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. :  ABSTRACT )

This project doecuments the results, of an investigation into

binary search trees.. Because of their favourable characteristics

binary, search trees have become Ropuiar for information storage and re-

’

trieval applications in a one léveL store. The trees may be of two types,

weighted and unweighted. Various algorithms are presented, in a machine
_ . . —_ . | R
independent context, for both types and an empirical evaluation is per-

formed. An important software aid used for graphically displaying a

binary tree is also described.
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T ) CHAPTER T

SURVEY AND OVERVIEW

1.1 INTRODUCTION

Binary trees are an important technique for organizing large
filés of i;formation because they strike a compromise between the wvarious
conflicting requirements of storage utilization, rapid retrieval time
and ease of insertion and deletion of information. A great deal of effort
has been given to the study of binary trees. Because of this, their
properties have become better understood and new ideas have evolved for
the optimization of the above réquirementé. Although they are not the
only method of file organization (c.f. hash coding o} scatter storage
techniques) and in some cases not the best, for oﬁe-level storage ap-

plications they have, become popular.

1.2 SURVEY

-

For discussion purposes binary search trees can be considered
as being of~two classes. The first class repregsents an attempt to keep
the tree more or less balanced i.e. no excessively long or short search
baths exist. The second class of trees have an assoclated set of weights
which can be thought of as the frequency o; a successful or unsuccessful
search for particular keys. The trees in this class are constructed so

as to minimize the weighted pathlength of the tree, meaning in generail,

that they would not necessarily be balanced. Trees of this class are

e

referred to as optimal. Other types of trees related to the binary search

tree have been reported. Fredkin (1960) proposed the TRIE structure,
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-

Sussenguth (1963) defined the doubly-chained tree and Bayer and MbCreighk\

(1972) defined the binary B-—tree. Further work and investigation of

*
-

doubly-chained trees has been reported by Patt (1969, 1972), Stanfel
(1969 , 1870, 1972, 1973), Kennedy (1972a, 1972b) and Hu (1972a). Bayer

7
(1972) has developed what he calls a symmetric Brtree, a modification of

4

the B—-tree. )

-~

The binary search tree and its application to searching and file
maintenance was first introduced by Douglas (1959), Windley (1960), Booth

and Colin (1960) and later Hibbard (1962). Windley and Hibbard derive

-
A"

forpmulas for the mean and variance of the number of comparisons necessary
to insert an item into a random tree and Lynch ,(1965) gives a more detailed
examination which encompasses the previous results. Other work concern-
ing the mathematical properties of random trees has Qeen doﬁe by Arora

and Dent (1969). .
"

Early work reported on balanced binary trees was given by Landauer
(1963), although his trees had a stéﬁctq{e different from the conventional
binary search tree. A very elegant algorithm was formulated by Adel';on—
Velgkil and Landis (1962) for creation and maintenance of a binary tree.
This algorithm has been further commented on by Foster (1965a, 1965b,
1973), Knott (1§7i), Reingold (1971), Martin and Ness (1972) and Knuth
(1973). VUpon insertion of a key the tree is festructured to.ke;p‘it
"AVL balanced". The deletion algorithm has beén given By Knott and
Knuth and some empirical investigations appear in Scroggs, Karlton,
Fuller and Kaehler (1973). Another ;ethod of keeping trees. balanced was

described by Bell (1965). Herxe an attempt to reduce the mean value of

the tree/(see Windley (1960)) was made by creating minimal subtrees of .

-



a glven size at each stage of the construction. An algorithm has been
formulated by Walker and Wood (1974) for the insertion and deletion of
nodes from this tree and some empirical investigatibns performed. Wong

and Chang (1971) describe and analyse a method for constructing balanced

binary trees. Theilr method structures the first n, = 2£+1-l nodes into

1

a random tree for some positive £. This tree is then rearranged into a

+

. balanced binary tree. The process is then repeated for tﬁe next

= 22(£+1)—1 nodes. A different class of binary search trees has been

N

B2
proposed by Nievergelt'and Reingold (1972). They are called trees of
"bounded balance' (BB-trees) and contain a parameter which can be varied
8o as to compromise“between a short search time and infrequent restruc-
turing. Their algorithms are similar in concept to those of Adel'son-—
Velskii and Landis in that restructuring may take place, upon the inser-
tion or deletion of any key, to maintqin‘the balance of the tree.

The second class of binary search trees‘was firqt investigated by
Knuth (1971). He gave an algorithm go construct an optimal binary tree

and pdsed several questiors about structuring optimal trees which became

.important in later studies. His algorithm requires space and time pro-

-

2 and is of 1imited practical use. For this reason some

portional t?*n
heuristic algorithms have beenndevised; They centre around the idea of
the weight of the suﬁtrees of nodes Being almost equal. Bruno and Coff-
man (1971) give a véry simple heuristic for Eonstructing nearly optimal
. . . ¢
trees.. Given a starting treé, it is transformed into one with a reduced
weighted path length by promoting keys with heavier heights nearer to the
root. Weiner (1971) also speéks of g heuristic for nearly optimal trees

but no details are available. Walker and Gotlieb (1972a) gave an ef-
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ficient top-down heuristic algorithﬁ.for nearly optimal trees. Their

method chooses as the key of the root that key of maximm weight which

best minimizes the weight of the root's left apd right subtrc . When

the tree to be comstructed has a small number of keys, Knuzh's optimal

algorithm is used.

Finally a new type of tree
by Walker and Gotlieb (1972b). It
the binary tree and the TRIE. Its
the TRIE or an optimal -binary tree

Important contributions to

called a hybrid tree has been defined

-

represents a generalization of both
search time is no worse than that of
on the same set of keys.

<3
the analysis of binary search trees

as regards weighted path length has been given by Nievergelt and Wong

970, 1973), Nievergélt and Pradels (1972), Rissanen (1973), Hu and

Tan (1972a, 1972b) and Hu and Tucker (1971). A method of displaying a

binary tree in a readable format has been given by Walker, Redish and

-

Wood (1973) and is found in Appendix 1.

N

M



CHAPTER IT

DEFINITIONS AND TERMINOLOGY

2.1 BASIC DEFINITIONS AND NOTATION "

For the purpose of this project we define an unweighted binary .
8search tree (henceforth a binary tree or simply a tree) as follows.

Definition

A binary tree is a finite set of nodes; if it has no nodes it is
a -
called a null tree. The following conditions obtain for each non-null

P

binary tree T.

) One node of T is a distinguished node called the root of T.

d1) ‘Each node has at most two successors which are designated

left and right sons, the node itself is the father. If a

node has no sons it is a leaf, if_it hasg one son and this

-

one son is a leaf, it ig'a semi-le;f;
(i1i) Each.node has associated with it an item of informatioﬁ
called a key, which is égsumed to bela character string.
. Av) There is an ancestor relation on T defined by: given two
nodes u andlv in T, u is an ancestor of v iff either Q

is the father oﬁ*v or u is the father.of some node w and

w is an ancestor of v. T must be connected, that is every

node apart from the root, must have the root as one of its
ancestors, and acyclic, that is no node can be its own
ancestor. Hence given any two nodes it makes sense to say

that one node is,either'to the left or to the fight of the

5
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other node.

-

i3

(v) ., There is a linear ordering defined upon the set of

s ’
possible keys by some transitive relation < (read "pre-

cedes'"), which, 1if the set of keys is some subset of the
integers, is the usual '"'less than"'relation. |
(vi): For a&l nodes u and v such that u is to the left of v,
. the key of u precedes the key of wv. !

In the following we use the notation tree(u) to ihdicate either a tree
with root node u or,if u = @, a null tree. In tree diagrams throughout
this project the key of a node is displayed as the‘labél of a node. The
convention of late lower case letters fo? nodes and late upper case
letters for keys is adopted. It should also be noted that if condition
(vi) of the above definition is omitted the tree is no longer a binary

search tree.

We sa?'alget of n keys Xi’ 1 £ 1 € n 1s ordered 1if Xi < Xi+1’

1 £ 1 < n. Each of the n keys of a tree may have associated with it a

-

i 1s denoted o s 1 ¢ 1 £ n.

non-negative weight which for any Fey‘x
These weights can be thought of as the frequency with which a key is.
expected to be searched for in the tree. There-mgy also be a set of
weights denoted Bi, 0 £ 1 < n, which give the frequency of unsuccessful

searches and are called external weights., Considering the keys as

i i+1?
30 and Bn having obvious interpretations. Therefore the more general

ordered, B, is the frequency of a key occurrifhg betwéen X, and X

binary search tree will be one of n keys X,, 1 £ 1 £ n, and 2n+l

non-negative weights ai, 1 i< n, and By s 0 <1i < n.

.
~a
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In the above definition of an unweighted binary search tree,

the Bi are zero and the a are one. Using the six conditions given

above we define two more classes of binary trees. A weighted binary

gearch tree is one in which oy 2 1,1 £ 1 £ n, the external weights

being zgro. A weighted external binary search tree is a weighted tree

where the Bi >0, 0 SQI € n. Figures 2.1.1 and 2.1.2 show examples of
an unweighted and weighted binary tree. The circular nodes are denoted

internal nodes. The weight of a key defining a node is found directly

below each node. Figure 2.1.3 i1llustrated a weighted external tree.

The square nodes are called external nodes, the external weights being z

-

found beneath them.

Given an n node tree, tree(u), with 2n+l weights « and Bi we

i
have the following definitions and terminology.

Definition

A search path from u to some node v in tree(u), P(v), is a

i

fhe father of LR 1 <1 <m. The level of a node u, 2(v), is the

number of nodes ip P(vj. The height of tree(u), h(u), is the maximum

sequence of nodes Uyseeesu , m 2 0, such that u = Uy, VR ou and u, is

level of aﬁy node in the tree. The size of tree(u), denoted size(u),

is the number of nodes in tree(u). For any v in tree(u), vzand v

denote the left and right sons of v. The subtree defined by v, tree(v),
is the set of all nodes w in tree(u) such that v is an ancestor of w
together with v itself. key(v) denotes the key assoclated with v. The

weight of tree(u), W(u) is defined as the sum of the associated weights,

n n ‘ .
i.e. W(u) = Z oy + X 81. The weighted path length of tree(u), WPL(u)
1i=1 i=0 .

[
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is defined as the sum of the products of the weight - of a key times the
level of the node defined by the key plus the sum of the products of an

external weight times .the corresporiding level of the associated external

node, 1.e. WPL(u) = Z a, x E(u ) + Z B x l(yi) where Y4 denotes an
i-l 1-0 )

— i — -

external node. Note that WPL(u) = WPL(u ) + WPL(u ) + W(u). The average

welghted path length is defined as AVGWPL(;) = ’EEQT‘ « The value of

tree(nl V(p) is Zz(y) for all v in tree(u). The minimum valué, denoted

A ) t b
MINY(n), is (n+l), x r - n+2p, where r is such that n = 2°-14p and

I

0 <ps 2. The maximum value of tree(u), MAXV(p) is 1+2+...4m = 2£___l

T
3
-
T
f

Letting T be the set of all ordered trees 6f n nodes (with keys l,..,,n), g

“ﬁ
then .the mean value of an n node tree, (MV(n)), is given by the sum of %ﬁ

the values of the trees in Tn divided by the number of trees in Th.

When the term average search length is used the average weigh%ed pAth

length is inferred. An optimal tree is ome in’which the weight path

length is minimized. In the c¢ase that the ai's are unity and the Bi's )

are zero, the minimization of the weighted path length produces a

minimum valued tree. We say that a key, X, is inserted into'tree(u) if

there exists t:ee(u'j, such thdt~tree%u)£§ tree(u'), u = u' unless u= 9,
. sizg(u') = n+l, tree(u") is a binary search tree, and ﬁor v in

tree(u') - tree(u), key{v) = X. Correspondingly, we say that a key, X,

is deleted from tree(u) if there exists tree(u') such that tree(u') & tree(u),

u = y' unless key(u) = X, size(u') = n~1, tree(u') 1is a binary search tree,
and for v in trée(u) - treeﬁu'), key(v) = k._ Finally we define the notions
of "romove" and "replace'' for binary trees.(see Figure 2.1g§). Given
tree(u), u ¥ 0, thgn given a ﬁo&e v in ﬁree(q); v is reﬁaved'from tree(u)

¢



key, X say, and a node v in tree(u) then key(v) is replaced by X
N

when v is given X as its key.

B

B
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An example of an unweighted tree

Figure 2.1.1

An example of a weighted tree

Figure 2.1.2 ’ ,




&

11

An' example of a weighted external tree.

B
Figurg 2.1.3




Remove node whose key is 8

Replace 10 with 8, note that the replacement
key has a restricted value if the resulting
tree is to be a binary search tree.

Figure 2.1.4

- 12
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CHAPTER- ITI

BINARY SEARCH TREE CONSTRUCTION ALGORITHMS

3.1 ‘INTRODUCTION TO AND OVERVIEW OF THE ALGORITHMS

3.1.1 GENERAL INTRODUCTION

-

For the purpose of discussion the algorithms described below can
be divided into two classes: .

(1) those that locally‘}estructure the tree as keys are input

to the, algorithm (Sections 3.3, 3.4, 3.5) and -

(2) those that globally restructure the tree and ;equire a fixed .~

g sequence of ihput-keys (sections 3.6, 3.7, 3.8).
The class (1)-algorithms construct unweighted binary trees which are
considered to be dynamic, i.e. frequent insertions and deletions are
performed.“We ére 1néerasted in minimizing the avéYage search path thch,
because the tree is unweighted, means no excessively long or short‘search
paths to the leaves should exist. Algorithms of class (2) construct
weighted or weighted extefnal trges wh}ch are considered static, i.e.
a fixed set of Qeys énd weiéhts are given and no deletions or insertions
are performed once the tree has been created. Trees in both classes are
considered to be combletely #ept in one level random access storage.

Transformatio;s are pérformed on the trees produced by algorithms
of class (1) and the trees givén ip Sectioqi3w7 in order to achieve the

desired atructute. These trénsformations are i1llustrated in Figure 3.1.1

and henceforth will be referred to as 'general tranﬁformations".
. )

e

13
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3.1.2 GENERAL IMPLEMENTATION DETAILY #

All algorithms are-implemented in Pascal, (Wirth, 1971), and

the following conditions obtain:

&Y

(11)

(111)

L3

"a pointer variable)

s a eaf, then both pt,lpt and p+.rpt will be pil

- since it has no sons.

Keys are of type ALFA, a packed ARRAY of ten CHARACTERS.

Keys of less than ten characters are left justified and

zero filled.

Each node of the binary tree is represdented as a Pascal

record which 1s assumed to contain at least three fields -

l

of information,
(1) the key of the node (represented by the varilable name
info of type ALFA),

(2) a pointer to.a node's left son (represented by the

-
variable name 1lpt), and

(3) a pointer to a node's right son (represented by the
variable name rpt).
Each node is referenced by a pointer variable and the

fields of the record are referenced through a pointer

variable and their respective field names, i.e. (1f p is

1) pt.info
2) pt.lpt
3) pt.rpt.

Use is made of the Pascal special symbol pnil to indicate

"a null pointer, so for example if p points to a node which.

-

" - . . -



A listing of the Pascal procedures for each tree is found in
Appendix 3. The utility routines which are needed by most of the

construction algorithms are found in Appendix 2.

15
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A double rotation

subtree name

subtree height

General transformations

Figure 3.1.1




3.2 THE BASIC TREE ALGORITHMS

3.2.1. INTRODUCTION

The basic binéry.tree algorithm is. the simplest of all binary
< tree algorithms. It Qas the fi#st to be implemented but because it re-
sults in an unfavourgble valued.tfee, in general it is not a éood
algorithm except, perhaps, for shott—iived trees. There is ﬁo restruc-

turing of any kind; the resulting-tree structure depends entirely on the

sequence of keys input to the algorithm. See figure 3.2.1 for an example

of a binary search tree. m

!
/

3.2.2 THE BASIC TREE INSERTION ALGORITHM (BTIA) i .

We assume that we are given tree(u) and that the key to Be
insertéd is X. ‘ )
(i) Ifum= ¢'the; enter X ;s the key.of.the root node and sto?.~
(11) ~ If X equals key(u) then X is alxeady in the tree so stop.
(111) if X precedes key(u) then repéat‘BTIA for tree(v), the left

subtree of u. | | ~

(iv) If X does not precedé key(u) then repeat BTIA for tree(v), the

right subtree of u. ' . -

ey N
R
L]
o
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3.2.3 THE BASIC TREE DELETION ALGORITHM (BTDA)

We assume we are given tree(u) and that the key to be

"deleted is X.

(1) If u =@ then X is not in the tree so stop. \
(1i) 1If X equals key(u) nthen three cases érise:
- {a) u has no‘;ons.
Simply remove u.
(b) u has exactly one son, v say.
Treé(u) is replaced by tree(v)v, that is, v is the new root
node of tree(u) and u is removed.
(¢) u has two sons.
Let z be the pogtorder pfedecessor of u. Replace key(u)
with key(z)+-.édd repeat step (ii) with u = z and X = key(z).
(11i) 1If X pre;edes key(u), then }epeat BTDA for tree(v), the left ‘

subtree of u, otherwise repeat BTDA for tree(v), the right subtree

of u.

-
L ]

+ Note that at this point tree(u) is no longer a binary search tree
since key(z) occurs twice. .



.
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3.2.4 IMPLEMENTATION >

The implementatibn of these algorithms conforms exactly to the
general implementation details of 3.1:2 except that a header node is
introduced. The right pointer field of this node will always point to
the root of the tree. This special node is used for convenience parti-

cularly in the deletion algorithm.

A binary §§§:éh tree of 7 nodes

. for the {nput sequence

i5, 25, 10, S5, 30, 20, 35

Figure 3.2.1

I
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3.3 THE AVL TREE ALGORITHMS

-

3.3.1 INTRODUCTION

AVL trees derive their name from two Russian mathematicians Adel'
son - Vel 'skii and Landis, who discovered this tree.search,algorithm. AVL,,
trees represent a compromise between balanced trees and arbitrary trees.
The scheme attempts to avoid excessively long o£ short search paths. Just
how well the algorithm achieves this goal will be examined later, but suf- ==

fice to say that from this point of view the results are very good. To

this end the algorithm dynamically restructures the tree to keep it "AVL

balanced".

AVL trees possess the following property, the AVL property,

which is dependent on the height of a tree, tree(u).

Defindition

A tree, tree(u) , is an AVL tree if for all nodes w in tree (u)
the height of the left subtree of w differs from the height of the right

subtree of w by at most one. Any tree fulfilling this property will be

referred to as AVL balanced. The balance factor of any node w in tree (u),
Ealfac(w), is defined as the height dé the fight subtree of w minus

the height of the 1eft'subtree of w. 1In succeeding diagrams the ﬁalance
factor is indicated by an integer directly below each subtree node. If in

an AVL tree, the balance factor of any node is 1, -1 or 0, the node is

said to be rigﬁt heavy, left heavy or balanced respectively (see Figure

3.3.1)0

- ¥

Imnediately after insertion or deletion one or more nodes may
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lose the AVL properti. Assume a node w has balance factor 1, On inser-
'tion tree(w) may be AVL unbalanced when a node is inserted into the right sub-
tree of w or on deletion, when a node is deleted from _the left subtree

of w (sée Figure 3.3.2). A symmetrical case exists if balfac(w) = ;1.

The given general transformations resgtore AVL balanée while preserving
the relationship of the keys. Figure 3.1.1 shows the only two cases which

arise for insertion (and the two most likely for deletion) with the cor-

responding rotations on the tree nodes necessary to restore AVL balance.

Symmetrical cases exist. Note that the height of the newly rotated m

subtree is the same as the original subtree before insertion of the new
key. Hencehfor insertion only one rotation is necessary since the rest
of the tree (if any) reﬁains AVL balanced. Howeve;, in the case of dele-
" tiom up to Lﬂlogz'n_J—l rebalances may be necessary as indicated in Figure
3.3.3. This is because deletion has caused the height of a subtree to be

decremented. . -

3.3.2 THE AVL TREE INSERTION ALGORITHM (AVLIA)

We assume that we are given tree(u) which is AVL balanced, and

that the key to be inserted is X.

€D If u= @ then enter X as the key of the root node and stop.
(11) Otherwise assume that X is to be inserted as with BTIA, then a

sequence of nodes will be traced out by the BTIA. Let this inser-

tion sequence be ul,'...,uk where u = u and k > 1. If keyCuk) = X,

then étop.aince the‘key is already present in.the tree.

(111) Locate the eritical pode, that is find the maximum 1, 1 < 1 < k,

such that balfac(ui) ¥ 0; 1if there 1s no such node set 1 to 1.

"
<

.-
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(1v) Insert X as with the BTIA.

{(v) Determine 1f rebalancing is required. Three cases arise:

(a) balfac(ui) = 1 or -1.

The tree has grown higher and no rebalancing is required so

stop (see Figure 3.3.4). This case arises when 1 = 1. in step
(1i4).

'
.(b) balfac(ui) = Q,

The tree has become more balanced so stop (se; Figure 3.3.5).
(c) 'balfac(ui) = 2" or -2.
The tree has becoﬁe AVL unbalanced and a rotation must be
formed.
(vi) Determine which rotation to perform. ?wo cases result:
(a) () balfac(ui) = 2 and balfac(ui+l) = 1 or
(2) balfac(ui) = ;2 and galfac(ui+l) = -1.
A single rotation is invoked (see Figure 3.3.6).

(b) (1) balfac(ui) = 2 and balfac(u -1 or

i+1) =

_(2) balfac(ui) =~2 and balfac(u = 1,

i+l)
A double rotation is invoked (see Figure 3.3.7).

3.3.3 THE AVL TREE DELETION ALGORITHM (AVLDA)

We assume we are given tree(u) which is AVL balanced, and that the
key to be deleted is X.-
(1) Assume that X is to be inserted with-the BTIA, then a sequence of

nodes will be traced out by the BTIA. Let this sequence, the

deletion sequence, be u

1200 oW where u; = u and X = key(y) (see

v b

Figure 3.3.8). P




(11)

(111)

(iv)
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Three cases arise,

o

(a) u, has n; sons,
Remove u, from the tree (see Figu£éx3.3.9).
(b) u has one son.
Remove U and relink the son of u to uk-l (see Figure 3.3.10).
(c) Uy has two sons. .
1f balfac(uk) = 1 , let z . be the postorder successor o% uee .
Otherwise, let z be the_postorder predecessor of u, . Replace

key(uk) with key(z) . A new deletion sequence is built up

whele u; = u and~u, = z. Repeat step (ii) (see Figure’3.3.11);;:é“

Examine the deletion sequence. Let 2 = k-1 (initially)¢, If ¢ =0
stop, otherwise threé cases arise.
(a) balfac(uz) = 0.

yﬁéﬁhéight of tree(ul) has been. decremented. Repeat step

!
(111) with & = 2-1 (see Figure 3.3.12).

(b) balfac(uy) = 1 or -1.

The height of tree(uz) is not Feduced and the rest of the
tree will be.unaffegtedﬁso stép (see Figure 3.3.13).

(¢) balfac(ug) = 2 -or -2.

-

Rebélancing is necessary {(see Figure 3.3.14).

Detérm;ne which rotation to perform. Let v and u be the sons

&+1
of uz.‘ Three cases result:
(a) .1 balfac(uz) = 2 and balfac(&) =1 or

(2) balfag(ug) = -2 and balfac(v) = -1.

A single rotation is performed as 11lustrated in Figure 3.3.15.
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Let % = %-1 and repeat step (1ii).

®) ‘) balfac(uzs = 2 and balfac(v) = -1 br\

. 2) balfac(uz) = -2 and balfaq(vj = 1.

A double rotatiomn is éérformed ;s'illustratgd in Figure 3.3.16.
Let £ = 2-1 and repeat step (ii1).

(c) .balfac(u,) = 2 or -2 aﬁd balfac(v) = 0.
A aingle rotation is performed and The algorithm terminates
since the height of £he ;o;;ted subtree has not decreased (see

Figare 3.3.17).

3.3.4 IMPLEMENTATION

As with the basic tree a;goriéhms a header node, thg? right pointer
field points to the root of the tree, is utilized. It is :?;o useful to
have balfac(w)’, for each node w in tree(u) , .available without having to
compute it. To this end the balance factor is an additiopal field of in-
formation in any record representing a node. On insertion only pointers
to the critical node, v say, ité father (used for relinking a rotated '
subtrge) and the insertednnode, p say, need be saved. Only the balance ‘
factors between v and p need be adjusted. Examination of the balance
factor of v and wh;ther p is in its left or right suétree determine
whether or n;t a rotation need be performed. At most the balance factors
of three nodes need readjuéting when a rotation is performed as indicated
in Pigure 3.1.1: On deletion a stack of pointers must be built to the
deleted Qode. Along with these pointers it is convenient to (have the
direction to the mext node in the search paéh (1.e. 1 = right, -1 = left{.

; . . .
The stack could be (PO, ao), (Pl, al),...(Pm, am) where P0 is the pointer

5
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to the header node, éo =1, P,, 1 5 1 < m, is the pointer to the i-th

i‘,

node in the search path, a, 1s the direction to move from this node to
get to the next, and Pm is the pointer to the node to be deleted. The
balance factors of the nodes in the deletion sequence u, 2 < m, are /////

adjusted as each is examined. Step (1ii) of AVLDA now may be interpreted

as:
v - (a) balfac(uz) = a,.
u, was left or right heavy and a node was deleted from its

left or right subtree respectively.
(b) balfac(ug) = 0,

u. was balanced and a node was deleted from one of its sub-

L

trees. Set balfac(uz) = -a, and terminate.

iR A R LTI bl SOl A

(c) balfac(uz) ="-a,.

u, was left or right heavy and a node was deleted from its

L
right or left subtree respectively. Rebalancing is neces-
sary.

On deletion rebalancing is identical to insertion with exception of the

special case illustrated in Figure 3.3.17.

o mm%mmfwﬂr*ﬁtﬁvm -~
y -
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key (w) = 10 ‘

Insertion of node with key 20 causes unbalance.

»

key (w) = 10

Deletion of node with key 5 causes unbalance.

key (w) = 20. ‘ .

Deletion of node with‘key 5 does not cause unbalance.

Figure 3.3.2
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Deletion of node with key 60 causes |__log2 IQ‘J -1 = 2 rebalances.

Figure-3.3.3

i=1, key(ui) = 10 balfac(ui) = 0. Insertion of X causes the height

of the tree to be increased.

Figure 3.3.4
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i=3, key(ui) = 40, balfac(ui) = Q. Insertion of X causes tree-to

become more balanced.

Figure 3.3.5



1 =3, key(y,) = 30, balfac(u) = 2, balfac(u,,) = 1.

i+l

A single rotatiom restores the balance.

1 4

-

Figure 3.3.6

Vet ! ~
.
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i =2, key(ui) = 25, balfac(uil = 2, balfac(ui+l) = -1,
The insertion of X causes a double rotation on nodes with keys 25, 30 and X.

A . !

- Figure 3.3.7




k = 5,.key(ur) = 40, key(uz) = 20, key(uB) = 30, key(uh) = X

i

balfac(ul) = 0, balfac(uz) =1, balfac(u3) -1,

balfac(ua) = 0.

Figure 3.3,8"
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k=4, key(u.k) = 35

k = 3, key(}lk) = 30

t

Figure 3.3.9

‘gigure 3.3.10
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:
k=2, key(uk) = 35, balfac(uk) = -1, key(z) = 30, z is the postorder
predecessor of . . , f;
0

k= 4, key(ui) = 15, kéy(uz) = 30, key(u3) = 25, key(pa) = 30.

a T e

Figure 3.3.11
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k = 4, key(w,) = 35, % = 3, key(u,) = 30, balfac(u,) = 0. The height

of tree u, has been decremented.

Figure 3.3.12
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k=3, key(uk)’= 30, & = 2, key(u)) = 25, balfac(u)) = -1. The height

Figure 3.3.13 : ‘E!..k

of tree(ug) is not reduced.

g
s

- N

Lo

k= 3, key(u,) = 20, ¢ = 2, key(u,) = 25, balfac(u,) = 2. Rebalancing
Y ‘ 2 2

necessary.

Figure 3,3.14
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k = 3, key(u, ) =20, & = 2,key(u,) = 25,

Yo41
balfac(uz) = 2, balfac(v) = 1. A single rotation is performed.

= §, key(v) = 30

Figure. 3.3.15

-
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k= 3, key(u.k) = 20, ¢ = 2, key(uz) = 25

38

LI @, key(v) = 35, balfac(ug) = 2, balfac(v) = -1. A double rotation

18 performed.

Figure 3.3.16 °




o
-~

balfac(ul) =.2, balfac(v) = 0. A single rotation rebalances the tree;

k = 3, key(uk) = 20, R_f 2? key(ug? = 25, Uppp = @, key(v) = 35,
the rotated subtree has not decreased in height.
i

Figure 3.3.17
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3.4 THE BOUNDED BALANCE TREE ALGORITHMS

3.4.1. INTRODUCTION

Trges of bounded baiance or BB trees are a class of unweighted
binary search trees which are easy to maintaip despite frequent inser=
tions or deletions. In this respect they are similar to the AVL trees
discussed in Section 3.3. They differ in one very impo;tant aspect and
thét\is they contain a parameter which can be chosen aibitrarily so as

to compromise between a shorter search time and infrequent restructur-

e |
Rgfinition ‘.

Given tree(u), u # @, then the root-balance of any node v in

aizq(vz) + 1 o
size(v) + 1 - A tree, tree(u),

tree(u), RB(v), is defined as RB(v) =

is sald to be of bounded balance & or in BB{a], 0 < a ¢ %, if and only - F
if for all v in tree(u) either size(v) = 1 or size(v) > 1 implies

(1) a € RB(v) < l-a and (2) tree(vl) and'tree (vr) are in BB[a].

>
The root ‘balance, hereafter referred to as the balance, is gn
indicator of the relative number of nodes in the left and right subtrees
of u; a tree is perfectly balanced if it is 4n BB[%}. In the illustra-n
tions, thé balance is indi;atéd by a rational number below each subtree
node. Figure 3.4.1 shows two exam#les of BB trees.
It is interésting to note that there 1§ a gap in the palance

\

of trees as shown in Nievergelt and Reingold (1972).

/
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Theorem 3.4.1

For all o in the range % < a < %,BB[a] = BB[%].

Insertion or deletion may cause the tree to lose its bounded
balance. Here thig means RB(v), for some node(s) v in tree(u), falls
outside the closed interval {a, 1-a]. For example 1if RB(v) = « then the
insertion of a key into tree(vr) or the deletion of a nodelin tree(vz?.
causes unbalance (see Figure 3.4.2). When RB(v) = l-a, gimilar cases
exist. If RB(v) falls out of range the general transformations of
Secé{on 3.1.1 are ;nVOked which restore the balance. The transformaiions

are the same as those in the AVL case but their use is restricted to

certain values of a. .

Theorem 3.4.2

4

If0<asgl1-~- jg-and the addition of a node w to tree(u), which
is in BB[a), causes a node, v say, to become unbalanced, then the follow-

ing transformations restore balance to v.

-

(a) I1If wis in tree(vr) then if RB(V;) < i:ia , a single rotation

restores balance, otherwise a double rotation is needed.

(b) If w is in tree(vz) then if 1~RB(V2) < %E%g » 4 single rota-

tion restores balance, otherwise. . a double rotation is needed.

The proof of this theorem can be found in Nievergélt and Rein-
gold (1921). The case of deletion of a node is inherent in the above.
For both insertion and deletion more than ene rotation may be required
to mainﬁain'balance (see Figures 3.4.3 and 3.4.4). Other transformations

may be introduced so that a may be increased but since ‘ R




Y Y R A L P e A Y
¢

ey

~Ny oy

Ve W g

42

t

(a) 1 - %? > .2928, (b) BB[a] - BB[%] is.empty for % < a < %, (c) the
given transformations are simple and (d) Nievergelt and Reingold have !

shown that the average search time of trees in BB[1 - %?] is no worseﬁ

then 15Z longer than a completely balanced tree, it is reasonable to

X choose o in the range 0 < a < 1 --ég .

3.4.2. THE BOUNDED BALANCE INSERTION ALGORITHM (BBIA)

We assume that we are given tree(u) which is in BB[a], the parameter a,

0O<acsgl —-é? and that the key to be inserted is X. “
1) If u = @ then enter X as the key of fhe root node and -
stop.

(11) Insert X as with the BTIA.
(1i1) Examine the nodes in the search path to the new node. ?
Let v denote the node currently under examination;

initially v = u. If key(v) = X stop, otherwise two cases

'«exiat.
(a) o g RB(V) ¢ l-a.

v has not become unbalanced with the insertion of X.
Repeat step (iii) for ghe next node in the search
pafh (see Figuré 3.4.5).

' (b) RB(v) > 1-a or RB(v) < a.

| v has become umbalanced with the insertion of X.
A rotation must be performed.

(iv) Determine which rotation to perform. Two cases result.

i:ia » then'a

(a) X is in tree(vr). 1f RB(vr) <

single rotation is performed, otherwise a double
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rotation is used (see Figure 3.4.6).

1-2
(b) X is in tree(v,). If 1.- RB(v,) < m‘i , then

a single rotation is performed, otherwise a double
 d

rotation is used (see Figure 3.4.7).

Ler v be the root of the rotated subtree and repeat step (iii).

3.4.3. THE BOUNDED BALANCE DELETION ALGORITHM (BBDA)

. We assume that we are given tree(

2
2

0 <a g l-

1)

(11)

.,
N

N,

L

;K
, and that the key to be deleted is X.

Assume X 15 to be inserted as with the BTIA, then a

sequence of nodes will be traced out by the BTIA. Let

this sequence, the deletion sequence, be Upseessly
where uy = u ané X'= key(uk). "
Examinexuk. Three cases :esuli.
(a) w, has no sons.

R.emove-uk from the tree,.
() uy has one son.

Remove u and relink the son of w touw .
(c) uk_has two sons. -

1f RB(uk) = % let z be the éostorder succeésbr of

W otherwise. let z be the postorder predecessor or

successor of U depending on which will most improve

the balance of w if tree(z) is replaced by tree(v),

where v 1s the son gg\j/fz;\?ny). Figure 3.4.8
3

which is in BB[a], the parameter a,

Lo
.
R o |
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i1llustrates the situationé%:Replace key(uk) with

+
key(z) ‘and repeat step (ii) with u =z and X = key(z).
During the search for z a new deletion sequence is

built up where u; = u and w = z.
Let 1 = 1.

(1ii1) Examine the deletion sequence. If i = k stop, otherwise
two cases result.
(a) a-s RB(u;) § l-a.
u, has not become unbalanced with the deletion of

the node with key X (see Figure 3.4.9). Let i =1 + 1 ‘ﬂ. N
and repeat step (iii). ' S

(b) RB(ui) < a or RB(ui) > l-qa.

-

. uy has become unbalanced; perform step (iv). . o,

(iv) Determine which rotation to perform. Two cases arise.

(a) If v, was in the left subtree of uy then let v be

S
1-2a
l1-a

, the right son of u If RB(v) < then a

i.
single rotation will restore the balance, otherwise

a double rotation is used (see Figure 3.4.10).

(b) If v, was in the right subtree of uy then let w be-

-

- v
i~§a , then '

the left son of u, . If 1 - RB(v) <

a single rotation will restore balance, otherwise
a double rotation is used (see .Figure 3.4.11).

' _ Let 1 = 1 + 1 and repeat step (iii).

+ Note that tree(u) is not a binary search tree since key(z) appears twice.
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' A <agl —-lgz then difficulties arise when size(u Y = 2. Referfing ‘

‘occurred improved the balance.” . '

324.4.. IMPLEMENTATION

-

The implementation makes use of a special header node whose right
pointer fieldbpoinré to phe rcot of«the tree. There is also an addition-
al field contained in eny record representing a node, the size fieid.
This gives size(u) for any u. This is all the information which is need-
ed to compute RBiu). When a key, X, is to be inserted into the tree, the -

size field of each node, U, in the insertion sequence isrincremented and

checked to see if it‘will be unbalanced upon the insertion of X. If.sda
a rotation is performed before the key is actually inserted. The: rota-

tions are determined as indicated by Theorem 3.4.2. If however, .

)

‘ to Figure 3 4,12, double rotation should be performed according to

the specifications of the theorem, but this is impossible since X has -

not yet been inserted. Therefore when siz_e(ui).'= 2 and a rotation must

Be‘idvéked a single rotation ig used. Still another problem exists as

-
>

indicated by Figure 3 4.13. Here an infinite loop results when

(1) key(u ) < X < key(ur+1 or (?) key(ui+1) < X < Eex‘ui).n A special

test 18 made for condition (1) and the tree is transformed as in the

1

-

.figure. Another spec#al rest is inc¢luded for an initial examination of

. 1 . ' | _ _
u - If size{ui) T 7 % ¢ then tree(ui) will be in BB[a]-after_the,inser

hY

tion and‘therefore.the key may be simply inserted in tree(ui) as with

BTIA, remembering to increment: size fields. If X is already present in

it

the tree, the insertion- sequence is scanned again and the size fields

)
!

decremented but no restructuring takes place sinece any rotation which had =

:

- \
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The deletion case is similar. For any u, if a node is to be

deleted from free(uz) then this may be treated as an insertion of a key

’

into tree(ur) and appropriate rotations invoke necessary before -any
: y )

actual deletion. Here the size fields of the nodes inp the deletion

sequence are decremented as each is exagmined and if the node to be de-

>

leted:is not preserit, they must be incremented on a second pass but no

restructuring is necessary.

The inequalities involving fractions are changed to an integer

form for.the different comparisons’ needed. For example,

size(vl) + 1
1 -

a L]
if a = = then a < RB(v) € l~a  is S Slze(v) + 1 °

which

Tl
i

_becomes“ é-[éize(v) + 1] < b°[size(v£) f 1] < (b-a) ¢+ [size(v) + lj-

This avoids division and comparison of real quantities which may cause
. ‘ N
difficulty due to rounding error. '
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Nl
ol =

1 1
2 . 2
Ay

key(v) = 10, key(v ) = 15. Addition of node with key X in cree(vr)“

causes unbalance. RB{v) = 2 < a.

o =

6’

unbalance. RB(v) = —£-<3a.

13

i L
2

key(v) = 10, ﬁey(vz) = 5. Deigtibn of ndde with key 5 causes

11

‘Figure 3.4.2

Nt
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1
2

N b=

o = ]3' Insertion of -X requires two single rotations to ‘restore balance.

Nodes with keys 10 and 30 are unbalanced upon insertion of X.

‘Figure 3.4.3.
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number of nodes
"in subtree

win

1 1-
2 2

as= %. ‘Deletion of node with key X requires two single rotations

to restore balance. Nodes with keys 25 and 5 are unbalanced.
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/
a = =, key(v) = 10, key(vr) = 20. Insertion of X causes unbalance
1-2a
1-a

~ o

at v, RR(v) < a, RB(vr)r< cadsing a single rotation. ’ R

a

N %,‘ke9(v) = 10, key(vr) = 25. ‘Insertion of X causes unbalance at v,

RB(v) < a, RB(vr) { %E%g_causing a double rotation.

Figure 3.4.6



Q= = key(v) = 25, key(vz) = 10. Insertion of X causes unbalance at v, o

1-2a
l-a

RB(v) > l1-a, 1 - RB(vg) £ . causing a double rotation.

A3

a = %, key(v) = 25, key(vl) = 15. Insertion of X causes unbalance at v,
1-2a ' '

RB(v} > 1l-a, 1 - RB(VE) < Qausing a singie rotation.

l-a

-

Figure 3.4.7
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o =1
4°?

imbroves the balance of W when z 1s deleted.

key(uk) = 15, key(z) = 20. Choosing z as the postorder successor

Figure 3,4.8

ll";‘"
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X
1
2
1
. 2
. [\
1 . .
@ =7, key(uk) X, key(ui) 20. -Deletiop(of U does not cause -

unbalance at u . ] ‘

»

-‘Figure 3.4.9
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1-2a

)<ot,RB(V)1flCL

1y

1 :
a =z key(uk) = 5, key(ui) = 10, key(v) = 25, RB(u

A double rotation restores balaﬁce.

X



wiro
Wi
-

? - %, key(uk) = 25, key(ui) = 20, key(v) = 5, RB(ui) > 1‘&,

1

-2Q
1-a

A double rotation restores balance.

-

1 - RB(v) ¢

wi &

15

S

N -~

a = %, key(uk) = 25, key(ui) = 20, key(v) ='15, RB(ui) > 1-a,

1-2a

1-a A single rotation restores balance.

1 - RB(v) <

Figure 3.4.11
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1 Y2
; <as 1 - - key(ui) =5, key(ui+l) i 10, size(ui) = 2,
‘) ‘
RB(u,) = £<a 'RB(u ) £ i-Zc A double rotation cannot be
i 4 i+l l-a ° K

performed since X is not in-tree(ui) yet.

Figure 3.4.12

“
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A special case forg the imple_:mented algorithm
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. 4
3.5 THE BELL-TREE ALGORLTHMS

3.5.1. INTRODUCTION

This unweighted binary tree construction method was first dis-
cussed ;nforpélly by Bell (1965). In generdl whenever a sequence of keys
';s fed to the BTIA, (Sectiomn 3.55, some subsequences will produce a

maximm valued subtree, e.g. 1f the complete sequence of keys is in pre-

ceding order.
Bell observed this and developed a techique to remedy this sitﬁat;on by

"forcing" what could be a maximum valued subtree to have a lower value

Sy means of transformations. Bell did not give an explicit algorithm for . :

this techique, hoﬁ;ver thé algorithms described below aré based on his
‘worg."lt is necessary to introau;e some new nbtatio@.
‘Definition
‘®Lven a tree, tree(u); thén for r>0
r-size(u) = size(u); if size(u) < 2T-1,
' 2T.1, if size(u) » 25-1.

In sucéeeding diégramS*r4size(u)‘yill be 'indicated below u. If tree(u) :

_ is minimal then for r > 0, tree(u) is (1) r-complete if size(u) = 2°-1,

(11) r-incomplete if size(u) < 2T-1 and (111) r-replete if size(u) > 2r—1.‘

. c o
For r > 0, r-trde(u) is a subset of tree(u) such that for v in tree(u),

2 v-is In r-treefu) 1ff 2(v) < r. For'k > 0, tree(u) is a k-minimal tree

iff for all v in txree(u) éiéher (1) size(v) < Zk—l'a;d tree(v) 1is

minimal or, (11):size(v) 3 2° and k-tree(v) is k-complete. This defini-

tion corrects an error in Bell -(1965). Each of the above notions is

.
L

‘11lustrated -in-Figure 3.5.1.

P I
Yry”
P
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The following tree construction algorithm builds k-minimal trees
at each stage of the construction for some parameter k >-0. When‘k = 1
" the insertion and deletion Flgorithms‘become the BTIA_and BTDA.of Sec-
tion B.é. The tfgnsforpations used to produce and maiﬁfain k-minimal
trees i; both-algorithms a;é the general transformations given in Section
3.1.1,0bse¥ving that. subtrees of k-minimal trees are (k-1)-minimal trees,
the techique 1is to builé k-minimal tfees(from.(k-l)—minimal treesel When
a node, u: becomes the root of a k-minimal tree, for a given parameter
k, and size(u) 3 E, u remains stétic,‘i.e. it is never rotated by any Py
transformation; its two.sons v and y say, must now become roots of
k-minimal trees (where size(y) 2 2 F,_size(yf > 2 l upon the insertion of
more'keys iﬁto ihe tree. The.Same idea 15 inherent in the deletion

algorithm.

3.5.2. THE BELL—TREE INSERTION ALGORITHM (BIA)

‘ Assume that k > 1, that we are given tree(u), a k—miniéal tree,
andjthe key to §e inse;ted is X. K
@) Ff u=¢@ thgn‘enter X as the root node and sfop.
(11) If size(u) < 2¥_1, then k' = Llog2(1+si'ze_(u))_|,other*-
. wise k' = k. ,Thig ensures that initia;ly p-minimal trees
are 5uilt for p = l,é,...,k.-
‘ i) Ass&me that X is to be inserted with the BTIA, then a
séquéﬁhé of nod;s will be traced out by the BTIA. .If éhe
key of any node equals g stop, otherwise let the first o
node in this sequence, which 1s ﬁot the root qf a

' kﬂQcomplete tree, be u, and the succeeding nodes be



q?\-::" :;*' !
) ~ (iv)
6]
C(vi)

Q\

62

u caes m s k"‘lo
1’ > m’

If m = 0-then X is entered as a son of uy-

For 1 = 1,...; m-1, if tree(ui) is a (k'-i);complete tree,

" then letting u, be the first such node, do the foildwiné:

if u, 18 a left son of u,_, then }et'z be the postorder
predecessor of ui_l,wotherwise let z 'be the pQStorder
successor of LR We deal with thé'predecessor case
only, the successor case follows similarly. Two cases

arise (see Figures 3.5.2 and 3.5.3 respectively). -’ e

(af X > kef(z): Replace key(ui_l) (=Y;sgy) by X and
then insert Y iato tree(ui_ ) using the BIA. Note '
thatithe right son of u;_;» Vv say, is such that

tree(v) is (k'-i)-incomplete.

S

() X < key(z). Remove z from tree(u) and insert X

into tree(ug). Reyléce‘key(;i_l) (=Y,say) w?th

key(ij'and insert Y iato t;ee(ui_l) uging the BIAi
If there 1is no uy fulfilling the conditiong of step gy)
then two cases arise‘(seé Fig;res 3.5.4 and 3.5.5

ﬁiespectively)h

Xa) gize(ﬁm? =1, If tree(ui_l)-is not a 2-complete
tree then carry out a rotation, otherwise_ X 1is
entered 4s a son of u

(b) aize(um) = 2, ‘X is.entered. as &4 son of'um.

4



3.5.3 THE BELL-TREE DELETION ALGORITHM (BDA)

Assume that k > 1, that we are given tree(u), a k-minimal tree,

M W W NN EEm
.

-

u # @, and the key to be deleted is X.
) ' Assume that X 1s to be inserted with the BTIA, then a
sequence of nodes will be traced out by the BTIA Let the

last k' nodes in ‘this sequence, the deletion sequence, be

AR P where X= key(uk,), and k' = k if Z(uk, >

.or k' = 2(uk,) otherwiset® See Figure 3.5.6 for k = 4.

Cii) .Three cases arise.

(a)

(b)

.9 I m W' N miwm ]
.

~

(e)

Y has exactl} one son, V.

Remcve‘uk, and relink v to uk,_l’(see Figure 3.5.&),
unless u = W in which case v becomes thefnew roct..
U has two sons.' .

Let \f and V. be the left and right sons of W, re~’
spectively. If k—size(vi)‘> k—size(vr) then let 2z

be the-postorder preﬁecessor of Wi otherwise let z

.be the postorder successor bf‘uk;. A new deletion

=z,
k' a

Replace X with key(z)+. Step (11i) 1is now repeated

sequence ui,...,ué;, is calculated where u'

with Upseesslye replaced by ul,...,u k' (see Figure

3.5. 8) -

W has .no sons.

If u =’ U ofs then a null tree results, otherwise the y

“‘deletion sequence is used to determine what action

<

m W W W M
o

+ Note that at this point in the algorithm tree(u) is.no longer a binary

] - L]

search tree, since key(z) occurs twice.

L4
S

t4

o £ "
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should be taken. For i = 1;..;,k'-1, if there is a

nk,_i such that

) tree(uk._i) is (i+l1)-incomplete, then immediately

we have that tree(ui) is k -incomplete; thus W,

is removed (see Figure 3.5.9), or

”

(2). tree(u.,_,) is (i+l)-replete; then letting uk'—i+l

and v be the sons of a#._i, if v is the 1xft son
let z be the postorder predecessor of key uk'-ij.
otherwise let z be the.postorder successor of
. ‘key(uk,ﬁi). A new deletion sequenee ﬁi,...,u'k,,
is calculated wher% n'k, = z. Replace key(uk;_i)
with key(z) and tﬂen‘use'the BIA to insert
\ ,.key(ug, ) into;éree(uk, i+l)'. Step (ii).is now
repeated with ul""’uk' replaced by ul,...,u K
(see Figure 3.5.10).- _ )
Otherwise if there is no uk, fulfilling'conditions

Cl) or (2) then remove W (see Figure 3.5.11).

"3.5.4 IMPLEMENTATION - : < /

A special Header node is introduced whose right pointer field

points-to the ‘roat of the tree. For an input parameter k, the imple—_

.nented insertion algorithm also makes use of the value Zk-l, called KVAL
. in the program, to determine its primary actions. An additional field
of information is contained in any record represent;né a node; the size
fleld This field gives the k-size of any node v in tree(u) This’

Y

*nformation is used o determine if for any v, treer) is l—complete, :
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%-replete or 8—incomp%ete; 1< % s k. In the insertion algorithm U, is
determined by simply examining the size field of each node in tﬁe inser-
tion sequence until size(v) < KVAL, for some v. Ihete is an initial ex-
amination of the insertion sequence to determine if the key to be inserted
is already present in the tree,‘uo beiog located at-this time as well.
This initial eearch ean be avoided if tdgtie& of each node in the inser-
tion seduence is‘checked to see if it is the key being insetted and if

. a transfgrmation needs to be'petformed at. this point in the sequence.

Any ttensformation carried out does not destroy the,propettieeoof the

tree but‘since the key must stil/)be located (meaning its original seetch
path must be found) the added work and complexity may not be worth the
effort. . If the key 1s ‘not present each node u

succeeding u. in the in-’

1 0

-~

sertion sequence‘is‘examined to see if sibe(ui) =‘l§y%%ﬂ,'i > 1, and if
: ‘ 2t

-

‘80 step (v) 1s carried out. If t%gé%%_s 1 then this correséonds to step
o 2 . ’ ‘

(vi)(a) and a simple transformetion must be invoked. Step (vi)(b) is

recognized when' u, = @ (actually 1= mtl in-BIA -at this point)

i .
For the deletion case a circular stack of length k + 1 is used
to contain pointers to’ the last k + l nodes in the’ deletion sequence
(stack[k+l] points to, the deieted node, stack[k] to its father,
- stack[k-1] to. its grandfather,... etc). With a litﬁle thought it is
seen that‘the.etack need only be bf 1ength k. The extra pointer_was
;found conveoient when deleting the last two nodes in a tfee; at thfe
_point stack[l] points to the header node. Agein the size, field of-the

nodes is used to determine any action that must be taken. The size,

field of‘the node to be deleted is investigated to determine if it ‘has
-0 ‘ ! N . v
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one, two. or zero sons. If the node 'has one or two sons step (ii)(a) or -

(b) 1is carried out; otherwise using the pointérs contained .in the stack

step ({1)(c) is performed.

(a)
(b)

(c)
(d)

_ ) 1 1
Subtrees with keys 25 and 45 are 3-complete.

Subtrees with keyé 10 .and 65 are. l-replete and 2-replete but .

i

3-incomplete, .

Subtrees with keys 35 and 55 are 2-complete but 3rinﬁomplete.

The tree is a 3-minimal tree.

B
f) D o
L
. s

i Figure 3- 50.1

~

((
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'BIA for 18, i=1, key(u ) 20 key(u) =10, key(z)=15, and X=18, and
treé (u ) is a 2~comp1ete tree.

:After the transformatlon key(u ) 18, and BIA is called recursively
! to insert 2071nto tree(uo).

" Figure 3.5.2

67




BIA for X, i=1, kéy(uo) = 20, key(ul) = 10, key(z) = 15, X < 15, and

tfee(ul) is a g-complete tree. .

After the transformation ke&(u = 135, aﬁd BIA is calledﬁrgbursively

i-l)

to insert X into tree(ui) and 20 into tree(ui_l).

Figure 3.5.3
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BIA-for 12.

m=2 A double rotation on the nodes containing keys 11, 13 and 12

" BIA for 12.

m=2 A single rotation on the nodes containing keys 14, 13 and .12

- Figure 3.5.4

69
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BIA for 6, m=1

.
.
( netttatahbiknaddionme

. Figure 3.5.5



BDA for 9.
key(u1)=10, key(u2)=5, key(u3)=&, key(u4)=9, i.e., k'=4.

Figure 3.5.6

s
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BDA for 25, one son case.

Figure 3.5.7"
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BDA for 40. _ . I

- Y

'y - \:c“'

Y k'=3, key(%k,)=40, key(z)=4S. Apply step (ii) at'z=u'y,.

v

Figufe 3.5.8

+

¢
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BDA for 40

akﬁ=3 i=2, key(uk)*40 treﬁ(uk. ) is (i+l) incomplete (i e.

ﬂ—incomplete) therefore remove ui. /

74




-3

S . 75 L

BDA for 50.

K'=d, key(u,)=50, tree(u,, ,) is 3-roplete, key(z)=25. Use

BIA-to insert 30 into t:ee(uk,-l) and apply Sfép (i1) atcz=u'

.

k'{

" Pigure 3,5.10 - . M



BDA foxr SO

k'=4, since tree(ukJ_i) is (k'-i)-complete, 1<i<3 and tree(dk,_s)
'is not 3-replete simply remove u,. '

-

e

L)

£}
3

Figure 3.5.11

\
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3.6 KNUTH CONSTRUCTION ALGORITHM (KNCA)

3.6.1 INTRODUCTION

This weighted external tree construction algorithm.produces an

-

optimal binary seafhh tree; however, since it requires time and memory
,'l . v

space proportional to n2, it is of limited practical use.’ Obsenping that

all subtrees ‘of an optimal tree are optimal the following bottom-up tree

construction method is suggested. . Given n>0,n ordered keys Xi’

i’ 1 541i¢n,-and B 0O<g1ign,,

1<1¢g n, and 2n + 1 non—negatiVe weights a
the scheme is as follows. " Given the Toot node with key X

1 then its left

its

subtree is an optimum tree. for the weights al,...,a RE B: 8

0’ -t i- 1’

right subtree is optimum for ai+1,...,a , 81,...,8 . Therefore we can : i

n

build up optimum trees for all "weight intervals" Fy e ..,aj, Bi""’Bj’

i < j, starting from the smallest intervéls and working toward the largest

~

Let WPL(i,j) and W(i,j) be the weighted path length and total weight of an
optimum search tree w1th the weights Bi’ ai+l""""°"' .....,oj j.
and let R(i,j) denote the index of the key which is the. root of this tree

when i <¢j. 2An algorithm can be foé%ulated from the following equations

H

- :W'I’L(i,i)' = W(,1) = B, .. O0si¥am, . W A
_W(.'i,j)‘.-= W(i,3-1) +<;j + 8, 0 ﬁﬁ <3 <¢m,. @
<o e "
¥ WPL(1,j) = [;nin[wPLki,k—l) + Wl.’L('k,lj)J + w(i,3)]
- S i‘s‘ks:j- O-Si'<j_§n S &)
Eqnation (3) 'is the'ohservation that the weighted path length of a tree, :‘

@

with root node u say, 1s the ‘sunm of the weighted path lengths of, the

left and right subtrees of u plus the weight,of the entire.tree. It

r
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forces a root to be Ehosen'whicﬁ results in minimal path length. Using
equation (3) it 1is possible to evaluate WPL(1,j) for j—~i'= 1,2,..v,n.

Rduth (1971) proved the following theorem.

Theorenm

- There is. always ﬁ‘solution to the above equations satisfying
R(1,J-1) < R(1,3) s R(i+1,3) for 0 £ 1 < j < n, when the weights are
non-negative..

This limits thé search for the minimum in (3) since only

R(i+1,j) - R({,j-1) + 1 values of k need to be examined instead of -j-i.’

3.6.2 THE KNCA _
. N - Y
" We are given, n, > 0, n ordered keys_Xi, 1<1<$n, and 2n + 1-

weights as

A

l<4i<n and Bi’ 0<1c<n.

) . t".
- (1) Determineé all the one-node optimum trees. .For 1 € 1 < n, let

R(i-1,1) = i. ‘Let £ = 2,

(11) Determine all the 2-node trees. “If £ ¢ n then do step'(iii),
_ ; ) ) . :

Sﬁherqise do step (iv).

-+ (441) For j = 2, £+l,....n let £ = -2,

WPL(1,3) = W(1,3) + min({WPL(i,k-1) + WPL(k,3) |
R(,j-1) ¢ k ¢ ﬁ(i+1,'j)}),
ané R(1,3) eéugls\the ;glu; Sf k for %hich the minimum bccurs.
Let i = 2+1 aﬁd repeat step.fii), - |
(1v) . Coustruct the tree, tree (W. _ ' . ) .

A4 (a) Initially { =0, § ='n.

(b) If 1=j, u-= ¢,,otherwise key (u) = XR(i,j); u, ié gﬁven’by

(b) with 3 ; R(i,j)rl.énd u_ is given by (b) with i =‘R(i,j).'

._E
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" to the‘ﬁeight arrays.

3.6.3 IMPLEMENTATION . ' : )
The implementation of this algorithm'utilizes two (n+l)2 arrays
for the values of the wéight and the weighted path. length, an (n+1) X n,

array for'the'values of the root indices, two arrays of size p to céntain

.

tie keys;and theiruweights:and an arfay of size n+l ‘to Eontain externai
wg;ghts._ Only approg}matély one half of the storage allocated by the

two dimensional érrgys is actually used, -however this may be readily
. . RN [ -

overcome by suitable combinations and linearizations. 'The,resulting'

>

storage would be proportional to n3. It was found, for purposes'of this

project, that even with this reduction certaip'desired trees could not

be consfructed for lack of gpace.. For this reason and fgr.clarity of the

¢

iméiemented algorithm the arrays remain as ini&ially described. ' ﬁ

Since thls,proéram is needed by a@other tree coﬁstrﬁction~algorithm;

it has superfludus parameters which are used to determine correct indices
A . 0 ' ’ ’ . *
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3.7 THE BRUNO COFFMAN CONSTRUCTION ALGORITHM (BCCA)

03.7.1. INTRODUCTION
A\

This heuristic method of finding nearly optimal weighted trees,

defined by Bruno and Coffman (1971), requires relatively small amounts
of storage qnd.computation time, Given a tree, tree(u), the algorithm
performs transformations‘on the tree so as to reduce the weighted path
length. To do this, certain nodes must be promoted closer to the root.
The heuristic gives an efficient method for determining when a node.

" ,should be promoted and simple tqqnsformations to implement this promo-
"tion. Let us now consider the transformations in more detail.

Let Cn denote the set of binary search trees on the keys-.Xi and

L

the éeights o 1l <1 ¢ n., Let T -be in Cg. For notational convenience

i,

i let u;, a node of T-with key Xi"l < i < n, be denoted by its index i. hs
Define a‘transformation ti on Cn,‘l.s i ¢<n as foilows: ’
.-ti(T) = 1f u, is the root then T,
° otherwise see Figure 3.7.1. ( h .
. ) S o . -
«If uy is not'the root then after this transformation the levedl of hf
. has been decreased by one. A more general transformstion fi,k on Cn’

1 <4 ¢n, may be defined in which the level of u,_is reduced by k > 1.

For.1 1 g n, k21 . B

'ti k(T) = if k 1 then t (T) \O%herwise . . N . . .
b

. {if z(u ) < ktl then T

Lot‘:herwise ti(ti’k_lgT)).




pap—

" a neighborhood about T. It is easy to see that nQ(T) =4

the weights of the keys in B

i ’ AR ) “\ 8‘1
Figure 3.7.2 iéiustrates ti,k(T) for k = 2.  Let “ﬁ3 k 2 1, be a mapping

from C_ into 2 % defined for all T in C_ as follows:

m (T) = {T'[T' = ¢ (T),.1 g j’ £k, 1 g1 <n}. 7 (T) is said to define
k i,] : k )

s
(T) for k = 1

k+1

) and, moreover, nn(T) = ﬂn+i(T) for 1 > 1.7 There are at most n? members

in nn(T) and consequently by increasing k we do not necessarily inciude

all the members "of Cn in ﬂk(T).
With the above information the heuristic may now be described.
Given k>1 then proceed as follows: (15 enumerate the elements of ﬂk(T)

in some way until a T'-is found such that WPL(T') < WPL(T) and repeat

'(l) for T'. Since there are a finite number of elements in ¥ :(T) and

there is a T' such that WPL(T )} € WPL(T) for .all T in C , the process

must terminate. Two questions remain to be answered, the first being

_the selection-of'the initial tree T. Any arbitrary tree may be chosen

Ry

but in practice it 1s best 'to choose a "good" starting tree. Bruno and

Coffman found the. largest—first method was, successful. with this the
keys are partitioned into m blocks Bl,..;,Bm, where for blocks Bi’ B, +1°

4 s 1 < m, the weights of the keys in B are greater than or equal to

i

1+1° Now a random permutation of the keys
R :

in each block is obtained and a tree is construtted as with the BTIA

using as input the randomized keys of B :l £1.¢<m .In this ‘way keys

with’ 1arge weights will be closer to the.root. By varying the si;e of

o . . .
the .blocks different starting trees may be generated.'~The second ques-—,
- s ’ v .

tion is How to’ehumerate wk(T). Agsin a largest—ﬁirst scan has proven

satisfactory.' ASSuming’ai 2.?i;1 that is, the weight of key(ui) is
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.greater'than or equal to the weight of key(ui+l), 1l <1 <na, then

examine wk(T) in the or@er tl?k(l),...,tn’k(T), tl,k—l(T)"”’tn,k—l(T)’

t (T).

e e n’l

3.7.2. THE BCCA

" Assume we are‘given an n node tree, tree(u), whose keys Xi have

welghts o, 1 < i< n, and a parameter k, k > 1,

. { N
1) Define the sequence of nodes Uy Upyeeesu such that for

n

i,.l <1< n, the weight of key(ui) exceeds or equals

the weight of key(ui+l

(i1) Scan the neighborhood of tree(u) wk(tree(u)): For
. P
T ¥= k, k-1 ,3..,1 do step (iii) and then stop.
(111) Examine barticular elements of nk(tree(u)).; For

i'= 1l,...,n investigate t (tree(uw)). If

,j ‘ K .
WPL(t j(;ree(u))) < WPL(tree(u)) the weighted path length
’

" of the ttee has beén reduced and tree(u) is replaced by

" {
ty B(tree(u)) (continue with the next value of i).
3 N

I4

3.7.3. IMPLEMENTATION
e

The algorithm uses a special header node whose right oointe:
'fieldypoints to' the root oflthe tree Two adaitional"fielgs of informa-
'tion are contained in any record representing a node One contains the
weight of the’key which defines the node, the other.containe the weight
of~tne subtree defined.by'the nooe. Along with the. starting tree and the

parameter-k, a vectar of n keys Xi’ .such that for 1 g 1 < n -the'weight

of X exceeds or equals the weight of X;4q» 18 passed to the algorithm. !
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One very importanﬁ aspect of the heuristic ié the ease with which
one can determine if WﬁL(ti’kgtree(u)D < WPL(tree(u)) without actually
perfqrmingfény transformations. Referring to Figure 3.7.3 Qne can
calculate the new weighted path length of a tree,lgree(u),Lwhenta node

is promoted one level. Let tree(u) denote the tree after the transfor-

) mation,.WPL(tree(u))‘be its weighted path length and W(z), for any z,
be the weight of’tree(zl. Suppose y is to be promoted and it is a right

son of its father, v say, then

WPL(tree(u)) - WPL(tréé(u)) = [W(v)+fWPL(t;ee(vb))-+W(y)4-wPL(treé(y2)}+L

+ WPL(tree(y ))] - W(y) + WV + WPL(tree(v,)) +

A

+ WPL(c}Zegvr>) + WPL(tree(y )] | : ( g
- W) + W Ve [T + T >
v =.W(y)'—.ﬁ_(7)- ' < T
Therefore WPL(tree(w)) = WPL{tree(u)) + W - W(y). W

The same equation results when y is a left son of v. I; is important
to note that W(v) is the weight of the (left) right subtree of y after’
the transformation and that W(v) and consequently W(y) are the only

subtree‘wéighis_affected. 'W(v) is -easily calculated. If y is-.a right

son of v then W(v) is the weight of the left subtre

of y, W(yi), and

W(v) = W(y,) + a + W(v,), a 'representing the wel t of kej(b).‘ 1f y

is a left sop -of v then W(v) is the right suptree of y,_W(yr), and

W(v) = W(yr) + a, + W(vr). Wty) is now given b ’ oo

. N

W(y) = W(v)-!-a_y—i- W(yr) or

£ ,f W(y) = W(v)+ay+ W(yz) respectively.

3
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Since the ;hole process hinges on the welghts of the subtree of
y, two va;iables, initialized to W(yg) a#d Q(yr), are used. to holé the’
values of ﬁT;;) anq ﬁf§;} as y is promoted k times. Another variable,
initialized to W(y), is used t; contain the value ofqﬁz;). At each pro-

[N

motion WPL{tree(u)) is calculated using equation (1).. After k promo-

tions a comparison of the weighted path lengths can be made and if the
weighted path 1eégth has been reduceq, the t:raansforinat:ion(t:i"k is appl?eq.
Avrcircular stack 6%‘1ength k + 1 is used to contain pointers to y and
iés k‘ancestors; Also an array ofilength k is used to confain the values
ﬁi;i as y is being promoted. These véfues become the new weighté of
cﬁe left or right subtrees of y as each actual promotion occurs.

WPﬁ(tree(u))'is-calculated inirially by simply traversing
t?eeiu) and summing the weights of the subfrees‘defined by each node.
A wise cholce of the parahete; k ig the maximum level of any dode‘in

‘ |

the starting tree, although this may not be the best choice as far as

computation time.
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key (u) = 10, key(ui) = 35. .u, is a right son of its father.

1Y \

i

he'd

key (u) = 30, kej(ui) = 16.' ui‘is a left son of its father.

) 1, v

-« Figure 3.7.1

-
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45, ti,k(tree(u)) resu}ts

k = 2, key(u)
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Figure 3.7.2

- |'.|' ','

"

in the above.
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key(y) = 20, key(v) = 30. y is the left son of v.

L8

.
T

-

Figure 3.7.3
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3. 8 THE WALKER GOTLIEB CONSTRUCTION4ALGORITHM (WGCA)

3.8.1 INTRODUCTION

t

* This weighted éxternal tree construction method was defined by

4

Welker and Gotlieb (1972a) Like the Bruno Coffman algorﬁthm of Section

3.7, it avoids excessive amounts of storage space and" computation time

~and yet produces a nearly optimal tree on n ordered keys X, , l-s i<n,

*+

and 2n + 1 non-negative weights ay and Bi' The method is a combination

-~

of .two ideas suggested by Knuth (1971) to produce a tree that is very

. nearly optimal. The first idea was to choose as thé key of the root node

the input key of maximum weight and repeaf this process for subsequen;

subtrees.: This will not produce -an acceptable tree in all cases since

14
the external weights dre ignored. ' The second idea was to choose as the

*~.,

key of the root nodge, a key which results in the weight of the left and
" 1 9

right sybtrees of the root being almost equal. There may be one’ or two

. . - . .

such choices for this key as iﬁ&icate‘d in Figure 3.8.1. Walker and

!

Gotlieb call the "largest'«of the two keys (wheré largest refers to .the
ordering defi;ed on the keys) the centroid. Using this idea a key for
the root node, Q say,/mé§ be seleeted which hes a relatively.smal;\

weight. However, the weight of'key(ﬁz) dr_key(ur) could be much lar%hr

and should actually be the.root of the optimum tree. Trees constructed

by choosing the centroid as root were much "better" than those constructed

By the firat method. Walkey ané Gotlieb approached the situation in the
\ i B .-

following. manner. For a‘eet of n ordered keys X and 2n + 1 associated
Weights, they constructed n trees by choosing as the key of the root of

each tree a different, X and forming opttmal subtrees using the’ KNCA,

-
~
¥

e
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Many examinations 3uch as these revealed that the minimum weighted path
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length occurs.when the weight of the key of the root Is a loecal maximum,

i.e. if Xi is the key of the root then a4 < oy > a

i+1°
as the meighted path length of a tree whose root has Xi as its key, it mas

noted that if WPL(X ) > WPL(X ) < WPLX i+l) then this usally corregponds

to the assoclated o, being a local_maximum. In other words a local minimum
of WPLCX ) corresponds to a local maximum for the oy This relation does
not apply when there are a small number of nodes in one of the subtrees
since the weighted path length of a subtreeimay be signifieantly changed
upon the removal or addition of even one node. The method is formulated )
by choosing as_ the key of the root node that key which has maximum weight
in some neighborhood of the centroid. If this maximim is not unique the

key which is closest to the centroid is selected The process is’then

X repeated for the subtrees of the selected root node. When the number of

nodes in the subtrees becomes too small for this rule to be.effective the

KNCA is used to éonstruct an optimal subtree. .
N K
Two questions remain to be answered, the first ‘being the deter—

ndnation of a neighborhood about the centroid. Walker and Gotlieb supply

)

a parameter, F, to their algorithm to determine the neighborhood. Let a
and B denote the sum of the &y and B respectively and ng,j) denote the
weight of a tree with associated weights Bi’ 1+1° Bi+l""’ 42! j,ifj-

They use the measure —£g4ﬂl-for determining the neighborhood of the
centroid, i.e. 1f-
’ 0
|W,2-1) - W(,n)| < ¥Q.n)

.‘F

|2

_ then X, 'is a candidate for the key of the, root node. The seleFtion of F

.
] . -
* .

Denoting WPL(Xi)
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. egdgpends on o and B: They found the following choices of F to be accept-

able. (1) if B is many times a, choose F = W{O,n), @y if'a and B are
nearly equal choose F=4, (3)if B 1is small compared to a, the individual

o weights determine-the best value of F. After empirical investigations i

i
:
hey conclude that unless g is many times a, F = 4 1is an acceptable choice.

.Expansion of the neighborhood is. possible. Suppoae a set of m ordifed )

keys has been selected {Xj""’xk} j < k. Denote a* as the maximum

weight of any key in‘this set and X as the centroid. If the weight of

Xj equals a* and there is no other X, Such that Xj <X, <X and a) = ak,

then include in the set any X j —i-1 such that aj-i—l > aj-i’
- 1=0,...,3-p-1 and ap—l s'op, or j-p =;l}ogirj. _A sympetricalltest is ,
performed for Xk. This includeszany keys which have a weight larger than

N -

« those detected 'in the initial neighborhood and are near the centroid The
bound Llog J prevents the neighborhood from becoming too large.

The second question to be answered is that of the size of the
subtrees which are structured using the KNCA The parameter NO answers
this question. The larger the value of No the closer the tree will be
to optimal since larger subtrees are created By KNCA: However, Walker
and‘Gotlieb'found that there is a value of No beyond which the average
search 1ength of the tree decreases slowly or remains constant and that
this value is’ determined by a and 8. In genéral if 8 1s less than a few
times a, the value beyond which it does not pay to go is small, NO = l§

. being a good choice. It B is many times a,.N, should be increased to :

f ' ' . ' . . - {
perhaps 25 or 30, . . . .

S
e
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3.8.2 THE WGCA

We are given, n > Q, n ordered keys.Xi, 1 x4 gn, 2nt1 nen—nega-w

. éiye w;ights ai, 1< i’s n, and 81’ 0 g1 g n,‘and the two eerameters No
and‘F.
) If n ¢ No; use the KNCA to construct an optimal tree.
) ({1) . Determine the keys in the neighborhood of the centroid.
Let X be the centroid er the w?ights being considered.
Form the ordered eet of keys S ks U{X } where the members
. of the set T, Xi, satisfy :

W(O,n)
F N

T W(0,1-1) - W(i,n)] < » 1 s F .5 W(0,n).

-

(111) Find the maximum weight of any key in S.

Find an index, max, such that a__ . = maximum ‘o, whére
( ' t
. Xi is in S. . | ‘
_ (iv) Detexmine if anfy key X; n S such that X, ¢ X_-has as its .
. associated weight & Let £ be the maximum index £ <.c

such that a, = . If there is no such &, let L be
L max . ! .

the null get and go to’ step (vi)i
) Expand the neighborﬁood-ta-the left of the centroid.

If X is the first member of S and az l , form the

.‘ordered set L = (X ""’X£—2’ 0 1} where

z—j -1 > ax -3 j = ,...,l—p-l and a a1 P ap, or

2-p = [log,n|. 1f x is not the fivst member of S let
.? L be' the null eet. _ .
(vi) Determine 1f ansr key xi': in S sui:h_chat'xi 3 X_ has ‘as its
assﬁciate& weigﬁt‘emax. Let r be thexg%nimem“iqdex, '
Ve . .
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> ¢, such that a_ = a_ .
T » Suc at a, nax G}f there is no such r, let R

be the null set and éo fo step (viii).
(vii) Expand the neighborhood to the right of the centroid.

If Xr is the last’' member of S and a f LI form the . d

ordered set R = {x Xp} where

X1 Tegpoee
[s3

-

r+] <rar+j+l"j = 0,..., P*r~1 and a 2 a @410 OF

p-r = l}ogij. If Xr is not the last member of S let
R be the null set. - g

(viii) Choose the key of the root node. Find the key X ot of

P maximm weight in the set Ly SV R such that

IW(O root—l) - W(root,n)l is mindmized. Chooseé X oot 28

the key of the root of the tree.
(1x) Repeat the algorithm for the éuhtzees Xl"i"xréot—l;'

: ocQ. - T — ti 1.
Xroot+1’ ,Xn:Where n is heht 1 and n~root respective Y

3.8.3 TMPLEMENTATION

e

The implemented algorithm followe closely the steps outlined ih
the WGCA. There are ;ﬁo parameters input, NO, the number of nodes
structured into an optimum subtree hy ehe KNCA and F which is used in

‘determining the neighborhood aboyt the centroid from which keys are se-

“lected to be possible keys of rootAnodes. There are no .additional fields .

L

" in any_recerd.represenqing a node. All calculatioﬁ% infolving weights

are done using two one-dimensional arrays of size n and n + 1 respectiVely i

-

which .contain the weights of che keys and the external weights. There

- are two one—dimensional arrays used to contain the keys and the set of'

possible’root keys. Extra storage is needed for the arrays used by the-
. . { . ) . .

/
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__KNCA and this is determined by the value of N,- The procedure STEP 1

is called recursively to find tkeys for the roots of subtrees yntil the

number of keys in the subtree to be created is less than or equal to N0

*

éy which time the KNCA is invoked.

The weight of the keys are indicated directly beneath each node. The
enternal weights are taken to be zefo. Keys 25 and 30 are. cholces for’ h -

the centroid with 30 being selected since 25 < 30

-
.

‘Plgure 3.8.1°



CHAPTER IV

T . 'EMPIRICAL RESULTS

4

« -

" 4.1 INTRODUCTION ‘ ;

The results given below are divided into two classes és are the
tree co;strqction algorithms of Chapte? III. Section 4.2 gives empiri-
cal results for the unweighteq algorithms of Sections 3.3, 3.4 and 3.5;
‘Section 4.3 gives those for the weighted tree algorithms of Sections 3.6,

3.7 and 3.8. In Section 4.2 an attempt is made not.only to empirically k

investigate the average search path but also to investigate the average

-

‘e

<
i

number of cransformatiops necessary to create and maintain a tree of a B
¥ . 1, ‘.}

particular size. f3~f§15 end 500 trees ofysize 1 to 5000 nodes are built - K

=
» * )

¥

up and then bfoﬁen'down‘and statiét;cs are collected on trees whose size
is a multiplé of 10. Permutations.of the ;rdered sequence 1,2,...,5000
are présented as keys to the algorithms each time a tgge is-built qb or
broken dbwn., (A listing ofvghe procedurgs used to col%ect gtatisiics for o
BB;trees-is glven as an ex;mple at the end of Appendix 3.) TFigures are

- ‘glven fgr.trees whose size is a multiple of 250. ‘The‘95% confidence in-
tervals are given for -all averageé shown. This is important since we "
aré interested in "average bgﬁaviour". Two mnemonics are used in the

tables of figures; "AV" refers to average,l"CI" to the confidence inter-

val. The standard measure of ﬁerformhncé that is investigated in Sec-

tion 4.3 is the average weighted path ¥?ﬁgth. Trees-sf';ize 200 are

constructed for this purpose. The Weigh;s used are é.subseg of those

used by Walker and Gotlieb (1972a) and appear in Table 4.1.1.

)

- 94



Table 4.1.1 Test Data -

The a; and Bi vectors are arranged in the following magrices és

a

Ser 1
4-19 3 3
2 1 127
2. 152 3
33 1 1 8
128 350 1 2
1 2 .11
1 24 6 2
2 443 2
10 8 1 5
1 1 1 1

10 .

(12 » - S Y ", 0.19 ’ (120 ’
%yq d22 s e . R a39 , ahO
%181 %182° - - - %1997 %300
@y frequencies

128 4 4 5 1 1 1351327 11
31 2 3 1 2 759 4 1 1 7

1 1 16 813 1 4 1+1 1

1 2.1 1 2 410 51023 1 _1

87 2 1 8 3.4 163 2 314 150

1 2 1 3 421 1 9 1 1 2 10

111 3 1 1 3146 4 1 2 1

4 1 118 1 1 7 14515 9 3

1 210 2 12629 1161 1 4

4 2 2 6 4 114 5 5 153 1

[}
o

N = A - I e X

15

= N WUN

N i A B VR

H) B S N OH N

50

© 22

26

95

",
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Table 4.1.1 (cont'd.)

31113 11 1 1

1
3

2

7 4 1 1 20 1
2 1 1 &

90 3 1 4

1 3 30

6
5 2 40

4

7

1 2°1 7 1 2 4 2 6
11126 2 2 15
1 311 4 2 1 1 2
1.6110015 1 2 7 1 1 110
1129 2 13 3 1 1 2 1 2 81 10 1

2 1
1 4 29 1

2

1
1

6

2

1

1

1 3 5 4 62 7

1 1 124

3

1

1

9

13 2
1 & 19

3

1
4

2

1

1

1 4 120 L 1 3 3 6

1
1

1 11511 2

1 xr 7 1 339
1 2 29 3 1024 2 1 1 1 3 1 1

1

1

2 4 1 1.
21 1 1

3 6 2 2

5

114 90

1 1 8 1 61 130 2

-
3
.

9

1

123

Set

3

536 112 1 13 1 110 1 2 2 2

8

1011 1% 212 3

1 5 242 1 1 2 1

1
4

1 2 1 5
7246 1 1

1 10 1 1

1

27,071 712 2
1 9

1

3 2 1 1 2 1.1 4
1 2 1,2.1140 251 2 111 &4 227 227

1

1

1

4 10

3
1

b

1 24 2 2 2

"1

7 37 0

1 2171131,
1.133 2183 2 7 2 1 4 '115173

é 12

1

78 4 3 1 40 3 1.

1.2 3 184

1

1

2

l!

2107 7 1

1

1 .6 17 12

13 2 2

3 2 1% 1 4 3 2 1 10

.2 6 1 1 1 2 2 5

11

2

4

Set

2 1 3 1 1 130 1 1 1 1 33 30

1 31217 12

1 29-213.3 1 1 2 1

1 120 1
1 4 2 2

4

77

1 10 11

4
2

1

9

8

321
6 19 2 1 3

-

3

l 1 1 4 120 1 1

1 1 1 2 29 31026 2 1 1 1

1

55

3 3 11 28:4 4 5 1 1 135 13 27 11 32 11° 50

19

4

7 3.

1

2 3 1 2 759 &4 1

127 2 31

1

2 33 22

66

1
10

1

3

21 1 2 410 510 23

2 1 3 ‘421 1 9 1

1 8 71

"33

15

2,
.9

1.

1 1 8 1
4 43 2 1 4

3

1 118 1 1 7 145 15

2
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Table 4.1.1 (cont'd.)

Set ».
.
90 3 1 4 1 4 29 1 1 112 6 2 2 1 5 57240
1 2 1 1 33 2183 2 7 211 4 115173 1 1 2 4 4
1 1 24 1 1 1 6100 1511 2 7 1 1 1 10 3 1 2
1 1 78 4 3 1 40 3 1 122 3 18 7 37 30 1 512
2 152 3 1 4 1 1 1 613 1 4 1 1 1 1 126
2 4 43 2 1 4 1 1 18° 1 1 7 174 15 9 3 1 5 4
8 5306 1 12 1 13 1 1 10 1 2 2 2 3 2 2 1.2 1
4 10 2 1 1 11 40 2 51 2 1 1156227227 1 1 9 &
10 8,1 5 10 1 2 10 2 12429-116 1 1Y4 1 2 1
7128350 1 2, 1 8 2 1 8 3 4 1 63 2 3 1415 ‘1 1 1

Bi frequences

Class 1: The B, are all equal.

1
case 1 Bi =0 ,0¢<1i1<n.
S
case 2 Bi =10 ,0< 1 <¢<n.

Class 2: The Bi were chosen so that the sum of the Bi would be equal to

or less than the sum of the a/.

1
case 3
31 3 2 1 1 29 2 13 11 21 2 8 110 1 9
1 619 2 1 3 1 1 1 12 11 3 3 2 1 3
2 1 1 1 1 2 29 3 10 26 2 1 11 3 1 5 1
2 1 1 4 2 2 1 3 1 21 1 2 4 2 6 7 1
7 4 1 120 1 2 1 3 11 30 1 1 1 1 1 330
4 19 3 3 1 1 28 4 4 5 1 1 135 13 27 11 32 150
2 1 1 27 2 31 2 3 1 2 759 4 1 1 _7 3 2 322
33 1 1 7 2 1 1 2 410 510 23 1 1 9 6
12 1, '8 2 1 3 4211 9 1 1' 2 10 415 - .
6 43 1 1 1 18 1 1 7 145 15 9 3 1 5



Table 4.1.1 (cont'd.)

‘case &

4 43 1 4

1 2 1 8 1

33 1 1 7 1

2 1l 1 27 2 31
4 19 3 3 1 1 28
3 1 3 2 1 1 29
1 6 19 2 1 3 1l
2 1 1l 1 1 2 29

2 1 4 2 2

7 4 1 20 1

4

Class 3 The Bi'were chosen

gum of the a,.

1
case 5
2 1 52 3 1 4 1
128350 1 2 1 87 2
2 4 43 2 1 1
0 8 1 5 10 2
90 3 1 4 29

4

1

1 4

1 1 1 26 1 1

8 5306 1 12 1 13
4 10 1 2 1 1 11
1 1 78 4 3 1 40
1 2 1 1 33 2183
4

NN

oW W NS W

18

13

10

H W v & M

24

o

[
o

= N R R H N s

10
59

45 15
1 1
10 23
1 1
35 13
1 2
1.3
1 3
2 4
1 1

~N = N W

27

LB T O @

10

(9]

11

(W NI, N

so the sum of the Bi would be larger

1
18

10 2
1 1
6 100
1 1
40 2
3 1
"2 7

= W

15
10
51

2

=N R s e

-

LY

2

3 1
1 63
7 1
9~ 1
2 6
2 7
2 2
1 11
3 1
4" 1

4 1 1 1
2 3 14 140

45 15 9 3
16 1 1 &
2 2 1 5
1 1 1 10
2 3 .2

54 227 227 1
84 7 37 30
14173 1 1

98

5 4
415 1
6 2
2 322
32 150
10 1 9
2 1 3
1 5 1
6 7 1
"1 330
than the
1 126
1 1 1
1 5 4
1 2 1
5 2 40
3 1
1 2
1 9
1 512
2 4 4
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XL

A 1t

i

CEL

12
900

_ 24

49

70
307
40
25
10

case 6

8 315

248
24
14
11

14
73
22

14
13
30

37

41
15

11

18" 7 24
12 623 12
7 28 6
68 6 12
11 9 4
8 7° 7
15 121 23
66 323 999
12 6 6
18 7 497

Table 4.1.1 (cont'd.)

6 5
8 48 19
8 129 6
60 12
34 34
211 60 18
18 14 7
960 6 6
195 12 970
45 221 190

6 37
25

8

14 240

7
12
54
i2

6

49 78

6 23

6 479 12 19

42 6 570 94
9 145 183 6
6 6

14 49
6 25
4 1

43 2

30 72

97

8

5 k45
31 930

63

7

1 468

7
6

25
5

6 8°10
84 900 7
56 18 13

27 7

8 7

7 75 7
315 7 7

264 18 6

1 90 970

6 37 %9

99

4
P

6 156 720

6
30
13
43
98
66

540

78

6
25
5
907
7

18
160
840
110

6

350 14
18 31

5
6

12
8

’
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4.2 EMPIRICAL OBSERVATIONS ON A}GORITHMS OF CLASS (1)
4.2/1 AVL TREES h

for insertion of a key into a tree of a given size the following
statistics ;re tQSulated: ’ .

| T(1) the average number of comﬁarisons hecessary'to reach the
position’whére the new node will be insertéd,
(ii) the average Pumbér ;f single rotations performed when
| inserting the new key, -

(i11) the average ‘number of double rotationms pe%formed when in-

serting the new key,

>

iv) the average number of general rotations (single and double)
performed when inserting the new key. ~

The corresponding tabulated statistics are found in Table 4.2.1.
For deletion of a node. in a tree of a given size the Following \
- aré collected: ' ) B3

e
Pty

1) the average number of comparisons necessary to locate the

¢

?node to be dgleted; this quantity represenfg the average "§§%
) seargh for the tree‘size §§£ng considered,
(ii)l Epe average numbe; of single rotaﬁions negessafy to main-
taiﬁ the AVL balance upon-aeiétign of the node,
(11i) the average number of doﬁﬁlg‘rotationg necessary to main-
tain b;lange,
(1w the average number of speéigi“sipgle éotationsipetforﬁed
'(cqrres§6qding to step (iv) (c¢) in ﬁhe AVLDA) ,

) the average number of general rotations (single and double)

' necessary to maintain Balance,
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the average number of nodes visited during the traceback

(vi)
procedure (i.e. the average number of nodes investigated,
using the deletion stack, until it is determined that the
tree i; AVL balanced.
These figures are found in Tables 4.2.2.‘ . “

From the tables it is clear that the average search for déletio;\

and insertion is logarithmic in the number of nodes in the tree. Other

statistics are observed to be independent of the size of the tree which

agrees with -the claims of Séroggs, Karlton, Fuller and Kaehler (1973).

It is of interest to note that the average traceback when deleting a

t

node is only about 2.0, an unexpected result.

&
4,2.2 BELL-TREES

' For insertion of a key into a tree of a given size the following

staﬁistics are tabulated:

(1)

11

(111)

(1v)

v)

(vi)

LI < hd

the averagé nutber of comparisons nécessa;y to reach the
position. where the new node will be inserted,

the average number of sihgle rotations performe& when
inserting a key,

the:average number of double rotations performed,

the average n;mber of genéral rotations performed (single
and double rdtations),

the average number of times step (v) (a) of the BIA is -

performed (henceforth referred to as single recurse rota-

[

tion),

theVEVerage number of times step (v) (b) of the BIA is



(vii)

(viii)

(1x)

(x)
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performed (henceforth referred to as double recurse rota-
tion), ‘ g

thélaverage o% the sum of the single and double recurse
counts (referred to as average recurse rotation),

the average of all rotations performed upon the insertion
of a key (the averxage of the sum of (ii), (1ii), (v), (vi),
the averaée number of nodes ‘examined in the sequence in
step (v) of the BIA before a (k'~i)-complete tree is |
found (ﬁenceforth referred to as average shift),

the average numbe; of times the procedure recurse is called

in the implemented version of the BIA.

The figures corresponding to the above are found in Tables 4.2.3 to 4.2.12

respectively.

For the deletion case the following are collected:

(1)

(11)
(111)
(iv)
v)

¢ - o

(vii)

the average number of comparisons necessary to locate the
node to be deleted; this repréSents the average search

path for the tree size being consiéeregg

the average number Af times the procedure ndsons is called,
the average number of times the procedure oneson is called,
éhe averag; number of times the procedﬁre recurse is called,
the averagé number of times the rode to be deleted has no
sons (Benceforth referred to-as probability nosons) ,

the average ﬁumbe; of times'fhe ﬁode to be deleted has

one son (referred to as probability oneson),

‘the average number of times the node t6 be deleted has two

" sons (éeferred to as probability Fwosons).
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These figures are found in Tables 4.2.13 to 4.2.19 respectively.

For the iﬁéertion'statistits a general comment holds true: as
the parameter k increaées the search path decreaseg and the amount of
rotations performed increases. This 1s expected since ‘as k increases
minimal subtrees of an increasing size are constructed at each stage and
ia order to do this'more fotations are needed. It is inter;sting to note
that all statistics, other than average search, are independent of tree
size but increase with k. ‘

For deletion Table 2.4.13 measures the averaée search path and
shows it is logarithmic in the size of the Erée. As k inéreases the
search path Jecrejses but‘for‘values of k equal‘to 45 and 6 the chéﬁge
is very smadl. able 4.2.16, AVERAGE RECURSE, is an indicator of the
complexity and the amounf of work needed to maintai; the tree. It is
seen thag it increases with k. The probability counts are as expected,

the average number of times a node to be deleted has two sons and no

sons (a leaf) being approximately equal.

4.2.3 BB-TREES '
For both insertion and deletion of ‘a kéy into a tree of a given

.

size the following statistics are collected:

-

(L the average number of comparisons necessary to reach the
position where the new node will be inserted and a node
will be deleted, |

(11) ~ the average number of single rotations performed when’

inserting and deleting nodes,
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!

(1i1) the average numbef of double rotations performed when
inserting and deleting nodes,
(iv} the average number of general rotations performed (single

and double rotations).

Tests were run for a values of’%, %, % and 1%%; the results for insertion

are found in Tables 4.2.20,...,4.2.23, those for deletion in Tables
4.2.24,...,4.2.27. .In the deletion tables_some entries under the con-—
fidence interval colﬁmn are blank. Because the number of occurences is
very small ﬁof the statistic being collected, the average is very low
and the corresgondigg con%idence intervals are ignored. Figures however
can be found in a table of confidence intervals for the expectation of a
Poisson variable. .

From Tﬁble 4.2.24 1t is clear that the averaée search path is
logarithmic in the size 6f the table. It is ‘observed that as a increases
the average séarch:is_geducéd and the confidence intervals become tighter.
The number of égneral rotations is seen to increase with o and those for
the insertion statistics are higher than for deiétion. However, in no
cage did the average gemeral rotation exceed a value of ome, meaning in-
frequent restructuring is performed. This result does not agrée with
the analytical discussion given by Nievergelt and Reingold (1972).c 1t
is of inFerest to note that a éingle rotation occurs @uch more frequently
than a éouble rotaéiog From examining Theorem 3.4.2 one would expect

this result. All statistics, other than average search, appear to.pe

independent of tree size.

P~

»
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4,2.4 CONCLUSIONS

Examination of the average search path for the three tree construc-
tion algorithms above (Tables 4.2.2,'4.2.13 and 4.2.24) indicates that
for larger‘values of k the Bell~tree aigorithm is the best. The AVL trees
-are seen to be superior to the BB-trees for values of a <-22- For ~

100°
a = B the difference is marginal. Examination of Tables 4.2.1, 4.2.2, /

100 )
413.101 4.2.16, 4.2.23 and 4.2.27 gives an idea as to the amount of work
involved in producing the various tree structures. ?or‘insertion the
gB—tree is superior. fhe,AVﬁ trees are very close to the BB—trées with
respecﬁ to average gene?al rotation, each .in fact being less than one.
The average total rotations involved in strhcturing a. Bell-tree is seen
tao be greatér than the BB-tree or the AVL tree for values of k greater
thgp threé.\ For the deletion case the BB-tree is superior with the AVL
tree again very close. It is difficult to analyse the Bell-tree case
ﬁut Table 4.2.16 does indicate an ingreasing amount of work‘as k increfses.
Central processor timings (in seconds) are included for the ruﬁning ime
"ﬁf each tree algorithm during the statistics collection pﬂase (see Table
4.2.28). The AVL trees are certainly superior in this respect. The
overall conclusion reached is that the AVLKtree construction algorithms
result in the "best" tree. The search path and work involved in struc-.
turi;g an AVL t;ee is'almost the same as in a BB-tree. However other
considerations can be given. The construction time.is least for the AVL
tree algoritﬁms, it is relatively simple t; undergtand and imglement as
compared wiéh the other two algorithms; only one‘rotation is needed to

restore an unbalanced tree upon insertion of a key and no stack is

needed, and empirically, at most only two rebalances are required for‘

e
L

o

P
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deletion. BB-trees are seen to be inexpensive to maintain but the average
gsearch path deteriorates for small values of a. The amount of work in-
volved in producing the Bell-tree and its complexity override the average

search path considerations. Therefore it is seen that the AVL tree

algorithm and the AVL tree structure is superior to both BB and Bell. .

"
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Table 4.2.28

Central processor timing on statistical runs

Tﬁe AVL tree construction algorithm
5356 “ : ~
The Bell-tree construction algorithm
k 2 3 4 5 6
7443 8483 10209 12399 15327
The BB-tree construction algorithm
1 1 1 . 29

x = - -

7 5 A 100

8056 7999 8003 8051
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4.3! EMPIRICAL OBSERVATIONS ON ALGORITHMS OF CLASS (2)

-~ -

4,3.1 THE OPTIMAL TREE ALGORITHM OF KNUTH

No empirical tests were made on the average weighted path length
of optimal trees constructed Sy Knuth's algorithm because of storage can-
siderations which has been previously pointed out in Section 3.6.3. The

figures shown in Table 4.3.1 are taken from Walker and Gotlieb (19722).

4.3.2 THE BRUNO COFFMAN ALGORITHM

[
¢

Empirical tests on this algorithm on.,all five sets of a data and
with B necessarily O (case 1) are found in Table 4.3.2. The running time

of the tree construction, the average weighted path‘length of the starting

Y

tree and the blocksize that was used in constructing the starting tree
are also included. The results of the average weighted path length are

slightly higher than those given by Bruno and Coffman.
I

-

"4.3.3 THE WALKER GOTLIEB ALGORITHM

Trees are constructed for all tree weight combinations of Table

4.1.1 and the running time for each construction has been included. The

results agree with Walker and Gotlieb (see Table 4.3,3).

4.3.4 CONCLUSIONS

Table 4.3.4 gives a synopsis(of fhe results for the above three

algorithms .using the five sets of a, data and the one set of’Bi data

i .
common to all tﬁreei(s case 1). . For the Walker and Gotlieb case, the
tree constructed with parémeters NO = 15 and F = 4 1s used in the com-

parison since this is an acceptable choice for most cases. For the Brumo

and Coffﬁan statistics the bloéksize is.chosen as 50 since this was the

~ »
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common size Bruno and Coffman used in their tests. The Walker and Gotlieb
algorithm is seen to be superior from both average weighted péth length

and timing considerations.

L’I




« 137

Table 4.3.1

Average weighted path_length of trees constructed by the KNCA.

aset 1 aset 2 aset 3 o get 4§ o set S

B case 1 4.2944 4.6317 4.0035 5.0362 4.1379
2 6.6060 7.2555 6.4230 7.4164 5‘.9726
3 5.9633 6.5382 5.6524 6.5494 5.3331
4 5.8250 6.4549  5.5935 6.7508 5.4117
5 6.2576 6.5810 6.0850 .6.7320 5.8119
6

7.0856  7.1216 7.0125 7.1119 6.9904 .
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Table 4.3.2

1 A

Bruno Coffman statistics

a set 1
’ originél final
' avg. weighted ayg. weighted .
blocksize path length path length time/sec.
25 5.1321 4.4373 3.273
50 5.5000 4.3785 2.908
75 8.0752 4.4016 3.030
jkioo 8.1326 5.0757 2.796
25 8.2382 4.4759 2,712
150 941943 : 4.3775 2.887
175 9.0984 - 4.3211 3.012
200 8.3014 . 4.4768 2.907 .
% e
a set 2 ‘ ‘ i%_
original final -
avg. weighted avg. weighted
blocksize path length path length time/sec.
25 | 5.3740 4.7738 3.058
50 7.1026 -~ 4.9079 2,951
75 8.3166 4.8190 2.939
100 8.5040 5.0509 3.071
125 7.4120 4.8102 2.702
150 8.6599 4.8126 2.716
175 8.7423 " 5.0315 2.956

200 ‘ 7.7876 5.0024 2.639



a set 3

blocksize

25

50

75
100
125
150
175
200

a set &

blocksize

25
50
75
100
125
150
175
200

139

Table 4.3.2 (cont'd.)

original
avg. weighted
path length
5.7218
4,9510
9.3177
7.3108
8.2943
9.1884
8.7127
8.1593

original
avg. weighted

path length

6.2303
7.5322
7.2206
7.2021
8.9968
7.5701
8.7005
8.8301

final
avg. weighted

path length time/sec.
4,2422 2.759
4,2174 2.871
4.0772 3.081
4,1671 2.831
4,3815 13.073
4,0299 3.046
4,0864 2.992 o
4,0729 - 3.336

final
avg. welghted

path length time/sec. .
5.4557 2.851 i
5.6956 2.627 ‘
5.3076 2.749
5.3382 2.752
5.3696 2.887
5.4517 2.770
5.4364 2.752
5.2778 2.680 T



a set 5

blocksize

25
50
75
100
125
150
175
200

Table 4.3.2 (cont'd.)

original final
avg. weighted avg. weighted
path length path length
5.3241 4.4918
~5.8825 4.4775
' 7.1315 4.3974
8.0506 4.1899
9.5555 4.5832
8.2572 4.2681
8.0172 4.3321
8.5678 4.3194

5

time/sec.

2.936
2.669
2.776
2.853
3.328
2.748
2.907
2.672

140
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~ Table 4.3.4

Knuth Walker Gotleib Xﬁa"‘"‘BtEPo Coffman

“~

~avg. weighted avg. weighted . avg. weighted
path length path length . time/sec path length time/sec

q set 1 4.2944 4.3635 0.431 4.3785 2.908

2 4.6317 4.,7003 0.460 4.9079 2,951 .
3 4.,0035 4.0547 0.482 4.2174 2.871
\ 5.0362 5.0572° 0.481 5.6956 . 2.627
5 4.1379 4,1815 © 0.493 4,4775 2.669 ‘
4
|
i
o . ) & - X .
s



CHAPTER V

- CONCLUDING REMARKS

>

In this repoft various binary search tree eonstruction algorithms
have been presented and implemented in Pascal (Wirth, 1971). Two types
of trees have been examined: (1) un&eighted trees which are dynamically
maintained by local restructuring and (2) weighted trees and weighted
extetnal trees which are static in the sense that they require a fixed:

" number of input heys and their sttucture is determined by ; global method
involving all the keys. Through empirieal qbservations the various tree.
construction algorithms are evaluated. For_the unwelghted ease, the AVL
tree is seen to be superior, followed by the BB-tree and finally the
Bell-tree. Considering the Bruno-Coffman tree as a weighted external tree
(external weights are zero), then in the weighted external case the
Walker—Gotlieb tree aigorithm is best, followed'by the Brhno-doffman

" algorithm and then-Knuth's optimal tree.

A type of tree which could be examined in the future is-a
. . /-

weighted dynamic tree which is,eonstrugted using local testructuring.(
For example one might consider a tree.such as the BB-tree and ask whether
the weight of subtrees, instead of their eize, may be used to determine
a rotation to yield a tree whose'weighted path length is reduced. Also
another-problem mentioned by Knuth (1971) and which is yet unsolved,'is
a method of readjusting a weighted tree ‘to’ reflect changes in the weight
;values of the keys. The tree would update the weights of its keys de-

pending on their frequency of search and perform restructuring from -
s o - -

"

.
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ti;e to time to account for the changes in weight. The iéea could also
be extended to any weighted dynamic tree that may be devised. Such a
tree could be of practical use in library applicationms.

A practical use of the optimal binary tree construction algorithm
of Knuth is given in Appendix 4 along wit'h a further application of the
binary tree display algorithm (given in Appendix 1).

LY
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APPENDIX 1

A SIMPLE BINARY TREE DISPLXY ALGORITHM

I. Visual Representation of Trees

Methods of dis?laying trees have been discussed by Knuth (1968).
Knuth refers to three methods which as he says "have no resemblance to
actual trees'". They arekillusgrated in the following example.

Given the binary tree in Figﬁre Al-1 the representations are
(a) nested sets (see Figu;é Al-2),
(b) nested parentheses | .

%
(D(B(A) (C)) (E(H(F)(I)))) and

(c) indentation (see Figure Al-3).

All three representatigns give the same partial infofmat;on re-

garding the structure and order of the originai binary tree (since infor-

mation is lost concerning the order of a subtree with only one son);: this

_is ‘the ordering problem. Considering the subtree defined by the node .

with key E, it is not clear whether the node with kéy His a left or
right son of its father in,an§ of the above repreesentations. However,
by introducing a notation for the represen ation of null trees, as can
be done for each of these threé—representations the ordering problem is n
“no longer a problem!! ! ’
Rep;esentation (a) displéys the binary tree structure and ‘order
cléarly but is difficult to ﬁ;odﬁce._ Representgtion (b) is the familiar

way of representing a list. This representation is easily produced bu;

the structure and order though presént are opague. Representation (c)



Al-2
is also familiar. In COBOL and PL/1 the concept of a structure has been

introduced which is siﬁply an ordered tree. Both languages encourage

the programmer to present the definition of a particular structure by the
method of indentation as given above. Similarly the contents sectioq of
Knuth (1968) is another example of its use. This representation is easy
to produce and the structure and order:are mor; readily seen than in (b).
In all representations some type of binary tree traversal must

be performed to obiain the geys (Knuth, 1968), such that each node is
visited only once in some defined order. There ;re'three-p;incipal ways
of traversigg a binary tree which are defined as follows: if the binary

tree is null do nothing, otherwise the traversal algorithms are defined

recursively. ) .
PREORDER TRAVERSAL POSTORDER TRAVEkSAL
visit the root ’ traverse the left subtree
traverse the left subtree vigit the root
traverse the right subtree - . traverse the right subtree

ENDORDER TRéYERSAL

traverse the left subtree
traverse the right subtre
visit the root g

Three other traversal algorithms may be defined which are the reverse

of the above three.

REVERSE PREORDER TRAVERSAL REVERSE POSTORBER TRAVERSAL
visit the root : traverse - -thé right subtree
traverse the right subtree visit the root
traverse the left subtree traverse the left subtree
o REVERSE ENDORDER TRAVERSAL
« traverse the right subtree

traverse the .left subtree
visit the root _ .



Examination of representations (b) and (c) shows a preorder
traversal is performed on the binary tree. As cited‘above, the ordering
problem results when some subtree has only one son. This problem can be
solved by 1ntrqducing a representation for null trees as pointed out
above. However, this solution would still give representations that do'
not resemble trees, so we choose not to ﬁo this but rather choose a
different approach ypich makes use of a posto}der oY a reverse postor@er
traversal. If a postorder traversal or reverse postorder traversal is
performed, the ordef of the subtre; nodes will be retained since the root

of a subtree will be printed between its sons. In this way, the ordering

problem ig avoided and the complete structure and ordering information k

can be diéplayed in a straightforward manner. This observation, which
leads to a contradiction of Knuth's statement in which he says repre-
sentations. (a), (b) and (c) "have no rese;blance to actual trees", is
the basis of the follgving display algorithm based on representation (c). o
The algorithm can be used to display, as well as a binary sgérch tree, any “%
binary tree where there is no linear ordering defined upon the set of

possible keys by‘QAme transitive relation.

Definition

We say a display of a binary tree is canonical iff a left (right)

son is printed to the left (right) of its father.

II. Binary Tree Display Algorithm — DISPLAY (root, indent, nodeline,
width) .
The implementation of this algorithm fulfills the following

two conditibns:
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~
(a) the displayed tree will be in.canonical form and
(b) the tree will be displayed, rotated through 90° for convenience,
with the root to the left of the page and its successors to its
right. Therefore the key of the rightmost node will be printed
first.
Given these conditions a reverse postorder traversal must be
used. Howé&er, the traversal algorithm can easily be changed to suit
one's individual téﬁte. As the traversal proceeds déwn the tree a variable

S
called level, is incremented by one at each level of the tree. The

i
4

variablé level is used, when the visit routine is invoked, to determine
the indentation of the key to be printed (although not explicitly evalua-
ted the indentation is equal to level x imdent). This establishes an
%ndented }inear ofdering of the tree much like a f?eehand drawing (see
Figure Al-4 to Al-7). The structure is easily discernible from ghe dis-
play. The parameter root is simply a pointer variable whigh points to
the root node of the tree to be displayed. There may be more fields in
a record represneting a node, other than'the key field, whis? also may
be displayed; however care should be taken not to exceed the number of
print positions available on a print line.

To clarify the structure, branches are afso printed from each
node to its sons. ‘As will be noticed from Figures Al 4 to Al-7, the keys
are -printed a fixed number of print lines apart, in fact, "width" print
1lines. Hence branches which leave a’key at the "nodeline"th character
will necessarily be printed in segments of lenéth "width" at a time.

-As each print .line is set up, it is necessary to know when a branch

.o g
character should or should not be printed. This information is given

- . -
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by the BOOLEAN ARRAY brprint for level i. To ensure that keys are print-
ed "width" print lines apart, a BOOLEAN variable f is used (initally
false) which 1s set to frue whenever a'key has been printed (see proce-
dure visit), thus ensfring’' that procedure prntbranch will be called be~
fore another key i1s printed. Procedure prntbranch always resets f to
false before returning, thus ensuring that prntbranch will not be called
until another key has been printéd. Finally, it should be noted that
nodelige is restricted within DISPLAY, to be in the fange

1 < nodeline < 2 x indent: With a.little thought it will be realized
that allowing nodeliné to have values greater than 2 x indent wili, in
general, cause confusion in thé displayed tree. The procédure DISPLAY
together with illustrative printouts (Figures Al-4 to Al-7) of the tree

given in Figure Al-1 (except that each key is made up of 5 copies of

each letter, for clarification purposes) are included in the following.

P



Example of binary tree

Figure Al-1l




Al-7

¢
K
B / E
: : @ H
®» ©) o ® ©
* \4 -. . A
e ‘ '
Nested sets representation )
. Fiﬁgure Al-2
P, .
~ ¢
-D -
B ] Co
- A
c.
LY -}:
E
H
’ F
I % ‘

Indentation representation

. Figure Al-3



© THERE ARE B NODES IN THIS TREE
_THE ROOT OF THIS TREE IS DDODDO

PR YRR N RN Y R RV )
B

INDENT = 8 WIDTH = _ 4
' -—---- IITII
= . % S/ .
: ‘ z
width ! 2
N ! 3
M emeeee HHHHH
t T
1 H
! L »
t 1
H —————— FFFFF ‘
! p——
: indent A
“““““ EEEEE
“~~.nodeline
000D . . nodell
A d
Ty CCCCC
?
'
t
————— ~ 39pRA ,
t
$ .
t
.3 "
~~~~~~ AAAAA .

. T ‘ _ Figure Al-4

NOBELINE =




THERE ARE
THE ROOT OF

INDENT =

-- EEEE

000D

OF o8 64 00 00 08 SV 4 58 ) 00 +8 09 %0

-~ 3383

».

B NODES IN THIS TREE
THIS TREE IS DONDN

'8 WIDTH 4 NODELINE = : .5

== IIIII

H

3

ol ’ .
-- HHHHH .
2 4 .
’ ‘ . - R “
3 .
:, -- FFFFF . , :
: . ,
3 ;‘
E B
E ’
) }
’a

== ©C6CC -
, ‘
2
‘ -
8
2_ ~
B .
T—= AAAAA

(-

|

Figure Al—S




THERE ARE

8 NONES IN THIS TREE

THE ROOT OF THIS TREE IS DODDON

" INDENT =

EEEZE -
. :
b4
3
0DDDD -
' }H
| 3 4
: a
-t
2
4
H
H
33837 \-

o0 b0 26 09 o8 90 W O o0

e 28 0 ve

*0 *0 Y 9

8 WIDTH = &  NODOZLINE

III1I
H
t
t

HHHHM -‘ . ) .
t . '
t
T o
FFFFF
]

cccce

AAAAA .

-

Al-10



Al-11"
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THE PROCEDURE DISPLAY

PROCEDURZ DISPLAY(ROOTSPOINTSINDENT,WIDTH,NODSLINESINTEGER) }
» .
. PURPOSE: TO DISPLAY A BINARY TREZ IN A READASLE FORMAT

GLOBAL TYPE(S) .-

DIRECTION--A SCALAR TY2E USED TO T
MAY 'BE FOLLOWED FRoOM A~

POINT —-——=~ ~VARIASLES OF THIS TYPE AR
LOCAL CONSTANT(S) ‘
PRINTLIM--THZ OIMENSION OF T4Z 30OLEAN ARAY PRARAY. IT TNDIC
THE NUMBER OF LEVELS OF TH: STNARY TRE:Z WHICH AN 3¢
PRINTED ON A PAGS AND MUST 32 DETERMINID 3Y THZ USE:
. MAXe==--=-THE MAXIMUM NUMPER OF CHARACTZRS WHICH ARE ALLOWZD
IN A KEY . : )
LOCAL VARIABLE(S) .
ARPRINT---A 300LEAN ARRAY USID T3 INDICATE IF A 3IRANCH-CHAPAC
SHOULD BE PRINTEDQ FROM_A-HODZ IN A PARTICULAR LEVIL
IN THE TREZ,. IF ARPRINTLI) = TRUE A 3RANCH-CHAPACTZ
\MUST S PRINTED. Ra -
Fommmmmmm— BOOLEAN VARTIARLE INDICATING IF? o
TRUE $SEGMENTS OF 7RANCHES SHOULD 3E PRINTED IN. THE
NEXT PRINT LINZ. : )
_FALSEITHE KEY OF THE NEXT NONZ SHOULD 3E PRINTED IN
7T NEXT PRINT LINE -
: . «
CONST
L PRINTLIM = 333
MAX =103
TYPE
VAR BRARY = ARRAY[U({..PRINTLIM] OF BQOOLTAN}
BRPRINT$ IRARY § - '
FYBO0LEANS -
r. .................................................................

PROCEDURE SPAGCE(IIINTZGER) § .
. o
PURPOSE: TO PRINT THE NUMBER OF SPACES INDIC ATED 3y 1ITS PARARETER

VAR JTINTEGERS

BEGIN »SRACE+ : . -
. FOR J:t= 14 TO I DO HWRITE(Z 2)
ENDS »SPACE+ )

3
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.
’

IRPRINT¢ROARY)

L3INTEGER;

PROCEDURE PRNTBRANGH (LEVE

"

PURPOSE?

T
3
v

HIDTH 0O

ND INITIAL SPACING TO FIRST B8ANCH-

SPACE (NIDEL INE) §

azZ

we
e

r4%

=1

tl

vEL 00

= 1 70 L3
IF 8SRPRINTIM

M

FOR

THEN

1)

o
~l1]
o
e
11
'
Wi
-0
g
[0 o
0

BEGIN

END
Sp

LSE !
)

»
b

(INDENT)

AC=

£
WRITE(EOL

o~

u)

Y $

CONTAIN A K

#RESET FUAG INODIGATING NEXT ‘PRINT LINE WILL

F

CH+

WwZ

t=- FALS
~PRNTRRA .
P o dmwoawmew o owmemonwwwewe -------——--‘—-----—:—-—--’-——---————'.--;--—}—---——R

ENDS

\u-r
¢ >
Z oLy

T Ul il

[3
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R33RPPINTIARAPY)

-
-
-

PROCEDURE VISIT(PIPOINTILEVELIINTEG

P
PURPOSE ¢
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OT t<t>
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¥ > NedN
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e O,

Ul ==
O~ Z Z
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HZZX
o oOoa O
QACd YXud
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- B | TR

~CARRIAGE CONTROL &
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>T

&S
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NODELIN

NT OR N

-
P=
—

T
~THO CASES ARISEt EfTHER NOOZLINESIND
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- - B -

(AND 8Y DEFINITION NODELINE<2*INDENT) ¢
IF NODELINE GT INDENT
. THEN

»IF NODE TO BE VISITED IS & SON OF THE R30T NOD:
(LEVEL = 1),NO 3RAMNCH-CHARACTERS WILL 3£ PFINT
HENCE,SPACE TO THE FIRST PRINT PASITION OF THE

IF LEVEL EQ 1 ‘

THEN SPACE (INDENT)

ELSE

BEGIN
»SPACE TO THE FIRST PATSNTIAL 3PA
CHARACTER POSITION+ 3PANC
SPACE(NONEZLINE - 1)
" ePRINT A RANCH-CHARASTSR (3RPAINTI
© TRUEY WITH RTNUIRID SPACINS TN THE
NEXT POTENTIAL 3JANCH<CHARACT=P
POSITION®
FOR I _t= 1 TO _LEVEL - 2 ‘00 =
IF aRrRPRINTII1
. THEN
BEGIN _
. WRITE(S83) ¢
SPACE(INDENT %, 1)
END
_ ELSZ ‘SPACE(INIENT)
IF 3RPRINTILZVEL - 1)
THEN
BEGIN o
"HWRITE(Z12) 3 -
END SPACE(Z2*INDENT - NODEL
. END ELSE SPACZ (2*INDENT-NODZLINE#L
ELSE ‘

.BEGIN . )

#SPACE TO FIRST POTENTIAL SRANCH-CHARACTER
POSITION+ .

SPACE(NOOELINE =- 1)° _

APRINT A ARRANGH-CHARACTSER (BRPRINT(I) = T&
WITH PEAUIRED SPACTIMNG TO THE NEXT POTINTI
BRANGH-CHARACTZR POSITION+ L

" FOR I t= 1 TO LEVEL - 1 DO
- * IF BRPRINTII1 -
' THEN
BEGIN o
- HOITE(ZtZ) ¢
SPACE (INDENT = 1)
END
ELSE SPACE(INDENT) S
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- B . . .
.

#PRINT -FILLER-CHAPACTERS (MINUS S FORE
KEY IF NEGSSSARYs 161S) BEFOR
) SPACE (1)}
IF INDENT - NIDELINE GT ¢+
THEN
BEGIN .
t= 1 TO INDSNT=-NQOE -
fetze1T0) ] 0DELINE-1 00
SPAGCE(1)
, END
, END$
»PRINT THE KEY+
Pe, It s
UNPACK (P+. INFO, GHAY, 13 0
WHILE GHAYCLI1 GE =AZ noO ‘ _
BEGIN , _——
HRITE (CHAYEID) 3 : oy
I ¢t= T 1 - -
IF 1 GT MAX THEN GOTO 1i , C
END: , .
-»E§£§T FILLER-CHARACTERS (MINUS SIGNS) AFTER XEY UNLESS IT IS A
$
108 IF(P+,LPT NE NIL) OR (P+.RPT NZ NIL)
THEN
BEGIN
SPAGCE (1)} o
3= I+ 1} - -
enpsf OR J 1= I°TO NODELINE - 1 DO WRITE(Z-3);
. WRITEC(EOL); . _ ,
#SET FLAG INDICATING NEXT WIOTH PRINT LINES WILL CONTAIN BRANGCH-
CHARACTERS+ : .
F 1= TRUE
END? »VISITe -
(D T M en B AR e W M D N Y R S D D WS P e WS AN S MR M W WS R TR 4n WE D TS W W S Sw W e o P o wp W wm e w— W W W - -

AYtOIRECTION) S

iH
*
TRAVIRSAL OF TH‘ JINARY TREEZ
YS AND BRANGCHIS

PQOCEDURc TRAVERSE(P:POIN SLEVELSINTESER

£
PUQPOSE% TO PERFORM A PEVERSF POSTOXODZI
- AND INITIATE THE PRINTING OF

BEGIN »TRAVERSEs -~ o
#HHEN P IS NIL THE TRAVERSAL CAN PROCZED NO FURTHZR4
IF P_NE NIL
THEN

R
KE

. BEGINASE WAY OF
‘ RIGHTIBPPRINTLLIVIL] 8= FALSEY
LEFT $8RPRINTELIVEL] 1= TRUE
. ENDS A A
TRAVERSE(P* RPT,LEVEL -+ 1,RIGHT)}
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IF F THEN
PRNTBRANCH (LEVEL , BRPRINT) 3
1 CASE WAY OF
LEFT 318RPRINTCLIVEL] t= FALSE}
ENd.RIGHT!BRPRINTtLEVEL] t= TRUE°
VISIT(P,LEVIL,0RP2INT)
TRAVERSE(P*.LAT,LEVSL + 1,LEFT)
IF F THEN
- PRNTBRANCH(LEVEL,3RPRINT) }
ENDO? ~TRAVERSE®
S U
AEGIN ~DISPLAYS
SINITIALIZES
F 3= FALSE} ”
ARESTRICT ‘NODELINE.TO BE LESS THAN 2*INDZNT+ } -~
IF NODELINE GE Z‘TNDC
THEN NODELUINE t= NP INNENT = 1%
TRAVERSE(ROOT,C RIGHT)
END; »DISPLAYS
’
\ LY

[



APPENDIX 2

UTILITY ROUTINES

The Standard Pascal Procedures New, Pack, Unpack and Get

New(p) is a dynamic allocation procedure which ‘allocates a new
variable and assigns the pointer to the variable to the pointer variable
p. Assuming that b is ahCHARACTER array variable, z, is an ALFA variable
and.1 is an integer expressiPn, then pack(b,i,z) packs the n characters
b[i]...b[i+-1]‘into the ALFA variable z and unpack(z,b,1) unpacks the
ALFA value z into the variables b[i]...b[i+n-1]. Get is a file position-
ing pfocedure, get(f) advances the file pointer of file f to the next

file component when the file is in the input mo@e.

The Routines Random and Shuffle

These two routines are used in the statistics collection proce-

d*res for the unweighted trees. Tﬁgir listings follow.

TQ§~Routines Attention and T;me

These two routines allow access ‘to the central processor clock.

The Routine Readword

This boolean funetion is used'to read the keys of the nodes.
Lt reads characters and converts them-into a variable of tfpe ALFA, left
Justified zero-filled; using the staﬂdard Pascal procedure pack. Blank
is usgd as a delimiter and any-string éontaining.more than tén characters
i$ truncated. If a string has feweqﬂthan ten characters, its reméining

character positions are zero-filled. ‘The routine returns a value of ‘

”
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false when an end of file is detected or the special stop-character, :, is

read.

The List Management Routines Acquire; Release and Classoverflow

These three procedures are used to manage the allocation of

nodes and to collect nodes which have been deleted from the tree and
’

would otherwise be lost and not available for future use. frocedure
release links together any nodes deleted from the tree using the right-
pointer field of the record representing the node. The variable free is
used as a pointer to the first node in this list called the '"free list'.
Function acquire allocates nodes (i.e. returns a pointer to a node). If
the free list is not empty (free # nil), then acquire returns the pointer
to the last node enteréd into the free list and free is made to point

to the succeeding node in the free list. If free = nil, the free list
is empty and acquire tries to allocate a node by using the standard
Pascal procedure new., If new returns‘tﬁé pointer nil, the maximum
number of nodes. which were declared are,ball allocated and in use. Here
acquire calls classoverflow to print a message and the function returns
as false. This signals, in the implemented algorithms, an emergency

exit which terminates the particular algorithm.
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PROCEDURE ATTENTION(CfINTEGER);
BEGIN ~ATTENTIONS

MEM [ 1 1= C} ' ,
WHILE MEM € 1 ] 2 0 DOj : ,

END3 ~ATTENTION® _ !
S = an wn weem wnws W G W O D P T A G WD A A T T Y D DD D T AT D D D - - - .’ ..........

PROCEDURE TIME(VAR MSINTEGER)S

VAR
REC &t RECORD CASE S1BOOLEAN OF-
-~ TRUE® (ALFIALFA)®
N FALSEt (INTIINTEGER)
T ¢ ARRAY 1 .. ALFALENG] OF CHAR: B
I t INTEGER}
BEGIN »TIME+ —
ATTENTION(2L111530300000006C428) S
REC.INT t= MEM{4231% ' -
UNPACK (REC.ALF,T,1) 3 :
FOR T $=°1 TO & 0Q TCI) t= CHR(O)}
PACK(T,1,REC.ALF) } )
M t= REC.INT MOD 4096 + (REC.INT DIV 4096) * 10003
END: »TIME® P

FUNCTION READWORD (VAR HWORDS$ALFA)tBOCOLEAN;S

’ .
PURPOSE! TO READ THE CHARACTERS.WHICH FORM _THE KEYS OF THE NODES AND
CONVERT THEM INTO AN ALFA VARIASBLE

QUTPUT PARAMETERSH -
WORD--THE KEY OF THE NODE
NESTED PROCEDURES--8IGALFA,EO0LFILL
VAR LENGTHIINTEGER} B
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'S

.o'+++++/&$‘+++.+++++‘++++..+++++‘*,"‘+»+f‘****+*
PROCEDURE BIGALFAS

. » . . B *
PURPOSEt TO READ THE REMAINING CHARACT
CHARACTERS. AND PRINT A MESSAG

VAR It INTEGER, . i , P ‘;:“,
BEGIN oBIGALFA+ . e )

HRITE(-UITEH TRUNGATES 710 190 CHARACTERS 3) 3

CTERS 0 NGS..LONGER THAN 10
AGE A NCATION OF. THE STRING.

o

St ) ." A . o . | A h
SHRITE THE KEYs S . o

)?0 ‘ ; ' |
='Sr AND (INPUT+ NE EOL) DO

} P
.

' D3
‘. WRITE(EO
END$ »BIGALFA+ °

p++w++++++++§+++++++++++++t+++++++++
PROCEDURE EOLFILL(LENGTH:INTEGER)' SN

PURPOSE! TO EOL- FILL THE REMAINING CHARACTERS OF A~ STRING OF LESS
THAN 10 CHARACTERS _

VAR I,JIINTEGER‘ -

BEGIN wEOLFiLL* Lo B o i_ ’ : . . i
I = LENGTH 49 oL - P
FOR J Y0 5 X DO -
CHAY[J) t= EOL ‘ ‘
"ENDY »EOLFILLSY ® - e . ‘ -

i’p*-;!»i»,&+§'+++++‘f++0++§-++++++”+_+&++'+++%+

- BRY - - . . .
. i B . ’

i
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BEGIN »READWORD+® _
© »SPAN BLANKS AND END OF LINEs
HHILE (INPUT® EQ I 3) OR (INPUTs . .

[LE LIN EQ EOL{_oo

wCHEGK FOR END OF FILE&
IF EOF(INPUT)
HEN

) END
) GET CINPUT)
. ENOD3S

#CHECK FOR SPECIAL STOP-CHARACTER®
IF INPYT+ EQ STOPCHAR
THEN ‘
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END}
READWORD t= TRUES . .
LENGTH t= 0} .

 PREAD THE CHARACTERS OF-THE KEY#
HHILgEé§nPUT+.NE = Z) AND (INPUT+ NE EOL) 00
IF LENGTH EOQ MAX: . ’ '
. THEN ‘ ) st

»THE KEY EXCEEDS - 1.0 .CHARACTERS, TRUNCATE IT+
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. END
END} R .
#ZERO- -FILL THE CHARACTER’ ARRA Y.+

EOLFILL(LENGTH)'I
1GIGET(INPUT)

#CREATE THE ALFA VARIABLE WORD+
PAGK (CHAY 51, HORO) 3 ,
,67B91END} “SREADNORD + |
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PROCEDURE‘CLASSOVERFLOH§
BEGIN »CLASSOVERFLOW+

WRITECEO