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~.idg;’)tive_,,‘array 'proéessing is considered as a.task' of bearing estimation ap’d‘;:

‘béahtothiné. | _ - X . 5

L _"I;he use of the subspace ﬁecomposftion in bearing estimation is studied.

o

Operator .decomposition approach is used to provide a more basic and unified

frtﬁneﬁork to the spez:grum ‘representation. This _unified approach is then u;_ilized
to"_study the geqmﬂetric relationships between the conventional, high resolution,
and super resoluﬁon spectruxh estimation techniques.

Begrine‘éstimation under cbherent signal environment is considered. A
methodo'logy is devgloped to e_;st.imate the number of incoming signal§ and the

optimum number of subarrays concurrently.
° ‘\

Beamforming i{s presented in a more general fremework.h The éoncept of

beamforming as a process-of jovint bearing estimation and interference cancel-

a

lation is proposed.

v -

Finally, a restart to the array processiné and digital signal processing

N

problems in general, is initiated.
’

iii
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CHAPTER 1 . :_ S
'IerRor’;TION' TO ARRAY PROCESSING
R

A set of sénsinz elements placed in a knoim spatial pattern is generally reféxt_:'ed

‘to as an array. The aim_ of array processing i{s to"extract the eavironmental

information of interest from the signals received by the array. Array pmcess_ing'
has proved torbe useful in different 'disclpline's such as radar, sonar, communica-

. .
tion, seismology, and astronoay. The information to be extracted may in.general

_ A . g
be different in different contexts. _ '

’
-

In general, the task of array processing can be divided into two inajor

categories, viz;

(a) Bearing estimation : Estimation of the angle of arrival of the signal

{b) Beamforming : Reception of a particular signal of interest while

suppressing others.
Beamforming can further be divided into two sub categories, namely:

(1) Reception of a signal coming from a known direction while suppressing other

interferences

(2) Reception of all the incoming signals from distinct and unknown directions

separately whlie suppressing the rest of the sig'nals which appear as inter-

ferences to the signal chosen to receive.

Adaptive array processing has recelved a great deal of attention in many

areas such as, radar, sonar, communication and seismology as a means of

performing the above tasks. One of the primary reasons for this fast growing

interest in adaptive array is its capability .Eo automatically perform on-line

&

-

N ~.
~
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p;ocessing “1n a-given slgnal environnen.t. J‘hawselt adjusting or adaptive capabl-
"‘ N, \ S !
P @ ogeraticnﬁof such s?stenswaoce reliable and ﬂexible and, more
. ~~°» TS e . ~c-’?.:}.-..“
:. 1lportant1y. ot’ters.:tnproved reception performanc& o
N “.. x.;;,_ g ....,k - TR
~enl An ax:my of sensprs opel;\es in th& inevitable presence of undesirable
Q}\ ‘ o A ’”"
o intcrterenccs whlch may - consm" Qf deliBbrate *electtonic countermeasures,
N : 1‘:.\ w “‘x“
v nonhost:ue interferences. c]utteb scatter Tetm'ns and natural noise sources.
;?h ':.“h.::;‘, A:‘Ix-\.,"" -~ .v ‘. y .)“ . i‘ . - N
o Degraution of - dxe-:ar:ay.\ pe‘rformance du& to such noise may be furt.her ag-
Ly = g p ‘*\\"‘-. -t ~ . v

-“»mzmvated 'by random sensor not.ion, poor siting conditions. multipath ray effects
.‘tx T~ e T ™
and a constantly changing* lnterference environnent. Theretore. the suppression

._of 1nterference is quite important “fn a.u applications Adapt.ive array system has

o , ‘the ability to automatically sense the presence of interference noise sources and

ey

suppress t}zese noise squrces wh:lle siinultaneously enhancing the desired sizpal
reception without a priori knowledge of the signaL or noise environment.

A ~

After reviewing the tasks of the array processing and the advantages of

—— A

| ‘the adaptive array processing briefly, \‘we.ncxtcons‘!dec_fhe first array pmcessiné

- task: Beacing Estination AR .

h In bearing estimaticn. high resolut.ion t\echni\ques such as m;‘cim;m .
likelihood (ML) {Capon(lsssl and the Iiné;ar predict;oa (LP} introduced and )

-

developed by Yule, Walker._‘w.iener and Levinson. and further developed by Burg

(19&.1969) McDonough (1974) and laany-othe.rs have beerr use& until t.he recent
de\.elopment of super resoludon techn.iques axper resolutlon techniques such as i' ‘ E

~ ~ e -

' Pisarenko harmonic decomposition (PHD {Pisarenko (1972)] b!odifiediforward and

~A' R

backward linear prediction (MFBLP) [‘I‘uﬁ: and Kumaresan (1982)}. Multiple signal
classiﬂcation (MUSIC) {Schnidt (19"9 1982)} and minimun noru (Ml\) method
[Runaresan and 'mft (1983)] "are based on the subspace deco-position of cross

. "*«\, el - L
spectral density :atrix. Out of all the above super resolution cechn:lques. the N
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S MUSIC” nethod «mt::oduced byiSchnidt' <has . been.-oﬁ ~erea§ ~1nterest o "‘@W e
h ' : ] 7 T-‘-f.'-‘rst’ ) B -'-# I
- 3 1-.,,_4 .-' B s R,

‘a..direct -consequence oi’

~t‘.’:.. -bear,.ng estimationt problen. 1, & , &

--.4..

Aﬂore recenitly. another apgrqach to

~ v

-.'. - e '~- AT - -‘\- “" -~ _.‘-._

i ca‘lled J;he estination of signal parameters by rotational invariant technique
.. --' "_‘ : YT -:',-“'\.?' ‘ﬁ..._ s o T

P o e " (ESPRI'I’) was proposed by Paolraj \Roy.‘ a.nd Kailath *(1.986) —ESPRI‘I‘ uakes- the :,_s’ R

-

.. " ., - ~
- R -. '_ S d

i 8 assumption that the noise is spat.ialiy uncorrelated and- the variance of the :noise =

T > - . A

T . v *

i b - - - ."'

is knowm Tb@ Variance\of the noise is not known in- practice and hence«the‘ :.

-~ ‘ o -~ ’|--o.
‘e ) .

. applicability oi' the ESPRIT will be linited A new apﬁroach to the bearing .'~"~ :

- o ..u-_ B x\. o % ~ .

" v'-'\\. .
A 5 N s

e P , .i.'~estimation ‘problem -with minimum asSumption can be.. found ln De.nanayake‘(lgs }

et . RO . .' &xbspace deco-posit.ion of the_ cross~ speotral density--mstrix iS‘ genera.lh,

. - - e - '~..~ i 3 <l ..""' o 2 -

obtained by- usmo’ the generalized eigenvalue efgenvector decongosii:ion oY the G

matrix .pencil (signal ¥, noise cross spectral densitv matrix. noise_ —only Bross -+ =+

- . E ‘.«—_ n e
Bas . e i..,. - — - &M E N w -

SN ] spectral density matrix) Algorithms for generalized eigenvaluakemmecmr_ « o

ot - ~ - = a* \\,‘ = N -\"'-'es. - h

“ E decomposition can be found in Moler *and Stewart (19'?3) Peters and Wilkinsom

"\. . St Nt - _"«-

- (1970), Kaufnan (19 4, 1977) Steuart (1972}. and h‘ard (1975) Ihe solution to the

- % n‘_"_‘
e i

generalized eigenvalue eig envector decomposition problem through the generalized

- s e - < _‘__.

singularvalue singularvector deconposition operated -on the matri*c pencil (sig‘nal +_ e

noise data matrix noise only data matrix) has been oi’ interest recent“ due to B

A its numerical stability. Algorithms for computing the generalized s.nguial :alue

singularvector decomposition,‘ can be found in Van Loan (1 IS 1'976) Chan (1982) ,
v s . r . -
Luk '(1980). A more general and computationally amenable solution has been given o

by Paize and Saunders (1981}‘ Once the sig'nal and noise space basis vectors are 7

8 o obtained through the - generalized eigenvalue eigenvect. deconposition or 8

generalized slnmilar\alue smgularvector decomposition signal and noise subsoaces



- invesdgated by Wax and Kailath {1984), Matsuoka and - Ulrych (1986)

-

2

Akaike int’oruation theoretic crlterion (AIC) or uininun description leneth

criterion (HDI.C) In the' nrray processinz context AIC and HDLC had been’ )

Kaveh '(1986). Kaveh and Nang (1987)

As for bealforainz we ﬁnd that many criteria have been deveIOped in

Wane and 5 o

the past years out of which the nLninun variance distortionless response

- (HVDR) beamfomer "due to Capon (1969}- has been of interest to many resear-

chers [Monzingo and Miller (1980}, Haykin (1985, 1986)].

‘Surprisingly, to otlr

" knowledge all the existing beamformers are capable of receiving signals coming

'-_'f'r.o'm a 'kno_wn direction while suppressing the rest of the signals and none of the

availab_le beamformers are capable ,of"receiving'the:signal reaching rmm unknown

" " and distinct directions while suppressing the interferences. Some constructive

vphilos'ophicaI 'thougtits about adaptive ‘array processing beyond the beamforming

“can be found.in Mermoz (1981).

Neither bearing estimation nor beamforming techniques would perform
éuccesﬁsfully when the inconing .sienals are coherent. Solution to the difficulties

: _vass'bciated with the coherent signal environment has been achieved by spatial

' smoothing of the bf‘oss sbectral density matrix {Evans et al (1982)]. Further

discussion on the spatial smoothing of the cross spectral density matrix ‘can be -

. L’ound in recent papers by Shan and Kailath (1985), Shan wWax and Kailath (1985)

Having briefly discussed the adaptive array processing as a whole, now

: iye consider_the'ilple-eutation‘ measures. In general high performance special

purposé jbcnputer _sy‘stéms'ar_e used to meet specific application requirements or

to off load coxpput‘a-ti—onsr that are specially taxing on 'general purpose computers.

-To achleve th_i; in édaptive.array prqcessing, the concept of systolic architec-

L
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) ) ‘\‘
P tures.' a g‘eneral -er.hodology tor 'napping high level conputations into the
ha.rdware structures has been the most recent interest of many disciplines In a
systollc systen data flow tron -the conputer nenory in a rhythmic fashion,
- passing throuzh.,_ many processing elements before _they return to the memory.
Sucn; arcnitecture and -alzorithns prov‘ide,nodular parallelisn. reg'ularbdata flow,
. and hizh efficiency, while using only“local interconnections A’Since essentially
constant efi’iciency is maintained as the parallelism is increased they are
especially attractive for the intensive and highly regular computations needed in
bearing estimation and beamforming in adeptive array processing. Hore.detailed
discussion about the systolic a.rchitecture ca.n be “fo und in Kung (1982) |
" In adaptive array processing, a major portion of the resulting computa—
_tional load can-be reduced to a common set of basic matrix operations including
" matrix - vector multiplicatlon matrix - matrix multiplication and addition. linear
' equation solution and least squares approximate solutions solution of Hermitian

~

eigensystems and g_enerelized eigensystems. singularvalue decomposition and

< R, =@

generalizedrsingularualue X decompositio‘n.‘ and general matrix.eigenvalue" decom-. ’

position..Extensive discussion on the use of systofic “architecture in"signal

S e

p_rocessing can be found in Speiser and Whitehouse (1981,1583). Bromley and
Whitehoused'(1981), Kung, Whitehouse and Kailath .‘(1985). éentlenan and Kung
(1981), Mcwhirter (1981) Kailath (1983) and Haykin (1986), Kung (1986). Solution
_ to the singularvalue singularvector deconposition and generalized symmetric
eigenvalue eigenvector decomposition on multiprocessor arrays can be found in
Brent and Luk (1985).

_ Up to this point we have briefly presented the task of array processiné.
advantages ot_' adaptive array processing. bearing estimation t'ec'hnidues.'v 4beam~

forming techniques.luSe of the systolic architecture in implementation. Therefore,
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now it is the time to present our contribudon. In this thesis. we. introduce new

techniques along uith nore zeneral unincat.ion to both bearing est.lnadon and

-

beanform:lng in adaptive a.rray processinz..'rhese techniques are developed in t.he
fom ot systolic array structures whichti; sultahle for uppinz then into T
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CHAPTER. 2 -

-

SUBSPACE DECOMPO"SITI'ON IN ADAPTIVE

ARRAY PROCESSING

Py

_ Preview An z{i'ray of sensors, which is excited oy narnon band" or Broad.band

signals couing from distinct directions 1s considered A signal model is

suitably formulated to make use of the frequency domain processing in

-

bearing estimation and beamforminEr in adaptive array_processmg

0 rator decomposit.ion approach is used in solving \the array processin‘é '

problen A
~ Vectors :tnat' represent’ thé_tei-jgnall 'andrnoise space are obtained::__ ,-

by f_::eing ‘the. generalizled'» e'iéenmiue eiéenVeqtor':rdecompos'i'tiOn.. Sié— v

;nificance of the generalized eigenvalues and -"geﬁe‘ralized feigen\'rectors is

studied Proper orthogonal projection multiple classification (POP— o
“MUSIC) spectrum estiruation technique is introduced It is shown that
the POP HUSIC is a more gener‘alized version .of the’ MUSIC method
.Stat.ionary sig-nal and noise enuironment is assumed throughout

this tornulation Slow varying nonstationary -environments can be '__,.'

handled by using a forgetting factor '

——

2.0_.151~ob1_el Definition -~ o
In -the space if we‘have signals coming from different difecticns.' it is-

the interest of many‘discipl'ines to find out the directions tney ‘come from and

obtain the information contain in those signals. To receive the inconing_.'signa._ls_

- ‘ ST SR



. ,f and to discriuinate azainst then we use an array ot 'Sensors. In general array of

,' k’-“ signal received at the m"—“ sensor Sg_.(t) can be expressed as, °

*x

-
LN

A3

& L

o -

T sensors can have any arbitrary geometry But for sinplicity we consider a linear E

v

array of unifo.:}y’v\spaced sensors The basic nature of. the array 1s given below.

»

Sa_

@ @ array of sensors:-

" \J sensor output ©

. ey . “
; - 3 .- 5 :

~

Our task is: to obta:ln the information related to the incoming signals

from the sensor output. In our study we only consider the far field sOurces S0

that we can assume the incoming signals are planes waves. We further restrict

our stuky\_o/the signals in the plane of the array, In -the case where the :
incoming signals are not in the plane of the array, a set of array that are

~

perpendicular to. each other has to be used

'21 Signal Model _ ‘ . SRR | ) } . -
e We consider a linear array. consisting of M isotropic. sensors with a
. uniforn separation of distance 2 A signal nodel for the case of narrow band

signal can be found in Monzingo and M.i}ler (1980). and Haykin (1985). In. the

'_'7 case of the broad band signals a signal model has been given in" Wang and Kaveh

' (1985) Suppose we have K signals sk(t) ‘k=1,2,....K each being either a narrow-

‘band or a broadband signal the spectrum of which dovers the discrete frequen-

c:ies wko.wkg,...,mk,_ The angle of arrival of the k"‘ signal is 6,. ‘Then the"

-

:



OOy, 2nme
Sum(t) = T Awx(0) exp{j{ot +
O=heo i(w)

8in B + ¢ru(w)}]

(2.1. 1)
where, x(m) is the wave leng'th (should not be confused with nomalized

v wavelength) and ¥ (o) is the phase of the k=M signal at frequency o, wko

-

and o, are the-' lowest and highest frequency components of the k'-" signal
frequency band, A.(w) is the amplitude of the k=r signal at frequency w and '_
L@ represents the discrete frequencies Drcs, 1-0 1, 2 i 7 for all k.

We assume that 220.5 nj.n[)t(mko)] k-l 2 ¢ and ({rk(m), kf—-l;z—
~-K are uncorrelated. The output of the m*™ sensor due to «the:'lnc‘oming sig‘nale
sw(t), k=1,2,...K lsl then given by, | T
| K
o Xm(t) = I Sia(t) + va(t) - i ' o mE P

. k=1 . . . f _ ¢ : ) (2.1._._'2)‘:

where, v..(t) Tls the noise_ at the output of the n:""‘h s‘ensor. o

‘The_ output signal ﬁc_'(t) from a.ll thei’sensor's: is samx;led to facilltate
processing. To ohtaln 'the frequency info:-matlon" we 'di-vide the ‘éampled'sif‘,rnal-.-
lnto blocks of I samples and apply the discrete Fourler transform (DF'I‘) which
can be realized uslng the fast Fourier transform (FFT) algorithm or the Winograd
Fourier transform (WFT) algorithm ‘to each block of data. The n"‘ block of data
is generally call as the n‘*‘ snapshot For ‘the n"h block of data Xl (D~ 1)I+i] 1=—
0,1, 2 »I-1, after applying the DF’I‘ the amplitude and phase information of the
slgnal at the frequency o is contained in ua.(n) where P -

K S .- 27m2c -y "

.(n) = ZlAw(n) expuwk(nn exp(j, 'sin 8,.7)] + va(n)
k-l ) x-. N - ot

. g .-z ‘ fo 21.3)
. where, Ouin < 0 $ Cmu and Busn = MiR[Ono], Guax = max[vr:] '

- ¥k 2 is the wave lenztha't"frequenc.y .
K 3

Le. ua(n) = Isw(n)zi™ + u..(n) , _ . B : ow 0
: k=1 o R . (21.4)



- where,"

10

where, Sw(n) = Au(n) exp(J¥i(n)),-

2z8. - . - S e .
Z = exp(} —— sin 65) , g .
. 2 . .

' (2 1.5).
m o= =J, -J‘+1 J. J - (H-l)/a and v-(n) is the frequency component o of- ST

the Fourier transform of the n“‘ block of the sanpled version of v..(t) M is

chosen to be odd

The quantity u_(n) at n“‘ snapshot from all the sensors can be arranged

“into vector form Jd.e., «. v ¥

u(n) = (u—J(n) u-—.r-:.(n) u_,(n))" .l . b ‘ ‘ | ' " ' "
—K ’ .' « B ’ ' ' .- ’ . . . : .. '_A ' _‘ . A
Zd(Gk)sk(n) ¥ V(n) wG[w..m.w...,J o ’
k=1 L. L L
= $.0E w wTE ©2.1.8) -

-whe‘;.e'd(ek)?'H"‘(Zu"".&‘."*ﬁh“’“..’-I..z'k")"'.' T e,
- L, ow om, v -(2.1:7)
- v(m) = {v_s(n), Vozea (D). Vs ()7,

and []" Vdenotes the transpose of []

Eqn (2 1 .6) can be written into a matrix form S0 that

; P! D(G)S(n)~+ v(n), mE[w...mw.'..,J o B L .
Loafn) = ¥ . SR o (2.1.9) -
- v'(.n). . wé[mni'nfwmnx] v L e S ) ‘

--D(e) [d(B )d(e,) d(e'.c,)l.'

_ - L ) "(z..1.-10)
.S(n) = (s;(n) sa(n) “Sx ()T , o . Ty -"j . 5 i
- o , | : (?.1.11) -

Now, the cross spectral density natrix Q can be defined as

= E[u(n)u"(n)] where E denotes t;he expectation operator Under the stationary _

e signal and noise environment expectation operator'can be replaoed hy the time :

' .average and therefore we collect the information from the previous snapshots so

' '(2..1.8)‘ 0

rd
H



_that the ‘cross spectral'? density matrix at a givén frequency can be more ac- -
" curately estimated. Thus using eqn. (2.1.9) we can fir.gt‘form the data _matri:_c_.: )

.

U(n) ' such that FLEE -

'. Uty - [u(1),8(2),...u(m)] .

) " (2.1.12)
. D(B)S(n) + N(n) PE[OmirPraas] v
- - R . (2.1.13)-
N(n) - o . 06[0-1“:0’-.:3 . ,'f' T Ot E L owm
wh‘éré. D) 15 a- Vandermonde matrix determined by, .. ke1.2.3,..K and the .
frequency o . ,»._'J a
S(n) = [s(l).s(Z). .s(n)] ; S
= T Sl (2114)
N(n)=[¥(2),5(2)... .v(nn ST : : ‘ -

S S zaas)
'U(n)‘E g, q(e) € _Crox , S(n) E_ Cx=m., and N(n) € C™",, :
cexa deﬁotes the comx;lex spacé of d.imension {, j).

The estimate ®(n) of the cross spectral density matrix ° after n snapa
shots can be obtained as, - .- _ | |
om) = 0= U@UNR) S T e
CemEces - | N | |

Substituting for U(n) in eqn (2. 1 16) from eqn. (2 1 13) we obtain,

SR

"{[D(G)S(n) + N(n)][D(G)S(n) * N(n)]"} DE [ V1) Omumsc]

\o(n) = . ) (2.1.17) |
ot N(N(n), s | | wé[w,.m.w.,.*] S
“(D(G)S(n)S"(n)D“(B) + D(B)S(n)N"(n) [D(B)S(n)N"(n)]". )

» + N(n)N™(n)}, wE[w-mw-.x] ’ :
-0 2.1.18)
n* N@N*@). G’Q[‘”m»w--x]
where e denotes the Hermitian transpose of {] -
Now ‘let, A , N
o..(n) - 07t S@st@ o L (2.14_5)
o () = n-2. NIN(R), * 0§ (0msnOmas] o
o ) : B S (2.1.20).



" then, Oma(n) € o, 0L (m) € oas, o..(n) € Crme andf-a..,(n)

Daul) =0, ¥

: 'and; nence eqn. (2.1.22) reduces to:

'y

i
e

oLl = 1t NON(0), 06 S Omae] e

O,.,.(n.) - n~* S(n)N"(n), . S "'~

(2.1.21)

._,.,(n), G.u(n) are- the estimates oi’ the Ccross spectra.l density matrices of
" signal-eignal (®as), noise-noise (0....,) and s:lgnal-noise (®s.) given by
®aacE[ss™(n)]; Ou.-E[v(n)y*n)], ®a.=Els(n)u™(n)] respectively,

' w'h_ere E is the expéctation operator. - ‘ oL _ ' S

Eqn.(:?.:l.lsl can be written as,

D(8)00(n)D*(8) + D(8)®ar(n)+ [D(O)®s, (n)]™ :
@(n) = N - +‘°9v(°)(n)- we[wn:lnnw--ue] . . "
: s . . T (2.1.22)
.ou'w(n) v - - Y v md[mmsmmn“]

" If the .signal and noise are"uncorr"elated" ésymp;otically.- for large ,nu:_nbér of

snapshots we can assune,
{2.1.23)

D(e)o;;(nm'f(ej Lo, O ne]

o) =4 _ . (2.1.24)

vv(n) s . ._ By w¢ [wulmwn-x]

B From eqn. (21 24) it is clear that the spatial information about t.he signals as’

well as noise is contained in the cross spectral density matrix o(n)

22 Structure f.or_é"y-stolic array inplelen.tj.ation'
B '_The'_data:' matrix U(n) grows in size with' the number of snapshots n and
.hence-'its'- aif-ect usekis not suitable for"adéptive proéessirig To oﬁercome t".his

P

problem we employ the Jacobi- Givens rotation (Appendix 2a) which premultiplies.

--the matrix U“(n) E C""" by a mﬂtary matrix Q"(n) E crn resulting 1n an

: upper triangular matrix R“(n) E C‘“‘" . 1.e.. ' . - | ot



. R"{n} . - ‘..'.:;.;
L QYU = |- | PR "/ o [
where, 0 1s :a"nuilfietrigc.andg 0'€ Ctm=mr, 3N, R(n) € cm“

-

isincel‘l‘R"(n).is.ci’l _constent'dimensipns. ‘and‘u'pper triangular, it can be
' _ used n_uch -mere ccrweniently. The estimate of the signal plus noise spetial crcss
spectral den‘s‘ity matrix at n=" snapshot is then given by, O
®(n) = n~* R(n)R"(n) el ‘222)

. In practice the Jacobi-—Givens rotation can be carried out at the end of
eac.h snapshot such that the\ triangularized matrix of the previous snapshots can
‘ be recursively utilized Thus if we denqte R(n) and R(n-—l) as the triangularized

v

mat;rices at nth and (n--i)‘Lh snapshots respectively. then we can write

L

TR@-1)
Qn)UT(n) = Q.(n) | ---- -
. -0
e u™(n) -
Ry} o o T a o 7 -
= e ) S - (2.2.3)
B o Q A . ,

where. Q,.(n) is the‘*Jacobi-Givens rotation matrix used to- annihilate the n=® TOW

Cof the data matrix ' .

-

Eqn {2.2. 3) can be conveniently realized using systolic arraxs'Based on

the structure prcposed by Gentleman and Kung (1981). The realizaticn is briefly

iven in A pendix 2a.—" .- - S N
P o , S ~_

In order to obtain the estimate of the spatial Cross spectral density

~

matrix @..(n} “for the noise a.fter the n“*‘ snapshot for the frequency w we
assume that spatial noise correlation at’ the signal i’requency band 0,,(n) @ ;
€ [cn,.,,,.m..._,‘] is the same as the spatial correlation at the frequency Just
h outside the signal frequency band. This can be rnade possible by estimating the

rrequency ‘band [w..m,m_.,] at’ the stage where we map the staticnary signal

-



in time domain into the frequéncy domain. -
In general, the compldx data matrix ] U(n) which. represents the noise

data matrix U..(n) approximately. at n< snapshot can be constructed by usinz

the data vector u(n) at frequency m#[u..;..,m_.,‘] Again by applying the 7'
| Jacobi—Givens rotation Q™(n) to U™(n), we -obtaln an upper triangular matrix .
R™{(n) i_’or the noise. i’rom which we obtain the noise cross spectral density

matrix ..,..(n) such that

oL = o), m¢[w..mw...x]
S _ 2.2.4) -
=n"* R.(n)R.™(n) .

‘ | : : (225
' where, @®(n) E C“’"‘ and R.(n} € CY - . v

Schematic diagram for the adaptive array processing system is given in

Fig. 2.1. At this stage reader may avold the flipping network which will be
. ) e
'*explalned in the chapter 3. o R : .

Now the noise only ‘cross spectral density :natrix at a. f&quency within

quency band [cn_;,.,w,._x] ow‘°’(n) can be represented as,

oo, ‘°’(n) = a.2 O..(n),
. (2 2. 6)

. where o.® is a scalar multiplier and it represents the variance of the noise
when the noise only cross Spectral density matrix is normali.aed

Therefore the cross spectral density matrix O(n) c¢an be written as,

o(n) = D(e)o,,(n)n"(e)+o,= o..(n) | B
. . ' - 2.2.7)

- 2.3 Solution to the Array Processing Problem by Subspace Decomposition -. -
2301ntroduction . . _ o -
Solution to the array processing problem based on t.he subspace decom-'-

'position had been studied by Schmidt (1979). Bienvenu and‘ Kopp (1980). Johnson




. N
PR H
f .
M LN . .
PR
* )
)
. v, - 1
’ .
. + .
A ’
L) . ’
i . ‘
_..‘.‘ \\ » ..1\ r
-t . .
: . .
. - 4 "
. ;-
[ ' g
i ‘u . .
P . .
- " . -
PR ;
. . .
. v
. i
- Lt '
. ' 4
r v
Fo.
- ! N
3
) *
. .

o

o . " B ! : k‘ '
' , R - - ) ¢
, Y o ’ susysdy dnjensceay

' -:: ::n-v« 11} ..on -:--n afiewegag t°y ‘R4 ,

- - - R - ’ . . B
(90770 by fto)* =0 lodu)=*~3 Lediu)*ry @ (U} " 0" -_:..}___.ljﬁl.. 9 _|0

- -E.-li

; .o . ~ I
; 1 1 . = H _
e - ) . ' il '

Uil o el o (UM S (Tl ) NPy e PO S TR REL Y] o - i o

B ] _T:...v_m

! B

~ | AN
{g)=e~s ()" Wj** 1 log({u}), " 0 (u)="n) @ 3 I.lm mlﬂ

K Rl &:.naﬂ

‘e, H P 2 _ !

‘. . ‘ e =1 !
¥ (@4 o) a g {ug - nr (uptnje] S} @ Lo

. ‘ . “ ,.—.‘—qll__-

, a ] _

. . = H
. i » .. [] :
. (ad

R . . ICT ISR MRS IT = I .—.6

- . ] 8

n

l::...:.._m_-.-.._.l

l::.:..:.::;l

(a)°*a [, .—I-.-L
I

ﬁcur.&
I

ﬁ.-u-n._ - auwl-.-

@ ((0) %0 (u)"n) g-]

amn RLIFARLMUIRLIL o

s1vin(dod PUN yaomlsu Jujddy

Y

._.:......._.::__QliiL

[*—w'"8]3® ‘w Kauenbaij

(4)"~a

bae somaf

(" T ]paviw

mg.® Ujq

. Ajuanbads)fjo jeasesu
rl

Lid
wjoed 1




T _“-‘ -

- Kaveh (1935) In general array processinz probleu reduces to the zeneraiized

- \-‘ il
W -q' - T

'- - ~eig‘envalue e.izenvector deconposition bi: generalized singularvalue singularvector

-l -, -
. - - - - - - =
Lo : .

deconposition._ R T ' e T, o
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'eigenvectors and the noise subspace EEHeralized eigenvectors. Using the noise

R

S subspace eigenvectors~ we 3an form the proper orthog-onal projectlon operator

that can be used to project .an'y uector with suitable dimension on- to the noise '

e - . "'-

- thogonal project.ion multiple ’signal classificd‘tion‘(POP-MUSIC)

_ “ ) An alternative formulation to the- generalized eigenvalue eigenvector.

- - ."\ ‘-\ﬂsh
- - -

y decomposition is also considered. Based on this fornulation POP HUSIC spectrum

-

. is redefined It .is shown that the POP«HUSIC spectmn reduCes ‘to ‘the ordinary

- \

Te - R : - e T ~, e

- subspace Noise subspace projection‘ matrit i's then used to define the proper or—

A -and‘-l)eGraafh(:lQBz) Speiser and Van Loan ’(1984)k0rfa:ﬁdis {1985) and Wang and _* \

T'“Z:"‘—h He first-fomnlate the arrav Dmcessine problen as the solution to f‘.he . \-‘.' L

RO

generalized eigenvalue eigenvector decomposition. Then we study the sizniflcance—r~

of the generalized eigenvalues and eig‘en\rectors in the array processing p!‘ﬂble\ RUN

Based on the zeneralized eigenvalues we separate the signal subspace generalized~

MUSIC. spectrum uhen the noise is spatially uncorrelated :‘ -"j' o ‘i_ E

- - oA e O A s ~
- .- . - N LS . g -
e . - e . S

23. 1 Su‘bSpace Deconposition under Correlated Noise ~ LT N '.\ S

. - R
.‘ . o ~

So far it is clear that our sir-:nal and noise space can.be«described by

N - :. .

_the cross spectral density matrix pencil fd(n) Gu.(n)) \Array processing‘ problem .

is to deal with this matrix pencil to ettract tlie infornatlon important to the -

'uSer The most convenient way to handle the array processing- -problen is to

P

' *break the matrit pencll (@(n) @.,.,(n)) down into snaller. spaces This can '_-

- generally be achieved as the sqution to the constraint minimization problem
. ninimize trace (V"{n)@{n}V(n)) IR R " IR -, (2 3. l)
v(n) : , ' B '

Fy

s



wa

o suBJect to the conséralnt, v"(n)o.,(mvm)& I-

‘o -
""--— ' - -

where.:\l(n) E C"’“P' and I»:fs an identity matrix.

ity ._‘_ f‘

TEAT LT The solutIon xo *the above optin-:[zat:ion“problemecan"‘be achieved‘ by,v.‘ T
\r’:-‘.'-.-.- S . . -...‘-\\ s - "'-..ﬁr*I“ - : e - P
. 1ntroducing the Lagrange multiplier matrix A(nJ gl\zen ‘by__ ' KK -7
L. ,_o(n)Vin)\ $un VD) I - - i : e e T
A ~ e T e ’ @3.3).: T e
3 Tue T where A(n) diag(,{,(n) Z.(n).....z..(n)) ~and - e :
C e e h -".~‘ Ny .....' ~ - "”.‘.“'-a <.
- ST zx(n]>2n(n)) >zg(ﬂ).. - .-.._. 3 - . :
o wn) - [v,(n).v.(n) .v.:mn L
’ s ) Eqn (2.3 3) represents the generalized eigenvalue’ eigenvector ﬂebomposi— ’
- s - tion of t.he matrix pencil (®(n),®..c(n)). 'rhe matrix v(n) cont-ains t.he general- ™. " o
- - > S .o
L zed eigenvectors as its columns corresponding to the dfagonal’ elements 5(‘ A(n)
which are,the generalized eigenvalues Computational..aspects of’ the- generauzed W )
Dot R U S
.__:_-‘ - eigenvalue eigenvector decompositign are given in Appendix 2b. RO .
"Lz Multiplying the eqn. (2.3.3) by V"(n) end E;ubstituting fronL eqn (23 2)., TS ,
e obtain, B NP SR
v"(n)d!(n)V(n) = A(n) . T ‘;_‘ ) e ,.....'-\--; L Lo SR B
i . S < (2:8:5) _ .
Substltuting for-&(n) trom eqn. (2 2.7) in eqn (2 3 5) . m e e
_ An) = 6® V{n)d..(V(n) + v"(n)o.,m(nmn)_-, o - S el
‘ - - o . - 2388)
where Ous™(n) = D(8)Paa(n}D™(8), and ®ua™(n), € C**™, and the : R
rank{®ee (n))=K, K<M. .
" We can combine eqns. {2.3.2) and (236) to get. - R
A(n) = 0,,“1 + A..""(n} g ‘
) ‘ (2.37) -
where A."‘"(n) = V“(n)%.?"(n)wn) - S | | . . S
¢ - ' ) (2.3.8) ' o
n.“"(n) 13 a diagonal matrix and. A,“"(n) € C"“" \
Si_nce ®aa™{n) is of rank K. o ‘ e e / .- L »
' - < - e



“¥" yectors Qu(n) such that,

. e

oL sy
where A.(n} is a diagonal’ matrix and: A.(n) E C""" T _' -

- o 'I'he nultiplicity of t;he snallest eigenvalue 1s7 equai to MK fron which

fx

'__.'—-'-

we can find the number of incoming sig‘nals K Matrix O..""(n) is Hernitian -

~ and hence it can be represented as, ...

I

Opa “"(n) -a Q(n)I‘(n)Q"(n) R
‘ : - N < 10)
where Q“(n)Q(n) = I l‘(n) is a diagonal mat;rix with I being an identity
matrix The matrix Q(n) used here should not be confused with the natrix Q(n)
used J.n the matrix tnang'ularization

Since o.,.,""(_n) is of rank K,

_ Fen) | 0 ] ’

I‘(n) = | meme————— I -
o ] 0" )
. {2.3.11)

Ta(n) € C™%

-

s Matrix Q(n) can now be “partitioned to obtain the siz’nsl subspace

orthonormal basis wectors Qa(n), and tne. noise subspace * orthonormal basis

" Q(n) = [Qa(n).Qu(n)].

| : (2.3.12)
Qﬂ(n) € cw‘*r Qu(n) € Cm("_"). and K<M.

Signal subspace basis vectors matrix Qa(n) corresponds to the eigenvalues

co I‘,(n) and the noise subspace basis vectors matrix Qu{n) corresponds to the

null space. Null space is also referred to as the' noise subspace. -t

Now we can combine egns. (2.3.8). (2.3.16); and (2.3.1:’_&) 80, that,

£e®2() = VH(n)[Qa(n).Qu(n)} r.(n) 1 0] (G @] V@)
- T o o) lamm)| -
o “{2.3.13).



by

-h.‘-\

19

= [Va™{n)] [Qa(n)Ta(n)Qu(n))[Va(n).Vs(n)] | : |
| B = = (2.3:14)
V' (n) - ‘
where, Va(n) and Vi(n) are given by,
V(n} = [Va(n).Va(n)),~
. ) : (2.3.15) -
Va(n) € C*™, and V.(n) € Crorim-x, ff
Conparing egns. {2.3.9) and (23 14) we obtain
A.(n) - V-“(n)[Q-(n)ra(n)Qs"(n)]V-(n).
SR , : (2.3.16)
V."(n)[Q-(nJI‘.(n)Q.“(n)]Vu(n) = 0, .and T .
| (2.3.37) -+
‘V.,"(n)[Q.(n)P.(n)Q."(n)]V..(n) = 0 ; :
(2.3:1_8_) .

where 0 is a null matrix with appropriate ‘order.

Eqns (2.3.17) and (2.3 18) indicate:- that generalized eigenvectors matr:.x
7

L

Vi(n) is orthogonal to the signal subspace orthonormal basis vector matrix

Qa(n), ie., Vuin) lies'on‘th_e noise subspace described by the orthonormal basis

Qu(n).’ S T
It is obvious that we do not have the knowledge of the noise subspace

-~ ' - * \
orthonornal basis vectors matrix Q,,(ni ut ‘now we do have the Rnowledge of

.a‘-..

the vectors uatrfx VN(n} that hes,on the noise subspace or, null space There-

— e

fore we can form the - proper orthogonal projection matrlx PN(n) for the noise
subspace such that, © h R .:;, - '
oo ~ v =

Pu(n) = vN(n)[VN"(n)v,.(n)]-w,:"(};)". - o - ""'.;\ (3.3.19)

.~ The natrix P,.,(n) can be used “to project any vector with suitable
dimension onto the noise subspace Now let us proJect the direction vector d(B)

on to the noise subspace sG that the noise subSpace projectlon a,.,(e) is_given by, _

dN(e) =P..(n)d(e) R S (2.3.20)
Then we define the pmper orthogonal projection mu.ltiple signal clas-

_ . sification (POP HUSIC) spectrum such that, - 0



BRI \
>

\
T RN
\\..‘

vy \:‘_.s,.o,_,.,_,.,c(r\l.&s) = [some norm of d..(e}]"‘ \where k can be any valne

“When we use the Euclidian norm POP-DRISIC spectrun reduces to,

A

sm-n.,.,(n.e) - ldu(a}l“"-'\\ e T W T
- [d“(e)P..(n)d(e)]—= - AR Y @y T
‘where |. I represents the Euchdian nzt“rm\ of a vector S -’_.' TN

-

't

2.3.2 An Altemative Forlulation of the Array Pmcessinz Prohlen o

We have seen that the array proéessing problem could be expressed as

the solution to the generalized eigenval,ue eigenvector decompasition of the cross

spectral density matrix pencil (®(n).9._(n)),

o(n)V(n) = @_.(n)V(n)A(n) Lot
) (2.3.22)

-AS we have done‘ in section 2.2, we can tet'ite.
®(n) = R(n)R"tn) and ®..(n) = R.(n)R. H{n).
Egn. (2.3.22) now becgfes.' L . : \\
RR™n)V(a) = R, ()R, 0)V(n)A(n) . T
- (2.3.23) -

If o..(n} is non singular, eqn. {2.3.23) can be rearranged to obtain,
R~ *mIO(IR. ()R, (V(n)_= R.nV(n)A(R)

o (2.3.24)

where, R_-™n) and R_-*(n) . denote the inverse of: R Ln) and R ~{n}

-

respectively. '

-~

Let, ®'(n) = R.-*0)O(R.~n) -

. . . (2.3.25)
and R.*(n)Vin) = Y(n), - T
' i (2.3.28)
then eqn. (2.3.24) can be written as,
@'(n)¥(n} = Y(n)A(n),
(2.3.27)

’

where, '(n) i$ a Hermitian matrix.
""Si,nee R,“(ﬁ) is upper triangular, matrix @'(n) can be coqstructed

_simply by using backward substitution (Appendix 2c). )

-



deconpositlon of o’(n) Hernitian eigenvectors of 0'(n) is related to the general- '

' "'QHemit.ia.n elgenvector matrlx Y{n) of 0'(n) 13 unita.ry i -

| V(n) =R "'(n)Y(n) R

Fron eqn (2.3.27). it is now clear that 'the generalized eigenvalue

v '.""—

"

lzed eigenvectors of_ t.he natrlx pencll (e(n) O_V(n)) by the operator R..(n)

Y"‘{n)Y(n) €L where I is an ident.ity matrix

'l'he generalized elgenvector matrix V(n) can be obtained from eqn

(2328)and it is g’iven by. . \ o o

: T L 23.28)

- Now. let us partition the eigenvector matrix Y(n) by uslng the eigenvalues uatrix

.A(n) as we dld before'. to obtain._ - ' Tl :

g

Y() - [Y.(n) Yn(n)l S, | o
. . o (2329
where Y.(n) 3 C’“‘" Y,.(n) g Cr-- and Y(n) E C’°"" ' .
; ‘Then eqn. (2.3. 28) can | be written as, )
VS IR -"(nw.(nm.*"(nm(nn PR .
. L (2.3.30)
= W.(n)Vu(n)] e - ' ’ -
: ‘ (2.3.31)
' where. \!N(n) = R ‘"(n)YN(n) and Vo(n) R.=™{(n)Ya(n) . '
' - - (2.3.32)

At this point uLe have the knowledge of the vector matrix Vui(n) that

lies on the nois'e subspace Therefore. we can define the nolse subspace projec-

tion operato; PN(n) such .that.

P.,‘(n)-n -"(nm(hwn"'(nm- ~3(n), Sl
(2.3.33) .
Now POP—MUSIC Euc spectrun estimate can be defined as,

- \ . - “

. S'POP—luﬂ(noe) = |dN(9” =2

where, d.(8) = P,.l(n)d(e).

It is not necessary to limit ourselves to the Euclidian norm in defining

the spe'ctrum 'eetinete. we n&y‘ also” use the k"-*: norm in general, so that,

P ...,,':,._,

'eigenvector deconposition reduces to the Hemitia.n eigenvalue elzenvector




-".s,o,_m(n.e l-c) - {ld..(e)lk}“‘ Y
',where I lk denotes-the k“-" norm and K’ is an integer B : e - './"/\

-

‘ 2 3.3 Subspace Deco-posit.ion Under Uncorrelated Roise

Let ‘us now consider the subSpace decomposition under spatially

. uncorrelated noise enviromaent. This can be achieved as a special case of the

generaIized eigenvalue eigenvector decomposition or the alternative formulatiOn
“given above When the noise is uncorrelated normalized .noise cross spectrar
: density matrix 0.,.,(n) = I and hence from eqn (23 33) we can obta.in the -

" noise subspace projection matrix P,.(n) as,. - . L " a

Pu(n) = Yu(n)WN"(HJYN(H)]"YJ‘(M

‘ © (2.3.34)
~ But, since Y(n) is unitary Y(n)Ya(n) = I and hence,

.~

Puta) = YY)

: (2 3.35)
Furthermore it is obvious that ¥(n) is the same as the orthonormal—

: basis ver‘:tor'm_a_trix Q(n) given in eqn.“ (2.3.10).

ie Y(nl Q(n) o Ca
- (2.3.36)

Therefore, noise subSpace matrix can be written as, .
Puls) = Qu(nQ (). .
Then. the POP—MUSIC Euc Spectrum can be written as, R
sPOP—:uu(n 9) = [d"(BJPu[n)d(B)]“

= [d"(e)o,q,(n)ev{f(n)d(e)]-%

' .= MUSIC spectrum [Schmidt (1979)] - ' (2.3.37) -

Therefore, when the noise is spatially uncorrelated POP-MUSIC spectr-
um reduces to the well known MUSIC spectrun proposed by Schmidt (1979). Even
though the POP-MUSIC .spectrum is more_ genera.l the underlying subspace

decomposition approach used there is due to Schnidt (1979) Therefore, the POP-

1



sl

the picture. I will refer to the MUSIC as POP MUSIC in the coning chapters L .'.‘.‘ o

. -At this point it fs worth studying the significance cf the eigenvahres in ‘

the case of spatially uncorrelated noise Under uncorrelated noise the generalized

eigenvalue eigenvector decomposition reduces to Hermitian eigenvalue eigenvector

» - - . .% ‘ N o - ) ) - . .
'fMUSIC spectruﬂ is not a new spectrun estination technique. ther it is a mqre A v
generaiized version of the MUSIC spectrum To. bring th.is generalized _view into )

"decomposltion. e : ' ’ '., .
Then the eigenvalue matrix A(n) can be written as ; _“_‘ T ; -
" A - ‘0.1 Q“(n)D(G)Q..(n)D"(e)Q(n) T L e e
. ' b T e T e (2.388) L T
"--‘;.-WIth-Q"(nJo(n) e R B R "
\-Eet Q(n) = [q;(n) q:(n).. .q..(n}] and D(e) = [d(el) d(e,), d(e,)] ) L v
We further assume that t‘.he inconing signals are uncorrelated so that .
0..(n) = diag (o.,1 ‘.c,, ,...,a.w 2, where c.x represents the power of the k=h :
signal, k = 1.2;...K. nh B S
* Then, A(n) can be written as.. _JQ ) ?
Aln) = 9.3 1+ ‘Ag™(n), o
; ' SR - - (2.3:39)
. where, _ o RN e
- Aaln) |0 T . P
AP (n) = | mmem—— . !
T 0 |0 . :
Aa(n) = diag (Res(n)Aeal)eudond)), =~ 7 N
‘K . - . LI - - e . ; - . ! . .
Zu_(n) = L'(0ax cos c:....J" m=1,2,..K - . . e '
- k=l T o (2340)

s describe the angle between the vector q..(n) and the d.lI‘ECtiOD vector d(ek)

T lLe. q."(n)d(et) = COS G expus..k) with ld(ek)l -1

{Cusx COS G..u)' represents the power associated with the: prcjection of '

the’ k"‘ sig'nal direction vector on to the m®h eigenvector. Therefore, from eqn
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projection of all the slgnal components ﬁor k-l 2.....!( '

_r __.c

~

. “r - -.:- . h ] . '. /.‘
incoming signals e - -

T Now let us. consider the trace (A,""(n)) s
a ‘ PN . K v

trace (Aa‘“’(n)) = £ Aanln) + Z 0.

. : T m=1 ¥

Taaw -

oL L ) . 'K K - -
o - 2§ | T (Ome COS u,...k)= .
m=l k=1 ' ‘

+ = . . . . K !i -

' . l = Z Oax™ L (CUS G—k)

Co k=1 ' m=1

But from geo.metry it is clear that

X
T (cos o...k)’ a 1 o k and hence )
m=1 . :
‘t_race (Aa™(n)} = 2 Omi®. | -
. emg .

LI

<. = trace @aatn))

o

.t . "From eqn.' (2.3.39),

Aln) = 0.7 I + As®(n):

~

" operator, we obtaln,

trace (A{n)) = trace (A;‘“’(n)) + M. o,“" -t

. b . -

Therefore, the trace ©of the Hermitian eigenvalue matrix A(n) represe--

ES .

-

power associated with incouing\signals Instead 2,...[n) contains the power as-

(2.3.41)

(2.3.48)

(2.3. 44}

(2340) lt is: clear that the 2._[n) represents the sum of the power associated

Y-

« Now :lt is clear that the Hermitian eigenvalues do not correspond to the

' -" sociated with the pen ‘ basis vector due to the projected components of the

- {2.3.42)

Taklng the‘f:trace on hoth sides and noting the fact :that_ the trace is a linear

PN with the n"-" Hermitian eig'envector or m"‘ orthonorpzal basis vector d'ue to the s

s



N .

234 Estinatlon or the "number, oi.' siznals s

. Nunber of signals present at an array is an important parameter that

has to be estinated in array processing If the true Ccross spectra‘i density matrix

* . - -

is known. from eqn (2 3.39) it is clear that the multiplic1ty of the small eigen—-

values are equal to (M-K) from which we- can estimate trm.nunber of signals K

¥ -

But in pract.ice we are i'orced to use the estimated cross spectral density matrix

due to the non availability of true cross spectral density matrix and hence

-~

l' instead of (M-}()Lmultiple eigenva.l-ues we may end up with (M—K) small and

-

-

: distinct eigenvalues. ~ - _- ' ST -

e

Therefore the. number of sig'nals present in anarray is generaliy

v a

‘ estimated by~ using statistical hypothesis ‘and- the information theoretic criteria

~

based on the Eeneralized eigenvalue or generalized singu]arValues of the matrix
pencil (o(n) o,,,(n)) Information theoretic criteria such as Akaike information
theoretic criterion (AIC) {Akaiké (1973.1974)1 and; ruinimum description length
criterion (H.DLC‘) [Wax and Kailath {1984)] have become popular due to the_ fact
that they do not"demand any sobjective Judgenient. . _

We can write the quantities Ia(k) and Lo(k), that are m.inimized-‘i.n ‘

Akaike information theoretic criterion. {AIC) a.nd in minimum description length

criterion with different interpretations such that ‘ T . *
4

Ia(k) = 2nHe(K) + 2k(2M-k) o -(2:345)

Lo(k) = ni(k) + 0.5K(2M-K)log n =~ T (2346)

“where, n is the nuaber of snapshots:

_Hi(k) is in turn defined as,

Y g T
+ P A . P B -
. . - i o AL . oo v ®
e . * . i e .
« o -:- - » e - . . . ,-h" . . -
T - « ¥ . , . - $ - v E3
- ! ""“ a N "‘::“-
: o < = o . R
- i - L T 25 . A
‘nts the totai power. of the incoming siznais it a.nd only if o,"=-0 ie when #
- L] oo St
, siznal to noise ratio is ini'inite R T UL
. SR . & . e R . t
- o - ; ,
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. M. - .y | e N . ! . s . bk A A - ‘
. N ) e - N L L ;e .;, - : - .
) < N '.. ' he T 2.6 ~ M ! hd . - - -
s o \H .;,.-‘. . - ‘:.’_.‘ . 'T\ o ~ ‘- . ..:.k : \ -.t . ) ‘.,‘ . .:' ;" ' -
’H:(k) E g z ILS. - " 5 -.- . ',' "' . - ‘.‘;, . e : '-':. e ‘_._ . i
i-k+1 T '«; .:‘ L e . R (2 3'4'7)
¥ where. M- is the number of sensors ‘in the array and Jes is the information loss '
.of the i“" conponent given by. e T LB I ..
. K ) . . . ‘. " " ‘I-‘ . . . B - -
e logi@/A) o DT N
. - ) T ' (2 3. 48)

A low signal to noise ratig

with o} being the true noise variance and 21 being the estimated i“‘ eizenvaiue

™

of the noise subspace. T - Lo

3
.

' The relationship for H,(k) given in eqn, (2347) rollows the definition

of ‘height of ignorance! given in section 3. 2 of chapter 3. Therefore Hx(k) is .

4 l

) referred to as t.‘ne height of ig'norance when k signals are assumed to be present

©-

.. In- general g is not known and hence an approximate vaiue is used. 'I‘his

is obtained by averaging the noise subspace’ eigenvalues, ie

-
-

N " H L ! ) ‘a
g = (M-K)-* ¥ 2, T ‘ -
’ i=k+1 . o _ , s (2'.3.49)
L The Vaiue k‘corresponding to the mininum value of I.(k) or Lo(k) will

be the number of sig'nals determined by the respective criterion From eqns. -

(23 45} and (2.3.46) it is clear that both the’ AIC and MDLC _ perform equally

'irrespective of the signal to noise ratio when the number of snapshots equal to .

both AIC and MDLC perform qually when the number of shapshots are finite. At .

, AIC provides better performance compared to MDLC

when r'>n., . LC provides better 'performance than the 'AIC when n<n.,.

lr'rnese are some of the observations that can be made from the equations (2.3.45)

-and (23 46) MDLC gives a consistent estimate [Zhao Krishnaiah and Bai (1987)]

Some of the work on the statistical performance of the AIC and MDLC for finite

data can be found in Wang and Kaveh .(1988) and Kaveh,. Wang and Hung (19873. . -

PR

13

-gome critical valun nc given by n¢=log“2 For- moderate signal to noise ratios ° o

o, ‘-—f_

LR N

-
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) ."2 3.5 Siznal and Noise Subspace Projection Operators

We have already obtained the proper orthogonal proj’ection matrix of the

»

* . H -\.-r'

"uncorrelated Our ain in this secti_on is to obtain the relationships between the -

ot

~

oise subspace and signal subspace projection matrices when the noise is N

spatially uncorrelated These relat.ionships will be exploited in’ chapter 4. . . o :é

v Once the ‘number of signals -K is obtained according to the sectlon 2. 3 4

O

e

' we can partition the space n(n) described by the eigenvectors into the signal o -

-

subspace Q.(n) and noise subspace nu(n)i The eigenvector matrices V,(n)

Y ~ N W - . =
T and Vn(n) for the signal subspace and noise subspace respect_ively can be written L
‘as. h T ) PR R “":'_ _-‘ﬁ'. SRS P
_V.(n);ﬁ-..[v,(n).v,i.(n').....irx(n)']‘ I NS LT
Y R S N - S (2:3.50). .
. V'.,(n)-[v%-,,(n) ¥xoa(D);....Vi(n)] _ e T T e T T .
ol o e IIEECEEE I %272 ) B s
. v(n) - [v-(n) vu(n)] . oo o N " < e - K - “:-_; - -__ e .
S * N N ~ {(2.3.52) - -
V(n) € C, Valn) € C*%, Vyln) € c~~<x—'== and O ‘.; e

-

Consider a vector y in the H dimensional space Jf we represent y as a..

-

N linear comblnation of the noise subspace eigenvectors we obtain yN (ny the =

estimate of ¥ on the noise subspace, . given by, b - . U -
S wewe L e T as
.where. ,,(n) is the weight vector - . R \
.If the estimation error of y is denoted by e(n) then, )
ydaeem. o o Eie e
s S e . @asy .. -

We can tind y,,(n). the beet estimate y in the least squares sense,,by

]

" minimizing the ‘quantity Ie(n)l’ with respect to w(n) with. the result

Vuo) = Palmy’ . LT LT 238y
and'.y;yu(nhe_..(n) L ‘ s o " (2.3.56).
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N . . -
- 28’ . .
~ ;heré. _
. B , . - o , . “ .
~ | Pa@ = V@MV T easn
~Under tttié' cond'it_ion.‘tne :'nininu_n error ;veetorl‘ es(n) is ortnoéona} to the vector
y..(n); | ' Q_ i ~~ 3 - . | ' |
- Similarly. the best estimate of y‘on the sig'nal subspace using the sig'nal
subspace eigenvectors can be written as -""' F' s -~;-1.°. .' : o ;'_‘_14? -
y-(n) - Pa()y ~ R :;l I "‘7«-’:3"-‘58’-i~“
wher'e, _ ] h_‘ : ) L -_ C _
Pali) = v.(n)lv."(nnr.(n)] =v."(n> - o tpass
At such that ) “; o ; . | e
V& Valn)+ et L “ T aaien)
with ‘en(n) being ortho-gonal to y.(n) | E ’ e ':_ P . |
PN(n) and P,(n). that are given by eqns. (2 35‘?) and {2 3. 59) can be o
shown to have the following properties
. 1. They are idempotent. le. '_ ) . 5
T P@P@=P@ - o a . S ey -
- . -2. They are Hermitian, .i.le..' - | - X .\ i
’ P(n) = P“.(n) : R R . PR _ (z.a._f_sz,) :
-3, Pw(n) = I = Paln),. | I ', | ‘ -' (2363) S
where I is/'an‘_identity natri:'\:.' ‘ : . o
T4, Pu(mPaln) = Pa@Pilm) = 0= . “2364)
where 0 is a null matri__::__._l_ _ | .
Sinee'PN(n)' and P,‘(n)' are ide‘mpo-tent and Het-mitian they repreeent the . .

-

' projectlon operators S0 that yN(n) and y.(n) represent the orthogonal projection '

. of the. vector y onto the noise, and signal subspaces respectively Since the ..

.signal and_noise eubspaces are mutually..orthogonal. the residual vec_tora eq(n), '



- . ‘ :
and e,.(n) in eqns. (2.3.56), and {2.3.60) lie in the signal, and noise-subspaces *- .
. respectivelv oL e R e T
Substituting eqn (2355) in eqn. (2 356) and Jising the property given i
in eqn. (2;3.63), we obtain C LT T e e R
- .p.(n)y- e-(n) ', e s T
-2 D - L OO (2365)'-".

B Hence. e.(n) represents the projeotion of ¥ onto the signal subspace Similarly.

‘substituting eqn (2 353} in (2 3:60) and using the property 3 we, obtain.

»>

.PN(n)Y = eu(n) . e - ‘ Yoo ‘._ . - (2 3 65)

- - < .. T

Therefore. e,q(n) represent the projections oi‘ V. onto the noise subspace

~oa

Further, it is also noteworthy that for the case of. the orthonormal eigenveotors,

-~

the proper orthogonal projection matrices reduce to, 7 -
Puln) = V..(n)vu"(n) R e R T (23.66)
Palm) = Va@Var(n) = 0 T i f oD N -k X1
24 Discussion - o T |

Rl

e Generalized "eigenvalue eige'nvector fdeco'mposition provides a general

framework for subspace decomposition in adaptive array processing Proper : ‘-

' A‘ orthogonai projection multiple signal classification (POP~MUSIC) can be con— .-

C sidered asg. a generallzed version of the MUSIC method POP-—MUSIC reduces to

‘MUSIC when the -noise s spatiaily ‘uncorrelated. Generalized- singularvaiue g

- - -~

sing'ularvector decomposition gives a numerically more stable solution compared )

to the generalized eigenvalue e‘igenvector decomposition. fl‘he use. ‘of the upper

. trianguiarized data matrices based on the Jacobi Givens rotation in place ‘of the

data natrices provides a computationally efficient way ~of solving the generalized,

-~

\eigenvaiue eigenvector deconposition or generalized singuiarvaiue singularvector

' decomposition in adaptive array processing Matrix triangular.fzation based on the-‘
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Ceme g - ARRAY PROCESSING : -_-_‘ SR
/AT Ao
¥ SO T T T .
- = ~- -_‘: -A.-_"."'l oon _.-.- - ‘.-T-__',} ": = -
Preview 'i‘pe use of the forward and- -backward technique has a very long

“ history Forward and backward techniques haue been.used -in sequential
processing as well as parallel processing Battice structures are general-

ly used in implementing the forward and -backward techniques But until

-~ .
e "W

now there had not been a simple technique for the parallel imple-
mentation of forward and backward tegh‘niques " in adaptive array
prooessing - .

We introduce 'flipping technique in implementing the forward

-~ 2

- and backward techniques in adaptive array processing. Flippmg techni-

que is not limjted to linear arrays But for successful application of

N

flipping technique the array geometry must .be symmetric For a given
input vector at the’ n‘h snapshot fhpping technique produces two
qte

vectors, one the conjugate reverse of the .lnput vector and the other
' %

the same as the input, as its output. It is showndthat the 1npu.t vector I

at n*® snapshot and its conjugate reverse are two dis_.tinct vectors that
have the same spatial cohe_rence relationship through ‘the array. Any
vector d‘:at has the same spatial coherenc.e relationship can be used in

a o . -

construct.ing the 1nput data matrix.

The data matrix that is constructed by using flipping technique
is then used to obtain the cross spectral densit’yr mwixﬁsﬁmate_ P

31 - - : .
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” 777 'Heighit”of igmoramce’ and 'K-perturbation’ are introduc'ed as a measure
,-.-_--".-.....’:.-_»- T AL ST

" of perfofmance for the estima’t:ed cross spectral density macrix.” A-small

. e value of height of ignorance and K-perturbation indicates thet the cross

- Nl SRS 4

spectral density matrix .estimate, 1s closer to the ~true cmas spectral

P - A T

RS density matrix estimate. The cross spectral density matrix obtained by

-, _using the flipping technique provides a smaller value of height of ig-

“» - a

norance and K—perturbation compared to the cross,spectrai density

-

natrix estimate obtained without flipping Simulation is performed for a
oy knownesignal and noise environment Through simulation it is found _

s

that the,. height of ignorance of the cross’ spectrai den‘sity matrix
-r.estimaté obtained by using flipping technique is one half of the height

R of ignorance of the unflipped cross spectral density- matrix estimate.
- - - * ‘: .': ..

1.’ [N

s 31 Flipping TeéChnique: ... . S

W’e"‘have already assumed that the signal and- noise environment is

» , P

stationary Under this aSSumption’., we make use of the vector u(n) to c‘onstruct a

Y s IO -

new datayector u™(n) which represents .,the‘con;jugate reverse of u{p) at-n="’
snapshot'. Leo (Lt L

-
- e -
’

; u“(n) (u:"(n)u.,_; {n),...w,"()* - - 0

-

IR TR
_where. J e (M 1)/2 M is odd []" denotes the comiugate reVerse of [.], ahd. [:.]‘

-~ ..’
- - -

e denotes the complex conjt_:ga_t_e of [.]. R - ’ AR ;

“ - o -~

L

. The formation of .new data ‘vector u™(fl) at ‘each snapshot~ 'ie named as -

~, - - -

o 'ﬂipping' while the network that prcduces the vettor pair (u"(n) u(n)) as the -
@L output for a given input u(n) is named as the: 'flipping network' Flipping
c‘ i T
N netwcrlc is ‘shown .as- a part of the Fig. 2.1. The palr of veptors (u"(n) u(n}} is

f - '

=" shown to have the following property: . . - " s L

e



~ 7 "The statement of the. property 3.1 can be justified as follows:

. U(_2:-n) - [u“(l).u(l).u"(2).u(2)..-..u“(rl).u(n)]_

Property 3.1 o : e T _ =

.. The vectors u(n) and u"(n) have the same spatial coherence relationship th.rough

o
e

" the array. ' o ? »

Rewriting the eqn. (2.1.9),

D(®)s(n) + u(nd. SE[Omir@masd]

" uln) = e . (3.1.2)
v(n), . wé[w..m. ....‘] .
;'We observe that the conjugate reverse u"(n) of vector u(n) at n=» snapshot is
given by.
 [(Di@)s=() + ¥MD), OE[OminiOman] | . . -
u™(n) = - L ' - S s (3.1.3)

v™(n), - 0§ 0ninOanx]
Spatial correl‘ation “through the array depends only on the directmn

vector matrix D(B) and it is the same for both u(n) and u™{n).-Therefore,. two .

. distinct vectors, u(n) and its corngate reverse u™(n) have the samé spatml .

'_'correlation through the’ array Here, we consider spatlally uncorrelated noise in.

order to make our analysis simpler

B‘y making use of the vector pair (u"{n) u(n)). we. can construct a new

[T

‘data matrix U(2: n) such that,

g : . (3.1.4)
where. U(2:n) € C"""‘. ‘

Then “the new cross spectral dens:.ty matrix ¢(2:n) at n*® snapshot can

be written as,

o2:n) = (2m)=2. B2m)U™2:n)
(3.1.5)

where, ®(2:n) € C* =,

Using eqn. (2.1.13), the data matrix U(2:n) can also be wiitten as,



U ‘D(B)S(2'n) + H(2 n). mE[wmm-u.] -
U(2:n) =,

N(a n}! @é[@m(ﬂ-.&]
: R ) (3.1.6)
where. D(e) is 2 Vandermonde ma determined by the angle of arrival 8,, 1 =~
L2k, “\\k‘ o o~

14,".

- S(zm) = [ (1)3(0) 8N @32 s?(n);é{n)l' -
‘N(?.:n) = P UMDINRER). u*(n) vl T
5(2 n) € C*=an, and N(2in) € €2,
‘ .\\ _ Under the- assumption that the signals and nolse are uncorrelated eqn. ,
(3._1.5? can_be written as,

- D(6)®an(2:n)D™(B) + Ouu(2:), WE[Vin@man]
o2m) = 4 - '

evv(a:n) . n a’q[wulwmn-x]
‘ - - . (3.1.7)
where, ®aa(2:n) = (2n)~* $(2:n)S™(2:n) . '
. ' : {3.1.8}
®..(2:n) = (2n)~* N(2:n)N™(2:n), Y
. : ‘ T (3.1.9)

Qan(2:n) € C*=%, &, _(2:n) € C _
Eqns. (3.1.8) and (3.1.9) can easily be shown to have the folllo-;uing

relationships,

Oua(2:n) = .5[0naln) + Gua™(n)]

. (3.1.10)
®..(2mm) = S5[@..(n) + ¢.."(n}]

T (3.1a1)
where, the 1" element ¢..c15"(n) of the matrix @,..™(n) is related to the

i7" element $..c15(n) of the matrix ¢..{n) by the relationship, )
Surcan™(N) = P moterim—geny(n),
(3.1.12)
o,,(n) € C=*, and @..(n), o,.,"(n) & oo
Let the true cross spectral density matrix be © € C*™™. True cross
spectral density matrix can be obtained with the knowledge of the signals and

noise environment. We now have two matricés &(n) and ®&(2:n} as the estimate of,

the c¢ross spectral density matrix @. Out of these two cross spectré.l density

3
3
\



-atrix estinates we- have to find out. the on.e which is the cJ.oser to the true S

L

cross, spectral density natrix . A perfomance neasure has to be defined in

EETS

. achievmg t.his.s " -‘_'ﬂ L v i

. - -~ - - LT - oA Ca e

3.2 A perfor-a.nce measure: . ~ Lo e ~
- Let us-first consider the. cross spectral density matrix pair
(0 0(2 n)). Since both @ and 0(2 n) matrices are Hermitlan there exist unitary

_,natrices Q and Q(2 n) such that

-, QOQT = A, and- L o - ST . .
B S - (81.13) 7
'0(2 n)¢(2 n)Q"(2 n) = A(2 n), . IR

— ] PR : LT (3.1.14)
- where, 7 777 e ‘ o T
CA = daglii e du ) C
- Lot __— (3.1.15)
A(2in)- = diag(2,(2:n),22{2:n),.... Ax(2:0}), S
C . (3.1.16)
- diagonal.elements in matrices A and A(2:n) are in descending order, s
QQ" =1, Q{2:n)Q™{2:n) = I, - .
L ' (3.1.17)

. I.is an identity matrix and '

Q .Q(2:n) € C** and :
o (3.1.18)
A . A(2:n) € C ™,

’ {3. 1 19)

“The columns of the matrices Q and Q{2: n) also represent the e:gen—

-.~\7ectors_ of the c;gss-spectfel density matrices @ and &(2:n} re’spectively whereas - .

the diagoha; matrices A and A(a:n)"consist of 'ﬁhe_eigenvalues of the matrices
K. enq ®(2:n) ree'pectiirely as th.e diagonal elements. | .

As we ‘ heve..shown in the'-chapter 2, &e l.argest K' diagenal elemerits of
the matrices A and A(2:n} corres;':ond to the power associeted wieh the signal
subspeee besis vectors while the M-K eigenvalues fepresent the ‘power -aesociated

with the noise subspace basis vectors. We can now obtain the dominant mode or.
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- . - -t

the M=P order signal cross spectral density matrix 0.."". and an. estimate of it,
sa®(2:n) by removing‘the noise fron the cross spectral density natrices 0 and ..

@(2:n) respectively This noise suppression can- be achievea by substituting zeros '

in the place of H-K smallest eigenvalues The signal cross spectral dehsity -

K

. natrices o,.‘“’ and 0..“"(2 n) can therefore be written as. .

Qaa? = Q"A-M,Q and - . . .o ‘ i Lo - .
‘ L e T - o ' (3.1:20)
Paa™(2:0) = Q*(2:n)Aa™*(2:n)Q(2in) N - - T
- T LT PR - (3.1.21)

- Aﬂ L-. 0 T . ': * _‘- i ) .-
where, Aa®®? =} ——————- Co - . e oo '
SRR N e (31.22)

. [Aa@m) | 0]. - .‘ ;L

Aa®?(2in) = | m==mm————— . o - . .

s N BV O A - L (8123) .
. A = dlag(Radarende ) . L - . Lo - .
o e T ' (3.1.24)
- As(2m) = diag(R.(2:n),22(2:0), ... Axc(2:0)). . -
oL . . SR (3.1.25)
- K is the number of signals, ®55%9, Qua®(2:n).Ae™,Aa™?(2:n) € C™rX,

. . ,'
Aa Aa(2in) € C=%, '

- Under the assumption t'.hat u(n) is Gaussia.n distributed the information

‘content (I} of the true Cross spectral density matrix ¢ and estimdted cross

' .spectra_l density,matrix @(2:n) are propoertionately given by,

L) log 0ay, and | -
(3.1.26)

.- I¢(0(2 n)) log |°auw)(2 n)I

(3 1.27)
. where, |.J denotes the pseudo deterninant defined as the largest value: of the

~r

. deterzninant of the minors of the cross spectral density matrix, . Ic(®)} and
L.(®(2:n)) dencte ‘the information content of the matrices @ and 0(2:ni respective-

- ) - R

The difference between Ic(®) and Io(®(2:n)) describes' the, amount of

~ tgnorance we have about the 'system and hence it can be used as a performance



neasure of a estimated cross spectral density matrix.
. Definition 3.1 ot .
We define a term 'height of '-iﬁnorance}(ﬂ,)' between the cross .spectral density

matrix pa}.r {0.®(2:n}) as, ~

1®aa™. " -
H:(®,8(2:n)) » log —m
Ioﬂam)(a:n)'
(3.1.28)
Theorem 3.1 .
: . ._. ) ' 3 B °-‘
The height of igmorance (H:) has the relationship, : -
- K _ ‘
0 Hx(0,9(2:n)) = Z IL(k)(oﬂﬂ(-’loﬂu(“’(Z:n))
* k=1
: (3.1.29) *

where, I;,(k,(G..‘f".O,g‘“’(a:n)) is the information loss of the k*® signal

subspace component given by,

Aw . B e

I:."(k) (Paa™.055(2:n)) = 103’ -
A (2:n) : - /
. (3.1.30)
Proof
By taking pseudo determinant on both sides of the egns. (3.1.20) and (3.1.21) énd
. ' .
using the fact that the unitary trané.formations are norm preserving, we obtain,
'I@--(“,l -'H Rk and . . -
o k=1 ' : (3.1.31)
- K .
|°-¢0‘“(2.:n)] = I Awnl(2:n).
-~ k=l o (3.1.32)

Then, H: can be written as,
.2
k=1
H:(@®.@(2:n})) = log
K . -
I Ax{2:n)
k=1 ! s
(3.1.33)



B - i . s .ﬁ i
W .
g K - ~v2k‘ e N ) e ] "- . .
s Elegl—= L. o L
O k=1 Rg(2:n) A - o d o ot T
- Dt e o - L oo (3.1.34) +
’ . ‘ - . Aw - . b S "t
I:.(k)(os-o“ne;o.(u)(z:n)) = log == - " e T
S thdem) : S .
’ - s ©o(3.1. 35)

’ Then, Izoo(@ea®™, 0,,‘"’(2 I}) represents the information loss of the k*=" signal

subspace component: of the matrix pair (©,=90 .,"_"!(2:n)). Eqn.- {3.1.34) now e

be-cones, ’ _ - -
K . St
Hx(tb ®(2:m)) = T Ltao (Pee ™, o..‘"’(a n)) T S ST
k=1 e :

If the estimated cross spectral density matrix 0(2°n) is equal to the true
. cross spectral density matrix @, then, the height of ignorance (Hx) becomes zero
indicating that there is no ignorance about the system On the other hand, if the
estimated dominant mode cross spectral -density . matrix is zero. H= becomes .
infinite and hence there is absolutely no information available about the system,
ie. total ignorance about the system. ‘Therefore, the lower is the value of Hi,
* the beltter is ‘the estimated 'cross -s.'péctral ‘density ma'tri_x. Hence the height ofl

ignorance provides a reasonable way of comparing'the two estimates @(n) and

&(2:n). The: ‘height‘ of ignorance (H:) for &(n) and &(2:n) can therefore be written

as, -
K- Ak .
H:(0,®(n)) = T log’ , ., and
k=1 Aw(n} .
. N . . . - (8.1.36)
- v i S
H:(®.0(2:n)) = ¥ log
. k=1 X,..(Z'n) IS PO
. : . : (3137)

The height of ignoranee . itseif may not be  sufficient to obtain the

4

closeness of a cross spectral density matrix to the true cross spectra.l density

matrix. We should also consider the J‘pertt.'rbation of the est.inated slgnal subspace

~
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from the true signal subspace Qu. In order to analyze the deviation of

signal subspace from the true sig'n_al. subspace we make the

/ following definitich in the light of the work by Wang and Kaveh (1986).

ot

Dei'inition 3.2 -
K- Perturbation (a,:(o O(2: n))‘is defined as, - ’

a.t(ootz n))-cos“[l{qu}"qxwtz )l R

where K is the number of signals, q,;“"(a n} and g™’ are the Kt golumns of

_ the matrices Q,(z n) and Qs respectively. |[ denotes the absolute valrue

h We know the fact that the‘ eigenvector corresponding to the smallest
eigenvalue is the most perturbed eigenvector compared to the rest of the -
eigenvectors Therefore a,.(o ®(2: n)) will be the largest perturbation angle that
can e\cist in the estimated signal subspace If the estimated signal subspace is in. .
coincidence with the true subspaces. then the K-perturbation angle i3 zero.
Therefore, the lower the is the K- perturbation angle the better the estimated
“cross spectral density. matrix. Hence the K—perturbation_angle .provide a reason-
able measure to conpare the cloeeness of the estimated cross spec'tral density

matrix to the true cross spectralsdensity natrix K-Perturbation angles for the

~ estimated cross -spectral density matrices O(n) and ®(2:n) can thererore be written

as,

- -un(9-°(n))=003“[l{qx"’}“.qx‘.*"

| ox(@,0(2:m))= 05~ [1{ax ) e

3.3 Sinulation Results ,'

For the purpose of simu.lation we - consider two narrow band signals



‘ directions. The target signal a_nd the interference .are assumed to be coming from o

R

0T - v

reaching an array consisﬁng of five eq-nally sei:arated sénsors, in distinct

the directions sin=* (0.2) and sin=* (-0.4) tively. We further assume that

0

the 1nconing signals. are uncorrelated and the signals and noise are uncorrelated.

We consider the cases where signa.l to noise ratio (SNR) is 20 dB and inter-
.

ference to noise ratics are 40 dB 30°dB and 20 dB

We consider one hundred snapshots After averaging over 200 -independ- .

. ent realizations. the height of ignorance and the K- Perturbation of the cross

h - spectral density matrices ®(n)and ¢(2 n) are tabulated in-the Tables 3.1 and 3.2

respectively for three: different interference to noise’ ratio (INR) values. It can

‘be seen that the height‘of', ignorance and,' -the ‘K.—Perturbation cf the cross

spectral density' matrix ®(2:n) are smaller than the'height of ‘fgnorance of the

" cross spectral density mat.rix O(n) Therefore. the cross spectral density matrix

-

&(2:n) provides a better est_imate for the Cross spectral density matrix @ than the

: _cross spectral density natrix O(n) ‘The exact relationship of height of iznorance

] for the estimated cross spectral density matrices o(n) and 0(2 n) is not clear

- <
Therefore, the forward and backward - techmques should provide an

improved performance in adaptive array processing. The performance ‘of the

:'flipping as appiied to the minimum variance distortionless response (MVDR)

© 3.4 .’Discu.ssion o

beamformer will be given in chapter 6. . . -

Flipping technique provides a- suitable structure for systolic array

"

';.implementation “of forward and backward techniques in adaptive array processing

The cross spectra.l density natrix obtained by using the flipping technique is a

better'estizna'te c_onpared to the unflipped cross. spectral density matrix. There-

..
n



-
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fore the use of the flipping tect_}_nique should prot}ide inpfoved perjf,'briﬁance in

adaptive aE‘ray processing for symetr;ce arrays'.' 'ﬁ‘lipping technii:;ﬁei c_:énhof'. bé'_'

u;;ecf ‘éith-‘asygumetri'c arrays.

Height of Ignorekmce_‘ '(Hz)-fbr 0(‘;1)-aﬁd ®(2:n)

" INR dB
4Q

30
20

INR dB
40
T 30

20 :

Table 3.1

BOOM) - H®on) -

0.0051 . 0.0021 P
0.0041 ‘0.0023 -~
0.0045 0.0030

Table 3.2

R-Perturbation

* Oy (9,8(n)) G (9,8(2:n)) .

[ 4
0.011 L. 00072
0.029 0.0194
-0.124 0.0075

-t

‘v‘~
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BEARINGS ESTIIVIATION IN ADAPTIVE .

v
©
e

ARRAY PROCESSING ’

-

\ . .. '.‘ - - = T

Bearing estimation in adaptive array processing means the estimation of

the number of signals and their a.ngles of arrivals Super resolution

techniques based on subspace decomposition are considered in this '

chapter. oo . . SRR

~ -

Limitations of the modified fc;mj}a' “ahd .bac}tward :ii'near
prediction\ (MFBLP) is studied. It is shown that the MFBLP is sensitive
to the eigenvalue spread of the signal cross spectra.l density matrix for o
finite number of snapshots Further MFBLP can provide an unbiased
estimate only at: ini‘inite signal to noise ratio |

To overcome. these limitations we introduce a modification to

the modified forward and backward linear prediction(M—MFBLP) This

! irnprove'ment is achieved by using the normal equation with noise

rEmoved in place of the normai equation with noise only partialiy .

A

removed as in MFBLP, In MFBLP a noisy vector is projected -on” to the

' . column space of the noise partially removed sig'nal oniy cross spectral

A density matrix whereas in M-MFBLP a noise removed vector is proJec— "

'_ ted on to the coiumn space of the noise removed signal crcss spectra.l g

L.

. density natrix On the other hand in linear prediction a noisy vector B

-

. is projected on to the colu.mn space of ‘the cross spectral density

- natrix For smaller number “of snapshots M—MFBLP provides improved .

-

42 .
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-"-density matrix is known(Appendix 4a) Of course the knowledge of the e

",-,Qtrue cross spectral density matrix is not available in practiee and hence L

'Since the eigenvectors are asymptotically not affected’ by the signal tO‘ g
o 'noise ratio. we could also obtain a bearing.estimate which is indepen- .\_‘

dent of the signal to noise rat.io by defining a bearing estimate which

: umatec) cross spectral density matrix makes the bearing e.stimation .

cross spectral density natrix Furthernore. :5."__': - .'-_' ' :

M-MFBLP provides asymptotically unbiased estimate

S Spectral estimate derived by using either MFBLP or M-MFBLP '—"‘-j_ ‘ B

depends not only on . the perturbation of eigenvectors of the cross*j P -:‘).Ii'-'i‘:?':

. spectral density matrix but also on the perturbation of the eigenvalues" AR,

L

S

Adepend oniy on the eigenvectors s o . . . “-7__--‘ el

The techniques which depend on.ly on the _e_ige_nvectors are.

n.‘,, - s

: unaffected by the signal to noise ratio prov:ded the true cross spectral

. W L

'-the estimated cross spectra.l density matrix is used The use of es—-1 ~

)., ~ o

e techniques based on eigenvectors alone such as proper orthogonnal "; oy
projection multiple signal classification tPOP MUSIC) falnily depend oh ’ .'f.--- ”

) the signal to noise ratio But this dependence will not be severe ‘as :it Tt

B which p;:yde a deeper insight into the MUSIC method ceometric"

N -

is 1“ MFBLP 01‘ “any other conventional and high resolutlon techniques T

i Two spectral estimates. named P—HUSIC-Euc and POP— E
HUSIC-Elen are derived based on the proper orthogonal projection‘ A_ ST

relatioShip between the POP-MUSIC-Euc and POP-MUSIC i N
: AN

Mgiven It is shown that POP-HUSIC Elem prov1des sharpen peaks ol

’ _conpared to” the POP-MUSIC—Euc At this point.. it is wort_hwhile_to A



---\. - ,-.r ~

% PR ., . .’_rf

- : -~ [

" ot our knowledge .the- occurrence of, dominant 'spurious peaks in POP-‘ -

2T 5 . : TAT LULEL T

'-Zg MUSIC-Elen is ver:y rare inwpractice rf the true cross spectt:al density

. natrix is* known neither POP-—MUSIC-Euc estimate nor POP-P!USIC

»

Elern estinate is affected by the signal to noise ratio This is mainly

- T -

e \- . - r

practice estimated cross spectral density matrix As generally used in N i

RS L
- ‘.‘-\

-~ .’-!'bSIC bearing estinates are ai‘fected by the signal to noise ratio

.- \‘ . '-" te
-

~Purther, it is sh0wn thnt the minimum norm methodt used in besring .

est,imation is a special case of the POP-MUSIC—Elem Additionally. the ‘

e "_- ~

generaiized nininun norm technique is 1ntroduced ’ ‘-‘""; - a

S

- - Ny -

- As wascmentioned earlier theoretically there is no limitation to .

. L.

the resolution capabilities of the MUSIC method if the true Cross

T .:_‘_-‘ spectral density matrix s known._But in practice due to the errors in R

at RN -

-~ the estimated cross spectral dens‘ity matrix. the resolution capabilities "-‘ R

Ve - - LR N

of theﬁUSIC method w.ill be limited The. errors in the‘ cross spectral

- - “u. = -

PR - ~

' - density matrix causes a rotat10n oi' the subspaces frou the true

- - < _

subspaces and tha't leads to the linitation in the resolution capabilities

,: .—-,-.

S of the POP-MUSIC nethod Rotational correct.ion nultiple siznal

R . L.

: -estimated subspaces and’ hence improved resolution capabiIities over the'

Y - e .

-because 'in both POP—MUSIC—Euc ancr Poi:—MiJsm Eiem.. eigenvectors i

v - - N . N N

that are not affected by the signal to' noise ratio are used But— in -

the piace of t.he true c;;oss spectral density matrix end hence the POP— . '

classii'ication (ROC-HUSIC) is introduced in correcting the errors in the - )

~
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rest of the spectr‘a. --‘I'he rotational correction is performed using the -

'] - !y.' .
plane rotation In ROC-MUSIC due to the non-existence of an u.nique :

G

criterion in g'uidlnp the rotation we could not achieve the expected -~

1dea1 perfornance. However. it <-is . observed that the ROC—.-MUSIC

spectrum is capable of praviding improved resolution over theg?-esc'of

-the spectra if a suitable crlterion is found in guiding the rotation. = e
Additionally. computer simulation results are presented e ‘.;_"';. +

'rhe spectral est;lmation techniques such as high resolution and “:'.-'“' - -’*.';
super resolutlon techniques which are based c;n the eigenstructure of d 4“'.‘:‘?

-

the cross spectral density matrix will fail to perform under’the e

coherent signal environment. In the ‘presence of coherent signal .
environment, the signal cross spectral dens.*fty matrix become rank defi- _.;_, :
cient. In general, the rank of the cross spectral density matrix is Ai;"
.recovered by T‘t'zsing the spditial smooth:ing preprocessing of° the cross - s7

=3

spec__tral density metrix.' To our knowledge existing literature cc:nsidef3 '

only the case where all the incoming signals are coherent. Further, in )

éele'cting' the -number of subarrays it is assumed that the number of ]

- 0

incoming signals are "known, which is not a valid assumption in

practice. Even with this assumption there does not exist a methodology

slignals that are coherent is nat knowr_:rq'

Here we st‘ugy the effect -o'f ‘sp_atial smoothing in -
general framework where two or more signals are coherent. A methodo- . "+
logy is formulated to estinatedthe number of incoming signals and the
optimal number_ of'._\:.';ubarrays concurrently.

- L A

- We also present the 'adaptive spatial data snooth.?ng preproc-

)

- -
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eesing "(ASDSP)' scheme in recovering the rank’ of the data matrix

\.

o .@dapﬂvely and hence the rank of ‘the cross spectral density :natrix. In

T b - =

, -

.constructled_and;._ hence it is computationally  more -stable and e{frcient ’

compared.to"tile vspatial smoothing' of th'é&"cross Epectral ~density natrix )

n ~ -
-~

Both ASDSP and .the spatial cross. spectral density matrix snocthing

S .t

perform under’ the same principle. A suitable systolic array structure is

presented for VLSI implenentntion of the adaptive spatial data fémoo-tlﬁn—,

¥

» .ing preprocessing scheme. Computer simulation results are presented. E

. -
-,

4.1 Hodifioauon to the Modified Forward and Backward Linear Prediction -

(M—HFBLP)

- . -
L >

LIS - T
- .

4.1.1 Introduction -~ . ' SRR
: ' w - .
We consider; the"'case where the noise is spatially uncorrelated. The_bas.'ic

e

nature of the M—MFBLP can be found in sTuft and Kumaresan (1982}, and Hayk’-ih

(1986). In general forward and backward linear prediction (FBLP} finally reduces

L

to the solution of the noruial equation .

o(2:n)a -~ b(2:n) L

where, ®(2:n) € cwﬂt o I

oA y

- ®(2:n) is the est.imated Cross spectral Aensity matrix and it contains the elenlents

$s4(2:n), ijr012...,M1 ‘

bT(2:n) = (os(2:n), ¢°,f2-n),-.. .¢°,.(2-n))}- and a is the prediction fiiter .

vector, notation (2: nI follows the _definition ziven in chapter 3 -

.

- In the MFBLP, the solution of the normal equation is performed in-

several steps., T T -

-

3 ASDSP,, cross~ spectral density matrices. for each 'subarray- are not



step 1 A larze aperture size. prediction tilter is used

.. . »

.step 2:In the place ot &(2:n), ‘noise renoved ‘cross Spectral density matrix | )

Al

-
-

SR . ®aa ‘"’(2.n) s used The' noise removed cross spectral density matrix o

- " st

. : o ""(2-n) is obtained by nsing the Hermitian eigenvalue eigenvector-

L -

.. . deconposition of ‘the natr.ﬂ'( 0(2 n) and can be written as.

_' ~.—'"—-'T"". , - Qaa “"(2 n) = V,(z.n)A.(z.n)V,"(z.n) “ : : B - -
“where A,(z-n) represents the estimated si@al space eigenvalue matrix
R and’ V.(2-n) 18 the corresponding eigenvector matrix. and
Aa(zn)=diag(z,(2:0), Aa(2im). .o A0, o N |
step 3 The prediction filter vector a is obtained as the minimun norm solution
to the normal equation and it is given by, SR

a = [@.,"‘"(2 n)}‘b(z n) where [.]* denotes the pseudo inverse of {]

MFBLP provide a biased estimate due to the: remaininé noise ‘1n the -~
- signal eigenvalues, It can easily be made asynptotically nnpiased by subtractmg
| , t.he smallest eigenvalue ‘from t.ne rest of the eigenvalues. ie we_modif_y the.step
2 such that, .‘ |
. n,(z:n)=diag()(,(2:n).2,iz:n).;...A.‘(Z:n))-x..(z':n)l
where.R;,- i=1,2,..M are the eiﬁemgalues of &(2:n}, I'is an identitp' matrix, and
Awl2:n) is the smallest-eigenyalne.
" The vector b{2:n) that is used in ME:QLP- contains tﬁe“ elements of the
'cross.spectra"i densi.t;r matri:r §(I2:n). and .it is a noisy \iector: This will deterior-
ate the performance of th_.e nodified ..forsierd and .bac}_cward\ linear prediction -
depending on_ the anount'- o"f‘ noise perturbati'on ‘in-the 'vector b(%:n) and more '

importantly, when the perturbation is not orthegonal to- the column space of the

signal cross spectral density’ atrix. Perturbauon vector of this nature may

-

)
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specially be observed at"smaqn_ll..nunb-er of sha:;shots;. '
We propose a nodifiéétion i:o thé‘ ‘modified fofward and backv-eard linear
pmdicdon (M-HFBLP'). In r;!—zma;.p. we first  form the cross spectral density
matrix @®™-)(n) of order “(H+1) .and. then repoving the ,ndi'se and by p&rtitioning
we obtéin a 'poise _r;noved vecf.or btz:n) and the asymptotically noise free cross
spectral density matrix 0°(n) of order M which will later be used in the

normal equation.

| 4.1.2 Effect of signal eigenvalue spread on MFBLP P

Let the noise perturba;ion .of vector b(2:n) at n*" snapshot be &b(2:n). It
-i1s now important to é.tudy the ;;fféct of the perturbation vector 6b(2:n) on the
vector a. To do this we formulate the following Theorem.
Theorem 4.1
Let consider the noise free normal equation

A

Ous®™(2:n)a = b(2:n).

) _ . S , {(4.1.1)
The relative change of b(2:n) by &b(2:n) produces a change in 2 by 5a. and the

‘relative change of a is bounded by the relative change of b{2:n) such that,

15al : 16b(2:n)1
éup e C(Q-a(n)(z:n))
lal ©Ib{2:m)]
- (4.1.2)
where,
c(®gs(2:n)) = signal eigenvalue spread -
{4.1.3)
Proof
If the vector b(2:n) in the noise free normal eqn.,
Qo™ {2:n)Ja = b(2:n),
{4.1.4)

is perturbed by the amount §b{2:n), the vector a will also be perturbed by the

-
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Ao

."‘anount 6a"'ziven by,
“0.. o0(2:n){a+ba) = b(2:n)'+6b(2:n).
Eqns (4 1.4) and (4 1 5) simplified to
""’{2 n)6a =. 6b(2:n). '
- Eqn. {4.1.6) can also be written éé.
ba’ = [o..m(a n)]'éb(z nj.
Dividing the eqn (4.1.7) by |a| we obtain
- ba R

— = [®aa®"(2:n)]"
lal lal

wherg;. I.I_.‘denotes a suitable norm 'of a yebtor or a rmatrix.
Us.’iﬁg Schwa:tfi inequality in e.qn. (4;i.4).'p§.é obtain,

Ib(2:n)| < 10aa®™0(2:n}| Ja] - |

1l.e.- lal 2 [®aa™(2:)12 Ib(2:n)].

Eqns. (4.i.8) and (4.1.10) ;ca!.n be used to ob;ai_n-the rélétionsl"lip.

ba &b{2:n}
- < l@-.“"(a:n) l [opu(“) (2:“)].
lal I

Usiné Sct_martz inequality in eqn. (4.1.11) we obtain,

1%al j6b(2n)] -

- £ ¢(®an™2:n)) —v,
jal- TIPISY I

where, c(®pe ®(2:n)) = [04a™(2:n)] | {®aa®(2:n)]"|

I%a} . ) [6b(2:n)1
) ie. sup — = C(O..""(B:n})

lal [b(2:n}l
If we use the spectral norm,

C{@aa(2:n))=R5 /A

=gignal eigenvalue spread,

where, 4, and A, are the largest and smallest signal eigenvalues respectively.

-~

(4.1.6)

© (4.1

{4.1.8)

'(q'.l'.S)'

(4.110) »

(4.1.11)

(4.1.12)_

{4.1.13)

b



-

’ Jhere, Pal2: ) - o,.f“’(a n)[o..°'>(2 n)]*

Let t'.he project:ion of 6b(2.n} on the column space of the matrix'

Oaa “"(2.:1) be’ Gb,(z.n). then, fron eqns. (4.1.6) and (4:1.7) we obtain.

_ Sba(2n) = Pa(@m)bblam) v ". I

LI

P.(2.n) denote.s the signal subspace projection matrix. Additionally P..(z n) also

has the relationship. WU I

P-(Z r;) = Va0o(2: n)[Vs""(2 n)]“

-

We have assumed that the signals and noise are asymptotically uncor:re—

lated Therefore 'for Iarger number of ~snapshor.s. noise perturbation vector

- 6b(2 n) is onthogonal to the s:lgnal subspace Pal2: n) and hence 6b.,(2 n) will be a

b

null vector. But for small number of snapshots éb,(z.n) may not be perpendicular
to the signal ‘subspace. From the Theorem 3.1 it is clear that the larger is the
eigenva.lue spread of the signal_crose spectral density matrix the larger_ is.the

variance of the hearing estimate’ for finite number ,of snapshots. Since we have

S
.

no control over the eigenvalue spread. this problem, can be overcome by remov-

ing the perturbation vector Sby(2:n). '

4.1.3-Formulation of the M-MFBLP

We start with a brief introduction to the division of array elements into. -

~§ubarrays. We consider a linear array consisting of M. ‘even number of sensors;

The input vector at n*" snapshot ur(n) is given by,

ux(n) = (u;(n).ua(n).....um(n))f- o . " ' g

{please note that ,.;-_is the same‘ as M)

where. [.] denotes the transpose of [.]. .
In. forward and backward linear prediction, we divide the array of M.

elements into J overlapping subarrays such that each subarray consist of M
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'..'-eleuents where M wiil be “the length of ‘the prediction filter The division of the

L]
1.

aubarray i.s done such that they oveﬂap. i e. serisors {'1 2,... .M} form the first f =

.‘subarnay. sensors‘ {2.3...‘..1'4!*71}7 form -the second sube_t_rrag and- _so__ on. k_Hence.,_f.he-

number of subarrays is given by, = . T ST

I . (4.1:28) -

. . -
t K - .

JaMi-M+1

In- modified forward and backward linear prediction. the . size of _the

'subarray or the order of the pred.ict.ion filter is chosen such that [Tuft and

Kumaresan (1982).:,Hay!’dn (198'6)]. ' .
M = 10.75M] 0. : |
o ; - (4.1,15) .
where |Joaa denotes the.nearest odd number. S
e
Combining eqns (4.1. 14) and (4 1. 15) we obtain.
J =0 25M-,-+1_! ' ' B o .
: ; S (4.1.16)

[ denotes the nearest lower integer.

For the j*® subarray, the data vector at'tbe n= sna;ishot is‘give'n'by. .

* 4

y(n) = (Ug{n)Uym s (N)yeenilsundD))™. ' '

) ; , C4117) .
We now form the data matrix Us{(2:n) for the n* snapshot such that, !

: Ual2:n) = [ui(n).li;"(n).yq(n)'.ug“(n):...iu_,(n).u_r"(n)I ‘ '
. ) (4.1.18).
Ua(2:n) € C™27 o . - S

Then, the complete data matrix U(2:n) after n®" snapshot can be c‘onstructed S0
. - d \

. 1
* o

that, . > o , - N

! . -

U@n) = (Ua(2:1).Ua(2:2)Ua(2m)] _ L
‘ T . (4.1.19)
U(2:n) € Cremn, ’ ’ : ' L '

4

4+

We employ the Jacobi—Givens rotation by premultiplfing the matrix

L gn2: n} by a unitary matrix, Q"(a n) E C‘"‘-”‘““-’ resulting in an- upper triangu—

R

‘ 1ar matrix R™(2:n) E Creme, t

Matrix R™(2mn) can be obtained adaptively using the flipping network and



" the matrix t‘rienguleriz'etion-'-syetoiié array structure. The’ inplementation-is,. the. -

:'eameas'_tbe adaptive spatial date 'snoothine preprocessing salene thet-~w111 -be" SO

given in section 4.4.- Due to this inherent adaptive: spatlal data smuothing. . . S

; 'MFBLP or M MFBLP can be used . even when the incoming signels are coherent

" now be written us,

otD(2m) = R-D(2m)RS-DED)]E e - :

e . T e
—_— Pl

'l‘he estinated signal and noise cross spectral density natrix of2: n) can

o(2: n) U(2'n)U"(2 n) . - - N ' . L
= R(2:n)R"(2:n), &(2:n) € crem, ) SRR o

‘ ' - (4.1.20)-
Now in developing the M-MFBLP, we First consider a subarray of size .

H+1 and generate the cross spectral density matrix om*”(a n} given by. <. -

i -

, . (4.1.21)

a oc"*“(zm} s . :

. (42.22)°
Then perfoming the Hermitian eigenvalue eigenveotor decomposition on the

Qqp™22(2:n),

1

- "
Oaa ™2)(2:0) = Va™=22(2:n)Aq ™~ (2:)[Va® > (2:0)]"

{4.1.23)

where, N .

ELad

'n.("'*.?)_(\é‘:n)s:diag(x,f"'-n(z:n).x..("**)(2:::). : - N

; ceen A O =>(2:n))—,z,.<~-1>(2:n)1.
Ag™12m) , 1 = 1,2,..M denotes the eigenvalues in descending order,
Va®™=2>(2:n) is the matrix that contains the signal subsnece basis vectors as its
columns.‘ and notation (a:n) is used to show that they are derived using the cross
spectral dens‘:’l_ty matrix estimate obtained by flipping (chapter 3).
Va®4=3){2:n) € CO-2Imx A (=3)(D:n) € XX, |
Qaa™3)(2:n) € CO*I=0t=2) and K is the number of signals.

Now we partition the signal subspace basis vector matrix V4(2:n) such



H

Ty

veeeremy | i el

T o (4124)

=

’ '-"-“' where. v"'**"(a ny 13 the vector that conta.ins the first row of the mat@c*

V."‘“.’(a:n) v.(**”'(z n) “is the matrix obtained by deleting ‘the first row of
the matrix Va™=(2n)-.. anid Va0es> (@) € cw-.*- '

Substituting eqn {4.1. 24) in eqn. (4.1. 23) we get.

-~

6(0) | b=(2m)], s
Oan2)(2:m) = _—
L‘(z ) | 000(2: n)] e )
e T (4.1.25)
where, v e 7. e C

b(2:n) ={V.““'" (2: n)] Ao‘““’(z n)v“'“”(z n) ) '
. (4.1.26)
0(‘“(2 n) = V <u-=.>c(2 n)A,(“"""(Z n)[Vg‘""")'.(z n)]" ) .
- (4.1.27)
#(0) ’[V‘“""(E_:n)]"h.,""“’(2:n)[v"“‘”'(2:n)]'_-

- (4.1.28)
OO(2:n) £ CY= []* denotes. the complex conjugate of [].

* Once again we use the eigenvalue eigenvector decomposi on on

om(a n) to obtain,

@“"(2 n) = v<->(2 nJA®™O(2: n)[V""(z n)]" ,
‘ (4.1.29)

where, A“"(zzn) = diag(x,("’(z:n).x5""(2:n).....1..‘“’(2:n)).

- . The estimated M=™ order signal cross spectral density matrix ®ue®’(2:n)

can ‘be. written aé. . X _ "\\ )
00a®(20) = Va®(2:1)Aa(2in){Va™ (2:0)]" s
: (4.1.30)

A,"‘i(a-n)-diag(l 0 (2:n), R,‘"’(a-n) x A,J“’(z-n))—z,.‘“’(z-n)}l
where.‘I is an identity matrix Va™(2: n) is the estimated signal subspace, basis

vector uatrix

- VOO(2m) = [Va™(2:n), V™ (2:n)], V(2:n) gc“'" \-?,‘;‘"(2:n) €. O,

Va9 (2in) € CH=™-%) and K is the number of signals.

Y <
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Usinz the noise’ reuoved M - order cross spectral density matrix
- . “"(2 n) given in egn. (4.1.30) and the noise renoved vector b(2:n) given in
eqn. (4.1.26), we can write. the normal equation, =
0,,;‘"’(2:ﬁ]a = b(2:n) - RN : (4.1.31)
wﬁere. a is the prediction ttilter. - T
Eqn. (4.1.31) can also be written as,
a = [®a5™(2:n)]*b(2:n)

o . (4.1.32)

where, [.]* represent the pseudoinverse of ().

[®as™{2:n)]* can be _obﬁained by using eqn. (4.1.30) and it is givenA by,

(Oaa®2im)]* = Va®o(2:n) e 2m)] Va0 (@)1

(4.1.33)
Using eqns. (4.1. 32) and (4.1.33), and substituting for vector b(2:n) from eqn.
(4.1.26), we obtain, - .
& = V.""(2:n)[Aa‘“’(Ezn)]‘*[v.‘.‘"(zzn)]" S e
[V 2 (2 n)}"Aa ™2 2m)v ey (2 n) SR,
(4 1.34)
Joot Therefore the nodifiecl - medified forward and backward linear predic-
~ tion spectrum. S,(2:0,8) can be written as, " N
Sx(2 n, 9) = IH(Z)I“ .
(4.1.35)
where. H(z) = (a yrd(s), .
B . _ B R ‘ (4.1.36)
El' = 1 ) » ) ; T . )
' -a]_ | LT B - (4137)
. d(6) is the direction vector giv'.en by, - . *
A(O) = TNz g e, ),
o ) (4.1.38)
. R 2rl
J = 0.5(M-1) and z = éﬁx\p(j — sino).
‘ A

Based on computer simulation, it has been shown by Reilly (1986), and Wong

(1987) that the M-MFBLP provides ‘improved performance over the MFBLP.

&



414 Discusaon '
MPBLP is sensitive to the eigenvalue spread of the signal cross Spectral

' density matrix and it can not provide an asynptotically unbiased estimate

MFBLP can _be nade asynptotically unbiased by subtracting the smallest eigen— ’

.v‘aluevfron the rest of the eigenvalues. The pl:oposed M-,MFBLP is less.sensitive

to the eigenvalue spread of the signal cross spectra'l' density matri:f:land 1t also’

provides an asymptotically unbiased 'est_inate. Therefore, M-MFBLP provid_es_

improved performance irrespective-' -of the npumber’ of _snapsnots. . M-MFBLP
. T . .

’

requires the elgenvalue decomposition twic_e and ‘that is the cost one has to\, pay

~

for the proposed improvement.

l 4.2 Proper Orthogonal Projection Multiple Signal Classification (POPfﬁUSIC)

4.2.1 Introduction .
Y 2N

For finite number of snapshots both MFBLP and M-MFBLP provide

'bearing estimates that are’ perturbed by the errors due to both eigenvalues and

b

eigenvectors. This may result larger bias and larger variance in the MFBLP and

M- MFBLP spectrun estiuates Since the proper orthogonal projection multiple- .

signal classification (POP-HUSIC) is derived based on the eigenvectors alone
FOP-MUSIC fanily is less perturbed for the finite number of snapshots compared
to the rest of the gpectra. . 'i‘his fact increases 'the superiority of the POP-
MUSIC fa.nilu over the rest of the beariné estimation techniqu‘es —

| in chapter 2, we have introduced the proper orthogonal projection '

multiple sig‘nal classification (POP HUSIC) as a generalization of the MUSIC |

method. Here, we derive .two spectral estimates, POP-MUSIC-Euc _and POP-

MUSIC-Elem based on the. Euclidian norm’ and the elemEntal norm. Ge_ometrii:al

. ‘_ - 7 - 55 Pa > , o

e
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-

-

. such cases are very rare in practice. . . . R

M’USIC Euc and the POP-HUSIG—Eleu are developed It

—

is shown theoretically that the POP-MUSIC Elem leads to sharper peaks com-

relationship -'betiveen )

pared to .the POP-MUSIC-Euc. POP—HUSIC—Euc does not give any dominant

spurious peaks and hence it is unambig'uous whereas the "POP-MUSIC- Elem may

give rlse to doninant spurlous peaks theoretically. even though to our knowledge

>

.

-

Hlnimum norm (MN) spectrum is rediscovered -ag a. special case of the

POP—MUSIC-Elem spectrum. 'l'he relationsh.ip between the POP-MUSIC and the’

‘.

minimum norm (MN) method is- developed Generalized ninimum no\-m (GM&) L

RN
oo

meg.hod is(mtroduced Computer simulation results are presented N \ o
\ T

-~ a

-

.Further, geonetrical relationship between the naximum likelihood (ML)
-

-method and the linear prediction (LP) method is developed based ‘on the proper

orthogonal prOJect.ion (POP-‘MUSIC) (Appendix 4b) General consideration of the ‘ .

~

'S_ geometric-relationships,lbetween the spect_‘.rum estimation_~ techniques will be given

in cﬁép;g;*s.. '

‘42.2 POP-MUSIC-Euc \ S | L

-

-'\.'-.

In section 235 we ha{e obtained the proper orthogonal projection

o natrices P,,(?. n} and PL(2:n) for noise subspace and signal subspace respectlvely

‘spa:ce.v dw(6);

du(8).= Pu(2: nd®)y B L T .
. ' : . 4.2.1)
Now we define a spatial spectral estimate s..o,._.uc,(ane) as,
S,-o,..;mc(Zzn.G) = |dw(0)]—®
(4.2.2)

where, |.| denotes the Euclidian norm.

¥ on

-

-~

. Now we obtain the projection of M dimensional vector d(6) onto the nolse sub.—“ -

L 4
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S

N - o et c * T om0

e If\the directionevector d(BJ .lies in .the, signal subSpace. d..(e) = 0 ~and " - T s

¥ o Y
Y S - o o oa e e = - ! [
; % b L ~ woep T . -

~. ‘ '
~ - - N L I
- ~ LN

W t}lerefore doninant peaks of r.he spectrun Spor-:uq(z.n,e) oreur at the angles o R

cerrespondlng to t:he direction of the im:oning signals Eqn (4 2. 2) can alse be

‘"mtten e R T
S sm_...n(ane) aLdN"te)d,.(e)j-“ I
R U [{Pu(z-n)d(e)}"{e,,{an)d(e)}]d T T
N, [u"(e)p,,(z n)d(B)]»" PR i?,'__t;". SO SR
Y oo LR isnlazay .
) If we replace the natrix PN(Q n) of eqn, (4 2.4) by 0‘1(2.5) it 1s the g I_--.,.T'-u =
. . “-. - 3 LT TR e
same as the maximuh l.tkelihood spectral estimate. In view 0f the similarity R
between the. maxiiia likelihood spectral estimate (ma}.imum 11ke11hood spectrum IR )
estimate can be found in’ [Havkin (1985)]),. ) o ‘ ‘_-; o ;...4' o T
Swe(2:0.8) = [d“(e)@‘*(z-n)d(e)l“ eI T -
- o (4.2. 5) _
and the S.-m-..gm_-(2 n, 6) given in eqn. (4, 2 4) the S,o,_..,\,c(z-n 8) can, a.lso be- ‘ T
.~ named as POP- MUSIC ML .- T L .o
POP-HUSIC Euc spectrum Spor—:ue(z n.9) can alternatlvely be expressed g
as the reciprocal of the polynomial G(z) such ;h_st. -
Sror-mue(2n.8) = [G(z)]-* R -
. ' - . B (4.2.8)
M-1 o s
where, G(z) =. ¥ g.(2: n)z" .
' meMel S @am
\
and ga(2:n) is given by,
M-m+1 7
Cu=2(2:n) = ¥ Ducymes—2,{2:n), 1€<m&M" R
Ju1 : oo (4.2.8)



. RS A T --'“(4~2~9)
T [J“ denotes ~the conplex conjugate 'ot{], pm.,,,(a.n) i’s ttte (n.j) e]enent of. “.

i;’;i . thel atrix p,,(zin)' .and‘ equn"(4 2'95 hclds s:lnce Pul2: n) 15, Hermitian l _:;'i_’"; =S
~'H NS : : Pol'ynomial.G(z) givenhirr eqn (4 2 ‘?} 1s summetric. and hence _.it hasr é(!-f-
‘h 7-1) roots wh:lch occur in conjugate -recinrocal pairs 1.e.,1f zk is ayroot of G(z)x o
.‘ - the {z .“)."*- s also a root of G(z) If; the estinated cross spectral density natrix
L‘_ " ":,', ~0(2-n) ;_13 equal o, the true cross spectral densiry natrix. X and if there is no.
T __"_“sbunce ;f ‘e‘rrors ‘in conputing the ncise subspace- proJecticn natri;cAP(z n). the ' '.
'-;zlynomial G(z} will have Kl r;iounle -roo't‘s‘ cn-tne -unit circle ie. < . \
LR e R SRR ISR
D e e‘(pU = sin Gk) I T U
R 3$ R U TS P S S
. - - ) Soow T B (4210)
R -correspcndmg to- .the 1y sig‘nals arriving from the‘-'directions Sk. k = 1 2, e
" RO R LN \. . "‘-‘ ‘\_ ‘-. ‘:_“ ‘.:__ : .
4_ 'I'he numner of dominant peaks in the POP-MUSIC—*E‘:uc spectrum is er;ual to the*
AT number of inconing signals and theV bccur ~at .the angles corresponding to ‘the
. incoming signals if the true cross. spectra.l density matrix is known

‘_‘ . - . . -
R - . - .

s “We~ filgt consider the” case where the noise is spatially uncorrelated Then the

. generallzed eigenvalue eigenvector deccnposxtion becomes Hermltian eigenvalue
ca eigenvector decomposition Fcr Hermiuan eigenvectors ncise subspace project.ion
“ ‘matrix P,,(2 n) can be’ written as, - - SN
< i.'P (2.11) a [vx-r{zin) v‘,,(z n).....v,.(z n)] S . - .
e ) 1. S .{v‘_;(z n) v,:__.(e n).....v..{z n)]"' - s .. ~

P ' : ’ ST (4. 2 11)
_-_-,;-. Then the noise subspace ,projection cf d,.,(e) of d(e) can be written as, .
’??_“_ —-dn(e)\ Pb.(zn)d(e) - ‘ O
) ‘--O_‘ ‘.-.:‘_:. PN =~ ' ' [§ . . .7 ‘(4.-2-12)
R e - R o sot s e



Voe(2) Vs 2.2 (200, Vi 2™ (2] Vica e ~(20) ] 40B) 3
VK-‘-I.lf(z:n)ivx-l.ﬂ-(a:n)p---uvxn-g,u- (2:“) h .;"“. :_
V.;..,,;'(Z:n)‘.Vx_-a_a"'(2:n).....vx...g,..¢- (2:“) 5

- . g
. -

vl.:l..(zm)v vn.::-(zin) ,...,V,;.,‘-(Z:n} i b3 e ¥

. ) < (4.2.13)

- TV:..K--;(2:1’1)-?:,:‘?(zzn)...;,v;.,‘(z:n)- COS(Gx-z)exD(Jﬁx.-ﬂ-{ )

Vn.ﬁ—z_(?iﬂ).‘f:,g..n(a:n).....v‘g_“(z:n) CoS(®ycez)eXP(iBrcaa)l |~ -

"+ |Vo.x-a(2m)hVo.xea(2iN),.... Vo u(2:0) | [cOS(On-a)eXP(Bxa)

az Vg, -2 (2:10),Vag 20wz (2:11),.0 Vo e (2:11) _COS(G,‘)-:exp(JBM):, J 3

’ ] ) ~ 4 (4.2.14) |
where, cos(a.)exp(jBm) = vw"(2:n)d(8), s .
" (4.2.15) P

a. and B. denote the angular separat.ion ‘of two vectors, []' denotes the
complex conjugate of .}, v,..(2 n) and d(8), m K+1 K+2 M. »

Geometrically, cx._ denotes ‘the angle 'between the vectors v.,(2:n) and
d(8), and B. denotes the angle betueen the vector va(2:n) and the real axis.

Let du(8) = (wcay(8),Qrecay(O)... ,dm.-cnIe) .dmmie))"'.

- {4.2.18)
then, the duano:(0), le. the m.,-, element of -the vector d.{8) can be written

using eqn. ‘4.2. 14) as (please note subscript mo 1S the same as m_ol..-"\

du(-o)(e)- = Vs Vro *;(2 n)coswx-;)exp(jﬁx-;)*r Vmo. x*=(2 N)CoS(Gnaz}eXP(iBrcwa)

-

+ e + Viuo,m(2:N)COS{ 0 IeXp(iB).
: : (4.2.17)
Hence, the Euclidian norm |dw.(8)] can be written as,
M : ' .
13:(0)12 = I [ducmoy(8)*
Ro=1 (4.2.18)
. )
Since the PCP-MUSIC-Euc spectrum is defined as,
SNP_gug(a:n.e) = !du(e)l_z » .
- 3 (4.2.19}
the dominant peaks of Spor_suwe{2:n.8) occur when
1d«(8)] =
(4.2.20)

Since |duemoy(B)|® 1s always positive, [d.(8)}]* can be zero p:rovided.

N
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—aba e

A ~ o . ' . -+ -
2 [decmoy(O)® = 0 for all mo-= 1,20,M 7 e : -
A S L : (4.2.21)
B - - - . . . " : N
“le. o L a0 ST :
L o ‘ . DR ~ R
Bxe1Vmo.x+2(2:N) + AxwaVmo.xial(2:n), * . au‘_’-o.n(azn) = . .
| e s T (4.222)
for all mo = 1,2..M4, . L L '
where, a. = cos(u,.)exn(_jB,..) Jm o= K+1 K+2 M . . -

Eqn. (4.2.22) can be written in the matrix form as follows,

[Vx...;(2:1’1).".;*:(Z:D)...-.VM(2:n)‘]a =0 - : . -
\ ‘ v (4.2.23)
where, @ = (2y.3,3xearax) ™ .

. (4.2.24)
Since the noiae subspace vector va{2:n), m = K+1,K+2,.. M are linearly indepen—

-~ -

dent the relationship gliven in eqn.(4. ;23) can qonly be true provided that a... = .,

0, for all ® = K+1,K+2,...,M. The coefficients a. represent the angular separation .

T .

parameters &, and PBa.. of the rioiée 's\zbspace eigénvéétor vVa{2:n} and the .

-

direction vecto'r d(8). Therefore, a.. = 0 for all m= K+1 K+2

-

M can only be true when and only when the direction vector d(e) lies in’ the '

sxg-nal subspace by making a, = ©/2 for all m = K+1,K+2,...M.
' Now let us consider the case where the noise is spatially correlarted. In

this cage the nolse subspace projection matrix can be written as,

P.f(2:n) = VN(E:n)[VN“(Z:n)VN(Z:n)]‘?VN"(Z:n)

. (4.2.25)
Let B = Vy™(2:n)Vy(2:n), where B € CM-I MoK '

" Matrix B is Hermitian and hence using eigérii:al.ue e@lgeﬁé_ector' decomposition we

-

can write,

B = QrQ™-
B (4.2.26)
where I' = diag(é‘,,ta. Tx), and QQ* = I, with I being an identity matrix, Q &

CK—KHH—K

. (Q. should not be confused with the rotation matrix used in

chapter 2).
1

Now the matrix P.{(2:n) becomes,

L

.

N

<
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it

Pui2:n) = VN(é:nféP“Q"V."(z:ﬁ) ] -,-- - .
T T g (@227

and hefice the.,POP-MUSIC-Euc spectrun is given by,
Sror-sua(2n8) = [dMQVu(2n)QP-*QV M ()AO)]F < ST e
R - - R ) (4.2.28) .
Using eqn. (4.2.14), we can write, s .
Vu2)d(8) = {cos(Um-s)expfn-a) |- . L

. co8(ax-a)eXp(Byeal | - :

coS(xx)  €XP(JBa) . .
S iagt . 5 N T @e229)

wﬁe_re. v M (2:n)d(6) = cO8(%um)exp(jBm), and a.,B. denotes the angul'ér' separation

Lo ‘ .o .. -

. of two vectors v..(a-n) and d(e). '=‘K~+1 K+2 M.

Then eqn. (4.2.28) can be written as, . L
N : ..

v Srop-:uq(zn e) = [Gn"Qr :'Q"u ]- .
. {4.2.30)
It is clear that lq,.l = 1, and hence.
Ap"Qm = ﬂcn'l Cos(¥n) exp(idm) ‘ h
. ) . (4.2.31)

whgre.q.’. is the m*™ column vector of Q, _'w... and ¢, rebrer.ent the angular

separation between the vectors as and Gu., m = K+71.K_+2.....M.

Then eqn. (4.2.30) .can be written as, . ' ‘ ~
. M ‘-- .
Sror—mual: ne) ={I "‘Iaol“(cosw...))“1 o
m=K+1 '

- (a.3.32)
Under t.he assumption t.hat t,... m=K+1, K+2 M are finite it is clear from eqn.

'(4 2 32) that the dominant peaks of the POP-—MUSIC Euc spectrum occur when
_¥a=n/2 or lanl=0. Let us first consider the case Ya=x/2, ie., ap is
_orthogonal to q,::_ _“ K+1, K+2 .M. But both vectors a, and qu aré M-K

' diméhn';id.n;l. “I‘herefore. this situa;ion' is possible if and only if ay is a .n.ull

vector, i.e. ag = 0. From eqgn. (4.2.29), ap can be a null vector when Oxam=r/2, M

= 1,2,...M-K, i.e., when the direction vector d(8) is orthogonal to the noise
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- } . . ot

o subspace. Now it is also clear that the conditions d:.:.-ltlz and Ia.,l-o

sat:i‘sry simultaneouslye Therefore. the doninant peaks of the POP -MUSIG-Euc can

.ocecur wnen and onlv when ‘the direction vector d{e) lies~on the signal subspace.
Therefoi‘e. the dominant peaks of POP—MUSIC Euc correspond. to the .

angles of arrival of signals and the number of dominant peaks correspond to the

nunber of incouing signals. It can ..be concluded that dominant peaks cannot

N

exist in a direction other than the direction ‘from which the signals are arriving.

-
e

-

4.2.3 POP-MUSIC-Elem L.

' M dimensional space can be expressed by 2 set of basis vectors.‘ei. ie
1,2,...M glven by, P T . o )
ewemmed =1 _ Tl
. wnene. Iis an. identity n'iatrix and I € Cx=>, ':‘

Any vector In the M dimensional space can be represented as a linear
'conbination of the basis vectors e, 1=1.2.M Therefore the vector du(e)
given in eqn. (4.2.16) can be written as,
. w ,
du(e) =7 du(-c)(e)eao

Ro=1

) . (4.2.34)
(please note that the .o Is same as mo) C '

Y

Therefore:- dN<_°;(e) ) repreeents the mg*® element d,,(e)_or the projec-
" tion of dN(‘B)l‘on 'to the hoth basis vector given by eqn. (4.2.33). Utilizing the
mo=" coefficient dumo(8)} of du(8) or the elemental norm ot‘ d,.ie). we can define
._ another spectral estimate Spo,_m._(Z:n.Bj such that,
Spor-m1en(2N0.80) = |dumer(8)-"

: | ‘ L © (4.2.35)
Eqn. (4.2.35) can also be written as,

-

sPor-a:J.-n(_?-:n-e-mo) = |enoTdn(8) "2 -

-
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= |€mo™Pa(2:n)d(0)]~2
. © (4.2.36)
where, e.o is the m,*" basis vector given by eq. (4.2.33). ;

If we replace the matrix Pu(2:n) of eqn. (4.2.36) by ®-*(2:n), then
ws,o,_.;-."(zzn.e.la)-is the same as the linear 'pred.{ction spectrum N
Sw»(2:0,8,m5) (linear prediction spe}ctrum can be found in [Haykin (1986}]), -

Sep(2in,6ms) = [eacTO2(2:n)d(B)|"% }
: o - (4.2.37)
obtained by predicting the output of the ms™" element of the array using output
. PN .

of the rest of the elements. Again, in. view of the 'mil_arity between the two
expressions, the spectrum Spop-miem(2:n,8.mc) can also be named as the POP-
MUSIC-LP.

' POP—HUSIC-'E;I.em'can alfernatively be expressed as the reciprocal of the
polynomial H{z) such that,

sror—nx.-(a:nl:e-mi.-)) = |H(2)I -=

. S , (4.2.38)
where, H(z) = I h.(2:nmg)z™—2 R .
: m=1 . ’ {4.2.39)

with h.(2:n.m;) being the m*™ element of the vector h(2:n.m°7) which' is the mg*er
ros:t of the matrix Py(2:n). . i
If Pn{2:n) is infinitely accurate, then H(z) has (M-1) roots out.of which
K roots at, | N
2ne

Zy = exp{ j —— sin 8,)
A

correspond to the K signals from 8,, k = 1,2,..,K. Thus from the roots of H(z), _

the bearing angles Bk'of the incoming signals can be determined. The dominant
peaks. of the spectrum s,,.,,_,u__(azn.e.m;i occur- -when dN(-o,(B)' = 0, le.

when the eqn. (4.2.22), - , e
Axe1Vemo,x+2(2N) + AxeaVmo.xea(2i0) *+...t pVaonl(2:n) = 0
- . - (4.2.41)

(d.240) 7

-

[
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i sat_isﬁed. We can consider two cases where the eqn (4.2.41) is satisfied.

- ot -

case 1 Hhen the dinection vector d(B) lies in the signal subspace. 2. = 0 for
all m = K+1, K+2 .M and hence the eqn. (4:2. 41) is satisfied and the

doninant-p_eakg corregp'ond to the. angle of arrival of the signals.

hr case 2 .. EVen when d(8) is'not in the signal subspace, there may exist some 8

.+ siich that the eqn.~ (4.2.41)' is satisfied fausing dominant spurious _peaks:‘

.’ ” ¢ .

Since it is theoretically possible that the case 2 can occur, there may be

situations. 'giv"i'ﬁg'-.‘ rise to doninanf spurious peaks in the" POP-MUBIC-Elem

-~

-" spectrum. -,

. We obtain.

4.2.4 Rélauonship between the Pop-uusrc—ﬁr. and POP-MUSIC-Elem

- Because of the simple *geometric relationship.

-

dusimo L@ € 16u(8)] ) o e T e
me? —_— B

[duacmoy (8}~ 2 Jdu(B)172 . '

) . . _ . - ’ . (4.2.43)

Hence, Sﬁbr--l:l-m(zln-e-lo) 2 Spopomusien,d).
(4.2. 44)

" Therefore, from eqn. (4.2.44), it is clear that the POP-MUSIC-Elem method can

give rise to sharper peak&}_, than,the POP-MUSIC-Euc method..

-

Further, it is noteworthy that estimates based on both dominant spectral
;;eaks and polyno:;;ial roots provide the same results provided the signal roots are
exactly on the unit circle and infinitesimal spatial angle discretization has been

considered in plott.ing the spect_rum R

,

4.2.5 Minimum norm (MN) 'spectrtm

Here we consider the case where the noise is spatia‘ily uncorrelated.‘ The



) véctor h(2:n,mg) uhich' provides the bblynomia.l coefficienté for the_ P(_)P-i{USIC—:
"Elem has the property given by Thecrem 4.2.2 when B = 1: T

Recall that the orthonormal eigenvector matrices for the signal and
noise subSpaces are given by. - S
Va(2:n) = [v;(2:n).v,_(23n).....v,,_(2:n)]

va'(2:0)]* ’ . _ . A

i [P ‘ N - o . (4.2.45) -

" and, Vy(2:n) = [vx_}(2:n).v,s_.(2:n].....v,,(2:n)] -
[v'(2:0)]7 . i - .

S Co (4.2.46)
where, va'(2:n} is a K dimensionall vector contzfi-ning the elements of the first
row of V.(z:n), a}xd v'(2:n) is ai"Iﬁl-K} di'nensionai vector containing the elem—

. ents:'. of the fir:sit row of, V,.(2:nl): V.‘(2:n)‘ é'md V,;'(zzn} ‘are the sub.mat'rices .
oBtained by elim;naUng the firgt ‘r'o.'w of Va(2:n) and G:V,.(Z:xi)_ réséectively.

_Then we have, - . - | | . U

' Theorem 4.2.2

For the case of .spatially uncorrelated noise -the POP-MUSIC-Elem polynomia_l
- coefficient vector h(2:n,ms} has the following relationship when mg = 1,

h(2:n,1)=fv'(2:n) |2 ) 1

Ivie'(2:n) |2 [VQ'(2:n)]"vN'(2:n)
- : (4.2.47)

=(1-]va'(2:n}]1?) ’ 1

-(1- [ va'{2:0) | 3)=2[Vqa'(2:0)] “ve'(2:n)
L (4.2.48)
where [.]* denotes the complex conjugate of [.1.

Proof

Since we are considering the Hermiti_a:g eigenvectors, the noise subspace projec-
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tion matrix Pw(2:n) reduces to the fdr_n;l‘“'* . N - \\'\'\_ \
. . L : R =0 {. \\ o : - LT -
Pu(2n) = Var(2:m)Vs"*(2) RSN A TN A S
= [(wee'(2n))7) v’ (2o}~ 1 {Va'(@m)"] | . s T
———— ‘ . Sow i e T -(4.2:49)
l_v,..'(z:n) RN N

(v @) (o @) | fo'te: wyFeEa] e
) o CE s L (4.2.50)
5 Vn'(2:n)(vn‘(2:nl}' | Vi'(2nHVa'(2m)Pt | et T

Recalling eqn. (4.2:36), POP-MUSIC-Elen is given by,""

smr—:l—u(z:nnetmo) = !enofpﬂ(z:n)d(e)l-n R b ’ . .
T - R C %55 ) M
Let, - K ct .

€mo “Prl{2:n) = h™(2:n.m0)

' : (4 2 52) -
i.e. the my™" row of the noise subspace project.ion matrix PN(2 n}, then ‘

Spor-riem(2:0,6,m) = |hT(2: n.mo)d(e)|—=
' . (4.2.53} .
For the case Mo = 1, POP—MUSIC-Elem h given by. ) o

Svop—u;--(z-n-e 1} = {h™(2:n, l)d(e)|-=

- ’ . (4 2. 54)
Since hT(2:n,1}) is the first row of the matrix P(2 n) from eqn (4 2.50) we
obtain, .
h¥(2:m,1) = [{vi'(2m)§™(vy'(2:n)}" | {'VN'(Z:n)}’{VN'w:n)}"] |
N - . ‘ (4.2.55)
le. h(2:m1) = [{vu'{2:n)}}"v.'(2:n) ° : L .
N o c . (4.2:56) - -
{Vx'(2:0)}"vy'(2:0) ‘ o
1 o
a [vy'(2:n)]® : - -

IVa'(2:0) [ ~*{Vae'(2:0)} V' (2:1) ST
: ! {4.2.57)
where, |vx'(20)[* = {vi'(2:))"*vy'(2:0). :

4

'Further h(2:n,1) can also be represented as follows: -
. - B

As we have shown in section 2.3.5, when the noise is _spatidlly uncorre-
lated, we have the relationship P,.(z n) = I- Pa(2: n) and hence the POP-MUSIC-

Elem spectrum can also be written as, .



s
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87 e -
: S e r 1o
" SPOP:z;;n(z:n- -ﬂo) - le-oT(I - P.(Z'n))d(e)l" "

-

- ,
- {(4.2.58)
where, I 13 an identity matrix and Pal2: n) ‘is the signal subspace projection

-

matrix. - _ . . C o

-

Therefore the vector h(2n 1) oan, also be written as,

h(2:n.1) = e-o'*'(x S ‘,' )
i (4.2.59)
Since we are a.gain considering orthonormal eigenvectors, the signal subspace

projection matri‘x Pa(2:n) reduceés to the following form:

<

Pa(2:n) = Va(2: n')v.'-(a n)

- [tva'2apy® ((va'(2:n))” | (Va'(2m)) .
______ ) 7 (4.2.60)

-

-

P | e e e \” : T | (4.2.61)
'(2:n){v.'(2:n)}"' IVu'(z'n){Va'(z'ﬂl}"

L] A

From eqn. (4.2.59), h"‘(zn 1) is the first rqw of the matrix aI- p,,(z n)) and
. hence by using eqn {4.2. 61) we obtain ’

h¥(2:n,1) = [1°- {V.'(2:n)}’"{v.-'(2:n)}' | —{va'(2:n}}7{Va'(2:n)}*]
: ) (4.2.62)
f.e.,
1 - {va'(2:n)}"va'(2:n)
h(2n,1) = |--- - |
~{Va'(2:0))"vo'(2:0) . r

1
=(1-lva'(2m)3) | ———-—- -— _——

=(1-!va'(2:0)1%)7* {Va'(2:n)}"va'(2:n)

Eqns. (4.2.47) and (4.2.48) bear resemblance to the coefficient vecter of
‘the minimum norm method proposed by Kumaresan and Tuft (1983) except for a

"scalingAfactor. Therefore we conclude thaf the minimum norm method is a special

case of the POP-MUSIC-Elem method such that the minimum norm spectrum _

Swel(2:n,8) is given by,

‘a



Sex(208) = Sporomaealzngt) - N e |
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where, duci>(8) 1s the first element of the vector du(6). -

r
»”

"'+ ™ 4.2.6 Generalized Minimum Norm (GMN) Spectrum
We ifefe: to the minimum norm spectrum under sgatialiy correlated noise
environme'nt as the generalized ninimum norm (GMN) spe'cti‘ﬁm For the .case.of

’ spatially correlated noise. the noise projection matrix PN(Z n) is given by.

P,,(z n} = Vu(2:0)[Vo™(2:n)Ves(2:0)J*V™(2:n) N ‘
(4.2.66) .
Therefore, for the correlated noise the Theorem 4.2.2 can be restated as follows. }
. . . :

‘Theorew 4.2.3

an

For the -case of  spatially ' correlated noise the POP-MUSIC-Elem polynomial
" coefficient vector h(2:n.mo) has the following relationsh.ip‘ when mo=1,
h(2:n,1)=[Vym'(2) 12 ; 1
Ivin'(2: n)l“'{Vu'(2 n)}'BVN'(-? n)
. {4.2.67)
where B = [V.™(2:n)Vyu(2:n)]~*, and

lVNB-'(a:n) iﬁ = {VN'(a:n]}"Ber(z:n)-

" The proof follow's'rthe_éame-prbcedure given for the Theorem 4.2.2 except the

fact that the distance measures are now taken in domain B.

[N

4.3 Rotational Correction Multiple Signal Classification (ROC-MUSIC)

-

4.3.1 Introduction = B -
Here we consider the case where the noise is spatially uncorrelated. If

the true cross spectral density matrix is known, there is no limitation on the



MUSIC may provide improved resolution capabilities over- the rest of the '

T .

69 .. .
resolution capabilities of the MUSIC nethod But in practice one does not have - ‘_‘l

the knowledge of the true cross spectra.l density natrix and hence the estimated

' cross Spectral density matrix is generally used The errors associated with the

”

estimated cross spectral dens:lty matrix cause a rotation of the true signa:l and

o

neolse subspaces, leading to linitations on the resolution capabilities of the \J

MUSIC method. 4 S ' " '. e
If one can bring the estimated signal and noise subspaces back to the
true gignal and noise subspaces, the limitations on the resolution capabilities of

the MUSIC nethod can be overcome. We introduce ‘the rotatlonal correction

nultiple signal- classification (ROC-MUSIC) in bringing the estimated signal a.nd ‘

' noise subspaces back to the true signal and noise subspaces approximately ROC-

spectrum estimation techniques The rotation is performed using the Jacobi—

Givens rotation.

. - .
4.3.2 Erreot.sand the correction of errors in thecross .spect_rai density

matrix . o - - .

-..In estimation of the cross spectral density matrix and formb:ation of the
neolse subspace projection matrices, errors occur due. to various causes,

1. The number of snapshots, n is finite and th'erefo.re the estimated cross
spectral density matrix &{2:n) may not be same as the true cross spectral _
density matrix &. | .

2.‘ The sensors are oonstantly perturbed by - randon disturbance and thus the

‘ sensor alignment and the distance' between two sensors may not be constant.
The effett of random sensor motion on the cross spectral density matrix

and hence the eigenvectors is given in Appendix 4c.
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3. VF.inite wordiength is used in the colculation of the cross spectral density
iatrix"and ‘thus random round off ‘errors are introduced.

The errors are assumed to be independent of each other and we con
relate the - estimated cross spectral density natr:lx ®(2:n) to the true cross
spectral density natrix. © as,
®(2:n) = © + 40, . 404 + 80,

{4.3.1)
= o + AQ

(4.3.2)
where, 49, ., Ao, . Aoq » € C* are matrices representing the errors

introduced by finite snapshots, sensor pertﬁrbotion and round off effects. and
49 represents the combined effect of these errors, i.e.

Ao": 80, + 80q + A0y, 40 € cre,
@33 -

i _ Since the errors are assumed to be independent and ®(2:n) and ® are Hermitian,

we can conclnde that ao,,’ .'"Ao, . Aoq and 40 are Hermitian.
) If the error perturt:ation ‘matrix 20 is diagonal, the orthonormal-

' eigenvectors of the estimated cross spectral density matrix ®(2:n) and the true
cross spectral density matrix ] are the same and hence the estimated signal and
noise-subspaces will be same as th;e true signal and noise subspaces. Since the
spatia.l spectrum estinates S,o.._..m(z.n 0) and S,.._-,.._g_-_...(z n,8,mg) are obtained
- by projecting the directional vector onto the noise subspace which is lnvariant if
the perturbation matrix 4¢ 1is diagonal, we can conclude that the POP-MUSIC
is unaffected by the pertorbations which give rise to diagonal perturbation error
matrix AQ.

In general, howevor; the, combined .effect of errors. glves rise to a
Hermitian ‘natrix 4% which is not necessarily diagonal. The effect of this total

error matrix is such that the set of eigenvectors of the estimated cross spectral

~density matrix &2:n) is a rotated version of the true cross spectral density
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natrix 0 and hence the estinated subspaces calculated from 0(2 n) wm be- the~ SRR

mt:at:ed .version or’the subspace obtained from the exact cross spectral density
matrix 9. The a-ount of rotation depends dn the matrix AQ. Thus. if we denote

" the orthonomal eizenvectnrs of ® and 0(2 n) by Vo and v,.(z n) respectively.

= 1.2,. ,H then we have, ot - y
V(2:n) = VQ
) ) i} _ (4.3.4)
- where, V(2:n)} = [v,(2:n),va(2:n),..., vl2:0)} . ol . ;
. ’ . . e (4-3-5)
v-u [v:rvﬂn"-lv;l]v I _‘,‘ A - . ) ‘
) ' . (4.3.6) -

and Q € C*™ is a norm p'reserving‘unitaﬁ pp;nsfépmation matrix. |

The M dimensionel space {2 can be"part.iﬂoned 1into estimated signal

- "-.-

and noise subspaces (4(2:n) and Q(2:n) or into tru& signal and noise

subspaces (1, and Q, where Q5(2:n) and n.,(z n) are, spanned by {vk(z n) . -

k -1.2....,K} gmd {vk(zzn). k = K+1,K+2,...M}, respectively, and Q, a_nd.___ﬂ.. are

ST

‘spanned by {vi., k = 1,2,..K} -and {v,, k = K+1,K+2,....M} resnectitief‘i‘y.

{vi.(2:n)}, i.e.

Now, any vector_y in-the M dimensional s-bace Q can be expressed as

2 linear combination of the Hermitian eigenvectors {v.} or of the eigenvectors

-
-

M
Y =1 2uVa
ma]
M
y = T a.(2:n)v.(2:n) . - ‘ N
m=1 o ‘ . (437

The M tuples a and a(2:n) are relei:ed to each other by,

a(2:n} = Ga
~ L .- (@3 8)
where, a(2:n) = (ai(2n),aa(2:m),...ax(2:0))7, a = (az.,2n)... au)"'. and Eims the

ka*" element of the matrix G € Cc ig given by,
Pum = Vu™a(2:1), Km = 1,2, M. o .
‘ . i , . ) {4.3.9)
Replacing the vector y by the array manifold d(8) _in eqn. (4.3.7), and in
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Ii' the estimated projection .matrix P,.(e.n) is to pro}ect dte,) on‘to‘the true noise >
: . SiE L L : Now SIS
,subSpace O, and if P,.,v(am) contains no error. then T e R s~
...:-_ ~_< ot . e . N L
'a-(Z:n) =0, ®-= K+l x+2....._u Tl e
-~ L . L. =~ (4.3J-1) PN
v.“\zk(z n) 5 0 m = }\-1.1(1-2, ...M. k-= 1 2...~K N e A ual T R
A ot (edaz) v S
If eqn (4. S 12) is satisfied th'en POP—HUSIC Euc an POP MySIC'-Elem will have avo
. k W e T K R . 1
“ - K poles situated .on the unit circle, i e wel e A T T e, SN
L : , . R I e P S A N
oL 2rg . e .. ‘__ . -:_ . -.‘_f"\\” ~‘ . ",« _'.‘.‘:.‘. ‘_,;-' ) _:,. : - A .
.z =exp(j ——-7sin By), K= 120K, T e T D et e L
. i . :t o _‘ A'“ * i .’h_" B - -: R - . . ‘_.:.: R ..“‘ ‘1 e = s ;.

resu.lting in K peaks each 'of infimte magnitude or K roots of t:he corresponding

“ polynomials G(z) and H(z) exad tly on the u.nit circle according to the direction

P - \

Gk frcm which the ‘K signa.ls arrive HOWever due to various errors mentioned o

- - .

above. eqn. (4 3. 12). in general is; not satisfied by the estimated eigenvectors

" - - -

v,‘(z n) Thesc errors cause the roots of: the polynomials G(z} and H(z) to migrate

o

away from the unit circle resulting in errors of bearing est.imation and de'teriora—

tion of sharpness of the peaks and hence uncertainties in the angle of arrival

.
- n

and the deterioration of resolution If the errors .are too large, then signals from

- ~

different directions may not be sufficiently resolved

. E . ' L. L
- X L . ..
R ~- s . ) ; .- et e
. - o v, ; &
. . ; )
- . . - - '

_ 433 ROC-MUSIC. - :

- To correct the errors,, we propose the rotation of the basis vectors N

.-

{v.(a n), m = x 2.....M} of the estimated signal and noise subspaces S0 that !ﬁn. ot

-

5‘ N

-

(43 12)- is satisfied Eqn (4. 3 12) states _that the’ K basis vectors {v..(z n) k a0

K} of “the estimated signal subspace must be orthogonal to- the M-K basis

vectors {v.h m = K+1 K+2,....M} of -the true noise subspace Qe for an optinum
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spatial si;ectral ‘estimate. But -'sinée;'the H-K ba§is vectors {vVa(2m), m =.
¥ -

K+l K+2.....M} of the’ estimated noise subspace must be always orthogonal to

{v..(a.n). k=1 2.*. ....K}~we- can conclude that when eqn. {4 3'12) is satisfied N

W

' ."‘- -'- '-': - el a3
{Val(2: n). m = K+1,K+2,...M} will also span the true noise subspace .Q... Thus. oy
the rotation of the basis VECTOEs {Va(2:n),\m =1,2,. .H}Tshould be perfor'med by

!

rotating one by one, the planes formed b .{v..(2:n). m = 1,2,...K} and {v.(2:n), S

m = K+l K+2...f.H}. The procedure of tﬁis rotation can be formulated as follows:

. - i

Let va(2:n).be the Hermitian eigenvect’or corresponding to the elgenvalue

-1 L3 o~
o

An(2:n) -where,

~'a

Razn 2 Zal2m) 2, .. 2 Ru(2m) 2 Aaealem) 2 Iuzm). ¥

2 If we have decided that there are K signals. then the first K eigen-

svectors v,(2:n), v,.(z.n). ...v..;(a n) will be t.he basis vectors of the .estimated signal

1,

. ! _ .
subspaee whereas v,:‘,(a:n),vx..,(z:n). e Vae(2:n) will be the basis vectors ‘of the

estimated noise subspace. Since . the éigenvectors va(2:n) and v. are complex,

. . - . -

their inner products are eomplix. ¥.e., -
' 3
v.."vk(z:n) = cos « exp(j B). . ‘ )
' Q (4.3.13) -

In ordei td* correct the errors 1ntroduced by the rotation of the-

estimated.eigenvectors. the sead'justment has to be carried out by modifying both

.‘ ;

the angles a and B Now we first rotate the plane f%rmed by wv.{2:n) and :

Vy.a{2:n} by the amount Gaa ang Baa. This resu.lts/ in a new eigenvector matrix i
~
V,(23(2:n) given by, -
a . ' R D
V.¢*(2:n) = V(2:n)Qax . - - .
' - o (4.3.14)
- whe:-yn € C*™ and the kp™" element qu.. -of Qs is given by,
1, o k=mkelmeRe -
<:os;lfx,,L - kEmel k=me= K+l
. Do = -sin Uiz exp(-jBza) .- k= 1, n = K*']- - ) ¢
. . ) sin @1, exp(jBaa) - k = K+l, %1
0. otherwise, for ke o= 1,2, M »
: ) ; " (4.3.15)

E3

’

1/
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V.©2{2m) now consists of M column vectors,

{Va.(”(2:11)-?:(2:11).-.-.Vx(z:n).\?x—1‘3’(2:n).-\"x—n(210). ---.V.(2:n)}. ) . S . "

————

Note that only the vectors associated wit;h the: I‘bt'éfed plane have been_ . '

changed from the original eigenvector matrix.

Then, we ro_tate"'the plane formed by v.¢*’(2:n) and"v.g-a(azn) by the

n

- amount” a“ and B,m resnlting anonher elgenvector matrix v1<=>(2 n) such that,
e -

Va®(2m) = (V2 3(2:0),Va(2in).nnns Vacl2:1), Wpe s 2(2:0) -

P

i vn.-n“’(2:n)._;gx-a(2:n).---.vn(2:n)1

-
-

> Nt - : (4.316)
- = V:(I)(a:n)01=' - . . )
. e “@.3a7)., -
T o= v(z:n)Q;:Q:tﬁ :
- ) " {4.3.18)
where, Qaa € C*™ and the kmn*" element Qua.-0f Qaa is given by, .-
1l Rl *: k=mk=1 m = K+2 ~
COS Qaz  7.° CkEZm=1k=m-=Ks
Qewe = < =3iN G2 €Xp(-jBaa)™ k=1"m=K+2 .
sin aia exp(iBax) k=K+2, m=1 -
0 otherwise, for k.m = l-.2.....M.
(4.3.19)

Such rotation continues until we have rotated the plane formed. by
v, ™-%-1(2:0) and the last vector of the fhoise subspace v,{2:n} resulting v,™-

®)(2:n) and v,‘*’(2:n). The resulting eigenvector matrix ‘v,(é:n) is given by,

Vai(2:n) = V,™—%)(2:n) A
' : J (4.3.20)
M-K
= V2m){ 11 Qux }
k=1 . (4.3.21)
where, Qi € C™*™™ and the im™® element qsm Of Qaiw is given by.
1 i=mirxd, m= K+k
COS Qi - ‘ 1=m=1,1=m= Kek
Q= 4-8in @yu exp(=3Bau). i=1m=Kek °
sin a3y exp(IBaxn) i=K+tk, @ =.1

.0 - - otherwise;: for im = 1,2,..M.

B (4.3.22)
The new eigenvector matrix V,(2:n) contains column vectors,

(2 O20), a2, V2] Vo O (20, W O H2D). . V2 (2i0)). The

superscript in parentﬁ/ eses associated with a vector. denotes the number of times

8
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the vector has been rotated fron its initial position If the rotation angle pairs

e —-‘ =
e T

{a,_.B,_) = 1....,M—K are chosen correctly. the first column vector v, -

R "’(2 n) will be orthogonal to the noise subspace and satisfy the eqn. (4.3.12).

" The. above procedure is then repeated for the planes forned by vz(2:n)
and each of the eigenvectors v..“’ = K+1,K+2,...M of the noise subspace
resulting in a new elgenvector matrix Vg(2:n) such that,

Va(2:n) = [v, =% (2:n),va ™=%3(2:n),va(2:0),:... Vac{2:0),

Vicw2 F2(2:0), Viwo ?(2:n).... Vet ??(2:0)]

(4.3.23) -
' M-K . : ‘

= Va(2:n){ 1 Qam } . .
m=1 . ‘ ’ . {4.3.24)

where, v, ™-"{2:n) will be orthogonal to the true noise subspace if the rotation
angle pairs (Gam:-Baw). M = 1,2,...M~K have been chosen correctly.

We continue this 'pr:'ocedure until we complete the rotations involving K

. eigenvectors of the '_gignal subspace so that the final eigenvector matrix is

obtained as,
@
Vac{2in} =, ®R(2:0), 0™ (2in),..., Ve T (2:0), View s 92(2:0),
- . eV (22|
(4.3.25)
_ _ | K M-K
= V(2:n) { H H Qk- } .
k=1 m=1 -7 {4.3.26)

where, v, ™=*Y2m),'k = 1,2,...K satisfy the eqn. {4.3.12) for the choice of
rotation angle pairs (CremeBrcm)s K =1.2...:.K. m= 12,...,MK

The procedure described above preceded by POP-MUSIC will be referred
to as the rotational coi-rection multiple sipnal classification {(ROC-MUSIC).

In practice, the true cross spectral density matrix @ is unknown and
thus v., m = 1,2,..M are also unknown so that we capnot make use of eqn.

(4.3.12) to guide the angle of rotation pairs (dum.Bum). m = 1,2..M-K, k =



1,2,...K. A 'crite':l':[,on‘ has to be.establidshed\so ehat the basls ~Nectors lof the
estimated ndise,eubspaee can be realigned with the unknown‘ basis vectors of the
true 'noise eubep'ace in order to resolve two closely eeparated siena;l_s.;;rh_ere is no
uni;:[ue cheice of such a criterion, but if e suitable choice is found, we may t;e
able to resolve two “-signals wi;:h 'sufflcient'accuracy; Since we knew that the
rotation of the estinated subspaces from the true subspaces results in the
-departure of the s:lgnal roots of G(z) and H(z} from thé® unit circle. we may.
c¢hoose the_' criterion to be the distance of these signal -roots from the unit’ )

. circlé: One..suitable measure is to minimize the disfanee of the most deviated
signal root at each discrete rotation. The rotation operation is pe‘rformed by a

real matrix eperating on a real and an imaginary axes separately.

4.4 Array Processing I_lnder Coherent Signal Environment -

-

4.4.1 Introduction

The application of -high' resolution super resolution array processing
techniques encounters difficulties when the two or more incoming signals are
‘coherent (perfectly correlated) Such cases occurs, for example. in multipath

propagation or in jamrning 'I’he reasens for such difficulties is that the coheren-

-

cy of the si_gnals causes rank deficiency in the signal correlatio_n matrix ®saf{2:n)

given in egn. (2_.1.1:9)'. - . ' -
As a result, the number df detectable signals and the number of

resolvable Adirections of arrivals are reduced. Under the correlated signal

environment, the rank of the cross spectral density matrix is-generally recovered

by using the spatial cross spectral density matrix smoothing preprocessing scheme

{Evans, Johnson “and Sun (1982), Shan and Kailath (1985)]. Most ef the available
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literature consider the cases where all the incoming sig:nals are coherent. The

e

knowledge of the nunber ot incoming signals are also assu'ned in selecting the —

Lo number of subarrays for successful spatial smoothing. Even with the knowledge '

of the number of signals it is not possible to fobtain the number of optimal

- o B

subarrays since the number:of coherent sig'nals are not known By the number of '

-

i ta

~ .optimal subarrays we mean, the ninimun number of subarraysrequir,ed- to recover 2

- “the rank of the cross spectral density matrix The use of the term optima.L can

"

be justified as follows. We Tcnow that +the aperture size plays an role in the -

,.

,resolution capabilities of the. bearing estimation techn.iques reduction of aperture

\__

size may case deterioration in the resolution capabilities of the bearing est.ima—

tion techniques. Spatial smoothing reduces the aperture size_. Ther_efore._it J.S

important to choose the ninimum number ‘of subarrays required to reconstruct

N ST
N

the effective rank in order to mainta_m the maximum possible aperture size..

Therefore, the minimum number o_f_’ subarrays ‘can be‘c_alled as. optimum_number of

. . - - v
A . - ' "

subarrays. ) R S

Here, we  consider a more .general case where two or more incoming

. signals are coherent. A metho'do_lo'gy is given to estimate the number of incoming

sipnals and. the optimal.nunber-of subarrays concurrently. .
We also propos_e -a method to recover the rank of the—input data matrix
by directly applying' the spatial"smoothing preprocessing scheme to the'input data;

matrix U(2:n). In this way computation of several: data matrices. associated with

‘the spatial cross spectral density matrix smoothing can be avoided. Further. the

adaptive spatial data smoothing pre-proceSSing scheme has a -systolic array

structure'\rhich is suitable for impleme_ntation in VLSI form.
Both spatial cross spectral density matrix smoothing ang_gdaptive spatial

data 'smoothing' preprocessing scheme perfom under high signal to noise ratio.
. V- .

%

-~

r
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~ Spatial smoothing techniques fail to perform under the low signal:to noise ratio. = = -
442 S:lgnal Model S L .
. . . . -: . - .- B - -,
Let us divide our  linear array of M- elements into J overlapping
subarrays such that each subarray consist of M elements Hence the number of . .
- - subarrays is, : S - : Lo E :
JaM. -M+1 . : . . - . (4.4.1) -
where M < M-, : 7 N
The division of the éubafray is done such that they overlap, i.e. sensors -
{1.2,...M} form the first subarray, sensors {2,3....M+1} form the second subarray
and so on. Then the data vector uf(n) for the ke subarray at nth snapshot .
can be written as, -
ueom) < DOJAR-*s(n) + ¥O@) - .
_ . ) L (4.42) St
- where D(8) = [d(8.).d(8a).....d(6x)], D(B) € C™x, ‘ :
~ ) ‘
s(n) = (52(n).8e(n)....sx(n))~,
pOOM) = (¥3%(0),uz (D), (1)), and )
A= diag{zs.Tas. T, : : | o
T = exp(j’—— sin 6,.), k=1,2,...K, K<M, and ¢ is the separation between - - _ 4<
2 . o |
the sensors. ) - N L ' . IR
! . . . . - * . ' B " P . R h
Now we can form the cross spectral density matri'x ®9 for the RQ- . . o
suba:ray, S S . . e T : . \\
000 = B[ (unm)] . B LT N T N
- . ‘ . vt (443) g \_\______,J \
= D(0)A™~ 2055 (A2 )"D“(9)+D(6)A“-10.,‘:"-'-[D(B)A“—‘o “‘5]"+0 . T .
where, E[s(n)s™(n)] = QauE(s(v™™(n)] = 04.%, and , = "~ - . ',- o oo
E{ytm(n)y(k:W(m. ' Lo . . L : e e i .
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By making the assumption that signals and noise are uncorrelated, i.e. ®.% a

0, we obtain,

"

00> = D(B)A*"Opa(A*~21"D(8) + ..
N o z (4.4.4)
Once we obtain the c¢ross spectral density matrix @9, k=1,2,...J, the spatially

smoothed cross spectral density matrix @’ can be obtained by averaging the
matrix % over all the J subarrays such that,
. : J
Do) = J2 § 00O .
k=1 h (4.4.5)
Our aim here is to study the effective rank of the cross spectral density matrix
due to the spatial smoothing and hence we can disregard the noise cross spectral

densii:y matrix without loss of generality.'

Combining eqns:'(4.4:4} and {4.4.5), we obtain,

J . 4
Ban® = J=3 T D(B)A™"20pa(A*~2)"D"(8) --
k=l N .~ . . s {4.4.6)
= D(8 )a-unn(e)- ' ‘
J .
where, Qe = J-2°7 A%- ‘0,.,(A"‘"-)" S
k=1l O , : {4.4.7)

r - -

. 4.4.3 Spatial /S!Ochil‘lE Under_ a General Fra.g(ework

S

~ So far ‘we have not tifade any assumption about the coherence of ﬁhe
inconing signals Signal environment may be such that;
1. A1) the mcon.ing signals may be coberent. this situation may . be very -rare in

practice sinc_e the signals are_ coming from h.tghly unknown sources. 'I'hi_s is

the case that has been‘con_sjdered‘ in the present literature, exémple. Shan -

andKailath(lSSS) . . T
L

2. Sone of the incoling signa.ls =ay be coherent. this is the most e*cpected

situation due to the presence of smart Jamners and/or multipath environme-



. - .
i - A . . '.
) - - : 7 . & g ‘ = - -
- . ) L 5 .
. - . .
. ‘- . » f .
s . ‘
! - H - .
1 - RN . .
k] - - 2 - I
. . 3 =
S - - 4 o~ '
e -t - K
o =t . B . L . .
! Ay Vo - ‘-
80 . - . . -
T i .
- , - ' .-

nt. To our knowledge this situaticn has.'not“bee}n' treatea’éo far. .7 Lo

To study the effect of coherence on the array processing techniques. we ‘l =" .

have to understand the effect of: the coherence on f.he rank of the matrix

. o,,.<-'>. We study the variation of _the ‘rank of the ‘matrix 0,..‘-" with the_

’ | "\‘ \‘. ' . ~

-{ R - ?.

number ‘of subarrays '3 and the number of ccherent signels K.,. where K‘,SK with
K being the 'number cf signals. To obtain more Insight into the matrix 0... ; LI )
we formulate ‘the ﬁcllowim’-: Theorens | .- ' .
Thearem 441 ¢ . » T ‘
The rank of the MAtEIX P 1s glven by thE'reletionSﬁip, e ) - .
rank O™} =1 < . ' S \
= KKl KosK ©  ° : B : R oo
Since the numberl‘of subarrays J=1, @an'®? can be written as, A -~ s R
Oanc™ .=_D(e)o,,nr‘-(e), | | . o  .. . j BEREACENN
- r, = rank [%mu)] : . :.. :
= rank e)o.,n"(e)] . Co .
= min | N, rank(o,,,)] o s
J ' S {4.4.8) °
But it is obviocus that, N ‘
rank (®ga) = K-Ketd ERPE A e 3 4.4.9)

" since 15K SK,. | ‘
R ]
j'1"‘hec~ren 442 |

uthet the rank of. th.e matrix 0.,,‘;”. iS T, then r, is given by the
‘relaticnship, T . .

e L " |
R : o ' Do (8420)
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Proof ' . -

.. We decompose the matrix Oue into subspaces which can easily be handled. This
T :\.‘can be achieved by using the eigenvalue eig‘e;wector decomposition, i.e.,
c T Gue s VAV | _
s 7 . (4.4.12}
“ where V*V = I, and ' ’ :
Anl 0 ’ . : P ) . h
00 ‘
' r.‘lb' : r-ank(ollll‘i))v v = [v=Iv=!"'vi]| an,d oﬂﬂ ] v * A .E. CK"'K_

¥

" Eqn. (4.4.11) can be writtenas, . S
LI S - I:l o ' X
A . o-- - 2 ‘z- vmvn“' ’
~m=1 (4.4.12)

‘By combining eqns. (4.4.7) a.nd.‘ (4.4.12), we obtain,

‘-. 'J r;
" ®ga = 7 L [A*E Am VaVLT)(ARC)N] :
- k=1 mel : . . : (4.4.13)
e ' + ' '
. _)J r:l
- J—: Z Z X—(Ak_xvm)(Ak_zv-)H - -+
. K=1 m=1 ¥ .
= J-* (aV)(V)" . )
_ . {4.1.14)
where, 0 = [A®,A,.A7"2],
v = [v:.-va----ovr:.]: B
' - "-vlnfs [F:II-GM“I‘-“IG-J] , ’
(A% 2V 2 Y 2T Y ] me] 2,
R . ) ’ {4.4.15)

N s :
*Zz7¥ is a delay operator which provi'des a delay of X units. )

\r ‘Matrix V. can also be written as, : :



at

- ] - ‘32 - - i -
= QR)% [ va 00 | ~[O] . o .
: - (4.4.16) ‘
. 0 | val O | |.0 -
0 |0|val |O ’
I - _

¥

Vo € GO, § € coomman, g g gooemn, o L B
Substituting’ eqn. (4.4.14) in eqn. (4.4.6), we obtain thel"rank of the cross spectral'

density’ metrix KOAE.'.."‘”. so that,

rank (0.,.‘-”) = min K. rank(o,.)]

' e (4.417)-
Using eqn (4.4.14), we obtain i.}‘“ N :
rank (®ss) = min [rank(Q),rank(V)}. T

: - . , . paas)
But, it is obwvious that,: L : . Lo
rank (Q) = K and hence,
rank (@gu‘7’) = min X, rank 1)
) . (4 4.19)

Now, let us consider the rank of the matri'c V. In determining the rank

.

of the matrix V, we first consider the rank of the matrix V.... m=1, 2 ..

It can easily be seen from eqns. (4.4.15) and (4.4.16), that the column

vectors of the matrix V. are orthonormal, i. e. M -~

v_u"v..k = 0, jzk

=1, j=k . (4.4.20)_

- -
-

where V.4 is the j*™ column vector of the matrix’v..'

-+

3 v
- -
ra .

Therefore, rank (‘_f..) = J, ‘ .

- - T, ' (4.4.21) .
Since the eigenvectors of a symmetric matrix ®.s are o;thogonal. we can azsq ~

1

- L - —

write,



L e e R
S VT, %f 0, LQJ'.-.T __'_’" Ty -
. .1, 1-_1 o T (4.4;32)
._'fwhere. Lo € C-"'-’ o ) :: - | "_‘ RS L

- 'I‘herefore. fron eqn. "(4.4.22), we can conclude that the matrix v contains
linearly lndependent colunns and hence.

rank- (V)-uin [er,J] o T
' -  (4.4.23) -~

But. We know tha;_ r. <K so that, | . . |
' rank V) = r,J : S ' : . | {4.4:24)
' Substituting eqn. (4. 4 24) in eqn. (4 4. 19), we get - | *

rank (®an"") = min [KrraJ] S | . (a425)
‘Definition441 S

Optinal Number of Subarrays
Optimal number of subarrays, Jop< is defined as the minimum number of subar- -

rays required 30 recover the rank of the matrix Qg

Corollary 4.4.1
Optimal number of ‘suburrays Jooe is given by the relationship,

Jose = K/Ty’ ' o . L T T (ea428)

From eqn (4 4. 25) it is obvious that the rank of the matrix O will be equal
to the number of inconing signals provided that
r,.J 2K,
ie., :J.;,;.g = K/rsy ,

R ' (4.4.27)

. From this result it is clear that the smaller t'_he number of ccherent slgnals, the
smaller is the number of optimal subarrays.

. ’ ’ . § [

¢ . \



Propositions .. & : o ‘ ) SRS

1. Jope = K when r,, = 1, j.e., all the incolaing siznals are coherent. This"is in -

agreement with the results given by Shan and Kailath {1985)..
2. JO“ =1, when r; = K, i.e.. all the incoming signals are independent
After observing the properties of the cross spectral density, matrix

Do, let us now try to formulate a methodology for obtaining the number of. "™

signals K, and the optimal number of subarrays Jopx concurrently .

44. 4 A Methodology for Obtaining the Number of Signals and the Optilal o el Tt

Nunber of Subarrays Concurrently : o - ’

et

Let, v = rank (@ax®),

then, r, =' min [K,rad). - . @ 428)

- s -

Jn this relationship, we do not: have any control over the number of - 7

- . ~ - . -
. v

'signals K and it is the quantity we have to determine But, we do have~ eontrol )

] o = -

over the number of subarrays J a.nd hence r,,, J=1,2...... . This is the property we

are. going to exploit in e.stlmating the number of incoming signals K "%nd the

« v
. .
oA

Lo e

optimal number of subarrays J... concurrently. ' : R . ' e

- ; . . N 1 - .

Differentiating r,.with respect to J, we obtain, TS S -
ar_-y I‘; M » I‘;J < K : A, : - - ) “ .
— . p . e - -‘. - (4.4.29) o e ~ < » w
aJ 0 . I >K . o :
. L

where, 1 Sr. <K = . : ) . . :

According to eqns. -(4.4.28) and (4.4.29), r, increases linearly w.r.t. J with

. N -
- .

the gradient r, until it réaches .the Steady value K. Based on this property, a

methodology for estimating the number of signals K and the optimal number

subarrays Jope concurrently. ‘can be formulated in the following steps:



(r&

.85 T 'l,' ~: | _-.:--‘ ) - }

step 1 Obta.ln the cross spectral density matrix 0,...‘-” and its effective rank IR

ry for J=1 2.... vy using AIC or HDLC as outlined in chapter 2
step 2. Plot r, versus J : plot reaches a- steady value with a constant gradient.

of r,, where 1 < ra b3 K

b
L K-steadv {1".7)
R &
5/ -
- I/ :
. - / )
r, increases /- -
- ' Q
: -1 B EE | \ LI
,,_Jo'b: . I ) _Jc;:n-.i -
~ ra=K [ra."ra .!I':.=1 . . : -

;tEp 3 1. The number of incoming signals K is. given by the steady value of

r, le, K = steady (rs)
ii. The value of J at which r, enters steady state is the optimal
.number- of subarrays Jop«.

'i1i. The number of correlated signals Ke is given by,

..

K mK+1- T

-st_eady(r_,)+ 1-r,

4.4.5 Adaptive mud Data Snoothing Preprocessing (ASDSP) Schene

In general, it has ‘been the custom to construct the Cross spectral
»

density matrices for each of . the subarrays separately and then take the average

to obtain the spat:la.lly smoothed cross spectral density matrix. The matrix matrix

multtplication associated with' the construction of gae Cross Spectral density

matrix may result in nunerica.l instabihty

. . e N . ‘.- ., .

- - . . - . . ) .
. . . N » .
. . . . 3 - .
~ N . . . - - . . 2
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Here. we! propose a nethod to recover the rank of the input data matrix

‘-

by directly applying the spatial snoothing preprocessing schene to the input data

natrix U(2 n). In this way not only we can avoid the numerica.l instability due

.-
- v

*to the natrix natrix multiplication, but also we can bypass the computation of.

-%everal cross spectraldénsity matrices associated with the spatial smoothing of

-

the cross spectral density matrix. - o
. To do that we obtain a data vectorat-nt snapshot so that for the j=»
subarray, the data vector at n™ snapshot is given by.
u_j(n) = [u_,(n)ou_jt.:.(n)un-vuj--ﬂ-;(n)]TO
(4.4.30)
for j = 1,2......
We can now form a data submatrix Us.(2:nJ) € _C"“".-’ for the n®" snapshot
such that,
Uame(2:0,J) = [Ua™(2:0),02(2:),u2™(2:0), 02 (2:0),.... 0 ™(20) 0 5(2:1))
: . : ' (4.4.31)
The complete data matrix Ug(2:n,.J) can be.constructed so that,
Uc(z:n.J) = [Ugﬂ(z:l,J),Uuu(z:z.J).....Uﬂ"(z:nn’)].
- (4.4.32)
where, Uc(2:n,J) € O, “

Since the matrix Usl(2:n,J) increases in dimensions with 1 we employ_
the Jacobi-Givens rotation by premultiplying the matrix Uc™(2:n,J) by a unita))'y '
matrix Q"(2 n,J) resulting an upper triangular matrix Rc™(2:n,J),

Uc™(2:n,J) € €=, g™(2:n,J) € CRnr=any Rc“(ZnJ) € C“"“ .

Then the spatially smoothed Ccross spectral density matr X Dami2:n,J} -is' )

giuen by, ‘

Gax(2:n,J) = (20J)7>Ro(2in,J)Re™(2:0,J) |

- - ‘@ 4 33).
Similarly. by considering J subarrays for the frequency bin just outside

" the Signal frequency band one could obtain the noise data matrix Uc,(Z:n.J)

which finally coul‘d be used to obtain the noise cross spectral density agtrix
- o :

¥ ]

L= WA



. -

-

Reu(2nd) € C"'-'_". oc.(2n.3) € Co,

- 87

°a.(2n.n such t.hat e e

Om.(a n.J) - (2nJ) ‘Rou(2nJ)Ro.,"(2nJ)
Rc-(ZnJ) is an unitary triangular matrix, |

- The ‘cross spectral density- matrix Sune(2:0.J) obtained by eqn. {4.4.33)

.can be easily seen to be the average over the cross spectrai densi'c'y mi-tri‘c:es-

L

ohtmneti by the J subarrays as well as an average over the n snapshots This

spatial data suoothing procedure can be obtained adapuvely by usmp' a ‘sultable

systolic array structure 'I‘o obta.in the optinal number of subarrays we can sti]l
_use the procedure given in section 4.4.4. In this case:‘r_, is the effective rank of '
the -upper triangulnr natrix Re™(2:n.J). We know that the eisrenvalues or RL."(E:n
J} are the diagonal elements of it Therefore. to obtain the effective rank Ts.

we can USe MDLC or AIC with the 'diagonal elements of R. “(ZnJ) that are™

X ° arranged in descending order
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4.4.6 Systolic Array Structure for ASDSP-~ - _ L Coou
. . " ' el

e

" We consider the case M = 5. K = 2 and J =.3 for simpHcity. The.basic * -,

nature of the systolic array structure.is presented. below: "

frequency o€(OainCman]’ frequency w§[ominviax] . -

-

U, (n) Ua(n) Ualn} Ualn) Uo(n) -t (n) -Uya(®) Uyal) Upaln) uoa(n)

0 0 Y A Y S B

us (0) [un (0} ua(n) | uatn) [uan)] fucs(n)|uca(m)|ucsn)|ucain) fu. oln)

-— shift Az;egls:er' - shift register

4 1~ - N -
U, (n}| ualn}{ua(n) o U4 (n) [ucain)|Uos(n)
N L Y
Flipping network and | . Flipping network and
- | conjugate . " ... conjugate
- ux7(n) ugT(n) uaT(n}) Ul "(n) Ua"(R) U.a”(n) )

U;“l) Ual{f) "u,(n) ‘ u,_a(n) _'uua(n) uultr;.)
R | $ 1 + t

Rya(n) Ra-(n) Rya{n) Reqaln) R;an(n} Re1aln)

Ran(n) Raa{n) ‘ - Riea(n) Roasln)
Raa(n} . . Resa(n)
1 - I

Ro(2:n)R"2:nhw(2:n) = 2 Reo(2:n)Rc . T(2:n)w(2:n)

o
POP-MUSIC or ROC-MUSIC

4.5 Simulation Results

In this section we present some of the results of bearing estimation .

using some of the methods described above.
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' *'fa) Nonooherent Sicna.la B e ;“‘: .
- T o He -camider t.he case where two uncorrelated nnrrowband siznals' or -
- n equal strength are approachinz an array consisting of tive ouni direct!onal

-

P elenents We further assune that the sensor noise is uncorrelated and the

I separation ot array elenents :ls 05&

- . . - . - . - s

En.plel ,\...’ ' ..-‘ - : . .‘~.. .‘ ‘;‘. | PO
'I‘he direct.ion of the signals are assuned to be sin=32(0. 0) and '

smﬂ'(o.z). The POP MUSIC Euc spectral estimate. Sror- .u.,(n e). .and, POP- -

HUSIC Elen spectral esti-ate s,o.._m....(n. ) for % =5 after o'ne hundfed

snapshots are shown m Fizure 4 1 and 4. 2 respectiveiy The locations of poles ot‘

LN

G(z) and H(z) are shown in 'I‘able 4.1, Bearinz estinates based on the I‘OOtb, of

the polynouml:: G(z), H(z) and the spatial spectra S.-o'-n.e(n B) and

s -

S..o,_.u-..(n 2] uol :u'e shown in Table 4 2. 'I‘he results for both AlC and MDLC

are shown in Table -4.3. In_g‘ener‘al,, we are not-i_n a position to know a prior} .'

. whether the two signals are coﬁe‘-:jent. Thus'. the spatial data smoothing prep'I‘OCe—..

ssing is applied as- a safeguard. The' POP-MUSIC-Euc spectrum preceded by ‘_

adaptive spatial aata smoothing scheme is shown Iin Fig. 4.3. Three signal to
noise ‘ratios, SNR = 20,10 and 0 dB are censidered in the sinulat'ionh

Remarks

It can bé seen thatl both - POP.-MUSIC-Euc ‘and POP-HUSIC-Elen could

resolve the two siznala The POP HUSIC Euc SpeCJUI prov ides ‘a uery snooth )

noise spectra whereas t.he POP -MUSIC- Elen spectrun contains some spurioua ~

’\-.

-« peaks of .s-all amplit ude This is because of the fact that when d(B) lies outside

the sx?;nal subspace it results Ln a reasonably constant -.aznitude pr‘o_ject}on



- ~ B - moaa : “ 4\-‘_' —"'

d‘.(e)'*as thjs exanple shows._ the p.rojection of -d..(B) on to the RS = ax!s

\.»-._

d.<..°,(6) nay~vary with 8 and- may. so-etines be s-a.ll resultinz :ln tbe‘spurious _ ;

-n_.

peaks. As we expected theorettcally. POP—MUSIC E‘.Ien gives rlse to sh‘arper

T e A

peaks than POP MUSIC-Euc. The bearing esd-nte:s obtained by plotting

R

S,.o,-....(n 9) and S,c,,._,,-._(n 0.mo) spectra can be conputationally intensive AR o h

" due to the” necessity ot a larze number of 1ook directions_ Funthernore. we

- - T

cannot provide 1nfinitesina.lly discretized st,ep size ot 8 and the location of the
‘peaks by J.nterpolation Ray result in a blased bearinz estinate. Thus. the roor.s

of ‘the corresponding polynonial ds an attractive a.lternative ;and. the results

obtained are shown {n Table.,d..?_.. However, bias:can also occur in the b_earing _ l

‘estimates obtained by spa"ual-speetrun and 'thé roots of the polynomials G(z) and

H(z). when the slgnal roots departs ~fron the unit circle

hhen we use the adaptive spatial data snoothing preprocessing under
non- coherent slgnal environment, it results in sharper peaks This is mainly due
to the improved cross spectral density matrix estinate achieved as a resu.lt of
adaptive spatial data snoothing preprocessing 7 .

. It can’also be observed that the mimmum of the AIC and HDiE‘cor— )

respond to the nuaber of -sie’nals and both AIC and_MDLC- perform equal_ly. for.

finite number of snapshots.. = - . T

-Exanple 2 ' —_

We consider the case where two signa.ls are closer together than those '

1n Exanple 1. The d.lrectiorr of arrival of the two signals are chosen to be

. sin“{o.lo‘) and sin_"‘(0.2) TO obtain ROC-MUSIC spect_run we’ perform the

.rotation_'so_'that the most deviated signal root from' the unit circle is a minimum ‘

in, every discrete rotation. The POP-MUSIC-Euc Spectrum, Syor-suo(n.8). and :




- ROC-MUSIC' spectrun., . S“°;"'£i"'{n‘e) are Sh“h in Fig. 4. 4"The' si'zn'al' to noise

. ratio fs chosen to be 20 d& 'I'he POP MUSIC Euc spatial spectral estimate under

1dea.1 conditions with a prior:l knowledge of the slgnal and noise environlent is - oo

shown in sz 4.5. The direction of arrival of the signals obt:ained fron the

dominant roots of the polynomial G(z) <and tne do-inant peaks of the spectra

Sror-zuc(n.8), and_s.,oc_...u(n.e) are tabulated in"l‘.',:_ble,‘:,-(.

Remarks A " ]
As it was nentioned earlier, theoretically there are no linitations to, the
POP- MUSIC method. If the-exact cross spectral density natri\c is availaqle. POP-
MUSIC spectrun can resolve two signals howeuer close they are- in angles of
arrivals This can also be observed in Fig 4.5. However. when the conditions are.
':on-ideal POP-MUSIC spectrum'may not be able to resolve the inconing sig’nals‘-‘r
as shown in Fig. 4.4. From Elig 4.4, it can be seen. that the ROC-: HUbIC can be
used to correct the errors introduced and as a result the two signa.ls are
. resclved In the ROC-MUSIC spectrun whereas the POP-MUSIC-Euc spectrun has -
failed. ROC-MUSIC spectrum with the cfiterion that we have chosen contains
sooe' bias' in the bearing_est;uates. It E;_not vefy clear why the bias in the
-cliifection: of arrivnl est}na_te,df one signal is considerably lerger than that of
the other si.gnal. E\_ren ':thoogh the POP-MUSIC skctrum fails to resoloe the
'signals. POP-_!;{‘US_I(; p-ol;y"noni'alk‘,s{z} coufld‘ resolve the signals by prooiding.;'-tio ,
‘do-inant rootsand thie'can-be oboerved in Table :4.4. Bias In th‘e bearin;ge ‘of‘:
both the signals obtained -by,POP-HUSIC oolynonial G(z). appears,'to". be con-

siderably large.
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Coe Rest ‘of the environnent conditions are assuned to. be r.he sane as-. in section (a} . )
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In this exanple we* again have the directions of arrivals of the two
coherent signais to be sin"(o 0) and’ sin"‘(o 2) The POP MUSIC E.uc s‘pectral

L

-l estinate S,.o.._.....,(-n 8} after one hundred snapshots is shown in Fig~ -4.6. The

"POP- MUSIC Euc spectrun preceded by an adaptive spatial data smooﬁhing

preprocessing. S._.,o,_.“(n 9) is shcwn in Fig u .-AIC and HDLC for POP- . LT

. MUSIC and preprocessed POP-MUSIC are shoun in 'I'able 4.5, The bearing - S ": :
Lo ‘ estinates based on the dominant roots of the pohmomial G{z) and thé domnant
. peaks. of the PO‘P MUSIC Euc spectrun preceded by the adaptive data snoothing

preprocessinz schene areAshown- in Table 4.6. o _7 —_— " '

-~

I&Rellarks .

h'hen the incoming sienals are coherent the input data matrix “or the

" cross spectral density matrix becomes rank deficient ‘It is very clear from Table '
45 that both AIC and MDLC show a nininun .at the value of K = 1° ».for POP-
MUSIC’ whereas for preprocessed POP-MUSIC ninimun occurs at K= 2. Further.

it is noteworthy that the adaptive spatial data snoothing preprocessing scheme

fails to perforn successfully at low signal to noise ratios Therefore. when the

*

inconinz_ siznals are ccherent. preprocess_ing; scheme provides a so]ution ‘to the .

bearing estination at high signal to roise ratios. . ' . ; )
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R 'rable £1. l:}ocationa of poles in POP—HUSIC—Enc ~(G(z)) e
; ;_,;‘ L e nnd Pop-msrc—RIe- (B(z)) o s; R
. : R T SRS TR A
ST N R SNR T G(z) - H(z) - “v o
R T L woE ST ST
ST ~.C Rt dB |r| sin® Jrj. - ain &, o
e R : - Ly - w
ST Tt U994 | 0,001 1.000 ozoo‘* S .
T 0991 0.19977 %999 -0.0017
) _ - 0452 -0.133- 0.720 - L0347
s 0.452 07333 0.718 “-0.148° .
G Cel 20 _ 1.007 Q001 N
) -« T~ 1008  0.199 - ST
- * . 2211 -0.133 _- b
v 2212 0333 .
) . 0.980.0-0:004 0.999 °, 0201
. 0970 0.197° 0.995 0.003"
< ‘0.453° -0.133_, 0.721 0.346 .
) 0453 0.338 0J16 -0.150 ..
' 10 1021 ©.008 : ..
1.031 0197 ) :
2.208 ~ -0.133 T
2.209° 0.333 _ X .
. 0.934 0.007° "0.979 0.2017 T
0.877 '0.189" 0.969 0.004"
TTU. 0.463 -0.140 0.738 . 0.343 :
0.462 0333 0.723 -0.160 . \
0 1.071  0.007 ' ~
) . 1.140 0.189 )
2.162 -1.140
2.184 "0.333

"z = |t} exp {jrsin 6), and ™

signals.

denotes the roots corresponding to the incoming

Table 4.2 Bearing estimates (sin 8) based on the rvots of
the polynonials and spatizl spectra

- SNR

POP-MUSIC-Elem

True VPOP -MUSIC-Euc
dB  Bearings N S :
: - G(Z)', Src'-;ug(n.e) H(Z) . Smr—:l-n(n.e.mo)_
20" 0.000 0001 - 0.000 0.001 0.000
0.200 0.199 0.200 0.200 0.200
10 0000  0.004 0.004 0.003 . 0.004
0.200° 0,197 0.197 0.201 0.200
0 0000  0.007 0.008 0.004 0.004
0.200 0.189 0.180 0.201 - 0.200°

v -
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[T N " i .
. e R . A ~
AR N . DL S . .
~ i ) . N N -~ - - e e W v - x -

s LT N SNRLL - MDLEL

P S L.,(k) L.(k) - T
0 718 J1a3s L
B § B S tuos
- S T - 19 38 "
. ' e : .3‘
4 ‘.24 48

~ [y

o
1
~ 10 <72 7 19° 38
- 3 23 48 - -
4 18"
0 156 312
S s R 66 132-
. .. 0 r2 19 387
' L 3 . 22 44"
4 24 - 48

~ denotes the ninimum and the corresponding ) :
Lot t\ denotes the nunber of sig'nals - - :
‘Table 4.4 Bearing estimates (sin 6) from POP-MUSIC-Euc
_ and ROC-MUSIC-Euc E

SNR True POP-MUSIC-EEIC ROC-MUSIC-Euc

- dB Bearings .
G(z) Sror—l:uo(n-e) G(Z) Snoc-zuc{ng}

20"  0.160 0.161 unresolvable 0.152 °  0.153
0.200 0.192 0.199 0.198

23 .45" : L .

422 844 * .o
.269 538 L
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ok \ 'rab.‘le 4.5 NDLC mmmderqobe@sim
_ R BN ) | A f Preprocessed : X
T e POP-MUSIC-Euc POP-MUSIC-Euc - . -- '
.SNR e s oL e
L . dB ' K HDLC * AIQ MDLC - - AIC - . : '
- S “ Lo(k} k(k) Lotk Tatk) - .-
o’ 1024 2048 .- 875 T80 .
1 17~ 38 % .86 132 .
- . 20 2 20 40, . 8 - 16 © -7 :
R . . 3:_.'_.. /2—1 Wt 4% - ) N ‘ .
- . €- 4.-—"2¢ . 48
. fO T 629 1288 260 520 - -
. 1~ 17T - % 11 22 .
. T 10 2 200 40 8° 167
. -7 '3 21 42 .
. "4 24 18 SO
) 0 264 528 113 226 .
1 17 " 34 - 5~ <10 *
0 2 " 20 40 8 16
3 21 42 : N
4 24 48

* denotes the minimum and the corresponding
'K denotes the number of signals

Table 4.6 Bearing estimates (sin 8) from POP-MUSIC- Euc
‘and Preprocessed POP-MUSIC-Euc for coherent siznals

SNR True i Preprocessed POP-MUSIC-Euc
dB Bearings )
: POP-MUSIC-Euc G{Z) Sr-ror-xuc(n8) ¥
20 0.200 unresolvable 0.199 0.200
. 0.000 -0.0086 -0.008 -
10  0.200 unresolvable 0.212 0.208
0.000 ’ -0.013 -0.012
0 0.200 untesolvable unresolvable
0.000 .
4.6 Discussion

The spectral estina_tesq POP-MUSIC-Euc and POP-MUSIC-Elem _t.hét are

derived based on the proper orthogonal projection provide a'deepér. ins'i_zht into

L]

/



' signal and n_o;lse subspaces leading to the limitatiops in the resolution capabilities

“»

the MUSIC nethocl. POP-HUSIC-Euc spectrul does not. give ﬁise to a.ny spurious

.'r -

peaks wherees POP—HUSIC—Elen uay theoretically give doninant szurious peaks

even thouzh it is very rare 1n pract.f.ce It is also shown that the ulnlnun norn .
I ceLT
technique ‘is a specia.l case 01' the POP—MUSIC—Elem. _ o T

Theoretically there is no linitation to the ca ities of MUSIC method -
But 1n practice due to the errors 1ntroduced in using the esti-ated cross spectral

density -atrix est.tnated signal and noise subspaces may deviate from the true

of the MUSIC nethod. The rotetionel'correction multi] e signal elessificadon
(ROC-MUSIC) shows some capability of providing imp?Bved resolution capabilitres
over the POP-MUSIC spectrun More investization. Is necessary to ake any )
conclusion about the - capabilities of the ROC-MUSIC. Further, the potential

~

capacity of the ROC-MUSIC {s limited due to the nonexistence of an unique

_c;‘i'terion in guiéing the rotation.

' We have coneidered .the array processing under coherent signal___env.iron—.
ment Ir; a nore gener_&% frauemrk. A procedure is fornulated for lestineting the -'
nember -of eignale and the optimal num.ber of subarrays concurrentlﬁ-.‘ Adept:xve |
spatial data smoothing preprocessing (ASDSP‘) scheme recovers the rank of the

signal data matrix under the coherent signal environment. ASDSP scheme is

" computationally stable and erficlent'sin\ce it does not require.the construction of

the cross spectr'g.l density matrices for'each_subarray as in the case of cross
spectral density”matrix smoothing. The given systolic array structure can be used

in implementing e ASDSP scheme in VLS! form. In the case of coherent signal

_environments, the spatial smoothing preprocessing scheme perforas guccessfully |

at high signal to noise ratios whereas the spatial sbothing preproceasing scheme

.fails to perform at low signal to noise ratios.

¥
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x .' REPRESENTATION -

N ‘q_' :‘,‘:.:.,‘ M _\ . ' . .
'Preview There ar& nunerous techniques of spectrum estination available today

and they a’enerally come " under the categories of conventional high

Yy .

resolutmn and 'super‘resoluticn families. All these Spectrum ‘estimation

-
-~

techniques have .been deveroped‘under dlfferent trameworks and each of

them has a very- dlstinct origin Can we bring a.ll these spectrun

N

cestimation techniques into a unified franework 2. If we ¢an, not *only

n we get a deeper understanding of spectrum representation as a

-

w ole. but elso reveal the uysteries of thelr relative performance.

- Here. we consider the spectrum estimation ‘as the geometric

study of the behaviour of the cross\spectral density matrix. The idea of 7

the'geometric analysis of the cross spectral density matrix is to break
it down into 2 number of subspaces in such a i;'e.y that the: operation

" on each subspace is particularly simple, and easy to visualize. Proper
_orthogona! projection matrices are ‘then "'gierivedt.fqlr. each- of the -

subspaces separately and they are used to :défine two ont 'of nansf

possible families of spectrum estimation techniques nanely Euc—'l‘
. NN

and Elen-‘rechs Conventional h.izh :esolution and -super resoh.don"

~

speotrum esu:nation techniques are unified and categorized into Euc-‘ )
“Techs and’ Elen Techs ‘I‘his unified approach 'provides a key to study

. -
- the relative perfomance .of the spectrum est:i.lation techniques

N



R *Furtber. If we have any spectrum in the'Euo—Techs*family. -wé;;oaﬁﬁso" e T ‘ ‘

: *_' v -' J_'_ ‘. _define lts‘c_orre-spond;nz counterpqrt- mthe Eiee;';'schs ;a;ti'ly Even \-_-f‘;; _’ ‘ ~
."-f _Ij_f; ' though e have. ‘defined’ two families of s;;ect};.‘ it _.1& noJ: lmted to '_,;__7" _
’ . two‘l' and on’e' can-det;me as many rami‘nes ?as“one\wishes.. ' .. .»'_" : .' ‘ “'-.z"'_'v ..
B t BRI O
:"_ ln ch‘apter g, we: haue con51dered only thed super reso&ut:lo; ;oectrum ,- _':“"-;
'-. ’ _estln;atxon techniques\and ti;eir geometxlc:relationsnigs. 'I‘here afe'acﬁé;s}gc?{um *- ' N
est.imation teclmiques thatvn'a:\re been developed and used. s'ucoess'g‘:u:ll};;.{n t‘.i\ne )
..~_'_-“series es well as in array processmg Almost .all .the specu-u; estination » : ‘ _,' .
) _ .'.'techniques can ‘ oe used interchangeably :ln tilne ser.‘les -efs. well- .,asf,tn array: "4, -‘ ‘
' :{ 'processing Ln array processing. the di-;ction vector d(e) and the cross spectra.i —H»« - o
| ldensity -matrit Oln) pan* (d(e)d!{n)) is used wlnle in time series the lfrequency ~: ", ~ . |
_ ".vector d('w).and the autocorrelation matrix O(n) pai‘r (d(w) O(n}) is used "- " o
t - All the ‘ classical high resolumon and theﬁsuper resolutmn Spectrun.- - ~ - e
estimation te?nmques have been developed under .a .d:i“f.ferent framev.ork In this ﬂ c .\' o
. chapter we. f-xrst provxde a unifled framework for speotral repre-sent;xt.mn and ’ '_,. . - _ o
'then we attempt to brmg all the exist.ing spectrum estmati‘on techniques_- - ) .-
together under this unified framework. The basic tool we. are ‘gotng to use 1s the s ’
‘ geometric analys:s of operators Therefore let us f.;rst consj:der the geonetric -
S : Y
- ' analysis of operators brlefh, We have considered this to some- extent .in ‘fw B ': -
'chapter 2 also. But in chapter 2, our ma.m interesttwas to. break down the cross S "
’ spectral density matrit 1nto two subspaces whereas here we will g‘o into more . -
‘basic elements. . P . | o e .‘ =



- \ ’ . ... <—- ' ‘: b
3 :,,;.-",-'_. -“ ' ; , ',_' - - ‘,-; . .‘ -
"‘._-. " P, O ‘«.' ‘.:» R '101 .
TP - ¥ Geonetric Amﬂysis of tbe L‘.ross Spectral Dens.tty Natrix
A N .--,_._‘. ) Y ' )
.ﬁ_«'-?_ R 'rhe sp-ectra.l analysis is basica.lly a g-eonetric study of the behaviour of .
BTSN - T s T )
S A the cross spectral densiw matrix "The 1dea of a geonetric analysia is to break up
T - f:-,""“f'_'_ the cross spectra.l dens;ty natrix o(n) in such a way that the operatjon on each
- 'ﬂ".-f;' . B part 15 particularly sinple and easy to visualize - . . K
. - A ' . __. ' N
. Subspace decompos;t_ion of o(n) can be achieved as we did in chapter 2, ie .
o S L ) mmmize trace [V"(n)o(n)V(n)] - ~"‘ o - (5.1}
) V(n) ' o . ' ' )
"_“ R under the ccnstramt 'V“(n)V(n) =1 .f- R . . ' - (5.2) -
oo uhere 1 is an. Jdentity matrix, and V(n) 1 ®(n) € o=,
” v 'I‘he solutwn is given by. N
L O{n)V(n) = V(n)A(n) o : -
7 _ : : o . B - (5.3)
' where. Vin) = [Vlﬁn).va(n).-—ﬁ'u(n)]- o ; : - T
A(n} is a thagona.l matm\ that contams the Lagrange multiphers as the diagonal '
' ; | elements and A(n) d;ag (inn) Aa(nk... Zu(n))
ST ) o . he then identif}, the eqn 5.3 as the eigenvalue eigenvector _decomposi-
) ) . tion of the Jnatr*i\ @(n} where vin) 13 the’ elgenvector matrix correspondine to .
i . the ezgenvalue ngen by the dlagonal elements of the matrix A(n}.
- . ' . Post multiplymg t.he Eqn. (5. 3y by V“(n} we obtain,

-, ey s V(n)A(n}V"(n) - | . : ‘ T
Y ‘ N ' - - L . - (B4)
D= T Aain) V_(n)v_"‘(n)
. m=1 ' .. } . . : -
Let. v.'.(n)v;._.“(n) = P.(n), then,
®(n) = I An(n) Paln) . L
. m=1 . ) ) . {5. 5)
. , ‘ Knowing the vector v_(n) the prOJection matrix on this ‘vector can be written

as. o - . ' B o



T 1. S RN L
* projection inatrix'on‘] . ALV v R) | - Sl (5) -
- the m*™ eigenvector oo Lo Lo . _

'B‘ut since V*(n)V(n} =L v...(n)._-l.é...f.H are o_rthonojmai' vectors and ’t.here;—_‘

B

fore,

projéction matrix on] *~ v (n)v."(n) . ____,_ L '. . “--'-(5_7}'1 .
the m*™ eigenvector __— Lo .

=P (n) : (58)

- L.t e

Ther-efore. it is clear that the cross spectral density natrix c(n) can b-e

expressed ‘as the weiyhted ‘sum of the proJect_ion matrices. _(n)'m--l 2.. -~ -
..M and the weighrs are the’ eigenvalues or the power associated with the eigen-

VECtOI‘S

. . . ’ - - v

By taking the Hermitian transpose on both sxdes of the eqn (5. 2) and

substltuting from eqns (5. 'r') and 15 8) we - obtain e -

H‘ . ) A - N " . N - N . ; \..

T Pu(n) ~ 1 S e . o

©om=l : o {5.9)
Fortl{er. it casy to see that,

P."(MP,n) = 0, m=j and
. = Po(n) . m=j : - I s (5.10)
'. Tl}emfém- a family of pr‘oje‘ct_iohs'.-{P) (n)IPa(n),....P.(n)}_is a resolution_"of R

identity [Naylor and Sell (1971)].

Let us assume that the number of .incoming signals-are K. The"khowledge ’
of K is not a'vailable‘in_ practice, and it can be estimoted using the eigenvalues

of the cross spectral density matrix ®(n) as we mentioned in chapter 2.

Then. we can partition the eigenvector matrix V(n), into the ‘signal -

subspace, and "the noise subspace, so t.hat. “
V(n) = [Valn).Vain)] . .

o o - . . . < (5.11)
Va(n) = [vi(n).va(n)...vx(n)], Vu(n) = [Vik-a(n).Vxoa(D).....¥x(n)]. o L

where, K is the number lof signals.



3 . oo T . 2 . ..'- o U :‘-". o RN
- .‘ . “l‘ » '- 1:03‘, .- .'; - S v e ~ . N
- ' , Then the projection na:rlces P..(n) and P,,(n)-for the;signal aubspace
fo o and noise~subspace respectively .can be writteq as,’: T _'“' s
..-_- N . Pu(ﬂ) = Vs(n}[v-"(n)Vp(n)] ‘V."{n) "_‘\\:-"'_- j:'-"". K :‘._' l. . .' ‘_(5.12)‘
T p.,(n) =-V..,(n)[V..,“(n)VN(n)] =v,."(n) et S 5a3)
T But from the 'constxaint eqn (5 2) we know *that SR -,‘ .
- N X ' -" vﬂﬂ(p) Wu(n) Yu(n)] - Is-) 1-,. .:.-‘_::, :'.._:‘:-', ‘ o ' ] ‘ N --_‘.: . B ‘ l. -:_ .
vN"(m s e T T S P
L . le V "(n)V.In) —~1"": and V..r"(nlvn(n) = I"'““" where I"" I"“ m'\d
‘ . ey R
LT I"‘"" are the id’entity matrzces and I"" E C"““‘ I"" E C""" and ) ol o
- s € c<'.‘-'¢>“‘"?'<’ N —'- : . L : -} , _§ s - . o -
s - ;- L Iherefore the‘ projectmn matrices P.(n) and P,..,{n) reduce to- the form
Ty P.(n) -V, (n)v.,"tn) e ” | SR *7--._";1 .'._: : (5 14)
S O K . ~ - R ‘ U A : : .o .
- .- }: (n’ o e ‘.:. _: . - ‘ K - ~ ‘:-. ) .; T — .
- !!1‘1 T - b ;-. e, . _‘,\-- .-,-.. .' _ 7.:.‘: s ,-;‘ ' R .-.A‘ P . 7 ...
S Piln) ® vg,(rilv;_*s(p) P S L)
- . M N - . - ) N e . . ] ‘.‘ .I’-
. R R 'Z P.: n)- o B .. o _“. - - . .-. . . ‘ [l . .
el o T i R I L
Additionally. = B :
V.M - :.\; .'“.. | . . ‘ . ‘ - ' . ~ " .

% . Pa(n) + Puln) = L Pun) = o P O

a=1 CoLTT e S 5 1
- =1 ‘

- where I is an 1dent1ty matrix

Therefore it JS clear that we' can obtain the proJection matrices P..(n)

-and, Py(n) as the weighted sum. of the basic projection matrices. P..(n) m-l 2.

" M. Also, we can obtam the M"‘ crder signa.l subspace Cross. spectral density

matrix'%,"‘?(n). and the I_*i"‘ order noise subspace cross'spectral density matrix

- . - e
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: L | R N R U o
3 - - . - . ~ sa TN e LT e
. n DA - . - i e
: : - . ' - = - LT . g ’ o ' L N -
o - E ) . & RIS . - C ': . ‘..‘ L o ___.:“ -”'_ ‘., PR | S -‘\ . - . “:
L G (n) as linear Combinaticns of. the basic elements P.(m), m=1.2..0M. Le:, . . Lo
._ ‘ s K - . ' . ‘ . e | L _ s ‘.‘w.‘l." . ‘.-_':. N - . . s | N
wa™(n) = F ln(nlpn(n) and T S A :

m=l . R T e AT e T

RN M'. .
®ur®™(n) = L An(n)-Pa (n) Lo T
mekel L o T e (sa8)
Further. by adding’ eqns. (5.17) and (5. 18). we obtain. IR T

o -
Ouat™(n) + ONN“"(n) L _
. .' m-l . . } . e B . Lo .‘ N _ - “\ 5
em (519) L

v

’I‘herefcre. lt is clear that the basic elenents scalar mar.rix pairs o j ; T "_.' -
(2-(n) Paln)). m=12:.. H play an important role in geometric representation of N
. the Cross, spectral density matrix Even though it 1s difflcult to visualize the

- operation of the matrix O(n) the scalar—matrix pair [l..(n) .' SRR N AT

P.{n)) is particularly SmpIe and easy to visualize - T '. ) . ‘j g

Fuirther, it ‘can also be shgwn _that. - Do T
®=*n) = L Ax"*{(n) Palny - Ly o e
T om=1 " N
'__:"_ K-‘ H C . ..
- =LA “(n) Pan) + L~ 2a"2(n) Pu(n) -
e n—-_l et m=K+1 ’ i .
< T -
- [05.;(-)(“}]' . [QNN""(n}]‘ S | : R . .-'-" e ‘. S r‘ .“‘
- a-here []‘ denotes the" pseudoinverse of [] . )
- So far we have done the deccmposltion of the operator ¢(n) into several .. - ':f_. g
smaller subspaces so that the operaticn on each subspace 13 smple and easy Let —
us now consider how we could use this in sp-ectrum representation -
) "' To start _with. we.first'project our direction vector d(8) of dlmensioa M
onto’ the m*" eigenvector, l.e'..‘ T . ’ ' -~ ’



......

' where. d..(B) :ls the projection of d(e) on t.he n"‘ eigenvector - s "

. N . A

Ve

. "

d..re)-P.(n)d(e) R T R SV Y
o " | ' (5200 . ¥

b The scalar-vect‘.or pair (2..(n) d...(e)) m=1 2 H ‘can be used-as the \ ‘, 1' S
basic element to define ditferent spectraI estimation techniques as- we want We

can defjne as many spectra as possible based on the scalar—vector pair (J(..(n)

TN

.

d...(ﬁ)) Here we consider only two families because all the conventional h.igh

resolution. and super resolur_ion spectrum estimation techniques can, be shown to,

beiong to those two. categories I;et us’ define the two families T

' ' . ., * "__‘l .

’ ".‘ N i ' L
o 53 Euclidian Nor- Techniques {Euc-'l:echs} s '. - T

We can define a family of spefctrum es‘r_imation techniques based on the :

"

scalar scalar pair (R..(n) Id...(ebl) m=1, 2 M, where I l denotes the ' ST

-

AR

Euclidia‘n norm of-a vector wis spectral family uakes user of -the Euclidian
norm of the projecmon vector - )..m;l.z......lfl. it Tis~‘nane_ci as the_ Euplidian--

\ . ) - - \ v,

norm ‘I‘echmques (Euc Techs). ~ & C I , IR

. In the Euc-']‘echs familyu. we define a family of spectra S.,“[n 8) as a

AR 1

function of (Amin). | dm (G)I) m= 12 WM. de., . e s

+ Seucln 8) = f(l (n).,ld..(&)l)

. I ' n T (s.21) -
R Now we have ‘a choice in the selection of the function We consider one

.

Darticular functlon i e _‘ i . K I . )
- ’ ¥ t ,
2 2 "(n) Id-(e)l‘ ‘
g L mél S ) . o .
Sm,c(ners) — — g e (5.22)
. e M M : o - o - . . ' -
3 3""(!1) ld_(e)l‘ R - ) .

: _- mfi

ﬁhere.;_r -and_s_ are constants and ca'n‘ take any. vaiue.

.

i, “an integer. so that-



"‘Now

-spectrum Why we select this name will be made clear later.

-

T (al)

Thistis generally referred to as a conventional spectrum estination techni-'

R}

A » hd - -
»\.h .‘ - "
. - - o
- . -
- y v
N oo o
e . 106

we prefer to- nane this as the -generalized maximum likelihood (GML) ) L

let us consider- some spe'ci‘all-cases:

_ Let 1=1, r=0, and si—l.'--lthen: :
M S
Seua(n. 9) =L Zuln) ld..(ell' R
mel . o T -} I
 ~an@omde) o E s

L]

. . = Bartlett spectrum (BS} [(Bartlett (1953)] Lo T SR

- ‘s&:;w(n 6).

o L

que, It 1s clear that this spectrum depends on the eigenvalues and hence on

the variance of the no:tse I
(a2) _ Le_t-'i:_l. r=1, "and $=0, then we get.‘ . L o -  : k
T C HV S o .
S.mc(n 8) = [T Aa"*n) Id..(G)I“]' . - S :
Comel L . . o 45.24)

- [d*f(a)o-=(n)d(e)]-.=-. . :
= Maximum likelihcod (ML) spectrun [Capon (1969)]

. ST

* Swe(n.0). '

«

Haxinum likelihood spectrum ‘is aJso referred to as the nininum :

variance sp-ectrum Tms is considered to be a speotrum in the hip;h resolution

spec-tra family This spectrum depends on the 'eigenvalues ang, hence on the . '

' variance of the noise. Since t.he spectrum given in eqn (5. 22) reduces to*the '

n

maximum lil-cefihood spectrum as a special case, it is named. as’ the general-

‘ized maximum likelihood spectrum.
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Let 1-1 r=2 and s-]: then we zet A -
‘. -:' ‘; . ' . . , ) ‘, - . - . - S
- [Z A *=(n) Id...(B)I"] R
m-l L ‘l ) Ve

quo(n e) ; et --. - .‘ '_, — CL . ) ': . - ) . V "-‘- (5‘2.5)
IE 2““"(n) Id...(B)l’] o=
. m-l : . Co e R
.-'h ‘ ..~ . H e PAES . ., A '.. - .:- “_ _ . . ) . .
[s..e(n 8) T A-~*(n) Id.(B)l‘]" . S a0 ey
7. X m=1 A . --_.' . e

Id"(e)o-=(n)d(e)l

(@@0-=()d(e)] - '_ e T

Adaptive angular responSe (AAR) spectrum [Borgiotti and Kaplan .

LI

"M

(1979)} T T e e T

' -"‘,- Sm—tuc(ne) . - < T z’.t - LT

e This belongs to the h}gh resolut.lon spectra family and it depends .on the

. eigenvalues. and hence on t'he variance of the noise S

(a4)

Sx:un:(ﬂ 9) < (L2 "(n) ld..(B)l"]'

(as) -

. - . . "'.

.

Let i= I r=2 and s=0 then we obtain. )

'M'.‘

. lTL='1 _

B

' “e [d“(e)m‘“(n)d(el]‘

Thermal noise (TN) spectrum [Gabmal (1980)]

- - .
. -

T Sm_g..c(n e) S e e

Tkus comes under the high ‘resolution categdry It depends on the eizenva.lues :

-

‘o P

and hence on.the variance of t.he noise B e o

. Let.:_ls}(_+1,‘ euo, and_r=1. then. ,

M.

sm(n 9) = T A —=(nud.(em-' T
) . ' m=K+1 ‘ .
- td"(e){omm(n)}*d(en—* e



o
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»
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= Eizenvalue eigenvector Spectrum [Johnson (1982)] -_\"l: ‘.__“-_ . :
- -slv—!uc(n 9);. . . o ' . . "'1 ",‘ N o -‘. DT
R - \'- . i M . . - . -7 . ) . L .".
where. {ON..,‘“’(n)}' =T Za"*Paln) " . : SR
m=K+1® ‘ : . (52T
_and K is the number of sienals : o . \“ f
Even though -1t has been the custom 'to consider this as a super .

resolution technique this spectrum depends on the eigenvalues and hence the

‘e

variance of the noise If the va.riance of the noise is same for all sensors -

Y

then the S.w_.,.,c(n B) spectrum becomes asymptotically independent of noise

For finite number of snapshots this spectrun will be affected by the

perturbation of both the eigenvalues and: eigenvectors B

So far we have considered a few of the possible spectra in Euc—'l‘echs
family; which are functions of both 2..'.(n) and Id_(G)l Now 'le't- .'_‘ o
us define sone Euc-Techs spectra using Id..(S]I alone so that they -

‘do not depend on the eigenvalues and hence on the vaniance of the

. noise

Let i-K+1 r-0 and s=0, where K is the nurnber of signals

Then we. obtain L R P T e

. . H . ot k »
sm(ne) = {7 Id..(B)l]"‘ R
. m-K+1 . : .

' ,;"‘“' T.s'ﬂiseei'7

{d"(B)PN(n)d(G)]‘

MUSIC [Schmidt (1979)} or more appropriately POP-HUSIC—-Euc ‘

SFDP—zuc(n B) l ':-: - . K

-

-

where. PN(n} is the noise subspace projection matrix

'_This is a spectrum in the .super resolution spectra family It does not depend

. on the eigenvalues and hence it is asymptotically independent of the



.

~°

. : . . ) — . '
S ) : ._ L
-t o T i "
CS T 109 . -
e variance of the noise e AT
. L n oo R ' - B

At f.his point 1t llay be interesti__ng‘-_to'se'e- the spectrum where i1 and

s-o Then eqn. (5 22) becomes. . . S ‘. |
. H‘ ‘ ‘ o Lo o . . : '.
Snuo(n 8} ={L l..."‘(n) Id..(e)!‘]‘ o S .
— ' II'I N ) "\ B t : . . B ) ’ ~(5.29)
= [d“(é)‘b-'r'(n)d(e)]:a IRIPR " S | . : T
.VA- \ ’ = Sﬂﬂn—tun(noe) ) ‘ . ' . - . ) B .:f . |

.

Le; us ca.u this the more general maximum likelihood (HGHL) spectrum We know |
that the x..(n) m-l{+1 K+2,.. M are asymptotically repetitive and they- represent
the varia.nce of the n01se.. .

Let us cons:lder the case where ro, then. .

e v \‘ i b \‘ . »~ . *
. Semmenn8 T e T ld...(Glr‘]“ - ‘ C T
IR OURNR § o' -.m-K+1 R I A .o
S e ' ' - (5.30)
e T POP-MUSIC Euc Spectrum S,.o.._m,c(n e) oo

One may notxce that we have d.isregarded the multiplication factor in- -

\

ohtaming the relationship given in eqn (5 30). Therefore, in the maximuu

B

hkelihood spectrum if we use the 0“'(:1) r>1, in the place of the‘O“(n) we can' )

S always get mproved performance compared to the maximun likellhood spectrum.

-

v

and s r mcreases the performance tends to reach the performance of the POP-. -
W,

MUSIC Euc Spectrum ' j_ . LR

s . Now let usg consider the maximum likelihood spectrum when the signal to -
noise rat.to is infinite ie._ \l ' - . )

“.. ..' ". . -H . )
Sn:..(an) o= [E Id..(e)l’]
. SNR-m m= K+1 - - A
R {5.31) .

" ‘. = POP MUSIC-Euc spectrum. S,o,_,‘m(n.e)\ ol .

. - It may ag'ain be not.tced that we have disregarded the multipIication '

-
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"y‘ 11'0 . A .

o ractor in achieving the relationship given in eqn {5 31). We obtain the relation—-

o ship ziven in eqn (5 31) uslng the fact that x ~%(n), m=1 2.....!{ is negligible

L 5 . S
. compared to ‘the .1 '*(n}. m=K+1 K+2. . .H at large signal to noise ratios. T T

- So far we have considered some possible spectra in the fanily of Euc-

Techs. One can define ag. many spectra as one wants. within “the Euc—Techs

family But with a little understanding of spectruu estimation as a whole. reader

ar

will easily bé‘ convinced that the very best that can be achieved ca.nnot exceed

the POP-MUSIC—Euc spectrum in - the Buc-—'rechs family Therefore there is no

_ point" in defin_ing any more\possibl_e __spectra"in Euc-Tech family.

.. " .-
X

~

-5.4 Elenental Norl Techniques (Elel-'l‘echs) . ' _

A .

Now Jet us define another possible family of spectra To achieve this. we .

-‘expre_ss the M"" dinen_siona_l space by a set of basis ven_::tors €m M=1,2,
. - v . . ' I 8 ' L "’
..M, where, ‘
[ei-elt oeM] = I B . N . PR )
PO . - Lare T 32)
Any vector in the M dimensional space- can be represented as a 1inear

combination of the basis vectors €., m=1,2,... M. Therefore. the vector d..(e) i. e.

"th_e projection of .the,.vector d(e) onto the eiger_lvector_‘v...(n)_can be written as. -

. M ' . . . . - L . . ) . . .. . T e
d.(8) = ¥ d..c..o>(9) e—o A T ° L

T e T L e
(please note that the lno is same as mo) N - . R ';. -

' Therefore. d...._.,,(e) represents the no™ elenent of the vector d...(G) or

Coao -

B _the projection of d...(e) onto the mo*™ basis vector e..c, given by eqn (5:32). We

.r.efer to the element-- d_(...,,(e) as the elemental norm of the vector d..(e). We

‘make usé of the eigenvalue k (n} and the elemental norm d-(_.,,(e) to- define .

- another spectral estimate Since this family of - spectra are chosen to make use of



-"‘the scalar-sca1ar pair (.2 {(n), d...(...o,). we rerer this fu.ily as the Elenental

-

'_ nors Techniques (Elen-'rechs) o

‘Ih t.he Elem-'l‘echs family. we define the. speltfd as a function of

"-(A..(n)d..(..,,(ei) m=1,2. Hi‘e. Co e T

'.'s.u.-tn.e)-f(z-(n)d..‘-o,(e)) N G,
. - - : : (534)

Here again we have a choice within the Elem—'rechs fanily We can chpose the -

1nterest to usy o S . . BT .7
-We_'flrst consider a_functien. o o e - o
Iz A “’(n)d-c-.o)(e)l“ E ‘ oo
. 'l'n=l1 - - o . L ‘l_.‘."l" . T
Sm...(ne) T ' e - (5.35) .
- 1. M . . . ) e e R o X ..._. 7 ) -
- .> |£ ’1 G (n)d-(-o)(e)l S e T
- i . .

mthin the range 1£i<M

Y This funct.ion is. equivalent to the function "used to define the general-

ized haximum likeiihcod spectrum in Euc—Techs family We name this as the

generalized linear prediction (GLP) spectru:n The reason why we refer this by

.- the name GLP will be clarified later.

' Now let us consider some special cases: . h
. (al) " Let s=0, f_=_1_. and i=1, mo=1, then we- get, ‘
S R
Szl--(n 8) = L 2 —I(U)d-ui“ . S P T
me1 L T L (538)
= Iez"°"(n)d(9)l“

linear pnediction (LP) spectrun {Yule and Walker (1927),"

" Burg. (1967 1968). Ha.ykin (1986)]

[

_function arbitrarily But we consider on.ly' a few of ;hem which- are . of real . *"

'~wheres r and s can be any number and li denotes the amplitude. i is an integer '. -
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e Sese) - e

where. d.m(ﬂ) is the projection of d(e) on the basis vector .e;

This belongs to the high resolution spectra fauily It depends on the a

- -

eigenvalues and hence on the variance or the noise. R f LT s e

Since t.he spectrun given in eqn (5 35) reduces t:o the weljl kncvm

linear prediction spectrum as a special case, .tt is naned as the generalized

linear prediction (GLP) - R
. (@2 . Let ta. =2, s=1,. then. Vit el -
g |z-2-—=(n)d-;c-c_vz(9)f’ o T o e .l . . :
‘ A .A n. ) .‘ nl.l' . ) 5 ‘ . . o i . ‘ ) - . . . ., . “- . .
' Stl-l-.(nle)‘ = ) (5.37}
. . N M * ~
IR -=(n)d.(.o>(e)1= . |
H‘I [ 2. . -

5 Sm—‘l-lﬂ(n e) )
Comparing eqn: (5 3") with eqn {5 25) we can- see that the spectrum

Fiven in eqn (5 37) is the Elem—Techs family counterpart of the adaptive-

angu]ar response spectrum. Therefore. it- is denoted by

SAAn—z:.-n(n-e)-, - . o R . -,
(43) ©  Let i=1, r=2, s=0, ther we obtain,
Sl:l-n(n e) :: |E g _-{n)dn(uoj(e)l . o - ‘ _‘ = '
m-l ) oL - _ ' T . .- (5-38) ..

= Sn:-z)--(n 8) o . .-

Eqn (5 38) is the Elem—'rechs family counterpart of the thermal noise \'

) spectrum gwen in the Euc—Techs family ’I'herefore eqn (5 38) is r:eferred to

as STN Bl-m(nbe) o o . ) E . ] : -."
. A . ’ . . .
W - -
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. by - - . . . - . . Al
Lo~ N . . - B

.':-. ‘r:-l“f R M, .. . o . _‘_-, -‘ _.‘-- .. - ~ ‘A';- :
~  Spram(n®) = [ An” =(n)d-<.o,te)| RS
Coin Tl .-](4-1 LN ’ T R (X ) IR

“n i L |e..o[o...<-’(nn'dten-' Tl

-

- *\. -‘.. ‘_ -_‘ - s:v-‘l--(ne) " . ;_\ :‘-.!" . "_"‘.-_. .. -‘-:- .‘ -“-.' - ?..-. M

. - . . P A - . ' v
.

‘where .I%u""(n')]’ - Z 1 -ap_(n} ﬁ X ‘ ' - PR ‘

- . [N . TN . e
IIFK*J. -'_ Lo b - T T T e et
N "-\'. TR TR e N - :

'».'_:_' “Bue to. ﬂus similarity betweeneqn (5 39) and eqn (5 27) the

Ed

e A -
oW T spectrum given in eqn (5 39) can be referred .to as the Elen-TectL cor- :

o p ‘respondence -of the .eigenvalue eigenvector spectrun ziven in the Euc—Techs

T
LN -5 .

- ‘\ hid ".'_‘u ‘." famlly 'I‘herefore it 15 dehoted by S,v..u...(n,ﬁ) Lo S

-~ . . . i -0 . -~ ~
'I:'.‘ - . N

.. .

s T T ..{ .

- '-h (aS) All the functions we have defined s0. far do depend on the eigenvalues

e .. "
LT . . . N .

..{--,;,;-: IR, and hence .on- the variance of the .noise 'I‘o avoid the dependence of

a= - — ~ -
~ . .. N .

s e e T the :noise in the qoectra. we.-.can deﬁne a runction 'based on the _
AT d_<..<,,(e) alune. o ' _‘ = _-_"‘- AU -

SR ¢ .o, L. ( . Lo ‘ '_;.
' S . Let 1-K+1 r-l, and. s=0, where I-\ is the nul-nber or signals then we,

-+ obtain, . - o B SR R
Sn:-n(n 9) = |,’., d-(-o)(e)l_- T

m=K+1 R L

_ - lemsPu(md@. L T

POP—MUSIC Elem spectrun. S..o.._.,;....f-':'

Sem We had considered this spectrun in Chapter '4 POP-MUSIC E.len_

spectrum does not depend on the eigenvalues and hence 1t ia independent of

N . I .

‘the variance of noise.. 'I‘his Spectrum cones under the super resolution

LA ot <. -~“' -

. tecnniques. R . T '.7-;",-,-""";‘7- i ‘:



After defining the me-nusxc-slem spectrum K let us. cé'nsmé an.
special case of eqp (5 35) ie.. 1-1 and s-O thenwe obtain"’
sn.-(n 8) %It 2 --(n>d..<-o><en e _i,-,= S S U
. ; P R __{5 .41)-- e T
MR - N . ) : .—;.h S AR o _,-' - .. s :;7.—.3"‘.::
. |e.oo--*tn)d(e)|-=- R RN S L TR
- Noting the similar.ity of ‘this veqn (5_,51) to eqn (5.29) 'ﬂe‘?na}f' ne{er v j;: e -
- to eqn (5 41) as more geheral Iineat predictxorr*{MGLP) Spectrum" .An_-inter—- = T “-¢__.',_'— < .

'_ sn._.,ui:ef_)

._.'J

) Therefore more general lmear prediction spectrum Suaorp- .u....(n G]' tends

. '-' IE demioi B2
m=K+1 o te 7

LN

L

.

POP HUSIC Elem

-

*

._\-—

esting obser\ration can be made if we consider thea case L=y ie.. o

"
R

spectrun

t

g

‘to be equal to the POP-MUSIC Elem when r tends to infinity

LIRS

Sr.(n.0)

Therefore, at 1nfimte sig‘nal to noise ratio. the "linear prediction spectrum

.M.
= IZ d_‘.m(e)l“"

m=K+1- . . .

= Spor--x:-:.-—(n 0)..

.

will be the same as the POP-HUSIC-Elem spectrum

e

B ~ given by,

L3

~-

>
- 4T
-n -

(5.36), when the signal to noise ratio is mfinite -ie “

" Sun(nLB) = POP-MUSIC;Elem spectr_uin. wherj_ Do = 1.~

o i,
-
™
-

< A

-

__,u A

J’

- Now let us consider the linear prediction spectrum gfven in~ei:n .;

o
(5.43)

-~

-

-

h) .

{MN) spectrum will be a special case of POP-MUSIC-Elem 'spéctrui::_"‘ena ;1't'_.13j ’

.

~ Further more as we have shown in chapter 4.. the minimum ﬁ'o'rn'g
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, ...-‘. 7 ..-. . R g . x* . .
“__;_J-"';'. B ' : _ . So far we have presented two possible -spectrai fanilies. namely Euc- .
R e Iechs.-and BlemQTechs One can define many ore’ spectral i’anilies as. one~ wishes

. ~
i~ - S -
e -

. T N usmg the scalar-vector pair (Z..(n).d_(B}). m=1 2. H Within a spectral tanily.

- T e
. .

L
- - 2
- .

one"also has a. freedon -tc de,t’ine a functiorr to represent a spectrun we heve
l considered a few f‘unctions For a given function one can easiiy obtain its Euc-
f, - LY Vv '

«_‘7l- o sTechs family counterpart and also the- Elem-Techs family counterpert The chosen

N fuhctions are shown to be equivalent to the conventional high resolution. amd . '

- . . -~ -

super resolution spectrum estimation, techniques. - ) “ v )

The above generalization can be used to ¢ompare the perfomance of the

spectral estimation techruques “ S

L CL - In general. eipgenvectors ass}mptotically do not depend on the variance of )

- ‘. St the-noise‘o,a'asymptdticaliy. But the eiéenvalues will depend on tt;e—varisnce.

- o o,,“ (Appendix 4a) and hence on the sién’al .to‘ noise, ratio. Therefore. any '

-

R spe'c'trum estimation technique that depends on the eigenvalues is'susceptible to

TV the signal to noise ratio Except for the POP-MUSIC Euc and the POP HUSIC-

- - - -
-

N Elem all the rest of the spectrum estimation techniques depend on t.he signal to

) noise ratio. This fact can be utihzed td anaJyze the bias properties of the )

spectrum estimation techniques To start with we define the tern unbiased

-,

- estimate. ’ oot

: Definition 5.1 ' : S

* Unbiased estilate ' .

A spectrum estimate is said > be an unbiased est.imate if it can provide the true

L

bearmgs ir;‘espective of the Sig'nal to noise ratic for a given true cross spectral

- +
-

dens:tty matrix
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Las we 'hm -seéen before, oniy the POP-MUSIC-Euc and POP-MUSIC-Elen

0 . L Lo

o do not erend on the eizenva.lues and hence on the signal to noise ratio There=

fore it is clear that only the POP-MUSIC-Euc and POP—MUSIC-Elem can provide .
7d1’1 unbiased estimates All the rest of the spectra depend on the eigenvalues and
h . "\ r
hence on the variance of the noise so that they can provide unbiased estimates
only_when the signal to noise ratio is infinite.
Since we know that,: ' KRN
o - ' ’ - . e -
= L AnPm + L A" *Pa s .
m=1 , m=K+] i
we can obtain t'he'relationship, _
b J i. ’ L ' . r . .: ’ ,~
lim o~ = z .P_ . -7 ' ) ) . R S
SNR~+» m=K+1 - . _ o
-~ —Putn) o ' (545)

It may be noticed that we have disregarded the multiplication-.factor in obtaming

-

the relationship given in eqn (5 45)

Due to this. it is cbvious that all the spectrum esQaation techmques

could provide equa.l performanfe at- infinite signal to no.ise ratio.

Further, by generaiizmg the 'I‘heorem 4 2 1,1t can be easuy shown that

.

the high resolution spéctra in the Euc-‘I‘echs family is able to provide spectra
free of dominant spurious peaks at high signal to nose ratio It is not possible to

guarantee dominant spurious peaks free spectra in the Elem-'rechs family

Therefore it is clear that POP-MUSIC- Euc is the only spectrum that could s

Can =

provide a guaranteed spurious peaks free spectrum Asymptotic performance of

f
-

the spectrum estimation techniques ant! their relationships are shown diegramm—

- >

a_:tically in Fig. 5.1.
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R

based on the scalar-vector pair (R..(n) d...(e)) obtained by using t.he eigen - ',‘.

v given Euc-Tec‘hs fanily makes use of the scalar—scalar pair (2..(n)

‘(x_(n) d...‘...o,(e)) Conventional. .high resolutlorr and super resolution spectra BRI -

. .are categorized into Euc-'l‘echs and Elem-‘l‘echs Given a spectrum in Euc Techs. .

.

T eigeuvalue from the rest of the eigenva_lues. R IR -

,techniques can be made asymptotically unbiased by subtract.ing the minimum ' IR

) - He- have presented a unified approach to the spectrun representation

. ~

N value eigenvector deconposition of the .cross spectral density matrix O(n) Out of R ‘

e . L)
-

-many. two‘ possible spectra families ' nanely, Euc-Techs and Elem-'rechs are i'-",,, R

Id...{e)l) and Elem-Techs family makes use of the scalar-sca.lar pair A . - B
& .. L DR

N . L

- '1t is possible to obtain its Elem—'rechs counterpart and vice versa. Out of the SN i o ,

e

' ‘-spectra we have considered ouly the POP-MUSIC Euc ‘can provide guaranteed

unbiased and spunous peaks free spectrum At infinite szgnal to noise ratio. all

v o

the spectrurn es.timation techniques perform eqdally All the spectrun estimation -

.
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Preview “An array of. sensdrs wh.ich acts .as a receiver is generally referred as ‘a-.

- - o

c. , bearnformer Beamforming can be divided into two main categories, viz.

L |
[ -

. - 1. Reception of a signa.i coming ,from a known direction while " R

DT S ) .suppressing all the other interferences. T

-, - - Y

Recept.ion of all the signa.ls coming frou d.ist.inct and unknown . &

- directions separately while suppressing the interferences 'I‘his can

- "o a.lso be cons:dered as a iistehing device
| A : Minimum variance distortionless response (HVDR) beanfomer is "7

- . -

capabie of receiving a s,ignal coming from a. known and distinct

direction adaptively while suppressing all the other interferences The

~ «

- A . amount of ‘null’ oi’ the M’VDR beamformer at the interferences depends'

on the signal arid moise environment and one does not have any control .

over that “The stronger the interference. the stronger the. nuJ.l has to ‘

be in the MVDR beamformer . MVDR’ beamformer performs successfuily -

provided that the input signals are incoherent If the signals are

coherent it suppresses t.he signal in addition to the interference

¥

ieaving noise as the output of ‘the beamfomer The coherent signai

environment can be handled by using the adaptive spatial data snooth—

ing preprocessing (ASDSP) scheme described in chapter 4.

-In this chapter we introduce a uodified technique of. bean-

‘119 .



: beamformer gives i.mproved nulls (by nulls. we mean the nqtches in the . o '

of

;_ '- 'l, N R 120 i ,--._‘_ . ; T
forning called fthe ﬂ:lpped ninimm va.riance distortionless reeponse o " oo

(mvnR) beanfomer based on the flipping techn.i'que. 'rhe EMVDR

-

spatial reSponse) at’ the interference and the improvement is very i

o significant compared to MVDR beamformer The effect of the angular : j-"‘; e

-

separation of the incoming signals. i 8. -the signal and the interference.
is studied for both MVDR and FHVDR beamformers Nulling capabilities .

of the MVDR and FHVDR beamformers ‘are studied aP;ainst the angular

7 o o ' b

-

N separation ofuthe incoming signals o : e e SR

_-»...

o distortionless response _ (C-FMVDR) bealforler ¢ FHVDR beamformer

: better compared to. FMVDR beamformer under the same conditions

'We a.lso intr‘oduce the conditiona:l flipped mi.n.i.lun variance

-~

provides an improvement to FN{VDR beamformer by making use of the

.o

estimdted bearing of the interference at each snapshot The estimated

bearing of the interference is then used with the conditional log{c in L ‘“'

obtaining the best filter weights wh.ich provide the strongest null up to ) o .
ae» snapshot which will be used as the filter weight at n‘h snapshot_ -

.The C FMVDR beamformer gives very stronger nulls compared to the e

‘FMVDR‘ beamformer ‘I'he COmputational structures for both beamformers oL .

~ .

are almost the same except the additional structures “such ‘as the s

- -~

conditional logic and the bearing estimator associated with the C- sl o

LTI

- FMVDR. beamformer. The nulling capability of the Cz—FMVDR beamformer R -,

is deteriorated when the incoming signals are narrowly separated but is o R s

- s

Therefore. as* far as its nulling capabilities are concerned. the C-

FMVDR beamformer will be an attractive alternative to “the FMVDR -

., ’ bd -
beamformer.
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o Neither FMYDR nor C-FMVDR is capable ot handling the' T

--f-coherent signal environment directly Bot.h the FHVDR and C FMVDR

U s'ing (ASDSP) scheme can be used under coherent signal environnent

. None of the MVDR FMVDR or C-FMVDR beamformers can be used in

Fa

T suppressing alI the otl'fer interferences Therefore. they do not work as’

‘_ ‘\--‘ . .' - a listening dE_ViCQq‘ .. “. ""\ I .,"' . ‘. . —'.'.

-4

inverse fast Fourier- transform {s. performed to *recover 'the desired signai

- L4

Cow ) e A

6.1 Flipped'Minijnum‘ Variance Distortioniess Respopse’ (?MR) Beamformer

. . M. .
- S . »
. R . LR R » . . .
- T ) . BN B
- . . - LN
. . . Ce . A . -
T A .- . .

s 1.1 Introduction -

~

. Minimum variance distortionless response (M‘VDR) beamformer is general-

.

ly used to receive a signal coming fron a known direction while suppressing all"

‘the other interferences Interference suppression is gene.rally done in frequensy

domam for each frequency component of the known signal frequency band

e - ~
..'- ™

separately The filtered output at each beanformers are then collected and

. ‘
- \

Systolic array 1mpiementation of minimum variance distortionless response,

beamformer based‘ on® the QR decomposit.ion has been considered by Hayk:in-

(1988)." MVDR beamformer based on the QR decomposition provides superior

- Yoot ' 4 .o L. -

null,ing cagabilit.).es over the rest of the beamformers .' _' : -

_ Here we introduce flipped nrinimum variance distortionless r’esponse

beamformer which can be used to receive a -signal coning fron a, desired

1 - ;_

. direction unaltered while suppressing a.ll the cher interferences Mininum

BRI -beamformer:s preceded by the adaptive spatial data smoot.hine preproces— -

variance distortionless response beamformer preceded by the flipping technique is.

v

- -

receiving the signals- coming from dis‘tinct and unknown directions while\




.

G t. 2 FMVDR Beanforner and its ‘Sirstolic Array Structure o _ ' ','_ . N -

) Input data- vector u(n) at n"‘ snapshot passes- through a flipping network which

named as the flipped minimum variance distortionless response (FMVDR) bean-— o

1-' +*

former‘ Formulation of FHVDR beanforner based on. tﬁe QR* decomposition is- .

.-

and\MVDR beamt‘ormer are virtually the same except the i’lipping network that

R
. '

(1:)' and the steady state convergence t_i-e {p)’ are defined to aid in 'the

LY

Additionally. computer simulation resuits are presented “ | o . \

..’, R . -__ . . L v - R
. - =T . . P e -t ‘ & L3

- - e L . - N

. “ :

- [ " . - '. -‘.

hE -

SchIematio diagram for the FHVDR beamformer is shown .m  Fig. 61

-

produces two: vectors as its output nanely the vector u(n) and its conjugate

: reve_rs_e u',‘(n) Then the .input data matriic U(2 n) can’ be formed and used for .

--p'ro‘ce'ssing ) But as we‘mentioned in an earlier chapter. the direct use of the data. _

.:\_. ' B - - . ‘- . \'n- %

-~ o
- [

) given in a forn suitable for systolic array implementation 'F!WDR beanformer -

. Was incorporated with the~ FMVDR beamforaier The\terms 'fizure of couvergence f'

comparative analysis of the MYDR beanformer .and - the . F}WDR beamformer. :

matrix is not suitable ror adaptive processing since its dimensions mcrease with '

r

. the number of snapshots Therefore. we transform the: matrix U"(2 n) into an .

upper‘triangular matrix of fixed dimensions by using the .Jacobi'-Givens rotation. :

This ope'ration is generally performed by using the matrix triangularization '

systolic array structure as we discussed in chapter 2 'I‘he detaii of the flipping .

network is found in chapter 3 “ - L ;-'_ e

. ? . -

~Let the filter weights vector w™(n) and the output vector en(a n) after

n=" snapshot be given by, .

]
win) = (Wo5(A) W sea (D)W (@), - S
co . : C . (6.1:1)

eh‘(é:n] = U™{2:n)w(n}

rral
— ‘
x
b
»

where, -

- -

ik
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) AR (613) |
R (H-J)/a M is odd U(2 n) E C"""“ and M Is the number of sensors in the C e T

e
s . . . e
S - . at ) S . -
. _o - - . . .. oo e LR I . . . .\ - A e e
" . N . et PR

. " - . . P R ..
. e, . ! P \_. - C

'5 Now, opera‘t.‘mg the Jacobi—G:lvens‘ r'otation Q(2-n) -or; the' eqn 6. 12 we‘ S T "

‘-fobtatn.. . R EE P R S

e - Q"(a-nw"tan)-fm | *
"ot -Ws"“”L"Ai T 5

. Where, (zn)d"(z n) = I . - ”-_ .' ) -‘-.-‘-,.': - R . ._.‘ “"A -".._ ; :. . . .'- A ‘_'-_ N . o -

f-(s\.1.5)f “ B

: 0(2 nl € cﬂn-ﬂ" and’ I isan identity inatrix. o \_;t S SR T

--The- matr.ix Q"(Z n) is chosen such that the data matrix U"(z,n) is :‘w, R ' _".

- t'm"smmed w ah “ppe" t"ia“E“m “atf‘ix R"(2 n) (Appendzx 2a) ie B .. - = -
. Qu(zn)Uﬂgz.n R"(2n} C ‘—'-'-f_ii- e T .. ‘t.k' Vo
. A : . /__ . e o . (5:1‘_5) S

~ Egn. (8.-1 4) ‘then‘ becon}es' e ';_,-" T T - E
A ,*Q"(Zn)e..’(z n) = R"(2 n)ﬂ(n) L P R * e e T
' ) ) " S R X R SR RN

r

'Q(2 n) 1s an unitary matrix and hence. At is norm preserving 50, that ' -y T .

. " 1 " [
‘ ' \-.'-‘ -~ . - --"‘..

.1a|=lwenm1mml,-~uh \r"' .4~'.i" U gt T
ot L T e T ey e

wlrere. L I‘denotes the E;ucl'idian norm _ e 2 .
: The total output energ'y. E(ni after n‘*‘ snapshot is defined by. L .. i
i - : a Lo N
(n) - Ie‘-(zn”n - e . e x "“..- . '..l: ~'.‘-'_ . : . s ;- -
-w-(n)R(an)R"(an)wrn) '. I ' L
Do R S Y e
I Then the development of f.he FMVDR beamfomer is straightforward We R -
minimize the quantity E(n) after n"‘- snapshot subJect to the constra.mt that the o T ’
signal coming from a desired directLon 13 unaltered SRR I

ie minimize E(n) _ - S A
‘ w(h} . P ) T '.(6.1;10) -
sub_ject to the constramt n“cn)d(e-,) - T . R -
(61111 ST

.where. B is the desired direction 'd(e,) denotes the direction vector of the .

N -
- -

- -;3_R(2n) E c*m' T DA S S R Cy U
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fo J

Cbnstraint minimization problem., .

-

" winimize E(n) SR
w(mn) " w_." .'-‘ .

L o

leads to the solution- "

_.( . o
~

la(2 n 8)] -k

2 Optlmal we1ght vector woa.t_(n) 1s, .
wopt‘n) = Sm(z n 8) b{2.n 9}
. where ‘R( .n B)a(z-n 9) =, d{B)

Rwenmbmn.)=amnex

_ the oost function E{n) using the Lagrange multiplier ﬂ we o'btain

. minimize E‘(n)-wﬂ(n)R(z n)R“(2 n)w(n)+h[w"(n)d(8) 1]+{71[w“(n)d(9) 1]}" '

w(n) w .

f e

';3; sﬁbject t the constraint qﬁ%n)d(er) = 1

125™-
R
‘-’ :
N
|

- .
- -
~
.

L
-

-( o .

Gradlent of E (n‘) with respect to, w{n) is given by

e .
=

1 Maxjmu'n likellhood spectrum estimate S,.,,_(2.n 8) -is .

.‘-,e

~ P
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(6.1 15)

‘(6.1:.16)‘ L

Fir\gmg the opUmal weight vector. .wopt(n) can be accompl.ished by the

' method of Lagrange multipliers By adjoinmg the constraint in eqn (6 1 12) to

®.117

w11m.~ié'

A necessary ‘condition for- the mininization of E:'(n) is that the grad.ient ’

' ..(,,,rmnn  RENR@hMm) + 1 d@).
..m,[] be equal to Zero so that
R(ER 2m(n) = - d(e)_ P
‘fe. .w(.n) .'="'-'5‘2 'R‘,’f{AZ:n‘)HR"(Z:n}ds(/e.j‘-.

(6.1.19)

(6.1:20)
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Combining eqns (s 1 12) and (6 1 20) e obta.in ', el AT

-I

on's (d“(B)R'"(z n)R“(Z n)d(BJ)“‘-" R AT

= IR"(Z n)d(e’,l-‘ '., . ) ) _ , “ "_'.‘»'-_.r_f PR ._. R

Now let _ ‘-'; - SIS T .

e .mz-n)a(a-n 6 = - afoy '_" R S
,_L-; The optimal weight vector wcm(n) at n“‘ snapshot is t.hen given by.
Fege) * SslZDO) BERA LT ;ﬂf’-,;wff ,1:f? U eae)

- Sm.(2n.9) - ua(ansn-" . B

S s S S -.(64122}-
By substituting for -'n in eqn (6 1 20) from eqn. (6 1 22); we obtain - ‘"
R""(z.n)R"(e n)d(e) '_ ST e ": R
wou(n) = L S
: e lR"-(a'n)d(B)l“ \ L R

R"(z n)dle) =" aéa n.8) and R ST T R

'-"(en)a(zne).zb(zne) -‘ B I

LT L ':.'(sri"é‘n'\
: R,"(Zn)b(zn. ) = p(anB) -.‘ S
S S (8.125’j

Y
N

opt(n) = Sm.(2 n 9} b(2 n 9)

wherg, ©. Ul e :

(6 1 27)

. (5123) ) .

s,,,_(z nB) denotes the minimum value of the- quantity E(n) at angle 8. and it is ..~

' equal to the maximum likelihood spectrun estimate e - o ' ___!

Egns. (6.1.24) and (6.-1.25) can be solved by using the forward and‘

backward substitution which ‘can be implemented using a. linear -array as shown in

' Appendix 24. Once the optinal weight vector n”,(n) is obtained the beamformer

output e(n) at n"‘ 'snapshot is given by, )

etn) = wo,.t"(n)u(n) _ T . , e ’ :'-‘- e

; (6 1 28)
Separate beanformers have to be designed for each frequency component

kS discrete Fourier transforh (IDI-‘T) .on the filtered output of all the frequency

. components :I‘he required systolic array structures can- be found in J(ung (1986)

.y e

of the- signal frequency band The signal can. be recovered by using the inverse ’




'Definitien 61" R LI VTSR
Spatial nesponse. I"(n B) “of a beamformer s’ defined as. .:' o R o .

T T T (6129)“'

-I‘(nB) |d"(9)wom(n)f T

that the spatlal response I‘(n 6) is also a random quantity‘

o equa} to the strength of the interference, o

Smce the nmse is random. uc,pt(n) is also a random vector which implies
s ) IO .

“~ e

) P - .
.. 0
* T

Def:mition 6. 2 _
" The plot .of E[I‘ {n, 9:)] against the number of snapshots is defmed as the 'learning

curve where E denotes the ensemble average and Oz 19 the angle of the
mterference.\ S . o B 4

Defi.nition 63 _f S L . Do
: We define a term"flgure of- convergence (':)' Sl _ ' e '
the time tal-cen for a learning cur've to reach the null anplitude t.hat is

-
.

- L b

f'i.'e'.':-x ‘time . mdex n_ for. i20 log I‘(n.B,)[ = L :
b > SRR ; -
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where. INR ls the interference tc noise ratio in dB. ]l denotes the magnitude - -
. - — - ¥
: . - h.'_,%-“ .- ] - . a ? - .
. o ) ) : = - - Y . - a7
Definiti' on 64' : . R . - ' '. -_:

- learning curve to reach a steady value. .. '} - -

- ) . .. - -

_6.1.4 Evaluation of. Perfor-ance of the FHVDR Beaﬁor-er (Sixulation exanple)

To test.the performance of the FHVDR beamformer. we carry out a -
- A i

.

computer’ ‘simulation. in 'which we consider the case of two narrcw. liand'sig'hals .

<

LY

sensors. The target signal and the interference are assumed’ to be coming from

Kt

‘ the directio-ns sin"(o 2) and, sin"‘( 0.4) respectively We further assume that.the

o
;1ncoming signals are uncorrelated and’ the 31gna13' and noise are uncorrelated. We

-

consider the cases where signal to ncise ratio is 20 dB and the interferences to

noise ratios are 40 dB 30 dB; and 20 dB Simulation results are shown after one

hundred snapshots.

Spatial Response . . ' . ' T -

- . I

Spatial response I‘(n 6) for HVDR and FMVDR beamformers"are-shown in
.Figs. 6.1.2 and 6.1.3 respect.ively Strength of the null at the interference for |
MVDR and FMVDR beamfcrmers are tabulated in Table 6.1.1. Strength of the null . h
at the angle of the interference, r‘(n ex) against the sine—angle of separation oi
two Signals A(sin B)yr, for MVDR and FMVDR beamformers are g'iv’en in Figs .
6.2.4 and 6.1.5 respectively. The sine-angular separationy a(sin B) is defmed - 1
" as, Alsin @)y = sin By - sin\&- here, 8-, and 8; are the incoming angles of

*

the target signal and the interference respectively,

T £y

arrlvlng in distinct dlrections at an array conSisting of five equally separated» -ﬂ I ;"'-

4

{s
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T former fs approxmately about 10 dB over . the HVDR beamforner.. It is notewor-. ,

-_-,_~‘ - . - . P
-

< From Figs t61 2) and (6 1 3) it is’ cIear that the- FMVDR beamforner

produces a strongrnull at the interference conpared to the MVDR beanforner

Improvem"‘nt achieVed in ‘the strength of the nu.ll by using the FHVDR bean-

'- - - -

thy that t~he stronger v the interference the stronger is the null and- that is -

.

equally true for -both MVDR and FMVDR beamforners Fron Figs: -6.1.4 and 6.1.5.

. wWe can rfurther conclude that the strength -of the nu.ll will be reduced when the

. . N .

. "incoming signals are ve_ry close. when the incoming-. signals. are . well separated

s

‘FMVDR-'_ beanfqgmer " provides superior . nulling capabllities 'O\jer MVDR beam-

former. In any beamformer, it.is pref/éra.ble to have the spatial response as small

- as pcsSi'ble'in direction‘s other than/ the direction of arribal cf the target signal.

< - - PR -

Therefore. the additlonal null we observe in the spatial response of Ehe FMVDR

\ B

beamformer given in’ F.\g (6 1. 3) will defimtely be an aduantage Buf this addi-

tional null may create a probleu by attenuating tbe desired signal if the desired

direction is amb:g'uous On the bther hand from Fig (6‘1 2) 1t is clear that the

MVDR beamformer is quite robust to the ambiguities oﬁ the desdred direction

( ‘-.

) SmalL ambiguities in the desired direction may ‘not have much i_n_fluence an the

- e v - .
. - - 3 ot . -

desired, signal as long as the interference and tha sig:nal _'a}e well separated.

-

.. N
’ Table 611 Strength ofthenullindBfor L
. - . + MVDR and FMVDR bea.lforlers . g '
) g? R dB MVDR™ ©  FMVDR: :
: . 40  -5%.41  -69.5¢ -
<. 30 -49.47  -60.21 SRR
R 20 -39.68  -52.55 - s
. - . Sy ‘ -
- e . ‘ -~
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- Figure of - convergence R - o o '
R . . e Learn:lng ‘curves E.[I‘(n 9 )] and E[I‘(?.n 9)1 & HVDR and FMVDR .’

% T beamforners respectively are given in Figs 6.1.6- and 6 1.7. Figure of convergence
(T) for MVDR and FMVDR beanfomers are tabulated in 'l‘able 6.1.2 for different

INR values

=10.0 [ T T T Y =10e0

dp

ELI(n.05))

-c‘o.u.?';.' ) K "?L'° “;'°_ W@ 1m.0 -&a.o.'; 0.0 ;aal.a w0 00 :u;.o
'_ n n
‘Fig. 6.1.6 20 log E(F(n8;)] ~  Fig. $.1.7 20 log E[F(2:n.65)] .
against n for MVDR ) ' against n for FMVDR
beamfomer" . beamformer
: ~'INR =40 dB L
B - INR = 30 dB
- —m——=—=———=—INR = 20 dB
¥ ) Table 6.1.2 Figure of convergence‘(t) .
for MVDR and PMVDR beamformers
. N _
» e
INR B ~  MVDR < . FMVDR '
\ 40 14 6
' ) 30 14 6 ;
; C 20 14 . 6 ;
~ = N - ) s
1’/ ;~— -\‘\ ) ! i ‘.



| Discuss:lon fRS L "

Eigu!:e of convergence 1: is independent of the INR values and the T for
L »

FMVDR 'Ermn is less” than the £ i’or HVDR tm,‘ - Approximate relat.ionship '. s

-

’wof 'c for both MVDR and FMVDR beanforners obtained through sinulation ._

' rESUh‘-S Eiven in 'I‘able 6. 1 2, can be written as, _' o B . ,

1 - . . ' .
1 3 .

Afrwnn ' (3/7) twnn .

- L L ~- - N o

o ‘I‘herefore. FMVDR beamformer produces a specified null anplitude with e

less number of snapshots than the HVDR beamformer we could expect this

»

sjtuation sjnce the cross spectral density~ natrix obtained by flipping is'a better
_estimate to the cross spectral density matrix for finite number af snapshots*

(chapter 3) In other words FHVDR beamformer produces stronger nulls at the

interference compared to the” MVDR beamforner ‘at every snapshot From Fig.

6 1 6 and 6.1.7, 1t is also. clear that the steady state convergence time (p)

1

3 .
. remains almost unchanged for both  MVDR and FHVDR beamformers The HVDR
beemformer appears to be quite robust to the anbiguities of the desired d.Irection

compared to the .FMVDR bearﬁformer In the case of both ,MVDR ehd-FMVDR,-

v,

beamformers we do not have any control over thée strength of null at the
interference and hence they cannot be used to obta;.n prespecified null at the

interference

-~ ' By using flipping. we could attain a substantial inprovement in the
: ‘nulling cepabilities of the MVDR beanforner Can we improve the nulls any

further? This will be considered in the next’ section
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In’ ansT array processor, the structure of the adaptive processor unit is -

.

critically dependent, on-the degree of Adetailed. 1nformationabout the operational T

szgnal and noise environment that is available to.the array. As’ the amount of a i

prmri kno&dedge concerning signal and noise environnent decreases. the adaptive

- algorithm selected'for the .adaptiv_e processor be‘cones critical to a succe_ssfu.l

design. In general, angle o'f_ arrival of the interferences “are not known a priori.

Even though a priori " knowledgé of the bearing of the 'interferen’ces are not
available, the bearing information can be obtained adaptively at each snapshot '

from the mput data. This additmna.l infornation can be used to improwe ‘on the

R -performa_nce of the t‘lipped‘xainmum_ var:iance dist_ortionless response_.'.beant_'omer..

N

We introduce'. the‘_cond,itional—flipped‘ ‘minimum var‘iance d.istqntionless

" response (C-FMVDR) beamformer which provides an improvement ‘to the flipped B

- mininium variance d.istor_tionless response (E"MVDR) -beamformer. C—FMVDB beam-. '~

former makes use of‘the'\estimated bearing of the interferences at n™ snapshot

1n providmg improved performance ' o o . s .

~ .t . -

‘In genera,l the ensemble average of the filter weights at n"-h snapshot

provides improved null at the interference compared to the ensemble average of’

the filter we:ghts at n-1%h snapshot. This fact could also be observed from Figs.

(6.1,6) and (6.1.7) given in section 6.1 above. But, for a single reaiizauon it_is

not necessarily true, and the filter weights vector which placee improved nuil at .

the interference may be somewhere between the first -and the n*™" snapshot. :

-~

',Therefore in the C-FMVDR beamformer, the filter weights vector that glves rise

S

-



-

', to the mininum spatial response at the mterference is used as the ﬂlter weight

at n‘=h snapshot In addition to t.he structure for the FMVDR beanformer. the C-

FHVDR beamformer requires extra structures for bearing information extraction. .

_and the conditiona.l update of the filter weights vector. COmputer simulat.ion :

6.2.2 C-FMVDR Beamformer

- results are presentedip verifying the performance of the C-FMVDR beanmformer.

-~

-~

We have' seen 4n sect,ion 6.1 that the learning curve E[I‘(n,é,)_] in dB vs

nis a .monotonically- decreasing fungtion. That indicates_ that the ensemble

. ) - R , -.
average of ~the strength of the null at n™ snapshot is stronger than the

v
o

ensemble average of the null at n-1=o snapshot, i.e.

120 .log E[P(n,B)lI > |20 log E[T(n-1,8)]|; for all n. . ' B
. -, (6.2.1)
In general, for a sing’le snapshot this relationship ddes not necessarily :

- N

hold For a single realization the value of n which produces a stronger null may "
be anywhere between the first and the n‘h snapshot, which means that the filter
‘ weights. vector -that produce’s the“ stronge_st {lull may-not necessarily be at n=h
. snapshot. This faCt oen be used in improving_ th.ep.erformance of the FMVDR

'beamformer provided that the a priori'knoirled_ge of the direction of arrival of-

the intert-‘erence is available. In general, the bear_ir-:gs.' of the interference is not

available in practice. But, one can: estimate the beoring of the interference at

. .

n®"™ snapshot from the ouailable data by using one of the techm‘ques that we

" described in chapter 4, which could then be used to improve the perfornanoe of

the FMVDR beamforoer How we utilize the> knowledge “of the d.irection of
arrival- of the interfering signal to improve the performance of the FMVDR
beanforner will be described Jater: wWe consider the case where one interfering

signal is present in addition to the target signel

x5

~

o~

.tl.‘
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C-FMVDR beanforner. the filter weights vector that produces the '

’ strongest null wjthin Y snapshots is used as the filter wéighﬁs vector at n'-“

snapshot. Let us assune that the strongest null occurs at no‘h snapshot ie.
[(e.62) = inf[P(n, 6] - - e N
) v n ' ’:.‘ -' - ) . o . N '. . -' - : ”“\)

P

'i'hen. the filter w'eights at n* snapshot w(n) is Eak,en as,

w(n) fv(no) ' S -

'-) The schematic diagram of ‘the- C FHVDR beaqurmer is shown in Fig.
6.2.1. The flow chart for the condition_a; logic used in ‘C-FHVDR beamforn;er is

shown in Fig. 6.2.2.

Conditional logic [~——= w(n) = w(ﬁo)'
] T - . R
O w(n}) Coe 7
Bearing estimator MVDR beamformer (e—— 8

T T

(R(2:m),R,..(2:n}}

Pig. 6.2:1 Schematic diagram of the C-FMVDR beanformer

w(n). -

8, ———T'(2:n,83) = [w™(n)d(6:)]

T Is | N - - .
['(2:n,8;) < [{2:ny.0x) = w(n) = win,)
veés S
' _w(n) = win)

M2:n.82) 5 I{2:n.82)

Fig. 6.2.2 Function of the conditional logic



LT In c puvn&- beanfomer. the spa“ al re '_ nse: r(a-n.e,) 1s calculated at.

M

o .each and every snapshot and conpare with the r‘(a:_ 9,) If r(z.n.e,) is less

‘than I‘(2 nc,.Bx) we replace the qua,ntity I‘(a"no. ;I by I‘(2.n 9,) At the beginning ..

7 '.of the cqnditional logic I'(2 no,e,) is tnitialized to a ver'y large value so that the

M -

conditional loa‘ir‘ is adapted very fast to ‘the informatmn obtained from the data

" For the case -of multiple intert_‘erences. the.condltionel 10g1c has to be chosen

. b . . . 3 .

according to the user requirement. S .

- ! ' K o, e

' 6.2.3 Simulation results

. s,
N -

We use the same . example that was used with ‘the FMVDR beamformer in
v ‘ ’ . . v . . o ) . 1 . - 5
section-6.1.4: The results are s_hown after one hundred snapshots. Spatial -
- ' : =~ ’ » .,

resp‘ons‘e of the C—FMVDR beamformer is shown in Fig. 6.2.3 for three different

interference to noise ratios, 40 30 and 20 dB. The signal to noise ratio is
\ L]

assumed to be 20 dB. Strength of the null at the interfere“xce of C-FMVDR and
. FMVDR beamformers are tabulated in. Table 6‘2 1 Spatial response of the C-.
" FMVDR beamformer against the sin—engular r:_separation of the arjriv_al'angles of .~

-the signal and interference is shown in Fig. 6.24. - - ;
“ ' N .

-

’

Table 62 1 Stneng'th of the null in dB for
FMVDR and C-FMVDR beamformers ¥

INR dB  FMVDR " C-FM}JDR' : S
a0 - -e9.58 ~ -sasl . .
. ©.. 80 -60.21 80,04
20 ;. '-5255  -66.00
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'-‘Discussion ‘ . .

From Fig.  6.2.3, 11: is clear that C- FHVDR beamformer ~provides improved
null at the interference compared to the FMVDR beanformer. The improvenent
'i'of the null amphtude is appro:dmately 20 dB which is quite a significant amount.
As we witnessed in \the spatiai response of the FMVDR beanfomer. the addition-

‘ a‘.l‘ null appearing 'in-th C- FHVDR spatial response is also an advantage since it

" can not. have any negat.ive mfluence on the target signal But, this additional

null may create problems by ;c_lttenuoting the desired signal, if the desired direc-.

tion is ambiguous. . .

~

Like any other MVDR. type 'beamformer‘_ the -C-FMVDR beamformer also
_cannot provide . pr'espt_e"cified amount ‘of nulls at the interferences. But, it is

rioteworthy that the C-FMVDR beamformer is able to provide improved nuiling

. - -
T - -
~

« -
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capabilitiea over any other‘ MVDR type beanfomer even when the incoming e ‘~;-;_~;._-—
sig'nals are very close. ' '-J‘ - " B .. 'r', o " 2 i v
) . Flipped ninimun variance' distortionless response (FMV,DR) beamforner is - ) SRR
. introduced A structure is proposed for FMVDR beanforner ih-a forn suitable _f' ‘ . |

o for systolic array implen_lentat.ion The FMVDR beamformer 4s - the same as the : '7 .
MVDR heafn'former excep‘t'"the “additional flipping\ ne.twork used in- FMVDR beam-

' 'former.'éerformance measu\x'es such as the figure of convergence,‘and the steédy -
'state convergence time are defined Lo facilitate the comparative analysis of the
FMVDR beamformer against the HVDR beamformer. FMVDR beamformer provides
improved null'ing capabilities over the MVDR beamformer The fig'ure of conver—
gence of the FMVDR beamformer is ‘small compared to that of the MVDR

beamformer, ‘The steady state convergence tines of HVDR and FMVDR bean—- . _

formers remain almost the same. Low "~ value of figure of convergence further

-

';*‘ justifies the superiority of . the FMVDB bea'Tormér One disadvantage of the'

'FMVDR beamformer is that it is not as robust as the MVDR beamformer for the

— —

uncertainties in the desired direction However, the FMVDR beamformer provides . S

quite an attractive alternative to the- HVDR—beamformer

Conditional flipped minimum variance distortionless response {C-FMVDR)

fbeamformer which provides improved performa.nce compared to the FMVDR beam—" '
'former is presented C FMVDR beamforner provides inproved performance by

'__making use of the estin‘ated angle of arrivai of the interference - inobtaining the'

[y

flter weights- at each snapshot. -The 'estimated bearing of the interference is used

. T - - . - - *

_ in the - conditional logic of the C-FMVDR beamformer. Even though we have con- ‘ . B

- sidered the case of.single Anterference, it can also be used for multiple inter-

- ~ t



ference environnent' by suitably selecting the conditional logic or the C-FNVDR

- e,

o A_‘,"--'f;_;; the .additional conditional logic and*the bearing estimation stage used in the C—
" e FMVDR beamformer Due to 1ts strong nulling capabilittes. C FMVDR beamforner C
e SN ‘ray be an attractive alternative to the FHVDR beanforner T e

Beamformers such ‘as HVDR FMVDR and C-FMVDR. require the - a priori '

. ! - -
-,

: S T ) knowledge of the desrred signal direction The 'direction of incoming signal ig "~

i o . dependent .on. the propagation medium and ~hence the true knowledge of the o :

desired signal direction nay’ not be availabie in practice In such situations the,

- \\’.' A

T ' pertormance of the MVDR FMVDR and C FMVDR b-eamformers wili be deteri-.

L) . »

. orated Especia’.lly the additional nuli appearing in the spatial response of the

.

f \ N .'

direction .of the desired signal is ambiguous As.. we could observe fron the
- spatial response ' MVDR beamformer appears to be somewhat robust to the

.uncertaint_ies in t_he desired‘ direction._Further ~using MVDR FHVDR and Cc-

- -
- v

" FMVDR Beainfcirners. -a cons’.iderab'ie: reduction in the interference can only be" _ :""‘

\

achieved provided that the strength of the desired signal is snaiier than the
.strength of the interference Mimmum variance distortionless response type

beamformers cannot be used to obtain prespeoified amount of null at the

interference and they fail to perform successfully when the signa.l and the '

—.- N

e interi"erence are comparabie in strength. T LT

v e

' coherent ‘t.hese beamformers suppress the desired signal 1n addition to the T .

v,

mterferences leaving noise as the Olitput When the inconing signals are

SRR coherent MVDR FMVDR and .C- FMVDR beamformers preceded by the adaptive_

- I : . X Y R . _-_ :

‘.
14
+

The MVDR FMVDR and C FMVDR beamformers ’ are generally used"

. beamformer..C-FM\FDR beamforner is same as the FKV‘DR beanform‘er except for'

‘FHVDR and C—FMVDR beamformers T may cause signal attenuation when the. .

under the assumption that the inconing signals a.re incoherent. If the signals are

B T A 139 e TR T
. '’ e ! o o . ! . - o N

.' ,‘ Iy



"'-:-spatial data smoothing preprocess:lng (A.SDSP) schen,e described in chapter 4

outpdt ot‘ the beamforler. : f_ PR ‘:""'

As e have Seen,. MVDR mvnn. a.nd C-FMVDR beamformers can, be

e
et

destroys J:he coherence between the, signals leaving ‘t:he desired sienal as t.he L

_r ',
RN foma

,,_ . B . : - e

b , . ) - N

used 1n receiv’ing the signals coning fron a known direction None ef those ‘

A
beamformers could be used as a listening device. i e. in receiving the sig'nals :
T coming frem unknown direction& This problel remains as’ a majox: disadvantage S R S
- of fhese bedmformers T _' - P -‘_' S
Yo ) . w R R e N I
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\ e _\. __-__

.-__, ,2 B Reception of a signal coning fron -'a known direction while

N -t

suppressing all the other interi’erences.-_ B ‘, PR

. . ks “‘.'

Reception of all the signa.ls con.ing from distinct but unknoun

directions separately while suppressing a]l the other interferences.

. This can also be considered as g listening device._

\ - v * ’ ' Q

We have a.lready presented a sclut.ion to the first task ie the- ;

-

locating sources’ or targets in Chapter 4 The second and third taska |

belong ‘to the adaptive beamforming in array processing. MVDR beam-'

-

forming techniques that we considered in chapter 6 can provide an ap-

-

proximate solution .to the second task i e the reception oi' a signa.l

coning from a known direction while suppressing all the other inter—
S

ferences. HVDR techniques demand,.the knowledge of the desired signaJ

direction and in addition. the use of these techniques does not provide

- exact interference cancellation or the cancellation by 2 presp-ecified

. amount. MVDR beamforuing techniques cannot provide a solut.ion to. the

ST 141




- ferences separately and places the exact or required amount of null at

distinct directions separately while euppressing all the other i.nterferen-* O

ces, and this is because of the fact that the desired direction 187 e

.. .- C e - x - .
. , N T : . T e

unknown, - ‘ o ' - s .

Host of the techniques available for computing the beamformer

'filter weights vector. do so by maximizing the overall signal to noise 'q

. A

ratio at the system output where “the noise includes the Sensor noise

-~ B
and directional interferences This overall signal to noise ratlo maxi-

mization provides an’ optimal solution as long as the sensor noise ‘and -

-~

the directional interferences are equally detrmentalu to the system

performance However. there exist situations where jamming. signals may _f'

—_ [}

N o - -

This-idnd of”’ situation may ‘be experienced in war time jamming. The ‘; -

o
.

‘true. measure of the system performance is our ability to demodulate:, L .

-

. the received signals and determine the information being sent and this -

performance measure is not a function of array SNR aione Sonetimes-

. ;. the stru.cture‘ of the interfering signals is also germane. In these cases. .

it is necessary to model the interference or jammers and sensor noise

Yn
-

or the thermal noise separately c . i

-~ =

. Here we propose a met.hod named blind reception (BR} bea-—

i .
N

.‘férner Whi_fih, provides a solution to both the *second and; third tasks; R

described earlier. BR"beamformer treats the sensor noise and'.“inte‘r— ," .

-
- -
4".

the interferences BR ‘beamformer does not demand the knowledge of

~

: ."be more damaging to the system performance than the sensor .noise E

-~

the desired signal and hence it* can be used to receive. any- signal which :"l"

5 is’ present at the -array without be‘i.ng affected by _th_e_.‘ rest‘ of the_:'.m

EPEN

vy
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S _.,:'.si'gnals cdnsi'dered fo'be -the'_interfer'ences.' BR beam-forner' is sbecially. '
_ v ST suitable for removing the- interferences from point-to——point connunica—
_ o Do ~tion system MVDR type beamforners can be considered as a special

- _ +:
S TR ' case of BR beamformer Compl!te'r-sinulation results are presented

X o - It the estimates of the bearings are biased the performance of i

. Besy " - the BR'beami'ormer .will be drastically deteriorated. This is mainly due

R . ‘to the fact' that it contains very sharp nulls. Therefore, the perfor-

-

' -'_’mance of the BR beamformer will be highly dependent on the accuracy

- ~of the bearing estimates.
We introduce robust blind reception (R-BER) beamformer in
overconing the deteriorétion of the BR' beamformer. to'some extent,

due to the bias in the' bearing. estimates Structure of the R-BR beam-

0t

-

- M former is alyost the same as  the BRrbeamformer. R-BR beamfcrmer is

- L more robust to the Jbias in the bearing estimates than BR beanformer.

- 2. - ~ -

" In R-BR beamformer, we - keep, the gradient of the ‘spatial response at

. o ‘ the interference to be equal to zero while maintaining the required

~ ‘: coe s -amount of null at the interference The gradient constraint, we impose

. . £ -

at the interference w11] make the R-BR- beamformer somewhat robust to

the bias in the bearing estimates Ccmputer sinulation results are
,;presented :
-

R

7.1 Blind reception (BR) beamformer’ -

4

7.1.1 Introduction S . . . 2

Y .

MVDR type beamforming nethods are not capable of receiving the
signals coming from distinct and unkn_own di_rections separately while suppressing
the rest of the interi‘e_r’ing s_i_énals.: To achieve '; that, we introduce a super

., -

i
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‘ precision adaptive array processing" technique We propose this techn.ique based

on the Joint bearing estimation and intert‘erence cancellation and i‘t is capable of

-

providing an exact cancellation of the interferences or cancellation by a -

prespecified amount. It directly operates on the input data adaptiver and

+

provides optmal solution -at each snapshot The propcsed beamformer can receive

-

signals coning from distinct and unknown directions separately and hence it is

'--named as the blind reception (BR) beamformer Unlike MVDR. FHVDR and C--

.'FMVDR beamformers. BR beamforner is robust to t.he uncertainties irr the l-

- desxred direction and also to the strength of the interferences MVDR ‘type

beamformers appear to be-a ,spe_cial- case of the 'BR b_eanforner.and_ hence_the BR-

beamformer- can also’ be ‘considered as the ‘generalized minimum variance di's‘tor—

- . tionless response (GM\}pR) 'beamt‘orner. Computer simula_tion res_ults are presen-

N

. ted.

. G “a
o . . R - . . - . | . .
N . . - ) .t \ . hd

7.1.2° BR beanforler and its’ systolic array structure -

-

As we did in the ~ FMVDR beamformer. the processing of the . blind
recepticn beamformer will be done in . the frequency domain for each frequency

/component of the incoming signals 'I‘hen the inverse discrete Fourier transform

"is performed at the output of all the beamformers in recovering the signal of

interest. . . A S

In BR beamformer, we pefform the.. opérations in: two stages for each’

- . r

snapstiot: . Do

1. Estimate the bearings of the incoming signals by using the upper triangular

s

matrix pencil (R"(n).R "(n)) S ‘ " T g . ."

2:" If the desired signal is"known -approximately, the estimated bearing which is -

closest to the .approximately lg'nown- signal’ bearing can be taken* as the .

. . -

1



-“

-

_desired-signal. If no a piriori knowledge of tne desired slgnal direction is

. .availat{le' sgveral beamfomers have to be. designed to receive the signals .
coming from each direction separately. We then‘use the nin:lnuu v.:'ariang:?zr
distortionless response (MVDR) beanfo_r;:er witn nnlﬁpie consnraint imposed
so that the required amount of nulls could be placed at the bearings of the
interferences while maintaining the desired signal utia.lteredf Since ‘multiple
;::onstrainr.s are- imposed on tne | \MVDR beamformer, it is named as the

z _ R
multiple constraint minimum variance distort'mn)éss .response (MCMVDR)

-

be.arnf'ormer'.'
We consider the case where there ai-e K numbér of signals at the array.

The‘ schematic diagram of the, BR beaufome, is shown in Fig 7.1.1. Once the

.

number of signals and thezr bearings are obtained, the next step in the BR

beamfomer is to find the filter weights }.n receiving a selected signal while
placing the required amount of nulls at the-bearings of the interferences. This
can be achieved by applying. the minimum variance distortionless response method’

with various constraints imposed as follows:

Let the filter weights that -we hav’q to detemine after n"‘ snapshot be

; w7{n). In determining the vector w™(n), we make use of all the data available up

to n*" snapshot. If we pass all the data st.arting from first snapshot ’through the
filter w™(n), the output vector e.(n} we obtain. can be written as,-
e.”(n) = U™(n)w(n}
. (7.1.1)

where e,(n) € €2, U(n) € C* 7 and w{n) € C™~2. S
By applying the Jacobi-Givens rotation Q(n) to eqn. (7.1.1), we obtain,
Q"(n)e,"(n) = Q"(n)U"(nMn] - : : .
' (7.1.2}

where Q(n) is a unitary matrix and Q*(n) € C™". :

We select Q(n)‘ such that,
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- Q“(n)ﬁ"'(ﬂ)':='R’?(n)‘j.:j Tl aad

.0' .- P s ’ .‘-". ‘
" where, R"(n) is an upper- 'triangu.lar matrix and R(n} E C""‘" : '

The square of the Euclidian nora of the vector e,,(n) is given by.

.

len(n)’l“ - en"(n)e..(n) . S o
- . o ’ (7 1.4)" ,
Using the property that the unitary transfo»rpations are norm "preserving. we can
' 7 hd [ L R
wrate ]en(n)l-‘ by using eqn._(_'?.l:s) as fol.'!ows: . -, :
lea(m)1® = w"(n)R(n)R"(n)w(n) T A ‘
. ' . : . (7 1:3)
A . Now the optmal filter weight w,,,t(n) can be obtained by minimizing -

..
Rl - Lo

) the square of the Euclidian norm of the vector en(n) while mdintaining the

-

[N

desired signal unchanged e o T o B

minimize len{n)l“ . e .
w(n) - ) ) . o R . ¢

:subject to the constraiﬂt-D“(E_B)w(n) = Cc

. (7.1.6)
where, D(B) [d(e )d(e,) .d(6x)]
_ . - {717
wit_h”ek, k = 1,2,..K being the bearings of the incoming signals, and
. - - . ‘ b ,
c.="(1,8,6....0)T
: (7.1.8)

with 6 bemg a-specified small quantity. D(e) € C““"’-. c € C™ 3. .-

’

. Eqn (7.1.6) specifles the constraints such that the signal from direction
9, 1is unaltered whereas, the signals from other directions B,, k = 23... K are
suitably suppressed to a small value 6. The extension of the constraint equation .
to suppress other signals while maintaining only the k‘*‘ desired signal unaltered

i{s an obvzous modification of the constant vector ¢ in eqn. (7.1.8).

-
-

, The mininization can now be acco-plished by using the nethod of

Lagrange mu.ltipliers. We define a vector of Lagrange nul‘tipliers as,

n o= (h;.ng,....n,c)’.
’ (7.1 9)
Then t.he optimal filter weight vector Wone(D) can be obtained by

-



v

h with respect’ to_ w(n) be zero. _U_smg th:is. ' :

_DLMO)DL(8) R = ¢ .

- 148 -

mfninizing the quantity F, R o )
- "’“(“’R(“)R“(nl'(nﬁ(*“(n)D(B)-c*)m{(w"(n)n(e)—cf)n}"' S
- " (7.1.10)-

~ -.A necessary con‘dition for the opt_imal solution 1is that ‘the gradient of F

) o

R{NR™(0IWape(m). = -D(8) % .

. . o , o (7.1.11) -
"whlch Srields'. ‘ S | S \ . ‘
. \ . ) . .
wo,,t(n) =.-n,(e) % o : e
. (7 1.12) -
where. Da(e} = {b(ex) b(en). b(ex)] - W , i
— . el . ( 1.13 -
. withs b(B‘..) satisfying the rela‘tionships. ' '
R"(n)b('e,;) = a6, ‘ -
S L (71.14)
R(n)a(ek) = d(sk) G
(7.1.15)

The vector n can be obtained by substitut:ing eqn. (7. 1‘12) i_nto--_th“e__

_ constraint eqn.- {7 1 6) so-that,

)

_ I . . (7.1.16)
where; D;(B) E c»~*, is given by, t
D,(®) = (2,0, 22(0)....2x(0)] ' ' B

(7.1.17)
with a(&k) satisfying the eqn. (7.1. 15) L.

Multiplying both sides of’ eqn." (7.1.16).-by Jacobi-Givens matxl-ix'Q' €

Cr=¥ we obtain,

.t J
QD,™(8)D1(8) % = -Qc o ' 3
. | (7.1.18)
je. R~ -Qec e
. P (7.1.19)
" Cq . e
where, R = QD,"(e)D',(e) : -
(7.1.20) °

R E C*=%x, c., =1 -Qc and cq € Cx=3,

i

we' select Q such that R is an upper triangular matrix Then the vector

4

_ % can be obtain by using the backward substitution on eqmn. (7:;1.19) (Appendix '



N . . i ~

2d) 'I'he solut.ion to the eqn. (7.1 18) can be obtained by uainz the QR decon*— _- ST
position based systolic array structure [Gentlenan and Kunz (1981)] used in’ .

solving- the least squares 'prob}em The basic nature of the array for K-3 is ziven

N

in Flg (712) e

‘daa = a,-_..q C?‘: . . " . - . ': . - ;—.,‘,- T o
Az ‘Baw’ 2an - Ca -

Qa3 xo A1 Cy

RRR Rnn - cqz ==

Raa | Cqal=-

-Fig. 7.1.2 Systolic array structurea _ -
the leg’gt .squares solution . . ‘

. L . A n - c . l . ‘ . o ‘
) - where A=D,™(8)D.(8) ’

.

The MCMVDR block shown in the fig. 7.1.1 .contains a {riangular array,
and several linear arrays in solving the eqns. 7.1.12 and 7.1.19 while any-of the
bearing estimation techniques described in chapters 4 and 5.can be used in the

bearing estimator block. - ' .

Once the filter weights vector is obtained, the filtered output of the BR

beamformer at nth snapshot, e(n) is given by,

e(n) = w*{n)uin).

(7.1.21) ~
Then the outputs of all the BR beamformers that was designed for each

frequency component of the signal frequency band are collected and inverse



.

' structures required, for implenenting the BR beanforner can be found in Kung

: "-“.(1986) and can be. listed as. ,follows“‘

o 2 Matrix triangu.-larization

-3 Forward and backward substitution e D L .

’ beamformer is capable of renoving the interferences according to the user

5. Generalized singularvalue singularveetor decom_position o

o .‘.-J‘_-'. P

discrete Fourier transform is perforned‘ to reconstruct the signal Systolic array

L e—ma . . . -

PO

'.‘-_’.'1 FPT and TFT- . . . © 0 TN e g T e

- e P o i

4 Matrix and vector products - o AN ,' ' . -

-
.
-y

By selecting 5 =0, one can cancel the interferences exact.ly The value '

cases, the cancellation of interferences and sensor noise reduction can be

‘ compromised by selecting 5 such that the system perfornance is optinised BR

'specification. Several beamformers with suitable constraint vectors have to k2

desigmed if it is desired that all the incoming sig‘nals be received separately In

the development of the BR beamformer we have assumed that the incoming

~

signals are uncorrelated. ‘Under the coherent signal environment. BR beamformer

'preceded by adaptive '-spatial data 'smoothing‘ _pireprocessing- -(ASD'SP) s_chene

described ‘in chapter 4 can be used. : B .

-
- . -

7.1.3 Simulation results
For the ~purpose of simulation we usé the same example we used in’

'FMVDR beamformer. The Spatlal response of the BR beamformer is shown in Fig

. of 6 can be chosen according to the -interference. rejection required. In many - .

7.1.3. We ‘consider the case & =0, ie the exact cancellation of “the interference. '

'Spatial response is shown for interference to\ noise ratio -(INR), 40, 30. and .20

..
dB.. . , N
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Y, o Do Fig. 7.1.3 Spatial response of ‘ o .
o ~"». the BR beamformer in dB | ,
: .I ' BN -
- INR = 40 dB . - i
e ——— INR = 30 dB S
-————Z—-INR =

’ 7.‘1.4 VDiscussion

'ﬂthe d;rection from where the signal of interest comes Is such that ‘qhe signal of

' re-duct.on of the null at the mterference, Therefore, the performance ‘of the BR

20 dB . - . . .-‘ R kw . 7- :

- . B ’ ) ' - o

. BR beam{orine‘r provides very sharp and strong nujl a@, the ‘Interference;.

.and maintains alsost. flat response iri the rest of the directions' “The "eépéﬁse at

o

.

© inmterest passes unaltered through the beamfomer The perfornance of t:he BR R

..-', *

beamformer is not dependent an the 1nterference to noise ratio and it is such'

.

that even a small amount of bias in the bearing estimate may - cause a drastic N

—'beamfoi:‘metj is highly dependerit on the accuracy of .the bearing _estinate. Real

- adaptive array processing.

time processing can be maae possible by des.i}gning‘ the Beamfoi'mer to perform a~ =
cycle of operatj.oh within the time intervel used to obtain a single snapshot. The
BR beamformer and t:.he concept of beamforming as a joiné bearing estimation and

interference cancellation will provide a new direction towards the super precision

LS . " -
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7.2 Rcbus’t Blind Recepuon (R.BR) Bea-i’or-er - .2 -
“ » .- v,
;-‘ 'k‘ e, T ) .\— <L ot '; B . ..V': W -
) - o - : t, - - . to L. L
72 1" Introduction T Do T -

\‘. . " - . . o . m

- ‘I‘he blind receptiorr beami'ormer produces very sharp nulls at the e

¥ L

1nterferences Owing to the very sharp nulls, any bias in the bearing estination

stage may drastically deteriorate the performance of the blind reception beam-

"« former. To overcome this situation. we will introduce the robust biind reception

(RBR) beamformer. . - S : RS ..

ln the robust blind reception . beamformer, we imposé' an additional'

constraint at each interference to avoid sharp growth of the nulls at the .

interferences We constrain the grad.lent of the beamformer response at the

~ r

interferences with ,r_eepect to the.-bea_ring angle to be.zero, so that the groprth' -of _

the nulle may not be rapid. pro’ducing considerable interference cancellation in’ R

~

the neiéhborhood of the bearing of the interferences Therefore- the blind

reception beamformer will be rather robust to a fairly small bias in the bearing

\

estimates The basic structure of ‘the . robust blind reception: beamformer has

: absolutely no difference from the blind reception beamformer. Computer simula-

- tion results are presented.

" 7.2.2 RBR Beamformer

r

""The derivation and implementation of the 'robust blind recept.ion beam—
former is very similar to that of the blind reception beanformer In robust blind -
reception beamformer we use a new constraint equation in the ‘place of the
constraint equation of the blind reception b-eanforner

i:ie have .seen. ‘that- the _constraint equation of the blind reception

beenformer‘ié given by, '

-
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where c= (1 66,....6)“' = ‘._-,- L o . N

L AT - ST T el . PR

S B N e A - e,
oL In add.ition to the constraint— used to plaee prespecified strength of nullsn

’.(- N -~ L T 7,-

. S at the" interferences. we now include the gradient constraint also 1n constructinz A

' - S the constraiht‘ eq'uation T '=~.".:". ’;'~, R
L . -“_‘. S:mce. the spatial response of the“BR beanformer w"(n)d(e) is.a RN
g : continuous function of 8, the necessary condition for it to be a minimum is the = U
gradient w:th respect o 0, . RPN o '_ "’ L

- N-——- [W"(i’l)d(e)} "___:__0"‘.; ' : ) - ‘ . ., B _ ‘_ i :‘_ Con ‘ ,;_-__‘:.\-,...,.l,{ ':. L
-0 . " . . ;5'.;‘ e R\/ T kT . ST sy AR ‘ .

LV e wi@ae) =0 S

) ; . tl ‘... o . L - T ) "' . -~ :' _k - '\"'e -‘.'-'.'\' . ‘:,- RS (7_‘2}4,..1 . :,:\;,:..‘. ‘- -
R L T NI e e s e e
. ‘ . d'(e) = B P (AN - o L N R

‘ where, o
BRI ds . ' o

. - . . . . - - PR
4 ' ; . . - . . A L

7 .The m*» element, d.'(68) of d'(6) is g'i\;en by, . oo Ty R SRR
.da'(8) =] — cos 6. d.(8} S S
-, 2 B i . E . . .,. o f" e o - S ,.‘

. _- 7 where, d.(8) is.the n*® element of the direction_vectdr .d(8], and | ' , Sk

2mme \J

du(6) = exp(j sin@). . - T R
SR . Chze -
Let the angles of arrival of K signals be a‘iven by the vector 8. T

9=(9=,8m....9.<)" and tﬁe signal of interest is ©,, then the angles "9y, k- 2_.3.....]( -

represent the’ bearings of the interferences B

. -

P

Now by including the gxadient constraint into the constraint eqn. (7.2.1).
.,'new constraint eq_uation can be written as,
Drewe™(@)W(1) = Craw ' L o i
' : S o . {7.2.7)
where,

=-— (d(en.. _ R A SO P P SR A S



g SRR Ll e
ff Sl e e
n;-(GJ = [d(B;) d(Bn) a (9:) d(B.j d'(ea),.....dxe,‘) d'{e‘)] - 7:
. and c,,_.. - (1 5,06, 05 0...u6,0) ’ }_-:_,_.,.,.‘ SR 7_-_.?.‘ O
s . Therei;ere : -m robust .blil;d reception'fyeemfor;ner ee' pe;'forer the: opﬂ. ';. . -—‘ . -
minimize IQ"(Z n)e..'(2 n)l¢ -':-.-?\"_.I L v S A RS ‘

sibjeot to ha conscraife Do) 4 b T T D

» o

SR v S e s i

_ The terrus used here have the same meanines as 1n the caae‘ Qf kthe hlind - _:‘_-,‘ - K

’ recel‘:tion be-a;'lformer The squt.ion “to. the above mininuzation ';;robleu; is Very ' ‘ -f-.- N
‘.similar te the .minimize;tion peecedure used -imthe. i:}ind reeep‘-‘:lon beamformer. _ ,’ ‘. ",:‘."

Opt-.imel fi]ter weight \:ector w(n) for the -r'obust ;l;Lnd req:epttiian -t:ee:mformer can: : ;:.‘ :;‘.‘

be obtained by substitutinz the D.,...(B) and c..-.. in the places of D(B) and £ in. L

-
- : s

~ Tt

' the Blind receptlon beamt‘or‘mer respectively Vel e B S

‘In order to compare the performance of the RBR beamformer against thé:: :-.

“BR beamfdrmer -we: define the following term: _ o ) i
Definition 7.2.1 L e ST T ‘ - B

'Is—i"obust factor (n.) is defineas, > . Co e e e F .

Na = ~20 log r(n¢,+s) o x R .‘ '

where, ¢,=nsin B;, B8; is the angle of interference, and € is a small quantity -
Therefore. the larger is the e—robust factor, the more rohust_ is the o e
- a ' .
bedmfo'-mer with respect to the bias in the bearing estimates Since the spatial .
response is considered in dB, the N Will a¥so be given in dB
7.2.3 Simulation results ' A L T -

..
L Lot . -

We use here the same example that was -us..ed wifh-' the FMVDR beam- B
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'rhe spat.‘lal response nf the RBR‘ beanforner 18

« The null-;amplitude 'Qs,-"the ihterfe_rence is ‘Eabuléted,‘ for .botl'_n'BR and RBR

beamfomers im Table T. 2 1, THE e-robust factor (n.) is also shown in Tahle
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= - 186 . . - : -

Table 7.2.2 é-robust factor (na) “ A _ :
- for BR and RER beamformers ’ A b

5

ééanformer na in dB
BR .  -57 ~ E—— i
N RBR -2 ' b

7.2.4 Discussion i ; A ’ o -

. hd -
~ v .

o~ "It is -clear from the above results that t‘he BR beamformer 'provides R :

© lmproved null at the interferences compared “to the BR beamformer within the. .

. : -
[ . . .

13 » CRE WY 4 4

-ccmputer' 11mitat10ns The e-robust factor of the *RBR beamformer iS'con—

- . Y. . - b -~ nr b

siderably larger than the &-robust factor of the BR beamformer and that is due . :‘ oLt

to the strong and w1der null in the RBR- beamformer Theref;orE. RBR beamfor-er L o :

‘f.\,

is more robust to the bias in the bearing estimates. The structures cf ‘the BR .
bEdmeI‘mer‘ amd RBR beamformer are the same. In practice. sma.ll bias in the
b cr et < - :

bearing estimates is unavoidable since we have’ cnly a ‘g_inite number:of snapshots. ot
Therefore, RBR beamformer may provide an attrac_t:l\;e‘ aiferﬁat'ive to the BR -

. . ~ > R
- beamformer in overcoming t.\he_' ‘deterioration of the performance of the BRx - - ¢

beamformer due to the bias "in the beéring estimates. L _ o
&

7.3 Summary L - L

- ™

We have presented a super precision blind. reception beamformer and"e,"',
B . :‘) = T

LI
i
-

modular mathematical structure suitable for VLSI ixi:plementaticn. BR beamformer . R '
is capable of cancelling the interferences exactly or to the required amount and®. -

- it.recovers the desired signal without altering them¥ The perforsance of the BR: . v

i}

N _‘ beamfcrmer does not demand the knowledge of the desired _signa.l and ience it

.' “‘can be used to receive the unknown 31gnal separately (listening device) 'I‘he bias R

in the bearing estimates reduce the performance cf t.he blind reception beam-

- - e [ . x 3
. . : s % . . -
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in overcoming th:ls problem.,we have introduced t.he robust

LI

blind reception beamformer. Robust bliod reception beanforner is capable of

producing fairly strong interference cancellation provided the bias in the beering

est_imates are swall. Rob_ust :blind reception beanfomer _also fails to perform

- e

successfully when the bias in-the bearing estimates are lerg-e. Performance of

.

L4

RBR i:eamformers depend _on the accuracy of the beaﬁng
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. - CHAPTER 8

-

A DIRECTION FOR FURTHER RESEARCH

(RESTART TO THE ARRAY . PROCESSING)

- -
.

Preview A restart to thé array ‘pro_cess;n‘g"_px_-obiem i§ initiated. Array processing
tech‘niqu-e-é achieving as:,rmptot‘..i.calh;r ideal performance are red;.rived;
. 'I“his ls.achievea by--copé@ruc_’ting ,mphaée crpss¥cross spectral density
matrix or interarray cross’ speg:t::al density ;airix-.qnd using it i‘n the
- . place, of the cross spectral density matrix, which is used in-most of' the
array‘ procgssing techniques. Inphase cros;s;époss spéctra,l density_ matrix
_'is és:,{mptotic’zilly inc_lependt.ant of the sensor ﬁois'e“_ and hepnce of the -
‘spatjal correlation of the sensor noise. The noise free nat-ure of the
-im?hase cfoss-cposs spectral density matrix is the key to the superior
' 'pe'r:fdrmaﬁ.ce 4)1.“ the t;éde.fir{ed array processing techniques. Even though
- it is given im the context of array processing the ba;;,ic idea can be
gxtended to any dig’ita} p-x.-ocessi;}g ..tge_chnique which deals with the
correlation matrix. In su}:ﬁ-' céseé,‘. instead of taking the autoc.orrelatiqn" .
.’rha'tr-'ix. of ‘one realization, we can fake thé cfoss. correlation between
two independent realizatior{'s.. The cross correlation between two
. realizations will be asymptotically same as the nolse free autocorrela-. .
tion méxtrix. As far as time series concern, i‘n the_ ;:ase.’.'where two
independent realizations have two independent signal components, this

method may breakdown. - : .

158
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8.1 Founaatf‘lon of the Restart - S ) . L

8.1.1 Introduction =~ - ' . v
" . ¢ ST e s

o

. In most of the array processing techni'i:{ués used to date, the required
information is extracted by using the cross spectral density matrix O(n) given by,

o(0) = D(6)0aa()D*(8) + O...n) Tl L

| : (8.1.1)
where 0,,(n) is the signal only cross spectral density matrix; 0.,.,(n) is the

noise only Cross spectral density matrix and D(8) is the direction vectors matrix

-

. - I general the noise only Cross Spectral density. natrix ¢ .(n) is
- imknowr_l. ‘I‘he._u§e_of the matrix @(n) in array processmg provides degraded

;. " -performance in the‘"p'resgncé "o'f.'nonzer;o'noise only cross spectral densify matrix

T R O

‘ Here we consider beamforming as well as sbectrum esti.mag:ion in array

- ' .

~ . . - .- - X -

processing. At infinite signal to noise ratio, beamforming tethniques such as

.

rﬁin.imum varijance, -distortionless response beamformers pro'vide perfect nu.fling

. capabilitles while the high resolutlon and super resclution bearing estimation

‘e

“techniques quch as max.lmurn hkelihood linear prediction, and multiple signal
clasmflcatlon (MUSIC) methods perform equally with no resolut.ton linit.s ‘

It is time to rethink the use of the Cross spectra] density matrix in
érray processing and digital signal pr_océssing in general. If we are able tt':f
con.;struct a matrix ;hat contains the same in.form.a;ci'on as the cross Spfectral
density matrix without 'the influenf:e, o'f\'the noise only cross spectral density

matrix o_.(n}, if_will be the perféct solution to the problems in array process-

ing. It 'will also be an ideél solution to digital signal processing problems, in

4
.

\) general. How could one achieve that? - -

Here we propose the use of inphase twin array system and.generate
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s o \ , '
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. what u;ve,. c':.a..ll 1n|:_thase cross-cross spectral dénéity natrix.O‘_‘-"(n) between the
array 1 a‘nd axjra_y,.z. It is shown that the matrix ®“*-)(n) is asyi:ptotically
unafféc;ed :by' nois.é. Beanfoming. techniques such as minimum -variance .distorf
tionless réspox;'éé beamfo:‘ners and bearing 'estinz;tion techniques such as maxi-
mum. likellhobd. liqear prediction_ and ;:tultiple s_igp_ai classification (MUSIC). are
redefined by making use' of the in.p£1a5e crbs_s—cross spectral density matrix
o2 (n). . ’ n | ‘ ’ ._ h .
8.1.2 I\nphase Cross—-Cross Spectral Density Matrix
The twin array sysl;cem ‘usé‘d is shown, in Fig. 87 Both the array 1 and
array 2 -are the same in. every aspect. Elements spacing of the array is &.
Array 1. and array 2 are in the plane of y 2 and they are separated by the
distance 2,, along the y axis It is assumed that the wave front is reaching
the array pargtllel to the y axis and hence therglis r;o -phasg difference -between
the siénals_received by ths-: m?h ‘element of the'fzarra'ir 1 anfl arra_y. 2 -In .o‘therj
- wor;ds. the -wave froht' feéch'es the m=" eleme:‘it qf the array 1 _é.md array 2 at
the s'ame time. & _J, - - |
Let ihe outpl.xt' ‘of the arfa:ys be div_ide‘_c!' into blocks of'L data sa-mples.H
By taking the Fourier tra'nsfonl: of the ;1‘“ dat"a'block_ aflc_l choosirig: the frequen-
cy component o and noting that by u(n), we obtain thé output of ihe- array 1
at ne~ snapshot u‘*(n), |
u‘.“(n) = {uy*?(n), unr‘“(n) caUn ()T
o - (8.1.2)
where [.]‘*? denotes the measurements related(to the array 1, M is the number
of elepeﬁts in the array, Jand [.}J* denotes-the tt:ansposg of [ |

If the incoming signals are wideband, iqe' have to p‘rocess ‘each frequency

component within the band separately.
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The output of the (=@ étrray. i=1,2, of frequency'm.a'g n"‘ snapshot

u‘®’(n) can be expressed as,
o - DOy + vy P
. : ' L ' r(8:1.3) . -

where, D(8) = [d(81).d(B83)....d(Bx}], D(B) € C*x, | N _ )
d(Bi) = M (122 zi™2), K Is the number of* signals, v‘“(n) is the?.j :

sensor ncise vector of array i, and 13: is ‘given.by,

y(.n(_n) = (i’:“"(n).va“’(ﬂ).-,--.Un‘W"'. L. - o
“s{n) is the signal vector and s(n) = (s;(n).s,'(n);...,s'x(-n))"'. -
By ceollecting the information ff‘qm the previous snapshots, we can ’flbm .

_the data matrix U‘“(n) of the jen array at n*" snapshot so that, .

D) = [ aD(), S m)]
- = D(9)$W+ N¢t¥n) . T _ . .
g & R (8.1.4)
where, D(8) is a Vandermonde matrix’ determined by, gi,_.i-'i;a.....x. '
S(n) =" [5(1).5(2)....801. _ |
N(n) = [J{1)_,u(2),.,;.u’(n)]. U@ (n) € Cen, oo - .
| Substituting i=1 f.*.nd i=2, we obtain..the c_ia;a_._ ma‘ériées U“’{h)-, and
- U(n} for the array 1 and array 2 respectively as follows:. | ‘
For the érray 1, | | . . N

a2 (n) = DO)s(n) + ¥<(n)."

U (n) = D(O)S(n) + N*(n)

) {8.1.5)
For the array 2, -
u‘®(n) = D(B)s(n) + v=(n), ‘
U?(n) = D(B)S(n} +“N‘°’\(n) : ‘
) o (8.1.6)

Now, we obtain the inphase cross-cross spectral density matrix @©¢*-=’(n)

-

between the array 1 and array 2 sucl; that,

C——



- aes
OF2-2(n) =0.5(0¢(n)U=N(n)H [0S )T}

=0.5([D(0)S(n)+N** () I[D(@)S(R)+Ne=>(n) *

*ffD(e)S(")+N“.’(n)IID(B)S(h)'«N_""(nn"}'{} R

=0.5{D(B)S(0)S™(MID™(B) <N (m)S™()D(0) | -

+{D(9)S(n);f(n)Df(9)*N‘“(n)S"(n)D“(-B)}“ o N -

"D(OIS(IN () SN N} Ll

(DO (0) N Ny )

+ 1e 0%®(n) = D(8)Oas(n)D(8) *o.swz,.p,t:{in"(e)+o;:;.;,cn)n"(é)}" .
+9.5{[g><yg._,,(n)b:*(e)1':+16(-;:.,(n)n"(a)1"}' |

+0'5{°(ul;un)(n)w(vn.ul)(n)} A ~ "‘

=D(9)¢=u(n)D"_(9)+0<u.s)(n)D‘f(B)+[°<».u>(n)ﬂ’f(3)]" g

4y 5 (n) S e

' ' o N ¢: % V)
where, the superscript H denotes the Hermitian transp_bse. LT

For sufficlently large number of , shapéhots. we "n@ke ’th\e foll‘ov..:irig

assumptions:
1. The <4{ncoming signals are uncorrelated, 0
lim Qau{n) = @aa, (full rank)

N~
-

o .0 8110)
The matrix ®s may not be full rank in the presence of the multipath

environment or smart jammers. In that case the adaptive sbatial data.

smoothing preprocessing scheme has to be used to x:ecover :.thé r"a'nk.' .

2. Sensor noise of the individual arrays may be coherent. But the noise betwegn.

" the ax:ray's are incoherent. i.e., 'u""(ﬁ)'_ﬁnd ¥<®)(n) are 1ndeb-endent and
" hence,

lim 0, .,**n) =0
B R . '
. -~ (8.1.11)
where 0 is a null matrix with appropriate dimensions. - ‘ .
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" We can force this property to be held by selecﬂng the distance g between'_ o

—
v
~
-

between the arrays. _ : o B . .,

3. It is also assumed that the-signal and noise are uncorrelated, i.e.,
lim & a0} =0

-+

: B (8.1.12)
This aésumption is a reasonable one since there is no reasons to assume that

the'signa_ls a.nd nois‘e-are‘correlated. O .

~ B

With the above asslmptions, the inphase' 'cross-cross spectral density“matrix

oﬂ gy .can be obtained from eqn (8 1 8). in the fom

— = N . '4' . PO

o2 a ll_m. o F(n) - . ‘ : ' e \(:8.1.13)
= lim D{O)0aa(miD™O) . AR Lo
‘e e S S :
= D(6)0naD(O) N T
) - : (8.1.14).

8.1.3 Properties of the Inphase Cross-Cross Spectral Density Matrix
T L1, @™ ig Hermitian,
AR “ (8.1.15)
~This is an obvious result obtained from eqn. {8.1.14). .
2. o™ ig completelv independent_t of -the sensor noise, and it depends only on
the parameters of the siznal environments
Now let us consider the rank of the matrix 922 Since the signals are

-

approaching the arrays from distinct dn-ections the Vandermonde matrix D(B} is

.

- the rapnk of K. Therefore. the rank of -3} ig determined by the rank’ of the

.matrix $as. But the incommg sig'na_ls are assumed to be incoherent and’ hence the

‘rank of the natrix o.., is full rank and equal to K Therefore the rank of the o

..'matrix (2.2 is equal to the nu.mber of incoming signals.

-~

the array 1 and array 2 sufficiently large while naintai_ni.ng' the coherencies -
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The cross spectral density natrix for the arrey 1 at n"‘ snapshot cen be
: written as, - L T o . ‘
g3 “(n}- D(G)O-..(n)D“(B) + °<.,..>“-"(n) ' ' '

L (eaa8)
Llniting value of the cross spectral density ma‘trix o“ -2Mn) is eiven by.

’
L . o

oG = lim o)

N+ .o T ' . ’ J

= D(8)0aaD™(6) + Bu.ry+

= Q3.2 0(;.-:1.3‘""")

»

< (8.1.17)
~ Now, let us consider the case where signal to noise ratio (SNR) is

iitﬁmte. Then we obtain,
/u

lim @) 2 g B ¢
SNR—~=

; . : : . To. (8.1.18)
Hence, it is, clea_r that the use of the inphase cross-cross spectral
density mzit'riic is .equjvalent to the use of the cross spectral density matrix at

infinite sig'nei to noise ratiq. In otﬁer u;ords. we can briefly state.,

‘Performance of the spectrum Performance of the .
estimation techniques using = lim spectrum estimation

©¢*-® jn the -place of ®-27 | "~ SNRZ» |techniques with
. , 0(1 1)

Hc;r.e insigﬁt intohthe inphase cross-cross spectral density matrix or the
eperator 02 can be obtained by using geometric analysis The idea of geome--
tric analysis is to break .the operat:or down into a. nupber of parts in such a way’
that the operation of (-2 on each part is particularly simple. This can be o

achleved by using the eigenvalue eigenvector deconposition on the matrix €¢*-%,

: 3-1

i.e,. . - r‘.:‘ ]
. : LA - .

02D = (ValVi] [Aa | 0}f v - -

01 ojlvan ). _ R _
- : B R . (8.1.19)
where, Aa denotes the - nonzero eigenvalues which correspond to the signal
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_ Subspace. A. E CRr X Ay = diag(}t;.x.... ..z,,o 0,...,0), matrix V,
"j represents the elgenvectors correspondmg to the eigenvalue matrix A.. S
P V. represents the eigenvectors. corresponding to the nu.ll space and V,. €
‘. _'C““K v“ e Cu-'()l-—!t) R
. The matrix P which is the resolution of identity is given by
ém = v-.(v_"lvm)—:.v_ » m=1.2....,M p )
: ) ! (8.1.20)
where, V,, is. the mf“ elgenvector. .
- The matrix P. can easiiy be shown to have the relationships,
P.P, =.0, 1i%)
P."™ = P, and
Mo
TP, =1
M=l
where, I is an 1dentity matrix.
The family of projections Pu, o= 1,2,...M can'be used in unifying the
spectrum estimation techniques as we have shown in chapter 5. Further 0"- 2
" can be written as,
G2 » Z AP R . ) N .
m=1 b ’
In most of the high resblution spectrum estimation and high precision
beam forming teehniques. we have to use the Inverse of the cross spectral .
density matrix. Therefore, if we are planning to use the inphase cross—cross

spectral density matrix _ﬁe. have to consider the inverse of the inphase cross-
. 7 _ o\
‘cross spectral density matrix. The inverse of the inphase cross-cross spectral

4

" density matrix can be obtained as follows:

. {Qi(:..t‘l)}'—x = [vu'vw] .Au—:. [ 0 Y"“

(8.1.21)
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' where. A."- - uuag(x,-1 Aa~tndn?), Aa = d1ag(0.0,...,0)

[

A N3 aiag(a-= 5.2, i 1), A € CM-x=04-x3, and §-* s the largest -

' numl_:»er ‘that can be achieved’ within the limitation of ‘the computer.

-
&8

" The implication of "the above inverse is very clear. It tries to give more

»

[

emphasis to the noise subspace while giving negligible emphasis to the signal
subspace. The same effect can also ‘be observed if we substitute A,™2 = 0 and.
AN 3 =1, where Iis an .1dentity matrix, and 0 is a null, matrix. This provides

an 1mportant clue to the question why high resolution and super resolutlon array
processing techmques perforn equally with the use of mphase cross—cross -

pectral density matrix It is due to the fact that. ' .

. '{¢<:.=)}-—1 = Py . ‘
where, Pw 1sl1':h'e noise sﬁbspace prbjec;tioh ga{trix (refér_to chapter 4)

- . The operator 0“‘:’-"- can 'als"o"be- décompo§ed into -signa.l subspace and
pqise. sul;sp_ace. The ﬁamiis;r of 'projectioris {P..:P‘..._} which r‘epresent; the resolution
-of iden.tity“is then giv'ep by, o |
Pa = ValVa™Va]-2U, | -
' . ’ (8.1.22)
Px =..VN[V5,"VN]“VN“., K '
C . T (8.1.23)

Pa apd P have the property that, .
| Pa™ = Pa. P = Py, Pa cPa-L
The projection m_a‘trices P_, ‘or Py are generalﬁv used in the‘MUSIC me£hod.

After :the study of __ﬁhe properties nf the inphase cross-cross spectral
) '_densi,ty matrix, now we consider the use of that in beamforming and bearing
estimation in arra& proceési-ng.l |

.

5

8.2 A Beamformer with Perfect Nullinc Capabilities

Here, we develop an optimum beamformer using twin array.system. Let ..

r



am -

R

us consider the filter weights vector that is used in bo'th arrays at n"-" snapshot W

[

" to be w(n) : :'. o
-mnwummm 0. -'T;V“7

Since the arrays in the twin array system are inphase with the incoming signals.
_we can, use the same ﬂlter weights vector u(n) with both the' arrays 4 ‘

| . If we pass all the data starting from the first snapshot to the n"‘

o snapshot through the filter w(n), the 'output of the i=r érray can be wr:ttten as, | '

e

e."(n) = U“™(n)w(n)

2 (8 2.1)
_ where, []" denotes the complex conjugate -of E] . et (n)” E C“*"' "and U (n}
€ e, i=1.2.
‘For-the array 1 and array 2, we obtain,’ - ) ) .
- .. 'nﬁ_' - ) *
. enf2m(n) = UC(n)w(n) i
- (8.2.2).., -
ent®7(n) = U™ (n)w(n} - | ( . ‘ S
A ‘ o (8.2.3) )
Now, we define a performance index E:_.m such that,
Eia = lim 0-§{(en"")“{en‘“_")+[(en‘”')“(en“?")]“}' SN
Feco o o

= lim 6.5{[u“(n)UF"(n)U"’“(n}w(n)];[w“(n)U:“’(n)U"’"(n)th)]“}.

n-o

= wu@c:.s'n"' Lo ' ‘ ' ' , .
(8 2.4}
Optmal fllter weight vector ‘w can be obtained by minimizing the

performance index Eio while maintaining the -desired signal unaltered, i.e.,

mininize WOy - ' ‘
ol ' ‘ o .- (8.2.5)
subject to the constraint w"d(e,) = 1 . _
{8.2.6)

where, d(e,.) is the direct.ion vector corresponding to the target signal or desired

signal reaching at an ang'le B

N 'I‘he solution to the above minimization is stra.lght forward and is given

by,
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N wher-‘e. (B) issthe maxinum likelihbod spectrun and i‘t',ts Eiven S I
. r ‘g . - i A . L A .
sn(e) < fane)(on: "}"d(e)]" O
\ L 3 (8:28). o0 o
. The spatial reSponse r(e) of t.he beamfor;mer. is given by. .S MR
R P <3 A -
R “mex = ]wc,,,_"d(e)l RN LT e,
e BN - S ' tazs}...\;‘ Soa
. \‘ T :[t has beép shown earlier that the matr:ix'o"'” is ‘independent of noise.“;-— ¢ NN
- O - - R . . - .; . - e, ..‘ -
v Therefore.. the optianal we,ight yector w.,,,_ is* al'so- nor. affected- Tbir the noiae. . -.:" R
-] . '.‘- ] R - -'- T
o e Therefore. I.‘(G) provide infinite nulls a.t the aneles of interferences:klt can alao oo
A N L ‘ ‘. e, _' - ™ . .
_ ., be seen intuitively that :the perfornance index Eu can rec.ch a minil?um. by‘ .- r,
e . . s A .
. .‘_“'. T . ",_.‘ ..".: ‘-,“
N .. ' placing’ perfect nulls at the. angles of interfex:ences.. : s -\1__‘.-‘, ST
o _‘ . ‘-. . :\ : l ..: . ‘| . - “‘-. K f‘ .. /’ . ‘. -.I :.‘l | . ..- . -.-_:_-‘. ‘.k .
e 3 -Bearing Es‘tination without Any Resolutibn Limfts - e oo T RS
N _.__ : T ;-
S R ngh resolution and stxper i‘esolu‘tion spectrum estimation techniques
T gt provide infinite resolution in t.he presence ‘of- infinite signa.l to noise rati:o (SN‘R) L
~ (chapter 5} 'l'he performance of the- spectrum est.imation techniques tﬁghly '. : .
s depend on the amount“of noise and the. spatial correlat.ion of the noise‘ . 5" W . e
'_ S, .- Here we prese.nt a rnethod to overcome the above limitatmns by using | . 3'_' -
. twin array system and rederive the spectrum estimation techniques to: achieve .
T asymptotically- in.fm.lte resolutlen. L ) . ' .
.. . J . T -~ Ay ' ) : ¢ o
o Y T sa Maximtin Likelihood Specmm without Any Resolution L.inits -,. s
N . ' In the course .of deriving the beamformer given in the section B 2 we T .. . -
"~ obtained the maximtm likelihood spectrum S-.c,(e) Lot T e N T
BRI g n CetiTes e TR 00
. s_n-(e) = [d_u(e}{Q(:. z)}—:d(e)]- .. ) Y T (8,3.1)"‘ : . ‘
S,.,_(G) does only depend on the signal environment and hence it can resolve the -
. incomng s:.gnals without any resolution Umits :1 T ; R
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Linear prediction spectrum can. be obtained* by ninim'.tzing the” ge?:or—~* - <y 2t
. TR Aok T - SN
mance; index E;a under the constraint that the. first element of the filter weight .____,._:_;3‘ . .

. . .\ ‘Q :;‘.,' . r_,.’w_ _“‘;" ‘ .
vector w is unity. i e. ’ N ' - ’ uh L = L
mininize lim o5{(et=>'(n»"(em'(n))+ue‘="(nn"(e‘="(nln’*} - | Cos

-w(n) n-w ' :
. . R . (8.3.2)
subject to the constraint w'e, = 1 e K
' ‘ (8.3.3)
where, e, = (1,0,0,...,0)%.
As the solution to the above .mininizati’on problem, we obtain the linear ~ -
C - % s
. prediction spectrum; S:»(8) as, - a ' . -

o

“of - tite .noise. X only depends on the properties of the incoming sig‘nals Thdre—

'for:e. it can resclve the incoming signals withcut any resolution limit.

Sx..r-(e) = [e,"‘{o“ b ‘d(e)]‘ : '
2 N (8. 3. 4)
As we'lsee from the above relationship for Sep(8), linear prediction

2 & .
spectrum does not. depend on noise. and hence the spatial -correlation properties

=~ -

/ -
- . h - .‘-
8.3.3 POP-MUSIC Spectra - \ : v , IR
‘In general, POP-MUSIC method .is formulated by using the crosé B 'bi-
Lol ‘ . o ki
‘spectral density matrix ¢¢*-*’ and the noise only cross spectral density gatrix _ T
. . . )
. . . ~
Q.2 Gene@{}eigenvalue eigenvector decomposition is performed in .
" ’ Y . ' .o
obtaining the signal And noise subspace basis vectors. . - -
. S
o
v In practice. the noise on,ly crdss spef den31ty matrix is not known . -

Nt

and hence the use of the PQP- MUSI ‘spoctrum under Spat.ially correlated n01se

ha& mentioned in chapter 2. How good the spectral estimate is will depend on .
- o agprer 2 & ctral gasinate i will Ge
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how good the estimate of the noise only cross spectra.l dens:lty natrix is. ‘

gl
-, N

Here we propose a- net:hod whereby we can avoid the estination of the

._ -

noise only cross spectral density matrix ‘We use our inphase cross-cross spectral

density matrix ®¢-® which is not inﬂuenced by the noise or the spatial correla-

tion of the sensor noise. As we have shown earlier the inphase cr'oss—cross

spectréi density matrix can be writien - a .

K .
22> = ¥ 2 p_ ' ) ‘~ T o

m=1 ’ o .
where, Pa, m=1,2,...M is the res_olution of identities.

-

In addition, resolution of identity {Pa,Px} for the sigmal subspace and’

.

noise su\:space is related by, . -

P,+PN=I. .

.\/~

Let us project the direction vector- d(e) od to the null space to qbtaih- . )

the projection vector dn{(0) given by, , ”
dN(B) Pnd( )
" (8.3.5)
Now we can defme two POP-MUSIC spectra based on the Euclidian
norm., and the elemental norm of the vector dN(B)_as we did befqre. Then the
POP-MUSIC-Euc¢ spectrum and the POP-MUSIC-Elem spectj.rum' can be written as
Spop-muc(B) = [du(8)]~*

Spop-zl-—(e) = ldN("'o) |_E

‘where, ducmoy 1S the mo™ element of the vector du(8), I.l.and || denotes

the Euclidian norm and the elérhent;ai norm respectively.

\

8.4 Comments on the Performance Under Finite Number of Snapshots . .

Under finite number of snapshots tg_\cross spectral density matrix"

Q2-2(n) _ and the inphase Cross—Cross Spectral enSity matrix ®¢*-*(n} are given

O



0“'?"(nj = D(B}0us(nID™(8) + O..., > (n).

@ (n).

1. (a) Oc.iny*2n) is Hermitian

.

. C 172 .

®t.2)(n) = D(e}@..(n)D'-'(e) + °(v..v)t'3"=)(n) : .

Now let‘us ‘consider the properties of the matrices o(.,,.,,"“-i’(n), and

A

(b) °<.Z.v>.“-"(n) is Hermitian.

2. lim °(U.U)<1-1>(n) = otv.v)(l'l)

n-e

lim @2 n) = O

n-—-o

3. Since v, and v, are two Iindependent p?‘oc\:esse's it is reasonable to

\

assume,

(i.7)=" element of | < |{i,j)*" element of
O, (n) < Q(V.V)”"l)(n)
. © #¥ijand ¥n
From the above properties, it is clear that the matrix @22} isﬂ_ess

cbrmigted'by noise conpared to @‘*-*Xn). - The influence of the noise on the : &

inphase cross-cross spectral density matrix &¢-=)(n) becbl_nes zero when the

.-number of snapshots are increased. The matrix ®¢...,*-*’(n) can be ‘made

- .-
I . .

less significant ror finite number of snapshots by choosing the distance 2.o

LY
d

between the twin array system properly. The larger is the distance f.g, the

less is the coupling between the noise vectors v, and v,. One has the 'ability

~

to choose the distance between the array 1 and array 2 as' long as the coheren-

-~

cies between the arrays are maintained.

8.5 Summary .

-

Inphase CrOSS-Cross spectral density matrix is derived using a i'.win array

. .
"system. Properties of the inphase cross—cross spectral density matrix is studied



S
and it is shown that this matrix is not asymptotically 1rif1u;anced ia‘y tﬁe gensor :
noise or the spatial correlation of the sensor noise Array processing techniques
are rederived to make use of the superior properties of the inphase cross-\.ross
spectral density matrix. The minimum vari;nce distortionless response .type
beamformer that we have 'derivedl basgd on t':he. inphase cross-crosé spectrai
i':lensity matrik prov:ides perfect nulling ,capabi-litiés. The redelrive'd bearing e
elzstimation t.echniques' a':‘e";:apa-:ble of r.esolvi‘.ng‘the incoﬁ_ing signals without any
resolution limit. In generélrthe use of the inphase Cross-cross spectral density
matrigc is nc;t liinited to the array procéss;ng and it can Be- suitably extended to
‘ time serles analysis where the determinis’tic signals are bﬁried in random noise,
very easlly. In thi's case two'realizétio\ns which héwe ihdepéﬁdent' noise can be
utilized to obtain the cross correlation matrix. Therefore, the u;_;e of the inpbasé
CrOSS—Cross spectrélu de‘ns"ity matrix . prdvides a restart to the,digitlal signal

processing field as a whole.



CHAPTER. 9 B

SUMMARY AND CONCLUSIONS

In adaptive array"pro_cess‘ing.- eigenvalue eigenvector-,decomposit,ion of- éj';e cross - RS
spectral density natrix provides the basis. uectors' of ‘the signal and noise when o
- the sensor noise ‘are spatially uncorrelated it the sensor noise are correlated .

the generalized elgenvalue elgenvector decomposition or t;he, generallzed singular—

-

value singularvector decomposition can be used in obta.ining the. vectors that lie " i

nd LU

in the noise subspace The use of upper triangular matrices reduces the computa—‘_. _ -‘-, X o

" The number of signals obtained by AlIC or MDLC can then be used to partition

the eigenvectors into the signal subspace and noise subspace elgerxvectors Based

on the sagnal subspace and the noise subspace basis vectors, the proper or- I )

thogonal pro_]ection matrices for the sig’nal subspace and noise subspace can be

generated. The noise subspace pro.]ec‘tion matrix prOJects any vector with suitab_le
dfmensions'onto__tne noise‘subspace _while-vtn‘e s;gnal proi‘jection matrix projects
: 1any i;eotorl with suitable dimensions onto lfhe s.ig_nal suospace. The noise subspace
-wpr.:o,jection'\matrix o'r the signal subspace projection matrix provides the founda—
cion fc;_r the super resclution bearing estimation techniques. |
\ In bearing estimation, ue have derived }:\wo spatial spectrum estimates,

_?OP-MUSIC-Euc and POP-MUSIC-Elem, based on the proper orthegonal projec-

tion. POP-MUSIC-Euc and POP—HU_SIC—-EIem ~bear a very simple geometrical

relationship. This relationship further provides an insight into the relation - R S
” A
between the maximum likelihood method and linear prediction methods. The POP- o /
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e ‘Euc But one should keep in mind that the sharpness is not a criterion for
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MUSIC—Euc gives strictly dominant spurious peaks free spatial ‘spectrum. As far -

'as POP-M'USIC Elem is concerned one.. cannot strictly guarantee a dominant

a

’ .s_purious peaks ‘free, spectrum. The geometric'- _relationship- between‘ POP-MUSIC- ~
" Eue and POP—MUSIC.—Elem provides a very' .good eicplanation to. the question-‘. why

' g.the sxgnal peaks in POP-MUSIC-—Elem are sharper compared to the POP-MUSIC-

-

- 'analyzmg the per.formance of the spectrum estimation techniques. In obtaining i

; 'the bearings from a spatial spectrum without any bias one has to plot the .

'

spectrum for™ infinitesimally small angular sampling which- is impossible in
practice .The spectrum obta.ined by interpolating the ‘finite samples may lead to a b
bias in the bearing estimates This can be -avoided by us%ng the POP-MUSIC- Euc 7
" and POP MUSIC Elem polynomials, dominant roots of which ~correspond to the '
. bearings o_f the 'incom_ing signals. The l_ninimum norm technique used in array
-processing is‘ rediscovered and shown to be a special case of POP-HUSIC'—Elem.

. Spectrum representation is considered in a more general and unified
K framework based on the operator decomposition approach Out of many possible
families, we have’ considered two families of spectra, na.rnely the Euclidiap norm
techniques (Euc_—'l‘echs). and the Elemental norm techniques (Elem Techs)
Classical, high resolution, and super resolution spectrum estimation techniques
are brought in to thé unified framework. This unification shons that most oft the -
spectrum estipation techniques available - today only difier by the way they
utilize the projection According to our classification spectrum estimation
techniques are grouped into Euclidian norm techniques (Euc—-Tech) and the
elemental norm techniques (Elem-Tech). " The Euc—Tech guarantee a dominant

‘spurious peaks free spectrum while the EWO not: guarantee that It is

also cl that the PQOP-MUSIC-Euc is the only spectrum estination technique ,



i '1”?6“__ DR
which provides both unbiased and. guaranteed spurious peaks free spectrum Rest :

of the spectrun estimation techniques could provide unbiased spectrum. provided

#

that the signal to noise ratio is- infinite R _k - o -
If the true cross spectral density matrix is known. there is no limitation
over the resolution capabilities of the POP—MUSIC-Euc and POP—MUSIC—Elem
j- But in practice. the use of the estimated cross spectral density matrix will cause
a rotation in the signal as well as noise subspaces from the true subspaces. This -
rotation will limit the resolution capabilities of .the high resolution and\super
' resolution spectrum estimation techniques The rotational correction multiple
?signal classification (ROC-—MUSIC) tries to realign t.he estimated subspaces with
_the true subspaces How good one can- realign the estimated subspaces depends
. : ‘on the criterion used in guiding the rotation ROC-MUSIC could not provide .
expected superiority due to’ the non availability of such a unique criterion in
guidi'ng the rotation However, vthe ,critericn_- we used could provide improved )
' ;‘resolution capabilities over the i’OP-MU.SIC ‘s'—p'ectrum.. at least for the chosen :
| example. o
- In general flipping technique provides an improved cross spectral density
: ‘ﬁatrix estimate fo-r symmetric arrays Therefore, th'e use of the flipping techmi-
‘que can provide improvement to both the bearing estimation and beamforming.
'_I'he flipped minimum variance distortionless response (FMVDR) beamformer is
.capable of placing strong nulls at the interferences.' Conditional flipped minimum
variance distortionless response {C-FMVDR) beamformer provides further im-
proved nullingf:apabilities over the FMVDR beamformer. The strength of_the null
depends on the strength of the interferénce for both'. FMVDR and C-FMVDR

beamformers.- The greater is the strength of the interference, the greater is the

strength of the nuu, Both FMVDR and C-FMVDR beamformers do .not provide a
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control over the amount of interferencé cancellation.. - =

" The minimum 'varianc'e diétortionless r’esponse “type 'beamtormers suc‘h-as'

~ R

] MVDR EMVDR, and C FHVDR generally assume. < tha‘t t’he noise and interferencea

N

" are equally detrimental to the systen performance But in nos{“ of the situationa

the interferences are more harmful to the systen perfornance. This situation will

' become more severe when deliberate jamners are present. In this type of

I . Al -

' situation it is important to give more weight to the interference cancellation

The blind reception (BR) beamformer is capable of cancelling the interferences

more selectiuely by a prespecified amount BR beamformer cperates as a joint

- process of bearing est.imation and interference cancellation BR beamformer can

also be used to receive any signal present at the array of sensors while rejecting

' the rest of the signals and hence it also acts as a listening device The perfor- .

'mance of the BR beamformer will be drastically degraded wher& the bearing-

estimates are biased. The robust blind- recept.ion beamformer is capable of

-

,overcoming this difficulty up to Some ‘extent. But still the performance of both

the blind --recepti_on- beamformer and robust blind reception beamformer depend on

the a'ccurécy‘of the bearing estimate*tification of ‘the blind reception.

beamformer for Jarge biases in the Yearing'estimates still remains as an open

o

problem. Co C

-

Both bearing estimation and be&mforming techniques fail to operate when

the incoming signals are coherent. The bearing estimation and beamforaing

techniques prec&ed by the adaptive spatial data smoothing preprocessing.

{ASDSP) scheme - appear to be " preferable alternatives to the cross spectral

density matrix smoothing in providing a2 way out of the problem associated. with

' :'the coherent signal environments at high signal to nolse ratios. Spatial smoothinz

"demands the knowledge _of the number of incoming signals and hence the



Y

practical use ‘of the spatial smoothing will be linited To overcome this problem,

. we. have proposed a methodology to estimate the number of signals and the

' optimal number of subarrays concurrently. Based on the proposed methodology,.

.spatial smoothing can be performed without the knowledge of the number of

-

' incoming signals Spatial smoothing scheme fails to perform successfully at low .

- signal to noise ratios. The. solution to the array processing problen under .

ol

.coherent signal gnvironment at low signal 1o noise- ratios is vet to be found

o

We have also initiated a restart to array processing and digital signal
processing "in general me array processing techniques are‘ rederived. Under this

restart it is shown that the high resolution and super resolution spectrum

- estimation techniques perform equa.lly without resolution limit, while the MVDR

" type beamformers pepform with infinite nulling capabilities This restart is not

‘tions which has the same signal component and independent noise™can be used to,

limited to array processing. lt can also be used in time series analysis ‘or more
. - l “

‘appropriately n time sequence analysis. In time sequence analysis. two realiza-

- : . - S
obtain the cross correlation matrix which 1s asymptotically same as the noise

free autocorrelation matrix. A thorough investigation of this restart remains to

be done.

&t

%
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Jacobi—Givens rotation and systolic array 8tructune for matrix
- L] N s ,‘

- i , - -

4

JacobJ Givens rotation Q is a.n. elementary orthogonal transformatipn in

-~ -,
* l

. the" forh of plane rotation and it can be used to annihilate the elements of a

vector or. a matrix moze selectively The matrix Q.. which annihilate ‘the .

v | -

( ) m)th ‘element of a vector or-a matrix Gibe wr;tten as, B .
A . . N
,cosa . i=k=2 ) - e
sin & exp(JB) 1=20,k-= s ot N BT -
‘ -sin @ exp(-jB) i=m, k= ' o Lo el e
Gue = ) COS G - ik ='m _ < . f T i
1 ik = 1.2.. .excludinf,r fandm - . Lo _ . O3
0 : otherwise - L . :

The product of Q..U(n) can be written as,

p— ot - -—
- .

(i;...U(n)"—" coe a . sin gfe.xp(:j[i)._. .. u...:.(n): .

-

.’

.—‘sin- a exp{-iB). .ces a.. |].. u..:.(n). .

s 1

_ -t i

By"selecting_. B . .
[ullll-(n)l ) ’ |uan(n)] .
cos a = . . sina-= - .
[|u_..(n)|"+}u.,.(n}]=]35. . - (0} *+|Uem(D)[*}% -

~

8 = arg{Umm(n}) - arg{uea(n)), one.can annihilate te elehent u._\(n).

Jacobi-Givens rotation can be used to triangularize a given matrix

: 179
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adaptively using the systolic array structu:;e shown m Fig 2 1(chapter 2) Hatrix

- trianzularization systolic array structure consists of boundary cells and internal

Al

cells which have the fo]low.inz functions
ﬁaoundary" cels -

um(n) o SN

.__...(cn)s(n)) o

r,,(n) is the (i, iy component of the upper triangular matrlx R*{n).
If um(n) = o, then_c(n) =1, s(n) =0,

.othefwlse,

ram) = (el +uam)®k ) e
racl(n-1). . an(m)] . ]
¢é(n) = e, s{n) =
I_:u(n)l T Iraa(n)|

Pacln) = [Faalnllexpl arg(ra((n=1)N)

B = arglr((n-10] - arglusa(m)] . s() = [s(n)] expUB) . ¥ i

*“Internal cell
: o uirln(“) : : .

(60, 5(1)) e | Py ()] ——em (cl),5(0)

Ugueln)
ris{n) is the.(i,j)*" component of the upper triangulai‘ matrix R™(n).
Uour(n) = C(O)usn(n; - sT(N)ryy((n-1))

r,_;(n) = s(nju.L{n} + clnir:ql(n-1)) , Init:laliz_ation: ry(0) = (0,0), ¥ 1,]

7

The diagram for the assembly of Jaéoﬁi-Givens rotation is given as a part of . >

the Fig. 2.1.
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-fU(n)u_"(n)v(n) A@UL{n)U. @)v(n).
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Appendix 2b ?- "

‘Solution to the Generalized Eigenvalue Eigenvector Deconpoaition using General—

ized singularvalue singularvector deco-position

When)\we solve the generalized eigenvalue eigenuector decomposition with

the direct use of the data matrices without forming the cross spectral density

matrix pencil (®(n),®..(n)), it is called the generalized singularvalue singulapr-

vector deoomposition R

-

The generalized singularvalue singularvector decomposition directly

' operates on the data matrices or upper triangularized data matrices R"(n) and

"(r given in eqns. (2. 2. 2) and (2 2. 5] respectively in providing th‘e solution

_‘ to the generahzed eigenvalue eigenvector decomposition of the matrix pencil
- (@(n), 0o _(n)). The geperalized singularva}ue singularvector decomposition
: problem can be stated as the solution to

‘R(n)R“{n)v(n) " 2(n)R..(nR.. "(n)v(n)

- l*. - .. ' ' R . IZb 1

,— ‘The generalized sin.gul veotors are -equal to the generalized eigenvectors

"h_tnereas the generalized_ sin arvalues are the square roots of the generalized

Van Loan (1976) has given a prooedure for obtaining the generalized t

singularvalue singtlarvector decomposition by using the input data matrices le.

. T . ' “(21.2)

= .~ The d.irect use of input data matrices are conputationally more involved.

and not suitable for adaptivity. "I‘herefore we use the same algorithm given by

Van Loan .(1976) [Speiser =and-Van.Loan (19é1)] but instead of the data mat’i‘ix

‘pencil tU(n).U.‘,(n)). we nse the upper trianguiarized watrix pencil (R™(n),

R.™n)) with fixed dimensions’ and hence we reduce the computations and

-

achieve a better structure for adaptivity.

\
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- The generalized singularvalue singularv’ector decomposition can be

‘-.

achieved by using the following procedure

1 Compute the singularvalue decompositicn of the matrix G ,-".'. L '

R(n) - H - . il
G = - . .. . . "‘ 3 .- .',- L
_I_!.‘,(n)'_ ’ - .
» Qmn)] . _ T S S
- = | ———— - z(n)zu(n) 7 L ' .. . o ,: D .: ) l; -
¢.(n) ' i ‘_ T
! o(2b3) 7
where. E(n) = d.idg(satn) Eafn),.. .en(n)) , L
.. '(2b.4g)
Zn) is a unitdry matrix, Q(n) and Q.(n) satisfy the equa.hty. N .
Q"(n)Q(n) S Q..“(n)Qc(n) -1 N P oo
T ~ (2b.5) -

with I being a identity matrix

2 Compute unitary matrices X(n),X_(n) and Y(n) such that:
X" (n)Q(n)¥(n) = diae(cz(n) Ca(n)... CaelD)),  €(n)20 L
s (2b.6)
X (n)Qun)¥(n} = gbﬁg(s;(n) Saln)..Sx(d)), .Sa(n)20 - L

o Ebm
where, {ca(n)}* + {s...(n)}" =1, m= 1,2..M X(n), Y(n) € C""'"_" Lo T
3. Set, V(n) = '[V;(n).vz(n).....v.‘(n)] - s ,'.' O v T
-~ LT - ‘(:ab-.s) L
= Z(M)Z-*(n)Y(n) -
S 1. (b4 9)
and -[Am(n}]% = Cu(n)/sa(n}.
(b4 10)

Then [R,..(n)]x m = 1'2 .M denotes the genera.lized singularvalues. :I‘he

columns of V(n) consist of the generalizad singularvectcrs after n“‘ snapshot.

‘The above algdrithm is applled irrespective of whether the matrices in the matrix

pencil (®(n),®..(n)) are ill-conditioned or not. | ' e

Appendix 2c
Conputet.ion of the Hermitian Matrix used in the Alternative Formulation

1

In the alterna@_ve formulation given in ‘the erray processing we have the

. - . e
. ‘ >

YRR 3
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- | - ) ‘,:?.7 A" ¢\._f" L;.-“"- . -\-‘: .".-—,'.";'C‘
- 3 . : . . . ~.:.__
Sy R e
I .~y . 1.83 . .;: | |
: ‘ . ‘..f va ‘s vt e
“computational task of o'rn) given by, .Y [
®'n) = [R, (nll"%(n)[n L ‘ BRI .
{2c.1)

"= [Ro(n)]"2 [Ba (1)) .¢.(n)lm..“<n)]-
. el
rﬁgh;(agt:‘; $m(n) is the m"-‘"_' ;_:plumn of the matrix ®(n) and a.(n) is given by‘the"'

relationships, . .

[Re(n)]=*¢m(n) = an(n)

= [ba(n),ba{n),....bx(n)]

" where é,'(n) is the m™" column-of A™(n), and b.(n) i§ given by the relation

éhips. . _ ‘
[R.(n)])—*a.'(n) = b, (n)

i.e. Ru(n)ba(n} = a.'(n)
{2c. 5)
Once again, egn. (2¢.5) can be solved for b..(n) by forward substitut_ion

Let B(n) = [b;'(n).bz(n).....b,‘(n)] . then , by taldng.Hermitian trqnspose on eqn.

(2c.4). we obtain, @'(n) = B"(n}.

BN .
1.e. Ru(n)am(n) = ¢u(n) ’ | , . -
‘ ] o T (2c.2),
Since R.{n) is lower triangular, eqn (2c.2) can be solved by forward ‘
"« substitution (Appendix 2d). 7 ) L_
e Now we can write eqn. (2c.1) as, “ .-
O(n) = A(n}J[R.*(n)]=2 .-
. ‘ (2c.3)
where A(n) = [a.(n),az(n),...,an(n}]. ’ /’\
‘- By;_gaking He;mitian transpose on both sides of eqn. (2c.3) we ge_t, .
o'*(n) = [R.ln)]-2A%(n) :
. (2c.4)
v = Run)]7*[a;'(n).aa'(n),...au'(0)] “

."l‘ -
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Systonc a‘:rray stmcture for fonrard and haekuard subat.ltu*t:lonu '

" Forward- suhstituuon. R
. Consider ‘the . solution to the eqn t2.2 5) . ..' s 1 - ‘.
: .(n)a..(n» et T |

Thi& can be- solved by fomard substitur.ion Let a;_(n) be t‘.he 1""‘ elenent of bbe: :

...(Il) and r.,“k,(n) be the ik"‘ elenent of'R (n)‘ then we have. . ‘
- ) - T . . o * :

: Gumln)=L48 . L - . . B |
* Bem(n) =" . fox, A= 12 M o Lo e

- -

where. d,,...(n) 1s the 1"‘ element of é_(n} and f;“’ can be obtained 'froh '

"’thefollbwmg equetions. R - N S

l-—" —p—

‘-'ﬁati" 0 \., . : - . o . .
k R . . ) R

. f-‘(k) =4‘c (k-z) + I.'v(a. k_”(ma(k__“_{n] k = 12 j;
A " A -~

. ' . This structure c:an be inplemented using a linear af‘ray. Basic nat'ui-e of

~ -« b
-

the Iinear' array is glven ln Flg 2d shown below

. .Backward subsﬂfuﬂon-

- _Consider th‘e solution to the eqn. (22 6),

CRMMba() = At . .-

This can be solved by backwdrd substitut.ion l'.et b,.-(n) be the 1"‘ element of

ba(n). 'I‘hen o 2
L 2ua(n)m® e T T T
Drm(n} = ———— " for'i = MM-1..1 . T
- - [r.,:ml'n)] N ) Lo _ -. B
“where, 1, can be obtained from the follouing equations
Ciedeo - B |
‘..,. ) A S - ~ : -

- ".'r'ucua . . ’ s - o
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SRR T st ‘
7? =12 = 7, ‘H " [ruuu)(n)]'b\t-{n) k M’"_I'""’

about linear array can ' round in Hayl-dn (1986) - Basic nature of the linear' .

array 1s ziven belou = ) DR Co

* -

T

t

.snlution' * : *
" vector — . S
Fip."2.2 Linear array [Kung and Leiserson (1979)]
* Appendix 4a o _' o . | '

—

'I‘hh structure* can- ‘be*" inplenented usinz a unear array. Hore det.a.il

‘I‘he effect oi' the variance or the noise on the eizenvalues and eieenvectors

' Let us. cqns:der.the variance of the noise is o' and_ the true cross

spectral ‘densit'y natrix is o.‘Then the’ eigenvalue deconpositio‘n of & and the

b

N

noise corrupted Cross spectral dehsity matrix 0 + o=l can be written .as,

- [ w N .

" @v = lv and
© - -I]V"é R'v" ey L

T v are the true eieenvalues and exgenvectors - " L.

-

By rearranging the eqn. (2a. 2) we' obta.in
ov' = (xv l)v ’ ’ : .- h L.

Conparing eqn: (4& 1) and (4a 2) we zet.

A' =R:*_o". and v' =V

T 'Ther_efére" the eigenvalues of the cross spectra.l _density.

. affected by the varjance of the n‘o'iee whereas the sigenvectors are unaffected.”

-

(45.1)

. . (4a 2)
where, ‘2 and v ar‘e the noise corrupted eigenvalues and e1genvectors. A and

(a3

_.natrix s’

g
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Appqndix 4b" T Sy T e T PR o '. N
Geonetric mbresentation of -axinun likel.ihood (lI.) and linear predlctiqn (I.P)
smc‘u.a ' -. R “ .. o~ - ] . ) ‘ - . ”' . :‘ ] \- . - . -'i r

_Maximum_ likelihood o) [Capon (1969)] s R PRI
The naxinun llkelihood sp-ectrun s,.,_(n.e) is zeneraliy\given by [dekin (1988)]
-'~s..,_(n e) - [d"(e)O“(n)d{B)]“ ool ey T T

- - - i

-‘ o - h . R _‘ N ‘.ﬁ * .. - (wu)
' By using' the eigenvalue and eigenvector decbnposition “of thb éroas spectral

.\"' \-_‘_.

dens:.ty natrix O(n) given by' O N R JRRTEIPE -0 . _‘.- 'ﬂ-

o(n)- = v(n)f\_(n)v"(ni - : . 3 . ;

we. obta;n.,.: SRR . *‘:{f T

“Smeln®) = [d“IB)V(nJA"tn)V"ln)d"(Bi]“ LU e

- Y - BTN ﬂ-.: (4b.2‘]

'where V(n) € C""‘"“ contains the non:a.lized e.igenveqt.ors as it.s coiunns _ang

! S
.~ . f “

(n) = diag(z (n)k (n). A..(n)) ' \‘ K B

Let, Pu(m) = v..(n)v.."(n) T T e T e
: v ; U T (1 £ )

' where, v_(n) is the " crthonormal eizenvector T -
- . [ e .- .o . . .

'The matrix P...(n) is Hermitian and idenpotent and hence 1t represent.s

) the pmjectlon matrlx for the mer basis vector Now, let us project the direction b

\rector d{8) on to the n=" basis vector to obtain the project.ion d.(e) ’ )

da(6) = Po(EIO). oL S
. ) B T (4b4)
'Using eqn. (4b.4), the ML spectrun given in eqn (’4b 2) can be written as, -
N . M ’ V l .
. S (n,B) = ["‘ Am~*(n) d“(B)P-(n)d(e)]‘ N s - o
= [L A" (n) ld.(e)l']“ R R
Tm=l _ _ . ' o i . - (4b.s)

.wher;é. l.‘l. is the El_zclid_ia'n nore.,

- -
- : L
~ .
- Y -
. s
- -
-
[ - o
-
- -
. -
R
-
a =
’
. N
t .
.
4
~
-
-
~
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'I‘heret‘ore Ih the laxi-un likelihood iet.hod we i‘irsx proJect the

- T - .‘.- -

-direction vector on to t.he signal and noise space basis vectors separate,ly ‘rhen

- N ."

'the square of the E.uciidian norn of the projections\uili be ueighted by the

'_ reciprocal -of - their respective eigenvalues“Finany 't.he rec’iprocal of the sun of

- -

the weiz‘hted projections will provide the.naxinul likelihood- spectrun

Linear prediction (LP) method . . Lol el
. . The linear prediction (LP) spectrum estinate.,Su.(n. .no) ‘is expressed ‘as
-..[Haykin (1935)] S T e DR

Sr..r(n B.my) = |e-c 0"'(n)d(e){—' :
. ' - - ©(4b.7)
- “where, €ao is-a null vector e*ccept the mo element being unity. ' )

. Again using the eigenvalue " eigenvector ‘-decogtposition ‘of the cross

-t

" . spectral density natri.x.“w'e ob;tain.' S T .
Sx.r(nemo) = |L. Za"*(n) e.o‘"P-(n)d(Gli" ' L. '
m=1 L ‘ - l4bs8) .
) H ‘ ‘ ) . . ) ‘. ’
] - [T Aa"3m) d..(..o,(ell L e
mn1 o _ . (4b9) -

Therefore. the linear prediction can be interpreted as_ follows

' I-‘irst we obtain the projection of the direction vector on to the signal

and noise space basis vectors separately Second the m.,‘" eienents of the

[y—

"projections are weizhted by't‘.he reciprocal of the respective eigenvalues. Then

. the reciprocal oi’ the square of the Heigbted .sum .of the nc, . ele-ent,of._ the .

proJections represent the linear prediction spectral estinate. ) oo . ’ .‘ ' )

o -
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‘I'he eﬂ.’ect of random sensor lotion on tbe cross, apectral density utrix "and 11:: )

eigenvec’tor space - R
Our derivation follows a sililar une as that “of Hong and Niezg'oda
' (1986) We ' assume that the sensor notion along the array and.perpendicular to

the’ array are independent Under this Sssunption. we can study the lateral

sensor notion and the perpendicula.r sensor uor_ion separately Flrst. we consider '

- —

the lateral Sensor notion or the sensor notion along the axis of the array. Let

us consider that. there are K number _of signa_ls arriving at an array consist of M ‘

~
'

elements, R
‘ ‘ P
The directlon vector 4(8,.) for unperturbed array can be written as,

d(eu) = (1 Za T B Zac )T, ) ‘ ot .
. : (4c1) -
2re - . o e
Z, = exp(j —— sin 8,) B
F ‘_ : — ot
(4c.2)

For the pefturbed array, the direction vector 'd'(n,B.) at n<" %napshot can be
written as,

d'(n a) = f(n 81)d(8.)

:  (@c3)
where. E(n6 = diag(l.zkn {n}Zya' (n) e (l'l)) .
. -(4c.4)
Zum' 1s the sensor perturbation effect of _the r=" element of the array and it'}s
given by,
) 2 . .
Zicm' = €XP(i&scm()), fscm(R) = —  BL.(n) sim By
: r

_ala(n) is the perturbation of the n‘*‘ élelent at n"‘ snapshot. m> 1.
Now, under the assunption that the siznal-—signal noi.se-noise and sig'nal-

‘noise are uncomelate;l. the imstantaneous M order cross .spectr‘al density latrix -

at o= 'snapshot for the perturbed array can be written as, - . o : i

- -

i

N rd
e
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More elaborgfely. -

-2 '_.','\'3;':-‘, ST e ' X LTS
5 . 189 1 G . o T .
. . . K . -. . . CEN ‘. Y . - . .. . .: . .. - ~' I B ‘: ) ‘-.
O(H)r(h} = 2 sks‘“- d’(n Gk)[d'(ll;euj]""" .vum)(n)‘ : . - . L L.
k-‘.l . I S A (4(:.'5)

. where []" denotes the compl‘ex condueate of [] and []" denotes the Herl.itian

transposeof[] N o , - . .

'I‘he Men order- cross spectral dens:lty matrix 5‘"" of the perturbed array

is then given by. .-

Q" X E[O(")'(n)] ) . ) . ) I. ; ' . N
oo (4c.6)
] where. E[] denotes the expectation operaxor .
Eqn. (4c 6) can also be written as,- . '
' 0“"" = E[}_‘, (n 8, )d(6.3 s,.(n)s,.'(n). d"(e,.—)..“(n ek)]w,'l :
k=l . . . ) - o {4c.7)
where. E[o,,""(n)] - o,‘I \ :
. . {4c.8):
© Eqo. (4c ) can be written as, - Co
K ' .
- oU a E[L E(n, ek)o..k(n)_"(n Sk)] + 0.1 ‘ . A E
. k=1 o i S 4e9)

where; 0..k(hi is the k'if‘ signal-signal cross spectral density matrix.

Lt
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0902 'E  TEea ) so/K, - L S T
v k=1 |E[$wan*=(mlexp(-6ualoN), = .. - L L R
S .E[¢..k“ >(n)exp(-3eua@)]. . . T R

D ..w....‘w(n)exp( e...(nm T s e

S E[¢....." “(n)eprE...(n)}]
Edmas ®®(n)] + 0.%/K. .
. E{%-k“‘"(n)exv(_'l(f wa(D)-§ uu(n)))]
E[(b--k“ 'u(n)exPU(fu-(n) fun(n)))]

. E[¢--um ”(n)exP(.'lfkn(n”] ;
E[dmmsc * ™ (n)exp(J{£ noaln)- £u.(n)))]
E[%-u“' Nin}+o =/K

-E[cb....“' "“(n)epr(e...(n) €u.(n)))] ) .

.......

. |El®wasn™*(n)exp(jEus(n))],:
| E{Gmax "= (n)eXp({{£ wxln)- ex.(n)))]
0 Eean **’(n)expu(ek.(n) ~£wo(m))]. R
L E[%-.‘“’(n)] + U -/K . o : : -
N : o A _ ' (4c10)

. .

Sensor motion at all the sensors are, assuned to be indep-endent each :

- other with the same distribut.ion Further it is. also assumed that thc inconing '
signals are uncorrelated with the sensor notion 'I’hen wi obtain -
E[damc™ "’(n)exp(J(eu,(n) E,...(n)))] -

E[¢-x.“‘"(n)] E[exp(_jek,(n))] E[Bxp(-ifm.(n))]

- ¢..k“j" {E(exPUsu)]l‘ ‘

‘ : n (dc.11)
1*mi*1m#1forallinand ) &-_- g
E[¢....\.‘“)(n)exp(.1£u(n))] = E[¢.-k“ *3(n) E[emueutn))] e

| - m.k‘**’.E[expueuJ] , '
. _ . . (4e12) -
_i*l.foral.li. .
E[é;..‘“"’(n)exp(—ﬁek.(n))] = E[¢.-k“-""(n)] Elexp(~3&sa(n)}]
| - Smmsc E[exp(*Je..J] = * 1, for all n-_'
(4c 13}

) In eqns. (4c.11), (4c. 12) and (4c 13}, !;‘,...(n) is assuned to have the sane dis— .



- oo : e : R . _— .
' -. . - o N — . ._ )
T .l i H- b b ' 7. ) ) -.‘ - - * “19.1\. l‘ ‘- N - ) - - 1‘ :‘ ’ - -
R tribution‘ for all” p and hence -{,...(n) is replaced ;by t... T o .
“ o T Under the asaunption thnt E.. is Gaussian distributed its charncteristic
s Cm " . - . ~ . -~
A runctioﬁ'can be - written as, . . N -
) IS - » . “. * . . . S
L N .o ._‘ .- o ’ - . R R . . ‘l“ - ) M .
. L ] . - » ; N . -. N } v . , . .\‘ ) . - o - .
.. Elexpliegu)] - J' PlEIORUE) db - R
S — - o ‘\“
. Tom exp(—OGpo,.. Yo . : . " .
(- - - * - \ N dc 14)
where. o“" is the variance of the randon Gaussian sequence E.‘. and
. P(G.‘) is tbe probabilit; of the randon sequence €u : o "“ - ‘
' .2k ; "J _‘ o : e T
., Since, §{x = — sin 8, &L, @ 7 .
. ' ‘x K ) . ° N -~ . N . )
X S ) (4c.15)
" Oex® = {~— sin 'ek)- g.? |
. r. -
. : (4c.16)
. where. o." is the wariance cf the sensor perturbation - :
"When p - 1.. E[exp(je,‘)] e e'(p(—O So,k“) and hence.
IE[exp(Jeu)]I' - exp(-c.k Vo -
- . (4c 17) ;
Now M dinensional cross spectral density matrix fcr the perturbed array
] 'lfc‘zm be written as, . . ) -
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- K . . - .. . . . - . ) ‘ . ‘ R - . . ] .
Pnu'_ E ¢-“1; "’+O '/K. ot ‘ ] o '.'.._.‘ - - .‘;.‘. - - ‘ -
k=1 %-h -)exp("o soth o - A 7 : \ A
- ¢-.k(1 ’”exp’(—o.so.n ), - . - . . - R ) -
¢ “""exp( 030“') . ‘- . . - ‘.‘ e “\\. N - |
(b,.g""’exp(*o 500; )-‘ : '-'- ‘ o[ ._.._"'—: .. T . R '
. . ¢-. (-.-)4.0 'fK. e - ] - ks ce L . et
R ""”exp(-ocu ) 5o | Tooe T e
Tl ¢— = 2exp(- Um . - oo L . -
o | G050, T LT NI
‘- Pumw'>eXPl-0 ¢n), - _ Bt - EE
. é--k(n.a‘3+°-va/K. . - .
oo GmmeP0eXP(-00nT) - , RN
: - . .. TN . -"4\ B \ -
ha ol . -— - -
. Do - F
Suon™22exp(-0.50en™), - - ‘
_ Gam *eXP(-0 ) T x .
-~ Qs T 27eXP(-Cen ™). . — = _—_
. .. ¢--k(u_u)+0”-'/x' ., - T e T
i , . IS .~ . (4cay) e
= QO . AO,.('" . T . .. M

— - -

. (4c.19) .
‘where 40,9 represents the error introduced due to» the randmn sensor

motion and 0“" represents the M" order Cross spectral density matrix of the

'unperturbed array : - - .

N

From eqn. (4c 18) it can be seen that only the off-diagonal elenents of

the unperturbed cross spectral density uatrix are affected by the random sensor

mot_ion‘ The" off diagonal elenents are nodiﬁed by the factor

Ay

etp(-o,k‘) except the first row and the -first column whit:h are modified by the

factor exP(_-O.Sock'). This difference is obvious six_lce we -have observed the -

) p_erttirbatién with respect to the first ee'n‘sor. The error matrix Aé;.""_in eqrx.A

(4¢.197 is non-diagonal irrespective of the number of.'- signals K. Therefore, th‘e '
eigén\.'ector space-.of the M‘*‘ order perturbed cross- spectral] density letrix w'ill
be the rotated version of the eigenvectcr space of the - M"‘ order u.nperturbed

cross spectral density uatr.uc- The amount of rotation depends on the variance of

- b . . -

. . - | TR
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_— R - e L. -
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X - - - - 193 - e L ~
- - haat *N .. - - ~ - . . .
. - . ~ .= . - - - -t . Vv o
- - . - - .o - - - . Y -
; by . - -
the rando- sensol wotlon. . a0 - v == v e e

Now. insteaq of considerinz 'the H‘-“ ordei'. croes spegtral density latrix. B

nlet ps conslder the N L=~ order c;bss spectral dens:lty patrix that can be

POL N .
. -
Y ’ -

obtained ‘as' follows— T T - . - S

~ . L. - - [N

B; p&:titioninz the M‘-" order cross spectral density matrix @o such
" that, - . . L - AR A . .

11
QO W m———tm————— L . - RGN

. .’k _:\. (40.20) N
oc-ine ct--n""-n. C-€ Co=m3, and @37 is the (L1)" element . . -

=

-

v of the matri‘t 0"‘“' o S

.. -
~
L

) By coqparing the eqn. (4c:18) and (4c.19) we obtain.

omar g 100 [3oqummegsnk, S
.0 k=l “, ¢--;"‘-°193.CP("0¢3:')-' .
s Bmmrc 2 eXP(—0 ™)
T, Smme ™ exp(~0 e ™) ~

. - .
- -

- Pmmsc O eXp(-0 o), . o
R é--ktn-'a,"'cfkn/](, . 1 .
Coan T 228XD(—0 "), . ’
R m-k(a.'u)exp(_otk-)

| GamaetteXp(—0oa ")

Pmm 4 eXP(~0 ™).
Dumi 0 /K,

- ve v GaaxttMMexp(—Oen®)

. VmanTC"lexp(-0,n"),

Smumi T 2'eXP(-0 ")
Sum "t eXP(~0 g1 "), .
, Ommac ™ +0 /K . Y

e o

(4e.21)
n Q-2 Agrcn-"n o -
- . (4c.22)
For K = 1, the perturbation error matrix A@.™-*’ is non -diagonal and hence-

the random perturbation give rise to a2 rotation of the eigenvector space. The

™ -

-



anounf of mtatj.on depend on the varlamce of the sensor -otion. . o

- =

[ -

.-_— -

; A very interest:lng observation can be nade ir there is only one sig'na.l .

present at the array For - K-I the perturbed M- 1"‘ order cross spectral denslty . ‘-

_ natrix given in eq. (4c 21) can proportionately be written as.

'
- T

. B

———— ~ . -~
.
. - . . - .
. .

QiM-201- o 'qb“"’;:xp(—o.u') -¢{-.u> ¢(;.4) . -,6‘-'-’ - 7 X .
. i Lt ‘ - .
(o, l) (.0) = (o, 1) {3, M) L =
@ ¢ exp(-an) ¢ . O o
g, g, o“ "exp(-om ARICRIN et I )
Ld,n'-l.n:. ¢I‘-¢.-w. .¢tu..4>. ‘ : ¢({"'")exi3(‘0¢.;') . ‘. ‘ o .
S ) N (4c.23)
- QM=) AO,‘"‘*’ ’ . .,
_ ' : S : S . (4c.24)
‘where, 89,2 = diag((exp(~0ex®)-1)0 %, (exp(-0¢x")}-1)¢,. ‘
) - i - (exp(-'on")-'l')o“‘-"’). -
~(4¢.25)

From eqn (4c. 24) it 1s clear that, when there 1s .only one sig'nal present at the

array, the effect of :the random sensar motion is to ‘modify the perturbed H—l"‘ -

order cross spectral density matrix by a diagonal matrix Ao (M-3) Therefore

- the eigenvectors of the M- 1"‘ order cross spectra]l density matrix does not arfect

by. the random perturbation_of the sensors (Appendix 4a). However, me-egenvec- '

tors of @™ will not be the same as those of unperturbed @™,

. Up to now we-have considered -the effect of the i‘aodou sensor motion

-~

in the plane of the. array. The effect of the randon sensor motion in the plane

perpendicular to the array uill be the sane except that the variance Oen” 18

2x

‘substituted by the vaiue { — oos 9,. )®0,." where o0..* is the

2

variance of :the sensor-motion perpendicular to the array.

i —
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