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ABSTRACT

A 2-dimensional d~_? symmetry superconductor is studied. The model

used is a two dimensional Hubbard medel with tight binding electrons in the plane

with hoth nearest neighbor and next nearest neighbor hopping. The

superconductivity is stabilized by anti-ferromagnetic spin fluctuations and is

described by the Eliasbberg theory.

With this model a general set of Eliashberg equations are derived which are

valid for any electronic band structure and also the details ofthe electron-boson

interaction can be included, and impurity scattering ofarbitrary strength. This is

possible because no model for the electronic density ofstates has been taken and

thus aU of the d~tails ofthe density of states including the van Hove singularity can

be accounted for fully. This leads to a non-trivial difference not previously seen

between impurity scattering in the Born limit and that of impurity scattering in the

unitary limit. The Eliashberg equations are solved numerically, and the effect of

band structure and impurity scattering on the critical temperature is examined.

General expressions for the London penetration depth and the optical

conductivity are derived. These are calculated for different impurity

concentrations and scattering strengths, and band structures. It is found that the

inverse square of the low temperature penetration depth is linear in temperature.

This behavior can be changed to quadratic by adding small concentrations of

impurity scattering in the unitary limit or by large concentrations ofscattering in

the Born limit. The conductivity of the normal state as well as that in the

superconducting state also have a large dependence on the type of scattering

included. The optical conductivity in the superconducting state shows no evidence

of a gap in the spectrum in contrast to conventional superconductors. These

results are compared with experimental observations on impurity doped high-Tc

superconductors where similar behavior is observed.
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1. Introduction

1.1. Superconductivity

The discovery of ceramic superconductors in 1986 (Bednorz and MUller,

1986) has sparked great interest in the field of high temperature superconductivity

where high temperature in this context refers to superconductors with critical

temperatures in excess of30 K. Although this discovery ofsuperconductivity in

the ceramic material Ba-La-Cu-O has a rather modest (by present standards)

critical temperature (T,=30 K), it is a large enhancement over the previous known

superconductors. These are for example, mercury (Hg; the first known

superconductor discovered in 1911) with T, =4.2 K. lead (Ph) with Tc =7.2 K

among others and the so called A-iS compounds. The A-15 compounds ( V3S~
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V3Ga , Nb~, Nb3Ge, and others) had the highest critical temperanue until the

1986 discovery and were known superconductors in the 1970's (Shen, 1972).

These compounds typically have critical temperatures ofthe order of20 K with

Nb3Ge having the highest, T,=23 K (Kihlstrom et al., 1981; Golovashkin et al.,

1981). All of the pre-1986 superconductors have the common feanues ofa

metallic nOllrull state including the organic superconductors first discovered in

1979 with (TMTSFhPF6 ' with T,=1.2 K under a pressure of6.5 kbar (Jerome et

ar, IlJ~O~ see Ishiguro and Yamaji. 1990 for a complete list of the organic

superconductors and their properties). and their superconducting state is well

described by electron-phonon mediated superconductivity (with the exception of

the; organic superconductors and the heavy fermion superconductors (Stewart,

1984) where it is still unclear as to the underlying interaction which is responsible).

These electron-phonon .::oupled superconductors are also known as conventional

superconductors. The discovery of superconductivity in Ba-La-Cu-O quickly lead

to the discovery of superconductivity in other copper-oxides, for example Y-Ba­

Cu-O (Chu et al., 1987) with Tt:=93 K; TI-Ea-Ca-Cu-O (Sheng and Herman.

1988a. 1988b; Hazen et al. 1988) with T,=125 K.

Ibistetra-methyl-tetraselenafulvalene-hexaflourophosphate
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1.2. BCS Theory - Overview
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Although the phenomenon ofsuperconductivity was discovered in 1911. a

microscopic theory ofsuperconduetivity was not forth-coming until 1957. The

theory was proposed by Bardeen, Cooper and Schrieffer (1957) and is now known

as the BCS theory of superconductivity. A very detailed and lucid description of

BCS theory can be found in de Gennes (1966). The key element in the theory is

that a system containing an inert Fermi sea plus two electrons at the Fermi surface

in opposite momentum and spin states (Iki) and l-kJ..» with an overall attractive

interaction (no matter how small) has a lower energy than the s,lme system with

the two electrons being in any other momentum - spin state. This pair ofelectrons

is known as a Cooper pair and is the starting point for the BCS theory Gf

superconductivity. The superconducting state aris~s when one constructs a system

ofCooper pairs such as

1<l»HCS = IT(uk +vk<tC:k~)IO)
k

: 1-1

where 1<l»BCS is the BCS wave function, 10) is the vacuum, the product is over all

electronic plane wave states. c"'I" creates an electron in plane wave state with

momentum q and spin cr, \1.(Uk) are variational parameters which tum out to be tbe

probability amplitude for finding an electron(bole) with momentum k. The theory

leads to a critical temperarure
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: 1-2

where N(Oj is the electronic densitv ofstates at the Fermi surface, V is the pairing• .0.

potential between two electrons (and is positive) and w.. is a cut-off energy for the

interaction2
• Although T.. cannot be predicted by microscopic means only, the

theory has been a great success and it does give several universal numbers such as

2~(0) =3.54

1'..

where .1(0) is the zero temperature limit ofthe superconducting gap, Tc is the

critical temperature, H.. is the thermodynamic critical field and y = .:. rr 2 N(O}.
J

While the BCS theory does not give quantitative agreement with experiment it

does howev~r give excellent qualitative agreement in a wide range of materials.

1.3. Eliashberg Theory - Overview

While th~ BCS theory gives qualitative behavior for so called weak

coupling ~uperconductors (i.e. AI, Sn) it fails for so called strong coupling

1'hroughout this work the units are chosen such that tl=ka=c=l.

: 1-3

: 1-4



1.3 Eliashberg Theory - Overview 5

superconductors (i.e. Pb, Hg). A general theory was developed by Eliashberg

(1960a, 1960b). This theory takes into account the repulsive Coulomb interaction

between electrons and the :tttractive interaction between the electrons induced by

the electron-phonon interaction. The basis for the Eliashberg theory (or strong

coupling) theory is a system of Cooper pairs as in BCS (weak coupling) theory.

The two theories depan in the treatment ofthe interactions between the electrons.

BCS theory assumes there is a net attraction between electrons near the Fermi

swface and treats this interaction as a constant. Strong coupling theory includes

the interactions from a microscopic level and then the superconducting state arises

from the electron-phonon interaction. However the price one pays is that the

Eliashberg equations must be solved by numerical means. Despite this difficulty,

the solutions obtained and the physical properties, both thermodynamic and

transpon are in excellent quantitative agreement with experimental results (see

Carbotte. 1990).

The Eliashberg theory has been a tremendous success in condensed matter

theory. Included in the success is the incorporation into the theory ofelectron

scattering from magnetic impurities in the weak limit, Born approximation

(Abrikosov and Gor'kov, 1960, 1961; Ambegaokar and Griffin, 1965; Skalski et

ai., 1964, Maki, 1969; Schachinger et al., 1980) and in the strong limit. T-matrix

approach (Rusinov, 1969a. 1969b; Shiba, 1968). Also studied has been

anisotropic effects of the Fermi surface (Allen, 1980; Daams and Carbotte, 1980a,
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1980b, 1981; Alien and Mitrovic, 1982; Zarate and Carbotte, 1983a, 1983b;

Whitmore, 1984). Energy dependent electronic density ofstates has also been

examined (Pickett, 1980, 1982; Mitrovic and Carbone, 1981, 1983a, 1983b;

Carbone, 1982; Kieselmann and Rietchel 1982). This theory with all of these

additional features has been able to successfully account for the properties ofmany

superconducting systems.

1.4. High Tc Superconductivity

The Eliashberg theory tails to properly describe the heavy fermion

superconductors and the high T~ ceramic superconductors. It is believed that the

heavy fermion superconductors can be described by an Eliashberg type theory

where the superconducting order parameter is anisotropic in k-space and with the

superconductivity stabilized by anti-ferromagnetic spin fluctuations (Fulde et al.,

1988). The case of the high T~ superconductors is less clear. There are many

different theories (Varma. 1988; Kresin et al., 1993) for explaining the properties

ofthe oxide superconductors bl~t as of yet there is no definitive theory. A

common point among these superconductors is that they are metallic in the a-b

plane due to the presence of Cu-O planes and closer to insulating in the c direction

(Batlogg et al.. 1993). TItis makes these materials higWy anisotropic and any

theoretical model must incorporate this aspect. Another aspect that must be


















































































































































































































































