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Abstract

In this thesis, we consider both nonparametric and parametric inference in life-testing.
Under nonparametric inference, we study the nonparametric precedence test and
some alternatives. We first introduce a general maximal precedence test for test-
ing the hypothesis that two distribution functions are equal, which is a variation
of the precedence life-test discussed earlier in the literature. Next, we introduce
three Wilcoxon-type rank-sum precedence tests, which in fact generalize the classical
Wilcoxon rank-sum test for Type-1I censored data. We propose the use of Edgeworth
expansion to approximate the null distributions of these test statistics. Finally, we in-
troduce another generalization of the precedence and maximal precedence tests, viz.,
weighted precedence and maximal precedence tests, by giving weights to the prece-
dence failures. We also extend these tests to the case of progressive Type-1I censoring.
We examine the power properties of these test statistics and compare them with those
of the precedence and maximal precedence tests under Lehmann alternative as well
as the location-shift alternative.

Under parametric inference, we first propose the use of EM-algorithm to de-
termine maximum likelihood estimators (MLE’s) when the data are progressively
Type-II censored. We explain how one could obtain the variances and covariances
as well as the standard errors of the MLEs by using the missing information princi-
ple. Next, we discuss point and interval estimation for the normal distribution under
progressive censoring. Then, we concentrate on the Weibull lifetime model under
progressive censoring and discuss the determination of optimal censoring schemes.

Finally, construction of progressively-censored reliability sampling plans is discussed.

v



Next, we discuss goodness-of-fit tests based on spacings under progressive cen-
soring. We propose a test for exponentiality based on spacings from a progressively
Type-1I censored sample. We then generalize this test to a general location-scale
family of distributions. We use a simulation study to investigate the power of this
test under several different alternatives.

Finally, we study the estimation of the parameters of a two-parameter Birnbaum-
Saunders distribution based on complete and Type-II censored samples. For the com-
plete sample situation, we study the MLE’s and propose and study modified moment
estimators, simple bias-corrected estimators, and jackknifed estimators, and all their
asymptotic distributions. For the Type-II censored sample situation, we discuss the
MLE and derive the asymptotic variance-covariance matrix of the MLE’s. A Monte
Carlo EM-algorithm for the determination of the MLE’s is discussed. We also propose
a simple bias correction technique. Asymptotic confidence intervals based on these

estimators and their probability coverages are examined.
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Chapter 1

Introduction

1.1 Reliability and Life Testing

Reliability theory has certainly played an important role in industrial and system
engineering. Customers and users are always looking for high quality and long life
products or systems. Therefore, continuous improvement of products or systems
becomes essential and even critical. The term ‘reliability’ can be defined as the
ability of a product or system to perform over a period of time according to design
specifications or according to user expectations. Longer life is identified with greater
reliability.

In measuring reliability, we are observing lifetimes of products or systems of
interest. In order to gain a sound knowledge about product or system failure-time
distributions, life-testing and reliability experiments are carried out before (and while)
products are put on the market or systems are used. Life-testing experimentation is a
practical way to determine the product reliability and product quality. A life-testing
experiment is one in which a sample of the item of interest are subjected to stresses and
environmental conditions that epitomize the intended operating conditions. During
the life-test, successive times to failure are noted and lifetime data are collected.
These lifetime data are used to estimate certain parameters, to make predictions,
or to make decisions on accepting a batch of items. Life-testing is useful in many

industrial environments including the automobile, materials, telecommunications, and



electronics industries.

There is a huge body of literature on reliability and life testing. Present in
it are a large number of books and volumes that describe different methods of ana-
lyzing lifetime data. These include Mann, Schafer and Singpurwalla (1974), Barlow
and Proschan (1975), Lawless (1982), Nelson (1982), Cohen and Whitten (1988), Kr-
ishnaiah and Rao (1988), Bain and Engelhardt (1991), Crowder, Kimber, Smith and
Sweeting (1991), Balakrishnan (1995), and Balakrishnan and Rao (2001). A brief
review of life testing can also be found in Mann and Singpurwalla (1983).

In a life-testing experiment, if all the items under test are observed until failure,
the life-test is said to be a complete life test. However, in order to save on test time
or to save on the number of test items, it is common that not all the items under test
will be observed until failure in an industrial setting. In other words, some of the test
items will be withdrawn or removed from the life test. Such a life test is said to be a
censored-sample life test. Some of the issues regarding the censoring mechanisms will

be discussed in Section 1.4.

1.2 Order Statistics

In a life-testing experiment, since the observed failures occur in a naturally increasing
order, the theory of order statistics plays an important role in the analysis of lifetime
data, especially when censored data are observed.

Suppose that X;, X, ..., X, are n independent and identically distributed
random variables from a distribution Fx(z). The corresponding order statistics are
obtained when X, X, ..., X, are arranged in ascending order of magnitude. We let
X1.n, denote the smallest observation, X,., the second smallest, ..., and X,., denote
the largest observation. We call X;., the i-th order statistic, 1 = 1,2,...,n. The
i-th order statistic clearly will take on different values in different samples. In other
words, it has a sampling distribution, which depends on the population distribution
F(z), ¢, and n. To obtain the density function of the i-th order statistic, we consider
the probability of z < X;., <z + h as h tends to 0.

The event z < X;., < ¢+ h is essentially same as X, < z for i — 1 of the X, ’s,



r < X, < z+ h for exactly one of the X,’s, and X, > = + h for the remaining n — ¢

of the X,’s. Since there are U_—l)-%:;-)—, such arrangements possible, we can write
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The density function of the i-th order statistic is then obtained as
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By a similar argument, we can derive the joint density function of the ¢-th and

J-th order statistics, X;., and X;.,, as
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The subject of order statistics generally deals with the properties and appli-
cations of these ordered random variables and of functions involving them. Order
statistics are particularly useful in analysis of censored data, nonparametric and ro-
bust statistics, linear estimation, and characterizations of distributions. Thus, order
statistics have a lot of important applications in reliability studies, life testing, and
quality control. The books by David (1981), Arnold, Balakrishnan and Nagaraja
(1992), and Balakrishnan and Rao (1998a, b) all illustrate many of these applications

as well as provide theoretical background of order statistics.

1.3 Precedence-type Testing Procedure

1.3.1 Literature Review

The precedence test is a distribution-free two-sample life-test based on the order of

early failures, and was first proposed by Nelson (1963). The precedence test allows



a simple and robust comparison of two distribution functions. Suppose there are
two failure time distributions Fy and Fy and that we are interested in testing the

hypotheses
Hy: Fx = Fy against H,: Fx > Fy. (1.3.1)

Note that some specific alternatives such as the location-shift alternative and the
Lehmann alternative are subclasses of the general alternative considered here. Prece-
dence test, based on the number of X-failures that preceded the r-th Y -failure, will
be useful (i) when life-tests involve expensive units since the units that had not failed
could be used for some other testing purposes, and (ii) to make quick and reliable
decisions early on in the life-testing experiment. For example, a manufacturer of
electronic components wishes to compare two designs A and B with respect to life.
Specifically, he wants to abandon design A if it gives an indication at the 0.05 level
that is shorter life. In this situation, precedence life-test can be employed.’

Nelson (1963) provided tables of critical values, which cover all combinations
of sample sizes up to twenty for one-sided (two-sided) significance levels of 0.05 (0.10),
0.025 (0.05), and 0.005 (0.01). After Nelson (1963) first introduced the precedence
life-test, many authors have studied the power properties of the precedence test and
also proposed some alternatives. For example, Eilbott and Nadler (1965) investigated
the properties of precedence tests under the assumption that both underlying distri-
butions are exponential. They obtained the closed form expressions for the small
sample and asymptotic power under the exponential assumption. Then, Shorack
(1967) actually showed that these expressions are valid for a large class of distrib-
utions. Afterwards, Lin and Sukhatme (1992) considered the best precedence test
and compared the power of the best precedence test with other nonparametric and
parametric tests.

Nelson (1993) then examined the power of the precedence test when the un-
derlying distributions were normal. After Lin and Sukhatme (1992) derived the best
precedence test, van der Laan and Chakraborti (2001) used these results to derive
the best precedence tests under Lehmann alternatives. For a comprehensive overview

of precedence-type tests, one may refer to Nelson (1986) and Chakraborti and van



der Laan (1996, 1997). Recently, upon noting that the precedence test suffers from a
‘masking effect’, a maximal precedence test was proposed by Balakrishnan and Frat-
tina (2000). In this case, the test statistic is not the number of failures that preceded
the r-th Y-failure, but it is the maximum of the numbers of failures that occurred
before the first, between the first and second, ..., and between the (r — 1)-th and
r-th Y-failures. They derived the null distribution of the maximal precedence test
statistic for r = 2 (observing only up to the second Y-failure). They also examined
the power properties of the maximal precedence test and compared them with those

of the precedence test and Wilcoxon’s rank-sum test.

1.3.2 Two-sample Problem and Precedence Test

Assume that a random sample of size n; is from Fx, another independent sample of
size ng is from Fy, and that all these sample units are placed simultaneously on a life-
testing experiment. We use X, X2,...,X,, to denote the sample from distribution
Fx, and Y1,Y,...,Y,, to denote the sample from distribution Fy. A natural null
hypothesis is that the two distributions are equal and we are generally concerned
with the alternative models where one distribution is stochastically larger than the
other; for example, the alternative that Fy is stochastically larger than Fx which is
expressed in (1.3.1).

We denote the order statistics from the X-sample and the Y-sample by X;.,, <
KXoy oo £ Xiyiny and Yo, < You, <100 £ Yapiny, respectively. Without loss of
generality, we assume that n; < n,. Moreover, we let M; be the number of X-
failures before Y;i.,, and M; be the number of X-failures between Y;_i.,, and Yi.,,,
i=2,3,...,7. We denote the observed value of M; by m,.

It is of interest to mention here that these M;’s are related to the so called “ex-
ceedance statistics” whose distributional properties have been discussed, for example,
by Fligner and Wolfe (1976) and Randles and Wolfe (1979).

The precedence test statistic Py, is defined as the number of failures from the
X-sample that precede the r-th failure from the Y-sample. That is,

Ppy=3 M. (1.3.2)

i=1
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Figure 1.1: Schematic representation of a precedence life-test

For example, from Figure 1.1, with r = 4, the precedence test statistic takes on the
value P4y =0+ 3 4+ 4 +1 = 8.

It is obvious that large values of P lead to the rejection of Hp and in favor
of Hy in (1.3.1).

For a fixed level of significance «, the critical region will be {s,s +1,...,n1},

where
a=Pr(P. > s|Fx = Fy). (1.3.3)

Note that the event P, = 7 maybe viewed as the number of ways of choosing
7 from the first z — r + 1 failures for the X-sample and then n; — j from the last
ny +ng—z —r+ 1 failures for the remaining X-sample. Therefore, for specified values

of ny,n2, s and r, an expression for « in (1.3.3) is given by
ng [§+r—1 ny+nyg—s—r-+1
)T
j=s J n -]
n; + le)
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Table 1.1: Near 5% upper critical values and exact levels of significance for the
precedence test statistic P,

ny

n2

r=1

r=2

r=3

r=4

r=35

r=26

10
15
20
30
30

10
15
20
30
50

4(0.04334)
4(0.04981)
4(0.05301)
4(0.05620)
3(0.04942)

6(0.02864)
6(0.04004)
6(0.04574)
6(0.05139)
4(0.06293)

7(0.03489)
7(0.05432)
8(0.03242)
8(0.03986)
5(0.06494)

8(0.03489)
9(0.03022)
9(0.04118)
9(0.05208)
6(0.06226)

9(0.02864)

7(0.05752)

9(0.07043)
10(0.03280) 11(0.03280)
10(0.04792) 11(0.05267)
10(0.06264) 12(0.04202)
8(0.05190)

with the summation terminating as soon as any of the factorials involve negative
arguments.
The critical value s and the exact level of significance o as close as possible

to 5% for different choices of the sample sizes n; and n, and r = 1(1)6 are given in
Table 1.1. '

1.4 Censoring Mechanisms and Progressive

Censoring

As we mentioned before, quite often some items on a life-test may not be observed
until their failure. This situation is known as censoring. We can classify the censoring
processes into different types by consider how the data are collected from the life-test.
Here, we shall describe two common types of censoring, viz. Type-I and Type-II

censoring, and a generalization called progressive censoring.

1.4.1 Type-I and Type-I1 Censoring

Consider a life-testing experiment in which n items are placed on the test. Suppose
the experimenter pre-fixes the total running time of the experiment. The life-test will
be terminated at a prefixed time, say T'; then the number of items that fail by time

T, say s, is a random variable, where s < n. The lifetime of the first s failures are



observed and the remaining (n — s) items are censored and are only known to be > T'.
In this case, the data are said to be Type-I censored.

Type-I censoring arises frequently in medical research wherein the study would
be terminated at a pre-specified date on which not all individual’s lifetimes would have
been observed. The main advantage of Type-I censoring is that the experimenter can
control the length of the experiment. However, there are two disadvantages of Type-I
censoring: very few failures (even none) may be observed by time 7", and the maximum
likelihood estimation procedure becomes complicated in this case.

Instead of terminating the life-testing experiment at a prefixed time T, the
experiment may be discontinued after the first r failures are observed. In this case,
the number of observations is fixed, but the length of the experiment is random.
The lifetime of the first r failures are observed and the rémaining (n — r) items are
censored. In such a situation, the data are said to be Type-II censored.

Type-II censoring arises in life-testing problems in a natural way. since an
experimenter may plan to observe r failures and then terminate the test as soon
as the failure of the r-th item occurs. An advantage of Type-II censoring is that
surviving items may be used for some other tests. Moreover, it is one of the economical
sampling schemes in life testing since it would take a long time for all items to fail.
The principal disadvantage of this censoring scheme is that the experimenter does
not know in advance exactly how long it will take to complete the test.

Methods for analysis of Type-II censored data were originally proposed by
Epstein and Sobel (1953). For additional details and references, one may refer to
Mann, Schafer and Singpurwalla (1974), Lawless (1982), Nelson (1982), Cohen and
Whitten (1988), Balakrishnan and Cohen (1991), and Cohen (1991).

1.4.2 Progressive Type-II Censoring

We consider a generalized censoring scheme called Progressive Type-II censoring. As
we described above, a Type-1I censored sample is one in which only the r smallest ob-
servations in a random sample of n items are observed (1 < r < n). A generalization

of Type-II censoring is progressive Type-1I censoring. In this case, the first failure
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Figure 1.2: Schematic representation of a Type-Il progressively censored life-test

in the sample is observed and a random sample of size R; is immediately withdrawn
from the remaining n — 1 unfailed items (or removed from the test), leaving only
n—1— R, items in test. When the second item fails, R, of the still unfailed items are
withdrawn from the test, and so on. The experiment terminates after some prefixed
series of repetitions of this procedure. Suppose n independent units are placed on
a life-test with the corresponding lifetimes X;, Xz, ..., X, being identically distrib-
uted. Prior to the experiment, a number m < n is fixed and the censoring scheme
(R1, Ra,...,Ry) with R; > 0 and i R;+m = n is specified. During the experiment,
j-th failure is observed and immefi_ialxtely after that failure, R; functioning items are
randomly removed from the test. We denote the m completely observed (ordered)
lifetimes by X ](-f,::",;"R'"), 7 =1,2,...,m. For convenience, sometimes we will suppress
the censoring scheme in the notation of the Xj.m.n’s. A schematic representation of a
Type-II progressively censored life-test is provided in Figure 1.2.

We may introduce a further generalization: Suppose the failure times of the
first r units are not observed. At the (r + 1)-th failure, R,4; units are randomly
removed. At successive failures, we remove units randomly as before. This is called
general progressive Type-II censoring. If r = 0, this is the scheme outlined above.

Some early works on progressive censoring can be found in Cohen (1963),
Mann (1969, 1971), and Thomas and Wilson (1972). A review of progressive censor-
ing scheme and data analysis can be found in Sen (1986a, b). A practical application

of progressive Type-1I censoring on aging tests on solid insulating materials has been
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illustrated by Montanari and Cacciari (1988). Viveros and Balakrishnan (1994) pro-
posed a conditional method of inference to derive exact confidence intervals. They
also derived explicit expressions for the best linear unbiased estimates (BLUEs) of
the parameters of the one- and two-parameter exponential distributions. Tse and
Yuen (1996, 1998) and Tse, Yang and Yuen (2000) considered the statistical analysis
for the Weibull distribution under Type-II progressive censoring with random and
binomial removals, respectively. Recently, Balasooriya and Saw (1998), Balasooriya,
Saw and Gadag (2000) and Balasooriya and Balakrishnan (2000) discussed progres-
sively censored acceptance sampling plans for the exponential, Weibull and lognormal
distributions, respectively. A book dedicated completely to progressive censoring has

been prepared recently by Balakrishnan and Aggarwala (2000).

1.5 Scope of the Thesis

This thesis is divided into two parts. The first part consists of four chapters dealing
with a nonparametric procedure and some alternatives. The second part consists of
three chapters dealing with the parametric estimation and related issues based on
progressively Type-II censored data, two chapters on goodness-of-fit tests based on
spacings under progressive censoring, and two chapters on statistical inference for
the two-parameter Birnbaum-Saunders distribution. Some possible future research

problems are finally described in the last chapter of this thesis.

1.5.1 Nonparametric Inference

In Chapter 2, we introduce a general maximal precedence test for testing the hypoth--
esis that two distribution functions are equal, which is a variation of the precedence
life-test. We first point out the masking effect of the precedence test, which is the
motivation for proposing the maximal precedence test, in Section 2.1. In Section 2.2,
we propose the general maximal precedence test and derive the null distribution of
the general maximal precedence test statistic M(,). Some critical values for » = 2(1)6

for some choices of sample sizes are presented. Next, we derive in Section 2.3 the
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exact power function of the general maximal precedence test under Lehmann alterna-
tive. Finally, we examine the power performance of the general maximal precedence
test under a location-shift between the two populations through Monte Carlo simula-
tions. Comparison and discussion of the power properties of the maximal precedence
test with those of the precedence test and Wilcoxon’s rank-sum test are presented in
Section 2.4.

In Chapter 3, we introduce Wilcoxon-type rank-sum precedence tests, which
are generalizations of the classical Wilcoxon rank-sum test to the case when the data
are Type-II censored. Three Wilcoxon-type rank-sum precedence test statistics — the
minimal, maximal and expected rank-sum statistics — are proposed. In Section 3.1,
we review some results on the precedence test and Wilcoxon rank-sum test. In Section
3.2, we propose the Wilcoxon-type rank-sum precedence tests. We suggest three test
statistics, which are the minimal, maximal and expected rank-sum statistics. The
null distributions of these test statistics are derived and critical values for-r = 2(1)7
for some choices of sample sizes are presented. In Section 3.3, we propose the use
of Edgeworth expansion to approximate the null distributions of the Wilcoxon-type
rank-sum statistics. We present a comparison of the exact probabilities with its
Edgeworth approximation and Normal approximation for the three test statistics for
some selected sample sizes. Then, we study the power function of these Wilcoxon-type
rank-sum tests under Lehmann alternative in Section 3.4. Finally, we examine the
power performance of the Wilcoxon-type rank-sum precedence tests under a location-
shift between the two populations through Monte Carlo simulations in Section 3.5.
Comparison and discussion of the power properties of the Wilcoxon-type rank-sum
tests with those of the precedence test, maximal precedence test and Wilcoxon’s rank-
sum test are presented in Section 3.6 with two illustrative examples. Summary and
conclusions are given in Section 3.7.

In Chapter 4, we next introduce another generalization of the precedence
and maximal precedence tests. We first introduce weighted precedence and max-
imal precedence tests for Type-11 censored data in Section 4.1. Then we present
the test statistics and derive the null distributions of these test statistics in Section

4.2. In Section 4.3, exact power functions of these tests under Lehmann alternatives
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are derived. We then compare the power of the weighted precedence and maximal
precedence tests with the original precedence and maximal precedence tests under
Lehmann and location-shift alternatives in Sections 4.3 and 4.4, respectively. A nu-
merical example is used to illustrate the weighted precedence and maximal precedence
tests in Section 4.5.

In Chapter 5, we extend the weighted precedence and maximal precedence
tests to progressive Type-II censoring situation. A brief introduction is given in
Section 5.1. The test statistics, null distributions and critical values for r = 2(1)5
for some selected choices of sample sizes and progressive censoring schemes are pre-
sented in Section 5.2. We then study the exact power properties of the weighted
precedence and maximal precedence tests for progressive Type-II censoring situation
under Lehmann alternative in Section 5.3. We also examine the power properties of
the weighted precedence and maximal precedence tests under a location-shift between
the two populations through Monte Carlo simulations for different progressive cen-

soring schemes in Section 5.4. Finally, an illustrative example is presented in Section
5.5.

1.5.2 Parametric Inference

In Chapter 6, EM-algorithm is used to determine the maximum likelihood estimates
when the data are progressively Type-II censored. A brief introduction is given in
Section 6.1. Section 6.2 explains how the EM-algorithm is used to determine the max-
imum likelihood estimates in a general setting. Section 6.3 describes how one could
obtain the variances and covariance as well as the standard errors of the maximum
likelihood estimates by means of the missing information principle. The methodol-
ogy is illustrated with two popular models in lifetime analysis — the lognormal and
Weibull lifetime distributions - in Sections 6.4 and 6.5, respectively. A discussion is
provided in Section 6.6.

In Chapter 7, we discuss further the point and interval estimation for the nor-
mal distribution under progressive censoring. A brief introduction is given in Section

7.1. In Section 7.2, we discuss the maximum likelihood estimation of the parameters.



13

Section 7.3 provides explicit estimators obtained by appropriately approximating the
likelihood function. The expressions for the observed Fisher information are provided
in Section 7.4. In Section 7.5, we provide results of a simulation study to evaluate the
performance of these approximate estimators compared to the MLEs. In Section 7.6,
we determine the coverage probabilities for pivotal quantities based on asymptotic
normality. In addition, we provide unconditional simulated percentage points of these
pivotal quantities. Some conclusions and an illustrative example are finally provided
in Section 7.7.

In Chapter 8, we consider the Weibull lifetime model under progressive cen-
soring and consider the optimal censoring scheme. In Section 8.1, we give a brief
introduction to this problem. In Section 8.2, we compute the expected Fisher in-
formation for a progressively Type-II censored sample and the asymptotic variance-
covariance matrix of the MLEs by using direct calculation as well as by the missing
information principle. Next, in Section 8.3, we discuss the determination of the op-
timal censoring plan subject to different optimality criteria. Some optimal censoring
plans for selected sample sizes are also presented. By taking the data we considered
earlier, we describe the design of the optimal censoring plan and also display the
relative efficiency gained by the use of this optimal censoring scheme. In Section
8.4, the progressively censored reliability sampling plan is discussed. The procedure
for determining the acceptance constant and the sample size is described. These are
determined here based on exact MLEs and the exact expected Fisher information,
while those computed by Balasooriya, Saw and Gadag (2000) are based on approxi-
mate estimators and the corresponding expressions. We also use the numerical data
in Section 8.3 to illustrate the construction of a progressively censored reliability
sampling plan. Finally, we conclude with a brief discussion in Section 8.5.

In Chapters 9 and 10, we discuss goodness-of-fit tests based on spacings under
progressive censoring. In Chapter 9, we propose a test for exponentiality based on
spacings under progressive Type-II censoring, which is a generalization of a test pro-
posed by Tiku (1980). In Section 9.1, we briefly describe some ideas of goodness-of-fit
tests. In Section 9.2, we propose a test statistic for exponentiality based on spacings.

We derive the exact and asymptotic null distributions of the test statistic. In Section
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9.3, we present results of a simulation study to display the power properties of this
test under several different alternatives. We also discuss an approximation to the
power and compare the approximate values with those obtained by simulations. In
Section 9.4, we examine two standard tests (Cramer-von Mises A% and the Shapiro-
Wilk Wg) for exponentiality discussed extensively in the literature, and compare the
power performance of all three procedures via Monte Carlo simulations. Section 9.5
considers tests for the two-parameter exponential distribution. We illustrate the test
procedures proposed here using some numerical examples in Section 9.6. Section 9.7
discusses the multi-sample extension of this procedure.

In Chapter 10, we propose a test based on spacings for a general location-scale
family of distributions under progressive Type-II censoring. A brief introduction is
given in Section 10.1. In Section 10.2, we propose a test statistic for the location-

scale family based on spacings. We provide some heuristic arguments to justify the
| asymptotic null distribution of the test statistic. In Section 10.3, we present results
of a simulation study to examine the power of this test for testing for the normal and
extreme-value distributions under several different alternatives. We also discuss an
approximation to the power and compare the approximate values with those obtained
through simulations. We illustrate the test procedure proposed here using a numerical
example in Section 10.4. Some conclusions are finally presented in Section 10.5.

In Chapters 11 and 12, we discuss the estimation of the parameters for a two-
parameter Birnbaum-Saunders distribution based on complete and Type-II censored
samples. In Chapter 11, we review some basic properties of Birnbaum-Saunders dis-
tribution in Sections 11.1 and 11.2. The maximum likelihood estimators are discussed
in Section 11.3. Then, we propose modified moment estimators (MME’s) in Section
11.4. The asymptotic distributions of the MME’s are derived which are then used
to construct confidence intervals for the unknown parameters. In Section 11.5, we
propose a simple bias correction technique which performs quite well even for small
sample sizes. Then, the jackknife procedure is also used to reduce the bias of the
MLE’s and MME’s in Section 11.6. We have shown that the jackknife procedure
works very well in this case; but, this procedure becomes computationally quite in-

volved in case of large sample sizes. In Section 11.7, we evaluate the performance of
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all these estimators through simulations. The estimation procedures are illustrated
with two examples in Section 11.8. Some concluding remarks are made in Section
11.9.

In Chapter 12, we first discuss the maximum likelihood estimation of the pa-
rameters based on Type-II right censored samples for a two-parameter Birnbaum-
Saunders distribution in Section 12.2. We then derive the asymptotic variance-
covariance matrix of the MLE’s using which asymptotic confidence intervals are pro-
posed with the use of asymptotic normality of the MLE’s. We evaluate the perfor-
mance of the MLE’s through Monte Carlo simulations for various sample sizes and
different degrees of censoring. Though the MLE’s are asymptotically unbiased, these
simulation results reveal that they are highly biased in case of small sample sizes par-
ticularly when the degree of censoring is high. Therefore, in Section 12.3 we propose
a simple bias correction technique which performs quite well even for small sample
sizes. Asymptotic confidence intervals based on these bias-corrected estimators are
then proposed. In Section 12.4, a Monte Carlo EM-algorithm for the determination
of the MLE’s is discussed. A comparison of all the estimators and the probability
coverages of confidence intervals based on inferential quantities associated with these
estimators is made using Monte Carlo simulations in Section 12.5. We present in
Section 12.6 two examples to illustrate all these methods of inference. Finally, some

concluding remarks are made in Section 12.7.

In Chapter 13, we describe briefly some related problems which are worth

considering for future research.



Chapter 2

A General Maximal Precedence
Test

2.1 Introduction and Motivation

To begin with, we will point out the masking effect of the precedence test which
was mentioned earlier in Section 1.3. From the critical values for the precedence test
presented in Table 1.1, we can see that there is a masking effect when r > 2. For
example, if we had ny = n, = 20 and we were using the precedence test with r = 3
and s = 8, then the null hypothesis will be rejected if there were at least 8 failures
from the X-sample before the third failure from the Y-sample. If only 7 failures had
occurred from the X-sample before the third failure from the Y-sample, then we will
not reject the null hypothesis by F3;. Nevertheless, if all these 7 failures had occurred
before the first failure from the Y-sample (the probability of this happening under
Hy is less than 1%), we would have suspected that there is a location-shift between
the two populations. In fact, if we had used P(;) with s = 4 or Fg) with s = 6, we
would have rejected the null hypothesis. Information given by r = 3 is thus getting
masked in this case.

Maximal precedence test is proposed specifically to avoid this masking prob-
lem. It is a test procedure based on the maximum number of failures occurring from

the X-sample before the first, between the first and the second, ..., between the

16
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(r — 1)-th and the r-th failures from the Y-sample. We present details of this test

procedure in the following sections.

2.2 Test Statistic and Null Distribution

Maximal precedence test is a test procedure for testing the hypotheses (1.3.1) in
a two-sample situation. We shall use the same notations as in Section 1.3. The
general maximal precedence test statistic is defined as the maximum number of fail-
ures occurring from the X-sample before the first, between the first and the sec-
ond, ..., between the (r — 1)-th and the r-th failures from the Y-sample, that is,
M(;y = max(M:, My, ..., M,). For example, if we refer to Figure 1.1, with r = 4, the
maximal precedence test statistic is M4y = max(0,3,4,1) = 4. Large values of M)
lead to the rejection of Hp and in favor of H; in (1.3.1). The null distribution of M)
for the special case when r = 2 was derived by Balakrishnan and Frattina (2000).
We will present here the null distribution function of the general maximal precedence
test statistic M.

Theorem 2.1 The joint null probability mass function of My, Ms, ..., M, is given
by
PI'{M1 = ml,Mz =m2,...,M, =m, ‘ FX = Fy}
(m+m_im_r

1=1

Ng — T

= . (2.2.1)
( ny + no )

Proof: First, conditional on the Y-failures, we consider the probability that there are

m; X-failures before y1.,, and m; X-failures between y;_y.n, and yum,, ¢t = 2,3,...,7,
given by
PI‘ {mIXIS _<. Yimgs mZX,'S € (yl:nlayZ:ng]a ey mrX,S S (yr—lzn27 yr:n2]7

r
(nl - Emz) X's > Yring Dfl:ng = Yy 1/2:n2 = Yiingy - - - 7Y;':n2 = yrmg}

=1
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ny!
= - ; [Fx (y1:m)]™
mylmal. - m,! (nl — _Zlmi>!
=

i=2

X {fHFx(ymz) - Fx(yi_m)]mi} [1 = Fx(reny)] (Z ’”>

We also have the joint density of the first r order statistics from the Y-sample
as [see David (1981) and Arnold, Balakrishnan and Nagaraja (1992)]

fl,2,...,r:n2 (ylzn2 3 y2:n2 gy yr:ng)

= (n—:L%!T)"!'fY(yl:nz)fY(ymnz) cee fy(yr;nz)[l — Fy(yrmz)]nz—r.

Then, we obtain the unconditional probability of {M; = my, M2 = ma, ..., M, =m,}
as

PI‘{Ml =m1,M2 =m2,...,M,=m,}

_ Tl1!
mllmgl s m,! (Tll - i m,)'
1=1

oo Yring Y2:ingy m T s

X /(; /0 .. A [FX(ylzng)] ' H[FX(yiinz) - FX(yi—lma)] '
1==2
(5

X [1 - FX (yr:n2 )] i=1 f1,2 ..... r:nz(ylznza Yoings ooy yr:ng)

Xdylmg dy2:n2 LR dyr—l:ng dyr:'ng

= o [ [ ™ { TP  Frican 1™

1=2
<n1—i m,‘) a ng~—r
X[1 = Fx(Yrmn, )] =1 H Sy (¥ims) ¢ 11 = Fy (Yremy)]
=1 .
Xdylmg dyZ:n2 e dyr—-lzng dyr:n2 9 (222)

where

n1!n2!

- .
milmsy! - - m,! (nl -3 m,)!(ng —r)!

7=1

C =
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Under null distribution, Hy : Fx = Fy, the expression in (2.2.2) becomes
PI’{Ml = 'ml,M2 = mg,...,Mr = m, | FX o FY}
o fYring Y2ing m T .
= C/(; ,/; o [) [FX(y1m2)] ' {H[Fx(yznz) - FX(yi—l:nz)] '}

1=2

r

%1 = Fx(grny)] (rrem-gimm) {H fx(yi:ng)}

=1

X AY1:n, AY2:my -+ - AYr—1: AYrimy -
For notational convenience, let us now set
U; = Fx(Yim,) and du; = fx(Yim, )dyim, fori=1,2,...,r
Then, the above expression for the unconditional probability becomes

Pr{Ml =ml7M2=m27"'7Mr=mrlFX=FY}
1 pru, uy m r s
= C‘/(; L /0 Uy {g(Ui fU{-l) }

T
ny +n2-—z Mg =T

X (1——ur)< =1 ) duy . ..du,.
Using the transformation w; = u;/u,, we obtain

Pr{M1=m1,M2=m2,...,M,:m,,[FX_-.—.Fy}
1 1 pu, U,

= C’/ w}”l(l—-wl)mzdwl./ / j 3u§“1+m2+1
0 0 Jo [¢]

r

X {f[(u, — u,--l)m"} (1—wu,) (n1+n2_i=21 mi_r> dus . ..du,

=3

1 Ur U
= C’B(ml,m2+1)/0/; .../Oau;“ﬁmz“

T ny+ng— - s —7r
X {H(ui—ui_l)mi}(l —u,)< ==>:1 ) dus ... du,,

=3
where B(a,b) = [3 z27}(1 — z)*~1dz denotes the complete beta function.
Similarly, upon performing the transformations w; = u;/uiyq forl=2,...,r—

1, we obtain

PI{M1=m1>M2=m27"-7Mr=mrlFXZFY}
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- c{’ﬁg(imm,mml)}

3=1 t==1

1. (zr: mg+r-—1) (nr*—’nz—i m,'—r)
t==] =1
X/o Ur (1 —wu,) du,

= C{ﬁB (zj:mi+j7mj+1+1)}

=1 \i=1

xB(Zm;—f-r,nl—*—ng—Zmi——r—!—l)
=1

=1

r
n1lng! (nl +ny— Y m; — r)!

1221

(nl - i‘; m,)!(ng —r)(ny + ne)!

r
n1+n2——§:m,~——r
1=1
No — T

ny + Ny
ng

which completes the proof of the theorem.

i

From the result of Theorem 2.1, the null cumulative distribution function of
Mgy = max(My, M, ..., M,) is given by

Pr(Myy<m|Fx=Fy) = Pr(My <m,My<m,...,M, <m | Fx = Fy)

(n1+n2—§r:mi-—7") '
i=1
™ ng —1r
= 3 : . (223)

my(i=1,2,...,r) =0 n1 -+ No
Zi:l misnl

ng

For specified values of n;,ny, 7 and the level of significance a, the critical value
s (corresponding to a level closest to a) for the maximal precedence test can be found
readily from (2.2.3) as

a = PI‘(M(r)Z.SIFx=Fy)
= 1—Pr(M(r)SS—1!FX=Fy)
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Table 2.1: Near 5% upper critical values and exact levels of significance for the general
maximal precedence test statistic M,

ny Na r=2 r=3 r=4 r=2>5 r=26
10 10 | 5(0.03250) 5(0.04875) 5(0.06498) 6(0.02709) _ 6(0.03251)
15 15| 5(0.04205) 5(0.06292) 6(0.03368) 6(0.04209) 6(0.05050)
20 20 | 5(0.04691) 6(0.03023) 6(0.04026) 6(0.05026) 6(0.06025)
30 30| 5(0.05179) 6(0.03540) 6(0.04707) 6(0.05868) 7(0.03150)
30 50 | 4(0.03445) 4(0.05138) 4(0.06810) 5(0.02946) 5(0.03529)
( ny +ng — imz‘-’f‘ )
=1
s—1 Ny — T
=1- Y : . (2.2.4)

m; (i=1,2,...,r)=0 g + e
Z:—I mi<ny
= ne

In Table 2.1, we have presented the critical value s and the exact level of
significance « as close as possible to 5% for some sample sizes n; and n, and r = 2(1)6.
These critical values are used later in the Monte Carlo simulations, presented

in Section 2.4, for determining the rejection rates of the general maximal precedence
test.

2.3 Exact Power Under Lehmann Alternative

In this section, we derive an explicit expression for the power function of the general
maximal precedence test under the Lehmann alternative Hy : [Fx|* = Fy for some
~, which was first proposed by Lehmann (1953). For more details on the Lehmann
alternative, see Davies (1971), Lehmann (1975), Gibbons and Chakraborti (1992) and
Hettmansperger and McKean (1998).

We note that Hy : [Fx|" = Fy is a subclass of the alternative H; : Fx > Fy
when v > 1. The power of a test is the probability of rejecting the null hypothesis
when the alternative hypothesis is indeed true. In the following theorem, we derive

an explicit expression for the power function.
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Theorem 2.2 Under the Lehmann alternative H; : [Fx]|* = Fy, the probability mass
function of My, M,, ..., M, is given by

PI‘{M1=’ITL1,M2 =m23--'3Mr=mr l [FX]’Y': FY}
J
r—1 F(Zmi+]7)

nylngly” =
i — f H j4+1
=1
e (myer ) TS mit )
X (-1 = 2.3.1
;, k ) Tm+(r+k)y+1) ( )

Proof: Under the Lehmann alternative H; : [Fx]” = Fy,v > 1, the expression in
(2.2.2) can be simplified as follows:

Pr{M; = my, Mz = my,...,M, = m, | [Fx]" = Fy}

C/O°° /Oyr;nz ._.A”="2 [Fx (Y1, )]™ {ﬁ[Fx(yimz) - Fx(yi_l:ng)]mi}

1=2

f

X[1 = Fx(grins)] (£) {fI v[Fx<yz-m)r—1fX(ym2>}

i=1
X {1 - {FX(yr ng )]'y}'ng—-f dyl:ngdy2:n2 e dyr—lmg dyr:n2

- o [ [
y {H[Fx<y,-m)]”—I[Fx@«-mz) - Fx(%—’mz”mi}

1=2

X[1 = Fx(grny)] (5 {H fx<yim2>}

X {nzz-r ( nzk— " ) (“l)k[FX(yr:nz)]rYk} dyl:n2 o dyr:n2

k=0
y {1;11 fx(ym)} {g[Fx(yi:nz)]7_1[FX(yi:ng) - Fx(yi-lznz)]m‘}

X [FX(yr:ng)]"/k[l - FX(yr:ng)]( i=1 dyl:nz “ee dyr:ng .



For notational convenience, let us now set
u; = Fx(Yin,) and du; = fx(Yin, )dYim, fori=1,2,...,r
Then, the above expression for the unconditional probability becomes

Pr{M; =my, Mz = my,...,M, =m, | [Fx]" = Fy}

nz—~r

(W C Y S

* {H ul ™ (ui — uz-..l)m"} ul* (1 —u,) (m“’;m:) duy ... du,

i=2

Using the transformation w; = u;/us, we obtain
Pr {Ml my, Mg ma, . Mr = m, I [Fx]'y = Fy}

= Oy ni::( )( l)k/ w1 — wy)™2dw,y

k=0

/ / / -1 {Hu” s — i )m,}

=3
r

xuT*(1 — u,) (m —"=El m,') dus...du,

= Cy"B(my +7,m2+1)n22_r ( L - ) (~1)F

k=0

bopur us mi1+ma+2y-~1 - y-1 m;
X e | U T wd™ (ws = wiey)™
0 JO 0 i=3

uzk(l - ur)(ﬂl"; mi) duy ... du,,

where B(a,b) denotes the complete beta function as before.

Similarly, upon performing the transformations w; = w;/uiyy forl =2,...

1, we obtain

Pr {Ml =Tm, M2 = mya,. M = m, l [FX]'Y = Fy}

= {ﬁB (Zmz+ﬂ,m3+1+1)}

=1 =1

23



24

ny—r _ 1 imi+(r+k)1—l (nl— - mi)
x 3 (”2 " ) (_1)k/ ur? 1 -u.) 5" d,
0

k=0 k

= ’{ﬁB(Zm,+J%mJ+1+1)}

1=1 =1

xmi:r( )( 1)kB (i:mi+(r+k)'y,n1—imi+1>

k=0 =1 =1

minglyr =t T (Ex it 7)
mallnz =)t | (}f m; + jy + 1)

t=1

Xn'i:r(nq—r) __1)k

k=0

O (S mi+ o+ k)

11

L(ny+(r+k)y+1)

(2.3.2)

which completes the proof of the theorem.
From Theorem 2.2, the cumulative distribution function of M) = max(M;,

M,, ..., M,) under the Lehmann alternative is given by

Pr {M(r) <m ‘ [FX Fy}
= PI’{Ml Sm,Mg S m,...,M,. _<_m l [Fx]'ysz}

= Y Pr{Mi=my, My =my..., M, =m, | [Fx]" = Fy}
m;{i=1,2,...,7)=0
E::lmisnl

J )
_ Z nylngly H =1

J=1 . ;
E iy r i‘éjlmz—kﬂ-i-l

X"i’ ( ng—r ) _1)kP (iémi+(r+k)7>

T(ni+(r+k)y+1)

Therefore, under the Lehmann alternative H; : [Fx]* = Fy, the power function

of the maximal precedence test is given by

1 — Pr{My <z—1|[Fx]"= Fy}
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z-1

I .
r-—1 F (zZ:I ey + ]7)
= 1- > -

g —r)! '
m,-(ir=l,2,...,r)=0 ml.(n2 T')- J=1 F (Jil m; + j'y + 1)

Zi:l m,'sﬂq =1

y nir ( ng —r ) (_1)kr <z§ i+ (r + k)7>
k=0

ni !T'Lg!’)/r

. 2.3.3
" Fmr ey &3
Here, we demonstrate the use of the expression in (2.3.3) as well as the Monte
Carlo simulation method for the computation of the power of the maximal precedence
test under the Lehmann alternative. In the simulation study of the power under
Lehmann alternative, we consider the case when Xi, Xs,...,X,, is a random sample

from a power function distribution with cumulative distribution function
Fx(z)=2", 0<z<1l,y>1

and Y},Y,...,Y,, is a random sample from a uniform distribution with cumulative

distribution function
Fy(z)=z, 0<z<1.

We generated 100,000 sets of data and found the test statistic M(,) for each set. Then,
the power values are estimated by the rejection rates of the null hypothesis.

Under the Lehmann alternative and for n; = n, = 10,7 = 2,3 and v = 2(1)6,
the power values computed from the expression in (2.3.3) and those estimated through
the Monte Carlo simulation method are presented in Table 2.2. We observe that the
estimated values of the power determined from Monte Carlo simulations are quite
close to the exact values. In addition to revealing the correctness of the expression in
(2.3.3), these results also suggest that the Monte Carlo simulation method provides

a simple and accurate way to estimate the power of the test.
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Table 2.2: Power values under Lehmann alternative for ny = n, = 10,r = 2,3 and
v =2(1)6

r | v | Power computed from expression (2.3.3) | Simulated Power
r=2 {2 0.220950 0.221520
3 0.453424 0.454620
4 0.636340 0.645573
5 0.760590 0.760093
6 0.841193 0.842160
r=3 | 2 0.241783 0.241640
3 0.468023 0.469117
4 0.645608 0.645573
5 0.766413 0.766080
6 0.844902 0.845893

2.4 Monte Carlo Simulation and Power Compari-

son Under Location-Shift Alternative

In order to assess the power properties of the maximal precedence test, we consider
the general maximal precedence test under the location-shift alternative H; : Fx(z) =
Fy(z + 0) for some 8 > 0, where 6 is a shift in location. The power of the precedence
test with » = 1(1)6, maximal precedence test with r = 2(1)6, and the Wilcoxon’s
rank-sum test were all estimated through Monte Carlo simulations when 8 = 0.5 and
6 = 1.0. The following lifetime distributions were used in the Monte Carlo simulations
in order to demonstrate the power performance of the maximal precedence test under
this location-shift alternative:

1. Standard normal distribution;

2. Standard exponential distribution;

3. Gamma distribution with shape parameter a and standardized by mean a
and standard deviation +/a;

4. Lognormal distribution with shape parameter ¢ and standardized by mean

e”’/? and standard deviation /e?*(e?® — 1).
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Table 2.3: Power of precedence tests, maximal precedence tests and Wilcoxon’s rank-
sumn test for n; = ny = 10

critical  exact location Distribution

Test r  value L.o.s. shift N(0,1)  Exp(l)  Gamma(2) Gamma(10) LN{0.1) LN({0.5)
P 1 4 0.0433 0.5 0.1736 0.7197 0.4141 0.2249 0.1936 0.3944
1.0 0.4208 0.9779 0.8806 0.5742 0.4817 0.8709

2 6 0.0286 0.5 0.1496 0.3916 0.2525 0.1731 0.1603 0.2693

1.0 0.4243 0.8376 0.6879 0.5060 0.4571 0.7253

3 7 0.0349 0.5 0.1779 0.3073 0.2343 0.1893 0.1828 0.2571

1.0 0.4813 0.7239 0.6148 0.5177 0.4964 0.6676

4 8 0.0348 0.5 0.1771 0.2251 0.1936 0.1755 0.1777 0.2149

1.0 0.4799 - 0.5767 0.5114 0.4758 0.4783 0.5656

5 9 0.0286 0.5 0.1473  0.1453 0.1380 0.1388 0.1444 0.1527

1.0 0.4245 0.3860 0.3725 0.3833 0.4038 0.4144

[} 9 0.0704 0.5 0.2659  0.2385 0.2344 0.2436 0.2567 0.2531

1.0 0.5832 0.4991 0.4954 0.5266 0.5545 0.5314

M 2 5 0.0325 0.5 0.1417  0.4923 0.2474 0.1611 0.1479 0.2543
1.0 0.3768 0.9177 0.7303 0.4569 0.4083 0.7327

3 5 0.0487 0.3 0.1753 - 0.4949 0.2579 0.1870 0.1781 0.2678

1.0 0.4171 0.9178 0.7327 0.4765 0.4395 0.7360

4 5 0.0650 0.5 0.1993  0.4974 0.2653 0.2040 0.1990 0.2768

1.0 0.4359 0.9181 0.7344 0.4853 0.4538 0.7376

5 [ 0.0270 0.5 0.0901 0.2684 0.1197 0.0895 0.0905. 0.1297

1.0 0.2482 0.7791 0.5136 0.2833 0.2586 0.5284

6 6 0.0325 0.5 0.0938 0.2630 0.1208 0.0921 0.0938 0.1309

1.0 0.2496 0.7791 0.5138 0.2839 0.2596 0.5286

w 128 0.0446 0.5 0.2536  0.4332 0.3344 0.2663 0.2605 0.3508
1.0 0.6480 0.8163 0.7508 0.6713 0.6554 0.7819

Remark: P - Precedence Test; M - Maximal Precedence Test; W - Wilcoxon’s Rank-sum Test

For a detailed discussion on various properties of these distributions, one may
refer to Johnson, Kotz and Balakrishnan (1994). For different choices of sample sizes,
we generated 100,000 sets of data, utilizing the IMSL subroutines RNNOR, RNEXP,
RNGAM and RNLNL under Microsoft FORTRAN Visual Workbench Version 1.0, in
order to obtain the estimated rejection rates.

In Tables 2.3-2.5, we have presented the estimated power values of the prece-
dence tests with r = 1(1)6, maximal precedence tests with r = 2(1)6, and the
Wilcoxon’s rank-sum test for the underlying standard normal, standard exponen-
tial, standardized gamma and standardized lognormal distributions, with location-
shift being equal to 0.5 and 1.0. For comparison proposes, the corresponding critical
values and the exact levels of significance are also presented.

From Tables 2.3-2.5, we see that the power of all tests increase with increasing

sample sizes as well as with increasing location-shift. When we compare the power
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Table 2.4: Power of precedence tests, maximal precedence tests and Wilcoxon’s rank-
sum test for n; = nqy = 20

critical exact location Distribution

Test. r  value Los. shift N(0,1) _ Exp(1) Gamma(2) Gamma(10) LN(0.1) LN(0.5)
P 1 4 0.0530 0.5 0.2386" '0.9887 0.7880 0.3552 0.2804 0.6855
1.0 0.5553 1.0000 0.9982 0.8026 0.6543 0.9943

2 6 0.0457 0.5 0.2662 0.9355 0.6711 0.3638 0.3038 0.6453

1.0 0.6529 0.9998 0.9914 0.8371 0.7338 0.9901

3 7 0.0324 0.5 0.2434 0.8066 0.5331 0.3161 0.2730 0.5480

1.0 0.6630 0.9972 0.9699 0.8121 0.7303 - 0.9755

4 9 0.0412 0.5 0.2947  0.7499 0.5317 0.3583 0.3219 0.5614

1.0 0.7352 0.9932 0.9615 0.8418 0.7877 0.9716

5 10 0.0479 0.5 0.3317 0.6904 0.5173 0.3808 0.3525 0.5555

1.0 0.7787 - 0.9864 0.9487 0.8532 0.8163 0.9648

[ 11 0.0527 0.5 0.3565  0.6291 0.4966 0.3920 0.37086 0.5369

1.0 0.8055 0.9733 0.9323 0.8558 0.8295 0.9540

M 2 5 0.0469 0.5 0.2434  0.9634 0.6580 0.3235 0.2741 0.5983
1.0 0.5994 1.0000 0.9934 0.7893 0.6788 0.9882

3 6 0.0300 0.5 0.1847 0.9051 0.4878 0.2327 0.2016 0.4460

1.0 0.5235 ~ 0.9997 0.9787 . 0.6876 0.5896 0.9654

4 6 0.0403 0.5 0.2138 0.9053 0.4949 0.2546 0.2273 0.4572

1.0 0.5605 0.9997 0.9790 0.7030 0.6170 0.9662

5 6 0.0500 0.5 0.2360 0.9058 0.5004 0.2709 0.2472 0.4642

1.0 0.5833 0.9997 0.9793 0.7115 0.6327 0.9666

6 6 0.0602 0.5 0.2545 0.9062 0.5044 0.2834 0.2626 0.4688

1.0 0.5977 0.9997 0.9796 0.7171 0.6423 0.9668

w 472 0.0482 0.5 0.4403 0.7011 0.5699 0.4622 0.4462 0.5941
1.0 0.9136 0.9802 0.9622 0.9275 0.9179 0.9716

Remark: P - Precedence Test; M - Maximal Precedence Test; W - Wilcoxon’s Rank-sum Test
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Table 2.5: Power of precedence tests, maximal precedence tests and Wilcoxon’s rank-
sum test for n; = ny = 30

critical ~exact location Distribution

Test r - value l.o.s. shift N{0,1) Exp(l) Gamma(2) Gamma(10) LN(0.1) LN{0.5)
P 1 4 0.0562 0.5 0.2690 0.9998 0.9359 0.4354 8.3247 0.8259
1.0 0.6135  1.0000 1.0000 0.8878 0.7300 0.9998

2 6 0.0514 0.5 0.3181 0.9974 0.8832 0.4754 0.3754 0.8287

1.0 0.7355  1.0000 0.9999 0.9302 0.8277 0.9997

3 8 0.0399 0.5 0.3166  0.9851 0.8073 0.4540 0.3702 0.7846

1.0 0.7755  1.0000 0.9995 0.9337 0.8525 0.9992

4 9 0.0521 0.5 0.3898  0.9758 0.8088 0.5175 0.4393 0.8091

1.0 0.8455  1.0000 0.9992 0.9556 0.9014 0.9993

5 11 0.0358 0.5 0.3468 = 0.9233 0.7081 0.4524 0.3867 0.7260

1.0 0.8375  0.9999 0.9965 0.9402 0.8882 0.9978

6 12 0.0420 0.5 0.3888  0.8977 0.7007 0.4851 0.4263 0.7293

1.0 0.8718 0.9998 0.9953 0.9481 0.9104 0.9973

M 2 5 0.0518 0.5 0.2898  0.9990 0.8782 0.4284 0.3421 0.7880
1.0 0.6909  1.0000 1.0000 0.9019 0.7865 0.9996

3 6 0.0350 0.5 0.2381  0.9956 0.7735 0.3435 0.2802 0.6766

1.0 0.6556  1.0000 0.9996 0.8577 0.7430 0.9983

4 6 0.0471 0.5 0.2795  0.9957 0.7797 0.3761 0.3187 0.6910

1.0 0.7050  1.0000 0.9997 0.8748 0.7788 0.9984

5 8 0.0587 0.5 0.3119  0.9957 0.7842 0.4013 0.3490 0.7007

1.0 0.7370 _ 1.0000 0.9997 0.8849 0.8009 0.9985

6 7 0.0315 0.5 0.2072  0.9866 0.6400 0.2690 0.2312 0.5460

1.0 0.6096 - -1.0000 0.9986 0.7844 0.86772 0.9943

w 1027 0.0498 0.5 0.5868  0.8531 0.7339 0.6146 0.5909 0.7571
1.0 0.9809 0.9985 0.9951 0.9854 0.9822 0.9969

Remark: P - Precedence Test; M - Maximal Precedence Test; W - Wilcoxon’s Rank-sum Test
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values of the maximal precedence tests with those of Wilcoxon’s rank-sum test, we
find that the Wilcoxon’s rank-sum test performs better than the precedence tests and
maximal precedence tests if the underlying distributions are close to symmetry, such
as the normal distribution, gamma distribution with large values of shape parameter
a, and lognormal distribution with small values of shape parameter o. However,
under some right-skewed distributions such as the exponential distribution, gamma
distribution with shape parameter a = 2.0, and lognormal distribution with shape
parameter o = 0.5, the maximal precedence tests have higher power values than
the Wilcoxon’s rank-sum test. For example, in Table 2.4, when n; = n, = 20 and
the location-shift equals 0.5, the power of the maximal precedence test with r = 2
is 0.6580 (exact level of significance is 0.0469) while the power of Wilcoxon’s rank-
sum test is 0.5699 (exact level of significance is 0.0482). From Tables 2.3-2.5, it is
evident that the more right-skewed the underlying distribution is, the more powerful
the maximal precedence test is.

Moreover, we can compare the power values of the precedence tests and the
maximal precedence tests with the same value of r since they are both test procedures
based on failures from the X-sample occurring before the r-th failure from the Y-
sample. The power values presented in Tables 2.3-2.5 show that the precedence test
is more powerful than the maximal precedence test under the normal distribution.
However, under the exponential distribution, the maximal precedence test performs
better than the precedence test. From the power values of the precedence tests, we
observe that the masking effect in the precedence test becomes more obvious when r
becomes larger. The maximal precedence test eliminates the masking effect present
in precedence test. The power values reveal that larger the value of r, the more
superior the maximal precedence test becomes as compared to the precedence test
under an exponential distribution. For example, when ny; = ny = 20 and the location-
shift equals 0.5, we find the power of the precedence test to be 0.9355 (exact level of
signiﬁcance is 0.0457) while the power of the maximal precedence test is 0.9631 (exact
level of significance is 0.0469) for r = 2; and the power of the precedence test is 0.6291
(exact level of significance is 0.0527) while the power of the maximal precedence test
is 0.9062 (exact level of significance is 0.0602) for r = 6.
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Through the simulation work, we demonstrated that the maximal precedence
test does avoid the masking effect, but still suffers from a loss of power when compared
to the classical Wilcoxon’s rank-sum test (based on complete samples). Therefore, we
will try to extend the precedence test in another way. We can see that even though
we have suggested an alternative to the precedence test in the form of maximal
precedence test, it too is based on frequencies of failures preceding the r-th failure.
One possible extension may be to construct Wilcoxon-type rank based test that takes

into account the magnitude of the failure times, which is the subject of discussion in

the next chapter.



Chapter 3

Wilcoxon-type Rank-sum

Precedence Tests

3.1 Introduction

First, we shall review some basic results of the Wilcoxon rank-sum test, which is
a well-known nonparametric testing procedure for testing the hypothesis in (1.3.1)
based on complete samples. We shall use the same notations as in Section 1.3. For
testing the hypotheses in (1.3.1), if complete samples of size n; and n, were available,
then the standard Wilcoxon’s rank-sum statistic, which is proposed by Wilcoxon
(1945), is [for more details, see Lehmann (1975), Gibbons and Chakraborti (1992)
and Hettmansperger and McKean (1998)]

Ws = S1+Ss+...4+ Sy,

where (51, 5,,. .., S, ) are the ranks of the X-failures, with small values of Wg leading
to the rejection of Hy. If there are no ties, the exact mean and variance of Ws under
the null hypothesis of equal distributions are given by

n1+n2+1)
2 3

ninz(ny +ng + 1)
12 ’

E(Ws) = ra Var(Ws) = (3.1.1)

and the statistic is symmetric about its mean.

32



33

In this chapter, we introduce Wilcoxon-type rank-sum precedence tests for
testing the hypothesis in (1.3.1) when the Y-sample is Type-II censored. This test is
a variation of the precedence life-test described in Section 1.3 and a generalization of
the Wilcoxon rank-sum test. Three Wilcoxon-type rank-sum precedence test statistics
- the minimal, maximal and expected rank-sum statistics - are proposed here. We
derive the null distributions of these three Wilcoxon-type rank-sum precedence test
statistics. Critical values for some combinations of sample sizes are presented. After
noting that the large-sample normal approximation for the null distribution is not
satisfactory in the case of small or moderate sample sizes, we develop an Edgeworth
expansion to approximate the significance probabilities. Next, we derive the exact
power function under the Lehmann alternative. We also examine the power properties
of the Wilcoxon-type rank-sum precedence tests under a location-shift alternative
through Monte Carlo simulations. Then, the power comparisons are made with the
precedence test, the maximal precedence test and Wilcoxon’s rank-sum test (based

on complete samples). Finally, two examples are presented for illustration.

3.2 Test Statistics and Null Distributions

In this section, we propose three new test statistics of Wilcoxon-type for the prece-

dence testing situation described in Section 1.3. Their null distributions are also

derived.

3.2.1 Wilcoxon-type Rank-sum Precedence Test Statistics

In order to test the hypotheses in (1.3.1), instead of using the maximum of the fre-
quencies of failures from the X-sample between the first r failures of the Y-sample,
one could use the sum of the ranks of those failures. More specifically, suppose
my, Ma, ..., m, denote the number of X-failures that occurred before the first, be-
tween the first and the second, ..., between the (r — 1)-th and the r-th Y-failures,
respectively; see Figure 1.1. Let W be the rank-sum of the X-failures that occurred
before the r-th Y-failure. The Wilcoxon’s test statistic will be smallest when all the
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remaining (m Z m,) X-failures occur between the r-th and (r + 1)-th Y-failures.
The test statistic in this case would be

Woin = W+ [(;mﬂrﬂrl) + <zr:mi+7'+2>+...+(n1+7'):|

=1
2 r r
ni(ny +2 r+1) D) me+ S ims

=1 i=1

This is called the minimal rank-sum statistic.
The Wilcoxon’s test statistic will be the largest when all the remaining

.
(nl - m,-) X-failures occur after the ny-th Y-failure. Such a test statistic is called
=1

the mazimal rank-sum statistic and is given by

- [(Zmi+n2+l) + (Zmi+n2+2)+-.-+(n1+n2)

i=1 =1

m(m +22n2 1) ~(n2+1) Zm, + sz,

i=1

Wma.x

We could similarly propose a rank-sum statistic using the expected rank sums
of failures from the first sample between the r-th and the (r + 1)-th, ..., after the
no-th failures of the second sample, denoted by Wg. It can be shown that Wg is
simply the average of Wy, and Wi,ay, and is given by

1 r r
Wg = W+§szi+r+1>+ (Zm,—+r+2) +...+(n1+r)]
i=1 1==1
1 r r
+§[(ng+nz+1)+(Zmi+n2+2)+...+(n1+nz)]
i=1 i=1

ni(ni +ne+r+1) <n2+r )
5 5 +1 Zm,—}-sz,

1=1 1=1

For example, from Figure 1.1, when ny = n, = 10 with r = 4, we have

Woin = 24+3+44+6+7+8+9+114+13+14 =177,

Whax = 24+34+44+6+7+8+9+11+19+ 20 = 89,

W - 77-;89 g

It is evident that small values of Winin, Wmax and Wg lead to the rejection of Hyp and

in favor of H; in (1.3.1). Moreover, in the special case of r = n, (that is, when we
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observe all the failures from the Y-sample), we have Winin = Whax = Wg and in this
case they are all equivalent to the classical Wilcoxon’s rank-sum statistic Wg defined

earlier in Section 3.1.

3.2.2 Null Distributions

The joint probability mass function of M;j, Ms,..., M, under the null hypothesis
Hy : Fx = Fy is given in Theorem 2.1. For the minimal rank-sum test statistic, it is
obvious that

Pr{(Wpn=w| M, =my,My=m,,...,M, =m,}
_ {1, ifw=~’ﬂ£11—'—2"—2—’i1—2—-(r+1)im,-+§r:imi
et i=1 =1 .

0, otherwise.

Therefore, the null distribution of Wy, is simply given by

PI‘{Wmin = w I FX = Fy}

1 r r
_ Pr{ [m(m —;27"‘{" ) _ (T+1)2Mi+ziM2] = w FX = Fy}
=1 7=1
(n1+nz— Zmi—r)
i=1
i Ng —7T
_ 3 . (3.2.1)
mi(i=1,2,...,r)=0,2::=1 m;<ny (nl + 2 )
2

[Be2nt () 57 met S, i =

For specified values of ny, ns,r and the level of significance a, the critical value
s (corresponding to a level closest to «) for the minimal rank-sum precedence test
can then be found from Eq. (3.2.1) as

a = Pr(Wpn < s| Fx = Fy)
- Pr{{n1(n1+22r+1)_(r+1)ZMi+ZiMi] <s

t=1 1=}

<n1+n2—imi—r)
=1
I

ng —T
= Z n12+ e min,s (mh ma, ... 7mr)7 (32_2)
Mi(=1,2,...y7)=0 ( )

ny

Fx = Fy}
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where Iy s is the indicator function defined by

Imin,s(mla ma, ..., mr)

’

1, if{mm'*f—r—ﬂl—(r—kl)im;—i—éimi}gs
=1 =1
) and i m; < ny
=1
L 0, otherwise.

The null distributions of the maximal rank-sum statistic and the expected

rank-sum statistic can be derived in a similar manner. The critical value s for the

maximal rank-sum statistic and expected rank-sum statistic can then be shown to be

o = PI‘(Wmax _<_ L] I FX = Fy)
= Pr{ [nl(nl +22n2 +1) —(ny + 1)ZMi + ZZM';] <s|Fxy= FY}
i=1 =1
(n1+n2— Emi—r)
i=1
o ng — 1
= Z Imax,s(m1,ma, ..., m,), (3.2.3)
m;(i=1,2,...,r)=0 (nl + n2>
ny
and
a = Pr(Wg <s| Fx = Fy)
_ Pr{[nx(n1+n22+r+l) _ (n22+r+1)ZMi+ZiMi] <s FX“—‘FY}
i=1 =1
(n1+n2—-— Zmi—r
1==1
= Z 722—;—?:2 IE,s(ml, Moy ..., m,), (3.24)

m;(i=1,2,...,r)}=0

(™)

ng

respectively, where I .y s is the indicator function defined by

Imax,s(M1,may ... ,m,)

'1, if[f—lif‘-l—i;ﬁﬁ-ﬂ%nﬁl)im,——kiimi} <s

=1 =1

,
and 3 m; <n

i=1

( 0, otherwise,
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and Ig, is the indicator function defined by

’

1, if [nl(n1+7212+7'+1) — ("’ZZ-H + 1) Y m;+ igl zm,] <s

=1

,
Ig(my,ma,...,m,) = < and iz:l m; Sy

. 0, otherwise,

In Tables 3.1 and 3.2, we have presented the critical value s and the exact level
of significance a (as close as possible to 5% and 10%) for some sample sizes ny and
ng and r = 2(1)7 for the minimal, maximal and expected rank-sum precedence test
statistics, respectively.

Instead of testing the hypotheses in (1.3.1), we can also use the test statistics
proposed here to test a two-sided alternative Hy : Fx # Fy. In this case, we will
reject the null hypothesis for large and small values of the test statistics Wiin, Wiax
and Wg; that is, we reject the null hypothesis if the test statistic is at most ¢; or at
least ¢y, where ¢; < ¢;. The critical values (c1, co) for specified values of ny,n,,r and
the level of significance a can be computed in a straightforward manner from the null
distributions presented above.

However, for a specified value of a, there may not be a critical region that the
probability on both sides are close to a/2. For example, when n; = 30 and ny, = 50,
the maximum possible value of Wy, is 615 and the probability of Wy, = 615 is
0.0881 under the null distribution. Thus, it will be impossible to find a critical region
corresponding to o = 10% that has probability close to 5% on both sides. In this
case, we may choose ¢; = 594 [Pr(Wmin < 594]|Hop) = 0.0632] and ¢; = 615 to attain a
critical region with 15.31% level of significance. Similarly, we can construct the critical
regions for Wy, and Wy in this example, which turn out to be ¢; = 1671, ¢, = 1965
(with 15.26% level of significance) and ¢; = 1131,¢c, = 1290 (with 15.26% level of

significance), respectively.
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Table 3.1: Near 5% upper critical values and exact levels of significance for the

Wilcoxon’s rank-sum precedence test statistics

ny n2| r=2 I r=3 } r=4 l r=>5 r=206 r=17
Wmin
10 16| 67 (0.060) 71 (0.0486) 75 (0.054) 77 (0.045) 80 (0.055) 81 (0.050)
10 15} 68 (0.033) 74 (0.045) 79 (0.047) 84 (0.056) 87 (0.048) 90 (0.048)
15 15| 141 (0.042) 150 (0.047) 158 (0.048) 165 (0.050) | 171 (0.051) 176 (0.050)
15 20 { 143 (0.052) 153 (0.053) 162 (0.050) 170 (0.047) 178 (0.051) 185 (0.053)
20 20 | 241 (0.047) 255 (0.053) | 267 (0.047) | 279 (0.052) | 289 (0.050) | 298 (0.048)
30 30 | 516(0.052) | 539 (0.046) | 561 (0.046) | 582 (0.047) | 602 (0.049) 621 (0.052)
30 50 | 518 (0.034) | 544 (0.047) | 569 (0.052) 593 (0.052) | 616 (0.052) | 638 (0.049)
Wma.x
100 10 | 107 {0.050) 99 (0.051) 93 (0.051) 89 (0.051) 86 (0.049) 84 (0.047)
10 15 | 147 (0.047) 136 (0.050) 129 (0.050) 122 (0.051) 116 (0.051) 111 (0.049)
15 15 | 270 (0.047) | 250 (0.049) | 238 (0.051) 227 (0.050) | 218 (0.049) | 211 (0.049)
15 20 | 340 (0.051) | 320 (0.049) | 302 (0.050) 287 (0.050) | 274 (0.049) | 264 (0.050)
20 20 | 510 (0.053) | 477 (0.050) | 458 (0.050) | 439 (0.050) | 423 (0.050) | 410 (0.051)
30 30 | 1191 (0.051) | 1160 (0.051) { 1115 (0.050) | 1085 (0.050) | 1057 (0.051) | 1029 (0.050)
30 50 | 1767 (0.048) | 1720 (0.049) | 1675 (0.050) | 1632 (0.050) | 1595 (0.050) | 1578 (0.050)
Wg
10 10| 87 (0.050) 85 (0.047) 84 (0.049) 84 (0.052) 83 (0.049) 83 (0.049)
10 15} 108 (0.047) 106 (0.050) 105 (0.052) 103 (0.051) 102 (0.049) 101 (0.049)
15 15 | 205 (0.047) | 201 (0.049) 199 (0.051) 197 (0.052) | 195 (0.048) 194 (0.049)
15 20 | 241 (0.051) | 236 (0.051) | 232 (0.052) 229 (0.050) | 227 {0.051) | 225 (0.049)
20 20 | 375 (0.053) 367 (0.050) | 363 (0.051) | 360 (0.051) | 357 (0.050) 355 (0.049)
30 30 | 855 (0.051) | 850 (0.051) | 841 (0.050) 835 (0.050) | 830 (0.050) | 826 (0.050)
30 50 | 1143 (0.048) | 1133 (0.049) | 1123 (0.050) | 1115 (0.050) | 1110 (0.050) | 1106 (0.050)
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Table 3.2: Near 10% upper critical values and exact levels of significance for the

Wilcoxon’s rank-sum precedence test statistics

nn ny| r=2 | r=3 | r=4 | r=5 r=6 r=7
Whin
1010 | 68 (0.086) | 73 (0.091) | 78 (0.111) | 81 (0.104) | 83 (0.095) | &5 (0.09%0
10 15| 70 (0.103) | 76 (0.097) | 82(0.108) | 87 (0.109) | 91 (0.104) | 94 (0.094)
15 15 | 143 (0.009) | 153 (0.109) | 161 (0.091) | 169 (0.009) | 176 (0.104) | 181 (0.095)
15 20 | 144 (0.005) | 155 (0.096) | 165 (0.101) | 174 (0.100) | 182 (0.097) | 190 (0.104)
20 20 | 243 (0.104) | 257 (0.088) | 271 (0.102) | 283 (0.097) | 295 (0.107) | 305 (0.104)
30 30 | 518 (0.110) | 542 (0.096) | 565 (0.095) | 587 (0.096) | 608 (0.099) | 628 (0.102)
30 50 | 520 (0.097) | 546 (0.004) | 572 (0.104) | 596 (0.092) | 620 (0.094) | 644 (0.105)
Wiax
10 10 | 116 (0.103) | 107 (0.102) | 100 (0.100) | 95 (0.098) | 92 (0.101) | 90 (0.103)
10 15 | 161 (0.111) | 148 (0.096) | 138 (0.099) | 132 (0.101) | 125 (0.098) | 120 (0.098)
15 15| 285(0.100) | 264 (0.100) | 251 (0.098) | 240 (0.098) | 231 (0.099) | 223 (0.098)
15 20 | 344 (0.093) | 330 (0.101) | 318 (0.100) | 305 (0.101) | 292 (0.102) | 281 (0.102)
20 20 | 530 (0.107) | 497 (0.100) | 479 (0.102) | 460 (0.098) | 444 (0.100) | 430 (0.100)
30 30 | 1220 (0.097) | 1190 (0.096) | 1160 (0.098) | 1121 (0.100) | 1093 (0.101) | 1066 (0.099)
30 50 | 1816 (0.104) | 1768 (0.094) | 1723 (0.100) | 1680 (0.099) | 1668 (0.100) | 1629 (0.099)
We
10 10| 92(0.103) | 90(0.005) | 89 (0.100) | 88 (0.094) | 88 (0.103) | 88 (0.103)
10 15 | 116 (0.111) | 112 (0.096) | 111 (0.099) | 109 (0.097) | 109 (0.105) | 108 (0.103)
15 15 | 214 (0.100) | 209 (0.096) | 207 (0.099) | 205 (0.099) | 204 (0.099) | 203 (0.101)
15 20 | 245 (0.093) | 245 (0.101) | 242 (0.102) | 239 (0.098) | 237 (0.099) | 236 (0.100)
20 20 | 386 (0.107) | 378 (0.100) | 375 (0.101) | 372 (0.099) | 370 (0.101) | 368 (0.099)
30 30 | 870 (0.097) | 866 (0.006) | 862 (0.101) | 856 (0.099) | 852 (0.101) | 848 (0.099)
30 50 | 1168 (0.104) | 1157 (0.094) | 1148 (0.100) | 1140 (0.099) | 1140 (0.100) | 1135 (0.099)
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3.3 Large-sample Approximation for the Null

Distributions

For small values of r, n; and n,, the critical values and the exact significance prob-
abilities of the Wilcoxon-type rank-sum precedence test statistics can be computed
without any difficulty as displayed in Tables 3.1 and 3.2. However, for large values of
r, ny OF Ny, this would require a heavy computational effort and time. For this reason,
we develop in this section some large-sample approximations for the null distributions
of the Wilcoxon-type rank-sumn statistics.

By the distributional properties of a linear rank statistic T, we know that

T-E(T)

Joar D) is asymptotically normally distributed with zero mean and unit variance [see

Lehmann (1975)]. Hence, the distribution function of % can be written in a

series form as
T — E(T) }
Pr{———l<t
{ Vvar(T)
= o(+00) { Y2 - 1)

(B2~ 3)
24

+¢(t)(~1) { (t* - 3)+ %(t‘* —10¢% + 15)} +.ooy (33.0)

where /B, and (3, are the coefficients of skewness and kurtosis of T', respectively, and
®(t) is the c.d.f. of the standard normal distribution with corresponding p.d.f. &(2).
Formula (3.3.1) is known as the Edgeworth expansion [see, for example, Hall (1992)
and Johnson, Kotz and Balakrishnan (1994)]. The approximation to the distribution
of the classical Wilcoxon’s rank-sum statistic by using Edgeworth expansion has been
discussed earlier by many authors including Fix and Hodges (1955) and Bickel (1974).

Though Wiin, Wmax and Wg are not linear rank statistics, yet their distribu-
tions seem to be approximately normal even for values of n; and n; as small as 10
when 7 is close to ny; see Figure 3.1, where ¢ = . In other cases, however, the
normal approximation does not seem to be reasonable; see Figure 3.2, for example.

So, we consider the use of the second-order Edgeworth expansion to approximate the
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distribution of these test statistics, i.e.

Fw(w) ~ &)
' VB (B2 — 3) B

_ ’ MLy 12 3 __ ! Hli.,05 3 !
gb(w){ 5 (w 1)+—-—-——-——24 (w 3w)+72(w 10w +15w)},

(3.3.2)

where v’ = %

require the knowledge of the first four moments of Wiin, Wihax and Wg. The exact

. In order to use the second-order Edgeworth approximation, we

explicit formulas for these moments are presented in Appendix A.
In addition, we can modify the approximation by applying the continuity cor-

rection as all three test statistics are discrete. In other words, ' in formula (3.3.2)
should be modified as

, _ w=EW)+05

Tt (339

In Tables 3.3-3.5, we provide a comparison of the normal approximation and

w

the Edgeworth approximation (both with continuity correction) to the exact signif-
icance probabilities for the Wilcoxon-type rank-sum precedence test statistics Wi,
Wiax and Wg. Specifically, the approximate values corresponding to the exact sig-
nificance probabilities of 1%, 5%, 10%, 20% and 30% of the Wilcoxon-type rank-sum
precedence test statistics (for some combinations of n; and ns, and r = 2(1)7) are
presented in these tables. From Tables 3.3-3.5, ,

From Tables 3.3-3.5, we find that even though the Edgeworth approximation
may not always be better than the normal approximation, it improves the normal
approximation considerably in most of the cases considered. We also note that the.
accuracy of the approximation does not in general increase with ny and ny for fixed
values of r, and that the accuracy of the approximation usually depends on the value of
r. Intuitively, this may be due to the fact that the null distributions of the Wilcoxon-
type rank-sum statistics are highly skewed when r is too small relative to ny. From
our extensive simulation results, we have observed that the normal approximation
is quite reasonable in the practical range of sample sizes (like those considered here,

say 10 to 50) as long as r is at least 50% of ns. For example, in Figure 3.1, we have
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presented the simulated histogram of the distribution of Wg for ny = n, = 10 and 30
when g = ;- equals 60%, 80% and 90%. These plots support this observation with
the normal approximation being good even for sample sizes as small as 10.

Even though the normal approximation does not work for small or moderate
values of ny for small values of g, we have observed that even when ¢ is small, the
normal approximation works quite well for large values of n; and n,. In Figure 3.2,
this point is illustrated by the case when ¢ = 20% for n; = n, = 10,30 and 100.
While the distributions are quite skewed (to the left) for sample sizes 10 and 30, the
normal approximation seems to be quite good for sample sizes 100.

We conjecture that the asymptotic distributions of Wiin, Winax and Wg are
all normal for ¢ € (0,1) as n3,n; — co. We have not been able to prove this result

and it seems to be an open problem!
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Table 3.3a: Exact and approximate values of Pr{Wp, < s) by Normal approximation
and Edgeworth approximation (near 1% critical values)

Near 1% critical values

ny 2

r=2

r=23

r=4

r=1>5

r=2=6

r=17

10 10

64

67

69

71

73

73

(a)
(b)
()

0.010836
0.014773
0.001291

0.010549
0.011450
0.001774

0.008530
0.009140
0.002220

0.009228
0.009244
0.003688

0.011258
0.010870
0.006387

0.009006
0.008860
0.006372

10 15

66

70

74

77

80

82

s
(a)
(b)
(c)

0.009486
0.014540
0.000648

0.008457
0.010208
0.000669

0.008770
0.010666
0.001392

0.008721
0.009646
0.001881

0.009723
0.010111
0.003026

0.009371
0.009501
0.003676

15 15

138

145

152

157

161

165

8
(a)
(b)
()

0.011589
0.015129
0.000805

0.009270
0.011616
0.000982

0.011336
0.012825
0.002224

0.010106
0.010958
0:002542

0.009076
0.009533
0.002831

0.009551
0.009650
0.003840

15 20

140

148

156

163

169

174

(a)
(b)
()

0.012331
0.016876
0.000729

0.008702
0.011348
0.000634

0.009992
0.012122
0.001299

0.010201
0.011802
0.001932

0.010015
0.011025
0.002408

0.009375
0.009998
0.002683

20 20

237

249

260

270

278

286

(a)
(b)
()

0.008314
0.011628
0.000356

0.009383
0.012010
0.000772

0.010053
0.012262
0.001419

0.010823
0.012344
0.002228

0.009721
0.010684
0.002357

0.010263
0.010826
0.003180

30 30

512

533

553

572

590

606

(a)
(b)
(c)

0.010534
0.016301
0.000565

0.009225
0.012620
0.000631

0.009415
0.012037
0.000951

0.009837
0.012045
0.001433

0.010456
0.012210
0.002040

0.009884
0.011151
0.002212

30 50

516

540

563

585

606

627

(a)
(b)

()

0.011837
0.021007
0.000678

0.011955
0.017302
0.000835

0.011020
0.015263
0.001031

0.010481
0.013701
0.001195

0.009825
0.012350
0.001306

0.010636
0.012840
0.001844

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (¢) - Normal approximation.
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Table 3.3b: Exact and approximate values of Pr(Wyin < s) by Normal approximation
and Edgeworth approximation (near 5% critical values)

Near 5% critical values

ny N2

r=2

r=3

r=24

r=25

r==6

r=7

10 10

67

71

75

77

80

81

(2)
(b)
c)

0.059538
0.050721
0.032129

0.046386
0.042527
0.025736

0.053774
0.049805
0.035555

0.044616
0.042107
0.030737

0.054678
0.052925
0.043429

0.050077
0.049029
0.042195

10 15§ s

68

74

79

84

87

90

(a)
(b

()

0.033160
0.037555
0.012363

0.044523
0.041784
0.021999

0.047266
0.043322
0.026107

0.055544
0.052846
0.037666

0.648403
0.045866
0.032446

0.047942
0.045875
0.034171

15 15

141

150

158

165

171

176,

(a)
(b)
()

0.042046
0.042547
0.019464

0.046543
0.043279
0.023841

0.048259
0.045437
0.028529

0.050005
0.047417
0.032495

0.050702
0.048583
0.035422

0.050462
0.048702
0.037221

15 20 s

143

153

162

170

178

185

(a)
(b)
(€)

0.051866
0.049987
0.029718

0.053019
0.048369
0.028469

0.049504
0.046683
0.028264

0.046842
0.044490
0.027675

0.051492
0.049218
0.034065

0.053333
0.051304
0.037530

20 20§ s

241

255

267

279

289

208

(a)
(b

()

0.046906
0.046579
0.023795

0.053347
0.049516
0.029956

0.046714
0.044720
0.026263

0.052337
0.050050
0.033710

0.049868
0.047903
0.032946

0.048164
0.046464
0.032910

30 30

516

539

561

582

602

621

8
(a)
(b)
()

0.051787
0.050083
0.028797

0.045743
0.045444
0.023195

0.046115
0.044751
0.024603

0.047360
0.045925
0.027663

0.049444
0.047917
0.031195

0.051772
0.050188
0.034758

30 50

518

544

569

593

616

638

(a)
(b)
(©)

0.034453
0.044409
0.012148

0.047051
0.046485
0.022901

0.052283
0.049387
0.028884

0.052450
0.050450
0.031308

0.051595
0.049820
0.031526

0.049401
0.048017
0.030443

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.3c: Exact and approximate values of Pr(Wyn < s) by Normal approximation
and Edgeworth approximation (near 10% critical values)

Near 10% critical values

ny N3

r=2

r=3

r=4

r=235

r==6

r=1T

10 10

68

73

78

81

83

85

0.086330
0.084350
0.071777

0.091277
0.085485
0.071680

0.110806
0.110303
0.099463

0.104191
0.102471
0.091675

0.094931
0.093664
0.083969

0.098124
0.097368
0.089600

10 15

70

76

82

87

91

94

0.103162
0.104895
0.101234

0.097446
0.089679
0.078193

0.105516
0.105054
0.094805

0.109229
0.107394
0.096997

0.104138
0.102191
0.091375

0.093967
0.092556
0.081679

15 15

143

153

161

169

176

181

0.098517
0.095878
0.090315

0.108542
0.103110
0.094957

0.091454
0.088323
0.076064

0.008716
0.096813
0.085783

0.103816
0.102358
0.092362

0.094681
0.093428
0.083330

15 20

144

155

165

174

182

190

0.094631
0.080078
0.073204

0.096413
0.092818
0.084411

0.101107
0.097385
0.087776

0.099555
0.097363
0.086892

0.096648
0.094509
0.083497

0.103928
0.102528
0.092808

200 20

243

257

271

283

295

305

0.104391
0.100900
0.100469

0.083148
0.083687
0.073092

0.102114
0.098877
0.089936

0.097170
0.094690
0.084150

0.107160
0.105569
0.096652

0.103803
0.102509
0.093236

30 30

518

542

565

587

608

628

0.110112
0.105230
0.111186

0.095906
0.090470
0.084505

0.095081
0.090034
0.081110

0.096080
0.092755
0.0832563

0.098619
0.006327
0.087018

0:101776
0.099980
0.091128

30 50

520

546

572

596

620

644

N

()

0.096856
0.090392
0.096615

0.093982
0.082490
0.077199

0.103598
0.099533
0.095847

0.091977
0.087102
0.077620

0.093880
0.090588
0.081004

0.104767
0.102145
0.094616

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.3d: Exact and approximate values of Pr(Win < s) by Normal approxima’cioﬁ
and Edgeworth approximation (near 20% critical values)

Near 20% critical values
ny no r=2 r=3 r=4 r=>5 r=2~6 r=17
10 10| s 70 76 81 85 88 90
{a) | 0.205108 0.214867 0.212507 0.210770 0.205054 0.196475
(b) | 0.222089 0.217024 0.215105 0.211841 0.205950 0.196684
(c) | 0.245952 0.230501 0.222294 0.214487 0.205176 0.193505
10 15| s 71 78 84 90 95 99
(a) | 0.197431 0.181636 0.177512 0.197631 0.200406 0.193147
(b) | 0.192605 0.191677 0.180167 0.199222 0.201774 0.194200
(e} | 0.215053 0.205948 0.186202 0.206314 0.206489 0.195512
15 15 s 145 155 165 174 181 188.
(a) { 0.215709 0.176883 0.196342 = 0.207945 0.193207 0.201213
(b) | 0.231305 0.181280 0.198736 0.210372 0.194477 = 0.202230
(c) 10.270044 0.193632 0.210611 0.220795 0.198715 0.205598
15 20 s 146 157 168 178 187 196
(a) | 0.236739  0.179506 0.195956 0.196178 0.193628 0.208429
(b) | 0.232633 0.181204 0.195546 0.198445 0.195180 0.209998
(c) | 0.278563 0.198158 0.211211 0.210649 0.203508 0.218892
20 20| s 245 260 275 288 301 312
{(a) | 0.220671 0.184738 0.206401 0.194308 0.209179 0.202079
(b) | 0.234859 = 0.188728 0.208690 0.195922 0.210749 0.203197
(c) ] 0.282054 0.208768 0.228589  0.207902 0.222858 0.211123
30 30} s 520 545 569 593 615 636
(a) 1 0.225428 0.192157 0.185385 0.206213 0.203271 0.202353
(b) | 0.237605 0.195157 0.184854 0.207489 0.204001 0.203200
{c) | 0.204004 0.223941 0.203696 0.228385 0.220307 0.216551
30 50 s 521 548 575 601 625 650
(a) | 0.181146 0.167004 0.205237 0.215847 0.188215 0.206000
(b) [0.169871 0.171555 0.206171 0.216526 0.188176 0.206664
(c) | 0.204567 0.197348 0.237701 0.246081 0.205323 0.226211

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.3e: Exact and approximate values of Pr(Wp, < s) by Normal approximation
and Edgeworth approximation (near 30% critical values)

Near 30% critical values

ny N9 r=2

r=3

r=4

r=25

r=26

r=7

10 10} s 71

71

83

87

91

94

(@) | 0.325851
(b) | 0.323663
(c) | 0.382247

0.274297
0.279821
0.310253

0.309836
0:311200
0.338084

0.284159
0.286585
0.301125

0.300661
0.301682
0.312094

0.308185
0.308903
0.314719

16 15| s 72

79

86

92

98

103

(a) | 0283399
(b) | 0.311135
(c) | 0.380768

0.264812
0.263167
0.300774

0.275852
0.284419
0.318383

0.279124
0.282752
0.308693

0.304884
0.307912
0.332359

0.311808
0.314157
0.334005

15 154 s 146

157

168

177

185

192

(a) | 0.332375
(b) | 0.328416
(c) | 0.401445

0.286961
0.291863
0.337845

0.325041

0.326512

0.369382

0.306533
0.309586
0.340572

0.296568
0.299214
0.321997

0.289801
0.291527
0.308153

15 20| s 147

159

170

181

191

200

(@) | 0.326872
(b) | 0.350419
(c) | 0.438606

0.316787
0.314069
0.374318

0.285879
0.289651
0.332147

0.307426
0.310203
0.349306

0.312355
0.315860
0.349401

0.310850
0.312967
0.340613

20 20§ s 246

262

277

292

305

317

() | 0.335412
(b) | 0.329978
(c) | 0.410723

0.292649
0.296604
0.351080

0.281439
0.286975
0.328276

0.315637
0.318426
0.358471

0.308384
0.311030
0.343210

0.304614
0.306552
0.332823

30 30 s 521

547

572

596

619

641

(a) | 0.338314
(b) | 0.330949
(c) | 0.419778

0.297963
0.300462
0.363924

0.288820
0.293295
0.343981

0.290723
0.292793
0.335598

0.292741
0.294536
0.331764

0.295377
0.296992
0.329904

30 50| s 522

550

577

603

629

654

(a) | 0.257989
(b) | 0.280217
(c) | 0.363262

0.309430
0.313346
0.390471

0.313154
0.310391
0.374809

0.293436
0.294907
0.347117

0.308437
0.309308
0.358570

0.307676
0.308961
0.353062

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (¢) - Normal approximation.
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Table 3.4a: Exact and approximate values of Pr(Wnax < s) by Normal approximation

and Edgeworth approximation (near 1% critical values)

Near 1% critical values

ny N2

r=2

r=3

r=4

r=35

r==6

r=17

10 10| s

92

85

80

78

76

75

(a)
(b)
()

0.009883
0.011075
0.001611

0.009818
0.009923
0.003838

0.009218
0.009118
0.005961

0.010338
0.010590
0.009580

0.009656
0.010239
0.011313

0.009526
0.010043
0.012466

10 15

130

118

109

103

98

95

(a)
(b)
()

0.009424
0.014155
0.001332

0.009843
0.011534
0.602450

0.010400
0.009984
0.003585

0.009894
0.009747
0.005214

0.009531
0.009309
0.006521

0.009759
0.009777
0.008422

15 15| s

241

224

212

202

195

190,

(a)
(b)
()

0.009720
0.012842
0.001180

0.009752
0.010883
0.002308

0.010186
0.010272
0.003840

0.009800
0.009624
0.005142

0.009963
0.009773
0.006842

0.010330
0.010308
0.008772

15 20

302

284

267

253

242

234

8
(a)
(b)
)

0.010071
0.012835
0.000789

0.010219
0.012589
0.002024

0.009895
0.011014
0.002870

0.009859
0.009982
0.003678

0.009777
0.009575
0.004665

0.010177
0.009952
0.006116

20 20

458

437

416

399

384

372

(a)
(b)
(c)

0.009828
0.010342
0.000536

0.010023
0.011670
0.001812

0.009896
0.010733
0.002823

0.010221
0.010343
0.003962

0.009983
0.009855
0.004897

0.009988
0.009787
0.006004

30 30

1129

1080

1048

1013

982

955

(3)
(b)
(c)

0.009844
0.012295
0.000568

0.009830
0.010701
0.001008

0.010140
0.011698
0.002178

0.010041
0.010863
0.002807

0.010031
0.010286
0.003410

0.009944
0.010027
0.004086

30 50

1671

1624

1578

1535

1495

1460

(a)
(b)
)

0.009987
0.008197
0.000171

0.010260
0.010745
0.000635

0.009877
0.010793
0.001126

0.010001
0.010392
0.001571

0.010062
0.009950
0.001969

0.010015
0.009892
0.002479

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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and Edgeworth approximation (near 5% critical values)

Table 3.4b: Exact and approximate values of Pr(Wpax < 8) by Normal approximation

Near 5% critical values

ny n2

r=2

r=3

r=4

r=235

r=2=6

r=17

100 10

107

99

93

89

86

84

s
(a)
(b)
()

0.049536
0.041075
0.024494

0.050965
0.045758
0.033200

0.050651
0.047745
0.038816

0.051078
0.050099
0.044524

0.049000
0.049470
0.047139

0.046618
0.047712
0.047949

10 15

147

136

129

122

116

111

(2)
(b)
()

0.047431
0.037632
0.017946

0.050489
0.039618
0.024250

0.050350
0.047414
0.034535

0.051336
0.049451
0.039043

0.051481
0.049475
0.041535

0.049190
0.048303
0.042790

15 15

270

250

238

227

218

211

s
(a)
(b)
(©)

0.047414
0.048188
0.029703

0.049450
0.042414
0.027123

0.050938
0.046987
0.034433

0.049910
0.047543
0.037573

0.049115
0.047651
0.040114

0.049094
0.048319
0.043021

15 20

340

320

302

287

274

264

8
(a)
(b)
()

0.050737
0.052739
0.034351

0.048743
0.053981
0.037314

0.049698
0.051190
0.036562

0.050024
0.049313
0.036831

0.049116
0.047284
0.036881

0.049709
0.047998
0.039415

20 20

510

477

458

439

423

410

(a)
(b)
()

0.053262
0.055142
0.037235

0.049792
0.044032
0.027125

0.050228
0.048551
0.034169

0.049673
0.047806
0.035603

0.049519
0.047730
0.037510

0.050532
0.049100
0.040652

30 30| s

1191

1160

1115

1085

1057

1029

(a)
(b

(©)

0.051395
0.040255
0.016852

0.050824
0.049806
0.031820

0.049641
0.043367
0.027140

0.049961
0.046748
0.032415

0.050515
0.049107
0.036336

0.050095
0.048795

30 a0

1767

1720

1675

1632

1595

0.037443

1578

(a)
(b)
()

0.048031
0.042354
0.016996

0.049454
0.043165
0.022494

0.050398
0.042962
0.024590

0.049652
0.041659
0.025007

0.050218
0.042130
0.026927

0.049752
0.054496
0.040620

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c¢) - Normal approximation.
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Table 3.4¢c: Exact and approximate values of Pr(Wyax < s) by Normal approximation
and Edgeworth approximation (near 10% critical values)

Near 10% critical values

ny Ny

r=2

r=3J3

r=4

r=25

r=20

r=1

10 10| s

116

107

100

95

92

90

()

0.102941
0.097726
0.083405

0.102048
0.100288
0.086711

0.100359
0.098048
0.086788

0.098411
0.096865
0.088465

0.101128
0.100974
0.095203

0.102974
0.103736
.100246

10 15| s

161

148

138

132

125

120

(©)

0.111462
0.099747
0.088165

0.095923
0.092948
0.078888

0.098707
0.090126
0.076926

0.101296
0.101186
0.089936

0.098274
0.096765
0.087166

0.098435
0.097613
0.089830

15 151 s

285

264

251

240

231

223,

(c)

0.100383
0.108353
0.098960

0.099800
0.089156
0.075500

0.098176
0.093616
0.081355

0.098025
0.095867
0.085255

0.099481
0.098248
0.089374

0.098008
0.097191
0.096057

15 20

344

330

318

305

292

281

(a)

0.093346
0.062711
0.046540

0.100692
0.083472
0.069506

0.100019
0.100599
0.088750

0.101377
0.104788
0.093967

0.101836
0.101589
0.091504

0.101594
0.100156
0.091148

200 20 s

530

497

479

460

444

430

0.106871
0.117278
0.112829

0.100244
0.088898
0.075981

0.102209
0.099892
0.088453

0.098465
0.098200
0.087342

0.099591
0.098593
0.088809

0.099996
0.098974
0.090356

30 30| s

1220

1190

1160

1121

1093

1066

0.097255
0.068958
0.056407

0.096046
0.092703
0.081931

0.098183
0.105727
0.096404

0.100450
0.094046
0.083045

0.101128
0.097360
0.087268

0.099490
0.098011
0.088622

30 50| s

1816

1768

1723

1680

1668

1629

(a)
(b

(©)

0.104303
0.089094
0.084692

0.093926
0.090873
0.081381

0.100452
0.088134
0.076549

0.099100
0.083553
0.071031

0.100467
0.116357
0.109208

0.099477
0.108275

0.099792 |

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.4d: Exact and approximate values of Pr(Wpax < s) by Normal approximation
and Edgeworth approximation (near 20% critical values)

Near 20% critical vé.lues

n1 N2

r=2

r=3

r=4

r=5

r=26

r="7

10 10

125

116

109

103

99

96

(a)
(b)
(c)

0.186533
0.206755
0.212911

0.193498
0.205500
0.203961

0.204475
0.205295
0.199991

0.197617
0.196120
0.188516

0.196903
0.195945
0.188115

0.1925635
0.192331
0.185332

10 15

175

162

151

143

137

131

(a)
(b)
(C)

0.221146
0.244856
0.272213

0.208696
0.216048
0.223977

0.203828
0.195855
0.194897

0.197759
0.193584
0.189885

0.197978
0.199898
0.195234

0.196237
0.195264
0.189278

15 15

300

285

268

256

247

238

(a)
(b)
()

0.198276
0.223874
0.245154

0.203640
0.228968
0.241113

0.201583
0.199054
0.199756

0,195744
0.195356
0.192924

0.201928
0.202127
0.198646

0.197447
0.197055
0.192126

15 20

363

348

341

325

312

300

S
(a)
(b)
(c)

0.199866
0.152535
0.156334

0.199866
0.172534
0.175253

0.199630
0.227708
0.238579

0.197389
0.210496
0.214100

0.202580
0.204581
0.204886

0.197853
0.197014
0.194878

20 20

550

519

501

484

469

454

(a)
(b)
()

0.203742
0.231045
0.261241

0.199638
0.180918
0.186405

0.201024
0.192276
0.196161

0.198499
0.196779
0.198607

0.202046
0.201829
0.202261

0.198283
0.198338
0.196819

30 30

1275

1222

1194

1167

1139

1112

(a)
(b)
()

0.208965
0.237195
0.277210

0.195753
0.175079
0.184359

0.196767
0.193214
0.202660

0.200736
0.204650
0.213275

0.198829
0.205799
0.212078

0.200597
0.204195
0.208293

30 50

1865

1817

1772

1731

1723

1682

(a)
(b)
()

0.201835
0.223527
0.264933

0.190367
0.198225
0.219399

0.199811
0.179307
0.189672

0.198692
0.167527
0.172143

0.202382
0.224753
0.240277

0.202046
0.202165
0.210736

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c¢) - Normal approximation.
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Table 3.4e: Exact and approximate values of Pr(Wyax < 8) by Normal approximation
and Edgeworth approximation (near 30% critical values)

Near 30% critical values

n; N3

r=32

r=3

r=4

r=25

r=4=6

r=7

10 10

128

121

115

109

114

101

0.291022
0.254107
0.273930

0.295666
0.284365
0.297696

0.302453
0.303752
0.310105

0.298740
0.298193
0.296944

0.505867
0.505240
0.509897

0.291861
0.290442
0.282827

10 156} s

176

166

162

152

145

140

0.283399
0.258047
0.290184

0.301186
0.263589
0.283647

0.299563
0.328091
0.351599

0.297591
0.298103
0.308663

0.296672
0.294991
0.299559

0.306185
0.306296
0.307420

15 15| s

303

291

279

268

258

249

0.298851
0.253128
0.284242

0.308238
0.285225
0.310929

0.304448
0.296183
0.314075

0.302282
0.300931
0.312198

0.300864
0.301412
0.307134

0.298520
0.298524
0.299726

15 20| s

381

363

348

336

327

315

0.326872
0.209314
0.353774

0.295735
0.283442
0.316069

0.303999
0.280383
0.302640

0.299036
0.289961
0.307189

0.303263
0.313560
0.328576

0.303037
0.304214
0.313441

200 20

553

535

518

502

486

472

s
(a)
(b)
()

0.302495
0.252177
0.289889

0.296852
0.278306
0.309430

0.299417
0.293342
0.318118

0.304199
0.302329
0.321474

0.300304
0.300913
0.314307

0.302784
0.303229
0.312458

30 30

1278

1250

1222

1195

1169

1143

(a)
(b)
()

0.305977
0.250778
0.295835

0.302449
0.280544
0.320173

0.294528
0.294853
0.328174

0.295844
0.303428
0.331375

0.300539
0.308462
0.331794

0.301333
0.307331
0.326169

30 50

1867

1865

1818

1774

1767

1727

(a)
(b)
()

0.314143
0.230639
0.274999

0.305277
0.365295
0.434357

0:292892
0.312112
0.358232

0.295196
0.275739
0.306691

0.300514
0.348797
0.387767

0.301537
0.316151
0.345579

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.5a: Exact and approximate values of Pr(Wg < s) by Normal approximation
and Edgeworth approximation (near 1% critical values)

Near 1% critical values
n1  ng r=2 r=3 r=4 r=2>5 r==56 r=17
10 10 s 79 77 75 75 75 75
(a) | 0.011669 0.010800 = 0.008914 0.009710 0.010944 0.010760
(b) | 0.012888 0.011120 0.008951 0.010050 0.010886 0.011385
{c) | 0.002124 0.004097 0.004900 0.007512 0.009672 0.011231
10 15| s 98 94 93 91 90 89
{a) | 0.009424 0.009565 0.010555 0.010164 0.009690 - 0.009452
(b) | 0.013669 0.010622 0.011155 0.009934 0.009765 0.009280
{c) 1 0.001192" 0.001934 0.003909 0.004708 0.005906 0.006651
15 15 ] s 189 185 183 181 179 178
(a) 1 0.009720 - 0.009854 0.010448 0.010541 0.009515 0.009663
(b) { 0.011887 0.010768 0.010788 0.010382 0.009588 0.009514
(c). | 0.000966 0.002120 0.003792 - 0.005056 ~ 0.005767 0.006791
15 20} s 221 216 212 209 207 205
(a) | 0.010071 .0.010112 0.010121 0.009787 0.010096 0.009537
(b) | 0.012675 0.011823 0.010768 -0.010140  0.010023 0.009629
(c) | 0.000757 0.001762 0.002592 0.003481 0.004506 0.005212
20 20} s 352 344 339 335 332 331
(a) | 0.009828 0.009962 0.010100 0.009630 0.009633 0.010250
(b) | 0.014636 0.011856 0.011225 0.010049 0.009622 0.010271
{c¢) | 0.001137 0.001809 0.002707 0.003501 0.004295 = 0.005707
30 301 s 821 811 801 794 788 783
(a) | 0.009844 0.010077 0.010001 0.009981 0.010055 0.009927
(b) | 0.012523 0.012675 0.011331 0.010863 0.010466 0.010208
(c) | 0.000587 0.001432  0.001989 - 0.002707 0.003351  0.003968
30 501} s 1095 1084 1072 1063 10565 1048
(a) 10.009987 0.010300 0.009877 * 0.010001 0.010100 - 0.009895
(b) | 0.009093 0.009152 0.011143 0.011073 0.011041 0.010795
{(c) | 0.000207 0.000737 0.001193. 0.001763 0.002308 0.002839

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.5b: Exact and approximate values of Pr(Wg < s) by Normal approximation
and Edgeworth approximation (near 5% critical values)

Near 5% critical values

ny Ny

r=2

r=3

r=4

r=25

r=26

r=7

10 10

87

85

84

84

83

83

(a)
(b)
(c)

0.049536
0.041706
0.024873

0.047100
0.043331
0.030409

0.048713
0.046235
0.036340

0.052031
0.053103
0.045524

0.049465
0.049005
0.044137

0.049205
0.051162
0.048107

10 15

108

106

105

103

102

101

(a)
(b)
()

0.047431
0.038802
0.019073

0.050489
0.043743
0.027924

0.051937
0.050586
0.037100

0.050801
0.048014
0.036950

0.048957
0.048865
0.039815

0.048970
0.047877
0.040749

15 15

205

201

199

197

195

194

(a)
(b)
(c)

0.047414
0.044765
0.025773

0.048909
0.045261
0.029633

0.051009
0.040174
0.036072

0.651789

0.049611

0.038776

0.048083
0.047589
0.038910

0.049019
0.048093
0.041207

15 20

241

236

232

229

227

225

(a)
(b)
()

0.050737
0.050175
0.031158

0.051341
0.050302
0.033337

0.051610
0.048977
0.034147

0.050371
0.048250
0.035418

0.050944
0.048958
0.037876

0.048776
0.048032
0.038598

20 20

375

367

363

360

357

355

S
(a)
(b)
()

0.0563262
0.052148
0.033541

0.049792
0.046491
0.029514

0.051100
0.054833
0.033291

0.060705
0.049223
0.036584

0.050168
0.048360
0.037519

0.049410
0.048778
0.039514

30 30

855

850

841

835

830

826

(a)
(b)
()

0.051395
0.042261
0.019457

0.050824
0.049617
0.031558

0.049718
0.047340
0.031096

0.049874
0.047751
0.033255

0.049882
0.048058
0.035061

0.049852
0.048672
0.036994

30 50

1143

1133

1123

1115

1110

1106

(a)
(b)
()

0.048031
0.042559
0.017314

0.049500
0.062072
0.023519

0.050398
0.043910
0.025566

0.049652
0.044327
0.027668

0.049800
0.054503
0.031732

0.049955
0.049841
0.035745

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.5¢c: Exact and approximate values of Pr(Wg < s) by Normal approximation
and Edgeworth approximation (near 10% critical values)

Near 10% critical values

n1 N2

r=2

r=13

r=4

r=25

r=26

r=7T

10 10

92

90

89

88

88

88

8
(a)
(b)
(c)

0.102941
0.094876
0.080528

0.094900
0.095276
0.081645

0.100435
0.098786
0.087380

0.093669
0.095984
0.086890

0.102719
0.102400
0.095409

0.102719
0.106092
0.100866

10 15

116

112

111

109

109

108

(a)
(b)
()

0.111462
0.106748
0.096487

0.095923
0.091273
0.077225

0.098707
0.101294
0.088806

0.096702
0.094900
0.083398

0.104692
0.105362
0.095664

0.103481
0.102754
0.094392

15 15

214

209

207

205

204

203

(a)
(b)
(9)

0.100383
0.106643
0.097154

0.096010
0.093894
0.080839

0.098905
0.008414
0.086556

0.008716
0.097286
0.086658

0.099350
0.100111
0.091016

0.100871
0.100206
0.092504

15 20

245

245

242

239

237

236

8
(a)
(b)
()

0.093346
0.069277
0.054532

0.100692
0.101315
0.089931

0.102157
0.102143
0.090626

0.097702
0.098106
0.086840

0.099042
0.097552
0.087227

0.099956
0.100815
0.091700

20 20

386

378

375

372

370

368

(a)
(b)
(c)

0.106871
0.111721
0.106146

0.100244
0.093063
0.080856

0.101000
0.098375
0.086747

0.099071
0.098121
0.087326

0.101144
0.099939
0.090219

0.099089
0.099302
0.090546

30 30

870

866

862

856

8562

848

(a)
(b)
()

0.097255
0.073423
0.061235

0.096046
0.091985
0.081149

0.101405
0.101369
0.091415

0.099315
0.098786
0.088466

0.101217
0.099947
0.090191

0.099133
0.098998
0.089711

30 50

1168

1157

1148

1140

1140

1135

(a)
(b)
(©)

0.104303
0.089095
0.084723

0.093900
0.093199
0.080588

0:100452
0.089461
0.078170

0.099100
0.087548
0.075677

0.100000
0.101409
0.092896

0.099313
0.102564
0.093314

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Table 3.5d: Exact and approximate values of Pr(Wg < s) by Normal approximation
and Edgeworth approximation (near 20% critical values)

Near 20% critical values

] N3

r=2

r=3

r=4

r=235

r=26

r=17

10 10

97

96

95

94

94

94

(a)
(b)
()

0.186533
0.196023
0.200197

0.204000
0.206612
0.206900

0.205839
0.205778
0.202774

0.194153
0.198418
0.193366

0.207517
0.207554
0.202573

0.207804
0.213165
0.208280

10 15

123

120

118

117

116

115

1
(a)
(b)
(©)

0.221146
0.239434
0.265392

0.208696
0.211905
0.219754

0.203828
0.199996
0.201005

0.198677
0.200792
0.199605

0.192586
0.197709
0.194761

0.191806
0.191890
0.187725

15 15

222

219

217

215

214

213

s
(a)
(b)

0.198276
0.216184
0.235431

0.199471
0.206728
0.214474

0.197684
0.204052
0.206860

0.195473
0.196417
0.195634

0.194378
0.197492
0.195471

0.195520
0.195565
0.192581

15 201 s

255

255

253

251

249

248

(b)
(c)

0.199866
0.164129
0.171471

0.199866
0.202660
0.213668

0.196359
0.204548
0.211234

0.198194
0.201502
0.204628

0.195026
0.195497
0.195832

0.194907
0.197267
0.196604

20 20

397

392

389

387

385

384

8
(a)
(b)
(©)

0.203742
0.225113
0.253521

0.199638
0.205977
0.218459

0.201000
0.188184
0.209330

0.199237
0.203710
0.207695

0.200565
0.201422
0.203051

0.202292
0.204948
0.205602

30 30| s

897

885

882

880

876

874

(a)
(b)
()

0.208965
0.233142
0.271799

0.195753
0.185265
0.197675

0.196767
0.194637
0.204792

0.200485
0.203941
0.212926

0.197974
0.198941
0.204634

0.199957
0.202228
0.206783

30 50

1193

1183

1174

1169

1173

1166

(a)
(b)
()

0.201835
0.221851
0.262622

0.190000
0.159946
0.221369

0.199811
0.182579
0.193991

0.198692
0.182108
0.190442

0.202000
0.200004
0.230548

0.202046
0.201484
0.210219

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c¢) - Normal approximation.
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Table 3.5e: Exact and approximate values of Pr(Wg < s) by Normal approximation
and Edgeworth approximation (near 30% critical values)

Near 30% critical values
ny N r=2 r=3 r=4 r=25 r=206 r=7
10 104 s 100 100 99 99 98 98
(a) | 0.291022 0.296000 0.302680 0.311319 0.302810 0.303059
(b) | 0.278562 0.311518 0.304729 0.319405 0.302805 0.309206
(c) | 0.306937 0.332635 0.315066. 0.325135 0.303159  0.307511
1015} s 124 124 124 122 122 121
(a) | 0.283399 - 0.301186 0.299563 0.293916 = 0.299865 = 0.296660
(b) | 0.263295 0.297340 0.320101 0.293798 0.306827 0.296924
(c) 1 0.297926 0.327243 0.344284 0.306492 0.316308 0.301684
15 15 s 225 225 224 223 222 221
(a) 1 0.298851 0.308238 0.304448 0.307235 0.302488 0.301585
(b) | 0.269626 0.303871 0.309352 0.309804 0.307028 0.301912
(c) | 0.306866 0.335083 0.331444 0.324959 0.316818 0.307562
15 201} s 264 261 260 260 258 258
(a) | 0326872 0.295735 0.303999 0.303519 0.298283 = 0.305808
(b) | 0.303349 0.286659 0.295559 0.313221 0.300037 0.311237
(c) 1 0.359526 0.320856 0.322097 0.335873 0.315424 0.323947
20 201 s 400 399 398 397 395 395
(a) | 0.302495 0.296852 0.299000 0.302298 0.294995 0.304505
(b) | 0.264617 0.286542 0.283450 0.304409 0.296576 0.307814
(c) | 0.307052 0.320449 0.325027 0.325465 0.311472 0.320148
30 301} s 900 899 897 895 803 892
(a) | 0.305977 0.302449 0.294528 0.295582 0.297737  0.303000
(b) | 0.259120 0.286145 0.294710 0.298521 0.299527 0.305077
(c) | 0.307391 0.327587 0.328510 0.326323 0.322465 0.324827
30 50| s 1195 1207 1197 1189 1195 1190
(a) | 0.314143 0.305000  0.292892 = 0.295196 0.301000 0.301537
(b) | 0.235710 0.340043  0.308960 0.279597 0.314861 0.312663
i {c) | 0.282244 0.427495 0.354566 0.311680  0.364550 0.342010

Remark: (a) - Exact probability; (b) - Edgeworth approximation; (c) - Normal approximation.
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Figure 3.1: Null distribution of expected rank-sum statistic (Wg) for ny = ny = 10

and n; = ny = 30 when ¢ = = equals 60%, 80% and 90%
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Figure 3.2: Null distribution of expected rank-sum statistic (Wg) for n; = ny = 30
and n; = nqy = 100 when ¢ = ;f; equals 20%
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3.4 Exact Power Under Lehmann Alternative

In this section, we derive an explicit expression for the power functions of the minimal,
maximal and expected rank-sum precedence tests under the Lehmann alternative
H, :’[F'X]“Y = Fy for some ~.

Earlier in Chapter 2, we presented the joint probability mass function of

My, M, ..., M, under the Lehmann alternative as

PI‘{Ml =m1,M2 =m27"‘7M7:mr l [FX]'Y:‘:Fy}

J
r i+J
nl!n2!7r r—1 (zgl m; + ]7)

malln =) isi g (% m; + jy + 1)

=1

na=r fpo r iém;-{-(r-i—k)v
XZ( k )('1)kl‘gn1+(r+k)7+3'

k=0
The power of a test is the probability of rejecting the null hypothesis when the
alternative hypothesis is indeed true. So under the Lehmann alternative, the power

function for the minimal rank-sum precedence test is given by

Pr {Wmin S 8 I [Fx]‘y = Fy}
= Z [Pr{Ml=mlaM2=m27---7Mr=mr‘[Fx]’Y:Fy}

mi(i=1,2,...,r)=0
X Imins(m1,ma, ... ,m.)]. (3.4.1)

Similarly, under the Lehmann alternative, the power function for the maximal

and expected rank-sum precedence tests are given by

Pr {Wmax <s | [Fx]ﬂ’ = Fy}

43
> [Pr{My=my, My =my,...,M, =m, | [Fx]" = Fy}

mi(i=1,2,...,r)=0

Imax,s(my1, ma, ..., m,)], (3.4.2)

I

and

Pr{Wg < s | [Fx]" = Fy}
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Ty

Z [PT{MI=m1,M2=m2,...,Mr=mr‘ [FX]’Y:Fy}

m;i{i=1,2,...,r)=0

Ig (my,ma,...,m.)], (3.4.3)

respectively.

Now, we demonstrate the use of the formulas in (3.4.1) - (3.4.3) as well as the
Monte Carlo simulation method for the computation of the power of the Wilcoxon-
type rank-sum precedence tests under the Lehmann alternative. For this purpose, we
generated 100,000 sets of data (from Fx and F%) and computed the test statistics
Whin, Wmax and Wg for each set. The power values are estimated by the rejection
rates of the null hypothesis for different values of 4. For ny = ny = 10, r = 2,3
and v = 2(1)6, the power values computed from (3.4.1) - (3.4.3) and those estimated
through the above described Monte Carlo simulation method are presented in Table
3.6. We observe that the estimated values of the power determined from Monte Carlo
simulations are quite close to the exact values. In addition to revealing the correctness
of the formulas in (3.4.1) - (3.4.3), these results also suggest that the Monte Carlo
simulation method provides a feasible and accurate way to estimate the power of the
proposed test procedures.

Though the location shift in some cases (like extreme-value distribution) be-
come a Lehmann alternative and hence the exact power can be determined, that is
not the case for other distributions such as normal and exponential. Therefore, we

examine the power using simulation in the next section.

3.5 Monte Carlo Simulation and Power Compari-

son Under Location-Shift Alternative

In order to assess the power properties of the proposed Wilcoxon-type rank-sum
precedence tests, we consider now the location-shift alternative H; : Fx(z) = Fy(z +
6) for some 8 > 0, where 6 is a shift in location. The power of the precedence test with
r = 1(1)7, maximal precedence test with r = 2(1)7, the three Wilcoxon-type rank-sum

precedence tests with r = 2(1)7, and the classical Wilcoxon’s rank-sum test (based on
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Table 3.6: Power values under Lehmann alternative for n; = n, = 10,7 = 2,3 and
v=2(1)6

Power computed from formulas Simulated Power
Winin Wmax Wg Winin Wma.x Wg
0.05954 0.04954 0.04954 0.05852 0.04894 0.04894
0.40396 0.35681 0.35681 0.40406 0.35538 0.35538
0.69831 0.64389 0.64389 0.69941 0.64453 0.64453
0.85319 0.80970 0.80970 0.85289 0.80999 0.80999
0.92692 0.89619 0.89619 0.92651 0.89565 0.89565
0.96212 0.94126 0.94126 0.96220 0.94057 0.94057
0.04639 0.05096 0.04707 0.04515 0.04959 0.04713
0.36428 0.35100 0.34624 0.36379 0.35127 0.34852
0.66331 0.63139 0.62922 0.66492 0.63201 0.63094
0.82952 0.79597  0.79513 0.83027 0.79593 0.79547
0.91190 0.88402 0.88368 0.91160 0.88427 0.88415
0.95263 0.93137 0.93123 0.95230 0.93096 0.93093

r=2

=

O U R O O R N R

complete samples) were all estimated through Monte Carlo simulations when 6 = 0.5
and 8 = 1.0. The lifetime distributions used earlier in Section 2.4 were used here in
the Monte Carlo simulations in order to demonstrate the power performance of the
Wilcoxon-type rank-sum precedence tests under this location-shift alternative.

In Tables 3.7-3.9, we have presented the estimated power values of the prece-
dence tests with r = 1(1)7, maximal precedence tests with r = 2(1)7, the three
Wilcoxon-type rank-sum precedence tests with » = 2(1)7, and the classical Wilcoxon’s
rank-sum test for the underlying standard normal, standard exponential, standard-
ized gamma and standardized lognormal distributions, with location-shift being equal
to 0.5 and 1.0 (for the case n; = ny = 10, we present the estimated power values up
to r = 10). For comparison purposes, the corresponding critical values and the exact
levels of significance are also included.

From Tables 3.7-3.12, we see that the power of all tests increase with increasing
sample sizes as well as with increasing location-shift. We can compare the power
values of the precedence tests and the maximal precedence tests with the same value

of r since they are both test procedures based on failures from the X-sample occurring
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before the r-th failure from the Y-sample. When we compare the power values of
the three Wilcoxon-type rank-sum precedence tests with those of precedence tests
and maximal precedence tests, we find that the Wilcoxon-type rank-sum precedence
tests perform better than the precedence tests and maximal precedence tests for
same value of r. For example, in Table 3.12, when n; = n, = 30, the underlying
distribution is standard normal and the location-shift equals 0.5, the powers of the
minimal, maximal and expected rank-sum precedence tests with r = 7 are 0.446,
0.447 and 0.455 (exact levels of significance are 0.052, 0.050 and 0.050), respectively,
while the power of precedence test is 0.423 (exact level of significance is 0.047) and
the power of maximal precedence test is 0.221 (exact level of significance is 0.037).

From Tables 3.7-3.12, we can also see that when the underlying distributions
are nearly symmetric, such as the normal distribution, gamma distribution with large
values of shape parameter a, and lognormal distribution with small values of shape
parameter o, the power values of the Wilcoxon-type precedence tests increase with
increasing values of r. However, under some right-skewed distributions such as the
exponential distribution, gamma distribution with shape parameter a = 2.0, and log-
normal distribution with shape parameter o = 0.5, the power values of the Wilcoxon-
type precedence tests may decrease with increasing values of r.

When we compare the power performance between the three Wilcoxon-type
precedence tests, we find that the power values are almost the same for these three
tests when the underlying distributions are nearly symmetric. Yet, the minimal rank-
sum precedence test compares quite favorably with the maximal and expected rank-
sum precedence tests under right-skewed distributions. For example, in Table 3.10,
when n; = 15,n, = 20, the underlying distribution is gamma with shape parameter
2.0 and the location-shift equals 0.5, the power of the minimal rank-sum precedence
test with r = 4 is 0.686 (exact level of significance is 0.050) while the power values of
maximal and expected rank-sum precedence tests are 0.557 and 0.603 (exact level of
significance is 0.050 and 0.052), respectively.

So, our overall recommendation will be to use the minimal rank-sum prece-
dence test in general for testing Hy : Fx = Fy against H; : Fx > Fy. This test has

better performance, in terms of power, than the precedence and maximal precedence
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tests, and also in comparison with the maximal and expected rank-sum precedence

tests.
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Table 3.7: Power of precedence tests, maximal precedence tests, minimal, maximal
and expected rank-sum precedence tests and Wilcoxon’s rank-sum test with n; =
Ng = 10

Test T 5 a € Normal Exp(l) Gamma(2) Gamma(5) Gamma(10) LN(0.25) LN(0.5)
(i) 1 4 0.04334 0.5 0.17355 0.71973 0.41408 0.26426 0.22491 0.23848 0.39436
1.0 0.42078 0.97785 0.88064 0.67354 0.57424 0.60775 0.87080

2 6 0.02864 9.5 0.149358 0.39156 0.25252 0.19241 0.17311 0.18522 0.26933
1.0 0.42430 0.83764 0.68794 0.55814 0.50597 0.53318 0.72532

3 7 0.03489 0.5 0.17793 0.30731 0.23431 0.20245 0.18929 0.19804 0.25708
1.0 0.48132 0.72393 0.61482 0.54595 0.51771 0.53939 0.66761

4 8 0.03483 0.5 0.17708 0.22511 0.19357 0.18073 0.17548 0.18323 0.21493
1.0 0.47989 0.57667 0.51144 0.48487 0.47581 0.49217 0.56561

5 9 0.023864 0.5 0.14725 0,14531 0.13799 0.13726 0.13884 0.14163 0.15265
1.0 0.42447 0.39603 0.37249 0.37815 0.38331 0.39065 0.41444

6 9 0.07043 0.5 0.26586 0.23847 0.23441 0.24132 0.24361 0:24790 0.25308
1.0 0.58320 0.49909 0.49543 0.51311 0.52664 0.52909 0.53141

7 9 0.13545 0.5 0.42308 0.36325 0.36545 0.38085 0.38607 0.38830 0.33359
1.0 0.73305 0.61390 0.62361 0.643824 0.66820 0.66626 0.64903

8 9 0.24768 0.5 0.60199 0.51741 0.52933 0.54896 0.55762 0.55841 0.54376
1.0 0.85312 0.73126 0.74884 0.77783 0.79587 0.79120 0.76368

9 9 0.39474 0.5 0.77887 0.69617 0.70765 0.72728 0.73847 0.73852 0.71894
1.0 0.93564 0.84599 0.86121 0.88478 0.89805 0.89279 0.86626

10 9 0.52632 0.5 0.92282 0.87246 0.88038 0.89239 0.89989 0.89630° 0.88168
1.0 0.98338 0.94081 0.94853 0.96068 0.96735 0.96452 0.94961

(i3) 2 5 0.03250 0.5 0.14174 0.49229 0.24736 0.17686 0.16108 0.17004 0.25426
1.0 0.37675 0.91770 0.73033 0.52376 0.45692 0.48601 0.73270

3 5 0.04875 0.5 0.17526 0.49485 0.25785 0.19838 0.18700 0.19469 0.26781
1.0 0.41709 0.91784 0.73274 0.53569 0.47649 0.50380 0.73601

4 5 0.06500 0.5 0.19933 0.49736 0.26527 0.21143 0.20397 0.21137 0.27682
1.0 0.43592 0.91810 0.73435 0.54141 0.48526 0.51146 0.73755

5 6 0.02700 0.5 0.09008 0.26844 0.11968 0.09218 0.08952 0.09463 0.12970
1.0 0.24818 0.77912 0.51361 0.32886 0.28329 0.30676 0.52844

6 6 0.03251 0.5 0.09378 0.26897 0.12081 0.09436 0.09210 0.09703 0.123085
1.0 0.24957 0.77914 0.51379 0.32931 0.28385 0.30725 0.52857

7 6 0.03793 0.5 0.09648 0.26951 0.12190 0.09564 0.09399 0.09849 0.13153
1.0 0.25023 0.77920 0.51392 0.32961 0.28422 0.30743 0.52860

8 6 0.04334 0.5 0.09819 0.27001 0.12278 0.09683 0.09520 0.09984 0.13222
1.0 0.25039 0.77923 0.51397 0.32971 0.28438 0.30751 0.52861

9 6 0.04876 0.5 0.09921 0.27052 0.12341 0.09764 0.09614 0.10080 0.13276
1.0 0.25050 0.77928 0.51400 0.32983 0.28448 0.30761 0.52869

10 6 0.05423 0.5 0.09388 0.27107 0.12408 0.09834 0.09676 0.10134 0.13313
1.0 0.25055 0.77930 0.51406 0.32991 0.28448 0.30763 0.52872

Ziii) 2 67 0.05954 0.5 0.23942 0.78179 0.49375 0.34262 0.29921 0.31477 0.48316
1.0 0.55242 0.98116 0.91494 0.77416 0.69533 0.72338 0.91794

3 71 0.04639 0.5 0.22288 0.62926 0.41788 0.30283 0.26819 0.28257 0.42193
1.0 0.55802 0.94958 0.86529 0.73787 0.67326 0.70033 0.88107

4 75 0.05377 0.5 0.25717 0.62267 0.43420 0.33085 0.20946 0.31335 0.44410
1.0 0.81907 0.94681 0.86784 0.76259 0.71060 0.73585 0.88638

5 77 0.04462 0.5 0.23764 0.52904 0.37798 0.29481 0.26907 0.28236 0.39265
1.0 0.60701 0.90048 0.81846 0.72485 0.67832 0.70318 0.84718

[} 80 0.05468 0.5 0.27557 0.54185 0.40483 0.32899 0.30405 0.31748 0.42206
1.0 0.66094 0.90138 0.83001 0.75389 0.71749 0.73689 0.85762

7 81 0.05008 0.5 0.26530 0.49483 0.37369 0.30976 0.28812 0.36080 0.39274
1.0 0.65536 0.86798 0.79851 0.73116 0.69950 0.71745 0.82970

8 82 0.05056 0.5 0.27085 0.47701 3.36709 0.30815 0.28815 0.30097 0.38469
1.0 0.66483 0.85289 0.78641 0.72710 0.69840 0.71506 0.81753

9 82 0.04624 0.5 0.25841 0.44688 0.34403 0.29076 0.27256 0.28482 0.360686
1.0 0.65229 0.83064 0.76266 0.70628 0.67944 0.69529 0.,794138

10 82 0.04460% 0.5 0.25363 0.43322 0.33441 0.28330 0.26633 0.27797 0.35084
1.0 0.64799 0.81627 0.75081 0.69701 0.67134 0.68684 0.78191
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Test T s o @ Normal Exp(1} Gamma(2) Gamma(5) Gamma(10) LN{0.25) LN{0.5)
v) 2 107 0.04954 0.5 0.21864 0.61386 0.40859 0.29714 0.26448 0.27814 0.41342
1.0 0.53289 0.94466 0.85125 0.71578 0.64977 0.67657 0.86760

3 99 0.0509¢6 a.5 0.23908 0.50740 0.36818 0.29194 0.26866 0.28068 0.38523

1.0 0.58076 0.88496 0.79624 0.69985 0.65486 0.67947 0.82888

4 93 0.05065 0.5 0.24765 0.41622 0.33127 0.28210 0.26392 0.27619 0.35310

1.0 0.60476 0.73500 0.72522 0.66992 0.64208 0.66268 0.76894

5 89 0.05108 0.5 0.25641 0.42763 0.32935 0.28533 0.26937 0.28094 0.35188

1.0 0.62957 0.81969 0.73843 0.67789 0.65587 0.67121 0.77665

8 86 0.04900 0.5 0.25880 0.40750 0.32376 0.28292 0.26830 0.27868 0.34450

1.0 0.64022 0.79303 0.72400 0.67553 0.65529 0.67066 0.75990

7 84 0.04662 0.5 0.25600 0.40644 0.32386 0.28085 0.26517 0.27624 0.34126

1.0 0.64532 0.77785 0.72302 0.67849 0.85873 0.67264 0.75783

8 83 0.04650 0.5 0.25950 0.42334 0.33213 0.28493 0.26963 0.27980 0.34871

1.0 0.65223 0.80088 0.73981 0.69251 0.66899 0.68384 0.77149

9 83 0.05064 0.5 0.27432 0.45219 0.35389 0.30321 0.28627 0.29770 0.37101

1.0 0.67193 0.82583 0.76506 0.71584 0.69200 0.70669 0,79468

10 82 0.04460" 0.5 0.25363 0.43322 0.33441 0.28330 0.26633 0.27797 0.35084

1.0 0.64799 0.81627 0.75081 0.69701 0.67134 0.68684 0.78191

tv) 2 87 0.04954 0.5 0.21864 0.61386 0.40659 0.29714 0.26448 0.27814 0.41342
1.0 0.53289 0.94466 0.85125 '0.71578 0.64977 0.6765T 0.86760

3 85 0.04707 0.5 0.23359 0.50733 0.36738 0.28915 0.26483 0.27695 0.38366

1.0 0.57611 0.88496 0.79621 0.69928 0.65331 0.67820 0.82879

4 84 0.04871 0.5 0.24586 0.48267 0.35581 0.29056 0.26953 0.28239 0.37451

1.0 0.60944 0.87470 0.78214 0.69957 0.66307 0.68524 0.81560

5 84 0.05203 0.5 0.27860 0.48460 0.38023 0.32038 0.28960 0:31251 0.40119

1.0 0.65965 0.84538 0.78590 0.72757 0.70054 0.71729 0.82098

6 83 0.04947 Q.5 0.26307 0.46053 0.35292 0.29818 0.27934 0.29154 0.37322

1.0 0.64946 0.840860 0.77051 0.70977 0.68180 0.69872 0.80446

7 83 0.04921 0.5 0.27844 0.46934 0.36525 0.31221 0.29334 0.20601 0.38478

1.0 0.67160 0.84411 0.77934 0.72432 0.69885 0.71501 0.81044

8 83 0.05207 0.5 0.27729 0.46363 0.36281 0.30971 0.29138 0.30310 0.37985

1.0 0.67320 0.83989 0.77557 0.72302 0.69748 0.71369 0.80650

9 83 0.05109 0.5 0.28397 0.47218 0.36976 0.31706 0.29789 4.31036 0.38830

1.0 0.68197 0.84352 0.78173 0.73106 0.70622 0.72115 0.81153

10 82 0.04460% 0.5 0.25363 0.43322 0.33441 0.28330 0.26633 0.27797 0.35084

1.0 0.64799 0.81627 0.75081 0.68701 0.67134 0.68684 0.78191

{vi} a2 0.044607 0.5 0.25363 0.43322 0.33441 0.28330 0.26633 0.27797 0.35084
1.0 0.64799 0.81627 0.75081 0.69701 0.67134 0.68684 0.78191

Remarks: (i) - Precedence Test; (ii). - Maximal Precedence Test; (iii) - Minimal Rank-sum Precedence Test; {iv) - Maximal Rank-sum
Precedence Test; (v) - Expected Rank-sum Precedence Test; (vi) - Wilcoxon’s Rank-sum Test,

s - critical value, « - exact level of significance, @ - location-shift

t - When r = ng = 10, Wiy = Wmax = Wpe and they are all equivalent to the Wilcoxon’s rank sum test statistic. The level of

significances and the power values are the same in this case:
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Table 3.8: Power of precedence tests, maximal precedence tests, minimal, maximal
and expected rank-sum precedence tests and Wilcoxon’s rank-sum test with n; =

10, Ny = 15
Test r s o [ Normal Exp(1) Gamma(2) Gamma(3) Gamma(l0) LN({0.25) — LN(0.5)
(1) 1 3 0.05217 0.5 0.19712 0.87328 0:57176 0.33812 0.27897 0.29466 0.51455
1.0 0.46480 0.99524 0.95367 0.78083 0.66569 0.69616 0.93854
2 4 0.06403 0.5 0.26069 0,76379 0.52528 0.37730 0.33366 0.34764 0.52427
1.0 0.59416 0.98208 0.92419 0.80314 0.73197 0.75898 0.93088
3 5 0.06185 0.5 0.27407 0.63397 0.45446 0.35675 0.32678 0.34122 0.47751
1.0 0.63349 0.94802 0.87349 0.77462 0.72702 0.75019 0.89333
4 ] 0.05327 0.5 0.25742 0.49333 0.87266 0.31205 0.29322 0:30474 0.40369
1.0 0.62596 0.87788 0.79245 0.71811 0.68466. 0.70580 0.83081
5 7 0.04158 0.5 0.22462 0.35667 0.28524 0.25207 0.24153 0.24962 0.31365
1.0 0.58636 0.75865 0.68107 0.63326 0.61399 0.62941 0.73112
6 8 0.02861 0.5 0.175038 0.23232 0.19446 0.18170 0.17833 0.18244 0.21891
1.0 0.50964 0.58541 0.53156 0.50855 0.50514 0.51525 0.58444
7 8 0.05727 0.5 0.27041 0.30909 0.27912 2.27008 0.26864 0.27224 0.30518
1.0 0.63565 0.65240 0.61900 0.61345 0.61475 0.62068 0.66583
(a1) 2 4 0.03316 0.5 0.15295 0.69192 0.36049 0.22587 0.19675 0.20721 0.34635
1.0 0.42252 0.97482 0,86261 0.64247 0.55219 0.58499 0.85073
3 4 0.04968 0.5 0.19467 0.69459 0.37434 0.25466 0.23118 0.24214 0.36758
1.0 0.48194 0.87497 0:86588 0.66203 0.58416 0.61467 0.85587
4 4 0.066135 0.5 0.22612 0.69714 0.38339 0.27538 08.25568 0.26619 0.38050
1.0 0.51596 0.97509 0.86789 0.67291 0.60049 0.82967 0.85837
5 5 0.02371 0.5 0.09903 0.45191 0.18095 0.11985 9.1098¢ 0.11562 0.18108
1.0 0.29035 0.90776 0.68311 0.43025 8.85977 0.38368 0.67065
6 5 0.02845 0.5 0.10515 0.45248 0.18263 0,12333 0.11413 0.11965 0.18295
1.0 0.29478 0.90785 0.68336 0.43145 0.36168 0.38521 0.67090
T 5 0.03320 0.5 0.11018 0.45314 0.18407 0.12613 0.11738 0.12261° 0.18449
1.0 0.29732 0.90794 0.68364 0.43224 0.36301 0.38603 0.67113
(iit) 2 68 0.03318 0.5 0.17258 0.75476 0.47238 0.28885 0.24050 0.25464 0.44897
1.0 0.48197 0.98174 0.91591 0.75601 0.65882 0.68963 0.91761
3 74 0.04452 0.5 0.22457 0.77202 0.52036 0.34847 0.25931 0.31468 0.50833
1.0 0.58015 0.98346 0.93114 0.80993 0.731086 0.75992 0.93635
4 79 0.04727 0.5 0.24651 0.75878 0.51749 0.36307 0.31739 0.33307 ¢.51457
1.0 0.62674 0.98167 0.92722 0.82046 0.75432 0.78098 0.93482
5 B84 0.05554 0.5 0.28485 0.72092 0.52594 0.39376 0.35218 0.36865 0.53499
1.0 0.68328 0.96853 0.92159 0.83810 0.78649 0.80999 0.93467
6 87 0.04840 0.5 0.27134 0.67670 0.48492 0.368620 0.33001 0.34367 0.49876
1.0 0.67934 0.95867 0.90213 0.81814 0.76999 0.79314 0.91918
7 90 0.04794 0.5 0.27667 0.64783 0.46738 0.36189 0.32037 034222 0.48416
1.0 0.69276 0:95145 0.88969 0.81182 0.769686 0.79098 0.80894
[632) 2 147 0.04743 a.5 0.22052 0.76278 0.51160 0.34271 0.29439 0.30920 0.49963
1.0 0.55191 0.98204 0.92325 0.79125 0.70872 0.73779 0.92864
3 136 0.05049 a.5 0.24876 0.63347 0.44856 0.34054 0.30588 0.82052 0.46750
1.0 0.61105 0.94800 0.87319 0.76987 0.71819 0.74192 0.89271
4 108 0.05035 0.5 0.25240 0.49328 0.37192 0.30930 0.28999 0.30132 0.40257
1.0 0.62314 0.87788 0.79244 0.71773 0.68385 0.70506 0.83078
5 122 0.05134 0.5 0.27183 0.55230 0.41431 0.33315% 0.31036 0.32282 0.43772
1.0 0.66561 0.90396 0.83769 0.76415 0.72805 0.74897 0.86830
6 118 0.05148 0.5 0.27844 0.48610 0.37775 0.32441 0.30703 0.31678 0.40462
1.0 0.67769 0.87089 0.79086. 0.73542 0.71425 0.72842 0.82587
T 111 0.04919 0.5 0.27954 0.47535 0.37613 0.32015 9.30327 0.31222 0.39955
1.0 0.68871 0.84081 0.78889 0.74024 0.71832 0.73148 0.82441
) 2 108 0.04743 0.5 0.22052 0.76278 0.51160 0.34271 0.29439 0.30920 0.49963
1.0 0.55191 0.98204 0.92325 0.79125 0.70872 0.73779 0.92864
3 1086 0.05049 0.5 0.24876 0.63347 0.44856 0:34054 0.30588 0.32052 0.46750
1.0 0.61105 0.84800 0.87319 0.76987 0:71819 0.74192 0.89271
4 105 0.05194 0.5 0.27863 0.67346 0.473908 0.36642 0.33454 0.34796 0.49358
1.0 0.66594 0.93871 0.89594 0.80260 0.75425 0.77758 0.91337
5 103 0.05080 0.5 0.27487 0.56455 0.43060 0:34491 0.31919 0.33235 0.45415
1.0 0.67372 0.90624 0.84490 0.77711 0.74010 0.76193 0.87477
6 102 0.04896 0.5 0.28794 0.57176 0.42875 0.35030 0.32738 0.33826 0.45150
1.0 0.69595 0.91816 0.85061 0.78256 0.75152 0.76827 0.87726
7 101 0.04897 0.5 0.28496 0.53843 0.41136 0.34022 0.31777 0.32842 0.43439
1.0 0.70153 0.89715 0.83313 0.77338 0.74527 0.76006 0.86193
(vi) 99 0.04550 0.5 0.29337 0.50201 0.39241 0.33335 0.31417 0.32272 0.41034
1.0 0.73088 0.86374 0.81379 0.76922 0.75008 0.76170 0.83985

Remarks: (i} - Precedence Test; (if) - Maximal Precedence Test; (iii) - Minimal Rank-sum Precedence Test; {iv) - Maximal Rank-sum
Precedence Test; (v) - Expected Rank-sum Precedence Test; (vi) - Wilcoxon’s Rank-sum Test,

s - critical value, o - exact level of significance, £ - location-shift
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Table 3.9: Power of precedence tests, maximal precedence tests, minimal, maximal
and expected rank-sum precedence tests and Wilcoxon’s rank-sum test with n; =
Nng = 15

Test  r ] o ] Normal Bxp{l) CGamma(2) Gamma(s)  Gamma{l0) ~ LN{[0.25) LN{0.5)
(i) 1 4 0.04981 0.5 0.21166 0.93598 0.64016 0.37132 0.29851 0.31908 0.56758
1.0 0.50252 0.99955 0.98405 0.83848 0.72008 0.74977 0.97286

2 6 0.04004 0.5 0.22061 0.76824 0.49059 0.32997 0.28478 0.30350 0.49083

1.0 0.57185 0.99273 0.94228 0.80772 0.72752 0.75944 0.94680

3 7 0.05432 0.5 0.28472 0.69628 0.49085 0.37752 0.34087 0.35968 0.51584

1.0 0.87187 0.98192 0.92751 0.83281 0.77819 0.80630 0.94209

4 9 0.03022 0.5 0.21126 0.44001 0.31724 0.25579 0.23896 0.25202 0.34941

1.0 0.60134 0.89859 0.79981 0.70956 0.86764 0.69747 0.84304

5 10 0.03280 0.5 0.22635 0.36866 0.29113 0.25256 0.24100 0.25068 0.32262

1.0 0.62508 0.83183 0.74790 0.68407 0.66128 0.68471 0.79751

] 11 0.03280 0.5 0.22718 0.30143 0.25289 0.23457 0.22839 0.23544 0.28335

1.0 0.62484 0.73830 0.67456 0.63918 0.63055 0.6483¢6 0.78122

7 11 0.06971 0.5 0.35144 0.40243 0.36276 0.34668 0.34421 0.35078 0.39436

1.0 0.75253 0.80155 0.76281 0.74719 0.74472 0.75525 0.80731

{if) 2 5 0.04205 0.5 0.20162 0.84028 0.47509 0.29568 0.31830 0.27254 0.44924
1.0 0.51762 099729 0.95219 0.76861 0.76648 0.70499 0.93968

3 5 0.06292 0.5 0.25626 0.84211 0.49078 0.33221 0.33340 0.31613 0.47444

1.0 0.58639 0.89732 0.95378 0.78817 0.77670 0.73674 0.94336

4 8 0.03400 a.5 0.15784 0.88508 0.30398 0.19437 0.34526 0.19076 0.30140

1.0 0.43474 0.98852 0.8785¢ 0.62283 0.78889 0.56833 0.85843

5 (3 0.04209 0.5 0.17235 0.68581 0.30797 0.20220 0.34436 0.20037 0.30553

1.0 0.44803 0.98857 0.87398 0.62551 0.79358 0.57248 0.85892

6 6 0.05050 0.5 0.18348 0.68654 0.31089 0.20820 0.34596 0.20713 0.30876

1.0 0.45504 0.98857 0.87921 0.62745 0.79972 0.57515 0.85920

T 6 0.05889 0.5 0.18223 0.68718 0.31355 0.21252 0.34827 0.21236. - 0.31145

1.0 0.45931 0.98859 0.87949 0.62837 0.80394 0.57640 0.85936

(iit) 2 141 0.04205 0.5 0.2245% 0.88518 0.60499 0.37449 0.25543 0.32929 0.57076
1.0 0.57820 0.99832 0.97677 © 0.86393 0.67058 0.80054 0.97474

3 150 0.04654 0.5 0.25997 0.87742 0.61237 0.40738 0.29928 0.38651 0.59499

1.0 0.65183 0.99821 0.97668 0.88705 0.70524 0.84036 0.97793

4 158 0.04826 0.5 0.28632 0.83497 0.599852 0.42024 0.17648 0.38683 0.59747

1.0 0.69937 0.99570 0.97128 0.89459 0.53219 0.85993 0.97646

5 165 0.05000 0.5 0.30607 0.81192 0.58975 0.42921 0.18621 0.39997 0.59452

1.0 0.73382 0.99463 0.96718 0.89760 0.53755 0.86956 0.97372

8 171 0.05070 0.5 0.32068 0.77397 0.57326 0.43190 0.19376 0.40558 0.58443

1.0 0.75832 0.99013 0.96165 0.89771 0.54069 0.87448 0.96942

7 176 0.05046 0.5 0.33025 0.74438 0.55487 0.42913 0.19943 0.40584 0.57106

1.0 0.77541 0.98709 0.95492 0.89453 0.54239 0.87493 0.96445

(iv) 2 270 0.04741 0.5 0.24479 0.86046 0.56513 0.37409 0.30890 0.33934 0.54855
1.0 0.60349 0.99782 0.96800 0.84783 0.77186 0.79679 0.96711

3 250 0.04945 Q.5 0.27457 0.69627 0.49010 0.37268 0.34484 0.38277 0.51347

1.0 0.66497 0.98192 0.92751 0.83231 0.81347 0.80493 0.94203

4 238 0.05094 0.5 0.29630 0.62237 0.47011 0.37558 0.36465 0.36286 0.50003

1.0 0.70813 0.96207 0.90369 0.82992 0.83360 0.81423 0.82743

3 227 0.04991 a.5 0.30688 0.59903 0.45016 0.37019 0.37839 0.35903 0.47857

1.0 0.73050 0.95887 0.89642 0.82583 0.84798 0.81470 0.91932

6 218 0.04912 0.5 0.31518 0.57724 0.44076 0.36872 0.38593 0.35731 0.48871

1.0 0.74960 0.94373 0.83048 0.82710 0.85519 0.81906 0.91465

7 211 0.04909 0.5 0.32803 0.54681 0.43359 0.36851 0.38762 0.36000 0.46137

1.0 0.76885 0.92760 0.87472 0.82602 0.85636 0:81903 0.90232

v) 2 205 0.04741 0.5 0.24479 0.86046 0.56513 0.37409 0.31930 0.33934 0.54855
1.0 0.60349 0.99782 0.96800 0.84783 0.76648 0.79679 0.96711

3 201 0.04891 0.5 0.27510 0.76629 0.51785 0.38108 0.33848 0.35865 0.53395

1.0 0.66937 0.99237 0.84713 0.84800 0.78914 0.81678 0.95475

4 199 0.05101 0.5 0.30958 0.73329 0.52614 0.40228 0.36567 0.38500 0.54494

1.0 0.72412 0.98637 0.94489 0.86421 0.81757 0.84200 0.95521

5 197 0.05179 0.5 0.32040 0.67778 0.50835 0.40157 0.36801 0.38439 0.53117

1.0 0.74916 0.97340 0.93081 0.86332 0.82499 0.84639 0.94640

6 195 0.04808 0.5 0.32528 0.64703 0.48849 0.39599 0.36644 0.38154 0.51394

1.0 0.76584 0.96720 0.92083 0.85899 0.82760 0.84622 0.93778

7 194 0.04802 0.5 0.33368 0.62344 0.47899 0.39464 0.36677 0.38073 0.50532

1.0 0.78084 0.95711 0.91423 0.85858 0.83034 0.84734 0.93366

(vi) 192 0.04880 0.5 0.35996 0.59384 0.47190 0.40033 0.38005 0.38949 0.49266
1.0 0.82397 0.84063 0.90428 0.86491 0.84786 0.85733 0.92161

Remarks: (i) - Precedence Test; (ii) - Maximal Precedence Test; (iii) - Minimal Rank-sum Precedence Test; (iv) - Maximal Rank-sum
Precedence Test; (v) - Expected Rank-sum Precedence Test; (vi) - Wilcoxon’s ‘Rank-sum Test,

s - critical value, a - exact level of significance, 8 - location-shift
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Table 3.10: Power of precedence tests, maximal precedence tests, minimal, maximal
and expected rank-sum precedence tests and Wilcoxon’s rank-sum test with n; =

15, Ny = 20

Test  r 8 a [ Normal BExp(1) Gamma(2) Gamma(5) Gamma(10) TLN({0.25) ~ LN(0.5)
(i) 1 3 0.06952 0.5 0.26103 0.98034 0.77808 0.47275 0.37926 0.39668 0.68983
1.0 0.56610 0.99994 0.99538 0.90770 0.80025 0.82145 0.99016

2 5 0.04009 ~ 0.5 0.22799 0.8711% 0.58158 0.37354 0.31301 0.33392 0.56444

1.0 0.58927 0.99777 0.97204 0.86035 0.77478 0.80473 0.97101

3 6 0.04615 0.5 0.26977 0.79414 0.54880 0.39401 0.34462 0.36640 0.56539

1.0 0.66905 0.99367 0.95792 0.86573 0.80654 0.83116 0.96482

4 7 0.04718 0.5 0.28676 0.70414 0.50231 0.38713 0.34864 0.37028 0.53471

1.0 0.70538 0.98285 0.83573 0.85378 0.80835 0.83120 0.94992

5 8 0.04492 0.5 0.288380 0.606338 0.44743 0.36288 0.335%4 0.35453 0.48667

1.0 0.71823 0.96025 0.90163 0.82691 0.79161 0.81410 0.92500

[ 9 0.04043 0.5 0.27957 0.50487 0.38805 0.33032 0.30925 0.32527 0.42887

1.0 0.71204 0.91834 0.85177 0.78776 0.76187 0.78186 0.88644

7 10 0.03446 0.5 0.25718 0.40124 0.32210 0.28523 0.27515 0.28593 0.36215

1.0 0.69120 0.84953 0.78421 0.73317 0.71587 0.73249 0.82850

(i1) 2 4 0.05187 0.5 0.23931 0.93260 0.61612 0.37709 0.31680 0.33630 0.57112
1.0 0.57697 0.99933 0,98278 0.85651 0.76077 0.78992 0.97513

3 5 0.02770 0.5 0.15938 0.82474 0.41274 0.23401 0:20145 0.21598 0.38511

1.0 0.46125 0.99674 0.94357 0.72230 0.61501 0.65157 0.92585

4 5 0.03690 0.5 0.18512 0.82560 0.41999 0.25053 0.22094 0.23569 0.39370

1.0 0.49491 0.99675 0.94424 0.73044 0.63081 0.66553 0.92743

5 5 0.04609 0.5 0.20491 0.82636 0.42531 0.26210 0.23570 0.24992 0.40293

1.0 0.51620 0.99675 0.94483 0.73513 0.63931 0.6728¢0 0.9280%

6 5 0.05526 0.5 0.22093 0.82712 0.42947 0.27132 0.24728 0.26127 0.40826

1.0 0.52976 0.99677 0.54521 0.73832 0.64463 0.67774 _  0.92855

T 5 0.06441 0.5 0.23365 0.82768 0.43317 0.27822 0.25643 0.26984 0.41227

1.0 0.53884 0.99678 0.94554 0.74029 0.64854 0.68099 0.82895

(i) 2 143 0.05187 0.5 0.25985 0.85111 0,72250 0.456186 0.37273 0:39406 0.67415
1.0 0.62814 0.99960 0.99115 0.91802 0.83418 0,85783 0.98926

3 153 0.05302 0.5 0.28617 0.94575 0.71835 0.47530 0.39655 0.42144 0.68614

1.0 0.68770 0.89948 0.99056 0.92903 0.86298 © 0.88455 0.99010

4 162 0.04950 0.5 0.29737 0.90805 0.68584 0.47116 0.39971 0.42392 0.67168

1.0 0.72107 0.99860 0.98636 0.92796 0.87272 0.89252 0.98788

5 170 0.04684 0.5 0.30454 0.88945 0.65930 0.46511 0.40060 0.42355 0.65678

1.0 0.74464 0.99818 0.98288 0.92547 0.87502 0.89601 0.98583

6 178 0.05149 0.5 0.33433 0.86588 0.65908 0.48462 0.42481 0.44830 0.66554

1.0 0.78297 0.99670 0.98084 0.83135 0.89051 0.90908 0.98538

7 185 0.05333 0.5 0.35208 0.85075 0.65027 0.49153 0.43604 0.45966 0.66309

1.0 0.80616 0.99592 0.97895 0.83276 0.89709 0.91387 0.98391

(v) 2 340 0.05074 0.5 0.26086 0.93835 0.67390 0.43133 0.35307 0.38197 0.63716
1.0 0.62844 0.99940 0.98716 . 0.89894 0.81719 0.84402 0.98431

3 320 0.04874 0.5 0.27939 0.86398 0.59185 0.41458 0.36043 0.38212 0.59491

1.0 0.68127 0.9975% 0.97324 0.88498 0.82349 0.84752 0.97483

4 302 0.04970 0.5 0.29838 0.80080 0.55660 0.41245 0.36698 0.38983 0.57586

1.0 0.72108 0.99403 0.96218 0.88079 0.83173 0.85374 0.96504

5 287 0.05002 0.5 0.31665 0.75027 0.54798 0.41820 0.37895 0.39995 0.57100

1.0 0.75442 0.98727 0.95352 0.88593 0.84374 0.86472 0.96490

6 274 0.04912 0.5 0.32750 0.67553 0.51837 0.41619 0.38002 0.40172 0.55136

1.0 0.77413 0.97046 0.83287 0.87499 0.84373 0.86265 0.94976

7 264 0.04971 0.5 0.33957 0.63792 0.48901 0.40905 0.38100 0.39975 0.52510

1.0 0.78969 0.96524 0.91989 0.86293 0.83918 0.85464 0.93819

(v) 2 241 0.05074 0.5 0.26086 0.83935 0.67390 0:43135 0.35807 0.38197 0.63716
1.0 0.62844 0.99940 0.98716 0.89894 0.81719 0.84402 0.98431

3 236 0.05134 0.5 0.28841 0.88129 0.62077 0.43135 0.37338 0.39637 0.61766

1.0 0.69158 0.99800 0.97798 0.89796 0.83638 0.85935 0.97942

4 232 0.05181 0.5 0.31070 0.83120 0.60331 0.44114 0.38913 0.41291 0.61575

1.0 0.73815 0.99528 0.97111 0.90309 0.85398 0.87482 0.97678

s 229 0.05037 0.5 0.32774 0.76175 0.57470 0.44037 0.39778 0.41912 0.59851

1.0 0.76806 0.98759 0.95769 0.89750 0.85834 0.87826 0.96846

] 227 0.05094 0.5 0.33882 0.73913 0.55321 0.43890 0.39903 0.42158 0.58270

1.0 0.78779 0.98598 0.95181 0.89346 0.86080 0.87873 0.96346

T 225 0.04878 0.5 0.34994 0.71183 0.54746 0.44049 0.40365 0.42436 0.57711

1.0 0.80544 0.97755 0.94720 0.89519 0.86713 0.88337 0.96087

{vi) 220 0.0497 0.5 0.39901 ©.64380 0.51830 0.44389 0.42322 0.43600 0.54447
1.0 0.87100 0.95604 0.82949 0.89928 0.88529 0.89288 0.94262

Remarks: (i) - Precedence Test; (ii) - Maximal Precedence Test; (iii) - Minimal Rank-sum Precedence Test; (iv) - Maximal Rank-sum
Precedence Test; (v) - Expected Rank-sum Precedence Tesy; (vi) - Wilcoxon’s Rank-sum Test,

s - critical value, a - exact level of significance, 6 - location-shift
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Table 3.11: Power of precedence tests, maximal precedence tests, minimal, maximal

and expected rank-sum precedence tests and Wilcoxon’s rank-sum test with n; =
Ng = 20

Test 7 s o ] Normal Exp{l} Gamma(2) Gamma(s) Gamma{10) LN(0.25} LN(0.5)
) 1 4 0.05301 0.5 0.23855 0.98866 0.78803 0.45093 0.35517 0.37686 0.68551
1.0 0.55525 1.00000 0.99817 0.91502 0.80255 0.82751 0.99428

2 6 0.04574 0.5 0.26616 0.93554 0.67111 0.43587 0.36379 0.39035 0.64528

1.0 0.65292 0.99981 0.99140 0.91288 0.83709 0.86474 0.99011

3 8 0.03242 0.5 0.24335 0.80663 0.53308 0.38703 0.31605 0.34027 0.54800

1.0 0.66299 0.99719 0.969891 0.87542 0.81209 0.83996 0.97553

4 9 0.04118 0.5 0.29470 0.74992 0.53174 0.40110 0.35826 0.38078 0.56144

1.0 0.73517 0.99322 0.96147 0.88663 0.84176 0.86742 0.97162

5 10 0.04792 0.5 0.33174 0.69035 0.51727 0.41772 0.38082 0.40343 0.55552

1.0 0.77868 0.98635 0.94874 0.88877 0.85320 0.87638 0.96482

6 11 0.05267 0.5 0.35648 0.62910 0.49662 0.41973 0.39200 0.41012 .0.53689

1.0 0.80552 0.97332 0.93225 0.88021 0.85581 0.87481 0.95402

7 12 0.05548 0.5 0.36864 0.56701 0.46744 0.41259 0.38212 0.40861 0.51070

1.0 0.81861 0.95316 0.90856 0.86660 0.84811 0.86600 0.93674

(1) 2 5 0.04691 0.5 0.24343 0.96341 0.65798 0.38935 0.32350 0.34864 0.569833
1.0 0.59939 0.99997 0.99337 0.88558 0.78925 0.82287 0.98815

3 6 0.03000 0.5 0.18471 0.90506 0.48784 0.27136 0.23271 0.25067 0.44604

1.0 0.52351 0.99969 0.97866 0.79514 0.68755 0.72654 0.96538

4 6 0.04028 0.5 0.21380 0.90533 0.49485 0.28888 0.25464 0.27237 0.45715

1.0 0.56051 0.99968 0.97804 0.80249 0.70298 0.74016 0.96618

5 6 0.05000 0.5 0.23598 0.90583 0.50036 0.30132 0.27088 0.28786 0.46423

1.0 0.58325 0.95969 0.87931 0.80651 0.71154 0.74747 0.96660

6 € 0.06025 0.5 0.25448 0.90621 0.50442 0.31157 0.28339 0.29944 0.46884

1.0 0.59768 0.99269 0.97955 0.80929 0.71709 0.75171 0.96683

7 3 0.07021 0.5 0.26872 0.80653 0.50808 0.319861 0.29313 0.30885 . 0.47260

1.0 0.60667 0.99970 0.87970 0.81080 0.72051 0.75454 0.96700

(1i1) 2 241 0.04691 0.5 0.26563 0.97529 0.76888 0.47784 0.38507 0.41115 0.70839
1.0 0.65211 0.99998 0.99717 0.94085 0.86307 0.88839 0.99603

3 255 0.05335 0.5 0.31306 0.97323 0.78152 0.52251 0.43477 0.46196 0.74223

1.0 0.73361 0.99998 0.99743 0.95763 0.90239 0.92205 0.99728

4 267 0.04671 0.5 0.31593 0.94911 0.73988 0.50644 0.42666 0.45624 0.71938

1.0 0.76021 0.99984 0.99567 0.95465 0.90690 0.92596 0.99599

5 279 0.05234 0.5 0.35496 0.93654 0.74228 0.53457 0.45878 0.48876 0.73413

1.0 0.80732 0.99972 0.99501 0.96195 0.92479 0.94067 0.99618

6 289 0.04987 0.5 0.36229 0.91749 0.71814 0.52715 0.45897 0.48704 0.71781

1.0 0.82412 0.98963 0.99344 0.96028 0.92823 0.94163 0.99508

7 298 0.04816 Q.5 0.36966 0.89261 0.69538 0.51957 0.45696 0.48555 0.70248

1.0 0.83961 0.96913 0.99143 0.95826 0.92733 0.94215 0.99393

{iv) 2 510 0.05326 0.5 0.28985 0.86892 0.73621 0.47815 0.39764 0.42488 0.69261
. 1.0 0.67845 0.99998 0.99595 0.932838 0.86214 0.88741 0.99463

3 477 0.04979 0.5 0.31303 0.50088 0.67241 0.47535 0.40846 0.43704 0.67156

1.0 0.73784 0.99940 0.98864 0.93154 0.87985 0.90144 0.99091

4 458 0.05023 .5 0.33510 0.85888 0.64441 0.47383 0.41736 0.44318 0.65618

1.0 0.77776 0.99806 0.98423 0.93206 0.89030 0.81038 0.98864

5 439 0.04967 0.5 0.34947 0.80467 0.59906 0.45986 0.41287 0.43694 0.62239

1.0 0.80024 0.99561 0.97622 0.92428 0.88658 0.80740 0.98374

6 423 0.04952 0.5 0.36331 0.75011 0.57319 0.45612 0.41656 0.43729 0.60253

1.0 0.82318 0.99076 0.96701 0.92037 0.88866 0.90781 0.97779

7 410 0.05083 0.5 0.37765 0.70899 0.55775 0.45879 0.42413 0.44447 0.59235

1.0 0.84235 0.98622 0.95727 0.91683 0.86187 0.90878 0.97186

(v) 2 375 0.05326 0.5 0.28995 0.96892 0.73621 0.47815 0.39764 0.42488 0.69261
1.0 0.67845 0.99998 0.99595 0.93288 0.36214 0.88741 0.99463

3 367 0.04979 0.5 0.32336 0.90076 0.67643 0.48555 0.41876 0.44710 0.67790

1.0 0.74637 0.99940 0.98867 0.93312 0.88311 0.90416 0.99095

4 363 0.05114 0.5 0.34072 0.86001 0.65310 0.48465 0.42571 0.45265 0.66558

1.0 0.78355 0.99806 0.88455 0.93512 0.89458 0.91428 0.98906

5 360 0.0507% 0.5 0.36530 0.83452 0.63627 0.49216 0.44006 0.46498 0.65793

1.0 0.81679 0.99754 0.98066 0.93694 0.90272 0.92136 0.98689

6 357 0.05017 0.5 0.37277 0.80486 0.61393 0.48393 0.43713 0.48004 0.63891

1.0 0.83451 0.99571 0.97775 0.93532 0.90421 0.92214 0.98437

7 355 0.04941 0.5 0.38888 0.78140 0.80740 0.48754 0.44576 0.46869 0.63603

1.0 0.85360 0.99323 0.97510 0.93648 0.81078 0.92578 0.98289

(vi) 348 0.0482 0.5 0.44025 0.70110 0.56991 0.49170 0.46220 0.47674 0.59412
1.0 0.81358 0.98022 0.96218 0.93918 0.92747 0.93438 0.97157

Remarks: (i) - Precedence Test; (ii) - Maximal Precedence Test; (iii) - Minimal! Rank-sum Precedence Test; {iv) - Maximal Rank-sum
Precedence Test; (v) - Expected Rank-sum Precedence Test; (vi) - Wilcoxon’s Rank-sum Test,

s - critical value, o - exact level of significance, £ - location-shift
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Table 3.12: Power of precedence tests, maximal precedence tests, minimal, maximal
and expected rank-sum precedence tests and Wilcoxon’s rank-sum test with n, =
No = 30

Test v s o [ Normal Exp(1) Gamma(2) Gamma(5) Gamma(10) LN{(0.25) LN{0.5)
(1) 1 4 0.05620 0.5 0.26896 0.99976 0.93586 0.57064 0.43542 0.45661 0.82589
1.0 0.61350 1.00000 0.99999 0.97496 0.88783 0.90367 0.99977

2 8 0.05139 0.5 0.31807 0.99740 0.88320 0.58801 0.47543 0.50233 $.82866

1.0 0.73553 1.00000 0.99994 0.88092 0.93015 0.94616 0.99972

3 8 0.03986 0.5 0.31657 0.98511 0.80734 0.54708 0.45403 0.48453 0.78458

1.0 0.77546 1.00000 0.99946 0.97586 0.93369 0.94924 0.99917

4 9 0.05208 0.5 0.38975 0.97582 0.80882 0.59849 0.51749 0.54755 0.80911

1.0 0.84545 1.00000 0.99919 0.08279 0.95560 0.96631 0.99926

5 10 0.06264 0.5 0.44400 0.96258 0.80528 0.62315 0.55909 0.58921 0.81648

1.0 0.88835 0.99998 0.99889 0.98487 0.96658 0.97464 0.99913

6 12 0.04202 0.5 0.38877 0.8977T1 0.70069 0.54065 0.48511 0.51056 0.72929

1.0 0.87178 0.99975 0.99530 0.97181 0.94812 0.96000 0,99729

7 13 0.04731 0.5 0.423486, 0.86835 0.68778 0.55398 0.50542 0.52993 0.72543

1.0 0.89623 0,896841 0.99359 0.97179 0.95302 0.96425 0.99643

(i1) 2 5 0.05179 0.5 0.28975 0.99895 0.87822 0.53387 0.4283% 0.45632 0.78800
1.0 0.69085 1.00000 0.99995 0.97159 £.20186 0.92235 0.99960

3 6 0.03500 0.5 0.23805 0.99564 0.77353 0.42245 0.34348 0.36973 0.67661

1.0 0.65556 1.00000 0.99963 0.94524 0.85773 0.88517 0.99831

4 [ 0.04707 0.5 0.27951 0.99567 0.77978 0.44989 0.37610 0.40311 0.69102

1.0 0.70500 1.00000 0.99965 0.95053 0.87483 0.89984 0.99843

5 [ 0.05868 0.5 0.31191 0.99570 0.78415 0.46907 0.40128 0.42736 0.70067

1.0 0.73703 1.00000 0.99967 0.95344 0.88487 0.90823 0.99848

6 7 0.03150 0.5 0.20718 0.98664 0.63997 0.32227 0.26895 0.28902 0.54597

1.0 0.60957 1.00000 0.99855 0.89387 0.78435 0.81918 0.99433

7 7 0.03672 0.5 0.22067 0.98666 0.684208 0.32924 0.27778 0.29751° 0.54915

1.0 0.62190 1.00000 0.99856 0.89513 0.78790 0.82183 0.99434

(i) 2 516 0.05179 0.5 0.31188 0.99932 0.93259 0.62341 0.48957 0.51680 0.86694
1.0 0.73017 1.00000 0.99999 0.98797 0.94104 0.95550 0.99891

3 539 0.04574 0.5 0.32940 0.99823 0.91639 0.62816 0.50446 0.53452 0.86850

1.0 0.78275 1.00000 0.99998 0.99034 0.95600 0.96833 0.99991

4 561 0.04612 0.5 0.35996 0.99766 0.91039 0.64668 0.53028 0.56132 0.87551

1.0 0.82870 1.00000 0.99998 0.99229 0.96710 0.97700 0.99983

5 582 0.04736 0.5 0.38952 0.998593 0.90348 0.66218 0.55459 0.58673 0.87887

1.0 0.86381 1.00000 0.99994 0.99331 0.97436 0.98249 0.99990

6 602 0.04944 0.5 0.41984 0.99402 0.89795 0.67653 0.57692 0.60911 0.88247

1.0 0.89039 1.00000 0.99995 0.99437 0.97919 0.98602 0.99993

7 621 0.05177 0.5 0.44591 0.99225 0.89331 0.68821 0.59549 0.62815 0.88459

1.0 0.91090 1.00000 0.99993 0.99518 0.98269 0.98856 0.89980

(1v) 2 1181 0.05139 0.5 0.31807 0.99740 0.88320 0.58801 0.47543 0.50233 0.82866
1.0 0.73553 1.00000 0.99994 0.98092 0.93015 0.94616 0.99972

3 1160 4.05082 0.5 0.35905 0.99471 0.88022 0.62319 0.51761 0.54797 0.84977

1.0 0.81050 1.00000 0.99984 0.98753 0.95551 0.96747 0.99972

4 1115 0.04964 0.5 0.38632 0.97582 0.80881 0.59764 0.51612 0.54591 0.80899

1.0 0.84425 1.006000 0.99919 0.98278 0.95551 0.96625 0.99926

5 1085 0.04996 0.5 0.41155 0.96256 0.80349 0.61314 0.53704 0.56835 0.81224

1.0 0.87801 0.99998 0.99889 0.98452 0.96503 0.97385 0.99912

6 1057 0.05052 0.5 0.43184 0.94598 0.78990 0.61633 0.54656 0.57582 0.80587

1.0 0.89821 0.99994 0.99838 0.98500 0.96772 0.97613 0.99909

7 1029 0.05009 0.5 0.44701 0.92549 6.76833 0.60774 0.54629 0.57290 0.79040

1.0 0.91202 0.99983 0.99771 0.98464 0.86931 0.97745 0.99871

(v) 2 855 0.05139 0.5 0.31807 0.99740 0.88320 0.58801 0.47543 0.50233 0.82866
1.0 0.73553 1.00000 0.99994 0.98092 0.93015 0.94616 0.99972

3 850 0.05082 0.5 0.37136 0.99472 0.88422 0.63686 0.53169 0.56212 0.85682

1.0 0.81850 1.00000 0.99984 0.988438 0.95845 0.96976 0.99975

4 841 0.04872 0.5 0.38652 0.98680 0.83142 0.80707 0.52090 0.55166 0.82198

1.0 0.84642 1.00000 0.99968 0.98549 0.95888 0.963880 0.99954

5 835 0.04987 0.5 0.41313 0.97687 0.81835 0.61906 0.54130 0.57239 0.82059

1.0 0.87942 1.00000 0.999832 0.98613 0.96658 0.97556 0.99941

6 830 0.04988 0.5 0.43394 0.96518 0.80540 0.62462 0.55147 0.58215 0.81579

1.0 0.90042 1.00000 0.99911 0.98708 0.96999 0.97782 0.99931

7 826 0.04985 0.5 0.45485 0.95444 0.79812 0.62965 0.56425 0.59208 0.81325

1.0 0.91759 0.99996 0.99889 0.98788 0.97401 0.98120 0.99922

{vi) 803 0.0482 0.5 0.58676 0.85305 0.73394 0.64069 0.61460 0.62744 0.75711
1.0 0.98094 0.99847 0.99509 0.98947 0.98542 0.98806 0.99687

Remarks: (i) - Precedence Test; (ii) - Maximal Precedence Test; (iii) - Minimal Rank-sum Precedence Test; (iv) - Maximal Rank-sum
Precedence Test; (v} - Expected Rank-sum Precedence Test; (vi) - Wilcoxon’s Rank-sum Test,

s - critical value, & - exact level of significance, 6 - location-shift
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3.6 Illustrative Examples

Nelson (1982, p. 462, Table 4.1) reported data on times to breakdown in minutes of an
insulating fluid subjected to high voltage stress. The times are divided into six groups
in the observed order. In analyzing these data, Nelson assumed an exponential model
and compared the exponential means (8x and 6y, say). He then constructed a two-
sided confidence interval for the ratio 0x/8y. If 1 is not included in the 100(1 — a)%
confidence interval for the ratio 8x /60y, it is concluded that the two exponential means
differ significantly at a% level of significance. Similarly, a one-sided 100(1 — &)%
confidence interval for the ratio 8x /6y can be used to test the hypothesis

’ Ho . GX = HY
against H; :0x < 6y. (3.6.1)

If 1 is not included in the one-sided 100(1—a)% confidence interval for the ratio 8 x /8y,
then one could conclude that there is enough evidence in support of H; in (3.6.1).
Note that testing the hypotheses in (3.6.1) is equivalent to testing the hypotheses in
(1.3.1) under the exponential model.

3.6.1 Example 3.1

Example 3.1: For the first example, let us take our X-sample and Y-sample to be
Sample 3 and Sample 2 in Nelson (1982, p.462), respectively. The observations are
reported in Table 3.13.

For this example, if we had observed up to the 7-th breakdown from the Y-
sample, then we would have observed only the first five observations from the X-
sample. In this case, we have n; = ny = 10, r = 7, my = my = 0, mzg = my = 1,
ms = 0, mg = 3, and m; = 0. Also, 0y = 1.872, fy = 1.417 and fx /6y = 1.321.
If the parametric testing procedure in Nelson (1982) (based on the assumption of
exponentiality) is used, the p-value turns out to be 0.692, which will result in accepting
H,.

For the purpose of illustration of the nonparametric tests presented in the
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Table 3.13: Times to insulating fluid breakdown data from Nelson (1982) for Samples
2and 3

X-sample(Sample 3) | 0.49 | 0.64 | 0.82 | 0.93 | 1.08 | 1.99 | 2.06 | 2.15 | 257 | 4.75
Y -sample(Sample 2) | 0.00 | 0.18 | 0.55 | 0.66 | 0.71 | 1.30 | 1.63 | 2.17 | 2.75 | 10.60

earlier sections, we have given below the values of the test statistics and their corre-

sponding p-values:

Test Test statistic | p-value
Precedence Test Pr=5 0.672
Maximal Precedence Test Mmn =3 0.625

Minimal Rank-sum Precedence Test | Wpin = 110 0.848
Maximal Rank-sum Precedence Test | Wy = 125 | 0.825
Expected Rank-sum Precedence Test | Wgr = 117.5 | 0.821

Based on these p-values, we conclude that there is a very strong evidence that

the null hypothesis that the two samples are identically distributed is true.

3.6.2 Example 3.2

Example 3.2: For the second example, let us consider X-sample and Y-sample to
be Sample 3 and Sample 6 in Nelson (1982), respectively. The observations are shown
in Table 3.14.

For this data, if we had observed up to the 6-th breakdown from the Y-sample,
then the first nine observations from the X-sample would have been observed. In this
case, we have ny = ny =10, r =6, my =5, my = m3 = 0, mgy = 2, ms = 0 and
me = 2. The following are the values of the test statistics and the corresponding

p-values:
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Table 3.14: Times to insulating fluid breakdown data from Nelson (1982) for Samples
3 and 6

X-sample(Sample 3) | 0.49 | 0.64 | 0.82 | 0.93 | 1.08 | 1.99 | 2.06 | 2.15 | 2.57 | 4.75
Y-sample(Sample 6) | 1.34 | 1.49 | 1.56 | 2.10 [ 2.12 | 3.83 | 3.97 | 5.13 | 7.21 | 8.71

Test Test statistic | p-value
Precedence Test P, =9 0.065
Maximal Precedence Test Mz =5 0.097

Minimal Rank-sum Precedence Test Weain = 77 0.029
Maximal Rank-sum Precedence Test | Wihax = 81 0.023
Expected Rank-sum Precedence Test Wg =179 0.025

From these p-values, we observe that the data provide enough evidence to
reject Hy.

The testing procedures we proposed here are applicable even though only a few
early failures from the two samples are available as data. Furthermore, the decisions
are reached without making any assumption on the life-time distributions underlying
the two samples.

However, if one is willing to assume exponential distributions for the two sam-
ples, then we will find éX = 1.7, fy = 4.627 and éX/éy = 0.367, and the p-value of
the test to be 0.027 [see Nelson (1982)] based on which we will decide to reject Hp

once again.

3.7 Summary and Conclusions

In this chapter, we introduced three Wilcoxon-type rank-sum precedence tests and
derived their exact null distributions as well as their exact power functions under
Lehmann alternatives. We simulated their power for various sample sizes and com-

pared their performance with those of the precedence test, the maximal precedence
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test and the classical Wilcoxon’s rank-sum test. Based on these results, we recom-
mend the use of the Wilcoxon’s minimal rank-sum precedence test. Finally, upon
noting that the normal approximation for the null distribution is not generally sat-
isfactory, we proposed an Edgeworth approximation and displayed that this method

yields a very good approximation for the critical value.



Chapter 4

Weighted Precedence and Maximal

Precedence Tests

4.1 Introduction

In this chapter, we introduce weighted precedence and maximal precedence tests
for testing the hypothesis (1.3.1) that two distribution functions are equal, which
is another logical extension of the precedence and maximal precedence tests. The
motivation is explained by the following two cases in the example mentioned earlier
in Section 1.3.
Example 4.1: A manufacturer of electronic components wishes to compare two
designs A and B with respect to life. Specifically, he wants to abandon design A if
there is evidence at the 0.05 level that it has shorter life. He places n; = 10 samples
of design A and n; = 10 samples of design B simultaneously on a life-test. The test
will be terminated when the 5-th failure from samples of design B occurs. Figure 4.1
and 4.2 show two possible outcomes of the life-testing experiment in this example.
The precedence and maximal precedence test statistics are equal in both cases.
The test statistics are F(s) = 8 and M(5) = 5. In Tables 1.1 and 1.2, we have the critical
values with n; = ny = 10 and r = 5 as 9 (with level of significance 0.02864) and 6
(with level of significance 0.02709) for the precedence and maximal precedence tests,

respectively. Therefore, we will not reject the null hypothesis that two distributions
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Case 1:
my=my=m3z=0 my =3 ms =5
Ay , , B & &6
! ! I‘X‘lzm X2:an3:n1 X4:'n1 X5:'n.1 X6:n1 X’r’:n—XS:nl'
| ] | ] ]
| 1 ! | |
t | | | 1
| | | | |
I ] | ] |
B, & & & & &—
Yl:ng YZ:ng Y3:n2 Y4:n2 Y.E":ng
Figure 4.1: Case 1 of the precedence life-test for Example 4.1
Case 2:
m1=5 m2=3 m3=m4=m5=0
Arg—e—o—0—0—0—0—0— ] , —
Xl:nl)(2:n1 X3:n1X4:nX5:nllX6:n1 X7:an8:n1‘ { ! !
! | 1 1 |
| | | | |
| | | ] |
| | | | |
| | | | |
B, & ® @ & &
}/1:712 .)/2:712 Y:’i:ng Y:i:nz 1/5:77,2

Figure 4.2: Case 2 of the precedence life-test for Example 4.1
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are equal in both cases at the same level of significance. However, we feel that
Case 2 provides much more evidence that the samples of design B is better than the
samples of design A. This suggests that we should develop a testing procedure that
distinguishes between Case 1 and Case 2. This is the basis for us to propose here the

weighted precedence and maximal precedence tests.

4.2 Test Statistics and Null Distributions

In this section, we propose the weighted precedence and maximal precedence tests by
giving a decreasing weight to m; as ¢ increases. The weighted precedence test statistic
Py is defined as

r

Poy=3_(na—i+1)m;, (4.2.1)

i=1

and the weighted precedence test statistic M, as
MGy = max {(na —i+1)m;}. (4.2.2)

It is obvious that large values of F(;y or M(;) would lead to the rejection of Hp and in
favor of H; in (1.3.1).

For a fixed level of significance a, the critical region for the weighted precedence
test will be {s,s+1,...,n;}, where

a=Pr(P’ > s|Fx = Fy). (4.2.3)

It follows from the result of Theorem 2.1 that, for specified values of ny,nq,s
and r, an expression for « in (4.2.3) is given by

o= > Pr(M, = my, My =my,..., M, =m,|Fx = Fy). (4.2.4)
m;{$=1,2,...,7)=0 :

s<Y o ry (e —i+1)mi<ny

Similarly, for a fixed level of significance «, the critical region for the weighted

maximal precedence test will be {¢,2 +1,...,n;}, where

a = PI‘(M(’:) Z t|FX = Fy)
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ny

= z PI‘(M] =m1,M2 =m2,...,Mr = m,lFX = FY),
Com(i=1,2,...,7)=0
tslgggr(nz—iﬂ)miﬁnl

(4.2.5)
where
(n1+n2—- imi-—r>
i=1
PI‘(M1=m1,Mg=m2,...,Mr=m,~lszFy): e — 7

ny + na
( n2 )

The critical values s and ¢ and the exact level of significance « (as close as
possible to 5%) for different choices of the sample sizes n; and ny and r = 2(1)5 are
presented in Tables 4.1 and 4.2, respectively. It should be noted that for r = 1, the
test statistics Fj) and M}, become identical with F;) and My, respectiv_ely.

For example, refer to Example 4.1, Case 1; in this case, the weighted prece-
dence and maximal precedence test statistics are P, = (7T x3)+(6 x5) = 51
and M = max{(7 x 3),(6 x 5)} = 30. In Case 2, the weighted precedence
and maximal precedence test statistics are P, = (10 x 5) + (9 x 3) = 77 and
M, = max{(10 x 5),(9 x 3)} = 50. Comparing these with the critical values in
Tables 4.1 and 4.2, we will not reject the null hypothesis that two distributions are
equal in Case 1, but we will conclude that design B is better than design A in Case

2 at close to 5% level of significance.
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Table 4.1: Near 5% critical values and exact levels of significance for the weighted
precedence test statistic P,

r=2 r=3 r=4 r=235
ny ng | s (exact lLoss.) s (exact Lo.s.) s (exact l.o.s.) s (exactlo.s.)
10 10| 48(0.04954) 56(0.05096) 62(0.05065) 66(0.05108)
15 15| 75(0.04741) 95(0.04945) 107(0.05094)  118(0.04991)
20 20 | 100(0.05326)  133(0.04979)  152(0.05023)  171(0.04967)
30 30 ; 174(0.05139)  205(0.05082)  250(0.04964)  280(0.04996)
30 50 | 198(0.04803) 245(0.04945)  290(0.05040)  333(0.04965)

Table 4.2: Near 5% critical values and exact levels of significance for the weighted
maximal precedence test statistic M,

r=2 r=3 r=4 r=195
ny my |t (exact Los.) ¢ (exact los.) ¢ (exactlos.) ¢t (exactlo.s.)
10 10 | 40(0.05954)  45(0.03792)  42(0.04334)  42(0.04489)
15 15| 70(0.04205)  70(0.05042)  72(0.04627)  72(0.04942)
20 20| 95(0.04691) 100(0.04359)  100(0.05357)  102(0.04439)
30 30 | 145(0.05179)  150(0.04943)  162(0.04707)  162(0.05225)
30 50 | 150(0.06610) 192(0.05138)  196(0.04604)  196(0.05181)
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4.3 Exact Power Under Lehmann Alternative

Here, we present an explicit expression for the power function of the weighted prece-
dence and maximal precedence tests under the Lehmann alternative H; : [Fx|?" = Fy
for some v (see Section 2.3 for pertinent formulas).

The power functions under the Lehmann alternative for weighted precedence

and maximal precedence tests are given by

1

Power = Z Pr(My = my, My = mo,..., M, = m.|[Fx]|" = Fy),
S e Dy
(4.3.6)
and
Power = nzl Pr(M, = mqy, M2 = m,, ..., M, = m.|[Fx]" = Fy),
e |
(4.3.7)
respectively, where
Pr(M; = my, My = ma, ..., M, = m,|[Fx]" = Fy)
nalngly” ;1 L (gi:l m; + j7>
e L C—
xZ(n-) (—1>’°P("émi+(r+k)7> (43.8)
=\ k [(ni+(r+ky+1) -

Now, we compare the power under the Lehmann alternative for the precedence
test (PT), maximal precedence test (MPT), the weighted precedence test (WPT),
and the weighted maximal precedence test (WMPT). For n; = ny = 10, r = 2,3
and v = 2(1)6, the exact power values computed from (4.3.6)-(4.3.8) are presented in
Table 4.3.

From Table 4.3, we see clearly that the weighted precedence and maximal

precedence tests yield better power performance than the precedence and maximal
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Table 4.3: Power comparison under Lehmann alternative for ny = ny = 10,7 = 2,3
and vy = 2(1)6

r Test vy=1 y=2 v=3 vy=4 y=25 Yy=26
2 PT 0.02864 0.23970 0.49048 0.67299 0.78963 0.86216
MPT | 0.03250 0.22095 0.45342 0.63634 0.76059 0.84119
WPT | 0.04954 0.35681 0.64389 0.80970 0.89619 0.94126
WMPT | 0.05954 0.35732 0.62980 0.79435 0.88451 0.93342
3 PT 0.03489  0.24581 0.48087 0.65212 0.76460 0.83731
MPT | 0.04875 0.24178 0.46802 0.64561 0.76641 0.84490
WPT | 0.05096 0.35100 0.63139 0.79597 0.88402 0.93137
WMPT | 0.03792 0.22811 0.45815 0.63914 0.76225 0.84220

precedence tests under Lehmann alternative, with weighted precedence test being
overall the best.

4.4 Simulated Power Under Location—Shift Alter-

native

In order to further examine the power properties of the precedence and maximal
precedence tests with the corresponding weighted versions, we consider the location-
shift alternative H; : Fx(z) = Fy(z + 0) for some 6 > 0, where # is a shift in
location.

Power of all four tests were estimated through Monte Carlo simulations when
6 = 0.5 and 1.0. The following lifetime distributions were used in this study:

1. Standard normal distribution;

2. Standard exponential distribution;

3. Gamma distribution with shape parameter ¢ and standardized by mean a
and standard deviation +/a;

4. Lognormal distribution with shape parameter o and standardized by mean

e°’/? and standard deviation y/e”*(e?® — 1);

5. Standard extreme-value distribution standardized by mean —0.5772156649
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(Euler’s constant) and standard deviation 7//6.

For different choices of sample sizes, we generated 10,000 sets of data in order to
obtain the estimated rejection rates. In Tables 4.4 and 4.5, we have presented the
estimated power values of the precedence and maximal precedence tests and their
weighted versions for r = 2(1)6 for the distributions listed above with location-shift
being equal to 0.5 and 1.0. For comparison purposes, the corresponding exact levels
of significance are also presented.

When we compare the power values of the weighted precedence and maxi-
mal precedence tests with those of precedence and maximal precedence tests, we
find that the weighted precedence and maximal precedence tests perform better than
the precedence and maximal precedence tests if the underlying distributions are right-
skewed, such as the exponential distribution, gamma distribution with shape parame-
ter a = 2.0, and lognormal distribution with shape parameter o = 0.5. In addition,
even if the underlying distributions are nearly symmetric, the power values of the
weighted precedence and maximal precedence tests are close to those of usual prece-
dence and maximal precedence tests. Overall, we find that the weighted precedence

test outperforms the other tests in almost all cases considered.
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Table 4.4: Power of precedence, maximal precedence, weighted precedence and max-
imal precedence tests for n; =ny, = 10

=05 4=1.0
r Dist. PT MPT WPT WMPT PT MPT WPT ~WMPT
2 Exact Lo.s. | 0.0286° 0.,0325 0.0495 0.0595 0.0286 0.0325 0.0495 0.0595
N(O,l) 0.1496 0.1417 0.2275 0.2309 0.4243 0.3768 0.5278 0.5087
Exp(1) 0.3916 0.4923 0.6145 0.7197 0.8376 0.9177 0.9468 0.9784
Gamma(2) | 0.2525 0.2474  0.4080 0.4344 0.6879 0.7303 0.8525 0.8881
Gamma(10) | 0.1731 0.1611 0.2708 0.2735 0.5060 0.4569 = 0.6487 0.6313
LN(O.I) 0.1603  0.1479 0.2379 0.2457 0.4571 ° 0.4083 0.5803 0.5535
LN(O.S) 0.2693 0.2543 0.4206 0.4301 0.7253 0.7327 . 0.8727 0.8801
EV 0.1463 0.1388 0.2002 0.2034 0.3969.. 0.3573  0.4691 0.4504
3 Exact Lo.s. | 0.0349 0.0487 0.0510 0.0379 0.0349 0.0487 = 0.0510 0.0379
N(O,l) 0.1779 = 0.1753 0.2400 0.1542 0.4813 0.4171  0.5839 0.3942
Exp( 1) 0.3073 04949 0.5124 0.4886 0.7239 09178 0.8824 0.9164
Ga.mma.(2) 0.2343  0.2579 0.3707 0.2483 0.6148 0.7327 0.7987 0.7338
Gamma(lo) 0.1893 0.1870 0.2724 0.1739 0.5177 0.4765 0.6540 0.4610
LN(0.1) 0.1828 0.1781 0.2518 0.1562 0.4964 0.4395 0.6087 0.4145
LN(0.5) 0.2571 0.2678 0.3839 0.2559 0.6676.  0.7360 0.8221 0.7289
EV 0.1941 0:.1869 0.2414 0.1584 0.5204  0.4398 0.5769 0.4007
4 Exact Lo.s. | 0.0348 0.0650 0.0507 0.0449 0.0348-  0.0650- 0.0507 0.0449
N(O,l) 0.1771  0.1993 © 0.2492 0.1715 0.4799 0.4359 . 0.6083 0.3984
Exp(l) 0.2251 0.4974 - 0.4210 0.4854 0.5767 0.9181 0.7921 0.9155
Gamma(2) 0.1936  0.2653  0.3360 0.2522 0.5114 0.7344 0.7172 0.7446
Gamma(10) | 0.1755 0.2040 0.2684 0.1791 0.4758  0.4853 0.6435 0.4711
LN(0.1) 0.1777  0.1990 0.2560 0.1709 0.4783 0.4538 0.6165 0:4170
LN(0.5) 0.2149 0.2768 0.3549 0.2671 0.5656 0.7376 0.7765 0.7381
EV 0.2221  0.2228 0.2720 0.1799 0.5935 0:4862 0.6499 0.4330
5 Exact Lo.s. | 00271 0.0271 0.0511 0.0449 0.0271 0.0271 0.0511 0.0449
N(0,1) 0.1473 0.0901 0.2558 0.1638 0.4245 0.2482 0.6332 0.4047
Exp(1) 0.1453 0.2684 0.4246 0.4857 0.3960 0.7791 0.8193 0.9111
Ga.mma(Z) 0.1380 0.1197 0.3372 0.2512 0.3725. 0.5136 0.7373 0.7409
Gamma(10) | 0.1388 - 0.0895 0.2669 0.1739 0.3833 0.2833 0.6558 0.4684
LN(0.1) 0.1444 0.0905 0.2609 0.1684 0.4038 0.2586 0.6334 0.4262
LN(0.5) 0.1527 0.1297 0.3541 0.2702 0.4144 (.5284  0.7821 0.7464
EV 0.2143 0.1131 0.2935 0.1699 0.6073 0.2945 0.7073 0.4223
6 Exactlo.s. | 00704 0.0325 0.0490 0.0449 0.0704 - 0.0325 0.0490 0.0449
N(O,l) 0.2659 ~ 0.0938 0.2589 0.1715 0.5832  0.2496 0.6372 0.3984
Exp(1) 0.2385  0.2690 0.4105 0.4854 0.4991 0.7791 0.7965 0.9155
Gamma.(2) 0.2344° 0.1208 0.3255 0.2522 0.4954 0.5138 0.7200 0.7446
Gamma(10) | 0.2436 0.0921 = 0.2794 0.1791 0.5266 0.2839 0.6643 0.4711
LN(0.1) 0.2567 © 0.0938 0.2597 0.1709 0.5545 0.2596 - 0.6380 0.4170
LN(0.5) 0.2531° 0.1309 0.3466 0.2671 0.5314 0.5286 0.7620 0.7381
EV 0.3716 0.1203 0.3021 0.1799 0.7785 0.3000 0.7407 0.4330
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Table 4.5: Power of precedence, maximal precedence, weighted precedence and max-
imal precedence tests for ny = ny = 20

=05 #=1.0
r Dist. PT MPT WPT WMPT PT MPT WPT WMPT
2 Exact l.o.s. 0.0457 0.0469. 0.0533 0.0469 0.0457 0.0468 0.0533 0.0469
N{0,1) 0.2662  0.2434 ~ 0.2906 0.2401 0.6529 0.5994 0.6780 0.5985

Exp(1) 0.9355 -0.9634 0.9700 09642 | 0.9998 1.0000 0.9998  0.9998
Gamma(2) ‘| 0.6711 0.6580 0.7352 0.6563 | 0.9914 0.9934 0.9958  0.9932
Gamma(10) | 0.3638 0.3235 0.3929  0.3240 | 0.8371 0.7893 0.8599  0,7905
LN(0.1) 0.3038 * 0.2741 0.3201  0.2664 | 0.7338  0.6788 0.7575 0.6743
LN(0.5) 0.6453 0.5983 0.6917 0.6048 | 0.9201 0.9882 0.9940 0.9885
EV 0.1992  0.1865 0.2154 0.1845 | 0.4774 0.4412 0.5001 0.4481

3 | Exactlos. | 0.0637 0.0302 0.0498 0.0436. | 0.0637 0.0302  0.0498 0.0436
N{0,1) 0.3485  0.1811 0.3096  ~ 0.2328 | 0.7615 0.5249 0.7359 : 0.6088
Exp(1) 0.8034 0.8061 0.9015 0.9626 | 0.9993 - 0.9996 - 0.9994  1.0000

Gamma(2) | 0.6767 0.4842 0.6741 - 0.6488 | 0.9886 0.9785 0.9886 0.9913
Gamma(10) | 0.4391 0.2333  0.4102 - 0.3169 | 0.8891  0.6880 0.8816 0.7941
LN(0.1) 0.3833 © 0.2009 0.3486  0.2699 | 0.8210 0.5894 0.8047 0.6874
LN(0.5) 0.6838 0.4468 0.6769  0.5879 | 0.9907 0.9644 0.9908  0.9857
EV 0.2864 - 0.1549 0.2493 0.1933 | 0.6310 0.4285 0.5919  0.4823

4 | Exact lo.s. | 0.0412 0.0403 = 0.0502  0.0536 | 0.0412 0.0403 0.0502 0.0536
N(0,1) 0.2947 - 0.2138 0.3301 0.2576 | 0.7352 0.5605 0.7800  0.6381
Exp(1) 0.7499 0.9053 0.8582 0.9617 | 0.9932  0.9997 0.9986 1.0000

Gamma(2) | 0.5317 0.4949 06453 0.6603 | 0.9615 0.9790 0.9829  0.991¢9
Gamma(10) | 0.3583 - 0.2546 0.4231 0.3442 | 0.8418 0.7030 0.8900 0.7923
LN(0.1) 0.3219°.  0.2273 0.3695 0.29064 | 0.7877 0.6170 0.8298 0.7160
LN(0.5) 0.5614 0.4572 - 0.6640 . 0.5993 | 0.9716 0.9662 0.9881 0.9872
EV 0.2642 = 0.1963 0.2864 0.2304 | 0.6594 ~0.5061 0.6751 0.5459

5 | Exact Lo.s. | 0.0479 0.0503 0.0497 = 0.0444 | 0.0479 = 0.0503 0.0497 0.0444
N{0,1) 0.3317 0.2360 0.3501  0.2251 | 0.7787 0.5833 0.7999  0.5641
Exp(1) 0.6904 0.9058 0.8043 0.9038 | 0.9864 09997 0.8964  0.9993

Gamma(2) | 0.5173 0.5004 0.5978 0.4968 | 0.9487 (0.9793  0.9749 0.9770
Gamma(10) | 0.3808 0.2709  0.4189  0.2631 | 0.8532 0.7115 0.8852 0.7071
LN(0.1) 0.3525 0.2472 0.3818 0.2471 | 0.8163 0.6327 0.8401 0.6320
LN(0.5} 0.5555 0.4642 0.6250 0.4574 | 0.9648 0.9666 0.9840 0.9641

EV 0.3182 ~ 0.2276 0.3128  0.2010 | 0.7423 0.5564 0.7448 = 0.5358
6 | Exactlo.s. [ 0.0527 - 0.0602 0.0495 0.0485 | 0.0527 0.0602 0.0495  0.0485
N(0,1) 0.3565 0.2545 0.3598  0.2252 | 0.8055 0.5977 0.8208 0.5729

Exp(1) 0.6291 0.9062°  0.7498 0.9023 | 0.9733 0.9997 0.9912  0.9997
Gamma(2) | 0.4966 0.5044 0.5678 0.4969 | 0.9323 = 0.9796 0.9642 0.9751
Gamma(10) | 0.3920 0.2834 - 0.4210 0.2667 | 0.8558 ~0.7171 ~ 0.8813 = 0.7015
LN(0.1) 0.3706 .0.2626 0.3777 0.2428 | 0.8295 0.6423 0.8604 = 0.6303
LN(0.5) 0.5369 0.4688 0.5982  0.4581 0.9540 0.9668 0.9770  0.9668
EV 0.3620 0.2560 0.3500 0.2254 | 0.8055  0.5974 0.8039  0.5609
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Table 4.6: Times to insulating fluid breakdown data from Nelson (1982) for Samples
2 and 3

X-sample(Sample 3) | 0.49 | 0.64 | 0.82 | 0.93 | 1.08 | 1.99 | 2.06 | 2.15 | 2.57 | 4.75
Y -sample(Sample 2) | 0.00 | 0.18 | 0.55 | 0.66 | 0.71 | 1.30 | 1.63 | 2.17 | 2.75 | 10.60

4.5 Illustrative Example

We illustrate here the weighted precedence and maximal precedence tests proposed
in Section 4.3.
Example 4.2: Refer to Example 3.1; let us take the X-sample and Y-sample to be
Sample 3 and Sample 2 in Nelson (1982, p. 462), respectively. In this example, if
we had observed only up to the 6-th breakdown from the Y-sample, then we would
have observed only the first five X-failures. The resulting observations are presented
in Table 4.6.

In this case, we would have ny = ny = 10, r = 5, m; = mqy = 0, m3 =
mq =1, ms = 0 and me = 3. Also, §x = 1.872, fy = 1.417 and fx/fy = 1.321.
If the parametric testing procedure in Nelson (1982) (based on the assumption of
exponentiality) is used, the p-value will be 0.692, which will result in us accepting
H,.

For the purpose of illustration of the nonparametric tests discussed in the
preceding sections, we present the following values of the test statistics and their

corresponding p-values:

Test Test statistic | p-value
Precedence Test Pey =5 0.672
Maximal Precedence Test Mgy =3 0.552
Weighted Precedence Test Pl =30 0.744
Weighted Maximal Precedence Test | My =15 0.756

Based on these p-values, we once again do not reject the null hypothesis that

the two samples are identically distributed.



Chapter 5

An Extension to Progressive

Censoring

5.1 Introduction

As mentioned earlier in Section 1.3, precedence and maximal precedence tests are
particularly useful (i) when life-tests involve expensive units since the units that had
not failed could be used for some other testing purposes, and (ii) to make quick
and reliable decisions early on in the life-testing experiment. We note here that in
a precedence test, since the life testing continues until the occurrence of the r-th
Y-failure, it may be viewed as a test based on a Type-II right censored Y-sample.
Therefore, if we want to save the testing units at an early stage of the life-test, a
Type-II progressive censoring scheme may instead be employed on the Y-sample [see
Balakrishnan and Aggarawala (2000)]. This will then be a logical extension of the

precedence and maximal precedence tests.
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5.2 Test Statistics and Null Distributions

5.2.1 Test Statistics

Suppose a Type-11 progressive censoring scheme is to be adopted on the Y-sample
which means that a number r < n, is prefixed for the number of complete failures to be
observed and the censoring scheme (R;, Ro, ..., R,) with R; > 0 and }5 Ri+r=n,
is to be employed at the failure times. During the life-testing expefr-i;nent, at the
time of the j-th failure, R; functioning items are randomly removed from the test.
We denote such an observed ordered Y-sample by Yiim, < Yoirm, < ... £ Yoin,.
Moreover, we denote by M; the number of X-failures before Yi.r.n,, and by M; the
number of X-failures between Yi_1.rim, and Yirin,, 1 =2,3,..., 7.

Then, based on M;, M, ..., M,, we propose the weighted precedence test sta-
tistic P}, [analogous to (4.2.1)] as

P(’:.) = zr: I:’nz - (i RJ) -1+ 1] m;, (5.2.1)

=1 7=1

and the weighted maximal precedence test statistic M, [analogous to (4.2.2)] as

i—1

J=1

For example, from Figure 5.1, with n, = 10, 7 = 4 and the censoring scheme
(2,1,1,2), the weighted precedence test statistic becomes Py, = (10 x 0)+ (7 x 3) +
(5 x 4) + (3 x 1) = 44, while the weighted maximal precedence test statistic becomes
My = max{(10 x 0),(7 x 3),(5 x 4),(3 x 1)} = 21. It is clear that large values of
P(";) or M(*r) would lead to the rejection of Hy and in favor of H; in (1.3.1).

It is important to mention here that the weighted precedence and maximal
precedence test statistics defined earlier in (4.2.1) and (4.2.2) become special cases

when we set the progressive censoring scheme as Ry = R, = ... = R,_; = 0 and

R,-=TL2—-7‘.
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Figure 5.1: Schematic representation of a precedence life-test with progressive cen-
soring

5.2.2 Null Distributions

Theorem 5.1 With a Type-1I progressive censoﬁng on the Y -sample, under the null
hypothesis Fx = Fy, the joint probability mass function of My, M,, ..., M, is given
by

PI‘(Ml mi, Mg ma,. Mr = My l FX = Fy)

E;_ Ri— Z =1 j' r=1 -R/, . ! .
= C Z {H(zgl . i.Z_:ljz)F(mz—i-j[_{,l-l-l)}
=0 (k=1,2,...,r~1) Ji
r r—1
I’(nl—i—nz—r—-Zmi—— Z];+1>

=1 1=1

F(Tll + Mg + 1) ’

(5.2.3)

where

nlinz(ng—Rl—1)---(n2-—-R1——R2-—...——R,_1—-r—{—l)
mylms!---m,! (nl—— im,)!

z==1

C=

Proof: The derivation of the formula in (5.2.3) is presented in Appendix B.

For the weighted precedence test with specified values of n;,n,,s,r and the
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Table 5.1: Near 5% critical values and exact levels of significance for the modified
precedence test statistic Py under progressive censoring

T =2

=3 r=4 r=25
censoring Cenaoxing CensOring censoring

ny - ng scheme s (exact l.o.g) scheme s (exact lo.s) scheme s (exact Lo.s) scheme s {exact L.o.3)
1010 | - (8,0) 37(0.05108) 7,0,0) 42(0.04829) (6,0,0,0) 45(0.05166) | (5,0,0,0,0) 45(0.05151)
(6:2) 41(0.04782) (5,1,1) 46(0.04913) (3,1,1,1) 52(0.05349) | (3,0,0,0,2) 56(0.05092)

(4,4) 45(0,05037) (2,2,3) 51{0.04956) {1,1,2,2) 57(0.04929) | (1,1,1,1,1) 60(0.04923)

515 {13.0) 50(0.04981) {12,0,0 €6(0.04949) {i1,0,0,0) 72(0.05051) " | (10,0,0,0,0) 73(0.04875)
(10,3) 65{0.05164) (10,1,1) 72(0.04944) (8,1,1,1) 82(0.04943) | (8,1,1,1,1) 93(0.04845)

(6,7) 71(0.04903) (4,4,4) 85{0.05235) (2,3;3,3) 96{0.05039) | (2,2,2,2,2) 105{0.04884)

20 26 (18,0 83(0.04955) (17.0,0) 36(0.05052) (16,0,0,0] 39(0.05036) | (15,0,0,0,0) 108(0.05045)
(14,4) 95(0.04691) (14,2,1) 102(0.04865) (13,1,1,1) 112¢0.05105) | (11,1,1,1,1) 126(0.05171)

(9,9) 100(0.05680) (5,6,6) 119(0.05061) (4,4,4,4) 140{0.04559) | (3,3,3.3,3) 152(0.05002)

30 30 (28,0 126(0.04951) | (27,0,0) 136(0.05008) (36,0,0,0) 183(0.05047) | (25,0,0,0,0)  168(0.04947)
(22,6} 148(0.05004) | (22,3,2) 162(0.05064) (21,2,2,2) 180(0.04980) | (20,2,1,1,1)  196{0.05069)

(14,14) 165(0.04498) (9,9,9) 190(0.05528) (6,6,7,7) 222(0.05051) | (5.5,5,5,5) 252(0.04813)

35 50 @3,9) 150(0.04942) | (47,0,0) 153(0.05032) 136,0,0,0) 170(0.04582) | (45,0,0,8,0) 185(0.04590)
(38,10) 165(0.04862) (38,5,4) 188(0.04970) (37,2,3,3) 212(0.04965) | (36,3,2,2,2) 230(0.04949)

(24,24) 175(0,08151) | (15,16,16)  219(0.05007) | (11,11,12,12) = 255(0.04929) | (9,9,9,9,9) 290(0.05121)

progressive censoring scheme ( Ry, Rz,..., R,), an expression for the level of signifi-

cance a is obtained from (5.2.3) as

n1

>

m;(i=1,2,...,7)=0

552;1 [ng-— (Z;:l Rj) —i+1] m;<ny

PI‘(Ml =m1,M2=m2,...,Mr =m,.|FX=Fy).

(5.2.4)

Similarly, for the weighted maximal precedence test with specified values of

ni,n2,t, and the censoring scheme (Ry, R,. .., R.), an expression for a is given by

ni

>

my{i=1,2,...,r)=0

t< max

i-1 5 ) ,
sz [nz—(zj;.l RJ) z+1] m;<ny

PI‘(Ml——-—ml,Mz:mg,...,Mr:mrIFX:FY),

(5.2.5)

where Pr(M; = my, My = mg,...,M, =m, | Fx = Fy) is as given in (5.2.3).

The critical values s, t and the exact level of significance « (as close as possible

to 5%) for different choices of the sample sizes n; and na, r = 2(1)5, and different

progressive censoring schemes, are presented in Tables 5.1 and 5.2.
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Table 5.2: Near 5% critical values and exact levels of significance for the maximal
precedence test statistic M(*r) under progressive censoring

=2 r=3 =4 r=35
CENSOTIng Censoring censoring Censoring

n1 na scheme t (exact l.o.s) scheme t {exact l.o.s) scheme t {exact l.o.3) scheme t (exact i.0.8)
010 5.0 406(0.04334) (7,0,0) 46({0.04334) (5,8,0,0) 40(0.04334) | (5,0,0,0,0) 35(0.05254)
(6,2) 40(0.04334) (5,1,1) 32(0.05294) (3,1,1,1) 40{0.05059) | (3,0,0,0,2) 40{0.05283)

(4,4) 40{0.04773) (2,2,3) 406(0.05567) (1,1,2,2) 40(0.06985) | (1,1,1,1,1) 40(0.06994)

B 15 (13.6) §0(0.04581) | (12,0,0) §0(0.04981) {11,0,6,0) 60(0.04981) | (10,0,0,0,0) 86(0.04994)
{10,3) 60(0.04994) (10,1,1) 60{0.04994) (8,1,1,1) 60(0.05600)- | (8,1,1,1,1) 60(0.06338)

(6,7} 60(0D.05986) {4,4,4) 65(0.03202) {2,3,3,3) £4(0.04202) (2,2,2,2,2) €3(0.04669)

20 20 (18,0) 80(0.05301) | (17,0,0) 80(0.05301) (16,0,0,0) 86(0.05301) | (15,0,0,0,0) 80(0.05306)
(14,4) 20(0.05463) (14,2,1) 80(0.05463) (13,1,1,1) 80(0.05595) | (11,1,1,1,1) 30(0.06578)

(5,9) 90(0.03313) (5,6,6) 84(0.05222) (4,4,4,4) 90{0.05136) | (3,3,3,3,3) 96(0.04975)

30 30 2%,0) 120(0.05620) (27,0,0) 120(0.65620) 126,0,0,0) 120(0.05620) | (25,0,0,0,0)  120(0.05621)
(22,6) 120(0.06012) | (22,3,2) 120(0.06012) (21,2,2,2) 120(0.06491) ' | (20,2,1,1,1)  126(0.03521}

(14,14) 135(0.04024) (9,9,9) 130(0.05092) (6,6,7,7) 144(0.04837) (5,5,5,5,5) 150(0.04488)

30 50 (48,0) 150{0.04942) (47,0,0) 150(0.04942) (46,6,6,0) 150{0.04942) (45,0,0,0,0) 108(0.04999)
(38,10) 150(0.05302) (38,5,4) 150(0.05302) (87,3,3,3) 150(0,05430) | 36,3,2,2,2)  150(0.05571)

(24,24) 150(0.06803) | (15,16,16)  153(0.04330) | (11,11,12,12)  156(0.04935) | (9:9,9,9,9) 170(0.04295)

5.3 Exact Power Under Lehmann Alternative

Theorem 5.2 With a Type-II progressive censoring on the Y-sample, under the
Lehmann alternative [Fx|" = Fy,v > 1, the joint probability mass function of M,
M,, ..., M, is given by

PI‘(Ml =m1,M2=m2,...,Mr=m,, | [Fx]’ysz)

- oy % (Rl)(&)...(}?”)(—l)@j‘)

Fi(¢=1,2,...,r)=0 J1 J2 Ir

e (o))

k=1 =1 i=1
B(Emﬁ-’y(Z]}) +T7,n1-—2mi+l)}. (5.3.1)
1=1 i=1 1==1
Proof: The derivation of the formula in (5.3.1) is presented in Appendix B.
The power function of the precedence and maximal precedence tests under the

Lehmann alternative are then given by

n1

Z PI'(Ml=M1,M2=m2,...,Mr=mrl[FX]'Y__:Fy)

m;(i=1,2,...,7)=0
< [ (S5 Bs) i mesms
(5.3.2)
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Table 5.3: Power values under Lehmann alternative for n; = ny, = 10,7 = 2 and
~v=2(1)6

Censoring Scheme Test y=1 vy=2 v=3 y=4 vy=5 vy=6

- (0,8) WPT - | 0.04954 0.35681 - 0.64389 0.80970 0.89619 0.94126
WMPT | 0.05954 0.35732 0.62980 0.79435 0.88451 0.93342

(8,0) WPT | 0.05108 0.34707 - 0.62563 0.79312  0.88424 0.93340
WMPT | 0.04334 0.31471.  0.58850 0.76277 0.86219 0.91805

(6,2) WPT | 0.04782 0.35013 0.63832 0.80730 0.89596 0.94204
WMPT | 0.04334 0.31471 0.58850  0.76277 0.86219 0.91805

(4,4) WPT | 0.05037 0.36112 0.65009 0.81566 0.90104 0.94495
WMPT | 0.04773 0.32292 0.59495 0.76692 0.86471 - 0.91958

and
7y

Z Pr(M1=m1,M2=m2,...,Mr=m,.|[FX]7=Fy),

my(i=1,2,...,7)=0
i1 .
sz (T ) v s

(5.3.3)
respectively, where Pr(M; = my, My = ma,..., M, = m, | [Fx]” = Fy) is as given in
(5.3.1).

In Table 5.3, we have presented the exact power values computed from (5.3.2)

and (5.3.3) for n; = ny = 10, r = 2, v = 2(1)6, and four different progressive

censoring schemes.

5.4 Monte Carlo Power Comparison Under

Location-Shift Alternative

Power of the weighted precedence and maximal precedence tests with r = 2(1)6 were
all estimated through Monte Carlo simulations for location-shift § = 0.5 and 1.0.
The lifetime distributions listed earlier in Section 3.5 were used in the Monte Carlo
simulations. Once again, we generated 10,000 sets of data in order to determine the
estimated rejection rates. In Tables 5.4-5.7, we have presented these estimated power

values as well as the corresponding exact levels of significance.
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From Tables 5.4-5.7, upon comparing the power values of the weighted prece-
dence and maximal precedence tests for different censoring schemes, we find that the
Type-I1 progressive censoring with R; = ny — r gives better power performance when
the underlying distributions are right-skewed. For example, in Table 5.4, under the
Gamma distribution with @ = 2.0, the power of the weighted precedence test with
r =3, 0 = 1.0 and censoring scheme (7,0,0) is 0.8912 (with exact level of significance
as 0.04829) while the corresponding power for the censoring scheme (0,0,7) is 0.7987
(with exact level of significance as 0.05096). Thus, in this case, we can withdraw
7 experimental units early on in the life-testing process and still have a significant
gain in power. Moreover, though the progressive censoring schemes may not give a
better power performance in all the cases when the underlying distribution is nearly
symmetric or left-skewed, they can still retain good power to be useful, in addition

to being cost-effective.
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Table 5.4: Power of weighted precedence and maximal precedence tests under pro-
gressive censoring for ny = ny = 10 with location shift = 0.5

censoring exact

r scheme Test l.os. N(0,1) Exp(1) Gamma(2) Gamma(10) LN{0.1) LN(0.5) EV
2 (0,8) WPT 0.04954 | 0.2275  0.6145 0.4080 0.2708 0.2379 0.4206 0.2002
WMPT 0.05954 | 0.2309 0.7197 0.4344 0.2735 0.2457 0.4301 0.2034
(8,0) WPT 0.05108 | 0.2059 0.7361 0.4524 0.2605 0.2218 0.4364 0.1742
WMPT  0.04334 | 0.1790 0.7173 0.4167 0.2293 0.1953 0.4031 0.1422
(6,2) WPT 0.04782 | 0.2056 0.6740 0.4379 0.2493 0.2219 0.4188 0.1836
WMPT 0.04334 | 0.1726 0.7189 0.4222 0.2198 0.1902 0.3858 0.1422
(4,4) WPT 0.05037 | 0.2191 0.6488 0.4322 0.2624 0.2370 0.4187  0.2053
WMPT  0.04773 | 0.1832 0.7191 0.4243 0.2306 0.2008 0.3897 0.1672
3 (0,0,7) WPT 0.05096 | 0.2400  0.5124 0.3707 0.2724 0.2518 0.3839 0.2414
WMPT 0.03792 | 0.1542 . 0.4886 0.2483 0.1739 0.1562 0.2559  0.1584
(7,0,0) WPT 0.04829 | 0.1938 0.7194 0.4494 0.2585 0.2195 0.4215 0.1725
WMPT  0.04334 | 0.1672. ~0.7168 0.4204 0.2291 0.1915 0.3928  0.1427
(5,1,1) WPT 0.04913 | 0.2125 0.6738 0.4484 0.2725 0.2392 0.4283  0.2008
WMPT  0.05294 | 0.1926  0.7174 0.4252 0.2465 0.2133 0.3989 0.1854
(2,3.3) WPT 0.04956 | 0.2342 0.5605 0.4058 0.2756 0.2527 0.4061 0.2338
WMPT  0.05567 | 0.2049 = 0.7179 0.4301 0.2589 0.2261 0.4076 0.1949
4 (0,0,0,8) WPT 0.05065 | 0.2492 = 0.4210 0.3360 0.2684 0.2560 0.3549 0.2720
WMPT ~ 0.04334 | 0.1632  0.4847 0.2573 0.1693 0.1681 0.2618 0.1769
{6,0,0,0) WPT 0.05166 | 0.2159  0.7166 0.4691 0.2650 0.2373 0.4380 0.1893
WMPT - 0.04334 | 0.1763 . 0.7167 0.4211 0.2187 0.1914 0.3907 0.1409
(3,1,1,1) WPT 0.05349 | 0.2546 0.6260 0.4452 0.2917 0.2704 0.4418 0.2509
WMPT 0.05059 | 0.2014 0.7173 0.4264 0.2390 0.2132 0.3996 0.1784
(1,1,2,2) WPT 0.04929 | 0.2490 0.5187 0.3849 0.2781 0.2589 0.3941 0.2611
WMPT  0.06985 | 0.2464 - 0.7198 0.4446 0.2811 0.2582 0.4301 0.2329
5 (0,0,0,0,5) WPT 0.05108 | 0.2558 0.4246 0.3372 0.2669 0.2609 0.3541 0.2935
WMPT  0.04489 | 0.1638 0.4857 0.2512 0.1739 0.1634 0.2702 0.1699
(5,0,0,0,0) WPT 0.05151 | 0.2273  0.6963 0.4652 0.2800 0.2398 0.4547  0.2077
WMPT  0.05294 | 0.2004 0.7198 0.4185 0.2456 0.2138 0.4119 0.1836
(3,0,0,0,2) WPT 0.05092 | 0.2481 - 0.6031 0.4326 0.2873 0.2640 0.4384 0.2504
WMPT - 0.05263 | 0.2021 0.7200 0.4206 0.2487 0.2162 0.4135 0.1842
(1,1,1,1,1) WPT 0.04923 | 0.2493 0.5207 0.3913 0.2765 0.2601 0.4068  0.2644
WMPT 0.06994 | 0.2428  0.7224 0.4384 0.2865 0.2593 0.4424 0.2309
6 (0,0,0,0,0,4) | WPT 0.04900 | 0.2589 ~ 0.4105 0.3255 0.2794 0.2597 0.3466 0.3021
WMPT = 0.04495 | 0.1715 ~ 0.4854 0.2522 0.1791 0.1709 0.2671 0.1799
(4.0,0,0,0,0) | WPT 0.05239 | 0.2417 0.6715 0.4606 0.2949 0.2533 0.4554 0.2249
WMPT  0.04886 | 0.1870 0.7157 0.4168 0.2421 0.2003 0.4052 0.1673
(0,0,0,1,2,1) | WPT 0.05182 | 0.2668  0.4403 0.3473 0.2011 0.2722 0.3693 0.3002
WMPT  0.04348 | 0.1700 0.4853 0.2517 0.1782 0.1695 0.2671 0.1765
(0,1,1,1,1,0) { WPT 0.05307 | 0.2673  0.4936 0.3783 0.3029 0.2777 0.4011 0.2840
WMPT 0.04111 | 0.1653 0.4852 0.2504 0.1768 0.1673 0.2660  0.1682
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Table 5.5: Power of weighted precedence and maximal precedence tests under pro-
gressive censoring for n; = ny = 10 with location shift = 1.0

censoring exact

r scheme Test Lo.s. N(0,1) Exp(l) Gamma(2). Gamma(10) LN(0.1) LN(0.5) EV
2 (0,8) WPT 0.04954 | 0.5278 - 0.9468 0.8525 0.6487 0.5803 0.8727 0.4691
WMPT 0.05954 | 0.5087 0.9784 0.8881 0.6313 0.5535 0.8801 0.4504
(8,0) WPT 0.05108 | 0.4708 0.9807 0.8981 0.6212 0.5286 0.8859 0.3828
WMPT  0.04334 | 0.4161 0.9784 0.8834 0.5768 0.4771 0.8695 0.3177
(6,2) WPT 0.04782 | 0.5128° 0.9614 0.8752 0.6543 0.5556 0.8775 0.4173
WMPT  0.04334 | 0.4248 0.9774 0.8787 0.5857 0.4776 0.8643 0.3177
(4,4) WPT 0.05037 | 0.5443  0.9551 0.8656 0.6656 0.5836 0.8714 0.4761
WMPT = 0.04773 | 0.4521 0.9774 0.8788 0.5939 0.4982 0.8652 0.3869
3 (0,0,7) WPT 0.05096 | 0.5839 - 0.8824 0.7987 0.6540 0.6087 0.8221 0.5769
WMPT 0.03792 | 0.3942 0.9164 0.7338 0.4610 0.4145 0.7289 0.4007
(7,0,0) WPT 0.04829 | 0.4817 0.9741 0.8912 0.6197 0.5304 0.8802 0.3836
WMPT 0.04334 | 0.4233 = 0.9765 0.8777 0.5721 0.4734 0.8622 0.3193
(5,1,1) WPT 0.04913 | 0.5372 0.9591 0.8842 0.6595 0.5826 -0.8860 0.4622
WMPT 0.05294 | 0.4618 0.9766 0.8779 0.5870 0.5034 0.8632 0.4167
(2,3,3) WPT 0.04956 | 0.5851  0.9060 0.8318 0.6695 0.6156 0.8490  0.5593
WMPT 0.05567 .| 0.4930 0.9768 0.8792 0.6076 0.5299 0.8676 0.4402
4 (0,0,0,6) WPT 0.05065 | 0.6083 0.7921 0.7172 0.6435 0.6165 0.7765 0.6498
WMPT 0.04334 | 0.4045 0.9173 0.7294 0.4611 0.4263 0.7391 0.4219
(6,0,0,0) WPT 0.05166 | 0.5047 0.9718 0.9001 0.6580 0.5704 0.9016 0.4083
WMPT  0.04334 | 0.4183 0.9765 0.8790 0.5770 0.4847 0.8726 0.3171
(3,1,1,1) WPT 0.05349 | 0.6060 = 0.9410 0.8681 0.7031 0.6407 0.8917 0.5737
WMPT 0.05059 | 0.4677 0.9765 0.8801 0.5970 0.5192 0.8747 0.4104
(1,1,2,2) WPT 0.04929 | 0.6133 0.8910 0.8021 0.6804 0.6319 0.8419 0.6225
WMPT 0.06985 | 0.5353  0.9768 0.8838 0.6404 0.5798 0.8842 0.5039
5 (0,0,0,0,5) WwWPT 0.05108 | 0.6332 0.8193 0.7373 0.6558 0.6334 0.7821 0.7073
WMPT  0.04489 .| 0.4047 ° 0.9111 0.7409 0.4684 0.4262 0.7464 0.4223
(5,0,0,0,0) WPT 0.05151 | 0.5440 0.9658 0.8955 0.6830 0.5959 0.9016 0.4575
WMPT 0.05294 | 0.4626  0.9763 0.8829 0.5896 0.5102 0.8740 0.4172
(3,0,0,0,2} WPT 0.05092 | 0.6140 0.9320 0.8576 0.7035 0.6453 0.8747 0.5984
WMPT. 0.05263 | 0.4744 0.9763 0.8837 0.5953 0.5170 0.8746 0.4247
(1,1,1,1,1) WPT 0.04923 | 0.6288  0.8993 0.8121 0.6862 0.6472 0.8434 0.6385
WMPT 0.06994 | 0.5356 0.9763 0.8881 0.6401 0.5735 0.8852 0.5066
6 (0,0,0,0,0,4) | WPT 0.04900 | 0.6372 0.7965 0.7200 0.6643 0.6380 0.7620 0.7407
WMPT  0.04495 | 0.3984  0.9155 0.7446 0.4711 0.4170 0.7381 0.4330
(4,0,0,0,0,0) | WPT 0.05239 | 0.5748 0.9586 0.8939 0.7038 0.6194 0.8971 0.5133
WMPT  0.04886 | 0.4451  0.9781 0.8813 0.5935 0.4947 0.8721 0.3994
(0,0,0,1,2,1) | WPT 0.05182.| 0.6536 - 0.8254 0.7539 0.6836 0.6530 0.7909 0.7316
WMPT  0.04348 | 0.3976 0.9155 0.7446 0.4709 0.4166 0.7381 0.4291
(0,1,1,1,1,0) | WPT 0.05307 | 0.6492 0.8693 0.8002 0.7030 0.6597 0.8310 0.6831
WMPT 0.04111 | 0.3955 0.9153 0.7451 0.4698 0.4160 0.7381 0.4188
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Table 5.6: Power of weighted precedence and maximal precedence tests under pro-
gressive censoring for ny = ny = 20 with location shift = 0.5

censoring exact

r scheme Test l.o.s. N(0,1) Exp(l) Gamma(2) Gamma(l0) LN(0.1) - LN(0.5) EV
2 (0,18) WPT 0.05326 | 0:2906 0.9700 0.7352 0.3929 0.3201 0.6917 0.2154
WMPT . 0.04691 | 0.2401 = 0.9642 0.6563 0.3240 0.2664 0.6048 0.1845
(18,0) WPT 0.04955 | 0.2401 0.9859 0.7805 0.3401 0.2675 0.6743 0.1555
WMPT 0.05301 | 0.2452  0.9891 0.7919 0.3490 0.2733 0.6834 0.1601
(14,4) WPT 0.04691 | 0.2631° 0.9764 0.7557 0.3677 0.2928 0.6818 0.1877
WMPT  0.05463 | 0.2526 0.9891 0.7924 0.3547 0.2803 0.6844 0.1769
(9,9) WPT 0.05680 | 0.3037 0.9746 0.7657 0.4113 0.3336 0.7137 0.2299
WMPT 0.03313 | 0.1979 0.9637 0.6375 0.2715 0.2209 0,5607 0.1503
3 (0,0,17) wWPT 0.04979 | 0.3096  0.9015 0.6741 0.4102 0.3486 0.6769 0.2493
WMPT  0.04359 | 0.2328 0.9626 0.6488 0.3169 0.2699 0.5879 0.1933
(17,0,0) WPT 0.05052 | 0.2413 0.9841 0.7780 0.3661 0.2900 0.6939 0.1782
WMPT 0.05301 | 0.2309 0.9880 0.7854 0.3562 0.2800 0.6917 0.1629
(14,2,1) WPT 0.04865 | 0.2630 ~0.9741 0.7659 0.3842 0.3083 . 0.6943 0.2036
WMPT = 0.05463 | 0.2397 0.9880 0.7860 0.3611 0.2885 0.6929 0.1819
(5:6,6) WPT 0.05061 | 0.3126° 0.9461 0.7240 0.4175 0.3549 0.6989 0.2650
WMPT = 0.05222 | 0.2504 0.9631 0.6525 0.3333 0.2870 0.5988 0.2216
4 (0,0,0,18) WPT 0.05023 { 0.3301  0.8582 0.6453 0.4231 0.3695 0.6640 0.2864
WMPT 0.05357 | 0.2576 0.9617 0.6603 0.3442 0.2064 0.5983 0.2304
(16,8,0,0) WPT 0.05036 | 0.2582  0.9821 0.7812 0.3799 0.3028 0.6975 0.1901
WMPT - 0.05301 | 0.2348  0.9878 0.7850 0.3625 0.2834 0.6882 0.1626
(13,1,1,1) WPT 0.05105 | 0.2921  0.9706 0.7773 0.4129 0.3354 0.7135 0.2388
WMPT - 0.05595 | 0.2499 0.9878 0.7863 0.3722 0.2995 0.6919 0.1892
(4,/4,4,4) WPT 0.04559 | 0.3201 0.9111 0.6855 0.4199 0.3582 0.6768 0.27863
WMPT 0.05136 | 0.2518 0.9616 0.6578 0.3424 0.2892 0.5992 0.2197
5 (0,0,0,0,15) WPT 0.04967 | 0.3501 0.8043 0.5978 0.4189 0.3816 0.6250 0.3128
WMPT  0.04439 | 0.2251 0.9038 0.4968 0.2631 0.2471 0.4574 0.2010
(15,0,0,0,0) WPT 0.05045 | 0.2641  0.9809 0.7822 0.3922 0.3149 0.7017  0.2019
WMPT 0.05306 | 0.2317 0.9885 0.7839 0.3588 0.2810 0.6855 0.1625
(11,1,1,1,1) WPT 0.05171 | 0.3157 0.9617 0.7687 0.4387 0.3670 0.7193 0.2732
WMPT 0.06578 | 0.2810- -0.9886 0.7905 0.4010 0.3288 0.7036 0.2338
{3,3,3,3,3) WPT 0.05002 | 0.3550 0.8921 0.6814 0.4441 0.3999 0.6860 0.3173
WMPT = 0.04975 | 0.2535 0.9615 0.6544 0.3336 0.2859 0.5943 0.2167
6 . (0,0,0,0,0,14) | WPT 0.04952 | 0.3598  0.7498 0.5678 0.4210 0.3777 0.5982 0.3500
WMPT 0.04852 | 0.2252 - 0.9023 0.4969 0.2667 0.2428 0.4581 0.2254
(14,0,0,0,0,0) | WPT 0.05087 ) 0.2750 - 0.9772 0.7853 0.3890 0.3219 0.7044 0.2183
T | WMPT * 0.05464 | 0.2419 0.9887 0.7871 0.3537 0.2853 0.6847 0.1813
(7,2,2,1,1,1) | WPT 0.05077 | 0.3440  0.9326 0.7315 0.4509 0.3881 0.7026 0.3180
WMPT . 0.04917 | 0.2477  0.9636 0.6506 0.3221 0.2749 0.5743 0.2170
(2,2,3,3,2,2) | WPT 0.04918 | 0.3634 0.8660 0.6659 0.4464 0.3931 0.6627 0.3373
WMPT 0.05024 | 0.2531 0.9636 0.6533 0.3298 0.2862 .0.5817 0.2210
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Table 5.7: Power of weighted precedence and maximal precedence tests under pro-
gressive censoring for n; = n, = 20 with location shift = 1.0

censoring exact

r scheme Test Lo.s. N(0,1} . Exp(l) Gamma(2) Gamma(10) LN(0.1) LN(0.5) EV
2 (0,18) WPT 0.05326 | 0.6780 0.9998 0.9958 0.8599 0.7575 0.9940 0.5001
WMPT 0.04691 | 0.5985 - 0.9998 0.9932 0.7905 0.6743 0.9885 0.4481
(18,0) WPT 0.04955 | 0.5512  0.9999 0.9977 0.7991 0.6508 09936  0.3517
WMPT 0.05301 | 0.5550 0.9999 0.9978 0.8026 0.6553 0.9942  0.3549
(14,4) WPT 0.04691 | 0.6338 0.9999 0.9969 0.8430 0.7237 0.9936  0.4687
WMPT 0.05463 | 0.5754 0.9999 0.9978 0.8078 0.6678 0.9942 0.4235
(9,9) WPT 0.05680 | 0.6938 0.9999 0.9968 0.8731 0.7682 0.9947 - 0.5275
WMPT 0.03313 | 0.5376 0.9998 0.9926 0.7468 0.6137 0.9843  0.4106
3 (0,0,17) WPT 0.04979 | 0.7359  0.9994 0.9886 0.8816 0.8047 0.9908 - 0.5919
WMPT ~ 0.04359 | 0.6088 - 1.0000 0.9913 0.7941 0.6874 0.9857 - 0.4823
(17,0,0) WPT 0.05052 | 0.5907 = 1.0000 0.9975 0.8181 0.6770 0.9941 0.3953
WMPT  0.05301 | 0.5598 1.0000 0.9975 0.7962 0.8504 0.9934  0.3403
(14,2,1) WPT 0.04865 | 0.6476  1.0000 0.9966 0.8523 0.7297 - 0.9949  0.4738
WMPT  0.05463 | 0.5813  1.0000 0.9975 0.8025 0.6652 0.9935 0.4103
(5,6,6) WPT 0.05061 | 0.7409 0.9999 0.9941 0.8882 0.8073 0.9938  0.6144
WMPT. 0.05222 | 0.6216 1.0000 0.9915 0.7998 0.6942 0.9857  0.5157
4 {0,0,0,16) WPT 0.05023 | 0.7800 . 0.9986 0.9829 0.8900 0.8298 0.9881 0.6751
WMPT  0.05357 | 0.6381. 1.0000 0.9919 0.7923 0.7160 0.9872 0.5459
(16,0,0,0) WPT 0.05036 | 0.6049. 1.0000 0.9972 0.8366 0.7021 0.9946 . 0.4098
WMPT 0.05301 | 0.5506 : 1.0000 0.9971 0.8022 0.6545 0.9937  0.3389
(13,1,1,1) WPT 0.05105 | 0.6900 - 0.9999 0.9969 0.8817 0:.7760 0.9955 0.5481
WMPT = 0.05595 | 0.5858  1.0000 0.9971 0.8121 0.6805 0.9938  0.4273
(4,44.4) WPT 0.04559 | 0.7700 0.9993 0.9907 0.8953 0.8271 0.9928 0.6696
WMPT  0.05136 | 0.6284  1.0000 0.9919 0.7857 0.7022 0.9873 0.5158
5 (0,0,0,0,15) WPT 0.04967 | 0.7999 0.9964 0.9749 0.8852 0.8401 0.9840 0.7448
WMPT  0.04439 | 0.5641 0.9993 0.9770 0.7071 0.6320 0.9641 0.5358
(15,0,0,0,0) WPT 0.05045 { 0.6414  1.0000 0.9989 0.8499 0.7192 0.9955 0.4551
WMPT 0.05306 | 0.5584  1.0000 0.9983 0.8071 0.6510 0.9942 0:3617
{11,1,1,1,1) WPT 0.05171 | 0.7564  0.9998 0.9976 0.8987 0.8098 0.9959 0.6459
WMPT 0.06578 | 0.6504  1.0000 0.9984 0.8421 0.7218 0.9948 0.5233
(3,3,3,3,3) WPT 0.05002 | 0.8118 - 0.9991 0.9899 0.9101 0.8556 0.9919  0.7414
WMPT  0.04975 | 0.6293  1.0000 0.9933 0.7952 0.6926 0.9862 0.5356
6 (0,0,0,0,0,14) | WPT 0.04952 | 0.8208 0.9912 0.9642 0.8813 0.8604 09770  0.8039
WMPT  0.04852 | 0.5729 0.9997 0.9751 0.7015 0.6303 0.9668  0.5609
(14,0,0,0,0,0) | WPT 0.05087 | 0.6552 1.0000 0.9974 0.8502 0.7476 0.9961 0.4873
WMPT - 0.05464 { 0.5707  1.0000 0.9985 0.7962 0.6735 0.9939  0.4174
(7.2,2,1,1,1) | WPT 0.05077 | 0.8007  0.9997 0.9939 0.9143 0.8602 0.9957 0.7336
WMPT 0.04917 | 0.6103 = 0.9999 0.9938 0.7729 0.6857 0.9873 0.5167
(2,2,3,3,2,2) | WPT 0.04918 | 0.8281 0.9976 0.9868 0.9101 0.8773 0.9908  0.7850
WMPT = 0.05024 | 0.6287 0.9999 0.9938 0.7869 0.7038 0.9882 0.5408
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Table 5.8: Times to insulating fluid breakdown data from Nelson (1982) for Samples
3and 6

X-sample(Sample 3) | 0.49 | 0.64 | 0.82 | 0.93 | 1.08 | 1.99 | 2.06 | 2.15 | 2,57 | 4.75
Y-sample(Sample 6) | 1.34 | 1.49 | 1.56 | 2.10 | 2.12 | 3.83 | 3.97 | 5.13 | 7.21 | 8.71

5.5 Illustrative Example

Example 5.1: For this example, we will illustrate the weighted precedence and maxi-
mal precedence tests under Type-1I progressive censoring for the Y-sample. Referring
to Example 4.2, let us consider X-sample and Y-sample to be Sample 3 and Sample
6 in Nelson (1982), respectively. If we had observed only up to the 5-th breakdown
from the Y-sample with progressive censoring scheme (3,0,0,0,2), three items from
Y -sample had to be randomly removed from the test at the time of the first Y-failure
which resulted in the removal of breakdown times 2.10, 3.83 and 3.97, thus result-
ing in all ten observations from the X-sample being observed. The observations are
shown in Table 5.8.

In this case, we have ny = no = 10, r =5, my =5, my = mg = 0, myg = 2

and ms = 3. The following are the values of the test statistics and the corresponding

p-values:
Test Test statistic | p-value
Precedence Test (with r = 5) Py =17 0.185
Maximal Precedence Test (with r =5) | M =5 0.081
Weighted Precedence Test Py =67 0.007
Weighted Maximal Precedence Test Mg, =50 0.006

From the small p-values of the weighted precedence and maximal precedence
tests, we observe that the data provide strong evidence to reject Hy. In this example,
since five X-failures occurred before the first Y-failure, it appears that this decision
may indeed be a good one. However, if either the precedence or the maximal prece-

dence test had been used instead, we would not have rejected Hy at the usual 5%
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level of significance. This demonstrates an advantage of the weighted precedence and
maximal precedence tests.

It is of interest to note here that the proposed tests are applicable even though
only a few early failures from the two samples are observed as data and the Y-sample
is under progressive censoring. In addition, the decisions are reached without making

any assumption on the underlying life-time distributions.



Chapter 6

Estimation of Parameters From

Progressively Censored Data Using

EM-Algorithm

6.1 Introduction

In this chapter, EM-algorithm is used to determine the maximum likelihood esti-
mates when the data are progressively Type-II censored. The method is shown to
be feasible and easy to implement. As mentioned earlier in Section 1.4.2, progressive
Type-II censored sampling is economical in terms of both time and money, but it is
not very popular in lifetime studies. It may be due to the complicated calculation
of the likelihood function [Lawless (1982)]. Newton-Raphson algorithm is one of the
standard methods to determine the maximum likelihood estimates of the parameters.
To employ the algorithm, the second derivatives of the log-likelihood are required.
Sometimes the calculations of the derivatives based on the progressively Type-II cen-
sored samples are complicated. For this reason, we propose to use the EM-algorithm
instead.

EM-algorithm [Dempster, Laird and Rubin (1977); McLachlan and Krishnan
(1997)] is a very powerful tool in handling the incomplete data problem. It is an

iterative method which repeatedly fills in the missing data by estimated values and

100
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updates the parameter estimates. It is especially useful if the estimates for the com-
plete data set are simple.

In this chapter, we shall use the same notation as in Section 1.4.2. We assume
n independent units are placed on a life-test with the corresponding lifetimes X;, X5,
..., X, being identically distributed. We assume that Xt =1,2,...,n, are 1.i.d.
with p.d.f. fx(z;8) and c.d.f. Fx(z;8), where 8 denotes the vector of parameters.
Prior to the experiment, a number m < n is determined and the censoring scheme
(R1,Ra,...,Ry) with R; > 0 and i R; +m = n is pre-specified. During the exper-
iment, the j-th failure is observed Ja_:rid immediately after the failure, R; functioning
items are randomly removed from the test.

Note that in the analysis of lifetime data, instead of working with the para-
metric model for Xj, it is often more convenient to work with the equivalent model for
the log-lifetimes W; = In X, for i = 1,2,...,n, which are i.i.d. with p.d.f. fiy(w;8)
and c.d.f. Fy(w;8@). We denote the m completely observed (ordered) log-lifetimes by
Yjimmn, J = 1,2,...,m. The likelihood function based on Yj.n.n is

=1
where
c=n(n—Ri—1)-(n—Ry—Ry—...— Ry —m +1).

The maximum likelihood estimators are those values of # which maximize
(6.1.1). In most cases, the estimators do not admit explicit expressions and some
numerical procedures such as Newton-Raphson method have to be used to determine
the estimates. Balakrishnan and Cohen (1991) and Balakrishnan and Aggarwala
(2000) have discussed this problem extensively. To employ the Newton-Raphson
method, the second derivatives of the log-likelihood function are required, which may
sometimes be complicated. In addition, the Newton-Raphson method is not easy to

extend to other forms of censored data.
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6.2 EM-Algorithm

The progressive right censoring model problem can be viewed as an incomplete data
problem and then the EM-algorithm is applicable to obtain the maximum likelihood
estimates of the parameters. First of all, denote the observed and censored data by
Y = (Yiimmn, Yormmy - - o Ymmn) and Z = (Z,,2,,...,2Z,), respectively, where Z; is a
1 x R; vector with Z; = (Zj1, Zj2, ..., ZjR;), for j = 1,2,...,m. The censored data
vector Z can be thought of as the missing data. Combine Y and Z to form W which
is the complete data set. The corresponding log-likelihood function is denoted by
A(W,8). We denote the estimate of 8 in the h-th iteration by (). Then, the E-step

of the algorithm requires the computation of the conditional expectation
EAW,0(41) | Y =y,00), (6.2.1)

which mainly involves the computation of the conditional expectation of functions
of Z conditional on the observed values Y and the current value of the parameters.
Therefore, in order to facilitate the EM-algorithm, the conditional distribution of Z,

conditional on Y and the current value of the parameters, needs to be determined.

Theorem 6.1 Given Yi:m:n = Y1:m:n, Y—2:m:n = y2:m:na- .. a}/}:m:n = Yjmen, the condi-
tional distribution of Z, k =1,2,...,R;, is

fZ]Y(Zj | le:m:n = Y1:mm> Y.2:m:n = Y2omany -0 - Y:'i:m:n = yj:mm)
fw(z;)
1- FW(yj:m:n)’

and Z;x and Zj, k # 1, are conditionally independent, given Y = Yjimmn-

= fziv(2; | Yimn = Yjomm) = 2; > Yimm, (6.2.2)

Proof: The probability associated with the complete sample is

m

R;
II fW(yj:m:n)EfW(zjk) -

J=1
The probability associated with the progressively censored sample Yi:mn = Y1:meny Y2imm =
Yormmsy - -y }/}:m:n = Yjmen is

ﬁ {fW(yj:m;n) [1 - FW(yﬁm:n)]Rj} .

i=1
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Then the conditional probability Z,,k = 1,2... R;, given Yi.nm = Y1iminy Y2imin =

Y2amny -« o }/j:m:n = Yjimm, 18 EIVEN by

fanetaty) = 1 Tf Lol
=1 k=1 1- FW(yj:m:n)

Therefore, by factorization theorem, Z;; are conditionally independent and follow the
truncated distribution from the left at yjimm, £ = 1,2,...,R; and j = 1,2,...,m.
This complete the proof of the theorem.

The theorem states that given Yj.m:n = Yjimm, Z; form a random sample from
the truncated population and hence the expectations of functions of Z; can be ob-
tained.

In the M-step on the (A + 1)-th iteration of the EM-algorithm, the value of
0 which maximizes E]MW,8(1+1)) | Y = y,8()] will be used as the next estimate
of @(n+1). The MLE of 8 can be obtained by repeating the E-step and M-step until
convergence occurs. A reasonable starting value for 0 is the estimate of the pa-
rameter based on the “pseudo-complete” sample obtained by replacing the censored

observations Z; by Yjimu,J = 1,2,...,m.

6.3 Asymptotic Variances and Covariances of the
ML Estimates

Louis (1982) developed a procedure for extracting the observed information matrix
when the EM-algorithm is used in order to find maximum likelihood estimates in
incomplete data problem. The idea of the procedure can be expressed by the Missing,
Information Principle [Louis (1982), Tanner (1993)]:

Observed information = Complete information — Missing information.

We can use this procedure to compute the variances and covariances of the ML
estimates under progressive Type-II right censoring. The observed information, com-
plete information and missing information are denoted by Iy(8), Iw(9) and Izy(8),

respectively.
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The complete information Iw(8) is given by

AW, o)} |

5 (6.3.1)

In(6) = —E [

Based on the conditional distribution in (6.2.2), the Fisher information matrix
in one observation which is censored at the time of the j-th failure can be computed

as

a1 %5 jiman, 0 2 0”1 \%j jimm?g
50 = | (Fe2Gume )| . _p[FRlemet)] 3

Then the expected information for conditional distribution of Z given Y (miss-

ing information) is

Iz (6) = }: RiIZ,(9) (6.3.3)

=1

Therefore, the observed information is
Iy(0) = Iw(0) — Iz1v(6). (6.3.4)

The asymptotic covariance matrix of the ML estimate for  can be obtained

by inverting the observed information matrix Iy(é).

6.4 Lognormal Lifetime Data

Lognormal distribution is a commonly used lifetime model in reliability analysis since .
the logarithm of the lifetime variables are normally distributed. Because of the well-
known properties of the normal distribution and because it is a location-scale model,
the log-lifetimes will be used in the analysis.

The log-likelihood function based on the log-lifetimes W 1is

1 n
AMW;pu,0) = constant —nlno — 5= 3 (wi — p)?
o =1
1 & 1 \
= constant —nlno — P (Yjimm — ~ 55 Z Z(Z]k ~ u)2.
= =1 k=1

(6.4.1)



105

6.4.1 The Algorithm

In the E-step, one requires to compute

1 m
—nlne — — (y jrman " ,U)2
202 er;l !
L R; 2 9
5520 [E(Z31Zik > Yjomen) — 28E(Zit) Zik > Yjmen) + 1] .
J=1 k=1

As a result of Theorem 6.1, the conditional distribution of Z;; given Y. =
Yjm:m follows a truncated normal distribution with left truncation at y;.mn.

The first and second moments of Z;; given Z;x > Y;:m:m can be found in Cohen
(1991) as

E(ij I ij > Yimmin, My 0') = an =+ U, (642)
E(Z_fk i ij > Yjmmmns ﬂ?a) = 02(1 + éij) + 20',UQJ' -+ /1/2, - (64.3)
where
§j — Yjmmm — ﬂ,
o
Q; = i—-q-é%(——)g——) is the hazard function of the standard normal distribution.
- 7

From the standard results for complete data maximum likelihood estimation
for normal distribution, the explicit formulas for the MLE of x and o are

. 1 &
© _Zwi’

n i=1

[’1‘ i(wi - ﬂ)z] 1/2-

n 1=]

i

Qs
Il

Therefore, in the (h + 1)-th iteration of the EM-algorithm, the value of p(h41)

and o(x41) are computed by the following formulas:

. 1|l m
Hh+1) = ;7: l:Z Yimmn + Z R]E(ZJ | Zj > yj:m:nall(h)ao'(h)):l ; (644)
=1 J=1
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1/2
. 1 .
G(her) = {; {Zymn +ZR E(Z7) Z; > yjmnn“(h+l)ao'(h))} M(h+1)} :

=1 i=1

(6.4.5)

6.4.2 Asymptotic Variances and Covariance

If the log-lifetime data follows normal distribution, it is well known that the informa-

tion matrix based on the complete data is
n (1 0
i) =3 (0 2)
with@ =(p o).

The logarithm of the truncated normal p.d.f. is

lnfzj(Zj | Zj > Yjimen, s 0)

= constant —Ino — In[l — Fiy(yjum=n)] — 2—1—2(,2] — ). (6.4.6)
o
Differentiation of (6.4.6) with respect to u and o yields
In fz,
Olfz, _ 1 {_z_]____ 3 QJ} (6.4.7)
Op o
Oln fz; 1{/z;—p
= [("T) — (1 +6Q))| - (6.4.8)
It is easily shown that
E[(Z - ) I Zj > yj:m:n),uao'] = UQj) (649)
E[(Z; )2 | Z; > Yjimmns y 0] = o*(1+ £Q;), (6.4.10)
E(Z; — 1)’ | Z; > Yjmmsmy0] = (2 +€), (6.4.11)
E((Z; = )" | Z; > Yjmm, p,0]) = 0*B(1+&Q;) +£5Qs). (6412

Using (6.4.9)-(6.4.12), the Fisher information matrix based on one observation

which is censored at the time of the j-th failure can be computed by straightforward



107

substitution. Then, the corresponding entries in (6.3.2) are

dln 2.\’ ,
E(——g—ﬁiz—’) = -01—2[1+€ij—@]~],

dln fz,\]
E (—%{—f—z—’—) = -01—2[2+61Qj(1—§ij+§?)]a

lnfs,\ (Omfr,\] _ L. Lo
E[( B )( 90 ) = 2T 6eiE - el

Thus, the expected information for conditional distribution of Z given Y can

be obtained using (6.3.3), and hence Iy(8). Inverting Iy(8) yields the variance-
covariance matrix of @ = (4 &)

Instead, had we employed the Newton-Raphson method for finding the MLEs

numerically, we would have solved the equations

Oln Ly, o) 1{’“ i }
huffissalind Uk AV AN— £+ R:Q;% =0,
oy p ; j ]; 3% 3
OlmL{po) _ m 1~ Inpen
o = U+J;€j+aj=1RJ£JQJ-—0

by using the second-order derivative forms

FPlnL{po) — m 1 I [§8(8) ~ E0(6)0(E) — ¢ (&)
ou? - _02+02;RJ{ [1-@())? }’
#hlnllpo) m 3 & 25 pn.
Zels) . n-3fe-LEne
2 L m
?—lg—ﬂgg—"—“—) = 5326+ RQ; + Ri6Q; - €05}
=1

Using the Newton-Raphson method, we will discuss the construction of confi-
dence intervals for p and o later in Chapter 7. It is important to mention here that
Mi and Balakrishnan (2001) have shown that the MLEs of p and o do exist and are
unique in this case (by making use of the fact that the normal/lognormal density is
log-concave). Due to this result, it is then evident that the EM-algorithm and the

Newton-Raphson method would converge to the same values.



Table 6.1: Simulated progressively censored sample from standard normal distribution

] 1 2 3 4 5 6 7
Yiemn | -3.1538 | -0.84064 | -0.79798 | -0.65705 | -0.58301 | -0.12642 | -0.1145
Rj 1 2 0 1 2 0 3

6.4.3 Illustrative Example

Example 6.1: To illustrate the method presented in this section, a progressively
Type-II right censored sample of size m = 7 are generated from standard normal
distribution. The data are presented in Table 6.1.
A computer program written in FORTRAN is used to execute the EM-algorithm.

Since the mean and standard deviation of the 7 observed sample points equal to
-0.89620 and 0.96127, respectively, we can set yg) = —0.89620 and o(g) = 0.96127 as
the starting values of the EM-algorithm. After a few EM iterations, the estimates
converge to fi(e) = —0.10071 and () = 1.14316. To compare the convergence rate
of EM-algorithm with that of Newton-Raphson method, we used the same initial val-
ues and fixed the level of accuracy at 5 x 10~°. The EM-algorithm took 27 iterations
while the Newton-Raphson method took 4 iterations to converge to the same values.

From these data, we have

id) (12.24340 0 )
WAL 0 24.48681 )’
Ton(d) (3.47011 4.81360)
ZWATS T\ 481360 12.04041 )
. . , 8.77330 —4.81360
Ip(8) = Iw(0) = Izy(8) = .
v(6) w(0) = Iz (6) (—4.81360 12.44640)

The covariance matrix of (4 &) is thus

1.3 0.14468 0.05596
Iy'(8) = .

0.05596 0.10199
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6.5 Weibull Lifetime Data

Weibull distribution is another commonly used lifetime model in reliability studies.
Similar to the lognormal case, it is more convenient to work with the log-lifetime
which is distributed as extreme value.

The log-likelihood function based on the complete log-lifetime W 1s

MW;p,0) = -—nlna—}—Z(wi;u)—Zexp(wi;u)
1=1 3

=1
- _n]na'_}. Z (yj:m:Z_ ,LL) _ Zexp (yj:m:z-"' /«L>
i=1 i=1
+i§(——‘zjk—”)—iﬁje (22=£). @5)
= P . (6.5.

7=1k=1 7=1 k=1
6.5.1 The Algorithm

Using Theorem 6.1, the conditional distribution of Z; given Y;.n.n = Yjimm 18 a trun-
cated extreme value distribution with left truncation at y;.m:., having p.d.f.

f2(z; | Z; > Yjimm, p,0) = Me@ KZ—J-;—M> — exp (i’—:ﬁﬂ :

ag g
Yjrmm < 25 < 00, (6.5.2)

where §; = #mazl
To evaluate the required conditional expectations in the E-step, the moment

enerating function for Zi=£_ given Y;.m.n, is considered. It is given b
c . ? y] 9

Zi—p )
M_Zl—_#(t) =F {;(—%——)] = eeﬁjr(t-}- 1,651)

% (t+p+1)E;

- rer |- S )

where ['(a,z) = [°u®*~le *du is the incomplete Gamma function and I'(a) = I'(a, 0)
is the complete Gamma function.

Then the conditional expectations of interest are

E[ZJ | &5 p,ol = Eyio+p, (653)



where

Ey;

Ele?|gno] = eflet+1],
E [Zje@l) &y b o| = e [Ea o + p(e¥ + 1)),
E [Zfe(%i) &, 1, a- = ev[E3 ;0% + 2ucEy — p?(e5 +1)],
o[
s+ D e 3
o[(#5 P en
$(2)e” + ; e(”;)::/;(pg;" ) ; Fe(%

&is s 0]

o o(p+2)¢5

['(2) + 9@l — [ + 268 + ¥ D) + 2@ X 3

p=0 (p + 3)
L2l + $(2)] i e Digh(p+3) L e[ (p + 3) — 3 (p + 3)]
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(6.5.4)

(6.5.5)

(6.5.6)

p=0 F(p + 3) p==0 F(p + 3)

?

¥(-) is the digamma function and ¥’(-) is the trigamma function. The value of
Gamma, digamma, and trigamma functions can be computed from the correspond-

ing recursive formulae given in Abramowitz and Stegun (1964) in a straightforward

manner.

Unlike the normal case, the maximum likelihood estimators of the parameters

based on the complete data from the extreme value distribution cannot be solved

explicitly. However, this problem has been well studied [see, for example, Lawless

(1982)]. The estimators can be obtained by solving the equation

_Zn: w; exp(w; /&) 1.
o == -

0 -
> exp(wi/6) M=t
=1
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and then /i obtained explicitly as

Thus, in the M-step of the (h + 1)-th iteration of the EM-algorithm, the value

of o(n41) is first obtained by solving the equation

m (zz':m:n) m (_Z&]_)
ng Yj:m:n€ 1)/ + Zl R]E Zje §ja H(h), T (k)
O'(h+1) = m (yz':m:n) m EL 7
L et 3 R B [e“ s‘j,u(h),a(h)]
J: J=
1 | & il o

- {}: Yjmn + 3 RiE [Z; | §ja/‘(h)70(h)]} (6.5.7)

7=1 j=1

and then p(x41) is obtained as

—1

1 [Z o %
Hrt) = O(asn) I {5 [Z e’ £ 3 RjE (e(#)
J=1 J

&5y enys U(h)):' } .

6.5.2 Asymptotic Variances and Covariance

From the classical results on the extreme value distribution, the complete data infor-

mation matrix is {see, for example, Stephens (1977)]

w(0)-501 72
\o) o2 1—~v ¢

where v = 0.577215665 is the Euler’s constant and ¢? is -’g— + (1 — )% = 1.823680661.
The logarithm of the p.d.f. given in (6.5.2) is

_ i
ln ij(zj l Zj > y.’i:m:nnu70) = ""lIlO'-]- eﬁj + (ZJ_O_—#> - 6( ‘ ) (658)

The three second partial derivatives of (6.5.8) with respect to p and o are

T = ple-e)

Infz, _ %[e§j+§j65,_e(%1) _ (3;_—_&)6(-’-‘—”—)]

do?
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2 L 2 z;=p
aatla];zj - % [f;«_’e&j +2Eje§j _ (ZJU “) 6(Ja—>

2 (fi:—’i) {5 1y (——”) + 1} .
o o

We take the negative of the expected value of these three second partial deriv-
atives by using the results given in (6.5.3)-(6.5.6). The Fisher information matrix in
one observation that is censored at the time of the j-th failure can then be computed
without any difficulty. Then, the observed information can be obtained by formu-
las (6.3.3) and (6.3.4) from which the variance-covariance matrix of the maximum
likelihood estimate @ = (i &) can be determined.

In order to assess the accuracy of the approximation of the variances and
covariance of the MLEs determined from the information matrix computed through
the EM-algorithm described above, we carried out a simulation study (based on 1000
simulations) for different choices of n,m and (Ry, ..., R,). Without loss of generality,
we chose p = 0 and ¢ = 1. The simulated values of Var(i), Var(é) and Cov(f, &)
as well as the approximate values determined by averaging the corresponding values
obtained from the information matrix are presented in Table 6.2.

From this table, we observe that the approximate values determined from
information matrix are quite close to the simulated values even for moderate values
of m. Furthermore, we note that the approximation becomes quite accurate as m
increases.

Instead, had we employed Newton-Raphson method for finding the MLEs nu-

merically, we would have solved the equations

Oln L(p,0) m 1

gmoio) _ o2 el = 0

o U+0_;R+ i =0,
OnL{p,0) = m 1 1 &y e
o T o oxbt LB NGe =0

-

7= ]:1

by using the second-order derivative forms

0%1n L(p, o)

1 m
o ——;ZR +1)e
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21 L 1 m m ’ m |
a na (2#70) = —5{m+225j—22(3j+1)§j6&__QZ(RJ._*_I)EJ%@,}’
d*log L(p, o) 1 m om |
Oulao 2™ ;( i+ 1e J};( j )ése

It should be pointed out that the above second-order derivatives get used at
every iteration in the Newton-Raphson method, but they only get used at the final
stage of the EM-algorithm while computing the information measure. Clearly, this is
one advantage of the EM-algorithm.

Though the Newton-Raphson method would yield exactly the same values for
the MLEs and their asymptotic variances and covariance as the EM-algorithm, the
convergence of the iterative process will be different than that of the EM-algorithm.
Using the Newton-Raphson iterative procedure, Balakrishnan, Kannan, Lin and Wu

(2001) have recently discussed the construction of confidence intervals for y and o.
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Table 6.2: Variances and covariance of the MLEs
Censoring Simulated From Information
n | m Scheme Var() | Var(s) | Cov(ia,6) || Var(i) | Var(é) | Cov(i, &)
151 5 (0,0,0,0, 10) 0.3676 | 0.1522 0.1549 0.3167 | 0.1507 0.1510
15| 5| (10,0,0,0,0) | 0.2194 | 0.0855 | -0.0004 || 0.1874 | 0.0816 | -0.0111
1515 (0,0, 10, 0, 0) 0.2558 | 0.0874 (.0550 0.1906 | 0.0750 0.0378
15[ 6 | (0,0,0,0,0,0) || 0.2544 | 0.1182 | 0.0954 | 0.2147 | 0.1220 | 0.0974
1516 | (9,0,0,0,0,0) 0.1751 | 0.0707 -0.0046 0.1543 | 0.0713 -0.0140
151 6 | (0,9,0,0,0,0) 0.1785 | 0.0660 0.0119 0.1482 | 0.0620 0.0020
201 6 |(0,0,0,0,0,14) {| 0.3320 | 0.1211 0.1390 0.2936 | 0.1256 0.1404
20| 6 14,0,0,0,0,0) || 0.1754 | 0.0652 0.0001 0.1559 | 0.0661 | -0.0092
20| 6 | (0,14,0,0,0,0) || 0.1835 | 0.0593 0.0190 0.1518 | 0.0554 0.0084
201 10 0,...,0,10) 0.1302. | 0.0817 0.0477 0.1183 | 0.0811 0.0440
20 | 10 (10,0,...,0) 0.1051 | 0.0508 -0.0107 0.1020 | 0.0502 -0.0146
251 5 | (0,0,0,0,20) | 0.5928 | 0.1567 | 02450 | 0.5421 | 0.1563 | 0.2428
251 5 (20,0,0,0,0) 0.2232 | 0.0739 0.0084 0.1922 | 0.0707 -0.0020
251 5 (0, 20, 0, 0, 0) 0.2535 | 0.0657 0.0418 0.1924 | 0.0561 0.0249
25 | 15 0,...,0,10) 0.0757 | 0.0530 | 0.0194 0.0679 | 0.0516 0.0167
25 | 15 (10,0,...,0) || 0.0713 | 0.0359 -0.0095 0.0679 | 0.0349 -0.0119
301 3 (0,0, 27) 1.4423 | 0.1994 0.4612 1.2690. | 0.2047 0.4656
30 3 (27,0, 0) 0.4693 | 0.0929 0.0730 0.3084 | 0.0772 0.0285
30 4 (0, 0, 0, 26) 0.9209 | 0.1819 0.3450 0.9019 { 0.1823 0.3606
30| 4 (26, 0, 0, 0) 0.2876 | 0.0789 0.0177 0.2393 | 0.0720 0.0110
50 | 20 0, ...,0,30) 0.0769 | 0.0444 0.0354 0.0763 | 0.0432 0.0346
50 | 20 (30,0,...,0) 0.0511 | 0.0254 -0.0079 0.0521 | 0.0250 -0.0079 -
50 | 25 (,...,0,25) 0.0482 | 0.0330 0.0187 0.0485 | 0.0332 0.0181
50 | 25 (25,0,...,0) 0.0397 | 0.0210 -0.0064 0.0417 | 0.0211 -0.0074
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Table 6.3: Progressively censored sample presented by Viveros and Balakrishnan
(1994)

i 1 2 3 1 5 6 7 8
Uy | ~1.6608 | -0.2485 | -0.0409 | 0.2700 | 1.0224 | 1.5789 | 1.8718 | 1.0947
R; 0 0 3 0 3 0 0 5

6.5.3 Illustrative Example

Example 6.2: A progressively censored sample generated from the log-times to
breakdown data on insulating fluid tested at 34 kilovolts by Viveros and Balakrishnan
(1994) is used to demonstrate the above estimation procedure. The data are presented
in Table 6.3.

For these data, we use EM-algorithm with starting values p) = 1.4127 and
o(0) = 0.7912, which are the estimates of the parameters based on the observed data
points. The EM-algorithm converged to the values p) = 2.221960... and o) =
1.0263807.... The values of ug) and o) are plotted against h and are presented in
Figures 6.1 and 6.2. Note that the dotted line indicate the values of p() and o(c).
The results agreed with the MLEs of u and o ({i = 2.222 and & = 1.026) computed
by Viveros and Balakrishnan (1994) via numerical maximization, and also with the
values obtained from Newton-Raphson method. In order to compare the convergence
rate of the EM-algorithm with that of the Newton-Raphson method, same initial
values were used and the level of accuracy was fixed at 5 x 107°. The EM-algorithm
took 151 iterations while the Newton-Raphson method took 37 iterations to converge
to the same values.

From these data, we have

Iw(é) _ (18.03585 7.62528 ) ’
7.62527 32.89163

IZiY(é) _ (10.44181 11.99591) ’
11.99591 19.43904

o . . 7.59404 —-4.37064
Iy(8) = Iw(8)— Izy(0)= ( ) .

—4.37064 13.45259
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Figure 6.1: Trace plot for y(,) under EM-iterations (Weibull lifetime data)

By inverting the Iy(8), we have

var(f) = 0.16197, var(5) = 0.09143, cov(f, &) = 0.05262.

6.6 Discussion

Although the maximum likelihood estimation method based on the progressively cen-
sored data has been studied extensively, traditionally Newton-Raphson method was
used to obtain the estimates. In this chapter, the EM-algorithm is proposed to
solve this problem. Two popular lifetime models, normal and extreme-value distri-
butions, have been used to demonstrate how the algorithm works. For the normal
case, the subsequent guesses of the parameters are in explicit form which is a perfect
application of the EM-algorithm. Although this nice feature does not appear in the
extreme-value case, the problem of obtaining the maximum likelihood estimates based
on a complete sample has been studied extensively. The only problem in applying
the EM-algorithm is in evaluating the moments of the truncated distribution. If the
moments of the truncated distribution and the estimation based on complete sample
case can be handled, the EM-algorithm can be applied.
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Figure 6.2: Trace plot for o(3y under EM-iterations (Weibull lifetime data)

As pointed out by Little and Rubin (1983), the EM-algorithm will converge
reliably but rather slowly (as compared to the Newton-Raphson method) when the
amount of information in the missing data is relatively large. This has also been
observed in the two examples considered in this chapter. However, the EM-algorithm
possesses the advantages that (i) it gives a measure of information in the censored
(missing) data in a natural way through the Missing Information Principle (which is
not available in the Newton-Raphson method), and (ii) it can be generalized easily
to other forms of censored data (such as Type-I censoring).



Chapter 7

Point and Interval Estimation for
the Normal Distribution Under

Progressive Censoring

7.1 Introduction

The likelihood equations based on a progressively Type-II censored sample from a
normal distribution do not provide explicit solutions in any situation except the com-
plete sample case. In the previous chapter, we showed that the EM-algorithm can be
employed to obtain the MLEs in this case. In this chapter, we examine numerically
the bias and mean squared error of the MLESs, and demonstrate that the probability
coverages of the pivotal quantities (for location and scale parameters) based on as-
ymptotic normality are unsatisfactory, and particularly so when the effective sample
size is small. We, therefore, suggest the use of unconditional simulated percentage
points of these pivotal quantities for the construction of confidence intervals. We
also use an approximation of the normal hazard function to develop approximate
estimators which are explicit and are almost as efficient as the MLEs; however, the
probability coverages of the corresponding pivotal quantities based on asymptotic
normality are also unsatisfactory. A wide range of sample sizes and progressive cen-

soring schemes have been considered in this study. Finally, we present a numerical
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example to illustrate the methods of inference developed here.

7.2 MULEs for the Normal Distribution

Assume the log failure time distribution to be normal with probability density func-

tion
1 _(w=m?
d(w; p,0) = 27'rae 262 —o<w< o0} —00 < pu< ooy >0

and corresponding cumulative distribution function

O(w;p,0) = /_: ¢(t; p, 0)dt.

From Eq. (6.1.1), the likelihood function based on a progressively Type-II
censored sample is given by

L(p,0)=C I:I (Yjimin; 5, 0)[L = @ (Ysimens 1, )], (7.2.9)

where
C=nn-1-R)n—-2—-R —Ry)...(n—m+1—R, —...— Rp1).

We shall use the same notations as in Chapter 6; let us denote §; = ¥2ZE apd
a . .
(éJ) - Q] '1—%_(% Then, 3# = ——-;— and 850 _— __§l

a

Now, let ¢(-) and ®(-) denote the standard normal p.d.f. and c.d.f., respec-
tively. The log-likelihood function may then be written as

1 m m :
In L{y, o) = constant — mIno — 3 Zl £ + z; R;1n{1 — ®(¢;)}. (7.2.10)
J= J:
From Eq. (7.2.10), we derive the likelihood equations for p and o as
61n L

- %i f: R;Q; =0 (7.2.11)

=36+ RQ =0 (7.2.12)

j=1 71=1
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OlnL m 1& 1>

=M N2 £.0: =
5 =Lt j_}_jlfj to2 R;¢iQ; =0 (7.2.13)
= —m + 2612 + Z R;£Q;=0 (7.2.14)
i=1 =1 ‘

Equations (7.2.12) and (7.2.14) do not yield explicit solutions for p and o ex-
cept in the case when R; = ... = R,, = 0, viz. the complete sample case. For the
complete sample case, these equations lead to the standard formulae for the MLEs
of the normal distribution. For all other censoring schemes, equations (7.2.12) and
(7.2.14) will have to be solved numerically to obtain the MLEs of the two parame-
ters. Cohen (1963) discussed maximum likelihood estimation under the assumption
of progressive Type-I censoring. The likelihood equations will be identical, with the
Yjm:n's being replaced by the corresponding censoring times T;. Cohen discussed
some numerical methods for obtaining the MLEs of the parameters; see also Cohen
(1991).

7.3 Approximate Maximum Likelihood Estimators

In all cases, with the exception of the complete sample case, it is the presence of the
term h(¢) = —1—_‘_‘%% that makes the likelihood equations nonlinear. The function h(§)
is nothing but the hazard function of the normal distribution. Some approximate
solutions have been discussed in the book by Tiku, Tan and Balakrishnan (1986).

We may approximate the hazard function by expanding in a Taylor series
around E(Z;.n:n) = Vjunin, Where Zjpmin is the j-th order statistic of a progressively .
Type-1II censored sample from the standard normal distribution. From Balakrishnan
and Sandhu (1995), we have

@(Ej;m:n) é Uj:m:n7

where Uj.p.n, 1s the corresponding j-th order statistic of a progressively Type-II cen-

sored sample from the U(0,1) distribution.
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We then have

E_7':m:’n é (I)—I(Uj:m:n) (7315)

and hence
Vi = E(Ej:m:n) = (I)—l(aj:m:n) (7316)

where & = E(Uj.pmen) and is given by [see Balakrishnan and Aggarwala (2000)]

ﬁ k+Rm—-k+1+...+Rm
k=m—j+1 k+1+Rmoky1+...+Rn’

Qjmm = 1-

j=1,...m. (7.3.17)

Expanding h(§;) around vj.m:n, we have (keeping only the first two terms),

h(€5) = h(Vimn) + (& = Vimn)B (E)le=vsmns (7.3.18)
where
Rig) = L q){(f)_}ggg}j o) (7.3.19)
Replacing ¢ (£) by —¢¢(£), we can write
B (&) = 28— fo(e) - ¢{1 - 9(O)}). (7.3.20)
{1-2(H)}

Consider the second term in the above equation. We can show that

$(6) —E{1—B(E)} = $(6)—¢ /:’qs(t)dt
2 o6+ [ oty

= #(6) + /fczs’(t)dtzo
= h'(6) > 0 Ve

Returning to the Taylor expansion, we have

h(é..?) = h(V.’iimm) + (5_7 - Vj:m:n)hl(l/j:m:n) = Q; + ﬁjfj, (7321)
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where
a; = h(Vj:m:n) - Vj:m:nhl(’/j:m:n)v .] = 1) ceay, M (7'322)
Bi = h'(Vimn) =0, j=1,...,m. (7.3.23)
Using the above, we approximate the likelihood equations (7.2.12) and (7.2.14) by
O0lnlL e s
5 & &G+ B+ 861 =0, (7.3.24)
H 7=1 F=1
OlnL i i
5o N T G+ ) Bi{e; + 8¢} =0 (7.3.25)

=1 J=1
Equation (7.3. 24) may now be rewritten as
j=1 =1

which implies

1 .
m + Lim Bib; {Zyjmn-*_ZR'BJyjm"-i-aZR O‘J} = K + Lo,

i =
j=1
(7.3.27)
where
(1 + BiBs)yjemin
K = = : (7.3.28)
m + Z R;B;
j=1
> Riaj
L = = (7.3.29)
m -+ Z R;3;
j=1

Equation (7.3.25) may now be rewritten as

@ B i T — jrmin T 2
—m+ Z (yj.m. H) n ZR a; (yj .“) + Z R;f; (y]. l") -0
= g j=1 g ji=1 4
(7.3.30)
= 3 (14 RiBi) Wjmm — 1)* + 0 _ Rij(Yjomen — p) — ma® = 0.
j=1 j=1

(7.3.31)



123

Replacing u by K + Lo, we have
Z(l + R;Bi)(Yjmm — K)2 +o Z R;oi(Yjimn — K) — mo”
J=1 j=1

+ L) (1+ R;f;) —2Lo 3 (1 + R;B;)(yjomn — K) — Lo ) Rja; = 0.

71=1 =1 7=1

(7.3.32)

The last three terms can be shown to vanish, leaving us with the equation

}"’jlu  B3B5) i — K 40 i Byos(yimn — K) —ma® =0 (1.3.33)
Qr
mo? — Ajo — Ay =0,
where

Ay = Z Rjoi(yjmn — K)
J=1
Z(l + Rjﬁj)(yj:m:n - K)2 > 0.

=1

Az

Equation (7.3.33) is a quadratic equation in o, with the roots given by

A; /A2 + 4mA,

2m

o=

Since A, > 0, only one root is admissible, and hence the approximate MLE of o is

given by

Al + \/A% + 4mA2

2m

o=

(7.3.34)

The approximate MLEs may be easily obtained from (7.3.27) and (7.3.34).
We may now ask the logical question: How good are the approximate estima-
tors? It would naturally be of interest to evaluate the efficiency of these estimators

compared to the MLEs obtained by solving the full likelihood equations numerically.
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Furthermore, the approximate solution may provide us with an excellent starting
value for the iterative solution of the likelihood equations.

It is important to mention here that a similar approximate MLE has been
presented by Tiku, Tan and Balakrishnan (1986) for progressively censored samples,
wherein linear approximations used are different (not based on properties of uniform

order statistics).

7.4 Observed Fisher Information

In this section, we compute the observed Fisher information from the full and ap-
proximate equations. These will enable us to develop pivotal quantities based on the
limiting normal distribution and examine the probability coverages through simula-
tion. We have already shown that the observed Fisher information can be obtained
by the missing information principle via EM-algorithm in Chapter 6.

We now derive the observed Fisher Information from the full likelihood using
equations (7.2.11) and (7.2.13). We have

Flol(po) _ Z R, {ﬁyqﬁ(f]) i9(€)2(E;) ~ a%—)}
op? = [1 - @(&)]? ’
(7.4.35)
9?1n L{p, m
“_ng(;%&g‘) = 573 252 = Z R;Q;, (7.4.36)
=1
0?1n L{p,
gufgﬁ 2 ;‘2 Z {2¢; + R,Q; + Ri&;Q; — £2Q;} - (7.4.37)
=1
Similarly, from the approximate likelihood equations, we obtain
&% 1n Ly,
—-—%ﬁ(g”—g—) ~ -3 Z R; 5, (7.4.38)
j=1
0?1n L(p, 0) 2 & m 1>
— == E— = RiBi&— =Y Ri(a;+ B5&),  (7.4.39)
3#50 0.223 o.zz I-3%7 0.2; J(J JJ)
0% In L(y,
naa.(zﬂ a)z ”—”252 ZR{:J a; + Bi&;) — ZZR BJ§2
=1 F=1

(7.4.40)
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2 2 2 . . .
Let ——%—2‘%‘ =Y _ghl_V _&hl_ Zz. The observed information matrix can

T g2 BuBo T o2 802 T
be inverted to obtain the asymptotic variance-covariance matrix of the estimators as
-1
1 |V ¥ vt oy
S| =4 : (7.4.41)
o V2 V,:g Viz y22
11 _ _V 12 _ Va 2 _ _ W
where V' = _j'_fvlvs—vz , V¥ = VvV Ve = VsV

Similarly, we may obtain the terms V!, V!? V22 from the observed Fisher
information from the approximate equations. These are not presented here for con-

ciseness.

7.5 Monte Carlo Simulation Results

We conducted a simulation study to compare the performance of the approximate
estimators with the MLEs. We generated progressively Type-II censored samples
from the standard normal distribution using the algorithm presented by Balakrishnan
and Sandhu (1995). We computed the approximate MLEs from equations (7.3.34)
and (7.3.27). The MLEs of the parameters were obtained by solving the nonlinear
equations (7.2.12) and (7.2.14) using the IMSL nonlinear equation solver, in which
the approximate MLEs were used as starting values for the iterations. Tables 7.1 and
7.2 provide the average values of the estimates, their variances, and covariance. We
also averaged the values of variances and covariances determined from the observed
Fisher information matrix and those values are presented in the table for comparison.
All the averages were computed over 1000 simulations. It may be noted that the
MSEs of these estimators are comparable to the variances of the BLUEs presented
by Balakrishnan and Aggarwala (2000).

From Tables 7.1 and 7.2, we observe that the approximate MLEs and MLEs
are almost identical in terms of both bias and variance. The approximate MLEs are
almost as efficient as the MLEs for all sample sizes and censoring schemes. As the
effective sample proportion m/n increases, the bias and variance of the estimators
reduce significantly. For a fixed n and m, we can determine the censoring scheme

that is most efficient. For almost all choices, the censoring scheme Ry =n—m, Ry =
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. = R, = 0 seems to provide the smallest bias and variance for the estimates.

This point has also been noticed in terms of BLUEs by Balakrishnan and Aggarwala
(2000).

7.6 Evaluation of Coverage Probabilities

™

Using the asymptotic normality of ( ) , we have the asymptotic distribution of

Q>

f—p p—p 6—o
P = P, = Py =
vy T sV

o SN
to be standard normal. Through Monte Carlo simulations, we simulate the probability

(7.6.42)

coverages of
P(—1.65 < P, <1.65) and P(—1.96 < P, <1.96), 1=1,2,3,

which we expect to be approximately 90 % and 95 %, respectively. We repeat this
process for the approximate estimators as well.

Tables 7.3 and 7.4 provide results of the simulation for the MLEs and the
approximate estimators. It is clear that when o is unknown, the probability coverages
are extremely unsatisfactory especially when the effective sample percentage, viz.,
m/n is small. If o is known, the coverage probabilities for P, are close to the required
levels. In most practical situations, however, ¢ is unknown and hence using the
normal approximation for the corresponding pivotal quantity is not advisable. The
distribution of the pivotal quantities are extremely skewed.

In Tables 7.5 and 7.6, we provide the unconditional percentage points for these
pivotal quantities determined through simulation. It is clear for small sample sizes, the
percentage points are very different from what might be expected if the distribution
were normal. These percentage points will be helpful to compute confidence intervals

for # and o.



Table 7.1: Variances and covariance of the MLEs
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n | m Scheme P & Var() | Var(6) | Cov(pr,5) | I 1?2 I

15 {2 (0,13) -0.7232 | 0.4821 | 0.4385 | 0.1639 0.2112 0.2920 | 0.1426 | 0.1810
15 | 2 (13,0) -0.4513 | 0.7031 | 0.4262 | 0.1353 0.1660 0.2799 | 0.0899 | 0.1044
1513 (2*0,12) -0.4016 | 0.6626 | 0.3055 | 0.1562 0.1681 0.2274 | 0.1381 | 0.1453
1513 (12,2*0) -0.2452 | 0.8221 | 0.2680 | 0.1004 0.0929 0.2226 | 0.0787 .| 0.0690
15 | 4 (3*0,11) -0.2504 | 0.7571 | 0.1961 | 0.1305 0.1069 0.1696 | 0.1190 | 0.1055
151 4 (11,3*0) -0.1627 | 0.8704 | 0.1980 | 0.0762 0.0470 0.1795 {-0.0681 | 0.0464
15158 (4*0,10) -0.1690 | 0.8182 | 0.1594 | 0.1128 0.0858 0.1340 | 0.1028 | 0.0772
1515 (10,4*0) -0.1184 | 0.9002 | 0.1641 | 0.0695 0.0392 0.1536 | 0.0615 | 0.0324
1515 (0,10,3*0) | -0.1330 | 0.8758 | 0.1591 | 0.0746 0.0542 0.1398 | 0.0646 | 0.0460
15 [ 5 | (2%0,10,2%0) | -0.1442 | 0.8591 | 0.1578 | 0.0847 0.0650 0.1355 | 0.0734 | 0.0554
1515 (2,2,2,2,2) | -0.1468 | 0.8464 | 0.1523 | 0.0946 0.0675 0.1288 | 0.0837 | 0.0577
1515 (4,4,2,2*0) | -0.1301 | 0.8759 | 0.1562 | 0.0775 0.0535 0.1376 | 0.0680 | 0.0451
2012 (0,18) -0.8037 | 0.4797 | 0.4867 | 0.1649 0.2360 0.3462 | 0.1456 | 0.2058
2012 (18,0} -0.4732 | 0.7212 | 0.4477 | 0.1302 0.1775 0.2979 | 0.0870 { 0.1133
2103 (2*0,17) -0.4592 | 0.6598 | 0.3502 | 0.1585 0.1950 0.2722 1:0.1419 |} 0.1713
20 3 (17,2*0) -0.2604 | 0.8367 | 0.2759 | 0.0945 0.1002 0.2311 | 0.0745 | 0.0758
20| 4 (3*0,16) -0.2947 | 0.7545 | 0.2257 | 0.1339 0.1325 0.2020 | 0.1230 | 0.1293
20 | 4 (16,3*%0) -0.1763 | 0.8829 | 0.1988 | 0.0710 0.0533 0.1838 | 0.0639 | 0.0522
20{5 (4*0,15) -0.2037 | 0.8155 | 0.1824 | 0.1161 0.1082 0.1565 | 0.1067 | 0.0986
20| 5 (15,4%0) -0.1305 | 0.9113 | 0.1649 | 0.0645 0.0445 0.1856 | 0.0573 | 0.0376
2015 (10,5,3*0) | -0.1370 | 0.8959 | 0.1610 | 0.0684 0.0540 0.1455 | 0.0606 | 0.0459
2015 (5,5,5,2*0) | -0.1504 | 0.8783 | 0.1611 | 0.0763 0.0660 0.1409 | 0.0669 | 0.0561
2015 (3,3,3,3,3) | -0.1730 | 0.8468 | 0.1637 | 0.0953 0.0834 0.1384 | 0.0845 | 0.0718
2015 (0,15,3¥0) | -0.1490 | 0.8841 { 0.1639 | 0.0700 0.0621 0.1445 | 0.0608 | 0.0530
2015 (5,10,3%0) | -0.1437 | 0.8884 | 0.1622 | 0.0696 0.0590 0.1442| 0.0610 | 0.0504
20 |10 (9%0,10) -0.0667 | 0.9204 | 0.0733 | 0.0600 0.0296 0.0689 | 0.0560 | 0.0273
20 | 10 {10,9*0) -0.0591 | 0.9506 { 0.0855 | 0.0403 0.0110 0.0865 | 0.0381 | 0.0103
25|58 (4*0,20) -0.2294 | 0.8139 | 0.2061 | 0.1183 0.1252 0.1796 | 0.1094 | 0.1151
2515 (20,4%0) -0.1377 | 0.9191 | 0.1662 | 0.0610 0.0478 0.1576 | 0.0543 { 0.0410
25 1 10 (9*0,15) -0.0788 | 0.9191 | 0.0774 | 0.0622 0.0400 0.0722 | 0.0583 | 0.8371
25| 10 (15,9%0) -0.0650 | 0.9561 | 0.0844 | 0.0379 0.0134 0.0861 | 0.0359 | 0.0126
25 1 15 (14*0,10) | -0.0422 | 0.9369 | 0.0498 | 0.0392 0.0148 0.0467 | 0.0363 | 0.0132
25 115 (10,14*0) -0.0349 | 0:9551 | 0.0595 | 0.0289 0.0057 0.0591 | 0.0270 | 0.0046
50 | 20 (19%0,30) -0.0450 | 0.9569 | 0.0372 | 0.0320 0.0193 0.0377 | 0.0305 | 0.0194
50 | 20 {30,19*0) -0.0367 | 0.9766 | 0.0433 | 0.0194 0.0040 0.0452 | 0.0191 | 0.0050
50 | 25 (24*0,25) | -0.0278 | 0.9656 | 0.0278 | 0.0234 0.0112 0.0290 | 0.0236 | 0.0115
50 | 25 (25,24%0) -0.0207 | 0.9791 | 0.0344 | 0.0159 0.0025 0.0369 | 0.0164 | 0.0029




Table 7.2: Variances and covariance of the approximate MLEs
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n | m Scheme i G Var(ii) | Var(é) | Cov(@,5) | I'? 122 12

151 2 (0,13) -0.7234 | 0.4820 | 0.4383 | 0.1639 0.2111 0.2043 | 0.1427 | 0.1815
15 | 2 (13,0) -0.4613 | 0.7096 | 0.4215 | 0.1378 0.1655 0.2720'| 0.0889 | 0.1114
1513 (2¥0,12) -0.4019 | 0.6625 | 0.3053 | 0.1562 0.1680 0.2297 | 0.1383 | 0.1458
15 | 3 (12,2*0) -0.2566 | 0.8312 | 0.2653 | 0.1028 0.0925 0.2170 | 0.0765 { 0.0762
151 4 (3*0,11) -0.2509 | 0.7570 | 0.1960 | 0.1305 0.1069 0.1715 | 0.1191 | 0.1060
1514 (11,3%0) -0.1741 | 0.8803 | 0.1970 | 0.0782 0.0463 0.1754 | 0.0657 | 0.0526
1515 (4*0,10) -0.1694 | 0.8180 | 0.1593 | 0.1128 0.0857 0.1356 | 0.1030 | 0.0777
1515 (10,4*0) -0.1306 [ 0.9115 | 0.1634 | 0.0715 0.0384 0.1504 | 0.0588 | 0.0382
1575 (0,10,3*0) | -0.1381 | 0.8782 | 0.1586 | 0.0750 0.0539 0.1376 .| 0.0643 | 0.0475
15 | 5 | (2*0,10,2*%0) | -0.1480 | 0.8600 | 0.1574 | 0.0849 0.0647 0.1340 | 0.0734 | 0.0560
1515 (2,2,2,2,2) | -0.1528 | 0.8522 | 0.1514 | 0.0960 0.0672 0.1317 | 0.0829 } 0.0601
1515 (4,4,2,2%0) | -0.1393 | 0.8855 | 0.1553 | 0.0792 0.0531 0.1385 | 0.0668 | 0.0479
20 | 2 (0,18) -0.8038 | 0.4796 | 0.4866 | 0.1649 0.2359 0.3481 | 0.1457 | 0.2062
201 2 (18,0) -0.4823 | 0.7272 | 0.4433 | 0.1324 0:.1774 0.2913 | 0.0860 | 0.1199
203 (2*0,17) -0.4595 | 0.6598 | 0.3500 | 0.1584 0.1950 0.2740 | 0.1420 | 0.1717
2013 (17,2%0) -0.2709-| 0.8453 | 0.2733 | 0.0966 0.1000 0.2264 | 0.0724 | 0.0826
20 | 4 (3*0,16) -0.2950 | 0.7544 | 0.2256 | 0.1339 0.1325 0.2036 | 0.1231 | 0.1297
20 | 4 (16,3%0) -0.1870 | 0.8927 | 0.1978 | 0.0728 0.0528 0.1803 | 0.0614 | 0.0583
2015 (4%0,15) -0.2040 | 0.8154 | 0.1823 | 0.1161 0.1081 | 0.1578 | 0.1068 | 0.0990
2015 (15,4*0) -0.1424 | 0.9227 | 0.1640 | 0.0665 0.0439 0.1527 | 0.0545 | 0.0434
205 (10,5,3*0) | -0.1487 | 0.9092 | 0.1599 | 0.0706 0.0537 0.1468 | 0.0587 | 0.0499
2015 (5,5,5,2*0) | -0.1579 | 0.8886 | 0.1602 | 0.0781 0.0660 0.1427 | 0.0658 | 0.0586
205 (3,3,3,3,3) | -0.1780 | 0.8543 | 0.1629 | 0.0970 0.0835 0.1426 | 0.0835 | 0.0742
2015 (0,15,3*0) | -0.1539 | 0.8867 { 0.1633 | 0.0704 0.0619 0.1423 | 0.0604 | 0.0545
2015 (5,10,3*0) | -0.1509 | 0.8982 | 0.1613 | 0.0711 0.0589 0.1446 | 0.0601 | 0.0530
20 ] 10 (9%0,10) -0.0670 | 0.9203 | 0.0733 | 0.0600 0.0296 0.0694 | 0.0561 | 0.0276
20 | 10 (10,9%0) -0.0686 | 0.9609 | 0.0858 | 0.0413 0.0104 0.0858 | 0.0366 | 0.0127
25 |5 (4%0,20) -0.2296 | 0.8138 | 0.2060 | 0.1183 0.1252 0.1807 | 0.1095 {.0.1154
2515 (20,4*0) -0.1490 | 0.9302 | 0.1653 | 0.0628 0.0473 0.1550 | 0.0515 | 0.0466
25 | 10 (9*0,15) -0.0791 | 0.9190 | 0.0773 | 0.0622 0.0400 0.0727 | 0.0584 | 0.0373
25 10 (15,9%0) -0.0753 | 0.9675 | 0.0847 | 0.0388 0.0128 0.0854 | 0.0342 | 0.0154
251 15 (14*0,10) -0.0424 | 0.9368 | 0.0498 | 0.0392 0.0148 0.0470 | 0.0364 | 0.0133
25 | 15 (10,14*0) | -0.0423 | 0.9638 | 0.0597 | 0.0295 0.0053 0.0590 | 0.0262 | 0.0059
50 | 20 (19%0,30) -0.0452 |} 0.9568 | 0.0372 | 0.0320 0.0193 0.0379 | 0.0306 | 0.0194
50-{ 20 (30,19*%0) | -0.0452 | 0.9872 | 0.0437 | 0.0203 0.0034 0.0452 | 0.0182 | 0.0061
50 | 25 (24*%0,25) -0.0279 | 0.9656 | 0.0278 | 0.0234 0.0112 0.0291 | 0.0237 | 0.0116
50 | 25 (25,24*0) | -0.0288 | 0.9900 | 0.0344 | 0.0164 0.0023 0.0370 | 0.0158 | 0.0037




Table 7.3: 95 % and 90 % coverage probabilities for the MLEs

n | m Scheme i, 0 unknown | i, o known G

15| 2 (0,13) 43.3 39.8 | 93.7 | 84.8 | 41.1 | 37.7
15 {2 (13,0) 66.0 61.7 | 89.6 | 82.0 | 60.8 | 56.0
1513 (2*0,12) 60.1 56.1 {927 | 862 | 59.1 | 54.4
1513 (12,2*0) 794 75.1 1 93.1 | 87.6 | 72.8 | 67.4
15 | 4 (3*0,11) 72.7 67.7 19491 89.1 | 67.2 | 62.0
154 (11,3*0) 85.0 | 785 | 95.3 { 88.7 | 78.6 | 74.2
1515 (4*0,10) 774 | 72.1 1943 ] 88.2 | 72.8 | 68.1
15 ] 5 (10,4*0) 87.7 | 816 |94.3] 894 81.0| 75.9
15| 5 (0,10,3*0) 863 | 793 9341 89.1178.01 727
15 | 5 | (2*0,10,2%0) | 82.9 | 76.9 | 94.1 | 88.5 | 76.6 | 71.1
1515 (2,2,2,2,2) 81.3 75.3 | 94.0 | 88.4 | 75.2| 70.7
1515 (4,4,2,2%0) 85.1 79.7 193.1 1 89.1}| 774734
20| 2 (0,18) 42.3 | 38.6 | 95.0-| 85.8 | 41.2 | 37.7
20 | 2 (18,0) 66.1 | 62.1 | 88.41 81.1 | 62.9 | 58.3
20 | 3 (2%0,17) 59.1 | 54.5 | 93.5 | 86.1 | 59.2 | 54.3
20 | 3 (17,2*0) 79.4 | 747 } 92.2 | 87.1 | 74.5 | 70.0
20 | 4 (3*0,16) 70.7 65.3 | 94.9 | 88.1 | 66.8 | 61.6
20 | 4 (16,3%0) 85.0 | 786 | 94.6 | 88.5 | 80.1 | 75.4
2015 (4*0,15) 744 | 709 [ 94.3 | 88.3 | 72.7 | 68.1
2015 (15,4*0) 874 | 813 (9361893824 | 77.1
20 | 5 (10,5,3*0) 86.0 1803|934 | 8861 80.6 | 75.4
2015 (5,5,5,2%0) 83.6 774 |1 93.1 | 88.2 | 78.3 | 73.5
205 (3,3,3,3,3) 79.5 736 | 93.5 | 87.2 1 75.1 | 70.9
20 {5 | (0,15,3%0) | 848 | 78.8 | 93.5 | 88.4 {79.0 | 73.8
2015 (5,10,3%0) 85.3 | 79.3 |93.3|88.3 | 78.8| 744
20 | 10 (9%0,10) 88.5 1828 [95.1| 89.9 | 84.8 | 78.8
20 | 10 (10,9%0) 924 | 87.4495.3 | 90.5 | 88.7 | 83.6
25 |5 (4*0,20) 736 | 69.0 1949 | 88.1|72.3]67.8
2505 (20,4*0) 87.1 | 8141934 | 88.9 | 83.6|78.1
25 | 10 (9%0,15) 87.8 82.4 | 94.9 | 89.4 | 85.0 | 78.8
25 110 (15,9%0) 92.6 87.3 | 95.1 | 90.2 | 89.5 | 83.9
25115 (14%0,10) 91.6 85.1 [ 945 90.3 | 86.6 | 81.1
25115 (10,14*0) 92.3 87.4 1 95.7 | 90.3 } 88.4 | 83.1
50 { 20 |  (19%0,30) 92.0 {86.7 [95.5 90.2 | 88.4 | 83.3
50 1 20 | (30,19*0) 93.3 | 88.8 | 95.1 | 89.9 | 91.1 | 87.0
50 1 25| (24%0,25) 92.6 | 87.9.195.8 | 90.2 | 90.4 | 85.6
50 | 25 | (25,24*0) 948 | 91.0 | 96.7 | 92.2 | 92.8 | 88.0
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Table 7.4: 95 % and 90 % coverage probabilities for the approximate MLEs

n | m Scheme f, o unknown | ji, o known G

1512 (0,13) 43.5 40.0 | 93.8 | 85.1 | 41.1 | 37.7
1512 (13,0) 65.2 | 61.0 | 88.2 | 80.5 | 60.9 | 56.3
153 (2*0,12) 60.1 56.2 | 92.8 | 86.4 | 59.1 | 54.5
1513 (12,2%0) 78.8 | 742 | 92.0 | 87.1 | 72.9 | 67.9
15| 4 (3*0,11) 72.8 | 68.0 {95.1] 89.6| 67.2| 62.0
1514 (11,3*0) 84.3. | 77.8 | 94.6 | 87.2 | 786 | 74.1
1515 (4*0,10) 77.8 | 724|945 | 88.4| 72.8 { 68.1
1515 (10,4*%0) 87.1 80.8 | 93.8 | 88.6 | 80.9 { 75.9
1515 (0,10,3*0) 85.1 79.2 {933 | 88.2 | 78.2 | 72.8
15 | 5 | (2*0,10,2%0) | 82.8 | 76.4 | 93.8 | 87.9| 76.7 | 71.1
1515 (2,2,2,2,2) 8L.5 [ 75.1 | 94.0 | 88.4 1 75.3 | 70.8
1515 (4,4,2,2%0) 84.9 | 794|928 (8.4} 778|736
20 | 2 (0,18) 424 | 38.6 | 9538581412 | 37.7
20 | 2 (18,0) 654 | 61.5 | 87.8 | 80.2 | 63.1 | 58.3
20| 3 (2%0,17) 59.3 | 54.7 1 93.6 | 86.3 | 59.2 | 54.3
20 |3 (17,2*%0) 78.9 | 73.9 | 91.1 | 86.6 | 74.7 | 704
20 | 4 (3*0,16) 70.7 | 65.5 | 95.1 | 88.4 | 66.8 | 61.68
201 4 (16,3*0) 84.6 | 77.7 | 93.8 | 87.0 | 80.1 | 75.5
20 |5 (4*0,15) 74.7 70.9 { 94.3 | 88.3 | 72.7 | 68.1
205 (15,4*0) 87.0 | 81.1 | 93.1 | 88.0| 82.6 | 77.3
2015 (10,5,3*0) 86.0 | 80.1 }93.0| 87.8|80.8| 75.4
20 |5 (5,5,5,2*0) 83.7 | 77.1 193.1 | 87.8|.78.5 | 74.1
2015 (3,3,3,3,3) 79.8 | 73.8 |1 93.6 | 87.2-| 75.2 | 70.7
2015 (0,15,3*0) 84.4 | 783 )93.2 | 8771 79.1]73.9
20 15 | (510,3*0) 85.1 79.0 1 93.1-| 87.8 | 79.1 | 74.8
20 {10 (9*0,10) 88.5 | 82.7 | 95.1 | 89.9 | 84.8 | 78.8
20 110 (10,9*0) 92.0 | 86.8 | 94.7 | 89.5 | 88.8 | 83.9
2515 (4*0,20) 73.6 | 69.0 | 949 | 88.3 | 72.3 | 67.8
2515 (20,4*0) 86.8 | 81.2 § 92,9 | 87.8 | 83.9 | 77.9
25 | 10 (9*0,15) 88.1 | 825 {95.0 | 89.485.0 | 788
25 | 10 (15,9%0) 91.9 | 86.8 § 94.7 | 89.1 | 89.8 | 84.2
25 115 (14*0,10) 916 | 851 | 947 90.5| 86.6 | 81.1
25| 15 (10,14*0) 92.1 | 87.0 } 95.1 | 89.6 | 88.7 | 83.4
50 | 20 (19*0,30) 92.0 | 86.9 | 956 | 90.2 ; 88.4 | 83.3
50 | 20 (30,19%0) 92.9 | 88.5 1946 | 89.4| 91.0 | 86.2
50 1 25 (24%0,25) 92.6 | 88.0 | 96.0 | 90.3| 904 | 85.6
50 | 25 (25,24*0) 947 | 91.1 | 96.0 | 91.7 | 92.6 | 87.7
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Table 7.5: (2.5, 97.5) and (5.0, 95.0) percentage points of the pivotal quantities based

on MLEs

n m Scheme i,¢ unknown i, o known

15 | 2 (0,13) (-86.90,0.66) | (-44.41,0.47) | (-2.23,0.85) | (-2.00,0.58) | (-97.22,0.58) | (-46.55,0.38)
15 |2 (13,0) (-23.13,1.13) | (-12.97,0.85) | (-2.52,1.27) | (-2.27,0.92) | (-32.76,0.84) | (-15.97,0.71)
15| 3 (2%0,12) | (-17.74,0.95) | (-11.44,0.72) | (-2.25,1.16) | (-2.08,0.87) | (-19.68,0.77) | (-12.27,0.58)
153 (12,2%0) (-7.92,1.31) | (-5.04,1.10) | (-2.39,1.44) | (-2.01,1.17) | (-9.45,0.96) | (-6.52,0.82)
15 | 4 (3*0,11) (-8.38,1.14) |  (-5.83,0.91) | (-2.16,1.39) | (-1.95,0.99) | (-10.10,0.89) | (-7.19,0.77)
15| 4 (11,3%0) (-3.94,1.58) | (-3.18,1.28) | (-2.18,1.60) | (-1.92,1.24) | (-5.94,1.05) | (-4.53,0.91)
1515 (4*0,10) (-6.03,1.38) |  (-4.29,1.13) | (-2.18,1.67) | (-1.94,1.21) | (-8.15,0.98) | (-5.49,0.82)
155 (10,4%0) (-3.59,1.59) | (-2.69,1.35) | (-2.20,1.68) | (-1.90,1.32) | ({-5.27,1.19) | (-3.88,0.98)
155 {0,10,3*0) (-4.06,1.55) | (-3.17,1.27) | (-2.21,1.65) | (-1.97,1.35) | (-5.54,1.11) | (-4.34,0.92)
15 | 5 | (2*0,10,2%0) | (-4.96,1.46) | (-3.66,1.23) | (-2.22,1.66) | (-1.93,1.35) | (-6.22,1.08) | (-4.84,0.89)
15 |5 | (2,2,2,2,2) | (-5.03,1.45) | (-3.78,1.20) | (-2.22,1.61) | (-1.92,1.29) | (-6.72,1.02) | (-5.12,0.87)
15 |5 | (4,4,2,2%0) | (-4.04,1.54) | (-3.21,1.27) | (-2.22,1.65) | (-1.99,1.37) | (-5.56,1.13) | (-4.37,0.92)
20 | 2 (0,18) (-90.56,0.63) | (-45.90,0.45) | (-2.14,0.79) | (-1.96,0.58) | (-96.88,0.57) | (-47.37,0.37)
2 | 2 (18,0) (-20.87,1.09) | (-11.98,0.80) | (-2.55,1:26) | (-2.29,0.87) | (-28.46,0.86) | (-14.17,0.73)
20 | 3 (2%0,17) | (-18.38,0.85) | (-11.91,0.67) | (-2.18,1.13) | (-2.02,0.79) | (-19.65,0.77) | (-12.29,0.58)
2 | 3 (17,2*0) (-7.63,1.23) | (-4.89,1.04) | (-2.44,1.45) | (-2.06,1.19) | (-8.62,0.97) | (-6.03,0.85)
2 | 4 (3%0,186) (-9.21,1.02) | (-6.37,0.77) | (-2.13,1.31) | (-1.91,0.99) | (-10.19,0.89) | (-7.15,0.77)
20 | 4 (16,3%0) (-4.04,1.48) | (-3.33,1.19) | {-2.21,1.58) | (-1.94,1.20) | (-5.47,1.09) | (-4.26,0.93)
20 |5 (4*0,15) (-6.84,1.17) | (-4.66,0.97) | (-2.17,1.60) | (-1.96,1.16) | (-8.15,0.97) | (-5.47,0.82)
2015 (15,4*0) (-3.56,1.52) |  (-2.76,1.25) | (-2.23,1.66) | (-1.99,1.32) | (-5.07,1.22) | (-3.61,1.02)
2015 (10,5,3*0) (-3.92,1.48) | (-3.03,1.22) | (-2.24,1.64) | (-1.99,1.37) | (-5.00,1.19) | (-3.88,0.98)
20 { 5 | (555,2%0) | (-4.52,1.43) | (-3.51,1.16) | (-2.24,1.63) | (-1.97,1.35) | (-5.48,1.12) | (-4.34,0.93)
20 |5 (3,33,33) | (-5.56,1.29) | (-3.93,1.12) | (-2.22,1.66) | (-1.99,1.19) | (-6.69,1.03) | (-5.10,0.87)
20 (5 (0,15,3%0) (-4.23,1.46) | (-3.26,1.19) | (-2.25,1.60) | (-1.98,1.36) | (-5.41,1.13) | (-4.11,0.94)
2015 (5,10,3%0) (-3.99,1.46) | (-3.17,1.20) | (-2.25,1.60) | (-1.98,1.38) | (-5.08,1.15) | (-4.09,0.96)
20 | 10 | (9*0,10) (-3.11,1.72) |  (-2.58,1.29) | (-2.08,1.73) | (-1.83,1.43) | (-4.14,1.24) | (-3.19,1.05)
20 | 10 | {10,9%0) (-2.42,0.77) | (-2.09,1.43) | (-2.07,1.79) | (-1.77,1.40) | (-3.59,1.38) | (-2.66,1.13)
25 | 5 (@0,20) (7.20,1.13) | (-4.90,0.88) | (-2.14,1.56) | (-1.93,1.15) | (-8.09,0.95) | (-5.57,0.81)
25 | 5 (20,4%0) (-3.52,1.49) | (-2.77,1.20) | (-2.24,1.65) | (-2.00,1.34) | (-4.86,1.24) | (-3.44,1.04)
25 [ 10 | (9*0,15) (-3.56,1.48) | (-2.82,1.25) | (-2.11,1.74) | (-1.84,1.37) | (-4.18,1.23) | (-3.24,1.04)
25 | 10 | (15,9*0) (-2.53,1.72) | (-2.13,1.37) | (-2.08,1.74) | (-1.80,1.36) | (-3.47,1.42) | (-2.58,1.15)
25 | 15 | (14*0,10) (-2.92,1.74) | (-2.31,1.46) | (-2.23,1.74) | (-1.90,1.45) | (-3.57,1.34) | (-2.92,1.08)
25| 15 | (10,14%0) (-2.55,1.81) | (-2.06,1.57) | (-2.11,1.72) | (-1.76,1.48) | (-3.20,1.43) | (-2.63,1.15)
50 | 20 | (19%0,30) (-281,1.52) | (-2.34,1.26) | (-2.19,1.68) | (-1.83,1.34) | (-3.01,1.38) | (-2.72,1.17)
50 | 20 | (30,19%0) (-2.50,1.76) | (-1.99,1.45) | (-2.13,1.69) | {-1.81,1.43) | (-2.65,1.45) | (-2.31,1.25)
50 | 25 | (24*0,25) (-2.58,1.64) | (-2.13,1.29) | (-2.02,1.76) | (-1.77,1.39) | (-3.02,1.43) | (-2.49,1.14)
50 | 25 | (25,24%0) (-2.10,1.65) | (-1.78,1.48) | (-1.92,1.72) | (-1.64,1.46) | (-2.81,1.50) | (-2.26,1.22)
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Table 7.6: (2.5, 97.5) and (5.0, 95.0) percentage points of the pivotal quantities based
on approximate MLEs

n m Scheme B, o unknown Byo known

152 {0,13) (-86.55,0.66) | (-44.24,0.47) | (-2.22,0.85) | (-1.99,0.58) | (-97.1%,0.58) | (-46.54,0.38)
15 |2 (13,0) (-23.48,1.13) | (-13.18,0.84) | (-2.58,1.29) | (-2.33,0.92) | (-32.92,0.87) | (-16.03,0.74)
15 |3 (2*0,12) | (-17.65,0.95) | (-11.37,0.71) | (-2.24,1.15) | (-2.06,0.87) | (-19.66,0.77) | (-12.26,0.58)
15 |3 (12,2*0) (-7.96,1.29) | (-5.15,1.09) | (-2.45,1.45) | (-2.09,1.17) | (-9.58,1.02) | (-6.58,0.87)
15 | 4 (3*0,11) (-8.29,1.14) | (-5.79,0.89) | (-2.14,1.38) | (-1.94,0.99) | (-10.09,0.89) | (-7.18,0.77)
15 | 4 (11,3*%0) (-4.06,1.57) | (-3.26,1.26) | (-2.28,1.59) | (-1.95,1.24) | (-6.03,1.15) | (-4.55,0.97)
15 |5 (4%0,10) (-5.99,1.37) | (-4.26,1.11) | (-2.17,1.65) | (-1.93,1.19) | (-8.14,0.98) | (-5.49,0.82)
1515 (10,4%0) (-3.69,1.59) | (-2.75,1.32) | (-2.29,1.69) | (-2.02,1.32) | (-5.35,1.25) | (-3.93,1.06)
15 (5 (0,10,3*0) | (-4.09,1.55) | (-3.19,1.27) | (-2.23,1.65) | (-1.99,1.36) | (-5.53,1.13) | (-4.34,0.93)
15 | 5 | (2*0,10,2%0) | (-4.89,1.47) | (-3.69,1.21) | (-2.26,1.67) | (-1.95,1.35) | (-6.21,1.08) | (-4.84,0.89)
1515 | (22222) | (-5.021.42) | (-3.75,1.18) | (-2.23,1.58) | (-1.92,1.26) | (-6.70,1.05) | (-5.11,0.89)
15 |'5 {4,4,2,2*%0) (-4.03,1,52) (-3.18,1.25) | (-2.25,1.60) | (-2.02,1.36) (-5.51,1.17) (-4.36,0.98)
70 | 2 (0,18) (-90-32,0.63) | (-45.78,0.45) | (-2.13,0.79) | (-1.95,0.58) | (-96.85,0.57) | (-47.35,0.37)
2 | 2 (18,0) (-21.12,1.00) | (-12.14,0.79) | (-2.61,1.26) | (-2.35,0.87) | (-28.60,0.89) | (-14.23,0.75)
2 |3 (2%0,17) | (-18.28,0.84) | (-11.85,0.67) | (-2.17,1.13) | (-2.01,0.79) | (-19.64,0.76) | (-12.29,0.58)
20 | 3 (17,2%0) (-7.67,1.21) | (-4.99,1.03) | (-2.52,1.45) | (-2.11,1.18) | (-8.74,1.04) | (-6.08,0.89)
20 | 4 (3*0,16) (-9.14,1.02) | (-6.35,0.77) | (-2.12,1.31) | (-1.89,0.99) | (-10.18,0.89) | (-7.15,0.77)
2 | 4 (16,3%0) (-4.05,1.46) | (-3.33,1.19) | (-2.26,1.57) | (-1.98,1.21) | (-5.57,1.18) | (-4.29,0.99)
2|5 (4%0,15) (-6.79,1.17) | (-4.65,0.96) | (-2.16,1.60) | (-1.96,1.16) | (-8.14,0.97) | (-5.47,0.82)
2|5 (15,4*0) (-3.66,1.52) | (-2.81,1.23) | (-2.30,1.65) | (-2.03,1.31) | (-5.11,1.29) | (-3.66,1.09)
205 (10,5,3*0) | (-3.92,1.46) | (-3.05,1.19) | (-2.29,1.63) | (-2.04,1.33) | (-5.02,1.23) | (-3.91,1.04)
20 |5 | (555,2%0) | (-4.51,1.43) | (-3.48,1.13) | (-2.24,1.64) | (-1.99,1.34) | (-5.50,1.18) | (-4.37,0.99)
20 {5 | (33333 | (-5481.26) | (-3.92,1.09) | (-2.21,1.65) | (-1.99,1.17) | (-6.66,1.05) | (-5.09,0.89)
2|5 (0,15,3*0) | (-4.26,1.46) | (-3.26,1.19) | (-2.27,1.61) | (-2.00,1.36) | (-5.39,1.15) | (-4.11,0.96)
20 |5 (5,10,3%0) | (-4.01,1.46) | (-3.19,1.18) | (-2.24,1.59) | (-2.00,1.37) | (-5.09,1.19) | (-4.12,1.03)
20 | 10 | (9%0,10) (-3.10,1.72) | (-2.59,1.29) | (-2.08,1.72) | (-1.82,1.42) | (-4.13,1.24) | (-3.19,1.05)
20 | 10 |  (10,9%0) (-2.45,1.76) | (-2.16,1.40) | (-2.09,1.78) | (-1.85,1.40) | (-3.65,1.47) | (-2.68,1.21)
25 |5 (@%0,20) (-717,1.13) | (-4.89,0.88) | (-2.13,1.55) | (-1.92,1.14) | (-8.09,0.95) | (-5.57,0.81)
25 |5 (20,4*0) (-3.62,1.46) | (-2.84,1.19) | (-2.33,1.64) | (-2.06,1.32) | (-4.94,1.31) | (-3.49,1.12)
25 | 10 | (9%0,15) (-355,1.47) | (-2.82,1.25) | (-2.11,1.73) | (-1.84,1.36) | (-4.18,1.23) | (-3.24,1.04)
25 | 10| (15,9%0) (-257,1.71) | (-2.18,1.31) | (-2.14,1.74) | (-1.87,1.36) | (-3.47,1.49) | (-2.54,1.25)
25 | 15 | (14%0,10) (-2.91,1.73) | (-2.31,1.46) | (-2.21,1.73) | (-1.90,1.44) | (-3.57,1.34) | (-2.91,1.08)
25 | 15 | (10,14%0) (-2.55,1.81) | (-2.11,1.56) | (-2.20,1.73) | (-1.80,1.48) | (-3.16,1.51) | (-2.63,1.23)
50 | 20 | (19%0,30) (-281,1.51) | (-2.34,1.25) | (-2.20,1.68) | (-1.83,1.34) | (-3.01,1.38) | (-2.72,1.17)
50 | 20 | (30,19%0) (-2.53,1.72) | (-2.02,1.42) | (-2.21,1.69) | (-1.90,1.40) | (-2.58,1.65) | (-2.33,1.39)
50 | 25 | (24%0,25) (-2.58,1.63) | - (-2.12,1.30) | (-2.01,1.76) | (-1.77,1.39) | (-3.02,1.43) | (-2.49,1.14)
50 | 25 | (25,24%0) (-2.13,1.63) | (-1.86,1.45) | (-1.97,1.68) | (-1.71,1.44) | (-2.86,1.60) | (-2.22,1.33)
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7.7 Illustrative Example and Conclusions

Example 7.1: Refer to the illustrative example in Section 6.5.3. For this example,

n = 19,m = 8. Assuming the data has come from a normal distribution, we obtain
the MLEs of i and o as

i=1882 and & =1615.

We simulated the percentage points for a 90 % interval to obtain P(—3.04 < P, <
1.24) = 0.90 and P(—3.63 < P; < 1.04) = 0.9, from which we obtain the 90 %
confidence interval for u to be (1.26, 3.41) and the 90 % interval for o to be (1.17, 3.16),
respectively.

In this chapter, we considered point and interval estimation for parameters of
the normal distribution based on progressively Type-II censored data. We developed
explicit estimators based on an approximation to the hazard function of the normal
distribution. Results of a simulation study show that the approximate MLEs and
MLEs are almost identical in terms of bias and variance.

We also conducted a simulation study to examine the coverage probabilities
of the pivotal quantities based on asymptotic normality. The results show the cover-
ages are extremely unsatisfactory especially when the effective sample size is small.
Based on these observations, we recommend the use of simulated percentage points

to construct confidence intervals for the parameters.



Chapter 8

Optimal Progressive Censoring

Scheme for the Weibull

Distribution

8.1 Introduction

In this chapter, we discuss the determination of optimal censoring schemes for the
Weibull distribution based on progressively Type-II censored samples. Under pro-
gressive censoring, Balasooriya, Saw and Gadag (2000) constructed sampling plans
for the Weibull distribution, while Balasooriya and Balakrishnan (2000) constructed
similar plans for the lognormal distribution. Under the assumption that m and the
progressive censoring scheme (R;, Ry, ..., Ry) are pre-specified by the experimenter,
Viveros and Balakrishnan (1994) and Balasooriya, Saw and Gadag (2000) have de-
veloped inferential methods. However, realizing that this progressive censoring is a
versatile censoring scheme in that there is flexibility in the choice of Ry, Ra, ..., Rn,
we study here the problem of optimal progressive censoring for the Weibull distrib-
ution using the EM-algorithm for the MLEs. Specifically, for specified values of the
sample size n and the effective sample size (the number of complete failures) m, we

discuss the determination of the optimal (R;, Rz, .. ., Bm) that minimizes (i) the trace
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of the variance-covariance matrix of the MLEs, (ii) the determinant of the variance-
covariance matrix of the MLEs, and (iii) the trace of the missing information matrix.
We show that significant gain in efficiency can be achieved by using these optimal
censoring plans. Finally, we also describe the construction of progressively censored
reliability sampling plans based on these optimal censoring schemes.

It is important to mention here that progressive censoring is typical of failure-
time data obtained from field units. In the early works of Cohen (1963), for example,
progressive censoring was thought of as a model to accommodate accidental loss of
units or for the purpose of saving some live units for other tests. Thus, in a planned
life-testing experiment, it is more common to observe a singly censored data as it is
easier to implement. However, we feel that such a restrictive censoring scheme may
result in a substantial loss in efficiency in the ensuing inferential methods. But, a
properly planned progressively censored life-test can result in highly efficient methods.
With this specific goal in mind, we tackle in this chapter two related but distinct prob-
lems: (i) optimal progressively censored test planning for the purpose of estimating
the parameters, and (ii) optimal progressively censored test planning for the purpose
of demonstration testing. In the first case, once the experimenter specifies n (the
number of units available for test) and m (the number of complete failures allowed),
the methodology developed in this chapter will assist in the designing of an appro-
priate life-test that would result in the optimal estimation of life parameters. In the
second case, once the experimenter specifies m and the progressive censoring scheme
in terms of proportions, the results developed here will enable the determination of
the minimum sample size n for a demonstration testing at pre-fixed points (pa,1 — &)

and (pg, 8) on the operating characteristic (OC) curve, where o and (3 are producer’s

and consumer’s risks, respectively.
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8.2 Expected Fisher Information

Let us now consider the lifetime of the units in the life-test X;, 2 =1,2,...,n, to be
independently distributed as Weibull with p.d.f.
wn=2 () e |- (2)
f(xaa)ﬂ)_a o €Xp | — ’ $>07

(8

where o > 0 is the scale parameter and 3 > 0 is the shape parameter. Then the

logarithm W; = In X follows the extreme value distribution with parameters 4 = In o
and 0 = 1/0. The p.df. of W;,1=1,2,...,n,is

cuo) = & wi B _ u)] .
fw(w,,u,a)—-aexp[( . > exp< = , oo < w; < 00, (8.2.1)

and the c.d.f. is

Fw(w;) =1 —exp [— exp (wi; H)} , — 00 < w; < 0. - (8.2.2)

A major advantage in working with this extreme value distribution is that u
and o are location and scale parameters; see Lawless (1982). Therefore, we will work
with the log-lifetimes W, instead of the actual lifetimes X; throughout this chapter.

The maximum likelihood estimators of the parameters y and o based on pro-
gressively Type-II censored data are studied by many authors; see Balakrishnan and
Aggarwala (2000) for details. Since the likelihood equations cannot be solved ana-
lytically, estimation procedures often use Taylor series approximations. In Chapter
6, we proposed the usage of the EM-algorithm in the determination of the maximum
likelihood estimates when the data are progressively Type-II censored. The major
advantage of the EM-algorithm is in its easy implementation [see Dempster et al.
(1977)] and also in the fact that the variances and covariance of the ML estimates
can be readily obtained by the Missing Information Principle as shown already in
Chapter 6. In this section, we will provide a computational procedure for the ex-
pected Fisher information matrix for a specified censoring scheme via the Missing

Information Principle and direct computation from the log-likelihood functions.
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8.2.1 Missing Information Principle

As mentioned in Chapter 6, the Missing Information Principle states that
Observed information = Complete information — Missing information.

By using the missing information principle, Louis (1982) developed a procedure
for extracting the observed information matrix when the EM-algorithm is used in
order to find the maximum likelihood estimates for the incomplete data problem.
For each progressively censored sampling plan, we can compute the expected missing
information as well as the asymptotic variances and covariance of the ML estimates.

Let us denote the observed information, complete information and missing
information for the parameter 8 by Iy(8), Iw(6) and Izy(8), respectively. From
well-known results on the extreme value distribution, the complete information matrix

for0=(u o)is
n 1 1—9 ’
Iw(8) = s [1 e ] , (8.2.3)

where v = 0.577215665 is the Euler’s constant and ¢? is 563 + (1 —v)% = 1.823680661;
see, for example, Lawless (1982) and Johnson, Kotz and Balakrishnan (1995).

To compute the expected missing information matrix under progressive Type-
IT right censoring, we need the distribution of the observed progressively censored
order statistics Yr.my for 7 = 1,2,...,m [see Balakrishnan and Aggarwala (2000)).
The cumulative distribution function of Y;.,..,, is

FYr:m:n(y) = 1 ~ Cr-1 Z X

=l /7

ai,r

- Fw(y)”, —o<y<oo,r=12,...,m,

(8.2.4)

where

v = m—r+1+ZRi, r=12,...,m,

t=r

Cra1 = H’)’.", 7’—_—1,2,...,771/,

=1

-
1 .
iy = H , 1<:<r<m.
J=17j—7i
J#
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We readily obtain the probability density function of Y;.m.x, from (8.2.1),
(8.2.2) and (8.2.4), as

Fromal®) = o1 S air [ = Fale)| fin(y)

i=1

. 1 (e=uy_. (%*
= cr_IZai,rl;e(y?ﬁ)”’e( )J, —co<y<oo,r=12,...,m.

=1

The expected Fisher information matrix for 6 in one observation which is

censored at the time of the r-th failure (Y. ) is

1 {Mﬁ(n) M{Q(n)] _

Yrmen [ zy )] o? | M5(n) M, (n)

The computational formulas for M7,(n), M],(n), M},(n) and M],(n) are given in the
Appendix C.

Then the expected missing information is
EYI:m:mm’Ym:m:n [IZ]Y(O)] = ZRTEYr:m:n [I(Z,i%/(g)] * (8'2'5)
r=1

Based on this expected missing information, we can compute the asymptotic variance-
covariance matrix of the ML estimate of @ by inverting the expected observed infor-

mation matrix given by

EY ¥ [ (0)] = 12(8) = By, Yoamen | L2iv(8)] . (8.26)

8.2.2 Direct Computation

Form (6.1.1), the log-likelihood equations for the parameters p and o are given by

dlnL 1 ik ‘
- ~S(R; + 1) | =0, 8.2.7
£ o .m ]gl( 3 ) ( )
dlnL 1| & m |
"2 = s Im Y6 YR+ 1S | =0, (8-2.8)
Jo o | j=1 =1

where §; = —-’———————Y"’";"‘”.



139

Then the expected Fisher information matrix can be computed as

Bresens 00 = 5|00 o)
with entries
Ou(n) = ?::mj +1)Ey,,..(e5) = m,
Ousfn) = Omln) = —m+ J_ﬁl(ﬁj 1) By, () + é(ﬂj +1) By, 0 (6569)
= m+ ilEnm(éj),
Onln) = —m—2 zmj v+ 2 2B+ DB (6565) + :21(& +1)Ey,,.(E269)
I i(R" +1)By, ... (6269),

where the expressions for those expected values are given in Appendix C.

8.3 Optimal Progressive Censoring Scheme

For a specific censoring scheme [n, m, (Ry, Rz, . . ., Rm)], we can compute the expected
missing information matrix and the asymptotic variance-covariance matrix of the
MLEs. When the values of n and m are chosen in advance depending on the avail-
ability of units, experimental facilities and cost considerations, we can find the optimal

censoring scheme (Ry, Ry, ..., Ry)-

8.3.1 Joint Estimation

When 8. is two-dimensional, optimality can be defined in terms of
(1) minimizing the trace of the variance-covariance matrix (V(6)) of the ML estima-

tors, or equivalently

tr[V(8)] = Vu(n)+Var(n); (8.3.1)
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(2) minimizing the determinant of the variance-covariance matrix (V(8)) of the ML

estimators, or equivalently
det[V(0)] = Vi(n)Vaa(n) — Vi3(n); (8.3.2)

(3) maximizing the trace of the Fisher information matrix of the ML estimators.

In the case of the extreme value distribution, the element of the missing in-
formation matrix corresponding to the parameter p is independent of the censoring
scheme (see Appendix C). Thus, the third optimality criterion can be expressed equiv-
alently as
(3') maximizing the element of the Fisher information matrix corresponding to the

parameter o (or equivalently, Oq(n)).

8.3.2 Estimation of Quantiles

In reliability context, we may often be interested in estimating the p-th upper quantile

of the population. The ML estimate of the p-th upper quantile is given by
Qp=j+6F'(1-p), (8.3.3)
where F=(-) is the inverse c.d.f. of the standard extreme value distribution, that is,

F7'(1 - p) = In[-In(p)}.

In this case, optimality can be simply defined in terms of minimizing the

variance of the estimate for the p-th upper quantile, or equivalently
Var[i+6F (1 =p)] = Vis(n) +[F~'(1 = p)*Vaa(n) +2F (1 = p)Via(n).

In the finite sample situation, we can list all possible choices of censoring
schemes and compute the corresponding objective function, and then determine the
optimal censoring scheme through an extensive search.

Some selected combinations of m and n and the corresponding optimal censor-
ing schemes thus determined are presented in Tables 8.1-8.4. When optimal censoring
schemes are used in place of other censoring schemes, we would expect a gain in effi-
ciency. We will illustrate this point and also given an idea about the amount of gain

in efficiency with the following example.



Table 8.1: Optimal progressive censoring schemes for n = 10,m = 5(1)9
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degree of | optimality Optimal censoring scheme
n | m | censoring | criterion | Ry Ry Rs Rs Ry | tr[V(0)] det[V(0)] Os(n)
615 50.00% (1),2) 0 5 0 0 0 0.2918 0.0183 10.9057
(3) 5 0 0 0 0 0.2048 0.0184  10.9822
6 | 40.00% (1),(2) 0 4 0 0 0 0.2494 0.0136 12.3719
(3) 4 0 0 0 0 0.2549 0.0138 12.4332
7 30.00% (1) 0 0 3 0 0 0.2205 0.0108 13.4105
2) 0 3 0 0 0 0.2212 0.0106 13.8381
(3) 3 0 0 0 0 0.2261 0.0108 13.8841
8 20.00% (1) 0 0 2 0 0 0.1994 0.0087 15.0193
(2) 0 2 0 0 0 0.2005 0.0086 15.3044
(3) 2 0 0 0 0 0.2039 0.0087  15.3350
9 10.00% (1) 0 0 0 1 0 0.1836 0.0072  16.4107
(2) 0 1 0 0 0 0.1846 0.0072 16.7706
(3) 1 0 0 0 0 0.1862 0.0072 - 16.7859
Table 8.2: Optimal progressive censoring schemes for n = 15, m = 5(1)14
degree of | optimality Optimal censoring scheme
n | m | censoring | criterion | Ry Ry Rs Ry Rs Rs Rm | tr[V(6)] det[V(6)] O2(n)
15 5 66.67% (1) 10 0 ] 4] 0 - - 0.2788 0.0157 12.7210
2 ,(3) 0 10 0 0 (¢] - - 0.2819 0.0154 13.2944
6 60.00% 1},(2),(3) 0 9 0 Q 0 0 ~ 0.2353 0.0114 14.7005
7 53.33% 1),(2),(3) 0 3 0 0 [¢) 4] o 0.2051 0.0089 16.1065
8 46.67% 1) 0 0 7 0 0 0 0 0.1831 0.0073 17.2201
(2).(3) [§] 7 0 0 0 0 0 0.1835 0.0072 17.5126
9 40.00%; (1) 0 0 6 0 0 0 0 0.1658 0.0060 18.6680
(2).(3) 0 6 0 0 0 0 0 0.1671 0.0060 18.9187
10 33.33% (1) 0 0 0 5 ] 0 0 0.1524 0.0051 19.6400
2) 0 0 5 0 0 0 ¢} 0.1525 0.0051 20.1158
(3) 0 5 0 0 0 0 0 0.1541 0.0051 20.3248
11| 26.67% [6) 0 0 0 4 0 0 0 | 0.14156 00044  21.1830
(2) 0 0] 4 0 0 0 0 0.1420 0.0044 21.5637
(3) 0 4 0 0 0 0 0 0.1435 0.0044 21.7309
12 20.00% 1) 8} 0 0 0 3 0 0 0.1327 0.0039 22.3309
(2) 0 0 3 0 0 0 0 0.1334 0.0038 23.0116
(3) 0 3 0 0 0 0 0 0.1346 0.0038 23.1370
13 13.33% (1) 0 ¢} 0 0 2 0 0 0.1255 0.0034 24.0056
(2) 0 0 2 0 0] 0 0 0.1261 0.0034 24.4595
(3) 9] 2 0 0 0 0 0 0.1269 0.0034 24.5430
14| 6.67% D o 6 © 6 0 1 0 [ 01195 00030  25.5192
(2) 0 0 1 0 0 0 0 0.1199 0.0030 25.9073
(3) 0 1 0 Q 0 0 0 0.1203 0.0030 25.9491
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Table 8.3: Optimal progressive censoring schemes for n = 20, m = 5(1)13

degree of | optimality Optimal censoring scheme

n | m | censoring | criterion- | Ry R; Rz 'Ry Ry R | tr[V(6)] det[V(0)] = Oz(n)
20| 5 | 75.00% o 15 0 0 0 0 - | 0.2706 0.0141  14.2037
(2) 6 15 6 0 0 - | 02793 0.0136  15.4986
(3) 0. 0 15 0 0 - | 0:3153 0.0154 '15.5317
6 | 70.00% {(1),(2) 0 14 0 0 0 0 0.2298 0.0100 = 16.8969
(3) 0 0 14 0 . 0 0 0.2438 0.0106  16.9279
7 | 65.00% 1),(2) o 18 0 0 0 i 0.1981 0.0078  18.2953
(3) 0 0 13 0 0 0 0.2034 0.0080  18.3240
8 | 60.00% 10,2 6 12 0 0 0 0 0.1758 0.0063  19.6936
(3) 0. 0 12 0 0 0 0.1772 0.0064  19.7201
9 | 55.00% | (1L(2),(3) ] 00 11 0 0 0 0.1586 0.0053  21.1162
10 | 50.00% 1,2),3 [ 6 0 10 0 0 0 | 0.1446 0.0044 - 22.5124
11 | 45.00% @ 0 0 0 9 0 0 | 0.1335 0.0039 235270
{2),(3) 6 0 9 o0 0 0 0.1335 0.0038  23.9085
12 | 40.00% [6)) 6 0 0 & 0 0 0.1241 0.0034  24.9655
(2).(3) D 0 8 0 0 0 0.1246 0.0033  25.3046
13| 35.00% [§3) 6 0 o0 0 7 0 0.1164 0.0030 259034
(2)-(3) 0 0 7 0 0 0 0:1171 0.0030  '26.7007

Table 8.4: Optimal progressive censoring schemes for n = 10(5)40,m = 5

degree of | optimality | Optimal censoring scheme

n | m | censoring | criterion | Ry Ry Rs Ry Rs | tr[V(6)] det[V(8)] Oaia(n)
10] 5| 50.00% (1),(2) 0 5 0 0 0 0.2918 0.0183  10.9057
(3) 5 0 00 0 0.2948 0.0184  10.9822
15| 5| 66.67T% 1) 10 0 0. 0 0 0.2788 0.0157  12.7210
(2),(3) 0 10 0 0 0 0.2819 0.0154  13.2044
201 5| 75.00% (1) 15 0 0 0 0 0.2706 0.0141 14.2037
(2) 0 15 0 0 0 0.2793 0.0136  15.4986
(3) 0 0 15 0 0 0.3153 0.0154 15.5317
25| 5 | 80.00% D 20 0 o0 0 0 0.2657 0.0130  15.4846
(2) 0 20 0 0 0 0.2787 0.0124  17.4778
(3) 0 0 20 0 0 0.3231 0.0141 17.9893
30 5] 83.33% (1) 25 0 6 0 0 0.2623 0.0121 16.6117
(2) 0 25 0 0 0 0.2789 0.0115  19.2617
(3) 0 0 0 25 0 0.4461 0.0176  20.3399
3|5 | 8.711% (1) 30 0 0 0 0 0.2598 0.0115  17.6192
(2) 0 30 O 0 0 0.2793 0.0108 - 20.8834
(3) 0 0 0 30 0 0.4662 0.0168 ~ 22.7797
40 | 5 | 87.50% (1) 3% 0 0 0 0 0.2579 0.0110 18.5313
(2) 0 3% 0 0 0 0.2799 0.0102 22.3702
(3) 0 0 0 0 35 0.9995 0.0331  25.1846
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Table 8.5: Comparison of optimal censoring scheme and the censoring scheme used
by Viveros and Balakrishnan (1994)

optimality i
criterion Censoring Scheme | tr[V(8)] | det{V(8)] Ogz2(n) | Var(Qo.05)

(1), (2) and (3) || Optimal | (0,11,0,0,0,0,0,0) | 0.176956 | 0.006489 | 19.270694 | _ 0.184169

Example | (0,0,3,0,3,0,0,5) [ 0.239682 | 0.010806 | 14.191945 0.366111

Efficiency | 1.355249 | 1.665405 | 1.357861 1.987905

Var(Qo.o05) Optimal | (11,0,0,0,0,0,0,0) | 0.182561 | 0.006924 | 18.366109 0.169801

Efficiency | 1.313641 | 1.560729 | 1.294122 2.156117

8.3.3 Ilustrative Examples

Example 8.1: Refer to the illustrative example in Section 6.5.3 with data presented
in Table 6.3. For n = 19 and m = 8§, we can find the corresponding optimal censoring
schemes subject to the three optimality criteria described above. In Table 8.5, we
have presented comparisons of the three optimal censoring schemes and the optimal
censoring scheme for estimation of the upper 5-th quantile with the censoring scheme
(0,0,3,0,3,0,0,5) considered by Viveros and Balakrishnan (1994). We have pre-
sented the relative efficiency which is simply the ratio of the objective function values
corresponding to the censoring scheme used by Viveros and Balakrishnan (1994) and
the optimal censoring scheme. It is clear from these values that the optimal censoring
schemes result in substantial gain in efficiency no matter which criteria is used.

It is also heartening to observe, for example, if one uses the ‘trace optimal’
censoring scheme, in addition to obtaining the maximal gain in efficiency with respect
to the trace, the gain in efficiency resulting with respect to the determinant or Oa2(n)
is also optimal.

Example 8.2: In order to illustrate the implementation of the optimal censoring
schemes, we use the data set generated by Viveros and Balakrishnan (1994) as well
as another Type-II progressively censored sample of size m = 8 generated from the
n = 19 observations given by Nelson (1982, p. 228, Table 6.1) using the optimal
censoring scheme. These data are presented in Table 8.6, and a comparison of the

estimates determined from these two progressively censored samples are presented in
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Table 8.6: Progressively censored sample generated from Nelson (1982, Table 6.1)
using the optimal censoring scheme

r 1 2 3 4 5 6 7 | 8
Yrimm || -1.6608 | -0.2485 | 0.2700 | 1.1505 | 1.5411 | 2.0806 | 3.4578 | 3.6030
R, 0 11 0 0 0 0 0 0

Table 8.7: Comparison of the estimates based on the data generated using the op-
timal censoring scheme and the progressively censored data used by Viveros and
Balakrishnan (1994)

ML Estimates Observed Information Variance-covariance of MLEs
Censoring Scheme i i I I 32 var(pi) | var(e) | cov(, &)

(0,11,0,0,0,0,0,0) || 2.4398 | 1.2056 | 8.0000 | 20.1614 | 0.2655 | 0.1251 | 0.0496 | -0.0016

(0,0,3,0,3,0,0,5) | 2.2220 | 1.0264 | 7.9998 | 13.75681 | -4.6543 | 0.1556 | 0.0905 0.0527

Table 8.7.

We observe that the data generated using the optimal censoring scheme yields
smaller standard errors for the ML estimates. Although this may not be true in every
case, we would expect on an average the use of optimal censoring scheme to result in

estimates with smaller standard errors.

8.4 Reliability Sampling Plans

8.4.1 Determination of Acceptance Constant and Sample Size

Suppose L is the actual one-sided lower specification limit of a product with Weibull
lifetime distribution. Then the fraction of defectives, p, is given by the probability
Pr(W < L'), where L' =1In L.

Design of acceptance sampling plans require agreement between the consumer
and the producer. Lots for which the fraction of defectives p does not exceed p, are

presumed to be good and the consumer accepts these lots with probability at least
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1—a, where a is the producer’s risk; moreover, lots for which the fraction of defectives
p exceeds pg are presumed to be unacceptable and the consumer rejects these lots
with probability at least 1 — 3, where 3 is the consumer’s risk. For more details, one
may refer to the book by Séhilling (1982).

Here, we employ the well-known Lieberman and Resnikoff (1955) procedure;

thus, for a specified lower limit L', a lot under testing is accepted if
p—16> 1L,

where [ is the acceptance constant. By asymptotic theory of MLEs, we can approxi-
mate the distribution of i—I[é by a normal distribution with mean u—Io and variance
?[Vir(n) + *Vaa(n) — 2IVia(n)]. Schneider (1989) showed that the acceptance con-
stant [ is then given by

[ = Spa?1-8 — SpsZa

e — s (8.4.1)
and the sample size n is the solution to
Zog — % 2
$(0) = [ 2212 Vi) + Pt — 2] = 1, (5.4
Spa ™ Spp

where s5 = In[—In(1 — §)] and 25 = ®71(§) with ®(-) denoting the standard normal
cumulative distribution function.

For any two points (ps,1 — @) and (pg,3) on the OC curve together with the
degree of censoring at the time of the r-th failure ¢. = %, r=1,2,...,m, one could
compute the required progressively censored acceptance sampling plan from (8.4.1)
and (8.4.2).

We summarize the procedure of obtaining a progressively censored acceptance
sampling plan step-by-step as follows:

Step 1. Choose two points (ps,1 — @) and (pg, 8) on the OC curve and the degrees
of censoring ¢1,¢2,. .., gm-

Step 2. Compute the acceptance constant ! using (8.4.1).

Step 3. Give an initial guess of n (one may even start with a moderately large n, say

25 or 30, and then decide to move up or down according to Step 5).
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Step 4. Compute the value of S(n) from (8.4.2) and formulas (C.6)-(C.8) in Appendix
C.

Step 5. If S(n) > 1, then increase n by 1; if S(n) < 1, then decrease n by 1, and
repeat Step 4 until n satisfies the two conditions S(n + 1) > 1 and S(n) < 1.

For the purpose of comparison, we determined sampling plans with p, =
0.00041 and pg = 0.01840, which are chosen to match with the specifications in MIL-
STD-105D [see Schneider (1989)]. Table 8.8 provides a comparison between sample
sizes computed by applying the procedure proposed here with the corresponding val-
ues obtained by Balasooriya, Saw and Gadag (2000) using approximate MLE’s. Note
that the sample sizes obtained by the procedure proposed here are slightly larger
than those of Balasooriya, Saw and Gadag (2000); this may be due to the fact that
the approximate MLE’s tend to be less precise with increased degree of censoring.
To demonstrate this point, we generated 10,000 progressively censored samples from
the extreme value distribution in (8.2.1) with 4 = 0 and ¢ = 1. For each of the
sampling plans, we simulated the values of the two levels of probability of acceptance
(a and B), and these results are presented in Table 8.8. We can see from these values
that the sample sizes obtained from the approximate MLEs of Balasooriya, Saw and
Gadag (2000) result in larger values of @ and  than the pre-fixed ones, while the
sample sizes obtained by the exact MLE’s can attain closer levels of probabilities of
acceptance.

We also determined sampling plans with p, and ps that are chosen to match
with the specifications in MIL-STD-105D by using better censoring schemes. These
results are presented in Table 8.9. It should be mentioned that under the same
degree of censoring and exactly the same specifications, if a better censoring scheme

is employed, the required sample size gets reduced significantly.

8.4.2 Expected Total Test Time

In practical applications, it is useful to have an idea on the total test time for a

particular reliability sampling plan. When a progressively Type-II censored sampling
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Table 8.8: Progressively censored reliability sampling plans with p, = 0.00041 and
ps = 0.01840
91, 92, 9m (%)
42,00,28 36,00,24 30,00,20 24,00,16 18,00,12 12,00,08
a 18] {A] {B] {Al [B] (A] [B] 1Al [B] fAl 1B}
0.05 0.10 n 27 29 23 26 21 21 19 13 17 17 18
(I = 5.6560) Sim. a 0.0531 0.0587 0.0454 0.0622 0.0432 0.0512 0.0454 0.0520 0.0413 0.0491 0.0409 0.0476
Sim. 8 0.1306 0.1612 0.1281 0.1748 0.1207 0.1551 0.1325 0.1602 0.1288 0.1575 0.1309 0.1426
0.05 0.05 n 43 42 36 36 31 31 27 27 23 24 22
(I = 5.8926) Sim. o 0.0482 0.0588 0.0440 0.0540 0.0449 0.0510 0.0423 0.0474 0.0428 0.0545 0.0430 0.0480
Sim. B 0.0492 0.0689 0.0487 0.0745 0.0498 0.0650 0.0501 0.0655 0.0533 0.0777 0.0565 0.0712
41,92, 9m (%)
24,23,23 20,20,20 17,17,16 14,13,13 10,10,10 07,07,06
0:05 0.10 n 27 27 23 24 21 22 19 19 18 17 15
(I = 5.6560) Sim. a 0.0430 0.0542 0.0423 0.0579 0.0432 0.0560 0.0433 0.0460 0.0446 0.0465 0.0399 0.0483
Sim. 8 0.1241 0.1526 0.1230 0.1742 0.1303 0.1521 0.1241 0.1434 0.1316 0.1477 0.1292 0.1594
0.05 0.05 n 40 37 33 34 30 30 26 27 23 23 22
(I = 5.8926) Sim. a 0.0469 0.0556 0.0462 0.0588 0.0442 0.0514 0.0439 0.0500 0.0452 0.0468 0.0447 0.0461
Sim. 8 0.0565 0.0704 0.0530 0.0807 0.0487 0.0638 0.0513 0.0663 0.0556 0.0677 0.0587 0.0650
Remarks: [A] -~ Procedure proposed in this chapter; [B] - Procedure proposed by Balasooriya, Saw and Gadag (2000)
Table 8.9: Progressively censored reliability sampling plans with p, and pg matching
with MIL-STD-105D
Degree of censoring 70% 1 0% 1 50% I 40% | 30% | 20%
@ =0.05,8=0.10
Po P8 [} n. {censoring scheme)
5.00041 00184 E.6560 | 22  (Ra = 15) | 20  (Ra =12) | 19 (s =10) | 18  (Ra =7) 7 (R =5 | 16  (Hs =3}
0.00284 0.0311 4.5092 | 36 (Rq=25) | 33 (Ry=20) | 31 (Rq=16) | 30 (Ry=12) | 27 (Ry=8) | 26 (Ry=35)
0.00654 0.0426 . 3.9629 | 46 (Rs=232) | 42 (Rs =125 | 40 (Rs=20) | 37  (Rs=15) | 8 (Rs=11) | 8¢ (Ry=7)
0.01090  0.0535 - 3.6070 | 54 (Rg =38) | 49 (Re =29) | 46 (Rg=23) | 43 (Re=17) | 41 (Rg =12) | 39 (Re =8}
a. = 0.05, 8 = 0.05
Do Ps 1 n (censoring scheme)
0.00041  0.0184. 58926 | 32  (Rs = 22) | 28 (Rs =17) | 26 (Ha = 13) | 24 (Ra=10) | 23  (Ra = 17) 21 (Rs = 4)
0.00284  0.0311 4.6587 | 52 . (R4 =36) | 47 (Rgq=128) | 42 (Rq=21) | 40 (Rg=16) | 37 (Ry=11) | 35 (Rq=7)
0.00654 0.0426 4.0804 | 66 (Rs =46) | 59 (Rs=35 | 54 (Rs=27) |51 (Rs=20) | 47  (Rs=14) | 45 (Rs = 9)
0.01090  0.0535 37071 | 76 (Re =53) | 69 (Re=141) | 63 (Rs=2382) | 59 (Rg=124) | 56 (Rg=17) | 54 (Re = 11}
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plan is used, one can estimate the total test time by

E(Xmmn) = exp[E(Ynmmn)]
s Qi m
= exp {,u +0Cm-1 Y —[¥(1) ~In 7,-]} . (8.4.3)
g==1 /*
Usually, we will have some information on yx and ¢ from past data or prior
experience. Therefore, we can approximate the expected test length provided that

the values of n and m and the reliability sampling plan are specified.

8.4.3 Illustrative Example

Example 8.3: Refer to Example 8.1. Suppose we wish to construct a progressively
censored sampling plan for given specifications of p, = 0.00284, 1 — a = 0.95, pg =
0.03110, 8 = 0.10 with total degree of censoring equal to 58%. Then, we consider the
following two censoring schemes with ¢;’s denoting the proportion of censoring at the
1-th failure:

(i) g3 = g5 = 0.16,¢,, = 0.26 and ¢; = 0,7 # 3 or 5 or m;

(ii) g4 = 0.58 and ¢; = 0,7 # 4;

(ili) ¢1 = 0.2, ¢ =g = 0.19 and ¢; = 0,7 5% 1 or 2 or m.

Note that, when n = 19, censoring scheme (i) is precisely the censoring scheme
used by Viveros and Balakrishnan (1994). By using (8.4.1) and (8.4.2), we obtain
[ = 4.50920, n = 43 for (i), n = 33 for (ii), and n = 46 for (iii) (see Table 8.9); that
is,

(1) n = 43, censoring scheme: (0,0,7,0,7,0,...,0,11),

(ii) n = 33, censoring scheme: (0,0,0,19,0,...,0).

(iii) n = 46, censoring scheme: (9,9,0,...,0,9).

It is important to note that when n = 33, the censoring scheme (0,0,0,19,0,...,0) is
optimal under all three optimality criteria discussed earlier in Section 8.3.1. We thus
observe that when a better censoring scheme is determined and adopted, the sample
size required for the reliability sampling plan gets reduced substantially.

Furthermore, we may use the estimates of the parameters u and o determined

from the progressively censored data provided by Viveros and Balakrishnan (1994)
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as preliminary estimates of ¢ and o in order to estimate the expected total test time.
The MLEs to be used as preliminary estimates in this case are i = 2.22196 and
& = 1.02638; then from (8.4.3), we estimate the expected total test time to be 7.916
for plan (i), 26.814 for plan (ii), and 9.637 for plan (iii). Clearly, the censoring scheme
(ii) results in a much longer test which is the price paid for improved efficiency in

inference as well as reduced sample size for censored sampling plan.

8.5 Conclusion

In this chapter, we have applied the EM-algorithm and direct computation for the
MLEs to determine optimal censoring schemes for the Weibull distribution. For this
purpose, we have used minimization of the trace of the variance-covariance matrix
of the MLEs, the determinant of the variance-covariance matrix of the MLEs, and
the trace of the Fisher information matrix of the MLEs. We have also” discussed
the estimation of quantiles. We have shown that the use of these optimal censoring
schemes result in a substantial gain in efficiency. We have further shown that the
optimal censoring scheme with respect to one of these three criteria also result in
a gain in efficiency that is almost optimal with respect to the other two criteria.
With an illustrative example, we have shown that if one uses the optimal censoring
scheme as an experimental design to produce data, then one would get estimates with
smaller standard errors. Finally, we have described the construction of progressively
censored reliability sampling plans for given specifications of a (producer’s risk), pa,
B (consumer’s risk), pg, and the censoring proportions ¢y, ...,qn,. We have further
shown that the sample size required for the reliability sampling plan gets reduced

when a better censoring scheme is adopted.



Chapter 9

A Test of Exponentiality Based on
Spacings Under Progressive

Type-II Censoring

9.1 Introduction

The exponential distribution is one of the most widely used life-time models in the
areas of life testing and reliability. The volume by Balakrishnan and Basu (1995)
[see also Johnson, Kotz, and Balakrishnan (1994, Chapter 19)] provides an exten-
sive review of the genesis of the distribution and its properties, including several
characterization results. Because of its wide applicability and its relations to other
distributions like the gamma and Weibull, there have been numerous tests proposed in
the literature to determine whether or not an exponential model is indeed appropriate
for a given sample.

The history of goodness-of-fit tests originated with the seminal paper by Karl
Pearson in 1900 on the chi-squared test. Tests based on the empirical distribution
function (EDF) like the Kolmogorov-Smirnov, Cramer-von Mises and their variants
are applicable for testing the hypothesis that the random sample comes from some
arbitrary distribution. The properties of these “omnibus” tests under various scenar-

ios have been investigated by several authors; see D’Agostino and Stephens (1986)
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for a detailed bibliography. These tests are intuitive, and easily modified in the event
of censored data.

However, if the experimenter is interested in testing whether a particular model
like the normal or exponential is appropriate, it may be appropriate to use the proper-
ties of the underlying distribution to derive a more specific (hopefully, more powerful)
test. For the exponential distribution, one can exploit the fact that the hazard func-
tion is constant or that the logarithm of the survival function is linear. Shapiro
(1995) and Stephens (1986) provide a fairly extensive review of the literature on tests
for the exponential distribution. Spinelli and Stephens (1987) discuss tests for the
two-parameter exponential distribution when the parameters are unknown.

There have been numerous tests proposed in the literature to determine whether
or not an exponential model is appropriate for a given data set. These procedures
range from graphical techniques, to tests that exploit characterization results for the
exponential distribution. In this chapter, we propose a goodness-of-fit test for the
exponential distribution based on general progressively Type-II censored data. This
test based on spacings generalizes a test proposed by Tiku (1980). In Section 9.2,
we will propose a test statistic for exponentiality based on spacings. We will de-
rive the exact and asymptotic null distributions of the test statistic. In Section 9.3,
we present results of a simulation study to investigate the power of this test under
several different alternatives. We also discuss an approximation to the power and
compare the approximate values with those obtained by simulations. In Section 9.4,
we examine two standard tests (Cramer-von Mises A% and the Shapiro-Wilk W) for
exponentiality discussed extensively in the literature, and compare the power per-
formance of all three procedures. Section 9.5 considers tests for the two-parameter
exponential distribution. We illustrate the test procedures proposed here using some
numerical examples in Section 9.6. Section 9.7 discusses the multi-sample extension of

this procedure. Finally, we conclude with some comments and suggestions for further

research in Section 9.8.
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9.2 Test for Exponentiality

9.2.1 Test Statistic

Let us assume that the failure times have an exponential distribution with probability

density function (p.d.f.)

flzyo) = lexp (——i) , «>0, (9.2.1)

o o

and cumulative distribution function (c.d.f.)
F(z;0)=1-—exp (——%) , x>0, (9.2.2)

where ¢ > 0 is an unknown scale parameter.

Let X l(ﬁi:’;;"R”‘), Xﬁ,ﬁ’n ’Rm) ., X-Bm) denote a progressively Type-II right
censored sample. We would hke to test whether such a sample comes from an ex-
ponential distribution with p.d.f. (9.2.1) with o being unknown. In other words, we

want to test the hypotheses

Hy: X 2 Ezp(o)

d
against H; : X # Ezp(o). (9.2.3)
For convenience, we will suppress the censoring scheme in the notation of the X;.,n:n’s.
Define the normalized spacings Si, Sz, ..., Sm as
Sl = nXl(R;.t’ ’Rm)
$ = (n—Ri~ 1>(XZR“ ) X ),
Ss = (n— Ry — Ry — (X&) — Xghn i),
Sm o= (0= Ri— ... Rpoy —m+ DX — XUH0),

(9.2.4)

If the underlying distribution is exponential, S;, Ss, ..., Sn, defined in (9.2.4) are all
independent and identically distributed as exponential with scale parameter o; see
Balakrishnan and Aggarwala (2000) for details.
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Consider the test statistic given by

Tm—4)s:
7= (9.2.5)
(m -1 S;

i=1
The numerator of the test statistic is a linear combination of the spacings with de-
creasing weights, and the denominator is the sum of the spacings. The test statistic
is clearly scale invariant, with small and large values of T leading to the rejection of
Hy. The statistic T was suggested by Tiku (1980) for complete and doubly Type-II
censored samples. Balakrishnan (1983) studied the power of the test against a va-
riety of alternatives, and showed that the test (for complete samples) performs well

compared to standard tests in the literature.

9.2.2 Null Distribution

To derive the null distribution of the test statistic T', we first write T in the following

form:
1 S Si+Sy  Si+85:+S Si+ ...+ Sm-
T = 1m1+1m+2+1+m2+3+.”+1+m+ 1
MY S XS > Si 2 S
=1 =1 =1 =1
= — Z;, (9.2.6)
m—1 = ! :
where
J
2 S
Z;=2— j=12,...,m—1.
> S
=1
Since Si, Ss, ..., S, are all independent and identically distributed as exponential

with scale parameter o, the joint p.d.f. of Si, S, ..., Sn is given by

1 1 & . '
fSl,-..,Sm(‘Sl)"')Sm) = —eXp (—;Z&) ,  8i>0,2=1,2,...,m.

m
o i=1
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Consider the transformation

M.
S8

-
il
A

Zj = 5 j=1,2,...,m——1,

[yt
tn

3

Zp =

g

.
il
b

We then have
S$1 = LiZp,
Se = Zoly — 21 Zm,
Sy = Z3lpm — ZyZn,

Sm-—l = Zm—-IZm“ m-—2Zm7
Sm = Zm"‘Zm—-IZm-

The Jacobian of this transformation is

[ 2z 0 6 0 - .. 0 z1 1
—2Zm Zm 0 0 0 Z3— 21
0 —zm 2zm 0 o .- 0 23 — 22
|J| = det
0
0 —Zm Zm Zm=1 = Zm~2
L 0 —Zm 1 - Zm—1
which can be shown to equal 2771
Therefore, the joint density of Z;, Z,, ..., Zn, is given by
thm,Zm(zla SR Zm)
1
= ;_T;e—zm/aznr:-d, <1 <2< o< z2maa <1,z >0,
which yields the joint density of Z;, Z,, ..., Zn—; to be
1 —zmfo , m—1
f2sZmer (215 Zmm1) = /0 om © ™ 2 dzy

= (m—1)l, 0<z1<29< ... < zmy < 1.
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The joint distribution of Z;, Zs, ..., Z;,-1 is thus the same as the joint distri-
bution of the (m — 1) order statistics (say, Uq), .. ., Uim—1)) obtained from a random
sample of size (m —1) from the Uniform (0,1) distribution (say, Uy, ..., Un-1). Hence,

we immediately have

(m-1)T = ZZ—ZU@)—ZU

i=1

This implies that the null distribution of the test statistic T is exactly the same as the
average of m—1 i.i.d. Uniform(0,1) random variables. Therefore, the null distribution
of T tends to normality very rapidly as m increases. It is readily verified that the
mean of the limiting distribution is E(T") = 1 and variance Var(T) = —5(”—1;_—1—5
Remark: The above ezpressions of E(T) = % and Var(T) =

m can also be
derived by taking expectations on both sides of

Tim—-1)38 = 3 (m —)S,

i=1 1==1

and using Basu’s theorem with the facts that 2372, S;/o is distributed as x2,., 25;/c
is distributed as x3, and that the ancillary statistic T is independent of the complete
sufficient statistic 3 i~ S;

9.3 Power Function Approximation and

Simulation Results

9.3.1 Approximation of Power Function

The power function of the test is given by

A R e}

To compute the power under different alternatives, we need to cornpute probabilities

of the form Pr(T > ¢), for ¢ being some constant. Since (m — 1) }: S; 1s a positive

=1

1

T2\ To(m = 1)

1
> =
Pr(T__2
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quantity, we may write

m—1
> (m—1)S;
Pr(T>¢) = Pr|&E—>c

(m-1)3S;

i=1

= Pr(L > 0),
where
m—1 m

L=) (m=iS—cm=-1)>_S:.

1=1 t=1
From (9.2.4), L may be written as a linear combination of the progressively Type-1I
right censored order statistics as

-1

L = Z(m—z ~—-c(m—1)ZS

=1 =1

= ZaXz(},i?;’R”)
where
ai = [(m=-9)—¢m~-D](Ri+1)+(n—it—Ry—...— R;),

i=1,...,m—1,

am = —c(m—1)(R,+1).

For large values of m, we may approximate the probability by

Pr(L>0) ~ Pr {Z > ——g} , (9.3.1)
where Z is a standard normal random variable, and
0 = ZaE{ b sl
2 = Var(L ZaQVar [ ff;’n ’R’")]

+2 Z Z a;a;Cov [X(Rl’ »FRm)  x (B ,Rm)]

immin Jimen
=1 =i+l
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The single and product moments of progressively Type-II right censored order statis-
tics occurring in the above expression may be obtained by first-order approximations;
see Balakrishnan and Rao (1997). The idea is to use the probability integral trans-

formation

X(R1,...,Rm) g F—I(U.(Rl,--.,Rm)), (9‘3_2)

nwmn nwmn

where Ui(:ﬁlz;;"’Rm) is the i"* progressively Type-II right censored order statistic from
the uniform U(0,1) distribution, and F~! is the inverse c.d.f. of the underlying
distribution.

The mean, variance, and covariance for progressively Type-1I order statistics
from the Uniform U(0, 1) distribution are given by [see Balakrishnan and Aggarwala
(2000)]

E(Ui:m:n) = Qimn =1 — bi, 1= 17 ..M, - (93.3)
Var(Upmn) = aib;, 1=1,...,m, (9.3.4)
COU(Ui,m,n,Uj;mm) = a,-bj, 1 S 7 SJ S m, (935)

where

fIRk+Rk+1+...+Rm+m——k+1
i Bkt Bepi+ oo+ B +m =k 427
v = fIRk+Rk+1+---+Rm+m“‘k+2
YT S Rkt BRemt... +Ratm—k+3
B+ Rt +Rntm-—k+1
i e+ Bepr+ .+ B +m—k+ 2

Expanding F~Y(Ui.m:n) in a Taylor series (keeping only the first term), we have

E(Ximn) = F ™ Cimm), (9.3.6)
Var(Ximn) % {F" O (@imn)} VarUsmn), (9.3.7)

Cov(Ximmn, Xjimmn) = {F"l(l)(a,';mm)}{F“l(l)(aj:mm)}
XCov(Usmen, Ujimen ) (9.3.8)
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where F~'()(y) = dF;(@ = f(F—ll(u))' Balakrishnan and Rao (1997) used these
results to derive expressions for the approximate best linear unbiased estimators for
an arbitrary location-scale family of distributions.

We would like to point out that even though limiting results for linear combi-
nations of regular order statistics are available [see, for example, David (1981)], such
results under progressive censoring have not been studied yet. It is unclear whether
the results in the regular case can be easily extended to progressive censoring.

Instead of rewriting the test statistic as a linear combination of the progres-

sively censored order statistics, we may directly approximate the power by considering

the test statistic 7. We may write

5 (m —0)S; W

T = =L e 9.3.9
We then have
E(T) = E[%]zgggli (9.3.10)
_[EW)Y [Var(Wh) | Var(W,)  2Cou(Wy, W,)] |
Var(T) = {E<W2)] [E?(Wl) BWa) | E(WIEW) |’
(9.3.11)

see Kendall and Stuart (1969) for details. We may then approximate the distribution

of T by a normal distribution with mean and variance given by the above expressions.

9.3.2 Monte Carlo Power Comparison

In order to assess the power properties of the test statistic 7', a Monte Carlo simula-
tion study was conducted to determine the power under different alternatives. The
following lifetime distributions were used as alternatives to the exponential distribu-
tion:

1. Weibull distribution with shape parameter 0.5, 2.0;

2. Lomax distribution with shape parameter 0.5, 2.0;
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3. Lognormal distribution with shape parameter 0.5, 1.0;

4. Gamma distribution with shape parameter 0.75, 2.0.

For a detailed discussion on various properties of these distributions, one may refer
to Johnson, Kotz, and Balakrishnan (1994). For different choices of sample sizes
and progressive censoring schemes, we generated 100,000 sets of data in order to
obtain the estimated power values. These values are tabulated in Tables 9.2-9.5
for n = 20 (m = 8,12,16),40 (m = 10,20,30) and 60 (m = 20,40,50) with three
different progressive censoring schemes in each case. For convenience, Table 9.1 lists
the different censoring schemes (c.s.) used in the simulation study.

The power values presented in Tables 9.2-9.5 clearly show that the test pro-
posed performs very well for all the alternatives considered. The power increases with
m for a fixed n, and also increases as n increases. We also calculated the power values
of T from the normal approximation using the two methods and found them to be
close to the simulated power values for large values of m. The approximations are
also presented in Tables 9.2-9.5 for comparison. It is important to note from these
tables that the approximation in (9.3.1) does not work well for small values of m,
even when the value of n is large.

To demonstrate the accuracy of the Monte Carlo simulations, we also tab-
ulate in Table 9.6 the null probabilities for the exponential distribution at levels
2.5(2.5)50%. Since the critical values are independent of n and the progressive cen-
soring schemes, we only present the values for different values of m. We can see that
the simulated probabilities under the null distribution are very close to the pre-fixed
levels, which suggests that the Monte Carlo method provides a very good approx-
imation. The results in Table 9.6 also provide ample evidence to the accuracy of
the normal approximation to the null distribution of the test statistic. If we have to
report the p-value of the test, we are then justified in computing tail probabilities

using the normal approximation.
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Table 9.1: Progressive censoring schemes used in Monte Carlo simulation study

n | m | (Ry,Rs,...,Rm) Scheme No.
20 8 | Ri=12,R;=0fori#1 (1]
Rg=12, Ri=0fori # 8 [2]
Ri=Rg=6,Ri=0fori#1,8 3]
12 Riy=8 Ri=0forz#£1 4
Ris=8 Ri=0fori#£12 5]
R3=Rs;=Rr=Rg=2,R;=0fori#3,57,9 6]
16| Riy=4, Ri=0fori#1 ' T
R16="-4,Ri=0f01"i¢16 [8]
Rs=4, Ri=0fori#5 9]
40 { 10 | Ry =30, Ri=0fori#1 [10]
Rlo = 30, & = 0 for Zf,é 10 [11]
Ri=Rs=Rj0=10,R;=0fori=1,5,10 12]
20| Ry =20,Ryj=0fori#1 13]
R20=20,Ri=0f01'i¢20 [14]
Ri=1fori=1,2,...,20 [15]
30| Ry=10, Ri=0fori#1 [16]
R =10, R = 0 for ¢ # 30 [17]
Ry =Rsp=5,R; =0fori#1,30 18
60 | 201 Ry =40, R;=0fori#1 19
Ry =40, R; = 0 for 1 # 20 [20]
R; = Ry = 10, R19 =20, R; = 0 for 1 # 1,10, 20 21]
40| Ry =20, Ri=0fori#£1 22]
R40 =20, R; = 0 for i £ 40 [23]
Roimy=1,Rei=0for:=1,2,...,20 24]
50| Ry=10,Ri=01fori#1 25
Rso =10, R; = 0 for ¢ #£ 50 [26]
Ry =Rso=5,Ri=0fori#1,50 [27]
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Table 9.2: Monte Carlo power estimates for Weibull distribution at 10% and 5% levels
of significance

Weibull{0.5)
10% 5%

T App(L) - App(W) A2 Wg T App(L) _ App(W) A7 Wg
D.71672 . 0.79083 _ 0.70467 _ 0.60746  D.55796 | 0.61452  0.69872  0.59668  0.52883 _ 0.45663
0.51847 _0.66098  0.57311 _ 0.37713  0.33930 | 0.39990 _ 0.55187  0.45604  0.39668  0.24614
0.57377 _ 0.72616  0.63247 . 0.43776  0.39414 | 0.45581  0.61273  ©0.51555  0.35465  0.39455
0.83879 _ 0.83901  0.81327  0.66873 _ 0.63183 | 0.76001 _ 0.77599 _ 0.72796 __ 0.56327 _ 0.53617
0.60706 _ 0.78209  0.73798 . 0.47934 _ 0.44554 | 0.59111  0,68995 _ 0.68450 _ 0.39203 _ 0.34245
0.85349  0.85515  0,83683  0.88505  0.65820 | 0.79102  0.80064  0.76174.  0.61718 _ 0.56093
0.90380 __ 0.87568  0.88506  0.71755 _ 0.68749 | 0.85230  0.82815 _ 0.82318  0.54605 . 0.50762
0.84024___ 0,85950  0.86140  0.59587  0.56385 .| 0.76609 _ 0.80119 _ 0.78753 _ 0.51014 _ 0.46244
0.92164  0.89050  0.00996  0.74722  0.72349 | 0.87656  0.84047  0.85511  0.88152  0.63910
10] | 0.80630 __0.83480  0.79047  0.68662 _ 0.64007 | 0.75263  0.76423 _ 0.69720 _ 0.61928 _ 0.54240
Ti] | 0.58011  0.69950  0.62607 _ 0.30267  0.36022 | 0.46259  0.58494  0.51114 _ 0.31052 _ 0.26233
12] | 0.70747 _ 0.81095 . 0.75718  0.51728 _ 0.48377 | 0.60430  0.72898 _ 0.65652 _ 0.43550 _ 0.88452
13] [ 0.95650  0.91312  0,94612  0.80383  0.7761G | 0.92708 _ 0.88138 _ 0.00818  0.74337  0.69770
1] [ 0.86101 _ 0.87312  0.88381  0.56856  0.54223 | 0.78663  0.81655  0.81548 _ 0.48023  0.43650
15] | 0.94605 _ 0.91715  0.95127  0.75547 _ 0.73113 | 0.91204 _ 0.BB713 _ 0.91635 _ D.68957  0.64844
16] | 0.99036  0.95235 0.98797 . D.B7649  0.86136 | 0.98199  0.93601  0.97634  0.83067 _ 0.80121
17] 17 0.97063  0.946686  0.07797 _ 0.74441  0.72546 | 0.94732  0.92471 _ 0.95751  0.67077  0.63439
18] | 6.97069  0.9512 0.98410  0.79352  0.77495 | 0.96253  0.05245  0.06856  0.72763 _ 0.69231
79] | 0.95994  0.91637  0.95083 _ 0.82456  0.79270 | 0.93151 _ 0.88588 _ 0.91435 _ 0.76548 _ 0.71624
50] | 0.83761.  0.85069  0.86481  0.53713  0.50973. | 0.75680  0.79580  0.786887  0.44811  0.40481
31] | 0.94038 _ 0.92836  0.95082  0.72445  0.70207 | 0,00814 _ 0.89470 _ 0.92723 _ 0.65344 _ 0.61401
22] | 0.99840 _ 0.97427 _ 0.99792  0.93655  0.02493 | 0.00688  0.96575  0.99528 _ 0.90704 _ 0.88510
23] | 0.98985  0.97128  0,00328  0.80242  0.78826 | 0.07958  0.05850  0.95529  0.73386  0.703456
23] | 0.59819  0.87611  0.00834  0.92981 _ 0.01838 | 0.99601  0.96820  0.90615  0.80855  0.87707
35] | 0.95970  0.98529  0.99061  0.96329  0.05653 | 0.09016 . 0.08049  0.09501  0.94347 _ 0.02864
26] | 0.99872_ 0.98686  0.99921 . 0.00278  0.80330 | 0.909691  0.08104  0.50797  0.85650 _ 0,83900
37) | 0.99924  0.08660  0.99949  0.92795 _ 0.52060 | 0.00818 _ 0.98174  0.09866  0.80862  0.87540

a

Bl o0] ~1] O3] SApn] ol 0} |2

Weibull{2.0)

10% 5%

c.s. T App(L)  App(W) A* Wg T App(L) _ App(W) A® Wg
[1] 0.81845 0.89734 0.93811 0.25905 0.23759 0.68849 0.81533 0.84627 0.17926 0.14879
[2] 0.49956 0.55783 0.55755 0.14362 0.13726 0.34470 0.39873 0.39878 0.08634 0.07574
[3] 0.60582 0.68462 0.68882 0.16607 8.18746 044619 0.52574 0.52552 0.10594 0.09065
[4] 0.91172 0.94854 0.97258 0.30876 0.25619 0.82316 0.89889 0.92478 0.21770 0:.16360
[5] 0.72828 0.78185 0.78672 0.19354 0.16742 0.58402 0.64632 0.64752 0.12369 0.09740
[6] 0.87938 0.92728 0.94502 0.24654 0.21070 0.76253 D.B5062 0.86532 0.16674 0.12852
{7} 0.95772 0.97482 0.98732 0.34094 8.27326 0.80236 0.94434 0.96109 0.24467 0.17720
8} 0.89272 0.92350 0.93404 0.26365 0.21288 0.79847 0.84933 0.85772 0.17796 0.13134
[9] 0.96362 0.97831 0.98915 0.33296 0.27218 0.91216 0.94911 0.96429 0.23641 0.17514
[10} 0.93802 0.95734 0.99257 0.42401 0.35878 0.87462 0.92656 0.97241 0.32530 0.24949
[11] 0.58038 0.63285 0.63318 0.15917 0.14561 0:42602 0.47993 0.47886 0.09810 0.08196
[12] 0.73598 0.79830 0.80971 0.19894 0.17756 0.58615 0.66508 0.66851 0.12964 0.10439
[13] 0.99378 0.99339 0.99923 0.53410 0.40719 0.98161 0.98593 0.99659 0.42401 0.29094
[14] 0.91227 0.93098 0.93719 0.28490 0.22011 0.83312 0.86453 0.86957 0.19431 0.13708
[15] 0.98015 0.98502 0.99220 0.37401 0.29222 0.94816 0.96359 0.97446 0.27154 0.19144
[16] 0.99956 0.998932 0.99994 0.61063 0.45501 0.99800 0.99806 0.99964 0.49531 0.33160
[17] 0.99342 0.99455 0.99691 0.45004 0.32440 0.98097 0.98533 0.898956 0.33607 0.21861
[18] 0.99723 0.99742 0.99910 0.51169 0.37044 0.99111 0.99282 0.93636 0.39531 0.25746
[!9] 0.99673 0.99372 0.998978 0.63063 0.48642 0.98981 0.98830 0.99389¢0 0.52833 0.36543
[20} 0.89434 0.91226 0.91695 0.26949 0.20967 0.80681 0.83526 0.83849 0.18194 0.12919
[21] 0.87705 0.98067 0.98895 0.37580 0.29183 0.94247 0.95524 0.96683 0.27360 0.19119
[22] 1.00000 0.99994 1.00000 0.76301 0.57640 0.98993 0.99982 0.99999 0.66509 0.45036
[23] D.99878 0.99896 0.99953 0.54811 0.38065 0.99612 0.99674 0.99805 0.42790 0.26786
[24] 1.00000 0.99994 1.00000 0.67704 B.50448 0.999584 0.99977 0.99997 0.56469 0.37931
[25] 1.00000 1.00000 1.00000 0.81038 0.61641 1.00000 0.9999% 1.00000 0.71880 0.49141
[26] 0.99999 0.99996 0.99999 0.69585 0.49341 0.99988 0.99985 0.999%6 0.58462 0.36861
[27} 0.99999 0.99998 1.00000 0.74535 0.54158 0.99997 0.99994 0.99999 0.64051 0.41547
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Table 9.3: Monte Carlo power estimates for Lomax distribution at 10% and 5% levels
of significance

Lomax(0.5)
10% 5%

c.s. T App(L)  App(W) A* Wg T App(L).  App{W) A% Wg
1 0.82303 0.93658 0.79763 0.63983 0.68715 0.77238 0.91681 0.73874 0.64701 0.63292
2 0.21607 0.31514 0.23585 0.12015 0,11848 0.13322 0.23460 0.15311 0.06864 0.06345
3 0.35568 0.48739 0.37394 0.17834 0.17364 0.25550 0.37055 0.27518 0.11914 0.10764
4 0.93605 0.96461 0.92302 0.82777 0.81768 0,91141 0.95555 0.8932 0.79650 0.77966
5 0.50119 0.61830 0.51626 0.22339 0.20745 0.39396 0.50200 0.4105 0.15846 0.13678
(3 0.87040 0.93725 0.83274 0.73201 0.71268 0.83437 £.92106 0.78594 0.69530 0.66573
7 0.97759 0.97571 0.97297 0.90291 0.89338 0.96663 0.97001 0:95990 0.88231 0.86585
3 0.84985 0.88405 0.85203 0.54634 0.51649 0.79228 0.84954 0.79410 0.47630 0.43396
—r§ 0.97492 0.97467 0.97028 0.89796 0.88618 0.96332 0.96873 0.95639 0.87614 0.85794
10] 0.89205 0.95408 0.87313 0.76905 0.76184 0.85680 0.94141 0.83023 0:73131 0.71581
_&H 0.15319 0.22198 0,16594 0.10395 0.10412 0.08547 0.15746 0.09761 0.05345 0.05197
12} 0.30073 0.38308 0.31154 0.14420 0.13878 0.20851 0.28029 0.22031 0.08717 0.07877
13 0.99203 0.98155 0.99126 0.94559 0.93672 0.98753 0.97742 0.98616 0.83202 0.91870
14 0.5191 0.57796 0.53041 0.17396 0.15807 0.40612 0.45920 0.41917 0.11173 0.09385
15 0.87878 0.88714 0.84641 0.63073 0.57919 0.83686 0.85845 0.80122 0.57361 0.51157
16 0.99947 0.98876 0.99865 0.98655 0.98275 0.99306 0,98639 0.99934 0.98181 0.97631
17 0.95434 0.91384 0.95475 0.61017 0.55853 0.92672 0.88995 0.92805 0.53408 0.46811
18 0.98875 0.94983 0.98858 0.83422 0.80025 0.98088 ¢.93788 0.98073 0.79008 0.74271
—-»-1—2 0.99196 0.98152 0.98125 0.94550 .93663 0.98750 0.97739 0.958614 0.93192 0.91881
20 0.275086 0.31672 0.29002 0.11468 . 10877 0.18182 0.21508 0.19538 0.06215 0.05715
21 0.67153 0.72728 0.67173 0.29673 26005 0.58254 0.64608 0.58271 0.22258 0.18253
22 0.99998 0.99205 0.98998 0.99707 0.98574 0,99997 0.99041 0.99998 0.99578 0.99347
23 0.95153 0.90840 0.95330 0.49868 0.43862 0,92107 Q.57992 0,92351 0.41043 0.33957
{24 0.99844 0.97332 0.99211 0.96215 0.84623 0:99740 0.96775 0.98879 0.95045 0.92816
{25 1.00000 0.89392 1.00000 0.99937 0.99884 1.00000 0.98269 1.00000 0.99906 0.99835
26 0.99923 0.96646 0.99920 0.21593 0.88434 0.99846 . 0.95875 0.99839 0.88664 0.84007
27 0.99997 0.97647 0.99992 0.98098 0.97197 0.99887 0.97147 0.99982 0.97274 0.95854

Lomax(2.0)

106% 5%

c.s. T App(L) . App(W) A* Wg T App(L)  App(W) A% Wg
[1] | 0.30907 0.28451  0.21716  0.17958 0.16996 | 0.22452 0.21132  0.14050 _ 0.12285  0.10901
2) | 0.11154 -6.18320  0.12257 . 0.09971  0.09993 | 0.05553  0.13127  0.06576  0.05001  .0.05019
[3] | 0.12760  0.19612 0.13394  0.10209 0.10199 | 0.06827 0.14152  0.07401  0.05164  0.05101
[4] | 040318 = 0.34265  0.28542  0.21513 . 0.19097 | 0.31774 = 0.24740  0.19945  .0.15517  0.12782
[5] | 0.14348  0.18665 = 0.14423 0.10234 0.10098 | 0.07840 . 0.12598 ~ 0.08144  0.05257  _ 0.05097
6] | 0.24351 0.26750 0.22272  0.19374  0.17011 | 0.26190 ' 0.18905  0.14520  0.13441  0.11023
7] | 0.4863¢  0.41182  0.35544  0.24258 0.20713 | 0.39831 _0.30515 0.26333  0.17987 . 0.14128
[8] | 0.24019 025206 = 0:21992  0.11499 0.11005 | 0.15713  0.16879  0.14033  0.06245 = 0.05625
o] | 0.47963 0.40199  0.34740  0.24079  0.20562 | 0.39190  0.29672  0.25631  0.17800  0.13977
{10] | 0.36079 . 0.30957 . 0.25018  0.19619 - 0.18124 | 0.27491  0.22425  0.16867  0.13741 . 0.11851
[11} | 0.10710  ©.16402  0.11660 = 0.09873 0.10080 | 0.05239 0.11186  0.06150 . 0.04911  0.04951
{12} | 0.12625 0.17748  0.12956  0.10021 0.10212 | 0.06505 0.12231  0,07084  0.05093  0.05065
[13] | 0.55863 = 0.47640  0.42100° 0.27115 0.22498 | 0.46974  0.36730 - 0.32598  0.20418 . 0.15610
[14] | 0.13045 0.16562 ~ 0.14154 = 0.10118 - 0.09983 | 0.07666' 0:10342  0.07927  0.95174  0.05031
[15] | 0.28328 0.23982  0.21548  0.13414  0.12020 | 0.20092  0.15828  0.13758  0.07975  0.06556
{16] | 0.69864  0.60886 - 0.56620  0.32850  0.26260 | 0.61953 . 0.51160'  0.47313  0,25704 - . 0.18383
[17] | 0.28986  0.29036  0.27554  0.11381  0.10897 | 0.19623 = 0.19331  0.18472 . 0.06078 _ 0.05647
18] | 0.40740 0.39444  0.37317  0.13461  0.12268 | 0.30562 0.28362 . 0.27218 . 0.07802 _0.06664
{19] | 0.55835 0.47602 0.42058 - 0.27110 0.22499 | 0.46945 0.36690 = 0.32560 . 0.20421  0.15603
[20] | 0-11311  0.14384  0.11934 - 0.09941  0.09869 | 0.05773  0.08832  0.06338  0.05016  0.04953
211 | 0.17575  0.19212  0.16926  0.10483  0.10222 .| 0.10522  0.12260 ~ 0.10054  0.05452  0.05210
[22] | 0.79492 0.70105 . 0.67852  0.37994  0.29782 | 0.72959  0.62078 . 0.59503  0.30652  0.21959
[25] | 0.26916  0.26786 - 0.25884 .  0.10682 0.10408 | 0.17633  0.17449 ~ 0.16974 _ 0.05611  0.05310
[24] | 0.59787 0.49216  0.46968  0.23909  0.1845¢ | 0.50840  0.38396  0.36923 . 0.17237 . 0.11847
[25] | 0.86092 0.76694  0.76334  0.42547  0.33020 | 0.80912  .0.70166  0.69209  0.34902 - 0.24792
[26] | 0.51287 0.49757 _ 0.48655  0.13385  0.12176 | 0.40291  0.38241 0.37653  0.07531  0.06508
[27] | 0.65010 0.61974  0.60888  0.17696  0.15089 | 0.55128  0.51589  0.50570  0.11144 _ 0.08636
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Table 9.4: Monte Carlo power estimates for lognormal distribution at 10% and 5%
~levels of significance

Lognormal{0.5)
10% 5%
c.s. T App(L) __App(W) Af We T App(l) . App{W) AZ Wg
1] | 0.97817 _ 0.99822  0.09958 __ 0.57405 _ 0.45279 | 0.95250  0.99138  0.99521  0.45287 . 0.32599
3] [ 0.92186 . 0.95576  0.95264 . 0.36626  0.30817 | 0.82025  0.87119 _ 0.85690  0.26666  0.20415
3] | 0.95500 _ 0.98294 _ 0,08435  0.44054  0,35078 | 0.88607  0.93814  0.03878  0,32760 _ 0.24556
4] | 0.98369  0.99916  0.09051 _ 0.61415 _ 0.40603 | 095757  0.00580  0.99662.  0,48685 _ 0,28805
5} | 0.97790 _ 0.69171 _ 0.99046 _ 0.49165  0.34131 | 0.93753 . 0.96818  0.06493 0.37131 _ 0.25011
Bl | 0.08589  0.98917  0.99931  0.53921  0.37542 | 0.95939  0.99506  0.09516 . 0.21481  0.25898
7] | 0.08804  0.09948  0.66947 . 0.620¢1 _ 0.37720 | 0.06865 . 0.99725.  0.90697  0.49201  0.06345
8] | 0.99050  0.99799 _ 0.99747 _ 0.57392 _ 0.85705 | 0.97141  0.99078  0.08897  0.44477 _ 0.24460
5] ] 059008 0.99964 . 0.99960  0.60367 _ 0.37816 57302 0.89787 _ 0.99752  0.47486  0.26274
10] | 0.99883  0.99999 1.06000  0.01263  0.73457 | 0.00648  0.99998  1.00000  0.84545 _ 0.61577
11] | 0,08880  0.99641 __ 0.99603  0.58133  0.43831 | 0.96171 0.08239 0.98083 _ 0.45922  0.51393
12) | 0.99844  0.99971  0.99988  0.70643  0.54012 | 0.99226  0.99761  0.99862  0.58682  0.40452
13] | 0.99968 _ 1.00000  1.00000  0.93916 _ 0.63184 | 0.99916  0.99999  1,00000  0.88570  0.50824
14] | 099983  0.99998 __ 0.09998 _ 0.83711 _ 0.52330 | 0.99918  0.09985 . 0.09980  0.73616  0.39745
15] | 0.99995 _ 1.00000 __ 1.00000 __ 0.88454  0.58418 | 0.99977 . 0,99999  1.00000  0.80170  0.45680
T6] | 0.99987 _ 1.00000 _ 1.00000 _ 0.94584  0.59018 | 0.99970  1.00000  1.00000 . 0.89330  0.46627
17] | 0.6995¢  1.00000 _ 1.00000 _ 0.52174 . 0.56214 | 0.59993  1.00000  0.99999  0.85183  0.4356
18] | 009999  1.00000 1100600 _ 0.03584 _ 0.57814 | 0.99953 _ 1.00000  1.00000 _ 0.87549  0.45259 ]
18] | 0.99998 _ 1.00000 __1.00000 _ 0.990v4 __ 0.80103 | 0.99993 . 1.00000  1.00000 _ 0.97817  0.7004
20] ] 0.99997  1,00000  1.00000  0.90574 60601 | 0.99986  0.99998  0.9999%  0.83300  0.48040
Zi] | 1.00000  1.00000 _ 1.00000 _ 0.95618 _ 0.70913 | 1.00000  1,00000  1.00000  0.91205 . 0.55757
22) | 0.99999  1.00000  1.00000 _ G.09518 _ 0.73613 | 0.09999  1.00000  1.00000  0.98564 . 0.62300
23] | 1.00000  1.00000  1.00000  0.98858 _ 0.69547 | 1.00000  1.00000 . 1.00000  0.56590  0.57676
[124] | 1.00000__1.00000 _ 1.00000 __0.09267 _ 0.73544 | 0.99999 _ 1.00000 _ 1.00000 _ 0.97930 _ 0.63046
[25] | 1.00000 _ 1.00000 _ 1.00000  0.99540  0.71991 | 1.00000 _ 1.00000  1.00000 — 0.08692  0.60573
76] | 1.00000  1.00000 _ 1.00000 _ 0.99435  0.71123 | 1.00000  1.00000  1.00000  0.98352  0.59598
27] | 1.00000 . 1.00000  1.00000  0.99510  0.71781 | 1.00000 ~ 1.00000  1.00000  0.98578  0.60334
Lognormal(1.0)
10% 5%
c.5. T App(L) _ App(W) A* Wg T App(L)  App(W) A? Wg
[1] | 0.20500° ©0.29174  0.27413 0.11028 0.10874 | 0.12145 0.21294  0.18012  0.05800  0.05538
2} | 0.24330. ~ 0.27591  0.26382  0.10210  0.10222 | 0.13892  0.18235  0.16012 = 0.05253 - 0.05076
3] | 0.23727  0.28077  0.26728 © 0.10238 = 0.10244. | 0.13645  ©0.18965  0.16506  0.05240  0.05095
[4] | 0.18549  0.24289 - 0.22190  0.11502 0.10925 | 0.11137 0.17729  ©.14109  0.06320  0.05743
{5] | 0.21975. 0.25508 . 0.24096 = 009901 0.09883 | 0.12839  0.17185  0.14707  0.05157 0.04813
[6] | 020836 0.27502 0.26113  ©0.11232  0.10829 | 0.12532 0.19362  0.16736  0.06123  0.05592
f7] | 0.18059 ~ 0.20926  0.18788  0.12156  0.11289 | 0.11081  0.15041  ©0.11520  0.06750 . 0.05970
[8] | 0.16825 - 0.21182 . 0.19219  0.10035 0.10005 | 0.09605  0.14480  0.11486  0.05062  0.04966
fo] | 0.18455 0.21834  0.19881  0.12050 0.11267 | 0.11222  0.15713  0.12356  0.06650  0,05911
{10] | 0.29002  0.41242  0.40955  0.13184  0.12372 | 0.19056  0.30891  0.29732  0.07706 0.06719
[11] | 0.40877 0.43709  0.43629 0.11688 0.11248 | 0.27017 0.30055 ~ 0.29513  0.06533  0.05891
[12] | 0.42399 * 0.46854 . 0.46800  0.11977 0.11430 | 0.28509 0.32841  0.32411  0.06761  0.05954
{13] | 0.21872  0.28042  0.27187  0.14004 . 0.12703 | 0.13898  0.20647  0.18414  0.08305  0.06956
{14] | 0.40377. - 0.42535  0.42453 © 0.11755 _ 0.10848 | 0.27285  0.29961  0.29391  0.06296  0.05608
[15] | 0.33082. 0.40361  0.40213  0.11992  0.11126 | 0.21963 _ 0.28892  0.28084  0.06599  0.05802
{16] | 0.20384 ' 0.21442 0.20436  .0.15210  0.13327 | 0.13046  0.15171  0,12945  0.09250  0,07404
[17] | ©0.26370 . 0.29442  0.28827 0.11259  0.10725 | 0.16711  0,20260°  0.18821  0.06001  0.05530
18] | 0.20548 0.24718  0.23741  0.11441  0.10902 | 0.12479 . 0.17094 . 0.1514%  0.06116 - 0.05656
[19] | 0.27206  0.37697 . 0.37584  0.16762  0.14182 | 0.18277  0.28612  0.27495 . 0.10273  0.08003
{20} | 0.59741 . 0.61445 ~ 0.61335  0.14869  0.12681 | 0.45061 0.46773  0.46762 . 0.08561  0.06788
{21] | 0.54944 0.59360  0.59258  0.14769 . 0.12547 | 0.41023  0.45363.  0.45334  0.08552  0.06883
[22) | 0.21695 0.22832  0.22276  0.18074  0.14920 | 0.14186 0.16210 = 0.14505  0.11487  0.08614
{23] | 0.41991  0.44414  0.44395  0.13418 - 0,11751 | 0.29660 0.32185  0.31783  0.07462  0.06233
{24] | 0.27574 - 0.35465 = 0.35287  0.15682  0.13262 | 0.18403  0.25781  0.24838  0.09450  0.07436
{25} | 0.22026 0.19908  0.19353  0.18767  0.15237 | 0.14658  0.13547  0.12114 _ 0.12045  0.08813
{26] | 0.25109° 0.28162  0.27666  0.12797 0.11442 | 0.16094 0.19489  0.18231  0.06991  0.05983
{27] | 0.19203  0.22635  0.21912  0.13204 0.11846 | 0.11469  0.15524  0.13924  0.07404  0.06270
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Table 9.5: Monte Carlo power estimates for gamma distribution at 10% and 5% levels
of significance

Gamma(0.75)

0% %
c.3. T App(L) — App(W) A~ Wg T App(l)  App(W) A Wg
1] | 0.18415  0.20186 _ 0.14326  0.13881  0.13226 | 0.10768  0.14541  0G.08019 _ 0.08196  0.07277
2) | 0.17285  0.24856  0.18025 _ 0.15105  0.13493 | 0.09870  0.18408  D.11582  0.07548  0.06725
3] | 0.17698  0.34464  0.18837  0.13438  0.12747 | 0.10133 _ 0.17864  0.11471  0.07B45 _ 0.06911
4] | 0.20126 _ 0.18905  0.15029  0.13406 _ 0.12826 | 0.12070 _ 0.12841  0.08523  0.07908_ 0.07091
51| 0.19227  0.23571 _ 0.20012 _ 0.12946 _ 0.12390 | 0.11468 _ 0.16427 . 0.12364  0.07521 _ 0.06779
6] | 0.22455  0.19843. 0.15971  0.13788 0.13160 | 0.14011  0.15668  0.09238  0.08220 _ 0.07366
7] | 0.21915  0.18877 _ 0.16068  0.1304B  0.12508 | 0.13738  0.12449 _ 0.09287 _ D.07550  0.06775
8] | 0.21378  0.22985  0.20544  0.12798  0.12310 | 0.13250  0.15524 ~_0.12734 _ 0.07413 __0.0661%
5] ) 0.23260  0.19744  0.17014 _0.13328  0.12758 | 0.14705 _ 0.13108 _ 0.10008  0.07760 _ 0.06965

10 0.20925 0.20162 0.15722 0.14563 0.13917 0.12582 0.13937 0.08970 0.08834 0.07907
11 0.19293 0.25732 0.21050 0.13239 0.12763 0.11360 0.18612 0.13223 0.07732 0.07132
12 0.21813 0.27227 0.23039 0.14202 0.13576 0.13313 0.19523 0.14796 (.08415 0.07732
13 0.25790 0.20852 0.18919 0.13505 0.12917 0.16655 0.13580 0.11353 0.07895 0.07154
14 0.24734 0.27371 0,25698 0.12966 0.12466 0.15974 0.18714 0.16810 0.07488 0.06859
15 0.28922 0.26257 0.24672 0.13907 0.13300 0.19353 0.17766 0.15884 0.08176 0.07444
16 0.30315 0.23667 0.22608 0.13627 0.13220 0.20500 0.15465 0.14195 0.07859 0.07327
17 0.29555 0.30082 0.29251 0.13444 0.13005 0.19685 0.20602 0.19660 0.07629 0.07161
18 0.29813 0.29032 0.28190 0.13498 0.13071 0.19872 0.19721 0.18755 0.07702 0.07198
19 0.26838 0.21659 0.1982¢8 0.14554 0.13880 0.17535 0.14130 0.12004 0.08561 0.07798
20 0.25713 0.28799 0.27132 0.13654 0.13307 0.16713 0.19870 0.17981 0.07880 0.07305
21 0.30867 0.32241 0,30814 0,14807 0,14217 0.20850 0.22575 0.21093 0.08878 0.08112
22 0.35995 0.28386 0.27819 0.13843 0.13502 0.25210 0.19031 0.18313 0.08067 0.07448
23 0.35395 0.36277 0.35837 0.13581 0.13221 0.24655 0.25689 0.25220 0.07848 0.07290
24 0.39902 0.33282 0.32834 0.14345 .13933 0.29018 0.23045 0.22488 0.08515 0.07792
25 0.40398 0.82213 0.31855 0,13907 0.18471 0.29295 0.22116 0.21665 0.07973 0.07439
26 0.39963 0.39085 0.38809 0.13739 0.13324 0.29200 0.28087 0.27803 0.07866 6.07312
27 0.40108 0.37789 0.37505 0.13329 0.13378 0.29301 0.26930 0.26625 0.07910 0.07378

Gamma(2.0)
10% 5%
cs. T App(L) - App(W) A? We T App(L) ~ App(W) A% Wg
f1]. | 0.46065  0.62475  0.62450  0.12548  0.12036 | 0.31030  0.46339  0.46149  0.07321  0.06460
2] | 031280 0.35326 0.35024  0.10908  0.10780 | 0.18855  0.23024  0.22497  0.05885  0.05508
{3] | 0.35993 0.42015 041776 0.11336  0.11036 | 0.22623  0.27977  0.27830  0.06245 . 0.05763
4] | 0.51782 0.67413 0.67629  0.13134  0.11943 | 0.37470  0.52369  0.52329 0.07698 _ 0.06509
{s] | 0.42380 0.46831 0.46754 0.11795 0.11029 | 0.28395  0.32517 = 0.32399  0.06544  0.05888
[6] | 0.50328 0.64337 0.64437  0.12347 0.11446 | 0.35268  0.47912 _ 0.47894  0.07651 _ 0.06077
[71 | 057175 0.71129  0.71848  0.18545 0.12040 | 0.42260 0.56653  0.56661  0.07713  0.06545
8] | 0.52100 0.58340  0.58317  0.12623  0.11473 | 0.37236  0.43239  0.43223  0.07143 _ 0.06223
[o] | 0.58871 0.72468 ~ 0.72717  0.13433  0.11948 | 0.43735 0.57774  0.57791  0.07667 - 0.06468
[10] | 0.64455 0.79434  0.81290  0.18295  0.15373 | 0.50515  0.67882 . 0.68469  0.11693  0.09002
[11] | 0.40708  0.44438  0.44338  0.12129 0.11380 | 0.27068 0.30636  0.30449  0.06812  0.06056
[12] | 0.49898  0.56138  0.56073 - 0.13200  0.12107 | 0.34671  0.40423  0.40411  0.07695 = 0.06556
[13] | 0.76435  0.86731  0.87868  0.19476  0.15400 | 0.64243 0.77634  0.78295  0.12180 _ 0.08749
[14] | 0.64708  0.67861  0.67864  0.15059  0.13037 | 0.50255 0.53621  0.53617  0.08910 = 0.07071
[15] | 0.74438. 0.81444  0.81902 _ 0.16688 = 0.14117 | 0.60845 0.69161  0.69312  0.10085. 0.07851
[16] | 0.84495 0.91452 092076 ~ 0.19910 0.15700 | 0.74340 0.84214  0.84661  0.12385  0.08902
[17] | 0.79250 0.82753  ©0.82892  0.17654  0.14476 | 0.67360 . 0.71617  0.71654 0.10737 _ 0,08076
[18] | 0.81585  0.85752  0.86045 . 0.18534 0.14961 | 0.70285 . 0.75773  0.75903  0.11441  0.08376
[19] | 0.83133 0.80917 0.92771 .  0.24927 0.18278 | 0.73048 _ 0.84521  0.86022  0.16829 _ 0.11168
{20] | 0.67630 0.70367 ~ .0.70871  0.16159  0.13807 | 0.53490  0.56499  0.56494  0.09688 . 0.07688
[21] | 0.78597 0.83131  0.83647 . 0.18907  0.15461 | 0.66470 . 0.71712  0.71917  0.11754 . 0.08968
[22] | 0.93598 . 0.96845  0.97375  0.25943  0.18517 | 0.87880  0.93434  0.94018  0.17081  0.11083
[23] | 0.90123 0.91524 0.91700  0.21660  0.16524 | 0.82293  0.84274  0.84371  0.13600 _ 0.09562
[24] | 0.94513  0.96927  0.97321  0.24655  0.18208 | 0.89032  0.93273  0.93696  0.15958 _ 0.10905
{25} | 0.96211  0.98182 . 0.98469  0.27168  0.19690 | 0.92165  0.95854  0.96208  0.18012  0.11732
[26] | 0.94769  0.95990  0.96196  0.24890  0.18512 | 0.89636  0.91673 _ 0.91854  0.16102  0.10871
{27] | 0.95310 _ 0.96790 . 0.97045  0.25895  0.19005 | 0.90658  0.93157 _ 0.93412  0.16873 _ 0.11246
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Table 9.6: Monte Carlo null probabilities of T for exponential distribution at levels
2.5 (2.5) 50%

m 8 10 12 16 20 30 40 50 60
2.5% 0.02283 0.02328 0.02371 0.02301 0.02429 0.02413 0.02476 0.02507 0.02462
5% 0.04830 0.04808 0.04835 0.04923 0.04911 0.048398 0.05009 0.04965 0.04871
7.5% 0,07512 0.07483 0.07351 0.07483 0.07470 0.07387 0.07582 0.07520 0.07412
10% 0.10062 0.10068 0.09847 0.09988 0.09974 0.10001 0.10157 0.10074 0.09971
12.5% 0.12675 0.12631 0.12446 0.12603 0.12449 0.12483 0.12693 0.12671 0.12484
15% 0.15306 0.15266 0.14985 0.15147 0.15003 0.15098 0.15134 0.15170 0.14946
17.5% 0.17857 0.17859 0.17529 0.17703 Q.17558 0.17612 0.17663 0.17680 0.17457
20% 0.20468 0.20510 0.20045 0.20283 0.20115 0.20173 0.20129 0.20140 0.19986
22.5% 0.23018 0.23117 0.22611 0.22773 0.22700 0.22683 0.22697 0.22716 0.22475
25% 0.25656 0.25657 0.25116 0.25349 0.25133 0.25243 0.25266 0.25172 0.250138
27.5% 0.28182 0.28228 0.27619 0.27841 0.27594 0.27754 0.27726 0.27639 0.27496
30% 0.30769 0.30775 0.30175 0.30400 0.30082 0.30235 0.30175 0.30168 0.30020
32.5% 0.33301 0.33277 0.32711 0.32783 0.32573 0.32753 0.32655 0.32668 0.32499
35% 0.35814 0.35827 0.35161 0.35277 0.35141 0.35271 0.3523% 0.35113 0.35056
37.5% 0.38273 0.38346 0.37726 0.37720 0.37649 0.37799 0.37732 0.37617 0.37520
40% 0.40781 0.40829 0.40274 0.40147 0.40152 0.40335 0.40204 0.40129 0.40072
42.5% 0.43366 0.43375 0.42809 0.42668 0.42666 0.42830 0.42760 0.42633 0.42546
45% 0.45883 0.45921 0.45420 0.45230 0.45167 0.45283 0.45339 0.45039 0.4498¢9
47.5% 0,48439 0.48401 0.47919 0.47614 0.47604 0.47765 0.47838 0.47578 0.47557
50% 0.50943 0.50819 0.50365 0.50109 0.50159 0.50268 0.50383 0.50129 0.50035
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9.4 Modified EDF and Shapiro-Wilk Statistics

As we mentioned in Section 9.1, there have been several goodness-of-fit tests for
exponentiality proposed in the literature. Spinelli and Stephens (1987) compared the
performance of several test procedures based on the EDF as well as those based on
regression methods. They concluded that, in particular, two statistics, viz. Cramer-
von Mises A% and the Shapiro-Wilk W, had overall better power performance. In this
section, we will modify the two statistics in the case of progressively Type-1I censored
data, and compare their performance with the test based on spacings proposed in
Section 9.2.

Testing the null hypothesis that the sample comes from an exponential dis-
tribution is equivalent to testing the hypothesis that the spacings Si, Ss,. .., 5, are
distributed as scaled exponential. We can then apply the procedures in Spinelli and
Stephens (1987) to the S;’s as follows: Let S(1), S(a), - - ., S(m) be the ordered. spacings.

Let 6 = § = L 577 S; denote the estimator of o based on generalized least squares.
Define

w; = S/ & and z; = 1 — exp(~w;), i=1,...,m.

The test statistic A? is then defined as

1 m
A2 = ——"T;z- 2(22 - 1){111 Z; -+ 1[1(1 - z;)} - m. (9.4.1)
i=1
Large values of A? lead to rejection of the null hypothesis that the sample comes from
an exponential distribution.
An alternative test was introduced by Shapiro and Wilk (1972) that compares
the generalized least squares estimator of o with the estimator obtained from the

sample variance. The resulting test statistics Wg is defined as
_ m
Wg =5/ 5. (9.4.2)
=1
This test is a two-tailed test.

A Monte Carlo simulation study was conducted to compare the three proce-

dures. We simulated the 5 and 10 percentage points for the test statistics A? and W,
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and used them to compute power for different alternatives. The results presented in
Tables 9.2-9.5 show that for all the alternatives considered, the test based on spacings

performs significantly better than either of the other two procedures.

9.5 Two-Parameter Exponential Case

We may also consider a test for the two-parameter exponential distribution (location-

scale model) with p.d.f.

flzyp,0) = zlr-exp [—— (z ; 'Lt)] , T >, (9.5.1)

where the scale ¢ > 0 and the location p are unknown parameters. In this case, the

progressively Type-II right censored spacings S}, S, ..., S, are defined as

Sy = n(Ximt — ),

Lim:mn
S o= 5 1=2,3,...,m, (9.5.2)
where S;’s are as defined earlier in (9.2.4). Once again, S7, S3, ..., S; are all

independent and identically distributed as exponential with scale parameter o. Since

the first spacing S} involves the unknown parameter u, the test statistic T’ proposed

earlier in (9.2.5) may be modified as

m—1

r (m—1)5 :
T == (9.5.3)

(m—2) 3 5

=2

Following the same procedure outlined in Section 9.2, the null distribution of the test
statistic 7™ can be derived. The distribution of 7* is the same as the distribution of the
average of (m — 2) i.i.d. Uniform(0,1) random variables. Hence, the asymptotic null
distribution of T™ is normal with mean E(T™) = ; and variance Var(T*) = ﬁ——_z')'
Furthermore, the power approximation procedure discussed in Section 9.3 can also

be adapted to this two-parameter exponential case.
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9.6 Illustrative Examples

In this section, we present two examples to illustrate the use of the statistics 7' and
T™* in testing for the validity of the one- and two-parameter exponential distributions

for an observed progressively Type-II right censored sample.

9.6.1 One-parameter Exponential Case

Example 9.1: Refer to Example 6.2 wherein we considered the progressively censored
sample presented by Viveros and Balakrishnan (1994). The data presented in Table
6.3 with the spacings computed from Eq. (9.2.4) are as follows:

Progressively censored sample presented by Viveros and Balakrishnan (1994)

i 1 2 3 4 5 6 7 8
Liimin 0.18999 0.77997 0.95993 1.309986 2.77986 4.84962 6.49998 7.35000
R; 0 0 3 0 3 0 0 5
5; 3.60975 10.61969 3.05924 4.55051 17.63873 16.55808 11.55257 5.10007 -

Nelson (1982) and Viveros and Balakrishnan (1994) considered a Weibull
model for these data and constructed confidence intervals for the Weibull shape and
scale parameters based on the complete sample and the progressively censored sample,
respectively. In both cases, the confidence interval for the shape parameter contained
the value of 1 (the shape parameter value for the exponential case) leading to the
conclusion that the data are consistent with an exponential distribution.

In this example, we have n = 19, m = 8. The test statistic is computed as

m—1 .
L (m=95 99006957

r= (m—1) 55 508.82052
1=1

= 0.43251,

and the p-value is

43251 — 0.
2@(04351 0.5

\/1/84

Based on this p-value, we fail to reject the null hypothesis that the random sample

) = 2 x 0.26810 = 0.53620.

is from an exponential distribution. This is consistent with the findings of Nelson
(1982) and Viveros and Balakrishnan (1994).
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9.6.2 Two-parameter Exponential Case

Example 9.2: Spinelli and Stephens (1987) reported data with 32 observations on
measurements of modulus of repute (a measure of the breaking strength of lumber)
of wood beams. For the purpose of illustrating the test procedure outlined in Section
9.4, a progressively Type-II right censored sample of size m = 20 has been randomly
generated from the n = 32 observations in Table 3 of Spinelli and Stephens (1987).
The observations, the removal pattern applied and the corresponding spacings com-

puted from Eq. (9.4.2) are as follows:

Progressively censored sample generated from the measurements of modulus of

repute of wood beams data by Spinelli and Stephens (1987)

¢ 1 2 3 4 5 6 ké 8 9 10
Tiimin 43.19 49.44 51.55 56.63 67.27 78.47 86.59 90.63 94.38 98.21
R; 0 2 0 O 2 0 0 0 0 0
53 — 193.75 59.08 137.16 276.64 257.60 178.64 84.84 75.00 72.77
i 11 12 13 14 15 18 17 i8 18 20
Tiim:n 98.39 99.74 100.22 103.48 105.54 107.13 108.14 108.94 110.81 116.39
R; 2 2 Q O 0 0 1 1 0 2

S: 3.24 20.25 5.76 35.86 20.60 14.31 8.08 4.80 7.48 16.74

Spinelli and Stephens (1987) studied tests based on regression and the em-
pirical distribution function for testing the null hypothesis of exponentiality using
the complete sample. They found that all the test statistics were highly significant
(with p-value < 0.01) and rejected the null hypothesis that the data are exponentially
distributed with p.d.f. (9.4.1).

The test statistic in (9.5.3) for testing the validity of a two-parameter expo-

nential distribution is computed as

m-1

T L U X SN
- (m—z)fjs,- ©26506.8 ’

1=2

and the p-value is

2 {1 - & (w)} = 2 x 0.0000951 = 0.00019026.

J1/216
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From this p-value, we observe that the data provide enough evidence to reject the
null hypothesis that the progressively censored sample comes from a two-parameter
exponential distribution, which agrees with the conclusion of Spinelli and Stephens

(1987) drawn from the complete sample.

9.7 Multi-Sample Extension

To test that & independent progressively censored samples X I(If,i:anm"), cens
Riiyeny G) . . .
X'I(n,‘:lm,':n]?mz ),z = 1,2,...,k, come from exponential populations E(u;, 0:), we can

generalize the test statistic 7™ in (9.5.3) as follows:

T* — 'f'c=1 (mi - Q)TV:
f:l (mi - 2) ’

(9.7.1)

where 77 is the test statistic computed from the i sample. Small and large values
of T* indicate the non-exponentiality of at least one of the k samples.
If we wish to test that the samples come from one-parameter exponential

populations F(o;), we can generalize the test statistic T in (9.2.5) as follows:

Torey(mi = DT,
E?:l (mi - 1) ’

where T} is the test statistic computed from the i sample. Small and large values

T, = (9.7.2)

of T, indicate the non-exponentiality of at least one of the k samples. Note that, in
both cases we may have the censoring schemes (R;;’s), sample sizes (n;), and effective
sample sizes (m;) for the k samples to be all different.

The null distribution of T* (7i) may once again be shown to be equivalent
to the distribution of the average of 3% (m; — 2) (5, (m; — 1)) Uniform U(0,1)
random variables. To compute the power under different alternatives, we may use
an approximation similar to the one discussed in Section 9.3. In this case, however,
we will not be able to write P(T™* > ¢) in terms of a probability involving linear
combinations of progressively Type-I1 right censored order statistics from each sample.
We rely on the expressions in (9.3.10) and (9.3.11) to compute the moments of T

and T, and the corresponding normal approximations to the probabilities.
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Table 9.7: Simulated and approximate values of the power of T,, at 10% and 5% levels
of significance

Lognormal(1.0) Lomax{2.0)

10% 5% 10% 5%
k 7 ™m; C.8. Sim. App. Sim. App. Sim. App. Sim. AppP.
2 40 20 13}[14 0.44296 0.51878 0.35086 0.39493 0.49618 0.37621 0.39880 0.27749
13][15 0.42930 0.:49896 0.33882 0.38034 0.59646 0.43641 0.50350 0.33563
14114 0.65778: 0.68772 0.52172 0.55493 0.16830 0.17085 0.09696 0.10069
60 40 22{[24 0.25098 0.38508 0.16814 0.28199 0.81572 0.78496 0.76808 0.71048
23][24 0.52032 0.61590 0.43032 0.49254 0.64546 0.53579 0.54524 0.42705
231123 0.866720 0.69734 0.54014 0.57330 0.39242 0.38314 0.28358 0.27471
3 40 20 13}{14][15 0.53794 6.70703 0.44136 0.59081 0.57268 0.42501 0.47108 0.32097
14]{14}[15 0.75916 0.82885 0.64342 0.72754 0.29140 0.24573 0.20196 0.15959
14}{143114 0.81718 0.84408 0.71218 0.74542 0.19724 0.19967 0.12016 0.12231
60 40 22}]231}24 0.44540 0.60647 0.35110 0.49042 0.78820 0.81008 0.74146 0.73500
23][23]{24 0.65518 0.79441 0.56334 0.69244 0.70282 0.61208 0.60718 0.50176
23}[23][23 0.82042 0.84665 0.72174 0.75498 0.50552 0.49186 0.37461

0.38716

Table 9.7 presents some simulation results for k¥ = 2,3 in the case of the
one-parameter exponential model. The approximate values of power are reasonably
close to the simulated values for most cases considered. It is of interest to note that

combinations of censoring schemes for the k samples provide distinctly different power

values.

9.8 Conclusions

In this chapter, we have proposed goodness-of-fit tests for the one- and two-parameter
exponential models under general progressive Type-II censoring. These tests are
based on normalized spacings, generalizing tests proposed by Tiku (1980). The exact
and asymptotic null distribution of the test statistics have been derived. Further,
two approximations to compute the power under different alternatives have been
suggested.

Results of the simulation study for a wide range of sample sizes and censoring
schemes show that the test performs well in detecting departures from exponentiality.
If the alternative model is distinctly different from exponential, the power values are
close to 1. The approximations for the power are very close to the values obtained
through simulations. The proposed test procedures are illustrated on some real data

for the one- and two-parameter exponential models. The conclusions drawn from these
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tests are consistent with those drawn by other authors using different procedures.
Finally, some extensions to the multi-sample case have been suggested.

There are several theoretical aspects that still need to be looked at carefully.
In particular, it would be useful to develop limit theorems for linear combinations
of progressively Type-II censored order statistics. This would provide theoretical
justification for the normal approximations suggested in this chapter. Finally, it
would also be interesting to develop analogous goodness-of-fit tests for the general

location-scale family of distributions which is the subject matter of the following

chapter.



Chapter 10

(Goodness-of-Fit Tests Based on
Spacings for General
Location-Scale Distributions Under

Progressive Type-I1 Censoring'

10.1 Introduction

The problem of testing for the adequacy of model specifications is extremely impor-
tant. The validity of inferential procedures depends in great part on the assumption
of a particular underlying distribution for the data. There have been numerous pro-
cedures developed in the literature for determining whether a random sample comes
from some specific distribution. All these procedures have been broadly classified as
‘goodness-of-fit’ tests. There has been extensive research on goodness-of-fit proce-
dures for testing whether or not a sample comes from a specified distribution.

In the previous chapter, we proposed goodness-of-fit tests for exponential dis-
tribution. For the normal distribution, departures from normality have been detected
using the third and fourth moments. Shapiro and Wilk (1965) developed a test statis-

tic based on the ratio of the best linear unbiased estimate (BLUE) of o2 to the sample

173
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variance. The Shapiro-Wilk W statistic is one of the most widely used tests for nor-
mality in the literature. D’Agostino and Stephens (1986) provide an extensive review
of tests for other distributions including the uniform, Weibull, and extreme-value.
In this chapter, we propose a test based on spacings for a general location-
scale family of distributions under progressive Type-1I censoring. The test statistic is
based on sample spacings and generalizes a test procedure proposed by Tiku (1980).
We will first propose a test statistic for the location-scale family based on sample
spacings in Section 10.2. We will provide some heuristic arguments to justify the
asymptotic null distribution of the test statistic. In Section 10.3, we present results
of a simulation study to examine the power of this test for testing for the normal and
extreme-value distributions under several different alternatives. We also discuss an
approximation to the power and compare the approximate values with those obtained
through simulations. We illustrate the test procedure proposed here using a numerical

example in Section 10.4. Some conclusions are finally made in Section 10.5.

10.2 Omnibus Test for a General Location-Scale

Family

10.2.1 Test Statistic

Assume that the failure times have a location-scale distribution with probability den-

sity function (p.d.f.)

?}f (‘”””), (10.2.1)

g

The functional form f is completely specified but the location and scale parameters,
viz. p and o > 0, are unknown. This is a rather wide family of distributions and
includes the normal and extreme-value models as special cases.

In the previous chapter, we used X{f},ﬁ;;;"Rm), §f,1;;;"R’"), cees X,S@’?,‘,;;;;’R’") to de-
note the progressively Type-II right censored sample. In this chapter, for convenience,

we will suppress the censoring scheme in the notation of the X;.,,..,’s. We are interested
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in testing the null hypothesis Hy: the sample comes from a specified location-scale
distribution with p.d.f. (10.2.1) with g and o being unknown.
Define the spacings

51 = n(Xlzm:n - /"))
S2 = ('n - Rl - 1)(X2:mm - Xl:m:n)7
SS = (n - Rl - RZ - 2) (X3:m:n - X2:m:n)>

Sm = (TZ - Rl — .. R-m__1 —m 1)(Xm:m:n - Xm~1:m:'n.)’ (10.22)

If the underlying distribution is exponential, S;, Sa, ..., S, are independent and
identically distributed as exponential with scale parameter o; see Balakrishnan and
Aggarwala (2000) for details.

Let us denote the expected value of the :-th order statistic from progressive
Type-II censored sample for the standard case (with 4 = 0 and ¢ = 1) under the null
distribution by gi.mm- The i-th standardized sample spacing G; is then defined as

Gi - Si _ Xi:m:n — Af-lLimmn

- , for:=2,3,...,m.
E(S;) Hizmin — Hi—1:mn

Let us define the test statistic

mil(m —1)G;
(m—-2)3 G;

i=2
The numerator of the test statistic is a linear combination of the sample spacings
with decreasing weights, and the denominator is the sum of the sample spacings.
The test statistic is clearly location and scale invariant, with small and large values
of T leading to the rejection of Hy. The statistic T was suggested by Tiku (1980)
for complete and doubly Type-II censored samples. In Chapter 9, we constructed a
similar test for the exponential distribution under progressive Type-II censoring.

In this chapter, we will specifically consider the following two distributions,

both of which are extensively used as lifetime models:
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(1) Normal Distribution N{(u,0)

N2
flz;p,0) = L exp L (:c “) , —o00<z<oo; (10.2.4)
2ro 2 o
(2) Extreme-value Distribution EV (u,0)
flzyp,0) = —1—exp [(:c — #> — exp (:1: — ,u)] , —oo<z<oo. (10.2.5)
o o4 o

10.2.2 Null Distribution of T

If the underlying distribution was exponential, the null distribution of the test statistic
may be easily derived using the distribution of spacings mentioned earlier. In Chapter
9, we have shown that for testing exponentiality, the null distribution of the test
statistic T is exactly the same as the average of m — 2 i.i.d. Uniform(0,1) random
variables. Therefore, the null distribution of T" tends to normality very rapidly as m
increases.

However, in most other cases, the distribution of spacings is intractable mak-
ing the derivation of the exact null distribution extremely difficult. We conducted
a Monte Carlo simulation study to examine the null distribution of 7. We simu-
lated the coefficient of skewness (1/B;) and kurtosis (8;) of the statistic T' for normal
and extreme value distributions under different choices of sample sizes and censoring
schemes. For all the cases considered, the values of /B, and B, of T were found to be
close to 0 and 3, respectively (see Table 10.1). This suggests that the null distribution
of T can be approximated closely by the normal distribution with mean E(T) and
variance Var(T).

The mean and variance of 7' may be obtained by first-order approximations

as follows. Let

m—1 m
Wi= > (m—1i)Giand W, = (m=2)Y G,
=2 =1

using which we can write T' = ;/—in-

Under the null distribution, we have

E(W1 mzl - ’L)E

1=2



177

Table 10.1: Simulated coefficients of skewness and kurtosis of T under null distribution
(normal and extreme-value distributions)

Normal Extreme-value
n | m | Censoring Scheme \/[Z B2 \/—B—I B2
40 | 101 Ri =30, R;=0forz1#£ 1 0.04415 | 2.90772 0.05183 | 2.91273
Ryp = 30, R; =0 for: # 10 -0.03182 | 2.85491 { -0.01040 | 2.84169
Ry =Rs = Rjg=10, R; =0 fori=1,5,10 -0.05356 | 2.90184 | -0.04586 | 2.88812
40 |1 20 | Ry =20, R;=0forz# 1 0.00443 | 2.99052 0.04509 | 2.96579
Rayg = 20, R; =0 for 1 # 20 -0.04189 | 2.97800 0.00236 |- 2.95176
R;=1,fori=1,2,...,20 -0.00588 | 2.97094 0.04992 | 2.95614
40 | 30 | R =10, R;=0for:# 1 0.02134 | 2.98785 0.06562 | 2.99508
R3p = 10, R; =0 for i # 30 ~0.00839 | 2.98491 0.03241 2.98470
R; = R3p=5,R;=0for7#1,30 -0.00222 | 2.98893 0.03558 | 2.98881
60 1 20| Rp=40,R;=0fori# 1 0.01268 2.99593 0.04637 | 2.96573
Rop = 40, R; = O for 7 # 20 -0.03957 | 2.95463 0.00077 | 2.94980
Ry = Ryo =10, Ry =20, R; =0 for: % 1,10,20 | -0.06477 | 3.00562 | -0.03273 | 2.97755
60 | 40 | Ry =20, R;=0fori# 1 0.00222 2.97723 0.04691 2.97487
Ry =20, R; =0 for 1.3 40 -0.03331 | 2.97898 0.01149 | 2.97863
Rpimy =1, By =0for:=1,2,...,20 -0.00613 | 2.97977 0.05202 | 2.98409
60 | 50 { Ry =10, R;=0for:# 1 -0.00360 | 2.97529 | 0.04373 | 2.98314
Rso = 10, R; = 0 for 1 # 50 -0.02474 | 2.97823 0.01532 | 2.97937
Ry =Rsg=5,Ri=0for:+# 1,50 -0.01845 | 2.97845 | 0.02195 | 2.98016
9 | 70 { Ry =20,R;=0fori1# 1 -0.00043 | 2.96448 0.03964 | 2.99355
R =20, Ry =0for1# 70 -0.02444 | 2.97135 0.01037 | 2.99736
Ry =Ryp=10,R;=0for:# 1,70 -0.01778 | 2.97075 0.01542 2.99711
90 | 80 | By =10, R; =0forz5# 1 -0.00031 | 2.98708 0.03220 | 3.01821
Rgo =10, R; =0 for 7 # 80 -0.01509 | 2.98709 0.01108 | 3.01350
By = Rgo=5,Ri=0for+# 1,80 -0:00965 | 2.98694 0.01716 | 3.01474
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m-1 . 1
= 2 (m —1) = 5(m ~ 2)(m —1),
EW,) = (m—2) iE(Gi)
= (m-=2)(m-1),
and consequently
EW;) 1

E(T)=E (-g-%) ~ 567 = 5 (10.2.6)

Now we write W) and W, in the form of linear combinations of progressive

Type-1I censored order statistics as

m-1 m
. Xz"m-n - Xi-— min
W, = Z(m——z)’: — L }zzai—xi:m:ny
$=2 Mimmm — Hi-1:min =1
il szn - Xi-—- imin =
Wg = (m - 2) Z [ — ! ] - sz'Xi:m:n,
i=2 L Hitmm — Hi=limn f=1
where
a; = —(m - 2) ’
K2:mn — Hlomin
o i1
a; = (m —3) (m — 3 ) , 1=23,...,m—1,
Hizmm — Hi~limin Hitlimin — Hivnn
an = 0,
bl — _(m — 2) :
K2mm — Ml
1 1 .
b = (m—-2) - , t=2,3,...,m—1,
Himen — Hi—1:men Hitlmn — Hizmn

Hmimin — Bm—1mmin

The variances and covariance of W; and W, are then given by

m m=1 m
V(ZT(Wl) = ZG?VGT(Xi;m;n) +2 Z Z aiajCOU(X‘i:m:ny Xj:m:n)a
i=1 =1 g==141
m m=-1 m
V(ZT(WQ) = Eb?var(Xi:m:n) +2 Z z bibjCOU(Xi:m:na Xj:m:n)-;
i=1 =1 j=i41
and CO’U(Wl, Wz) = ZZaibjCOU(Xi:m:nan:mm)-

=1 j=1
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The single and product moments of progressively Type-II right censored or-
der statistics occurring in the above expressions may be obtained by the first-order
approximations presented earlier in (9.3.2) - (9.3.8). Then, the variance of T' can be
approximated by [Kendall and Stuart (1969) p. 232]

Var(T) ~ {E(Wl)r {Va'r(Wl) Var(W;)  Cov(Wy, W)

B \ [0+ B v (192
10.3 Power Function Approximation and

Simulation Results

10.3.1 Approximation of Power Function

The asymptotic power function of the test is given by
PT(T2011H1)+PI(T_<_62|H1), (10.3.1)

where ¢; = 1 + z(ay2)\/Var(T) and ¢; = § — 2(a/2)\/Var(T) with Var(T) as given
by (10.2.7), and 2(o/2) is the upper «/2 percentage point of the standard normal
distribution.

To compute the power under different alternatives, we therefore need to com-
pute probabilities of the form Pr(T > ¢), with ¢ being some constant. Since (m —

m
2) ¥ G; is a positive quantity, we may write

=2
m~1
> (m—9)G;
Pr(T>¢) = Pr| 22— >¢| =Pr(L >0), (10.3.2)
(m-2) % G;
=2
where
m~1 m m
L = Z (m - Z)Gz - c(m - 2) Z Gi = Z e,-Xz-:mm,
=2 =2 =1
where
— -2
o oo (e=D(m=2)

’
H2:mmn — Hi:m:m
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o = (m —1) —¢(m —2) 3 (m——i——l)—c(m—-2), i=2.3. . m—1,
Hizmm — Hi~1:mmn Hit1mm = Hizmin

e(m —2)

Hmmm — Hm—~1:mn

em =

Once again, we may write the test statistic as a ratio of two random variables

W1 and W,, and determine as before

E(T) = E [W_l] _E(W)

Wol =~ E(Ws)
But the expected value of the spacing G; under the alternative hypothesis is

no longer 1, since the denominator £(S;) is computed under the null hypothesis. The

: (10.3.3)

variance of T may also be obtained in a similar fashion from (10.2.7). Then, under
the alternative model considered, after computing E(T') and Var(T') [or that of E(L)
and Var(L)], we may use normal approximation to compute the corresponding power
from (10.3.1) and (10.3.2). These are denoted in the tables by App(W) and App(L),
respectively. However, theoretical justification of the normal approximation to the

null and non-null distributions of the test statistic still needs to be given.

10.3.2 Monte Carlo Power Comparison

In order to assess the power properties of the test statistic T, a Monte Carlo simu-
lation study was conducted to estimate the power values under different alternative
distributions. For the case of testing the goodness-of-fit of the normal distribution,
the following lifetime distributions were used as alternatives in order to demonstrate
the power performance of the test statistic:

1. Student-t distribution with degrees of freedom 2.0, 3.0 and 4.0; the corresponding

p.d.f. with v degrees of freedom is

(et 2\ ~ 4
f(y)::-—-———-—-——(2> (1—{-%) for — oo <y < oo

Vvl ()

2. Chi-square distribution with degrees of freedom 1.0, 2.0 and 4.0; the corresponding

p.d.f. with v degrees of freedom is

R |
fly) = 2y/2F(V/2)y P exp( 5 for y > 0;
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3. Lognormal distribution with shape parameter 0.5, 1.0 and 2.0; the corresponding

p-d.f. with « as the shape parameter is

Inv)?
fly)= J%ya 28Y [“(;ayz) ] for y > 0.

In the case of testing the goodness-of-fit of the extreme-value distribution, the
following lifetime distributions were used in the Monte Carlo simulations:
1. Gamma distribution with shape parameter 0.75, 2.0 and 4.0; the corresponding

p.d.f. with « as the shape parameter is
fly) = -1%0[)&1""1 exp(—y) for y > 0;

2. Log-gamma distribution with shape parameter 4.0, 8.0 and oo (normal distribu-

tion); the corresponding p.d.f. with x as the shape parameter is

L
h—32

fly) = ’;(ﬁ) exp [\/Ey — K exp (%)] for — oo < y < o0; |

3. Lognormal distribution with shape parameter 0.5, 1.0 and 2.0; the corresponding
p.d.f. is as given above.

For a detailed discussion on various properties of these distributions, one may
refer to Johnson, Kotz and Balakrishnan (1994, 1995). For different choices of sample
sizes and progressive censoring schemes, we generated 100,000 sets of data, in order
to obtain the estimated power values. These values are presented in Tables 10.2-10.7.
for n = 20 (m = 8,12,16), 40 (m = 10,20,30) and 60 (m = 20,40,50) with three
different progressive censoring schemes. The different censoring schemes (c.s.) used
in the simulation study are listed in Table 9.1.

The power values presented in Tables 10.2-10.7 clearly show that the test
proposed performs very well for all the alternatives considered. The power increases
with m for a fixed n, and also increases as n increases. We also calculated the power
values of T from the normal approximation using the two methods and found them
to be close to the simulated power values, especially for large values of m. These

approximate power values are also presented in Tables 10.2-10.7 for the purpose of

comparison.
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Table 10.2: Monte Carlo power estimates for Student-¢ distribution at 10% level of
significance for test of fit of normal distribution

) ) T4)
cs. | Sim.  App(L)  App(W) | Sim. App(L) App(W)| Sim. App(L) App(W)
1] 1 0.36182 0.33007  0.29689 | 0.25674 0.23354°  0.20258 | 0.205568 0.19498 0.16481
2] 1035112 0.35034 0.27855 | 0.24605 0.24269 0.19019 | 0.19650 0.20466 - 0.15529
3 0.37052 0.35339  0.29416 | 0.25432 0.23476  0.19443 | 0.20184 0.19445 0.15629
4] 10.42236 . 0.37091 0.34914 | 0.30746 0.26086. 0.23832 | 0.24898 0.21269 0.19034
5] [ 045394 042118 0.35759 | 0.31899 0.26483 0.23192 | 0.24840 0.20837 0.18036
6] | 0.45720 0.43918 0.38606 | 0.33862 0.29811 0.26669 | 0.27270 0.23666  0.21071
7] | 0.46502 - 0.40231 0.38617 | 0.34084 0.28310 0.26503 | 0.27548 0.22798 0.20979
8] 1046322 0.42261 0.37343 | 0.33087 0.26976  0.24516 | 0.26068 - 0.210672 0.19063
9] | 0.47112 0.41706 0.39577 | 0.34787 0.29463 0.27463 | 0.28102 0.23697 0.21768
10] | 0.44460 0.39384 0.37156 | 0.30979 0.26103 . 0.24252 | 0.24320 0.20802 0.18323
11} | 0.45140 0:44661 - 0.36162 | 0.31701  0.28782 0.23858 | 0.24642 0.22779 0.18558
12} | 0.53590. - 0.52789  0.44410 | 0.37034 0.32153 - 0.28130 | 0.28188 0.23900 0.20933
13} 1°0.52108 0.44881 .- 0.43910 } 0.37975 0.30782 0.29716 | 0.30178 0.24144 0.22983
14] | 0.67392 0.62770 - 0.56273 | 0.48203 0.39542 0.36169 | 0.37288 - 0.28131 0.26156
15} | 0.65796 0.65011 0.58425 | 0.48218 0.42932 0.39251 { 0.37966. 0.31033  0.28924
16] | 0.56186  0.48670 0.48016 | 0.41520 0.33952 0.33129 | 0.32808 0.26509 0.25623
171 ] 0.68862  0.63458 ~ 0.58409 | 0.49981 0.40780 0.38234 | 0.38936 ~0.29082 0.27703
18] 1 0.61546 0.56633 = 0.52077 | 0.44388 0.36015 0.34066 | 0.34614 0.26324 0.25162
19] 1 0.54296  0.46739 0.45895 | 0.39040 0.31426 0.30646 | 0.30730 0.24338 0.23386
20] | 0.71536 0.66974 0.60626 | 0.52079 0.43601 0.39722 | 0.46210 0.30926 0.28646
21} | 0.78246 0.73296 0.68981 | 0.58261 0.50132 0.46381 | 0.44958 0.35369 0.33186
22) 1 0.59794 0.52244 0.51845 | 0.44462 (.36465  0.35934 | 0.35274 0.28195 0.27590
2311 0.83142 0.75795 0.73505 | 0.63514 0.53308 -~ 0.50879 | 0.49288 0.37859 (.36448
24]'1 0.68980 0.67822 0.63526 | 0.52629 = 0.47463 0.45011 | 0.41674 0.35115 0.33714
25} | 0.61642 0.54158 0.53816 | 0.46426 0.38160 0.37689 | 0.36388 0.29520  0.28994
261 | 0.76196 0.70119 0.66710 | 0.57538 0.47744 0.45632 | 0.44468 0.34183 0.33068
271 | 0.67292 0.62005 0.58385 | 0.49977 0.41082 0.39441 | 0.38712 0.30003 ~ 0.29118
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Table 10.3: Monte Carlo power estimates for chi-square distribution at 10% level of
significance for test of fit of normal distribution

Chi-square(1) Chi-square(2) Chi-square(4)

cs. | Sim.  App(L) App(W) | Sim. App(L) App(W)| Sim. App(L) App(W)
1] | 0.80512 0.82981 ~ 0.81096 | 0.59896 0.60996 0.56038 | 0.39942 0.38819 0.35126
2] 10.54516 0.67314- 0.59744 | 0.25820 0.32736 0.29005 | 0.12794 0.18670  0.15957
3] | 0.61986 0.73288 0.67177 | 0.33504 0.40570 . 0.36398 | 0.17204 0.22609 0.20164
4] -1 0.92440 0.89303  0.92540 | 0.75780 0.72483  0.71476 | 0.53284 0.49149 0.46603
[p] | 0.79268 0.89303 0.82786 | 0.46620 0.72483 0.49282 | 0.23102 0.49149  0.26175
6] | 0.95644 0.92260  0.96698 | 0.79806 0.76037 ~ 0.76132 | 0.54216 0.49331  0.47209
7] '} 0.97210 - 0.92905  0.97110 | 0.85402 0.80000 - 0.81603 | 0.63080 0.57393 0.55955
8] 1 0.92848 0.90653 ~ 0.94286 | 0.69120 0.70099 0.69904 | 0.39650 - 0.42494 0.41230
91 1 0.98096 0.93908  0.98228 | 0.87546  0.81996 = 0.84320 | 0.64486 0.58824 = 0.57603
10] | 0.91072 0.89045 0.91433 | 0.74758 0.73093 ~ 0.71242 | 0.53374 0.51051 = 0.47646
[11] | 0.68458 0.77119 - 0.72686 | 0.32340 - 0.38537 - -0.35661 | 0.14102 0.19313 0.17630
12] | 0.84782 0.88017 0.89122 | 0.51596 - 0.58100° 0.54749 | 0.24684 0.29816 0.27998
1131 1 0.99468 0.96219 0.99460 | 0.94344 0.88935 0.92480 | 0.77666 0.71572 0.71858
14} | 0.96364 0.93677 0.97301 | 0.70968 0.72749 0.73331 | 0.35994 0.40670 = 0.39917
15] 1 0.99568 0.96850 0.99792 | 0.91868 0.88624 0.92157 | 0.65674 0.64673 0.64481
16] | 0.99968 0.98587 0.99970 | 0.98702 0.95180 0.98165 | 0.89150 0.83138 0.85210
[17} | 0.99738 0.98126 0.99859 | 0.92942 0.90632 0.93546 | 0.65458 0.67083 0.67338
18] 10.99848 0.98359 0.99917 | 0.95444 0.92726 0.95760 | 0.74058 0.73725 = 0.74572
19] 1 0.99584 0:96516 0.99584 | 0.95248 0:00039 0.93703 ] 0.80066 0.74084 0.74711
1201 | 0.96374° 0.93697 0.97314 | 0.68100 0.70397 0.70687 | 0.31574 0.36339 0.35727
(21] 1 0.99610 0.97060 0.99875 | 0.89920 0.87713 0.91242 | 0.56954 0.60490 0.59969
22] 1 0.99998 0.99521 0.99999 | 0.99858  0.98216 - 0.99717 | 0.95994  0.91593  0.94099
23] 1 0.99986  0.99335 0.99991 | 0.97324 0.95461 0.97718 | 0.75170 = 0.76054  0.77041
24] | 0.99998 0.99610 1.00000 | 0.99852  0.98514 0.99805 | 0.94450 0.91012° 0.93347
25]) | 1.00000 0.99818 1.00000 | 0.99952 0.99230 - 0.99943 | 0.98256 0.95169 0.97224
26] | 1.00000 0.99798 = 1.00000 | 0.99634 0.98604 0.99698 | 0.90856 0.89421 0.91365
27] } 1.00000 0.99817 = 1.00000 | 0.99812 0.98925 0.99838 | 0.94134 0.92141 0.94217
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Table 10.4: Monte Carlo power estimates for lognormal distribution at 10% level of
significance for test of fit of normal distribution

Lognormal(0.5) Lognormal(1.0) Lognormal(2.0)

C.S. Sim.  App(L) App(W) | Sim. App(L) App(W)| Sim. App(L) App(W)
1} | 0.38426 0.37777 0.33535 | 0.69936 0.74203 0.66926 | 0.92406 0.94498 = 0.94636
2] 10.09892 0.16052 0.12930 | 0.19324 0.27071 0.23636 | 0.47260 0.62272 0.53115
3] 10.13506 0.18905 0.16384 | 0.29748 0.38488 0.33798 | 0.63436 0.77699 0.69378
4] | 0.51460 0.48756 0.45349 | 0.85640 0.83059 0.82761 | 0.98624 0.96130 0.99063
5] | 0.17076 0.22057 0.20754 | 0.43378 0.50956 0.47654 | 0.83108 0.86382 0.86844
6] | 0.48356 0.44838 0.42111 | 0.83834 0.81847 0.81433 | 0.98288 0.96123 0.99316
7] | 0.61386 0.57126 0.54886 | 0.93052 0.87593 0.90915 | 0.99766 0.96890 0.99828
8] | 0.32558 0.36878  0.35547 | 0.74366 0.75935 0.76140 | 0.97862 0.94244  0.98669
9] | 0.61430 0.57214 0.55134 | 0.93618 0.87994 0.91775 | 0.99816 0.97010 0.99891

[10] | 0.50690 0.49250 0.44942 | 0.83022 0.82413  0.80459 | 0.97572 0.96031 0.98477
11} | 0.09728 0.15070 0.12811 | 0.19200 0.25749 0.23704 | 0.49088 0.60190 0.54578
12] | 0.16164 0.21293 0.19667 | 0.39096 0.47492 0.43607 | 0.78034 0.84244 (.83118

[13] | 0.75602 0.69944  0.69515 | 0.97906 0.91993 0.96786 | 0.99980 0.97671  0.99984
14] | 0.23476 0.28525 0.28017 | 0.61384 0.66056: 0.65674 | 0.95834 0.92371 0.97119
15] |} 0.53162 0.53332 0.52290 | 0.91300 0.87569 0.91632 | 0.99808 0.96377 0.99890

[16] | 0.87624 0.81217 0.833188 | 0.99746 0.95509 0.99452 | 1.00000 0.98281  1.00000

[17] | 0.52614 0.56693 0.56285 | 0.94062 0.91142 0.95051 | 0.99968 = 0.97607 0.99989
18] | 0.65344 0.66975 0.67097 | 0.97618 0.93806 0.97884 | 0.99992 - 0.97897  0.99998
19] | 0.77786 0.72062 0.71936 | 0.98184 0.92490 0.97251 | 0.99982 0.97776  0.99988
20] | 0.17810 0.22744 = 0.22362 | 0.48548 0.54438 0.53468 | 0.90704 0.88714 0.92752
21] | 0.38742 0.43954 0.42970 | 0.83180 0.82918 0.85784 | 0.99452 0.95879 0.99824
22] | 0.94912 0.89545 0.92459 | 0.99988 0.97525 0.99931 | 1.00000 0.98711 1.00000
23] | 0.58346 0.62501 0.62517 | 0.96962 0.94558 0.97576 | 0.99998 0.98679 0.99999
24] 1 0.89376 0.85419  0.87572 | 0.99924 0.97376 0.99844 | 1.00000 0.98477  1.00000
25]] 0.97574 0.93430 0.96112 | 1.00000 0.98470  0.99989 | 1.00000  0.98938 1.00000

[26] | 0.82762 0.83220 0.84825 | 0.99870 0.98460 0.99889 | 1.00000 0.99218 1.00000

[27] | 0.90162 0.88427 0.90610 | 0.99962 0.98709 0.99966 | 1.00000 0.99139 1.00000
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Table 10.5: Monte Carlo power estimates for gamma distribution at 10% level of
significance for test of fit of extreme-value distribution

Gamma(0.75) Gamma(2.0) Gamma(4.0)
c.8. Sim.  App(L) App(W) Sim.  App(L) App(W) Sim.  App(L) App(W)
1]} 0.81940 0.82641 0.82551 | 0.62335 0.63813 0.59828 | 0.50363 0.51578 0.47544
[2] | 0.43400  0.53409 0.47961 | 0.18545 0.24976 0.22830 | 0.12490 0.18894 (.16785
[3] | 0.54130 0.63941 0.58899 | 0.27202 0.34153 0.31391 | 0.18370 0.24745 0.22895
4] | 0.93650 0.89395 0.93931 | 0.79150 =~ 0.75969  0.76551 | 0.67078 0.64845 0.63439
5] | 0.72495 0.76146 0.76187 | 0.39070 0.45414 (.43566 | 0.26248 0.32198 0.31100
6] | 0.95458 0.91229 0.96531 | 0.79583 0.76574 = 0.77634 | 0.65583 0.63423 = 0.62254
7] 10.97870 0.93037 0.97934 | 0.88380 0.83253 0.86407 | 0.77958 0.73697 0.74517
18] 10.91653 0.88847 0.93164 | 0.66858 0.69064  0.69220 | 0.49890 0.54297 0.53297
19} ] 0.98423 0.93692 0.98604 | 0.89400 - 0.84183 0.87790 | 0.78603 0.74374 0.75475
[10] | 0.97870 0.89083 0.92991 | 0.88380 0.76138 0.75950 | 0.77958 0.65675 ~ 0.63505
11] | 0.53852 0.61606 0.57904 | 0.20798  0.26673 0.25295 | 0.13124 0.18928 (0.17589
12} 1 0.76750 0.80574 0.80991 | 0.39780 0.47202 0.44612 | 0.25790 0.32451 0.30899
13} | 0.99670 0.96356 0.99709 | 0.96300 0.91223 0.95549 | 0.90322 0.85263  0.88482
14] | 0.93138 0.90349  0.94363 | 0.60438 0.64612 0.64595 | 0.40476 0.46931 0.46272
15} 1 0.99396 0.96309 0.99697 | 0.90404 0.87755 0.91505 | 0.76726 0.76729  0.78234
[16] | 0.99990 0.98634 0.99990 | 0.99386 0.96466 0.99244 | 0.97216 0.93272  0.96552
17} 1 0.99638 0.97771 0.99795 | 0.91762 0.89861 0.93020 | 0.77818 0.79107 0.80775
18] | 0.99850 0.98247 --0.99925 | 0.96010 0.93265 0.96549 | 0.86972 0.85938 (.88548
19] { 0.99762 0.96652 0.99787 | 0.96984 0.92109 0.96401 | 0.91790 0.86776  0.90237
20] | 0.91270 0.88975 -0.92712 | 0.51954 0.57059 0.56551 | 0.32074 0.38645 0.38139
[21] | 0.99158 0.96034 0.99600 | 0.84132 0.83596 0.86641 | 0.64804 0.68909 0.69334
22] | 1.00000 0.99535 1.00000 | 0.99948 0.98787 0.99928 | 0.99478 0.97461 0.99351
[23] [ 0.99956 0.99188 0.99979 | 0.96136 0.94385  0.96920 | 0.85384 0.85613  0.87657
(24} { 1.00000 0.99604 = 1.00000 | 0.99900 0.98766 0.99898 | 0.98780 0.96908 0.98879
25] { 1.00000 0.99820 1.00000 | 0.99993 0.99508 - 0.99991 | 0.99860 0.98859  0.99840
26] | 1.00000 0.99798 1.00000 | 0.99713 0.98747 0.99789 |} 0.97508 0.96101  0.98002
27] | 1.00000. 0.99827 1.00000 .| 0.99920 0.99189 0.99932 | 0.98990 0.97632 0.99169




186

Table 10.6: Monte Carlo power estimates for log-gamma distribution at 10% level of
significance for test of fit of extreme-value distribution

Log-gamma(4.0) Log-gamma(8.0) Log-gamma(co)
cs. | Sim.  App(L) App(W) | Sim. App(L) App(W)| Sim. App(L) App(W)
1] 10.12992 0.14753 0.12930 | 0.15016 0.16495 0.14926 | 0.21988 0.22813 0.21348
2] 10.08488 0.14347 - 0.09717 | 0.08242 0:14233 0.09871 | 0.08102 0.14369 0.10627
[3] {0.08915 0.13624 0.10202 | 0.09008 0.13798 0.10659 | 0.09598 0.14859 0.12340
4} | 0.14715  0.15664 0.14506 | 0.17895 0.18517 0.17619- | 0.29036  0.28519 0.27602
5] | 0.09653 0.13060 0.10579 | 0.09388 0.13550° 0.11382 | 0.11078 0.15703 0.14234
6] | 0.14280 0.15230 0.13505 | 0.166568 0.17529 0.16181 | 0.26462 0.25879 0.25101
7] | 0.16015 0.16666 0.15813 | 0.20355 0.20480 0.19894 | 0.34518 0.33550 0.32927
8] 10.10783 0.13866 0.12482 | 0.12023 0.15592 0.14543 | 0.17540 0.21922 0.21409
9] | 0.15578 0.16418 0.15458 | 0.19730 0.20078 0.19447 | 0.33818 0.32891  0.32397
10] | 0.15905 0.16639 0.15510 | 0.19630 0.19906 0.18889 | 0.30804 0.30595 0.29114
11} | 0.08765 0.13607 0.09712 | 0.08103 0.13509 0.09861 | 0.08168 0.13685  0.10621
12] | 0.09485 0.13405 0.10777 | 0.09348 0.13906 0.11552 | 0.11036 0.15941 0.14198
13] | 0.21098 0.20820 0.20424 | 0.27848 0.27348 0.26993 | 0.49028 0.46678 0.45987
[14] | 0.09648 0.12919  0.11580 | 0.10192 0.14128 0.13084 | 0.13622 0.18574 0.18098
15] | 0.14034 0.16357 0.15474 | 0.17280 0.20041 0.19467 | 0.29354 0.32404 0.32116
16] | 0.25086 0.24722 0.24515 | 0.34546 0.33841 0.33663 | 0.61568 0.58666 0.58536
17} 1 0.12878 0.16566  0.16082 | 0.15724 0.20690 0.20436 | 0.28088 0.34145 0.33981
18] | 0.15302 0.18950 0.18620 | 0.19876 0.24612 0.24442 | 0.36844 0.42184 0.41920
[19] | 0.22598 0.22284 0.21903 | 0.30422 0.29523 0.29104 | 0.52468 0.49891 0.49151
20] | 0.09284 0.12393 0.10827 | 0.09400 0.13135 0.11837 | 0.11328 0.16034 0.15319
21] | 0.11602 0.15207 0.14251 | 0.13392 0.17986 0.17311 | 0.21504 0.27251  0.26909
22] | 0.32184 0.31457 0.31342 | 0.45106 0.43958 0.43808 | 0.75640 0.72406 0.72923
23] | 0.13518- 0.17818 . 0.17516 | 0.17530  0.22904 0.22775 | 0.32114 0.38786 0.38655
24} | 0.25452 0.26622 0.26442 | 0.35654 0.37015 0.36926 | 0.64580 0.64162 0.64265
25] | 0.35428 0.35332 0.35254 | 0.51000 0.49699 0.49616 | 0.81836 0.79365 0.80173
26] | 0.18964 0.24506 0.24389 | 0.27720 0.33668 0.33599 | 0.52680 0.58584  0.58574
27} | 0.23060 0.28165 0.28075 | 0.33913 0.39247 0.39160 | 0.62754 0.66873  0.67089
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Table 10.7: Monte Carlo power estimates for lognormal distribution at 10% level of
significance for test of fit of extreme-value distribution

Lognormal(0.5) Lognormal(1.0) Lognormal(2.0)

cs. | Sim.  App(L) App(W) | Sim. App(L) App(W)| Sim. App(L) App(W)
1] | 0.60695 0.63444 0.58463 | 0.82714 0.84726 0.83187 | 0.95726 0.96009 0.98213
2] 10.13961 0.20719 0.18576 | 0.26284 0.35792 0.32070 | 0.54652 0.69485 0.61077
13] | 0.21822 0.28899 0.26560 | 0.41056 0.52027 - 0.46507 | 0.71448 0.83018 = 0.77731
[4] | 0.77985 0.75740 0.75650 | 0.94628 0.90222 0.94470 | 0.99495 0.97130  0.99846
5] | 0.31721  0.38804  0.37154 | 0.59819 0.66700  0.64642 | 0.89499 0.89684 = 0.92694
6] | 0.75408 0.73826 - 0.73573 | 0.93725 0.89840 - 0.94403 | 0.99409 0.97233 0.99939
(7] ] 0.87791 0.82755 0.85708 | 0.98431 0.92868 0.98143 | 0.99938 0.97656 0.99986
[8] | 0.61011 0.65206 - 0.64675 | 0.88945 0.86593 0.90886 | 0.99206 0.95549 = 0.99667
(9] | 0.88219 0.83119  0.86402 | 0.98629 0.93067 0.98481 | 0.99953 0.97726 0.99993
[10] | 0.76315 0.75453 0.74311 | 0.92868 0.89866 0.93094 | 0.99041 0.97107 0.99704
11} | 0.13905 0.20038 0.18676 | 0.27118 0.34827 0.32569 | 0.57207 0.67669 0.62913
[12] | 0.29195 0.36702 0.34673 | 0.54439 0.63548 0.60244 | 0.85584 0.88286 0.90357
[13] | 0.95784 0.90234 0.94862 | 0.99749 0.95423 0.99684 | 0.99998 0.98251  1.00000
[14] | 0.47568 0.53957  0.53285 | 0.80271 0.81064 0.83688 | 0.98343 0.94352 0.99040
[15] | 0.84782 0.83318  0.86294 | 0.98173 0.93620 0.98660 | 0.99948 0.97246 0.99993
[16] | 0.99258 0.95503  0.99003 | 0.99993 0.97391 0.99984 | 1.00000 0.98678  1.00000
17] | 0.87183 0.86361 0.89267 | 0.99153 0.96191 0.99454 | 0.99993 0.98128 0.99999
18] | 0.94263 0.91462 0.95024 | 0.99810 0.97117 0.99869 | 1.00000 0.98328 1.00000
19] | 0.96520 0.91074 0.95717 | 0.99792 0.95700 0.99754 | 0.99998 0.98336  1.00000
20] | 0.35882 0.42662 0.42021 | 0.67657 0.71548 0.72268 | 0.95455 0.91892 0.96756
21] 1 0.72663 0.75387 0.76749 | 0.95240 0.91771 0.96845 | 0.99877 0.96908 0.99984
22] | 0.99937 0.98124 0.99878 | 1.00000 0.98528 ~ 1.00000 | 1.00000 0.98996 1.00000
23] 1 0.91920 0.90949 0.93622 | 0.99767 0.98138 0.99854 | 1.00000 0.98990 1.00000
24] | 0.99717 0.97840  0.99705 | 0.99998 0.98582  0.99998 | 1.00000 0.98793  1.60000
25] 1 0.99988 0.99087 0.99980 | 1.00000 0.99063 ~ 1.00000 | 1.00000 0.99156 1.00000
26] | 0.99825 0.98029  0.99534 | 1.00000 0.99448 0.99999 | 1.00000 0.99364 1.00000
27} 1 0.99825 0.98751 0.99865 | 1.00000 0.99444 1.00000 | 1.00000 0.99289  1.00000
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10.4 Illustrative Example

In this section, we present an example to illustrate the use of the statistic T for testing
the validity of the extreme-value distribution for an observed progressively Type-II
right censored sample.

Example 10.1: Refer to Example 6.2 and Example 9.1 wherein we considered the
progressively censored sample presented by Viveros and Balakrishnan (1994). The

data presented in Table 6.3 with the sample spacings G; are as follows:

Progressively censored sample presented by Viveros and Balakrishnan (1994)

i 1 2 3 4 S 6 7 8
Tizmm || -1.6608 | -0.2485 | -0.0409 | 0.2700 | 1.0224 | 1.5789 | 1.8718 | 1.9947

R; 0 0 3 0 3 0 0 5
Gi — 1.9620 | 0.4790 | 0.8275 | 2.5822 | 1.7598 | 1.0929 | 0.5118

Nelson (1982) and Viveros and Balakrishnan (1994) considered a Weibull
model for the original time scale data so that the log-times to breakdown can be
treated as extreme-value observations.

In this example, we have n = 19, m = 8. The test statistic computed from
(10.2.3) is

m=1 .
T = Lm0 = 2283657 _ 4 53062
Cm-2) R, 5520182 '

i=2
From Egs. (10.2.6) and (10.2.7), the null distribution of T in this example can
be approximated by a normal distribution with mean 0.5 and variance 0.013597. So,
the p-value of the test can be computed as
5 [1 B (0.53962 - 0.5
v0.013597

Based on this large p-value, we fail to reject the null hypothesis that the

)] =2 x 0.367025 = 0.73405.

observed progressively Type-II censored sample is from an extreme-value distribution.
Incidentally, this is consistent with the informal findings of Nelson (1982) and Viveros
and Balakrishnan (1994).
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10.5 Conclusions

In this chapter, we have proposed goodness-of-fit tests for the general location-scale
family of distributions when the data are progressively Type-II censored. The null
distribution of the test statistic has been studied, mainly through an examination of
the approximate values of coefficients of skewness and kurtosis based on Monte Carlo
method, and has been shown that it can be approximated closely by a normal distrib-
ution. The performance of the testing procedure for testing normal and extreme-value
distributions have been evaluated. In addition, two methods for approximating the
power have also been suggested.

Results of the simulation study for a wide range of sample sizes, censoring
schemes and different alternatives reveal that the proposed test has good power prop-
erties in detecting departures from the normal and extreme-value distributions. Also,
the suggested approximations to the power values are close to the simulated power
values. It is important to mention here that the testing procedure proposed in this
chapter can be extended to multi-sample situations in a straightforward manner. One

may refer to Chapter 7 wherein such a generalization of the test for exponentiality
has been discussed.



Chapter 11

Estimation for Birnbaum-Saunders

Distribution

11.1 Introduction

The two-parameter Birnbaum-Saunders distribution was originally proposed [Birn-
baum and Saunders (1969a)] as a failure time distribution for fatigue failure caused
under cyclic loading. It was also assumed that the failure is due to the develop-
ment and growth of a dominant crack. A more general derivation was provided by
Desmond (1985) based on a biological model. Desmond (1985) also strengthened the
physical justification for the use of this distribution by relaxing the assumptions made
by Birnbaum and Saunders (1969a). Desmond (1986) investigated the relationship
between the Birnbaum-Saunders distribution and the inverse Gaussian distribution.
Some recent works on Birnbaum-Saunders distribution can be found in Chang and
Tang (1993, 1994), Dupuis and Mills (1998) and Rieck (1995, 1999), and a review can
be found in Johnson, Kotz and Balakrishnan (1995).

The cumulative distribution function (c.d.f.) of a two-parameter Birnbaum-

Saunders random variable T can be written as

Fﬂt;a,ﬁ):@[%{(%f—(-f—)%}], 0<t<oo, of>0, (11.1.1)

where ®(-) is the standard normal c.d.f.. The parameters o and 3 are the shape

190



191

and the scale parameters, respectively. It is known that the density function of the
Birnbaum-Saunders distribution is unimodal and although the hazard rate is not an
increasing function of T', the average hazard rate is nearly a non-decreasing function
of t [Mann, Schafer and Singpurwalla (1974), p.155]. The maximum likelihood es-
timators (MLE’s) were discussed originally by Birnbaum and Saunders (1969b) and
their asymptotic distributions were obtained by Engelhardt, Bain and Wright (1981).

Although the MLE’s have several optimal properties, one still needs to solve
a non-linear equation in § to obtain the solution; for this purpose, Birnbaum and
Saunders (1969b) suggested some iterative schemes to solve the required non-linear
equation. Also, the exact distributions of the MLE’s are not available. Therefore, for
constructing confidence intervals for the unknown parameters o and 3, the asymptotic
distributions of the MLE’s need to be used. However, it is not known how these
asymptotic confidence intervals behave in case of small sample sizes. Moreover, the
conventional moment estimators also have a difficulty in that they may not always
exist and even if they do, they may not be unique.

In this chapter, we first review some results for the two parameter Birnbaum-
Saunders distribution. Then, we propose modified moment estimators (MME’s) for a
and 3. The MME’s are very easy to compute as they are explicit in terms of the sample
observations. Unlike the moment estimators, MME’s always exist uniquely. The
asymptotic distributions of the MME’s are derived which are then used to construct
confidence intervals for the unknown parameters. We evaluate the performance of
all these estimators through simulations. Even though the MLE’s and MME’s are
asymptotically unbiased, these simulation results reveal that they are highly biased
in case of small sample sizes. We propose a simple bias correction technique which
performs quite well even for small sample sizes. Jackknife procedure is also used to
reduce the bias of the MLE’s and MME’s and is shown to work very well in this case;

but, this procedure becomes computationally quite involved in case of large sample

s1zes.
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11.2 The Birnbaum-Saunders Distribution

The c.d.f. of a two-parameter Birnbaum-Saunders random variable T is given by

(11.1.1) and the corresponding probability density function (p.d.f.) is

sk 8+ 8 ol 49

t>0,0,8>0 (11.2.1)

Consider the following monotone transformation

=38 -0

T=p[1+2X*+2X(1+ X?)3];

or

then, from (11.1.1), we know X is normally distributed with mean zero and variance

%az. Using the above transformation, the expected value, variance, and coefficients

of skewness and kurtosis can be easily obtained as

E(T) = 6(1—{-%012), (11.2.2)
Var(T) = (aB)? (1-{—%042), (11.2.3)
B(T) = 16(&2;?_‘ 4;6), (11.2.4)
FT) = 3+ 2 (11.25)

Moreover, if T has a Birnbaum-Saunders distribution with parameters a and
3, then T~ also has a Birnbaum-Saunders distribution with the corresponding para- -
meters o and 37!, respectively [Birnbaum and Saunders (1969a)]. Therefore, we also
readily have

E(T™!) =p! (1 + %aﬁ) (11.2.6)

and

Var(T™') = o*872 (1 + —i—a2> . (11.2.7)
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11.3 Maximum Likelihood Estimators

Let {¢{1,%2,...,%,} be a random sample of size n from the Birnbaum-Saunders dis-

tribution with p.d.f. as in (11.2.1). The sample arithmetic and harmonic means are
defined by

S =

S

n n -1
> ot r= [3251} :
i=1 =1

Let us further define the harmonic mean function K by

K(z) = [;1; S e+ t,—)-l] T feez0

=1
so that r = K(0).

The MLE of 8 (denoted by B) can be obtained as the unique positive root of
the equation

B = Bl2r + K(B)] + rls + K(B)] = 0. (11.3.1)

Once J is obtained as a solution of (11.3.1), the MLE of o (denoted by &) can be
obtained explicitly as

A

. |8 B g
a=[:§+;—21| .

Since (11.3.1) is a non-linear equation in (3, one needs to use an iterative
procedure to solve for 3. Birnbaum and Saunders (1969b) proposed two iterative
procedures (one simple and one complicated) to compute [3 , but noted that the simpler
one works very well for small o (< 1) but may not work at all for large a (> 2). The
complicated one also does not work in certain range of the sample space.

Engelhardt, Bain and Wright (1981) showed that the asymptotic joint distri-

bution of & and J is bivariate normal and is given by

a o 0
S| ~N o - , (11.3.2)
( B ) ’( B ) ( 0 nf[0.25+a—2+1(a)] )}

jo}
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where

Ie) = 2 /O " {11+ glaa) ! — 05} d2(e),

2 2 %
y ¥
= 1+ 1+ .
9(v) 2+y( 4)

It is interesting to observe that & and B are asymptotically independent of each
other. The asymptotic confidence interval of o can be easily obtained from (11.3.2).

Moreover, the asymptotic confidence interval of 3, for a given «, can also be obtained
from (11.3.2).

11.4 Modified Moment Estimators

For the usual moment estimators in a two-parameter case, the first and second pop-
ulation moments are equated with the corresponding sample moments. In.this case,
the sample mean and the sample variance can be equated to the right hand sides of
(11.2.2) and (11.2.3), respectively, and the corresponding moment estimators of o and
0 can then be obtained as solutions of o and (3 to these equations. It can be easily
seen from these equations that if the sample coefficient of variation is greater than
/3, then the moment estimators do not exist. If the sample coefficient of variation is
less than v/5, the moment estimators exist; however, the moment estimator of 8 may
not be unique.

Instead of using (11.2.2) and (11.2.3), we propose to use (11.2.2) and (11.2.6)
and equate them with the corresponding sample estimates to obtain the MME’s. In

this case, we have the following two moment equations:

s = ﬂ(l—i—%a?), (11.4.1)
oo gl (H.;_o;)‘ (11.4.2)

Solving Equations (11.4.1) and (11.4.2) for a and 3, we obtain the MME’s for a and
8, denoted by & and 3, as
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B = (sr)2.

[

The asymptotic joint distribution of & and 3 is bivariate normal and is given by

& o “;‘2 0
~ ~ N ; aB)? 1 §_a2 . (11.43)
( b ) [( 5) ( 2 (niter) )}

The proof of this result is presented in Appendix D. Note that the MME’s & and f3

are also asymptotically independent of each other, just as in the case of the MLE’s.

11.5 Bias-reduced Estimators

Based on the results of an extensive Monte Carlo simulation study, we observed that
the MLE’s and the MME’s performed very similarly in terms of both bias and mean

square error, especially for small values of @. Upon inspecting the pattern of the bias
of the MLE’s and MME’s, we observed that

Bias(d) ~ Bias()~ -2,
n
2

Bias(B8) ~ Bias(f) ~ Z%.

Then, by employing a standard bias reduction method, we can simply construct
almost unbiased maximum likelihood estimators (UMLE’s, denoted by &* and ,@*)
and almost unbiased modified moment estimators (UMME'’s, denoted by &* and B

of o and B. These bias-reduced estimators are given by
n . 012 -1 . &*2 -1 R

—u n B . a2 -1 . &*2 -1 5
& <n_1>a, 3 ‘(HZE) B~(1+4n) B (1152)
From the distributional results presented in (11.3.2), we readily have the as-

ymptotic joint distribution of &* and 3* to be bivariate normal and is given by

2
A no 0
( Cf* ) ~N [( @ ) , ( An-1) ron? ” ; (11.5.3)
B B 0 {4n+0?)2[0.25+a~2+1(a)]

]
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similarly, from (11.4.3), the asymptotic joint distribution of &* and 3* is bivariate

normal and is given by

2
P ney 0
24 (24 2(n-1)2
( = ) ~ N ( ) 5 16n(aﬁ)2 1+_3_a2 B (11.5.4)
'3 ﬁ 0 (4n+a?)? (1+%—ct"’)2

11.6 Jackknifed Estimators

Jackknifing is based on sequentially deleting one sample point ¢; and recomputing the
MLE’s and MME’s from the reduced sample of size n — 1. We remove the point %;

from the data set, and then recompute r and s and also the function K as

1 & ns — t;
s = ti = z
(J) n — 1 P g
1F)
r -1
1 nr—t7t

n
P — #71 —_
¥ n—lgz n—1"
L i#]
- -1

1 n _
I{(J‘)(:E) = Z(.’L’ + t,') 1 =
i=1

n—1"

nK(z)— (z +1t;)7?
n—1 n—1 ’

L t#3

Then, we obtain B(j) as the unique positive root of the equation

8% — Bl2ri) + Ky (B)] + r(plsiy + Ky (8)] = 0

and

jolY
~
o
g
il
| SO— |
)A
N S
el
+
oS
<
=
[ )
| SSRGS |
o=

Similarly, we find

Qt

1
1 2
8¢ 2
N P (_(.Jl) b
(9) {[r(j)

1

By = (suyr)? -
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Let us now define

1R .13,
&y == &), By ==>_Bu»
N =1 m =1
1o A A
Go=-2 4G,  Bu==3Fu

=1 7=1
Then, the bias-corrected jackknifed maximum likelihood estimates (JMLE’s) of o and
B [see, for example, Efron (1982)] are given by

5{,] = n&-— (n - 1)5&(.),
Br = nf—(n-1)by
similarly, the bias-corrected jackknifed modified moment estimates (JMME’s) of a

and (3 are given by

né — (n — 1),

BJ = n/é —(n - 1)5(.).

oy

11.7 Monte Carlo Simulation Results

In order to compare the performance of all the above estimators, we performed a
simulation study for different sample sizes and for different parameter values. We
took the sample size as n = 5, 10, 20, 50, 100, and the shape parameter as a = .10,
.20, .25, .35, .50, 1.00, 2.00. The scale parameter 8 was kept fixed at 1.0, without
loss of any generality. All the results were based on 10,000 Monte Carlo runs. We
computed the MLE, MME, UMLE, UMME, JMLE and JMME for each run, and then
computed the average estimates and the standard deviations over the 10,000 runs for
all these estimators. The results so obtained are reported in Tables 11.1 and 11.2. We
also computed the 90% and 95% probability coverages of confidence intervals based
on inferential quantities associated with all these estimators using the asymptotic
distributions given earlier. Specifically, the 100(1 — v)% confidence intervals for «
and (3 based on the MLE’s and UMLE’s are given by

e ) Pl o)

~
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and
_ i )
[ [T 2y ae [ [T 2102
B (\/gm—l)“) & (\/;m—l)“) }
_B*( n 42,79 +1)‘1 ﬁ*( n 4z 1 -1
- hi(6) (4n + &2) ’ h(&) (4n + &2) ’

where hy(z) = 0.25+27%+4I(z) and z, is the 100p-th percentile of the standard normal
distribution. Similarly, the 100(1 —+)% confidence intervals for « and 3 based on the
MME’s and UMME'’s are given by

gl el s

~

and
[ T 2y - N 21—r/ -
~ % " /2 ~ % v A1-—/2
* (\/;m—l)“) ’a( 2<n-1>“> }
—~* n 421/2 - - n 42’1—‘)’/2 i
& (th(&)(4n+&2)+l) ’5( @) anta) T |
where
14 322
ha(z) = —2—.
i+t

These results are reported in Tables 11.3 and 11.4, respectively.

From the simulation results, it is clear that the performance of the MLE’s and
MME’s are almost identical for different sample sizes and if the shape parameter o
is not too large. The average estimates of the MLE’s and MME’s and their standard
deviations coincide up to four decimal places if « is less than 0.5. It is also evident
from these results that the MLE’s and the MME’s are both highly biased if n is small
and « is large. The bias reduction method works very well in this case for both the
parameters even for small samples; but as expected, it increases the corresponding
standard deviation of the estimates. The performance of the JMLE and JMME are
almost identical at least for small values of ¢, and they perform better than UMLE
and UMME in terms of bias.



Table 11.1: Means of estimates based on Monte Carlo simulation (8 = 1.0)
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Bstimate of &

Estimate of 8

MLE

MME

UMLE

UMME

n JMLE JMME MLE MME UMLE UMME JMLE JMME
5 0.10 0.0842 0.0842 0.1053 0.1053 0.1015 0.1015 1.0007 1.0007 1.0004 1.0004 0.9997 0.9997

0.20 0.1683 C.1683 0.2104 0.2104 0.2029 0.2029 1.0033 1.0033 1.0014 1.0014 0.9993 0.9893

0.25 0.2102 0.2102 0.2629 0.2629 0.2536 0.2536 1.0054 1.6054 1.0022 1.0022 0.9992 0.9992

.35 0.2839 0.2939 0.3675 0.3675 0.3550 0.3550 1.0109 1.0109 1.0042 1.0042 0.9989 0.9989

0.50 0.4186 0.4186 0.5236 0.5236 0.5068 0.5068 1.0225 1.0225 1.0081 1.0081 0.9984 0.9984

1.00 0.8273 0.8270 1.0351 1.0348 1.0115 1.0112 1.0835 1.0832 1.0241 1.0242 0.9927 0.9922

2.00 1.6199 1.6142 2.0279 2.0210 2.0251 2.0182 1.2524 1.2524 1.0422 1.0444 0.9190 0.9193

10 0.10 0.0924 0.0924 0.1023 0.1023 0.1005 0.10035 1.0002 1.0002 1.0005 1.0005 0.9997 0.9997
0.20 0,1848 0.1848 0.2046 0.2046 0.2010 0.2010 1.0014 1.0014 1.0014 1.0014 0.9994 0.9994

0.25 0.2310 0.2310 0.2557 0.2557 0.2513 0.2513 1.0024 1.0024 1.0020 1.0020 0.9993 0.9993

0.35 0.3231 0.3231 0.3577 0.3577 0.3517 0.3517 1.0050 1.0050 1.0035 1.0035 0.9990 0.9990

0.50 6.4610 0.4610 0.5103 0.5103 0.5024 0.5024 1.0104 1.0104 1.0061 1.0061% 0.9985 0.9985

1.00 0.9168 0.9166 1.0150 1.0148 1.0046 1.0046 1.0380 1.0379 1.0148 1.0150 0.9955 0.9953

2.00 1.8181 1.8140 2.0134 2.0089 2.0124 2.0110 1.1017 1.1029 1.0025 1.0056 0.9730 0.9738

20 0.10 0.0964 0.0964 0.1011 0.1011 0.1002 0.1062 1.0001 1.0001 1.0000 1.6000 0.9999 0.9999
0.20 0.1927 0.1927 0.2021 0.2021 0.2005 0.2005 1.0007 1.0007 1.0003 1.0003 0.9997 0.9997

0.25 0.2408 0.2408 0.2525 0.2525 0.2506 0.2506 1.0012 1.0012 1.0005 1.0005 0.9997 0.8897

0.35 0.3370 0.3370 0.3534 0.3534 0.3508 0.3508 1.0025 1.0025 1.0010 1.0010 0.9995 0.9995

0.50 0.4811 0.4811 0.5046 0.5048 0.5012 0.5012 1.0053 1.0053 1.0021 1.0021 0.9994 0:9994

1.00 0.9596 0.9595 1.0064 1.0063 1.0023 1.0023 1.0190 1.0190 1.0059 1.0058 0.9986 0.9986

2.00 1.9122 1.9098 2.0057 2.0032 2.0056 2.0053 1.0466 1.0479% 0.9952 0.9966 0.9937 0.9941

50 0.10 0.0984 0.0984 0.1005 0.1005 0.0999 0.0999 0.8999 0.9999 1.0001 1.0001 0.9998 0.9998
0.20 0.1867 0.1967 0.2010 0.2010 0.1998 0.1998 0.9999 0.9999 1.0002 1.0002 0.9895 0.9995

0.25 0.2459 0.2459 0.2513 0.2513 0.2497 0.2497 1.0000 1.0000 1.0004 1.0004 0.9994 0.9994

0:3%5 0.3442 0.3442 0.3517 0.3517 0.3496 0.3496 1.0004 1.0004 1.0007 1.0007 0.9892 0.9992

0.5¢ 0.4915 0.4915 0.5023 0.5028 0.4994 0.4994 1.0013 1.0013 1.0012 1.0012 0.9989 0.9988

1.00 0.9820 0.9820 1.0035 1.0035 0.9987 0.9987 1.0059 1.0059 1.0030 1:0030 0.9980 0.9980

2.00 1.9615 1.9605 2.0044 2.0034 1.9976 1.9976 1.0151 1.0157 0.9981 0.9987 ~ 0.9968 0.9968

100 0.10 0.0992 0.0992 0.1002 0.1002 0.0999 0.0999 0.9999 0.9999 1.0001 1.0001 G.9998 0.9998
0.20 0.1983 0.1983 0.2003 0.2003 0.1998 0.1998 0.9999 0.9999 1.0003 1.0003 0.9997 0.9997

0.25 0.2479 0.2479 0.2504 0.2504 0.2498 0.2498 0.9999 0.9999 1.0004 1.0004 0.9996 0.999%6

0.35 0.3470 0.3470 0.3505 0.3503 0.3497 0.3497 1.0001 1.0001 1.0006 1.0006 0.9995 0.9985

0.50 0.4957 0.4957 0.5007 0.5007 0.4996 0.4996 1.0004 1.0004 1.0010 1.0010 0.9992 0.9992

1.00 0.9908 0.9909 1.0008 1.0008 0.9992 0.5992 1.0025 1.0025 1.0021 1.0021 0.9986 0.9986

2.00 1.9805 1.9800 2.0003 1.8998 1.9984 1.9984 1.0067 1.0070 0.9996 1.0001 0.9978 0.9878

The asymptotic confidence intervals do not work very well when the sample

size is very small as the coverage probabilities are much lower than the corresponding

nominal levels. But for sample sizes 20 or more, the performances are quite satisfac-

tory for confidence intervals for both « and 8. The bias reduction technique definitely

helps to improve the coverage probabilities in both cases to a certain extent.



200

Table 11.2: Standard deviations of estimates based on Monte Carlo simulation (8 =

1.0)
Estimate of « Estimate of
n o MLE MME UMLE — UMME JMLE JMME MLE MME UMLE UTMME JMLE JMME
5 0.10 0.0306 0.0306 0.0383 0.0383 0.0373 0.0373 0.0449 0.0449 0.0445 0.0445 0.0449 0.0449
0.20 0.0612 0.0612 0.0766 0.0766 0.0748 0.0748 0.0900 0.0800 0.0890 0.0890 0.0897 0.0897
0.25 0.0764 0.0764 0.0957 0.0957 0.0935 0.0935% 0.1126 0.1126 0.1112 0.1112 0.1120 0.1120
0.35 0.1068 0.1069 0.1338 0.1338 0.1312 0.1312 0.1579 0.1579 0.1555 0.1556 0.1564 0.1564
0.50 0.1524 0.1524 0.1908 0.1908 0.1883 0.1883 0.2263 0.2263 0.2216 0.2216 0.2225 0.2223
1.00 0.3038 0.3034 0.3805 0.3800 0.3858 0.3851 0.4583 0.4583 0.4367 0.4368 0.4464 0.4382
2.00 0.6202 0.6131 0.7764 0.7678 0.8319 0.8164 0.9511 0.9553 0.8657 0.8684 1.0513 0.9397
10 Q.10 0.0219 0.0219 0.0246 0.0246 0.0239 0.0239 0.0314 0.0314 0.0315 G.0315 | 0.0313 0.0313
0.20 0.0438 0.0438 0.0493 0.0493 0.0478 0.0478 0.0626 0.0626 0.0628 0.0628 0.0625 0.0825
0.25 0.0547 0.0547 0.0616 0.0616 0.0587 0.0597 0.0782 0.0782 6.0784 0.0784 0.0780 0.0780
0.35 0.0765 0.0765 0.0861 0.0861 0.0837 0.0837 0.1092 0.1092 0.1092 0.1092 0.1088 0.1088
0.50 0.1092 0.1092 0.1230 0.1230 0.1200 0.1200 0.1550 0.1550 0.1544 0.1544 0.1534 0.1533
1.00 0.2185 0.2183 0.2459 0.2457 0.2435 0.2434 0.2979 0.2979 0.2912 0.2915 0.2904 0.2882
2.09 0.4445 0.4410 0.5001 0.4961 0.5060 8.5036 0.5213 0.5261 0.4887 0.4939 0.5177 0.4874
20 0.10 0.0155 0.0185 0.0165 0.0165 0.0162 0.0162 0.0225 0.0225 0.0223 0.0223 0.0225 0.0225
0.20 0.0311 0.0311 0.0331 0.0331 0.0324 0.0324 0.0449 0.0449 0.0444 0.0444 0.0449 0.0449
0.25 0.0388 0.0388 0.0414 0.0414 0.0405 0.0405 0.0560 0.0560 0.0554 0.0554 0.0559 0.0559
0.35 0.0544 0.0544 0.0579 0.0579 0.0567 0.0567 0.0780 0.0780 0.0771 0.0771 0.0778 0.0778
0.50 0.0776 0.0776 0.0827 0.0827 0.0812 0.0812 0.1101 0.1101 0.1088 0.1088 0.1095 0.1095
1.00 0.1554 0.1553 0.1655 0.1654 0.1835 0.1835 0.2053 0.2056 0.2020 0.2022 0.2019 0.2018
2.00 0.3139 0.3125 0.3344 0,3329 0.3323 0.3320 0.3280 0.3340 0.3153 0.3208 0.3182 0.3156
50 0.10 0.0099 0.0099 0.0102 0.0102 0.0101 0.0101 0.0142 0.0142 0.0140 0.0140 0.0142 0.0142
0.20 0.0199 0.0199 0.0204 0.0204 0.0202 0.0202 0.0284 0.0284 0.0280 0.0280 0.0284 0.0284
0.25 0.0249 0.0249 0.0255 0.0255 0.0253 0.0253 0.0354 0.0354 0.0349 0.0348 0.0353 0.0353
0.35 0.0348 0.0348 0.0357 0.0357 0.0354 0.0354 0.0492 0.0492 0.0486 0.0486 0.0491 0.0491
0.50 0.0497 0.0497 0.0509 0.0509 0.0505 0.0505 0.0693 0.0693 0.0684 0.0684 0.0691 0.0691
1.00 0.0994 0.0994 0.1018 0.1018 0.1014 0.1014 0.1273 0.1275 0.1258 0.1258 0.1263 0.1264
2.00 0.1897 0.1994 0.2044 0.2040 0.2037 0.2037 0.1935 0.1879 0.1904 0.1934 0.1801 0.1930
100 Q.10 0.06070 0.0070 0.6072 0.0072 0.0071 0.0071 0.0100 0.0100 0.0099 0.0099 0.0100 0.0100
0.20 0.0140 0.0140 0.0144 0.0144 0.0141 0.0141 0.0200 0.0200 0.0197 0.0197 0.0200 0.0200
0.25 0.0178 0.0176 0.0180 0.0180 0.0177 0.0177 0.0249 0.0249 0.0246 0.0246 0.0249 0.0249
0.35 0.0248 0.0246 0.0252 0.0252 0.0248 0.0248 0.0346 0.0346 0.0341 0.0341 0.0346 0.0346
0.50 0.0351 0.0351 0.0360 0.0360 0.0354 0.0354 0.0487 0.0487 0.0480 0.0480 0.0486 0.0488
1.00 0.0702 0.0702 0.0720 0.0720 0.0709 0.0709 0.0890 0.0891 0.0880 0.0880 0.0887 0.0887
2.00 0.1407 0.1408 0.1443 0.1441 0.1421 0.1421 0.1341 0.1366 0.1323 0.1344 0.1330 0.1349
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Table 11.3: Probability coverages of 90% confidence intervals based on Monte Carlo
simulation (8 = 1.0)

Probability coverages for & Probability coverages for §

n « MLE MME UMLE UMME | MLE MME  UMLE UMME
5 0.10 | 86.25 ~ 86.25 91.12 91.12 7857  78.57 86.11 86.11
0.20.1 86.25 = 86.25 91.12 91.12 78.48  78.47 86.08 86.08
0.25 | 86.25 86.25 91.14 91.14 78.45 78.45 86.03 86.03
0.35 | 86.24 86.24 91.20 91.20 78.36 78.37 85.98 85.98
050 | 86.15 86.15 91.32 91.32 78.33 78.36 85.64 85.64
1.00 | 85.57 85.58 91.45 91.49 78.20 78.16 84.25 84.32
2.00 | 83.53 - 83.72 91.02 91.41 77.40 T77.57 80.52 81.74
10 0.10 | 88.69 88.69 90.43 90.43 84.91 8491 88.14 88.14
0.20 | 88.73 88.73 90.47 90.47 84.94 84.94 88.09 88.09
0.25 | 88.73 88.73 90.45 90.45 85.00 85.00 88.13 88.13
0.35 | 88.71 88.71 90.52 90.52 84.84 84.83 88.06 88.07
0.50 | 88.72 88.72 90.56 90.56 84.78 . 84.76 88.05 88.03
1.00 | 88.35 . 88.36 90.73 90.75 84.72 84.87 87.30 87.38
2.00 | 87.53 87.70 90.13 90.34 83.96 84.35 85.39 85.99
20 0.10 | 89.87 89.87 90.31 90.31 87.09 87.09 89.29 89.29
0.20 { 89.90 89.90 90.31 90.31 86.96 - 86.96 89,25 89.24
0.25 | 89.89 89.89 90.32 90.32 87.09 87.09 89.27 89.27
0.35 | 89.85 89.85 90.36 90.36 86.99 86.99 89.22 89.25
0.50 | 89.83 89.83 90.39 90.39 87.14 87.18 89.07 89.08
1.00 ] 89.62  89.64 90.42 90.45 86.97 87.03 88.75 88.73
2.00 |-89.16  89.21 89.97 90.18 86.66 86.74 87.63 88.22
50 0.10 { 89.33 89.33 90.14 90.14 88.58 88.58 89.96 89.96
0.20 { 89.33 89.33 90.15 90.15 88.61  88.61 89.94 89.94
0.25 | 89.33 89.33 90.14 90.14 88.66. - 88.68 89.84 89.84
0.35 | 89.31 89.31 90.14 90.14 88.66 88.67 89.71 89.73
0.50 | 89.28 89.28 90.19 90.19 88.78 88.79 89.72 89.68
1.00 | 89.25 89.24 90.11 90.11 88.67 88.80 89.41 89.56
2.00 | 89.04  89.10 89.93 89.98 88.18 - 88.53 88.81 89.24
100 | 0.10 | 90.05 90.05 89.65 89.65 89.43 89.43 90.54 90.54
0.20 | 90.06 90.06 89.66 89.66 89.45 89.45 90.51 90.52
0.25 | 90.06 ~ 90.06 89.67 89.67 89.45 89.44 90.51 90.52
0.35 | 90.03 90.03 89.68 89.68 89.39 89.37 90.52 90.50
0.50 | 90.04 - 90.04 89.64 89.64 89.36 89.38 90.43 90.47
1.00 ]} 90.03  90.03 89.64 89.64 89.21 89.40 90.11 90.26
2.00 | 89.96 89.98 89.69 89.70 88.95 89.33 89.46 90.01
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Table 11.4: Probability coverages of 95% confidence intervals based on Monte Carlo

simulation (8 = 1.0)

Probability coverages for o Probability coverages for 8
n o MLE MME UMLE UMME | MLE MME UMLE UMME
5 0.10 | 93.86° 93.86 95.60 95.60 84.89 84.89 90.56 90.56
0.20 | 93.85 93.85 95.63 95.63 84.88 84.88 90.44 90.44
0.25 | 93.87 93.87 95.68 95.68 84.75 84.75 90.43 90.43
0.35 | 93.87 = 93.87 95.69 95.69 84.70 84.70 20.18 90.18
0.50 | 93.79 93.79 95.70 95.70 84.38  84.38 89.81 89.81
1.00 | 93.65 93.67 95.94 96.05 83.37 83.34 88.48 88.51
2.00 | 92.24 92.38 95.91 96.10 81.54 81.89 86.15 86.63
10 0.10 | 94.46 94.46 95.43 95.43 90.33 90.33 93.15 93.15
0.20 | 9444 94.44 95.44 95.44 90.39 - 90.39 93.14 93.14
0.25 | 94.46 94.46 95.46 95.46 90.36  90.36 93.17 93.17
0.35 | 94.46 94.46 95.49 95.49 90.34  90.34 93.16 93.15
0.50 | 94.46 94.46 95.50 95.50 90.25  90.27 92.79 92.80
1.00 | 94.25 *  94.25 95.45 95.50 89.60 89.72 92.09 92.12
2.00 | 93.45 93.56 95.17 95.34 88.49 - 88.68 90.54 90.99
20 0.10 | 95.19  95.19 95.32 95.32 92.90 92.90 94,12 94.12
0.20 { 95.17 = 95.17 95.32 95.32 92.85 92.85 94.19 94.19
0.25 | 95.17 95.17 95.34 95.34 92.78 92.78 94.16 94.15
0351 95.17 95.17 95.37 95.37 92.74 92.74 94.11 94.11
0.50 | 95.16 95.16 95.41 95.41 92.59 92.55 94.23 94,21
1.00 | 95.06 95.07 95.41 95.42 92.32  92.36 93.68 93.71
2.00 | 94.73  94.80 95.17 95.26 91.44 91.73 92.69 93.02
50 0.10 | 94.72 94.72 95.08 95.08 93.81 93.81 94.65 94.65
0.20- | 94.70 = 94.70 95.08 95.08 93.80 93.80 94.60 94.60
0.25 | 94.70 94.70 95.07 95.07 93.82 93.82 94.61 94.61
0.35 | 94.69  94.69 95.06 95.06 93.82 93.79 94.56 94.56
0.50 | 94.72 94.72 95.04 95.04 93.77 93.80 94.57 94.54
1.00. 1 94.59 94.59 95.04 95.05 93.56 93.63 94.20 94.26
2.00 | 94.45 94.47 94.98 95.03 93.35 ~ 93.33 93.88 93.88
100 | 0.10 | 95.00 95.00 94.70 94.70 94.44 94.44 95.01 95.01
0.20. | 94.99 94.99 94.70 94.70 94.48 94.48 94.94 94.94
0.25 | 94.99 94.99 94.71 94.71 94.46  94.46 94.93 94.94
0.35 | 95.00 95.00 94.71 94.71 94.46 94.46 94.96 94.97
0.50 { 94.98 94.98 94.71 94.71 94.44 94.42 95.02 95.00
1.00 | 94.96 94.96 94.73 94.73 94.46 94.40 94.70 94.85
2.00 1 94.94 94.95 94.71 94.73 94.21 94.39 94.27 94.67
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Table 11.5: Fatigue lifetime data presented by Birnbaum and Saunders (1969b)

70 90 96 97 99 100 103 104 104 105 107 108 108 108 109

109 112 112 113 114 114 114 116 119 120 120 120 121 121 123
124 124 124 124 124 128 128 129 129 130 130 130 131 131 131
131 131 132 132 132 133 134 134 134 134 134 136 136 137 138
138 138 139 139 141 141 142 142 142 142 142 142 144 144 145
146 148 148 149 151 151 152 155 156 157 157 157 157 158 159
162 163 163 164 166 166 168 170 174 196 212

Table 11.6: Point estimates of & and 8 for Example 11.1

Estimator a )
MLE 0.170385 131.818792
MME 0.170385 131.819255

UMLE  0.172089 131.809130
UMME  0.172089 131.809593
JMLE  0.172006 131.798227
JMME  0.172006 131.798661

11.8 Illustrative Examples

Practical application of the above estimators is illustrated here with two examples
with one involving a large sample and the other with a small sample.
Example 11.1: The data set is given by Birnbaum and Saunders (1969b) on the
fatigue life of 6061-T6 aluminum coupons cut parallel to the direction of rolling and
oscillated at 18 cycles per second. The data set consists of 101 observations with
maximum stress per cycle 31000 psi. The data are presented in Table 11.5.

In summary, we have in this case n = 101, s = 133.73267, and r = 129.93321.
For this example, the point estimates of  and ( obtained by all the methods are
summarized in Table 11.6.

From Equations (11.3.2), (11.4.3), (11.5.3) and (11.5.4), the asymptotic vari-

ance of the estimators can be readily obtained, and also the confidence intervals for o
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Table 11.7: Standard deviations of estimates and interval estimates of a and 3 for
Example 11.1

o 8
Estimator S.D. 90% C.L 95% C.L S.D. 90% C.I. 95% C.I.
MLE 0.0120 (0.1527,0.1927) (0.1497,0.1976) 2.2287 (128.2552,135.5861) (127.5944,136.3325)
MME 0.0120 (0.1527,0.1927) (0.1497,0.1976) 2.2287 (128.2556,135.5866) (127.5948,136.3330)
UMLE 0.0122 (0.1541,0.1949) (0.1511,0.1999) 2.2487 (128.21 16,135.6143) (127.5448,136.3685)
UMME 0.0122 (0.1541,0.1949) (0.1511,0.1999) 2.2487 (128.2121,135.6148) (127.5452,136.3690)

Table 11.8: Fatigue lifetime data presented by McCool (1974)

152.7 172.0 172.5 173.3 193.0
204.7 216.5 234.9 262.6 422.6

and ( based on the MLE’s, MME’s, UMLE’s and UMME’s can be readily constructed

using the asymptotic normality. The results so obtained are presented in Table 11.7.

Example 11.2: This example is from McCool (1974) on the fatigue life in hours of
ten bearings of a certain type. These data were used as an illustrative example for
the three-parameter Weibull distribution by Cohen, Whitten and Ding (1984). The
data are presented in Table 11.8.

In this case, we find n = 10, s = 220.48 and r = 203.8853. The point estimates
and interval estimates obtained from this data are summarized in Tables 11.9 and
11.10, respectively.

It is heartening to observe in both these examples that the MME’s are very
nearly the same as the MLE’s and also the corresponding confidence intervals. Also,
while the unbiased estimators correct for the bias, they do result in a larger standard

deviation.
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Table 11.9: Point estimates of o and 8 for Example 11.2

Estimator Q Jé]
MLE 0.282489 212.049084
MME 0.282489 212.020378

UMLE  0.313877 211.528097
UMME  0.313877 211.499462
JMLE  0.323068 211.470377
JMME  0.323068 211.446452

Table 11.10: Standard deviations of estimates and interval estimates of o and 3 for
Example 11.2

a B
Estimator S.D. 90% C.I. 95% C.I. S.D. 90% C.1. 95% C.IL
MLE 0.0632  (0.2065,0.4468) (0.1964,0.5029) | 18.7527  (185.1207,248.1452)  (180.7241,256.5101)
MME 0.0632 (0.2065,0.4468) (0.1964,0.5029) | 18.7504 (185.0954,248.1121) (180.6993,256.4760)
UMLE 0.0780  (0.2228,0.5308) (0.2111,0.6118) | 20.7356  (182.2191,252.0726) (177.5074,261.6814)
UMME | 0.0780 {0.2228,0.5308) (0.2111,0.6118) | 20.7332  (182.1940,252.0394) (177.4828,261.6472)
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11.9 Concluding Remarks

Since the maximum likelihood estimators and the modified moment estimators behave
very similarly in almost all cases considered, we recommend the use of the modified
moment estimators because they are explicit estimators and are very easy to compute.
Although the jackknifed estimators also work very well, they can not be recommended
for large sample sizes as they are computationally quite involved. If the sample size is
very small (say, less than 10), then bias corrected modified moment estimators or bias
corrected jackknifed estimators should be used as in this case the original estimators
can be highly biased. The asymptotic confidence intervals behave very well for large
sample sizes (at least 20), but not for small sample sizes. In the latter case, one may

rely on simulated percentage points rather than on the asymptotic normality.



Chapter 12

Estimation for Birnbaum-Saunders
Distribution Under Type-1I

Censoring

12.1 Introduction

In the last chapter, we discussed the point and interval estimation for the two-
parameter Birnbaum-Saunders Distribution based on complete samples. In this chap-
ter, we first discuss the maximum likelihood estimation of the parameters o and 3
based on Type-II right censored samples. We then derive the asymptotic variance-
covariance matrix of the MLE’s using which asymptotic confidence intervals for o
and B are proposed with the use of asymptotic normality of the MLE’s. We evaluate
the performance of the MLE’s through Monte Carlo simulations for various sample
sizes and degrees of censoring. Though the MLE’s are asymptotically unbiased, these
simulation results reveal that they are highly biased in case of small sample sizes
particularly when the degree of censoring is high. We, therefore, propose a simple
bias correction technique which performs quite well even for small sample sizes. As-
ymptotic confidence intervals for @ and [ based on these bias-corrected estimators
are then proposed. Next, a Monte Carlo EM-algorithm for the determination of the

MLE’s is discussed. A comparison of all the estimators and the probability coverages
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of confidence intervals based on inferential quantities associated with these estimators
is made using Monte Carlo simulations. We present two examples to illustrate all the

methods of inference discussed here. Finally, we make some concluding remarks.

12.2 Maximum Likelihood Estimators

Let {t1),%(2),.--,%(r)} be an ordered Type-II right censored random sample obtained
from n units placed on a life-testing experiment wherein each unit has its lifetime
following the Birnbaum-Saunders distribution with p.d.f. as in (11.2.1), with the
largest (n — r) lifetimes having been censored. Then, the likelihood function is given
by [Balakrishnan and Cohen (1991)]

s el (5] _
e e (5)) e [maBe (B)]} 2o

and the log-likelihood function is
)}} —rlna~ring

iy
N Z ¢ (% ) Zfz (Eu (12.2.2)
2a2 B

InL = constant+ (n—r)ln {

here,

6t) = t7—t7%,

£t = t+t71 -2,

¢'(t)

€ _ 11
£'(t) 2 t4+1

For notational convenience, let us denote

. _ L)
ty =5
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and the hazard function of the standard normal distribution as

__¢(=)
Hz) = 1—®(z)
Then, we find from (12.2.2)
30InL (n—7r)_ . [1,/. .
e = T H [55 (t)] € () + o°
_% e (), (12:2.3)
1=l
280InL - 1
"a—r— a]; = "'a(n,n 2 [;‘5 ( (r))] tin€ (t) + o
9__2_ . €" ( ?’ ) _ = * 9
+ T ;1 ¢ ( - ) gt(’)é ( (1)) ¢ ( (2)) : (1 2.4)
By equating (12.2.3) and (12.2.4) to zero, we obtain the likelihood equations as
o — gle, B)ha(B) + ha(B) = 0, (12.2.5)
o — g(a, B)hs(B) + ha(B) = 0, (12.2.6)

where

oef) = =gl ()],

r

mg) = £(t,),
ha(B) = —‘l‘Z‘fz (t?i))a

=1

h3(B) 1+Z Gx (%) té (1)
L =1 ((z)) .

i

-1

IR ft)()") 5t () € ()|

=1

ha(B)

I

From (12.2.5) and (12.2.6), o can be written as a pure function of 3 as

2 _ ha(B)ha(B) — h1(B)ha(B) (_ -
a = hl(ﬁ) _ h3(ﬁ) (_ (4 (ﬁ)v Sa‘Y)' (1227)
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Let

. 1 &y
U = —Zt(i)7

T =1

-1
vto= [ Zt?z)‘l] ?

1=1

K6) = [F30+ay) ]

K(8) = [K:(—x;)P[ 31+

then (12.2.4) can be rewritten as

o) = #0) |5 7] - 5 o
w(B)n—r
()S )H[(m Uﬁ]%ﬁ(m) - (12.28)

The maximum likelihood estimate of § is the solution of Q(8) = 0. Since
@(B) = 0 is a non-linear equation, one needs to use a numerical procedure to solve
for 3. Once we have the maximum likelihood estimate 3 of 3, the maximum likelihood
estimate & of & can be obtained as the positive root of the right-hand side of (12.2.7).
In order to construct confidence intervals for a and J using the MLE’s, we

need the variance-covariance matrix of the MLE’s. We define
1 u* 1

00 = 3{-¢'0) |z - N0+ +

P
= 2v

n—r 1 1 f g% /[ 4*
n i’&g)_(r__l ‘ {H [mg (t’(“r))} [t}‘,)é ( (r)) +¢ ( (r))]

20 fe ()] 1 | e ()]}

—;-Ag,l (say),

where H'(z) = —zH(z) + H?*(z). For the observed information matrix for a and £,
we find

L (n—r)

SEEL o e (ar) (e [ 6 (1)) + € () B [ (5)]}
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621 L 1 g 1 *
_”a'a'né'ﬂ“ N a%ﬁ{(”-’") [O‘t?ﬂf (i) H [25 (t("))]

2InL
T = O+ Asl = s

Then the observed information matrix is given by
(111 112) . ( Ay %Ag)
Iy Iy %Az B%As ’
so that the variance-covariance matrix may be approximated as
v (vu vm) ~ ( A 34 )
Var o Voo %Az 512'143
E (B i
AjAs —AF\-34, A /)

il

The asymptotic joint distribution of & and 3 is then approximately bivariate
normal, and is given by

()=o) ()
5 )\ Vie Vi

Since V involves the parameters « and (3, we replace the parameters by the

corresponding MLE’s in order to obtain an estimate of V, which is denoted by

‘A/.z(f/u ‘712) _ 3 (-51;/13 —%Az)
Vie Vo Ay Az — A3 —%Az A

: (12.2.9)

By using (12.2.9), approximate 100(1 — 4)% confidence intervals for a and 3
are determined as

[& = Zy/2V ‘711707‘1'27/2\/ an ,
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and

-1 -1
~ AAl A Al

= + 1 , - 41 s 12.2.10
{5 (Z—y/:) AA, A2 ) B (21 y/2 A, — A2 ) ] ( )

where z, is the upper p-th percentile of the standard normal distribution.

12.3 Bias-corrected Estimators

Based on the results of an extensive Monte Carlo simulation study and inspecting the
pattern of the bias of the MLE of ¢, we observed that

Bias(d) ~ -2 [1 +2.5 (1 - 3)] .
n n
Then, by employing a standard bias-reduction method, we can simply construct an
almost unbiased maximum likelihood estimator (MULE, denoted by &*) of o. The

bias-corrected estimator thus obtained is given by

& = & {1 - % [1 +2.5 (1 - %)”—1 . (12.3.1)

From the distributional results presented in (12.2.9), we then readily have the

asymptotic joint distribution of &* and /3’ to be bivariate normal and is given by

(5) = ((5) (e )
B )\ WWvie Vo /|

wefi- L2

Remark: Though the results presented here are for right-censored samples, they are

Q>

>

(12.3.2)

where

also useful when the observed sample is Type-II left-censored. This is due to the fact
that if t(nery1), tin-re2)s - -+ t(n) 15 @ left-censored sample from Birnbaum-Saunders
. . . . * __ 1 * 1 ® ___ 1
distribution with parameters a and 3, then t] = T = T = Com—
form a right-censored sample from Birnbaum-Saunders distribution with parameters

o andé.
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12.4 Monte-Carlo EM-Algorithm

The Type-II right censored data can be viewed as an incomplete data problem, and
consequently the EM-algorithm is applicable to determine the maximum likelihood
estimates of the parameters. First of all, denote the observed and censored data
by T = (T, T2)s-- -, I(r)) and Y = (11,Ys,..., Yo, ), respectively. The censored
data vector Y can be thought of as the missing data. Combine T and Y to form X
which is the complete data. In order to facilitate the EM-algorithm, the conditional
distribution of Y, conditional on T and the current guess of the parameters, needs
to be determined. Due to the Markovian property of order statistics, the conditional
density of Y;,j = 1,2...,n—r, conditioned on T(yy = t(1), ..., T(r) = t(y), is [see David
(1981) and Arnold, Balakrishnan and Nagaraja (1992)]

Frir(yi | Ty = tay, Ty = ey Ty = t)
fr(y;)
1-— FT(t(r)) ’

in other words, given T,y = t(;), Y forms a random sample from the left-truncated

= frir(yi | Ty =1t¢)) = y; > tr); (12.4.1)

Birnbaum-Saunders distribution, and hence the expectations of functions of Y can
be derived.
Let

K(8)

il
ey
ifge

—
w
+
)
>
i
-
SR
A
o
e}
k)
v
L

and

HONEOHE were s IR

1=1
For the complete sample case, the maximum likelihood estimate of 8 can be

obtained as the unique positive root of the equation [see Birnbaum and Saunders
(1969b) and Engelhardt, Bain and Wright (1981)]

g9(B) = B — Bl2v + K(B)] + v[u + K(8)] = 0. (12.4.2)
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Once 3 is obtained as a solution of (12.4.2), the MLE of o can be obtained explicitly

as
s 1k
&= [ff- 2 2] .
g v
If Newton-Raphson method is instead used to solve (12.4.2), we would require
g(B) =28—-2v+(v—-PK'(B)— K(B).
E-step

In the (h+1)-th iteration, we need

Ey = E[Y|tw),om,8m),

1
E, = E 7 t(r),a(h)7ﬁ(h)],
!
Es = E|———\tm,om, Bml,
3 B+ )| ® ﬁ(h)]
[ 1
By = E|———nrs t(r), ’ 3
1 By LY |00 B(h)]

which can be estimated as follows using the Monte Carlo method:

1. Simulate [ random variates from the left-truncated Birnbaum-Saunders distribu-
tion with parameters a = o) and 8 = () and truncation point at ¢(,), and denote
them by Y3,Y2,..., Y.

2. Compute the average values of the required functions as estimates of these functions

ZY;’ E2 lzl:}lf Z Z

i=1 13 li= (B(h Y;)’ i=1 (ﬁ(h) +Y)>
3. Compute

Uy =

{Zt + (n — r)El] ,

1
n11=1 A »
By = {n [Zt'l n—r) Eg}} ,
K(Bw) = {1[ 5(h)+ti)_1+(n—7‘)Es]} )

R K
i) = LK ‘h’)] [

Il

;(ﬁ Bt+t) P+ (n - T)E4] .
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M-step
In the (h+1)-th iteration, B(s41) can be obtained as the unique positive root of the
equation [see Eq. (12.4.2)]

9(8) = 8% — B2 + K(B8)] + dwyltiny + K(8)] = 0. (12.4.3)

Once B(h41) is obtained, ¢(,41) can be obtained explicitly as

1
4 3
Snen) = ®_ Bty 2} .

Bty O

If Newton-Raphson method is instead used to solve Eq. (12.4.3), we would
require

§'(B) = 2By — 20 + (Bwy — B ) K" (Biwy) — K(Bry)-

Birnbaum and Saunders (1969b) showed that the maximum likelihood esti-
mates are equivalent to the modified moment estimates (MME’s) under certain con-
ditions, in the case of complete samples. Therefore, instead of solving Eq. (12.4.3) by

a numerical procedure, we can obtain the estimates of @ and 3 (using the modified

moment estimates) in the M-step as

Gy )\ :
a(h+1) = {2 {(TL)‘) "{l} ’
U(r)

1

B+ = (ﬁ(h)ﬁ(h))i -

The EM iterations are repeated for I = 3000 times and the burn-in period is
taken as J = 800, with the final estimate of « and 3 taken as

\ 1 XIZ

& = e iy,
I-Ji=J+1 ©

n 1 !

g = T > By

i=J+1
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12.5 Monte Carlo Simulation Results

In order to compare the performance of all the above estimators, we performed a
simulation study for different sample sizes and different parameter values with varying
degrees of censoring. We took the sample size as n = 20, 30, 50, the shape parameter
as o = .10, .30, .50, 1.00, 2.00, and the degree of censoring as 0(10)60 %. The scale
parameter 3 was kept fixed at 1.0, without loss of any generality. All the results were
based on 10,000 Monte Carlo runs.

In Tables 12.1-12.3, we have presented the average values, standard errors and
covariances of the estimates &, &* and B From these tables, we readily observe that
while the bias of & increases as the degree of censoring increases for all sample sizes
considered, the simple bias-corrected estimator &* remains almost unbiased in all
cases. The unbiasedness of & comes with a slightly larger standard deviation than
that of &. Also, the estimator ,é is almost unbiased in all cases considered.

In Tables 12.4 and 12.5, we have presented the probability coveragés of 90%
and 95% confidence intervals for & and 3 based on MLE’s as well as UMLE’s. From
these tables, we note that the probability coverages of confidence intervals based
on MLE’s become considerably smaller than the nominal levels particularly when
the degree of censoring increases; however, the probability coverages of confidence

intervals based on UMLE’s remain close to the nominal levels.
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Table 12.1: Means, standard deviations and covariance of estimates based on Monte
Carlo simulations for n = 20 (4 = 1.0)

a | d.o.ec. & SD(&) a* SD(&*) J¢i SD(B) | Cov{d, ) Cov{a*, £}
0.1 0% 0.0964. 0.0155 | 0.1014 ° 0.0164 | 1.0001 - 0.0225 0.0000 0.0000
10% | 0.0956 0.0169 | 0.1020 0.0180 | 0.9997 0.0227 0.0000 0.0000
20% 0.0949 0.0182 | 0.1026 0.0197 | 0.9991 0.0233 0.0001 0.0001
30% 0.0941 0.0198 | 0.1031 0.0217 | 0.9984 0.0241 0.0001 0.0001
40% | 0.0930 '0.0218 | 0.1034 0.0243 | 0.9974 - 0.0255 0.0002 0.0002
50% 0.0914. 0.0243 | 0.103¢ 0.0273 | 0.9956 0.0275 0.0003 0.0003
60% | 0.0887 0.0272 | 0.1014 0.0311 0.9923 0.0310 0.0005 0.0005
0.3 0% 0.2889 = 0.0466 | 0.3041°  0.0491 | 1.0018 0.0671 0.0000 0.0060
10% | 0.2866 0.0506 | 0.3057  0.0540 1.0005 0.0678 0.0002 0.0002
20% 0.2845 0.0546 { 0.3076 0.0591 0.9990 0.0694 0.0005 0.0006
30% | 0.2822 0.0595 | 0.3092 0.0652 | 0.9970 0.0720 0.0010 0.0011
40% | 0.2790 0.0658 | 0.31000 0.0731 0.9940 - 0.0762 0.0017 0.0019
50% .| 0.2742 0.0733 | 0.3089 0.0826 | 0.9891 0.0823 0.0027 0.0031
60% | 0.2661 ~ 0.0826 | 0.3041 0.0944 | 0.9800 0.0923 0.0043 0.0050
0.5 0% 0.4811 0.0776 | 0.5065 0.0817 | 1.0053 0.1101 0.0000 0.0000
10% 0.4773 0.0843 | 0.5091 0.0899 1.0030° 0.1118 0.0006 0.0007
20% 0.4738 0.0912 | 0.5122 0.0986 1.0007 0.1146 0.0016 0.0017
30% | 0.4698 0.0996 | 0.5148 0.1091 0.9977 0.1193 0.0029 0.0032
40% 0.4645 0.1107 | 0.5161 0.1229 | 0.9932 0.1267 0.0050 0.0056
50% | 0.4565 = 0.1240 | 0.5144  0.1397 | 0.9857 0.1372 0.0081 0.0091
60% | 0.4430 0.1405 | 0.5063 0.1606 | 0.9719 0.1542 0.0129 0.0147
1.0 % 0.9596 0.1554 | 1.0101 0.1635 1.0190  0.2053 -0.0004 -0.00605
10% 0.9514 0.1690 | 1.0148  0.1803 | 1.0140 0.2108 0.0030 0.0032
20%. | 0.9439  0.1839 | 1.0204- 0.1988 1.0098 0.2197 0.0076 0.0082
30% | 0.9356 0.2030 | 1.0253 0.2225 1.0051 - 0.2323 0.0142 0.0156
40% 0.9249  0.2295 | 1.0276  0.2550 | 0.9988 0.2514 0.0247 0.0275
50% 0.9092 = 0.2632 | 1.0244 0.2965 | 0.9883 0.2783 0.0405 0.0456
60% 0.8826° 0.3080 | 1.0087 0.3520 | 0.9695  0.3221 0.0670 0.0766
2.0 0% 1.9054 - 0.3177 | 2.0057 0.3344 1.0462 0.3288 -0.0035 -0.0037
10% 1.8925 = 0.3436 | 2.0150 0.3666 1.0383 0.3496 0.0116 0.0132
20% 1.8719 0.3791 | 2.0254 0.4124 1.0329 0.3748 0.0340 0.0378
30% 1.8481 0.4297 | 2.0213 0.4722 1.0208 0.4094 0.0678 0.0746
40% 1.8207  0.5054 | 2.0106  0.5584 1.0079 0.4576 0.1268 0.1343
50% 1.7886 0.6158 | 1.9976 0.6842 1.0058 0.5578 0.2342 0.2529
60% 1.7493 0.8341 | 1.9992 0.9532 1.0481 0.9194 0.6046 0.6910
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Table 12.2: Means, standard deviations and covariance of estimates based on Monte
Carlo simulations for n = 30 (8 = 1.0)

a | d.o.c. & SD(&) a* SD(&*) I SD(B) | Cov(&, B) Cov(a*, B)
0.1 0% 0.0975 ~ 0.0127 | 0.1008 0.0132 1.0000 0.0185 0.0000 0.0000
10% 0.0970 - 0.0138 | 0.1012 . 0.0144 | 0.9997 0.0187 0.0000 0.0000
20% 0.0965  0.0150 | 0.1016 0.0158 | 0.9993  0.0191 0.0000 0.0000
30% 0.0961 0.0163 | 0.1020  0.0173 | 0.9989. 0.0198 0.0001 0.0001
40% 0.0953 0.0180 | 0.1021 0.0193 [ 0.9982 0.0209 0.0001 0.0001
50% 0.0941 0.0200 | 0.1017 0.0216 | 0.9969 0.0226 0.0002 0.0002
60% 0.0924 0.0227 | 0.1008 0.0247 | 0.9948 0.0258 0.0003 0.0004
0.3 0% 0.2923 . 0.0382 | 0.3024 0.0395 1.0010 0.0551 0.0000 0.0000
10% 0.2910 = 0.0415 | 0.3036  0.0433 1.0002 0.0557 0.0001 0.0002
20% 0.2894 0.0451 | 0.3047 0.0475 0.9991 . 0.0569 0.0004 0.0004
30% | 0.2881 = 0.0490 { 0.3060 0.0520 | 0.9980 0.0590 0.0007 0.0007
40% 0.2859° 0.0542 | 0.3063 = 0.0581 0.9959 0.0624 0.0011 0.0012
50% 0.2822  0.0605 | 0.3051 0.0654 | 0.9922 0.0676 0.0018 0.0020
60% 0.2771 0.0688 { 0.3022 0.0751 0.9864 0.0773 0.0031 0.0034
0.5 0% 0.4869 . 0.0636 | 0.5034 0.0663 1.0032°  0.0904 0.0000 0.0000
10% 0.4846 0.0691 | 0.5055° 0.0720 1.0018 0.0916 0.0004 0.0005
20% 0.4821 -0.0753 | 0.5080- 0.0787 1.0001 0.0940 0.0011 0.0011
30% 0.4799 0.0821 | 0.5089  0.0867 | 0.9984 - 0.0978 0.0020 0.0021
40% 0.4761 0.0911 | 0.5090 ~ 0.0968 | 0.9952 0.1038 0.0034 0.0035
50% 0.4700 0.1023 | 0.5066 0.1094 | 0.9895  0.1128 0.0055 0.0058
60% 0.4614- 0.1173 | 0.5023 0.1261 0.9810 0.1296 0.0092 0.0097
1.0 0% 0.9721° 0.1273 | 1.0056 - 0.1317 1.0119 0.1674 -0.0001 -0.6001
10% 0.9671  0.1387 [ 1.0091 0.1447 1.0090 0.1722 0.0022 0.0023
20% 0.9616 0.1522 | 1.0122 0.1602 1.0058 - 0.1792 0.0054 0.0057
30% 0.9571 0.1676 | 1.0164 0.1780 1.0036 0.1897 0.0098 0.0104
40% 0.9494 0.1895 | 1.0172 0.,2031 0.9989 0.2051 0.0169 0.0181
50% 0.9372 - 0.2176 | 1.0132 0.2353 | 0.9904 - 0.2278 0.0276 0.0298
60% 0.9207 - 0.2591 | 1.0044  0.2826 ' 0.9802  0.2712 0.0484 0.0528
2.0 0% 1.9388 0.2585 | 2.0056 ~ 0.2674 1.0300 0.2579 -0.0011 -0.0012
10% 1.9274 0.2811 | 2.0109 - 0.2929 1.0222 . 0.2767 0.0088 0.0101
20% 1.9123 -0.3142 | 2.0168 0.3279 1.0152 0.2992 0.0249 0.0263
30% 1.8985 . 0.3567 | 2.0141 0.3770 1.0124 0.3324 0.0490 0.0517
40% 1.8788 ° 0.4231 | 2.0090 0.4474 1.0092 0.3813 0.0910 0.0932
50% 1.8536 0.5198 | 1.9966  0.5573 1.0084 0.4634 0.1673 0.1784
60% 1.8369 0.7114 | 2.0039 0.7761 1.0418  0.7461 0.4301 0.4692
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Table 12.3: Means, standard deviations and covariance of estimates based on Monte
Carlo simulations for n = 50 (8 = 1.0)

o | do.c. & SD(&) a* SD{a&*) 8 SD(B) | Cov{a, B} -~ Cov(a*, B)
0.1 % 0.0984 0.0099 | 0.1004 0.0101 0.9999 0.0142 0.0000 0.0000
10% 0.0981- 0.0108 | 0.1006 0.0111 0.9997  0.0144 0.0000 0.0000
20% 0.0975 0.0127 { 0.1008 0.0121 0.9992 - 0.0152 0.0000 0.0000
30% 0.0970 0.0139 { 0.1010  0.0132 | 0.9988 0.0160 0.0001 0.0000
40% 0.4848 0.0703 | 0.1011 0.0145 | 0.9963 0.0796 0.0020 0.0001
50% 0.0964 0.0157 | 0.1009  0.0164 | 0.9981 0.0174 0.0001 0.0001
60% 0.0953 0.0177 | 0.1003 0.0187 | 0.9967 - 0.0199 0.0002 0.06002
0.3 0% 0.2050  0.0298 | 0.3010 0.0304 1.0002. :0.0423 0.0000 0.0000
10% 0.2942 0.0324 | 0.3017 0.0332 | 0.9997  0.0428 0.0001 0.0001
20% 0.2933  0.0351 | 0.3024  0.0362 | 0.9991 0.0437 0.0002 0.0002
30% 0.2923  0.0383 | 0.3029  0.0397 | 0.9982° 0.0454 0.0004 0.0004
40% 0.2910 - 0.0418 | 0.3031 0.0436 | 0.9970 0.0479 0.0007 0.0007
50% 0.,2891 -~ 0.0473 [ 0.3027  0.0496 | 0.9951  0.0523 0.0011 0.0012
60% 0.2858 0.0538 | 0.3008 (.0566 | 0.9914 0.0599 0.0019 0.0020
0.5 0% 0.4915 0.0497 | 0.5023 = 0.0509 1.0013 0.0693 0.0001 0.0000
10% 0.4901 0.0540 | 0.5037  0.0549 | 1.0004 0.0704 0.0003 0.0002
20% 0.4886 0.0587 | 0.5050 0.0602 | 0.9994 0.0721 0.0007 0.0006
30% 0.4870 0.0642 | 0.5059 0.0668 | 0.9981 = 0.0752 0.0012 0.0012
40% 0.4848 0.0703 | 0.5055 0.0738 | 0.9963 0.0796 0.0020 0.0020
50% 0.4817  0.0801 | 0.5041 0.0830 | 0.9934 0.0873 0.0034 0.0034
60% 0.4761 = 0.0918 | 0.5019° 0.0961 0.9879 0.1006 0.0057 0.0058
1.0 0% 0.9820 0.0994 | 1.0020 0.1015 | 1.0059 0.1273 0.0001 0.0001
10% 0.9789 = 0.1083 | 1.0040 0.1111 1.0041  0.1314 0.0015 0.0016
20% 0.9757 0.1186 | 1.0059 0.1223 1.0023 0.1370 0.0034 0.0035
30% 0.9722 0.1313 | 1.0074 0.1361 1.0003 0.1455 0.0062 0.0064
40% 0.9677 0.1464 | 1.0080 0.1525 | 0.9975 0.1570 0.0101 0.0105
50% 0.9616  0.1710 | 1.0070  0.1791 0.9938 0.1764 0.0172 0.0180
60% 0.9508 0.2033 | 1.0008 0.2140 | 0.9868 0.2099 0.0297 0.0313
2.0 0% 1.9643 0.2003 | 2.0044 0.2044 1.0184 0.1940 -0.0006 -0.0006
10% 1.9537 0.2191 | 2.0087 0.2220 1.0108- 0.2068 0.0085 0.0053
20% 1.9447 0.2448 | 2.0112 0.2497 1.0068 - 0.2259 0.0163 0.0151
30% 1.9342  0.2807 | 2.0117  0.2906 1.0035 0.2525 0.0316 0.0315
40% 1.9222 © 0.3293 | 2.0053 0.3438 1.0016 0.2904 0.0558 0.0573
50% 1.9113 04162 ; 1.9984  0.4265 1.0054 0.3568 0.1073 0.1066
60% 1.9029 0.5656 | 2.0068 0.5880 1.0262 0.5133 0.2437 0.2501
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Table 12.4: Probability coverages of 90% confidence intervals based on Monte Carlo
simulations (8 = 1.0)

Probability coverages for a Probability coverages for 8
n = 20 n = 30 n = 50 n = 20 n = 30 n-= 50
] d.o.c. | MLE™ TUMLE MLE UMLE MLE UMLE MLE UMLE MLE UMLE MLE UMLE
6.1 0% 85.65 93.06 87.19 92,01 87.56 90.38 87.09 88.85 B87.67 88.97 88.58 89.40

10% 84.56 93.08 85.90 91.98 87.45 91.17 86.64 89.04 87.41 89.08 88.21 89.18
20% 83.80 93.77 85.61 92.48 86.64 91.50 86.14 88.77 87.02 88.90 87.73 89.00
30% 82.92 94.02 85.36 92.96 86.41 92.17 85.51 838.49 88.50 88.48 87.81 28.95
40% 81.02 93.81 83.54 92.88 86.34 92.28 84.53 88.10 86.35 88.43 87.80 88.83
50% 79.18 923.48 82.40 92.68 85.19 92.08 83.25 86.37 B84.88 87.24 87.03 83.28
80% 75.90 91.23 80.60 91.86 83.81 91.54 80.81 84.04 83.37 85.43 85.79 86.93
0.3 0% 85.59 93.00 87.17 92.05 87.52 90.56 87.05 89.02 87.62 88.86 88.87 89.39
10% 84.51 93.11 85.89 91.95 87.43 91.15 86.62 88.89 87.56 88.88 88.26 89.19
20% 83.74 93.78 85,57 92.44 87.17 81.47 85.99 88.81 87.02 88.70 88.06 89.04
30% 82.90 93.95 85.34 92.95 86.63 92.08 85.38 88.55 86.46 88.59 87.75 88.88
40% 80.95 93.76 83.44 92.83 86.38 92.28 84.67 88.12 86.51 88.58 87.74 89.00

50% 79.07 93.41 82.31 92.61 85.24 92.04 83.30 86,56 85.20 87.25 87.02 88.28
60% 75.67 91.04 80.50 91.68 83.77 91.43 81.27 84.25 83.67 85.64 85.99 86.87
0.5 6% 85.49 92.97 87.06 921.80 87.49 91.03 87.15 89.00 87.56 89.63 88.79 89.78

10% 84.35 93.04 85.81 92.38 87.36 91.73 86.66 89.00 B7.33 89.49 88.36 90.04
20% 83.57 93.76 85.43 92.88 87.11 92.01 86.05 88.79 86.83 89.60 88.06 90.13
30% 82.71 93.94 85.13 93.00 86.69 91.95 85.31 88.75 86.42 89.14 87.81 89.74
40% 80.86 93.67 83.38 92.93 86.34 92.03 84.84 88.01 86.52 88.93 87.80 89.54
50% 78.98 93.24 82.12 92.24 85.08 91.86 83.44 86.79 85.31 87.73 §6.96 88.99
60% 75.33 90.71 80.35 90.91 83.61 91.05 81.52 84.38 83.84 85.91 85.99 87.60
1.0 0% 85.25 92.73 86.66 91.81 B87.31 90.53 86.99 89.00 87.29 £8.74 88.75 39.49
10% 83.80 92.84 85.50 91.70 87.10 90.94 86.83 89.13 87.41 88.91 88.45 89.47
20% 82.96 83.50 84,97 82.23 86.90 91.26 86.03 88.89 86.84 88.87 88.10 89.05
30% 82.33 83.73 84.72 92.81 86.41 91.9% 85.23 88.47 86.54 88.62 87.83 88.78
40% 80.19 93.02 82.97 92.56 86.12 91.99 84.99 87.99 86.45 88.69 87.62 88.90
50% 77.84 92.29 81.23 91.73 84.64 91.49 83.69 86.59 85.37 87.10 8717 88.32
60% 74.02 89.36 78.94 90.11 83.07 90.46 81.94 84.01 84.25 85.51 36.18 86.71
2.0 0% 83.28 91.32 85.51 91.38 87.47 90.82 86.90 89.04 87.40 89.37 88.41 89.61
10% 82.81 91.99 85.04 91.70 86.62 91.48 86.61 89.26 87.3¢9 89.42 38.36 89.90
20% 81.59 91.96 84.05 91.89 86.37 91.64 86.46 89.08 87.14 89.69 88.26 89.77
30% 80.63 91.77 83.63 91.78 85.93 91.18 85.58 88.37 86.51 89,03 87.92 89.76
40% 78.39 90.40 82.19 90.83 85.58 91.07 84.64 87.68 86.06 88.54 87.69 89.29
50% 76.21 88.45 79.81 £8.18 84.43 89.66 83.77 85.81 85.38 86.88 87.36 88.84
60%. 73.18 84.66 78.67 85.38 83.52 87.08 81.64 81.26 84.84 83.77 86.33 85.93
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Table 12.5: Probability coverages of 95% confidence intervals based on Monte Carlo
simulations (3 = 1.0)

Probability coverages for a Probability coverages for 8

n = 20 n = 30 n = S0 n = 20 n = 30 n = 50

-3 d.o.c. MLE UMLE MLE UMLE MLE UMLE MLE UMLE MLE UMLE MLE UMLE
0.1 0% 90.49 95.87 91.89 95.68 92.42 93.95 92.90 94.08 93.25 95.18 93.81 94.26
10% 89.26 96.00 90.75 95.70 92.37 94.07 92.45 93.98 93.03 95.36 93.68 94.31
20% B88.69 96.25 90.26 95.92 91.863 94.01 91.90 93.78 92.67 95.43 93.05 94.28
30% 87.84 96.20 89.96 95.89 91.26 93.70 91.13 93.30 92.08 95.89 92.76 93.84
40% 86.07 95.92 88.44 95.71 91.18 93.09 $0.25 92.73 91.59 95.80 92.86 93.67
50% 83.78 95.41 87.14 95.16 90.38 92.23 88.69 91.27 90.44 95.43 92.30 63,13
60% 80.90 93.80 85.60 94.26 89,03 90.27 86.13 88.37 88.79 94.57 90.78 91.73

0.3 0% 90.42 95.87 91.83 95.65 92.42 95.16 92.78 94.03 93.14 94.03 93.85 94.21
10% 89.25 96.00 90.73 95.68 92.40 95.31 92.33 94.06 93.02 94.13 93.77 94.37
20% 88.63 96.21 90.25 95.87 91.82 95.42 91.90 93.82 92.65 94.06 93.49 94.42
30% 87.70 96.17 89.92 95.85 91.62 95.88 91.13 93.47 92.12 93.70 93.18 $3.93
40% 85.99 95.86 88.46 95.73 81.24 95.76 90.43 92,86 81.70 93.17 92:71 93.75
50% 83.77 95.32 87.04 95.07 90.27 95.36 89.07 91.62 90.64 92.40 92.38 93.21
60% 80.68 93.70 85.40 94.20 88.87 94.47 86.49 38.78 89.08 90.47 91.04 91.90
0.5 0% 920.28 95.82 91.78 95.56 92.35 95.38 92.59 93.90 83.07 94.20 83.77 94.59
10% 89.17 95.92 90.67 95.87 92.28 95.81 92.41 94.06 83.00 94.37 93.80 94.58
20% 88.43 96.19 90.10 95.96 91.78 95.65 91.71 9$3.83 $2.68 94.38 93.61 94.82
30% 87.65 96.12 89.84 95.87 91.58 95.65 91.21 93.50 92.16 94.20 93.14 94.60

40% 85.87 95.75 88.30 95.39 91.18 95.47 90.64 92.97 91.73 93.71 92.86 94.36
50% 83.50 85.20 86.77 95.04 $0.08 95.32 89.23 21.71 980.82 92.48 92.32 94.01
60% 80.32 93.38 85.16 93.94 88.54 94.38 86.88 89.04 89.41 91.06 91:27 92.36
1.0 0% 89.94 95.72 91.58 95.54 92.25 95.03 92.34 93.71 92.72 93.83 93.62 94.20
10% 88.73 95.68 $0.33 95.61 92.17 95.18 92.02 93.75 92.56 93.76 93.70 94.33
20% 88.14 96.04 89.69 95.58 91.68 95.34 91.45 93.66 92.56 93.91 93.54 94.26
30% 86.97 95.77 89.47 95.55 91.24 95.64 91.22 93.41 92.26 93.60 93.04 94.11
40% 85.19 95.22 87.70 95.20 90.73 95.47 90.74 92.99 91.94 93.47 92.96 93.80
50% 82.37 94.47 85.70 94.35 88.62 94.71 89.68 91.81 20.97 92.30 92.58 93.37

60% 78.74 92.10 83.71 92.93 87.49 93.59 87.41 88.17 89.78 90.75 91.55 92.08
2.0 0% | 88.58 94.59 90.70 95.11 92.40 95.14 91.61 93.12 92.35 93.44 93.51 94.13
10% 87.92 94.79 89.67 95.38 91.80 95.58 91.86 93.47 92.31 93.70 93.70 94.30
20% 86.93 95.03 88.83 95.31 91.16 95.36 91.74 93.55 92.28 94.00 93.46 94.42
30% 85.10 94.30 88.23 94.76 $0.49 95.03 91.00 93.23 92.28 94.00 93.12 94.41
40% 83.09 83.07 86.17 93.41 89.78 94.05 90.58 92.71 91.98 93.71 93.07 94.30
50% 80.47 91.61 84.10 91.50 88.60 92.61 89.71 90.89 91.16 92.35 92.68 93.73

60% 77.44 88.31 82.97 88.86 87.72 90.25 87.43 87.23 90.67 89.81 91.86 91.57
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Table 12.6: Point estimates of o and 8 for Example 12.1

Newton-Raphson MCEM (MLE) MCEM (MME)

r [ & & 3 & 3 & 7

101 { 0.1704 | 0.1721 | 131.8188 | 0.1704 | 131.8188 | 0.1704 | 131.8188
100 } 0.1698 | 0.1716 | 131.7871 | 0.1698 | 131.7876- | 0.1698 | 131.7871
95 | 0.1691 | 0.1710 | 131.7686 | 0.1691 | 131.7691 | 0.1691 | 131.7687
90 | 0.1706 | 0.1728 | 131.8776 | 0.1706 | 131.8781 | 0.1706 | 131.8776
80 | 0.1751 | 0.1777 | 132.2527 | 0.1751 | 132.2531 | 0.1751 | 132.2525
70 | 0.1735 | 0.1766 | 132.1069 | 0.1735 | 132.1074 | 0.1735 | 132.1062
60 | 0.1829 | 0.1866 | 133.2411 | 0.1829 | 133.2416 | 0.1829 | 133.2403
50 | 0.1848 | 0.1891 | 133.5043 | 0.1848 | 133.5051 | 0.1848 | 133.5038
40 | 0.2112 | 0.2165 | 137.5925 | 0.2111 | 137.5921 | 0.2111 | 137.5879

12.6 Illustrative Examples

Practical application of the inferential methods discussed in the preceding sections is
illustrated here with two examples, with one involving a large sample and the other
with a small sample.

Example 12.1: Refer to Example 11.1 and the data presented in Table 11.5. Under
different censoring proportions, the point estimates of a and 5 obtained by Newton-
Raphson method and the Monte Carlo EM-algorithm (using MLE’s and MME’s) are
summarized in Table 12.6. From (12.2.9), the asymptotic variances of the estimators
can be obtained, and also the asymptotic confidence intervals for & and 3 based on
the MLE’s can be readily constructed using {12.2.10). The results so obtained are
presented in Table 12.7.

Example 12.2: Refer to Example 11.2 and the data presented in Table 11.8. In
this example, if we assume a Type-II right censored sample of size r = 8, we obtain
the maximum likelihood estimates of o and 8 to be & = 0.1792 and ,3 = 200.7262,
and the bias-corrected estimate of a to be &* = 0.2108. The corresponding standard

deviations and the confidence intervals are presented in Table 12.8.
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Table 12.7: Standard deviations of estimates and confidence intervals for « and 3 for
Example 12.1

a B
r Estimator | S.D. 90% C.IL. 95% C.L S.D. 90% C.I. 95% C.IL
101 MLE 0.0120 0.1507,0.1901 {0.1469,0.1939 2.2267 {128.2552,135.5861 (127.5944,136.3325
UMLE 0.0124 0.1517,0:1925 {0.1478,0.1964 2.2492  (128.2203,135.6251 (127.5532,136.3796
100 MLE 0.0120 (0.1500,0.1897 0,1462,0.1934 2.2203 (128.2336,135.5432 (127.5746,136.2873}
UMLE 0.0124 L0.1512,0.1919) 0.1473,0.1958 2.2432 (128.1979,135.5831 (127.5325,136.3354)
95 MLE 0:0125 = (0.1486,0.1895 (0.1446,0.1935) | 2.2213 - (128.2136,135.5265 127.5543,136.2710)
UMLE 0.0128 (0.1499,0.1921 (0.1459,0.1961) 2.2470 (128.1735,135.5713 127.5071,136.3250
90 MLE 0.0131  (0.1491,0.1921 (0.1450,0.1962) 2.2596  (128.2627,135.7021 127.5927,136.4602
UMLE 0.0136 (0.1503,0.1952 (0.1460,0‘1995) 2.2886 (128.2176,135.7526 127.5396,136.5210
80 MLE 0.0145 (0.1512,0.1989 0.1466,0.2035 2.3763  (128.4561,136.2801) 127.7536,137.0799
UMLE 0.0151 (0.1529,0.2025 0.1482,0.2073 2.4124 (128.4001,136.3432 127.6876,137.1560
70 MLE 0.0156 (0.1478,0.1992 (0.1429,0.2041) 2.4435 (128.2056,136.2516 (127.4845,137.0756
UMLE 0.0163 (0.1498,0.2034 (0.1446,0.2086) 2.4856 128.1405,136.3253 (127.4077,137.1645
60 MLE 0.0182 {0.1530,0.2128 (0.1473,0.2185) 2.7506 128.8646,137.9236 (128.0589,138.8586)
UMLE 0.0191 (0.1552,0.2180 (0.1492,0.2240) 2.8018 128.7858,138.0139) (127.9663,138. 77;
50 MLE 0.0204 (0.1512,0.2185 (0.1448,0.2249) 3.0475 (128.6725,138.7120) (127.7866,139.7565)
UMLE 0.0216 (0.1536,0.2246 (0.1468,0.2314) 3.1049 (128.5848,138.8140) (127.6836,139.8799)
40 MLE 0.0270 0.1667,0.2555) (0.1582,0.2640) 4.1182 (131.1319,144.7126) (129.9636,146.1625)
UMLE 0.0286 0.1694,0.2636) (0.1604,0.2726) 4.1876 (131.0283,144.8390) (129.8424,146.3162)

Table 12.8: Standard deviations of estimates and confidence intervals for a and 3 for
Example 12.2 with r = 8

o B
Estimator S.D. 90% C.L 95% C.I. S.D. 90% C.I 95% C.1.
MLE 0.0471 (0.1017,0.2566) (0.0868,0.2715) 11.6871 (183.1828,221.9857) 180.1662,226.5831)
UMLE 0.6719 (0.0925,0.3290) (0.06984,0.3517) | 13.7416 (180.4109,226.1973) 176.9795,231.8331)
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12.7 Concluding Remarks

In this chapter, we have discussed the MLE’s of parameters o and 3 of the Birnbaum-
Saunders distribution based on Type-II right-censored samples. As the estimator of
a becomes quite biased especially when the degree of censoring is high, we have
proposed a simple bias-corrected estimator based on MLE which has been shown to
be almost unbiased in all situations considered. We have also described the Monte
Carlo EM-algorithm for the determination of the MLE’s. The probability coverages
of confidence intervals based on these estimators have been evaluated. While the
probability coverages in the case of MLE’s turn out to be considerably below the
nominal levels, the confidence intervals based on bias-corrected MLE’s seem to have

probability coverages much closer to the nominal levels.



Chapter 13
Possible Future Research

In this chapter, we will outline some possible future research that could be considered
following the research work in this thesis. We first discuss some future research
directions for nonparametric precedence tests. Then, we will discuss some future
research directions for parametric inference based on progressively censored samples

and for the Birnbaum-Saunders distribution.

13.1 Nonparametric Inference

1. Even though we have suggested some alternatives to the precedence test in the
form of maximal precedence test, Wilcoxon-type rank-sum test, and weighted
precedence and maximal precedence tests, they all deal with the two-sample
problem. One possible extension may be to construct these tests for a k-sample
problem since comparative studies usually involve the simultaneous comparison
not just of two, but three or more treatments or conditions. All the test proce-
dures we studied in this thesis can be generalized to test the hypothesis of no

difference between the k& samples.

2. In the k-sample problem just mentioned, if the hypothesis of no difference be-
tween the k samples is rejected, we may want to know which treatment or

population is the best. Therefore, the precedence statistics can be utilized to
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select the best sample.

3. If we take a careful look at the precedence and maximal precedence tests, they
belong to a class of nonparametric precedence tests. This class of nonparametric

precedence tests can be defined as follows:

Let us use the same notation as in Chapters 2 - 5. For a certain value of r,
define the test statistics

k
Poyy = Myoivyy, k=12,...,rm,

=1
where M(;) is the j-th order statistic from {My, My, ..., M, }.

For k = 1, P,y = M(,y = max{M;, My, ..., M,}, which is the maximal prece-
dence test statistic.

Fork=r, Pryy = 3 M—iy1) = 3 M;, which is the precedence test statistic.
=1 1=1

We can then study and compare the power properties of the test statistics
belonging to this general class of precedence tests. A similar class of weighted

precedence tests can be also defined and studied.

4. The idea of weighted precedence and maximal precedence test can be extended

to the Wilcoxon-type rank based test that takes into account the magnitude of

the failure times.

13.2 Parametric Inference

1. In Chapter 8, we discussed the optimal progressive censoring scheme for the
Weibull distribution. Instead of the Weibull lifetime model, we can consider
the optimal progressive censoring scheme under other lifetime distributions,
for example, the lognormal and gamma distributions. Progressively censored

reliability sampling plans can also be studied for these distributions.

2. In order to determine the optimal censoring scheme, exhaustive search of all

possible progressive censoring schemes for fixed n and m have been used. Instead
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of using the exhaustive search method, we can develop some efficient algorithms
to search for the optimal censoring scheme. By using these algorithms, one
can obtain the optimal censoring scheme without going through all possible

censoring schemes.

. Table 8.8 showed simulation values of the two levels of probability of acceptance
(a and B) for the sampling plans determined by the procedure described in
Section 8.4. From this table, we see that our procedure sometimes result in
larger values of o and f than the pre-fixed ones. The reason may be due
to the non-normality of the asymptotic distribution of the linear combination
of the MLE’s under heavy censoring. Therefore, adjustments to the sample
sizes can be examined to try to obtain smaller values of o and 5. Another
possible direction to the work presented here is to consider the construction

of the reliability sampling plans by means of best linear unbiased estimators
(BLUE’s) instead of MLE’s.

. In Chapter 10, we conducted a Monte Carlo simulation study to examine the
null distribution of T and the result suggests that the null distribution of T
can be approximated closely by the normal distribution with certain mean and
variance. However, the derivations of the exact null distribution as well as the

exact distribution of the sample spacings are still open problems.

. In Chapters 11 and 12, we discussed the point and interval estimation proce-
dures for the two-parameter Birnbaum-Saunders distribution for complete and
Type-II censored samples. One may also develop statistical inferential proce-
dures for the Birnbaum-Saunders distribution when the data are progressively

censored or grouped.

. Finally, it will be of interest to develop some goodness-of-fit tests for the Birnbaum-

Saunders distribution and examine their power properties.



Appendix A

Computational Formulas for the
Moments of Test Statistics Wiy,
Winax, WE

The moments of M;’s are denoted by

te = E(M}),

oy = E(MZM)),
fape = E(M;M}M),
Hapoa = E(MIM;M;MS).

To derive the first, second, third and fourth moments of the Wilcoxon-type

rank-sum statistics, we require the following:

H1o = ng+1’
__mlna +2my)

a (nz + 1)(ne +2)’

3ny(ny — 1)(ng — 2
4 = n(n—1)(m —2) (3n2 — 6n1 + 2)p1 + 3(ny — 1)pe,

Ty -+ 3
Mg = __4n1(n1 — V(= 2)(m = 3) +2(2n8 — 9n} + 11n; — ),
ng + 4
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Hia

H2,1

H3,1

H2,2

Hi1.1

H21.1

Hi1,11
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ny(ng — 1)
(n2 + 1)(nz +2)’

1
. (nape — pa),

1
7‘{2‘ (nips — )
3(n2 + 3)(ng +4) 3
1

1 2 4
—§(6nf + 18ny + 11)(p2 + p11) + ‘?;(2”1 — 3)(us + 3pz,1) — gH3L~ gh4
1 3
na(nj — 1) [n] — (n2 + 1)ps — 3na(ng + Dpaal,
_ni(ng = 1)(n1 = 2)(ny — 3)(ni + 2ny +2)
3(n2 + 2)(n2 + 3)(n2 + 4)

1 1
+5(2n7 — 90} + 11ny — 3)un — 75(6n7 — 18n1 + 11)(pa + 2p,)
1 ! .
+5(2n1 = 3)(pa + 6p2,1 + 2p11,10) — ‘6’(4M3,1 + 3pz,2) — TgHe

1
na(ns — 1)(ng — 2)
x[nt = (n2 + 1 ps — na(ng + 1) (4ps,s + 3pa,2) — 6n2(nd — V)pa11].

Since My, Ms,. .., M, are exchangeable random variables, we readily have

K21 = fa2,
H3a1 = Higs,
H21,1 = Hi21 = H1,1,2-

We further define the following quantities:

sy = Yi=trtd

: 2
=1

5.(2) = Yit= r(r+1)6(2r+1)’
=1

Sr(3) — izﬁzw

4 ?

5.(4) = Zr:i4 _ r(r+1)(2r +1)(3r? + 3r — 1)

30 ’
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50,1 = $3i= ISP -5 = =g

S(2,1) = §§i2j=sr(1)s,<z>—sr<3)=’"2("“;2(’"‘”,

5.(2.9) = ggi%%[&(z)r—am):"(’"2‘1”3’;22(5’"”)‘4],

S.(3,1) = ;;z% 5. (1)5.(3) = S.(4) = = 1)(4’;280‘ D(r +6)
o

S(LLY) = XY ik
=1 i;i;':;lék k=1
rP(r+1)2%(r—1)(r—2)
8 b
S{(2,1,1) = 3 3 3%k = [S:(1)1P5.(2) - 25,(3,1) — 5,(2,2) — S.(4),

=1 j=1 k=1

ik

= [S()F-35.(2,1) - 5.(3) =

SOLLLY = Y Y Yk

and

V1,0
Vo1
20
Vg2
na

V3,0

"
=1 g=1 - k=1l=1
iRk

= [S(D))-65.(2,1,1) — 35,(2,2) —45,(3,1) — S.(4),

me| () (o) |

Now we can express all the required v, in terms of S,’s and p’s as follows:

= THU,

= S.(Dp,

= rup+r(r— Dy,

= S5.(2)p2 + S-(1,1)p1,,

= Sr(l),u& + (7' - ]-)Sr(]-)l‘tl,lv
= ruz+3r(r — Dpgy +r(r — (r —2)p1,1,1,



3 =

V1 =

Vi =

Vo =

N4 =

Vi =

Vi3 =

Vo =
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Sr(3ps +35:(2,Vpan + S-(1,1, Vg,

Sr(Vps +3(r = 1S (Vg2 + (r = D(r = 2)S: (Vg5 -

Sr(2)ps + 25 (1, Do + (r = 1)5:-(2)p2 + (r — 2)5-(1, D,
rpg+4r(r — Dusy + 3r(r — L)pos + 6r(r — 1)(r — 2) 21,1

+r(r — 1)(r —2)(r —3)p11,1,1,

Sr(4)pa + 45-(3, V) pz,1 + 350(2,2)p2,2 + 65-(2,1,1) 2,11

+5:(1, 1,1, Dpraa,

Sr(Dpa + 4(r — 1)5:(ps + 3(r — 1) 8- (122 + 6(r — 1)(r ~ 2)5,:(1)p2,1,1
+(r=1)(r = 2)(r = 3)5:(1)p1,1,115

Sr(3)pa + (r = 1)5-(3)uss + 35-(2,1)usy + 35-(2, )2z

+3(r —2)5-(2,)pz11 +35-(1,1, Vg0 + (r = 3)5-(1,1, Dpr110,
Sr(2)pa +2(r — 1)5,(2)pas + 25-(1, sy + (r — 1)5:(2) pa,2
+25:(1, Dpa2 + (r = 1)(r — 2)S:(2)pz,10 + (r = 2)5-(1, Dpaa
+4(r = 2)5-(1, Dpz + (r = 2)(r — 3)S-(L, D11

Now by taking expectation of the conditional expectation, we obtain the first,

second, third and fourth moments of the minimal rank-sum statistic as follows:

ni(n; +2r +1)

EWnin] = 5 —(r+ Dy,
I 2r +1)71°
E [erlin] = mim +2 r+1) +(r+ 120+ vo2 — 2(r + vy
+ny(ny +2r + 1) {vo1 — (r + Do},
[ or+1)7°
E [Wr?lin] = |l +2 r+1) +(r+1)%vs0+ 103
or +1)1°
3 { [m(m -|-2 r+ )] ox — (r + 1)v]
2 1
+n1(n1 +2 r+1) [Vo,z + (r + 1)21/2,0] +(r+1)%v; —(r+ 1)1/1,2}
=3n1(ny + 2r + 1)(r + L)y,
ny+2r+1 ¢
E [W;in] — [nl( 1 . )} +(r+ 1)41/4’0 + vo
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. { [nl(nl +22r + 1)}3 o — (r+ no]

ni(ny +2r +1
+ 1(m 5 ) [Vo,s —(r+ 1)31/3,0} —(r+1)%usy — (r+ 1)’/0,3}
+2r+1)]°
+6 { [nl(nl 5 A )] [1/0,2 + (r + 1)21/2,0] +(r+ 1)21’2,2}

Viq| -

+6n1(n1 + 2r + 1)(7‘ 4 ]_) l:(r + 1)1/211 — v — nl( 1 +2 r -+ ) ’ :|

Similarly, the first, second, third and fourth moments of the maximal rank-sum
statistic are found to be the above expressions with r replaced by n,, and those of

the expected rank-sum statistic are with r replaced by (ns + r)/2.



Appendix B

Proof of Theorems 5.1 and 5.2

First, conditional on the Y-failures, we consider the probability that there are m,
X-failures before y...n, and m; X-failures between y;_1.rin, and Yiirmy, 1 = 2,3,...,71,
given by
PI‘ {mIX,S S yl:r:n27 m2X,S € (yl:r:'m’ y2:r:n2]7 ey mrX,S € (yr—-l:r:n27 yr:r:'nz}’
r
(nl - Zmz) XIS > Yriring lyizr:ng = Yliring» Yv?:r:nz = Yiragy » v 7)/1':r:n2 = yr:r:'n.g}

=1

nll

v [F‘_X'(yl:r:'n;z)]m1 {H[FX(yi:r:ng) e FX(yi—lzr:ng )]m,}
mylmy! - m,! (nl -3 m,-)! i=2
=1

X[1 = Fx(Yririmy)] (E "‘)

Next, we have the joint density of the Type-II progressively censored order statis-
tics from the Y-sample as [Kamps (1995a, 1995b) and Balakrishnan and Aggarwala
(2000)]

f1,2,...,r:r:n2 (yl:r:ng sY2iringy - -+ yr:r:ng)

= ng(ng—Rl——1)---(n2——R1~—R2——...——R,_1—-r+1)
X H fY(yj:r:ng) [1 - FY(yj:r:nz)]Rj ’ Yiring S Y2:ring _<_ s S Yriring -
7=1

233



234

Then, the unconditional probability of {M; = my, My = my,..., M, = m,} is simply
given by

PI’{M]_ ='m1,M2 =m2,...,Mr = m,—}
o0 Yriring Ya:ring m A mi
C/; -/0 o -L [FX(ylzr:ng)] ! {H[FX(yi:r:ng) - FX(yi—lzr:ng)] '}

1=2
() :
X [1 - FX(yr:r:nz)] i=l H fY Yier: nz Fy(y’itf’!nz)] '
Xdyl:rmz dyZ:r:n2 aen dyr—l:r:ng dyr:r:nga (Bl)
where
C: nllnz(ng—-Rl—-1)---(n2——R1—R2-—...—RT_1—r+1)

-
mylma! - -m,! (nl - 21 m,-)!
=

B.1 Under Lehmann Alternative

Under Lehmann alternative H; : [Fx|?" = Fy,v > 1, the expression in (B.1) can be
simplified as

PI“{-ZM']A=777:1,]\4‘275777’27"'71‘4?':27717’I[F‘X]’y FY}
o] Yriring Y2:ring ma r mi
= C/(; L .. A [FX(yI:r:ng)] {H[FX(yi:r:nz) - FX(yi—lzr:ng)] }

1=2

n1—i m,') r _ '
X [1 - FX(yr:r:nz)] ( i=1 {H 7[FX(yi:r:n2)]’Y le(yi;r;nz) {1 - (Fx(yi:r:nz))’Y]R‘}
i=1
Xdyl ring dy2 ring e dyf—l'r'nz dy,,..,,,,,n2

= Oy z(h)( e [T /“’”"2[Fx(ymmz)]ml”ﬁ’“‘*“{ﬁfx(ym)}

i=1

. R; .
% {H[FX(yi’“M) ~ Fx(Yi1irimy )] ™ [Z (?) (=1)* [FX(yi:r:nz)]’yji—Py—l:' }

1=2 3i=0

(e
X D - FX(yr:r:ng )] i=1 dyl:r:n2 s dyr:r:'n.g-

Setting now

= FX(yi:r:ng) and dui = fX (yi:r:ng)dyi:r:'nz forz = l’ 27 ey Ty
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we get

PI{M]_ zml,M2 :m27,,_’Mr:mr | [F_X]’YZFY}

Ry B .l pur u .
= C»}/’” Z (]‘11) (_1)11L /0 /0 2u11n1+'711+7-1

Using the transformation w; = u;/u,, we readily obtain

Pr{M; =m, My =my,...,M, =m, | [Fx]" = Fy}

;& R (R, R, s ,
=CY Yy | (=12 B(my + i + 7, me + 1)
41=072=0 \ J1 J2

1 L
/ / vr / " mydmaty(f1452) 271
X . Uy
o Jo 0
r

X {:[—‘[(uz —ui—)™ [;‘5 (&) (—1)jiuzji+7_1} } (1- u,)(nl_i; mi) 'dul .. duy,

=3 ji=0 \ J¢

where B(a,b) = f; *~'(1 — z)*~'dz denotes the complete beta function.
Proceeding similarly upon performing the transformations w; = w;/ui4y for

1 =2,3,...,r — 1, we arrive at the expression given in Theorem 5.2.

B.2 Under Null Hypothesis

Under the null hypothesis Hy : Fx = Fy, the expression in (B.1) can be simplified by
employing the same technique as presented above by setting v = 1. Upon simplifying

the resulting expression, we complete the proof of Theorem 5.1.



Appendix C

Computation of Asymptotic
Variance-Covariance Matrix of
MLEs for Weibull Distribution

For the Weibull lifetime data, the moment generating function of ¢, = &-"—10—*‘—:& is
obtained from (8.2.4) to be

EYr:m:n (etfr) = cr——lr(t + 1) Z ai,rfyi—(t-*—l)' (C']‘)
=1
The first and second derivatives of (C.1) with respect to t are

d L -
7 DXemin (etér) = oalt+1)Y ey V[t +1) —logl,

i=1
d? a -
T B (€9) = T+ 1) D a0+ 1) + [t + 1) — log 1]},
i=1
where ¢(z) = £ InT(z) and ¢(z) = £1)(z) are the digamma and trigamma functions,
respectively; see, Abramowitz and Stegun (1964). Then we have,

1=1

Ey,... (§,ek5') = ¢k +1) Z a,',,fy,-—(kﬂ) [¥(k+1) —log],

=1

B (€6%) = eoaD(k + 1) Y 0o {6k + 1) + [k + 1) — log 42},

=1
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and
EYr:m:n (eeer) = cT-—l Z ai,r(7i - 1)—1' (0'2)
=1

Note that it is possible that some ; will equal 1 when R; = 0. In this case, (C.2)
cannot be computed. However, we will see in the subsequent derivations that when

_R; = 0, the above computation can be avoided since the resulting matrix needs to be
multiplied by R;.
From the results of Chapter 6, we have

Zy —
El,r = EYr:m:n {EZT [ o 6"7#’ ]}

= BB []+ 3 B B [0
2

- gy (B [ 4 60 [24]),
5

Ear = B (£ [ (B72) 5 o]

= V(@) Brn [¢7] + 20 ‘{iép - g; By, n., [e02%]

. r(p T3) {Evrmn [&:6%7%] + $(1) By, n [e®725] ],
Bor = By { £z, [(Z,G— 1) =), ”’”H
= WO+ OB ] - 5 gy (B 260
=

+29(2) By, . min [gre(wz)&r] + [¥%(2) + ¥'(2)| Ey,.... [e(p+2)5,]}

Z 21/) P + 3 {EYrm n [fr (P+2)§r] n 1/’(2)EYT o [ (p+2)5r]}

o0

-2

o0

-2

p—O
¢' (p+ 3) 2 (p+3) (p2)6r
3y B 7).

The expected missing Fisher information matrix in one observation which is

censored at the time of the r-th failure can then be computed as

821 r r:m:n,o
N e
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3[i30 150

where
- 2 _
Mi(n) = Ev.pm., {Ezr [*9—1(—;%#]} S 5, {Ezr [e(&ff"“i ] ~ ef’}
= By [V +1 -] =1, (C.3)
T — T —_— 82 ]‘Og er
Mlz(n) - M21(n) - EYr:m:n {EZr [_ a“aa_ ]}
= Epp+ Bsy — By |€9] = Bty [665] = 1, (C.4)
0?log fz,
Mi,(n) = Eypn {Ezr [——-a—fg—z—]}

= E3,r + 2-E2,r - 2E1,r - 2EYr:m:n [é‘reﬁr] - EYr:m:n [é‘feﬁr] - 1. (05)

From (8.2.3) and the missing information principle, the expected value of the

observed Fisher information matrix is then

B [(0)] = ;1_2_[011(11) Olz(n)] _ [Izlfl Iy}’ (C.6)

O2l(n) Ozz(n) I?'I 1%2
where
Oll(n) = m,
Oz(n) = Oy(n)=n(l-7v)— 21 R, M{,(n),
022(7’&) = nc - Z R,- 2(TL (C?)

Then the expected asymptotic variance-covariance matrix of the MLEs is

0 = [0 v
_ 02[011(71) Olz(n)]_l

C.S8
Ozl(n) ng(n) ( )



Appendix D

Derivation of Asymptotic
Distribution of MMEs for

Birnbaum-Saunders Distribution

Let T, T,...,T, be independent and identically distributed Birnbaum-Saunders ran-
dom variables with p.d.f. as in (10.2.1). Let us define the random variables
k) n -1
S = lZﬂ and R = F—ZT[‘I} .
Nz N =1
From the strong law of large numbers, it is known that S and R™! converge almost
surely to E(T') and E(T!), respectively. Also, from the central limit theorem, we
have for large n
Var(T)

and
\/ﬁ[R—l '—E(T_l)] ~ N(O 1)
Var(T1) e

Further, we have (S R™!') to be asymptotically distributed as bivariate normal. Con-

sequently, any linear combination of the form

aS+ bR = %i [aT; + b7

=1
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is also asymptotically normally distributed for all a and b. Therefore, we have

S — E(T) 0
(a7 |(3) =)

Var(T) = (aB)? (1 + §a2> ,

4

2
o1 = om=Cov(T,T~Y) = E(1) — E(T)E(T™Y) = 1 - (1 + %oﬁ) ,
o2 = Var(T™) =a’B7? (1 + Zaz) .

We now need to find the asymptotic joint distribution of

HEEH
B3 f2(S,R) |’
filz,y) = {2 [(5) —1}} ,

falz,y) = (zy)*.

where

3

i

i

o1

where

By using the Taylor series expansion, we obtain

(525)-(6) %]

where
ah oA on oa \"
5: — Az Ay b)) 3z 8y
3f2 B8f2 ofr 8f
oz Oy e 0 a=E(T)y=E(T)

() MIQN

0
(@) (455 } |



Of course, we are using here the following expressions:

ofi
Oz
of
dy

of2
Oz

of
Oy

z=E(T),y=E(T-1)
z=E(T),y=E(T~1)

z=E(T),y=E(T1)

z=E(T),y=E(T—)
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