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ABSTRACT

Linear Isopargmeéric elements and elements based
on the Constant Straiﬁ Triangle are deyeloped and
incorporated into a computer program, for two dimensional
stress analysis on mini computers. These elementsfére
éompared.@t element level using the Weighted Eigenvalue

\
method and in assemblage using sensitivity analysis.
Further, a method of predicting results based on.the
data generated during the comparisons at the element

level is also presented. As an application of the

computer program, analysis of a porcelain insulator is

also included.
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1. INTRODUCTION

In the 'engineering industry, Finite Element (FE)
Tgchni%ues(?re\fast becoming everyday tools. Today, the
stress analystghas at his disposal22 numerous proprietary
computer programs: NASTRAN, STARDYNE, ANSIS, SAPVI, to
cite a few. In, industry, these programs are used as

'Black Boxes' which tends to make the analyst -accept the
results without any question. Further, these proprietar&
programs require sizeable compuger core (memory), dictating
the use of a large expensive compﬁting system. In practice,
any ene' FE mode} ends up being analyzed more than once or
probably'twice This‘is due to the incorrect assumptions
made, changgs in design and error in input data. " With the
sophisticated diagnostics available on these large systems,
error in iﬁéut data can be minimized. However, the first
two events cannot be- foreseen till the analysis is complete.
“Reanalysis increases the cost of analysis, not only due to
the additional computing time required but also due té the
multiple royalties paid.
To’be competitive in the market) the analyst must be

capable of carrying out analysis economically. He also must

be willing to use the data as made available and provide

results in a format suitable to the client. This requires

nL extensive pre and post processing of data which is not easily.

and economically accomplished using the 'black box' programs
’ 1
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on large computing systems.

From the above reasoning, it is clear that any
analyst using the FE techniques is requiréd to make two
major decisions:

(a) with regards to the required accuracy of results

(b) with regards to the cost of analysis '

In fact, each of these decisions affect the other.
The accuracy of the analysis is dependent on the basic
element formulation used, the mesh size and the aspect ratio
of the elements. The type of element formulation and the
mesh size also govern the cost of analysis.

Recen?ly, with the advent of relatively inexpensive .
mini computers, it is‘n$w feasible to analyze sizeable FE
models economically using specially tailored programs; how-
ever, using such a 'set-up requires the analyst to discard
the 'black box' approach and have an insight to the FE
techniques.

-

In,this thesis, a general purpose two diminsional

stress analysis‘program (KAXI) is developed for use on a
N - .

mini computer and verified against classical solutions.
For ease of understanding and programming, the édmmonly
available element formulations in two dimensions are derived.
Comparisons are then carried out using these various element
formulat@ons for accuracy as a function of aspect ratio.
The COmparison§ axe carried out using rectangular elements.

These comparisons should give the reader an insight to the

selection of element type for analysis. Finally, two repre-

e}
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sentative applications of the program are described.

Implementation of sueh a computer program provides

full control over program modifications, pre and post

processing of data to suit the needs. Though aﬁalysis

using mini computers looks very promising, the concept does

have its drawbacks.

Due to the limited core memory, the

size of the analytical model is limited and due to extensive

/

use of secondary storage, the turn around time is comparatively

slower. However, the program KAXI was developed and installed

on a PDP 11/34 mini computer with 29 k words accessible

memory. The siﬁe limitations for this set-up is 500 nodal

points, 500 elements and 10 load cases.

The contents of this work are grouped as follows:

Chapter 1:

Chapter 2:

Chapter 3:

Introduction to the work

Background; outlines the FE method as

applied to stress analysis. The elements,
two quadrilateral elements based on the
constant strain triangle (CST) formula-
tion and three quadrilateral elements
based on the isoparametric (ISO) formula-
tions, are developed in steps for ease of
understanding and programming.

Program KAXI, describes the program

- developed on the mini computer, provides

a list of subroutines used, the capabi-

lities and limitations of the program



Chapter 4:

Chapter 5:

Chapter 6:

4 |

s

and its verifications. A computer
listing of the program is included as
an appendix.

Comparison of element formulations,

describes the comparisoné carried out in

this work.. The comparisons are carried

ou£ at two levels:

(a) at element level, using single
element with varying aséect ratios
under various modes of loading.

(b) in an assemblage, using sensitivity
analysis to measure accuracy as a
function of mesh size.

A proposed method of §Eedicting results;

describes an attempt made at predicting
results in an assemblage of isoparametric
elements, based on the results of
comparison at the element level.

Representative applications of the

program KAXI, describes the analysis

carried out on a porcelain composite
insulator as an axisymmetric case and as
a plane stresgs case and the attempt to
correlate the two results. It éi@é
describes the results of a tube sheet

analysis to sgudy the effect of using the



Chapter 7:

Appendix 1:

Appendix 2:

=4

Appendix 3:

AR T A S

different eléments.

Conclusions, as the name implies describes

" the conclusions arrived at during this

work and directs the reader towards the
additional work that needs to be done for
better understanding of the effects of
element shape.
Describes the eigenvalue and eigenvector
extraction using a generalized Jacobi
method.
Describes the development of general
stress-strain relationship (matrix) for
two dimensional stress analysis.
Contains the user manual for the
program KAXI, its computer listing and

.outputs from program verifications.

Brcpemtory o .
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2. BACKGROUND

2.1 Outline of FE Technique

It is not possible to obtain a closed form solution
for all mathematical models of engineering problems.
Analytical solutions can be bbtained only for certain simpli-
fied situations. For problems involving complex shapes,
material properties, loading and boundary conditions, the
anélyst has to resort to numerical techniques that give
approximate solutions which are acceptable. Approximate
solutionswqften involve replading the continuum with a finite
number of well-defined components, the process being called
discretization. This discretization has been approached
differently by mathematicians and engineers. The former
have developed general techniques applicable directly to the
differéntial equations governing the problem such as finite

differnce approximationsl’z

3,4

, various weighted residual
procedures , or functionals. On the other hand, engineers
generally have approached the problem more intuitively by
creating an analogy between real discrete elements and finite
portions of a continuum. The work of Newmarks, Arg_yris6

and Turner et al7 done in the late '40s and earlyv'SOS

stand out in this context. But Clough8 appears to be the
first to use the term "finite Elemenf" in a direct use of

standard methodélogy applicable to discrete systems.

In structural analysis, the principle of minimum
6 .



potentialﬂenergy, i.e. "The potential energy of a loaded
elastic structure as ;épresented by the sum of the internal
energy stored as a regnlt of the deformations and the
potential of the applied loading is minimum if the body is
in equilibrium" is(usually employed to obtain a set of
equilibrium equations for each finite element. The
equilibrium equations for the entire body representing the
continuum are then obtained by combining the equations for
each element in such a way that the continuity of displace-
ments is preserved at the interconnecting nodes. These
equations are modified for the given boundary conditions
and then solved to obtain the unknown displacements and
stresses.”

The total potential or the potential energy of a
conservative elastic system is defined as

H=U+ W, (2.1)

where U is the &train energy

and WP is the potential of the applied forces

Assuming the forces are constant during deformation,
the variation of the work done by the load W can be related
to the potential of the load as

ow = —6WP ‘ (2.2)
i.e. for a conservative system, the principle of minimum

potential energy is



61 = U - 6W = 0 ' (2.3)
and U = j;fe}m {oldv (2.4)
vol

where{e} is the strain vector
and {0} is the stress vector

Introducing the stress-strain relationship

{o} = [D]{e} into equation (2.4), at the element level

e

U = .{k {e}*[0] {e)av (2.5)

v

“where [ D] is the stress-strain matrix
introducing the strain-displacement relationship of

{e} = [B]{§} into equation (2.5),

'!

s T T
U, = fx, {6}" [B] * [p][B]}{s}av (2.6)

v 3

where {6} is-the displacement vector and [_B] the
strain displacement matrix unique to a type of

element formulation

Applying Castiglianb's‘tﬁeorem, the element stiffness

[k] is given by |
[ - chJTer (Hlav . (2.7)

The total stiffness assemblage for the structure can

\
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be written as:
K {8} = {F} ' (2.8)
where [K] = the total stiffness matrix given by
n
£ k. , n being the number of elements in the
i=1 *
structure
{d} = the global displacement vector
{F} = the global load vector

Knowing [K] and the applied loads {F}, the set of
simultaneous eqﬁations in ¢2.8) is solved to evaluate the
displacement vector {d}.

Assuming that the material properties within an
element do not change, the matrix [D} defining the stress-
strain relationship can be considered independent of the
element formulation. The method of formulating the[:D] matrix
for an orthotropic material in two dimensionsis described in
Appendix 2. |

The matrix [BJ defining the strain-displacement
relationship is a function of the element formulation. In
the next t;o sections, details of setting up the [B] matrix
and evaluating the element stiffness matrix [k] are described.

Most comparisons to evaluate the relative behaviour
of the different element types has been carried out in plane

stress conditions by many authorsg-lz. These comparisons

b ot s>
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are carried out in assemblage for a cantilever beam under
bending and shear loading. Some excellent work with compar-

isons at a single element level under various loading

14

conditions has been carried out by Melosh13, Khanna™ ,

Clough15 and Rigby and McNeicelG. Melosh suggests the trace
concept in which the element whose stiffnéss m&trix has the
lower trace is likely to be better for general loading
cases. Clough uses this method to study three-dimensional
elements. Khanna proposes a stiffness difference matrix
method derivéd from strain energy principles. Rigby and
McNeice propose a general strain energy based method called
the weighted eigenvalue method. It is a complete method
which includes the eigenvectors of the stiffness maﬁfix and
the applied loading on the elemené. Further it is independent
of the element size and order of the element formulation.
This method is used for comparison at element level as
described in Section 4.2.

In this study, two familiesléf elements are compared:
isoparametric and constant strain. The elements based on
the isoparametric formulation are:

(1) Linear plane isoparametric‘quadrilateral

element, designated as Q4.

(2) Linear plane isoparametric quadrilateral

element with two internal degrees of freedom,

designated as Q5.

(3) Linear plane isoparametric quadrilateral
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element with four internal degrees of freedom,

designated as Q6.

The elements based on the formulation of constant
strain triangle (CST) are:
(1) Linear plane constant strain weight averaged
quadrilateral element made up, of four CST.
(2) Linear ‘plane constant strain quadrilateral
element made up of four C4T's with a common
central node.

2.2 Isoparametric Element Formulation

To ensure that a minimum number of elements can
represent a cbﬁplex form occuring in real problems, we
need elements of arbitrarf shape such as a qua&filateral
element. Elements of basic one, two, or three dimensional
types can be mapped into distorted form (quadrilateral)
using a one to one correspondence between cartesian and
curvilinear coordinate systems for the element.

The family of elements using tﬁe element shape
function for mapping is the so-called isoparametfic family.
This concept appears to have been first applied in FE
analysis by Irons.18 These elements are férmulated using
a 'natural' or 'intrinsic' coordinate system defined by

the element geometry.

»

These elemgnts ﬁgﬂisfx\the criteria of invariance
and continuity of éigpf;cements within the element.’ When

the elemerit shape is defined by the same function as the
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"and n represents the number of nodes

12

displacement, the rigid body criteria and the constant

strain enerqgy criteria are also satisfied.lo

The shape
function LN] defining a family of elements relates a unit
square in the natural coordinate system (£,n), whosé&' shape
and size are defined by the nodal cartesian coordinates.
[¥] = £&,0) (2.9)
By definition of isoparametric formulation, the
coordinates aée related as:

n :
x =1 N.x. and y =
i=1 't

et 3
=z
<

=]
and the displacements are related as:

n n
u = I N.u and v = I N.v ‘
i= =

ii . i'i
1 i=1

where i represents the node number
. .9 11 .
In matrix form, the mapping” (shape =) function

relationships can be written as:

{;}r' [N] {x} and {“:} = [N} (a} ' (2.10)

where {X} and {4} denote the nodal coordinate and dis-

placement vectors.
i DT = Xy Y X Yo ceeenn)
T S R R Al

and {d}T = {ul,vl,uz,vz....}

i
\

~
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To evaluate the strains, 9u/3x, 3du/dy,
are to be calculated.

From equation (2.9) and (2.10)

3f{u} __ o] {4} q N
9x Ix " [3

Using~the/chain rule,

i = _J'. .a_}(- + .__é'.'..
oE X FYa F3%
and aNi _ aNl __3,25_ s , aNl E.Y_
an “9x  on 3y 9n

< »
In matrix form,

N, ax 22 BNi
14 |88 3t ox
aN, [ T|ax 3y N,
i i
an o]
- Inverting,
BNi dN4
- ‘_1 ———
=\ =[] 3E
3Ny , INj
% Y ’ oan
<
. &

/7

Q?/ﬁx and 3v/3dy

£(£,n)

(2.11)
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where [J] , the Jacobian is defined as}!

-, _
LA
[0 =| % W 2.12
{x;} {y;} (2.12)
(2 x 2)] o
;‘ T
| an B (n x 2)
(2 x n)

For plane strain/plane stress analysis, the strain vectgs

is given in matrix notation as,

ou/9x
e} = (% = 1o o 5 9 Jwev{ 2an
vY 0 1 1 0 v/ dx
(3 x 1) Xy 3v/3y
(3 x 4) (4 x 1)

Using equations (2.11) and (2.12), the equation

(2.13) can be written as,

{e} =[1000f Tt °° _:_I;i 0 (@)
(3x1) o001 00 oN (2nx1)
\ i
0110 00 [_J]'l 3
x4 | 4, A o N (2.14)
3
(4 x 4)
0o i
an
i.e. {e} = (B]{a) —~ ~4{ = 1,n
(3 x 2n) (4 x 2n)

For axisymmetric analysis, the strain vector is

given in matrix notationlo as,

o =



?

£ 10000 du/ax |
{e} _ |eX 00010 au/
(4x1) eg =10 000 1/x av/ax | (2.15)
Y 01100 ov/3y
Xy u
(4x5) .
(5x1)

where the‘additibnal term, €gs represents the strain in
the' hoop direction. )
Using equations (2.11) and (2.12) the equation

(2.15) can be written as,

tey=l10000 | [ L 00 ol . [ an. o_—_
(51 5E
(4x1) o001 0 000 9t
00001/ |o op1, MNi o {a)
an
01100 0 0001 (2nx1)
— — b= — 0 aN,
(4 x 5) (5 x 5) S (2.16)
o 9N
. _ an
ie. (e} = [B] (@) 3%
(4x2n) i=1,n
g (5%2n)

‘ The.element sgiffngss is calculated using the
valué of [B] matrix calculated in either equation (2.14)
or (2.16) and iné;oduciné into equation (2.7). )
Fufthe;, the element volume is calculated as
dv’= tdi dy fér‘plane strain/stress analysis, and

dv=2TRdxdy for axisymmetric analysis.
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In the natural coordinate system}®
dv =t det [J] dtan

or . =2uR det [J] agdn

The élement stiffness then can be written as,

11 '
kK] = ¢ [B17[o) [8] det [1) atan ™ (2.17)
J)

For plane strain/stress analysis with constant thickness.

~
-~

11
[x] = 21:1/:{ 8] T [0) [B] det [7] RAEdn (2.18)

For axisymmetric analysis.

This‘ﬁumerical integration is necessary since
the integrand polynomial cannot be integrated exactly.

For the integration Gauss quadrature is chosen,
since for any given number of sampling points, it gives

the greatest accuracy.

1 1. m m
i.e. = R I )X W.E(E. . 2.
i.e I ~/(J/. f(£,n)d&dn 5 sk w1 3 (EJ,nl) (2.19)

-1 -1

i

where m is the number of sampling points

Wy is the weight coefficient at that point

and f is the value of the function at the

~sampling point
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INTEGRATION SAMPLING WEIGHTING
ORDER (n) POINT (aj) FACTOR (Hj)
1 0.0 2.0
2 $0.5773502691896 1.
3 $0.7745966692415 0.5555555555556
0.0 0.8888888888889
4 +0.8611363115941 0.3478548451375

+0.3399810435849

1 n
§’f(x)dx = ;%) Hif(ay)

0.6521451548625

SAMPLING POINTS AND WEIGHTING FACTORS

IN GAUSS-LEGENDRE NUMERICAL INTEGRATION®’/11rs17

[ Y

TABLE 1
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In particular, Gauss-Legendre numerical inte-
gration is used in this formulation. The sampling points
and the weights used are tabulated in Table 1.

To make sure that the mapping is unique at any
sampling point, the sign of the det LJ] is checked. 1If
the sign is negative, the mapping is not unique and
errors may arise. |

The development of [p] matrices fo; elements Q4,
Q5 and Q6 are given in the following three subsections
and have been computerized in subroutines ISOQUAD and

ISOBMTX.

2.2.1 Q4 Element

Q4 element is a basic linear gquadrilateral
element characterized by 4 corner nodes. A typical
general guadrilateral element (Q4), its parent element
and the mapped element are shown in Figure 1.

The nodal coordinates for the element in the

natural coordinate system (£,n) are:

Node 1 - (1,1)
Node 2 -~ (-1,1)
Node 3 - (-1,-1)"
Node 4 - (1,~1)

The shape functions are defined as,l2

Ny = F L+ EED (L4 g (2.20)
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resulting at ﬁhe nodes

N, = X(1+ £+ n)
N2 = L(1 - £)(1 + n) .
N3 = %X(1 - &)1 - n)
and N4 = %(1 + &)(1 ~ n)
fxl\
X N O N O N O N 0
nd ={M Ny 3 4 Yy
Y 0] Nl 0 N2 0 N3 (o) N4 .
\ 1o
X4
Y4

and a linear displacement field.

At each sampling point (g,n), the derivatives of
the shape functions with respect to the natural coordin-

ates are given by,

Matarm, M=Fa+n

ok : an

W, =3 (L +n) , W, =3F (1-§)

9 an

W, =%(1 - n) N, =-% (1 - £)
3 4 ' 3 4

3L an

e cene o Am £ e
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_ 1 _ =1
\ N, = Y (1 n)y , aN4 =3 (1 + &)
)3 an
~ The Jacobian [q] is given by:
' 4 ' 4
Jll = i—l aNi Xi . le = ﬁ—l BNi Yl
T 2 T 2E
4 4
o N A Y I L T
i=1 —— i=l —
2n 2n

Substituting these into equation (2.14) or
(2.16), introducing the [p] matrix and integrating as
per equation (2.19) gives the element -stiffness as
defined by (2.17) or (2.18).

Further at each sampling point,

det [J] = (J

x J - J x J

11 22 21 12)

14 is evaluated and checked for zero or negative value,
which will indicate non-uniqueness in mapping.

The Jacobian is inverted and the integration is

carried out using the Gauss Quadrature. The resulting
[P] matrix is a (3 x 8) for the plane stress/strain
analysis and a (4 x 8) for the axisymmetric analysis.
Using equations (2.17) or (2.18) the element stiffness
[K](B x 8) is generated.

The méjor disadvantage of the Linear Q4 element

is that it behaves badly under pure bending as the

T e

sides remain straight during deformation, i.e. para-
sitic shear exists at all saﬁpiing points for all but

one point Gauss rule and the resulting element is too

»

s b
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stiff in bendinglo. This is because deformations require

strain energy storage by both shear strain and normal

<

strain.

. 2.2.2 Q5 Element

By introducing additional degrees of freedom,
a specific defect in an element may be corrected or
its accuracy increased by virtue of the additional
terms in the assumed displacement field.
| Two internal degrees of freedom may be added
to the Q4 element, resulting in the Q5 element such
that10

5 5
u=1r N.u. and \v = I N.v,

where Nl/through N4 are the same as for the Q4 element.

This introduces another shape function,

No = (1 - £2) (1-12) (2.21)

s =
These degrees of freedom ug and Vg vanish at all
element edges and are strictly internal with no affect
on the interelement compatibility. These can be viewed
as generalized coordinates or displacements relative
to the displacemeﬁts at £ = n = 0 dictated by the
external degrees of freedom.
Introducing these generalized coordinates into

the formulation results in,

,

R
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fx]j
y
{x}=N10N20N30N40N50 1
y o MO N0 NyO No N {°
;5
3 )

At each sampling point (£,n ) the derivatives
of the shape functions are the same as given in section

2.2.1. 1In addition we have,
aN
2
= -20-0%8 52 = -2 - €9 (2.22)

For the evaluation of the Jacobian, [;], the
summation must be over all the nodes, including the
hypothetical internal node (0,0). This is‘mentioned
here to maintain the completeness of evaluation,
though these have no mathematical valués at £ = 0,

n = 0, the centre.

The integration is carried out as described in
section 2.2.1. The resulting [B} matrix is a (3 x 19)
matrix for plane strain/stress analysis and a (4 x 10)
matrix for axisymmetric analysis. Hence the resulting

stiffness matrix (10 x 10) must be reduced to the

general (8 x 8) matrix to be compatible with the

SREAED T e hatle” ¢

equations of equilibrium. We eliminate the extra

degrees of freedom so that these extra unknowns do



not increase the number of overall equations.

The method used for reduction of these additional
degrees of freedom is called the "Static Condensation”
method. The theory as outlined by Desai et all% is
given below..

The equilibrium equations are rearranged and partitioned as:

(
i
|
-—I——
1
[
l
I
1
|
I
|

21 Koo {d,) {F,}

where {dz} is the vector of displacements and {FZ}
is the vector of loads at the internal node (the
additional degrees of freedom) that has to be eliminated.

These equations can be rewritten as:

4
ey
rrj
et

[kll] {a,} + [klz {a,) L (2.23)

[kzi] {dl}‘ ¥ E‘zz]'{dé}

|
-
%

2} (2.24)

Solving equation (2.24) for (dz) , we have

ISP

{a

]

)} (F,} = [kyy) 14y}

[¥22]
o B SV LE LR Y i 2%
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Substituting in equation (2.23) we have,

["11 {a,) + ["12] {" P‘zz]-l [k21] {8y} + ["22]—1 {Fz)}= {ryd
i.e.{[icn]‘-ﬁlrzj E(TLZI -1 [}czl]} (a,} = {ry} - [klz] [kzz] L r,)

which can be written as
[k] ta;} = (F}
where the effective stiffness

IR R 0[O R N IR

and the effective load vector

{F}) = {(F)} - ECIZJ E‘zz]_l {r,) (2.26)

The above technique is carried out using the
symmetric backward Gaussian elimination which is very
efficient. In our matrix, the number of external
degrees of freedom r = 8 and the total number of
degrees of freedom, s = 10. The following operation

is carried out for the condensation.
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Equation 2.25 can be written as

_ _ k
(ki5) new = ¥335) c1a " Kip 23 (2.27)
PP ‘
for p = s,(s-1),(s-2)..... (r+l) i.e. p=10,9 :
. L. ’
where i, = 1,2,3........ (p~-1) for every p. ;

The equation (2

.27) is incorporated in the

subroutine ISOSTIF to arrive at a condensed (8 x 8)

element stiffness matrix. Unfortunately the Q5 element

behaves only slightly better than the basic Q4 element

under pure bending.
2.2.3 Q6 Element

A better way to
of linear elements was

appropriate restraints

in:
- M
U7 EEn
2
. _ MLT . 02
VT ggr Um &) 4w

where £I is the

and v s the

improve the behaviour in bending
suggested by Wilson et a119 using

of the rigid body motiom resulting
I\

Mh 2
b (1 = ) i,,

bending stiffness

poisson's ratio

— e e e
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But the linear element can only produce dis-

placements of the form

u

and v

clgn about the x axis

0 where C1 is a constant.

Similarly bending about the y axis may be considered.

This leads to the conclusion that, the Q4

element errs when bending is about both axes by omitting

st

displacements of the form

, « 2
u = Cl(l - 52) + C2(l - n) /

v = C4{1

/

_.52) + C4(1 - 02)

The basic element can be modified to include

this to give a better element, Q6, as

4 2 2

u = I N,u, + (1 -E7) u + (1L-n)nu
. i'i 5 6
i=1 )
4 2 2

v = IN.,v. + (1 -E%) v + (L -n) v
. 171 5 6
i=1

where N, through N, are the same as for the Q4

element,.equation (2.20).

1

4

4
¥

Though these additional degrees of freedom are

internal, they affect the edge displacements and make

the elements incompatible with their neighbours.

This element when rectangular, is invariant under a

four point,Gauss quadrature but looses accuracy for

arbitrary shape.

with caution.

Hence this element must be used

(2.28)

A S

P

\\\\\
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For axisymmetric analysisl? when r, the radius,
is very large compared to the element size i.e. r-a,
the element behaves as expected. But whén r is not very
large in comparison with a, corner node displacements
produce hoop (strain. Resisténce to this activates a
mode associated with non zero shear strain which should
not be present al all. This makes the Q6 element not
very useful in practical axisymmetric analysis.

2.3 Constant Strain Formulations

The element used for comparison in this work is
a quadrilateral, which for this formulation, consists
of an assemblage of constant strain triangles (CST)
with primary external nodes. The CST element is one
of the basic and widely used and accepted elements
due to its simplicity and adaptability.

The element formulgtions considered here are

different from each other only in the manner the quad-

rilateral basic element is broken down into the parent -~

CST's. In this section, the details of setting up
the element stiffness for the’parent CST is described.
In the next two subsections, the different methods
of assembling are described.

For two dimensional problems, the linear dis-
placement function for a parent CST shown in Figure 2

can be written as 9

e "o

o s
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Y,(2),v

Lo}

"y

R applicable only for axisynmetric analysis

CONSTANT STRAIN TRIANGLE (CST) ELEMENT
: FOR_TWO-DIMENSIONAL ANALYSIS

-

[

FIGURE 2

!

X{(R),u
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c
i

a, + o X + a3y

and v a, + o .x + a6y

5

or in Matrix Form

\ ()
%
u} |1 x y o o o .
{V [; 6 0 1 x ;] 4: > (2.29)
%6
. P
Thus Ex = uz, ey = ag and ny = ag + ag; hence the
10

name constant strain triangle.
Further, if ay # 0, a rigid body motion exists

in the x direction. Similarly, oy # 0 produces a rigid

body motion in the y direction. ° Also a3 = - Og # 0 will

produce a rigid body rgtation. Hence the completeness,
compatibility and isotropy requirements are met.
Expressing the nodal displacements in terms of

the generalized coordinates a, using equation (2.29) we

have
R ~—
‘ul [_l xl y1 06 0 O
vy 0 0 0 1l 3 yl

‘ : u 1 x y 0 0 O

2 2 2

{a} =1 §= {a) . (2.30)
vy 0 0 0 1l .xz Y,

- ugy 1l X3 ¥Yj3 0 0 O
V3 0 O 0 1 X3 ¥,
. P O et

>

et e o b e Sprer s AT e
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Solving for Ggr O coeee g in terms of the nodal dis-

placements {d}, we have

1
L= = ) .+ . + b.x + c. .
u n E}i + bix + C1Y) u1 (aJ be ch)uJ
) S
+ + b + c u
(2 k7 xY) Q (2.31)
and
1l
= . = . .+ . X + . .
v >k Eai + bix + cly) v (aJ + be cjy) vJ
+ (ak + bkx + cky) v;] (2.32)
where ﬁ é»)
1ox; ¥y
20 = det
1 x, .
J yJ
1ox ¥y
= 2 x (area .of triangle
with nodes i,j, and k)
\
and a, = (xjyk ~ xkyj)
.bi = (yj "Yk)
c; = (xk - xj)
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with other coefficients obtained by a cyclic permu-

tation of the subscripts.

We can write equations (2.3D and (2.32) as

= +
u = Nlu1 + N2u2 N3u3
v = val + sz2 + N3v3
where Ni = (a. + b.x + ciy)/ZA

withi=1, 2, 3
In matrix form

{u} Ny, 0 N, O Ny O {a) (2.33)

To evaluate the strains, du/d9x, 9v/3dy, du/dy and 93v/3x

are to be evaluated.

From equation (2.33)

su 3 W s 3 Ny
Fr R Tl P 3y Ly W
¥ y=1 9K y i=1 %Y
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N R | e
9x i=1 o9x 1 3y i=1 3y 1
i.e. %% = f% b u, = f% (biul + b.u2 + bku3)
Similarly
%% = E% (cjuy 4 CuY + Sy
%% = 5% (byv, + ijz + b v.) > (2.34)
and %% = %K (civ1 + cjv2 + ckv3) }

For plane stress/plane strain analysis substituting

equation (2.34) in (2.13) we have

1 0 0 O bi 0 bj bk
. O .
ted = 7% 0 1 G o o} b zk b {a)
(3x1) 0 1-1 0 0 bi 0 j K ot
' x
(3x4) 0 cy 0 cj 0 Cy
(4x6)
i.e. {€} = [B]{a} . :
(3x6) (2.35)
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The element stiffness is then calculated using equation

(2.7) as «

[ - ¢ f f (5]7 [5] [£] axay

For axisymmetric analysis, the element volume is given by
dv = 2nR 4Rdz or 27R dxdy

Introducing into equation (3.9)

[.] = 2 ] f (21" (o] [£] ® axay

e

Inspecting this equation, the integration can-
not be performed as éimply as for plane stress/strain
analysis. This is due to the fact that (B] matrix
depends on the coordinate R. Three ways of overcoming
this problem have been used in literature:

1. Numerical integration similar to equation

(2.19)

2. Explicit multiplication and term by term

integration.

3. Evaluation of [ﬁ] for a centroidal point. .

*

e e M s
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In this report, the method (3) of using the centroidal

point is used.

as [kJe = 27TR A [B]T [D] [B]

where the centroid of the traingular element is given by

X = (x1 + X, + x3)/3

yy + ¥y, +¥3)/3

<
i

— I

= X {

This is equivalent to a 'one-point' integration
q P g

technique, since the volume of a swept body of revolution

is given exactly by the product of the area and the path

swept around by its centroid.

With a fine mesh, this method sometimes gives

a result superior to the numerical integrationg. The

reason for this is the occurance of logarithmic terms
in the exact formulation. Tﬁese involve ratios of
tﬁe type xi/xj ané, when the element is at a large
distapce from the axis, such terms tend to unity and
the evaluation of the logarithm is inaccurate.

Using the centroid method and substituting

equations (2.34) in (2.15) we have

(1 0 0 0 0] |b. 0 b, 0 b
1 . i 3 k
{e} = 53 . 0 0 0 1 0 ¢; 0 ¢ 0 o
(4x1) 0 0 00 i/ [0 b 0 byoO
01100 | o b oo bjoO
(4x5) N1 0 Ny 00Ny

{a}
(6x1)
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i.e. {e} = [BJ{a} (2.36)
(4x6)

while A, the area of the triangle is calculated,
its sign is checked to make sure the coordinates and
the numbering are consistent.

The subroutine 'CSTBMTX' in appendix 3 lists
"the [B] matrix generation described above, both for
plane stress/strain and axisymmetric analyses.

. Two types of assemblages are considered in this
work: Weight averaged quadrilateral (AVEQ) using four
'CST's and a quadrilateral (CSTQ) madé up of four
CST's with a common central node.

2.3.1 Weight Averaged Quadrilateral Element (AVEQ)

A quadrilateral can be considered as an assem-
blage of two CST's. Experience has shown that this
method gives biased results as the elements become
skewed. To overcome this detrimental efféct, a method
of using four triangles to offset each others biased
behaviour was developed. 1In this formulation, a
quadrilateral element is made up by stacking four
triangles on top of each other as shown in Figufe 3.
It can se observed froﬁ the figure that, while _?

evaluating the element matrices, the element area is
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swept over twice. Further, in the final element
stiffness matrix as shown later, the diagonal terms

are dependent on three CST's., whereas the off-diagonal
terms are dependent only on two CST's., In the final [ﬁ]

matrix, the coefficients are averaged to counteract

the twice swept area, as

= * i =
Bij 0.5 Bij for i 1, 4

This averaging is valid for the linear elements
and the effect of cross coupling or the off-diagonal
terms is reduced in comparison to the diagonal terms,
off-setting the detrimental effect of the neighbouring
triangular elements. The final gquadrilateral element

stiffness is assembled as:

AVEQ - CST1 + cSsT2 + CsST3 + CST4
ki X X kn
k2 k2 k12
X3 Xy3 ki3
7] x4 k14
X2 ka2 K2 K22
k23 k23 k23

24 X2 ka4
X33 X33 k33 X33
X34 Y k34
X x x

4 “ LT a“"
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Where each k is a 2 x 2 matrix for the 2 nodal degrees

of freedom (x,y or r,z).

, k11 ki kg3 Ky

i.e. [ke] = K X X
22 23 24

A
VEQ symmetric k33 k34
A
8 8

(8 x 8) k44

These matrices can be generated quite effecti-
vely, using the cyéliq\froperty of the node numbers.
Though this formulation is slower, it has the advantage
that it needs no complicated programming. Subroutine
'AVEQUAD' in appendix 3 evaluates the element stiffness
as outlined in this section.

2.3.2 Quadrilateral Element Made Up of Four Triangles

With A Common Central Node (CSTQ)

This formulation is the most common method of
grouping 4 CST's to form a guadrilateral element.
This formulation also ensfires that the results are
independent of the skew of the subdivision triangles.

The stiffness of the quadrilateral element is
assembled in ‘three steps. First, the hypothetical
inside node is located. For obvious reasons, the node
is located at the centroid of the quadrilateral element.
The stiffness of the resulting four triangular elements

is asseﬁbledxusing direct stiffness method to give a
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Node S5 is located at the centroid of the guadrilateral
element

QUADRILATERAL ELEMENT (CSTQ) "CONSTRUCTED
FROM 4.CST’s AND A COMMON CENTRAL NODE

FIGURE 4
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(10x10) stiffness matrix. The degrees of freedom

corresponding to the internal node are condensed out

before assembling the total global stiffness matrix.
Referrigg to Figure 4, the coordinates for the .

central node (node 5) are calculated as

4
=1
S T
and 1 4
Y =7 L ¥4
5 4 =1 %

The element stiffness is assembled as:

~

CSTQ - CST1 + CST2 + . csT3 + CST4
k" k)1 LIS
ky2 = k2

) k13
ke = ' 14
ks < ks ks
k22 = *%2 X22
ka3 * k23
k24
T s
k33 - k33 ka3
3¢ = k34
kyg ™ k35 k3s
o "= X 44
kes Kas Xss

»
w
w

1

»

55 kes 55 ss

P



Where each k is a 2 x 2 matrix for the 2 nodal
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degrees of freedom (x,y or r,z)

—

P BT v W S5 1 Mo e i ibn v

- ki1 Kia kg3 kyy o Kgg
i.e. [ke] Koo ko3 koy o Ky
" X X
csTo 33 34 35
symmetrical k k
(10 x 10) o 44 45
Kgs

/,
The internal degrees of freedom are condensed
out using the static condensation method as described
in Section 2.2.2. This results in an element more
flexible than the AVEQ element. Subroutine 'CSTQUAD'

in appendix 3 evaluates the element stiffness as out-

lined in this section. -




3‘ PROGRAM KAXI

e

3.1 Program Structyre
-

Based on!the element formulations described in Section
2, a ééneral purpose Two Dimensional Stress Analysis program
(KAXI) wa; developed and implemented on.a PDP .11/34 mini
computer. Due to the 1imited memory available (29k words)
for programming on the computer, the progrém modules had to
be overlaid and secondary storage (disc) had to be used
extensively. The prégram is overlaid into a third order tree
structure as shown in Figure 5.

The subroutines used for specific operations, like
element stiffness generations, etc. were put together as
modules making the program modular. ‘This modular approach
m:kes the program versatile in that a module can be replaced
by another compatible module with minimum effort. In other
words, the solution technique module, the element formulation
module or the'input—output modules can be easily modified or
changed to suit a specific requirement. This results in ~
providing the analyst with adequate control over the program
and for easy pre apd post p;ocessing of data. ‘

In the bresent version of the program, the well known
"Sparsé Matrix Technique” modified for using secondary storage
is usea for the solution of the equilibrium equations. The
v

full fixity boundary condition is imposed by inserting a

large term (1.x10°°) on the diagonal of the total stiffness
' ‘ 43
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matrix at the degree of freedom to be restricted. The list

of the various subroutines used is given below:

MAIN:
DATA2D:
STAMP :

FORMK :
MATRXD:

INVERT:

ISOQUAD:

ISOBMTX:

CSTRAIN:
CSTBMTX:
MLOAD:
fLOAb;

BNDRY :
SPARS ;

STRESS:

Main line for the program
Routine for input and output of geometry data
Routine to print out title block on output

Routine to generate the upper triangular total
stiffness matrix

Routine to generate a general stress-strain
matrix for an anisotropic linear material in
two dimensions

Routine for inverting a square matrix

Routine to generate element stiffness matrix
for a quadrilateral element, using isopara-
metric formulation

Routine to generate the strain-displacement
matrix for a quadrilateral element, using
isoparametric formulation

Routine to generate element stiffness matrix

for a constant strain triangle

Routine to generate the strain-displacement

matrix for a constant strain triangle

Routine to generate the load vector for mech-
anical loading

Routine to generate the load vector for thermal

loading

Routine to read and insert boundary conditions:

Solution routine using sparse matrix method

Routine for calculating the global stresses at
element centroids and output the stresses

=

L i
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The computer listings of these subroutines are given in
Appendix 3.

3.2 Capabilities and Limitations of the Program

The program is capable of handling a model made up of
up to 500 nodes and up to 500 elememts. The quadrilateral
elements can either be Q4, Q5 or Q6 and the triangular
elements are constant strain triangles. Due to the element
behaviour, the triangular elements must only be used to
accurately model the geometry. The program is capable of
handling up to 10 different materials for the elements. The
materials can either be linear isotropic or linear anisotropic.
Though the routine MATRXD can accomodate materials whose major
axes are shifted by an angle B with respect to the global
{model) axes, this option is not activated at present.

The program is capable of handling both mechanical
and thermal loadings as separate load ﬁases totalling up ta
a maximum of 10 load cases. The mechanical load cases must ~
be specified before the thermal load cases. A mechanical
load tase can comprise of either nodal loading, pressure
loading or a combination of the two. The mechanical load
formulation is not a consistent load formulation but a lumped
load formulation . The element centroid temperature data for
the thermal loading is read off a direct access file set up
by a thermal analysis program. The program cannot handle

initial stresses. However, this could be taken care of with

minimum modifications. The program can accomodate three
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types of boundary conditions; full fixities, linear
translatory springs and specified nodal displacements in
global coordinate system.

The output of the program consists of the geometry
data, loading data, boundary conditions data, global
displacement at nodes and element centroidal stresses in
global system. Further, the element geometry, i.e. the
element definitions and the nodal coordinate data, the
displacements and stresses are stored in direct access files
for post processing.

3.3 Program Verification

The program KAXI has been verified for all three
types‘of analysis: plane stress, plane strakn and axisymmetric.
Mechanical loadiﬁg was used for the verifications. For the
axisymmetric analysis, in addition to the mechanical loading,
thermal loading was also considered.

The results using elements AVEQ and CSTQ are also
included in the verifications for the purposes of comparison.
These were calculated using separate computer programs.
Further, for the element formulation CSTQ, no stress
recovery was carried out. Sample outputs for the verifications
are given in Appendix 3. .

3.3.1 Plane Stress Analysis

The problem of a beam under pure bending from Ref. 11
was used for the verification. The model .analyzed is shown

‘ \
in Figure 6. The model is made up of 4 elements and 9 nodes.



1000 psi " —] 1000 psi

R N\ 4
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BEAM AND LOADING
- 4.5" —
BA
7 8 9] =
® ®
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: —n3.0"
; ® @
t
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E = 30.0E(06 psi

v = 0.3

TEST CASE FOR PLANE STRESS ANALYSIS'' - BEAH BENDING
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The nodes 2,3,4 and 7 were restrained in the x direction
whereas node 1 was restrained in both x and y directions..
The loading was introduced at nodes 6 and 9 as nodal forces.

The displacements at nodes 9 (location B) and 3
{(location C) and the stress Ox at the centroids of the
elements 1 and 3 are computed using the programs and compared
with the theoretical results in Table 2.

The theoretical displacements were calculated using11

_ P
u = 55 Xy
_ -P 2 2
and v = §E§(x + vy”)
where P = the bending stress
¥y = the distance from the neutral axis to the

top of the fibre

Referring to Table 2, it is evident that the
Isoparametric element family results agree quite well with
the theoretical results. It is also cléar that, for a mesh
of aspect ratio 1:1.5, the Q6 element gives exact results.
The inadequacy of constant strain formulations and the Q4
formulation in a predominantly bending mode can be clearly
seen. ‘Though the AVEQ element results have the right trend,

the displacements are only 75% of the theoretical displacements.

3.3.2 Plane Strain Analysis
. "
A quarter model of a, thick cylinder with R;=10 and
t = 3" under an internal pressure loading (P£=1000 psi) was

"analyzed. The model analyzed is shown in Figure 7. The '
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24

23

R = 10.0" L l

> aa

TEST CASE FOR PLANE STRAIN ANALYSIS:

It

LONG PIPE UNDER MECHANICAL LOADING E = 30.0 E06 psi
' v = 0.3

FIGURE 7 . a 7.E-06 in/in
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model was set up with three elements through the pressure
wall and a sector angle of 11.25° resuiting in a maximum
aspect ratio of 1:1.25. The model is made up of 24 elements
and 36 nodes. The boundary nodes 1 through 4 are restrained
in the x direction allowing only radial displacements at the
axes. The pressure loading was applied on the inner surface.
The stress distribution through the pressure wall and
the radial displacements at the inner and the outer surfaces
are compared with the theoretical results obtained by using

classical methods as bélow:21

The stresses at any radius r are-~given by

a2 b2
o = "3 1 T %) P
(b"-a”) r
2 2
a b
o =T e (1 + —3) P,
0 (bz_az) r2 i

and the radial displacements are given by

P, 2. 2
Ga = Ei a(b a4 V)
b"-a
S = 3i (Zbaz )
b E b2_a2
wherxe a = Ri' the inside radius
b = Ri + t, the outside radius
-» = 0.3, the Poisson's ratio
E = 30.E06 psi, the Young's modulus
P, = 1000 psi, the internal pressure

-~ A Ao v

:
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DIBPLACEPEMENTS

LOCATION ELEMENT FORMULATION
AND THEORY

DIRECTION [o7] os 06 AvVEQ CSTQ
B,u 1.5000 3 1.3965 1.4367 1.500 1.1127 1.3614
B,v -1.2750 -1.1901 -1.2230 -1.275 ’ -0.9538 -1.1161
c,u 0.000 0.000 0.000 0.000 0.000 0.000
C,v ~1.1250 -1.0571 -1.0842 ~1.125 -0.8504 -1.0327

dx STRESS (PSI)
ELM 1 250.00 235.786 241.
1.211 250.00 Not cateulated

ELM 3 750.00 707.398 724.584 750.00

Ref: Pigure 6

Displacements in 1.E-0.4 in,

RESULTS OF PROGRAM VERIFICATION FOR PLANE STRESS ANALYSIS

IABLE 2
LOAD CASE: MECHANICAL LOADING; Pi = Y000 psi
ELEMENT FORMULATION
RADIUS THEORY
) 04 s 06 AvVEQ csTo
“ 10.0 -1000.00 -980.10 -983.4 -973.70 ~758.50
ga 10.5 | -772.29 ~764.22 ~767.04 -756.92 -563.92
-

e
a2 11.5 -402.73 -396.09 -398.09 -387.27 -231.73
<
- ad
3° 12.5 -118.26 -112.76 -114.19 -102.95% 24.52

13.0 0.00 -2.89 215.32 7.71 124.20

10.0 3898.55 3881.00 3083.00 3892.00 3693.00 B
(2]
3.‘ 0.5 3670.84 3664.19 3666.48 3675.715% 349)1.03
- y
:g 11.5 3301.28 3294.57 3296.61 3306.27 3147.33
g;’ 12.5 3016.82 3010.28 3012.12 3022.09 2883.65%5

13.0 2898.55 2900.00 2902.00 2912.00 2782.00
;gé, 10.0 13.995 13.067 13.079 13.093 12.952 13.055
-
2‘.;; 13.0 12.560 11.385 11.3%¢ 12.434 11.296 11.376

Ref: Figure 7

Displacements in 1.X-0.4 in.

RESULTS OF PROGRAM VERIFICATION FOR PLANE STRAIN ANALYSIS

TABLE 3
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In Table 3, for comparison, the global centroidal
stresses at elements 10, 11 and 12 transformed into local
stresses are tabulated. The surface stresses shown were )‘//(/
arrived at using least squares fit on the local stresses
and then extrapolating to the surface. The radidl displice-
ments at the inside and the outside surface tabulated
correspond to the displacements at nodes 17 and 20.

Referring to Table 3, the results from the programs
agree quite well with the theoretical results. Once again,
the isoparametric family of elements is superior to the
constant strain family of elements. Though element AVEQ
gives acceptable results for the displacements and the hoop
stresses, it falls short for radial stresses. This degradation
in the results is not very significant during overall
analysis since the radial_stresses are about an order of
magnitude smaller compared to the hoop stresses and the stress
field is governed by the predominant hoop stress.

3.3.3 Axisymmetric Analysis

A gquarter model of a thick spherical shell with
Ri= 10“ and t = 3n was analyéed under an intanal pressure
loading (Pi= 1000 psi) and a linearized (thin shell) thermal
gradient. The details of the model, the boundary conditions
imposed and the pressure loading are identical to the plane
strain test model described in section 3.3.2. The model
used is given in Figure 8. The thermal loading was applied

as elément centroidal temperatures arrived at using:20
1
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a b o as
'rr = Ti H=ay ( 7 1) at any radius r
where Ti = SOOOF, the inside surface temperature
- a = Ry the inside radius
b = Ri + t, the outside radius

The temperature distribution used is,

A s e m e

er=10.5" T = 396.825°F
@r=11.5", T_-= 217.391°F
er=12.5", T_= 66.667°F

The stress distribution through the wall and the radial
displacements (for pressure load only) at the inner and the ;
outer surfaces are compared with the theoretical results '
obtained by using classical methods as below: ” :

For pressure loading, the stresses at any radius r are

given by,21
3 3
a b
o = (L - — ) P
R (b3—a3) r3 i
59 =t 0 By |
(b”~a~) 2r

and the radial displacements are given by,

P 3 3
sa - Ei-a ((1~v)3(b3+2a ) + V)
2(b -a”)
P 3 ”
= i 3(1-v)a
,Gb I (=55~

2(b3-ad)
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R = 10.0". 17 anpis,

TEST CASE FOR AXISYMMETRIC ANALYSIS E

- > <

30.0 EO6 psi

it

. SPHERICAL VESSEL UNDER MECHANICAL AND v = 0.3

"THERMAL LOADING

EIGURE 8

a = 7.E-06 in/in
Linearized temp. Gradient T, = 500°F

- o 7

e A Mg i
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where the variable definitions are the same as in section

3.2.2,

For the thermal loading (linearized gradient) the

stresses at any radius r are given by,20
EaT, B 2 i‘
op = (l—v; ;b 3 a+b- % (b2+ab+a2) + 2 b3
(b"-a™) by
E T, B 2,2 ]
Og = = gb 3 a+b—§% (b2+ab+a2) -2 g
(1-v) (b7 -a7) 2r

In Tables 4 and 5, for comparison, the global
centroidal stresses at elements 10, 11 and 12 transformed
into local stresses are tabulated. The surface stresses
shown were arrived at using least squares fit on the local

stresses and then extra?elating to the surface. The radial

displacements at the inside and the outside surface tabulated

correspond to displacements at nodes 17 and 20. Further, for

reasons given in section 2.2.3, element Q6 was not included
in the verifications.

Referring to Tapie 4, the reswits froﬁ the prog:zﬂs
agree quite well with the the;retical results. Though the
isoparametric family gave bhetter results for plane stress
and plane strain analyses, it does not show any significant
superiority for axisymmetric analysis. Fofithe mechanical

loading, though the AVEQ element gives lower stresses

compared to the. isoparametric family, the hoop stresses

L R

e
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TABLE S

RESULTS OF PROGRAM VERIFICATION FOR AXISYMYETRIC ANALYSIS

LOAD CASE: MECHANICAL LOADING; P, = 1000 pai
) ] ELEMENT FORMULATION
RADIUS THEQRY
o4 oS 06 AvVEQ cs70
. 10.0 -1000.00 | -963.60 980,70 -946.50
8 10.5 -750.08 | -734.73 -748.37 -721.20
ba e
i& 11.58 -371.40 | -360.49 -369.04 E ~351.80 E
- on
8°]_12.5 -104,31 ~97.62 -103.48 g -90.70 g
13.0 0.00 ~7,95 -13.36 § -0.76 2
2 B
10.0 1753.13° | 1776.00 1776.00 3 1739.00 =
- 3
§—~ 10,5 1628.18 1651.42 1651.41 § 1623.65 a
o . =]
wil 11.5 1438.83 1445.95 1446.02 < 1434.94 B
o~ 4
o -
§b 12,5 1305,29 1299.53 1299.26 1302.13
13.0 1253.13 1248.00 1248.00 1257. 00
SE 10.0 5.0906 5.0417 5.0585 s.0011 5.0506
[-¥-" .
59 130 . 3.8012 3.7683 3.7973 3.7399 3.7726
Ref: Pigure 8 Displacements in 1.E-04 in.
s 1
RESULTS OF PROGRAM VERIFICATION FOR AXISYMMETRIC ANALYSIS ;
ABLE &
LOAD CASE: THERMAL LOADING; LINFAR GRADIENT 7, = 500°r, 7_ = 0°F
RADIUS THEORY -
~ o4 05 Q8 AVEQ CSTQ
10.0 0.00 -843.60 -332.80 -1405.00
- )
8 | 10.s ~6534.94 -5421.67 | -5129.17 -5739.17 .
-
- - g o
;E _11.5 "} -9507.72 . | -8464.80 | -8490.66 [ -8416.21 §
T > ™
) gu‘ 12.5 -4352.88 -3357.27 | -3533.92 g -3103.8¢ §
13.0 0.00 2253.00 2045.00 5 2548.00
2 5
[ ” =
0.0 -87964.93 | -87100.00 | -86780.00 E -auqﬁfoo 8
2 10.5 -53750.08 | -54367.61 | -54188.09 . -54707.9% 5
i :
wal 1.5 1566.55 1434.76 1415.77 1402.24
e © X7 A g
§o 12.5 .44206.52 44363.53 | 44236.18 41590.8%
13.0 62030.08 61000.00 | 60850.00 61340.00
Ref: Pigure 8

R

T = e e
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Eic

which are the significant components as calculated are closer
to the theoretical results.

Referring to Table 5, all element formulations give,
similar results for the thermal loading. Only the radial
stress distribution for the isoparametric family of elements
is marginally better than the constant strain formulationst
However, the hoop stress which is governing is not very much
different for the various formulations.

The predominant mode of deformation in the above
test case is not one of bending and hence all element

-
formulations give similar results. To study the behaviour

during a predominant bénding mode, a thin circular ring

fixed at the inner radius and loaded at the outer radius

was analyzed. The model used in the analysis and the results.

are shown in Figure 9.
The model is made up of 30 elements and 44 nodes
resulting in an aspect ratio of 1:3. The nodes at the inside

edge (Ri=25") were restrained in both radial and axial

1

directions. Node 44 at the outer edge (R =50") was loaded
with 1000 lbs./in. of circumference. The maximum stress and

" the maximum displacements are compared with theoretical

results obtained by using17

. . . 5
) 4] = E% - and [ ax = kle
max . m Et§

R SRV
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.("..
where b

i

R

o the outside radius

-]
it

R;, the inside radius

E = 30.E06 psi, Young's Modulus

t = 2.5", the thickness

? = 2nR°F ‘

F = 1000 1lbs/in

k = 0.7530

constants for b/a = 2, Ref. 11

k,= 0.0877

Referxing to Figure 9, we can see that the Isoparametric
faﬁily of elementstgive better results compared to the

constant strain elements. ’ /\}/)

L
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4. COMPARISON OF ELEMENT FORMULATIONS

The element formulation most suitable for any
particular application is the one which produces the maximum
strain energy under the prescribed set of loading conditions.
The comparison has been carried out at two levels:

(a) at the element level, using a single element,

{b) at the assemblage level, using sensitivity

analysis.

4.1 Comparison at'the Element Level

Since most of the modelling done in the engineering
industry is using rectangular elements, these were chosen as
the basic element for compérison, with four basic modes of
loading as shown in Figure 10. The comparison was based
on the-stréin energy criterion under the basic modes of
loading. The strain energy was calculated using the "Weighted
Eigenvalue Method" asg described in section 4.2. Strain~‘
enérgy densities were calculated to facilitate comparisons
irrespective of the element size. Two nodes of the element
were restrained as shown in Figure 10 to remove all the
rigid bodxjpodes of deformatlo§. The other two nodes
were loaded with unit loads to produce:

(;) a.unit thermal expansion mode (biaxial stretch),

(b) a uniaxial stretching mode,

(c) a pure bending mode,

{d) shear mode.
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Thermal expansion mode

Stretching mode

Bending mode

Shear mode

E=1., v= .3, a=1.

Aspect Ratio = L1/L2

All loads are unit loads
BoCo: node 3 fixed in x and y

node 2 fixed in x

- ELEMENT AND LOAD CONFIGURATION FOR

STRAIN ENERGY COMPARISONS

FIGURE 10
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Only the thermal load vector used is a consistent load vector.

The elements were checked for zero eigenvalues to
make sure that there are only as many zero eigenvalues as
there ought to be. Too few suggests a formulation that does
not permit rigid body motion whereas, too many suggests
zero enerqgy deformation modes. Accordingly, there are three
rigid body modes for the two dimensional element and one
for the axisymmetric element. Further, the non-zero
eigenvalues were checked to see whether or not they have the
same value for similar modes. The non-zero eigenvalues and
deformation modes of Q4 element in plane strain are shown
in Figure 11.

The results from these comparisons were plotted as

»

/ﬁ; vs.geometry variable, which is the aspect ratio for the

rectangular elements. JUO , the root of the strain energy

density is in fact proportional to the deformation of linear
elements. The plots are shown in Figures 12 through 23.
This family of plots show that the elements behave similarly
for all three types of analysis; plane stréss, plane strain
and axisymmetric. '

The criterion for the element choice can be stated as;
For any tfpe of analysis, under a specific loading, the ‘element
having the largest strain energy density is the most flexible
and hence better. ‘ ‘

However, it is important to note that the Q6 formula-

tion fails the 'patch test' i.e., when nodal degrees of

*  freedon are given values corresponding to a state of constant
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strain, the displacement field does nof produce a constant
strain state through the element. Hence, for non-rectangular
Q6 elements in plane ;tress and plane strain and rectangular
Q6 elements in axisymmetric analysis, this comparison data
should be used with caution. In the comparison, the radius

is made large compared to the element size so that there is
not much loss of element quality during axisymmetric analysis.

4.2 The Criterion for Comparison

In the available literature only few researchers

16 have

like MeloshlB, Cloughls, Khannal4, Rigby and McNeice
reported studies involvimg accuracy of element formulations.
In this work, since elements with non-compatible deformation
or zero strain energy modes are included for comparison,

the simplified argument "the least stiff element is the

best, i.e. the element with the smallest eigenvalues and
smallest matrix trace" is not valid. EThé Weighted Eigenvalue

method which is a complete strain energy based method

presented by Rigby and McNeice is used for comparison.

a' .
The element strain .energy as given by

u, =% a'kd (4.1)
Considering the basic equilibrium equation at the element

level,

kd ='F ' (4.2)
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FIGURE 11
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Let the nodal loads F be made proportional to the nodal

displacements 4@ as F = Ad, this renders a standard eigen-

value problem described by the equation
kd = Ad (4.3)
which can be written in general terms as

k¢i = Ai¢i (1 =1,2 ...... L) (4.4)

where k is the stiffness matrix which is non-singular follow-
ing the removal of the rigid body modesf Ai are the eigen-
values and ¢; are the corresponding normalized eigenvectors.
£ is the number of modes following the removal of the rigid
body modes.

The eigenvectors are normalized such that their

orthogonality relationships become

¢i j = l, for i = J (4.5)

= 0, for i # j

©
|

The displacement vector 4 in equation (4.3) can be
expanded as a linear combination of eigenvectors.
, )
i.e. d =i£lai¢i (4.6)
Using equations (4.1), (4.4), (4.5) and (4.6), thg

strain energy can be written as”

A
u=% I a, Aa (4.7)
2 21 NP |



. C

The undetermined coefficients a; can be solved

for by pre-multiplying equation (4.2) by each eigenvector

and using the orthogonality requirements for the kth
A

eigenvector
| 3 T ‘.

¢kk Zla ¢ = ¢kF
T

T - ¢ F

¢kkak¢k k

¢§Akak¢k = ¢§F (4.8)

and therefore
a, = (/) ¢£F (4.9)

Therefore, in general, the strain energy becomes

Y
U=%Z 'F ¢IF ¢IF
i=1 “i
L c. - _
or U=1X%7% Xi (4.10)
i=1 A _
where C, = (47F)> (4.11)

Using equations (4,.,10) and (4.11), the strain eneréy
withih an element can be determined once -the eigenvalues, the
eigenvectors' and the applied loading are known. Since
flexible elements tend to deform more for any given set of

loading, the higher the strain energy better the element.

/

/

BT T
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The eigenvalue and eigenvector extraction method used is
given in Appendix 1.

4.3 Results of Comparison at Element Level

The Figures 12 through 23 show plots of YU, against
a range of aspect ratios. This ranée covers both the low
and the high aspect ratios encountered in the industry. 1In
a realistic model, the aspect ratio of the elements in ;
regions of interest are usually kebt below 1:3. For economy,
in areas away from these regions, the aspect ratios may by
as high as 1:10. Hence, in this work, as aspect ratio of
1:15 was cho;en as the upper limit for comparisons.

Referring to these plots, it is observed that the
géhaviour of the various elements is similar for any given é
loading for all three types of analyses.

For the unig thermal loading, .element AVEQ does not
follow the general trend, under plane stress condition.
Further at an aspect ratio of 1:2, the strain energy densities
of the elements show a dip indicating that this aspect ratio
is nog better than a sIightly higher one.

For the stretching mode, all elements follow the
same trend resulting in almost identical behaviour. Since
this is a constant strain deformation mode, the constant
strain elements AVEQ and CSTQ exhibit a slightly higher

strain energy. This is very noticable when the isoparametric

i a g i s o

elements exhibit a dip in their strain energy densities at

an aspect ratio of 1:2. - =
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ELH, STRAIN ENERGY DRENSITY COMFARISON (RECY. ELM.)
STRAIN ENERGY DENSITIES (SORT(U/VOL))
TYPE OF ANALYS]IS= F‘LINE STRESS HENDING hOIE
ASP CSY ap AVE QD ISD Q4 IS0 Q5 IS0 Qé
1.00 0.28491E¢03 0.148538E401 0.30338E40) 0.24725E40) 0.37240E401
2.00 0.20481E401% 0.14055E402 0.223843E£401) 0.24670€E403 0.37881F£401
3.00 0.14£6146E40) 0.98516E£400 0.149F4E40) 03177284E403 0.36A4351€401
A4.00 0.11715€+401 0.726179E£400 0.,13332E401 0.138946E4+0) 0.3%787E401
%.00 0.92278E400 0.6205%54E£400 0.10Q%4E+401 0.131087E401 0.35471E£401
10.00 0.45778£400 0.31714£400 0.55’98:000 0.%606TE+00 0.34829E402
15.00 0.304%2E400 q-21398£t00 0.372867E400 0.37353€400 4 0.34724E401
20.00 0.22823E400 0.14082E400 0.27951E400 0.2758%E400 \\0.34686[001
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Aspect Ratio

. ELH. STRAIN ENERGY DENSITY COHFARISON (RECY. ELH.)

STRAIN ENERGY39EHSITJES [SORT (U/VOL))

TYFE OF ANALYSIS= FLANE STRESS SHEAR HODE .
ASPF cST ap . AVE 0D IS0 Q4 150 Q5 150 Qé
1.00 0.47740E40} 0.38797E401  0.49374E401 0.53105£+401 0.53303€E401
2.00 0.52415E401 0.41603E401. 0.%6481E401 0.60082€401 0.82974E401
. 3.00 0.54129E401 0.43443E40) 0.60022E401 0.623156+401 0.11380£+402
* 4.00 0.54844E40) 0.44259E+401 0.61732E+01 0.63221E401) 0.14423E402
S.00 | 0.%5194E403 0.44499E401  0.624643E4012 0.63685E4Q) 0.1794%E+02
10.00 'wO0.354686E101 0.45363E401 0.564002€401 0.642BSE£401 0.34961E402
§ 15.00 0.55781E+401 Q.4ATA97E¢0) 0.64275E401 0.64403E+401 0.52176€402
20.00. 0.55814E401 0.ALTATES0) 0.64372E401 0.864444E+401 0.69443E402
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Aspect Ratlq
ELM., STKAIN ENERGY NENSITY COHFARISON (RECY. EUM.)
STRAIN ENERGY LENSITIES (SART(U/VOL))
TYPE OF ANALYSIS« FLANE SYRAIN UNIT THERHL HODE
ASP CST ab AVE ap IS0 04 IS0 a5 1S5S0 Q&
1.00 0.24509E+401 0.20374E401 0.24393E401 0.245B80E401 0.24749E401}
2.00 0.2130%€401 0.18437£403 0.214265?01 0.216A5E401 0.21805£401
3.00 ‘0.20874E401 0.178%8E401 0.21439E401 0.21544£401 0.21765€£401
4.00 0.20539E401 0,1779%€£401 0.25447E402 0.21334€401 0.217222E401
%.00 0.20399€401 0.17780E£401 0.21392E+40) 0.21526E401 0.21622€401
10.00 0.20217E401 0.3172774E401 0.21211E401 0.212%BE¢+01 0.21509E£401
15.00 0.20184£40) 0.17774E401 0.211469€E401 0.21188E401 0.21493E£40)
20.00 0.20172E401 0.17774E£401% 0.2115%4€401 0.211463€401 L 21484£401
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ELn.

STRAIN ENERGY DENSITIES (SORT(U/VQL)I

TYFE OF ANALYSIS= FLANE STRAIN

CsT ad
0.246776E401
0.1838B4E401
0.18834E401
0.18953€401
0.19002e401
0.190463E401
0.19071E£401
0.17074€401

10

Aspect Ratio

AVE QD
0.19954E£401
0.318850E401
0.18958E401
0.19009€£+401
0.19034€401
0.19062€401
0.19074E401
0.19076E401

STRAIN ENERGY DENSITY COHF ARISON (RECY.

1S0 04
0.2583%E£+401
0.18263E£401
0.31879Y8E101
0.18%3ZE401
0.1B8990£401
0.19053€E401
0.19070£+401
0.19074€£401

ELh.)

STRETCHING MODE

1s0 a5
0.21425€401
0.18041E401
0.18772E401
0.18929£401
0.18969E+01%
0.190%3E+401
0.19070€401
0.19074E401

15

150 Q8
0.21216E401
0.37818E40)
0.18670E+0%
0.18874€£401
0.18955E401
0.190%0E€+01
0.19056£401
0.19072£401
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ELK. STRAIN ENERGY DENSITY COMFARISON (RECY. ELH.)
STRAIN ENERGY DENSITIES [SORT(U/VOL))
TYFPE OF ANALYSIS= FLANE STRAIN FENDING MOIE
ASF CST an AVE Qp 1S0 Q4 IS0 Q9 160 Q6
1.00 0.28724E401 0.15504£+401 0.29104E401 0.34984E401 0.36627E401
2.00 0.20401E401 0.13077€401 0.220832E4012 0.24925€401 0.346190E401
3.00 0.14976E401 0,9A557E400 0.167306E401 0.18100£+401 0.348B99E401
4.00 0.11223E401 0.731424E400 0,13339E+401 0.13894E401 0.34314E401
5.00 0.90101E400 0.61125E400 0.11083E+01 0.11361E401 0.33B07E+01
10.00 0.4%436E400 0.31790E400 0.5%893E400 0.%6%35€400 0.33217£401
15.00 0.30353€+400 0.21341E£400 0.37264E400 0.37437E400 0.33120£401
20.00 0.22781E+00 0.14066E400 0.27944E400 0.28012E400 0.33087E+401
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ELM. STRAIN ENERGY DENSITY COHFARISON (RECT. ELH.)
" STYRAIN ENERQY DNENSITIES CTSOQRYC(U/VOL)D
IYFE OF ANALYSIS= FLANE STRAIN SHEAR MONE
ASP CcsY ab AVE QDb 180 04 1S0 @S5 IS0 aé
1.00 0.47082€401} 0.37733E401 0.47471£401 0.52443€E401 0.53858E+401
2.00 0.5%213%E401 0.40957E¢01 0.54814E+401 0.597846E£401 0.79674£401
3.00 0.54014E401 0.42884£401 0.58917E401 0.62170E4013 0.108946E£402
4,00 0.54774E401 0.43885€401 0-§0995E001 0.63140£401 0.13982€402
S.QO 0.55150£401 0.44A438E401 0.82127E401 0.463513E401 0.17145€E402
10.00 «S%675E401 0.A5269E401 0.A38%6E+401 0.64271E401 0.3336%£402
315.00 0.557746€£401 0.45463E401 0.46420B8E£408 0.6A397E401 0.49782E+02
20.00 0.45526E402 0.64334E401 0.64441£40) 0.&6252%002

0.35811€£401
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Aspect Ratio

ELM. STRAIN ENERGY DENSITY CONFARISON (RECTY. E€LNM.)

STRAIN ENERGY DENSITIES C(SQRT(U/VOL))

TYFE OF ANALYSIS= AXISYHMETRIC

CST ap
0.31913E401
0.27704E¢01

«27194E401)
0.26755E401
0.2657ZE401
0.26378E+401

«26376E401
0.26401E401

AVE QD
0.26517€401
.24078£401
.23323E401
0.232465E401
0.23274E401
0.23405E401
0.23535E£401
0.23655E£401

1S0 04
0.31747E401
0.27855E401
0.278469E+01
0.27902€401
0.279314£501
0.27706€401
0.27688E401
0.27735E401

1S0 Q%
0.3200%E401
.26144£401
0.280026401
0.27992E401
0.27979E401
0.27790E401
0.27730£401
0.27767€401

UNIT THERRL HODE

1SO Qb
0.32211E+01
0.28338E401
0.28294E+401
0.28263E401
.28129E+401
0.279682E401
0.27962€401
0,27960E+01
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Aspect Ratio

ELM. STRAIN ENERGY DENSITY COMFARISON (RECY. ELH.)
STRAIN ENERGY DENSITIES CSQRYIU/VOL)]

TYPE OF ANALYSIS= AXISYMAETRIC STREYCHING MHODE

Ry

ASP
1.00
2.00
3.00
4.00
5.00

10.00
15.00
20.00

csT ap
0.42340E-02
.28879E-02
0.29402€-03
0.29397E-02
0.29283€-02
0.2B4%51E-02
0.27586E-02
0.26752E-02

AVE QD
0.31584E~02
0.294621E~02

«29596E~-02
0.29484€~02
0.29333£-02
0.28454E~02
0:273986E~02
0.246763E~02

1S0 04
0.40787E-02

.2B896E-02
0.29347E-02
0.29370£-02
0.29267E-02
0.2044AE-02
0.27%78E-02
0.2674}£-02

, 1S0 0%
0.339226-02
0.28337£-02
0.29304E-02
0.29360E-02
0.29263E-02
0.28334E-02
0.27578€~02
0.26741€-02

150 06
0.33576E~02
0.27982E-02
0.2913%€~02
0.29271€~02
0.292098-02
0.28439E-02

+27590E~02
0.26768E~02
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ASF
1.00
2.00
3.00
4.00
3.00

10.00
15.00
20.00

ELN.

Aspect Ratio

STRAIN ENERGY DENSITY COMFARISON (RECTY.

STRAIN ENERGY DENSITIES CSOKT(U/VOL))

TYFE OF ANALYSIS= AXISYHAETRIC

CSY Qo
0.45389E-02
0.320631E-02
0.23537E-~02
0.17535E-02
0.314003E-02
0.08%07E£-03
0.44949E£-03
0.32996E~-03

AVE QD
0.24I25E-02
0.20639€E-02
0.14830€£-02
0.11612E-02
0.94903€-03
0.48187£-03
0.31632€£-03
0.23254€E-03

IS0 Q4
0.45074E-02
0.3474%E-02
0.26113E~02
0.20846£-02

0.17333E-02 .

0.85670£~-03
0.55991E-03
0.41310E-03

ELH.)

RENDING MODE

150 05
0.53377e-02
0.39207£-02
0.28278€-02
0.2)1480E-02
0.17477€~02
0.86959Y€-~03
0.56396E-03
0.41520E-03

150 Qs
0.57946E-02
0.56851€-02
0.54437E-02
0.53243€-02
0.32109€-02
0.49573€-02
0.47889E-02
Q.456376£-02
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Aspect Ratio

v

ELH. STRAIN ENERGY DENSITY COnFARISON (RECT. ELH.)

STRAIN ENERGY DENSITIES {(SART(U/VOL))D

TYFE OF ANALYS1S= AXISYMhETRIC

csyT ab
0.74578€E-02
0.8276%E~02
0.84715£-02
0.85790€~02
0.86059E~02
0.85278E~02
0.62878E-02
0.82431E-02

AVE Qp
0.59768E-02
0.6A599E~02
0.473464E-02
0.46B862E-02
0.869249E-02
0.69180E-02
0.68093E-02
0.66882E-02

1S0 04
0.72179E-02
0.86430E-02
0.92570E-02
0.95503€-02
0.956940E~02
0.97903E-02
0.946734E-02
0.9%271€-02

SHEAR HCDE

150 oS
0.83048€-02
0.F4314E-02
0.977237€£-02
0.96928E-02
0.99314€-02
0.98I74£-02
0.97043E~02
0.97354E-02

1S0 Qs
0.85242E-02
0.12523€-01
0.17014E~01
0.21691E-01
+24425E~01
0.49798E-0}
©0.719688€~-01
0.92867E~01
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For the bending mode, the strain energy density of

the Q6 element remains almost constant, whereas it falls
off with increasing aspecé ratio for the other elements.

For the shear mode, the strain energy density of
the Q6 element increases with aspect ratio whereas for the
other elements the strain energy density remains almost
constant.

From these strain energy density curves, it is
observed that the strain energy density falls off with
increasing aspect ratio, initially very steeply and then
levelling off. This can be interpreted as, there will be
a steep fall in accuracy initially and then the accuracy
almost remains constant. Further, it is observed that, in
general the isoparametric family of elements exhibit higher
strain energy densities indicating their superiority. At
low aspect ratios, the elements behave quite differently
and discretion must be used while selecting.‘

Further, at an aspect ratio of 1:2, there seems to’
be a discontinuity dip in the curves for the isoparametric
elements. However, the fall in strain energy density is
quite small compared to the strain enexrgy density at an
aspect ratio of 1:1. This area needs to be further in-
vestigéted.

4.4 Comparison in Small Assemblage

The effect of element shape on_ the results in small
assemblage for the various formulations were studied in

plane stress, plane strain and axisymmetric conditions.
1}

s o M

B L T
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(a) Plane Stress Condition

A cantilever beam under bending and shear loads was
considered for comparison. The comparison was carried out
using both rectangular and non-rectangular elements. For
the assemblage with rectangular elements, the comparison was
carried out at aspect ratios 1:1.25, 1:5.0 and 1:10.0. For
the assemblage with non-rectangular elements, the compa;ison
was carried out with included angles of 90°, 63.40, 45° ana
33.69°. The models used are shown in Figure 24.

The tip deflection is plotted against the aspect ratio
or the included angle for comparison in Figures 25 through 27.

All elements except the Q6 element follow similar
trends. The accuracy of the Q6 element reméins unchanged'
with change in aspect ratio for rectangular elements under
the Eending load. 1Its accuracy falls off only slightly
under shear loading and for non-rectangular elements under
both loadings. -

For rectangular elgﬁents, Q4 and Q5 elements behave
very similariy ﬁnder both loadings, the Q5 élement being only
marginally better. The tip defelction for the Qs‘eleméﬂt
at the low aspept.ratio of 1:1.25 is'90% of the theoretical
unéer bending and 94% of the theoretical under shear. At
the higﬁ aspect ratip of 1:10, the def}lection is'only 8.5%
of the theoretical under bending and 9% of the theoretical
uﬁder shear. At the low aspéct ratio (1:1.25) the di?ference

in results between the Q5 element and the AVEQ element is

»
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about 42% of the tﬁeoreticaf value whereds at the‘high
aspect ratio (1:10) the difference is reduced o only about
5% of the theoretical value.

For non-rectangular elements, the CSTQ element
approaches the behaviour of Q4 element at low included angle
and at larger included angle, the element Q4 behaves very
similarly to the element.QS, under both’ bending and shear.
At an included angle of 909 (aspgp% ratio 1:2.5), the Q5
element results in about 65% of the theoretical value iﬁ both
bending and shear, wher;as at very acute included angle of
33.69°, it drops to about 45% of the theoretical value.
Unﬁer the same conditions the AVEQ element results in about

0 .
30% of the theoretical value at an included angle of 90°

- and drops to about 19% of the theoretical value under

bending and to about 22% of the theoretical value under
shear.

(b) Plane Strain Condition

{
A long cylinder under mechanical loading was

considered-}or comparison.” The radial displacements under
internal pressurgﬂloading at b&th inside and out;ide radii
were compared, for the various element formuiations. The
comparisons were made at sector anglés 11.250, 22.5° and
45°, a typical model made up of 11.25° sectors is shown in
Figure 7. The percentage error in displacements is plotted

for the different sector angles as shown in Figures 28 and

29’

v
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From these figures if is seen that the _elements Q4
and Q5 behave almost identically. For any sector angle the
Q6 element gives the least error whereas the AVEQ element
gives the largest error. Also it is observed that the error
in radial displacement at the outside radius is larger
compared to the error at the inside radius.

At the outer radius, referring to Figure 28, the
error ranges between 9.25% for the Q6 element to 10% for Fhe
AVEQ element at & sector angle of 11.250: At a larger
sector angle of 450, the error for the Q6 element remains
almost the same whereas for the AVEQ elements it increases
to 18:75%. The Q4 and Q5 elements exhibit errors of 9.25%
at a sector anéle of 11.25% and 12.5% at a sector angle of
45°. The CSMelement though exhibits similar error as the
04 element at the low sector angle , it exhibits an error of
14.4% at the larger sector angle. )

At the inner radius, referring to Figure 29, the
error ranges bétween 6.5% for the Q6 element to 7.5% for the
AVEQ element at a sector angle of 11.25°. at a larger sector,
angle of 45°, the error for the Q6 element increases slightly
to 8% whereas the error for the AVEQ eIéEéQf increases to
17.5%8. The Q4 and Q5 elements exhibit errofk\gﬁ 6.75% at the
low sector angle and 10.5% at the larger sector\ggéle. The
CSRelement exhibits almost the same behaviour as the Q4

element at the low sector angle but results in about 12.5%

error at the large sector angle.
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From these observations, it can be inferred that with
isoparametric family of elements larger sector angles can be
used, still resulting in acceptable accuracies.

(¢c) Axisymmetric Condition

A spherical vessel under both mechanical and thermal
loadings was considered for comparison. Deformations and
stresses were compared for various element formulations.

For reasons given in section 2.2.3, Q6 e}ement formulation
was not considered during comparison. The comparisons were
made at sector angles 11.25°, 22.5° and 45°. A typical
model made up of 11.25° sectors is shown in Figure 8. Fér
comparison un@er mechanical loading (pressure loading), the
radial stress at the inside surface and the hoop stress at
the outside surface were compared. The percentage errors in
these quantities for the three sector angles are plotted in °*
Figures 30 and 31. For comparison under thermal loading
(linear temperature gradient) the hoop stresses at the in-
side and the outside sgrfaces_were compared. The percentage
errors in these quantities are plotted for the three sector
angles in Figure 32,

Under mechanical loading, the elements do not result
in zero radial stresses at the outside surface but in-a
finite valve. This radial stress has a maximum value of
about 7% of the pressure at 45° sector angle and abgqt 23
of the pressure at 11.25° sector angle. The isopdrametric

elements give better results for radial stresses at the low
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‘sector angles but the AVEQ element gives a better

result at 45° sector angle. This holds good at the

inside surface also. Referring to Figure 33, at 11.25°
sector, the error }n radial Stress is —-1.8% for the Q5
element,_-B:S% for the Q4 element and -5.25% for the AVEQ
element. With increasing sector angle, the errors increase
exponentially for the isoparametric elements and almost
linearly for the AVEQ element resulting in ~-25% érror for

Q4 element, -23% for the Q5 element and -22.5% for the AVEQ '

element. All element formulations have low errors (<1%) in

_hoop stress at low sector angle but increases to almost 16%
N

for Q4 and Q5 elements and to 11.5% for AVEQ element at a
sector angle. of 45°. For deformations, referring to
Figure 34, the Q4 and Q5 -elements exhibit an error of only.
t1.5% for the three sector angles. At 11.2%° sector angle,
the AVEQ element shows onlf -1.5% error but increases
exponentailly to —-10.5% at 45° sector angle.

Under thermal loading, tﬁé elements do not give
zero radial stresses at the surfaces but result in a finite
stress which is very small compared to the governing hoop
stresses. The error in hoop stress at the surfaces for the :
various sector angles is plotted'in Figure 32. Referring
to the fiqure, the error is within $2% of the theoretical

value for all the element formulations.

s e el
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5. A PROPOSED METHOD OF PREDICTING RESULTS

In high technology industry, such as Nuclear, it is
common practice to have an analysis reviewed by a third party.
One of the most common questions asked by the reviewer
concerns the selection of one type of element over other
types available and the resulting loss of accuracy if any.
Hence it is of interest to the analyst to have a feel for
what the results would be if a different element formulation
was used in’the analysis. In this chapter a method of
predicting the results based on the family of curves generated
during the comparisoﬁ'at element level is proposed.

The family of curves given in Figures 12 through 23 aré

plots of the square root of the strain energy density as a

function of the variation in element geometry for various
element formulations under any given type of loading. Since
the formulations are based on a linear displacement field,
the ordinate (Y) in the curves représent linear functions of
displacements for any element type under aﬁspeciélc type of
loading.

- For any given aspect ratio, we can arrive at two

values of Y, Y. and Y., for two different element formulationms.

1 2
This assumes that the material properties are identical, i.e.

i e i
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Yl = Cdl ’
where C is a constant
Y2 = C62
4 Y2
l.e. 62 = ?I 61 (%.1)

It is apparent from this equation that, the deformation
behaviour of element type 2 can be predicted knowing the
behaviour of element type % under similar conditions.

This equation holds good for assemblages since they
behave in a fashion similar to their discrete elements.

The equation (5.1) is only valid for comparison of
elements with identical material properties and identical
value of loading for any given mode of deformation. The
method of predicting can be extended to embrace different

material properties and different values of loading as:

The element stiffness is given by:
i

Kk = f(_sj T(p] [B] av (5.2)

Por an isotropic material, the stress strain matrix [Q]

can be written as
{(p] = E [p'] (5.3)
N ‘ :
where E is the Young's Modulus and (D] is the stress-

strain matrix independent of E.

Substituting (5-3) in (5-2) we have:

k = Eﬁ'_B]T[_I;'] B} av | (5.4)
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]

](B]T[_D'] [B]) av we have

Using k*

kK = ! ‘ (5.5)

‘Consider an eXement with a modulus of elasticity El
under loading F‘1 which deforms by 61. The equilibrium
‘ \\
equations can be written as

kél = Fl or Elk 61 = F1

If the same element with a different modulus of elasti-
city E2 under loading F2 deforms by §! , then Gi can be

A

calculated as

E

1 2

4! = — —— & (5'6)
1 EZ .Fl 1

»
!

Substituting Gi for 81 in equation (5.1), we have

Y. E. F
Y, E; By

This relationship is valid as long as the bi-direction-
al coupling in the two isotropic materialg remains the same,
i.e. the Poisson's ratio vy = Vye

Using equation (5.7) with the family-of curves in
Figures 12 through 25, the aeformation behaviour of»any
assemblage modelled in one type of element can be predicted
knowing ité deformation behaviour using another type of

element. Though this method is general, it has the following

o o e et vt g
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constraints:
“ (a) the Poisson's’ratio must be identical
and (b) the loadiné must represént approximately the
deforma£ion mode upon which the particular curve
is based.

Even with these constraints, it is expected that this
approach gives the relative accuracy of various element form-
ulations in the deformation of realistic assemblage under
similar modes of loading.

The use of this method of predicting results for asseg—
blages under similar modes of loading has resulted in quite
good correlations. A test model of a cantilever beam as

[y

shown in Figure 24 under pure bending and shear was used.
&he tests were carried out at two aspect ratios, 1:2 and 1:5.
The results for bending mode are given in Tables 6 through 9.
For rectangular elements of the isoparametric family,
the ﬁaximum variation (spread) between the predicted results
and the calculated results is +17%, which is quite reasonable.
This spread reduces as the 'Aspect Ratio' increases as all
the elements tend to éive similar results. The spread in the

<

prediction for the two types of ggft loading are:

BENDING MODE SHEARING MODE
ASPECT DISPLACEMENT | STRESS DISPLACEMENT | STRESS
RATIO ' )
1:2 ' +17% +17% +7% +6%
1:5 +4% 16% +4%, +3%

»
T
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The AVEQ element results could not be cqrrelated

3

within any reasonable accuracy.

This method will hold good for large assemblages as

:

long as the predominant loading remains the same.
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6. REPRESENTATIVE APPLICATIONS OF THE PROGRAM KAXI

6.1 Analysis of a Porcelain Composite Insulator

An analysisvof a typical porcelain composite electrical
insulator is carried out to study the stress patterns in the
component under the weight of the cable it is supporting.

The intent of the apalysis was to determine whether'the true
stress picture could be simulated using a two dimensional
photo-elastic model.

For this analysis, one basic assumption was made: The
insulator was considered to be an axisymmetric body of
revolution. This is true for the insulator except at the top,
near the supported end whe}e it is three dimensional. Two
types of analyses were carried out: an axis&mmetric analysis

to derive the true stress pattern and a plane stress analysis

“to simulate the photo-elastic model.

From the element comparisons in Chapter 4, the Q5
element formulation was found to have overall superiorxity
and was chosen for this analysis. Since the‘model size
governs the cost of analysis, an acceptaﬁle mesh with aspect
ratios less than 1:4 as shown in Figure 33 was developed.
This resulted in 314 nodes and 272 elements.

The various material properties used aré:

1. Steel: Modulus of Elasticity, E = 30 x 108 psi
Poissons' ratio, v = 0.3

and Shear modulus, G = 11.5 x 108 psi
) 10} e
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2. Grouting: Modulus of elasticity, E = 4 x 106 psi
Poissons' ratio, v = 0.1

and Shear modulus, G = 1.82 x 106 psi

3. Porcelain: Modulus of elasticity, E = 10 x 106 psi

Poissons' ratio, v = 0.1

and Shear modulus, G = 4.55 x 10° psi L

The loading used is 2500 1lbs tension pull.

From the results, it is evident that a large share of
the load is carried by the hoop strength which is not
represented in the plane stress case. This makes it difficult
to compare the two models using principal stresses and
directions. However, one way of comparison is to use the

‘effective stress' approach.23
The effective stress is defined as

2 2

Oy = X {(ol - 02) + (02 - 03) + (o3 - 01)2}%

where Oy¢ Oy and 03 are principal stresses arrived at

~

from the global stresses.

The effective stresses are plotted as iso-stress lines
as shown in Figures 34 and 35. From the figures, it is seen
that, though the basic iso—streés lines have similarlsbapes;
their magnitudes do not correspond. In the highly stressed
regions, the stresses are almost an order of magnitude
different, the axisymmetric model giving higher values.

This concludes that an accurate prediction of the stress
pattern in a real insulator is not practical using plane

stress photo-elastic models.
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6.2 Analysis of a Tube Sheet in a Heat Exchanger

An axisymmetric analysis of a Tube Sheet assembly was
carried out for comparing the element formulations: Q4, Q5
and AVEQ. The finite element model includes the tube sheet,
the channel cover; the bolting, the primary inlet nozzle
and the secondary shell flange assembly. This approach of
using axisymmetric analysis to represent a three dimensional
case is considered adequate to represent fairly the maximum
stress levels.
The model used for analysis is shown in Figure 36: The
primary inlet nozzle is located on the axis of the heat
exchanger and the holes in the tube sheet are modelled as an
annular array. The model is exposed to an axisymmetric
temperature change, whereas in an actual heat exchanger,
only a portion of the tube sheet/cover is exposed to the inlet
water temperature while the remainder is exposed to somewhat
lower temperatures. The axisymmetric model will therefore
undergo larger thermal distortions and consequently experience
larger thermal stresses than a three dimensional model in
which only a portion of the tube sheet is heated.

The bolts were modelled as an annular ring occupying
or overlaying the same space as.the ligaments between the
bolts. The bolt(ring) elements are connected to the flange, the
tube sheet and the channel cover at its ends only.

The material properties.of the bolt-ring and the bolt-

ligament ring were adjusted to reflect the stiffness of the
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bolts and bolt-ligafMents relative to the adjacent homogeneous
material, i.e. since the bolts and bolt-ligaments cannot
sustain any significant hoop stress, the modulus of elasticity
in the hoop direction is givep an arbitrary small value.

The material properties of the elements representing
the holes or ligament region in the tube sheet were modified
to account for the holes in accordance with the ASME Code.
The elements in the gasket region were also given modified
elasticity constants to account for the grooves and to
account for possible slippage at the contact face. >

The temperature distribution in the model was determined
using a finite element thermal analysis program. The temp-
erature distribution aé critical times during the specified
thermal transients was used as input to the stress program
and the thermal stresses at these timeswere subsequently used
to determine the range of peak stresses for fatigue analysis.

Stresses due to a unit 1000 psi internal pressure and
due to thermal heatup (100 deg. F to 492 deg. F in 80 min.)
were calculated. The load cases were run individually to
permit profating.

The elemént centroidal stresses and extrapolated
surface stresses in the hoop direction are plottéd for the
three element types,)for ;omparison in Figure 37. From the
figure it is observed that all the elements behave quite

similarly. The hoop stress distribution due to pressure

ldading is almost identical for the Q4 and Q5 elements. The
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AVEQ element results are within $1% of the results using Q4
elements. For the thermal loading, the AVEQ element results
in a lower stress at the inside and a higher strgss at the
outside compared to the Q4 and Q5 elements. The spread.is
only about t7%.-

Further, a comparison has been carried out for the
normal stress distribution at the tube sheet-ligament inter-
face, locations 2 aﬁd 3 in Figure 36. The stresses are
plotted in Figure 38. It is of interest to note that the
stresses for element Q4 and AVEQ do not extrapolate to a
small value at the surfaces. Further, in the middle of the
section, the Q5 element provides with the maximum stress
difference. Though these normal stresses do show significant
variations, the hoop stresses which govern the stress state
have very little variations, thus the overall stress state
of the component is not significantly changed by using
different elements. This is true when the thermal stresses

swamp the other stresses.
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7. CONCLUSIONS

Two dimensional, including axisymmetric finite elements
using both constant strain formulation and isoparametric
formulations have been developed and incorporated into a
computer prograﬁ for use on a ﬁini~computer. The verifica-

x

tions against classical problems in Chapter 3 show that the

- et e e

progrém KAXI produces results within *10% of the thgorgzical
results using isoparametric elements. The cost of u;ing this
program on a mini-computer is about less than hélf the cost
of using proprietary programs on a large computer.

The various elements developed have been compared for
their behaviour at element level based on the work of Rigby
and McNeice and also in small assemblages using sensitivity i
analysis. (only rectangular elements were used for comparison).

From the comparisons, it was concluded that each element .
behaves quite similarly in plane stress, plane strain and.
axisymmetric conditions. The accuracy of the elements in
general fell éuite steeply between aspect ratios of 1l:1 and
1:2 and then levelled off. However, elements whose aspect
ratios were greater than 1:5 gave similar resuits, regardless
of the formulation. The different elements behave quite
differently‘at an aspect ratio of 1:1, but tend to show
similarities in behaviour at large aspect ratios. It can

also be concluded from the study, that for a two dimensional

problem, Q6 element is well suited due to its excellent
111
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bending behaviour, wheréas for the axisymmetric case, Q5
element shows a suitable overall pehavioﬁr.

Further, an attempt was made to predict ﬁfsults bgsed
on the data gathered during element comparisoﬁ; at element
level. In small assemblages, whére a single mode of defor-
mation predominates, the prgdictions were gquite good.
However, when there was no.identifiab¥§ single predominant
mode, the aécuracy ofjgrediction suffered. It is still of
use to an analyst to get a feel for the results, if a diffe-
rent kind of ®lement could haveAbéen used in his analysis.

For a better understanding of the effects of element
shapes, motre wérk needs to be done in comparing non~rectangular’
elements under various loédings. Also additional work needs
.to be dene to understand thé.coupling of the predbminant
mqﬁes offdefor@ation and use this information for the pre-

4

diction of results.

e e =
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Eigenvalue and Eigenvector Extraction Using Generalized

Jacobi Transformation Method
[

The equatioﬂs of motion for an undamped system can be

written as:
Mx + Kx =0 ()
. where M = the mass matrix
K the stiffness matrix
x the displacement vector

I

Considering harmonic motion, x = ¢ Sin wt, the

generalized eigenvalue problem is obtained as:

- w2M¢ + K¢ =0
OR (2)
(- AM + K) ¢ =0
where A = the eigenvalues ¥
¢ = the corresponding eigenvectors

The solution for equation (2) can be obtained by
making use of the property that the eigenvalues of the

- - e
problem K¢ = AM¢ are the roots of the characteristic poly-

nomial

P( ) = lx - AM | (3)

which derives from the basic‘relationsﬁip of equation (il.
This can be satisfied only for nontrivial ¢ provided the
matrix [k - AMJ is singular, i.e. lK - AMI = 0. This
determinant vanishes only for particular eigenvalues A and

for each eigenvalue there is a corresponding eigenvector ¢.
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There are two classes of eigenvalue extraction

methods:

(1) Transformation methods: Jacobi, House-holder,

Q-R, Givens, etc.

(2) Iterative and minimization schemes.

The generalized Jacobi iteration method used is

briefly outlined below.

This method is a transformation method which makes

use of the basic properties of the eigenvectors as follows:

¢Tx¢ = A% (4)
oMy = I (5)
where A2 = Ai 0 0 ..... 0
2
xz'o ..... 0
A2
n
. J

The matrix ‘¢, which is used to diagonalize K and M

as shown in euation (4) and (5) is unique. Thus, the

principle is to diagonalize K and M by successive pre- and

post-multiplication by matrices PE and Pn' where n = 1, 2,
3 otc Letting K, =K and M, =M
T
Kz = PlKlPl
T
Ky = PK,P, (6)
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27272 (7)

" (where Pn are the matrices formed to let Kn and Mn approach

*—;9 diagonal form. That is,

2
%n +- A and Mn+1 -+ I
and n * o \
and with the last iteration £
A
¢ = P.,P_ ...P - (8)

It should be noted that Kn%

12 L

1

verge to A?and I respectively and all that is required is

that they converge to diagonal form since,

and, ¢ =

The
tend toward

£followe:

K( £+1)

— (9)
M 2+1

diag

1
.o = i + 10
Plpz T diag 7M P (10)
/
matrices P must be selected such that M and 5’

diagonal form. The matrix P is formed as

and Mn+l need not con-

/

R e




[

. ~ (11)

where a and y are selected such that the elements(i, j) in
Kn and Mn are simultaneously reduced to zero. Performing

. . . T
the multiplications Pn KnPn and Pg MnPn where n denotes the

nth iteration, and using the requirement that mggl and
K?;l will be zero, the following ‘equations are obtained for
a and vy
n n n -
ukii + (1 + ay)kij + ijj = 0 (12)
n n n
am . + (1 + aY)mij + ijj {(13)
Ssolving for o and v,
Tn  _.,n n _ n.n (14)
kis = Kii™iy T MKy
. = xT.nt, - mDLkD. 15
33 3] 1) 33 1) (15)
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=N - n n - n n
ko= kgimsy T KyaMig

_ Kt . =N V/ k%2 . =n -n
x = = + sign(k’) (TT) + kiikjj

a and are given by

o
K0,
‘Y = 32
X
=n
y = *ig
X

(16)

(17)

(18)

(19)

Once the Pn matrix is determined, the relations (6)

to (10) are used and the process is iterated until convergence

is reached. The convergence is measured by comparing

successive eigenvalue approximations and by testing if all

" off-diagonal elements are small enough.

program this is evaluated as,

(n+1) _ , (n)
Mo«

(n+1)
Ay

RTOL

where RTOL is the tolerance specified.’

In the computer

(20)
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and

where

of the
values

below.

(k

ii

ii

NSWEEP =

(n+1),2
is

)

3
x (n+1), (n+l)

33

(m£?+l))2

ﬁ(n+1)m(n+l)

i3

-
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< (0.01NSWEEP,2 (21)

< (0.01“SWEEP)2 (22)

Sweep Number

The relations given in this section form the basis

subroutine JACOBI used in the extraction of eigen-

and eigenvectors.

The cbmplete listing is given
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APPENDIX 2 3

DEVELOPMENT OF GENERAL STRESS - STRAIN MATRIX

FOR TWO-DIMENSIONAL ANALYSIS
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1.  The Constitutive Egquatiohs

Tﬁe basic relationéhip_between stress andg, in is the
Hooke's‘LaW'for uniaxial deformation states. A; an extension,
in a general- three dimensional case, for an elastic and
anisotropic continuum, the generalized Hooke's Law can be

written as:3

! (¢4

9 - [

dx Dll D12 -/ : : D16 €x

D : €

Oy 21 y -

o, . €,
4 . > = ' . < . & (A2.1)

xy u * ) . xy nd .

tyz . | sz
[ T2x L Dgy - Dee Yazx

. . - \ P
“ 7 -
i.e.. {o) = . pfe)

Wherel:ﬁ]‘is the general stress-strain matrix or'ﬁhe_
matrix of llnear constitutmve eguatxons. \ |

76 evaluate the above (_D] matrix, we need 36 coeffecients
of’elasticity and due to symmatry rcsults in 21 elastic ‘
fc6;§%£;€§wfor an anisotropzc material, and in9 elastic

constaﬁis £or an orthntropic material. ror the orthotropic

RN

W
\

- -
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material the equation (A2.1) can be wfitten in terms of the 9

constants as:

r - 4 N
ox D11 D12 013 0 ] 0 ex
ay 022 D23 0 0 0 Ey
< oz y D33 0 0 0 . ez
= . < , (A2.2)
Txy C D44 0 0 ny
Tyz D55 0 sz
Tzx D¢ §‘ Yax
\ J v - /

C
These constants are difficult to evaluate ‘and the

general practice is to write the constitutive eqguations as

'strain-stress' equations. For orthotropic material, the

strain-stress equations in terms of Young's modulii and

. Poisson's ratios can be written as:,l1
v v. . )
€ 3 E...].'_. Ox - E_Y}. oy - E—E az
x N v 2
) 1 vz )
Ey Ex ox + . Ey y EZ Z ; (A2 - 3)

[}
g
%
[
Q
1
] m <
;QF
' -
o
o+
"
N | d
Q

S i s S T
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v =Xy L lyz v = X
14 =~ ?
xy ny Yz Gyz zx sz

Where E = Young's modulus

v = Poissons' ratio

and G
However only mnine of these twelve material properties are

Shear modulus

independent since

E E E E E E
X = X . 4 = 2 R _Z = X (A2.4)
AY \V) \Y AY \Y/
Xy U yx yz zy zx xz

To arrive at equation (A2.2), the equations in (A2.3)
have to be.inverted.  Using equations (A2.9), the equations
(A2.3) can be expressed in matrix form as shown in the next
page, equation (A2.5).

The (4x4) matrix outlined by the dashed line jn (A2.5)
corresponds to the special case éf axisymmetric angzg%is.

For general 2D analysis, a routine MATRXD was written

-to evaluate the stress-strain matrices .for either plane stress,
plane strain or axisymmetric analysis. The matrix [p] is
generated based on the material properties for axisymmetric
case. It is then inverted to get the [D] matrix. This matrix
id@ then modified for either plane stress or plane strain

case as necessary.

For plane stress case,-the matrix [D] is modified as
. = - . X ‘ .
D;5 D4 = P35 * Dy3/Dyq (A2.6)

- for 1 =1, 2, 4 and j = i » 4
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=0, for ,i=1, 4 and j = 3, 4

- | (A2.7)
and D,. . D44

Thus reducing the (4 x 4) matrix into a (3 x 3) matrix.

For plane strain analysis only the modifications in

equation (A2.7) are carried out.

S —
v |
1 Xy X2 o | o 0
E_ E E
X X z l
: y |
N
: El -7 o 1 o 0
y y |
|
C =
[] E’l' o ! o 0
z |
{
1 }
. xy
_+ _symmetric — ,J__ - ==
- - T i 5. .
| G 0
D £
!
{ 1
. | Cox

where {e) = [¢]<01‘ \a2.5)
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2. Transformation of Material Propertieslo

For completely generalizing the matrix [D] , % is
necessary to consider material properties not specified in
the model or the system coordinate system. The transformation
necessary is a coordinate transformation to permit the use of
element properties known with reference to one coordinate
system, to be used in another coordinéte system.

To be general, the transformation matrix for two car-
tesian coordinate systems arbitrarily oriented with respect
to one another ig evaluated here. Consider the two systems
(x,y,z) and (x',y',2') shown in Fiqure A2.1, any state of
stress or strain may be expressed in either coordinate

.
systems as:

{o} = [p] {e}

In their respective axis system

{c'} =[D¥] {e") (n2.8)

These stresses and strains are related to their counter

parts in any other system through a transformation matrix [?]

. as:

1}

{o'}
{e')

[T°] to) (n2.9)

[Ts] {e)

The coefficients of the transformation matrix contain

t

sine and cosine functions (direction cosines) of the angles

i

between the axes. Further the transformation matrices in

r
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equation (A2.9) are related by

[Ta]—'l = [Te] T or vice-versa (A2.10)

A general coordinate system in three dimensions and a
table of their direction cosines are shown in Figure A2.12’6.
Using the matrix property of equation (A2.10), [TJ |

can be written in terms of[?oj as

[ ! ]
- Tyr 15T
€] oot (AR2.11)
2T a0 T
- ' _

~

Where each submatrix is a (3 x 3) matrix defineaﬂ‘by

[ <[

-3
=
N

3 }
N
N [

1

[
i
i
!
\
!
S
1

l

Knowing that regardless of the coordinate system,
increment in the strain energy density due to a virtual

displacement must remain the same, we can write

o .
U = {6} {0} = {8¢'){c") . (A2.12)

~

e cm——

Substituting equations (A2.8) and (A2.9) in eguations
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(A2.12) we have

su = {8¢}” D) (e}

= {éc)T[Te]T [D'] [TEJ {e}

or [D] = [Tc]T [D'—J[Tc] (A2.13) 3
For plane stress and plane strain cases,. in two dimensions, ;
)" = (o o, Tyy ) §

referring to Figure A2.2

— , -
L 0om 1™
2 2
(T ] - 1, m, 1,m, ( (A2.14)
€
21112 2mlm2 (11m2 + lzml) .
S —
Similarly for the axisymmetric case,
T -
fal = . {ox °, % Txy}

Since oe'is independent of the coordinate system,

_ﬂ_.z 5 -
l1 m1 0 llm1
= - .
TE 2 . 2
12 m, 0 12m2 (r2.15)
0 0 1 ]
21112 2mlm2 0 (1lm1 + 12m2)

bt ot B i g S R A
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The subroutine MATRXD listed in Appendix 3 evaluates
the-[D] matrix for any orthotropic material with an angular

shift of principal axes B? using the above transformations.

R RS TR S i
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USER MANUAL

FOR

PROGRAM: KAXI

TWO DIMENSIONAL STRESS ANALYSIS PROGRAM

(USING LINEAR ISOPARAMETRIC QUADRILATERAL

AND CONSTANT STRAIN TRIANGULAR ELEMENTS)
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INPUT, DATA FOR KAXI
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The data should be stored in a data file

NOTE:

T e e v ey 7T

DLl1: KAXDATA.DAT;1

Triangular elements to be used
only when absolutely necessary.
The program is valid for a con-

sistent set of units.
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CARD 1: TITLE

FORMAT (20A4)

Where

139

Title = Job/Run identification

}

CARD 2: IGO, ITYP, NE, NP, NMAT, NLD, NTH, NMAX, I1,
MODEX, AMBT, THIC
FORMAT (10I5, 2E10.2)

(1) 1GOo

ITYP

NE
NP
NMAT

(2) NLD
NTH

NMAX

1. =

switch for mode of reading model

geometry

0, for reading from
files set up during
1, for reading from
data file

Mode of analysis

1, for plane stregss
2, for plane strain
3, for axisymmetric

"defaults to 3

direct access

thermal analysis

sequential

2

analysis
analysis

analysis

number of internal elements,

number of nodes, 5500
number of matexial types, 510

<500

number of mechanical load cases

number of thermal load cases’

>0, only if thermal analysis has

been carried out,

max. connectivity,  default = 100
0, for printout of input data

1, for no printout

ey -

T i w7
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CARD 3:

MODEX

THIC =

Notes: 1.

(PROP(X,J),J=1,10)
FORMAT (10ES8.2)

where
PROP(I,I)
PROP (I,2)

PROP(X,3)- -

PROP (I,4) -
PROP(I,5)

PROP(I,6)

PROP(I,7)

'pROp(I,G)

PROP(I,9)

140

mode of execution

0’.

1,

for solution _
for data check .

= ambient temperature

thickness for plane stress, .
default = 1. . . \

~.are KAXELEMNT.DAT:1 and

maximum of 10 load cases

Il

The permanent files referred to

KAXCOORD.DAT;1 on DLl: k‘ :
The program can handle up to a

(NTH + NLD =10)

modulus of elasticity in R or X
modulus of elasticity in the 2

or Y direction 2
modulus of elasticity in the -
tangential {6) direction

poissons ratio in ‘the RZ or XY

. direction \\\

It

in the tangential or 6 direction ' i

poissons ratio in the RO or Xé
direction o .
poissons ratio 1n the 20 or Y®
dlrectlon

coefficient of thermal expan51on
in the R or X direction .
coefficient of thermal .expansion
in the Z or Y diréection
coefficient of thermal expansion,

~ - . |

f

e A e et B

J
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= shear modulus of elasticity in

PROP (I,10)
RZ or XY plane
Note: For isotropic materials, read in only
ER' Vg and ap values., The complete

set of properties are generated. Further,

the shear modulus if not defined, is cal-

culated as ER/2(1 + v

RZ)

IF IGO0 = 0, BYPASS CARD SETS 4+ AND 5+

CARD 4+: (NODE(J) ,J=1,4), MAT, IEL

FORMAT (6I5)

where
(1)

(2)

Notes:

NODE
NODE
NODE
NODE

MAT
IEL

= Element type

(1)

(2) =
(3) '
(4)

Element definition

= Material type

\

‘= 4, for Q4 element
= 5, for Q5 element
= 6, for Q6 element
= 3, for CST element

Defaults to 5

1.

2.

The node numbers must'be defined

as shown on the next sheet.

The material types can be up to 10.
If the material type is left blank,
it is assumed-to be the same as that
for the previous element.

/.

3 -7
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For triangular elements 4
NODE (4)

CARD 5+:

IF NLD

= 0

| 2 3

NODE NUMBER DEFINITION:

N,X,Z ,
FORMAT (15,2F10.3)

where
N
X =
YA =

node number

R
2

or X coordinate

or Y coordinate

This set must consist of NP cards.

Note:

This node number data need not

be in sequence.

0, BYPASS CARD SET 6+

CARD 6+:

ID,NAME

FORMAT (A2,24A2)

where
ID

- NAME

If the load case does not have nodal loads,

I

]

-
=

FR, for nodal loading

PR, for pressure loéding
blank for end.of load case
load case identification

“
e it s gt
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CARD 6A+:

CARD 6B+:
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NQ, R1, RZ
FORMAT (15,2El10.3)
where

NQ = node number at which nodal load is applied
Rl = load in the R or X direction/unit cirec.

R2 = load in the %_.or Y direction/unit circ.
Putting NQ = 0, ends this data block

If the load case does not have pressure loading,
i.e. ID = FR, bypass Cards 6B+.

I1l, I2, PR
FORMAT (21I5,F10.2)
where

I1, I2 are node numbers defining the surface on

which the pressure is acting

PR = pressure acting
Putting Il = 0, ends this data block
Note: The pressure in the positive sense I2

-

must be acting from
left to right, 1ooking PR
from I1 towards I2.

Il
There should be NID sets of cards 6+, 6A+/6B+.

IF NTH = 0, BYPASS CARD SET 7+

CARD 7+:

ID, NAME

FORMAT (15,24A2) '
where
D

il

thermal load case number corresponding
to thermal run, i.e. location of temp-
 erature data on file KAXTTEMP.DAT;1
NAME = load case idenfificatiSn

Therei should be NTH carxds of 7+.

b e m———— a3

s

R e



CARD 8+:

CARD 9+4:

CARD 10+:

144

NB, NFIX

FORMAT (315)

where

NB = node number at which the boundary
is to be fixed

NFIX = fixity condition in R(X) and Z(Y)
directions

= 1, for fix
= 0, for free

Putting NB = 0, ends this data set

NB, BFIX

FORMAT (I5,2E10.3)

where

NB = node number at which linear springs
are to be inserted

BFIX = spring rate in R(X) and Z(Y) directions

Putting NB = 0, ends this data set

NB, BFIX

FORMAT (I5,2E10.3)

where

NB = node number at which displaecenents
are to be specified )

BFIX = displacements in R(X) and Z(Y) direction

Putting

NB = 0, ends this data set
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OUTPUT DATA FROM KAXI

The output file DLO: KAXIOUT.LST
consists of the following: -
_?// )
1. Model4pe£fﬁ1tion
//fffy
2, ~*"Loading Data
=
3. Boundary Conditions Data
4. Global Displacements at the Nodes
and Global Stresses at the Element

Centroids for Each Load Case.

The stresses and displacements are stored
in two direct access files:

DL1 :KAXSTRES .DAT;1
DL :KAXDISP.DAT;1

for stresses

for displacements
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FORTRAN IV LISTING

e A W W e i -

"KAXI"

PROGRAM
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TYPICAL OUTPUTS FROM

PROGRAM VERIFICATION

For details of the models used for verification

refer to section 3 of the main body.
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