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ABSTRACT

This thesis applies the theory of atoms in molecules to a series of
hydrocarbon molecules. The atoms of theory are those that satisfy the
quantum boundary condition. It is shown that regions of real space that
obey this quantum boundary condition exist and the quantum mechanics
which governs the total system also governs the atomic subsystems.
These atoms of theory can be identified as the atoms of chemistry. An
important result of this is that the total value of a property is a sum of
the atomic contributions. Standard group energies can be defined. Using
these  facts, the additivity scheme for the homologous series of
hydrocarbons, CH3(CH3),,CH3, starting at m=0 is recovered. = The standard
group cnergies are used in the prediction of strain energies. Finally it is
shown that the Laplacian of the charge distribution 1is able to recover
both the geometry model of Lewis and VSEPR theory as well as chemical
reactivity.

Chapter 1 gives an overview of the basic theory itself while Chapter Il
examines the «narge density for evidence of the atoms of theory. In
Chapter III and 1V a series of hydrocarbon molecules are investigated
using the theory of atoms in molecules. Chapter V wuses the Laplacian of
the charge density to recover the Lewis and VESPR models and to
provide a deeper understanding of the bridgehead bond of propellane

molecules.
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Review of the Th ms in M 1

1, Introduction
It is the primary purpose of this thesis to demonstrate that the atoms
defined by the quantum theory of atoms in molecules can be identitied
with the atoms of chemistry, This is done by showing that the atoms of
theory recover the experimentally measurable propertics of atoms in
molecules. The ability of the same theory to assign a unique structure (o
any system is utilized in a study of the structures and structural
stabilities of a series of highly strained organic molecules. The  thesis
begins with a brief review of the generalization of quantum mechanics
that leads to the definition of an open system that is identified as an
atom in a molecule. A prediction of the properties of atoms in molecules
is provided for by this theory. The generalization of quantum mechanics
1s  accomplished through an extension of  Schwinger's principle  of
stationary action (Schwinger 1951), an extension which is possible only if
a certain boundary condition is satisfied. An atom in a molecule s an
open system which is free to exchange charge and momentum with ity
neighbours. The boundary condition for an atom I demands that the flux
in the gradient vector field of the charge density p(r) vanish at every
point of the surface S(fl,r) which bounds an open system fl. That is to
say the surface is one of zero flux in Vp
Volr) "n(r) =0 vreSOr) (1)
As a consequence of the boundary being stated in terms of a property of

the electronic charge density, quantum subsystems are defined in reul



space. It is because of the dominant topological property of a molecular
charge distribution, that it exhibits maxima at the position of the nuclei,
the boundary condition leads to the partitioning of a molecular system
into a set of disjoint spatial regions, each region containing in general a
single nucleus. These are the regions which are identified with the
chemical atoms. The properties of the gradient vector field also contain
the information needed for a definition of molecular structure and its
stability, using the mathematics of qualitative dynamics. The result is a
theory of atoms, bonds, structure and structural stability.

A primary purpose of this thesis is to demonstrate that quantum
mechanics  predicts the properties of atoms in  molecules just as it
predicts the properties of the total system. Following the review of the
generalization  of quantum mechanics to an open system which yields a
definition of an atom and its properties, examples of the application of
the resulting  theory of atoms in molecules to chemical problems are
presented. These examples are chosen to illustrate the principal features
ot the theory:

a) The demonstration that each atom makes an additive contribution to
the average value of every property of a molecular system. This is the
principle underlying the cornerstone of chemistry which is that atoms and
functional groupings of atoms make recognizable contributions to the total
properties of a system. One predicts the properties of some total system
in  terms of the properties of the functional groups it contains.
Conversely, one confirms the presence of a given group in a molecule
through the observation of its characteristic properties. In those limiting

situations  where a  functional group is essentially the same in two



different systems, one obtains a so called additivity scheme for the total
properties. In this case the atomic contributions as well as being
additive are transferable between molecules. It will be shown that the
methyl group and methylene group as defined by the theory of atoms in
molecules predict the additivity of the energy which is experimentally
observed in normal hydrocarbons. The deviations in this additivity which
are found for small cyclic molecules and which serve as the experimental
definition of strain energy are also predicted by theory. It is the
recovery of these experimentally measurable properties of atoms in
molecules by the atoms of theory that confirms that these atoms of
theory are indeed the atoms of chemistry.

b) The definition of bonds, molecular structure and structural stability as

determined by the gradient vector field of the charge density

5
exemplified for hydrocarbon molecules which exhibit a wide range of
structures. Included among these are the propellane molecules. These
molecules have unusual structures as they exhibit an inverted tetrahedral
geometry at the bridgehead carbon atoms.

Second only to the molecular structure hypothesis in the ordering of,
understanding and prediction of chemical events is the Lewis maodel of the
electron pair (Lewis 1916). This model and its associated models of
molecular geometry and chemical reactivity find physical expression in  the
topological properties of the Laplacian of the electronic charge density.
This scalar field, defined by the second derivatives of the electronic
charge density, determines where electronic charge is locally concentrated
and depleted. It plays a dominant role throughout the theory of atom in

molecules. Therefore, this thesis also illustrates the following:



¢} The recovery of the Lewis model of the electron pair in terms of the
topological  properties of the Laplacian of the charge density. The
Laplacian of the charge density vyields predictive models of molecular
geometry and chemical reactivity.

d) The ability of the Laplacian of the charge density, when wused in
conjunction  with the definition of a chemical bond and the local
mechanics governing the charge density as provided by theory, to yield a
classification of the atwmic interactions. This classification scheme s

directly applicable to experimentally measured charge distributions.

2. Th uantum Mechanics of an en_system

A, The need for a guantum description of an open system

It is a postulate of quantum mechanics that everything that can be
known about o system is contained in the state function W The value
of a physical quantity is obtained through the action of a corresponding
operator  on ¢, Therefore, quantum  mechanics is concermed  with
observables, the linear hermitian operators associated  with  the physical
properties of a system and with their equations of motion. The theorems
of quantum mechanics that vield relationshkips between various
observables, such as the virial and Ehrenfest theorems, are derived from
the leisenberg equation of motion. Questions which can be raised about
4 quantum  system are therefore answered in terms of the values and
cquations  of motion for the relevant physical observables, These values
and relationships  refer to the total svstem. The wuse of the atomic

concept  in our attempts to understand and predict the properties of



molecules however, requires answers of a more regional nature. It would
appear that to find chemistry within the framework of quantum mechanics
one must find a way of determining the observables and their propertics
for portions of the system. How can these portions be chosen? Is there
one or are there in fact many ways of partitioning a system into picces
in such a way that quantum mechanics predicts their properties? If
indeed there is an answer 1o these questions then the necessary
information must be contained in the state function ¢, for ¥ contains all
the information which can be known about a system.

The questicn "Are there atoms in molecules?" requires the asking of
two equally impertant questions:
(i) Does the state function ¢ predict a unique partitioning of the system
into subsystems?
(ii) Does quantum mechanics then provide a complete description of the
subsystems so defined?
To answer these questions one must turn to a development of physics
that introduces the quantum observables and their equations of motion in
a4 non-arbitrary way, Such is Schwinger’s principle of stationary action.
it replaces the conventional array of assumptions based on  classical
Hamiltonian  dynamics and the correspondence principle  with a  single
quantum dynamical principle. The approach is a very general one and

allows one to pose and answer the questions outlined above,

B. The action principle in quantum mechanics and Schwinger's  principle

of stationary action



In Classical Mechanics, for a system of n particles with R degrees of
freedom, the dynamical state of the system is defined by its coordinates
(41.92,....r) and its velocities (q],47,....dR)- At each point in time, the
configuration of the system can be represented by a point M in the R
dimensional configuration space. A characteristic function of the system
known as the Lagrangian can be denoted

L = L(q1,d2,..aR:4[.42,....GR;t) (2)
The dynamics of the system now satisfy the following R differential

equations:
d(aL/ag)/dt - 8L/3q, =0 (r=1,2,..R) (3)

These  laws  of motion are equally well expressed in the form of a
variational  principle. The system of Lagranges’ equations is in fact

equivalent to the principle of least action (Messiah 1958)

&
ﬁth dt = 0, 6M(t)) = sM(t7) = 0 (4)
Let the action integral be denoted by

*
W = [ Ldt (5)

t,
Many possible laws of motion can take a system from configuration M
at time t; to My at time ty. The principle of least action identifies the
law of motion which actually allows a system to pass from configuration
M at time t; to M2 at time ty as the one which makes the integral [ L
dt  stationary, One is now able to extend these ideas in quantum
mechanics. Through a  generalization of  Schwinger's principle  of

stationary action one obtains the most general description of a quantum



system. The action integral for an isolated system is defined as

£
Wial¥] = J;dt § L.V dt = § dt (¥ (6)

where the Lagrangian integral £(¢,t) is defined in terms of the many

particle Lagrangian density
. . n
L.To00) = R/ - 979 - (2/2m)Ev"-vi-Vo'y (7)

FaY
and where V is the potential energy operator for the total system.
By requiring that Wjo[y] be stationary with respect to variations
. * . I .
in ¥ and ¥ under the constraint that these vanations vanish at the

time end points, one obtains the Euler equations
L N s A *
iy = Hy and -ihy = Hy {(8)

which are Schroedinger's equations for a time dependent system. When
these equations are satisfied, the average Lagrangian density #(r)
reduces to (Bader and Nguyen-Dang 1981a)

2(r,) = N [dfL = (-42/4m)V2a(r.t) (9)
where the symbol fdr denotes the same mode of integration as is used
to define the electronic charge density

piX.t) = N Zgpins J (Tdr; ) (X090 X, ) (10)

= Nfdrop'(x, X0 $(x.X,0)

where x is the set of electronic space and spin coordinates, rj are



the space coordinates of a single electron, X is the set of
coordinates for a fixed nu.olear configuration.  Correspondingly, the

Lagrangian integral for a many-particle system

LI6ut] = [drfdr’ L, Ve,p,1) ()
reduces to
Llpt] = [drL(e,t) = (-h2/4m)fdrv2p(r,1) (12)
Since
Frv2p(r,t) = §dS(r.1)¥p(r,t) * n(r,t) (13)

and since the flux in Vp vanishes at the boundary of an isolated
system (where both p and Vp are zero) its Lagrangian integral is zero.
Therefore  the Lagrangian  integral  2£[y,t] for a closed quantum
mechanical system is zero at each time t and correspondingly the
action integral vanishes for any time interval At.

The atomic Lagrangian integral is defined to be

Gl = fadefdrL(w.Vy.6.0) (14)

were {1 denotes the atomic volume. The atomic action integral then is
given by

+,
Wialv) = It‘dtﬁé’[xb.ﬂ.tl (15)

* - . - .
When ¢ and ¢ satisty Schroedinger’s equations, the atomic Lagrangian

reduces to



Lo = (-h2/4m) fadrV2p(L,1) (16)

a(-#2/4m) $dS(r,HV (1, 1).0(L.1)

If the atomic region f1 is bounded by a surface which satisfies the
zero flux boundary surface condition ( equation 1 ), the atomic
Lagrangian integral vanishes for each point in time t and the atomic
action integral vanishes at each time interval At. This vanishing of
the atomic Lagrangian integral occurs only for those atoms defined in
the manner outlined above. [In general this vanishing of the atomic
Lagrangian will not be true for regions bounded by surfaces that do not
satisfy the zero flux boundary condition. One may consider the
vanishing of the action over the total system as being a consequence of
the action vanishing separately over each atom.

As the system in any given quantum state changes and evolves with
time, the atomic surfaces also evolve in a continuous manner. In this
way the property of exhibiting zero flux surfaces is continuously
maintained, Therefore, for any time interval the atomic action

integral will always vanish,
2 * 2
Wal,8l] = (-A /4m)J‘t difg dr Vy(r,t) = 0 (17)

This condition is the quantum definition of an atom.
Schwinger demonstrated that one can obtain a complete description
of mechanics through a generalization of the requirement that W;5 be

stationary.  This generalization corresponds to the removal of the



constraint that the variations vanish at the time end points together
with the introduction of a wvariation of the time end points
themselves. It is followed by the demonstration that these end point
variations may be identified with the generators of infinitesimal
canonical or unitary transformations. The implementation of these

steps leads to the principle of stationary action which is stated as
A A
§Wi2 = A(t2) - A(ty)

In general, it is found that the variational properties of energy
and Lagrangian functionals defined for arbitrary regions of space do
not correspond to those exhibited by the same functionals defined for
the total system. In the variation of the atomic action integral one
obtains variations of ¥ at the finite boundaries of the atom fl. One is
then forced to generalise the variational procedure and remove the
constraint that the 8¢ vanish at the time end points. The variation of
the atomic action integral W»[$,1] where 0 is arbitrary does not
satist'y the principle of stationary action. However, if the additional
variational constraint that the region 0 be bounded by surfaces of zero
flux in Vp at all points of the variation then the resulting expression
for &W»[$.2] is identical in form and content to the corresponding
expression for the total system. One imposes this constraint by

requiring that

lo = Sty Vieg dr = 0

for all admissible trial functions ¢ and for all t. This implies that

(18)

(19



Sly = 6{Jary drV3ar.t)) = 0 (20)

The expression of the principle of stationary action in operator form
is

k. A &y A A
§Wis = _ﬁ:‘dt(dA/dt} = [ dif (i/h) (H,A]) 2N
+,

A comparison of the above with the atomic expression, which in the

Schroedinger representation is
+; . A A
§Wo[9,0] = {:‘d:{ (i/8) <[H,Al>q + c.c }/2 (22

demonstrates the equivalence of these variational expressions. In
both the above equations, H is the Hamiltonian operator of the system

~ - - . » . N .
and A is the generator of an infinitesimal wunitary transformation
causing the change in the system. The commutator average in equation
(22) is explicitly

A A o A
<[H,Al>q = N o dr [ drf ¥ [H A (23)

which involves an initial sum over all the spins and an integration
over the coordinates of all the electrons but one, followed by an
integration over the space of the atom fl. In equation {22) the region
f1 may be bounded by any surface that satisfies the condition of zero

flux in Vp. Therefore, it applies equally well to the total system as

11



it does to an atom within that system. With this equation, one now has
atoms that obey the same quantum mechanical laws as does the total
system. In other words, the atoms are quantum subsystems.

The principle of stationary action for a subsystem can be expressed
for on infinitesimal time interval in terms of a variation of the
Lagrangian integral as given by equation (12) for the total system.

For the atomic Lagrangian this statement is
A A
SLIVA) = (1/2)((i/h)<[H, Al + cc) (24)

For a stationary state, the Lagrangian integral, apart from the
presence of a  Lagrange muitiplier to insure normalization of o,
reduces to the energy functional used by Schroedinger (Schroedinger
1927) in the derivation of the stationary wave equation. For an atom

in a molecule in a stationary state, this energy functional is
5 . ~ *
(0] = [defdr/{(h2/2m)E;9;9"vVip + (Ver)p'y) (25)
where V denotes the full many-electron potential energy operator, and A
the variational constraint on the normalization of ¥ is identified with
-k, the negative of the total energy. The atomic statement of the
principle of stationary action in terms of this functional is

A A
SE[¥.0] = -(¢/20(i/A)<[HA]>q + c.c } (26)

The derivation of the principle of stationary action for an atom in



a molecule in the time dependent case or in a stationary state yields

{i) the corresponding Schroedinger equation of motion for the total
system, (ii) identifies the observables with the wvariations of the

state function, (iii) defines their average values of the observablus

and (iv) gives their ¢quations of motion. The sratements of the atomic
principle of st._.onary action as expressed in terms of variations in
Yv,0] and E[¥,Q] are variational statements of Heisenberg’s equation

of motion and of the hypervirial theorem for a generator //\\

respectively. They vyield the theorems and relations governing the

mechanics of an atom in a molecule.

C, Atomic Properties Defined
Fay
The atomic average of the property A associated with the operator A
must satisfy the atomic statement of the Heisenberg relation (Bader and

Nguyen-Dang 1981a);

dA(Q,t)/dt = N/Z[(i/h)<[fl\{,;\\]>n + c.cl + £AS(e)((3S(r)/aty pa  (27)

-tda - n(r) + ce. }

Therefore A(fL,t) must be given by

AQY) = [ dipplr) (28)
where
palD) = N [ dr'(1/2)(9" A + cc.) (29)

s A
= N fdr'(1/2)}{¢ (HA]¢ + cc.)



The atomic average of the property A is simply N times the value
obtained for any single electron in the system,

Atomic properties have the necessary property of yielding the value
of A for the total system when summed over all the atoms in the system,

<A> = L A(})

The above equation states that each atom makes an additive
contribution to the value of every property for a total system, This
is the principle underlying the cornerstone of chemistry, that atoms
and functional groups of atoms make recognizable contributions to the
total propertics of a system. In practice, one recognizes a group and
predicts its effect on the static and reactive properties of a system

in terms of a set of properties assigned to that group. In the
limiting coase of a group being essentially the same in two different
systems, one obtains a so called additivity scheme for the total
properties since in this case the atomic contributions in addition to
being additive in  the sen.c of equation (30) above are also

transferabie between molecules.

12, Energy of an Atom _in a3 Molecule

The energy of an atom in a molecule is an atomic property that
deserves  special  comment, Before deriving an expression for the
energy ol an atom in 2 molecule, an expression governing the average
force acting on an atom in a molecule, the Ehrenfest force, is

~

derived.  In this case. the generator A in equation (26) is set aqual

o

(30)

14



A = -€¢D
where p denotes the conjugate momentum associated with the electron

whose coordinate, r

=1

is integrated over the atomic volume {1, one
obtains (Bader 1980, Bader and Nguyen-Dang 1981a). The commutator of H
A
and p is the force operator -V.V and according to equation (29) the
average of this commutator defines the force acting on the electrons in
the atom region 1
/ .54
F(0) = Nfdefdr (1/2) (¢ [H.pl¥ + cc} (39

. ~
= Nfgdrfdry (-V Vg

The variation in E[y,01] for this generator is determined to be ( Bader

and Nguyen-Dang 1981a)
N
SE[¢,Q] = -¢§dS onlr) (3:)

where ¢ is the quantum mechanical stress tensor. [t can be expressed
as a functional of the one-density matrix [‘“)(LE')

j 5.3

o(r)=(h2/4m){(V I+ VT - (Vv e ) oyt (35)
Thus from equation (26), the force acting over the region of an atom

N, E(N) in equation (33), is determined entirely by the force exerted

on its surface
E(Q) = -§dS Fn(r) (36)

If one now sets

(3N

(33

15



A = -erp

in the atomic statement of the principle of stationary action
(equation 26) one obtains the atomic virial theorem (Bader and Nguyen-
Dang 198la);

=2T() = V()
where T(01) is the average electronic kinetic energy of the atom and
Y(fl) is the virial of all the forces exerted on the atom . For a
stationary state V(f1) can be expressed as

V(1) = V() + V()

where

Noox
V() = [adrfdd(-rv vy ¢

is the wvirial of the forces exerted over the basin of the atom

{(compare with equation (33)) and

Vi) = §dS() £ - olr) - n(r) (41)

is the virial of the forces exerted on the atomic surface (compare
with equation (34)). The virial of the Ehrenfest forces acting on an
atom V{f}} in equation (39) defines the electronic potential energy.

The average electronic kinetic energy T(0) can be expressed in the

(37)

(38)

(39)

(40)



following two ways:

K() = (-h2/4m)NJadrfdr(y’ v2e+pw2yp) (412)
or
G(0) = (A2/2m)Nfqdrfdrvy’ vy (43)
In general K(1) differs from G(1) by,
K(Q) = G(O) - (A2/4m)§dS(MVp - n(r) (44)
= G(f1) + L(Y) (45)
However, as these atoms satisfy the zero flux boundary condition,
equation (1), this difference L(f1) vanishes and one has
T(Q) = K1) = G(N) {40)
The kinetic energy of an atom is well defined for atoms since they
satisfy the quantum boundary condition. Thus the total electronic
energy of an atom in a molecule defined in terms of the virial theorem
is
E{l) = T(Q?) + V() (47)
or equivalently
E(?) = -T() = (1/2)V((}) {48)

The energies of the atoms in a molecule, like all atomic properties,



sum to give the total value.

atom in a molecule

Specifically, for the total energy of an

Ee = £ E(Q)

(49)

18



1, Intr ion

The quantum mechanics for open subsystems was developed in Chapter
I of this thesis. These open subsystems were found to obey the same
quantum mechanics as the total system if they satisfied the zero flux
boundary condition (equation 1)

Vo(r) " n(r) = 0

The question to be addressed now is whether or not regions of real space
satisfying this quantum boundary condition actually exist. If such regions
do exist, then they can be identified as the atoms of chemistry. To
answer this question, one turns to examine the topology of the electronic

charge density distribution,

2. Topological Properties of the Charge Density

A. The Charge Density

The state function ¢ determines all of the information that can be
known about a quantum system. If one desires a theory of molecular
structure  that is free of arbitrary or subjective assumptions, noG
information other than that contained in ¥ should be used in  its
development. The state function for a molecular system is a function of
the electronic and nuclear coordinates and also of the time . One
denotes this by (x,X,t) where x is the set of electronic space and spin
coordinates and X the set of nuclear coordinates. While the general

theory applies to the time dependent case, this thesis will primarily study

I9
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systems in a stationary state whose properties do not change with time.
Denoting a solution to Schroedinger's stationary state equation for a
fixed arrangement of nuclei by the symbol (x;X), the probability then of
finding each one of the N electrons in a particular volume element

drj = dx;dyidz; (50)
with spin coordinates o; (equal to either the a or g spin coordinate) for a
given configuration of the nuclei X is given by
$ (XX X)dx  dxg....dxn s1)
where
dx; = drjo; (52)
The corresponding probability independent of spin is obtained by summing
equation (51) over the over the spin coordinates. If the summing over all
spins is followed by an integration over the spatial coordinates of all the
clectrons but one the resulting expression gives the probability of finding
one electron in some elemental volume, independent of the positions of
the other electrons. It does not matter which one of the electrons in
particular is chosen to be excluded from the integration since ¥ is an
antisymmetrized function and therefore all the electrons are equivalent.

This probability is expressed as

probability of one electron being in volume dr| =

E(spins){ fdra fdr3... fdrny (x:X)¥(x,X)dr | (53)

Multiplication of this probability by the total number of electrons N gives
the probability of finding all of the electrons in the volume element dri.

In other words the total probability of finding all of the electronic
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charge in the elemental volume dr. The corresponding probability
density, the probability per unit volume, is called the electronic charge
density and is denoted by the symbol a(r:X). Here the space coordinate
of the single electron, the one which was excluded from the integration,
is denoted by
L=1X+ ]y + kz (54)
The charge density is to be discussed in more detail in this chapter and

it can be written as

AX) = N E(spins)(J draf dr3.. fdre (xX)v(xX)) (55)

The subscript | is suppressed in the above equation since the result
refers to all the electrons but one. The form of the integration given in
equation (55) which yields the density of charge in real space, recurs
throughout the theory and is <conveniently abbreviated in the following
manner

AEX) = NJ drf" (6 X09(X) (56)
where the mode of integration denoted here has previously been discussed

in Chapter 1.

B. The Dominant Form in the Charge Density

The local maxima in a charge distribution are illustrated in Figure
IL.1. The charge density in CoHg is displayed in three planes as
projections in the third dimension above the geometric plane, in other
words as relief maps. The charge distribution exhibits a maximum at the

position of each nucleus in Figure Il.l1a which shows the plane of the



nuclei, In Figure IL.lb is shown a plane which contains the carbon-
carbon nuclei but is perpendicular to that of Figure Il.la and is obtained
by a rotation about the carbon-carbon axis, The charge density <cgain
exhibits maxima at the positions of the nuclei. The observation that a
maximum in the charge distribution occurs at the nuclear positions is true
when the distribution is viewed in any plane that contains the nuclei. It
is this property that is classified as a local maximum in the charge
density.

This behaviour of the charge distribution is to be contrasted with that
displayed at the midpoint of the carbon-carbon axis, Figure Illc. In the
planes shown in Figure |ILLla and ILlb the charge density has the
appearance of a saddle at this midpoint, In the plane perpendicular to
and bisecting the carbon-carbon axis the midpoint appears as a maximum.
In this case the charge density is a maximum in only one particular
plane, Knowledge of the behaviour of the charge density in one or two
dimensions  is  insufficient to characterize its  three-dimensional form.
What is needed is a method of summarizing in a precise manner the
principal  topological features of a charge distribution This can he
acceinplished by wusing  the information provided by the curvatures of the

charge density at its ¢ritical points,

C.Critical Points

Each topological feature of the charge distribution, whether it be a
maximum, a minimum, or a saddle, has associated with it a point in space
called a critical point, alsc known as an extremum. The properties of the

charge distribution can be summarized in terms of its critical points
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(Collard and Hall, 1977. Smith et al 1977). At the critical point, the
first derivatives of the charge density function vanish. Therefore at each
critical point o,
Volre) = 0 (57

where Vp denotes the operation

Vp = idp/3x + [9p/3y + kdp/3z (58)
¥/hether a function is a maximum or a minimum at a eritical point is
determined by the sign of the second derivative or the curvature of the
charge density at that point. The second derivative of a functin f(x) at
x, for a one dimensional function, is the limiting difference between its
two first derivatives which bracket the critical point

d2f(x)/dxy =
lim{ [lim({f(x+Ax)-f(x))/Ax) - lim{(f(x-Ax)-f(x))/Ax)}/Ax ) (59)

At a point where f(x) is a minimum, the second derivative is the
difference between a positive and negative curvature and is therefore
positive. On the other hand for a maximum of f(x) the second derivative
will be a difference between a negative and positive curvature which
results in a value which is negative. For values of «x iying between such
extrema, both curvatures are either positive or negative and the resulting
curvature can be either positive or negative depending upon whether x s
in the region of a maximum or a minimum. At a point of inflection the
second derivative has a wvalue of zero and undergoes a change in sign.
Clearly, from equation (59) above, when the curvature is negative at a
point x, that is f(x) is a maximum, the value of f(x) is greater than the
average of its values at neighboring points x+Ax and x-Ax. The reverse is

true when f(x) is a minimum and the curvature at this point is positive.
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In this case, the value of f(x) will be less than the average value of the
neighboring points x+Ax and x-Ax. The curvature of a three dimensional
function such as the charge density is completely analogous to the one
dimensional case.

From examining Figure ILla it is clear that the critical point between
the two carbon nuclei has one positive curvature which is along the
internuclear axis while in each of the two perpendicular planes it has a
negative  curvature, These central saddle points exhibits the positive
curvature  along the  carbon-carbon axis and one of the negative
curvatures in  Figure Jl.1a and IL1b. The maximum observed in Figure
H.lc is a display of both negative curvatures of this central saddle point,

In general, for an arbitrary choice of coordinate axes, one will
encounter  nine  second  derivatives of the form azp/axay in  the
determination of the curvatures of the charge density at a point in space,
Their ordered 3x3 array is called the Hessian matrix of the charge
density, or simply the Hessian of p. This matrix is 23 real, symmetric
matrix and as such, it can be diagonalized. The new coordinate axes are
called the principal axes of curvature because the magnitudes of the three
second derivatives of the charge density calculated with respect to these
axes are  extremized. The principal axes will correspond to the symmetry
axes if the critical point is at the origin of such a set of axes, In the
particular  examnle of CaHy discussed here, it happens to be the case.
When this occurs, the corresponding curvatures are equal and any linear
combination of the degenerate set of axes will serve as a principal axis
of curvature. The trace of the Hessian matrix, the sum of its diagonal

elements, s invariant to a rotation of the coordinate system. Therefore,



the value of the quantity Vzp, also known as the Laplacian of the charge

density, is given by

V2p = V-¥p = 3%p/dx2 + d2p/ay2 + 3%p/02° (60)

and is invariant to the choice of coordinate system, The oprincipal axes
and their corresponding curvatures at a critical point in  the charge
distribution are obtained as the eigenvectors and corresponding
eigenvalues in the diogonalization of the Hessian matrix. Therefore, the
pairs of terms ‘“curvature and eigenvalue" and “axes of curvature and
eigevector” can be used interchangeably in describing the properties of a
critical point in the churge density.

While all of the eigenvalues of the Hessian matrix may be real, they
may also equal zero. The rank of a critical point, denoted w, is equal to
the number of non-zero eigenvalues or non-zero curvatures of the charge
density at the critical pnint. The signature of the critical point,
denoted o, is simply the algebraic sum of the signs of the cigenvalues or
curvatures of the charge distribution at the critical point. The critical
point is labelled then by giving the two values as (rank.signature) or
(w,o). Thus the central critical point of CsH4 with three non-zero
curvatures, one positive and two negative is classified as a (3,-1) critical
point,

With  relatively few exceptions, the critical points of the charge
distributions  for molecules at or in the neighborhood of energetically
stable geometric configurations of the nuclei are all of rank three. The

near ubiquitous occurrence of critical points which have w=3 in such



26
cases is another general observation regarding the topological behaviour
of molecular charge distributions. It is in terms of the properties of
critical points with rank 3 that the elements of molecular structure are
defined. A critical point which possess at least ¢one zero curvature will
have a rank less than 3 and is said to be a degenerate critical point.
Such a critical point is unstable in the sense that a small change in the
charge distribution as caused by the displacement of the nuclei will cause
the degenerate critical point to either vanish or to bifurcate into a
number of non-degenerate or stable critical points with rank 3, As
structure is a generic property in the sense that a given structure or
arrangement of bonds persists over a range of nuclear configurations, the
observed limited occurrence of degenerate critical points is not
surprising. One correctly anticipates the appearance of 3 degenerate
critical point in a molecular charge distribution signifies the onset of
structural change.

Only four possible signature values exist for critical points of rank 3.

They are:

(3,-3} critical points where all three curvatures are negative and p is a2

local maximum at the point I

(3,-1) critical points where two curvatures are negative and p 5 a
maximum in  the plane defined by their corresponding  axes. The
remaining curvature is positive and p is a minimum at rc along this third

axis which is perpendicular to the previous plane.
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(3,#1) critical point where two curvatures are positive and p 15 a
minimum at r. in the plane defined by their corresponding  axes. The
remaining curvature is negative and p is a maximum at fc along this

third axis which is perpendicular to the previous plane.

(3,+43) critical points where all the curvatures are positive and the charge

density is a local minimum at r.

D. Critical points of Molecular Charge Distributions

The coulombic potential becomes infinitely negative when an  electron
and a nucleus coalesce therefore the state function for an atom or a
molecule must exhibit a cusp at a nuclear position. While it is true that
the charge density is a maximum at the position of the nucleus, this
point is not a true critical point because Vp, like ¥y, is discontinuous
there. However, this is not a problem of practical importance and the
nuclear positions behave topologically as do (3,-3) critical points in the
charge distribution and hereafter, they will be referred as such.

All of the saddle points shown in Figure [l.la are of the {3,-1) 1ype
critical points. A (3,-1) critical point is found between every pair of
nuclei which are considered to be linked by a chemical bond in the Caly
molecule. In  Figure [IL2 is shown a representation of the charge
distribution for two symmetry planes of the cyclopropane molecule. The
topology of the charge distribution for the plane of the three carbon
nuclei shown in Figure H.2a is clearly dominated by the maxima which
occur at the positions of the nuclei. Between the three carbon nuclei are

(3,-1) critical points which appear as saddles. In the centre of the ring



of carbons appears a minimum, Figure I1.2b shows a symmetry plane that
contains a single carbon nucleus and bisects the carbon-carbon  axis
oppasite it in the ring, Here the carbon-carbon midpoint appears to be a
maximum but this is the same behaviour of the (3,-1) critical point as
displayed in Figure II.1b. The central critical point however now appears
as a saddle. It is not until one examines the charge density along the
direction of the C3 axis of this molecule that one discovers the central
critical point appears to be a maximum. Again, knowledge of the
behaviour of the c¢harge density in one or two dimensions is insufficient
ta characterize its  three-dimensional form. This central critical point s
in fact a (3,+!) critical point and appears in all molecules that form a
ring.

The fourth and final kind of stable critical point is illustrated in
Figure 1.3 which gives representations of the charge distribution of the
molecule  tetrahedrane, The chemical structure assigned to this molecule
is that of a cage. The critical point at the centre of the molecule
appears  as a4 minimum in the dizgram and pecause of the symmetry
possessed by this  molecule  this  critical point will have the same
appearance when viewed in  any plane. It is therefore a (3,+3) critical
point and the charge density is a local minimum at the centre of the
cage  structure, Each cage structure will display such a (3,#3) critical
point,

The existence of a connection between the number and kind of critical
puints appearing in a charge distribution and its chemical structure has
been  demonstrated, It will now be shown that the qualitative associations

of the topological features of the charge distribution with elements of
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molecular structure can be replaced by a complete theory which recovers
all of the elements of structure in a manner that is totally independent
of any information other than that contained in the <charge distribution
itself (Bader et al 1981b). The underlying structure of the c¢harge
distribution is brought out most clearly by its associated gradient vector
field. The boundary condition of a quantum subsystem is also stated in
terms of this gradient vector (field. It is the most remarkable coincidence
of reasons for studying the gradient vector fic!ld, one from the quantum
definition of a subsystem, the other from the independent demonstration
that its form vyields a mapping of the elements of molecular structure,

that gives the theory of atoms in molecules its unified structure,

E. Gradient Vector Field of the Charpe Density

The gradient wvector field of the charge density is represented through
a display of the trajectories traced out by the vector Vp. A trajectory
of Vp, also called a gradient path, starting at some arbitrary point [g s
obtained by calculating Vp(rg), moving a distance Ar away f{rom this point
in the direction indicated by Vp(rg). This procedure is repeated until the
path so generated terminates. This operation 15 the three-dimensional
analogue of approximating a onre-dimensional function f(x) in terms of 1
tangent line at x

fix+ax) = f{x) + (df/dx)Ax (61}

The above expression as a consequence of the definition of a derivative
becomes exact in the limit Ax = dx.

Trajectories of Vp possess the following properties:

a) Since the gradient wvecter of a scaler function points n  the direction
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of steepest ascent, the trajectories of Vp are perpendicular to lines of
constant density, That is to say that the gradient vectors of the charge
density will be perpendicular to contour lines of p.

b) The vector Vp(r) is tangent to its trajectory at each point r.
c) Every trajectory must originate or terminate at a point where Vp(r)
vanishes, that is at a critical point.
d) Trajectories c¢annot cross since Vp(r) defines only one direction at
gach point r
The differential equation for Vp(r) is

dr(s)/ds = Vp((s)) (62)
where the notation r(s) implies that a point r on a given trajectory is
dependent upon a path  parameter s. Equation {62) represents three first

order differential  equations and it yields unique solutions only when

particular values are assignad to the three constants of iategration, This
corresponds to fixing some initial point on a trajectory at s = sp for
example. Then every other point on the trajectory that passes through

the point r{sy) is obtained by integrating equation (62) with the three
constants of the integration given by the components r{s;)

1(s) = sy) + j Va(r(thde (63)
A trajectory  of  the gradient  vector field of ¥Vg(r) is  therefore a
parameterized  integral  curve or  solution curve, of the differential
equation  for  Vp(r). By fixing a point on a given trajectory all other
points which lie on the same trajectory can be obtained by solving

equation (61).
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E, Phase Portraits of the Gradient Yector Field
An eigenvalue and its associated eigenvector of the Hessian of the
charge distribution (a principal curvature and its associated axis) at a
critical point define a one-dimensional system. If the ecigenvalue or
curvature is negative, then p is a maximum at the critical point on this
axis and a gradient vector will approach and terminate at this point from
both its left and right hand side as illustrated in Figure L4 for the
case (l,-1) which is a system with rank | and signature -I. I the
eigenvalue is positive then p is a minimum at the critical point on this
axis and two gradient vectors will originate at this point as illustrated
for the case (1,+1). In two dimensions, if both eigenvalues are negative
then p is a maximum at the critical point and all trajectories of Vp will
terminate at the critical point as illustrated for the case (2,-2). This
set of trajectories is defined by all possible linear combinations of the
two  associated eigenvectors which span the two dimensional  space,
Similarly if both eigenvalues are positive then p is a minimum at the
critical point and all trajectories will originate at the critical point and
again define a surface as illustrated for the case (2,+2). A more

interesting situation is observed when the two eigenvalues are of opposite

sign producing a signature of zero. The charge density in the two
dimensional plane has the form of a saddle as iilustrated for the case
(2,0). In this situation the two trajectories associated with the axis of

the negative curvature terminate at the critical point while the twg
associated with the positive curvature originate there. The trajectories
formed by the linear combinations of the two associated eigenvectors

neither terminate nor originate at the ~critical point but instead avoid
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In three dimension, the pairs of eigenvectors associated with the two
negative or two positive eigenvalues of a (3,-1) or (3,+1) critical point,
respectively  will again define a surface, Unlike the two dimensional
examples discussed above, these surfaces will be planar only if the
critical point r. lies in a symmetry plane. If this is not the case, then
the surface will be planar only in the immediate neighborhood of r. and
will in general be curved beyond this region but still defined by the
unique set of trajectories which terminate at a (3,-1) critical point or
originate from a (3,+1) critical point, In the final diagram in Figure I1.4
is displayed of the three dimensional form of the phase portrait of a
{3,-1) critical point. The unique pair of trajectories associated with the
single positive eigenvalue originate at the critical point, as in the (1,+1)
case illustrated above. The set of trajectories defined by the linear
combinations of the pair of eigenvectors associated with the two
negative  eigenvalues terminate at the critical point and define a surface.
The  charge density is a maximum in the surface at the critical point and
a minimum at this same point along the perpendicular axis. The
behaviour of the charge density at a (3,+41) critical point is just the
converse of that described for the (3,-1) case discussed above. Its phase
portrait 15 obtained by simply reversing all the arrows in the phase

portrait of the (3,-1) case.

i, Elements of Molecular Structur
The gradient vector field of the charge density in the plane containing
the nuclei of the CaHy molecule is illustrated in Figure IL5. A (3,-3)

critical point, which occurs at the position of each nucleus, serves as the



terminus of all the paths starting from and contained in  some
neighborhood of the critical point. A (3,-3) critical point exhibits the
property which defines a point attractor in the gradient wvector field of
the charge distribution: there exists an open neighborhood B of the
attractor which is invariant to the flow of ¥p such that any trajectory
originating in B terminates at the attractor, The largest neighborhood
satisfying these conditions is called the basin of the attracior.

Since (3,-3) critical points in a many-electron charge distribution are
generally found only at the positions of the nuclei, the nuclei act as the
attractors of the gradient wvector field of p(r.X). The result of this

identification is that the space of a molecular charge distribution, that

is to say real space, is partitioned into disjoint regions or basins. Each
of these regions contains one point attractor or  nucleus. This
fundamental topological property of a molecular charge distribution s

illustrated in Figure IL.5a which depicts only those gradient paths of the
charge distribution which terminate at each of the nuclear attractors in
the molecule, While Figure [I[.5a illustrates this property for only one
plane, it is to be emphasized here that because the charge distribution is
a local maximum at a nucleus, which is a (3,-3) critical point, the basin
of an attractor 15 a region of three dimensicnal space and  the
partitioning  which is  so clearly indicated in  Figure Il.5a  extends
throughout all of space. An atom, free or bound, is defined as the union
of an attractor and its associated basin,

Alternatively, an atom c¢an be defined in terms of its boundary. The
basin of the single nuclear attractor in an isolated atom covers the entire

three dimensional space R3. For an atom in a molecule, the atomic basin
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15 an open subset of R3, It is separated from neighboring atoms by
interatomic  surfaces. The existence of an iateratomic surface denoted as
SAR, signifies the presence of a (3,-1) critical point between neighboring
atoms A and B. The presence of such a critical point between certain
pairs of nuclei was noted above as being a general topological property of
molecular charge distributions, Their presence now appears as providing
the boundaries between the basins of neighboring atoms. As discussed
above and illustrated in Figure II.4, the trajectories that terminate at a
(3,-1) critical point define a surface, called the interatomic surface Sap.
In a sufficiently small neighborhood of the critical point at . the
interatomic  surface coincides with its tangent plane at r. which s
lincarly spanned by ¥; and v which are the eigenvectors associated with
the negative eigenvalues of the Hessian matrix of p at e The entire
interatomic  surface can be obtained by solving differentiai equation (62)
for initial conditions ry = r{0), such that each 1rg belongs to the
intersection of the surface with the above neighborhood of r. and s
thus expressible as a linear combination of v| and vj.

It was shown in Figure ILIc that the charge density is a2 maximum at
a (3,-1) ecritical point in this surface. Figure IL5b shows in addition to
the trajectories that terminate at each of the nuclei in CaHy, the
trajectories  associated with each of the (3,-1) critical points. Two
trajectories terminate at each such critical point in the piane of the
diag-am. They denote the intersection of the interatomic surfaces with
this plane. It should be noted that each such pair of trajectories are but
two of an infinity of gradient paths all of which terminate at a (3,-1)

critical  point. This set of gradient paths define a surface in three
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dimensions as shown in Figure I1.4, The atomic surface Sp of atom A is
defined as the boundary of its basin, Generally this boundary comprises
the union of a number of interatomic surfaces  separating two
neighboring basins and some portions which may be infinitely distant from
the attractor.  The atomic surface of a carbon atom in CsHy4 as scen in
Figure IL5 for example, consists of three interatomic surfaces, two with
hydrogens and one with the other carbon atom.

Through a generalization of the quantum action principle a  single
variational that defines the observables, their equations of motion and
their average values for the total system or for an atom within a system
is obtained. This generalization to a subsystem of some total system only
applies to a region that satisfies a particular constraint on the variation
of its action integral. This constraint requires that the subsystem be
bounded by a surface of zero flux in the gradient vector field of the
charge density as stated in equation 1. In order for the scalar product
of n, the vector normal to the surface, with Vp to vanish, it is necessary
that the atomic surface not be crossed by any trajectories of Vp and as
such it is referred to as a zers flux surface. The state function ¥ and
Virn where the gradient is taken with respect to the coordinates of any
one of the electrons, vanish on the boundary of a bound system at
infinity. Thus p and Vp vanish there as well and a total isolated system
is also bounded by a surface which satisfies equation |. Since the
generalized  statement of the action principle applies to any region
bounded by such a surface, the zero flux surface condition places the
description of the total system and the atoms which comprise it on equal

footing.



The interatomic surfaces along with those surfaces found at infinity
are the only closed surfaces in R3  which satisfy the =zero flux condition
of equation |, This is a natural result of the property of an atomic
basin as shown in Figure II5a, All the trajectories in the vicinity of a
given nucleus terminate at that nucleus and no trajectories cross from
one basin to the other. Since trajectories of Vp never cross, the zero
flux  surface condition follows directly from the definition of an
interatomic surface in terms of the set of trajectories which terminate at
a (3,-1) critical point. In terms of this same definition, it follows that
the vector Vp(r} will be tangent (o the surface S(r) of an atom at every

point r.

H, Chemical Bonds and Molecular Graphs

Figure [1.5b shows the pairs of gradient paths which originate at each
(3,-1} critical point and terminate at the neighboring  attractors. As
previously discussed and illustrated in Figure 114, each such pair of
trajectories is defined by the eigenvector associated with the unique
positive  eigenvalue of a (3,-1) critical point. These two wunique gradient
paths define a line through the charge density linking the neighboring
nuclet along which the value of the charge density is a maximum with
respect to any neighboring line. Such a line is found between every pair
ol nuclet whose atomic basins share a common interatomic surface. In
the general case, this line is referred to as the atomic interaction line.

The existence of a (3,-1} critical point and its associated atomic
interaction  line  indicates that electronic charge density is accumulated

between the nuclei that are so linked. This is made clear by studying
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the displays of the charge density for such a critical point, like those
shown in Figure 1Ll for example, particularly in Figure IL.lc which shows
that the charge density is a maximum in an interatomic surface at the
position of the critical point, This is the point where the atomic
interaction line intersects the interatomic surface and charge is so
accumulated between the nuclei along the length of this line, Both
theory and observation concur that the accumulation of electronic charge
between a pair of nuclei is a necessary condition if two atoms are to be
bonded to one another. This accumulation of charge is also a sufficient
condition when the forces on the nuclei are balanced and the system
possess a minimum  energy equilibrium  internuclear separation. The
presence of the atomic interaction line therefore satisfies both  the
necessary and sufficient conditions that the atoms are bonded 1o one
another. In this case the line of maximum charge density linking the
nuclei is cailed a bond path (Bader 1975. Runtz et al 1977) and the
associated (3,-1) critical point is referred to as a bond critical point,

For a given configuration X of the nuclei, a molecular graph, s
defined as the union of the «closures of the bond paths or atomic
interaction lines (Bader et al 1981b). Pictorially, the molecular graph s
the network of bond paths linking pairs of neighboring nuclear attractors.
The molecular graph isolates the pair-wise interactions present in  an
assembly of atoms which dominate and characterize the properties of the
system be it at equilibrium or in a state of change.

A molecular graph is the direct result of the principal topologicai
properties of a system’s charge distribution; that the only local maxima,

(3,-3) critical points, occur at the positions of the nuclej thereby

k¥
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defining the atoms, and that (3,-1) critical points are found to link
certain, but not all pairs of nuclei in a molecule. The network of bond
paths thus obtained is found to coincide with the network generated by
linking together those pairs of atoms which are assumed to be bonded to
one another on the basis of chemical considerations. Molecular graphs
for a sampling of molecnles in equilibrium geometries with  widely
different bonding properties are illustrated in Figure IL6. The existence
and position of a bond or (3,-1) critical point in this and other figures is
indicated by a black dot,

The recovery of a chemical structure in terms of a property of the
system's charge distribution is 3 most remarkable and important result.
The representation of a chemical structure by an assumed network of
lines has evolved through a synthesis of observations on elemental
combination and models of how atoms combine, particularly models of
chemical valency. This is a model which states that the ability of a given
type of atom to form bonds, its valency, can be saturated and that
valency is determined by the number of wvalence -electrons. A great deal
of chemical knowledge goes into the formulation of a chemical structure
and, correspondingly, the same information is successfully and succinctly
summarized by such structures. The demonstration that a  molecular
structure can  be faithfully mapped onto a molecular graph imparts new
information to them. The nuclei joined by a line in the structure are
linked by a line through space along which electronic charge density, the
glue of chemistry, is maximally accumulated. Finding the physical basis
for a molecular structure also leads to a broadening of the concept which

is that the dominant interactions between atoms, be they attractive or



repulsive, have a common physical representation. This is not an entirely
surprising result since the ever present nuclear excursions from an
equilibrium separation between a pair of atoms force a sampling of these
same portions of a potential surface even though the atoms are
considered to be bonded to one another. It is in answer to the closely
related questions of what is meant by the making and breaking of
chemical bonds that leads one to consider the most important extension
of the molecular structure concept. The dynamic behaviour of the
molecular graphs as caused by the relative motions of the nuclei forms
the basis for the definition of structural stability and the analytical
description of the mechanisms of structural change.

It is to be stressed that a bond path is not to be understood as

representing a "bond" The presence of a bond path linking a pair of

nuclei implies that the corresponding atoms are bonded to one another,
As demonstrated later, the interaction can be characterized and classified
in terms of the properties of the charge density at its associated (3,-1)
critical point.

The agreement of structures predicted in  this manner by quantum
mechanics for a  wide variety of systems with chemically accepted
structures, shows that the many models which are used to rationalize the

network of bonds in a molecule may be replaced with a single theory of

molecular structure.

J. Rings and Cage

19

The remaining critical points of rank three occur as consequences of

particular geometrical arrangements of bond paths and they define the
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remaining elements of molecular structure, rings and cages. If the bond
paths are linked so as to form a ring of bonded atoms, as in
cyclopropane for example, then a (3,+1) critical point is found in the
interior of the ring. As discussed above and illustrated in Figure II. 4,
the eigenvectors associated with the two positive eigenvalues of the
Hessian matrix of p at this critical point generate an infinite set of
gradient paths which originate at the critical point and define a surface,
called the ring surface. This behaviour is illustrated here by the gradient
paths in the symmetry plane of the cyclopropane molecule as shown in
Figure 112, All of the trajectories which originate at the critical point
at the centre of the ring of nuclei, the (3,+1) or ring critical point,
terminate at the ring nuclei, but for the set of single trajectories each of
which terminates at one of the bond critical points whose bond paths
form the perimeter of the ring. These bond paths are noticeably inwardly
curved away from the geometrical perimeter of the ring, a behaviour
characteristic  of systems which are electron deficient. The remaining
eigenvector of a ring critical point, its single negative eigenvector,
generates 2 pair of gradient paths which terminate at the critieal point

and define a unique axis perpendicular to the ring surface at the critical

point. In cyclopropane this axis is perpendicular to the plane shown in
Figure 114 It represents the intersection of the boundaries of the basins
of the hvdrogen and carbon atoms forming the ring. A ring, as an

element  of  structure, is defined as 1 part of a molecular graph which
bounds a ring surface.
If the bond paths are so arranged as to enclose the interior of a

molecule with ring surfaces then a (3.+3) or cage critical point is found
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in the interior of the resulting cage. The <charge density is a local
minimum at a cage critical point. The phase portrait in the vicinity of a

cage critical point is shown in Figure 11.3a for tetrahedrane,

A Theory of Molecular Str r

The ideas underiying the definition of  structure and  structural
stability are first introduced in a qualitative manner with the aid of
examples, The basic idea makes use of an equivalence relationship of
gradient vector fields of the charge density as a function of nuclear
configurations X, equivalent wvector fields possessing the same molecular
graph.

Consider the thermal isomerization of HCN to the isocyanide, CNIL.
The gradient vector fields of the charge density, the fields ¥p(r;X) and
the associated molecular graphs for points X in  nuclear configuration
space along the reaction coordinate are illustrated in  Figure [1.7. The
transition state occurs between values of the parameter 6 = 72.1 and
72.4, The gradient vector fields of all configurations up to the transition
state are equivalent, the gradient paths for one configuration X can be
mapped onto those for another, and they all have the same molecular
graph corresponding 10 the structure H-C-N. This  molecular graph i3
obtained for any and all arbitrary displacements of the nuclet in  the
vicinity of the equilibrium geometry of HCN. The structure denocted by
one of the equivalent molecular graphs is a stable structure, as it occurs
throughout an open region of nuclear configuration space. The gradient
vector fields obtained after passage of the system throupgh the transition

state, while belonging to a single equivalence class, are not equivalent to
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those which preceded the transition state. They correspond to the new
structure  C-N-H, which is also a stable structure, since it also persists
for arbitrary nuclear motions, At some point in the neighborhood of the
transition state, there is an abrupt and discontinuous change in structure,
from H-C-N to C-N-H, as a result of the system passing through a
configuration X. for which the gradient vector field and molecular graph
are structurally unstable, that is, they exist for only one configuration on
the reaction path, The structure corresponds to one in which the bond
path from the hydrogen does not terminate at either the carbon or the
nitrogen nucleus, but rather at the (3,-1) or bond critical point of the C-
N bond path. This arrangement of bond paths is unstable as it
corresponds  to  the two dimensional manifold of the bond critical point
acting as an attractor in  three-dimensional space. Such an intersection
of manifolds of two (3,-1) critical points is mathematically unstable and is
termed a  conflict catastrophe, as the two attractors are in competition
for a line of maximum charge density, the bond path to the proton.

The conflict mechanism represents one way in which a stable structure
can  be changed into another and it oc¢ours by passage of the system

through a catastrophe point X

X, a configuration of the nuclei for which

the associated gradient  vector field of the charge density is unstcble to

nuclear motions. There is only one other type of possible instability of a
gradient  vector field, and it is termed a bifurcation catastrophe. It s
illustrated bv the transformation of the ring structure in
(1.!.1]propellane into a cage structure, as shown in Figure IL.8. The

change in p which accompanies an extension of the bridgehead C-C bond

causes  the three (3,+1) or ring critical points to migrate towards the (3,-
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1) or bond critical point of the bridgehead bond. The charge density in
the piane of the ring has a positive curvature at each of the ring critical
points and a negative curvature at the bond critical point, the axes for
both curvatures lying along a common C> axis. For some particular
extension of the C-C separation, the four critical points coalesce o form
a single, new critical point and the gradient vector field undergoes  an
abrupt change into one which is no longer equivalent to  those  which
preceded it. At coalescence, the original positive and negative curvatures
lying on the Cs axis must vanish and the result is a eritical point  of
rank  two, a degenerate critical point. Such  a  critical  point s
mathematically unstable with respect to the changes in  » caused by
nuclear motions, It exists only for this one configuration of the nuclei
along the reaction cnerdinate. Further extension of the C-C separation
causes the unstable critical point to vanish, the C-C bond has been
broken and the ring structure has been transformed into  the cage
structure, Fhese changes are summarized by the profiles of p along  the
direction of approach of the two critical points shown in Figure 11.9,

The discussion so far has demonstrated that the definition of structure
is inextricably beund up with the definition of structural stability. The
result of applying the equivalence relationship to the field Xy s oa
partitioning of nuclear configuration space rRQ into 2 finite number of

non-overlapping regions, each of which is characterized by 4 unique

molecular  structure (Bader et al 1981b). The structurally stable, open
regions, called structural regions, are separated by boundaries,
hypersurfaces in the space rRQ, A point on a boundary possesses a

structure  which is  different from but transitional to the structures
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characteristic of either of the regions it separates. Since a boundary is
of dimension less than RQ. arbitrary motions of the nuclei will carry =z
point on the boundary into neighboring stable structural regions and its
structure  will undergo corresponding changes. The boundaries are the
loci of the structurally unstable configurations of a system. In general,
the trajectory representing the motion of a system point in RQ will carry
it from one stable structural region through a boundary to a neighboring
stable structural region, The result is an abrupt and discontinuous
change in structure as illustrated in the above examples. A change in
structure  is  catastrophic and for this reason the set of unstable
structures is called the catastrophe set. A point in a structurally stable
region of nuclear configuration space is termed a regular point, and a
point on one of the structurally unstable boundaries is termed a
catastrophe point,

A knowledge of the stable structural regions and their boundaries as
defined by the catastrophe set enables one to construct a  structure
diagram, a  diagram  which  determines all possible structures and  all
mechanisms  of  structural change for a given chemical system,. Figure

(110 is a 1wo-dimensional cross-section of the structure diagram for an

ABC  system, (The reason for the particular form shown there is justified
in terms of catastrophe theory, (Thom 1975)). The letters may stand for
atoms  or  functional groupings of atoms. The full lines, denoting the

catastrophe  set, partition nuclear configuration space into its structural
regions, The hypocycleid portion  denotes the loci of the bifurcation
catastrophes, of  the type illustrated in Figure 11.§8 and the three semi-

axes, the loci of the conflict catastrophes, as illustrated in Figure I1.7.
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An equivalence relation for molecular graphs is defined as [ollows:
two molecular graphs are equivalent if an only if they are associated with
two points of the same structural region. An equivalence class  of
molecular graphs is called a molecular structure. It is then seen that a
unique molecular structure is associated with a given structural region
and that molecular structure, as defined above through the equivalence of
molecular graphs, necessarily fulfills the requirement of being generic.

By appealing to the theorem of structural stability of Palis and Smale
{41] one can show that only two kinds of structural instabilities or
catastrophe points can arise and that there are therefore, only two basic
mechanisms for structural change in a chemical system.

Palis and Smale’s theorem of structural stability when used to describe
structural changes in molecular system predicts a conliguration X € RQ
to be structurally stable if p{r;X) has a finite number of critical points
such that:

(a) each critical point is non-degenerate, and

(b) the stable and unstable manifolds of any pair of critical points
intersect transversely.

The immediate consequence of the theorem is that a  structural
instability can be established through one of two possible  mechanisms
which correspond to the bifurcation and conflict catastrophes previously
described. A change in molecular structure can only be caused by the
formation of a  degenerate critical point in  the electronic  charge
distribution or by the attainment of an unstable intersection of  the

submanifolds of bond and ring critical points.
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Displays of the charge density in three planes of the ethylene molecule,
CoHg.  On the left, the diagrams show the value of the charge density as g
projection above the geometric plane called a relief map. On the right are
the corresponding contour plots of the charge density.

{(a) The plane containing the nuclei,

{b) The perpendicular plane containing only the carbon nuclei.

(c) The perpendicular plane bisecting the carbon-carbon internuclear axis.
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Figure I1,2

Contour plots and gradient vector field displays of the charge distribution
for two symmetry planes in cyclopropane, C3Heg.

(a) The plane containing the three carbon nuclei. In the centre of the
ring is a (3,+1) critical point. Black dots mark the positions of {(3,-1)
critical points.

(b} A o, symmetry plane containing a carbon nucleus and its associated
protons, The lower (3,-1) critical point is the bond critical point between

the two other out of plane carbon atoms,
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Figure 11.3

Gradient  vector field (9) and contour plot (b) of the electronic charge
distribution in tetrahedrane, Cg4Hy. The critical point at the centre of the
cage is a (3,+3) critical point which is common to all four carbon nuclei.

The wupper (3,-1) critical point is the bond critical point between the two

out of plane carbon nuclei.
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Figure 11.4

Phase protraits of the gradient vector field illustrating the behaviour of
gradients paths originating or terminating from critical points. Direction
of the gradient vectors are represented by the 2rrows. The dot surface
representation  above each  phase portrait shows the appearance of the

charge distribution itself.
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Figure 11,5

Gradient vector field displays of ethylene, CoHy.

(a) Only trajectories that terminate at the positions of the nuclei are
shown, The set of trajectories that terminate at a given nucleus or
attractor defines the basin of that attractor.

{b) Same as above but with trajectories which originate or terminate at the
(3,-1) critical points included. The two trajectories that terminate at the
(3,-1) critical points indicates the intersection of the interatomic surface
with the plane displayed. Those gradient paths which originate from the
(3,-1) critical point and terminate at & neighboring nucleus define the bond
paths linking the nuclei,

(¢} Superposition of the trajectories originating or terminating at the (3,-1)
critical  points on a1  contour map of the charge distribution. These

trajectories define the boundaries of the atoms and the molecular graph,
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Figure 11,6
Molecular graphs for a varity of molecules in the equilibrium geometries.

Bond critical points are indicated by a black dot.
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Gradient  vector  fields along the reaction coordinate for the thermal
isomerization  of  isocyanide, CNH. Molecular graphs for each configuration
are  alos  shown. These molecular graphs illustrate one of two mechanisms

for strucutral change, the conflict mechanism.
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Figure ]I

Molecular graphs,a-c¢, of three geometries of the [l.l.i]propellane molecule.
Bond paths for the CH bonds are not shown, The dotted lines represent
profiles of the ring surfaces.

(a) The equilibrium geometry. Bond critical points are shown as black
dots. The structure is three rings sharing a common bridgehead bond.

(b) The Uridgehead distance has been increased wuntil the three ring critical
points and the bridgehead bond critical point have coalesced, shown as 2
black square. This is an unstable structure as any motion of the carbon
nuclel will change the structure,

(¢} On  further increasing the CC  bridgehead distance, the singularity
bifurcates, forming three new ring critical points and a cage critical point.

(1) Contour  plot  of the charge distribution for a symmetry plane of
[1.1.}]propellane  containing the bridghead bond. The ring critical point is
shown as a  black  triangle. Attentioon is drawn to the proximity of the
ring critical point to the bridgehead bond critical point.

{¢) Contour plot of the symmetry plane in cyclopropane containing the

three carbon nuclei. This plot is given for comparison with that in (d)
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Figure 119

Profile of the charge distribution along the direction of approach of a ring
critical point to a bond critical point, This  illustrates the second
mechanism for structural change, the bifurcation mechanism.

(a) Shortly after coalescence of the ring with the bond critical point.

{b) At the point of coalescence of the ring and bond critical point, The
new critical point formed is marked by a star.

{c) Prior o coalescence. The ring critical point appears as a minimum

while the bond critical point appears as a maximum,
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“igyure 11

A two dimensional cross section of the structure diagram for an ABC
system. The full lines, denoting the catastrophe set, partition nuclear
configuration  space into its structural regions. The structure associated
with  each structural region is indicated by a representative molecular
graph. The two dotted lines show the two possible mechanisms for

structural change on going from the ABC structure to a BCA structure.
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. In i

Chapter | outlined the quantum mechanical basis for the definition of
atoms in molecules, structure and structural stability. Also defined were
atomic  properties, with special attention given to atomic energies, In
this and subsequent chapiers, a study of twenty six hydrocarbon
molecules using these definitions will be discussed, This study will apply
the concepts developed in the previous chapter to the understanding of
bonding and structure in a number of hydrocarbon molecules. This group
of  molecules  studied is comprised of eight normal  aikanes, four
cycloalkanes, seven bicyclic alkanes, four propellanes, tetrahedrane,
spiropentane  and  cubane. The  eight alkanes are methane, ethane,
propane, butane, pentane, isopentane, neopentane and hexane. The four
cycloalkanes  are  cyclopropane, cyclobutane, cyclopentane and cyclohexane

while  the  seven  bicyclic  molecules  studied  are bicyclo[1.1.0]butane,

bicyclo[2.1.0]pentane, bicyclo[2.2.0]hexane, bicyclo|l.1.l]pentane,
bicvelo[2.1.1]hexane, bicyelo(2.2.1]heptane, bicvclo[2.2.2]octane . The
propeilanes  studied  are  [i.l.t]propellane, [2.1.1]propellane, [2.2.]1]propellane
and  [2.2.2)propellane. The  distinguishing  feature  between the  bicvelic

compounds and their propellane counterparts is the presence or absence
of  the bridgehead bond. This feature will be examined closely and

illustrated with [1.1.1)propellane and bicyclo[}.1.1]pentane.
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2. Application of Theory

A Bon n r r

For each of the above molecules, wave functions were calculated using
the computer program GAUSSIANSG. In most cases these wave functions
were obtained by using the 6-3IG‘ basis set at the corresponding
optimized geometry (Wiberg and Wendoloski 1982, Wiberg 1983. Wiberg ot
al 1983). These calculations are denoted 6-310‘/6-510'. In a few cases,
namely for the molecules 11, 15, 17 and 22, the 6-3IG‘ basis was used at
the 4-31G optimised geometry and these calculations are denoted  6-
31G*/4-31G.  The differences between the 6-31G° and 4-31G  geometries
are generally quite small (Ibrahim and  Schleyer  1985). A partial
comparison is made between 6—316"/6-3|G‘ and 6-3IG'/6—3IG. results
given in the following Chapter. All the critical points of each molecule
can be quickly found using a computer program which searches the charge
density for points r that have Vp(r) = 0. Upon locating  these  critical
points, a full characterization is done. The rank and signature of the
Hessian at each such point is determined so that the critical point can  be
classified by its type. The wvalues of properties such as the charge
density at this critical point are determined, [dentification  of  the
individual component atomic fragments that make up the  particular
molecule under study can then be done. All bond paths and atomic basing
are identified. The structure of the molecule is now known.

The structures of the molecules studied here are shown by their
molecular graphs whick are displayed in Figure [IL1. ft s seen that the
molecular graphs coincide in the most part with the traditional idea as tu

the “"structures” of these molecules. Methane’s  structure 1S seen 1
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consist of the network of tetrahedrally arranged «carbon to hydrogen
bonds. The structures of the propellanes and their corresponding Dbicyclic
compounds give examples of ring and cage structures. The structure of
the propellanes studied here consist of a three rings which share a
common bridgehead bond, each ring being either three or four membered.
The three rings in the propellane structures share one common bond,
namely the bridgehead bond.  Addition of a molecule of hydrogen across
this bond yields the corresponding bicyclic molecule.  The structures of
the c¢arbon framework found in the bicyclic molecules ,16-19, differ from
those of their propellane counterparts in a most important aspect, the
absence of the bridgehead bond. It should be noted here that the theory
determines  the structure of a molecule and hence is able to discern
between the structural differences occurring in any set of molecules.

A wider variety of structures are displayed by the bicyclic molecules.
Whenever a set of rings enclose a region of space to form a closed or
cage  structure, a  {3,+43) critical point is found inside this cage.
Structures 16 and 19 are cage siructures. The cage is bounded by three
ring surfaces which are curved in these cases as the ring critical point s
dcl'lcclcd away from the geometric surface defined by the nuclei making
up the ring.  These three rings enclose the cage critical point. As the
signature  of this critical point indicates, this point is a minimum in the
charge  density. All three orthogonal directions away from this cage
critical point leads to an increasing charge density.

Structure 18 Bicyclo[2.2.1]heptane is an open structure, there are only
two five membered rings sharing a common apex and there is no cage

critical point for this molecule. Structure 17, Bicyclo[2.1.11hexane,



exhibits two rings but is not an  open structure as 18 is.
Bicyclo[2.2.1]hexane, more commonly known as norborane, is of Ca,
symmetry and has two ring critical points along the two fold axis. The
gradient vector field in the plane containing these two ring critical points
shows that they are connected by a gradient wvector. This situation is g
topologically unstable one as any unsymmetrical motion of the carbon

nuclei will change this structure into either a cage or open structure,

B. [1.1.1)Propeilane as an Example

The propellanes and their Dbicyclic congeners exemplify the contrasting
behaviour exhibited by the charge density between a pair of nuclei in
situations where the atoms are and are not bonded o0 one another,
Figure IIL.2 gives relief maps of the charge density in the plane which

bisects and is perpendicular to the bridgehead internuclear axis for  cach

propellane and its bicyclic analogue. Such a plane contains  the  critical
point in the interatomic surface between the bridgehead atoms. It also
contains the critical point in  the interatomic  surface  bhetween  the

methylenic carbon atoms linked by a peripheral bend and/or the C und H
nuclei of a peripheral CH» group in the case of three-membered ring in a
propellane or corresponding group in the bicvclic molecule. The charpe
density is a maximum at a bond critical point in the interatomic surfuce.
Thus the diagrams for the [2.2.2)propellane and bicyclof2.2.2]octane
systems shown in Figure Iil.2a both exhibit three maxima in the charge
density corresponding to th2 three peripheral bonds between the

methylene groups. These maxima in bonded density are replaced by the

nuclear maxima of a CHs group in [l.l.1]propellane. The purpaose of the

o



dingram is to contrast the behaviour of the charge density at the
bridgehead critical  point  for the propellanes with that found for the
hicyclic molecules. In the propellanes which possess a bridgehead bond,
the charge density is a maximum at this point, while in the bicyclic
molecules which do not possess a bridgehead bond, the charge density is
1 minimum at this same point. In the propellane molecules there is a line
of maximum charge density linking the nuclei. However, in the bicyclic
molecules such a line is absent and the charge density is instead a local
mimimum at the central critical point. There s, therefore, an essential,
qualitative  difference  in the manner in  which electronic charge s
distributed  along a line linking a pair of bonded nuclei (as between the
bridgehead  nuclei  in the propellanes) as compared to that linking two
nuciei  that  are not bonded (as between the nuclei in  the corresponding
bicyclic structures),

In  addition  to  the Fundamental difference in  the form of the
bridgehead  charge  density  between the two sets of molecules. there are
also  substantial quantitative differences in the values of The value of
#» at the bond critical in  [I.1.1]propellane is 0.203 au, four-fifths the
value of a normal C-C bond while the wvalue of p at the corresponding
cage  enitical point in o the  bicvelic molecule is 0.098 au. It is also clear
from Figure HL2 that the values of p at the bond critical point and the
three adjacent ring  criticai  points are almost equal, giving rise to a very
broad bonded maximum in g in  the bridgehead interatomic surface in
[1.1.1)propellane.

The  fundamental difference in  the manner in which electronic charge

15 distributed in the bridgehead internuclear  region, between the
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propellanes  and the  carresponding bicyclic molecules, is not made
apparent in  density difference maps (Dunitz et al 1983, Such
deformation maps show a region of charge depletion between these nucled
for the propellanes as well as for the bicyclic molecules. First, there s
no physical basis for demanding that a density difference map  in
polyatomic molecule show a charge buildup between a pair of nuclei it the
nuclei are to be considered bonded to one another. Second, the
reference  density, in addition to  being physically  non-realizable, s
arbitrary in its construction. Different results are obtained and different
conclusions are reached depending on whether one uses  spherical  atom
densities or  densities of atoms in  prepared  valence  states  in the
construction of the promolecule  density. Third, in  performing o
comparison  between  density difference  maps for  pairs  of  molecules,
[l.1.1]propellane  and  various c¢yclic  and  bicyclic  molecules  for  example,
one is actually comparing four different charge distributions. It is clear
that the spherical atom promolecule density for  bicyclo[I.1.1]pentane  will,
because of the larger bridgehead separation of 1.87A, subtract considerab!y
less charge from the bridgehead symmetry plane than will the
corresponding promolecule density for the equiltbrium geametry of
{L.1.l1lpropeilane  where the corresponding separation is calculated to  be
1.54A. Thus the observation of an “essential similarity” (Newton  and
Schulman 1972, Jackson and Allen 1984) in the deformation  density
distributions  for these two molecules, in particular the lack of a charge
buildup between the ©bridgehead nuclei, is an artifuct of the promolecule
distributions and is nct a reflection of the relative properties of the two

charge  distributions  of  interest. Qualitatively and of  fundamental

n
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importance, the propellane molecule does accumulate charge at the bond
midpoint and along the resultant bond path, while the bicyclic compound
exhibits 1 Jlocal minimum in p in this same region, In addition, as
demonstrated by a  direct  quantitative  comparison of  their  charge
distributions, the bicyclic molecule has significantly less charge in this
region than does the propellane molecule. These essential observations
are  lost in a comparison of the deformation densities because the
reference  density for propellane removes more charge from the critical
bridgehead region than does that Ffor the bicyclic molecule. Why
complicate  a  comparison of two distributions through the introduction of
two more  distributions  which are arbitrary in their definition and are of

no direct physical interest?

¢, Bond Order

Properties of the charge density at the critical points are useful in
characterizing  the molecule. Using the value of charge density at the
bond  critical  poini, denoted P, it is possible to assign  bond orders
(Bader et al 1983). The empirical relationship between pp and the bond

path distance Ry has been found to be of the form (Bader et al 1983)

n = exp{A(pp - B)} (64)

where the constants A and B are determined bv a least squares analysis,
These  constants will be unique to the basis set used in a particular study
as  the actual value of p(r) will vary from one basis set to another. This

variation  occurs in a very well behaved manner. Trends observed in one



basis set will still be observed at another basis. The bond  order
relationship for the 6-31G* basis set wused in this investigation has

constants A=6.458 and B=0.2520. This yields the equation:

n = exp{6.458(pp - 0.2520)) (65)

where n is the bond order. This expression vyields values of 1.00, 1.62,
2.05, 292 as values of n for the C-C bond in ethane, benzene, ethylene
and acetylene respectively, Empirical bond orders so derived provide for
a convenient measure of the extent to which charge is accumulated
between pairs of bonded nuclei relative 1o standard  values, The wvalues of
the properties of the charge density at the bond critical points for all
the molecules studied are given in  Table 1II.1. In  the acyclic
hydrocarbons, interior bonds and bonds in the branched structures have
the highest bond orders with n = 1.02 o 1.03. liond orders slightly less
than unity are found for C-C bonds in the cyclic and bicyclic molecules.

The smallest values for the bond order are found for the bridgehead

bonds in [1.1.]1] and [2.1.1]propellane. in  [2.22]propellane  the  wvalue  for
pp is relatively high and vyields a bond order of 1.26. There is not a
simple correlation between bond order and bond length. A smaller bond

length R, does not necessarily imply a greater accumulation  of  charge

along the bond path. Take a C-C bond in a branched alkane as an
example. Although Re is longer in the branched alkane than in ethane,
the C-C bond has an order greater than unity. On the other hand, the

C-C bonds in cyclopropane are shorter than that of ethane yet they are

of order one.
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The values of the charge density at the bond critical point, pp, for
the C-H bonds vary over a much smaller range of 0.2772 o 0.2790. They
are formally all of order one but trends still exist. For instance, Ry
increases in the order CHy < CH3z- < CHj- < CH-.  Still larger values of
fy, can be found for the C-H bonds in cyclopropane, but this value
decreases  as  ring  size  increases, These values decrease to the extent
that for cyclohexane, the wvalue of pp is in the acyclic range. The C-H
stretching  frequency in  cyclopropane is larger than that of any acyclic
alkane, reflecting the larger pyp. As anticipated, the decrease in the
value of py as ring size increases from cyclopropane to cyclohexane s
accompanied by  the  corresponding  decrease  in the C-H  stretching

frequency (Wong et al 1982),

D, Bond Path Angle

In structures where the gecmetry of the molecule precludes
tetrahedrally  directed  bonds, the bond paths are noticeably curved. (Runtz
et al 1977 The bond path angle ep is the limiting value of the angle
subtended at a nucleus by two bond paths. The geometrical angle o is
the limiting value of the angle subtended at a nucleus by the straight
lines  joining the bonded nuclei. Define the difference in these angles Aa
= ap - @. This value Aa is a measure of the degree of relaxation of the
charge density away from geometrical constraints imposed by the nuclear
framework, The length of the bond path, Ry, will also differ from the
geometric  Jistance Ro for these curved bond paths (Bader et al 1G82).
Values of a,, ap, Aa together with the strain energies (Wiberg 1986) as

calculated  using  Franklin's group equivalents (Franklin 1949) are rtabulated
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in Table 111.2 for the cyclic, bicyclic and propellane molecules under
study. For most molecules, the value of Aa is positive, indicating that
the bonds in these molecules are less strained than (the geometric angle
ae Suggests. In cyclopropane for example, Aa has a value of IB.!!D and the
deviation of the angle formed by the bond paths from the normal
tetrahedral angle is correspondingly less, ap = 78.840 while ap = ()0.00'.a AS
the ring size gets larger, this difference decreases. In cyclobutane, Aa =
6.1° and becomes small and negative for five and six membered rings,
There is a corresponding decrease in  the value of the strain  energy.
Even though ap for cyclopropane is smaller by almost 30° as  compared o
cyclobutane, both these molecules have similar  strain  energies. This
similarity is accounted for in part by the much greater relaxation  of
angle strain  between the bonds in cyclopropane and a more detailed
discussion of bond energies will follow.

The value of Aa exceeds 10 only for three membered rings, Values of
Aa are the largest in tetrahedrane, Aa = 21°, and in spiropentane where Aa
for the angle formed by the bonds terminating at the central carbon  has
the value of 23 Despite the large relaxations reflected by these large
values of A, the strain energies for these two molecules are large in
comparison to cyclopropane as a  prototvpe. In  these two molecules, the
carbon atoms making up the rings are common to two three membered
rings in the case of the central caipon of spiropentane, or three rings as
in tetrahedrane. These additional constraints result in an  increase in  the
strain  energy which <¢an be observed to an even greater extent in

bicycio{]l.1.0)butane as well as in the propellanes, When three rings  are

fused to a common bridgchead bond, the ability for relaxation of  the
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charge density (0 relieve geometric strain is inhibited, This inhibition
decreases as ring size increases, Therefore, the apex angle of the three
membered rings for [l.1.1]propellane exhibits a Aa that is small and
negative while that for [2.1.1)propellane is small and positive, In
(2.2.1)propellane  there is  observed a  larger degree of relaxation as
evidenced by the larger Aa for the apex angle of the three membered
ring. For the angles made by the bond paths terminating at a bridgehead
carbon, the value of Aa i both [1.1.1] and {2.1.1]propellane is quite large,
resulting in  these angles deviating only by 1 from the 109° tetrahedral
angle, The corresponding bond paths forming these angles from three
and four membered rings as  in [2.2.1]propellane or from two four
membered  rings  found in [2.2.2)propetlane  show a  mue™  smaller An,
indicating  a  lesser degree of relaxation in these two molecules. VYalues
for Aa found in the propellanes can be compared to those found in their
respective  congeners, In  bicyclo[1.1.1]pentane, the value of ap is found
te  be 96‘: giving a Aa of 8.65 which i5 larger than that found for
[I.1.l1|propellane and indicates that the degree of strain in these bonds s

greater.,

E. Bond Ellipticity

Another  property of the charge density at the critical point is the

ellipticity at that point. The bond ellipticity is defined to be

€= A1/An-1 (66)

where A and A> are the two negative eigenvalues of the Hessian matrix,



with A2 being the smallest in magnitude. The ellipticitly gives a  measure
of the preference for accumulation of charge in a given plane (Bader ot
al 1983). As charge is accumulated preferentially in a particular  plane,
the rate of decrease of the value of p{f) in that plane is reduced, henpce
a lower magnitude of the eigenvalue associated with that eigenvegtor.
The axis of the curvature As, the principle axis, determines the relative
orientation of this plane within a molecule. In ethane for example, there
i cylindrical symmetry and hence the ellipticity for the CC bond is 0 as
the two eigenvalues are symmetrically equivalent. Ethylene on  the other
hand has a CC bond ellipticity of 045, reflecting the accumulation of
charge in the perpendicular, or =, plane. For the basis set used in  this
study, namely the 6-31G* basis, the ellipticities of the C-C bonds in
ethane, benzene and ethylene are 0.0, 0.23 and 045 respectively, In the
latter two cases the principle axis is in the direction perpendicular 1o
the molecular framework, as anticipated for these molecules  with
bonding. The ellipticity is useful in understanding the chemistry  of  the
three-membered ring. When comparing the values of the charge density,
p, at a ring c¢ritical point, denoted pr, to values of p at the bond critical
point, pp, one finds that these values are generally  only  slightly  less
than, and in some cases almost equal to pp for the peripheral bonds in
three-membered rings. These values are tabulated in Table I{IL1. As ring
size increases, so does the difference between these two values, Since
electronic charge is concentrated appreciably in the plane of the ring, the
peripheral C-C  bond critical points have large  ellipticities and  their
principal axes lie in the plane of the ring. In  hydrocarbons, this s 2

unique feature found only in three-membered rings. This accumulation of
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charge over the entire surface of the ring accounts for the well
documented ability of three-membered rings to act as an unsaturated
system with =x-like charge distribution in the plane of the ring that is
able to conjugate with a neighboring unsaturated system ( Capon and
McManus 1976 ). Molecular orbital theory accounts for this behaviour by
using arguments based on the Walsh orbitals ( Walsh 1947,1949 ). The C-
C bonds of cyclopropane exhibit a larger ellipticity than that for the
double bond in ethylene. This indicates an even greater accumuiation of
charge in the plane of the ring in cyclopropane than in the = plane of
ethylene, Large ellipticities are found for bonds of three-membered rings
of the bicyclic and propellane molecules, the largest being that found in
the bridgehead bond of [2.1.1]propellane. This very large value indicates
a potentially upstable structure. The relationship between large values of
the ellipticity and ease of bond rupture in three-membered rings is well

illustrated by the propellanes in the following discussion.

-, Ellipticty and Ring Bond Rupture

The value of the charge density at a critical point, pp, and of p, for
rings, together  with the eilipticity of the bonds can help determine the
structural  stability of a compound, in particular three membered rings.
When a bond in a three-membered ring is extended, the ring critical point
migrates towards the bond critical point of the bond being extended. The
gradient  path connecting the bond critical point to the ring originates at
the ring critical point and terminates at the bond. That is to say that
the charge density has a positive curvature at the ring critical point and

a negative curvature at the bond critical point in the direction of their



approach. Take [2.1.1)propellane as a specific example. The wvalues ol
at both the bond and ring critical points are 0.197) e/A3 and 0.1961 e/A3
respectively, They are separated by only 0.25A. Consequently, due to the
proximity of the ring critical point, the magnitude of the eigenvalue
associated with the eigenvector in the direction of the ring is  smaller
than that of the other and the bridgehead bond has a large ellipticity.
This accumulation of charge in the surface of the ring, indicated by this
large ellipticity, facilitates migration of the ring critical point ‘owards
the bridgehead bond critical point, For some particular extension of  the
bridgehead bond, the ring and bond critical points will coalesce. At this
point, the value of their curvatures must be equal, Since one is positive
and the other negative, on coalescence, the new critical point formed
must have one zero curvature. This  critical point so formed will be
unstable as it possess a zero curvature and the corresponding  structure
therefore persists only for this particular value of bond extension. The
bridgehead bond is broken at this point. Further extension of the
bridgehead nuclei will cause this unstable eritical point to vanish and the
ring  structure is changed into an ‘open' structure, corresponding  to  the
loss of the ring and one bond critical point. This mechanismm  of  ring
bond opening is an example of one of two mechanism by which structural
change can occur. In this particular  instance, structural change occurs
by a bifurcation mechanism. For the propellanes, this resulting ‘open’
structure  is  similar  to  the structure of  the corresponding  bicyclic
congerer, For this example, [2.1.1]propellane will, upon rupture of the

bridgehead bond, attain a structure similar to that of [2.1.1]bicyclohexane,

79
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Consider  cyclopropyicarbinyl  cation, C4H* as  another example,
which is itlustrated in Figure II1.3, The charge distribution for the three
structures illustrated were obtained from restricted Hartree-Fock
calculations wusing the 6-31G* (Hariharan et al 1973) basis set for 4-31G
optimised geometries (Levi et al 1979) and their bond properties are listed
in Table [l1.3. Using the appropriate values A and B for the 6-31G* basis
set, bond orders have been assigned. The most energetically stable
geometry of C4Hy* is the bisected one (Levi et al 1979) shown in
Figure 1lLda.  However, the values of pp of the CI1-C2, C!-C3 bonds, and
for the ring critical points only differ by 0.007A . The ellipticity of the
two symmetrically equivalent C1-C2 and CIl-C3 bonds is found to be quite
extreme  at 6.7, The negative curvature of p at the two bond critical
points and the positive curvature at the ring in the direction of the
bonds are small, -0.95A and 0.51A respectively {(compared to 14,744 for the
C1-C4 bond ). The positive curvature of the two bond critical points,
which point towards the nuclei, is much larger (6.19A)A and hence there is
a  trough in  the charge density linking these three critical points and
migration of the critical points towards each other is extremely facile.
These  factors  together, the small curvatures, the small difference in the
values  of  p(r) at the bond and ring critical points and the high
ellipticites  suggest a  very labile structure. Indeed, there is a second
energy  minimum  geometry only 0.5 kecal/mol higher in energy than the
bisected geometry, The structure of this second geometry is shown in
Figure lll1.db.  The structure 4b is an open structure, where one of the
labile  bonds has been annihilated with the ring critical point. The

remaining  bond is  strengthened as evidenced by the increase in the bond
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order to 0.9 but the ellipticity is still quite substantial and its principal
axis is directed toward the region between C3 and CI. Therefore, p s
still relatively flat along this line and close to forming a singularity and
a weak unstable link between C1 and C3, The resulting structure  would
coincide with Winstein's suggestion ( Winstein 1967) that Cytig*  could
exhibit homoconjugation and exist as the homoaliyl cation.

Besides reforming the structure 4a by linking C3 and CIl, the structure
4b can also form the puckered cyclobutyl cation 4¢ by linking C3 to Cd.
The geometry of the resulting structure 4c is energetically unstable, being
some [0.9 kcal/mol {(Levi et al 1979) above the energy for 4a at the J-
3G tlevel of approximation and 3.7 kcal/mol higher at the 6-31G"  level.
The ring critical point which is situated on the C3 side of the C2-C4 axis
has a value of only 0.40A~3 less than that of the labile bonds. This s
coupled with a very small curvature of p in the ring surface. Thus,
these bonds are of low order and possess substantial ellipticities  which
indicates that this structure itself is also «close to an instability. An
opening of the long labile bonds which have Rg=1.65A results in 2
«crambling of the methylene groups ( Staral et al 19783).

Of all the molecules under study here, the  bridgehead bond  of
(2.1.1)propellane has  the  highest ellipticity and  therefore  has  the
highest potential for rupture. Examination of the properties of the bond
critical point and the ring critical point (see Table HNILI1) reveals that A»
for the bond critical point is close to zero. As discussed above, on
coalescence, the two critical points which merge must have the same
values for their curvatures, and hence must reach a wvalue of zero at the

point of coalescence. A Ay value which is close to zero signals the onset
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of coalescence. In this case Ay has a magnitude of 0.0347, as compared
o 02820 for Ap. As has been previously demonstrated ( Bader et al
1981b, 1982), extension of the bridgehead bond causes the ring and
bridgehead bond 1to coalesce and form an unstable critical point which has
two zero  curvatures, Depending on the symmetry of the continued
extension of the bridgehead bond, a number of stable structures can be
formed, including a cage structure. In  contrast to [2.1.1]propellane,
[2.2.1)propellane having one fewer and [2.2.2]propellane no three-
membered  rings, exhibit a  bridgehead bond with considerably reduced
ellipticity. Naturally, both  [l.l.l]propellane and [2.2.2]propellane  are
constrained by syvmmetry to have zero ellipticity in the bridgehead bond.
However, in both these molecules, the wvalue of pr and pp are not as
close  in  magnitude as they are in [2.1.1]propellane, In  fact, in
[2.2.2)propellane which  has  only four-membered rings, the difference
between pp and  pp  is  quite large. On the other hand, [l.1.1)propellane
exhibits p. and pp  values of 0.1990 and 0.2030 e/a% respectively, which

are  quite  similar  in  magnitude, yet through symmetrical constraint, the

bridgehead bond  shows no  ellipticity. As suggested by their charge
distributions,  [2.1.1]-  and  [2.2.l]propellanes are relatively  unstable and
they are easily  polvmerized at 50° K, However, it is [l.l1.1]prop-"ine that
is  the most stable of these propellanes  under  study. Compared  to
2.2 2 propellane, [1.l.1]propellane is more stable with respect to
thermolvsis (Eaton  and  Temme  1973). For [2.2.2)propellane it has been
reported  that  E; = 22 kcal/mol  for the thermolysis of [2.2.2]propellane
compared to 30 kecal’mol for [l.1.l)propellane. Stability of a molecule

depends  not only on the static properties of the charge distribution, but
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also on how the charge distribution changes with the possible nuclear
motions. How the charge density changes with nuclear motion s

discussed in a subsequent chapter.



Figure 11,1
Planar projections of molecular graphs generated from theoretical  charpe
distributions. Bond critical points are shown as black dots. Structures

are numbered according to Table II1.1,
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Fipure 11,2

Relief maps of the charge density in the symmetry plane
bridgehead bond in the propellanes on the right and the
symmetry plane in each of the related bicyclic structures on the left.

(a) bicyclooctane and [2.2.2]propellane

(b) norborane and (2.2.!)propellane

(c) bicyclohexane and [2.1.1]propellane

{d) bicyclopentane and {1.1.l]propellane
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bisecting the

corresponding
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Figure 111
Planar projections of the molecular graphs defining structures 3a, 3b and
1c of cyclopropylcarbinyl cation, C4H7*. Bond critical points are shown as

block dots. Bond orders have been assigned and are shown in the diagram.
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TABLETL.2
Geometry and Bond Path Angles?®
geomeltric bond path Ao strain
malecule snglc angie a, angle a, ay = a, encrgy, keal
cyclogropane & l 60.0 78.84 18.84 21.5
L ]
cyclobutane S 1 £9.01 95.73 6.72 26.5
0
clopentane 1 104.55 104.02 ~0.53 6.2
reer [N 2 105.36 104.43 -0.93
n ] 106.50 105.03 -|.54
cyclohesane Rt N 1 111.41 110.08 =1.34 0.0
tx
bicyclo{1.1.0[butane Prad LX) 1 58.99 7278 13.79 619
: 2 60.50 76.62 16.12
" 3 97.91 105.07 1.16
bicyclo|2.] O]pentanc ﬁ ; 60.86 ;:.gg ::;% 54.7
T 59.57 . ‘
T4 ] .84 96.76 5.9
4 §9.16 95.717 6.6
3 110.03 109.72 -0.31
bicycie[2.2.0]hezanc [@ 1 90.17 37.01 685 518
g 2 £9.91 96.5% 6.67
" 3 114.43 112.64 -1.79
bicycle(1.1.1[pentance 1 74.44 84.72 10.27 580
o D) 2 87.20 95.85 g6
L]
bicyclo{2.1.1]hexane . 1 9920 100.69 1.48 17.0
v, 2 101,77 103.46 1.69
3 8511 94.21 £.10
v 4 £2.60 90.95 8.35
bicyclo(2 2,1 }heptane A'b 1 94.37 97.42 1.05 14.4
' 2 101.51 102.90 1.19
: 3 108.43 108.69 0.26
fad 4 103.13 103.57 0.44
bwyelo{2.2 2octane { 162.30 108.65 062 T4
AN 2 109.64 108.56 -5 08
[ ]
{1 1. tprepellane \\ ! 61.81 §9.37 ~2.44 93 0
PEA 12 30) : 95.98 107.99 12.01
' 3 $9.09 69 09 999
o0
[21 Hprencilane A ! 88.97 91.65 469 104 4)
RN 2 91 03 97 91 6 8%
G ] 11230 116.3 $ 00
n 4 5772 67 96 10 2%
5 9727 111 4% 1414
-] 64.57 65.27 07t
122 o tlane .. [ $9.18 715.40 16.22 195 0
p P 2 &51.64 74.32 12.68
i } (12338 116.43 406
e 4 M 26 92.97 11
5 £9.14 95,41 1w
[} 128.49 126.57 -1.91
22 2]prupeliane |]' | 9115 97 0% 5.50 890
R 2 119.96 118 51 -1 44
o ] 8885 96 .81 107
1
icteabadrane \\ | &0 00 gt 16 21 14 140 n
24
wubane [1_“‘] l 90 00 97 43 743 1547
3
Lprrvpentang (2. L 9 24 19 04 19 KO ol ?
) N 6l 54 54 AR
e 3 137 s 12101 -4 55




Table 111.3

cond Properties for C4H7+ Structures: 6-31G* Basis

45

0 - :
Structure Bond R(A)? ob(ﬂ 3) n £ V“n(ﬁ
cl-c4 1.347 2.378 1.91 0.28 -28.68
cl-c2  1.664 1.161 0.60 6.74 - 2.13
c2-Cc3 1.412 2.067 1.42 0.18 -21.49
Qr"'-—'—""f
7
/
/
/
Ve
Ja
4 Cl-c4 1.357 2.340 1.85 0.25 -27.60
/
c1-c2  1.522 1.603 0.91 0.32 -12.76
£3-C2 1.456 1.893 1.20 0.19 -18.42
b
Cl-c2  1.435 1.984 1.31 0.16 -20.65
C2-C3 1.650 1.271 0.66 0.36 - 7.51

d talculated at 3-31G qecmetries.
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HAPTER 1

tudy of Hydrocarbons: Group Propertie

[, Introduction

The theory of atoms in molecules has been outlined in previous
chapters. Along with the ability to determine structure, it brings to the
chemist the ability to study atomic properties, structural stability, means
of structural change and reactivity. In this chapter the theory is applied
the molecules under study to provide further insight into the components
that constitute the molecule, whether one chooses to study the atomic
fragments or fragments consisting of several atoms as in a functional

group.

L. Application of Theory

A, Atomic Properties

Atomic  properties which one could wish to study can be expressed in
terms  of a corresponding three-dimensional density distribution  which s
then integrated over the basin of the atom to obtain its average value.
For each property A, the value of A for the total system is given by

equation (30)

A= <A> =L A(fl) (30)

A number of these properties, which include atomic populations and
atomic  energies are  listed in Table [V.], The average electron population

of atom 11, denoted N(f1), is calculated by numerical integration of the
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charge density over the basin of the atom 1. A net charge on atom f{],

q(0), is calculated by subtracting N({1) from the nuclear charge.

a(R) = Zq - N(@) (67)

With only a few exceptions, these integrations were performed over cach
distinct atom in each molecule studied here, The exceptions to this being
the bridgehead carbon atoms in bicyclof2.1.1]lhexane where the structure
of this molecule exhibits an unstable intersection of gradient  paths
associated  with  the two rings'. The computer program  PROAIM
Biegler-Konig et al 1982) used to perform the numerical integrations has
not been programmed for such a situation, Populations and  atomic
energies for these atoms were obtained by difference. Overall  the
accuracies of the integrations can be measured by comparing the sums  of
the integrated atomic populations and energies and comparing them with
the total number of electrons and the total computed energy respectively.
These numbers are listed in Table [V.2. In gencral, the error in the total
electron populations is less than :0.0le and the total energy being correct
1o +2.0kcal/mol. Hydrogen atoms having a very simple atomic shape, as it
were, with only a single interatomic surface composed of slowly curving
trajectoriec  in the surface lends itself to much higher accuracy in the
integration  process. Hydrogen atom populations are correct to :0.00le.

Carbon atoms with four interatomic surfaces and a much more rapidly

I'The gradient path associated with an eigenvector with a negative
eigenvalue from one ring criticai point is the same gradient  vector
associated with the eigenvector with a positive eigenvalue of the other

ring critical point in this case. Such an intersection is known as an
unstable one.
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changing set of gradient vectors in the atomic basin are more difficult to
integrate, Their individual accuracies can be judged by the value of the
integral  of Vzp. The zero flux surface condition for the interatomic
surface and Gauss' theorem together causes the value of the integral of
V2p to vanish. The extent to which this condition is satisfied is a test
of how well the interatomic surface has been approximated.

The  quantity -(h2/4m)V2p is the local difference between two
expressions for the kinetic energy density and appears in equation 42 of
Chapter 1. Its integrated wvalue, listed as L(fl1} in Table IV.l, is a
measure of the error in the average kinetic energy and the virial theorem
as  defined in equation {42), Generally, this value is less than 0.0001ou
or 0.06kcal/mol for a hydrogen atom. To obtain populations and energies

that sum correctly to the total wvalues, the carbon atom with the Iargest

1.{1) will have its populations and energies obtained by difference. These
carbon atoms are marked by an asterisk in Table IV.1, These corrections
will be equal to the differences between the totals and the sums of

integrated  values listed in  Table [IV.2 or will be less if that atom

corrected 1s a member of a symmetric set.

B, Atomic Populations

As can be expected, the atomic populations exhibit a basis set
dependence (Wiberg and Wendoloski  [981). Since atoms are defined in
terms of properties of the charge density, changes in N({l) occur in an
ordered and understandable way with changes in the Dbasis set, Charge
transfer between carbon and hydrogen in these molecules s small, so a

minimai but balanced basis set vields populations similar to those obtained
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by larger basis sets with polarizing functions. With this in mind, the
STO-3G (Hehre et al 1969) and the 6-31G'" (Hariharan and Pople 1972)
are equally balanced, the former having no polarizing CFfunctions, the latter
having polarizing functions on both carbon and hydrogen, Table V.3 lists
the wvalues of q(f1) for carbon and hydrogen in a varicty of saturated
hydrocarbons obtained using the S8TO-3G, 6-31G™" and 6-31G" {Hartharan
1972) basis sets. Between STO-3G and 6-31G*"  the difference in
hydrogen net charges are of the order of 0.003:0.00le, the larger Dbasis
set yielding the larger charge. Corresponding to the larger charge on  the
carbon, the critical point between carbon and hydrogen is  shifted closer
to the hydrogen. The basis set used for this study is the 6-31G"  basis
znd is unbalanced in that polarization functions are included only for the
carbon atoms. This shifts the CH bond critical point closer to the
hydrogen by 0.0225:0.0007A as compared 1o results obtained by using the
6—31G“ basis set at the 6-31G" geomelry. Methane is the exception with
the difference being only 0.0211A. Although the absolute wvalues of the
charges obtained by the smaller 6-3[G'l basis are smaller, the difTerences
between the two sets of charges are remarkably constant. Hydrogen atom
populations differ on average by 0.055:0.002¢ for the molecules listed in
Table V.3, This near consistency in the difference between the two  sets
of populations allows conversion of 6-31G°  results  to 6-310" resubts
simply by adding 0055 to the hydrogen populations and making the
appropriate accompanying adjustment to the carbon atoms.

As the changes that occur wupon switching basis sets affects  the
position of the CH interatomic surface these changes affect populations in

the functional groups alone. Cne now has the important result that
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charges on the functional groups using either basis set are the same.
Take for example the charges on the methyl group in the normal alkanes
from propane to hexane, For the 6-310" and 6-310. basis sets the
methyl group has a net charge of -0.018 and -0.017e respectively. The
same result is obtained even for very strained systems. The net charge
on a methylene group in [l.l.l]propellane differs only by 0.00le between
the two basis sets and thus the bridgehead carbon in this molecule is

assigned the same charge within integration error.

C, Electronegativity and_Atomic Population

Results listed in Table [1V.l shows that hydrogen bears a negative
charge. These results show that hydrogen is more electronegative than
carbon in  all of the acyclic hydrocarbons. Hydrogen has its most
negative charge in the CH group of isobutane followed by its values in
CH> and exhibits its least negative values in CH3 of normal alkanes.
Hydrogen becomes less  electronegative than carbon  however when the
carbon experiences increasing geometric strain. In  the series of molecules
¢yclopropane,  bicyclobutane and tetrahedrane, the hydrogen atom has an
increasing  negative charge through the series. The wvalues are 0.9949,
0.9463 and 0.8889 for the H in cyclopropane, the bridgehead hydrogen in
bicvelofl.1.0Jbutane and H in tetrahedrane respectively. Clearly as the
geometric strain on the carbon atom is relieved, the more electronegative
the hydrogen atom becomes. This trend is maintained in calculations
using the 6-310“ basis set, but the actual wvalues of the charges differ
from those found with the 6-31G° basis because of the aforementioned

constant  0.055e  difference in populations found between the two basis
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sets,

As hydrogen withdraws charge from carbon in the acyclie
hydrocarbons, the relative group-electron-withdrawing ability is  in  the
order CHy > CH? > CH » C. It is found however, that a methyl group
attached te a methylene group withdraws an almost constant amount of
charge, The results listed in Table 1V.4 shows that in the series of
propane to hexane, the methyl group has an almost constant charge,
q(CH3), of -0.0165:9.0005e. The single methylene group found in propane
bears a charge of +0.03de while the methylene groups found in the series
butane through hexane which are linked o a methyl and another
methylene group bear a charge of 0.016e. Within the integration error
then, the methylene group in propane carries twice as much positive
charge as compared to those which are linked to a methyl and another
methylene found in butane through hexane. A  methylene group linked
only to other methylene groups bear no charge. Thus, the inductive
transfer of charge from methylene to methyl is an almost constant
quantity of 0.017e per methyl with the transfer damped by a single
methylene group since a2 methylene group once removed has no charge.

The same constancy 1is observed with the net charges borne by the
individual atoms that make wup these groups. Hydrogen atoms in CHj
groups that are in the plane of the carbon framework have a constant
charge of 0.025e, which is 0.003e smaller in magnitude than the other two
hydrogens. Hydrogens in methylene groups linked to a single methyl
group carry a charge of -0.040e while hydrogen atoms on a carbon linked
only to other methylenes have a charge of -0.043e. Values of the charge

density at the positions of the nuclei are also listed in Table IV.I. These
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values also reflect the constancy in the average populations observed for
methyl and methylene groups in the normal alkanes. One could anticipate
that these <consistencies are a result of the essentiaily constant charge
distribution over the corresponding  atoms, Furthermore, this near
constancy of the distribution of charge for the atoms in these functional
groups leads to an anticipation that the contributions to the total energy
by these groups will be nearly constant. The central methylene groups in
buth hexane and pentane have an essentially zero net charge and their
energies are found to be equal to the additive contribution per methylene
group in the energy additivity scheme f{or the normal alkanes. These
methylene  groups will be taken as the “standard” methylene group for
comparison purposes with the methylene groups found in the cyclic and
bicyclic hydrocarbons,

in cases where three methyls are attached to a single carbon as is the
case in isobutane, each methyl group withdraws significantly more charge
than when ©bonded to methylene. One notes that in neopentane, this
effect is most dramatic. This is borne out by the net charge on the
carbon atoms of CHj, CH» (linked only to methylenes), CHp (linked to
one methvl), CH, and C fragments ailone. These net charges are +0.065,

+0.085, +0.067, +0.129 and +0.137e respectively.

D. Geometric Strain and Electronegativity

The cyclic hydrocarbons exhibit a different behaviour, When a carbon
atom is subjected 10 geometric strain, it becomes more electronegative
than a carbon in a geometrically unstrained environment. Decreases in

the  atomic  populations of hydrogens bonded to geometrically strained
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carbons is a direct result of the carbon atoms increased electronegativity.
In Figure 1V.l is displayed the net atomic charges as well as the group
charges for all of the cyclic molecules under investigation here. By
symmetry, a CHps group of three-, four- and six-membered cyclic
molecules bear a net zero charge, similar to the standard CH»a group
previously defined. Using the hydrogen atoms in the standard CH» group
for comparison, the hydrogens of the methylene group in cyclopropane
have 0.048 fewer electrons (this difference is 0.046e at the 6-31G"" level
of calculation). In cyclobutane, this difference drops to 0.01de and in
cycloLexane, the average of the axial and equatorial hydrogen populations
is only 0.003e less than hydrogen in the standard methylenc group.
Carbon atom populations increase accordingly with the decrease of  the
hydrogen atom populations as the amount of geometric Strain  increases.
The net charge of the carbon atom in six-, five-, four- and three-
membered rings are +0.086 to  +0.077(average), +0.057 and -0.010e
respectively, Increasing ring strain increases the carbon atom population.
Cyclohexane, which may be considered strain free exhibits a carbon atom
population which differs from the standard methylene gronp carbon atom
by only 0.006e. Bridgehead carbons in  bicyclo[1.1.0]butane and both
(2.1.1]propellane and  [2.2.1]propellane carry the largest negative charges.
Even the order of electron withdrawing ability found in the unstrained
acyclic  hydrocarbons is reversed in the strained molecules. In the
unstrained acyclics the order was found to be CH3 > CHy > CH » C,
however in the strained molecules CH and C groups withdraw charge from
CHy groups. These observations indicate that carbon atoms become more

electronegative with Increasing geometric strain. This fact is of primary
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importance in understanding the gross effects of geometrical constraints
on the charge distribution and its energy.

One way of rationalizing this observation of the increase in
electronegativity is 1o examine the explanation that can be offered by
orbital theory. Orbital theories relate an increase in electronegativity of
a carbon atom relative to that of a bonded hydrogen atom to an increase
in the s character of its bonding orbital (Coulson, C.A. [961). The
decrease  in bond length and pK, accompanied by the increase in force
constant and bond dissuciation energy for C-H through the series
cyclohexane, ethylene and acetylene is accounted for by a «change in
hybridization on the carbon from sp3 to sp2 to sp respectively. The
increasing electron populations of these carbon atoms to yield charges of
+0.080, -0.035 and -0.177e (see Table 1V.3} respectively helps to quantify
this accompanying increase in electronegativity. An empirical expression
that relates the C-H coupling constant J(|3C-H) to percent 5 character of
the bond has been proposed (Scoolery 1959, Muller and Pritchard 1959).

This relationship is given as

%s = 0.23(13C -H) (68)

The wvalues of this coupling constant are 123, 156 and 249 Hz respectively
{Levy et al 1980) and yield wvalues of 25%, 31% and 50% for the s
character.

This hybridization model also predicts that the smaller bond angles
found in those systems with angular strain should result in an increase in

the p character of the strained C-C bonds, thereby increasing the s
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character of the associated C-H bond (Coulson and Moffitt 1949, Walsh
1947). In this way one can account for the increase in electronegativity
of the carbon atom relative to the hydrogen atom as increasing geometric
strain is introduced into the cyclic system. Coulson and Moffit emphasize
that the validity of this model is demonstrated by the observation that
the properties of the CHz group in cyclopropane resemble those of
ethylene. Both the observed and calculated (at the 6-310. level) C-H
bond lengths and HCH bond angles are similar for CHo groups in
cyclopropane and ethylene. The actual observed values are 1082 and
1.090A and 116.60 and 116.50 respectively.  This similarity extends even to
the coupling constants for C-H bonds, the value for cyclopropane being
161Kz (March 1985) compared to that in ethylene of 156Hz. Even the C-
H force constant, the bond dissociation energies as well as their  pK,
values of 46 and 44, with ethylene being the more acidic (March 1985).
in both of these molecules the carbon atom is negatively charged, with
the carbon in ethylene being slightly more so. The properties for the

bridgehead C-H group in bicyclo[l.1.0]butane approach those of the same

group in  acetylene. In both bicyclo[l.1.0)butane and  acetylene, the
carbon atoms have large negative charges, -0.121e and -0.177e
respectively. The J(|3C-H) coupling constant of 205Hz correlates to 4l1%

s character. Although the C-H bond length of 1.070A is longer than that
of 1.057A found in acetylene, it is shorter than the 1.090A of ethylene.
Since  bicyclo[1.1.0Jbutane reacts with phenyilithium (benzene pK, is 43)
the pK, of this bicyclic molecule is probably less than 40, which makes it
more acidic than ethylene or cyclopropane, but less acidic than acetylene

itsell which has a pK, of 25. The ultimate argument for the increase in
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electronegativity of the carbon atoms with increasing strain is of course
one that relates this behaviour to the energy changes accompanying this
increased strain. As the amount of strain increases for a C atom, the %s
character of the C-H bond increases since the more tightly bound s
electrons lowers the energy of the carbon atom thereby stabilizing it.

E ic Energi

For a molecule in an equilibrium geometry, the energy V(Q), the virial
of the forces acting on the electrons, for an atom 0 is the potential
energy of a molecule in the fixed nucleus approximation. Under these
conditions, V(1) is the sum of the electron-nuclear energy Vep, the
electron-electron  energy Vee. and the nuclear-nuclear energy Vpp. With
these conditions the sum of the electronic energies E(f1) gives the total
energy of the molecule. ‘The average kinetic energy of an atom is

calculated by integrating the corresponding density over the basin of an

atom. Application of the first of the two equations given in (43), one
obtains the energy E(Q). At the present level of ecalculation, namely the

. . . . . ’ .
6-31G level, the virial theorem is not exactly satisfied. The ratio-

V/T, with V as defined above, is not exactly 2 as it should be. These
values are listed in Table 1V.2 as -1, To correct for this error in the
virial, each atomic energy is multiplied by the factor -1 to obtain a set
of corrected energies that now sum to the total energy of the molecule.
From the values in Table 1V.2, one finds that the correction factor ~-1 1is

close to unity, the value it should be at an equilibrium geometry.

“The electronic energy defined by the wvirial theorem equals the total
energy  of  the system as usually defined plus the virial of the net forces
exerted on  the nuclei, At equilibrium geometries, these forces are zero,
thus the electronic energy eqguals the usual total energy.
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F, . Gr Additivi ngd the Acveli

It is possible to fit the experimental heats of formation for the
members of the homologous series CH3(CH3)CHj3, starting with m=0, with
the expression 2A + mB, where A is the contribution from the methyl
group and B is the contribution from the methylene group (Prosen et al
1946). The generally accepted value for B at 25C is -4.93 kcal/mol while
A is -10.12 kcal/mol. It has been shown by Wiberg (Wiberg, K.B. 1984)
that the correlation energy correction, the zero point energies and the

change in AH¢ on going from 298K to 0K are well represented by group

equivalents. This is borne out by the calculated 6-3IG‘ energies at  the
6-31G" optimized geometries. These energies are calculated for the
vibrationless molecule at OK. The calculated energies can be fitted to the
expression E = 2A + mB with A = -39.61438u and B = -39.03478au where

E(CH3) in ethane is -39.61438au and E(CH») of the standard CHa group is
-39.03478au. Using these constants, one can reproduce all of the
calculated energies within  0.05  kcal/mol. It has been shown that
calculated energies without zero-point energy corrections (Schulman and
Disch 1985) also satisfy the above expression for E. This result  indicates
that the calculated state functions, encrgies and charge density
distribution  c¢ontain  the  necessary  information 1o  account for  the
additivity observed in this homologous series of molecules.

Results listed in Table 1V.4 shows that the group populations for the
methyl fragment in ethane is not the same as that in another member of
the homologous series. Similarly, the methylene group populations

changes depending on whether it is bonded 0o a methyl or two
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methylenes. These small differences are to be anticipated as the bonding
environment for these fragments changes from one member to the other
in the series. In ethane for example, the methyl is bonded to another
methyl, but in any other member of the series, the methyl is bonded to a
methylene. One recalls that the order of electron-withdrawing power for
the acyclics is CH3 > CHp > CH > C so one anticipates that the
population of the methyl group in say CH3(CHj)2CH3, butane, will be
higher than found in ethane, Indeed the results listed in Table [V.4 show
that the methyl group in ethane carries essentially zero charge while the
same group in butane carries a slight negative charge of -0.0170e. The
small changes in the populations of these groups reflect the small changes
in the environments of these groups. In Table V.4 are also listed the
energies of the methyl group compared to the energy of a methyl group
in ethane, the constant A. in the homologous series of molecules being
discussed here, the energy of a methyl group other than in ethane itself
is constant to within the error in integration, Similar  behaviour s
observed for the populations of these methyl groups. It is seen that the
methyl  group in those molecules other than ethane are more stable than
the methyl group in ethane by AE = -10.7:09 kcal/mol. The electron
populations are increased by AN = 0.0165:0.0005e, Using a 6-31G"/6-
3G level of approximation, the calculations vyield identical behaviour
with the energy and population differences being AE = -10.5:0.5 kcal/mol
and AN = 0.018:0.00le respectively. Examination of the results listed in
Table V.l shows that the charge and energy gained by the methy! group
is taken from the methylene groups. The energy gained by the methyl

group is equal to that energy lost by the methylene groups. The increase
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in the electron population of the methyl group is equal to the decrease in
electron population of the methylene group-. These observations account
for the additivity observed for these molecules. In propane where the
single methylene group is bonded to two methyls, its energy is equal to B
- 2AE, and its decrease in population is 2AN. The methylene group in
butane is bonded to only one methyl and its energy is B-AE with the
corresponding change in electron population being AN. Methylene  groups
in pentane and hexane which are bonded to a single methyl have the
same properties as those in butane. Thus the ceatral methylene group in
pentane and the two such groups in hexane, those that are bonded only
to other methylene groups, should have an energy equal to B and a zero
net charge. This is what is found to within the uncertainties of the
integrated  values. Therefore, methylene groups bonded only to other
methylenes, as found in pentane and all succeeding members of the series,
possess zero net charge and contribute the standard cnergy increment B
to the total energy of the molecule.

The group additivity scheme for the energy in hydrocarbons is thus
not a result of the methyl and methylene groups contributing the same
amount in each moiecule. In fact, the energies of the methyl and
methylene groups do change with the changes in their environment, even
though these are small changes. The different environments make for a
possibility of two types of methyl groups and three types of methylene
groups. The two types of methyl groups are those which are directly
bonded to a methyl or directly bonded to a methylene, while the three
types of methylene groups are those which are bonded to two other

methylene groups, one methylene and one methyi group and finally, to
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two methyl groups. Environmental changes are damped by a single
intervening methylene  group thereby limiting the number of  distinct
methvlene groups to three. The reason for the additivity found in these
hydrocarbons is the fact that the ratio of the change in energy for an
accompanying change in population, AE/AN, is the same for both methyl
and methylene groups. A shift of electronic charge from one group 1o
the other results in the same change in the energy, From the values
listed in Table 1IV.l, one observes that these changes both in the
population and the energy are restricted to the carbot atoms of the
methyl and  methylene groups. Properties of the associated hydrogen
atoms  remain  essentially constant, This effect is to be anticipated as the
carbons are the atoms which are directly bonded in the two groups.
Through this bonding, they share a common interatomic surface. Charge
transfer from one group to the other is reflected in a shift in the
surface towards the carbon from which charge is withdrawn, A shift in
the surface results in a2 shift of the bond critical point between the two
carbons and this shift is ty.ically on the order of 0.003 or 0.004A in the
opposite  direction to the charge transfer. Since the «charge transfer
occurs  between chemically  similar  atoms, the resulting change in energy
IS Zero. It is also necessary that the change in the correlation energy
for a change in the population be the same for both groups if one is to
account  for the experimental observation of group additivity of the

encrgy.3 One now has a ‘building blocks' approach to predicting the

-

*In  density functional theory the correlation energy is expressed as a

tunctional of the charge density. Thus, when p remains unchanged for a
given  group in different  molecules, the group's contribution 1o  the
correlation  energy  will  also  remain unchanged. Various correlation energy

Jensity functionals  have  since  been studied {(Carroll 1988) with 2 non-local



energy of a member of the CH3(CHz)nCHy homologous series

hydrocarbons. This capability may have been utilized by chemists

i

of

the

past, but the theory is now able to relate this empirical observation

{o

real physical changes in the charge density distribution and consequently

the energies of the functional groups.

Reference to Table IV.l indicates that the energy of a hydrogen

decreases as its average population increases. In general, this

atom

not

true for carbon atoms which have a more complex electronic structure.

Take for exumple the carbon atom of the standard methylene group

pentane or hexane. This carbon has a smaller average population

in

than

that of the repeating methylene groups but is more stable by 5 keal/mol.

The charge density is slightly more contracted in the carton of CHjy

that in CHj, as is reflected in the values of the charge donsity

nuclei, p(0) from Table 1V.I1.

at

than

the

The data listed in Table V.5 illustrates the basis for the observation

of group properties in chemistry. The properties of a group

are

determined only by the total force acting on it and not by the individual

components of that force (Bader and Beddall 1972, Bader and Nguyen-

Dang 1981). The atoms considered to exemplify this property the
hydrogens and carbons of the methyl groups in the series  propane  to
hexane. All quantities are referenced to the hexane molecule. Total
atomic populations and the kinetic energies, which are equal the
negative of the atomic energy, are all remarkably constant for each type
of atom. If the distribution of charge is the same for each type of atem

gradient  corrected expression giving the best agreement with  experiment,

However, these functionals are not of sufficient chemical accuracy
energy additivity schemes.

for
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then the potential energy of interaction of the nucleus of atom 1 with its
own charge distribution, the quantity Vpjeo(Q), should also be the same.
Indeed, this is the case. The largest difference is 0.4 kcal/mol for
hydrogen and the carbon atoms exhibit a variation of :2.6 kcal/mol about
the mean value, The interaction of all the nuclei in the molecule with
the electronic charge of atom {1, the quantity Vnel(f)) increases by very
large amounts with each removal of a CH; group. The value Vpe(l)
changes by 1.5x103 kcal/mol for the hydrogen atom and by 9.2x103
kcal/mol for the carbon atom on changing from hexane to propane. The
electron-electron  repulsion, that is the repulsion of the electrons of atom
1 by all the other electrons in the molecule, denoted Veal(fl), and the
effects on the nuclear-nuclear repulsion, Ynn(fY), on the other hand also
decreases by dramatic amounts upon removali of each CH» group.4 The
sum of the three contributions, Vpe(f), Vee(fl) and Vqu(0), to give the
total potential energy of the system V(1) vyields however the same value
for each kind of atom through the series. This must be the case as
V(1) is by the virial theorem, twice the total energy of the atom. One
recognises that V() is the wvirial of the total forces acting on the awom.
These  include the nuclear-electron, electron-electron  and nuclear-nuclear
interactions  for the atom 0. This quantity is conserved along with the
Kinetic energy when the distribution of charge of the atom {I remains
unchanged.

The total wvirial remains unchanged even though there are significant

changes in the individual components that make up that virial, On

The nuclear-nuclear repulsion energy for atom 1 is the virial
the Hellmann-Feynmann forces exerted on the charge density in the atom
all of the nuclei in the molecule.

of
by
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examination of these individual changes, one sees that the change in the
electron-electron repulsion and the nuclear-nuclear repulsion are
individually one half of the magnitude of the change in the electron-
nuclear  attraction, Therefore, the removal of successive CHjy groups
causes changes in increasing magnitude, as the changes occur closer to
the methyl group with each successive removal, to all the components of
the total potential energy V(1) for each atom of the methyl group but
the changes sum to zero for each atom. For example, the sums of the
incremental changes in 4Ven. Vpn and Vge for one of the two equivalent
hydrogens in the methyl group for the removal of all three methylene
groups to change hexane into propane are found to be +1.2018, -1.2018
and -1.2010au respectively.

The branched moiecules isobutane and neopentane are more stable than
their normal isomers by 1.9 and 5.1 kcal/mol respectively in terms of
their AHp values at 25C.  In their vibrationless state at 0 K they are 1.6
and 3.8 kecal/mol more stable than their normal isomers respectively
(Fliszar  1983). Calculated energies at the 6-31G°/6-31G°  level of
approximation predict increased stabilities of only 0.4 and 0.5 kcal/mol
respectively. This indicates that the change in the correlation energy for
a change in the population of the CH and C groups is different than that
for the CH3 and CHy groups. From the order of electron withdrawing
power ( CHy > CHy; > CH > C ) the charges on methy! groups in the
branched isomers are greater than those found in the normal isomers,
therefore they are correspondingly more stable. Comparing these methyl
groups to that in ethane, the methyl group in isobutane is more stable by

AE = -21.6 kcal/mol and the population is increasea by AN = -0.028e. In
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neopentane, the methyl is more stable than that in ethane by AE = -28.8
kcal/mol and AN = -0.034e.  Nearly all of the increase in stability of the
methyl group on both isobutane and neopentane reside in the carbon
atoms, The carbon atoms of these methyl groups are more stable than
the carbon atom of the methyl group in ethane by 20.1 kcal/mol and 25.8
kcal/mol for isobutane and neopentane respectively. On the other hand,
the carbon atom at which the branching occurs is less stable than the
carbon in the methyl group of ethane by 179 keal/mol and 23.1 kecal/mol
for iscbutane and neopentane respectively. It follows then that the
actual energies of the CH and C groups in the branched molecules are

less than the values assigned to them in the additivity scheme.

G, Strain_Energv

The effects of increased geometric strain  on  electronegativity and
ultimately on the energy of a methyl or methylene group has been
discussed above. Experimentalists used heats of formation for the cyclie,
bicyclic and propellane molecules to quantify the strain energy. One can
define  strain  energy using the theory of atoms in  molecules by
subtracting from the energy of the group of interest the energy of the
corresponding  standard  group. It is noted here that this definition for
group energy is in the same manner as is done by wusing heats of

formation, except that they do not relerence the standard state of the

constituent atoms. The standard group energies for the methyl group
have been reported above. They are E(CHy) = A = -39.61438 au and
E(CH»} = B = -35.03478 au. To obtain the standard values for the

methvne (CH) and carbon groups one subtracts three and four times the
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value of A from the total energies of isobutane and necopentane
respectively. This gives the standard energy for the methyne group as
E(CH) = -38.45582 au and E(C) = -37.87630 au. The standard energics
obtained in this way do not take into account the effects of charge
transfer to the attached methyl groups. This effect makes the standard
methyne and carbon group more stable than the actual group by 64.7
kcal/mol and 113.1 kecal/mol respectively. Strain  energies  calculated in
this manner are given alongside their correponding group in Figure IV.I.
The strain energies are given in unite of kcal/mol with the group strain
energy, listed as E, followed by the total strain energy of the molecule,
listed as SE, and finally the experimental strain energy given in
parenthesis. The experimental  strain energies {(Wiberg 1986) are
determined by using the Franklin group equivalents (Franklin 1949). From
the wvalues listed in Figure 1V.l, one notes that the theoretical and
experimental values are in fairly good agreement with the largest errors
found in [l.1.1]- and [2.2.2]propellane, One should include electron-

electron correlation to properly handle highly strained molecules.

H. Cyclic Molecules

It has been noted previously that the electron-withdrawing power of
hydrogen and carbon are reversed as the carbon atom is subjected to
increasing geometric  strain. This change in the electronegativity of the
carbon can be explained by the increasing s character of the C-H bonds.
Relative to the standard methylene group, each hydrogen transfers 0.048¢
to carbon in cyclopropane. Accompanying this charge transfer is an

increase in the stability of the carbon of 155 kcal/mol and a decrease in
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the stability of each of the two hydrogens by 12.6 kcal/mol. Overall, the
transfer of charge from the hydrogens to the carbon leads to a 9.6
kcal/mol decrease in the stability of the methylene group. The total
strain  energy for cyclopropane therefore is three times 9.6 kcal/mol or
28.8 kcal/mol which is in good agreement of the generally accepted value.
The methylene group in cyclopropane is only 2.3 kcal/mol more stable
than the same group in ethylene and in terms of charge transfer within
the group and ils energy, it resembles the ethylene fragment more than
the standard methylene group.

Using the 6-31G"" basis set for these calculations, the same group
charges and same transfers of charge within a group are found. This
leads to the same changes in energy relative to the standard groups and
is true not only for the methyl and methylene groups in the acyclic
molecules as noted above but also true for the strained systems. The use
of the 6-31G*" basis sets for the calculations yields a charge transfer of
0.044e from hydrogen to carbon beyond that found in the standard
methylene  group and a  contribution to the total strain  energy of
cyclopropane of 9.2 ke¢al/mol,

If one considers the hybridization on the carbon in the C-H bonds to
the carbon of the standard methylene group, ethylene and acetylene, the
hybridization changes from sp3 to sp2 to sp respectively. This change in
hybridization would correspond to a change in the percent s character of
the C-H bonds to be from 25% to 33.3% to 50% respectively., The change
in energy accompanving this change in percent s character behaves in a
linear manner with the energy decreasing by 3.0 kcal/mol with each

percentage  increase, In all three of these molecules the charge transfer
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is between the carbon and the hydrogen and the functional group has no
net charge. The population of the carbon atom in cyclopropane is
slightly higher than that of the carbon in ethylene and s energy s
correspondingly greater by 7.9 kcal/mol. Using the relationship above,
this would correspond to a percent s character for the C-H bonds to be
approximately 31%. Even though the carbon atom in ethylene is more
stable than the <carbon atom of the standard CHs group, 2 CHb»
fragment of ethylene overall is less stable than the standard methylene
group. The same is true for the methylene fragment of cyclopropane. In
both ethylene and cyclopropane, stabilization of the carbon atom s
through the effects of charge transfer between the carbon and the
hydrogen. This charge transfer stabilizes the carbon atom at the expense
of destabilizing the hydrogens. In both ethylene and cyclopropane, the
destabilization of the hydrogen atoms is greater than the stabilization of
the carbon atom, making the methylene groups in these molecules less
stable overall than te standard methylene group.

As the amc * of geometric strain is reduced, as it is in cyclobutane,

the charge transfer that occurs between the carbon and the hydrogen s

reduced. In the example of cyclobutane, this charge transfer is reduced
to 0.0l4e. The carbon atom has a correspondingly slightly lower energy
than the carbon of the standard methylene group. In terms of the above
relationship, the C-H bonas have a 26% s character. Evidence to support

this comes from the wvalue of the C-H coupling constant (Levy 1980) of
134 Hz which is only slightly greater than the value of 123 Hz for the
methylene group in cyclchexane. The relationship between percent s

character and the coupling constant gives a percent s character of 27%
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for the C-H bonds. Similarly, the bond length, the stretching force
constant and the HCH bond angle for the methylene group in cyclobutane
all suggest only a small increase in the percent s character increase of
the C-H bonds over that in the standard methylene group, The stability
of the carbon atom in cyclobutane is increased by 1.0 kcal/mol over the
carbon of the standard methylene group but the stability of the
hydrogens is decreased by 3.9 kcal/mol each. Overali the methylene
group in cyclobutane is 6.7 kcal/mol less stable than the standard
methylene group and the total strain energy of the molecule is calculated
to be 26,8 kcal/mol compared to the experimental value of 26.5 kecal/mol.

This analysis of the strain energy agrees with and substantiates the
observations made in the preceding chapter regarding the greater stability
of the carbon atoms in cyclopropane as compared to those of cyclobutane.
This increased stabilization is the result of the delocalized concentration
of charge over the interior of the three membered ring where it is shared
by and binds all three ring nuclei. The value of V;eo(C), the potential
energy of attraction of the nucleus for its own charge density,is 127
kcal/mol more negative for the carbon atom in cyclopropane than that in
cyclobutane. The greater charge and stability of the carbon atom in
cyclopropane are a result of the increased s character in the C-H bonds.
This increase in stability appears in a relatively large C-H bond
dissociation energy for cyclopropane of 106 ‘wcal/mol which is only 2
keal/mol less than that for ethylene {saghal-Vayjooee and Benson 1979).

The relative degree of geometric strain  in the cyclic, bicyclic and
propeliane molecules can be measured by the difference of the C-C-C

bond path angle from the tetrahedral angle. These values are listed in
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Table 1IL.2. As the carbon atom experiences increased strain as measured
by this deviation from the tetrahedral angle an increasing amount of
electronic charge is transferred from the hydrogens to the carbon of the
methylene group using the populations in the standard methylene group
for comparison, This redistribution of the charge density leads to a
stabilization of the carbon atom but leads to an  even  greater
destabilization of the hydrogen atoms. Overall, the strain energy of the
molecule is equal to the increase in energy of the methylenc groups
relative to the standard  methylene. These  observations may  be
rationalized by orbital theory by assuming that the s character of the C-
H bonds increases as the geometric strain on the carbon atom increases.
This rationalization c¢an be carried into a discussion of the bicyclic
molecules.

J. The Bicyclic Molecules

Of all the bicyclic molecules, bicyclo[1.1.0]butane, structure 13, is the
most  strained. The magnitude of the net charge of -0.121¢ on the
bridgehead carbon in this molecule is exceeded only by that found n
[2.1.1]- and [2.2.1]propellane. The bridgehead carbon in
bicyclo{l.1.0}Jbutane  which has an inverted geometry, withdraws charge
from the hydrogen directly bonded to it as well as from the methylene
groups. Its energy is only 9.5 kcal/mol greater than that for carbon in
acetylene suggesting a considerable degree of s character in its bonds.
Orbital analyses indicate that the bridgehead bond in this molecule is
pure p (Newton and Schulman 1972, Finkelmeier and Luttk 1978)
therefore all the s character is in the hybrid orbitals used in bonding to

the groups from which the carbon withdraws charge. Using the coupling
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constant  relationship, the observed J(|3C-H) coupling constant yields a
percent s character of 41% which leaves an approximate percent s
character of 30% for each of the bonds 1o the methylenes, Coupling
constants for the C-H bonds in the attached methylene groups average to
the same value as the coupling constant in cyclopropane which gives a
32% s character. This implies that the hybrid orbitals on the carbon of
the attached methylene group which arc directed towards the bridgehead
carbon have only 18% s character, considerably less than those directed
from the bridgehead. This approximate analysis seems to suggest that
there is more s character from the bridgehead carbon than from the
methylenic carbon atom in the <carbon-carbon bonds. One expects then
that the ©bridgehead «carbon will withdraw charge from the methyienic
carbon as well as from the hydrogen, Therefore, what at first seems an
anomaly where the most strained carbon atom in the molecule possess the
most negative total energy can be rationalized by orbital theory. This
rationalization  predicts a  high s character contribution from the hybrid
orbitals of the bridgehead carbons leading to the most electronegative and
consequently the most stable atom of the molecule.

As was discussed earlier, in assigning the group energy to CH, it is
assumed that there is no charge transfer from this CH group to the three
attached  methyl  groups. However, in isobutane, the CH group bears a
charge of +0.084e and as a result the group energy for the standard CH
group is 60 kcal/mol more stable than the same group in isobutane. In
bicyclo[1.1.0]butane, because of the very high electronegativity of the
bridgehead carbon and its similarity with the energy of the carbon in

acetylene, the energy of the bridgehead CH group differs from the
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standard wvalue by only 1.6 kcal/mol, Therefore essentially all of the
strain  energy originates from the methylene groups and their charge
density. For these methylenic hydrogens, the charge, energy and Be
coupling constants for the C-H bond are very similar to those of
cyclopropane, Thus, the increase in strain energy in bicyclo[l.1.0]butane
beyond that found in cyclopropane is a result of the additional charge
transfer that occurs in this molecule. Each methylene group has a net
charge of +0.068e and is calculated to be 327 kcal/mol less stable than
the electrically neutral standard methylene group. The total calculated
strain  energy is 68.6 kcal/mol as compared to the experimental value of
63.9 keal/mol.

As one progresses through the series of bicyclic molecules from the
most  strained  bicyclo[1.1.0)butane, structure 13, to the least strained
bicyclo[2.2.2]octane,  structure 19, the  populations of the  bridgehead
carbons experience a continuous decrease and the CH group becomes
positively charged. The bridging methylene pgroups on the other hand
experience an increase in  the population until they become negatively
charged through this series of molecules, Parallelling these changes in
populations is the group energy where there is a near linear relationship
with the methylene groups becoming more stable as the methine group
with its charge approaching that of the methine group in isobutane
becomes less stable and also the principal source of strain energy. Thus
as the strain energy at the bridgehead carbon is decreased, its  hybrid
orbital scheme has decreased s character directed at the hydrogen and at
the methylene carbons, As the electronegativity decreases along with this

decrease in s character the relative electron-withdrawing power reverts to
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the normal order with the methylene group withdrawing charge from the
methyne groups.

These observations are further iliustrated by the molecule
bicyclo[!.1.1]pentane, structure 16, for which the C-H coupling constants
are known, This molecule displays the maximum total strain energy and
corresponding maximum  contribution from the methyne groups to the
strain energy in this series of bicyclic molecules. The C-H coupling
constant for the bridgehead carbo-hydrogen bond is 160 Hz (Levy et al
1980) and vyields a percent s character of 32% wusing the percent s
character relationship to the coupling constant. This leads to a 23% s
character for the two orbitals directed towards the three methylene
groups. The C-H coupling constant found in the methylene groups of 144
Hz gives a percent s character of 29%, implying an s character of 21%
for those orbitals directed at the bridgehead carbons. In this case, the
percent s character between those orbitals used from the methylenic
carbon and the bridgehead carbon are quite evenly matched and the two
revert to the normal order of electronegativity with methylene
withdrawing charge from the bridgehead carbon. Since the methylene
groups withdraw charge from the methyne groups they are stabilized
relative to the standard electrically neutral methylene group ard each of
these groups contributes -5.6 kecal/mol each to the strain energy of the
molecule.

The methyne group population varies significantly through the series
of bicyclic molecules. In bicyclo[1.1.0]butane, it has a large net negative
charge. In bicvclof2.1.0jpentane, structure 14, this net charge is reduced

to about half the value in bicyclof{1.1.0]butane while in
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bicyclo[2.2.0lhexane, structure 15, it is neutral. The net charge on the
methyne group becomes positive in  bicyclo{l.1.1]pentane,  structure 16.
Accompanying this reduction in population, or net negative charge s
increased  destabilization of the  methyne group  with the  largest
contribution to the strain energy in Dbicyclo{l.l.1]peniane even though the
net positive charge continues to increase through the rest of the bicyclic
molecules. For the molecule bicyclo[2.2.2]Joctane, structure 19, the net
positive charge on the methyne group is +0.057e. Bicyclo(1.1.|]pentane
has no bridging bond and this is the reason that there is a sharp increase
in the strain energy for the methyne group at this point in the bicyclic
series. In terms of the orbital model, the presence of the bridgehead
bond which is mostly p in character leaves an increased s character for
the remaining bonds. This increase in s character as has been discussed,
jeads to an increase in the electronegativity of the group and
stabilization of the group is observed, In the absence of this bridgehead
bond, the bridgehead carbon becomes less electronegative relative to its
neighbours of which there are four rather than three. In terms of the
potential energy contributions to the atomic energy, there is a  sudden
relative increase in the repulsive contributions to the encrgy of the
bridgehead carbon of Dbicyclo[].l.1]pentane. In structures 16, 18 and 19
the bridgehead carbon atoms all have about the same atomic gnergies
despite a decrease in their electron populations. As a resuit of this
decrease in the atomic population the contribution to the energy of the
atom from the attractive interaction of the carbon nucleus with its own
charge density is 46 kcal/mol more stable in bicyclo[l.].1]pentane than in

bicyclo[2.2.2]octane, Since the total energies of these two bridgehead

tnd
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carbon atoms are identical, it means that the repulsive forces must make
a larger contribution to the external virial, In other words the
contribution from repulsive forces wupon interaction with the remainder of
the molecule are relatively larger in  bicyclo[l.1.]1]pentane  than in
bicyclo[2.2.2]octane. This result is in agreement with the classical idea
of a significant non-bonded repulsion between bridgehead atoms which
decreases from 16 to 19, This result also shows the significance of an
carlier staterment that the presence or absence of a bond path between
the bridgehead nuclei  has direct physical consequences. In the zero-
bridged structures 13  through 15 the charge density in the bridgehead
internuclear region  exerts  net  attractive forces on  the bridgehead nuclei
and their virial lowers the energy of the system (Bader and Essen [984),
In those structures where they are not zero-bridged, there is no
accumulation of charge density to give the line of maximum charge that
links the bridgehead nuclei, In this case, repuisive forces dominate and
it 1s their virial that raises the total energy.

Bevond  these  observations, there is a further correlation that can  be
noted. This correlation  is  between the electronegativity and the energy
of  the methvlenic carbon and the degree of relaxation of the geometric
strain - as  measured by Aa  where Aa is as  previously defined in the
preceding  chapter. The greater the relaxation as measured by Aa, the
greater  the  stability of the atom. As a comparison, take the carbon atom
i the one-carbon-bridge methylene in  bicyclo[2.1.0]pentane, 14, and that
in bicyelo( L 1.0)butane, 13, While their geometric angles are nearly
identical, Aa is 5 degrees greater for the carbon in  bicyclo[2.1.0]pentane

with an accompanying larger population and increased stability than that
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of bicycio[l.]1.0]butane. The methylene group in bicyclo[2.1.G]pentane has
very similar  properties, including the value of Ac, to  those of
cyclopropane, The two-carbon-bridge methylene group in
bicyclof2.1.0)pentane is under less strain, its relaxation is  smaller  and
there is a substantial charge transfer between it and the  bridgehead
carbons 1n the direction of the bridgehead carbons, This  loss  of
electronic charge leads to a considerably greater strain  energy  of  this
methylene group as compared to that in cyclobutane. In
bicyclo[2.2.1]heptane  where  the relative  electronegativities  have reverted
to the normal order ( that is CH3; > CHa > CH > C ) the one-carbon-
bridge methylene has a larger population and hence is more stable than
the two-carbon-bridge methylenes. In addition to having a larger  value
for Aa, the one-carbon-bridge carbon c¢an withdraw charge from  both
bridgehead groups.

In  bicyclo[2.2.2]octane, the final member of this series under  study,
the bond angies are all fairly normal, leading to normal hybridization. AS
a result, one expects that the methylene groups withdraw charge from the
methyne groups. The overall effect should be similar to that in isobutane
but not as large since the methylene group is not as electronegative as
the methyl group. A methylene group attached to a methyne group in
branched structure used as a reference would give a more direct measure
of the source of strain in these types of molecules. Values of the strain
energy given here are compared to a standard which 15 physically
unrefated  *n these  molecules. Therefore in  bicyclo[2.2.2]octane,  the
methylene group is found to be more stable than the standard, the

standard group bearing no net charge, while the methyne group is
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correspondingly less stable, The final strain energy is obtained as a
difference rather than as a sum of group contributions.

In the cage structures tetrzhedrane and cubane, the electronegativity
of the «carbon in the methyne groups also parallels the percent s
character, In the methyne group of tetrahedrane the percent s character
of the group must be considerably larger than that of the methyne group
in bicyclo[1.1.0)butane because of the increased geometric strain. Using
the previously  observed linear  relationship between the percent s
character and the energy of the carbon atom in electrically neutral
methylene and methyne groups gives a value of 42% s character for the
carbon in tetrahedrane. The relaxation of the charge density as measured
by the quantity Aa is also a maximum for this molecule. As a result, the
carbon atoms in tetrahedrane are more electronegative than the
bridgehead carbons in  bicyclo[l.l.0]butane. However, the methyne group
of tetrahedrane differs from that found in bicyclofl.1.0]butane ir that it
does not carry a net charge. Any charge transfer that occurs necessarily
has to be from hydrogen to carbon in tetrahedrane. A charge transfer
from hydrogen to carbon in the case of methylene groups as discussed
above is accompanied by an overall increase in energy of the group. It

is this increase in encrgy that s the group's contribution to the total

strain  energy  of the molecule, Similarly with the methyne groups being
considered  here. Each methyne group has a strain  energy of 35.2
keal/mol  in tetrahedrane. This wvalue is in fact only 59 kcal/mol greater
than that of the same group in acetylene, A carbon atom in cubane has
an  atomic energy that indicaies a 36% s character. Using the coupling

constant relationship, a 31% s character is predicted. The charge transfer
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from hydrogen to carbon is much reduced from that found in
tetrahedrane. The strain energy is also reduceu to 19.9 kcal/mol for each
methyne group to 159.1 kcal/mol compared to 140.8  kcal/mol in
tetrahedrane. If one takes into account the -0.055¢ correction to the
population, by using the 6-31G** basis instead of the 6-31G’ basis set for
the calculations, of a hydrogen atom relative to carbon more realistic
absolute charges are obtained. In tetrahedrane, the hydrogens around the
tetrahedral cage of carbons cairy a net charge of 0.056e while in cubane
the surrounding hydrogens carry a net charge, almost equal in  magnitude,
of -0.058e.

In the molecuie spiropentane, structure 26, the percent s character at
the centrai carbon is 25% by symmetry. The methylene groups should be
similar to those of cyclopropane which has 32% s character in the C-H
bonds and 18% s character in the C-C bonds. These values indicate that
the central carbon atom should be more electronegative than the carbon
atoms of the methylene groups. The central carbon withdraws charge
from the methylene groups and is 12.5 kcal/mel less stable than  the
standard C group while the methylenes with a net positive charge have 3
strain  energy that is one third again as large as that found in
cyclopropane, The energy of the methylene group in spiropentane follows
the nearly linear energy vs. net charge relationship observed for this

group in the bicyclic molecules.

K. Propellanes
The series of propellane molecules all possess unusual structures and

these structures display atomic energies and charges that do not lend
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themselves to the percent s character rationalizations used above. It is
still possible of course to use the theory to obtain the atomic charges
and energies of the constituent atoms. The general observation is that as
a carbon atom experiences increased geometric strain, its electronegativity
increases. In each of the propellanes, [t.1.1]propellane (20},
[2.1.1]propellane (20, [2.2.[]propeliane (22}, and [2.2.2]propellane (23),
the bridgehead carbon atoms have a net negative charge. The magnitude
of the «charges are the largest for ([2.1.1]propellane and [2.2.1]propellane.
The smallest magnitude of the net charges is found for ([2.2.2]propeilane,
which is the least strained member of this series. These bridgehead
atoms, together with the bridgehead carbon atoms in bicyclo[l.1.C]lbutane
have the lowest energy of all the atoms of the molecules studied here.
Strain  energies reported in  Figure [IV.l for the bridgehead carbons are
calculated by comparing their atomic energies to the energy assigned to
the standard C group. This standard group is actually considerably more
stable than the C group in neopentane as no charge transfer effects are
t1ken  into  account, which has been previously discussed. Therefore the
bridgehead group contributes to the total strain energy of the molecule in
two of the propellanes, [2.1.1]propellane and [2.2.1]propellane,  despite
their large negative charges and low energies. The bridgehead carbon of
[2.1.1]propellane  whose average electron population exceeds that of the
actual C group in neopentane by 0.268¢ has an energy that is
approximataly 100  kcal/mol lower. Of all the bridgehead carbons in this
series  of  propellane  molecules, those of [l.1.1]propellane are the least
stable, Relative 1o the standard group energy each of the bridgehead

carbon atoms contribute 44.0  kcal/mol to the strain  epergy of the
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molecule. The next most stable bridgehead carbon atoms are those found
in [2.1.1)propellane. Each of these carbons is 114 kcal/mol  higher in
energy than the standard C group. In this and others of this scries of
molecules the smallest of the bond angles formed with the bridgehead
bond are those with the bonds of the three membered rings. All of these
angles are about 60 The extent of the relaxation of charge density
about this angle is about the same for the three such angles found in
[I.I.l]propellane as it is for the two such angles in [2.1.1)propellane  with
Ax equal to 100 In [2.2.1]propellane however the extent of the relaxation
of strain is greater as is reflected by the value of Aa being 160 As a
consequence, this carbon atom has the largest negative charge and is the
most stable of all the bridgehead carbon atoms. {ts energy is lower than
that of the standard group by 24.3 kcal/mol. In [222])propellane,  the
least strained of the propellanes  studied here, the bridgehead  carbon
atoms carry the least net charge of all the bridgehead carbon atoms and
the relaxation as measured by Aa is correspondingly small. s energy  is
15.1 keal/mol lower than the energy of the standard C group.

The three- and four-membered ring methylene groups in the
propellanes behave in different wiys with respect to their charge loss 1o
the bridgehead carbon atoms, Their energies do not correlate with their
net charges in the nearly linear fashion found in the bicyclic  molecules.
They do, however, experience an increase  in  the electronegativity  as
increased geometric strain s imposed. Atomic populations decrease in  the
order bridgehead, one-bridged methylenic carbon atom and two-bridged
methylenic  caibon  atom. Charge is transferred to the bridgekead carbon

atoms from both the three-membered-ring  methylenic carbon as well as
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the hydrogens. The net charge on these methylenic groups is essentially
the same in [l.l.1]propellane, [2.1.1)propellane and {2.2.1]propellane with
an increasing fraction of the charge residing on the carbon atom. In
concert with this increase in positive charge is the increase of the strain
energy from 5 to 11 to 14 kcal/mol respectively. It is important to note
here that the two middle members of this series of molecules have the
largest  strain energies. The t’:-BIG‘/é-BlG‘l calculations are in good
agreement with the values for these two molecules but they overestimate
the strain energies in both [1,1.1]- and [2.2.2)propellane by 6 kcal/mol.5

The methylenic carbon in a four-membered ring bears the largest
positive charge in  these  molecules. In  both [2.1.1]propeliane and
[2.2.1]propellane this net charge is about +0.le but decreases to half this
value in the less strained {2.2.2]propellane, The hydrogens are nepatively
charged in these methylenic groups. Since these carbon atoms lose the
largest amount of charge to the bridgehead carbon atoms, they are the
least stable carbon atoms in the propellaine molecules. These methylenic
groups therefore make larger contribution to the overall strain  energy
compared to the three-membered rings. No matter what standard groups
are  chosen, the order of stability of carbon atoms in these propellanes
will still be bridgehead carbon more stable than the methylenic carbon of
a three-membered ring which in turn is more stable than the methylenic
carbon of a four-membered ring. This order of stabilities is a resuit of
the flow of charge within the molecules, which is from the methylenic

carbon aioms to the bridgehead carbon atom. The largest flow of charge

5The 6-3IG“/6-3IG‘ results  for [l.1.l1]propellane are very similar,
vielding strain  energies for the methylene and C groups of 4.5 and 447
kecal/mol, respectively, and a total strain energy of 103 kcal/mol.
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to the bridgehead carbon atoms comes from the methylenic carbon of a
four-membered ring. This will result in each of the propellanes
exhibiting a relatively large quadrupole moment.

The term “unusual® has been used to describe the structure of the
propellane molecules. they are unusual in the sense that they do not fit
any of the standard hybridization models. in [2.2.2]propellane  the
bridgehead bond path angles or bond angles predict sp2 hybridization for
the bridgehead carbon, giving a bridgehead bond of pure p which is in
agreement with the form of the SCF orbital. However, the energy of the
bridgehead carbon atom is 66 kcal/mol more stable than that of the sp2
carbon in ethylene, but this difference can be understood. In ethylene,
the pure p hybrid forms a w-bond while in the propellane the pure p
hybrid forms a o-bond with the second bridgehead carbon with a bond
order of 1.26. In [l.l.1)propellane the bond path angles formed at a
bridgehead carbon are very close to those required for sp3 hybrid orbitals
to be directed at the bridging methylenes. With this hybridization model
then the bridgehead bond arises from the overlap of the tails of two sp3
hybrid orbitals on the bridgehead carbons. These models account for the
bridgehead carbon atoms of [2.2.2)propellane being lower in energy than
those of [l.i.1)propellane. It is difficult however to rationalize the larger
net charge on the bridgehead carbons in [1.).1]propellane or to rationalize
the charges and energies of the two intermediate members of this series

in terms of the orbital model.

HI, Summar

The charge distribution of a methyl or methylene group can appear
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unchanged as a transferable unit throughout a homologous  series of
molecules. These methyl and methylene groups behave in this manner if
they are defined and bounded by the zero flux surface in the gradient of
the charge density, When one of these transferable groups occurs in a
molecule, the contribution by the group to the total energy of the
molecule is also unchanged. This accounts for the additivity observed for
this homologous series, As the electronic charge distribution changes in
one of these groups, so too does its contribution to the total energy of
the molecule. Changes in the charge distritution induced by the changes
in its envirsnment can be related to the change in its energy. The
underlying reason for the obscrvation of additivity in  this series of
molecules is the fact that the <change in energy for a change in
population, the quantity AE/AN, is the same for both the methyl and
methylene  groups. These observations give further support for the
definition of atoms given by the theory. Using this definition it 1is
possible to trace the changes in atomic properties as the form of the
atom concerned changes with its bonding environment.

Examples where the methylene group <can be transferred with no
change, or with little change or with substantial change have been given
here. The standard methylene group is identified with the transferable
repeating group as found in the central positions of pentane and hexane.
The methylene group in  c¢yclohexane is found to be mnearly identical and
thus the energy of this group in cyclohexane is nearly unchanged f{rom
that of the standard, The strain energy of this molrcule is therefore
zero, which is in agreement with experiment. As the energy of the

standard methylene group is independently fixed by the theory, the fact
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that the energy of cyclohexane is six times the energy of the standard
group is very much a consequence of this atomic theory,

In trying to wunderstand strain one could study the cyclic molecules as
has been done here. The methylene group in cyclopropane is dramaticaily
different than the standard methylene group. At first glance, the resulls
obtained in the analysis of this molecules yields what may seem to be
surprising. One observes that the atom that is subjected to strain is
stabilized at the expense of destabilization of the directly bonded
hydrogens. Therefore, when a carbon atom is subjected to strain, its
electronegativity  relative to  hydrogen is  increased. This  increased
electron-withdrawing power of the carbon atom causes an increase in the
electron  population of the atom and a corresponding increase in ils
stability. A measure of the amount of geometric strain that the carbon
atom is being subjected to is the departure of the bond path angle from
the tetrahedrai angle, Aa, The larger the wvalue of Aa, the more
electronegative the carbon atom becomes and hence the more stable, AS
an example, the bridgehead carbon atom in  bicyclo(i.1.0)butane is more
stable than the methylenic c¢arbon atom from which it withdraws charge.
This reasoning accounts for the relative wvalues of the strain  energy
calculated the individual groups in the «cyclic, bicyclic and propellane
molecules, For the cyclics and bicyclic molecule these observations can
be rationalized in terms of orbital model. Using hybridization arguments
and J(I3C—H) coupling constants, this model is able to predict that the
percent s character of the hybrid orbitals frora carbon to dissimilar
neighboring groups increases as the carbon alta 15 subjected to  an

increasing degree of pgeometric strain, This results in an increase in the
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electronic  population and an  accompanying increase in  the  stability
relative to its bonded neighbours. It should be noted here that the
atomic charges defined by the theory have a direct physical and spatial
significance. There is therefore a physical flow of charge from the
peripheral groups to the bridgehead carbon atoms in both the bicyclic and
propellane series of molecules. The magnitude of this charge transfer
increases as the bridgehead «carbon atom experiences increased geometric
strain.

Bader, Henneker and Cade in 1967 proposed that a particular outer
contour of the charge density could be used to define the shape of a
molecule for its non-bonded interaction with other molecules. This
contour was chosen to be the 0.002au contour and it provided a good
approximation to the van der Waals' envelope of a molecule (Bader et al
1967. Bader and Preston 1970). This Hartree-Fock based envelope model
for the diatomic molecules N3, O> and Fp was and still is being used in
the elucidation of the crystal structures of the various solid phases of
these systems (Barrett and Meyer 1967, Meyer 1969, Mills and Schuch
1969. Schuch and Mills 1970. Raich and Mills 1971, Schiferl et al 1983)
From this study, it is clear that good van der Waals' envelopes can be
constructed  for  hydrocarbons of any <chain length from the charge
distributions of the standard repeating methyl and methylene groups as
defined using the theory. Using the theory of atoms in molecules, it is
possible to define these groups which account for the additivity observed
in the hvdrocarbons. Indeed, the atoms of theory can be identified as

the atoms of chemistry.
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Figure 1V.1

Carbon skeletal structures of strained molecules. Opposite each CHa, CH,
or C group is given the net charge on C, the average net charge on the Il
atoms, the net charge for the group and the strain energy ({(E) for the
group in kcal/mol.  The total strain energy is given below each structure in

kcal/mol followed by the experimental value in parenthesis.
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TABLE 1V.]
ATOMIC PROPERTIES IN HYDROGCARBONS®

¢ MOLECULE P N(RY D L) ‘T{RY=-E(R)! V"pgﬂ)h : p(O)“
au au au au
:1. METHANE €C115.966G8 :-0.00017 ; 37.73936 !-B89.55023 ! 117.9958
' H2:1.0083 | 0.00007 @ 0.61395 : --1.29140 ! 0.4252
12. ETHANE C1:5.9249 ' 0.000410 : 37.73323 :-89.47475 ! 117.99494
' H3:1.0248 ! 0.00007 : 0.462711 ¢ -1.31048 | 0.4248
+3. PROPANC €C115.9373 1-0.00070 : 37.75001 1-89.53348  118.0234
' ¥C1:5.8924 1-0.00:77  37.72485 -8BY.420G2 | 118.0078
: H1:11.0248 1-0.00002 : 0.62640 ! -1,3100G | 0.4299
! n501.0275 0 000013 @ 0.62730 ! -1.31202 ¢ 0.4293
; B7!1.0367 © 0.00006 ¢ 0.63826 @ -1.32562 2 0.4338
v4. BUTANE C1:5.9350 '-0.00012 | 37.74948 :-89.52891 @ 11R.02IR
' ¥C215.9043 ' 0000403 ¢ 37.73827 1-B89.4676G7  118.0265
: H5:1.0251 ¢ 0.00017 ¢ 0.82734 ! -1.31094 | 0.4298
: H6:1.028]1 | 0.00010 : 0.62804 1 -1.312499 0.4297
' HB'1.0397 . 0.00020 @ 0.63902 : -1.32760 ° 0.4339
+5. ISOBUTANE *¥C1:5.9433 1-0.00058 : 37.76337 1-89.57491 | 118.0450
' C2:15.8706 !-0.00041 : 37.71128 :-8Y.37296G @ 11B.0176
: H511.0275 | 0.00009 @ 0.62776 ! -1.31201 0.4295
' HG:1.028G @ 0.00010 @ 0.62759 ! -1.31290 0.4287
: H7:1.0452 [ 0.00039 ! 0.64825 ! -1.33740 0.4369
+6. PENTANE €C1:5.8343 ! 0.00029 : 37.74725 :-89.52417 ! 118.0224
' ¥C215.9047 0 0.00072 @ 37.74062 1 -B9.47012 1 118.0262
X C4:5.8112  0.000GY @ 37.75732 -8Y.53001 @ 1]18.0170
: HGIL. 02561 0 0.00008 @+ 0.62702 1 -)1.31087 0.4208
! H711.02R0 | 0.00009 @ 0.62790 @ -1.31260 ¢ 0.4295
H9:1.0399 1 0.0001) & 0.638RY ¢ -1,32742 0.433°
H11:1.0430 : 0.0001! : 0.63919 @ -1.32816 . 0.4327
'7. NEOPENTANE €1:5.9460 ! 0.0Q0005 @ 37.77488 !-89.59B33 | 118.00642
! #C2:5.8626 1-0.00163 | 37.69291 :-89.35801 ! 118.02R7
' H6:1.0295 -0.00008 : 0.62845 @ -1.31412 | 0.14294
8. HEXANE €C1:5.9357 | 0.00051 '@ 37.74940 '-89.52884 ! 118.0196
' xC2:5.9044 | 0.00223 : 37.73B37 :--88.46315 ' 118.0228
' €3:5.9136 ' 0.00086 : 37.75598 :-89.52404 | 118.0399
' H7:1.0249 | 0.00008 @ 0.62660 ! -1.31021 : 0.4291
' HB.1.0280 ! 0.00003 : 0.62775 @ -1.31247 . 0.4291
H10'1.0400 ' 0.00010 : 0.63926 @ -1.32777 ! 0.4321
H12:1.0427 | 0.00011 @ 0.63977 @ -1.32940 ! G¢.4329
19. CYCLOPROPANE *C1:6.0102 @ 0.00035 : 37.78221 :-B9.76484 [ 117.9648 ¢

H110.9949 @ 0.00009 @ 0.61866 @ -1.2H992 0.4307
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CYCLOPENTANL

L9160
L9241
L9304
L0326
L0416
L0407
L0386
L0334
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L0361
L0437

BICYCLO( ). 1.ORUTANE C1
*C2
HD

HY

He

L9283
L9463
LA976
.000H

. BICYCLO[Z.1.0]PENTANE CI!
A2
ch
Hi:
H4Y:
H10:
H12Z2:
Hla:

3. 0433

L9160

», 0063

RLHBR
LOZBR
IR
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LQO27

. BICYCLO[2.2.0JHEXANE

Cc3.
H7.
HB!
H9!
H10:
H1l!

. 9646
L9408
. 8414
.02841
L0275
L0317
.0269
L0307

3 BICYCLO[1.1.1]) ENTANE *Cl:
co:
HEG
07

Lise) Ty=-E(R)!
au au
0.00028 | 37,75830
p.o00004Y +  0.63220
0.00009  0.863252
0.001RL © 37.758B403 !
0.00077 @ 37.756G20 1
0.00040 : 37.7486)
0.00009 @ 0.635561
0.00044 © 0.64229 .
0.00010 ©  0.64200 |
0.00013 @ 0.63691
0.00004 0.63861
0.00010 0.64088 .
0.00029 @ 37.758B03
fg.000049 ¢+ 0.63708
0.060010 0.63965 ¢
0.00017 @ 37.86024
0.00208 © 37.74152 ¢
¢.00006 @ 0.59290
g.0oo0o8 ¢ 0.81878 ¢
0.00011 ¢ 0.62233 |
0.00136 @ 37.82717
0.00463 © 37.734329
-0.00034 : 37.79396 |
-{.30003 0.61310
0. 360049 0.63150
-0.00007 J.63070
0.00007 ¢ 0.81707
0.00009 ¢ 0.61985
-0.00123 37.786065
0.00100 ¢ 37.76071
-0.00020  37.76075
0.00020 @ 0.63593 .
0.00008  0.63420
0.00010 @ 0.863527%
0.00012 @ 0.83391
0.00009 © 0.63506
-0.00286 : 37.76700
-0.00002 : 37.778B70
0.00006 @ 0.62135
0.00009 ' 0.63215

[

fpeb® 1 PO
au au
-89.56237: 118.0458
-1.31694! 0.4324
-1.31613! 0.4318
-89.54247: 118.0532
-89.53876: 118.0506
-89.53831: 118.0435
-1.32195: 0.4333 !
-1.33123: 0.4348
~1.33093! 0.4350
-1.32338: 0.4339
~1.32508! 0.4344
-1.32805! 0.4344
-89.53898: 11B.0411
-1.32445: 0.4330
-1.32954 0.4326
~90.15791: 117.9854
~89.47624: 11B.0013
-1.24273: 0.4233
-1.29218: 0.4318
-1.29753: 0.4319
~89.92775: 118.0263
~89.46026:  118.0412
~89.78073: 117.9951
-1.28320! 0.4296
-1.31510: 0.4324
-1.31205" 0.4324
~1.28432! 0.4296
~1.1'9386! 0.4297
-89.66826: 118.1042
-89.55634: 118.0571
-89.56513! 118.0571
-1.32088! 0.4356
-1.31812: 0.4333
-1.32133: 0.4338
-1.31764: 0.4333
-1.32055! .4335
-89.60721: 118.1198
-89.60816: 118.10869
-1.29980; 0.4321
-1 4335

.31847. Jd.



TABLE IMtcont inucd)

{  MOLECULE CON@ L) TweEm: v po©
au nt nu nu
'17. BICYCLO[Z2.1.1]HEXANE C1: : ' : 1M, 1141
' ce. : ' : C1IRLV0ARTH
' C5' 65,9722 ! ~0.00431 | 37.78935 ©  -HO.6B6G1340 11H. 09494
! BT 1.0233 ©  0.0007%  0.63229 =1, 31672 0.4458
' HB: 1.0341 ¢ 0.00010 @ 0Q.63741 . -1.32500 0.4345
, H13D 1.0360 ¢ =0.00003 @ 0.G3051 ¢ -1.3U064: 0.43496 .
' H14 F.O25% 0 0.00009 @ 0.63232 ¢ -1.31674 0.4329 ¢
118, BICYLO[° 2.1 JHEPTANE C! 5.9254 M AN F 13 TN I : llH IUJ
: CeZ ¢ 5.94I8 1 0.00120 0 37 TGTHT 0 -HULAWIZHD TIH. 062
' C7 ¢ 5.96GA1 ! -0.00174 | 37.R0OBL7 © -BY.TINI6G LTI, 1044
! HE 01,0326 0 -0.0000H ¢ 0.63741 =1, 324 0.aa24 |
' HY 0 1.0356 1 0.00010 @ 0.64808 -1.3;49:. 0.43144
, HIO © 1.0349 0 0.00010 0.63600 -1, 32345 0.4330
N H13 © 1.0349 © 0.000@1 : Q.63331 . -1. 3”077' 0.43049
19, BICYLO[2.2.2]OCTANE *Cl : 5.8991 : 0.00425 : 37.76504 ! —HU..JJHG llH ou2d
: C2 ¢ 5.938% 1 -0.002701 ¢ 37.76454 0 -HY.BH44H 1R, 0552
: H9 ' 1.3441  0.00011 ©  0O.649021 - 1.33629 0.4:13646 ¢
! itiu 1.0400  © 0,00015 ¢ 0.6830099 ¢ o8 IR A Y 0.4:1491
120, [1.1.1]PROPELLANE 10 B.1076 0 0 0,003 0 37080619 ~HU.;UHLH: 118.40066
! C2 L 5.9749 0 -0.00081 0 3T.T999R 0 -8 RTZIH T1IR.1019
' HG 0 0.9770 ¢ 0.00010 @ 0.01313 : - 1.27767) 0.4429 ¢
'21. [2.1.1)PROPELLANE FCTD 61491 0 000109 0 AT.RARIL 0 40, 1]1.7 11H, 2HB0
: C2! 5.HY69 ¢ =0.00017 © 37.72970 @ -y9.40991  11H.0267
' CHY H.49630 0 -0,00063% 0 37.TRO28 0 B9 GTI2G0 TIHL 0640
H7: 1.0138 © 0.00007 @ O.HZHIS -1.400199; 0.442H

HIT:D 0.9835 0.00010 & 0.61373% ¢ o AN AR e 0.4:111
: HL1Z2: 0.9786G @ 000010 @ 0.61376 ¢ 1. 28079 0.4316
122, [2.2.1]PROPELLANI Cl 6.1524 ¢ 3791500 ro ML 08GH
. C2 ¢ 5.4009 @ 0.00044 27.71”" CCHYLGGETE D 1IN 0406
' C7 05,9584 & 0.00090 @ 3T.TTELE 0 CRY.GZH00: 1lH.nlee
: HE ¢ 1.0232 0 0.00009 ; 0.6319H 1L A1 0.4:348 .
' H9 ! 1.0168 . 0.00010 ¢ 0.62959 -1.300910; 0.432H
' HI16 © 0.88BG7  0.00011 @ 0.61822 . -1.2HK1Y. 0.432%4
+23. [2.2.2]PROPELLANE xCY0 6.0155 0 0.00192 0 37.9004K @ -HY 98E33 11414192
' C2. 5.9491  0.00110 : 37.74431 . -BI.53655: 11H.0572
: H9 1.0227 @ 0.00009 : 0.62455 -2 61113 0.4304
124. TETRAHEDRANE C1 CBU1112 0 -0.00002 ¢ 37.83669 0 -90.0645 117.9035%
: HS 1 0.8889 | -0.000049 @ 0.50298 . -1. le?J 0.4138



TABLE IN{continued)

' MOLECULE CoN() 0 L{r)  T(a)=-E(a): Vnegn)b: p(0)©
au au au au
125, CUBANE *Cl | 5.9966 : 0.00102 : 37.8B0932 ! -B9.73640: 118.1552
: HY 1.0034 . 0.00006 . 0.61481 ! -1.28869:! 0.4266
'26G. SPIRHOPENTANE *C1 : 5.9969 : 0.00353 : 37.78213 . -89.71807: 117.9752
' c3 ' 6.0718 : 0.00115 : 37.85633 ! -90.11441: 117.8755
HE @ 0.9926 . 0.00014 @ 0.61658 ! ~1.28652" 0.4296
a Numbering of structures and of atoms 1s as given in Table 1 of part 14. Also
gsee Fig. 1 of tLhis paper.
b Vn"n(nJ is the polential energy of interaction of the nucleus of atom 7 with
the electronic charge of .
C

p(0) is the value of the charge density at the nuclear maximum. This is
shifted slightly off the nuclear position (~3x107? au) for a proton for a
basis set which does not contain polarizing functions on hydrogen. A
Gaussian basis set wes used in these calculations and such functions do not
satisfy the nuclear cusp condition on p.
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Table IV

and Errors in lonteprated Atomic Euergies and l'opulaliots

Moulecule E(G—BIG*/G—MG*)n E"E?{n) N—Z@(n) (v-1°
au 2 il
kcal/mole
1. Methane -40.19517 -0.02 0. 0Qo0 . 000301
2. Ethanc =79, 22876 0.22 0.0011 000364
3. Propanc -11R, 26365 -1.97 -0.0031 .00035R
g, Butanc -157.298411 1.006 0. 00382 000320
5. Isobutane -157.29844 1.90 -0.0016 .0003143
b, Pentane -196., 33304 2.4 (0.0045 000261
7 Neopentane -196. 33382 1.81 =0.0001 000254
8. Hexane -235.3677Y 1.29 0.0060 .000362
9. Cyclopropane -117.0588B6 0.07 0.002e .0o0ass
10. Cvclobutune -156.09703 -0.59 0.0012 000347
11. Cyclopentane -185. 16260 1.00 -0. 0063 L000280
12. Cyclohexane -234.20802 0.341 0.0025 0003785
13. Bicveloll.l.0ibutane -151.87164 -0.02 00047 Loouaay
1d4. Bicvcloi2.1.0]pentane -192,92697 1.60 0.0140 ool
15.° Bicvelo{Z.2.0lhexane -232.806520 -0.15 0.0001 .000360
16. Bicvclo[l.1l.1l]pentane ~193.90568 -1.69 -0, 0037 . 000054
17. Bicylo[E.l.l]hexaneb -232.9B9249 .Qunaon
18. Bicyclo[ﬁ.z.l]heptaneb -272.06115 .oouyTe
19. Bicveclo{2.2.2)octane -311.10358 -0.54 -0.0021 .000235
20. (l.l.1l]propellane -102.68110 -2.34 0.000d .9949H10




Tebleﬁgil(continued)

Molecule E(6-31G%/6-31G¥)® E—EE(R) | N-}d(n) (v-1)
1] Y
au kcal/mole
21 (2.1.]1)propellane -231.72188 -1.12 0.0034 1.000054
02, (2.2.1]propellanc’ -270.75956 1.000544
23, [2.2.2])propellane -309. 80907 1.57 0.0083 1.000396
29 Tetrahedrone -153.5978H 0.48 -0.0005 1.000544
25. Cubane ~307.389370 -0.38 0.0062 1.000283
2G. Spiropentane -193.91753 1.88 0.01s8 1.000612

B Cases marked with a are 6-31G¥/3-31G.

® by difference.

(o

o\

ki

- —V,’T
l aw = LaF.51

keal el



TABLE 14 3

, , a
Effect of basis set on atomic populations

12

Molecule a(c) q (1) b
STV~ 3G 6=31(#% 6-310G%* STO=-30G b=310%% b=-310"
CH., 0.250 0.244 .039 -, 062 -.061 -.0us8 -.053
C-Hg .228 237 .075 -.076 -.079 -. 025 -.054
CH CH 5CH .207 225 .063  -.077 -.079  -.025  -.054
-.07§ -.082 -, ()28 -.054
CH ~Cl ~CH 3 .225 220 110 -.0806 -.092  -.037  -.055
g&;CH(CHE): .187 218 L057 -, 074 -. (82 -.028 -, 054
-.075 -.08B4 -. 0730 -.054
EE(CHS); . 208 a3 129 -.099 -, 102 -.045 -.057
Q_i_;(C!l:) :CHE 224 -.070 -.025 -.0054
-. 082 -. 028 -. 054
CH 3(CH2) -Cll 5 210 ~.095  -.040  =.055
CH:(CH-) :CH : 227 ~.080  -.025  -.055
-.082 -. 028 —. 054
CH 3CH - (Cl ;) -CH . 209 ~.095  -.040  -.055
Ci ECH:(E;)CH;‘_CH:. . 1496 -.09b -. 047 -.095
C(Cl:)u L2114 054 -.084% -.030 -, 054
C(CH:) . L151 137 - -
CHe .Qog 104 -.010 -.0u9 -.052 .oon -, 057
{i.1.1]propellane
CH- 137 L02h -.0373 L0273 - . 054
C -.103 -, 107
C:H. 082 -.035 -, 04l 017 -, 05K
Caotlz -1 -.177 e 177 -.U06

4 Lesults are from STO-3G,/ST0-3C, 6-31CG**/6-31C* and 6-310G%/6=-310G* calculations.

b

n

4 is the difference in hvdrogen

pepulaticons, double star - single star results.



| 43

Table IV, 4
Net Charges on Methyl and Methylene Groups

and their Energies Relative to Standard Valuesa 6-31G*/6-31GC*

Holecule  q(ci)  a(Ci,)  q(ci)®  BE(CHy)  BE(CHy) sE(cH )
e kcal/mole
Methane +.032
Ethane +. 000
Propane -.017 +.034 -10.5 +21.0
Butanu -.0lv +.01¢6 -11.6 +1]1.6
Pentane -.016 +.01b6 +.000 ~9.9 +10.3 -0.7
Hexane -.017 +.0lo +. 001 -10.7 +11.2 -0.5
TEC) o ethune = 4 = =39.618538 au
EACH.) = B = =39.03.78 au

Ih . ) o .
Thiteo (H, is bonded only te other methvlenes,
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Chapter ¥V
Is of Molecul m nd Reactivi

1,_Intr iQn

It was stated in the introduction to this thesis that the Laplacian of
the electronic charge distribution recovers the Lewis model of localized
electron  pairs, The physical basis of the Lewis models of molecular
geometry and chemical reactivity is therefore, contained in the properties
of the Laplacian of the charge density. This fundamental property of the
Laplacian distribution function is demonstrated here (Bader et al 1984).

The Laplacian distribution function also provides a classification of
atomic interactions (Bader and Essen [1984) The local expression of the
virial theorem equation ({43), relates the sign of the Laplacian of the
charge density, V?'p, to the relative magnitudes of the local contributions
of  the potential and kinetic energy densities to their virial theorem
averages. By mapping those regions where Vzp < 0, the regions where
electronic  charge is  concentrated, one s mapping the regions where the
potential  energy density makes its dominant contributions to the lowering
of the total energy of the system, equation (43). It is found that such a
mapping of the potential energy density defines a spectrum of possible
atomic  interactions, with those characterized as shared at one extreme,
and  those characterized  as  closed-shell at  the other (Bader and Essen,
1984},

This classification scheme will be used in an analysis of the bonding
in the hydrocarbon molecules, particularly to obtain a deeper

understanding of the bridgehead bond in the propellanes. The stability of

145



146

the propellanes is also examined from the point of view of how the
charge density changes as the nuclei are displaced from their equilibrium
positions, This is accomplished by using second-order  perturbation
theory, a procedure which enables one to identify the most facile nuclear

displacement and the accompanying relaxation of the charge density.

2, The role of the Laplacian of the charge density _in_ the 1antem

heory of molecular structur

The Laplacian of the charge density in the theory, appears as an

energy density in the theory, that is as L(r), the quantity

L(r) = -(h%/4m)V2p(r) (69)

The integral of L(r) over an atom {1 to yield the atomic Lagrangian L{{})

Lif}) = fﬂL([)dr (70}
= (-h2/4m) [qV2p(r)dr

=(-h2/4m)§dS(Q,1)Vp(r) nlr) = 0

This  integral vanishes because of the zero flux boundary condition,
equation (1), which defines an atom in 2 molecule, The demonstration in
Chapter 1 that an atom 1is an open quantum subsystem 1s obtained by 2
variation of Schroedinger’s energy functional E[¥,(] for a stationary state
and by a variation of the action integral for 2a tuime dependent system.
In each case the =zero flux boundary condition is introduced by imposing

the variational constia'nt that
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SL(Q) = { fqV2p(p)dr ) = 0 (71)

at every state of the variation, The possibility of introducing the
constraint in  this manner is a consequence of the property of the
functionals E[y,01] and 2(,01), that at the point of variation where the
appropriate Schrodinger equation is satisfied, they both reduce to an
integral of the density L(r). The property given in equation (70) is
common for an atom and for the total system and it is this property
which provides them with similar variational properties, thereby making
possible the generalization of the principle of stationary action to an
atom in a molecule,

The two forms of the kinetic energy densities K{r) and G(r) are
defined in terms of the one-density matrix as follows {Bader and

Nguven-Bang 1981a);

Kr) = (-1/4) (92 + 9r (e, op? (71)
and

G = /v v e o (72)

In general, K(r}, the Schroedinger kinetic energy, and G(r), the

gradient kinetic energy, ditfer by
L) = K(1) - GO = (-1/4)V3p(r) (73)
It is because L(f1) vanishes for an atom that T(N), the electronic

kinetic energy of an atom is well defined, equation (48). It has been

demonstrated  (Bader and Nguven-Dang 1981a) that the density L(r)



appears in the local expression for the virial theorem above. This is
an important result, since it relates a property of the charge density
to the local contributions to the energy, and it is given here as

equation (74)

(82/4m)V2xp) = 2G(D + V(D) (74)
The electronic potential energy density V(r), the virial of the forces
exerted on the electrons and the electronic kinetic energy density G(r)
define the electronic energy density Egu(r)

Eo(r) = G(r) + V(1) (75)

Because L(f1) vanishes for an atom, integration of equation (75} over

the basin of an atom yields the atomic virial theorem

2T(N) = -Y{) {70)

and as a consequence, the electronic energy of an atom in a molecule

satisfies the foilowing identities

Ee(l) = JEe(r)dr (77)
= -T()

= (1/2)¥(Q)

It is a property of the Laplacian of a scalar functiocn such as the

48



charge density p(f), that it determines where the function is locally
concentrated, where V?'p(g) < 0, and locally depleted, where Vzp([) > 0
Electronic charge is concentrated in those regions of space where the
Laplacian of the charge density is negative. The expressions ‘local
charge concentrations' and ‘'local charge depletions’ will refer to
maxima and minima in the function Vzp(L). extrema which are to be
distinguished from local maxima and minima in the charge density
itself. This property of the Laplacian can be used to determine the
dominant contributions to the local energy of the electronic charge
distribution using the local expression for the virial thecrem,

The potential energy density V(r) is everywhere negative, while the
kinetic energy density is everywhere positive. Thus the sign of the
Laplacian of the charge density determines, via equation (74), which of
these two contributions to the total energy is in excess over their
average virial ration of 2:1. In regions of space where the Laplacian
is negative and electronic charge is concentrated, the potential energy
dominates both the local total electronic energy Eq(r) and the local
virial relationship.  Where the Laplacian is positive and electronic
charge is locally depleted, the Kinetic energy is in local excess.

An energy density is dimensionally equivalent to a force per unit
area or a pressure.  Thus the Laplacian may alternatively be viewed as
a1 measure of the pressure exerted on the electronic charge density
refative to the value of zero required to satisfy a local statement of
the virial theorem, that is V{r) + 2G{(r) = 0. In regions where the
Laplacian is  negative, the charge density is tightly bound and

compressed  above its  average distribution, In regions where the
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Laplacian is positive, the charge density is expanded relative to its
average distribution, the pressure is positive and the kinetic cnergy

of the electrons is dominant,

3, The taplacian_of the Charge Density an he Lewis Electron Pair

Model,

Neither the electronic charge density nor the electronic pair
density offer any evidence of the localized bonded and nonbonded pairs
of electrons evoked in the Lewis mode! of electronic structure. The
relatively simple topology exhibited by the charge density has already
been described and while it accounts for elements of molecular
structure, it does not offer any suggestion of the existence of
spatially localized pairs of electrons. The extent to which electrons
are spatially localized is determined by the pair density, a
distribution function whose properties are dominated by the so-called
Fermi hole (Bader and Stephens 1975). An electron can only go where
its hole goes and thus an electron is localized to a given region of
space only if its Fermi hole is correspondingly localized (Bader and
Ngyen-Dang 198%[a)., The Fermi hole is very localized for motion of an
electron in the immediate vicinity of a nucleus. [t is possible 1o
define 2 core radius within which the contained Fermi correlation is
maximized for one o« and one S electron and the result is a region of
space from which essentially all other electrons of both spins are
excluded to yield a localized pair of electrons. The fluctuation in
the average population of such a region of space is minimized when the

contained Fermi correlation is maximized {Bader and Nguyen-Dang, 198i).
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Such p!ysical localization of electronic charge is not a general
phenomenon, but is found in atomic cores and within the atomic
boundaries ol ionic systems, such as the Na and Cl atoms in NaCl. In
the atoms of these systems, the contained Fermi correiation approaches
its limiting value, the negalive of the average electron population,
and the clectrons are in excess of 90% localized within the separate
atomic basins {Bader, 1975. Bader and Nguyen-Dang 1981). What one does
not find the pair population to predict are bonded or nonbonded pairs
of valence electrons as envisaged by the Lewis model or as represented
by individual localized orbitals.

The electron pairs of Lewis and the associated models of geometry
and  reactivity find  physical expression in the topology of the
Laplacian of the c¢harge distribution. The Laplacian distribution
recovers  the  electronic  shell model of an atom by exhibiting a
corresponding  pumber of pairs of shells of charge concentration and
charge dJepletion (Bader et ai 1984, Smith and Simas [988). For a
spherical  free atom,  the  outer  or  valence shell  of  charge
concentration,  the VSCC. contains a sphere over whose sieriace
electronic  charge s mavumally  and  uniformly concentrated. Upon
entering  inta chemical combination, this valence shell of charge
concentration is distorted and maxima, minima and saddles appear on the
sphere of  charge  concentration. The maxima correspond in  number,
focation and in size to the localized pairs of electrons assumed in the
Lewis model,  The VSEPR model of molecuiar geometry {(Gillespie 1972) is
a direct extension of the Lewis model and i Wi~ts the geometries of

vlosed-shell molecules about some centra! v -5 contains from two



to seven pairs of electrons in its valence shell All of the
properties postulated in this model for bonded and nonbonded pairs of
electrons are recovered by the maxima in the valence shell of charge
concentration of the central atom and the Laplacian of the charge
density provides a physical basis for this most successi'ul of models of
molecular geometry. This mapping of the topology of the Vzp onto the
Lewis model is illustrated in Figure V.l for the molecule CIF3 whose T-
shaped geometry can be deduced as a consequence of the behaviour of the
maxima in the VSCC of the Cl atom - the most stable geometry being the
one which maximizad the separations between the maxima, It has been
shown that positioning the reference electron at the critical point
corresponding to a maximum in the Laplacian distribution maximally
localized its Fermi hole (Bader and Stephens 1975).

The discussion so far has f{ocused on the properties of the local
charge concentrations of the Laplacian distribution and on how they
recover the Lewis and VSEPR models of electron pairs. The Lewis model,
however, encompasses chemical reactivity as well, through the concept
of a generalized acid-base reaction. Complementary to the Jocal maxima
in the VSCC of an atom for the discussion of reactivity are its local
minima. A local charpe concentration is a Lewis base or a nucleophile,
while a local charge depletion is a Lewis acid or an electrophile. A
chemical reaction corresponds to the combination of a "lump® in the
VSCC of the base combining with the "hole” in the VSCC of the acid. In
terms of the local wvirial theorem, equation (74), the reaction of a
nucleophile with an electrophile 1s a reaction of a region with excess

potential energy on the base atom with a region of excess kinelic
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energy on the acid atom. The accompanying rearrangement of the charge
is such that at every stage of the reaction, L{fl} remains equal to zero
for each atom, Thus reductions in the magnitudes of the local
concentrations or depletions of charge requires opposing changes in
other parts of the atom to satisfy the constraint on its charge
distribution as given in equation (70).

The positions of the local charge concentration and depletion
together with their magnitudes, are determined by the positions of the
corresponding critical points in the VSCC's of the respective base and
acid  atoms. This information enables one to predict positions of
attack  within a2 molecule or the geometries of approach of the
reactants.  For example, a keto oxygen in the formamide molecule has
two large nonbonded charge concentrations in the plane of the nuclei
(V:p = -6.25 and -6.30 au) while the nitrogen atom exhibits tw., such
maxima of less magnmitude (V?'p = -2.14 au) above and below this plane.
On  the basis of this information one correctly predicts that the
formamide molecule will preferentially protonate at the keto oxvgen,
specitically  at  the position of the largest of the two charge
concentrations and in the plane of the nuclei. There are holes in the
VSCC  of a  carbonyl carbon and they determine the position of
nucleophilic attack at this atom. These holes are above and below the
plane of the nuclei of the keto grouping and the corresponding critical
point for a number of ketones are positioned to form angles of 110 =z 1
with respect to the C=0 bond axis. This is the angle of atrack
predicied for the approach of a nucleophile to a carbonyl carbon (Bader

et af 1984)
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Similar predictions have been made for the Michael addition
reaction, specifically for the nucleophilic attack of an unsaturated
carbon in acrylic acid, CH»=CH-CO»H and methyl acrylic acid. The
properties of the Laplacian distribution correctly predict that the
attack occurs at the terminal carbon of the methylene group, the carbon
of the unsubstituted acid being most reactive, and that the approach of
the nucleophile will be from above or below the plane of the nuclei
along a line forming an angle of 115  with the C=C bond axis, the
latter prediction being in agreement with calculations of the potential
energy surface for this reaction. Bader and Chang (1989) have given 2
discussion of the use of the Laplacian distribution in the prediction
of the sites of electrophilic attack in a series of substituted
benzenes.
Electrostatic potent’al maps have been used to make predictions similar
1o these. Such maps, however, do not in general reveal the location of the
sites of nucleophilic attack, as the maps are determined by only the
classical part of the potential. The local virial theorem equation (74},
which along with the kinetic energy density, determines the sign of the
Laplacian of the charge density, involves the full guantum potential.  The
potential energy density V(r) contains the virial of the Ehrenfest force,
the force exerted on the electronic charge at a point in space. The
classical electrostatic force is one component of this total force.
The Laplacian distribution has since been used to predict the structures
of a large number of hydrogen bonded complexes by aligning the (3,43}
critical point, a local charge depletion on the nonbonded side of the

proton in the acid HF, with the (3,-3) critical point of the base, a locul



concentration of charge, for which Vzp attains its large value (Carroll
1989). With only a few exceptions, the geometries of the complexes
predicted in the SCF calculations (which agree with experiment where
comparison is possible), are those predicted by the properties of the

l.aplacian as outlined above.

4. The characterization_of_atomic interactions,

The gradient vector field of the charge density identifies the set of
atomic interactions within a molecule.  These interactions, which define
the molecular structure, can be characterized in terms of the properties of
the Laplacian of the charge density. The local expression of the virial
theorem  equation {74), relates the sign of the Laplacian of the charge
density to  the relative magnitudes of the local contributions of the

potential and Kkinetic energy densities to their virial theorem averages.

. . 3 . .
By mapping those regions where V=p < 0, the regions where electronic charge

s concentrated, one is mapping those regions where the potential energy
density  makes its dominant contributions to the lowering of the total
energy of the system.

As discussed in Chapter 11 the interaction of two atoms leads to the
furmation of a critical point in the charge density at which the Hessian of
» has one positive eigenvalue labeled X3 and two negative eigenvalues
labelled A and As, implying that p exhibits one positive and two negative
curvatures at the point r. . Since the two perpendicular curvatures of the
charge density, whose eigenvectors define the interatomic surface, are
negative, the charge density is a maximum at r. in the interatomic surface

and charge is locally concentrated there with respect to points in the
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surface, The curvature of the electronic charge distribution along the
interaction line is positive, charge density is locally depleted at g,
relative to neighboring points along the line and the charge density is a
minimum at r. along this line; Thus the formation of a chemical bond and
its associated interatomic surface is the result of 2 competition between
the perpendicular contractions of the chirge density uistribution towards
the bond path which lead to a concentration or compression of charge along
this line, and the parallel expansion of the charge density away (rom the
surface which leads to its separate concentration in each of the atomic
basins. The sign of the Laplacian of the charge distribution at the bond
critical point, the quantity VZP(LC). determines which of the two competing
effects is dominant and because of the appearance of Vzp([c) in the local
expression for the virial theorem equation (74), its sign also serves to
summorize the essential mechanical characteristics of the interaction which
creates the critical point. There is therefore, an intimate link between
the topological properties of the charge distribution and its Laplacian,
the trace of the Hessian of the charge density, and through the propertics
of the Laplacian one may begin to bridge the gap between the form of the
charge distribution and the mechanics which govern it.  The reader is
referred to Bader et al (1984) for a full discussion and for numerical and
pictorial illustrations.

When Vzp(_[c)< 0 and s large in magnitude, electronic charge is
concentrated in the internuclear region as a result of the dominance of the
perpendicular contractions of the electronic charge distribution towards
the interaction line, or equivalently in these bound systems, towards the

bond path. The result is a sharing of electronic charge by both nuclei, as
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it is found for interactions usually characterized as covalent or polar and
they shall be referred to as shared interactions. In shared interactions,
the region of space over which the Laplacian is negative and which contains
the interatomic critical point, is contiguous over the valence regions of
both atoms and the VSCC's of the two atoms form one continuous region of
charge concentration. The interaction is dominated by the lowering of the
potential energy associated with the formation of the (3,-1) critical
point. In a shared interaction, the nuclei are bound as a consequence of
the lowering of the potential energy associaled with the concentration of
electronic charge between the nuclei, equation (74).

This concentration of electronic charge in the interatomic surface is
reflected in relatively large values of p(rp), the value of the charge
density  at  the (3,-1) critical point, for molecules with shared
interactions and the ratio of the perpendicular contractions of the charge
distribution to its parallel expansion, as measured by the ratio [A/A3],
is greater than unity.  In cases of tight binding, as evidenced by the
large negative values of Vzp([c) as found in Na for example, A3 as well as
Ap and Xy is large in magnitude, but the ratio [A1/A3 is still greater
than unity.  Occupation of the antibonding 2r orbital of AB or of the
corresponding Ta orbital of A, causes an increase in A3,

The second limiting type of atomic interaction is that occurring between
closed-shell systems, such as found in noble gas repulsive states, in ionic
bonds, in hydrogen bonds and in van der Waals molecules. One anticipates
that such interactions will be dominated by the requirements of the Pauli
exclusion  principle. Thus for closed-shell interactions, p{r;) is

relatively low in value and the value of Vzp(gc) 15 positive (Bader and



Essen 1984). The sign of the Laplacian is determined by the positive
curvature of the charge density along the interaction line, as the
exclusion principle leads to a relative depletion of charge in the
interatomic surface. These interactions are dominated by the contraction
of charge away from the interatomic surface towards each of the nuclei.
The Laplacian of the electronic charge distribution is positive over the
entire region of interaction and the kinetic energy contribution to the
virial from this region is greater than the contribution from the potential
energy.

The regions where the Laplacian is negative are, aside  from small
polarization effects, identicai in form to those of a free atom or ion.
Twus the spatial regions where the potential energy dominates the Kinetic
energy -.. confined to separate each atom, reflecting the contraction of
the charge towards each nucleus, away from the region of the interatomic
surface. The ratio {A]/A3 is less than unity in all the examples of

closed-shell interactions (Bader and Essen 1984).

5. Characterization of bonds in Hvdrocarbons and $train Energy

The values of V2py for the C-H bonds mirror the behaviour of pp, becoming
more negative as py increases in magnitude.  Thus, the relatively large
value for pp found in the bridgehead C-H bond, and other hydrogens bonded
to strained carbons, is due to the increased contraction of the charge
density towards the bond critical point as evidenced by the relatively
large negative value of Vzpb.

A somewhat different behaviour is observed for the C-C bonds. The values

) . . . .
of V<pp and their constituent components show only small variations for the
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majority of these bonds. In the case of the three-membered rings of the
bicyclic molecules as well as in c¢yclopropane, the magnitude of Vzpb for
those bonds with significant ellipticities is diminished. This is a result
of the reduction in the magnitude of one of the negative curvatures due to
delocalization of electronic charge over the ring surface. Examination of
contour maps of the Laplacian of cyclopropane in Figure V.2 and of the
four-membered ring in [2.2.2]propellane shown in Figure V.3 clearly shows
the difference between the concentration of charge in cyclopropane and in a
four-membered ring.  In cyclopropane, there is essentially a ¢common charge
concentration in the interior of the ring that contribute to the bonding of
the three nuclei.  The four-membered ring of [2.2.2]propellane however,
shows charge concentration mainly along the bond, qualitatively different
than in cyclopropane, This concentration of charge in the ring surface is
due to the significant ellipticities of the ring bonds in cyclopropane.
The negative curvature with the ellipticity smaller in magnitude lies in
the plane of the ring, hence the charge concentration dees not fall off as
rapidly as in the direction of the perpendicular negative curvature. This
delocalization of charge in the ring interior is reflected in the outward
curve of the bond paths making up the ring. These ring bonds also have an
unusually short bond length of 1.5069A ( compare to ethane C-C bond length
of 1.5274A4 ). The strain energy resulting from the small bond angles in
cyclopropane 15 offset by  this ring  delocalization which  lowers the
potential energy of all three ring carbons (Bader and Essen 1984). This is
a unique teature found in three membered rings.

It has been shown (Wiberg 1985) that the enhanced electrophilic

reactivity of  cvelopropanes over cyclopentanes is not related to the
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release of strain energy accompanying C-C bond rupture due to acetolysis.
Although cyclopropane and cyclobutane have similar strain energies and
enthalpies of acetolysis, cyclopropane has a moderate reactivity while
cyclobutane is essentially inert, Susceptibility of cyclopropanes to
protonation arises from the same origin as that for olefins, namely bonds
with large ellipticites resulting in concentration of less tightly bound
electronic charge. It is this loosely bound charge that is responsible for

the enhanced electrophilic reactivity of cyclopropanes.

There is observed a trend in Vzpb towards positive values for bonds
between atoms of increasing electronegativity (Bader and Essen 1984).  As
the electronegativity of the individual atoms increases, the bonding
between the atoms becomes dominated by the separate localization in the
atomic  basins. Carbon atoms under angular strain  become  more
electronegative, thus the bridgehead bonds of the propellanes exhibit this
trend of Vzpb becoming more positive. From Table 1.1, the value of Vzpb
for the bridgehead bond in [2.2.2|propellane is negative and large in
magnitude. However, the magnitude of Vzpb decreases as more angular strain
is introduced into the molecule through the presence of three-membered

rings. The value of Vzpb in [2.1.1]propellane approaches zero and finally,

V:pb reverses its sign and is positive in [1.1.1]propellane. Neither the
bridgehead bond in  [2.22]propellane  nor those in  [2.1.1] and
(I.1.1]propellane are usual as compared to the acyclic hydrocarbons. In

the case of [2.2.2]propellane, the bridgehead bond has a bond order of 1.26
yet it also possess the largest value of the positive curvature of p, A3 =
0.3339. Ethane in comparison has a bond order of unity and A3 = 0.2928.

As more charge is concentrated between nuclei A3 usually decreases, but in
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[2.2.2]propellane there is a tendency to separate the charge in individual
atomic basins. For [2.1.1] and [l.1.1)propellane, the contour maps of Vzp
of these molecules shows that the charge in the bonding regions differs
from that of the acyclic hydrocarbons and hence the chemistry of these
bridgehead bonds is different.

Since the Laplacian of p is a scalar field, it has a topology that can be
studied in an analogous manner to that of p itself. Maxima in Vzp(;) are
linked by lines originating from intervening saddle points. This topology
exhibits features such as rings and cages. The total arrangement of maxima
linked by lines encompassing local minima in V?'p([) is called an atomic
graph. Carbon atoms in acyclic hydrocarbons such as ethane, have the four
bonded maxima arranged in a tetrahedral fashion. A bridgehead carbon of
(2.2.2]propellane has a similar arrangement of its bonded maxima. Although
there is some slight distortion, the basic pattern remains with the most
noticeable difference hging the value of Vzp(g) having a slight negative
rather  than  positive  value at  the center of the face opposite the
bridgehead boud.  [n [I.1.1)propellane however, the inverted geometry of
the bridgehead carbon is reflected in the arrangement of the four bonded
maxima.  The shift of all four of the bonded maxima in the direction of the
bridgehead bond causes the three saddle points that connect the bonded
maxima other than the bridgehead to coalesce with the local minimum in the
face center.  This coalescence is not unlike that which is observed when a
vertex of a three membered ring is stretched away from the other 1wo
vertices.  In the case of the three membered ring, the two bond paths
associated with the wvertex being displaced become longer and their bond

critical points get physically closer to each other as well as the ring
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critical point. At some specific distance, the two bond critical points
and the ring critical point coalesce and form a new but topologically
unstable critical point (Bader et al 1981b). A similar scenario occurs in
the case of the atomic graph of a carbon under geometric strain. As the
bridgehead carbon in the propellanes undergoes increasing strain, the lines
joining the bonded maxima get drawn closer together. As a consequence of
this, the three saddle points in Vzp(L) defining the face opposite the
bridgehead bond and the local minimum in that face come closer together
until finally they coalesce, as in [1.l.1]propellane.  The result is a
broad local maximum, a non-bonded concentration of charge, in Vzp([). In
[1.1.}]propellane then, there are five local maxima in Vzp(g). four bonded
and one non-bonded. The magnitude of Vzp([) is greater for the non-bonded
local maximum than for the bonded one associated with the bridgehead bond.
This non-bonded maximum 15 the site of electrophilic attack. As s
expected, the chemistry of [l.1.l])propellane reflects this difference in
the Laplacian of p. [l.l.I)propellane has a pronounced susceptibility to
protonation as in acetolysis {Wiberg and Szeimies 1970). [f one looks at
the plot of the Laplacian of p for [l.1.1]propellane after a displacement
in the manner of an antisymmetric stretch shown in Figure V.3¢, one
observes a shortening of the bridgehead bond through concentration of
charge between the nuclei and an enhancement of the non-bonded maxima of
the bridgehead carbons. Therefore, displacements by way of this intense
low frequency motion (Wiberg and Peters 1977. Wiberg and Sturmer 1975,
Wiberg et al 1983) serves not only to strengthen the bridgehead bond bult
also to enhance the electrophillic susceptibility of [1.1.]1]propellane.

According to the atomic virial theorem, equation (74), the charge



163
concentrations for which Vzp(g) is least negative will be the least tightly
bound. This is observed to correlate spatially to the regions where the
HOMO is most concentrated (Bader and MacDougall 1985). In the case of
(1.1.1)propellane, the least tightly bound charge concentrations lie along
the internuclear axis of the bridgehead bond. Their polarization into the
non-bonded regions of the bridgehead atoms mimics the properties of the
HOMO. Newton and Schulman (1972) have noted that when the molecular
orbitals for [l.1.l]propellane are transformed into an equivalent set,
there is a negative overlap population for the orbital localized between
the bridgehead nuclet.  Jackson and Allen have stressed the extent to which
the HOMO accumulates charge in the non-bonding regions. Honegger et al
(1985) have determined that the molecular ion formed in the lowest energy
photoejection of an electron from ([1.l.1]propellane has an equilibrium
geometry which differs minutely from that of the parent molecule.  This
lowest energy  photoejection  clectron comes from the HOMO, according to
moelecular  orbital  theory. Honegger et al argue that this lack of
structural change can be viewed as a consequence of the non-bonding nature
of [1L.1.1]propellane. In terms of the properties of the total charge
concentration, it has already been observed that there is a line of maximum
charge density linking the bridgehead nuclei in the equilibrium geometry
where  the forces on the nuclei vanish and the bridgehead carbons are
bonded. 1t has also been discussed previously how the nature of this bond
differs from typical C-C bonds and within the framework of the orbital
model, these differences are a consequence of the density of the HOMO
(Newton and  Schulman 1972a. Jackson and Allen 1984). In terms of the

properties of the total charge density, these differences are most evident



in the Laplacian distribution,

The presence of these non-bonded charge concentrations on the bridgehead
carbons does not imply that the net forces exerted on these nuclei by the
bridgehead density is anti-binding rather than binding. The atomic dipole
p()) is the average of the position vector r from thec nucleus over the
density in the basin of atom fl. Thus, if the density is spherical, there
is no atomic dipole present. In [l.1.1]propellane however, the presence of
the non-bonded charge dominates the atomic dipole causing the atomic dipole
of the bridgehead nuclei to be directed away from the other bridgehead
nucleus, The force exerted on the bridgehead nucleus by its own charge
density called the atomic force F(f1). FThis is the average of the vector
Zqr/ry over the density in the basin of atom 1. In [l.1.l]propeliane this
force is directed towards the other bridgehead nucleus and is dominated by
the density closer to the nucleus. This pattern of atomic moments, the
atomic dipole direcied away and the electric field gradient directed

towards the bonded nuclei is not unique to these bridgehead carbons but is

the normal pattern found in Ca, N2, O2 and Fp (see Table V.1 ). Frem Table

V.1, one notes that the largest atomic moments are for the nitrogens in Np
which possess an axial "lone pair” and the strongest bond. Thus the
bridgehead carbons in [I.1.1]propellane differ not in kind but only in
degree of the polarizations. The dipole is larger and the binding force
smaller in [1.1.1)propellane as compared to other atoms in molecules that
are more strongly bound. In [2.2.2]propellane, this behaviour is reversed
and once again, the atomic dipole moment is smaller and the binding force
is a little larger, Consequently, the bridgehead carbons in

{2.2.2)propellane do not exhibit ‘he special properties they do in
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[1.).])propellane.

The properties observed for the bridgehead carbons of f1.1.1)propeliane
are not typical.  In [2.1.1]propellane and [}.1.0]butane, the bridgehead
carbons also have an inverted geometry. However, on examination of Figure
V2h.d one notices that the non-bonded maxima are not along the
internuclear axis of the bridgehead bond.  Relative to [1.V.1]propellane,
there is a large concentration of charge in the face opposite to the
bridsehead bond in these two molecules rather than a depletion.  Although
these  non-bonded maxima are not as  accessible as  those in
[1 1. )propellane, they should be susceptible to acetolysis. [l.1.0}butane
is indeed susceptible to acetolysis (Wiberg et al 1985)

The reactivity and stability of a structure are determined not only by
the properties of its equilibrium charge distribution but also by how the
charge  distribution changes as the nucler are displaced. Second-order
perturbation theory can be used to predict the essential features of the
change or relaxation in the charge density for a given displacement of the
nucleil (Hader 1960, 1962).  This is done by approximating the relaxation in
the  electronic charge distribution by the transition density obtained by
the mixing in of the lowest energy excited state of appropriate symmetry,
where the symmetry s determined by the perturbing nuclear displacement.
Assuming that the largest relaxation in the charge density is caused by
mixing in the excited state of lowest energy, one is able to determine the
nuclear  displacement  that results in .2 lowest energy increase. By
predicting the stretching mode with the lowest force constant, the method
mav be used to predict the dissociative pathways of unimolecular reactions

and the symmetries of equilibrium geometries {(Pearson 1976, Bartell 1568).
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When used together with the properties of the Laplacian of the charge
density in determining the initial approach of the reactants, the method
provides a basis for predicting chemical reaction pathways (Bader and
Macdougall 1985).

The most strained propellanes and other related compounds such  as
bicyclo{1.1.0]butane all exhibit 1 characteristic and intense  low-
frequency absorption band in the infrared spectrum (Wiberg ¢t al 1985,
Wiberg and Peters 1977. Wiberg and Sturmer 1975). This band has been shown
to correspond to an antisymmetric stretch of the bridgehead carbons with
respect to the rest of the carbon framework. Mixing in of the excited
state Y with the ground state Y, yields the transition density ¥gk.  This
transition density is defined the same way as the ground state charge
density except the product l¢o}2 is replaced by (¥ ¥g). The orthogonality
of state functions causes pgk not to integrate to a finite amount of charge
but rather it describes a change in the charge distribution. If ¥, s
expressed as a single determinant and Yy is expressed of the occupied and
virtual orbitals of ¥, obtained in a calculation of Y, then pgx reduces to
a simple product of orbitals involving those that are singly occupied in
Y. Regions where pgi < 0, charge is being removed. Conversely, for
regions where pgi > 0 charge is being accumulated. It ¥y 15 totally
symmetric, as in the cases here, then pgi will have the same symmetry as Yy
and pgg will approximate the relaxation of the charge density for a nuclear
mode Q; of identical symmetry. The charge density, correct to first order,
expressed as a function of Q;, the displacement from equilibrium  along

coordinate i is




167

pQ;) = ppg + C(Qj)p0k (78)

which is correct to first order. In the above expression, pgg is the
equilibrium charge density determined by ¥, and the coefficient which

determines the extent of the relaxation C(G,; is given by

ClQ;) = 2Vl /(Ex-E))Q; (79)

The quantity VOki measures  the forces exerted on the nuclei by the
transition  density., The denominator in equation (79) leads one to
anticipate that the largest relaxation will be observed for the mode Q; of

the correct symmetry which will mix in the lowest energy excited states.
The transition density pgog determines the change in the electric dipole
moment, known as the transition dipole, caused by the displacement Q;. The
intensity of the mode Q; is proportional to the square of the transition
dipole. A summary of the symmetries of the highest occupied and lowest
unoceupied orbitals of the propellanes is given in Figure V.4, Symmetric
orbitals  are  labelled (5) and anusymmetric ones  labelled (A), with
svimmetric or antisvimmetric  being referred to  the symmetry plane which
bisects the bridgehead bond.  In each case, the HOMO is S, being primarily
the in phase overlap of po orbitals on the bridgehead carbons. The
svmmeiries of the LUMO and LUMO+] however switch from being A and S as in
(L. propellane to § and A for [2.2.2]propellane. The antisymmetric
lowest energy virtual orbital is in every case the anti-bonding counterpart

of the HOMO while the symmetric lowest encrgy virtual orbital has very

large s contributions from each carbon and s anti-bonding between every



carbon and its associated hydrogens,

The energy difference Eg-Ep which appears in the denominator of equation
64 is approximated by the difference in orbital energies of those orbitals
appearing in the transition density and is denoted Ae. [t is observed that
the difference in energy beiween the HOMO and its adjacent occupied orbital
is larger than that of the two virtual orbitals. For [1.1.1] and
(2.1.V)propellane the lowest energy transition density is for the
antisymmetric one, pas. In [2.2.1)propellane, the two virtual orbitals are
nearly degenerate and their order is reversed, a3 they are in
[2.2.2]propellane. Thus for [2.2.1] and ([2.2.2]propellane, the lowest
energy transition density is the symmetric one, pgs. Both the symmetric
and antisymmetric transition densities for these molecules are shown in
Figure V.5 and V.6. The relief maps of the transition density shown in
Figure V.6 are all drawn to the same vertical scale, enabling qualitative
comparison of their relative intensities. With the exception of
(2.1.1]propellane, both pag and pgg are most intense in  the bridgehead
region, Through the series [l.1.1]propellane o [2.2.2]propellane, pasg
decreases slightly while pgg increases dramatically.  As is illustrated by
[I.l.1]propellane in Figure V.5, the antisymmetric charge relaxation
corresponds to a large charge transfer from one bridgehead carbon to the
other, This results in atomic dipoles that are similarly directed.
Oppositely directed dipoles, smaller in magnitude, are created and centered
on the other carbons. This flow of charge exerts forces on the nuclei such
that the bridgehead atoms and the rest of the carbon framework move along
parallel axes but in opposite directions corresponding to the As™ motion

for [1.1.1)propellane. The svmmetric charge relaxation directly affects
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the charge density in the bridgehead bond, either concentrating or
depleting charge in  that region, This relaxation is illustrated by
[2.2.2]propellane in Figure V.5. Concentration of charge in the bridgehead
bond occurs for the symmetric motion of the nuclei corresponding to the Ay’
symmetric stretch for [2.2.2)propellane, while depletion of charge occurs
for the reverse motion of the nucles,

The antisymmetric transition density pag 15 predicted to be the most
easily induced change in the charge distribution of [I.1.1]propellane. The
corresponding transition dipole is very large and is depicted quite well in
both  Figures V.5 and V.6, Based on these points one expects
[1.1.1|propellane to possess a very strong low lying infrared band of A»"
symmetry, which is indeed the case (Wiberg and Kass 1985). This vibration
is predicted and found to be the most facile of the skeletal stretches.
Modelling the effects of this vibrational mode can be done by displacing
the center of the bridgehead bond by 0.02A from the o symmetry plane of
the equilibrium  geometry and re-optimizing the bridgehead separation as
well as the distances of the apical carbons from the original center of
svinmetry,  When this was done, 1t was found that the bridgehead separation
Jdecreased by 0.0504A and the apical distances increased by 0.0162A. The
total  energy  increases by 9.0 keal/mol, Therefore the most facile
vibrational mode strengthens and shortens the bridgehead bond, increasing
the bond order to 0.82. The Laplacian distribution is shown in Figure V.3¢
where one can observe a significant increase in the extent of charge
accumulation in the bridgehead region and an enhancement of the non-bonded
charge concentration which alternates between the two bridgehead atoms, as

anticipated by the form of pas.
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Through the series [l1.1.1)propellane to ([2.2.2]propellane the symmetric
charge relaxation increases in intensity as the symmetric stretch also
becomes an increasingly more facile motion. In (2.2.2]propellune, the
symmetric stretch has become the most facile motion as shown in Figure V.4
The extension of the bridgehead bond associated with this stretching motion
results in a weakening of this bond. The corresponding transition density
transfers charge from the binding region to the anti-binding region of the
bond. From this observation, one can anticipate that [2.2.2]propellane
will be more susceptible to thermal rupture of the bridgehead bond than
[1.1.1}propellane even though it has the highest bond order in the static
equilibrium geometry. In [2.2.2]propellane the most easily excited thermal
stretch coincides with extension of the bridgehead bond. As this stretch
increases so does the intensity of the syvmmetric relaxation of the charge
distribution as the energy of the HOMO increases thereby decreasing the Qe
for this excitation, In contrast recall that the most easily excited
thermal motion for [l.l.)]propellane is the antisymmetric one which
shortens and strengthens the bridgehead bond. This in part accounts for
the lower susceptibility to thermolysis observed for [1.1.1]propellane as
compared to [2.2.2]propellane, the activation encrgies being 30 and 22
kcal/mol respectively (Eaton and Temme 1973). In addition, both the static
and dynamic properties of the charge distribution for [I.1.1jpropellane
account for the fact that it is susceptible to acetolysis, while the same
properties for [2.2.2]propellane dictates that it be unreactive.

In [2.1.1)propellane, the ellipticity of the bridgehead bond is $0 great
and the charge density is so close to the formation of a singularity as

evidenced by the value of both Vzpb and Ay approaching zero that this



instability in the charge distribution dominates the properties of the
molecule. This molecule does not in fact survive above 50K (Wiberg 1983).
[2.2.)]propeltane  is  also  thermally unstable. This fact can be
rationalized by the observation that the symmetric stretch, which has a
moderate intensity, is the lowest thermally excitable mode and coupled with
the high ellipticites of the three bonds of the three membered ring leads
to the thermal instability.

Also shown in Figure V.4 s the orbital ordering for
bicyclo[1.1.0]butane, another molecule that exhibits a high intensity low

frequency absorption (Wiberg and  Peters 1977). The bonding and anti-

bonding character of the HOMO and of the symmetric and antisvmmetric

virtual orbitals is similar to the propellanes. The excitation energies

for the 88 and AS transition densities are close in ' alue with the X7 being
the lowest.  While the symmetric motion is predicted to be the favoured
mode in terms of the Ae values, one observes from Figure V.4 that pgg will
be of low intensity  because the dipolar component of this transition
density is small and  tends to c¢cancel out, However, the antisvmmetric
bridgehead  stretch of By symmetry shows a large transition dipole as
depicted in the contour map for pag and therefore should be a very intense
band. These predictions are in agreement with experiment (Wiberg and

Peters 1977) which shows this molecule to have a weak low lyving symmetric

1 1

stretch at 422 em™' and a very strong antisymmetric stretch at 735 cm™'.
The chemistry of bicvelo[1.1.0]butane, like that of [1.1.!lpropellane s
dominated by the properties of the charge distribution in the bridgehead

region, Both of these molecules exhibit non-bonded concentrations of

cnarge on the 1we bridgehead carbons which are enhanced by asymmetric
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polarization of the bridgehead density induced by the antisymmeltric
skefetal stretch. This leads to susceptibility to electrophilic attack

such as acetolysis.
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onclusion
Quantum mechanics predicts the properties of an atom in a molecule in the
same way it predicts the properties of the total system, These atomic
properties can be measured experimentally and used io verify the predicted
values. The atoms of theory were defined in Chapter [ These atoms

satisfy the quantum boundary condition, equation (1),

Ue{r) - n{r) = 0 v r e 5(r1) (1)

and as a consequence obey the same quantum mechanics that governs the total
system. Properties of these atoms are well defined and the important
result  that  the total value of a property is a sum of the atomic

contributions, equation (30),

<A> = kaAdl) {30

Ihis as ke prnciple underbfving the cornerstone of chemistry, that atoms
and funcoonal groups of atoms make recognizable contributions to the total
properties of a1 svstem.  One recognizes a group and predicts its effect on
the  static and  reactive properties of a system in terms of a set of
properties assigned to that group.  In the limiting case of a group having
essentially  the same distribution of electronic charge in two different
svstems, one obtains 1 so called additivity scheme for the total properiies
stnce in this case the atomic contributions in addition to being additive

are also transferable between molecules.
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An understanding of the topology of the electronic charge distribution
was obtained in Chapter II.  In that Chapter, regions of real space that
satisfied the quantum boundary condition were identified as the atoms of
chemistry. The concepts of bonds, molecular structure and structural
stability were then discussed.

Concepts developed in Chapters [ and Il were applied to a series of
molecules in Chapters Il and 1V. In Chapter 11 for each member of the
series of molecules studied structures were assigned. The existence or
absence of a bond between two nuclei is readily identified and the
existence of the bridgehead bond in [1.1.1)propellane was discussed in more
detail, Bonds were characterized in terms of a bond order, a3 bond
ellipticity. It was also shown that the difference between the bond angle
and the angle formed by the bond paths is a measure of the relaxation of
the charge density away from the geometrical constraints of the nuclear
framework,

In Chapter 1V atomic properties were discussed. The constancy  and
transferability of group properties was shown to be a consequence of the
separate transferability of the charge distribution for each separate atom.,
Standard groups are defined and used to predict 1otal energies with a
maximum error of 0.05 kcal/mol when c¢ompared to the total energies
calculated at the 6—316‘/6-310. level of approximation.  These standard
group energies are able to recover the group additivity observed for the
homologous series of acyclic hydrocarbons. Changes in the distribution of
charge of a group leads to a corresponding change in its energy, un
observation that accounts for the origin of the strain energy in cyclic

systems. Strain energies c¢an be predicted using the standard groups
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defined in this Chapter. The theoretical values for the strain encrgy are
in good agreement with those from experiment.

It was shown in Chapter V how the Laplacian of the charge density
recovers the Lewis and YESPR models of electron pairs. Not only does the
Laplacian of the charge density recover these models of molecular geometry,
but also the chemical reactivity aspects of these models. The Laplacian of
the charge density can also be used to classify atomic interactions. In
Chapter ¥V this classification scheme was used in an analysis of the bonding
in the hydrocarbon molecules, in  particular to obtain a deeper
understanding of the bridgehead bond in the propellanes. The stability of
the propellanes was also examined from the point of view of how the charge
density  changes  as  the nuclei are displaced from their equilibrium
positions, This  was accomplished by using second-order perturbation
theory, a procedure which enables one to identify the most facile nuclear

displacement and the accompanying relaxation of the charpe density.



Figure V.|
Relief maps of the Laplacian of the charge density for ClFy. The lower
map is the symmetry plane containing all four nuclel, Bonded maxima  are

observed between Cl and each of the F atoms. The upper reliel map s the
o, symmetry plane showing the separation attained  for the two  non-bonded
maxima of Vzp found in the Valence Shell Charge Concentration (VSCC)Y ot
the Cl atom. The T-shape geometry of this molecule can be deduced a5 0

consequence of providing the largest separation  of the non-bonded  maximi

in the VSCC of the Cl atom.
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Figure V2

Contour maps of the Laplacian of the charge density overlaid  with  bond
paths, and corresponding relief maps of the negative of this  function,
Dashed contours denote negative values, The spike like chatpe
concentration at the ruaclei has been terminared at --2.0au. Values ol V?-,u
at the bond critical points are given in Table V.1,

(a) The symmetry plane of cyclopropane containing the three carbon  nucled.
At a bonded maximum between a carbon atom 1o another carbon  atom s
0.89au.

(b) The symmetry plane containing the bridgehead bond in [L11|propellane.
The value of Vzp at the bridgehead bonded maximum s -0.13au, -0.89u
the bonded maximum with a bridging carbon and -0.401u at the non-bonded

charge concentration.
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Figure V

Contour maps of the Laplacian of the charge density overlaid with bond
paths. Values of V2p at the bond critical points are given in Table V.I.

{(a) H-C-C-H plane of ethane. The value of V2p at the bonded maximum
along the CC bond axis is -1.03au.

{b) H-C-C-H symmetry plane containing the bridgehead bond in
bicyclo[1.1.0]butane. The value of the non-bonded charge concentration on
the bridgehead carbon atom is -0.37au, Along the CC bond axis, the value
of the bonded charge concentration is -0.72au.

(c) Distorted geometry of [l.l.l1]propellane in which the bridgehead nuclei
are displaced in an opposite direction from the bridging methyiene groups.

{(d} Plane of the four membered ring in [2.1.1]propellane. For the bonded
maxima of the bridgehead bond, the value of V?-p is -0.2%9au and -1.05au for
the second CC bond from the bridgehead carbon.

{¢) Plane of the three membered ring in [2.2.1]propellane.  The value of Vzp
for the bridghead bond’s bonded maxima is -0.86au and -0.84au for the
second CC bond from the bridgehead carbon.

{(f} Plane of four membered ring in [2.2.2]propellane. The bridgehead bond's
bonded maximum has a Vzp value of -1.29au and -0.9%au for the bonded

maximum of the second bond from the bridgehead carbon,
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Figure V.4
Orbital energy level diagram for propellanes and bicyclobutane, The labels

S, symmetric, and A, antisymmetric, denote behaviour with respect to the

symmetry plane bisecting the bridgehead bond.
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Figure V
Contour maps of the transition densities for the bridgehead bonds. The
arrows indicate the nuclear motions they induce. Solid contours denote an

increase, dashed contours a decrease, in the electronic charge  density.

Carbon nuclei are denoted by dots, hydrogen nuclei by squares.
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Figure V

Relief maps of the lowest energy symmetric (rhs) and antisymmetric (lhs)

transition densities for the propellanes. A plane of the three membered
ring is shown [1.1.1}- and (2.2.1)propellane, For [2.1.1]- and
[2.2.2]propellane  a plane of the four membered ring is displayed. The

antisymmetric density is the most intense for the bridgehead bond in each molecule.
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TABLLE V.

Atomic Dipoles and Forces

— —
Molecule_and v () F ()
atom au au
Coin € -0.172 +0.931
N oin N, -0.590 +1.671
Fin F, -0.197 +(.520
N in N, -0,.623 +1.123
¢, in (1.1 1 propel lane -0.070 +0. 435
Lh in IZ.J.D]PTOPQ]IHHP -0.279 +0.447

“The first three sets of results are calculated from functions

close to the Hartree-Fock limit. (Cade, P.L.: Wahl, A.C. Atomic Data

and Nuclear Data Tables, 1974, 153, 5339, The remaining are from
0-316G*"0-5316* functions, which while quantitativelvy less accurate than
the near Hartree-Tockh functions in their description of atQmic mpments,
vield qualitatively similar results. A negative sign for u or F denotes
4 vector directed away from its bonded partner.
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