAN®,POT}
sCREATE THS STAGK:
HHILS P+, INFO NIXEY DO
361N
SPT = SPT + 1% ) T
_STAGK(SAT) = ©! ) -
IF KEY T P INFO A :
THEN'P 2= P ,2PT ¢
ELSE‘P = ‘j’.L"\T: .
IF S8T 27 STACKLILGTH )
THON _ .
B=G IV - ‘
SPT t= -1t
ELAG 1= TPU=
- END \ _ ‘
SR R . ‘ Y J
SPT t= SPT-4 1% . . -
STAGK(SPT) t=' P} R
IF (FLAG) OR (SPT. €N STACKLENGTH) , .
THEI“ i . ‘. '3
» THS BOTATION,CAN 73 PIRFORMEDS
gFGI?IYSan<- ‘ -
. " DETERnINT t= TFUE
- 7ND - i
ENNt ~DSTIRMIMES "
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WEIGHTS OF THE SURTREES
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PROCENDUPE COMPARE (RLNZW KK INTEGE

R) 3
~ v
PURPOSE T T0 NFTERMINE IF THTZ WiIGHTS _
WILL 82 RZIIUCED TF A ToALGrasnatiohE QT 0F THE CURRENT TRIE
ACTUALLY PIRFOPMING ANY FOTATIONS & » > DEXFORMED  (WITHOUT
PARAME TERS I¥pgT;
-~==~=TNDZX TO THE AR® £ iT= - 5 =
THOTHE SEARRH PATH T 195 RGos,aZICH GIVES THe CORRECT NONE
IS USE0 T0 BT~ The WHIGH WA (LErT D3 a7ead AND WHICH
SROULD 3£ PS3FA=- Ip Al SFT 2P RIGHT) A SOTATION
pLNEw--—an HZIGHTED PATH LINGTH OF THE TREE
vap
SKEPOINT?
BEGIN sCO“PAREG '
PWHEN KX IS T THZ TRANSFORVATION IS COVPLéTE+ \
IF KK NS ¢ ' '
- THEN ;
SK t= STACK[KX]: T
‘ I4S t= IAS + 13 o,
~NETERMING THZ CORRZCT OIRECTION OF THE ROTATIOMN '
IF SK*,ROT £n STACKLKK +
THEN 7 1
"ATHE NONSE TO BE PRO,OTED IS A KIGHT SON OF TITS -
FATHTZRSCALCULATE TuZ WSISHT 9F ITS L=FT
SU3TSFe,THE NEA WETGHTED 2ATY LELGTH _AND THE
NTW WEIGHT 0F THT SUBTKEE AFTER THE PROMOTION®
) G I E '
WL = WL + SK*,FEDN?
I€ S+, ,LPT NI NIL )
THEN NL %= 9L + SX+,LPT+ . HGHTS
WGHSAVI{E4S) = NL}
PLAFW 8= PLNIW - NT 4+ WLS
' W = UL + W o+ NFREQS
€O PALZ(PLNIM, <Y - 1)
© o ENDC .
ELSE
sTHE LONE TO RS POQMITEN IS A LEFT SON OF ITS
FATH-RCCALEGULATE THZ WZIGHT JF ITS RIGHT .
SUITREL, THZ NEN WEITSHMTIO _PATA LENGTH AXD THE
NEW WEIAAT T OF THI SUBTIEZI AFTER THZ PROMOTIOMW
AEGIN )
WO 1= W2 ¢ SK+ ,FR7NT
JF Sxe ,=2O07 NI NTL .
THI WR 1= W+ SK* . ROT+,NGATS
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PLI-W I= PLNIM > ST + WRY
W t= WL+ 4R+ 1FRINS
. GOMPAPZI(PLNFW,XK:- - 1)
5
., END
; Tese -
SDETERAINE IF THE WIIGHTSD PATH LINGTH HAS REEN REDUCEDS TF
SO PSRFQ9M- THz ACTUAL 0TATIONSY -
3EGIN )
TIF WPLOLY GT eLMEH
. THEN :
, YEGTH _
WOLOLN = PLMTW!
COTATIOISS
cNDS :
- SYTT 1 {4
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TREE®®
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REO BY THE ALGORITHM ¢

e HALKER GOTLTIESB

»GCLOBAL CONSTANTS, TYPES,VARIABLES

NN---THE NUMBER
NUM==THE NUMSBER

LU

-
a
-

als
po of [ 72]
— w '3 *
- w = Y ; Y
b of 0o o4 ) *
(L) o - .
b w W o ! ] *
e w w W J o )
T X XU  w [72] »
- - T ~
r J - N W »
O AL - ot x
- Z D og TO b »
w e O O0X =-ul
T W o O+ D [T »
- e ZlL (o]
w X a0 Wt »
I w o (o] - X
- o >t - »
w O L @ (5]
v T X IXT Z * .
Z = & = Ooune 7%
- o 2 Wi = -d PYS »
> VU 0O Z> NI [s4
~ 2 T ¥ DU T w »
(LI SR - [ o W
> H >0 Ny << L »
-~ = W oW Xl o -
- O Z ¥ I « z . »
[ oD OVl o bt evon
o ™ W we—e HIWw w oo 4 »
Ww = I =0 LW - Wweelsisd
¥ =k OD F e T . oxYLeuv »
u O+A holes we—in O [T X TN Wil
< (WD O LIO™> L= ) - *
w o-Z =0 W i W WwZZ ZWZZ
o e rXroxy =x A erZ b= 4 »
g QOZ ZW =Dl X 00 o eZ
o =X OO ONXW WX o w00 < eptU Lo~ W
m w x o D Lx I m~ Oesen . T OO0«
[s]an]o 4 O VwdpE Pk - W= (1 ol 1) Q b %
W em2ZW W+ T @ u 200 wZi ZOmrud
¥ Ve LW Ok JOWWLWO W Y oOrul uZ LI %
- Xy T gSZWZV w-d ocV O ereD
W T ki O Y - Zow «ZZZW »
T OA 00 ZZ «ZhZg - o b —OZ e O,
e e Z DO K e T wiyz Wit » & @ *
WwormH nNZ a> sIluain (%) Ol I e riQ"
w XX =t o= T = 13 — [0 ) T il B®
© 0O «au ZUrZ-ZX 1t e Y olwuer oY o>
17,11 O O WO Ok 'S Ww o 2 ZIAZ *
v <> W O+ OL.OD n w o N—OQirwtZY (X o
- ZWD ot = O Z xXxno o OZriCuies oYX & *
I a¥ W > s> >¥ oo = O 0O N0 s~ ed<Iri
VO W Wor-O g=Cdpe-g @ ¢ZWw Z NEFQILTOw e »
- ZANOT iwpoZ Weooee O W YW OO0 »
WAXWOO00D oo eralO\wd |1 4 I e Lo g o 4o b JTVITVL SR
WL X ZTITST UL a0 d o M = Or-OHOILWaX XX
— X - g (o] «“On =0 W OOOXwXxruLlX =»
W Wr—aZwduh-iu Wiyl ne H2Zww WoOWw D> aad
TWIWSWITZITWJITIWN XOxXr wyYo WEO»XEg Jli-» *»
N =D O b P B =D q-DZOHO KOO ZTO »wJWA
} ] ] [ ) ' [ | T NZZOOZT —EZIHOXXSOX »
{ ) | it ] 11 o .
o o [} ] [ I I ] [ ) »
w w ] [ 1 t v o
Y o« | [ I o [N »
w W ] | T 101 -l b
g ] ot L t O won w »
w = | Ot M IYd o2 a [+ 4
- w Yo w owva [- =] > -4 »
« 0O W ¥Z X XX -0 - » LY



PROCEDURE INIT}S

»
PURPOSES TO PERFORM NEE %

VAR

SARY 1}
THE EXTERNAL GHTS, A

I,JtINTEGERS

~

BEGIN »INIT+

ENDS

cINIFIAL
RITH

Y

H
<

N

T

£

»READ THE KEYS#
WHILE READWORD(INWORD) 0O
BEGIN

WDII) 3= INWORDS
I t=1 + 1

ENDS
IF T NE NUM + 1 THEN WRITE(Z0INCORRECY Z,41,=
»READ THE EXTERNAL WEIGHTSS

FOR I t= ¢ TO NUM DO
BEGIN
READ (J)
esrnraeétrl 1= J3
ENDS

*READ THE WEIGHTS OF THE KEYS#

FOR I %= t TO NUM DO
BEGIN
READ(J) 3§
ALFAFREQTII] s= J43
ENDS

cINITS
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READ THE KEYS,
KEYS

KEYS READZ,EOL)S

E FREE LIST POINTER o,NODE COUNTER AND PARAMETERS TO THE

f‘3%§
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PROCEDURE HAKENODE (WORDTALFASPEPOINT) S

»
PURPOSER TO CREAYE THE FIELDS OF ANY RECORD REPRESENTING A NODE
PARANETERS INPUT?

-«

----- POINTER TO THE NODE . :
HORD-—Key OF THE NOBE h
i
BEGIN mMAKENODE ¢ ~,
NODEGOUNT %= NODEGOUNT + 13 ‘K%E
Pe.INFO t= WORDS . iy

e X)

0
P LPT = NIL
P+ . RPT &= NIL

END3 ~MAKENODE®

FUNCTION WGH(IN1, IN2SINTEGER) ¢ INTEGER
»
PURPOSES INTEGER FUNCTION WHIGH RETUR
. HEIGHTS GIVEN 8Y THE INPUT P
ALFAFREQ{TINI+1),...,BETAFREQ
PARAMETERS INPUTS g

IN1--THE MINIMUM INDEX YO
IN2--THE MAXIMUM INDEX YO T

VAR T,NEtINTEGERS
BEGIN eNGH¢

-»

b

BETAFREQ(I]S

END} =WGHe
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PROCEDURE OPTREEWG(NO,FSINTEGER);

' »
PURPOSES TO STRUCTURE THE NEARLY OPTIMAL TREE OF WALKER AND GOTLIESB

PARAMETERS INPUTS

‘F=-<-=VARIABLE USED IN DETERMINING THE NEIGHBORHOOD ABOUT THE CENTROIL

NO0-~THE SIZE Of SUBTREES STRUCTURED BY KNUTH S ALGORITHM
NESTED PROCEDURESS STEPB8,STEP7,STEP6,STEPS,STEPL4,STEP3,STEP2,STEP1

VAR .
HE INDEX OF THE

A CENX==~mm e ~<THIS VARIABLE REPRESENTS T
L PR S IR I b S AB A S
PO v a—— EI HT " F
en HEETTEE S SN ers 1w we weromaomio0s
----------- IN THE NEIG
OF THE CENTROID HE NEIGHBORHOOD
LENGTH-===-~~-THE NUMBER OF KEYS IN THE INITIAL NEIGHBORHOOD
BEFORE ANY EXPANSIOM IS PERFORMED
LOGQUANT=====-THE FLOOR OF THE LOG BASE THO OF THE NUMBER
* OF KEYS TO SE STRUCTURED INTO A SUBTREE
MAXFREQe—mm=m=~ THE MAXIMUM WETIGHT OF ANY KEY IN THE
NEIGHBORHOOD ASOUT THE CENTROID
- S THE INDEX OF THE KEY OF WELGHT,MAXFREQ,TO THE
RIGHT OF THE CENTROID
SETTe=wvvam==-THIS ARRAY IS USED TO CONTAIN THE INDICES OF
KEYS WHIGH ARE IN THE NEIGHBORHOOD OF THE
METGHTFACTOR--THIS QUANTITY DETERMINES THE NEIGHBORHOOD ABOUT
. . 0 k
WEIGHTFACTORIREAL® . ,
CENXyLENGTH, LEN, MAXFREQ,LOGAUANT L ,REINTEGERS
SETTIARRAYLL . NUM] OF INTEGERS

(N ]

0§0++§§0+§§+§+f++§+i‘§+f#f§f§0*+§|~”§{"0~‘:

PROCEDURE STEP8 (VAR RROOT$INTEGERINX1, INX23INTEGER)

»
PURPOSEt TO CHOOSE THE KEY FROM THE NEIGHBORHOOD ABOUY TH
WHICH HWILL B8E THE KgY OF THE ROOT OF THE SUBTREE

PARANETERS INPUTS

€ CENTROID

INX1-==-THE HINIHU? INg$éEgo THE KEY ARRAY USED IN CONSTRUCTING
THE CURREN U .
INX2=-=~=THE MAXIMUM %NDEX TO THE XEY ARRAY USED IN CONSTRUCTING
THE CURRENT SUSTREE
PARAHMETERS OUTPUTS
RROOT-~THE INDEX OF THE KEY WHICH IS THE KEY OF THE ROOY OF THE
SUBTREE .
VAR T ARIABLES USED IN DETERMINING WHICH POSSIBLE
- C
. »TRH, NENTRH gANDIOATES FOR THE KEY OF THE ROOY NODE IS BES
IN TERMS QF EQUALIZING THE WEIGHY OF ITYS LEFT
RIGHT SUBTREES+ :

Jo TRW, NEWTRHW, INXSINTEGER
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BEGIN »STEP 8% . ‘ ‘ .

RROOT  t= SETTI(11}
INX 8= 13

. ¥ : .
"SFIND THE KEY OF MINIMUM INDEX AND MAXIMUM WHEIGHTs

FOR J _t= 2 T0 Do
IF A%géFREQ{SETT[J]] GT ALFAFREQIRROOT]

., - BEGIN
S INX 8= J3
: _RROOT 1=’ SETTLJ]
TRH 8= ABS(HGH(iNXi - 1,RRO0T - 1) - WGH(RROOT, INX2))3

#DETERH 'NE_WHICH KEY ASCTHE KEY OF THE. ROOT NODE WOULD BEST UA =
, HE WEIGHY OF ITS LEFT- AND RIGHT SUBTREES AND CHOOSE ITEAS %gE L1z

=z

>

st OF THE ROOT+
FOR J 8= INX + 1 TGO LEN DO ]
ir A%EéﬁREQtSETTtJ]J €Q ALFAFREATRROOTI
BEGIN
NEWTRWI=ABS (WGH (INX1-1, SETTIJI-1) ~WGH (SETTLJI I, INX2))
IF NEWTRW LT TRW :
THEﬁpEGIN - ) - .
"7 RROOT t= SETTLJIS ..
TRH 8= NEHTIRW ‘ 5 )

. END - e

i END . T

END3 »STEP 8¢ : _ AR

"R R BN R R I IR O P I R A + ¢ ; A I SRR IR N I N AR A +
PROCEDURE STEP7 (INX28 INTEGER) 5, '
PURPOSE! TO EXPAND THE INITIAL NEIGHBORHOOD TO THE RIGHT

PARAMETERS INPUT! '
IN X2-~--THE MAXI

MUM INDEX TO THE KEY ARRAY USED IN CONSTRUCTING
| THE CURRENT SUBTREE
VAR PPlINYEGERi .
BEGIN »STEP 7¢ _
CHEGK .IF THE KEY OF MAXIMUM WEIGHT IS.THE LAST MEMBER OF
'THE EE%GHBORHOOO sIF SO TRY TO EXPAND THE .NEIGHBORHOOD®
IF R €Q. SETTLLENGTH] . :
THEN_ R PP 1= R TO INX2 - 1°DO ’ . :
S IF(ALFAFREQ[PP] GE ALFAFREQIPP + 13) OR (PP - R EQ
- LOGQUAN | > _
TH EN GOTO 10 e
- . : ELSEBEGIN c .
. LEN 8= LEN ¢ 1§
' . SETTILEN] 8= PP + 1
END}

103ENDS »STEP 7+~
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FUNCTION STEPG(HAX!INTEGER)SBOOLEAN,

PURPOSE? BOOLEAN FUNCTION TO FIND THE INDEX
FRGEe T T e Bl B e A R
10 aé EXPANDED 10 THE RIGHT. T HBORHO .BE ABLE

T

o

PARAMETERS INPU
MAX-=THE IN
THE:
VAR JSINTEGERS : .
BEGIN »STEP 6+ - . h
sreps t= TRUES . B ;

"“ -1 p . [ ?;iﬁ-

SE KEY OF MAXIMUM WEIGHT IN THE NEIGHEORHOOD

FOR J #= LENGTH DOHWNTO CENX DO i ™
‘ IF ALFAFREQISETTIJ]] EQ MAXFREQ .

THEN R $t= SETTLJ]] ’ .
IF R LT 0 THEN STEP6 $= FALSE) , o

ENDS »STEP 6#

Pfﬁ#‘l‘ffi+§+++‘l’f§f’0&0}0-4##4-&&%}4-}{4‘4'

PROCEDURE STEPS ( INX1 S INTEGER) 3

PURPOSES TO EXPAND THE INITIAL NEIGHBORHOOD T0 THE LEFT

PARAMETERS TNPUT?Y
INXi-=--=THE MINIMUM IND

THE CURRENT sUB

VAR PPSINTEGERS, ' . :

BEGIN »~STEP 54 o : f

$§EE0 THE KEY ARRAY USED IN CONSTRUCTING

SCHECK IF THE KEY OF MAXIMUM WEIGHT IS_THE FIRST MEMBER OF
THE NEIGHBORHOOD;IF SO TRY TO EXPAND THE NEIGHBORHOODS .
IF L_EQ SETT(1)
Y THEN .
FOR PP 31=L DOWNTO INX1. 09
IF _(ALFAFREQ(PP - 11 LE ALFAFREQIPP1) OR (L - PP EQ
LOGQUANT)
THEN GOTOQ "1G ,
.ELSE
BEGIN '
LEN 8= LEN + 19
, “ SETTILEN]} 8= PP - 1
' END}

10tEND3 »STEP S¢

i»
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-

FUNCTION STEP#(NAX!INTEGER)!BOOLEA&;
g ;
PURPOSE? BOOLEAN FUNCTION TQO FIND TH

PARAMETERS INPU
MAX-~THE IN
OF ‘THE.
VAR JtINTEGER]
BEGIN »STEP &4+

LEN 8= LENGTHS
H%XFREQ = ALFAFREQ[HAX],

STEPL t= TRUES
L 8= ~19%
FOR J 1= 1 TO CENX 0O
IF ALFAFREQISETTIJ]I] EQ MAXFREQ
, THEN L 8= SETTIJ])S
IF L LT 0 THEN STEPL 8= FALSES

END! oSTEP 44
#§§*+++§0+§§++++§+§++$0++§§+++§++++§
PROCEDURE STEPB(VAR MAX!INTEGER), '

PURPOSE tTO FIND THE INDEX OF 'THE KEY OF MAXIMUM WEIGHT IN THE
NEIGHBORHOOD OF THE ‘CENTROID

. PARAMETERS OQUTPUT? *
: MAX~-THE DESIRED INDEX:
VAR JSINTEGER:
BEGEN »STEP 39
© MAX t= SETTC4): .
FOR J 8= 2 TO LENGTH 0O ,
" YF ALFAFREQESETT(JI] GT ALFAFREQIMAX]
. THEN MAX 1= SETT(J) .
END} ~STEP 3 & * ;

ol

»




PROCEDURE ST
PUR?OSEW&th

PARAMETERS T
INXi----

INXZ—---THE M
T

VAR

PCENT%OID**T

. DIF

A3-83

EPZ(INXl,INXZ!INTEGER)‘

LOCATE THE CENTROID AND DETERMINE THE KEYS IN THE INITIAL

GHB RHOOD

NPUT!
THE MI
THE CuU

oZ
Ari
mx
%
m

M-

X T
REE,

AXIHU
HE CURREN

o
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w

DIFFﬁDIFSREAL'

JyCENTRO
BEGIN »STEP

ID,LT&EE,RTREE!INTEGER?
2+

»INITIALIZES | i

MO0 ZZ
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QX

]
DI COee
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ENDS

»FOR EACH KEY DETERMINE IF IT HILL BE "IN THE NEIGHBORHOOD

OF THE
FOR J .t=
BEGIN

CENTROID®
INXL '+ 1 TO INX2 DO

. MAXD
o mMm

-fpi oo (MM

T

m - w

~O 0 Z
My ==t
Zroih i

\

»CHECK FOR THE CENTROID%
IF DIF LE DIFF '
THEN

0. THE KEY ARRAY USED IN CONSTRUGCTING _

0 THE XEY ARRAY USED IN CONSTRUCTING

CENTROID 3= Jj
DIFF 8= DIF
END .
ENDS .
»DETERMINE THE INDEX OF THE ARRAY SETT WHICH IS THE CENTROID&
CENX 8= =13
FOR J 8= 1 TO LENGTH DO
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ggRgOOD IS EMPTYSPLACE THE CENTROYD IN THE
= CENTROID;
9 .

. EN
.ENDS "»STEP 2¢
LR R S A & M IR N I IR R A I A A I A N T
PROCEDURE STEPl(INXl INXZ:INTE%ER FATHER:POINT)'

PURPOSES THIS PROCEDURE CONTROLS THE NECESSARY STEPS TO GO )
NEARLY OPTIMAL TREE 0 RY STEPS TO CONSTRUGF THE

PARAM ‘
F 00T OF THE SUBTREE TO BE CREATED
I THE KEY ARRAY USED IN CONSTRUCTING

THE XEY ARRAY USED IN .CONSTRUCTING

¥

R
TO
E
T0
3

VAR :
BER OF NODES THAT HILL B8E IN THE SUBTREE TO BF

F THE KEY oF HAXTMUNM HEIGHT IN THE
OF THE CENTROID
E?EDKEY CHOOSEN AS ROOT OF TH ESUBTREE

PEPOINTS - - a
“NUMNODE , SAVE, MAX,RROOT #INTEGERS Sy

BEGIN »STEP1s . ‘ - ' e

 eDETERMINE T N THE SUBTREE AND IF IT CAN BE
STRUCTURED M

H
8
NUMNODE 3= INX
E
N
1

MO

IF NUMNODE ‘L

END
ELSE.



END
END; ~STEP 14

X

=t
e
m

M

m. mmo
NMPBEYNNVIO
D ZOIW AN C
LHOO~AMMAmD
EMOIX ", o0
ZO =i peve |l
MeTe XXX 4
ol d Sl A
xA

HIMANHHMONEZ 00
A

M TN=AN N

ZMM-4ONE D -4
AT o m XX

MIOCOVVX~Z

P
n
X

N

OoOM=0
OrIm XN =

. ELSE WGR
FATHER 1= P} )

»STRUCTURE THE LEFT AND RIdHT SUBTREES®

STEP1 (INX1,RRO0T ~ 1,FATHER)$
STEPL (RROOY + 1,INXZ)FATHER)
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5007 OF THE SUBTREE NITH THE HALKEé GOTL IEB

P

-8
k%
Rl
Ry,

“

4+ ¢ » # * % & + & ¢ O+ P Y YFOY Y Y O Q*Pl'; & + & + 4+ + 2 4+
BEGIN ~OPTIREEWGS - '

"IF NUM LE NO
THEN WRI
. ELSE STE

ENDS ~OPTREEWGS

o0~

§¥SIES ALGO FOR THIS NUMBER OF ITEMS =,EOL)
’ .

- . . .
P--—----_--— S A W A S S AN W i U e il ks A S S S A ekt We e VI e S N W A il il D S whin e ek SO sy e A Aol bl S il b b e it e S WS win
- . —— A — i — —— — D ———— . —— ——— — . ——— —— i —— . — —— o ——— T ) S gy et . — o S " ———— —— . o —

BEGIN ~OPTREEWG
~PERFORM INI
INIT; _
#CREATE THE
OPTREEWG (NU,

9993END. »OPTREE

P
Sy wr

ORIVER+ ' T
TIALIZATIONS

TREES
F)3 -
WG DRIVERe

o
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E E STATISTICS R OUT INESTS +
¥ X X ¥ ¥ 3 ¥ X% ¥ ¥ ¥ ¥ ¥ X ¥ ¥ ¥ x

. ~ R
p¥ ¥ X X ¥ F 3 E X2 ¥ x ¥+ * A2 s ¥

" 1 .
CONSTANTS DEFINEN GLOSALLY

INX19ySTATSTZE~=THE DINMENSIONS OF THE. STATISTIGCAL ARRAYS

Maxsizs -------- THS NUJY2Z0 CF NQODZS IN THZ TREE TO BE CREATED

NUMTREES ======= THS NUJGPIR 0OF TRIES AUILT UP AND B8TOKEN 0OQWN -

SHUFFLEFACTNR--TH_ PAPA™CTER TQ THE POPQOCEDURE SHUFFLZ WHICH
DETERMINES HOW MANY ZLIMINTS OF AN ARRAY ARE SHUFFLE!

TREEINTERVAL=--=3TATISTICS APZ CILLECTED FNOR TREZS WHOSE SIZE IS A
MULTI®PLE OF TREEINTEQVAL

TYPES DSFINZIN SLOSALLY
ALFAmm=m——-= A REWFFI‘ITION OF THC PRIDSFINED TYPZ AS A SUBRANGE
OF INTEZRGE2 VALUZS®
TYPEOFARRAY==THE TY Z OFFINING TH

£ RANDOM NUMAER ARRAY
VARIASLES .GSFINED GLOIAL 4

I1,12,I3,0N1 123 N23--COUNTERS USE
POOTNUHTDL TH—- SNRT NF THE NUM
SEfDwm=w=rr === THE SFEN,FQOR THS AL
RANDHUM === == == THE RANDNU' KUN3ER
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FUNCTION ME AN(SUW*INT =G ER) = AL'
aUdeSEi FUNﬁTION TO FINND THE MITAN IF ITS A?GUMENT

BEGIN: .
MEAN (3= SUM/NUMTREES?
END’ |
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Fuucrrou SD(SUM, SUMSASINTEGER) 1oz 4L ¢ . ‘ d

-

PURPOSEt FUNGTIAN TO FIND THE STANDARD DEVIATION FROM ITS ARGUMENTS
PERAng RS INPUTY '

Ub==s=SU¥ OF THZ ORSFRJIATIONS

SHKSY==SU» 0OF Toe SQUAQ*S CF THE OQSERVATIONS o
eIy 1= saeT (N . ' ’
END ¢ = (NUMTRZIES SUPSQ - SUH‘SUH)/(hUHTREES*(NUHTpEES - 1))
L e e e hadiadadal d b R +

FUNCTION SEARCH{WORNIALFA) $INTEGERS

-
PURPOSE?t TO GOUNT THE NUMBER OF COMPARS] E '
GIVéN INPUT - KEY C SIONS NEEDED T0 FINR THE NOOE HITH

VAR - ' +
PIPOINT:
SEARPOCHXTINTENRTOL
1
BEGIN »SEARGHS
P 1= HgAN+,RPTY
SFAFCHX = "3
WHILZ P N NIL NO
3IGIN B
SEARCHY 1= STARTHY + 13 ‘
IF P+, INFO NE WORN TRy
THEN } o
IF WORD LT P+, INFO ﬂﬁ%%
‘ THEMN P t= P+, LPT . «
© ELSE P t= Ps,ROT i ey
ELSE ' .
3cGIN
SEARCH 1= SIARCHXS
GOTO 1(:
END S .
ZND S
SEARTCH 1= STARCHX + 1@
SEAPCH

10IENDS

‘PROCEOU?C'BQSTATISTICS‘
_PURPOSE! TO COLLZCT STATISTICS OM THE BRTRES

(L]

VAR '
- RAMNNIMETYPFNEARRAY ¢ _ '
STATSUP STATSDDtAPDAYtl..IhXi,l..aTATSI’c] OF INTZGERS
TyJyITtESTEGERS ) ,
Vi, av2, Avo,nJu s91, $02,S03,SDutREALY  ~ . ‘
»
STATSUP _ VAPIARL ¥ , . .
18SFARGH GOUNTS 11 X
28SINGLE ROTATION GIUMTS 12 S
3t00URLE ROTATION GOUNTS 13
LESUM OF SQIARES OF 1
" STATSOP - VAPIABLE
LESEAPCH GOUNTS 01
2TSINGLT POTATION GIULTS 12 .
31D0URLZ ROTATION COUNTS | I3
4LTSUM OF STUARES' OF .4, i
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PROCENURS BUILDANDNESTROYS
» -
PURPOSEt TO 3SUILD UP AND ARZIAK DOWN TREES AND COLLECT STATISTICS

VAR
TyJylL,yTILINTERERS

BEGIN »RUILDANDNESTROYS
~PERMUTE THE ZLEMINTS IN THE RANDOM NUMARZR ARRAY+

SHUFFLE (PANDNUA, S:fﬂ,1A¥SIZ:,SHUFFL FACTNR) ¢
. FAR I t= 1 10 NUHTREES no
3EGIN
TJ t= TREZINTERVALS 1o
L t= 13-
“
PCOLLE CT INSE RTION STATSe
FOR J t= 1 TO vaxél?r 00
REGIN
IJ t= I3 - 13
IF IJ €N ¢
THEN
RE GIM
I3 t= TREZINTERVALS
T1 t= SEARCHIRANDHUMT J1) 3
12 $= 92
‘13 !: w 7
- RIINSERT (RANONUMLIY) 3
- . STATSUP[1,L] t= STATSUP[1,LY + T1}
STATSUP(2,L1 t= STATSUP(2,L1 + 12}
STATSUP{3,L1 3= STATSUPC3,L] + I3}
STATSUPTL,L] t= STATSUPC4,L1 + I1%*Di:
L t= L + 13
. END :
ELSE 3nIrSEpT(QAN0NUMtJ1)
ENDS
e i7sfhrsraes -
\ ”%HUEFLE(RRN 46! SE AKSIZE SHUFFLEFACTOR) }
\ . ) ,
K , ~COLLZCT DELETION STATSe i
\
\ FOR J t= 1 TO HAXSIZE OO0
N\ 3EGIN . ]
\ : IJ 1= IJ - 13
\ IF IJ EN ¢ s _ :
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THEN )
SEGIN
w IJ 1= TRESINTTRVAL?

D1 1= SEARPCH(PANDNUMIJI]) S -
I2 1= €3
I3 t= ¢33
BAnSLCTE (RANDMUME JY) 3
STATSNP[1,L) t= STATSOP(1,L) + D1
STATSAPI2,L) t= STATSOP(2,L) + I2}%
STATSOPI3,L) %= STATSDPI3,L) + I3}
STATSOP[L,LY t= STATSOPIL,L) + 01*D13
L g= L - 13

END

ELSE A8DELETE(RANONUMIJIY) ?
ND ENDS

END: ~BUTL DANDDESTPNY +

I I A I 0 I R I N S S I N S S S N S

BEGIN »RB3ISTATISTIOCSY '
~INITIALTZE ¢ - . : b

-
FNOR T t= 1 TO.TInxi O -
FOR J t= 1 TO STATSI7S NO A
REGIN '~ : ' ™,
, STATSUPLT,JY = 73 - ™
STATSOP (I, 41 = (¢ -
NN S
SEED t= 725593% .
~INITIALTZE RANDOM NU¥ATR ARRAY &
FOR I t= 1 TN MAXSIZZ 00
RANONUMLTY 3= TI°% _
ROOTNUMTREES t= SIPT(FIU"TRESS)
sINITIAL -ALL COUNTEPSS .
12 = §3 ' ]
I3 = (¢
01 = ¢
»3UILD AND DZSTROY- TREESY )
. 0 ‘
CREATEHEANER? |
RUTLIANDIESTROYS ‘
WRITEAZ170- INSEQTION THI NUMBER 7F TRESS OBSERVFD ISZ,NUMTREEStS,
£0L) ¢ _
=5 = MZRPe3I, = / Z,0cN 01t3 =OL) _
ug§¥ggi.a%ggr13 AN e e AN FT0EACT  avZRASE CONFIDENC — AVERAGE I,
ZAONFIOZNG | AVERAGE CONFINTNCE €0L) 3 _ : _
wo 17z o2 OREI2THY SpiREM CIrTESVAL  SINGLE INTERVAL - DOUBLE 2,
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APPENDIX 4

PRACTICAL CONSIDERATIONS

Knuth's optimal tree algorithm was used to construct two search
trees (their respective sizes were less than 40), one for the keywords
and the other for the predefined identifiers of the programming language
Pascal (Wirth,\' 71). These optimal trees were used by C.A. Bryce
(McMaster University) in a Pascal cross-reference program and resulted
in an average tiﬁe saving of approximatel} 10%Z as compared with wunopti-"

mized trees. | . k

The binary treé display algorithm was used by C.B. Johms, a

fellow gr?duate stuéent at McMaster University, to print a reverse qmﬁ(fﬁiﬁﬁé
syntax graph which is needed for precedence parsing (note reverse of

syntax graph). A reverse syntax graﬁh is a_particular way of represent-
ing the right-hand sides of rules of a grammar. It may be treated as a
set of binary trees. The reverse syntax graph is used'for matching a
potential right-hand side of a rule in the parser and can be considered

as an unordered tree, which means Lhac the display algotithm can be -

used to display it. Because of the data structure used for the reverse °*
syntax graph, an ordering is imposed upon it. "This 1§ as follows:

left corresponds to alternative, right corresponds to successor. For
examplé consider the following rulé!l ‘
block + blockbody $§end>

block + blockbody statemént <end>

blockbody + blockbody statement <;>

A4-1



A4-2
blockbody > blockbody labeldef

blockbody - blockbody <;> .

This will give us one tree. The reverse syntax graph is a set

of such trees. The root of this tree is blockbody; a printout of the
o .
tree 1s shown below.

hY

\

.
, -
\

ROOT OF FOLLOWING TREE BLOCKRBODY

<END> pBLOCK _[PRODZ) : F

~== <END> rBLOCK
H

H
== <}> eBLOCKBODY

-
L3

e 60 B0 S0 6 LB B 2P
> o8 G4 B

i
- STAEENENT

et e e -

!
-=~ LABELDEF m»BLOCKBODY
!

!
-—= <}> o#BLOCKBODY




