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ABSTRACT

.An improved techn.ique for data adjustment to satisfy mass/energy
balances for single or, multiple processing unit syste;ns‘has bean
devﬁelopéd. The methed was supcessfully te;steéi on exahmples from the
literature. With this tecm1§ue; biased data can be de'tected and
sources of error ideptified and isolated..

A multivariate normal distribution for the measurement vector x,
was assumed and used to derive a test function vector w, v;ith univariate
normaJ: distribution. A chi-square fest\ on W is proposed for detecting
biased dat}. An élgorithm for idéntz:.fyiné and iéolating soixrc‘es of bias
Wwas developed, using standard normal two-sided tests on each element of
vector W arﬂ using the imbalance of the constraints, e.’ . !

.In the absence of bias, adjusted values of the measurement vector
af?d/or the estimqtes of missing variables can be obtained. 'IWhen
cﬂemical reactions take piace. lt.he extents of the i'ndependent, réactions
arﬁélso estimated.

" The main .requirements of this technique are the knowledge of the
précess constraints and measurement statistics.

Irflzplementation of the _-technique is straightforward and i'.t is;

suggested that the method be used as a diagnostic’ aid in process

analysis. : '
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' CHAPTER I

INTRODUCTION

.

. [
Process data generally do not, satisfy material and/or energy

balance equations due to the existence of errors in the data. These
errors are referred to as measurement‘errors and can be classified into
two groups: small and gross efrors, depending on the source. Those
arisling from inaccuratfe' reading of instrument responses or normal errors
in\a{;al'ytical' techniques b,elohg to the group of small terr-qr's. Those
arising from improper design or installation of instruments, improper
calibration of instruments, inccmpleie information about t-he procesé
" (ie, .unsteady state, leaks, ete.), or hum;n errors in reading or
reporting data are classified as gross errors.

The - presence of either type of error can lead to inaccurate
estimation of process parameters ‘and can interfere with the development
of _the proce. model. .Theref'or'e. it is essential to ,analyse
statistically L!.'hd,\canpensate for errors in the data to allow for a more
precise application of mass and energy models. Data adjustment
techniques have evolved in' recent years which attempt to solve this
problem. Using thgg.; techniques small errors can be removed by small
adjustment of the data, so that they_satiAsf‘y the material and/or energy

®
balances. Difficulties arise in applying data adjustment techniques
when: (a) insufficient measurements are .available and (b) measurements
contain gross errors. Insufficient measurement data pose a problem

-1 -
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because these détg must be estimated simdlt;neously to the data
adjustment: THis problem has been discussed and solved by scme workers.‘
Gros; errors cause lafge inconsistencieg in the masglenefgy balances and
require lafge adjﬁétment. * Adjustment technliques compensate for .gross
errors by distributing the errors over the entire data set. _Clearly
this is undesirable as it reduces the quality of all measurements. A

better approach is to identify and remove the measurements containing

* gross errors before proceeding to the adjustment stage.‘ )
Previous workers (Mah et al (1975), Nogita (1972)) haﬁe developed
statistipal techniques for .detecting the presence of gro;s erraors in
data. These techniques are based on examining the calculéted
* mass/energy balance or adjustment using thé raw daﬁa. Negita identifies
the specific measurements in gross érror by applying the method of Ripps
{(1965)." Ripps' proéedure. however, is cumbersome in its location of the
corrupted measurement. fhe algorithm developed by Méh et al is based on”
the imbalances around each unit, but it is restrictive in its ability to

handle general process data (eg., single unit).

] -

In this study, we have proposed an- improved method for the
.. * - g
statiétical analysis of inconsistency of mass and/qF energy balances.
The main'objective is to detect more efficiently the gross errors in the |

data. Once identified, the prospected measurements containing gross

errors may be removed from the data set. The method proposed in this

thesis simultaneously estimates the missing and removed data and adjusts
the remaining data to éatisfy the mass/energy balances. The main

limitation of this method is the fulfilment of the requirements such as,
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. than the number of balancé& equations.

-

the number cf missing/removed measurements must be less thah the number
‘of balance equations and the number of‘process variables must be greater
This thesis is divided into six chapters which closely follow the
development of this study. A review of the past work which has been
. L2 .
done on the problem of data adjustment is presented in Chapter II. " In

addition, preliminary details of the problem are presented to assist the

reader in the literature survey. Chapter IIT describes the_mathematical

_~derivatioq_ of a general framework to deal with adjustment of data

R @ ) L - - -
containing gross error and missing variables. A brief resume of

statistical fundamentals required for this development is also
presented. The computational precedure for compuﬁer implementation is
described in Chapter IV and is tested on'séﬁe data from the literature
in Chapter V, Finally, in Chéﬁter VI the- significance and conclusions

of this work are discussed.
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CHAPTER II OHQ“

REVIEW OF PAST WORK . '

INTRODUCTION

Data adjustment deals with the problem of ‘process data which are

inconsistent due to measurement errors. This chapter presents a review

of the literature on this problem of adjusting inconsistent process

data.

In addition, as a convenience to the reader, we define the

problem in general terms in the next section, before the literature

review is discussed.

2.2 STATEMENT OF THE GENERAL PROBLEM

In this section the general problem of ad justment of data with

LY

missing variables and small errors is considered. The method of

solution to this problem will be developed in chapter III.

We shall begin by defining some terms which are used throughout

1

this thesis., A measurement is defined as the numerical value of the

process variable obtained either by analytical or process

~ instrumentation methods. A missing variable is one which is required

for the mass or energy balances but the measurement is nok available,

Undeterminable variables arise from situation such as the one shown in

Fig. 2.1. If measurements of specific components(or entire streams) are

missing‘ in both _Streams 8 and 9 then these measurements would be

-

undeterminable and for statistical -analysis the two streams would have

to be considered as one. Then, undeterminable variables can be defined

-

.

-~ Y4 -
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FIGURE 2.1 Undeterminable Variables.

4
¥Measurement

e

- +Missing Variables {T

as missing variables which can not be estimated from the information

]
Y

available. Consistent data are defined as data which satisfy exactly

the mass/energy balances. Biased data are data which ccMtain one or more

measurements having gross error.

A process consists of a set of phﬁsical and/or chepical processing
units which are considere& to be systems. The mathematical model of
thePe systems and the 1n£errelationships {mass/energy balance) existing
betw@en-the process variables of these systems are-the usual ﬁay of
expressing the béhaviour of the oﬁerall systems. | When fikting the
modg@.'the parameter estimation should be made using consiétent process

data. As was a§5erted béfore, the process data are usually inconsistent
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due ’to the presence of measureﬁent\\grrors. therefore it is first

necessary to adjust the data to satisfy ,the mass/energy balances.

Below, this problem. of adjustmept of in&cons_istént process dat':a is

defined matmy. . .
In general, consider a system of chemical procéssing units

involving n components entering ‘and leaving 'the. system, The

steady-state mass/ene}gy balance of the ith component can be represented

H

. - - ¢

Input-output + Generation by reaction = 0 (2. 1)

\

‘The first two terms of equation 2.1 for all cocmponents can be writtén in

ématrix form as:
Input-output = B y . ‘ (2.2)

where b is the coefficient matrix for mass/enérgy balance constraints

and y is the process variable vector (eg., flowrate) whose values are

consistent. Any compesition change in the system from inlet to out;ﬁpﬁ,_‘*_

due, to chemical reactions, may be described by the product of vector §
o ’lffective.extents of the independent reactions and the stoichiometriec
coefficient matrix S, in wﬁich the rows represent the chemical reactions .
and the columns the chemical éomponents taking bart in the system, In

the energy balances, this matrix represents ﬁhe heat of reaction. Then,
equation 2.1 may be written (Crowe (1979)) as:

Ld
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2.3

.

.Consider the m-vector, x, of measurement data of flow, material or

energy (eg., molar flowrate), the elements of which can contain either

> L

gross or small error. The relation between this vector of measured

values of process variables and its vector of true values, u, is -

4

\
X=u+e ‘ / (2.4

where ¢ is the vector of measurement errors, . .

. An adjustment vector, a, is applied to the measurement vector, x,

. 1
in order to satisfy the steady-statg mass/energy balance equations

. Rt

expressed by Equation_2.3. Then,

1

y=x-a+ ' S (2.5)
~ \ e .
-~

where y is referred to as'the vector of the values of x adjusted by a,

* 1

More commonly not all process variables are measured. Define the

missing VS?iablés as the ﬁs - vector u. It is desirable to estimate the

- vector u as well as to adjust the measurement vector x. . The balance
- coefficient matrix B may be partitionedfzﬁto two B;leﬁce coefficient

c"iﬁatrices: n x m matrix 81 corresponding to the measured variables and n

X ms matrix B2 correSpénding to the missing variables. Then, equation

2.3 together with 2.5 becomes: *

- <
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A | A
Oy -8 - .

v (a,u,

kY

2

e
A

:}31(5-3)_4-8 u+StE=z0 . (2.6)

In general, the problem of data adjustmént with missing variables can be

" L] -

described as the optimal estimation of vectors a, .u and £ which will

-

satisfy equatiori 2.6. As stated previously, if t.hej méasurement vector x |

contains gross errors, then the édjuétment technique will spread these
1 3

errors over the entire vector a, reducing the qualilty of the entire

ad justed vecfor'i. As this is .unde.sirable, it is essential that some

method be available for detecting gross errors in the data set before
\1— .

the adjustment. If gross error 1is. detected, the corrupted

measurement(s) can be removed from the data and the resulting missing

variable(s) included 11 vector u for estimation.

_ \ .
The foflowing section presents a survey of work on the proyiem of |

data ad justment which has appeared in the literature. Iy will be. shown -

that an efficient method for detection of gro-ss error has not  been
dleveloped to date‘. Furt:hermore.'mos.t workers have ignored the prdbleni
of gross error with missing variables and no one has considered chemical

r_eaction as part of the overall problem.l

2.3 LITERATURE SURVEY - ', .

A chronological review of the __].iteratﬁre pertaining to data
adjustthent is presented in ’cheA following baragraphs.} The subject has
recei.vedklit.tle attertion in the literature. - ' o

KuehnAaﬁd Dévidson (1961) were among the first who attempted to

ad just data containing only small errors, where all the measurements

were available. They solved the problem by the. Least Squﬁres method

-

&)

=
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Wwith linear and nonlinear .constraints.

Ripps (1965) expanded the above procedure to a11:5 for'both types

)
of errors, modifying the Least Squares method to allow a certain number

of variables to be discarded as gross errors. Linear constralnts only

were chsidered. The idea is to calculate the wvalue of the obJective

’

function .When successive measurements are removed from the data, The

greatest reduction in the obJectlve functicon corresponds to the

measurement(s) which is ‘(are) in gross error. If theianalyst has no

-prior‘knowledge of which measurements might be in gross ehror.ﬂthen the

entire data set must be examined. In this case the method‘ is

time-consuming. ¢ . ' ' .

Vacolavek (1968, 1969) used network characteristic thed}y to solve

" - the data adjustment problem ﬁith small errors. He also considered the
'casé‘where not all streams are measured; a situation quite common'iri~

practice. This hnique classifies the data into measured and missing'

stream variables and through this classificaticon reduces the size of the
Least Squares problem. TFeadetection of -gross errors 1is not considered
. Meharg (1972) studied data ad justment with non-linear constraints,

~

His proposed algorithm' is basically the same as Kuehn and Davidson's

procedure with the constraints linearized by Taylor series. Data

) containiﬁg only small errors were considered and missing variables were

not considered.

. ) ! .
Nogita (1972) reconsidered data adjustment with gross errors and
L
attempted to detect the bias based on statistical considerations. His

. . LS .
contribution was the development of a statistical test criterion d?’data
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incensistency and statistical data adjustment using a serial elimination
alg_orit.hm..‘ This algorithn proceeds as follows. (a) Evaluat;e the test
function-with thc complete set of data. If the value of the test falls
within the 90%" confidence interval taken from thc normal distribution,
then the data are consideéred to be frce of gross error. (b} If test (a)
fails, remove one elcmehp frém the ncasuremcnt'nector. {c) Apply Ripps!'
methed to odjust the‘remaining data'and estimate the discarded
measurcmcnt. (d) Evaluate and record .the test function with the
adjusted data only. (e) Retrieve-the_element and remove é new cne. ()

Iterate from (a) te (e) over the complete set of data. (g) Eliminatc'
h\bge element which gives the smallest value of the normalized dev1atlon

of the test function. (h) Iterate  from (a) to (g) The consistent set

of défa corresponds to the Ainimum value  of the normalized deviation of

o rn

the test functicen.,

f nction takgs a linear combination eof all.

adjustments, gross errors can pass unnoticed because of error

cancellotion. This method is time-consuming because of'the need to
re—estimate all the parameters after each delet1on. \Ibe problem of
missing variables is not explicitly considered

Mah et al (19761 furpher developed che app;oach - proposed by
Vaclavek (1969) for mass flow networks. They @roposedia_technique bpsed
on the process flow diagram. in whieh the data adjustnént Wwith misoiné
qafiablcs was sébqrated into two distinet problems; 135 data adjustment

on a subset of units from the total process, where all streams are

measured (Réconciliation)zand (b) estimation of missing streams in the

L3
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remaining subset of units if they form an open cycle.CCOaptation): In a

n ' .
closed cycle, missing streams are undeterminable. A- gross error
! »

"detection criterion was"developed and used in the identification of the

_Source of gross error. sThis detection\criterion'is based ‘on a separgte

s

statistic associated with '_'e-ach unit of the reconciliation diagrem.
Gross error can -not pass un:ctic;d because of Ierr‘or cancellation and t!_'le.
detection of gross 5‘;" is made before any adjustment 'calculations are
performed. Mah's method, however, is reetricted to the. adjustment of

totailb,mass flow. It can not behm)"fed to any_'single unit unless a
1 X .

“value for a total mass flowrate of each com@nt is available.

The problem 'of adjustment‘ Wwith ch’emical'reac‘tion has been studied

-

as a separate problem, where stream mass/energy balances are not

considered. Vaclavek (1969) took account of the chemical reactions by'

9

L

adding .fictitious streams. . Hurthy (1973. 1974) "and Madron et al (1977) E

described the chemical reaction in. terms cf the vector of effective

extents of reaction and stoic'hiometric coef‘f‘icient matrix. In addition,

Madrcn, Veverka and Vanecek (.19'775 proposed a single statistic

.

chi-square test for bias.

The obJect of this stidy was to develop a method for' adjusting

1nconsistent process data, which recognizes all the f‘ollowing needs, .

(1) efficieét detection of gross error’ by statisti&al criterion. (23

data adjustment-where vgriagles_ are missing; (3) chemical reaction
considered as an integral part of the process. and (4) applicable te any

single unit or t.o any number of units. Crowe (1979) has suggested a

data adgustment method whieh includes chemica;.-\ reactions and missing




variables,
The following chapter describes the mathematical development of the

soluqiqﬁ proposed for this complete problem of data adjustment,

SN
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CHAPTER III

MATHEMATICAL DEVELOPMENT OF THE TECHNIQUE

o - OF DATA ADJUSTMENT.

3.1 . INTRORQUCTION;

-The main objective of‘%his.chapter is to, present ‘the mathematical
development of\ife data adjustﬁent tethnique, considering missing

variables and gp 85 errors in éé\i a;’ Before proceeding. it is

.convenient to give an outllne of the statistiecal fbundations of the

mathematical formulation of this .study: Multivariate normal

distributions and hypothesis testing.

3.2 STATISTICAL FUNDAHENTALS

Knowledge or intuition about g3 process can lead the process analyst
to suspect that a8 measurement contains a gross error, In sech a case
the measurement should be discarded or checked However, in most cases
he will be aware of the likely presence of gross error only to the
extent that he is faced with inconsistent process calculations. \\In
these“caseffa Jjudgement about which measurement may be in grogs error
San only be effected by the use of statistical analysis.

Nonsingular and 31ngular multivariate normal distribution,
hypothesis testing. chi-square tests and &we«éided normal tests comprise

the statistical theory used in the analysis developed below. Thesa.

" topies are discussed in the following subsectionsJb

vl L
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/q;.E.f Multivariate Normal Distributiod{

Statisticél regression theory required/:;;\assumption of normality
of errors in the data. Sipce the ad justment technique developgd in this
thesis is based on multivariate regression theory, it is worthwhile to
examine the propertiés of 'the multivariate qormal dlstribution.

? The multivariaté normal probability density function of an m-random
vector, i; with mean u and positive definite covariance matrix, r, is
defined by

}
(27

=1

£(t) = (t - Wl (3.1)

‘I ]
7z _i7z Pl (- 2

1z’ 2

It is deyelopeq by analogy with the normal density funetion.-
The notation f(t/u,2) is used to denote equation 3.1 given u and g;
and Nm(u,E) is used to denote the distribution law.

Any lirear combination of normal Oa(ifbles is also normally

N f . . '
digpributed. In other words, if an m-random vector, t, is distributed

~

according to Nm(y,I), any linear cambination ofx. such as,

-

_f:* = Dt . ' (3.2)

is distributed according to‘Nn(Qg, DED'), with D being.an nxm matrix of

rank n<m.
. — -,

If £ has a singular covariance matrix, the distribution of t is
calied a singular or degenerate normal distribution; and the density
function 3.1 does not exist. The following subsection is devoted to

this type of distribution.



-

«

3.2.2 Singular Normal Distribution.

A sipgular distribution for a vector t is a distribution in
m—-dimensional §Baée which is restricted to a lower dimensional subspace,
M. This means that the probability that t has a component in the
complementary orthogonal subspace, ﬁ$ (exéluding the origin), is zero.
Therefore, t lies in ﬁﬁ‘ In the case of a singular normal distribution,
all of 1its probabilrity density lies in a‘v‘%linear‘ subspace of

m-dimensional space.‘(?or-example m=2, then all the probability density

' A
lies on the 1line t2=at1 + b for some a ¥ 0 and some b). For more .

details see Anderson (1958).

If an n-random vector t is singular normally distributed with mean

_u_' and covariance matrix I of rank r, then there is a trahetdrmiation

.
(except for zero probabilities): -

t =Fw +nq (3.3

where F is n x r matrix, (n > r), and the r-vector w has a non-singular

multivariate normal ‘distribution, Nr(v,T), that is

P(u)  expl- 7 (W= v) T (4 - )] (3.4)

and it can be said Phat £ has a singular normal distribution in n-space,’

with E(t) = F(E(w)) + n and £ =F T F'
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»

-2,

where Ar is the diagox?al matrix of r—nonzero‘eigenvalues of matrix I,
The columns of I'1 are the normalized- eigenvgctors corresponding to
non-zero eigenvalues and thosé. of I‘2 are those corresponding to zero
eigenvalues,

Then the transformation:

. 51
Ct:_s: —

(3.6
2 g, if>

defines a random vector g with covariance matrix given by equation 3.5

and mean vector v given by

2
Eg) =Cu=vsz| -} (3.7)

22

Since the covariance matrix -5 is equal to zero,

g = ¥, " (3.8)
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‘with probability 1. Fram equation 3.6, Lt can be expressed as

E = C .& - r (3-9‘)

where ¢c'-p

n
(=)
jw

By solving the partitioned matrix product C 'g, equation 3.9

becanes;:’

EG'D1§_1 + DEXE (3.10)

and canparing the above equation with equation 3.3, it is found the

following set of relations:

(3.11)

=

1

|
—

=]
"
=
<

«

In general, an m-random vector t with mean u and covariance matrix
Z of rank r is normally distributed if there is a transformation (3.3),

where F is n x r matrix, (n > r), and w has a non-singular normal

distribution, Nr(x,T).

J

,

3.2.3 Hypothesis Testing.

In the usual statistical test, a hypothesis is made about the
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pepulation frdm wﬁich the sample is taken. The decision to reject or
accept the hypothesis is based on a chosen statistic which is calculated
frem the sampie. The hypothesis is rejected with a known probability of
making a false rejection (type I error). The probability is established
by the significance level of the test. If the hypothesis 1is acceptéd.
it is wusually o; the ground of having insufficient evidence for its
rejection, and not with established probability of a false acéeptanée
(type II error). These concepts of type I errar, type II‘error and

level of significance (a) are summarized in table\jfﬁl where the columns

4
are the truth or falsity of the hypothesis and the rows are decisicn

- l/‘\l

made, The level of significance (a) is the probability of rejeqting a

true hypothesis and B is the protability of accepting a false

hypothesis. Table 3.2 shows the relation between &« 4nd B in the

N

decision table.

L 4
TABLE 3.1 ) - //
Types of Error in Hypothesis Testing

DECISION HYPOTHESIS,

Actually True Actually False
To .
Accept Correct B error or type II error

: . /
[To a error or Type correct
. Reject I error '
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The choice OTM significance (@) is arbitrary. If & is set so

low that there isrsmall q‘hanceL of type I efror. which means using a
large cr‘itica'IL‘ vaiu_e of ‘t,h'e statistic in question, then there‘is more&_
chance of type II erro-r. If « is set, ‘B is also -Set, and an inecrease in
a causes a decrease in B and vice-versa. Therefore the only wa-y to
reduce B, when a is fixed, is by increasing- the sample size. It; is not
possible to reduce both errors simultaneously in a single test.. Either

error is undesirable, of course. It i»x desirable that both errors be

reduced to a minimum. In practice, the 0.05 to 0.01 probability for

4

TABLE 3.2

o«

Relation Between a and B

DECISION HYPOTHESIS
Actually True A.ctuall‘y False
To
Accept 1 -¢a B
To .
Reject a , 1 -8

.

type I error usually gives the minimum probabilities.of both type of
er'rl'ors. Bowever, there_ are cases where one type of error is more
important to avoid than the other. The value of a is arbitrary
deperding on the characteristics of the problem in consideration.

One of the most useful tools in statisﬁical analysis is chi-square

statistic (x2). 'It can be used to test the goodness of fit of

.
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experimiental observations to a hypothesized prphahility distribut‘:ion.
This statistic can be defined as the sum. of the squares of the

standarized normal variables (Zf) with s degrees of freedom:

-
-

s .
x“ = (2 , (3.122)

_ Independent random variable - u

with 2, Yvariance.

LY

The distribption of X2‘ depends on s because the z's are standarized.

f

However, a. depree of freedom is lost for each constraint placed on the

- observations or \for each parameter estimated from observations. And its

p_robability distribution is

‘ /
P(xi) = P()(2 < xf) =1-a (3.12)

! ¢

where XE is availaBle fran statistical table with s degrees of freedom.
A two-sided ~t:est is a symmetric hypothesis test. It is- used to
test a value of an esti_mate' against its known or expected value by means
of any selected statistic. In this study, the standard normail
probability density function is used.
The assumptions required in the .mathematical de\;'elopment of this

study -will be discussed in the following section.
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3.3 PRELIMINARY ASSUMPTIONS

"n

In order to simplif¥//£he derivation of the’  technique of data
adjustment,. some assumptions'pértainiﬁg to equation 2.3 are made,.

Rewrite equation 2.3: . ' R

B!_+S'£:O : . {(3.13)
where the matrix B is the balance coefficient matrix which characterizes
the topology of the system. Its elements are defined in the ¢lassical

vay D

1 if the ith component is an input variable,

bi j ={ -1 ;if the combonent i is an ocutput variable.

0 if the ith cdhponent_is known to be absent.

—

The absclute value of each element of 3, is the steoichiometric

| Xk

coefficient of the jth component in the ith reaction in the case where

the mass balance is in moiar units. It is the product of that
, .

coefficient and the molecular weight of the component in the case where

mass balance®is in mass units. The sign of s is negative for

ij
reactants, positive for reaction products and zero for chemically inert
components.

The set of assumptions is the following:

1. It is assumed that data are available for each component in at

least one inlet or outlet stream. QOtherwise the method will result in
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the missing component being”assigned zero in all streams.
2. Each stream vector must have a position for all components and

in, the same order. A component known to be absent in a particular

stream will be aésigned. a measured rvalue of =zero and will nqt be

‘ad justed by the method. Since the cova:iance matrix of the measurement

vector must be positive definite*, this variable must be'assigned a
variance greater than zero. The valueﬂésSigned is arbitrary (in this
study a value of 1 is used). B t | ,&

3, Considering the .case of missing wvariables, the matrix B is a

-

partitioned matrix of B1 and Ba. The rank of B1 must bewequa:;ﬁo the

number of mass balance constraints (n) and the.rank of 82 must b equal

to the number'of_missing.variables (ms), (see\Appendix II).- In cases

where this assumption is not met, the matrix B. and 82 must be somewhat .

1
@odified.

4§, The chemical nature of the components can be represented by the

: L 4
"atom matrix E, where eij is "the number of the jth atom contained in a

molecule of the ith component. It is required that. ﬁ
?-
‘ SE=0 . (3.14)
therefore

p(8) £ n - p(E) (3.15)

L

1

the matrix S is assumed to be the stoichiometric‘cdefficient matrix of

the indepeﬁdent set of reactions, and hence, its rank is equal to the

* This requirement is discussed below.

-
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number of independent reactions (p(S) = p < m). In that way the above
~ ) ) ’

requi:'-e!:{ent is satisfied. '

B 5\ No reaction exists solely among ccmp_onents which have mis'sing

variable ik any st,ream entering or leaving the balance enveldpe, and the

n-p, see Appendix II)..

6. The true value of the vector X is ﬁnlmowh. ‘however, the

' y
measurement vector, x, can be assumed to be
X = u+ € ‘ ' (2.16)

where ‘y_x'is the vector .of the true value of vector x which satilsf‘ies the
mass/energy balance process'l. The' vector ¢ is the unlmowh. ;ne‘asurement
error vector. It is assumed al'so that the unknown fneasuranént er:;ors
are random vériables, multivariate normally di‘stributed with zero means
and positive definite covariance ﬁatrix. Ix. That is:' |

£.tm Q1) ' BENERTS

} ,

ence, its prbbability density function, given x and zx'is

-1
X

o fe/X. I) = expl-3(e I '¢)] (3.18)

and vector X is m-variate normally distributed.

'L - .
O S A
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In the following section, the  ideas discussed above are used to

" derive an improved method of data adjustment. Particularly, the

concepts of singular normal distribution and hypothesis testing are used

tc develop a method for detecting gross errors. K‘

~

1

3.4 STATISTICAL TREATMENT OF MASS/ENERGY BALANCE a

This seéction is divided into three subsecpiqns. In the first oné.
the_ p. hnique for data adjustment is developed to conSider missing
varia. es. This development assumes that 'gposs errors have been

detegfed and removed‘fram the original déta. 'In\thg secoﬁd subsectiocn,

: a test fﬁnction to.degect gross e}ror is derived. And n the third one,
' {&Pe pafficular cases of the‘overgil problem are discussed,

3.8 Deri&étion of Data Adjustment Technique.

L4

A s&lution to the problem of adjustment of data with missing
variable§ is presented below. : _ ;j’j

‘The problem of data adjustment with missing variables may be
considered to be a constrained ‘ﬁinimization problem wheée the tgtal
necessary adjusbmént is to be minimized. As. a method of solution,
Weighted Least Squares method is used. Hence, the proﬁlem is defined

as;:

Minimize a' g a : : (3.19)
a. z X |

subject to the mass/energy balance constraints

+7
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yla, 2z) =‘B.1(_)g - a) + AE? 0 L (3.20)

' . L '
where A = (B! S land z =|-—-|. According-to the method of
_ 3 ‘

Lagrange Multipliers, this is equivalent ‘to\ minihizihg' the

1

unconstrained Lagrange Function:
Fla,z . 8) =a" I a+28"(B(x-2a) +4A 2 (3.21)

where & is the vector of Lagrange Multipliers.
A*necessary conditibn for the function F(a, z, &) to be a winimum

at a point is that all first order partial derivatives must be zero at

“that point:

]

“* - [] . - . ’ - B
-9-5(_a_.'_z_. L) = 21:x1 a-2B,2=0 . s . (3.22)
32 .. ‘ .

. 1 ! .
Fia, z0) =208 =0 (3.23)
33 ,.:;o'
oF : : ‘ . P
~—(a, z, %) = 2B,(x~-2a) +24z =0 - T . (3.24)

73

Equations 3.22 to 3:2H are solved simultaneously to yield the Least

Squares estimates:

[

[
"
&
R

-1 . o :
PHT L, - AR By X _ - 3.25)

Y

n

i
= .
w
>

1B x 7 | o (3.26)



)

where = (A l-I_‘I A)—1 At H'-1 and H = B ZX-B' .

N '
substituting A = B,!S 1  and z =|-t-
- . fj)\_ £

into equations 3.25 and 3.26, respectively, 1elds after rearrangement

a%: st - B, R) (I, -S' @S")TB, x (3.27)
-1 ., ~IN

uERIST@SDT Q-1 B, x | (3.28)

5 _ .
£=-@sn7 a8, x e S (.29

| . BT B =14 L e ‘

~ where R =«(B,' H .B5) B,'H  ;Q =85H (I, - BoR)

-

The derivationzof equation-5.27 to 3.29'may be found in Appendix I.

Under assumpmlons 3 and 4, dlSCUSSed in the prev1ous section, the
matrices Q S') H and (B ! H -1 ) are non—51ngu1ar (see Appendix I1).
Under éssumption 5 the Least Squares estimatess are equivalent to

maximum llkellhood and minimum variance unbiased estimates.

3 4.2 Detection of Biased Data.

The statistical treatment of mass_ balance presented'in the previous

section relied on the assumption that the measured data are subject only

e te random errors with m-vaefate nornmal distribution'having zero meen and

, 'known positivegdeﬂl?ite éowariance matrix. iIn practice however. process

i} . data may contain types of errcors which invalldate this assumpgion.

Malfunc;ion of measurement devices (ie. incorrect calibratién etc...),l

///}'/( . or incomplete information from process equipment (leaks, accumulation,
4 | S \ | ~

incorre assumptionAofisteady-state. ete ...) or human error in reading

. L a
o, _reporting data result in this kind of error. ‘Errors of this type

- wil :i/yeferred to,if gross errors and process data containing gross
@ .

errors, as previously stated, will -be called- biased data. v

. A

[ NN



E:B]§+B u+ ST ‘ (3.30)

using eqmation 3.28 and 3.29 in equation 3.30 and rcé%ranging. we getesa
. A '

e = (I, = BRI, -5'@sHT QB ) (3.31)

This mass balance equation will be satisfied exactly when -~the-

measurement. vector x is equal to the vector of true value v Mo This
A
. statemeret is based on the following consideration. v

Defining B, as the true value of missing variables vector and ££ as

. » L T
the true valué of the extent reaction vector, equation 3.30 can be

written:
<
B.u -QFB n o+ 3'p .='0 ' + (3,32a)
= T Paky TR R T T

o

-

and according to the property of a 1linear cdnbfnation of normal

3 - - R
variables, the expected value of vectors u and £ are:

.

- N
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1 [
Eu) RS (@8O Q - I, -
/\ I U 1 Byu, (3.32b)

E(E) -(@8 ) Q
L=y

\fifiifing B1£x by its expression obtained from 3.32a:

. E{u) u, . : o
E(E) .
= s
Since e is a linear cunb{ﬁifigﬁ\ji\normal variables x, u and E, then
E(e) = B1£x + Baﬂu + S|£E = Q (3.33)

using equation 3.32b and 3.32c into equation 3.33, one obtains:

- ey

&

; ' 1_1 -
E(e) = (In - BER)(IH - S (Qs") Q)BTEx =0 {3.34)

By comparing Equation 3.34 with 3.31, it can be asserted that the ~vector
of true vélues of the measuremeﬁts satisfies the equatioen 3,31 as éaid
above. But because of the measurement errors: previously‘defined. the
measurement vecéor is in géneral inconsistent. . Vé&tor e is in fact éhe
imbalance or discrepancies of the;mass balances of the process. It"i;

n-variate normally distributed With zero means and covariance matrix

Z ) 1y~ -
Zo # I - BRI -5'@QSH ) (3.35)



= H-1/2 ze H—1/2 (3-3Q)
of rank r. It has the following characteristic:
(0% =g, (3.37)
Then, thi§ matrix is idempotent. The eigenvalues of an idempotent
matrix are either zero or one; that is
1
I.| O -
L e . . (3.38)
o 1 0 .
l .
A’v ¢ ’ i
and from equation 3.22, it can be proved that the set of eigenvectors
# ; .
éﬂ(£§qunding to eigenvalues equal to zero, r2, is the orthonormalized
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which is a singular matrix of rank r equal to the numBer of constraints
minus the size of vector 2z (p(ze) =r:=n-ms- p).

To test the validity of norﬁality of vector e is equivalent to
test the validity of the assumption that the measurement errors are
normally distributed random variables. For this purpose the scaled
vector H71/?g is constructed. This vector is also normally distributed

with mean zero and covariance matrix, &

-1/2A

matrix from H , and the set r1 cbrresponding to eigenvalues equal to

one can be the orthonormalized matrix from tqe r-linearly independent

.(’

9

-
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)
columns of I'or chosen such that the following set of relationships is

satisfied:
\—1/2 ze H-—1/2 I‘1 - r1-
I‘1T ry = Ir . , (3.39)
Iy r,=r,' r,=0

Using the theory cof singular norm 1 dlstrlbutlon discussed in secficn
3.2, the vector W was determine ng
. - r1, H-1/2<‘ .

L This vector will be distributed according te Nr(0,1I)}, if the

i€
[}

(3. 40}

assumption of normality &f the measureme t vector x is valid. Since t.he
covariance matrix of w is the identips/niatrix (I), the Iiginai problem
of testing. for mul'tivariate normality has been régluced to! testing. for
univariate normality. The test function vector is the vect? W and the
hypothesis testing-ié:

o jGTr1:_]=1, cee m

s

- o ~ 4
where 1, _Nm(gx. zx) and 7, Nm(_;_;_x + ¥, !:x) with y = vecm\of bias

™
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If x & Ty Moo Nr (0,I) and since, w'w has chi-square distribution

with r degrees of freedom, at the Eﬂﬁcified significance level o under

H :
o}

w'w = e H—1g < x2 (v —a, 1) N (3.81)

The hypothesis Ho is ﬁf&ected in favour of H1 if w'w fails the X? test
(3.41). In this event, it is concluded that the data contain one or

more gross errors,

.

It is necessary to provide this test with an gllowable error
probability, whichlgives a critigal'value of‘g[ﬂ.{]%ﬁe choice‘of the
value of‘this error probability depends on process characteristics.
However, a type I error probability (ﬁ) of 0,10 has beén guggested in
the literature. And since, it ;s more importan£ noct to accept biased
data th;n.to reject unbiased data, the value of O}HO is also suggested
here.. \\\ -

The data have been tested as a thole. Further, it is necessary to
identify the measurements ﬁaying gross error in order to take corrective
actions. One obvious approach f% to carry Ehrough the analysié with and
without suspected measurement( s) containing gross error and to eompare
results (Ripps (1965) and Nogita (1972)). Here it is suggested to .use
the r-larges@‘values of the imbalance vector El/tﬁrough'veetor w for
identifying ;;oss errors.

Because the covariance matrix of w is the identity matrix, eaéh

element of W can be examined separately. A standard two-sided test at

probability level a on the normal univariate distribution is made for
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each element of w. The critical valuek:f;fwi i1s determined at the
significance level of '0.10. The element of w which fails the test,
corresponds te an element of the r-=largest 'values of the imbalance
vector e which contains the gross error. The non—;ero elements of the
row in the matrix B, (eQuation 3.30), corresponding to the elements of
the r-largest ue of e contaiping gross errérs, point to a subset of

X suspected of hav gross error

The signikicance test for wids given by
lw,| 201 - a/2) (3.42)

where Z(1 - a/2) is the standard normal probability distribution.

This method is an improvement over the methodK::vNogita and that of

Ripps because it reduces the search)for gross erro to a subset of the

measurement vector. Additionally, the chi-square test is a convenient
and quick indicator of the presence of gross errors.

3.4.3 Formulation of Specific Cases From the General Problem

. /
Three particular cases” can be identified in the overall problem of
data adjustment with missing variables Hiscussed in the previous
\ .

subsection. In these éaseé the mathematicBl formulation can qg reduced

to a more simplified form. These cases are discussed/below.

(a) No chemical reaction and mno missing varfdables. This\:;\zﬁe

simplest case. The natrices B2 and S are absent. Then the Lagrange

function is

(x - a) - (3.43)
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and the ad justment vector was determined to be

N\

- ] . .
2=1BIH B, x (3.44)

by the same procedure used in subsection}._U.L iEquations 3.30 and 3.35
reduce to
e = B.l_)i {3.45)
Xe = H (3.46)

From equation 3.46 the scaled imbalance vector's covariance is the

identity matrix. Therefore 1tsmgelﬁrector matrix is also the identity.

matrix and the test function w def‘med by equation 3. 40 “becomes the

product of the imbalance vector associated with each component, e, ami

the square root of its covariance matrix, H, with n degrees of freedem

w=H""%¢ | ' (3.47)
If any element of W falls outside the critical r;nge. it canf be said
that its corresponding element in vector e is too large and either the
input or output of that specific component is in grds_s error. If all
elements of w fall ca.t”.atside the critical range, then all elements of e
are too large anci that leads us to suspect thét there is_ a leak -or

-—'!'/ )
accumulation in the system,

Suppose there is a leak in the system ](eg » Leaking pump). The"

fictitjkus stream 8 represents the leak (Zig. 3.1,

/r‘ @V\

3

Yo T
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=1
i
v
Figure 3.1 Leaks in the system
Then the 4mass balance is
=X "% =8 (3.48)

- ‘ 3

Least Squares estimate of a and u are: ' ‘

N

" £, By ot
— x 1 ‘

B, H' ¢ =0 . ﬂ (3.51)

-

o
"

(1, - B,RIB,x (3.49)

arid

the test function-w is defined by equation 3.40 with

; — o



1 - 1 1 - : .
Iy'ry, = 1,0y s 0 (3.52%
and

=1/2

3 r, = @ B,) Drthopormalized ;\ (3.53)

It is still possible to make the same analysis as before on the subset

cf the elements of vector &, having excluded the ms-smallest values of

¢
€.

4
(e) Chemical reaction and no missing variables. This case is
basically the same as case (b) with 82 = 8', except that we now

effectively test element imbalances,‘noﬁ component imbalances as in the

cases (a) and (b). The matrix r, ecan be expanded from S, <f'
ChangiﬁE\DR A equations 3.49 to 3.51 become:
g as=I B 'H'[I -5 (&) B.x (3.54)
‘ =" "x M n . 1= ' '
£=- @7 QBx . (3.55)
4
il e=0 & ©(3.56)
where Q = SH:?/—

In' Chapter II the existing literature on date ad justment was

discussed and in Chapter III the statisticél method of solving the

problem using‘weighted Least Square esbiﬁapion was presented. 1In the

next chapter the computer proé}am designed for this method is described.
- - -Z. J °‘/j

N
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CHAPTER IV

COMPUTER IMPLEMENTATION

4,1 INTRODUCTION

For the method of data adjustment developed in this study, a
program has been written ipn Fortfan IV and implemented on a Contro} Data
Corporwuoo. The program consists of a main program ‘lled
ANADATA gnd a set of ;ubroutines which will be described in the next
section. The input to ANADATA consists of: (a) dimensions of the
ﬁrocess: the number of measurements.lﬁiffing variablés. constraints, and
the maximum number of independent ;eactions taking place, (D)
informationion the measured variables: the measurement vector and its
covariance matrix, () the coefficient maérix of rnqss/energy balance
constraints and, (d) the reaction stoichianetric‘coefficient matrix.

The program was designed to deal with the mest general’ situations
in which there is statistical interaction between fneasured variableé

o
(non-diagonal covariance matrix). ’

4,2 PROGRAM DESCRIPTION

This section is a general description of the main/program and the
subroutines to perform the'required operations. Figure 4,1 shows the

flowchart of ANADATA main preogram. A complete listing of the program is

given in Appendix V.
- 36 -
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]
| Start )
~ Read Dimensions of the

»

System: M, N, HS,

Set: IFLAG = 1 or zero

IK = 0

KK = MS + IR
IPRINT = 1 or zero
ISW = 0

IDATA = 1 or zero
IDIA = 1 or zero

-

Iﬁputs Data _
Create: Matrix Matrix A

] "Al

»t and B, and Vector x
Check: ﬁank of B1. B and §
Create: CVAR Matrix

r

Calculate:

- T
H = B1 I B1
HINV = H~

-1/2

SHINV = H

J

Calculate: T2
IMBALANCE VECTOR

Covariance Matrix of
IMBALANCE VECTOR

UMBM
VARE

Figure 4.1 ANADATA Main Program Flow Chart

t



Are the
Data Biased

Search for
gross.errors

- 38 -

No

R Estimate:

Adjustment Vector

Partitioned Vector
Zeta '

—

r

Write Final Result:
Adjust and
zeta

End

Write the
measurements
found in gro
error.

33

FIGURE 4.1 continued
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4,2.1 Main Program A

ANADATA program inputs data and coordinates execution of the

calculation performed by the subroutines.

After checking the consistency of the input data with assumptions 3

and 4 in sectien 3.3 {(rank of matrices B1. Bz and S), execution proceeds

in the following order:

(a) The measurement vector x is tested for bias by testing the
hypothesis stated in chapter III, equation 3.41.

(bY If the hypothesis is accepted no biased data are present. The
required adjustment to i i5 calculated and the vector of missing

variables and/or the extents of reactions are estimated using egquations

3.25 and 3.26 respectively. _ S

’

(c) If the hypothesis is rejected the program searches for and

ocutputs the subset of x most 1ike1y to contain -the bias. The program is

4

stopped if more than one measurement is féﬁﬁd to be corrupted. At this
point, a decision is required by the "analyst as to which measu?ement(s)

] i o

to exclude from the input data.

(d) If only one corrupted measurement is found, the program'removes

this particular measurem'ﬁt from the input ‘data and considers it as 5\\

missing variable. The program is restarted and execution begins at (a)

4

as before. ~

L
The output Is the adJusted value of the measurement vector X and

« the estimate of/m ssing variables and/or extenst of reactions.

4,2.2 Subroutines

-

The program has sev main subroutine§ to handle all: the a;gebraic

f/ ‘ r*-aif

[

oA

~
‘
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calculations required by the method. Three function subprograms are

nsible for estimating the elements of the test function vector, the

quare statistic associated with the raw data and the rank of a
matrix. Six auxiliary subroutines carry out the matrix operaticns.
Three subroutines from the IMSL library and one from the SSP library are

al used. These subroutines calculate the eigensystem and inverse of a

matrix (IMSL) and matrix factorization and rank determination (SSP).

Here, the seven main subroutines are briefly described:

CALCIH is used to calculate the covariance matrix of le. It also

calculates the inverse of this covariance _matrix and its negative square

root. These matrices are used in the estimatlon of the test function

elements and adjustment vector.
The method used to calculate the negative square root of the matrix

is based onbthe diagonai factorization of a matrix as follows:

Considering any positive definiﬁe matrix D, .
o (4 k ' ‘e

where Kk can be any rational number, r is tﬁe matnix of eigenvectors
corresponding to the eigenvalues of D (A),

The inverse of the matrii is calculated with the IMSL subroutine
LINV2F (using Linear Equation Soiu;ion). - The ‘flew~chart of CALC1H
subroutine is given in Fig. 4.2, .

CALCiE estimates the balance vector e according to equafion 3.3
and the covariance matrix of e according te equat;on 5.35.' It is called
by the-main program before teating-the data_fer bias. Fiéﬁrelu.é shows

oo | b
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¥ .
( Start ’
SHINV = TAOKDL> TAO' | caleulate:
| =n71/2 : H =B % CVARYB !

Return ) : | Calculate: '“\1
HINV = H™

Using the IMSL
Subroutine LINVZF

End

:,i3ﬁ Eigen vectors (TAO) ‘and
Eigenvalues_{(DL) of
HINV with IMSESSub-
Routines VCVIFS and
e EIGRS

M 14

I
| I . 14

L




Nof}

-2 -

UMB = B1*X

Calculg'ﬁé:._1
)

=

R=(ATH™ ' A), A, H
DO I=1, KK
=
| l 1
L
D0OJ = 1,N
0
1

I

1

Set
‘R(IJ) = - R(IJ)

Calculate:
W5 = A*R

Return ,

End

3%0

FIGURE 4.3 Subroutine CALCIE

Do J

1,N

Yes

Set

W5 (F,d) = 1 + WS (F,J)

End of Loop

T

\__,//

»—l

Calculate:
W4 = W5¥B1

L

Calculate:
UMB = WU ¥X

Calculate:
VARE = WS H

.

‘ Return '

Flow Chart.
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Find:

IU = Veotor of
Index of e such
That e (IU(1))> e (IU(2
o> B (IUWD))

'

Find:
Eigenvectors CO-
rresponding to ix: = 1
{TAD)

— — -

Set

NE=0

v
DD I=1,IRANK
10

i
30
Set: Write:

K = IK+1 all varia-
bles.has
been testing

Set
NENE+1 "~

Ll
Find:

Element I of the
test function vector
(OMEGA) by eq. 3.40

FIGURE U4.4 Subroutine SEARCH Flowchart

RETURN. ).

Find:

The set of meassure-
ment most likely
containing gross
error, based on
B(I,J)Y # 0

— i ——

L]
— ~1END LOOP
10
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the flow-chart of this éubroutine.
SEARCH finds the most likely meésurement(s) having gross error as
deéérib?d inlse tion 3.4.2. its flow chart is given in Fig. 4.4.
CALC2E_obtains the adjustment vector '3 using equation 3.25 ;nd
estimates ng missing variableé and/or extents of reactions using
equation 3.26. It is called by the main program when tﬁe hypothesis

[

test has been accepted with a probability .of 90% or in the event that
éne cbrrupted'measurement has been detected and’removed from thé data.
The flow-chart is Shayn in Fig. 4.5. ’

RECHAZ is cal¥ed (a) to check the input data for ranks of matrices

B1. B2 and S, and to construct matrix A with matrices B, and S, and (b}

2
to ;éject only .one measuremeﬁt having gross erroy as 2aetermined by
subroutine SEARCH. The measurement is considered a missing vafiable by
reducing the dimension of x by one and increasing the dimension df ZETA
by one. The flow-chart is given in Fig. ﬁ.ﬁ.

CALCIT 1is called by subroutine SEARCH to estimate the set of

eigenvectors of matrix I corresponding to eigenvalues equal to one,

Aaccording to the procedure described in section 3.4.2.  This subroutine

must be prcvided by the user when matrix A exists. The inputs to the
calling argument required by this subroutine are: (1) covariance mﬁtrix
of vector e (VARE) calculated by subroutine CALCIE, (2) the pagtitioned
matrix A defined by subroutine RECHAZ, (3) the'rénk of VAREHSIRANK), (4)

-

the number of constraints (N), (5) the size of matrix A {(number of

172

columns = KK), JQd (6.) the inverse of H (SHINV}., | The output is

matrix TAO1 of the set of eigenvectors corresponding to eigenvalues

|
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"‘ Start ’

. Calculate:
W1 = CVAR*B1!'

Calculate:

W2 = WISHINV
L S 3

Calculate:
ADJUST_;hwa'UMB

l

Calculate the
ad justed value
| of x = x-ADJUST

l_No .

Calculate:
W3 = R*B1

|

Calculate
ZETA = W3%X
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comment |

stop
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10

Input:

Informaticn Requi-
.red (B'1 xDADs , RvArR

Change

Column IK

with M+1 in
B,XDATOS, RVAR

Create
ST

Form
Matrix B >
From B —
t Yes

No

fg?m 52 ]
from B
and AzB,

FIGURE 4,6 Subroutine RECHAZ

p(ST) = IR

Write e
mment

stop
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.ﬁrite.

ccrment

"Form Vector - .
X and CVAR - Stop
frcm XDATOS

and R Var

Joins ST
to A from

(M3+1) to K




S

or

Checose TAO from
atom matrix E
such that set”
of EQ. 3.39

are satisfied

Yes

ein-
genvector?
base on

characteristics
of the system

Chem.
. Reactio

80

——mat
10 -
 Set:
[ TAD = identity matrix

RETURN

AN

+0|Caleulate:

L= VARW=SHINVxVARE *SHINY

+

Find with LINV2F the
Eigenvector of VARw’

4

((

Set:
TAOQ1 =

IRANK Eigenvector
Corresponding to A=1

Choose TAO
‘that set of Eq.

3.39
satidfied

FIGURE 4.7 éﬁbrﬁyhiae—eﬁLQj&

Flowchart.

N

A
RETURN
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equal one. The dimensions muétxgéfk&AREgﬁ.N), A(N,KK), SHINV {(N,N) and
TAO1(N.IRANK5. Any other gork arrays needed must be defined‘ as
necessary iﬁ’EEL subroutine, An example is given in Appendix V and the
/f\ flow—chart in Fig. 4.7. This flo;—chart may be used as a guide to write

the™~subroutine, - . ;-.ml ' 4
ESCRIB writes the final output of the p;ogfam: the adju§ted
measurement vector, and the estimates of missing variables and extents

of reac?ions (see Fig. 4.8).

Othe; defails of the program such as parameters definition and
~ dimension réquirements are given in thé pomglete listing in Appendix V.
It should be‘ noted' ;hat\'the_ input arrays must be re-dimensiened
according ﬁo fhe size-_of tthe- system, The main program gives the

fhstroction for dimensioning. ¢ :
+ In this chapter, the computer program for the method ’veloped in

the previous two éhaptefs was described. In the next\ ch pter, the

method is tested 'on';four data sets taken from the literature. In

/ ‘
' chapter VI, the conclusions and  significance of this work will be
discussed. N o .
. b
- .
“ I
\ ;;,/)
' : - SR



Write, 101‘ s
" final resulFs"

Wwrite 102 '
x(I), Y(I) Adjust (I)

b

I =1, ... M.

RETURN

~—write 106 e
"Missing Variables?
Zeta (I), I=1,.... MS

No

s i
A write 100

"Extents of Reactions"
ZETA(I), I=MS+1, ... KK+

FIGURE 4.8 Subroutine ESCRIB Flowchart.

b



CHAPTER V | //~‘\\

APPLICATION OF THE TECHNIQUE OF DATA

ADJUSTMENT

) -

5.1 INTRODUCTION

As discussed in the literature review, previous techniques of data

adjustment were unable to adjust process data(::tained from both single
and multiple unit processes. The examples diseussed beloh\ueggﬁfhosen:
b _ y :

to demonstrate thi;)the technique proposed here e be app%{si;fo both

A

cases, Furthermor the examples demonstrate the applicabilitynof the

technique to each of the data adjustment problems discussed in section \\¥ /_}
Ve

1]

3.4.4, viz. bilased data, missing variables and chemzcalhxfactlons.
o _

-

5.2 CASE_STUDIES:

To demonstrate the applicability of the technique presented in this
! . study, four examples from the literature were tested. Flou‘:ijgrams for

- B

"In the application of this, technique one problam consistenﬂly

these four processes are shown’ in ‘Figures 5.1 to 5.3.

\-t-

encountered was the lack of availability of the cofngiance matrix of the
[ . o
' ‘data. When the covariance matrix was not available from the literature,

a diagonal covariance matrix with elements equ one was assumed. In
. LY

almost all of the examples discussed below, the variances of the

measurements were kno but . covariances were not available, therefore a

AR
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diagonal covariance matrix with these known eléments was used. A basic
consideration in the ability pf this method té detect biased data is

the value of variances ofnelements. An error would be considered a
gross error only if that correspending measurement fails outside the

-

1nterval ]x | € My * 1.65 o,
Gase stzgip I consists of two examples. In

example A, the

feasibility of the technique to detéct and identify gross'e or caused
by lears in a flow.system is evaluated. 1In example B, Ripp;] algorithm
is compared with the tecﬁniqug proposed heré by using data first tested
by Ripps.’ This eiample demonstrates the advéntages of this technique
over Ripps' method in detecting and identifying gfoss error.

In case study II, the method is applied to data containing missing

: S~
variables from a multiple unit process.

“ Case study IXI is an application of the technique'tqf;;ta obtained

from a singliH:;?cessing unit with chemical reaction.

'In case udy IV, a second test was applied to the ggta of case

study ITI, after removing cne measurement and purpcosely biasing anoth

5.2.1 Case Stuay I:

Two examples involving multicomponent maééqbalance at steady—s ate .
are discussed. In Figures 5. 1a and 5 1b, the f£low diagrams of thege

systems are fhﬁéﬁ. In Table 5.1 the characteristics of these examples

are summarized.

Example A. With this example twoe features of thifs technigle ave .

"discussed: (a) detection of bias, and (2) identificatio ces gt
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TABLE 5.1 -
b
Summary of Examples for Case Study 1I.
/
Example A - Example B
System Pump Chemical Reactor

Literature Source
Purpose X

3

|
Size of the System: .~

Constraints

N Measurements

. Missing Variables

Chem, reactiqn

-~

Structure of the syatem:

Coefficient Matrices

s .

Dete‘pion of bias
and Adentification .

of urces of b%fs.
/
= .
none
none
B, = [I_!' -I.-
g = Uyt -1

o

Ripps (1965)

Ccampare the proposéd

‘technique with Ripps'’

Method

3
oy

none

-

reaction unknown

B1. Given in Table
5.14. All elements

of B1 are non-zero.

L] = \
L= X 2 7 %y
X Xs
3 v 6

FIGURE 5.1a -~ Flow:- D

o

mﬁ

(5

. ‘ - )
iagram For Example A, Case Study I. .

»fictitious streanm

Y is the ratio of the leak to the
true values of Z

AN
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L 4
bias. S
~ .
Consider the mass balance of a pump (Fig. 5.1a), where gi:
represents the input §treah (1 = 1), and output stream (i = 2).

Each

stream has the same three components, 'The true values of elements of gi
(Ei' i=1,2), were assumed known and consistent. The measurement

-

: . A ) - ! '
vector was generated by adding errors. of known magnitude to th¢ true
. ]

values. -These errors fell within an interval of

-

30% of the truey

- values and were assigned standard deviations of 5% of rthe measured‘flow

rate, This information is sumnanized in Table S 1a .~ The covariencee of

Ehe flow rates (x ) were assumed zZero. The balance coefficient matrix -

LR TP

-(9 503 10.50, 99. TO)

[P "J)/"j' j = 1, ...’6 and

-

** percentage of heasured flow rates.

4

. TABLE 5.1d . - "
: 3 <
Data For Illustr;tive Example A, Case Stggz:}jr ,
. .
COMPONENT INLET N OUTLET
y :
: -
(1) [Flow % Relative sy Frows : Re{‘ ve si"
Rate ., ‘error¥ Rate error » _
. ‘ :
1 10.00 5.26 5% 7.50 | 21.05 5%
. , t _
2 10. 00 4,76 5% . 9.50 | -9.52 5%
. - : P ) .
3 199.00, | - .70 jﬁ? ., 100.00 .3 5%
Ad Relative error = (x g

L



for this case is:

/”'ﬁ 81 = [In: -In] o
. 1{ | ) ~

with n equal to¥the number of cc;mponents.
Application of the té’éhnique detedted the existence of bias in the
" data  (10% significance level), since (W'w = 8.068) > (x?(.90.3) =

6.251), Source“ of Pias/ﬂas identified as the existence of Eross

Q°® méasuremm The two-tailed test at aequal to .10 on each
i ' ‘_. Q

&‘ - . ‘-
TABLE 5.1b ‘ ,

Results Of Hypothesis Testing For
Example A, Case Study I.

s i without Leak s with simul a- /\
. e v . ted Leak® )

) . W e W e
- i i £ i
/ _ - \ :
| , I R \Cfb?.'s © 3.2 £2

| 2 L2 + .5 [ 1 + 1,2
4 * -~
o 8 3 .14 - 1. 223/ +14.43
e U o _ '
. (2. 38,3 16.54 ° | 16.70

. : -. . , )
o zZ, =(1—y)£1 = (8.,8.80, 88.57)'; v = .15

»

L
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element of W resulted in only W lying outside the 90% confidence
region. As- stated in the theory.__séctio'n 3.4, ‘this implies tha; eitﬁer
the -inlet or outlet mass f‘low"r;e;te of the first component of the
measurement vector cou;d contain gross error. In Table 5.1b, the
results of these tests are given. . As seen in Table 5.1a, a relatlve
error of(\ﬁ of the true value was 1n fact present:in Z (1). However_‘,
the data ad,]ustmep.t technlque informed the analyst, in ‘this case, only
that a g-ross er:rorr existed in either or both,_zﬁ(ﬂ. 22'(1). At this
point, the analyst should examine the process and the. method of
measurement, and look for ing‘ormat.ion which will aid him in identifying
which measurement(s) contains gross error. ‘Ripps' method was tested and
arrived at the same conclusion but. only after three iterations of his
algorithm. The algorithm of Mah et al is applicable in this case, since
the system can be v1suallzed as consisting of multiple units. 'The

‘ #
method was- tested with this data and was sucdessful in detecting the
presence of gross efror. Like the other methods, the -location of the
error was d‘eter'mined to be ;'ithin a subset of two measurements.
In general, when biased data are deltec’ited it.can be a result of
incomplete information on the systeﬁ (ie, Leaks), énd/or the existence

of gross measurement errors. As discussed in section 3.'11. incomplete

information on the system will result in all elements of _gq failing the

standard two-tailed test. .

By using the same flow processing unit as before, "but with
simulated M"leak" equal to.15% of the true \iaiues of the inlet flow-rates

{see Fig. 5.7a), the ability of the proposed technique to detect the

G ik 2 Bl b s o e = i < L e e e
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possibility of leaks was shown. The results in Table 5.1b verify that
all elements of w fail t‘he two-tailed test if there is a leak in the
sy‘stem. "This result can also mean that ‘all meaéure’ments eontain gross
error. 1 Since this 'évent is unlikely and all elements of e are greater
than zero, the bias is attributed -t,o a leak.

The leak was created for dit‘f‘er;t values of ¥ and it was

discovered that for values of ? less than .15, the methed indicated that

the biased data was a result of one or two gross measurement errors.

However, this result can not be extended to all systems, since t,he-

sensitivity of this method fo detect gross errors depends on the value
. -
of the varia_nces. The larger the variances, the larger. the error',g_which

are permissible. £

Exampie B. With this example the proposed technique is campared to

Ripps' method in terms of efficiency of detect.ion‘of‘gross errors. The

same data tested by Ripps (1965) are considered. Four mass
are measured, two entering and two leaving a chemica
5.1b). The data are given in Table 5.1c and the gléments’

.coefficient balance matrix are given in Table 5.1d, The chemia

~reactions tai{iﬁg place are uaknown. A

Application of the proposed technique detected bias in the data.

The test of bias required only the. evaluation of the expression e'H -1 e,

-1

(e e & x ( 90, 3)). This test informs the analyst of the presence

of bias. whereas Ripps' method requires him to have sane knowledge of

the system. Since all elements of the coefficient balance matrix are

I
. *

different from zero it is' not possible to identify, by'the applic‘ation

—
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1 o

)
J REACTOR

. | \ _
2 | \ / . Xy

FIGURE 5.1b Flow Diagram for Ripps Example .

TABLE 5, 1c

Data Tes_ted by Ripps, Cas& Study I

Variable| Flow-rate (103_1b mol/hr) True Relative (Variance)'/2
¢Y X4 T errort S En
4
1 . 1850 . 1739 . LT 017
= ; -2 | 87935 | 5.0435 -5.0 - 05 Ty
3 | 1.2205 | 1.2i75 - 024
N o .
4 3. 8800 4. 0000 -.6 | .2
o N )
..y relative Error = ( /s,
. - I elative Error = (x; - u,)/s, - . "
v/
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. ) TABLE 5.1d.
Coeffi

cjent Balance Matrix For .

: ' Rops xamp%é, Case Study I.
' Y . ' . ‘ :}

-~ “lconstraint| . Variables
) ) 1 2 3 4
‘_'!
) 1 .1 .3 N - -2
, . . ' ‘ .
Po) ' 2 - .1 .6 -.2 -.T
\ ,
3 8 1 -2 -1 , J'
b _ '
TABLE 5. 1e
Cﬁi—Square Test.. Example B, Case Study I*
. Variable Suspected measurement
rejected (i) gzii’/ ' in errbr
. 0 8. 4551 1, 2, 3, 4
| A | 7.3568 2, 3,4
. e ;
3 1.5696 \ 3
4. 8. 4374 i, 2, 3,
#24<80,3) = 6.251 and x2(.90,2) = 4.605-

——

/
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of standard two-sided test on W, the subset ofi uspected of containing

" data pass the chi-square test.” For example, if after discarding x. the

> f-‘
»
- 60 - o
~* . ) : ] E H
3 ) \ ' y. -
o o~ . et
TABLE 5. 1f ,
- ) . L ——
) . : Adjusted Set of Data For'Rripps .
Exémple. Case Study I,'//
Variable : Adj‘gstment ~—~gstimated Value A
(i) ta )~ vy
t\" . ~ — ‘r
1 ' .0107 © 1751
2 . S 5,0775 ’
3 \ . 0039 1,2256
- , N ’
4 ' TNl UTO 14,0270 Q"ﬁ

. .-
. - L
* x2‘1s discarded as measurement contains gross err6r p

the bias, Eventually, this subset of X Will show up in subsequent
' " ‘ ., C o P

chi-square test after sequ‘Entiall_y discarding measurement(s). The

subset will consist of the discardeq ‘measurement(s) when the remaining

2

‘ L ) - *
remaining ) data p the test, then X, is suspected of having gross

error..” In this _example ' it" occurred that other measurements, when ;

i'embv_ed one at a time,.allowed the rem@aining data to pass the chi~square

/ H

. test. In this‘ case, °‘if the analyst does nct have v any further

_~——information to aid” him in exactly locating the gross error, it is

suggested, to chéo‘se as the most likely those measuw wh;ﬁ:h. when

removed, givesthe smellest value of e' H"1 e which passéd—the test. 'In



~» Table 5'1&*Qit is seen that X5 is the mest probable measuremeﬁg?having : .
'. -

gross error, Table 5.1 g8ives the results of data adjustment when x2 is

discarded, ‘The max imum number of measurements which can be deleted at
jgﬁs time 1is fixed by the difference between the number of constraints
ann the measurements, since theKrank of B1 must besless than or equal to
the number of constraints. Here, only onelmeasurement can be disearded.

In this -example, the proposed technlque and Ripps' method both

“

_ require an 1terative search to locate the measurement containing gross (y})
error. However the proposed teehneque has an advantage as it uses
reduced 51ze matrices and’ fewer matr;;\eperatlens; each step requires-ﬁ\\‘”)
only an evaluation of‘g' H -1 e whergas Ripps' method requires adjustment
of the data each time, As 8 result the computatlon time for this

Al

technique is considerably less For this example the evaluation of e'
H'-1 e required'I%}m;;}ix multiplication and 2 inverses at each .
iteration. The sizes of the matrices invdlved were 3x3 3x1 and 3x4 ’
(nxn,nan and nxm)# Ripps! method required in this case, 16 matrix
<// multiplication and 3 inverses at each iteration. The matrix stzes were
7x7, 7x3 and 7x1 (kkxn, kkx1 and kkxkk where kk = men-ms),
In summarizing. this“bxample is a case where a complete search of

-

the measurement vector was regpired to locate the source of bias, since

all elemeny’/ef B, were non-zero. Normally, if bias is suggested by the

-

chi—square test’ and scme elements of B1 are. zero, the subset of the

measurement vector containing the bias, will be indicated by subsequent

#Calculational details are uescribed in section 3.&3

[
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application T the standard two-sided test on each element of the test

function vector w (see section 3.42). Hipps' method gives no initial

indication of the. presence or ‘absence of gross error; a search of the
- Y . : ’

/‘\ .

’ ' 3 . .
measurement vector must be made to reach a conclusion Iq this regard.

3

' ~For the proposed technique, in the event that bias is not indicated by

’

the chizésuare- testy the adjustment of the data will be carried out

immediately, Clearly the proposed technique allows for a large saving

in computational effort over Ripps' method. 1In Appendix VI, a listing
of the program for Ripps! method is givgn. _ R

The algorithm of Mah et al can not be used for this system bec

the structure of BT]did not “allow construction of the coaptation graph

required by the mathod.,

S SN

5.2.2 Case Study II: ot

One of th#d points discussed in this thesis is the adjusﬁment of

data when not 11, process vafiables are measured, The following example
‘ . -~

(Vaclavek (1968)), illustrates this asbect of the technique. In Fig.

5.2a the flow diagram of th{igé%hple proces;\is shown and Table 5.2
. ¥ . .

" summarizes its characteristics.. It consists of four processing units

"with five measiired lzgzables and four missing )variables. Two of the -

four missing variab (xB and xg) form a cycle and are undeterminable. -

. Thea’.two variables will be redefined as a new variable xs' as shown in

- . . . /_"’ :

. | g

RR
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a} Original Flow Diagram

L4
b) Modified Flow Diagram

FIGURE 5.2 Flow Diagrams of Example for Case-Study‘II
* Meésuremen;s

+ Missing Variables

H




TABLE 5.2

Summary of Example of Case Study II

System: . Simple preocess where total 1
flowrate are measured

Literature Source: Vaclavek (1969)

Detection g biased data when
ﬂ)‘?‘poses ‘ scme variables are missing and
) estimation of the missing
~variables simultaneously with
. the adjustment of the data

/_ : Size of the System:
N~ Constraints: b
. Measurements: ‘ )
Missing Variables: ' ' (‘g
N _‘5‘ Chem. reactions: none

Structure of the
_ |System; .
' "Coefficient matrices: B1 and 82 given in Table 5,2¢

L 4

— .
Fig. g@b. for the purpose of_Bomputation. A negative estimate of xg'
implies that Xg is great:.er than xg. It was assumed *"that all
measurements have the same relative error. The inf‘ormétion on the
measurement vector is summarized in 'Tabl-e. 5.2a and the cbéfficient-
balance matrix is given in Table 5.2b. -

By applying the technique, it was found that there. is no suff‘icient:
evidence to reject the data as biased; since w'w £ (xz(.90.1.)_ = 2.706) .

The adjusted data are given in Table 5.2c.
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Table 5.2a

Data For Case Study IIX

Variable Measurement standard
(i) (x,) deviation (0.1x,)
1 10. 1.
2 20, 2.
3 50. 5.
y . 160. 16.
5 100. .10,
/
.\\./ )
'5.2b
Incidence Matrix For Case Study II /
Unit Stream j; j =1, ... 8! '
o I -
(| B1(i.j) Be(i.j)
1 2 3 4y .5 6 7 8
1 |- . P PO
2 1. -1. © 1.
3 \ 1.-Y -7 1.
1' 1- -1'




TABIE 5, 2¢
. Adjusted And Estimated Data
. Case Study II
Variable Ad justment Estimated
(i) (a,) {(v.)
. - i i i
1 0.00 , 10.00
2 0.00 © 20,00
3 .65 T s0.65
y 6.71 . 153.28
5 -.262 102.62
6 ' 40. 66
7 30.66
8 102,62 —
/I'J

v

Note that in this specifiec problem, if bias is detected, the

technique would reduce the search for error to the subset of (x3. X andei,

x5): since the rank of the covariance matrix is one. In other words,
the structure of the system and‘the available information only allow the
technique to detect the gross errors in o(;e unit or _bal.a‘r*me envelope.
The balance emrelof.:e is sen according to the information available.
The computed \ialye of xlz(.90.1.) for the chosen envelope will lead to the_
same conclusion as before. . o ~
Again, an aspect which must be considered is that the sensitivity
of this method in detecting gross errors increases as the measurement
o
variances decrease. In the .example discussed here, the veriances of
variables Xy end x,5 a. ‘assumed so large that a large ?w:o{‘on these

measurements will be considered as random. The program was run again

assuning reduced values of those variances, and in this case bias was
. R
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| @2.3 Case Study IIT: )

detected. This observation stresses the impc}rtance of not

overestimating the variance when it ‘is; unknown.

? : ‘ ™
-z, . REACTOR
N>
02 ‘ g
! KL
N

FIGURE 5.} Flow Diagram of Case Study III
r . -

'8 | —

n

'Ih} purpose of ?hhe foldowi xample (Hurthy (197“)) is to shd\
re

™~

the applicability of this technique when known ohemical reactions a
g

" taking place with and without missing variables and grossm\qf Table

s .
5.3 summarizes the characteristics of this example.

. . ) - +
Comeider the mass balance (of a reactor (Fig. 5.3), where the®
. o Q‘-
catalytic - oxidation of amn'w a using air occurs. .Six" chemical
N -

substances are taking part in this process! Nitrogen (1), Oxygen (2)'.
- N

Niti‘ogen monoxide (3), Nitrogen dioxide ), Water - (5) and Ammonia (6).
In the- absence of the catalyst the oxidation of ammonia can be

described at 1 ast'. bﬂhe following ‘three linearly indepe ent \
. i

.
-t

e - <
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- - N ‘ , —.\.\ -
' stoichiometric equations’:/} . A\ : '
( LINH3 5 = 1IIN!O + 6H20 (ﬁ. 1a)
» NH, 702 = UNO, + 6H,0 . _ - (__6_.1b)_
' w U Jga = 2N, +6H,0 ~ (6.10)
. -
] . & . T LE 5.3
) - ’
Summary of Examply for Case Study III
- ' L] "
s . /"\ . .
' Isystem Co %ﬁhemical Reactor, Catalytic
. oxidation of ammonian using
air
! Literature Source:  Murthy (1974) . -~
. . M . 'l
Detection of bias in the
Purposes: ’ ) _ . presence of chemical -
~— C reactions - : , .
: T * _
. Size of the System: _ ’
. / . - "
Constraints: . 6
Hegsurements: ! 2 .12
_ -Missing Variables: ' - none
.- "'jﬁﬂa)~ _ Chem. reactions: : 2
: , Structure of the ‘ ' . N
C System: ; . ‘B, and S given
.. | coefficient matrices: | in Table 5.2d .

-

Since the rank of jhe stoichiemetric coefficient matrix, S, must be less X
1. or equal to the difference between, the number of cdmponents involved and

x the rank of the atom matrix, E,(p(S) < (ner:p(E) = 3), se\'{\ri-: (1965))

~ . o , ql“

N - : : - S

. J ' .
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TABLE 5, 3a |
Data?%or Case Study III
Compo . Inlet OQutlet
nent (i) . .
’ Flowrate si Flowrate si v
loae, 80.00 1 79.00 © 1
2 20.00 _ 1 6.00 1
3 0.00 1 8.20 1
4 .0.00 1 1.7 1
5 0.00 1 15.8 1
6 10.00 1 0. 00 1
L TABLE 5.3b

, :
Elements 6f thrices B1 and 5' For Case Study III

RN

‘by(1,3); §=1, 2... 12 S'(L,4)
nent (% =‘1,2
1 23456 ¢ 8 9- 10 11 12 2

AN
NP

W oy . : ~ . -
1y .. B L L
’ . 2 . 1. -1. ' 3 -7-

3 . ) - -1. 4,
4 . . y
\ : ' ’-\
5 < . . ‘ . -1, 6‘... 6.
& 6 1. F ot T
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and the cataly_st;. is knoxlfm to suppress the rleaction represented by
equation 6.1¢c, therefore the catalytic oxidation of ammonia can be
descr:ibed by the first two above equations, The corresponding
stoichicmetric and calance coefficient matrices are given in Table 5.3b.
The data available for all six components taking part in the system- are
given in Tabie 5.3a. Covariance is assuned zero. Since, all components
require a position in the measurement.vector, those components known_ to
be absent in each stream are assigned flowrates of zerc. The variances
of these positions are assigned any ccnvenient value"as they are not
significant_in the data‘ adjustment clalculation, 'since the elements of
the matrix.ﬂ(corresponding to those combo.nents are eqdal to zero. To
av’oi-d. ill conditioning of the covar‘riance r'natrik.-values close to actual
variances °f. the measurements were chosen. A value of one was found to

be satisfactory.

)

The value of x2 statistic associated with the raw data was")

calculated to be ..8&11. which is less than the tabulated x2 statistic,

X ( 90,4) = 7.779.. Therefore, it can'be concluded that the data are not

biased. The results of the data adjustment are shown in Table 5.3c.

These values axe in good agreement with those estimated by Murthy

(1974). However, it should b® recalled that Murthy's method does Tot
. £ — 7 . .
test for gross er‘r‘oF A‘Fj! implicitly accepts that only small random
: - . ' . '
errors are present in the data. ! ;

5.2.4 Case Study Iv: . N

et

Here, the proposed technique is applied to an exanple known to

' contain the three data adjustment problems diﬁuss\ed aboves missj.ng

3

-

.
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variables, chemical reaction and measur‘ement- vector with  gross error.
The charécteristics of the example are given in Tablje 574,

The objective is to demonstra;te the ability of the method tio. detect.
and isclate gross' errors while - simultaneously treating the praplems of

niissing variables and unknown reaction ‘extents. The data lwere a

modified version of those used in case study III. The measurement

TABLE 5. 3c
-~ Adjusted Set of Data, Case Study IIT B
.
Ccmpoe ~ Inlet Outlet
nent (i) | . .
Flowrate adjust.| Flowrate adjust.
1 | 79,500 - .s00 | 79.5  -.500
2 19.939 .061 6.061 -. 061
| 3 0.000 0.000 8. 400 !-10;0\
4 0.000 _ 0.000 | 1.931 -.231
5 | o0.000 0.000 | 15.496 .305
6 10.331 j{?‘k 0‘. 000 .000

corresponding bp the cutlet Qf t.he‘ ecg'xld component (xB) was remomed\and._
considered a missing variable., Al%o, the measurement correspornding to

the inlet of the first component ‘(x1') was purposely biased. These new

data are given in Tables 5.4a and 5.4b.

)
o

‘-

. -

The results ‘_E_C’Q\the apbiic'ation":pf tﬁ technique indicate that the -

~
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data are biased,®since (w'w = 200.296) > (xa'('.90.3) £ 6.251). From the
-~ S b T

results of -the normal two-sided test performed on the test function w
B Ll

d <

(Table 5.4¢), the_ source of bias was identified as one of the

measurements contributing to the first element of e. As in example

I.A., the tech-niqué.was only able to localizer the error in the subset

. Sow

‘(x1..x7). . \> _ S .

]72 -
X
TAB \ -
/ / Summary of Example for Case Study IV
- T
Chemical reactor. Catalytic
oxidation of ammonia using
air
. D
 Modification of the data
-
hY
. adjusted by Murthy (1974).
\‘ Literature Source: Xa is missing and )(1
o S purposely biased.
o * ' Detection of bias consideringw
Purposes: ) - missing variables and chemical
' ) Reactidns.
ﬂ \ o
Size of the System: . ‘
v Constraints: ' - 6
Measurements: 1
Missing Variables: : ;‘I \ﬂ 4
Chem. Reactions: ' 2 B _
. : ) Pl
] ]
Structure of the system: ' ~—" 1T
Coefficient matrices: . _B:I. B, and S given in Table 5.2e
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In order to evaluate the method when the measurement con.taini'ng
gross errorl has been removed, x1'was. remov‘ed and the data re-tested.
The results are given in Table 5.4d, and were compared. with thosg in
Table 5.3c from case study III. The adjusted data and estimates of y_
were found to \be in good agreement,

The Case Studies described above have demonstrated wé'.‘he utility of
the proposed data adjustment technique in detecting a localizmg
_ sour'ces of bias for_various sys_tem -configurations- and classes of data

gdjustment problem.- The failure in identifying uniquely the“ source of
gross error result/sbecaus'.e the source of error i‘ inaccessible solely
with bélancing o{ the process. - ' " ' . g |
' ' ~-. \,J
S ‘ TABLE 5, 4a

Data for Illustrative Example ’
of Case Study IV

- Y

” . |Component Flowrate
“
N o (@), 7 {Inlet . Outlet
1 99, 00 79. 00
2 20,00 missing| ..
¢ 3 0.00 - 8.20
) 4 % 0.00 1.70 .
- 2 . . . -
5 o 0,00 | ¢ 15.8 | N
. e | 6 |10.00 ‘(,EL_“£130 _ e

* The values of s e t;,*hg same \as
in Table 5.1d; i ?/:5 ve. 12 and \iv6

-

-~
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Elements of Matrices B1. 82 and S' For Case Study IV
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~” TABLE 5. ub

5'(c,d)

Compenent b, (1,3 3 =1, th by(1,1)
- (L _ - j= 1,2
1 2345 6 7 8 9 10 11 1 1 2
1 1. ~-1.
2 1. "'1- _50 -7.',
3 =1. b,
4 -1. .
5 ~1. 6. 6
6 o —_—
L |
= .
TABLE 5. dc¢
Test Function w for- Case Study IV
i e"' w‘
1 20.Q0 14,72
. 2 -. 3400 LU0
3 -.3066 |« . 145
. '|w1|£ 1.645 90% confidence r-eg}n.,
*% The 3-largest values.of the
veci:or.(Abs(ei)) e
f"v -
. T T —
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TABLE 5,4d. ,:
Results of Data Adjustment Technique >
For Case Study I‘u}. after removing X,
h
Component Inlet Qutlet ) -
(1) gdjust  flowrate | adjust . flowrate -

1 ~79.000 0.000 79. 000
2- 20.000 6.165
.3 0.000 . 0,000 -.2033 8.4033 :
. . n . ) )
y - |o. 000 0.000 -.2033 1.9033 5
5 -10. 000 0.000 - .34 15,44 . -t
16 -.3067 ' 10.3067 |- 0.000. 0,000

A sunmary of conclusions and signif‘icanoe of this work as well as

' recommendations for rutUre work, are presented in . the next chapter.

y
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CHAPTER VI

-

CONCLUSIONS (AND RECOMMENDATIONS
: J

6.1 -CONCLUSIONS _ . -

.‘In the 1iteratur‘e,' the general problem of rdata ad justment has been
disc':usse-p as several separate ;;roblems; such as, 'adjtfstment of Qata having
small errors only (Kuehn & Davicison (19615): ad justment of dat’é containing
gross errors (Ripps (1965) plt;zs development 'of a statistical tes‘t_ function
for identifying gross error -'(Nogif.a (1972)); l‘ad,jt.ltstment Qf/ data witly
missingb‘ariable'zs (Vaclavek (1968)) plus derivation of statistical
criterion for detecting and isolating the source of bias’ (ﬁah et al
(1975)); and analysis of data ’f‘rom chemical reactors '(Murthf {1977) &
Vaclavek (1969)). This study wés 'd‘evoted to d'evéloping‘ & tgchnique for
statistical analysis and adjust'ment:_.of‘ inconsistent .procesg data which
deals \gi'th‘all.the data adjustment problems named abov'e-. S -

The main: cpntributioné and conclusiorgs resulting f‘rom this study are

summarized below:

(a) An improved statistical criterion for detecting biased data has #

been devélqped_and s_u'dce‘ssfully applied to exdmples from the literatire.

The :;tatist.icall test for bias is.baéed on the chi‘—squa;e di’stribgtio.n
and ha;s severial advantages over the test developed by Nogita._ First, it,
applicabfle in_casés_‘havink missing ‘variables: since th‘i.s 'c“ondit&?h ﬁas
included. in_its develément..' H Secoﬁd. ii: e;:-aminés the entire measurement

vector befdre any adjustment is made. . Nogita's method adjusts the data

‘.

i
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before testing for bias and therefore bias might pass unnoticed‘due to it -
being spread over, the data set. Therefore, the,test developed hereﬁis more
sensitive to gross error detection. And third, Noéita tahes for the test
- function a linear combination of all adjustments while a quadratic form of
e is used by this new test, Under Nogita's test the,gross errcr could pass
unnoticed because .of error.cancellation or because its effect is attenuated

after adjustment of the data.
(b) A general_algorithm has been developed for implementing the bias
identifigation strategy in Chapter III. The effect of bias can be traced

and isolated by using a separate'statistic for each balance ccnstraint.ggj

-

This algorithm is similar to that developed by Mah et al (1976), but is not

iimited to one component mass balance systJn T {7

(c) This technique can be applied to multiple processi‘t unit systems
as well as singlé unit systems. Also data ‘rom chemical reactors, where

the chemical readtions taking place are known, can be analysed and adjusted

by this method
{

The most relevant weaknesses of this technique are: (a) the difficulty

of localizing the measurements containing gross error when all the measured

variables contribute to each element of the imbalance vector. However, the

serial elimination algorithn suggested here is more efficient than  Ripps
o

" and Nogit 's in terms of computation time and sensitivity to gross error *

e
L]

detectionf (b) it does not assure that the estimated extents of

irreversible reactions and the ad justed and estinate\\ - ues of the process

.

variables wi . be pgpititve. . A negative estimated ext3nt where the
.. . T ey . ; -
reactiaa.is reversible implies th#t the reaction procgeds in the, reverse

-

-
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direction. Therefore, it is reccmmended that the matrix S be constructed

' using the maximum number of reversible reactions. The occurrence of

negative value of process variables is very rare, since the Least Square
IS :

weights are the elements of the covariance matrix.

-

6.2 RECOMMENDATIONS FOR FUTURE WORK

Any further studies done in the analysis of mass/energy balances of

chemical processes should consider the following recommendations: (a) Other _

. o .
methods for minimizing the objective function should be examined. Solution

he)

by Linear Programming, for example, will ensure pos:hive estimates far .

extents of reactions and process variables; (b) Alternative formulation of °

the objective function should be investigated, with thé_goal of ré“ducing

the problem to én' unconstrained one; (¢) Another extension of the present
% . .
study is adjustment and estimation of the concentration of a 'cémponent
- d

'and/or enthalpy - of the streams simultanecusly with its total flow rate,

-

This_ yields a. non-linéar constraint probléem, a situation quite common in
practice; {d} The current study has been limited to steadjr—state operation.

The extention.of this technique teo dypa:ﬁic systems would be arf* important
r . . . ! .

"contribt_xtion. (e) Incorporating a method for selecting .the optimal balancj

envelope into the presqht technique will provide certain benefits. -Zhe

size of the system will be reduced, and the amount of-éomputation Will . be

—

decreased.

.o,

-~
=
4
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APPENDIX I ____

CALCULATION INVOLVING PARTITIGNED. MATRICES

& .

K

-

Pt

-] ' - T\

Consider the equation:

In order to solve equation I.1 for ”5. substitute z and A into I.1:7

- 1 ’ ’v; ! -
: u B, | ; | B . ¢
% w == - _[--2-- Y [Bzi'ﬁs'] 27w Bx g (1;2)

£ S S 1
_ 3 _ | . ‘ . ]
Rearranging I.2 _ . . ’
e L S IR DR
B Vo=l L AR :
u B H- B B H S B H - t
_ . 2 2] 2"’ . s L
v ] ——— 3 - . ) ) = T ———::I-- B1£ (I.3)
. _£ |_S H . 82 , S H S + S H £
Let: _ . ‘H:r'.. : - -
B. w's, !B H! s~ p.. 'D '
2 < 21 72 N N & L -] D  and
st e 'swu's| | DD, |
A P2 0 S 12722 | o~ 4 _
- ) ". 7/
D 1 = ) ) E
. =P h .
Then: : : _ . _ . e
" pp=1 : 5\ : -~ 3
'\"'. » |
. - 81 « - v. i .
N » M
: o / ’
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[

Solving equation I.4 gives the following two sets of simultaneous
' ]
equations: —

Di{ Pyy +Dyp Ply= 1 J (I.5a)

Dj, Pyq *+ Doy Ply =0 j? (1.5b)

‘. Dy Pyp * Doy Poy = O _ { ‘ (I.6a)
< Djy Py + Doy Poy = 1 -  (1.6D)

-

Solving the setbof'simultaneéus equations I.5 with R = (BE' H—1

BT B, T and @ = TN - BRY, we get: .
Pyy = - @ SHT SR o (1.7a)
Py = (B 7 BT wBst@sHT s R @)
and.solving the set 1.6: _ ) ¢t |
Py = (Q sl ' : | (I.8a)
Prp= -~ R S'@ st I (1.80)

Substituting_1.7's and 133'3 into 1.3 amd solving the Eesulting

equation:
- A Y

then: : \ ( : ,\‘ .
' v u=RIST @D Q-1718x (1.10)

. ol -1 - vy
E=-(Q") .QB1_)£ (1.11)

»

By a similar procedure Equation 3.27 is‘obtained. )

S

1. s o o 3
MR (S, (91 -l B (1.9)
£l fe@s ) Q. s J . |

———
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APPENDIX II

PROOF FOR NON-SINGULARITY OF A MATRIX

“

. ‘Let us consider a general vector v anﬁ a general matrix V which is

positive definite ~_Then defining the quadratic form:

E- -3 -
qlv) = v'u i * (II.1).
V is positive definibe, if and only if
' . n
o{¥) > 0¥y £0 . - (1r.2) <

Lemma 1

If there is an m x n matrix D of rank n (e(D) = ng m}y, then D' V*D
is positive definite whenever V is'positive definite
Proof: o “ ‘ ‘ “© . )

Let

l<
]
o

1<

- ‘ a3
substituting II.3 into II.1 . ' o ’

4
Lt

< A =@ VEDOIH>0%v£0 (I, 4>

since V is posit'ive definite ' - /.L
: S - 83 - o



. Rearranging II.u: _

.

-

, \ Q) =3 @'VDF>0¥ v 0 (I1.5)
o : _ , R
- . 2 .
Fran II.5 v must be different frém zero for all ¥-different fram zero, -
) L
that is | - ) . -
vaD{F£0 ¥F+£0 ff(11.6>
. Q 3
since D has full co_lumn rank, that is
) )
p(D) =ngm - - - (I1.7)

J

Otherwise there ;xists $# 0 such that D i=0. _'This ends the prdof of

the lemma 1.

It follows from equation II.5 and II'7 that H is positive definite

and thus ijon-sing‘ular, if B1
the matrix (82' H-‘| BE) is non-singular only if p(Ba) = ms g n.

has a full row rank (p(B,l) = ngm. And

Theorem 1 (Crowe (1980)) ‘ )

Qs! :{s non-singular matrix. provided: (a} no réa‘ction exi\sts "solely
among canponents, which have inissi-ng variables in any stream entering or
leaving the balance envelope, and (b) the number of missing variables,

ms, is less.than or.equal to the difference. between -the number of

components n, and chemical reactions, p, lie., ms § n-p).

)

*



*

Proof ' : >

-3 ‘ )
"‘-115;If pXp matrix Q3' is non-singular, then the equation

-

Q' v=0 ~ o~ (11:8)
B & | ‘

has, as unique ’solution, the trivial solution v = 0. Otherwise Eq. II.8
has a solution v #0, .

Leé‘i

=5ty - | . (11.9)

0:5 _ "

N

{_Msiage ,;2§5has a full colunn rdank (0(S') = p), t 4 0 ¥ ¥ £ 0.

’

;
Substituting Eq. II.9.into Eq. II.8

. =0 ™~

(II1.10)

”

The above equation hag a solution t # 0 since the‘rank of Q is less than

or equal to p (p(Q) & p).

Q= sy~ (In - Ba R) was defined in section 3.4, then

[ . L

R
| [y ’
SH (I, - Bt = 0 (I1.11)
Therefore, a set of solution of Eq., II.11 is . , .
‘ .
‘t=BfRa S (I1.12)
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v
.

¢ for arbitrary s, Since the rank of BERE is ms, there is only ms
independent vector t as defined by Eg. II.12 {(dim [t;} > ms). Fram Egs.
I1.12 and II.9:
13
¥ - : .
S'v = BERP_‘ _ . (I‘I.13)
i - -

Since B2 is the incidence matrix corresbonding to missingr variables, \Eq.
II.13 répr‘e;ents a chemical reaction existi;ng-solely among canponents
which have missing variableé\in any stream entering or leaving the
system. Then -

QS'y"= Qt = 0 but v # 0 : - (11.18)

. & '

1 . . : : , '
Therefore, it has been proved that the converse of condition (a) is
sufficient f‘o_r' singularity ‘of QS' and therefore condition (a) 1is
necessary for non-singularity of QS' ,

Ab) Fram properties of rank, . ) _ !
. - g
< D(In - 82R) = n-ms ‘ . (I1.15a)}
* . . P(Q) & Min. (p, n-ms) , . , " (II.15b)

/

¢ : . . g

T Ea L a SN M el it s e
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p(QS') = p, therefore p(q) = p
. .
~ .

Frem Eq. 15b, the rank of Q is equal p only if

P € n-ms or ms RS n-p
\

L

-

(II.17)

3 P
.It is therefore necessary for QS?' to be  non-singular that condition {b)

(ms & n-p) must be hold. . ’

»

Cl\



APPENDIX III

~

- : B 12 .

. A T
© PROOFFOR C = " 1
1y ) h " ) '
i I’z - X
r -
- - . - . ’
ngﬂg be a-non-singular orthogonal matrix such that
9 - - _ _
. Ij o}, .
N cCrcCt= L ' : (III.1}
S ot 0] “

where .r is the rank of'the n x n matrix E. C exists since i is
w . .
symmetric and idempotent. There exists an (r-n) x n matrix A such that:

-

-

AL=0 ’ . (II1.2)

v ~ r

and an r * n matrix C such that;
- . TN

€= _E_ is non-singular *

i
E
;

CLcg = I, Q “(III.4)
i . e .
i It is known that
i
E - . . e .
: < o
' - 88 -
j o
I . . e .

ISP —
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- B9 -
T'IT=A : (111.5)

where T is the eigenvector matrix and A is the diagonal matrix of

"

eigenva}ues for matrix 2.' In this case where I is a singular matrix:

A= 1 and, T = [I‘1 H P2]
o'l o| .
with I, afd T, previously defined in chapter III.

—— . -

‘From ITI.SG:

‘

L. - “(III.6) «
and .
——— -
(I11.7)°
L
. ' . -1/2
Premu}tiplying and postmultipiying eq. III.6"by Ar . we get .
’ -1/2 -, 172, -
A9 T T AT = I . o (1Ite)
. ii Rearranging eq. III.8 N .
" 12 =12
) (Ar r, )z (Ar Ty s Ir } (I1I.9)
v .
b . - iy )
- . -_ . . . . ’ .
Comparing eq. III.9 with eq. III.4 * . A .
- . " - ’
v

AY
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-
~ -1/2
C = Ar . r1
and from eg. III.7
-7t
A-I‘z

Substituting equation III.10 and III.11 into eq. III.3

—
e 1
A}1/2 F1
C = .
° | =7
. r2
! N
\'\V/—
JJ
>
N
£
N
-
<
[]
) #
/
St . '
(’ =)

(II1.10)

RN

(IIr.7 1

(I11.12)° Q
'\\

e

el oo RS 5



.APPENDIX IV .

- "

REVIEW OF IDEMPOTENT MATRICES"

. . J
; . .

Idempotent matrices play an important role in the theoretical
developmenﬁ of the test function for deteeting and identifying gross -
errqpsﬂ proposed by. this study. Therefore, a brief .review cof somg

properties

f idempotent matrix are presented here .

DEFINIAION:

Idempotent matrix- is defined as a square symmetric matrix, (D),
2" )

such that = D. Scme of its properties used by the theory of thisa
study.areé . ! ‘V
- . ' . ‘
Property 1 '
v, ] ] .
"If D is n x n symmetric.matrix of rank r, then the necessary and
sufficient’ ‘condition that D be idempotent is:that r of its eigenvalues <

are equal to one and the remaining (n - r) are equal to zero".
[ 3 ‘ s . : .
Proof ) O . . b

Since D = D',, there exist an corthogonal transformation, Such that: ®

-

D=r ALt ' (Iv.1)
. ‘ . .' .
where A is the diagonal matrix of eigenvalues of D.
. 2 . N ' '
D" =D *D =z (rar"(rar' . A{Iv.2)
- 91 - '
o . K

¢



. Therefcre,

" one, is the rank of the matrix.

- 02 -

IR MET IV LA g - (IV.3)

- - [ :
/ D" =D : (Iv.u)
; ' v o

- . - Ao . S (IV.5)

g,‘- | - . e )
v .

£quation IV.5 is true if'and only if the elemeMts of A aré zero or one. -

i

Fonvepsq;y, if elements of M are equal one or zero, then D¥D =D,

It has been broved the necessary and sufficient condition that the

eigenvalues equal one or zero. ' )

/ ‘Now, - it will be proved that the number of the eigenvalues equal -
N » L .

“e .‘//‘ 7 g

" Since D is a matrix or rank r (r £ n), there exista an nx (n - r)

.
matrix Fé such that:
. : - & ,
[ ‘ ' i . .
| N Iy D=0 B . (Fv.ﬁ)
. | ¢ . ‘
and n x r matrix I‘1 such fhat o
' 1
I [r1 b r2] . ,
. . ‘ ' ‘ ¥
is érthogeonal ' . 5/
N ‘ Ny
From equation (IV.1)
X S
. o 6'
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) | | ,
Rt} ' , .
- 1 . ' » : ' “
- » ]‘11_ T .
- ’ - . ¢
o l:r1 | 1?] =h N (Iv.7)
. 1 .
T2 | S |
1! 0 ¢ - )
where A = _E_L__
. o |o
-~

Solving {IV.7)

(Iv.8)

4 .
therefore p K r. But if p < r, D has rank.< r since more than (n:ﬁ r).

. linear dependencie&-eiist among columns of D. ﬁhen. P 138 equal to'r,

L3

eigenvalues: i ' . A

“Then, it can'be concluded that r of the ‘eigenvalues of D are equal
to cne and therefore the remaining (n ~ r) are equal to zero.

PROPERTY 2 : ’

"If D is a symmetrie idempotent matrix. then the rank of Dis equal

to the trace of D." :' ~

Proof ’ Lo
¥ ]

The ﬁracé cf a squé}e ma%rix_ is equal ¢to 1the sum of {its

n .
ctr (D) = 1, Ai (Iv.9)
=1 N

-

’ o 1 for i

1, e P wiﬁh r= p(D}

-
0_ fer 1 r+ 1, ....n,
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Then:

p(D) : ':f‘ . s o
tr(D), = I Ay = 0(D) : : (IV.10).

i=1

1

‘Thgrefore. the trace of D is equal to the number of .eigenvalues equal
cne, which is thé rank of matrix D.

PROPERTY 3

"The only nonsingular symmetriec idempotent)matrix,islthe identity
matrix"
v, ‘ . ¢
Proof R o S ) ] . R

From propef@x-l, the n x n,métrix D can be exﬁressed as :

-
o

i .
p=r| "] | Tav.ny
B : .

1.

]

e

(=]

L]

Assuming thaf the rank of matrix D is equal tc n, equation IV.11

can be written as:

LI : ' LT

ot T awa

Therefore: S . &

- . : . o S
D=Trr!'=1 _— (Iv.13)
v

1
-

. ' - ' ' ( «
Then, it ‘:an be concluded:that the only nonsingular symmetric -idempotent
- ,/' LA - *
- matrix is Ih. ) ' -

PROPERTY 4

L K- LED S

*If D is an n X n Symmetric” idempotent matrix of rank r (r'4 n,

L then D is positive definitg'if r = n, positive semidefinitg if r <n"

A



P

‘Proof
- . - %
From properiy 3, if r = n,; the matrix D is the identity matrix. In

-
—

is clearly positive definite.' -
From.property 1, the eigeqvaluqs of D are equal to one or zero, (Ai

>0 1i=1, ... n. Therefore, D 4s -positive semidefinite.

L1 .' \__,/‘\

-
.
R
< .
,
.
-,
.2 R
.
o
’. -
' . ]
.
' »
- '
.
™ .
N A ,
|
t i
‘»
J
.
r
.
v -
. ° - ’
- a - - .
) .
- .
- . .
- a— -
. -
T, - 1 Y
) - R {
. e
.

c v e b

|
|
|
|
|
|
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N0 17 Ts14N
17 WRITE(S54%) (8 (14J) 4021 ,KX]
$FORMATS
27 FORMAT (1H1) _
01 “OMAT C1HO,3X, ¥NUMBER OF rONSTRATNTS= $2154//,1H0,3X, *NUMBER 0OF M
LASJREMENTS= *,15,//,1H0,3X, *5175 OF v=310p ZETas *1 15,7/} ,
02 CORMATL// 4 HD . IX 4 *COVARTANGE RATRIX® ) 77} -
T4 FORMAT(RAL])
05 TARMAT(//41HO 43X, *MEASUCEMENTS®, 77} ~
35 FO3MATL1HO,3X,*MATRIX OF GOEFFIATENTS®, //)
OF-FARMATC(1HO, 3%, *PARTITIGHED YATEIX & *,57)
11 FORMAT( 5F10,0) -
B9 LARYAT /77455 (1) 4/ ,3X, ¥THTS DATA IS NOT SONSISTENT WITH ASSUMPT
*ON_3AND L¥,7) . '
3053243, *THE MEASUREMENT*,15,% HAS BEEN REJZGTED AS-sYSPEST
*2 2F CONTAINING®,/,%,%CRo0% ¢ rasRt, /135 : {
L TNIMAT(IX,*PANK (ST) . NE, R%) .
32 FOIMATUIXW¥RANK (N1} NEL N *) N
93 TOIMAT(3X, *PANK (B2}, NE, HS*)
?EB‘J".N . . /
=N . . :
JUBRAUTINE CALCIH (NyMyIP,TI,81, GCVAR M HINV,X, Wi+ WSy WKAREA , DL, N
:1. TQ'J. Ql 'SBJQSF{IPJV' .
AR XL L L EE LTS 2RI XY ¥ ] huuwtqw;;:;4&;!;##!;;;v:;v;;;;vnﬂ;:
® . f .
s1 e SUBROUTING  CALCULATE H,ITS INVERSE AND THE SQUARE ROOT OF
¥ITS INVERSE _ -
<ARGUMENTS DEFINEN It THE MAIN PROGRAM
$HGrHS 2 HKAREALP1,SNL0LL,CLLAND TAG ARE NORK ARPAYS ,
‘##!f’l¥¥!¥¥¥¥¥lt¥¥¥4¥¥_l¥l¥¥v-¥¥¥¢¥I--u-'FY-!-!-I-Fl-#!-l-!'-tvd-!-!!!#-‘-lil-ti'-FV-F'A
M .
SCOMMON ANT DIMENSIONS
SOMMON TPRINT,ICIA.ISH -
DTMENSION - A1 (N,M) , X\ (M3 M) 344 [Ny MY 3 HINGN) s HINV (N, N
FoOLIN) ¢ NLL1IN,NY 4RI T2) » TAOKN, N)
(I IMENSION SHINVIN,N)
JCALCULATE H=P1*CVAR*RY
IND=0O
LFLIRIA.€0.6) IND=-1
CALL MPRON_(NyMy81,MyM,CVAR yWL,IND)
IFCI2RINT EC. 0160 T0 31
WRITE(6,301) .
A 1TE (83 Ty sty
23 CONTINGE Ik
31 ZONTTHUE
SALL MPRONL (N, M, WL N4M, R, H)
IFCIPOTINT EQ.C}GO TO 32
WRITE(6,304)
D0 23 T=1,N
HRATELE,*} (H (1,J) 4yd=1,M) -
23 CONTINUE -
32 CONTINUE ,
* ¥ . ‘
SZUCULATE INVERSE OF W - .

P
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I17=9 .
CALL LINVZE (4 ~yNoNaHINYTZ JWKAREA 5 TE2)
IF(IPRINT.C0.2)50 T 36
NOTTE(6,302)
N0 25 T=1,.N ‘
ARITE (B, ¥V (HINY (T,J),J=1,N)
25 SONTINUE "
3% BONTTHOE .
g *CALCULATE THE SOUARE 200T GF HINY
? CALL YEVTFS: (HINV,NyNaSN)
rJJ8=2
CALL FIGRS(SNeNyIJOB,NL ,TAQ NoP1,IERD
A0 16 T=1,Y
N0 L& J=1.N
LT, J) =0
IFST.EQ.JIDM™M (I,J1=3APTIDL(I))
- 14 SONTTNUE
CALL MPRODUN Ny TAONyNaNLL s W54=1)
SALL MPRONY (N.N.HE.M,N,T&O »SHINV
IF{IPRINT.EQ. 0} RETURN
WRITE (643030
00 15 I=1,N
13 HRITE(A, %) (SHINVIT ,J) 5 =1, N)
c *FORMATS
T 301 FORMAT(/41HD 53X
302 FORMAT (/9140 3X
303 FORMAT(/, 1HO,3X
o 306 FORMAT(/1H0,3X N
tepoen
. _‘ELT’E;?DU‘TINE CALCZ2E (HvN.QKK,CVAR’B'Y;;HINVI'UH'BIX’Q’HlfHZQH:SQADJUsT!Y!
. . ' . |
g t;c!r-;ta-u;:nt;;wn:wut¥¥t-¥;‘¥#wv--\ﬂu;‘;;;sv;;&&;:;c;;u&##&#;#u;;l;;;;# 3
" E 3
3 IIHIS SUNROUTINE ESTIWATFS THE MISSING VARTABLES AND/OR EXTENS OF
: *REAGTIONS
g ':AQ MENT DEFINE IN THE MAIM PROGRAMZW1,HZ2.H3 ARE WORK ARRAYS
-:, LX X3 ¥¥¥F¥#¥¥¥¥¥¥¥‘F#¥¥¥i¥"¥¥F¥l¥-‘¥'¥¥¥‘-‘*""‘F“F"l'_‘-‘"*‘-*‘
g ¥ . a : '
. *TOMMON AND ‘DIMENSIONS
ZOUAON TPPINT, IDIALSH . : .
NIMENSTON W1 {MyN) yH2 (M, 2N 2 H3 (KK+M) ¢ ADJIST (A1 1 CVAR (M) s HINY (N, N)
) ELNGMY 9 X UMY Y () 3 ZETA CKK) o UMB (N 4 REKK, N - '
g *3ALSULATE ADJUSMENT
L 3 -
CALL MPRODL (M,M,CVAR,NsM, n1.w1a
TF(IPRPINT.EQ.01G0 TO 1 \
WRITS (6 430)
N0 22 1=1,M
WRITE(H.*1 (WL(IsJd)yd=1,N)
22 SONTINUE
1 IONTINUE : .
CALL MPROD (MyNoW1,NyHoHINV,H2,0) .
CALL MPROD (M,NyWZ4NolsUNB,ADJUST,0)
IF{I?RINT.SQ.01G0 T0 2 .
™
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SH%?DUfINE SEARCH (M Ny KKy IRANKyNEIK, JHB-VAPE,Bi STENV,T&OI +F14H3
’
L] £ 1

;;;!:44;44&!&%!;;;4;:;;&;##;45&#9v¥¥&a4$4;4;;;¥4¥4¥¥t;t¢;l4t;¢¥4tvv
F)

‘*HIS SUBPOUTINE SEARPCH ANM QUTPUT THE MOST LIKZLY SUBSET OF 'ycCTIP
X CSONTAINING GROSS ERRORS, vEeT
’DQQQHFTFOS NEFINEND IM THE MAIN PROGRAM
l:&t;n#:#*#;;t#ttc;&*;#t;f##u#;;*;!;*;s;#4f¥8¥n4¥¥!¥4;;;¥;¥;'ittlti
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"1!]\'!45(1."4*,‘/] <
03 FORIMATCLICX 4 3(EL2,5,3%) ,/)
16 FO?HAT(/I.10X.‘ESTIMATES DF EXTENTS DF QE%CTIDN* /310Xy 33(1H¥).
05 FORMATU10XsE12.5,/1
05 FORMAT(//,1CX,*ESTIMATES OF MISSING VARIABLES® /510X 430 (LH¥) , /)
RETURN ,
END
« JUBROUTINE MPRODL (NRA,NCA,A NFB,NCA,8,3)
ll¥l¥¥¥¥¥¥tﬁ¥¥¥¥¥l5¥¥l#!vi&¢¥¥¥¥¥-l#i!—'-t-lv--ltl!l-#l#*l-#'-#'-'-l-'-U-I--!-!-'-!
i
. *THI SUBROUTINE PERFOPMS POSTMULTIPLISATICN 05 GENERAL MATRIX A
s *7Y A\JPANPOSE . : b
¥ {_L V'
:APGUHENT ¥,{
¥ NRA AND- NRB ARE NUMBER OF ROWS QF & AND B RESPECTIVELY
v NCA _AND NCB ARE NUMBER OF COLUMNS OF & AND B RESPECTIVELY
* Az FIRST MATRX (GENERAL MOODE) '
* 3=SCCOND MATOTIX (GENERAL MODF‘
~ + C=MATRIX PRCOUCT {GENSRAL MGD E _
FUFEF LN ER IR LU R EN NS LRI RN E RN ER ﬁ#wﬂl;*#;;;;44&:#;;;4;:;;;!;:
L 3 .
DIHINSTON A(NRAJNCA) yBINRB4NCP) 4 C (NRA,VRB)
Y2ERFORMS A*82=C
IF {NCALNE.N{3)GO TO {5
NQ 7 I=1,NRA
DO ? J=1TNQB -
LAToJ)=0.
DO 7 K=1,NC3 ‘ -
SEINJI=CATyd) & A(T,KI*N(J,K) .
CONTINUE \
RETUPN )
15 HRITE(B,1) ‘ '
1 Fgg;nT(/.1H0'10Xg'MATRICES ARF NOT CONFORTAGLIS¥)
g -]
FND ‘
(O UBROUTINE MPRODD {NRA,NCA,A4NRE,NCB,B43}
4*!;;:;;;444:8#;;44t#-nlqw-v-v-#-;t;u&#iﬁ;;;;&#4;;;:4&&!4;t¢;;*t¥¥;v~l~
‘ -
*THIS SUBROUTINE PERFORMS PREMULTIPLICATION OF GEN‘PAL MATRIX
*3Y A TRANPOSE -
. .
FARGUMENT _ .
* NRA ANO NRB ARE NUMSFR oF ROWS OF A AND B RESPECTIVELY -
> NCA _AND NCS_ARE NUMBER OF COLUMNS OF a4 AND 8 RESPECTIVELY
* A= FIRST MATRX (GENERAL MQOOE) . . .
* ‘B=SECOND MATRIX (GENFRAL MODF)
v C=MATRIX PPCOUCT (GENERAL MOOE)
4'-'--!!--'-'-4'-*‘!.4‘!8¥¥¥¥4F¥.¥¥l~l¥¥ #ﬁllll#!#%iG'!*FFF#%M¥N¥‘¥}\¥'\U\§¥¥
¥ X .
L DIMINSION A (NRAJNCA) 2 RTMRA,NCE) 4C (NGA,NCB) [
IPEQFOOMS A2¥B=C
IF (NPA, NE NFRY GO TO 15
gg 7 r 14NCA

7 J=1,.NCB

7

®

¥13
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- %
CIIyJd)=C. - .
Fo ¥ k=17no4A
CItI+J)=C(I,J} ¢ BIK,TY*2(K,N)
SONTINUE
BETUAN
WPITZ (2,1}
;?ggnT(/,1H0v10X,‘HATQICES ARE MOT GCONFORTARLZS®)
ENR
SUSROUTINE MPROD (N2A,NCA4A NMPByNCB 3,3, 1J00)

x

¥y R R R R R NN F R TR NN NN AN F X R R T AN KL SN RN AR E Y R EFEFNE L L

ﬂ

* THIS SURROUTTNE PERFOPMS MATPIX MULTIDLICATION (a*g)

RIX TO' DE TPANSPO?F fGEMERAL MODZ)-
NR=NIIMBER NF ROWS OF .
NC=NUMBER OF COLUMNS OF A

v .
‘¥¥¥i¥¥¢"l¥'¥¥!¥#¥¥!¥¥¥¥¥¥¥¥¥¥¥¥¥¥¥¥¥l¥¥¥'¥$'¥'~¥¥'~¥¥¥¥l!¥‘l¥¥¥"—¥

FARGUMENT

* NCA AND NGO ARE NUMBER- OF COLUMNS OF A AND B EESPECTIVELY
"* . NRA AND NRS ARE NUMBER OF ROKS CF 4 AND B RESPECTIVELY
®’ FIRST MATRX (GENEDAL MODE).

* f=SECOND MATOIX (GENERAL MODF)
¥ C=MATRTX PRODUCT (GENEBAL 4GDE}) -

*1J33=0 ,A ANC B ARE GENFRAL MATRICES
* 1, ISWJTAGONAL MATRIX
: -14\B ng DIAGONAL MATRIX
!¥l¥¥l¥¥¥¥¥l!¥¥.¥¥¥¥'~¥¥¥¥#¥¥4&4!!4'¥¥¥‘-¥¥¥¥!l¥'¥¥¢¥¥¥¥¥¥¥¥¥¥!¥l¥¥¥¥¥!~
* . .

DIMENSION A (NSA,NCA) ,R(NRB NCB) 4C {NRA,NCB)

- IF(NCA,EQ.NREIGO TO 15

WOIT= (641}

g?gng(I.iHU,iUXt’MATRIuES ARE NOT cowronrnenps*:

IF(IJoR)9,10,11

N0 5 I=1,NRA

N0. 5 J=1,NCB .

C{T,J))=0.

D0 b K=1,NCA
SUI JI=CUT JY+ATI,K) *0(K, 1)

CONTINUE

GO TO 16

DO 7 I=1,NRA

N0 7 J=1,HCR

SUIaJ)=A(TI,11*8(I,J)

CONTIMUE

G0 TD 16

90 8 I=1,NRA

N0 8 J=1,NCH |,

C(I,J)=A(T,J)%B(J,J) .

CONTINUE .

RETURN . :

END ' \ ¥
 SUBROUTINE TRANM(A,T,NP,NC) cooun ke
¥l¥'~l¥¥!¥4¥ll'll¥!¥¥!'¥¥'FV-¥¥¥!Il$¥¥F'l¥'-l-¥¥¥¥-¥¥¥!¥s¥¥¥l'¥#¥4¥‘l!l¥l-l
bt
M LE¥§I§UBR0UTINE PERFORMS THE TRANSPOSE OF A GENERAL
* T=TRANSPOSFD MATRIX OF A
B A=MAT
L 3
5>
¥
'
¥

[

L / - ) , -

N e et

e w3
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DIMINSTION A (KR +y T (NC 4 NP

70 1 I=1,NR L

00 1 J=1,NC

TSyl =AtI )

SOGNTINMUE .

QE%U?N

N i

(SU3ROUTINE CHANG (A,NR sNCALL1,L2,IP)

[ R R S RS SRS SR R 2 )
. ;

* THATS SUBPOUTINE INTERGHANGES POWS 0OR 3O0LUMNS

* A=r5ENEPAL MATRIX

* NRA=MUMBE®S OF REWS v :
® NCA=MNUMBERS OF COLUMNS 2

* L {=R0W OR COLUMN TO BE INTERCHANGED WITH L2 ¢

® I3=0ARAMETFF TO INDICATE INTERCHANGZ OF ROW {IP.EQ.0)

MR INTERCHANGE COLUMN (IP.GT.0)

EEARPESENICRFNRRSRFEANENETF R X XAF AR ECE PRI EEF EFFELELES

.

DIMENSION AUNRA,NCA)

IF{IP) 34354

CONTINUE

ne 1 I=1,NCH

SAL=A(L1, 1)

A(L1,IY=A(L2,I) .
A(L2,I)=5A1 i
CONTINUE :
RETURN

SONTINUE

Nno 2 I=14NW

SA2=A(I,L1)

A(T4L1)=A1I,L2)

A(I,L2)=SA2

CONTINUE

EEBURN -
‘SUBRDUTINE ANIFM (NRASNCAyA48,CHIND)
:4;;;;!#t#tt#;;;l:}v¥¥4#¢¥$¥¥¥¥;;4#4&4:;;4:;;;4:;;;4 FEEXEFFFEXRERE
* £415 SUBPOUTINE PERFOPMS THE ADITION QP SUBSTRA I0M

* OF TWDO MATRICES OF\THE SAME ORDER (A+3 OR A-8}) )

* NJZA=NUMBER CF COLUMNS OF A §£B3C

® NRA=NUMBER CF ROWS OF A IBRC

* INDO=PARANETE® TO INDICATE ADITION (IND=0)

* N SUBSTRACTION (INM.GT.0) -

* $=MARIX SUM

* Av3 MUST 8E GENERAL MATRIX
¥¥¥¥¥¥¥!¥¥4l¥¥¥¢¥¥¥¢¥¥!¥¥¥¥¥¥¥¥¥¥¥¥¥¥¥!¥¥¥¥&l¥¥t¥¥¥¥'¥¥&¥!¥¥¢!¥¥ll!
*

DIMENSION n(NRn.NCA),n(nan,ucn:.C(Nqn.qcny

N0 1 I=1.NRA

nNo -t J=1,NCA

IF{INDMEOIR(I4J) -B(I.J)

B I« J)=ACI, ) +B LI, N

SONTIMUE .

RETUPN .

END

JFUNCTTION MRANK (A NyeM) _

AEPULF X CEEREI LR PFR R RE A ERL EE S RAFIFLREF RS ERRERLERE KIS

'3

»

THIS SUBPROGRAMAN DETERMINE THE RANK 0¥ MATRIX.A
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D

tA=vMATRI X HHOS‘b\Ar\K IS GOING TO RE DETZIRMINED
*Y=\UMBER OF FOWS .

*M=NUMAER OF COLUMNS
*AUX WORK ARRAY

4:;&;*;;;4:;1;:;;4!u:vv;#;:;;#4*4;#;4:;;4;;:3;#;4
*

IEMENSIDV A(h,HlsAUX{QUEJ.IROH(SG).ICOL(50)
00-1'I=1.N o Y q
DO 1 J=14M '
IK=TK+1
+ AUXTTKISA (T )
1 ,CONTINUE
G *¥USING MFGR, CALCULATE IRANK
£pS=1.0E-]7 }9
CALL MFGR(A.NyM,EPS, ERANK, TROK,ICOLY
. MRINK=IRANK L :
*SAVE A
» ’d
TK=0 .
NO 2 T=1,N .
N0 2 J=1.M
IK=IK#1 .
ACT,J)=AUXTTK) |
2 0NV INUE
_ EE;UQN
N
JFUNCTION OMEGA (FL4F2,F3,N) NSy,
#;44&44;!!;444l;!;4;4;*!¢4l¥¥¥¥¥¥4!t#ttvl;u;su;;t#n#;t;;4##!&&#&!#;
¥ : .
*THIS SURPROGRAM ESTIMAYE THE ELEMENT JF TEST FUNCTION OMEGA
TEL=EIGENVECTOR CORRESPONDING TO EIGENVALUE EQUAL TO ONE
*E3=NEGATIVE SQEARE ROOT OF
*F3I=IMBALANGE VEG
#N=NJMBER OF CONSTRATNTS
$AWLZWORK ARRAY
¢¥!444¥¥¥¥¥¥¥¥¥¥¥¥;¥¥¥¥¢;4¥¥¥¥¥¢¥¥¥¥£ﬁi&¥;¥!tl4¥¥¥ll‘!fll%44‘#;!!‘!
> .

,DIMENSION F1tN:,Fz;N,N),F3(N).Aw111,u90)

SCALCULATE F1#¥F2=Au1

JCALL MPRODOIN,14FLoNsNyF2oANL) ) ¢
*CALSULATE.AW1*F3=CMEGA

CA%L nPROD(1.N,AH1,N.1,F3,0HEGA,0)

EN
FUNUTION CHISQUA,E4+N)

l!4¥¥¥4Q¥¥¥¥¥#$l¥¥¥¥¥¥4¥¥¢¥$¥¥¥¥¥¥¥¥¥¥¥¥¥¥!li#!#l!!#!!!i!#!!l!¥l¥1!_‘

’THIS SU%PROGRAH DEFINE THE CHI- SOUAPE STATISTIC ASSQCIATED WITH
*THE @AW DATA . ’
*A=TNVERSE 0F H '
*B=IMBALANCE VECT
*N=SIZE OF A AND
¥AW1=WOPK ARRAY
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*

KX FEREFNELEFKPRETE

LOIMENSTON A (KA, BINY 4AWLL1,400)
ICALSULATE 32éA=4an1

JLALL MPRODEG (N1 4B,NaNyAART)
IGALCULATE AHW1*3=CHISOQ

SALL MPRODI{1 yN+AWL14N,1,8,CHISC.0)
b

(SRR R R I LY T Ny P Y Y T Yy

\

RO S



E.P.SYMP,SER.HG,VOL 5
7
A
}

0
E'3
Ce
s A
{7
23
NUMBER OF CONSTRAINTS

MEASUREMENT MATRIX TG BE TNTERCHANGER

1, KK)
CORRECTEN FOR VARIANGE®,/)

2
5
v
B
(751 ySSIG(25)
0.050,0.324,0.2007

APPENDTX VI
£
®

N

ELEMENTS OF S MATRIX*,/)

MJY o MJ

RN~ 0 <l o w
N e Ll
Oord oo o
T T | N -
T e NN O e YD)
—Pe o % D -
P i T =M e P O P2y -
PIHIINCEX <TI0 O T M b i Z ML T O s
(Y N NGO H O (Y —~oO D T O
HOLZ #2227 Ak 0 - A ) e D Xk AemTIE AT
HHOCMIDNOCOLE e » ek« o™ % e ol OHZ sl-% & v wiFT Ul *vl = o F = & o
AN T ST T SV o I otV e IR T o [N o - 20y | eCWIZQ) WO PMEAWD 4+ MDOOWE o DO
TV~ o e NN N D I D] el OtN T O T Z b e N0 ] I
OO AZET - L~ LI Z - = (i T Y T OO0 WO Wi D el il A= il ey
HH::cZPETE:ATLUTTAUTTLZLIh#lIUVRJ1T¢|1H¥|TTL.8|¥L|HrLanﬁJTTLIH
bal b - T AT b ) [ D N o el Z e BT g S Y
OCH relLimHRG M LAAMWEHY ZWAK I Il QLo CcNOowOreadwoe—oxcro
> C:D)QWDDﬂDH?HH?HH YIANXIZYIOMRICH IZIO CAaOILITIVOCOI XL
i Iy -

'S
EXPELRIMENTAL DATRA-SEC RIPPS,
b
2
)

,

J3(13€5)
5
5
g
A
a
)
L
MEASUREMENTS s JJ

GONAL
M,

I

K

G
MATRIX,

Lrr e (N

Lol ko b o
Tem O = TIN ma
i N D= AN
W || T DX

MEASUREMENTS WITH GROSS' ERRORS

F
N_MNUMBERS

I
$¥x%
MENT OF
-1
K
¢ .
{ ’
=JJ1.KK )
A{MY M Z(SIGIMII*SIG (MUY

M
¥
.
f

S
)

ATYY
53

o o VI . ]
o - -l -~
- a o o o

[ S ISTSIRIGIAIAISI AT AIGIAISIS] &) < ¢ty O

"l— 114 —



-115-

\

Y

~

e ™ PR
L= (=4 L T
[ » F e
(=] (=) o
<7 <1 JZY
L - - = - *
N vy -t Y
%] %) P.3-"4 v
< (= Lo Sl d -
- - Yol =z
x p = 0 L)
- - Zd v o \
[ - - [+ B 3
- -t M~z
-t - qIZ - <t
- - - ey [ S
— ~ -z <t
- (o) 2w [an]
< = o
- - [ s w 4
- | Y o+ (]
o o el
I Q (=4 Nz ZE .
L. "o I - * (@]
X . 43 © e =z .
. e <) = ~—
L e ® gin> -~
.//C ML N 1% Wi < =T
I . ot T T -
[ 7] -/ < -~ o -
N - . o - 3 e - -
= g =gl < -t}
— FYes] - T —X Y + .
- - — o~ - wN
g <<t vEZ o=
- - - » - el
(739 K U - X eM &2 "
- - f. - 3 ) bl b [VE
or. > g o= Y - el 0d : T
- - - - ZN - Cel Q2 U~ oD
o X e T - [ st - e
[Je] (3] N =X A@ ~ . e ew
(= < - (= N -~ 'Y X Hed L0
— o - X -4 5 — - N QZZN HX .-
N o< =z 3= 4 (=4 Ma=lY Y O T <3 F b=
b4 . X = [ % 3 A Yamnni~ ¥ C™ ¥ d=d D
.- (&) — ¥ > ¥ ("2 sa B 2 4 LD+~ <1k e ol
- - - - [T 4 - g oI O I~ I ¥ O MM
1 @ 2 e O% = . Ml » oM x ¥ XY &
(] o ~ LI ¥ X M A= B T - - P T 4 - - e
- w - 0x * 0. “TMey o YO ¥Z o MXwu
-— - — Q H X = Lin > » —~l e XY Z vt A ¥Y¥Y
Y -~ —t _— - - bl P10 ] Zw e _—le M ) uw % % - - o0
N oy v *Y ¥ TI I e Hakd O —Zax-=3U aif - o aamo
O e i CY ~¥Y = -0 T emel * - _ﬂx_ < eI el - o <l s v e N N v
et (D e wos U ek Cn— A (Nt s ] 3 YA Tt el OY O MY - o (&1
-] e T O e o by TemZemd O g [} 3 wer vy <A@ —Y T .ot Ow
¥ =W P (1 0N )T —bi T Ter = o® Z rHOQ TN oY T [aY] N = ZZZ>
v W T LWEHSCTS LU e o e AW m* HARHD e YO - N e~ =+ v PeIaT T
W em DT DD e =X o% = HZ I+ D - 0 ~ e O TIIE
- O 2RO D a T ZE Tt - W W D T2l O ~— i O | -0
NI~ a0 O™ o Wb AT CHOOT= » ¢ + el OO LI ut
e St T = O bbb Z e b= N T T} o [ AV B2 M TTTNE - SF N T B ¥ wwr Y OE gt
o vl T T HD AT Z e D e I Y Y P IO . 1.,n.HWM.ﬂ(KH - X = X HuH—_JdC
0 CANCEOCULO~HCO-O00RLwa e OO0 Z Ll D eDCH +#~Xi - g FEECamMmitnaga<d gl
T VCA OIS NNCaODIFTHTITTOCOoOL UL Ol = [l =TR Y] o Ao L ali o s FET =0 0JTICOLW
N -t ~ iyt x e
[=1=] oo -t (=] - OC -
Ol oo oo W L VH TS
r~ [oa]. =] wd et /

[A]&TAISISTS] &) LICOIOONICD ey

\



E12.3) o /+12Xs 3 (2X4E12.31)

- -
- - - — <l T <t
< «r - =z x v - W e
> w =z =z - - .- z (2]
- r - -~ - i~ Ll —0J
- -t — Lol 1] 1o newe i <
1> n H " [ s =N neyw -
= — o - [ 2= 4 . —a -
- - F'S - —~ -~ - — - —~0d
- —~ —~ -~ —_ < <oy <L -~ - <1
1 = —- P o w < v el zx - =z Zz -
D - 4 o o h'-4 = p4 = - .~ -e - [=] L LT
n fond ¥ . - - [Ty - - - - T — o -~ =4 -~ ~AZ ~yY
l .| . g o~ o Y ¥ - . -~ -t o~ o~ 1) =t naJ - x ([ e
v — 4 - X X 1>~ I} 1] It m Nw - - - % i a2 by
=4 ] » V4 [ - =D - = . b P | - rud <t [ [72] - - =)
- — - Y o« @ - - - - -t 2 —3 [=4 - - —_
- * ~ M ) L) - - —l -Y » -3 - b B - | b T, ¥ i |
-~ - " b L - e I = = =Y .t ~ et em b e - - LA I
- = =i ¥ ON T e N em  m e ey N N WA e N el SNkl N
¥ L] - e € ef Nhivt DN N -y N N~ g o Sl - = N
-4 - - w " P N Y N . Sl AY - -~ -l * T * - em L3l = ofl o0 -
- ~ — LR o B ] Lo I AN o o] rret HUHSM % * XTI T W - - [o VI )
[ Ly L= - ¥ o aO BwaAX #e Bd L wr Il e ey ¥ (N - ZH0W W e Og e
-4 - - [aeg - e . e (e e g (UYST eO v O e VY owdo wd NYg
X 1] X i ¥ ¥ ¥ e Q> Qg gl QY e o e =-a Qi Qo - =
om ™ e e L4 o mTem e, mem e AW - Y m e A EC et
-~ M e P (P & N O Bt CUUNE CUDH 0O S DTN M (Ul D= O T G M oL %
HE U O OA Gw = wel oo oMl ol TG e M) e A OO SO e B MM Coy Iy -
T T el et e T.1X111X11Y11X1N1X1YV1X1X101X101.Xu. WA 2 ard A O A A O X
FOoWaA #H s S e D D D et e mrd sl el e oed *OL T rrt ovd ¢Y el o i o w2 e v o il el oy i
NIAITOW CON+ L0 O LSo-w 6(66(66(595(6C15(6'6P5(6P5(6“5(51666P6(696(

Clum PO v Z e T O PR L S e e it ol g (T(MH(T(T(H(T(HIT(A(T(M(J\(H(T:\H(T
InSH e Ul Fe ) W ue e uliblrw i) LileTul iyt Wl LW Wl ol eeul biet
,BHTLTTZTTTTKTLKLNLTMTHTHTTHTTHTLTHTLLTHTﬂTLTMTLTMTLTHTLTTTLTHTLTH
- AT ZHE Y ) o N A Y H Y =D IT..D.T..LT..D\T.LL[D\ID\ILID\ILI?ILT.?.ILIIILID\ILT.R
corcacoceoad < adma oo cCroeanot’a oa A0 gIOxOr< aooOax Cxa1axOlta vryran oSO

_..lﬂ.nu:nuunnNCWNKHEKGLHJNFNC TLXIEU ITL.TOIL FOOTW TLWTyTUTO U ZECILXOITTIROTU FIXL
o = < Mo (s} [¥o] o ~n M~ - m o o Lt} -
W e (=} e ~ -t o o o Ll - @ T o [sY]
O N ~ - o - - - - - -l - ™ — -



-117-

~
e

-
< -
] *
7]
o w
= po}
L= ¢ -~
<1 e
[ = ~
%
[
\/ @ e \
[ 72] [
' = [&)
w L) -
5 o w .
[« 4 . -
= Q o ~
W [ -l *
.U w ) w
H = 2 - L]
- = * o
[31] <1 ] -
[aa] L)
. . [ =} -— -
- — -— N . - - W Ik - »
r < < <t <1 = ~ [&] o - ]
W ¥ X 7 » b4 b b = x
o - 'S . - - - wr w 1
At et < - — n [-4 — w
I =3 noy H n= \u 1] 1 |8 L —
— . e —_ = - ] [V = — 7l .
e e e P T « C.oOm - L. > ~ [=}
—_— —_—t O ~0d - P T o I | -~ e~ - =4 p ]
el <y g < - ey -ewn ¥ X c e8] w 1 7]
Y e ¥ e M Y - Z Z ooo Y e w . o > —
‘Tl =4 e, [ae} - - -r e - (@ W, = o~ = = -
— - Hed e e . YOO -t - o — ~ w [»4 wi S
" e n e Iy 1= n c n L IR o] — w - o o x -
il et T - =t 7 - Dt X ] - W o —t (W] [a5g o} (11} o
-y -~ -t Y o M N N L4 ¥ bl '8 [« 5] o -
p— —_— Y - e~ —_ . - X (I 4 " oW w [$9] 193 o = -
e T e 7Y - e T - = edayY b T & — W OH, - Lo ) (7] ©
[V FEN -t e o~ ey .l o AN NN - L "= O o a wo g R - { ~
Hea s Het HE N b Y N=Y e e Moo -C =z v >l w -
e L A L T LSS Yol T -~ - [ L% ! e [ TRV TH) o T o X o
e o - el vl R A NN RMX T Y - o — 0 U O - <
MUY Y NN R MY X T RO .- eT *» 0 v —Lw W A= D wHge E w e -
el - . ez - - P —Y+4172) — - -0 e "I AaACROOod~Y DO X O o
T e el W T i M () T T > ¥ x I Y S N u -t D g -
ey N vl (LM =~ - Q=L v » = 4] h'4 C w3 HY WL -E ai) 2 v Q. [74)
s S P A Y] & P Lt a _C O I T el TR Lz wn
LN BN NSO N e X% DT oogqak OO mrnw W% VL - 1A sl e e ) - I
HE e NHE AT v S0 N oM e wwooid conoao M e e s, DXLV e T N -
HOX AHAC AT O A Ot i A T WA A X A O i L - It L b Py O =Y, OO U1t 0.
O el e m kO ed PO e [ St rTH o e * ] * e el rritdbe T oo o (O evl e nl e CH+ o
CO~OCO O OAN=OA O L~ LA CC O™ OGO OOWE sl 0L N0 S LT o JUN & HODIEM
e T e =1 7oL o) R T O I B L] e F DOk O e [ |~ (DDZwTdy i IV
U S0 Ll e L'w e ulatrl :E::n.:.__..m Lot ) e O D e W LT b Ul s UL - OXa- O
PREE] o S S TR TR [ S0 N TR SR S I [ S R P BB T g o o DY | ool 4 L THS ST PR TSR WY AT S - PN L O TR S8 d S J TR 7 NTN ST ol o] S | oy
T T O O T S I Ty N ] e ey e b [ lid I et e Y Y = T Z e Y R0 it P

Fecntad Kol OO0 FA 0 |di O S0 rCO0 a0 WIDIro0CINKOCXoOoL Dol aatiOH-OI0
T TXOITIOTH TOTICOIN TOOCOITTILITTIOI T OKHILW COIXTTATH O FLHNOT=Y — CVCOOr

-

" w S ~ o " ~ o =] o
[y} o~ o [aY] M [0 NN o] i=] [=]
- -~ — ~t -t -l Ll (13 D
- +
(&) "0 [STA NN &)

L



~
- i
- (TR} 1d]
Lt S>>
. (=]
(4N} -~
-~ MmO
[19) y » i
- & <gnn
b3 -~ -
(3Y)] Law) »
—— To 723
M (@) * 1 T
- oo -
> - aa}
o <100 i
~ [ -~ -
- el as] o3
~ — -4 o o
-— (& O f < = 1]
- - — - =z
M [of} -l T (@}
LI - <JOO o (&
N - o oo e
oM [da] =W bt -
Ul =z 4 -~ [} o
ey = 0 - b L - =
Mulw . o] HIV) A -~
(98 e | I oV | . dJdT~LO az ws
-S| = FOOowWC X o [s 9
oxXUr L - <S8 CXO =z <
- .y - < = (o g | - -
et e % - Wy o ac w ]
Ww=> <t oo Jdo ar ul -
[ Sonl O [Ja] b red< L) = [&] w
“Ge w Z. omoarZ - I\aw -
- - O ‘e Cwwo it [l £ L T o g o
~O X T < U ToCuzw LaL s I »
Mz "D (14 o g g TR - <l —
—~ ek Py 4 (=TI <O X ~
~Nd — OZZ 5~ Ok ¥ -
MeDq - = - zZ . [l
LI TS aw D - T T oY o gl >y L= B bt
D eOH O . o T XD <D O L=
Xl Yoy [v'd SO0 (2 O -
[TUESVE 3% N P ] o — =0 2w - —
= & e (DU = pd sofnsl =g gak -0 O g g
MO O OO T n aZ I o O e
O *rie - Lt o= amel T2 ZH
W eI z o o ZCvi»r s r o e
LI AN N [ 2000 Oow e r-Ho—HOow
IO e s e e e — nNZZw oy oWt il D
T e 2 T €T b S - N MY T
Hd oSttt O tn ol = ZOuwal e B 10 o 28
YT FFFEISD v el AT W5 0l » ) e D
Zorvo oo O o IO N T e O = = Z-c

coootCooou=o I 2ZacO Ll ROOUO(O(OEN
Ch o bbb tenuin OHZILU OO Ol

OO T N - oan [YalV,]
OO M -l -l
o o

(RIS H A& SI&IAT&]




APPENDIX VII
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STATISTIZAL ANALYSIS OF PPOCESS DATA.-CASE Il. FQEMPLE.
NUHBFQ nF CONSTPALQTS— 4

NUMIER OF MEASUREMENTS= 5

Stz Q: VEGCTCR 2ETA= 3

MATRIX JF CQEFFICIENTS

-1, 0. N U. Q.
U. 10 -1. Ul 0.
0. U. 1- -1. Bc N
0. 0. 0. 0. i. .

MIASUIEMENTS (fE?

12, 28. 50, 1R0. 1C0.

¥
COVARTANCE MATRIX (\
1. 9. 17, 0. 0. . .
J. 4, 0. 0. 0Ov
0. 0. 25, 0. 0.
0. 0. 0. 256, 0,
0. 0. ul 0. 100.
PAGTITIONED MATRIX A
1. -1. - . )
0. 1. 0.
0. 0. 1 . . .
D- 0- -1. /
TRAZING THE PROGRAM
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W1 - ¢

-1. 3. 0. 3.

o« Lo ' Do go >~
« =25, 27« 0.

« 0. =255, 0.

0: 0. 123._

ADJUSTHENT

|
0

i

Je B.I455552420556-13 ~.65616797QO06? 6.719150104935 -2.62&6?19fg%b9
THE ESTIMATED VALUE OF MEASURED STREAMS

10. 20« 50.65616797901 153.2808391495 102.624571916
ZETA

hﬂ.5561673?901‘30.65616?97@01 102.62&?71916

STATISTICAL ANALYSIS OF PPOCESS DATA.-CASE II.EXAMPLE,

FIMAL RESULTS
"‘“"‘“"‘““
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5§I£yilg§;9§.§£§§5&9;!555ﬂ§%5§ )
406556472 7. ' ’
+306566+02 ;z \('

-10262C+43
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STATISTICAL ANALYSIS 6OF PPOCESS DATA.-CASE
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CASE II, With the Values of Variénces Changed

NUMBER OF CONSTRAIN[TS=

NUMIER OF HEASUREMENTS=

SIZZ )F VECTOR -ZFTA=

MATRIX OF COEFFICIENTS

0. 9. 0. 0.
10 -1- Do 00
U-'in -1, 00
0., 0. 0. 1.

MZASURCTMENTS

20. 50. 160. 100.

COVARIANCE MATRIX

D MATRIX A

30

4

5

IT.EXAMPLE.
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VALUES 9F THE TEST FUNCTICN ACE

1.684542301323

_SURSET OF X PROPASLE [N FRPQR

AL ANALYSIS OF pRORESS DATA.~ CASE ITII.EXAMPLE.

~
-

STATISTI

NUMBER OF CONSTRATINTS

12

NUMBER JF MEASUREMENTS

SIZE QF VECTOR ZFTA

MATRIX JOF COEFFIGIENTS

MEASUREMENTS

8.2 1,7 15,8 0.

20, 0. 0. 0. 10. 79. &.

30.
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STATISTICAL AMALYSIS OF PROCESS DATA.- CASE ITI.EXAMPLE,

»

ErVRb RESULTS
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- CASE I%}EX&HPLE..
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