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ABSTRACT

:\ critical ~scuss~on of the forrnulatiol) (Tlcthod~ for the finite clement analysis of

nonlinear problems .~s given, which includes the ~ag!angian. the updated Lagrangian. an?

the E"uleri3n formulation. It is shown th:J.t each formulation is suitable fOr;]. specific class of

nonlinear problems. In the literature many authors treat updated L.lgrangian formulation as

,..
an Eulerian formulation ..Therefore. the hasic difTcrcnccs between the t .....o formulations arc

criti~all.... discus~cd
"/"

Consistent Lagrangian and updated Lagran~ian Cormu!ati6n "arc derived from" the

" "

\'irtual ,::,"ork principle ex~rcssed in current conlIguratio"n. then transformed to the j)roper

n;~·crcncc.configuration. A detailed Eulerian formulation in the current config-u;ation i~

deri'Oed bS: means of the virtual \\:ork principle. Explicit forms for the stifTness matrices

contributin~ to thc total nonlinear stifTness matrix, for the n:ass matr~x. and for the load·

increments arc presented in each casco DitTerences between the presented Lagrangian and

the updated Lagrangian formul:ttions and similar formulations in the li,terature are found to

exist in the number of the stifTness matrices in the final incremental equilibrium equations a~. - "

well as in the definition of the load increments. Thc~e difTerence: as \\:ell as those bt>lwccn the

on the usc of the stress-elasto.plas~icrespon~se of the materials an: presented :\ dis

existing formul3tions in the litcratun~ :.lre a~sesscd within t c framewo.rk of t,ne hasic

~ .
equations of the continuum mechanics. $pecific forms of const; uti 'Oe e ua tions for clastic and

.' rateS to derive 3.cccptable cnnstituti'O,~equations is also ~iven

For j,he Lagrangian and the updated Ll!~r;ln~ian forinuLition two example pl:ohlcms

have heen solved to demonstrate the applicahilitvofthe presented fcirmulations':lnd the efTect. ' . .

.oi~ the indi vidual stilTness rna trices as well as' the ddini tion of the follower· load which results

from the con~~isicnt forrnulatiotf Thcs{' prnhlcms arc
","

t:Jastic. large dc-formation static

ill

----~--"--
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.:
analysis ora cantilever under uniformly di:,tributcd load and clastic-perfectly plastic dynamic

analy~isofa pipe-whip problem

To aSSC% the presented Eulerian formulation "and to show the ctTccti\:"cncs:::> of the

. Eulerian finite clement analysis using fixed mesh in space: a metal-extrusion. problem has

been solved. In this approach. the mesh is maintained fixed in space and the increment of
.' ~

.' . ~:

stress tensors rO,r a forward incrcrnerytal step arc added to a set of intcrpolateC\!. stress te~ors.,
Then these stresses arc interpolated back to obta.in the state of stress of the body-points

momcntari"!y occupying the fixed integration po,ints of the mesh.,

,

'.

"
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The following is a list of frequently used symbols.

"
r'or a hrief comInent on the adopted

sy.stem of notation, the reader is referred to page 28 of this document.

.:1ccclcration \',Cctor

area nfthe lo'ad~ng surface

body force vector

conliguration'o[ a hody

r;J.le of deformation' tensor'

fourth order tensor rclatin·~ strl~SSCS to strains

'unit base .... ector

dcformatio'n tensor

Young's modulus

Crcen·Llgrangc strain tensor

force .... ecLor

dcformatiun gradient tensor

intcrplllation functions

strain-hardening modulus

identity matrix

K clement stilTncss matrix :

:'.1 dement mass tll~ltri'\

r:s.t local coordinate \ystcm of the clement

S "I'('llnd Pit)la· Kirchhoff st.rr'ss !.t'nsor

,

-------
_____________--Jl
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Poisson's ratio

cfTecti v(' strain

efTecti .... e stress

i: LIST OF SY:\IBOLS (continued)

l...

Cauchy stress tensor

prefix indicating a finite increment

variation operation

prefix indicati"ng summation

identity tensor

reference or Lagrangian position vector

unit vector in t direction

yield str.cs~

Euler·Almansi strain tensor

displacement interpolation function

nominal or KirchhofT stress tensor a=

mass density

velocity ....ector

body-point

unit vector in s direction

current or spatial position vector

spin tensor

first Piola-KirchhoITstress tensor

time

displacement gradient tensor

displacement vector

'.
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SliBSCRiPTS

Right Subscripts

direction

J direction

K number of nodes per clement

Left Subscripts

0, 1,2 configuration to \,:hich the quantity is referred

SL:PERSCRIPTS

Right Superscripts

T transpose of a matrix, or of a tensor

-1 inverse ofa matrix, or ofa tensor

Left Superscri ats'

0,1,2 configuration at which the quantity is measured
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CHAPTER!

!\"TRODCCTIO\"

U PREA~!BLE

During recent years;J.n increasing demand for trre solution of variou~ engineering

problems with geometric and/or material' nonlinearity has arisen, and, consequentty, an

intensi .... e research effort has been devoted to the developmen.t ofel1icient solution procedures

for such problems. The increasing. importan~e of nonlinear .analysis- is largely due to the

emphasis placed by various agencies in more realistic modelling and accurate anaLvsis of

critical structural components w~ich arise. for example. ir: the safety ~n~ideration of

strategic structures and nuc!car reactor components, and in the design of ...satcllites Lately.

the finite element method has proven to he very effective in linear analy~is, and by mean~ or it

~oIutions have been obtained to SOr:l£ r..~her complex nonlinear problems. yet mo~t problems·

are still very difficult and computationall .........ery'·expensive to ;:walyzl'

tions of the material experiencing- larg" deformation, tnt· finite clement f()rn;uld.~inn, the

numerical integ-r:.ltion proccdun~~. and the (Ompllter implt'ml'nt~\ti()n~ Pre~l'ntly, v~lri()us

lan~c scale computer prn~:amnw~ ~lnd :-:11l,dlpr :,pi,'cial purpo:,e codps arc u~ed which nITer

\'arious capabilities for anal ..... sis :\Itholl~h thL'~t' c()de:-. can lw u~ed effectively to solve a large

number oi problems, they sti II ha VL' -;I'ri(!lls i i mi tal ions

12 PREL ~lI:-;AI{Y I{E\L\!{KS

The solutions of nonli:1t'ar prllblelr:s ::; ('111\: l:":uum mL'chanic~ mainly contain two
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•
arises from nonlinear straip..displaccmcnt rClaliof's. whereas material nonlinearity arises

from the material response as in i.nclastic. clasto-plastie:and.cl"ccp behaviour of the material.

The main aspects"in the formulation of such prohlems ~lre: th"c cnoice of proper rormul~tion for

specific appli.cations. the proper modelling of physica I prohlems, the construction of the proper

constitutive equations, the introduction of an incompressibility constraint. and the usc of. ' '

pr~per numerical techniques for solving the nonlinear equilibrium cquali~ns_.. In what

follows, the formulation methods are hrieny discussed, In Chapter II a more detailed.

discussion will be given. The other aspecLo.; of the forl1iu~alionwill he di~Clisscd later.

Four types of kinematic description of motIOn ~ln.· in common usc in continuum

mechanics. According to 'l'ruesde11's definition [1.2], the~e four types arc: the material. the" "
referential, tne sp:>tial,'and the relative descriptioll _

,lin the materi:d description, the independent '"'!,"iables are the body-point X~ the

general i)rinciples of motion and is ust·d t'xcl us ivcly in analytical dyn;J.mics.

In the referential des~ription, the indl'pl'!icicnt \'ariables an' the position xof the

,bod:,-point X in an arbitrarily chosen rerert~rh'L'conflgurat.ioll and the time t. .

In the spatial dcscription. thl' ind~p('ndcnt variahles are trw ·current position x of

the body point X and the link!

,
" In the relative de~criptioll, tht~ !m!t'lll.·nd.'n!. \'.'lri;lbl,'~ ;lre the position xof the hody-

point X in the present conji~llrat.ion :lnd;l vari;lhle I inw l

In finite ell'ment applications, only ehret· dt'sc;'iplions ()! motion are in common usc:

the referential (L<.tgrang-ian), the spatial (Elllt:rianl, ;lrld the relativl' 1updated Lagrangian)

description, The r~lativc_description (updated I.;lgr,\ngianl i~ introduced to overcome some

di~ad\'anta~es of the referential I,Lagrangian) dt':.crip:ioll. The forlllut;ltion or the Finite


























































































































































































































































































































