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ABSTRACT

This thesis deals with the important issue of
the elasticity of saving with respect to the interest rate.
Michael Boskin, and more recently, Lawfence Summers, have
argued that saving is much more .interest-elastic than
economists have generally believed, and as a consequence,
that the dynamic efficiency losses from capital income
taxation are much higher than they were previously thought
to be. In Summers' life-cycle simulation model an
increase in the interest rate depresses the present value
of future labour income and this leads to declines in the
consumption of younger cohorts, more saving, and a higher
capital stock. These results are established with a CES
utility function. I argue that it is reasonable to intro-
duce minimum consumption levels into the model and that
when this is done, younger cohorts do not decrease their
consumption by as much in response to an interest rate
increase. I show that the interest elasticity of saving
is significantly reduced and may even be negative.

In his analysis, Summers assumed an inelastic
labour supply. I have relaxed this assumption by allow-
ing both consumption and leisure to be decision variables
of the individual. For a Cobb—Douglas utility functien,

I find the interest elasticity of saving to be 0.008,
compared to 3.36 reported by Summers. Moreover, when a
lower bound is imposed on consumption, the interest

elasticity becomes negative.
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CHAPTER 1

INTRODUCTION

The interest elasticity of the aggregate
saving rate 1is a key parameter for a number of
important questions concerning the government's
influence on capital formation. Implicitly, policy-
makers rely heavily on the magnitude of this parameter
to address questions regarding the desirability of
capital income taxation and to assess the welfare
implications of such a measure. For instance, if
saving were very interest-elastic, shifting away from
capital income taxation would lead to significant
increase in capital formation.

Economists agree on the importance of the
parameter and it has been given consicderable attention
in the literature. However, attempts at empirical
estimation have produced conflicting results and made
the interest elasticity of saving issue a controversial
one. One controversy centers on whether the magnitude
of the response of aggregate saving to changes in the
interest rate is high or low, Depending on the answer

to this guestion, policies are formulated which could



have very important implications for capital formation
and therefore for economic growth.

Prior to the publication of Boskin's (1978)
controversial paper, most economists concluded that
the interest elasticity of saving was likely to be small.
Boskin estimated the parameter and reported a value of
0.4. His result was considered to be high, and since
then the profession has moved away from a consensus
view on this issue. Howrey and Hymans (1978) questioned
Boskin's finding and using econometric estimation
methods, demonstrated that his result is far from
being robust.

In a challenge to the widely held view that
the elasticity is low, Summers (1981) claimed to have
formulated a realistic life-cycle moael yielding a
large and positive interest elasticity of saving.

There are major differences between Summers' study and
the previous studies. First, he used a multi-period
life-cycle model to address the issue, in contrast

to the static framework adopted by other authors.
Second, he employed a simulation approach insteéd of
econometric estimation to obtain the value of the
elasticity parameter. His findings are much higher than

those reported by Boskin.



Keeping the utility function employed by
Summers, Evans (1983) showed that with negative time
preferences, the interest elasticities are far lower.
Furthermore, incorporating intergenerational transfers
into Summers' model, he demonstrated that negative
elasticities cannot be ruled out on a priori grounds.
On this basis, Evans argued that Summers' findings were
not robust.

The studies by Summers and Evans are rooted
in the standard homothetic utility function, and in that
regard they are identical. However, the 'true' utility
function underlying the preferences of the individual
is not known with any degree of certainty and therefore
must be selected arbitrarily from the many possible
functional forms of utility functions that exist in the
literature. It is therefore reasonable to employ alter-
native functional forms of the utility function in
considering the issue of the interest elasticity of
saving. In the present study, I suggested a quasi-
homothetic CES utility function which is more general
than the standard homothetic CES function employed by
the foregoing authors in addressing the same issue.

This thesis questions the claim put forward

by Summers that "the theory when formulated realistically,



implies interest elasticities well in excess of unity"
(1981, p. 534). To examine this claim, first I replaced
the standard homotheticity assumption adopted by Summers
with a quasi-homotheticity assumption. My results clearly
show that the claim does not stand up in the face of this
change. Second, I relaxed the assumption of inelastic
labour supply in allowing for consumption-leisure choice
in a Stone-Geary utility function. 1In this setting, the
interest elasticity is found to be much lower than the

one reported by Summers. This demonstrates that the claim
is not only sensitive to functional specification of the
utility function but also to the assumption underlying
labour supply.

The structure of the thesis is as follows. 1In
chapter 2, I present reviews of some selected literature
on the interest elasticity of saving. In chapter 3, a
theoretical life-cycle model based on a quasi-homothetic
utility function is developed. Simulation results based
on the theoretical model are reported and discussed in
chapter 4. The assumption of inelastic labour supply
is then relaxed and the resulting alternative theoretical
model and some simulation results based upon it are
discussed in chapter 5. Finally, in chapter 6, a

summary of the key findings of the thesis is provided and

possible extensions of the present study are indicated.



CHAPTER 2

REVIEW OF SELECTED LITERATURE ON

THE INTEREST ELASTICITY OF SAVING

The important role of aggregate saving in
determing the long-run growth of the economy has long
been recognized by economists. The effect of a change
in the after-tax real interest rate on saving has
attracted much attention primarily because the interest
elasticity of saving has important policy implications.
However, the empirical literature, reveals that the
interest elasticity of saving is very controversial and
far from being settled.

Section 2.1 of this chapter presents historical
perspectives on the relationship between the interest
rate and saving. Empirical evidence on the interest elas-
ticity of the saving parameter is surveyed in Section 2.2.
Possible sources of empirical inconsistencies are noted
in Section 2.3. Selected econometric studies of saving,
including those of Boskin (1978), Carlino (1983) and

Zietz (1984), are discussed in Section 2.4.



v | PREVIOUS STUDIES OF SAVING BEHAVIOUR

There have been only a few empirical studies
that have attempted to deal with the role of interest
rate in aggregate consumption and saving behaviour.

This was primarily due to the fact that the effect of

the interest rate on aggregate consumption was considered
to be insignificant, and as a result empirical work on
saving focused on estimating the Keynesian-type of
consumption function. In this context the inclusion of
the interest rate as a variable in the aggregate consump-
tion function appeared unnecessary or unrealistic.

Keynes, in The General Theory of Employment, Interest

and Money, noted

...the main conclusion suggested by
experience... that the short-period
influence of the rate of interest on
individual spending out of a given
income is secondary and relatively
unimportant, except, perhaps, where
unusually large changes are in gquestion.

(Keynes, 1963, p. 94)

Recently, however, empirical studies have
led to the realization that the interest rate may
indeed be a significant variable in determining
aggregate consumption. Researchers have examined the

effect of the interest rate on consumption employing



one or more of the following interest rate definitions:
a nominal interest rate, a nominal net-of-tax rate, a
real rate and a real net-of-tax rate.

The models that are used to study the role
of the interest rate in the determination of aggregate
consumption or saving can be broadly divided into two
categories. The first category specifies an aggregate
consumption or saving function at one stage of the
analysis and employs econometric methods to estimate it.
The studies in this category include those of Hamburger
(1967), Wright (1967, 1969), Houthakker-Taylor (1970),
Taylor (1971), Heien (1972), Juster-Wachtel (1972b),
Juster-Taylor (1975), Weber (1970, 1975), Blinder (1975},
Springer (1975, 1977), Boskin (1978), Gylfason (1981),
Carlino (1982) and Zietz (1984). The second category of
models is based on multi-period life-cycle theory and
uses a simulation approach to examine the issue. Some
of the studies in this category are those of Summers
(1981), Evans (1983) and Seidman (1983). The present

study also falls into this second category.



2.2 EMPIRICAL EVIDENCE

A survey of the empirical evidence reveals
inconsistent results with regard to the interest
elasticity of saving. Houthakker and Taylor (1970),
Weber (1970, 1975), and Springer (1975) reported
negative interest elasticities of saving. Wright (1967,
1969), Taylor (1971), Heien (1972), Blinder (1975),
Boskin (1978), and Gylfason (1981) found positive
elasticities, but the magnitudes vary greatly from one
study to another, ranging from as low as 0.03 to as
high as 1.761. Closer examination of these studies
reveals differences in the dependent and independent
variables of the estimating eguations, in estimation
methods, in data, in sample periods, and perhaps most
important of all, in the definition of the interest
rate variable. Economic theory indicates the real rate
of interest to be the proper variable to be employed
in examining the issue. However, in spite of this,
all the studies mentioned in this section, except those
by Blinder (1975), Boskin (1978), Howrey and Hymans
(1978), Carlino (1982) and Zietz (1984) are based on a
nominal interest rate variable.

Blinder (1975) obtained a very low savings

elasticity of about 0.03, which is compatible with the



widely held view that saving is relatively insensitive
to interest rate changes. On the other hand, Boskin
(1978) reported an interest elasticity of saving of
0.4, which is regarded to be high by many economists.

Furthermore, Boskin concluded that his "results

are striking: a variety of functional forms, estimation
methods, and definitions of the real after-tax rate of
return invariably lead to the conclusion of a substantial
interest elasticity of saving" (19768, p. 53). His claim
became a center of controversy and attracted the
attention of many economists. Howrey and Hymans (1978)
described Boskin's finding as "a novel and intriguing
result that calls for replication and further scrutiny"
(1976, p. 11). They performed sensitivity analysis and
demonstrated that his results are not robust to minor
changes in specification. Similarly, a study by Carlino
(1982) fcund Boskin's claim hard to replicate.

A recent development in the empirical
literature has been the emergence of multi-period life-
cycle mocels of saving behaviour that depend on a
simulaticon framework of analysis, rather than on
econometric estimation. As mentioned earlier, the
studies conducted by Summers (198l), Evans (1983) and

Seidman (1983) are based on this approach.



Such studies have produced some inconsistent results.
Summers reported interest elasticities of saving that
are very high and claimed to have developed "a prima
facie theoretical case for a high interest elasticity
of saving” (1981, p. 537). On the other hand, Evans
demonstrated that it is not impossible for the interest
elasticity of saving to be negative.

The studies that employ a simulation approach
to examine the relationship between the interest rate

and saving will be discussed in chapter 4.

2:3 SOURCES OF INCONSISTENCIES

Empirical studies of the effects of the
interest rate on consumption reveal inconsistent results
with regard to the sign and magnitude of the interest
elasticity of saving. Some of the possible reasons for
this are discussed in the section below.

The empirical studies are characterized by
inconsistencies in the definition of the interest rate
variable, the functional form of the equation to be
estimated, the nature of the data employed and the

estimation method. These factors have been systematically
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documented in a tabular form by Gylfason (1981, Table 1,
234).

With respect to the interest rate variable,
both nominal and real versions have been used. The
study by Carlino (1982) attempts to resolve the contro-
versy surrounding the interest elasticity of saving by
focusing on the construction of the interest rate.

The implication of alternative specifications of the
consumption function is addressed by Zietz (1984).:
Although various studies have used either quarterly or
annual data, to my knowledge no one has attempted to
shed light on how the differences in the nature of the

data could affect the interest-elasticity of saving.

1l
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2.4 ECONOMETRIC MODELS OF SAVING

There are a number of studies on savings that
are based on econometric estimation methods. To shed
some light on the general feature of these models, I
will provide reviews of the studies conducted by Boskin

(1978), Carlino (1982) and Zietz (1984).

Boskin

Boskin's main goal was to reconsider the
widely held view that the interest elasticity of the
saving rate is negligible, and in particular, to
examine the so called 'Denison Law'. According to
this 'law', the saving rate is essentially stable
regardless of the changes in the tax system or other
changes in the real after-tax rate of return on capital.
Before Boskin tackled this issue, David and Scadding
(1974) re-examined 'Denison's Law' and found evidence
that supported the view that saving rates are constant.

To study the- above mentioned issue, Boskin
set forth an econometric model and specified his key

equation as follows:



i3

in C = a, + a, n Y + a
P P

1 2n (Yp)_ + a.n (Wp)_

2 i 3 b

*
+ a, in U + a. (R-1I) + a,.l

4 5 6
where Cp = real per capita private consumption;
Yp = real per capita private disposable income;
Wp = end-of-year real per capita wealth;
*
U = unemployment rate;
R = expected nominal after-tax return on
capital;-
I = expected rate of inflation.

Boskin estimated different versions of the
equation and found the effect of the interest rate on
saving to be non-negligible, positive and robust.

He stressed the robustness of the result by saying
"...a variety of functional forms, estimation methods,
and definitions of the real after-tax rate of return
invariably lead to the conclusion of a substantial
interest elasticity of saving" (1978, p. S3). His

finding indicated a higher interest elasticity of saving



than those reported by earlier studiesz. Given
the ad hoc specification of the model, Boskin's claim
with regard to the insensitivity of his finding is
guestionable.

Howrey and Hymans (1978) performed sensi-
tivity analysis on the equation estimated by Boskin,
which was as follows (with estimated standard errors

in brackets) :

2 = -0.46 + 0.57 an Y _+ 0.18 2 X
n Cp n Y, n ( p)—

i,
(1.34) (0.12) (0.08)
) *
+ 0.26 n (Wp)_l - 0.003 2n U
(0.07) (0.011)
- 1.07 (R- 1) - 0.029 1
(0.33) (0.06)
-
R = 0.99

Howrey and Hymans dropped the observation for
1934 from the (R - 1) series and re-estimated Boskin's
equation. As a result of this change, the coefficient
of (-1.07) on the (R - 1) variable became (-0.877) and
the t-statistic changed from (-3.24) to (-1.62). They
thus demonstrated the non-robustness of Boskin's
findings. Furthermore, Howrey and Hymans replaced

* *
the &n U variable with u_, (the unemployment

14



rate with a two-year lag) and this time the t-statistic
for the coefficient (R - 1) was found to be (-0.90),
which implies statistical insignificance, contrary to
the result reached by Boskin. As a final experiment

on the sensitivity of the Boskin result, Howrey and
Hymans employed alternative interest rates other than
the one adopted by Boskin and restricted the consumption
regressions to postwar data (1947-69). This yielded

a positive coefficient for the interest rate. Their
finding led them to describe Boskin's finding as

"

....a novel and intriguing result that calls for

replication and further scrutiny" (1978, p. 665).

Carlino

In 1982, Carlino attempted to address the
causes that lead to divergent and often conflicting
results that had emerged from the empirical studies of
saving behaviour. He thought the inconsistency in the
sign and statistical significance of the coefficient
of the interest rate variable might have been related
to the manner in which this variable is constructed.
To explore this conjecture, he suggested an aggregate

consumption function of the form:

15
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_ e e
c—b0 +blY +b2(rY)

where

C = consumption;

Y& = expected disposable income;

- o = the interest rate.

He defined the interest rate variable in four
different ways -- the nominal interest rate, the nominal

net-of-tax rate, the real interest rate, and the real
net-of-tax rate -- and estimated the equation given above
for each definition. Carlino obtained a positive and
statistically insignificant coefficient for the interest
rate variable using the real net-of-tax rate. This
result contradicts Boskin's finding of a negative and
significant coefficient. Furthermore, when Carlino
experimented with the nominal interest rate and the
nominal net-of-tax rate, he found the estimated coeffi-
cient to be negative and significant in both cases.
These findings are consistent with those of Heien (1972)
and Wright (1967, 1969). However, economic theory
indicates that a real rate of interest is the proper
variable to be employed, and as a result, the findings

of Heien and Wright should be viewed with caution.
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Feldstein (1970) documented the fact that if the
nominal before-tax interest rate is used, rather than
the real after-tax rate, this may lead to downward
bias in the interest elasticity estimates. Heien's and
Wright's results may thus be regarded as subject to
bias.

Carlino concluded that the sign and statis-
tical significance of the interest rate coefficient are
guite sensitive to how the interest rate variable is

constructed.

Zietz

Zietz (1984) examined the interest elasticity
of saving issue using alternative functional forms.
He used three alternative specifications of the
consumption function that have recently appeared in
the literature and artificially nested them within a
single model. The three functions he considered are
those of Boskin (1978), Gylfason (198l) and Davidson,
Hendry, Srba and Yeo (1978). The nested model adopted
by Zietz is

A C= . N A 7 . N v
in bO + bl LN Yd + b2 in (&d) . b3 n W

*
+ b4s¢nc_l * by 4n U + b.r + b



Ly

where C = consumption;

Yd = disposable income;

W = wealth at the beginning of the period;

U = unemployment rate;
r = real after—-tax return; and
I = expected rate of inflation.

Zietz characterized the three model specifica-

tions to be tested as follows:

B-Model: b4 =0
G-Model bl + b3 =1, b2 + b4 =0
b. =0
5
DHSY-Model: bl + b2 + b4 =1, b3 = b5 =0
where B stanas for Boskin, G for Gyifason and

DHSY for Davidson, Hendry, Srba and Yeo.

Using Bayesilian sensitivity analysis he
supported "the view that uncertainty with respect to

the model specification adads to the empirical uncertainty
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that has become characteristic of the interest rate
elasticity of savings" (1984, p. 324). Furthermore,
he demonstrated that it is possible to obtain positive
as well as negative parameter values, depending on the

specification of the form of the consumption function.



FOOTNOTES

Chapter 2

For further detailed information with regard to
the interest elasticity of saving, see Gylfason
(1981).

Boskin reported an interest elasticity of saving
of 0.4.

20



CHAPTER 3

THE BEHAVIOUR OF THE INDIVIDUAL CONSUMER:

AN INTERTEMPORAL ALLOCATION PROBLEM

Summers (1981) and Evans (1983), in their
examination of the interest elasticity of saving issue
in the context of the life-cycle model, used a simu-
lation approach. Both authors analyzed the inter-
temporal consumer behaviour by assuming that a represen-
tative individual maximizes a utility function subject
to his (her) lifetime budget constraint, and both
adopted the standard homothetic CES utility function
(hereafter referred to as SHCES) for this purpose. In
the literature, however, there are a humber of functional
forms which satisfy the key behavioural postulates and
which are far more general than the SHCESl. Neither
Summers nor Evans has addressed the issue of the
interest elasticity of saving in relation to alterna-
tive functional forms of the utility function.

The purposes of this chapter are to devélop
a theoretical model based on a quasi-homothetic CES
utility function (hereafter referred as QHCES) to

examine the intertemporal allocation problem of the .
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consumer, and to lay down a theoretical foundation for
the simulation analysis to be discussed in the next
chapter.

Section 3.1 attempts to familiarize the
reader with the basic concept of the life-cycle hypo-
thesis. Section 3.2 discusses the analytical approach
to life-cycle models that is to be used subsegquently.
The initial specification of the utility function is
dealt with in Section 3.3, while Section 3.4 develops

a theoretical model based on an alternative specification.

3:1 THE LIFE-CYCLE HYPOTHESIS

The theory that individuals plan their
economic lives on the basis of life-cycle considerations
is frequently associated with Modigliani and Brumberg
(1954) . However, the issue of a multiperiod intertem-
poral allocation problem of consumption and its analysis
in the context of utility maximization was introduced

much earlier by Fisher (1907), Ramsey (1928), and



Hicks (1939). The life-cycle model of consumption and
saving begins with the individual decision unit and,
through appropriate aggregation, extehds to either
cross—-section or time-series macro variables. The
basic idea of the life-cycle hypothesis, as explained

by Ando and Modigliani (1963), is as follows:

The Modigliani and Brumberg model starts
from the utility function of the indivi-
dual consumer: his utility is assumed

to be a function of his own aggregate
consumption in current and future periods.
The individual is assumed to maximize his
utility subject to the resources available
to him, his resources being the sum of the
current and discounted future earnings over
his lifetime and his current net worth. As
a result of this maximization the current
consumption of the individual can be
expressed as a function of his resources
and the rate of return on capital with
parameters depending on age. The indivi-
dual consumption functions thus obtained
are then aggregated to arrive at the
aggregate consumption function for the
community.

(Ando and Modigliani, 1963
p. 56.)

Prior to Modigliani and Brumberg's study,
estimation of consumption functions did not explicitly

consider the important role played by expectations.

23
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In some instances, attempts were made to capture
expectations implicitly by introducing shift models

or relating them to the past rather than the future,

as pointed out by Somermeyer and Bannink (1973).
However, Ando and Modigliani attempted to test the
life-cycle hypothesis explicitly by estimating a
consumption function using aggregate data. Since then,
several studies have explored various dimensions of the
li fe-cycle theory. For instance, decision variables
such as leisure, fertility, and bequests have been
incorporated into life-cycle modelsz.

Although the life-cycle model of saving
behaviour is based on solid theoretical ground, the
empirical validity of it has been criticized as being
dubious. Since the inception of the theory, numerous
articles, either invoking or testing it, have been
published. White (1978) argued that simple life-cycle
models, such as the one developed by Ando and Modigliani,
cannot account for realistic levels of aggregate saving,
and therefore must be discarded:

For a wide range of parametric values,

the simulated values of aggregate savings

fall significantly short of the observed

levels. At best, the simulated values are

about 60 per cent of the observed values.

(White, 1978, p. 547.)



Similarly, Kotlikoff and Summers (1981)
pointed out that life-cycle models account for a negli-
gible fraction of aggregate capital formation in the
U.S. If these findings are true, it implies that
savings decisions that require policy response cannot
be analyzed within the life-cycle framework.

Soderstorm (1982) challenged the claim put
forward in White's paper and demonstrated that the
life-cycle hypothesis can generate realistic levels of
aggregate savings. Soderstorm incorporated uncertainty
and unplanned bequests into the model developed by
White and simulated reasonable values for aggregate
savings.

The life-cycle theory has survived its criti-
cism and it is widely used to analyze various issues
such as the distribution of wealth, the incidence and
optimality of taxation, and the effects of taxation,

social security, and demographic changes.
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3.2 ANALYTICAL APPROACH TO LIFE-CYCLE MODELS

Empirical studies based on life-cycle theory
must take into account expectations about future
incomes, future interest rates, and future conditions
of the individual in the optimization procedure. It
is therefore clear that the data required for estimation
is difficult if not impossible, to obtain from actual
observation. To solve the data requirement and
related problems, researchers have addpted simulation
techniques. An early attempt to use this approach in
relation to life-cycle theory came from Tobin and Dolde
(1971) . In their pioneering paper, they examined
various monetary influences (e.g., interest rate effects and
the liquidity constraint) and a tax on consumption in
which they undertook "semi-realistic" simulations
rather than following the standard estimation procedures.
Instead of postulating a macroeconomic consumption
function, they based their model on the notion that
individual households make lifetime consumption and
saving plans conforming to life-cycle considerations.

To arrive at total consumption, they assumed
that each household optimizes a given multiperiod

utility function subject to a lifetime budget constraint,
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and then aggregated the chosen consumption levels

of the individuals. Tobin and Dolde argued that the
methodology used in their study was a promising one
and demonstrated that microeconomic simulation can
provide insights into macroeconomic phenomena. Their
work stimulated a number of important theoretical as
well as policy oriented studies for which understanding

of individual consumption-saving behaviour is crucial.

£ P SPECIFICATION OF UTILITY FUNCTIONS

In the static consumer theory, the assumptions
underlying the preferences of the individual are crucial,
from both the theoretical and the empirical point of
view. In particular, the important role played by the
functional form of the utility function has been a
subject of careful study in the static framework. At
the intertemporal level, however, it appears that little
or no attention has been given to this subject.

There are several issues that on; could

address regarding the assumptions underlying preferences
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and the form of the utility function. Since the
inception of utility theory in the intertemporal
context, economists have been dealing with preferences
that are additively separable over time. Studies thét
are based on this assumption are numerous and it is not
my intention to give a full list of them. However, it
worth mentioning a few: For instance, the studies by
White (1978), Summers (1981), Aubry and Fleurent (1980),
Auerbach and Kotlikoff (1983), Evans (1983), and Seidman
(1983) are rooted in the assumption that individual
preferences are additive and temporally separable. This
assumption is very strong. The most obvious criticism
of it arises from the separability rather than the
additivity assumption. The assumption that preferences
are separable in time implies that past and future
consumption cannot influence current preferences, and as
a result cannot appear as current state variables. It
rules out the dependency of the marginal utility of
consumption in the current period to that of any other
period.

Recently, however, researchers seeking to
explain macroeconomic phenomena have begun to develop

life-cycle models in which preferences are assumed to be
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additive but not separable over time. Leading studies
along this line of reasoning are those of Mankiw,
Rotenberg and Summers (1982), Clark and Summers (1982),
Barro and King (1982), Kydland and Prescott (1981), and
Hotz, Kydland and Sedlacek (1982). The specification of
preferences as additive but not separable over time has
the desirable feature of allowing past consumption to
influence current and future tastes. The marginal
utility of consumption in the current period depends on
the choice of consumption in other periods.

With regard to the functional form of the
utility function, little or no attempt has been made
to study its importance. The present study examines this
issue in relation to the functional form of the utility
function adopted in the Summers (1981l) and Evans (1983)
papers. Both of these authors formulated a multi-period
life-cycle model in which a representative agent is
assumed to maximize a SHCES utility function subject to
his (her) lifetime budget constraint, -and addressed the
relationship between saving and the after-tax real
interest rate. I have replaced the standard homotheticity
assumption by the more general quasi-homotheticity
assumption in an attempt to shed some light on the issue
of functional form. A theoretical model in accordance with
the quasi-homotheticity assumption is developed in Section

3.4.
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3.4 AN OUTLINE OF THE PRESENT MODEL

In this section I outline a multiperiod life-
cycle model that contains the essentials of Summers'
model but extends it to allow for subsistence consump-
tion levels. A utility function for an individual
consumer that 1is particularly suited to the present

purpose is obtained from a quasi-homothetic function of

the form3:
( *
5 (Ct)(S T=
I — (L # p) (if 6§ <1 and # 0)
t=1
(3.1) U, =9
T * o
I logc 1+ % (if s =0)
t=t
where
*
Ct = (Ct_Yt) > 0,
_ 1
Ye 2 O °T 1=
and T = age to which the individual will live,

which he (she) knows with certainty;
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& = total consumption at age t;
= subsistence consumption at age t;

g = intertemporal elasticity of substitution
between discretionary consumption in any

two periods;

0 = rate of time preference;
T = individual's present age.
U = lifetime utility as perceived at age .

T

The utility function given by equation (3.1)
is of the generalized CES form. This function has
some desirable properties in that it does not restrict
preferences to be homothetic from the origin and
under proper specification of the subsistence consumption
parameter it yields the SHCES function. In spite of this,
the function appears to have attracted little attention
from researchers dealing with the allocation of consump-
tion and saving over time, as an alternative to the
SHCES function. The utility function employed in Summers'
paper is of the latter kind. The allowance for
subsistence consumption in the life-cycle model
used 1in the present study is inﬁended to capture the
notion that at some ages individuals may have consumption
that cannot be redistributed or sacrificed over time

for purposes of life-cycle optimization.
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Following Summers, I assume each individual
to be engaged in life-cycle consumption planning with
no inheritance or bequest. Further, I assume
that the individual's wage rate grows at an exogenous
rate g per period until a fixed age of retirement. The
individual maximizes lifetime utility in (3.1l) subject

to the following budget constraint:

5 =t 5 T—%
{3.2] Yy C (1 + r) =a + ) W_ (L + r)
& t T = t
=T t=1
where X = after-tax rate of return:
Wt = wage rate net of tax;
a = net worth of the individual at the
beginning of period rt;
R = the number of years the individual

- spends in the work force.

The first-order conditions of the maximization

problem yield the following:

* e g_*
(3.3) Ct+l = [(L +x)/(1 + p)] Ct

Equation (3.3) determines the shape of the discretionary
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consumption profile, but not its level. It is obvious

*
that the partial elasticity of substitution between Ce

*

and C, .4

becomes smaller, the stronger the desire of

the individual to flatten his discretionary consumption
profile. For a given value of o, however, the rate of
discretionary consumption increases with an increase in
the effective interest rate and decreases with an
increase in the rate of time preference.

To obtain an expression for discretionary
consumption at t = t, equations (3.2) and (3.3) are

solved simultaneously:

T
* - - —
(3. 4) co=11 [Q+n/Q+ 1% Yy -v)
t=1 ’
where
- -t
= a 4 z W, (1 + x)
=1
% T=t
and V.= i Tell + £)
=1
Total consumption at t = 1 is then given by
*
Ct = CT + oy . Using (3.4) and (3.3) it is possible to

determine the individual's complete consumption age path.
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The theoretical framework developed in this
chapter will be used in chapter 4 to study the implica-
tions of alternative forms of utility function for the
optimal paths of the decision variables of the individual
as well as for the sign and magnitude of the interest

elasticity of savings.



FOOTNOTES

Chapter 3

Quasi-homotheticity is more general than the
ordinary homotheticity assumption. Although

it has been widely used in consumer theory at
the static level, only a few researchers have
exploited it at the intertemporal level. Among
them are Heien (1972), Betancourt (1973), Somer-
meyer and Bannink (1973), Ashenfelter and Ham
(1979), and Biorn (1980).

For life-cycle models that include leisure,
fertility, and bequests, see Ghez and Becker
(1975), Denton and Spencer (1981l), and Yaari
(1964).

The utility function specified by equation (3.1)
is based on Uzawa's (1960) first generalization
of the CES production function which was then
adopted in consumer theory and modified to
incorporate subsistence Consumption. See Heien
(1972) »



CHAPTER 4

SOME SIMULATION RESULTS

This chapter attempts to shed some light on
the implications of assuming a specific utility function
to represent the behaviour of the individual and the
associated optimal paths of the decision variables.
Comparison of functional forms of utility functions is
usually confined to static consumer theory. To my
knowledge this issue has not been given explicit considera-
tion in the intertemporal context.

Summers (1981l) assumed that a representative
individual maximizes a SHCES utility function subject to
a lifetime budget constraint. In the present study the
SHCES utility function is replaced by a QHCES function
in order to examine the implications of alternative
functional forms.

Using the equations and relationships discussed
in chapter 3, I demonstrate that simulated optimal paths
of consumption, net worth and saving ratios are sensi-
tive to functional specification of the utility function
at the micro level. My findings indicate also that the

interest elasticity of saving is not robust to changes

36
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in the functional form of the utility function.

The lay-out of this chapter is as follows:
In Section 4.1 the objectives of the micro simulation
experiments are set forth. The specification of the
parameter values of the.utility function and the
assumptions underlying the variables are discussed in
Section 4.2. The micro simulation results relating to
the individual's optimization problem are reported in
Section 4.3. Aggregation of the micro relationship is
dealt with in Section 4.4 . The interest elasticities of
saving that arise from SHCES and QHCES utility functions

are compared in Section 4.5.

4.1 OBJECTIVES OF THE MICRO SIMULATION

Given the fact that a large number of
utility functions have been suggested in the economics
literature, the choice of a particular functional form
is somewhat arbitrary. This raises some concern with
regard to the sensitivity of empirical results to the
functional specification of the utility function. 1In
order to shed light on the importance of the role played

by the form of the utility function, it is reasonable to
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to ask: What difference does it make if the preferences
of a consumer are represented by a utility function of a
particular form rather than by an alternative specifica-
tion?

I will answer the above question by referring
to the utility functions adopted in Summers' paper and
in the present study. In chapter 3, I noted that
Summers had based his analysis on the SHCES utility
function. To examine the implications of functional
forms, I proposed a QHCES utility function as an alterna-
tive specification. This functional form is more general
than SHCES and under appropriate specification of its
parameters it collapses to the SHCES. Because of this,
it suffices to address the key question of functional
form by focusing on the QHCES utility function.

One way of tackling the issue is to examine
the optimal time paths of consumption, net worth and
saving ratios that arise from optimization under the
SHCES and QHCES specifications. Comparison of these
paths provides an indication of the role played by

functional form in determining the optimal time paths.
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4.2 PARAMETERIZATION OF THE MODEL

The theoretical model discussed in the
previous chapter can be used as the basis for a simu-
lation analysis. A general approach to simulation
involves the specification of a standard set of
assumptions and parameter values. During the simu-
lation process these assumptions and parameter values

remain unaltered.

CONSTRUCTION OF THE LABOUR INCOME VARIABLE

To simulate the path of labour income, I
assume that all individuals in the economy are identical
except for age. Following Summers, it is assumed that
adult individuals live for fifty years, that is, the
yvears between ages twenty-one and seventy, inclusive.
Furthermore, active participation in the labour force
ends at age sixty, owing to mandatory retirement. All
individuals who are in the work force at any given time
are assumed to earn wage rates that are identical,
regardless of their age. Wage rates for all ages are
assumed to grow at 2 per cent per annum as a result of
productivity growth. For convenience, the wage rate is

normalized to unity.
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PARAMETER VALUES OF THE UTILITY FUNCTION

The utility function given by equation (3.1)
requires specification of its parameter values. This
involves assignment of values to § and y. Following
Summers, the parameter § is set at alternative values in
the range 0.5 to -2.0. As mentioned earlier, the subsis-
tence level of consumption is assumed to be constant
over the life of the individual. To generate values for
the y's, I follow the procedure described below. The
procedure is unavoidably somewhat arbitrary but seems
reasonable in the present experimental context.

I assume initially that the individual maximizes
the SHCES utility function subject to the life time
budget constraint (3.2). For this purpose population is
assumed to grow at the rate of 1.5 per cent per annum
(n = 0.015), the annual after-tax rate of return and the
rate of time preference are set equal at 6 per cent, and
the other parameters (namely § and the rate of productivity
growth) assume values already noted. This yields an
optimal path of consumption Et which is constant over
the adult life span. Next, for convenience in setting
values for the y's, the individual's subsistence consump-

tion is assumed to be a fraction of Et:
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where y

| v
o

In the subsequent simulations reported in this chapter,
I experiment with ¥ values of 0.00, 0.33, 0.66 and
0.90.

The values of the y's obtained in the above
manner are then imposed as lower bounds on consumption
in the subsequent experiments, and the QHCES utility
function given by equation (3.1) is maximized subject to
the budget constraint (3.2). Following Summers, the
rate of time preference is set at 3 per cent per annum
and the after-tax rate of return is in the range of 4
to 8 per cent per annum.

The simulated optimal paths of the individual
decision variables that arise from the theoretical model

and the foregoing assumptions are discussed below.

4.3 MICRO SIMULATION RESULTS

The implications of alternative functional
forms of the utility function for the cptimal paths of
consumption, net worth, and saving ratios are examined

using two sets of experiments.
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Experiment I

The experiments that belong to this category

are based on the following assumptions:

1. The parameter of the utility function §
is set at 0.5.

2. The value of V¥ is assumed to take values
of 0.00, 0,33, 0.66 and 0.90.

3. ‘The interest rate is set at 4 per cent
per annum (r = 0.04) while the rate of time preference
is fixed at 3 per cent (p = 0.03).

4. The wage rate is assumed to grow at the
rate of 2 per cent per annum as a result of productivity
growth (g = 0.02).

5. The individual is assumed to live for
fifty years (T = 50) which includes forty years of active
participation in the labour force (R = 40) and ten years

of retirement.

Experiment II

The set of experiments that belongs to this
category are based on the same assumptions as those of
Experiment I, except that now the value of § is set at

0.0 instead of 0.5.
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RESULTS OF SIMULATION OF EXPERIMENT I

Experiment I is composed of four "sub-
experiments," depending on the value of ¥. The simulated
optimal paths of the key variables are reported in Tables

4.1 to 4.4.

Labour Income

The individual is assumed to spend a fixed
amount of time on work in each year. The individual's
lifetime labour income is generated by multiplying the
fixed work time by the wage rate available to the
individual at each age. The resulting labour income
increases monotonically with age, as shown in column 1

of Tables 4.1 to 4.4.

Consumption

The lifetime paths of optimal consumption
simulated under the assumptions stated in Experiment I
are reported in column 2 of Tables 4.1 to 4.4, and
depicted in Figure 4.1. Although consumption increases

with the age of the individual, closer inspection



TABLE 4.1

Simulated Individual Paths Using SHCES Utility Function

(y = 0.0)

Economic Labour Net Saving
Age Income Consumption Worth Ratio
1 1.000000 e877909 UeUO00VO el2¢0v1
2 1.020000 .595038 e iYL ell00Y3
3 1.040400 «91¢502 W ICEY/ el3l345
4 1.061208 930307 e 38YYLZ el 36049
5 1.082432 «94b408 e2304410 slévuoul
6 1.104081. «9706905 e0Yid 40 el4d6UOb
7 - lel26162 «98583¢ « 050030 eloU4s0
8 lel4a8686 1005007 Le0312¢6 2L 95300
9 1.171659 1024078 LeclOU Y4 e10U3uUY
10 1195093 l.0440671 Le4ld7 iy elod53vb
11 1.218994 LeUb5054 leold6ll ei70U3050
12 14243374 1,085835 Le037295 e L75440
13 1l.268242 1.1070¢2 s LB 3LD elBUST7O
14 1.293607 lellb0622 Ce31c219 «l82726
15 13194769 Lel50643 Ce26Y725 e19UY01
16 1.345808 1173094 e84l 301 el9024Y
17 1.372786 1019?953 36427010 ecQidoY
18 le400241 lc‘l?3l9 Jo"‘??‘, e2Qo091l1l
19 le428246 1e243110 3el4l037 eclciua
20 1.456811 lelb?3065 49eUbl0OB7 012731
21 le485947 led9<0Y4 4e4302048 el 234U
22 1.515666 le317305 4e0009208 el a9
23 1.545980 l.343007 S¢197507 el342006
24 1.576899 ledoywlil S.00044¢2 el 3904Y
25 1.608437 1le3959¢3 DeU4U4OT el 40407
26 1.640606 l“'djlpb Ce4Y459D 0251120
27 1.673418 l.450933 0e97i8¢0 «l50608UD
28 1.706886 le479243 fev473L78 - Y3-PX
29 1.741024 le>08106 le 999749 elbBL TV
30 Le775845 Le23753¢ Be25¢057 o 74040
31 ledll362 le967531 Je4133070 el TYBD4
32 1.847589 le598117 Yol 42230 el 8926087
33 1.884541} 10089199 L1U0e38L391 e 915406
34 1.922231 l.061089 li.u5i008 el9 7431
35 1.960676 le693500 Lie755106 e303339
36 1.999890 le7206543 Lce49<c487 e309<20Y9
37 2039887 le760231 13e<63232 e3152¢1
38 2080685 L.?q"b?b Ll49eU75010 e32il92
39 2.122299 1829591 .L".V:“fybz 327132
40 2164745 1865290 L2e0l4057 e3331a9
41 GC.000000 le901685 loe /40098 -leB3008Y5
42 C.000000 le930790 1551450l -c¢eic400l
43 C.000000 le976619 l4s1Y0007 -2e4BUT 70
44 0.000000 celUl5186 lie787935 =l eY39025
45 0000000 20545006 Liecb4loob -3e22170V0
46 0.00000¢C 24094593 Ye001430 -4o4008950
47 C.000000 del3b40¢ le9473762 =%e0Y520¢
48 0.000000 26177129 0edD7271 =-f.0390607
50 C.000000 Cedb29L7 lel7D808¢ =-¢3 000000

51 « G L0000

NOTE: The computations assume T = 50, R = 40, g = 0.02,

n=0.015, r = 0.04, p= 0.03, § = 0.5, and ¥ = 0.0.



TABLE 4.2

Simulated Individual Paths Using QHCES Utility Function

45

(y = 0.33)
Economic Labour Net Saving
Age Income Consumption Worth Ratio
1 1.000000 1001891 0« ULUOOVU -~ 001l8Y1
2 1.020000 leOl34lYy —-eUUloYd edlUb3Td
3 1.040400 1025172 «sUU40 LY eUi48id
4 1.001208 l.U37155 RIPVIIPL.) U343
5 1082432 1a0%9371 eU4430<l v 3llay
6 1.104081 le0blBlo L7971 39 sU4LU4L
1 lsl201l62 le0745¢3 eddDi04 VL IVIVE &)
8 l1.l4d00b66 lLeOB 1409 e iBil030 sUDYLDY
g lel71059 1.100667 ec9203¢0 VY X33 ¥4
10 1195093 lell4yles s3313¢o 2UT79?7
11 le218994 leid 7640 24D 4Y VB DU
12 1e243374 lelalbceo 23314825 Y SUE
i3 le268242 le1560a5 e 8900¢«{ e« 100930
l‘f l0293007 lcl?UOC‘ 02930"1" lLLD?O‘?
15 10319479 lelboa4y!d e V4y33l elcolcsn
16 1.345808 1.20U%5¢ Ledidintl sl 30725
17 1372786 la2159006 le3icune sl4bGOY
18 1.400241 lel3ib01 LeHo¢l304 el T0cY
19 le4l8246 lec4a 673 LelDJUiYY el oL
20 le456311 ledb3997 <o U0L404 el 77550V
21 1.485947 lecBuUbs9 o425 «rd7b35
22 le515666 lecdv 7600 d-D?UDD‘* elYOclol
23 1e545980 1314904 CoeBYL9430 e dbovY
Z‘Q 1.5708?9 1.3549‘00 el 30109 el LYLUYD
25 1.605"57 163505¢0 3e0lcUsy el YO0V
26 1.640006 le3dbbosy “deUl44DD e 40U B
27 1!673"16 le337539 10‘0"0709 e2D05UL
28 1.7065886 l.40059¢ 4910240 o lOUYTD
29 1741024 le4coUlb 2e4UfcD0 oéiL‘O‘f_é
30 1775845 Lea445820 DeYITDO4 el Bi09?
31 l1.811362 le4606010 Gedloblci ' edF33C
32 1e8475069 Le43 6594 7edildi714i8 e30cT4¢
34 1e922231 leb28975 Oe4444lY «e 34340
35 1.96067¢6 le250787 Yelf5403 e333l07
36 1.999890 le5730UcH Ye?9l370 eI HULC L
37 2039867 le9Y 50690 LOe777328 e394¢e D
38 24080685 l.oldole Lis05401i 4 e304371
39 2122299 leb4¢373 idebBUDOOD 374407
40 2elb4745 lebb64(3 L3e9503733 eldo4a??
41 0.000000 le9 00897 L4.0U40Cc% ~LeDY445>
42 000000 le7i500v losa979.d —ceifoiued
43 0.00000C la74l3c¢s Ll e3liYbU —Zl a3l T
‘Q‘! C.000000C le?n7c¢o4 LielU7 321U —Z s 40939
45 C.00000¢C 1e793747 Yel4Yi00 ~3e24974 3
46 0.000000 leb2U7¢5 Se3423080 -4 eu4D4c 07
47 000000 leb405230 DetB2047{ —-Def370U3Y
48 C.0000Q00 Lea706272 Jecb420D ~7«8ibin{
49 C.00000¢C L1e9048061 3sblYoJvo -lceidbeld
50 C.000000 . le9340GCy LeO90¢3 -¢2+00000YU
51 e WOLU LY
NOTE The computations assume T = 50, R = 40, = 0.02,

i

g.33.

0.015, r = 0.04, ,

= 0.03, ¢ =0.5,
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TABLE 4.3

Simulated Individual Paths Using QHCES Utility Function

(v = 0.66)
Economic Labour Net Saving
Age Income Consumption Worth Ratio
1 1.000000 lelZb587¢ VeuLUOUO -oldbole
2 1.020000 lel31l799 —-edi¢D8fL —~eh lDidid
3 1.040400 lel37842 —-sllu? - e103v00
4 ltOblZO& l.l‘a‘tOUj -oJ‘foUD? -l LGLD
5 l1.08B243¢ 1150203 ~s 4400406 -~ UBUDLD
6 1.104061 1.150007 —eD 32303 - L,UDOLOU
7 1.1261062 lelo 3215 - 00l 03 -eUD5033
8 leli438086 1169870 —-ebb{DbLL -, 042601
9 16171659 lei70650 —ed{ 12433 -l 4U 0
10 1.195093 lelo3974 ~s {49004 -oUl2830
11 1.218994 1190627 —-slofoid —~+s0U0LY03
12 1.2‘0337‘? 10197517 - 1093 44 eWlclds
13 1.268242 Le200l4u - {D>5001 VL3 1- W
14 1.293607 lellcbee -l 190 sU4L 1Y
15 1.319479 lec20241 —~e07U0YL sUDouUIn
16 l.3458¢68 1.228009 —s2970D08 e 71071
17 1.372748¢6 16235929 - 203700 eUBDLGL
18 1.400241 Lec44Q04 ~+s3080997 eiUibD40
19 1.428246 ledn2d30 —-al40240 edliia?
20 le456811 leb628 - UOLUTY ei3¢c iy
21 1.485947 lecO9lo4 edlccdUl el 40403
22 1.5156@6 le27 1908 e334%10oU e LO4Z 38
23 . 14545980 lecbbBul D02 3U0 ei3LUO4%
24 1576899 Lec¢950b08 N Y-YE-N X4 eil259¢0
25 1.608437 1e3001li¢ LelD304% et iilO0
26 1.640606 le3lab3b LeD3431)> sl O
27 l1.673418 le3dl4la4s Lecli 727 e lt34 (1
28 1706866 le333940 Ce39i9Ul el DYLD Y
29 1.741024 le3439¢7 dedl4lb4 ol lavlv
30 1.775845 le354100 3e3c440<2 e LPUbBY D
31 le8l1362 le364489 3sbfvlodb + 300143
32 1347589 143750714 Ge 48 L2UD e3d 1508
33 led884541 le3ddnbbl Del 32971 eJ33000%
34 1e922231 lesJ6861 Se030970 e35¢0ig
35 1960676 1408075 Ce2YD0LY PEY-YAVFE-]
36 1999890 le4l9508 fTelcden3 e 3BLEB4Y
37 2039887 le43iled CecBYLLS ed05u3
38 2080685 le443GCa8 Jeldd9hd e4lUYOT7
39 20122299 l.4551l04 LUec30222 e4l5233
40 2.16"7‘?5 le#b72l0 Lledlcduy ot 39 L
41 0.000000 1480109 Lcde46e>20 ~l.y09Y1l1l4
42 C.000000C le49<940 liedouyald -2 sUY¢H
43 C.000000 1e5006037 LUe4472353 ~2e00 3414
44 C.000000 lebl9382 Ye 359309 -3eu89(>
45 C.000000 le532Y07 el lalo7? ~3s009730
46 0.000000 leb4 6857 feulUYD43 —4e2i0891
47 C.000000 leobl 998 Sef43174 =547 990c0
48 00000000 lob?b‘flb 4e4lidyy ‘7.9".706&
49 C.000000 Le5901l14 JeUle 7060 —ildediV¥39D1
50 C.0000CO 14605099 Led43304 -2 +00U0U0U
51 - PEVICIVISIVIS)
NOTE: The computations assume T = 50, R = 40, g = 0.0Z2,

n=20.015, r =0.04, ¢ = 0.03, § = 0.5, and ¥ = 0.66.



TABLE 4.4

Simulated Individual Paths Using QHCES Utility Function

(Y = 0.90)
Economic Labour Net Saving
Age Income Consumption Worth Ratio
1 1.000000 1le216041 0«0000V0 —el10041
2 1.020000 ledl17894 —ed l004L -l 04210
3 1.040400 1.219784 —e4d?d5 17 -e 191701
4 1.061208 16221710 -e.0lboO% -—el78744
5 1.082432 lel223674 - 304121l -el65107
6 1.104081 1.&4507@ -9 l7oc? -elHU8BYL
7 lel261l62 le227l8 =]1ledi382¢4 -el30iU9
8 1148686 1.229799 =16240823008 -el20777
9 1171659 led319¢1 —-lLe4l7834 - 104915
10 1.195093 le234004 —le5348008 - 080545
11 1.218994 led3bcbY —ieb351l9¢ =eU7i0bY¢
12 1.,243374 le¢38b538 =lelil895> —e0>4301
13 1.268242 1240830 -ledBLT74 -.036042
14 1293607 led43lo7 =1leb¢o033 —-e01l05U4%
15 1319479 lel42550 —le84b6218 « 000000
16 1.345868 lec¢47979 —LlLeb40ll0o RVER.Y. E¥-)
17 1372786 led50455 -1 e0c4¢27 2037975
18 1.400241 16252960 —leld 74897 eUHD7375
19 le428240 lel5555% =le09Y8031L VY VIV
20 le456811 ledbbl70 —iLe5930 54 090021
21 1.485947 lelb60854 =1Le4590UU7 oll10794
22 1.?1?660 lelbi3582 —1e2922173 el3008083
23 16545980 lelbb36< —1e091879 sL210U93
24 1576899 lel9ivs —e 095937 el 772008
25 10605437 10274066 -095‘973 0197491
26 1.6400606 le275035 —elOY4L3 s 17680
27 1l.673418 le¢78040 eUBD371 0237825
238 1.706886 le281103 et 04tl04 elO781 L
29 1741024 lel2B84225 e929315 077793
30 1775845 le28 7409 le 92432 8O e l9 7563
31 1.811362 1.290655 Le9b60653 «e317123
32 1.847589 le 293964 deo208106 e336535
33 1.884541 10497335 3ell44D5 «3550080
34 1le922231 1300777 3e940035 0174953
35 1.960676 le304284% 4efl971l5 e393205
36 1999890 1.307639 DeHb648YH5 e4l1i533
37 2039887 le311504 Ce479921 0429550
38 2.08068%5 le31l9¢220 Te467008> 0447240
39 2122299 le319009 BeD3id 34 e 404290
40 2164745 le322871 . SeblDTT3 408192008
41 C.000000 Le326809 iVeYUl4o 7Y =ZeU4LB834
42 C«000000 le330823 10,Ul4050 =Cde3dc3008
43 0.000000 le33491i06 YeUB3IT9YS =2e0 (3595
44 0000000 163390089 p.le&Jl =3e,l2067060
45 0.000000 le343343 leUY7031 =-3ef/3l601
46 0000000 le3d4 76081 DelU3DLYS -4 e 7Y8L0D
47 C.000000 le35210¢ 4932040 =D e08230008
48 C.000000 le3ddbbll 3777219 —-{e970089Y
49 C.000000 16361207 ZedTloY97 =1llec3¢o73
50 C.000000 le365892 Ledlsidds =25 000000
31 «LUOQUU.
NOTE: The computations assume T = 50, R = 40, g = 0.02,

n=20.015, r = 0.04, p = 0.03, § = 0.5, and ¥ = 0.90.
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of Figure 4.1 reveals noteworthy differences among

the simulated paths. The slopes of the consumption

paths become flatter the higher the level of subsistence
consumption. Similarly, consumption at economic age 1
(i.e., calendar age 21) rises and consumption at economic
age 50 (i.e., calendar age 70) as ¥ increases, as shown

in the table below.

TABLE 4.5

SUMMARY RESULTS FOR CONSUMPTION LEVEIS

CONSUMPTION LEVELS

Value
Experiment of ¥ Economic Age 1 . Economic Age 50
1 0.00 0.877909 2.262917
2 0.33 1.001891 1.934008
3 0.66 1.125872 1.605099
4 0.90 1.216041 1.365892

In Table 4.5, the consumption levels that
result from a SHECES maximizaticn problem are shown in
row 1 while those based on a QHCES function are given
in rows 2 to 4. It is clear that consumption at

economic age 1 is relatively smaller in the SHCES cases
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than in the QHCES case. On the other hand, consumption
at economic age 50 is relatively higher with SHCES than
with QHCES.

The differences in the level as well as the
shape of the consumption paths discussed above suggest
that the choice of functional form of the utility function

is of considerable importance.

Net Worth

The representative individual is assumed to
begin his (her) economic life with zero net worth and
to leave no bequest at the time of death. The net worth
profiles that arise from the maximization of the SHCES
and the QHCES functions are reported in Tables 4.1 to
4.4. These results are also shown in Figure 4.2. For
the SHCES function, net worth is zero at economic age 1,
then rises with age until retirement, and then declines
to zero at the time of death. (See Table 4.1.) For the
QHCES function, however, net worth is zero at economic
age 1, then turns negative, and then positive as the
individual approaches retirement age. It declines and
becomes zero by the end of the life span. (See Tables 4.2

to 4.4.)
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The simulated net worth profile that results
from the SHCES function never becomes negative. This
finding is consistent with the Modigliani-Brumberg model.
On the other hand, QHCES functions yield net worth
profiles that support the Tobin modell.

Although the age at which maximum net worth
occurs is the same regardless of the functional speci-
fication of the utility function, theage of the minimum
net worth is not. It is clear from Figure 4.2 that the
negative net worth associated with the QHCES function
varies, depending on the assumed level of subsistence
consumption. The smaller the value of ¥, the shorter the
period of negative net worth the individual experiences.
As the value of Y becomes large, the period of negative
net worth associated with the profile increases. This

shows again the sensitivity of the profile to the

functional specification of the utility function.
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Saving Ratio

The saving ratio is defined as the ratio of
saving to the total income of the individual (including
interest income). The profile of the saving ratio that
arises from the SHCES function is given in column 5 of
Table 4.1. The profile exhibits a ratio that is posi-
tive and increases with the age of the individual until
retirement, and thereafter becomes negative. With a
QHCES function, the saving ratio becomes negative when
the individual is young, then positive until retirement,
and then negative again thereafter, as shown in column 5
of Tables 4.1 to 4.4. The period of negative saving that
an individual experiences before retirement depends on
the value of the parameter ¥. The smaller is this wvalue,
the shorter the period of negative saving; conversely,
the larger the value of ¥, the longer the period of
negative saving.

Comparison of the simulated saving ratios in
column 5 of Tables 4.1 to 4.4 indicates that the level
of the saving ratio, as well as the period of negative
saving, is sensitive to the assumptions underlying the

optimization problem.
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RESULTS OF SIMULATION OF EXPERIMENT IT

In Experiment II the value of § is set to
zero while maintaining assumptions 2 to 5 of Experiment I.
The optimal paths of consumption, net worth and the saving
ratio are simulated under these assumptions, and the
results are reported in Tables 4.6 to 4.9. It is to be
noted that when § is zero, the SHCES and the QHCES
collapse to the logarithmic and the Stone-Geary functions,

respectively.

Consumption

Both the logarithmic and the Stone-Geary
functions yield consumption profiles that increase with
the age of the individual, as shown in column 3 of
Tables 4.6 to 4.9. These results are depicted in
Figure 4.3 and it is clear that the level as well as
the slope of the profiles depends on the functional form
of the utility function. The standard homothetic
logarithmic function yields a steeper profile compared
to the Stone-Geary function. This implies that the
logarithmic function yields relatively low levels of

consumption when the individual is young and relatively
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TABLE 4.6

Simulated Individual Paths Using Logarithmic Utility Function

= 0.015,

0.04, o =

5 = 0.00,

(v = 0.0)
Econemic Labour Net Saving
Age Income Consumption Worth Ratio
1 1300000 LeUDY9 T3¢ veuwlUQUO - U297 32
2 14023000 lLeU/0U0C1 —eUSY /3¢ ~eU24i9VU3
3 1.040400 LeUBU4UY ~edllci4e ~sU4cY22
4 1.061¢00 LaUYU0UBY I . medib003T =-asU34004
5 1.08243¢ LedUi1490 - elYdD¥3 - s U4 UL
6 11040581 ledilclos ~el iY 309 = aULD4UY
7 lellol bl leicevol —e L 30L 3L —sUUDO LY
8 lelabobo Leid3mub —el4COUL U447
9 lel7i659 Leli44p93 e 3/ 10 eJ1l40800Q
10 11195093 lelooUuUY —e LV 3V PR N 3o Fap
11 la2l8994 lelibi s ~si098321 su3D401
12 lel43374 lel D64 —el42003 su4fool
13 le¢nblal ledivulu7 -~ uu sUDY1lrD
14 le293607 Lec0i560 —=eViilY¥33 VY V] P
15 le3l9479 lecladco suivb30 seubclai
leo le34n8ob lecdbdUUD «iOYJ{H eUJ490d9U
17 1e372716 Lec3boyy «34L72Ul eiUlc1D
18 1e400241 lec4oYu? etb0JOb el livlv?
19 le428246 ledbiudd «030d00 el3co3d
20 le49p0811 Led73275 ebcolcs elb4D430U
21 le482947 lecodob37 L1.U424v0 elbo4v4
22 leo15666 lecvwolly Lecolda> «iflilcluo
23 1945980 leslulce ieoD02084 s lbB4YY O
4 14576899 Lae32 3447 LeOD4LUD el904 {
25 10006937 :L.JjOCVb 4..LOL?41. e llLlYD3
26 leb4d8606 Ledayvitu o4l iol el D22V
27 le673418 Le3dbc3li Le¥34ill 2l 39452
28 l1.700356 le3?7o597 3630604 elDLYD0
29 1741024 Le3dboYyoe 3e04b3LD scbolil
30 1.775845 Le4Uc 437 42333919 eLBUDUL
31 1.811362 Lel06053 4e080ULOD e 94293
32 leB47589 lev4ce9bCi JevfuUl0o7 «e30oU /G
33 led84541 le44 3004 0siUi4VO «34i0499
34 le922231 le4270YY e 94500 e33207171
35 1.90067¢ lea7Llu51 fedcol9b e347209
386 1999890 lsabol4l oe3lof i ¢ 30LBYS
37 240393887 14200570 Yed1022 {1 e3f4DL
38 20806135 Le2l51l58 SRV VY B e339Yc0
39 24122299 Le2d Y9849 LieU3v¥o94 «e40d3uo0
40 CelbaTH4H Led447uLL Lcel?d0c8 et 1209
41 0.000000C LeD9909Y Ls«i760i0 -Le9d92uld
42 C.000000 Len>740841 Lcal4390d -leld4uc
43 C.000000 Leo90131 LieuUdaul =l eD9YDva3 7
44 C.0000006 L.005209 Y4evioY00 —-3eUdlonl
45 0.000000 Lebdild7 ce0Y/0l> ~3e039 43
46 €.000000 Leb300Y7 le4s4944D =4+21libo03
47 0.000000 Le0D2 709 CaUbB4IUD =DefYusla
48 G.OOOODO 4}.005659 ‘QoO?DUV-] -1.3&«007
49 CG.000000 ie.085030 3e 19300 ~ildelYdl il
50 C.000000C PR AVIREL 4 Le03295Y el IR VIVIVIOTPIV)
91 s UUULUJUVY
The computations assume T 0, R = 40, 0.02,

¥ = 0.00.



TABLE 4.7

Simulated Individual Paths Using Stone-~Geary Utility Function

56

(v = 0.33)
Economic Labour Net Saving
Age Income Consumption Worth Ratio
1 1.000000 1le124259 U« 00UQI0 —elluedy
2 1.020000 lel31183 —ell4lDY —elli4v3s
3 1»040"’00 l.Lle?‘f ".C‘QU‘fld -crlo"ld‘i
4 1.061208 lela4Hls4 - 34{8U3 —aUY 3215
5 1.082432 lelod 302 -0‘0"97"1 —mUQé‘QJ‘f
6 1104081 11595959 ~e233200U —eiJfUY40
7 14126162 lelbtBcoHd —-eblU3ls - 4099000
8 14148686 lal741l04 e YR L = +U408500
9 1.171659 14181572 - l{l{00B0 ~aU3qidy
10 1.1195093 l.189053 "s?bO"’L? -l linYy
11 10218994 10196607 —e {9104 -etbUfoll
12 1243374 1.¢04233 - 00UUBL Y sVUUDBOLOD
13 1.268242 le21l1934 ~el937c¢l sUlvool
14 14293607 lecdl%710 ~sfbY 10l ed3ulng
15 14319479 lLec27561 -e720031 VYN P
16 le345868 lec35488 -s0031 924 «J03208
17 1,.37&766 lel43492 - e 79300 eulobisl
i8 le400241 lLedo21574 -0‘37117‘1 e UV 3YeHd
19 le428246 leldo9734 —e 343430 e lUYGLY
20 le456811 la267974 —~elBODO4 ek 290yl
21 1e485947 lec 76294 -eUGYI374 e lauvO
22 l.515066 lelB4694 «c0i1v05 slobOL Y
23 1545980 ledY3lib et410 47 s i72901
26 1.640606 lesdlvollo Le3937 04 el ib4T
27 1.673"18 14327935 Lol 94391 el 31905
28 l.706886 1336837 Lei@4U4y elD4c0 T
29 le741024 le3450¢) £e2990800 el 7063
30 le7758 45 1e354901 3euUY90D4 $2BO3 L
31 le3113062 le 304064 Je043Y040 o303V«
32 1.847589 14373317 44,437045 231lvyln2
33 Le884541 le3ncbbd9 “e0BUTOO e339101
34 l.922231 la39¢092 2277080 e321141
35 1.96061706 le401lol7? De33Ll L34 s 3D0YJ0D
36 10999890 10411.214 Iol‘?i"jg e38BcD0¢
37 2.039887 Le4lU94b5 SeU1l7832 «390058
38 2080685 lea3UT4Y Cea¥D74008 413333
39 20122299 le44Uba9 Yev6237¢3 220524
40 2164745 leg4o0b4> LLieUQBUUL e 443409
41 0.00000CC 46uUT736 1cecCival —-ie?Fc 840
42 C.000000 «e47u940 Liec 9200 —Zeldl4704
43 0.000000 le4tl2c¢0 lUeclUfo L2 ~Z2s02 705
4 4 0.0000060C + 491610 Yel 34003 —-5el8L3UYS
45 0000000 Le®0¢100 oeUloiarfy =3.0089103
46 0.000000 Le21lc 693 ceb0l0bl4 -4eD3909¢
47 0.000000 Ledld 5309 Deb0Y 034 ~-D.01L00006
48 C.000000 leo34l0b 4ocb/075 ={e940540
49 0.000000 leo4509Y2 Ce924370 ~lcecU0lo3
50 C.000000 256102 Le490d52 el RVIVIVICIVEY)
51 «G0UO0D
NOTE: The computations assume T = 50, R = 40, g = 0.02,
n =0.015, r = 0.04, v+ = 0.03, 5 = 0.00, ana * = 0.33



TABLE 4.8

Simulated Individual Paths Using Stone-Geary Utility Function
(Y = 0.66)
Economic Labour Net Saving
Age Income Consumption Worth Ratio
1 1.000000 l.16068785 J«QUO000 ~eloolos
2 1.0200¢0 lel9e¢ 345 —elbob 70> ~eifl08>
3 1.040400 lal1l95940 ~e3bbOOL —elib0OULS
4 1.061208 l1el995069 —e2 309008 ~eio3v¢l
5 la082432 lel03234 - 0900800 —e il 1072
6 1.10‘1051 ledUOY3n 047 b4> =-oicfdlyL
7 10120162 l.leb?O -095‘!4\)" “0113991
8 l.l148686 Ledl4a443 ~Lelldl by —etluY Y000
9 1.171659 lacltlb2 —Leddlb370 —sUB439¢
10 1.195093 le¢dce0Q98 —ie313704 —sUbYOLD
11 1.218994 led>»9n1l -1 e393207 -elUD39YLiD
12 1l.243374 le22990¢ -1l e4229Y74 e 037779
14 1293607 lec3 7859 ~Llae2d03 90 - UU43U7
15 1.319479 lel4l895 —led3i0Y48 0U1C907
16 1345868 lec4a>n971 =1l.21>383 «U3UD04
17 le372756 lc_ZbOOOb -10‘070101 s UNC4 DY
18 1.400241 ledbo424l —Le4ld4ad sUbOOU T
19 le428240 loébb"."? ~le3clYu3 PVE-L Y N4
20 l1e450811 ladbet?3 -1,c0069D21 el 039577
21 1485947 l.2069%0 -1L.UbULOY ebdd 332
22 le9156006 lec?1269 —eB03IN0D elalcc
23 105“5950 lo(ﬁ7:’b.’0 —.07‘1310 oA.OUZL?
4 1576899 12850033 —e43il4al eal9cn4
25 1.608437 lecB4479 -elbinc0 el 391
206 l1.6400006 lect 908 eiboO37d eliidUus
27 1-673‘016 1029350‘1 0949070 e 3DDUYD
28 1l.706806 le¢98077 92274 elDDBDL
29 1.7410¢4% le30c698 les?i4vo WEET-IN.
30 107758"5 1.507361’ LeOO4D00 el Y3400V
31 l1e811362 le31c070 cetlfbDe e31Ld24V
32 1.847589 le31l6833 30034 «e33Ulasd
33 le8384541 lesclbio 3e09294130 e3uvwlia
34 lev22231 ie32 64080 4e3b32VU e307304
35 1.960676 1.331i308¢ Delid34i4 e 309331
36 1.999890 l.jjb:’(.? DeY004Li UL Q‘QOJUDO
37 2039887 1.341319 0.0 7U3Y3 a4l
38 20080655 10540300 700‘937?7 o‘?J;f?L-”
39 2122299 le351450 OeOYi853 e 2o P B
40 2016"7"5 l.:)bbbo‘? lUnUlDi?O 0‘171;41.“
41 C.000000 joil?s liscetlns ~levudg3uld
42 0.000000 le307018 luesdl4adin -l 2313315
43 0000000 37¢308 Ye30UL%4 -2 2062297
44 G.000000 717650 Se30L241 —3:il0003
45 0000000 83044 /319081 -3l iUl
46 C.0000G0O 88490 OelbBOU -4 427 cB0L
47 0.000000 93909 Je.UBY40L —>e84f4c¢H
43 0.0000G0 YyYoal 3089905 ¢ —{e974590
49 C.000000 05147 LebOD474 —lcetdaliy
50 C.000000 1080b Le 350240 =22, 000000
51 SULU0L0
NOTE: The computations assume T = 50, R = 40, g = 0.02,
n=0.0l5, r=20.04, o = 0.03, 3 = 0.00 and ¥ = 0.66.



TABLE 4.9

Simulated Individual Paths Using Stone-Geary Utility Function

(v = 0.90)
Economic Labour Net Saving
Age Incomne Consumption Worth Ratio
1 1.00000C lec235713 U«00U0UVO0 —ed35713
2 1.02000¢C le2308c7 —el 32743 —elldI809
3 1;0"0‘?00 1043?931 -0l YDY9 —ecliidvh
4 1.061208 1239085 —-eb /{990 -elivac¢a0
5 1.082432 lec40231 ~e0ULFYD —elB4430
6 1.104081 lel4l388 =-1eU70Li% - LOYYIT
7 1.120162 Led4dnd7 =lecob407 ~elD4¥Y0
8 lel48b680 lod‘fj?jb ~ie4l31cU -~eal39202
9 1171659 led449c? —1Le27209)5 —esldddlo
10 1.195093 1.2406130 —lellisod -e1l006001
11 16218994 lod"’73‘f" -]leD3IVBOHY —eJBDOOL
12 1.,243374 Lecd48571 —iaY 34944 —eU7ui4ad
13 1le268242 le24v809 -2eUi4Y37? -e9¢34¢
14 1.293607 1251059 -leUTTL0UZ -eU33400
15 1319479 l.dbélﬁl -Zelllb30 —eVi4dil
16 1.345868 la253595 —cs1395185 eVUD447
17 10372?50 lego488¢2 -Cello3lYy euld242Q
18 1.400241 ledbvolsl —LelUYDD448 s Ua5759
19 le4282 46 led>7493 -CeU3D310 sU0O334
20 l.456811 l.scbbBls =leY42909 B llss
21 14485947 lecb(l5y —Lle0LOBL5 elQ0lr?
22 1.515666 le2bidus —LeD/730D5 el ¢9euc
23 14545980 l.262809 —ie40>3017 2150408
24 Le570899 lecdb4c2ad —ledbZ L 39 ei74l24
25 1.608437 ledbob30 —e2999 72 . 193000
26 l.640606 le2067040 —-e0971L70 e ll 4349
27 leb73418 lecbt4b7? —edSiuYL v 30914
28 1.70688606 ledby9By9 e UIY410 «Z50707
29 1.,741024 1047135:" o4 7790> el 77740
30 1.7758 45 1047‘793 «eYOO7TYD e LY BOD0
31 1.811362 lel7420606 ledVo51Y s 319194
32 led47589 le2?75753 £eildYDD s3390L3
33 l.884541 Lag77259% Cel6020¢Y «339 7Ty
34 levw22231 l.d?b??_ﬁ E P W AN LN e3 /76006
35 lc“)bOb?é l-(50305 Y4098 e 3Y YO
36 16999490 lecBlb49 Dell33Liy e tl021 ¥
37 039887 Ledt3410 belU 3239« 37427
38 2080685 le284900 TeU33805 e 490904
39 20122299 lelBobib deilLOO0O 474102
40 Celbal4ab le20b81l85 YeclliOlld e 49iY08
41 0.000000 lec89y807 LUeolo41d =<4 euBO5YD
42 0.000000 le291%40 YebL4Y 34l ~Cle 345943
43 0000000 1293100 e /{43860 -Ze04lL03
4 4 0.000000 Lec94770 fs0UUDZS ~3el4Ybc?
45 0000000 lel90407 oLl 714 =34{53900
46 0000000 leZY01lo0 Dal940c7 -4 e0ULll8 D
47 €.000000 lel2¥4987Y 4elclioey =2.873042
48 €.000000C 1.301l06l6 3eClbobdD4 -{ 990070
49 0.000000 le3us369 Ce4DYYL 3 =LLec40UDY
50 C.000000 1305139 Ledd4941 ~¢24u000C0
51 wWLLOVU
NOTE: The computations assume T = 50, R = 40, g = 0.02,

n=20.015, r =20.04, o = 0.03, 5 = 0.00, and ¥ = 0.90.
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high levels when old, compared to the Stone-Geary
function. Furthermore, the age-consumption profile is
sensitive to the value of ¥. Figure 4.3 demonstrates
that the slope of the profile becomes flatter as the
value of Y becomes larger. This result is consistent

with the findings of Experiment I.

Net Worth

Setting the parameter § to zero yields a net
worth profile that is consistent with the predictions
of the Tobin Model, regardless of whether the utility
function is specified as a logarithmic or as a Stone-
Geary function. However, the implications of assuming
alternative functional forms are reflected in the profile
levels as well as the periods of negative net worth.
From Figure 4.4 it is clear that the period of negative
net worth associated with the logarithmic function is
shorter than that associated with the Stone-Geary function.
Moreover, as the value of ¥ increases from 0.0 to 0.9, the
period of negative net worth persists for a longer period.
The age of the minimum net worth as well as its value

varies, depending on the form of function employed.
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Saving Ratios

Both the logarithmic and the Stone-Geary
utility functions yield individual saving ratios that
are negative before retirement, as shown in column 5
of Tables 4.6 to 4.9. The period of negative saving
is shorter in the case of the logarithmic function than
in the case of the Stone-Geary function. The level as
well as the slope of the profile is also sensitive to

the functional form of the utility function.

4.4 AGGREGATION OF THE MICRO-RELATIONSHIPS

Once consumption, net worth and income of all
individuals of all ages are known, the corresponding
aggregate values for any period t are calculated by
aggregating each variable over all persons alive in that
period. Assuming population to grow at a constant rate

n per annum, aggregation proceeds as follows:

T
* % e
(4.1) & =", 1= n) T c
T
=1
* % . i
Aggregate consumption Ct is calculated in

equation (4.1) by multiplying the consumption of an
individual of age 1 by the relative number of persons

of each age and aggfegating them over all cohorts.



% %
The aggregate values of net worth At and
* *

total income Yt are computed in a similar way using

equations (4.2) and (4.3):

T
* k -—
(4.2) A=) (1+nT"a
T
=1
and
R T
* % - -
(4.3) vo=] L+ W o+ ] 1+ ra

Aggregate saving is calculated by subtracting

total consumption from total income as shown in equation

{(4.4) ¢
* % x %k * %
4.4 = -
( ) st Yt ct
4.5 THE INTEREST ELASTICITY OF SAVING

In a challenge to the widely held view that
the interest elasticity of saving is low, Summers
(1981) claimed to have formulated a realistic life-
cycle model yielding a large and positive interest
elasticity of saving. In fact, he made the strong
claim that "the theory when formulated realistically
implies interest elasticities well in excess of unity"
(1981, p. 534). This claim has been gquestioned by

Evans (1983), who showed that with negative time



preferences the interest elasticities are lower.

In this section, first I shall examine the
sensitivity of Summers' results to alternative
functional forms of the utility function. Second, I
shall point out some errors in Evans' paper and provide
correct results for the saving elasticities, saving

rates, and wealth-income ratios.

Summers' Results

As mentioned earlier, the theoretical life-
cycle model based on a QHCES function is far more general
than Summers' model, which is based on the SHCES
function. One of the advantages of a QHCES function is
that it yields the SHCES function as a special case when
subsistence consumption is specified to be zero. The
interest elasticity of saving and the saving rates
obtained using these functions can be compared. In
order for Summers' claim to be credible, his results
must be robust to plausible changes in functional form.
To put it differently, the incorporation of subsistence
consumption into Summers' model should not lead to
results that are significantly different from those

which he reported.
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The interest elasticities and saving rates
corresponding to those of Summers can be read from
the first row of each block in Table 4.10 (the rows
with ¥ = 0) for various values of r. Within each
block, it is clear that the elasticity declines as the
subsistence level increases. The results in Table 4.10
indicate that Summers' conclusion is by no means linsensi-
tive to changes in functional specification of the
utility function and that negative interest elasticities
of saving are not implausible.

The incorporation of subsistence consumption
into Summers' model implies that the individual is
constrained in his ability to trade off current aand
future consumption in response to interest rate changes.
The intertemporal substitution effect is limited to
discretionary consumption in the case of the QHCES utility
function, and thus may be weaker than the corresponding
effect with the SCHES function. The income effect, on
the other hand, depends on whether the individual
dissaves or not when young, and the size of his net
worth which, 1in turn, depends on the level of supsis-
tence consumption. With significant dissaving in youth,
the income effect of an interest rate change, which

works to lower consumption,may not be obvious in the



TABLE 4.10
INTEREST ELASTICITIES OF SAVING AND SAVING RATES
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Value of r

Values 0.04 0.06 0.U8
of i Saving Saving Saving Saving Saving Saving
Block é y Elasticity Rate Elasticity Rate Elasticityv  Rate
0.0C 3.97 0.11 2.50 0.24 2.60 0.29
#1 0.5 0.33 3.86 0.08 2.48 0.19 2.57 0.25
0.66 3.55 0.04 2.42 0.11 2.50 0.17
0.90 2.05 0.02 2.01 0.03 1.91 0.05
0.00 3.55 0.06 2.14 0.13 2.06 0.18
s 0.0 0.35 3.33 0.03 2.11 0.08 2.05 0.14
- ) 0.66 2.67 0.02 2.01 0.05 2.00 0.07
0.90 -0.66 0.01 -0.53 0.01 1.19 0.01
0.00 3.25 0.04 1.94 0.09 1.76 0.13
3 _0.5 0.33 2.90 0.05 - 1.90 0.06 1.75 0.09
’ 0.66 1.86 0.01 1.72 0.03 1.73 0.04
0.90 -3.65 0.004 * * * *
0.00 2.96 0.03 1.82 0.06 1.60 0.09%
24 1.0 0.33 2.49 0.02 1.78 0.04 1.60 0.06
' : 0.66 1.006 0.01 1.45 0.02 1.58 0.02
0.90 -7.05 0.002 * * * *
0.00 2.43 0.02 1.65 0.04 .44 0.06
£5 2.0 0.35 1.70 0.01 1.51 0.02 1.44 0.03
' - 0.66 -0.60 0.01 0.47 0.01 1,45 0.01
0.90 -15.67 0.001 * * * *
NOTES: The computaticns assume T = 50, R = 40, g = 0.02, n = 0.0153,

LA =]
and p = 0.03. The saving rate is calculated relative to total
income.

What Summers calls v in his paper is identical to & in the
present study.

Individual subsistence consumption is a function of ¥, the
latter being defined as in Section 4.Z.

Asterisks indicate negative saving rates.



TABLE 4,11: INTFREST FLASTICITIES OF SAVING, SAVING RATES,

AND WEALTH-INCOMLE RATIOS (Corresponding to Table 1 of Evans)

(y: p = -0.05 (2): p = 0.00 ' (3) p = +0.03
Value Saving Saving Wealtly Saving Saving Wealth/ Saving Saving  Wealth/
~ofu Elasticity Rate Income Llasticity Rute Income ELlasticity Rate Income
1.0 0.71 J. 31 9.17 0.99 0.21 6.03 3.55 (0.06) (1.64)
(0.70) (0.31). (9.17)  (l.11)* (0.34)* (9.83)* (3.55) (0.06) (1.64)
2.0 0.49 J. 19 5.46 0.74 0.11 3.20 2.83 0.03 0.382
(0.48) WL 1Y) (5.46)  (0.74) (0.11) (3.25) (3.24)* (0.04)*(1.09)*
5.0 (.35 0.13 3.6l 0.56 0.08 2.21 2.35 0.02 0.54
(0.41)* {(0.15)* (4.49)* (0.56) (0.08) (2.21) (2.97)* (0.03)*(0.82)*
4.0 0.253 Jg. 10 2.91 U.41 0.06 1.67 1.80 0.01 0.40
(0.34)* (0.13)* (3.81)* (0.40) {0.06) (1.67) (1.90)* {0.01) (0.40)

NOTES @ The computations assume T = 50, R =40, g =0.02, n = u.015,
and r = v.04. The saving rates and the wealth-income ratios are
calculated relative to total income. [Figures in parentheses are
those reported by Evans {1983, Table 1, p.d401). Asterisks indicate
errors in his reported results,

L9



TABLE 4.12: INTEREST ELASTICITIES OF SAVING, SAVING RATES, AND WEALTH-INCOME RATIOS
(Corresponding to Table 2 of Evans)

(1): p = -0.03 (2):p = 0.00 (3): p = +0.03
Value Saving Saving Wealth/ Saving Saving Wealth/ Saving Saving Wealth/
of y  Flasticity ‘Rate Income Elasticity Rate Income Elasticity Rate  Income
1.0 0.73 0.21 10.47 0.91 {0.15) 7.490 1.87 0.06 3.16
(0.72) {(0.21) (10.47) (0.90) (U.15) (7.40)  (1.91)* (0.06) (3.16)
2.0 0.47 0.13 6. 84 0.57 0.09 4.71 1.04 0.05 2.37
(0.46) (0.13) (6.84) {0.56) (0.09) (4.71) (1.04) (0.05) (2.37)
3.0 0.30 -0.10 5.24 0.37 0.07 3.70 U.62 0.04 2.10
(0.30) (0.10) (5.24) (0.35)* (0.07) (3.70) (0.61) (0.04) (2.10)
4.0 0.19 0.09 4.38 0.23 0.06 3.18 0.37 0.04 1.97
(0.19) (0.09) (4.38)  (0.23) (0.06) (3.18)  (0.36) (0.04) (1.97)
5.0 0.11 0.08 5.864 0.13 0.06 2.86 0.20 0.04 1.89
(0.11) (0.08) (3.84) (0.13) (0.06) (2.86)  (0.20) (0.04) (1.89)

NOTE: The computations assume T = 50, R = 40, g = 0.01, n = 0.01, and v = 0.04.
The saving rates and the wealth-income ratios are calculated relative to total
income. Figures in parentheses are those reported by Evans (1983, Table 2,
p. 401). Asterisks indicate errors in his reported results.

89
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presence of subsistence consumption. Thus, the net
effect of a change in interest rate on consumption is

much less certain in the QHCES than in the SHCES case.

Evans' Results

Parameter values are assigned to the theoretical
model presented in chapter 3, based on the same assumptions
as those made by Evansz.

In an attempt to duplicate the results
reported by Evans in his Tables 1 and 2 (p. 401), I
repeated his experiments and both my results and his
are reported in Tables 4.11 and 4.12 of the present
study. Except for minor errors, presumably the result
of rounding, the results in Table 2 of Evans are
consistent with mine. However, Table 1 of Evans
contains a number of substantial errors, as indicated
in my Table 4.11 by asterisksB. The magnitude of the
errors ranges from 0.02 to 0.62 in the interest
elasticity of saving, 0.01 to 0.13 in the saving rate,
and 0.27 to 3.80 in the wealth/income ratio.

My corrections demonstrate that the interest
elasticity of saving is likely to be less than what

Evans suggested.
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4.5 ANALYSIS OF TRANSITION PATHS

In studying the interest elasticity of saving,
Summers confined his analysis to steady-state situations.
The transitional adjustment of the aggregate saving ratio
resulting from a shock that ultimately leads to a new
steady state can provide valuable information. Observa-
tion of an aggregate variable during transition can
provide insight into the behaviour of the variable that
may not be obvious from an examination of the steady
state alone. Evans incorporated this type of analysis
in his 1983 paper. My objective is to examine the effect
of an interest rate shock on the aggregate saving ratio
and to examine the transition path that occurs following
the shock under alternative assumptions about the functional
form of <he utility function. By comparing the resulting
adjustment paths, 1t i1s possible to shed further light
on the impcrtant role of functional form.

The economy is initially in a steady state.
This stiuation is then disturbed by introducing an
increase of 2 percentage pcints in the interest rate from
4 to 6 percent, and maintaining the rate at the new level.
The initial steady states, as well as the transition
paths that lead to the new steady states, are reported

in Tables 4.13 and 4.14.
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Table 4.13 shows how the aggregate saving
ratio adjusts from its initial steady state value
following an interest rate shock when the utility
function embodying the preferences of the individual is
logarithmic, as shown in column 2, and when it is Stone-
Geary, as shown in columns 3 to 5. Regardless of the
functional specification of the utility function, the
adjustment process from the initial steady state is gradual.
It is complete only when all the cohorts that were alive
at the time of the shock have died. (This finding has
been noted also by Eﬁans, 1983.) This, 50 years are
required before a new steady state is obtained.

In the case of the logarithmic utility function,
the initial steady state aggregate saving ratio is about
5.6 percent. Following the shock, this value increases
to 21.3 percent, as shown by row 2 in column 2 of
Table 4.13. During the transition period, the saving
ratio gradually declines until it achieves a new steady
state level of 13.4 percent.

In the case of a Stone-Geary utility function,
the initial steady state aggregate saving ratio depends
on the value of the parameter ¥, as shown by row 1 and
columns 3 to 5. When ¥ is specified to be 0.33, the

effect of a 2 percentage point ilicrease in the interest
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TABLE 4.13

ADJUSTMENT PATH FROM ONE STEADY STATE TO ANOTHER FOLLOWING A
CHANGE IN THE INTEREST RATE (from 4 to 6 percent per year)
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rate 1s to raise the steady state saving ratio from 3.8
percent to 14.1 percent. Similarly, when ¥ is set to
0.66, the steady state saving ratio increases from 2.0
to 6.4 percent. However, when ¥ is assigned a value of
0.90, the steady state saving ratio (0.58 percent,
initially) shows a slight decline instead of an increase.
The adjustment process following the shock that
is associated with the Stone-Geary utility function depends
on the value of ¥. When this parameter is specified to
take values of 0.33 and 0.66, the resulting transition
paths exhibit gradual declines in the saving ratio. The
new steady state ratio is higher than the initial one.
When ¥ is specified to be 0.90, the saving rate declines
and remains below its initial steady state value for ten
periods. Thereafter, the saving rate gradually increases,
attains its maximum value, and then starts to decline.
Comparison of column 2 with columns 3 to 5
reveals three important facts. First, the response of
the aggregate saving ratio to the shock varies, depending
on whether the utility function is logarithmic or Stone-
Geary. In general, it is true that the responsiveness
is greater in the logarithmic than in the Stone-Geary
case. If v is large, it is possible for the saving ratio
in period 1 tobe smaller than the initial steady state

value in the case of the Stone-GCeary function, as
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demonstrated in column 5 of Table 4.13. Second, the
adjustment path