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- ABSTRACT ’ \

Despite dreat theoretical progress the nature of the.progenitors s
of Type I sdﬁerndvae is stii] in doubt. In recent years mueh attention
has been focussed on accreting white dwarf models. This thesis
examings another class of possible progenitors: extended helium stars.
The computer code BOMB was written to’hydrodynamically-evolve the
models.

A total of seventeen models are examined. Five of them
resgmble R Cor‘Bor stars which are hy@rogenrdeficient pulsational
variables of roughly 1.5 - 2.0 M@'named after the archetypé‘R-Corona

Borealis. Ten other models are variations on these, used to

thé‘parameter space oflpossib1e models. The remaining

are of the bare white dwarf type which constitute the current

orthodoxy in the field.

It is found that the R Cbr Bor‘stars‘are not viable as Type.I
supefnova progenitors. The bare white dwarf models fit the available
~data better than do‘any of the envelope models, although stars with
relatively small, low-mass envelopes chuld a]sb provide reasonable

' ‘ 3fits.
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CHAPTER 1
OBSERVATIONAL BACKGROUND

Introduction - ’

A supernova is literally a very bright new star. Et is a rare,
ephemeral, but spectacular event. Rarity is of course relative: throuéh;
out the universe supernovae occur at a rate of perhaps one per Second;
of these about ten per year are currgpt]y detected, but onﬁy about five
per millenium are visible to the naked eye. On an astronomical scale a
supernova is certainly ephemeral, rising to maximum brightness in a fort--.
night and fading over a period of months. A supernova is certainly
spectacular; at maximum_itslluminosity may rival the output of an entire
galaxy (i.e. n 1010 Lg), most of which is radiatea in Ehe visible spec-
trum. As seen from Earth, the supernova qf A.D. 1006 was néarly as
bright as the full moon (g]ark and Stephenson, 19825.

Despite its name, a supernové is not actually a 'new' star. it
,mefe]y appears so because-its progenitor is generally too distant and
too faint to be seen. Recent investigations havelshown that a supernova
results from a catﬁc]ysmic explosion of an old star at the end of its
1ife. Yet despite a proliferation of both observational and theoretical
results in recent years there remain many unresolved questions about both
the p?o@enipors and *the resultant explosions.

Undergtanding supernovae is a central problem in modern astrophysics.

Supernovae play a prominent role in the chemical evolution of the universe,

enriching the interstellar medium with heavy elements (from carbon on up-
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—~

wards) which ﬁ&k later be incorporated into new stars and pianets. Super-
novae produce.shock waves in the }nterste]1ar medium thch are thought to
trigger star formation. Supernovae are of interest to the physicist as
-'1éborat0ries whe;e theories may be tdsted under -conditions not repro:
ducible on Earth. Finally, supernovae have intrinsic 1nterlit we see

»

them but do not yet fully understand them.

s

///// A1th9ugﬁ it is widely acknowledged that supernovae come from rela-

| tively old stars (i.e. ones that have processed most of their nucléaf fuel},
little else is known for certain about thg progenitors. As supernova pro-
geniters Dave'not been directly.observed, their natﬁre must’ be fnferred
from‘the observed properties of supernovae. This thesis attempts to shed -

-some Tight in this djrectibn: 'To this end a computer code has beeﬁ develop-
ed to follow hydrodynamically the evolution of supernovae. A selection of

'%easible progenitors was chosen and the characteristics of the resultant -
explosions were'ca]cu1ated. :Comparison of these models to observations

. permits.certain conclusions about the nature of the progenitors to be

drawn.

Historical Perspective

Mankind has long shéwn interést iﬁ observing and mapping tﬁe heavens,
and various civilizations have left written accounts of transient astro-
physical phenomena. The Chinese records are the most'extensive, comprising
a synopsis of naked-eye sky surgsys over the last two millenia. The re-
cords recount innumerabie 'new stars', the vast majority of which were

comets, as evidenced by their proper motion. Of these new stars only

seventy-five can be classified as novae, perhaps seven or eight of these



as superpovae (Clark and Stephenson, 1982). The most recent of these
so—ca]]éd"historica] supernovae'%pas seen in A.D. 1604, tantalizingly
close (but prior) to the invention of the telescope. All of the histori-
cal supé€rnovae occurred inasector comprising about one-eighth of the
Galaxy (Tamagﬂ 1982}, extinction rendering the (squosed) supernovae
outside this sector too faint to be not1ced |

The development of the te]egggg? had a s1ngu1ar lack of effect on
supernova astronomy for nearly threg hu?dred years. ‘The first record of
an extragalactic subernovaqdidn't céme énti] 1885, when a rather bright
one.{of séventh'magnitude) was Seéh in éhﬁ Andromeda galaxy.-.Several more

because th;fTEE?ralh //"’
g — -

4v61y nearby ob-

examples followed over the next forty years, b

nebulae' in which they occurredwerethough;-to be
jedts within the Galaxy, these supernovae were mis—cjgssified as ordinary
novae. The distinction between novae and supernovae f011owed ;he estab-
lishment of the extragalactic distance scale by Hubble in 'the late 1920s
and was quantified by Baade and Zwicky (1934). The 1330s marked the dawn
of extragalactic supernova astronomy. With lhe aid.of periodic sky sur-

veys new sUpernovae have been discovered stead1]y since. then, at a rate
of roughly ten per year.: Near]y five hundred supernbvae have ‘now been *
" observed (Barbon,1980), along w1th a few hundred superpova remnants
(discussed later in this chapter). * '

On the other hand Galactic supernovae have proven to be exceptional-

ly elusive. None have been seen for more than three hundred‘yeatsf‘ One

supernova remnant has been found (Cas A} which has @een dated circa 1667.\t



by kinematic extrapolation. Jddging from its distance (v~ 3 kpc) Cas A
shou]d‘have been readily visible at the tfmé, perhaps even the brightest
-star in the sky, if it had a typical supernova luminosity. ‘No report
of such'an event exists, leading to speculation that Cas A might be an
example of a 'dark', or very underluminous supernova. ”Recént1y a report.
of a new star seen in 1680 near the position of Cas A has come to light
(Ashworth,1980). This new star (of sixth magnitude) has been identified
with the éupernoya despite a small discfEbancy in thé reported'positibnu
. There are certain selection effects fesponsib1e for the paucity of Galac-
tic supernova observations. A major difficulty is the obﬁcuration.of
Galactic supernova_ by dust and éas, which blocks out our view of most of
the Galactic d{sk. . This prob]ém of obscuration is Such that at visible
wave]engths more detail can be seen of d15tant galax1es than of most of
our own galaxy, Q9§P1te the greater distances. Another factor is our
internal perspect1ve of the Ga]axy, extensive sky surveys are. needed to
caver it, hence potent1a11y detectab1e supernovae may be m1ssed Tﬁis is _
-not a problem with other galaxies, wh1ch may be quickly scanned in their
ﬂw~éﬁt}rety. A]éhouqh Ga]aétic supernova have thus proven elusive, a number
7of Galactic supernovaffemnaﬁts have been.detécted (mainly'by radig asfro-

nomy) and are discussed further in a later section"

Nomenc?ature ?_ -

0r1g1na11y supernovae were named acééhdlﬂg»to either the galaxy
or the conste]1at1on in which they appeared. In the 1930s catalogues
were compiled iﬁ which the supernovae were enumerated chronologically;

these were periodically updated. However, such a system eventually



proved unworkable as.supernovée were often discovered long after their
occurrence by searches of old photographic plates. The present system
of nomenclature was proposed.by Zwicky et al {1963) to alleviate this
problem. ‘
. Under the current system each supernova's name éonsists of
a year followed by a letter (or two). The year corresponds to the time
iof maximum light and the Jetter reflects the order of discovery, rather
than the order of occurrence. Ihus for example the bright supernova
seen in 1937 in the galaxy IC 4182, being the third diséovered which ~
6ccurred in that year, is named 1937c, or SN 1937c . For years which
cdntain only one known supernova the letter is sometimes dropped: hence
SN 1572 represents Tycho's supernova. .
It is not practical to use separate systems of nomenclature for
Type I and Type II supernovae as only a minority of all supernovae have
been distinguished as such. A]soi c1a$sification as to type is éome—

1

what subjective and ia!;herefore not a re]iablé basis .for the objective

S , .
_task of assigning names.

SEectké. -
The bifurcation of supernovae into Types I and II was proposed by
- Minkowski (1941) and is now universally acknow]edgéd to have a physical
basis. The distinction is based on spéctré] featu#és. Type I super-
novae (SN I) are recognized by their similarity to the spectrum of
SN 1937c, which serves as a standard. More reEént]y SN 1972e has also
been used as a standard as its spectrum is remarkably similar to that of

1937¢c and has been measured in greater detail. The most notable feattre



of the Type I spectrﬁm is the weakness (or complete lack) of the
hydrogen Balmer lines (MjnkowsKi,j94]). Conversely, Type Il supernovae
are characterized by strong hydrogen Balmer lines. The progenitors of
SN I-énd SN 11 are believed to be qdite distinct from each other in both
ma;s and composition (see Chapter II for more detail). This theﬁis
focuses on modé]s for Type 1 supernovae; thué most of the data present-
ed below is specific to SN I. When mentioned, data for SN II is c]ear-‘
ly labelled as such.

" Periodically suggestions have been made that certain supernovae

fit neither class, but constitute separate classes. Due to a dearth of

-data this question is still under debate.

- Estimates of the amount of hydrogen preseﬁt in SN I have vafied
widely (see Kirshner et.al, 1973; Kirshner and Oke, 1975; Branch and
Tull, 1979).' Current bpinion is that very little (if any) hydrogen is‘-
present (see Wheeler, *1981; papers in Rees and Stoneham, 1982). The
recent creation 6f synthetic spectra (without hydrogen) which c]dsely
resemble Type I spectra supports this view (Branch, 1982). _

Near maximum 1ight most of the energy in the SN 1 spectrum is
carried in an optical’continuﬁm on which.are superimposed broad spectral
lines.. Branch (1982) fit the spectrum of SN 19§]b at maximum 1ightvto
a colour teﬁperature'of 17,0091300ﬁ K. But Branch also sounds a note of

caution with this estimate: the lines of Si III and O II are weaker.

respectively than the lines of Si II and 01, indicative of a Tower

. temperature or else a violation of LTE. The continuum reddens steadily

-~

for four to five weeks after maximum 1ight by which time the colour tem-



perature has fallen to abbut 7000 K. Afteriihis the colour slowly
moves back toward the blue but by this time most of the Tuminosity
comes from the line emission above the photosphere kBranch et ;] , 1983).
Despite the approximate blackbody shape of the spectrum in visible
light, significant deviations do occur. The most notable is the paucity
of flux in the ultraviolet (Minkowski, 1938; Ho]m,‘wu and Ca]dwell; :
1974; Branch et al, 1983). A blackbody at ]7,500 K would radiate ~ 80%
of its luminosity in ‘the ultraviolet (i.e. below 4000 A). If Branch's
temperatdre estimate is correct then the ultraviolet deficiency is an
extremely pronounced effect. Anofher region of deficiency is in the
qeaf infrared (Kirshner et al, 1973}. No radio frequency signals from
SN i'near maximum 1ight have yet been de%ected (Weiler et al, 1982), but
significant radio emission is seen to start several months after the ex-
plosion in some cases. Ear1yltime observations at X-ray and gamma-ray
frequencies would be very useful“for constraining SN I mo&g]s, but so [_,»
far such observations have not been made.
The spectral lines éuperimposed on the continuum show a character-
.isfic P Cygni shape (Branch, 1980a). The P Cygni shape consists of a
Dopp]er-brbadenéd emi'ssion band.with a blueshifted absorption band.
Branch (1981; 1982) has identified most of the spectral features: near
'maximum light calcjum, silicon, sulphur, magnesium, and oxygen-are seen
in roughly solar proportion§ moving at ~ 11,000 - 12,000 km-s‘]; one to
two months later calcium, sodjum, silicon, and iron are seen moving at

]

8000 km-s™' and faster, also iron and cobalt are seen moving at < 8000

km-s']. The identification of these elements is evidence for incomplete



nuclear burning, an important constraint which rules out several previous-
ly proposed models (see Chapter II). The velocities provide constraints
on the explogion energy and on the photospheric faéius and indirectly on
the Hubble constant (Branch,1982).

‘As indicated above the spectrum evolves during th; course of the
supernova. -Thus even a.sing1e spectrum from a new event allows its age.
to be est1mated without the necess1ty of accumulating data on the ]1ght
curve.

As a class, Type I sﬁpernovae show strikingly 1ittle variation in
their spectra. Some exceptions exist, for example SN 1962 and SN 1964.
which are silicon deficienl (Branch, 1980b)butotherw1se look like stand-
ard SN 1. The un1form1ty of the 'fingerprints' of standard SN I argues
for a common progenitor with uniquely defined features (such as mass).
The unusual SN I may arise from distinct, yet also fairly uniform pro-
genitor classes which are just statistically rarer than the standard Type
I progenitor: Plausible SN I mode]s which are close to, but not quite
the standard SN 1 may astually be valid mode]s for some of these unusual
supernovaeL Nevertheless the attention of theorists is naturally focussed

on determining the correct progenitor of the standard Type I supernova.
t

Light Curves

The light curve is the graphical representation of Tuminosity ver-
sus time. ﬁost commonly the luminosity is measured in stellar magnitudes,
_which is a-1ogarithmic scale, inherited from antiquity. Either monochro-
matic (i.e; narrow bandwidth) or bolometric (integratea over all wave- -

lengths) luminosity may be used. Typically, measured light curves are

Pt



monochromatic whereas theoretically calculated light curves are bolometric
and hence must be converted to allow compérison. This would be straight-
forward if the spectrum were truly blackbody but such is not the cas&. A
commonly used prescripticn is to assume the spectrum is blackbody down to a
cutoff wavelength ;f say 4000 ﬂ; below which there. is negligible flux. The
most commonly used wavelength for monochromatic light curves is the blue

band centered oﬁ 4400 A.

”

The light curve rises to a maximum in about 1522 days

(Pskovskii, 1977). On average the absolute blue magnitude peaks at

MB = -19.73 + 5 log (H/50) . (1.1}

where H is the Hubble thstant in units of km-s']:Mpc_1 {Sandage and
Tammannj 1982). This corresponds- to an oytput of roughly 2x1043 erg-sf]

at maximum. After. maximum the ]gminosity drops by ~ 2.7 magnitudes in the
next thirty days (Barbon et al, 1973), followed by an exponentially decaying
téi] with half-Tife ~ 55 days which lasts at least two years (Kirshner and
Oke, 1975).

The Hubble constant enters equation (1.1) through the distange
modulus. Estimates of the Hubble constant based on the ‘interpretation of
supérnova observations favour a value near H = 20 km-s']-Mpc_l (Branch, 1985).
(Branch argues that the value of H = 100 km-s"]—Mpc'T favoured by certain
astronomers is incompatible with completely disrupting white dwarf models for
SN T, such as the models considered in this thesis.)

The light curve can D€ summarized as being comprised of a 'hump'

followed by a "tail'. The transition point from hump to tail occurs about



thirty days after maximum light and is significant for several reasons.
It coincides with the peak of the colour curve: the ;taf is bluer both
before and after this point. Also, according to Branch (1982) this
rough]y coincides with the maximum of t;é photospheric radius. It is
11ke]y that these points are not just coincidental but mark a shift in-
the predbminant radiative transfer processes. During the tail phase
much of the gamma-ray enerdy is deposited above the photosphera (in an
optically thin environment) and hence is not completely thermalized.
(Such processes are not considered by the computer code deve1oped for
this work, so the calculations are terminated close to the hump-tail
transition). ‘ . et
As-is true for thgir spectra, the 1ight curves of SN I are fairly
homogeneous and are quite distinctivq. Strictly speaking, supefﬁovae
types are distinguisﬁéd by their spectra, but 1ight curves have also
been so.used when spectra were not available. In this fashion both
SN 1572 and SN 1604 have been c]ass1f1ed as Type I events from the shape
of their 11ght curves (Baade, 1943; 1945). Despite the aforement1on¢d
homogene1ty, Barbon et al (1973) proposed dividing SN I light curves into
‘two classes labelled ‘fast' and 'slow'. The fast supernovae have relative-
1y narrower peaks and gre?ter drops in luminosity prior to the exponentla]
tails than Jg.glow supernovae. Pskovskii (1977) tried to.quantify this: .
distinction by introducing a parameter which feflects the slope of the

light curve as it declines from maximum?~)He finds (as does Branch, 1982)

that the slow groﬁp tends to have hjgh@r photospheric velocities than does

-



the fast group. Also (Branch, 1982) the slow group seems to be intrin-
'sicalTy brighter than the fast group. If in fact SN I (or subgroups
thereof) are not all identical but show a range of characteristics, then
their usefulness as standard caqﬂjes for establishing extragalactic dis- °
tances “would be undermined. Tammann (1982) argues that the Pskovskii-
Branch correiations are not statistically significant and that in fact

all SN T are identical‘within errors of measurement. Even if the
Pskovskii-Branch cofre]ations are significant it is not clear from the

data.(Branch;_igsé) that a strict bifurcation into fast and slow types

is possible.

Remnants . : -

The distinction between a supernova and a supernova remnant (SNR)

‘is not sharply, drawn; the former eventually evolves ifto the latter.

Supernovae are pointlike sources.which emit predominantly in the visible

N

spectrum whereas remnants are extended sources which are re]at1ve1y weak
optically and are most prom1nent at rad1o or X-ray frequenc1es~ The study i?
of SNRs involves both the physics of the supernova exp1osjon "and the

properties of tﬁe interste]]af medium. The mass, composition, and kine-

matics of SNRs.provide constraints for theoretica] models of supernovae.
Statistics on the number and distribution of SNRs help determine the o;ér-

all supernova rate and may:provide inéight into the ﬁature of the progeni-
~tors. This is d1scussed in deta11 in the section on rates aQS’d1str1but1on.

With the exception of the Crab nebula, SNRs remained undetected

y'
until the advent of radio astronomy. At present about 130 Galactic radio

P
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- SNRs are known (Bfair,1982), but relatively few extragalactic ones.

Typically the radio emission is non-thermal and shows pclarization

(Blandford,1982). Radio SNRs are relatively easy to identify but the

lack of spectral lines limits the information obtainaole.from them.
0pt1cai emission from f11aments has been detected from about

one quarter of the radio SNRs (B]air, 1982).' Qualitative informatipn

‘ab0ut composition is easily obtained from the spectral data but quanti-

tative estimates of abundances are fraught with uncertainties. Lines

of oxygen, nitrogen, neon, argon, and su]pﬁﬁr have been seen in puta-

tive Type II remnants (Dopita, 1982). On the other hand the remnants

" of SN 1572 and SN 1006 show only the hydrogen Balmer 11nes (Dopita,

‘ ]982), this is %ronic as there is reason to be11eve (from the 11ght

. curves) that these were Type I events. This hydrogen was presumably

~swept up from the interstellar medium and was shock'heated. Estimates

of the initial explosion energy ot'various remnants give results of the

order. of 10°! ergs (with large scatter)-ooth from Sedov theory and from

estimates of the internal energy (Blair, 1982). .

. Great advances in f:rey astronomy wete made with the advent of the
Linstein Observatory. Roughly forty Ga]act1c SNRs have beeﬂ-observed with
it (Seward; 1982) and ‘many extraga]acttc sources as we]] (Helfand and
Long, 1982). Observat1ons made with the Solid State Spectrometer (SSS)
on the Einstein Observatory show evidence of silicon, sulphur, argon,

calcium, iron, and magnesium in most remnants. When normalized to silicon,

the 1etter two elements are significantly underabundant relative to solar
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abundances,fwhereas the other three are overabundﬁnt (Becker et al, 1980).
This is discrepant with theoretical mode]s of SN I which overproduce iron
(Wheeler, 1982). However, the assumption of jonization equilibrium used

to determine the abundances in SNRs is dubious; the Fe/Si ratio in the
rennant of SN 1572 determinéd using “the proportional counter on the Ein-
stein Observatory differs by a factor of ten from the same ratio determined
from the SSS data (Szymkowiak, 1980). The SSS aata has been re-interpreted
by Shulil (1982“0 considered nonionization equﬂ'ibrium effects. His re-
sults show that magnesium, calcium, argon, and iron are preséht in roughly
solar abundances relative to each other, with the silicon and sulfyr abun-
dances somewhat higher. The Fe/Si ratio agrees with the proportional coun-
ter estimate. Shull's results support Branch's 1dent1f1cat1on of inter-
mediate mass elements in the visible spectrum. This implies that nuclear
burning during supernova ignition does not go to comp]etion.throughout the

star.

-

-

In determining the mass range for supernova progenitors it helps
to. consider ‘the estimated mésses of the historical SNRs. The mass of Cas
A i;_ét least 10 Me (Wiheeler, 1981), which ig éonsistent with it being an
”_undéfiﬁminous Type II event. The est1mated mass of SN 1572 is 0.9-2.8 Me
'(Dop1ta, 1982) and it is 1dent1f1ed as a Type I event from its light
curve (Baade, 1943), which supports the hypothesis that SN I have progeni-
tors of relatively low mass. The Crab progenitor mass is estimated at 8 ﬁe
(Davidson, ]982) and contains a pulsar, which are both consistent with cur-

rent Type II models, although the data on the Tight curve are insufficient

to determine the Type.
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The existence of £he Crab pulsar highlights an interesting point.
Pulsars are now fimly identified as neutron stars. Baade and Iwicky
(1934) prqﬂjtted that neutron stars could be formed in supernovae. Theory
now suggests that SN II always produce neutron stars {or biack hgles)
whereas SN I never do. To test this hypothesis various SNRs hab;lbeen
searched for both pulsars and also thermal radiation from neutron stars or
pulsars not beamed at Earth. The data collected so far (Shapiro and
Teuko]sky, 1983) show no %gfinite pointlike thermal emission at tempera-
tures down to ~ 1-2x]06 K, although some faint fhterpu]se eqission was
seen in the Crab and Vela pulsars (Harnden et al, 1979a;b). Neutron‘star
coocling calculations {Glen and Sutherland, 1980; Van Riper and Lamb,1981;
Nomoto and Tsuruta, 1981) show that SN 1006 cannot contain a neutron star )
if standard cooling processes apply. The'Tychb and Cas A remnants are
marginal cases, but the data suégest no neutron stars are present. These
results unfortunately are open to more than one interpretation: either
no neutron stars are present, or the surface emission is qon—therma] (due
to étréng magnetic fields), or else exotic cooling mechanisms are at work
(due to pion condensates or quark matter). Asdfycho's supernova (SN 1572)
and SN 1006 have been identified as SN I the results are not shrprising;
the exploding white dwarf méde]s for SN I do not create neutron stars.

The case of Cas A is not so clear as it is (tentatively) identified as a
Type Il event. Both further observations and more stringent theoretical

limits are needed to.make an unequivocal statement on Cas A in particular

and on the presence of neutron stars in SNRs in general,



Rates and Distribution

With sufficient statistics on the rates and distribution of super-
novaé it should be possible to-determine the nature of .their progenitors.
The data for SN II are fairly consistéq} with their being young massive
stars, but the situgtion for SN I s less clear. The fact that SN I occur
in elliptical ga]akies where star formétion has (or is thought to have)
ceased (Tammann, 1932) has led to the belief that their progenitors are
old, low mass stars. Confirming this is the observation of Maza and
“van den Bergh (1976) that SN I in spiral galaxies are not concentrated in
spird] arms where active star formation takes place. The implication is
that their lifetimes exceed 3x]07 years, hence the progenitors had an
_original mass < 6 Mg‘(Biermann and Tinsley, 1974). On the other hand

Qemler and Tinsley (1979) argue that the SN I rate is corre]ated.to the

star formation rate which suggests that the progenitors may come from a
) )

G)'
Furthermore, SN 1 are not halo objects as they are concentrated near the

relatively young population (i.e. perhaps < 109 years, or > 2 M

disks in spiral galaxies (Tpmmann, 1982). Thus they come from an inter-
mediate age or old disk population (and also from the population found
in e]]ip%ica] galaxies). '

An important c]ue_into thé nature'of supernova progenitors is
their overall rate of occurrence. Tammﬁnn (f§82) has calculated a Galactic
'frequenS;EBf 0.050 SN per year, composed of partial rates of 0.027 SN I
per year and 0.023 SN II per year. Lyne (1982) has calculated the Galac-
tic pulsar formStion rate at -0.02-0.05 yrnl. Thjs range is consistent

(barely) with the assumptions that all pulsars come from SN II and all
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SN II result in pulsars. This is consistent with both the e

white dwarf models for SN I (which do not leave central remnants) and

the non-deteétion of any qedtron‘stars associated with Type I regpants.
Unfortunately there are other possibilities. Some %raction of neutron
stars and pulsars may be formed in events not classified as supernova
(say, an event with a re]at?ve]y Tow opvmigal ]umino;ity), and it is
possible that some SN II.prodﬁce black holes, rather than neutron $tars.
Thus the conclusion that SN I do not result in neutron stars is not 1;on-
clad. .

The above data on the Galactic supernova rate are based on obser-
vations of current superncvae. Alternatively one may use the number of
SNRs observable to estimate this rate. From their X-ray search of . the
Large Magellanic Cloud (LMC), Helfand and Long (1982} found roughly fifty
SNRs. They translate this into a SN ﬁate of 1 per 110 fo 350 years, which
is in agreement with the rate of 1 per 268 years for the LMC calculated
‘by Tammann.(1982). The data on SN II rates provide a lower bounﬁ on thé
. SN IT progenitor masses. The SN T rates tell rather less about the SN 1
progenitors as only a frgction gf the stars in €;e appropriate Ezss range -
(v 2-6 Mg) are needed to produce the observed SN I rate. The SN I rates
are however fe1evant to the calculation of Galactic iron production.

Supernovae play a crucial role in the chemical evolution df the
universe. The big bang theory restricts the initial chemical composition
of stars to be essentially just hydrogen and helium; other elements are

formed in stellar interiors and released through supernovae. Of parti-

cular interest to SN I calculations is the production of 56Fe, which is
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iron, this iron abundance is thought to have accrued so1e1y through

ejection from SN 1I. The mode]s,exam1ned in Chapter II typically produce

\“\\H’_w 0.5-1.4 0 of 56N1 per event, which betﬁjﬂecays ‘to iron V{z
© ot 56, 56. 56

, Ni + ""Co~ ""Fa . {1.2)

However, from the SN I rate and the estimated,Gﬁ]actic iron content the
allowed production of 56Fe is only O.B:Me per SN I, withiq;perhaps a fac=
@ tor of three (Tinsley, 1980; Twarog and Wheeler, 1982). This amount
would be raised somewhat if the Gaﬁaxy.is losing a sjgnificagt fraction t e ,) .
of its jron to the interga]actic medium, The most recent. models for SN I
; ' ~ produce 1es§ iron {~ 0.5-0.8 MQ) - than do thg earlier modeTéh(typica]1y

4 1.0-1.4 Mg), which to a large extent mitigates the iron overpreduction

preblem. . .

Summar¥ o ' o
compared to SN II, say) sug- ‘

The remarkablg. homogeneity of SN I
gests thak théir progenitors are rather uniq

stars near the Chandrasekhar mass pravide such a population,™ds first -.¢.

defined; White dwarf

suggested by Schatzman (1963) . White dwarf progenitors are also indica-
. ted by the constra1nts on the or1g1na1 stellaf mass. (i.e. ~ 2-6 M ),
stars in this rang’/usua]]y evoive 1ntd wh1te dwarfs (Wheeler, 1981)
.(Note that this mass range represents the initial mass of the progenitor.
At the time of sﬁpefnova ignition the star may have lost an appreciable
fraction of this mass either as a stedlar wind or by ~accretion onto_a

~ - binary companion.) _ o
- ‘ rd
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30 days after maximum light.
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SN T do not appear to form neutron stars, although the data are
not conclusive in this regard.
At maximum 1ight the material at the photosphere is of roughly

solar composition (apart from the lack of hydrogen, and moves outward

1

at v 11,000 km-s~ ',  Several weeks later slower (5'8,000‘km-s']) iron

and cobalt are seen as well, ‘ .

Estimates of the Galactic iron abundance favour a relatively small

5

output of 6Fe'-(i.e. << T Ne)-So do the observﬁtions of Tow iron abun-

'dancé in SN I remnants. On the other hand the. light curve suggests the

presence of at least 0.3 Mg of iron. So do the estimates of the kinetic
. - w0 the s of kinei
energy of, the ejectd (if this energy derives from nucleosynthesis).

.The Tight curve consists of a hump followed by a tail. The hump

., -

rises to maximum,jight (Mé = ;19.7) in ~ 15 days and then falls somewhat

less steeply. . The eibdnentia1.tai] (half-1ife ~ 55 days) starts about

This concludes the review of the observational constraints appli- -
.. . &

- .

cable to models of Type I supernovae. In the next chapter we pass to a -

review of pasf progFéss-of‘sucH theoretical models. . .

x -
L
L4
,



CHAPTER 11

3

THEORETICAL WORK ON SUPERNOVAE

Degenerate Cores

Matter at high density (p > 50 TE/B g-cm'?, whgrg'TB is the tem-
'peratufe in millions of degrees Kelvin) is QLpported primﬁﬂi]y by the ?‘*.
pressure of dégenefate e]e@trons. Stellar evé]ution calculations indicate
that degenerate cores fqrm at the centre of certain stars. A white
dwarf is an example of sﬁch a degenerate core in isolation.

One- of the most important advances in theoretical astrophysics was
the realization-that such degenerate cores have a maximum mass (Chandra-

sekhar, 1931) above wﬁich collapse occurs., This limit is

M. = 5.6 w Mg o (2.1)

wherg Ha is the ratio of the number of nucleons tq the number of elec-
trons. As a degenerate core_appfoaqhes this.mass thevmatté} becomes high-
ly compressibie (th; adiabatic index drops to 4/3) re§u1fing in very high
d%psities."For convenience such degenefate cores close to the Chandra-
sekhar mass are hereby referred to ;s"criticai cores..

A critical core exists on the Verge of instability and is essential-
ly a disaster waiting to happén. Some of the possib]e fates 'which await
it are detailed below. |

' The simplest fate is that further accretion of matter pushes’ the

critical'core over the Chandrasekiflr mass whereupon it collapses to a

R

19



20

neutron star (releasing much gravitational binding energy i the process).

The accreted matter may come from one of two possible sources: either a

diffuse envelope surrounding the core (as is possible with réd giant stars),

or from a binary companion star (if the orbit brings them sufficiently

close” together to permit significant mass transfer). |

As ‘the mass of a-degenerafe cﬁre js increased the density increases

; and Hence so does the electron Fermi momentum. At high enough density the -
nuclei may become susceptible to electron capture. Electron capture will
raise He and hence lower the Chandrasekhar mass, again cauéing collapse to
a neutron star. (This i§ the triggering mechanism in current Type II mo-
'H///a%1s.) _ .

If the critical cofe.is composed of relatively light elements such
as helium or carbon then the possibility of a thermonuclear runaway exists.
If the matter is heated beyond ~ 108 K (for helium) orwalog K (for carbon)‘
the matter will ignite, resulting in either a detonation or a deflagra-
tion which consumes most of the core. {For details of these processes see
the'sectioq-on incineration mechanisms.} The explosive nature of thié
ignition'led Hoyle and Fowler (1960) to suggest it as a viable supernova
triggering mechanism. (Note that for pure helium, degenerate.core ignition
may occur at the relatively low mass of 0.7 M9 (Chevalier, 1981). The de-
finition of critical core§ must be stretched somewh;t to include this éar-
ticular case.)

Even if there is an efficient cooling mechanism that prevents the

requisite ignition temperatures from being reached, both helium and carbon

will ignite due fo pycnonuclear reactions if sufficiently compressed (see
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Salpeter and Van Horn, 1969). For carbon this density is ~ 3X]09 g~cm'3

(Nomoto, 1984). (Earlier estimates of the pycnonuclear carbon ignition'
density were significantly larger, & ]O]O g-cm-3). The results of this
Process are similar to those of thermonuelear runaway as mentioned above.

- The motivation for def1n1ng critical cores is pr1mar11y to draw
attention to the s1m11ar1t1es exh1b1ted by all putative supernova pro-
genitors, be they compact (]1ke white dwarfs) or extended (1ike the helium
stars). Virtually all supernova models utilise critical cores as their
ultimate energy sources- The connection between cores and supernovae is
reciprocal: not only are cr%tica] cores the 6n1y practical source of
supernova-scale energies (~ 105] ergs), but a supernova -scale catastrophe

is almost 1nev1table once a critical core has formed.

Energetics

From the details in'the previous chapter the energetics of SN I
may be quantitatively studied. There are three phases in a Type I super-
nova which require (possiblj‘distinctj sources of energy. Tﬁe first is
the kinetic energy of the explosion itself, in which ~ 1033 g of matter
are accelerated to an average velocity near ]09 s'], requiring ~ ]05]
ergs to be re]eased~ The second phase is the hump of thé‘T?Eﬁt curve,
in which a Juminosity averaging 1043 ergs-sf] is maintained for ]06 s
requiring ~ 1049 ergs of energy to be rédiated over this time. The third
phase is the exponentié] tail of the light curve, QUfing which a further
a% 1049 ergs is radiated over a period of many months. These phases are
discussed in turn.

The kinetic energy given to the disfupting star (> 105] ergs) re-

presents ~.0.1% of the total rest-mass energy of the star. :Only two sour-
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ces of this much energy are available: one is the gravitational energy
released in forming a neutron star, and the other is the nearly instan-
taneous release of the remaining nuc]e?r fusjon energy. (k_third poten-
tial source of the requis%te energy is from the collision of two stars.
This hypothesjs is in disrepute since the calculated stellar collision
rate is much lower than thé observed supernova rate.) The starting point
for both viable processes is a critical core as described in the pre-
vious section.

The former source (gravitatignal collapse) was suggested .quite
\ early on by Baade and Zwicky (1934). The detailed calculations of cri-
tical core collapse remained intractable until computers were developed
to perform them numerically. The first such calculations were those of
Colgate and White (1966) which involved a high density (p > 10') g-cn™3)
core which collapsed due to electron capture. Despite the plentitude of
energy available (~ 1053 ergs) it was not clear how to transfer the nec-
essary 1%l0f 1t to the outer layers (which were ejected). Colgate and
White proposed that neutrinos effected this transfer. However, the
physics of neutripo interactions was nof well undérstodd at the time and
has undergone revision since the discovery of neutral currents in the
- 1970s. It is now believed that the neutrinos get trapped in the infal-
1ing core. In current models the energy transfer is effected by a hydro-
- dynamical shock caused by‘the 'bouﬁce' or rebound which happens when the
1nfa111ng matter surpasses nuclear density (Brown, 1982; Bethe, ]982)

These models are now used pr1mar1]y for Type 11 supernovae
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As pointed out by Hoyle and Fowler (1960) thermonuclear runaway
is a viable altermative to gravitational collapse. They proposed
that the explosive burning of degenerate carbon, oxygen etc. would occur
in critical cores prior to gravitational collapse. It is now believed
that either thermonuclear or pycnonuclear rungway is inevitable prior to
collapse in a critical core composed of low mass elements such as carbon
and oxygen (see reviews by Mazurek and Wheeler, 1980; Sugimoto and Nomoto,
1980). The SN II models mentioﬁed above bypass tﬁis state by bﬁrningl
their fuels before degeneracy seés in. ‘

The incineration of the nuclear fuel provides an adequate energy
source for the first phase of the supernova. But the peak of the light
curve occurs ab0u£ fifteen days later, when the radius of the nebula

15 cm. If the progenitor was compact (initial radius < 109 cm)

. exceeds 10
then cooling due to adiabatic expansion woyld be.extreme1y rapid. In
ieu of other energy sources the light curve would. fade out in a matter
of hours. There are two possible ways around this problem: first, late
time energy input from radioactive decays; and second, the progenitor

13 cm).

could. be extended rather than compact (i.e. initial radius > 10
Lasher {1975, 1980} has shown the viability of the latter possibility,
but in thé last five years great success has accrued to models invoking
the radioactive decay of Ni and its daughter 56Co'.

The cause of the exponential tail was not addressed in Lasher's
extended models, but the tail is a natural consequence of the scenario
of 56Ni and 56C0 decay. The observed ~ 55 day half-1ife of the tail

initially misled researchers into looking for a decay scheme with such
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a half-1ife, but recent calculations (Arnett, 1979; Axelrod, 1980;
Colgaté, Petschek and Kreise, ]980; Weaver, Axé]rod and Woosley, 1980;
Chevalier, 1981) show that the 78.8 day half-1ife of 56Co is modulated
to the observed v 55 days by the increasing transparency of the ﬁebu]q
to gammé-rays=

Using the radioactive decay models one may attempt to determine
the amount of 56N1 required tgfpdwer the hump (or the tail) of the ob-
served light curves. However, there- are three compounding sources of
error in such an estimate. First,.the measured apparent (monochromatic)
magnitude of the supernova must be converted to an absolute magnitude
using the Hubble law, but the Hubble constant is uncertain by at least
50%. Second, the bolometric magnitude is found by integrating the spec-
tral profile. This also introduces error since the spectrum is not truly
blackbody. “ Third, the'efficiency of the convErsion of the radioactive
decay energy‘jnto thermal energy is uncertain} some fractibn will eScape
the nebu]é as gamma-rays. As a result figures ranging from 0.2 Me to 1.4

of 56Ni have been deemed acceptable for pbwering the light

M9 (or more)
curve. For example Chevalier (1981) finds that 1.3 (H/50)"2 Mg of Gy ~
fiés the peak of the light curve, but he assumed the spectrum to be black-
body. For a spéctrum deficient in the u]travﬁoiet this estimate cou]d‘be
significantly reduced (perhaps by as much as a factor‘of two or mpre).

As detailed in Chaﬁter ITI the incineration of matter into nuclear
stétisticaT equilibrium inevitably produces 56Ni. The real question is

just how much of the critical core (up to 1.4 Me) is so affecteq. Un-

fortunately the observations do not set stringent Timits. WNevertheless,

’
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56N1 production is probably less

two factors suggest that‘the actual
than 1 Me per event. The first is the estimate of the Galactic iron
abundance, whfch implies a 56N1 preduction of ~ 0.3 MB per event {albeit
with large error). The second follows from Chevalier's estimate (;nd
sim11ar ones); most astronomers believe H > 50 km-s'] —Mpcf], so 1.3 M@
becomes an upper bound., This value is reduced further by the truncated
spectrum effect mentioned above. Thus, models which completely prbcess
their 1.4 Me cores to 56N1.tend to be too bright. Furthermore they do.
not contain the intermediate fass elements (51,5,Ca, etc.) identified in
the SN [ spectrum and they also show unacceptably high ejecta velocities

{(Wheeler, 1982).

Incineration Mechanisms

In all recent theoretical models .of SN I the explosions are trig- .
gered by one qf three processes: Earbon detonation, carbon deflagratioﬁ,
or helium defonation. These procéssgs all take place under the conditions
'of-degeneracyrand high density typical of critical cores.

Thé rate of nuclear burning (i.e. fusion) for,céfboﬁ (or he]ihm)
increases with both temperature and density. There is a boundary (for each
element) called the ignition line in the (p,T) p]ané, on which the energy
generation rate equals the rate of energy loss by the various cooling
mechanisms. When some region in the critical core crosses thjsm
Yine then the 1oca1.temperature qUickIy rises. This then throws the énérgy_

production and cooling rates further out of balance, so a positive feed-

back is set up which drives up the temperature. If the matter was non-
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degenerate then the pressure would rise with the temperature, causing
the hot region to expand into its surrounaings and cool, interrupting
the feedback. This regulatory mechanism is absent if the matter is

degenerate since then the pressure is {to first order) independent of

temperature. Thus in degenerate matter a runaway ensues which continues

* until the degeneracy is 1ifted or the fuel is expended. In either case

a great deal of thermal energy (v 1018 ergs—g']) is deposited in the
hot spot wHich credtes some overpressure which propagates as a shock
wave. As this shock waﬁe_trave]s through the unburned material it:.com-
presses and heats the matter, causing it to burn faster. -If-the newly -
shocked ﬁatter burns fast enough (burning time is less-than the dynamical
timescale) then thé burning front is effectively coincident with the
shock front and the process is ca]led a detonat1on " The detonation will
process a]] the available fuel into nuclear stat1st1ca1 equilibrium (NSE)
before the core is disrupted. If on_the_other hand the shock is-relative-
ly heak tg;n ip will not drive the unburned matter into NSE, but even-
tually convective énergy transpoirt from the original hot spot may further
heat the unburned mater1a] untdl it too is incinerated. This process is
called a def1agrat1on and is character1zed by a subson1c burning front.
The.case of detonation is relatively simple to ca]cu]ate as the
shock ve]ocit} (and hence the bur;ing front velocity) is known, and the
burning takes place before the core has expénded. -Deflagrafion calcula-
tions are moré uncertqin; the velocity of the burning front (thé'de<
fiagratioﬁ velocity) must be specifigd jn some manner (various prescrip-

tions are given in Sutherland and Wheeler, ]984;'Jeffery and Sutherland,

1985; ‘and Nomoto, 1984). This is crucial because the bUrning front is
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*Tn competition with the expansion of the core which reduces the nuclear
burning rate. -

If the runaway is 1nitjated at the base of the he]idm layer (as
in the models of Nomoto, 1982a) then the detonation wave will propagate
out - through the rest of the helium. Depending on conditions a second
detonation wave may propagate inward through the carbon-oxygen. Although
such models produce reasonable Tight curves (Nomoto, 1982b) .they are open
to the objection that no intermediate mass elements (Si,S,Ca,Hetc.) are
present as are identified in the spe;tra.

Alternatively the runaway may start in the carbon at the stellar
centre. The early cilcu1ations on this problem (Arnett, 1969; Bruenn,
1972) assumed that such ignition would lead to a detonation. However,

" later calculations (Nomoto, 1984; Nomoto, Sugimoto and Neo, 1976 Ergma
and Tutukov, 1976) show that the overpressure (and hence shock strength)
from central carbon ignition is relatively weak ahd is not sufficiént to
create a detonation. Thus the current consensus is that centra] carbon
ignition 1eads to carbon deflagration. (Note that the compos1t1on ls
assumed to bg a mix of carbon and oxygen. As carbon hag the smaller
Coulomb barr1er it 1gn1tes f1rst so the carbon ignition line is the
cruF1a] one.” Dnce.a carbon runaway-occurs then the oxygen ignition Tine
will a1§o be crossed.so both elements become - 1nc1nerated )

Whether it is the carbon or the helium which first reaches dts

ignit1on line may depend on the previou§ history of the critical core.
For accreting white dwarf.models the aecretion rate is a tfucia] para-

meter in this regard. -Fugimoto and Sugimoto (j982) and Fugimoto and
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- Taam (1982) have calculated the dependence of ignition type on the ac-
cretion rate. But it‘is not clear that both types of ignition actually
occur in SN I, which show remarkable homogeneity as a class. As pointed
out in the next section helium detonatipn models violate certain obser-
vational constraints and so may be muth'rarér than indicated by the above

authors.

Progress of Theory

In this section the recent theore?ica] work on SN [-is reviewed.
The papers are discussed }n roughly chronoiogica] order. At the end is'a
summary of pertinent results which provides the motivation for the models
examined ]atet in this work.

Arnétt (1969) cons'idered the evolution pf stars in the range from
"4 to0 9 Mg, with'cﬁiticpT carbon-oxygen cores. Central carbon ignition
occurs which raiéeg the temperature greatly but results in an overpressure
of less than 3% (due to the degeneracy). It is demonstrated that if de-
tonation is initiated then it wiil\se]%-propagate resulting in complete

core incineration to 56

Coigate and ﬁgﬁée (1969) calculated the Tight curves resu]tihj from
56Ni decay in déta%l. They conSidered models of 2 Mg and 10 Mg respec- '
tive]&ﬂand used detailed opacity functions. (For reasons detéi]ed in the
next chapter the ohacity'is usually paraﬁbtriied, és there are too many
uncertainties to determine it exactly.) Cngate and ﬂcKee were the first

56

to demonstrate numerically the viabi]i;y of “"Ni and 56Co decay in explain-

ing the Taté time light curve.

Ni. Tﬁg Tight curves were not explicitly calculated.

\
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*

The essence of the radioactive decay model is that there is a de-
tay ip the release of some of the nuclear energy. Despite the prodigious
amount of energy released at ignition (f 105] ergs), the star is very ef-
fi;iently cooled by adiabatic expansion. The radioactive dean energy is
released continually throughout the expansion and serves to reheat the
matter. Typically about 1050 ergs are stoyed in 56Nionuclei for later
reTease, a.small amount compared to the explosion energy but large com-

49

pared to visible -1ight output {~ 10 ergs). Some of the decay energy es-

capes the system but a fraction is trépped (deposited).and thermalized,
and subsequently emitted as thermal radiation. - |

Whelan and Iben {1973) proposed the accret}ng white dwarf m;del to
explain the existence of SN I in elliptical galaxies which no longer ex-
Hﬁbit star formation. The model considers a carbon-oxygen white Hw&rf
in a close b1nary system with a main sequence star Such a system remains
quiescent for a long t1me per10dfantﬁ1 the main sequence star evo]ves to
_the g1ant phase whereupon it overf1lls its Roche lobe and transfers matter
onto the white 'dwarf. The accreted matter is (or burns to) helium and
reventua]Ty pushes the white dwarf up to a critical mass w1th‘a resultant
supernova. This scenario is ét present the mOs% pbpu]af metﬂod,of genera-
ting Type I supernovae.

Lasher (1975,1980) demonstrated the feasibility of extended pro-
genitors for SN I. He made no atfempt to utilise realistic stellar mb-.
dels and did not consider 1ate-t3me heating by radioactive decay. His
models had three adjustable ;arameters which were fitted to the hump of
the SN I Tight curve,"The'beﬁt fitting model had M = 2 M g 0= 1078

51

g-cm™3, and-E = 10 ergs, and gave Mg = -18.5 at maximum, and v

surf
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1.0%109 cm-s']. The mass of the. progenitor and the energy released are

K . .
cm, which is exception-

plausible but the 1nit1ai radius exceeded 3><101
a]]y‘Targe fg$¢é$3tar.A It is quite possible, however, that the hump of
- the 1i§ht‘curve is &ue to a combination of both radioacti;e decay and
the effect of an ex{ended progenitor.’

Nomoto, Sugimoto and Neo (1976) argued that the assumption that
carbon will detonate is incorrect. Their calculations show that the
shock resulting from central éarbon ignition is too weak to cause in-

cineration, so burning must proceed by the s]oweﬁ process of deflagra-

tion. The deflagration velocity was quite uncertain so it was simply

W 4 :
paramethfbgg as a fraction of "the sound speed (the fractions 1/5 and 1/100
) .

being used explicitly in their calculations). .

-

Weaver, Axelrod and Woosley (]980), and also Woosley, Weaver and

Taam (1980) performed numerical calculations on accreting white dwarf

models of various compositions. Two of their models had gextended helium

1 cm surrounding the white dwarf, the remaining

shells of radius ~ 10
“models weére compact. The supernovae ‘were triggered by (double) helium
detonation which incinerated the cores entirely. The late-time light

56Ni and 6

curve was powered by Co decay with the gamma-ray opacity taken
to be 0.06 cmz-g'][ dverall the compact models givg good fits to the
light curve, the extended ones somewhat less so (the humps are not pro-
nounced enough). The velocity profile of their Model A is too high, indi-
cating excessive initial energy release. Even more serious difficulties
are the creation of high-velocity nickel and the dearth ofjintermediate

mass elements. The spectral fit of Model A is in rough agreement with

-

e
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observations as both spectra are dominated'by iron lines, but Modél A's
'spectrum lacks certain notable features such as the ca]c1um lTines. In
summary the mgde1s argue for the production of significant amounts of
% N1 in SN I, but argue against complete core incineration.

Chevalier (1981) also calculated light curves for accreting white
anrF models with'SGNi décay. He found (as above) that carbon detona-
tion produced far too little of the intermediate mass elements, and what
thére was moved toq-fast (v BOOOOIkw-s'])E The carbon deflagration model .
burnt TTU*MQ‘Qﬁ the 1.4 Mg core to 56N1, which wés assumed to be mixed
-1

throughout thE-remnant{ The opacity was taken to be 0.1 cmz-g The

-

models were compact. Thé density profile was taken‘to be constant in the
interior and proportional to r'z in the outer re910ns Cheva]ier,found'
that the peak of the 11ght curve cou]d be powered by 1.3 (SO/H) M of

$6Ni. As noted earlier, this may be an overestimate <ince the spectrum

- is not blackbody.

Arnett (1682) used anjlytic models of SN I to study the hump of

‘the Tight curve. Certain simpli?yjng assumptions‘had to"be made to re:s

duce the problem to analytic form but nevertheless some interesting re-

" sults were. obtained. One is that the shape of the light curve depends

on the value of his (opacity dependent) parameter 'y'. For a given

e

' progenitor mass and explasion energy it is possible to Ehopse the opacity

so that the peak of the Tight curve is correctly timed and the hump has
the proper width. Another point is that (other things being equal) the
initial progenitor radius onfy affet@; the 1ight curve for the first

twenty-five days or so. This means that the width of the humb'is not

P -
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strongly dependent on the extent of the progenitor (but it dges'depend
on the maés.of the progenitor).

Schurmann (1983)_ca1cu]ated light, curves for both compact and ex-
tended progenitors. No dynamics,were included; the calculations start
with an assumed densiiy distributigq (1ike Cheva]ier's) in a-state of

homologous expansion.~ The velocity at the core boundary was vérious]y

taken to be 9000 km-s'1%or 10000 km-s~]

R &he (bptiéa]) opacity was ta-
“ken to-be,Ong cmz-g'I o; else 0045 cmz-g-] (also some simple time- |
dependent opacities were used in certain models). The gamma-ray deposi-
tion was approximated by an ana]ygﬁc function.. The tonventjon of trun-
cating the spectrJE shortwards of 4000 A was used to aé;odnt for the ob-
served paucity of ultraviolet flux. This has the effect of enhancing

- the hump of the 1light cuvve as seen in-bTue light. The obﬁerved light

© e —~— _ _ _
curves of SN 1972e and 1981b are well reproduced by these models but this_
is.a result of a g;dicioug choice of parameters. Both the compact and
the extended models fit the observations. .
Sutherland and Wheeler (1984) numerically followed the evolution
of exp]oﬁing}éarbon:oxygenlhe1ium white dwarfs. The convention of trun-
cating the spectrum at 4000 A was adopted. The optical opacity was

i¥d constant at 0.1 cmz-g"]

a]though their Model C investigated the
'ffédt of a sqgcia]fy dependent opacity: The gamma-ray deposition was
calculated numerically to™wake account of the non-uniform mass diétri-
bution. -The gamma-ray opacity was taken to be 0.03 cm g The models
were all initially compact As found in some of the ear11er work the com-

pietely incinerated model (M%de] A) was too fast and too bright and failed
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to contain the intermediate mass elements. The most promising models 1in
terms of satisfying the observational constraints were B and €, in which
1.0 M9 of the 1.4 M@ star is burned to 56N1,Jsimj1ar tnghevalier's carbon
_def]agratioﬁ model. .

Nomoto (1984) performed numerical calculations on accreting white
dwarfs up to the stage of carbon‘def1agration. ‘ﬁe points out that even
relatively cool white dwarfs wil] undergo pycnonuclear carbon ignition when
the density reaches-3XI09 g-cm'3, a significantly smalleF density than |
preVious]y reported. This means that neutronization via electron capture
is not likely to bé very pronounced in SN I, as the density wil] never
become large enough. The models stil] use a parametrized deflagration
velocity. A detailed nuclear fEaction network keeps track of the comﬁo-
sition as‘bﬁrning proceeds. Typically 0.4-0.7 MG of 56Ni is produced per‘
event, a]ong with a comparab]e amount of other iron-group and hntermed1ate
mass elements produced by part1a] burning as the def]agrat1on wave dies
out. This result is interesting because previously it was assumed that
a]f incinerated matter burned to=56Ni, 50 the kinétic energy released in
the explosion was d1rect1y related to the late-time energy release.. A1so,
this model satisfies many of the propert1es observed in SN I; at ear]y S
t1mes “high velocity (> 10000 km-s~ ) calcium and-silicon (for examp]e)
lines will be seen in the spectrum, wh11e at ]ater times slower moving .
iron and cobalt will be seen.

In summary the evidénce favours cafbon deflagration as the means of
producing a Type I supernova. The observation of early time photospherfc
velocities near 12000 km-s'] suggesf that roughly 70% of the matter is

P L)
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b

incinerated (as in Chevayier's deflagration model and in Sutherland and
Wheeler's models B and C). On the other hanq the nature of the progenitor
is still uncertéfn: The calculations show that for the'compact models
{i.e. white dwarfs) radioacfive decay can power both the hump and the

tail of the light curve. Less work has been done on extended progenitors.
The success of the radioaqtive‘decay hode]s suggests that even for ex-
tended progenitors the bulk of hump's energy comes from radicactivity,
but some fraction may neverthe]e;s result from fhe initial mass distribu-
tion. . The &im of this thesis is to examine the feasibility of extended.
SN I progenitors by performing detailed hydrodynamic calculations to de-
termine their characteristics; ‘Attention is given primari1y to the

light curves (both bolometric and‘blue) and the photospheric radius,

velocity, and temperature {(which determines the colour index).



CHAPTER 111
THE CALCULATIONAL METHOD

The Hydrodynamical Equations
A star is best.described in t:>¥s of macroscopic properties such
as pressure, temperature, density, and entropy. These quantitiés are well
defined in stars since they vary negligibly on the scale of the mean par-
ticle separation. After supernové ignition the particle interactions
are insignificant and the material behaves as a fluid (Et least until the
temperature” falls below a few_thougand degreeé when recombination and
grain condensation may 6ccur). The assumption of local thermodynamic
equilibrium (LTE) allows the application of standard thermodynamic rela-
tions. The supernova thus becomes a problem in filuid dynamics. .
For comp]gte generality four indepéndent coordfnates are needed,
three space coordinates and time. The aSsumption of spherical gymmetry
eliminates two. coordinates, greatly simplifying the computations. Despite
. the épparent sphericify of the nearest star'(the sun), in'ste]]ar mode1-
= 1ing certain sphericaf1y asymmetric effects may be important: notably
'rotation, magnetic fields, and turbulence. Ashherical supernova calcula-
tions have oniy recently been attempted (Muller and Arnett, 1982; 1984)
and require powerful computing capabiTitieé. In the present work sphericai
symmetry is Blways assumed. ‘

The remaining spatial coordinate may be chosen to be any monotonic

function of the radius. The two common alternatives are the Eulerian sys-

.

3¥
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tem (cbo%dinates fixed‘in'space) and the Lagrangian system (coordinates
comoving with the matter). The.Lagrangian system is the more convenient
for this particular problem since the outér boundary (surface) of ‘the
supernova then remains f%xed. Thus Lagrangian coordinates are used forth-
with,

The independent spacial coordinate s ‘m', defined by
Lo

r .
n(r) I ar(r' )eo(r )dr' . BRER)
0

Thus the mass function 'm' at a point ‘r' is just the amount of mass in-

terior to 'r'. In keeping with the choice of m as the independent variable

-

this equation may be re-expressed in the'fo;m

23
= 4y 5 {3.2),

VEp-]

which is the first of the hydrodynamic equations (the Continuity equation).
V' ois referréd‘to as the proper volume. _

| The remaining equatians ére discussed in turn (for further detail
see for example Falk and Arnett, 1977)._ : . : -

Ve16city equation:

o

r

v = ¥ - o (3.3)
‘ X
- Momentum conservation:
3V _ 2 3P Gm .
,a—t = "'an‘ am 2 ‘. (3'4)

The only forces of note are the fluid pressure gradient and gravity.
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. Energy conservation:

3E WV ol _ .
ﬁ'“"P,—a—f'*‘m-L . (3._5)

Both the energy 'E' and the net energy sourcés 'I' are intensive va-
riables, being measured per unit mass. The iuminbsity ‘L' is an exten-
sive variable (it is the total thermal-radiation through a sphere of
constént 'm'). The energy"E' consists of the internal energy of the
particle fluid and the thermal radiation field. Energy gained or lost
locally through radioactivity, gamma—réy productién or deposition, or -

néutrino production appears in the term '%'.

-Radiative diffusion

!
L. -~ (3:6)

2,2
) m

L' = -(4nr

Radiative diffusion is a valid approximation if the photon‘mean free path
is much less than the temperature scale height. Defining a dimension-

less parameter 'x' by

= 411'?‘2 gli ° A (3 7)
37 | om

then equation (3.6) is valid for x << 1. Since this condition is.not al-
ways fulfilled in supernovae the'1uminosity_1s modified by the use of a

flux limiter (Alme and Wilson, 1974):

1

L = L' [1+x+3x-exp(-3x/2)]" (3.8)

+
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By using this flux limiter it is possible to extend the use of the radia-
tive diffusion equation (3.6) into optically thin environments.
Also needed is the equation of state specifying the pressure

P

P(p,T,ue,ui), the specific energy E = E(p,T,q\,ui), and entropy
S = S(D’T’“e’“i)' To complete the picture it is negessary to specify the

] 1

opacity 'x', the energy sources 'L', and tﬁe boundary conditions.

The essence of the prob]ém is to solve equations (3.4) and (3.5)
which are two coupled second order partial d%kferentia] equations. (The
other equations may be regarded as definitioné.) This is done by approxi-

mating the hydrodynamic equations by finite difference equatéons.

-
L)

The Finite Difference Equations

Finite difference equations have been in common use since the -advent
of computers (see e.g. Richtmeyer and Morton 1967; hereafter RM). The
method entails evaluating the dependent variables only at certain discrete
values (known as mesh points) of the-in;;;;;Hent variables. Derivatives °
are then approximated‘by secants taken between adjacent mesh po{nt;. Clear-
ly, a denser mesh gives better estimates of the &erivatives, but the price
is an increase in computing cost. These two factors must be considered
in determining the optimum mesh density.

It 15 not necessary for thé ﬁesh points to be evenly spaced in
either variable (m or t). Neverthg1e§s. for notational purposes the'mesb

points are always referred to by ordinal numbers. Subscripts refer to mass

zone numbers whereas superscripts refer to time step numbers.



Defining the mass and time increments

n

1 _t
ath %-(At"+2-+at” y

Amk+5 =z mk+] -mk s

L
Amk = ? (Amk+_,2_ +Amk_,‘) y

&

then equations (3.2) to (3.8) may be differenced as

n 3 N3
A
k+!; 3 .f_‘sm;d__lé | ?
- pNH1_n
Vn+li I 1’k i
ko as
Nt  n-i n+A _phtA
e k. an( n+A)2 Piews, ~Pyy)  Gmy
A" am, (rE+A)2
pNHT_gn yn+1 Vn N+ n+
k+!i k+!§ + Pn+!i ’ k+1 k+1 + k+1 k - En+1§
n+-l§ k+!§ |"|+3 . Amk‘f'li k'l’li

At At

. n n
(T [4n(rn)2]2 ac i) =T
k k' 3 n Am ’
Kk k
4 4
. x: : {2w(r ) ac(T 2+;)} s
=1
Lk L'n{1+xk+3xk-exp( 3x:/2)}

-
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.]9)-
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Note that in equation (3.13} the exact éxpression for the specific
-volume is used since it is available.

Certain variables in the finite difference equations appear with
ha]f:integra1 subscripts or superscripts. This follows from the presence
of derivatives in the hydrodynamical equations; derivatives are evaluated
midway between two megh points. Thgre also occurs in equation (3.15) the
superscfipt (n+X). This represents the point midway in time between tn"é

N .
and t° ¢, thus . . |

N

n+i nt+:

1
t" = g1 (At

Foat" e (3.20)

This differs from t" itself ‘only when the time step size changes frbm one

iteration to the next. -In practice the following approximations are used:

ks T Tk T Ty

T Tt Y S Y E 30
. oph o _pn-l
.11, +1 ~ C kg _
PE+§.= : i - B22)
- At
‘- ' . ool . _1 N
. CRT R N N g sy L (3.23)

. Equation (3.16) calls for the pressure and Tuminosity evaluated
at time”(m+%), whereas the. other equations define them at time n. This |

is remedied by defining ,
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nt!, _ 1 n+] n
Pk+li - -2_ (Pk_*_l2 +pk+|2) L] (3.24)
. : er1+=2 - GL”” (1-0)1_'; . (3.25)

The parameter ¢ allows one to choose between forward differenced
(0 =0), backward differenued (6 =1), or time centered (0 =1/2) equations.
For a discussiun on the merits of various choices of 4 see Appendix A.
The. value 0 = % was chosen in all the célcu]ation§. | /

Taking equations (3.13) and (3.16)}together, each variable is de-
fined at either integral or half-integral mésh points, but never at both.
Therefore all half- integers can be rounded up to the next integer w1th0ut
causing confusion (i.e. the var1ab1e name jtself suff1ces to d1st1ngu1sh
between 1ntegru1 and half-integral subscripts), This allows the variables
to be simply stored'as a;rays.

A few more ingredients are needed before the equa;hnm can be solved.
These are:‘ (i) an equation of state to determine the pressure and energy,
(1) the energy sources, represented by 't',- (iii) the opacity"x’,_
(iv) the effect of shock waves, and (v) the boundary cond1t1ons buints
(1) through (iv) are .discussed in subsequent sect10ns of th?S chapter.

\ In a’standard forty zone model the zones are numbg from 2 to 41

respectively. An artjf?cia] zone (#1) is created with the game pressure;
temperature and densitf as zone 2, and with outer radius r=0. This zone

ensures that .the gradients of P, T and ¢ vanish at the origin. Another

artificial zone (#42) is created on the outside with zero temperature and
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pressure and serves to carry awéy the Tuminosity oézghe star. It.ré; |
mains tn specify the initial condition i.e. the state of the star at

t =0. The various initial models are discussed in Chapter IV. The
white dwarf core typically consists of forty zones, with a further twen-
ty zones or so fon the extended envelope. The initial models are in
hydrostatic equi]ibrinm prior to nuclear runawa}. 8

The calculations are initiated by explicitly switching the de-

‘sired number of zones into nuclear statistical equilibrium. Since the

.progress of the burning front is not calculated, the total amount of in-

'éinerated matter becomes a free parameter. bef]agratidn calculations
(Nomoto, 1984 Jeffrey and Sutherland, 1985} show that typfca]]y 1 Me is
incinerated; the remainder of the core being ejected in an unburned {(or
artially burned) stafe. The deflagration calculations themselves contain

ég free parameter and so do not give unambiguous results. Jeffrey and .
Sutherland (1985) show that the density and velgtity profi1e§ resulting
from detailed deflagration calculations nre faiMy similar to those ge-
nerated by instantaneous incineration.

The time step is initially set to one hundred'microseconds and sub-
sequent]y increases slowly, subJect to the restriction that the rad1us,
den51ty and temperature of all zones must each change by less than one
pen;ent per. time step. The t)me step is also limited by the Courant con-

dition

At < 0.8 aR(PV)™E . (3.26)

where AR is the width of the zone in question. The Courant condition
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requires that the time step size must be smaller than the sound crossing
time for any given zone. ‘The . sound ve]oéity is given by v = (v P V)G.

The numerical factor of 0.8 includes a margin of safety. Another limit
to the time step size is the diffusion time. This is the time necéssary

for photons to diffuse across a given zone, and is given by

2

ty = “—é’- (AR) (3.27)

where « is the opacity and c.i;lthe-speed of light. Note that when the
supernova is in a staté of homo]ogous expansion AR increases linearly

with time. However, p decreases as the inverse third power of time so

the diffusion time decreases wiFh time. .The diffusion time evéntua]]y
‘,becomes the limiting constraint on the time step, and it subsequenthy_
becomes necessary to Félax the coristraint somewhat to keep the computing
Eosts within reason. Thus as a compromise the'time step is only -required
to be less than some time-dependent mu]tiﬁTe of the diffusion time. Th}s
multiple is initially set to unity and increases to roughly one thousand

by the end of the run. In practice no numerical difficulties have resulted

from permitting the time step to exceed the diffusion time in this manner.

The Equation of State

4 ‘

The equation of state expresses the préggure? the:specific internal
enérgy and the entropy of the system as functions of density, tehperature
and composition. The major constituents are the electrons, the photons
(i.e. thg rédiation field), and the ions. The pressure is important dyna-

mically only at early times, until the supernova reaches the stage of
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homologous expansion. The specific energy (i.e. energy per unit méss)
allows the energy in equations (3.5) and (3.16) to be expressed.?n térme
of temperature; equation (3.16) is then solved iteratively to determine.
the new temperature. The entropy is not essential as it does not éppear'

in the hydrodynamical equations, but it is nonetheless useful as a check

when the system undergoes adiabatic expansion. Following th%FysuaI‘cus—

tom the entropy is expressed as a dimepsionless entropy (S/k) per_bSYyon.'

L]

The radiation field contributes a
: .I.

a T4 '

pressure ' P =3 . (3.28)
‘ \
specific energy tr = aTh s (3.29)‘
' 3 gatdy
and entropy ' T (3.30)
* -.v » Y

(Here R is the universal gas constant). The radiation field is assumed |
isotropic for purposes of defining pressure, and the rad1at1on temperature
is always taken to be equal to the ‘matter temperature. This assumption
betomes dubious when the nebula becomes opt1ca11y th1n around f1ft§\ﬁays
or so a;ylr 1gn1t10n

The ions are treated as a non-degenerate ideal gas with

pressure P, = v o o (3.31)
- ener ; E.=3py ‘ ' (3.32)
9y oi 2 _ '

~
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-
X A5/2‘
and entropy . 05 = ug]{in(VT3/2) 5. 572} + 7 —J-Rn(‘i——) {3.33)
L : J J J

]
“»

Here B is the mean atomic mass of the ions (in atomic mass units):

-’

wl= g —l , - (3.34)

and xj is the frection\by mass of nuc1ear species j, and A is the ébrres—
_ponding aEgPic weight. The entropy equation (3. 33) is a form of the Sackur-
Tetrode equation (with V and T expressed in CGS units). These expressions
for the jons are inappropriate prior to the explosion when the ions form
a 1att1ce; but this is inconsequential as the extremely deéenerateAe]ec-
trons then dominate the equation of state.

The equation of state for the electrons is relatively complicated:
Eye number density of electrons is known from the matte} density, apart
" from any e]ectroes formed by electron-positron pair production. Expres-
sions appropriate for a non—interatf%ng_Fermi gas have been developed.
Corrections due to interactions are Hen added, as summarized by Salpeter
(1961).. These results are presenteé}in Appendix-B. These formulae are
applied to the known electron density. The ‘number of e]ect;en;positron
paj;s_(if any) in existence is then calculated (see Appendix C), providing
knowiedge of the true electron and positron number densities. If nécessary,
the pressure and. energy are re-evaluated using thesF corrected densities.

The total pressure and energy are then

»

P = Pr+P1. +Pe (3.35)
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CE=E YE HE . ~ (3.36)

o P

-Derivai&ves such as Ev—and %% are evaluated numerically. These equations

-

aﬁg sqmmérﬁzed in SyBRDUTINE PRES which evaluates the pressure and energy

to an accuracy of about cone part in ten thousand. -

Nuclear 'Statistical Equi]ﬁbrium ’ -
As mentiofed in Chapter II,carbon ignition in a critical core can
Tead to thermonﬁé]ear runaway due 7to the electron degeneracy. The ensuing
» .

reactions form an extensive burning network which includes -dozens of nu-

clear species. For a discussion of such detailed burning networks see

‘Clayton (1968). .‘ R -

The detailed calculations show that most of the réactipns are near
equi]ibriuﬁ s& that the composition changes relatively slowly with time.
In nuclear statistical equfﬁ1br1um (N§E) an the permitted reactions are
assumed to be at equ1]1br1um and hence the distribution of nuclear species

is determined by statistics alone {the Saha equat1on) rather than by reac-

tion

ates. The composition is fhen a function on;;tof the depsity and
e temperature énd';;t on the history of the matter. _

- The NSE neiwork has been restricted to the 'alpha-particle nuclei',
i.e. to those nuclei with ag equé] even numbe:\gf both protons and neutrons.
The reasons for this are as follows: first, thelfuel nuclei are carbon,
oxygen, and poss1b‘¥'he11um all of which are a1pha -particle nuc1e1, and

so will be their fusxon products; second, the primary mode of decay of

the heavier nuclei is photod1s1ntegration'which usually knocks an alpha
particle out of the nucleus.s If these processes operated é]one then the

I
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restriction to alpha-particle nuclei would be strictly valid. However,

Clayton (1968) has shown that under certain conditions the principal

~

mode of photodisintegration of 56Ni is (v,p),(v,p) leading to Squ. There

are some similar reactions which produce other nonradioactive elements

58 57

such as ““Ni, 55Co, Ni, and 52Fe (see. Nomoto, 1984). Nevertheless, the

NSE network has been restricted to alpha-particle nuclei for simplicity.
The details of the NSE equations are in Appendix D. The heaviest

nucleus incllded is 72Kr. Under all conditions investigated the most

abundant nucleus is either qu or 56Ni. - As the temperature drops the
fraction of 56Ni increases as it is the most tightly bound nucleus in

the network. Eventuai1y all the matter in NSE becomes 56Ni unless it is
assumed that the material ’freezes out' before this happens, i.e. the
reaction rates become Tonger than the dynamical t1mesca1e A fa1r1y 1arge a

56

amount of “"Ni is des1rab1e both for powering the supernova light curve

56Fe abundance.

and for explaining the large cosmic
Recent calculations by Nomoto (1984) show that in carbon deflag-
ration supernovae the nuclear burning proceeds to NSE only in the inner
50% or so of the critical cbre Outside this region part1a] burning-
occurs, produc1ng a wide range of intermediate mass elements. This paf-
tial burning releases most of the available nuclear binding energy but
produces relatively Tittle 56Ni and hence'iift]e late—tjﬁé luminosity.
In Nomoto's calculations typically 60% fo 70% of the incinerated matter

SGNi. This has the effect of reducing the maximum luminosity of

becomes
the Tight curve somewhat. For comparison Both this possibility and the
complete incineration to SGNi are considered in-certain models. The

recent identification of intermediate mass elements in the SN I spectrum
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L]

indicates that Nomotp's partial burning results are at least qualitative-
ly correct.

Radicactive Decay and Gamma-Ray Deposition !

The nucleus “°Ni is radioactive with a hglf-life of 6.1 days and
decays by electron capture to 56Co, emitting a nqytrino and gamma-rays.
The loss of the e]éctron_wi]l slightly raise g (i.e. lower the electron
pfessure) but this is not dynamica11& Significant. The nehtrino on aver-
age caréies off 0.4144 Mev per decay which is ldst to the star. The gamma-

rays carry 1.7202 Mev per decay on average, some of which gets déposited

- elsewhere in the star, where it appears in the energy source term '%'.

The numerical data here (and for the following paragréph) are from the
Table, of Isotopes (Lederet~and Shirley, 1978).

5600 nucleus is also radioactive with a half-1ife of

The resultant
78.8 days. There are two modes of decay, the branching ratio is 80.8%
electron capture andf]9.2% positron emission. Axé]rbd (1980) has calcula-
ted the average kinetié energy per.positron as 660 kev. Thus the decay

energy is divided as follows: gamma-rays 3.306 Mev, neutrinos 1.1415 Mev,

~and posftrons 0.120 Mev. The positron energy represents kinetic energy

only (which is assumed to be deposited locally). Twice the positron rest
mass energy has been added to the gamma-ray energy to account for positron
annihilation. . :

The rate of gamma-ray deposition has been calculated following the

method of Sutherland and Wheeler (1984), using an effective gamma-ray

1

opacity of 0.03 cm2~g' . The deposition function is the ratio between the
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rate of local energy deposition and the rate of energy production via

56,. “

radicactive decdy of initially pure *°Ni. It is found numerically that

up to v 5><105 seconds after the explosion the deposjtion is c]ose'to unity
in the radioactive region and near zero elsewhere. This is due .to the
short mean free path of the Qémma~rays at early tjmes. At later times
deposition occurs fairly uni%orm]y ; ughout the star and a significﬂht-
fraction of the ganma-rays leak out%j;Q;he system and hence never deposit;
their energy. |

Opacity

' The opacity constifﬁtes a major source of error in determining

theofetiﬁa] supernova light cufves. The difficulties in its calculation
are outlined beTow./ﬁIn this work the opacity is treated as a free para-
metef with a Va]ue of the order of 0. cmz-g"]. Qualitatively, a reduct-
ion in the 0pac1ty reduces the rise time to maximum light and gives the
light curve a sharper peak. _

The opacity determines the rate of radiative diffusion. This pro-
cess is important from roughly one to fifty days after spﬁg}nova ignition}
affecting both the location.of the photosphere and the eneréy flux through
it. After this time the ejécta becomes pptiéally thin and the radiative
-diffusion approximation breaks Hown.

The diffusion phase is characterized by densities from 10710 to
10715 g-cm_3 and temperatures from 3000 K. to 50000 K. At the upper end

of this temperature range the dominant source of opacity is electron scat-

\_,_‘_\h_ﬁ~*_ﬂjppacity them has a particularly simple form _ .

tertng (see for exampie Clayton, 1968; and Huebner et al, 1977);_ The
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= 0.40 u;‘ f cmbeg”] (3.37)

-~

where f is the fractional ionization.

. The situation is more complicated at ]owe; temperatures, with
bound-bounddand bound-free transitions becoming 1mpoftant. These latter
sources of opacity are strongly dependent on temperaturey density and
composition, which renders their calculation very difficult. Furthermore,
the bound-bound opacity is subject tgﬂzn effect called 'Ooppler enhance-

ment'. This effect occurs in the presence of a ve]oc1ty gradient and is

dug to the Doppler shifting of the. bound bound absorption peaks re]at1ve

“to the photons. The calculations of Karp et al (1977) show that th1s'

effect typically 1ncreases the opacity by as much as a factor of two or -

o

s0, but under certain conditions by as much as a factor of ten.

Opacity curves for certain elements (without Doppler enhancement)
are presented in Colgate and McKee (196§). Iron‘has an opacity of (.03
sz_g-] or larger under the conditions of 1ntere$t; this is a plausible
lower bound for the opacity. Several factors other.than Doppler enhance-

ment cause uncertainty in the opacity: one is the composition and another

is the ambient photon distribution (if not blackbody). The former is a

4

problem because the abundances of intermediate mass elements are.quite
uncertain, but theie effect on the opaeity may be pronounced (as for in-
stance in the solar specfrum) The latter effect matters.if the opac1ty

is non-grey (frequency dependent), as in the case for bound-bound and bound-
free opacity (but not for the electron scattering opacity). Below about
5000 K the.opacity of certain elements is expected to drop sharply due

to recombination, but it is not clear if this actually takes place. The

observed colour temperature of SN I (as measured by the colour 1ndex) drops

to 4500 K at the hump- ta1] transition and then rises again. However, it -
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is not clear how closely the ionization temperature agrees with the colour
temperature, as the matter and fhe ra@iatjon may decouple to some extent.
In fact, the results (see thapte\\v) do not suggest a significant drop
in the opacity near~5000 K.

In consideration of the above uncertainties, a benchmarkfvélue of
0.1 cmz—g'1 is used for the opacity in most of the present calculations.
This value is probably accurate to within a factor of two or three. As
will be seen in Chapter V, this value is tengb1e only for the bare white
dwarf models; more massive stars {those with envelbpes) require concomin-
ant feduction.in the opacity fo keep their 1ight curves in agreement with
observations. In cegtain models a crude temperature dependence has been
built into the opacity to show its qualitative effect. The specific pre-
‘scripfion§ used in this regard are detailed in Chapter IV.

O . | K
Shock Waves :

A shéck fronE i§ a surface of sharp, discodtinuoﬁs change in pres-
sure, temperature, density,-enf?opy, and velocity. In rea]ity the va}iébles
are not truly discontinuous; they change smoothly over a reggon of charac-
terigtié width‘a whish dependé on the.yiscosjty of the medium. In the
problem at hand § is\much smaller than thg widtﬁ of a zone, hence the
shock i§ effgctively qiscont%nuous. Suéh é shock front is incompatible*
with finite difference calculations which presuppose that the system changes
smoothly from one mesh.point to the next. Over the years many schemes
have been developed to handle shocks (geveral methods are discussed in
Richtmeyer and Mortoh 1967; hereafter RM) , but the most common is to in-
troduce a ‘pseudoviscous’ pressﬁre, represented by the symbol ‘Q'{ Fol-

lowing Falk and Arnett (1977) the choice adopted for this term is

. 7 .
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2 n n-1
, tl(vn_12 - Vn-B) Vk+5 ' Vk+’2
n-'y, _ k+] k .
Qk+h - W -1 y » if g , : (3.38)
- - . =z - n-*,
k+1, kt+1; Vk+] . vk
=0 . otherwise.

This term is directly added to the pressure in equations (3.15) and (3.16):

n!s n-1 n+i n-t N\ on-l
Vk B Vk . - 4_”(rn+/\)2 Pk'}'];_i * Qk'”:i } Pk"z ] Qk‘!: _ GMk (3 39)
ath ok Ay (2
. B |
n+*l _ .n .'_ n+l _.n N+ ondl
Atn+g k+!, k+15 Atn+-’5 Amk+li “ktts ’

. T
Note that the Q terms a:re not time-ceéntered. This allows equations (3.?9')\
and (3.40} to be evaluated explicitly.
The pseudoviscosity stiffens the equation of s%ate when sudden com-
pression (i.e. a shocﬁ) occurs, which has the effect of spreading the shock
out spacially. The pseudoviscosity contains an arbitrary numerical coef-
ficient'which determines the extent_of the spreading: - the coefficient chosen
{n equation (3.38) spreads the shock over threé or four zones. The over-
‘all shock strength is not affected by the introduction of péeudoviscosity.
This is demonstrated in various tests“of the pseudoviscosity method, dis-
cussed in RM. .
Despite its success and extensive use in astrophysics, the pseudo-
viscosity method has a drawback. The shock waves in the probiem at hand .

are exceedingly strong, with the temperature jumping by several orders of .

magnitude at the shock front. As discussed. eartier, for numerical accuracy
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only a one pércent fractiopa];ﬂmnge in temperature is permitted at each
iteration. Clearly then a.Targe number of iterations are needed to raise
the temperature of the zone be;eg shocked by the required-amount. This
difficulty may be mitigated by relaxing the one percent ériterion to, say,
-a four or five percent change per iteration, but this eignificant]y,in-
creases the error inherent in the.finite difference:equations

H\‘J,such a strong shock a method which exp]1c1t]y recognizes the
d1scont1nuou~]nature of a shack would be more efficient. Given the con-
ditions in the unshocked mater#al and the shock s&?ength {as represented
by -the ve10c1ty d1sc0nt1nu1ty A'), then. from the Hugoniot relations all
the post-shock conditions can be found. The relevant equations are de-
rived and d{scussed in Appepdix E. Such a method of shock fitting actual-
ly ‘predates the .pseudoviscosity method and is br1éfT;%;e\§ribed in ‘
SectTons 12.8 and 12.9 of RM. "

This ana1ytica]‘method of shock treatment has the two salient ad-

vantages of speed and correct shock profile over the pseudoviscosity method,

but of course there are drawbacks.” With the analyt{cai method it is U®e-

ful. to d1st1ngu1sh pre-shdck and post-shock mater1a1‘by p]ac1ng a zone

\

"~ .
boundary (or two) at the shock front. .In practice the ‘shock front is re-

presented by a zone of negligible mass whose bounqpries reflect the pre-

-

.

shock and post-shock conditions. These two zone boundaries shift positien A

at each\time step thus negating (localif)/the advantage of having fixed
(in Lagrangian terms) mesh pbints.ﬁ N~ -
Prior to being shocked the envelope is in hydrostatic equilibrium
and is neither zoned nor evolved hydrodynamically. The shock from the
exploding star'moves ouf through the envelope, sweeping up‘{per iteration)

an amount of matter determined by the shock ‘velocity and the size of the
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time step.  This new]}iswept-up matter is formed into a new mimi zone
(which is far smaller than the other established zones). On the subsequent
time step this mini-zone is meréed with the zone interior to it and a new
mini-zone is created by the shock. The accréting zone eventua]]y.becomes

)
significantly larger than the rest, whereupon it is split into two smaller

zones. When the shock has passed through the entire envelope typically

about twenty new zones will have been created in fhis, way.

As mentioned above the Hugoniot equations d.'

Lo
the post-shock conditions. To them must be added oné m condition

t compietely specify

A which determines how the shock strength varies with time. Various pre-
4 scriptions for this condition were tried out in test calculations, with

the following proving sufficiant:

%—Q—gl_(.:a_vz_q—rr-zﬁ -

dt at Tom |
where %%l is’the'pressure gradient evaluated immediate]y behind the shock.
This expression is further refined by making perturbational corrections to

the zone velocities after each¥iteration which emsure that %% is constant
';over the outer two zones. This is‘done to ensure energy conservation Qhen

the “two outer zoﬁes_are.ﬁerged into a single one.
Tortest this ;;Stem of haqgling shock wavgx some trials were run to

simulafe a point explosion in 5 uniform density cold gas, a problem for

whicy the analytic solution is known (commonly called the Sefiov
The analytic solutions are given in Landau and Lifshitz (1 ) (but note
their equation (99.10) should read vg = §%§)° Two modeYs were run, both
starting with just two zones. As the samQAProgram was used for these models

[
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as for the sypernova calculations themselvess, the pressure was suppTied by
both phetﬁh\:;;:%article gases. In order to compare the results to Sedov .
theory the adiabatic index must remain constant thraaﬁhout the calcula-
fons, hence the initial conditions were chosen so that the first model was
radiation dominatqd (1 = 4/3), while the second model was matter dominated
(v = 5/3). Both models were evo]bed until the radius had increased by a
factor of several hundred.

For both models the ve]ocity} pressure and density behind the shock
front are shown as functions of the Eulerian and Lagrangian coordinaies,
all values being normalized to the values at the shock front. As the theo;
retical solutions are self-similar, the curves presented in this manner are
indepeﬁdent of time. The results are shown in Figures 3-1 through 3-4.
Both mode]s'show excellent agreement with tbe theory; the-only noticeable
deviations being in the velocity of the inner few zones, which oscillate
about their mean theore®ital values. These~ascillations result from
smal] disturbaﬁces being magnified as they propagate inward down the
density gradient.

The shock a]jorithm wé§ also tegtedfon samEQe supernovae models,
whereupon another point came to light. VWhen the exb]oded crftica] core
rams the enxg1ope'a'second shock (cé]led the reverse‘éhock) forms which
propagates inwards in Lagrangian coordinates (although outwards in Eulerian
coordinates). This revérse_shock reheats the adiabatically cooled core.

In certain models this reverse shock is relatively weak and hence can be
handled by the pseudoviscosity method reasonably efficiently. However,
in other'models the reverse shock is quite strong in which case it is

necessary to use.the above shock fitting procedure on both shocks to gain
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efficiency. The reverse shock is handled anaTogously to the outwafd shock
although separate subroutines are used to account for the different boundary
conditions. In all MOde1s the reverse shock slowly weakens and in some
cases disappears entire]y a few days after supernova ignition, .

It should be noted that in general pseudov15cos1ty is used concur-
rently with the above ana]yt1c treatment to handle the var1ous other minor
shock-1ike disturbances which may arise during the calculations.

For the bare white dwarf models for SN I the analytic treatment ‘.
of shocks is superfluous. Conversely, in extende& progenj tor models the
pagsage of the shock through the envelope takes perhaps fjve times as
many iterations with the pseudoviscosity method as compa;ed to phe analytic
method. This ratio may be reduced by relaxing the time step criterion
to (say) a th:ééwap—four percent change in each variable per iteration,
which.speédsoup the pseudoviscosity calculation, but this compromise sac-

rifices accuracy and is still ylower than the ana]ytic method.
. - . Co , . TR -
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Figure 3-1

Results for a point explosion in a uniform density, zero temperature
;tmosphere (Sedov solution). The explosion is radiation dominated
and hence has adiabatic index v = 4/3. The numerfca] results aré
calculated using the program BOMB. Plottdd are velocity (+++), e
pressure (OO ), and density (***) versus radius, all normalized

to the values at the shock front. The absolute errors in the norma-

lization factors are about 0.1%. The solid curves'represent the

corresponding analytical solutions.
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. .Figure 3-2

Numerical Sedov soﬁtion with vy = 4/3 plotted against mass function.

Plotted are velocity {xxx), pressure (©O®), and density (+++)

r}u‘rmalized to the shock*front.

Lo

The solid curves are the corresponding

analytical solutions. .

/
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Figure 3-3

Numerical Sedov solution for a monatomic particle gas (y = 5/3) plot-

ted against radius. Plotted are velocity (s#+), pressure (GO O),
and density (+++), normalized to their values at.the shock front. The

soTid curves are the corresponding analytical solutions.

-
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Figure 3-4
- .
Numerical Sedov solution with vy = 5/3 plotted against mass fraction.
“Plotted are velocity (#xy+), -pressure (@ ©¢®) and density. (+++),

“normalized to the shock ?ront. The solid curves are the correspond-

ing analytical solutions.
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CHAPTER 1V
INITIAL CONDITIONS ' Ve

A total of seventeen models were hydro;;;;;?ééily evolved using

the methods described in the previous chapter. For each model the central
density, the init;:Tﬁtémperature (assumed isothermais and the composition
were ‘specified, which, assuming hydrostatic equilibrium, uniquely deter-
mine the stQucture of the core. Thé cores were generated and zoned by

the program WHITE. Envelopes were then added as detailed in the next sect-
ion. To- the progenitors so generated three more parameters must be
added: the amount of mass to incinerate, the amount of 56Ni producea, and
the opacity function. Mathematically, these parameters and the progenitors '
themselves serve as initial conditions for the differentia1-2quations of
the previous chapter. The hydrodynamic calculations wdme carried out

by the program BOMB. -The results of these calculdtions are prééented in

-

Chapter V.

Envelope Parametrization . ' . -

*

The 'envelope' refers to the extended, low density, non-degenerate

matter surrounding the degenerate core. The star may be conceptually di-
vided into core and envelope without difficulty as there is a nearly dis-
continuous dfop in density at the core-envelope interface. The envelopes
constructed for the models in this wdrk.are uniquely determined by a set
of five parameteré. One of these: parameters is the total envelope mass

Menv' The other four are radii, labelled r].through r

4 The envelope

¥

-

— ., - 6l =
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extends from " to T and has the following density profile:

p{r) = <
plr) = c]rgr'2

_ 2.2 -4
ol(r) = Cirorar

!
w
Py <X Ty
Py r<r, (4.1)

The density is continuous throughout the envelope. The constant c. follows

1

from the envelope mass. The composition of the envelope is alwéys taken

- * :
to be 900 helium and 10% carbon. The temperature profile of the envelope

is determined by the condition of hydrostatic equilibrium.

The three density gradients were chosen for straightforward reasons.

Constant densit} profiles have often been used in the past (e.g. Lasher

Jm

1975). The inverse square profile has the desirable property that - is

constant. The invedse fourth power profile was chosen as it is a good: fit

to the outer structure of R Cor Bor stars (Saio 1983).

Tables of Initial Conditions

-

Tables 4.1 through 4.3 1ist the progenitor characteristics for each

.. of the seventeen models examined; which are divided into four groups label-

led A through D. The models within each group have similar core characteris-

tics.  An explanation of the parameters listed in the tables follows.

Mtot is the total mass of the progenitor (core plus envelope)
in units of the solar masses (i.e. 1.99x1033 grams).
M- is the mass of the critical core in solar masses. All seven-

core

teen modé]s have Nég;e close to the Chaﬂarasekhar mass.

(]
Moy 15 the mass (i solar masses) of the.enye]opgi

L™
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<

= Table 4.1
PARAMETERS FOR GROUP A AND B MODELS
o Al A B B2 B3 B4
Mo 1.387 1,387 1.806 806 1.806 1.806
core 1,387 *1.387 1.406 .406 1.406 1.406
Mo . - 0.400 .400 0.400 0.400
Mg 0.983 0.983 1.264 264 1.264 1.260
incin 0,983 0.983 1.098 .098 1.098 1.098
rad 0.983 0.584 1.098 .098 1.008 + 1.098
o 3.0 x10°  3.0x10° Lo7x10"®  1o7x10!®  1.07x10'% 10741010
T 5.7 107 5.0xi0] Lsexio”  vsexo?  1sex1o?  1.sgxmole
core  1610° 1etac®  1aac®  vaac® Lae® 1 1e0®
© 0.10 0.10 g.10 0.10 var, var,
r, - .- Lox10' oo™ 1o 1okgo!!
rz R ; Laael L0 13002 1302
2 - - 130 102 1102 3012
Y - . 8.33x10'%  8.3300'%  g.3300'3 8.33x10'%
a(r,) - - 218x107  2.18x107°  2.36x10"° 201847075
o(r,) - - L0 11072 130072 a0 1%
<, : - 43500 43561012 4.35,10% 43541912
N, a0 a0 60 | 60 60 60
Egy 1.240° 1 130! 1askaos 1.3gki08 - 1.39x10°]
v %.48x10% 9134 8.79x10%  8.79x108 . 8.79x108  &.79¢10°
!
‘ <



Table 4.2

PARAMETERS FOR GROUP C MODELS

64

ar c2 -C3 4 cs 66
Mo 2.000 2.000 2.000 2.000 2.000 2.000
Mo re 1.385 1.385 1.385 ].385) 1.385 i385
- 0.615 0.615 0.615 0.616 0.616 0.615
M 1.385 1.385 1.385 1.385 1.385 e!iifas
Moo 1,196 1.196 1.196 1.196 1.196 1196
Mg 1.196 1.196 1.196 1.19 0.703 0.0
o 3.0x10°  3.0x10° .ot zox10? 3.0x10° 3.0x10°
T 1.ox108  1.0x108 ox10®  1ox10® 1.0xicd® 1.ox108
8 8 8 8 8 8
ore 1610 1.6x108 1.6x10 1.6x10 1.6x10 1.6x10
< 0.10 0.10 0.10 0.10 0.10 0.10
,:l_z/ oo’ 10x10" 5.0x10'0  gasa0®  8.a5x10° 5.0x10'0
X 5.0¢10'3 1. ox10!" 5.05}q:‘ 8.45x10'0  g.45¢10'"0  5.0x10'3
ry 5000 5.0x100 s.ox10'® slasxao'! gasxio)! s.oxio'
ry 5.0x10°  5.0x10" - 5.0x10'0  sasx0'? gasx10l? s5.0x10"
olry)  2.3ax107°  1.95x107% T 4.26x1075  a.83x1073  8.83x1073  2.34x10°?
o) 23007 71070 43307 saaxa0®  gamio? 2.3ax107
oy 375x100 250010 “wlesxi0'? 1.20x10'2  129x10'? 37801010
Nyos 7 n 71 % nooooon
E o, 1.62610° * 1.62x10°)  1.62x10%7  1.e2x10%  1.51x1050 ¢ 135610
- 8 8 8 3 8 ¥
v 9.02x10 9.02x10 - 9.02x10 9.02x10 8.71x10 8.23x10

~/



Table 4.3

PARAMETERS FOR GROUP D MODELS
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D1 D2 D3 D4 R

M 692 1.692 1.692 1.692 1692 7

tot
Meore 385 1.385 1.385 1.385 1.385
M .308 0.308 08 0.308 0.308
M 385 1.385 1.385 1.385 1.385
Mo 103 1.103 1.103 1.103 1.103
Mg 103 0.625 0.625 1.103 0.625
e 3.0x10° 300 3.0x0°  3.0x10° 3.0x10°%
T, Lox10® %00 1oa0® 1.0x108 1.0x108

core 1.6x10% 1.6x10%  1.6x108 1.§x108 1.6x108
S 0.10 0.10 var. 0.10 0.10

r] 5.0x10'0 5.0x10'%  5.0x10'0  g.a5x10°  g.asx10
™ 5.0x101! 5.0¢101 5.0x10'" 8.45x10'0 g, 45x10!0
2 5.0x1012 5.0x10'2  5.0xT12" " g.45x10" 8.45x10"!
ry 5.0x10"3 5.0x10°  5.0x10"3  8.45x10'2 *, 5.45x10"2
o(r)) 23x10° 23107 2.13007°  4.420007°  4.4247073
o(r,) 21301070 203007 273107 4.42x107 4.42x107g
ar 7.6510'  7.65x10'%  7.65x10'2  1.20x10'2  '1.20470'2
Mot 55 55 55 55 55
E . 1.45x10°" 1380107 1300057 1.asx108) 1.3ax105]
v 9.28x108 8.92x10%8  8.92x10%  9.23x108  8.92¢708




Mco is the mass (in solar masses) of that part ofothe core com-
posed of 50% carbon and 509 oxygen by mass, a mixture designated

hereafter by the label €/0. If M., 75 less than MC then the

ore’
remainder of the core is composed of he]ﬁﬂg. The core helium layer

s always exterpal to the C/0 layer.

Mincin is the mass{ (in solar masses) incinerated by the supernova.

In these models this is always the innermost part of the star (no off-

centre ignition models are considered), Mincin determines how much nuclear

binding energy is released in the explosion and hence the kinetic energy

of the ejecta.

Mrad is the mass (in solar masses) of radioactive 56Ni formed in

the' supernova. Usually this is assumed equal- to Mincin' In accordance

with the assertion of Nomoto (1984), in some models Mrad is set to ~ 60%

) ’
\B?umincin’ with the/remaining inc1nerated_matter forming non-radioactive

products. For ¢ lating the binding energy released in the explosion it
is assumed that th€se non-radioactive nuclei have on average the same

e 56,,. . :
binding energy per nucleon as “"Ni. When Mrad is npt equal to Mincin’ then

it is the innermost materialeghich is radicactive. - *
p. 15 the centra® density of the progenitor in units of g-cm'3.

For these models this density is in the range (3-11)x109 g-cm'3 which is

\
apprppriate for pycnonuclear carbon burning,

To is, the initial temperature of the core in dégrees Kelvin. The

cores are assumed to be initially isothermal for simplicity.

Rcore is the radius of the core in centimetres.

~\
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« is the opacity of the ejecta to (thermal) photons in units of
cmzfg"]. This is distinct from the gamma-ray opacity wﬂich is set to
0.03 cm2-g'] in all models. In moAt models x is set to 0.10 cmz-g'] in
lieu of better knoﬁ]edge of the true opacity function. In three models
special temperature;dependen% opacity functions are used, primarity to

judge their qualitative effect. These Punctions are described in detail

-,
in a following section.

ry is the inner radius of the enve]oﬁe. Ideally this j:;ﬁ;pcoin;

cide with the surface of the core but in praglice this is not p€cessary,

as ry is small enough so that the region inside would contain a negligible

core
settle into homologous expans10n pr1or to encountering the envelope.

i [fraction of the-envelope. Choosing F] >> R allows the exp]oded core

Between " and rp the envelope density profile i% constant (prior
to being shocked, of course); The density profile is continuous at rs
but the slope changes {to p « r'é). At ra the slope changes aga1n (f‘\
per ), and continues out to rys the surface of the star j] radf{‘(r]
through r,) aré measured in centimetres. (:—-A

'p(rT) is the densit} at the irmer boundary of the envelope (in

g—cm”a). Igimay be calculated from the five basic envelope parameters
as follows '
&
M 1 3, 5.3, 2221 !
_ env -
ol ) = 32 (2rgry - 3 (1] MEPIELPUAD ) (4.2)

p(ra) is the density at the outer boundary of the enve]ope in

atkh'3). It is given by . {/<:F\

olrg) = olrrargrg® - - (a3)

L h ¢
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jn fact is used as a check on ‘the accuracy of the calculations.” E

68

<renv>'is the mass-weighted mean envelope radius (in centimetres):
This quantity indicates where the bulk of the envelope mass is 1océted.
An envelope with a large “Tony’ has moré effect on the light curve than
one with a small <r__ >. The mean envelope radius may be calculated from

env
the other parameters by

dro(ry) (122 | (‘“4)) s 4 (4.4)
P nE e ( tin (=) -z (ri+r )} . 4.4
env Menv 2 2 r3 4 Y7 2 - , )
J 1 : L4

Niot 15 the total number of zones the- star is divided into. -
Enet 15 a measure of the energy of the explésion. It is the sum ;

of the internal energy, the kinetic energy, the grav1tat1ona1 potent1a1 -

" energy, the radiated energy, and the rad1oact1ve energy yet to—be released

(via Ni-Co- F%‘decay), summed over the entire star. Enet‘1s expresse

units of ergs. Enet shbu]d remain constant thréughout the explosion, and

net must

be positive if the supernova is to leave no central remnant (i.e. comp1ete-
¥ .. e

ly disrupt the star). !

. . 1 . . .
v is defined as (Z.Enet/M;ot) . It has the dimensions of velocity,

is almost-entirely in the form of kine;ic\SEEFf\\‘

he characteristic expansion velocity. Note °

and since at late times
gy of expansion, Q-—is\te
fhat for the case of a uniform density, homologously expanding sphere the
characteristic velocity is v = (3/5)1§vS = 0.775 Ve where Ve is the

velocity at the surface of the sphere. - _ .

The core of each model is broken up into forty zones. The zones ¥n p
the interior are larger (in mass) than the aonés near the surface as tﬁe'
tgmﬁerature and density gradients tend to be 5ma11er in the interior. The
innermost zone is typically about three times as massive as the outermost

- . -
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core zone. * The envelope is broken into zones after being shocked, each /// /?.-
zone he1ng about 9.020 MB’ comparable to the mass of the outermost core
C zone. c) . L
It is necessary to have a cr1ter10n to indicate whether or not the
zon1ng is suff1c1ent1y fine to ma1nta1n numerlcaI accuracy To_thi§ end

the parameter.E net is used. Idea]ly Enet should remain constant over the

ent1re‘run but in practice it varies slightly, typica11y by about one part
- inaintllién per iteration; and by.about one part in 300 over an entire ‘“\ ;
- run. This variation arises from using finite (rather than infinitesimal)
zones, finite time steps (iterations), and from accumu]ated roundoff error
in the computations. Considering the uncerta1nt1es in some of the 1np%£
parameters (M1nc1n for example), there seems to be 11tt]e to be ga1ned éx_,
1ncreas1ng the number of zones in order to obtain greater accuracy

4

¥
0pac1ty Functiong

As noted in the tables three models (83, B4 and D3)Cizjnﬂt make use
of the standard assumption of a constant ‘opacity. Two different prescript-
ions are tested: a frequency dependent opacity which isllarger in the
~ultraviolet than at visible wave]engths, and a, temperature dependent
opacity wh1ch is reduced below 6000 K to reflect the effects of recomb1pat1on
_ The frequency dependent opacity is mot1vated by the observed ultra—I
violet flux def1c1ency It 1s parametr1zed as fo]1ows ~The scattering

’ 'Opac1ty Ky Vs, is set constant at a va]ue Ky (typ1ca11y 0.1, sz_g ]) The

-' absorption opa&nty <, is represented as a step functlon, it. 15 set to J

‘_a constant § at wave]engths be]ow 4000 A, and to zere at 1onger-wave- ' :
]engths The assumpt1on otyaocal thermodynam1c equ111hrnum is. then *invoked A
.to perm1t calculation of the Rosse]and mean Opac1ty, transform1ng the .[ )

v . . . ’ . ‘ e T
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frequency dependence.intd a temperature dependence. Specifically
. . L )

*0
K_] = K-]I j éx(ex-T
s ]
-0
where
hxo
and ) ~

For the specific values Kg =

*in Model B3) this results in

-1 4

cmz-é for T << 10"

(and hen
2

that both Ko and Ky

0.025 em®-g™', «. = 0.25 em

iThe prescription is
\

#
i

may occur neéar 5000 K.
- &

K = 0.10 cmz-g']

5.67887
« =0.10 (Eﬁﬁajz)
< = 0.0 cmzqg']

* .

ce'x)

g7,

Model D3 makes use of an explicitly temperature

cm-g~

T XX 424
)"zqux o] Iﬂ e"(e -Il x dx , (4.5)
S Ka(]-e )+KS-
0] .
_ 35,969.66 K
. A
4
_ A
(A o - T
0.1 cmz-g'] and'»ca = 1.0 cmz—g'] (as used
k 1,04 cmz-g'] for T >> 10° K and « £ 0.1

K. A similar prescriptioﬁ is used for Model B4 except

are reduced by a factor of four (KS =

dgg;sgéhf:Lpacity.

~y for 7 > 6000 K ;

N

,  for 4000 Ke3p< 6000 K; .
‘ ) K _ -

, for T < 4000 K . <:j_£f.6) '

The motivation behind this choice is thatgiﬁgnif'icant electron recombination

0

A reductioh of the opacity in this te:zz:ature range

‘may have the des1rab]e effect‘pi-éhus1ng the photosphere to r ede when

such"kmperatures are encountered, about twenty to thirty days after



max imum 1ight;

This prescription, 1ike the frequency dépendent one, is at best
gqualitative. Extensive récombination leads to domination by the bound-
bound transitions (1ine absorption), which is certainly frequenc} dependent

LY

and subject to the ‘effect of Doppler enhancement.

Group A Models . ) _ . ' - <;JJ

“Fhis group comprises two models (Al and A2) which are initially

compact, i.e. bare white dwarf stars. These models serve as standards
for comparison with the various extended models. *Model Al starts with
v 1.0 MEJ of C/0 surrounded by 0.4 MEJ of helium. The central density is

7

3.0x10° g-t:m'3 and the star is isothermal at 5x10° K. The supernova is

initiated by ihcinerating the C/0. This model is similar to the best- <:

_fitting models of both Chevalier (1981) and Sutherland affd Wheeler (1984).

The distinction petween models Al and A2 lies in }he amount of radioactive

. . 5 - )
56Ni created. In model Al all the incinerated matter becomes 56Ni, as.

was assumed in both of the above papers. Model A2 follows the resulgs of
Nomoto {1984) in that only ~ 60% of the incinérated matter becomes 5G_Ni,
the rest forming other (non-radioactive) iron-group nuclei. Oiherwise mo-

dels Al and A2 are identical. The opacity in both models is .0.1 cmz-g'];

Group B Models

There are four models in group B which a]1'sta£t with the same ;ores,
composéd of 1.264 Mg of £/0 §urroupded by 0.152 M9 of helium. The central
density_of the progenitors is 1.07x10'C g—cm'3 and they are isothermal,at |
1.58x1057k. Thése valves closely approximate the conditions in Model F
‘bf Nomoto (1932a) at the onfet ofjsarbon ignition (aTtﬁough note that Nomoto

7. N -

. ' 1{: P ; . .



1984 reports a revised carbon ignition density of 3x]09 g-cm_3). In each
group B model 1.1 M@ is incinerated and it all becomes 56N1.

Model Bl sIrts with an eavelope of 0.40 M@’ constant in density
from a radius of 1. x]O,O cm‘out to 1.3015x10]] cm, beyond which‘the
density varies as - 4 out to the surface at 8. 33)(]012 cm. Th1s envelope
was chosen to reproduce the surface features of a member of the class of -

R Cor Bor stars, as described by Saio and Nhee]er (1983). The surface\\
temperature is 7000 K and the Tuminosity is 104'5 L@‘ The surface den-
sity and gradient are chosen-to agree with the theoretical calculations
of Saio (1983).. It was first suggested by Wheeler (1978) that the class
of R Cor Bor stars might be viable supernova progenitors. |

As the enve]ope radius of model 51)15 relatively small compared
to the models of Lasher (1975), the hump of the Iight curve for model B1
is- primarily due to.radioactive decay, with the envelope-bf secondary
importance. Model B2 examines the effect of an envelope of larger, initial
~size (but simi]ar mass) to that of model B1. To this end the characteristic
envelope radii of model B2 are ten times those of model B1, with everythlng
else unchanged

Model B3 is'identical to model B2 except for tﬁe use of a frequency-
dependent opac1ty, as descr1bed ear11er‘1n this chapter t high tempera-
tures (T >> 10° K) the opac1ty is~ 1.04 cmz-g ] "At—+gzriemperatures '
(T << 10 K) the opacity is ~. 0.10 cmz-g -1 )

Mode] B4 is identical to model B3 except that the opacity is lower

by a factor of four under all conditions.
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© Group C Models

The six group C models start with identical cores of 1.385 MB

of C/0, with a central density of 3.0x]09 g-cm'3 and isothermal at

].0x108 K. This central density is the carbon ignition density reported

by Nomoto (1984). The group C models each incinerate 1.20 M- Models
C1 through C4 convert all incinerated matter to 56N1, whereas model C§
56

converts only 0.7 Ma to "°Ni. Radioactivity is absént in model Cé6, to

show the effect of the envelope alone. The opacity for all group C mo-
2 -1

dels is 0.1 em®-g~'. e

Models C1 through C3 examine the effect of different envelope
density profiles. A1l _three env®lopes have the same mass (0.615 Mg) and

same radius (5.0x10]3

cm). The envelope in model C1 is of constant den-
sity throughout..  The density of the envelope of model C2 varies as r_z
throughout. Model C3 is a composite of all three density profiles: it

2 12

is constant out to“Sx}O]] cm, varies as r ° from tﬁfrefdut to 5x10°© cm,

and then varies as r-4 out to 5}(10]3 cm. It is not feasible to maintain
the r'4 profile throughout the entire envelope; the density in the_inner
regions would be unreasonébly large. . . _
Model €4 has a density profile similar.to that of model C3 but is .
more éompact; the outer r;dius is only 8.45)(10]2 cm. Tﬂis value was
chosen (1ike:model B1) as appropriate for an R Cor Bor star. Thus.model C4
is @ 'realistic' model, as it cogforms to a known class of étars considered
to be possible supernova progenitors.
Model C5 is identical to model C4 apart from the fact that only -

T

0.70 MS of 56Nj is created.
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' f
Model C6 is also similar to model CJ except that no 56Ni is*present
at all {i.e. the radicactivity is turned off). As is seen in the next

chapter the 1ight curve for this model renders it unacceptable as a viable

N
model .

Group D Models

The cores of‘}he progenitors of the five group D models are \jdenti-

cal to those of the group C models. The difference is that}bn1y 1.1 Mg

are incihcerated as opposed to 1.2 M9 as in the group C models. The en-

velopes are only half as maséive as -those in group C (i.e. 0.308 Mg).

The envelope profiles are analogous to that of model C3.

“Model D1 hasan initial radius of 5.0x10'° cm and burns alt 1.1 M

of incinerated matter to 56Ni. The opacity is constant at 0.1 cmz-g'].

g 10 6Ni, otherwise it is identical

]

Model D2 turns only 0.625 M
to model D]

-~

Model D3 is the same as model D2 except that a temperature depen-
dent opac1ty funct1on is used (discussed earlier in this chapter). The
- ) “
opacity is 0.1 cmz-g ! above 6000.K and is reduced at lower temperatures.

Modei-D4 has an initial radiug of 8 45x1012 em, 1ike model C4.

Model D4 has an opac1ty of 0.1 c52~g -] and burns 1.1 M; 36

9
Byi but is otherwise identical to §

to Ni. , *

Model DS only has 0.625 M9 of

model D4. .
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Summary . .

The parameter space of péssible models is-mucﬁ eoo large to ex-
plore with any degree of completeness. There is q;zzle point in merely
searching for a fit between a given model and the observations; even in .a
're]ative1y restricteg/three parameter space. Lasher (]975) was able to
achieve such a fit, but this did not imply that the model was correct.
Tﬁg’mode1s examined in this work are of two types: mode]g B1, C4, C5,

D4, and D5 reproduce the observed propert1esn"typ1ca1 R Cor Bor stars,

by

with various assumptions about their mass and structure and an assumed

-1

vya]ue for the opacity of 0.1 cm2-g (As seen in the next chapter a

smaller value for the opacity would produce bettef'fits.) The remaining
moggls are variations.on these which are designed to'explore.the quali-
tative effects of changes in the various parameters. These models were
‘g1ven s1gn1f1cant1y larger en(e}epe radii than the R Cor Bor models in
part to exaggerate these differences. . 7 ’
The models were hydrodynamically vvolved from igni%ion out to -’
5x106 seconds later by the peogram BOMB, which imb]ements the methods

outlingd in Chapter III. The results of these calculations are the

subject of the next chapter.




CHAPTER v
RESULTS
-.vl o e al !
—

Each of the models described in the previous chapter was
nugerically-evolved to about fifty days after. 1gn1t10n when the SN 1
light curve undengoes the hump tail transition. For each model
characteristic densqty and velocity profiles are presented. Also re-
corded as functions of time were the Epotospheric radius, the vyejocity"
at the photosphere, and tbé Tuminosity. From these data certaid other

-\w’
quantities were derived, notably the colour temperature, -the Tuminosity

in the blue band and the colpour index.

Density Profiles

\lﬁ

#he density profiles for the various models are presented in

- Figures 5-1 to 5-10. The profiles of models Al and A2 (Figyre 5-2) show

discbntinuities'et mass fraction p.71. where the incineration stopped.

Model A2 shows a second discontinuity at mass fraction 0.42, at the outgr
edge of the radioactive region. In the outer, non-incinerated regions

both profiles drdp steeply (p = r'lﬁ).

Th1s is in shdrp contrast to the
density profiles assumed in most ana]yt1c models (where typ1t§TT;-(o @ r
v -The profiles of the envelope models are a]] qua]1tat1ve]y
similar: a s1gn1f1cant fract1on of the mass is concentrated ina dens1ty
peak just inside the\omgma] core/envelope boundary A]though_}hey arep

not plotted here, the temperature and entropy profiles also show d1'

N : 76
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§

continuities at the core/enve]ope boundary, but in theg opp051te sense
{greater in the envelope than in the core) Of the three, the entropy
4

profile is the most fundamental. The eg}xopy discontinuity exists‘even

prior to ignition. After the primary shock passes through the envelope,

. ) the system uneergoeS'adiabaEic expansTon. Radjative diffusion eventually
\ \ smooths out the temperature discontinuity, but the entropy and dens1t¥
. discontinuities remain. (Note thatqifr a radiation dominated system the
\\\hz/,entropy is invers@ly proportional to the dens1ty ) !
- | . . \\\ The density profile of model D5 -as a function of time 15’;Ebwn

r
in Figures 5-1 and 5-6. At 103 seconds after ignition the shock has not
yet reached the stellar surface, but the chardcteristic shape of the
profile is a]re:Er established. Hardly any change in the profile occurs

after 105 seconds, as the supernova settles into homologous éxpansion
.

11near ty of the outmost parts of the profiles in Figures
v
5-7 tg/5- 10 1nd1cate a power-law relationship between dens1ty and radius

As noted above, the A group models show n ~ 16. Models Cl

In a1l the enve]ope models the prof11es flatten out in the inner
regi ns of the enveloee. These values for n are correlated with the pre-
- shock] density profiles. As the constant‘density enve]epe models (C{_ipd
are the most difficult to justify astrophysigcally, tée remaining
envelope models {(n=6 to~n=8) agree nicely with the standard va]ue o? n=7
used LQ analytic work. However, the bare white dwa(f models do’ not agree

T in th1s regard. This may be due in part to the abrupt cessation of the

N deflagration wave in these models. . ’
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Velocity Profiles '

;#he velocity profile for model D5 at various ttimes, is*shown in‘u\\\'
Figure S—Eig At 103 secondg after ignition the primary sﬁock is stil)
below th& stellar surface, at mass fraction 0.96. The reverse shock at
mass fraction 0.50 is_c]ea}ly visible. Between the reverse shock anq )
the core/envelope boundary (mass fraction 0.82) the velocity profile is
very flat; this corresponds to the matter compressed into the'denst*y |
peak. After 104 seconds the velocity profllf shows no s1gn1f1cant change,’
a]]owung the supernova to settle in to a homologous expansion.
(A’/ The velocity profiles of models Al and A2*do not show the flat
pl -1

ateaux near 8x10% cm-s™! that mark the envelope mbdels. As will be

\ ’ s
seen in Figures 5-19 to 5-21 these plateaux serve to 'hold ' the
gure -? ) uEy_‘-L -
photospheric velocity at 80Q0 km-s™* at least until the hump-tail

transition.

Photospheric Radius

[

The‘photosphere is defined'hthése models to be at an optical )
depth of 1 = 2/3 below the surface (i.e. 2/3 of a photon1c mean free path)
Th1s is the Eddington approximation: 1t assumes a grey atmosphere
(frequenpy 1ndependent opacity) and locates the po?ht where the looal
temperature is eqdai tolthe star's effective temperature (see e.g. Mihalas
1978).

.. The photosphere is Iocated by numericail 1ntegrat1on of the
opt1ca] depth , ..r _ ot

2 o fe > tr
= T('"ph) = k(rio(r)dr.. (5.1)
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,{’/d:; the opaciiy 1sifﬁequency—dependent then the Rosseland mean opacity is
used. The photospheric radius fdr'each model as a function of time is
plotted in Figures 5-16 to 5-18. According to Branch et al (1983) the
photospheric radius of SN 1981b reached a maéﬁmum around 4x106 seconds
after ignition and decreased by approxiﬁately 20% bf 5x106 seconds. The
only model to show such a decrease is model B4, due to the use of a

" 7 frequency-dependent opacity which decreased at late times. The opacity
for model D3 dropﬁép abruptly at 3.5x106 seconds (sihu]atindrelectron .
recombination); however, the photosphgric radius declined tbo abrupt]y and
the nepﬁ]a quﬁckly became optically tHin.

A comparison of models B3 ané B4 shows the sensitivitx of the
.photospherit radius to‘the opacity.- A suitable reduction in the opacity
could cause the other models to maximise their photospheric radii at
4x106 seconds, although this would have adyerééneffects,on tﬁe velocity

[} v

. ? »
curves desgribed below. In any case the observational data on photospheric
radii are not extensive enough to provide sound constraints on the

a

theoretical models.

. .\'

For each model the velocity of the matter at the photospherg as -

Velocity at the Photosphere

a function of ting, s plotted in Figures 5-19 to 5-21. Branch (1981; 1982)
has reported two values: ~ 1.1-1.2x10° cm-s7! at maximum Tight (~ 1.3x108
seconds )}, and ~ 8x108 c_m-s'1 some 45.da¥s,1ater (v 5..5x106 seconds). The
group A models fit well at'maximgfdljghf, but ?rop off too quickly there-

. ~ - e
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.Luminosity ) ] : r)'
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after. To keep the velocity high ouf to 5.5x106 seconds would require
an increase in the opacity - contrary to what is indicated by the photo-
spheric radius curves: Models B1, B2 and B3 give acceptable velocities
at both times, because the photosphere lingers in the density peak moving
'1; but this is not th; case for model B4 thch has a reduced"
opacity. While relatively small opacities are better for matching the
photospheric radius, relatively large opacitie; are needed to match the
observed velocities. (This dilemma could be resolved by increasing the
amount of incinerated mass to enhance the velocity profiles.)

Mo;:li/pkj CZ and C3 sﬂow the effect of various envelope density

profiles. dels Cl and C2 have somewhat high velocities at maximum 1ight

¥
and tow velocities later on. To resolve this would require an, opacity

L. . PRI v
which increases as time goes on, contrary to what the radius curves and

the.1ight curves (discussed 1ater) suggest. Model C3 is superior'in this

© - regard, fitt%ng we]1\a£ both times, as do the group D mode]s‘f@?%ept D3).

: S . : . . - _
Thus the composite envelope density profile provides the most viable

- - .\
models. - . - ¢

v
The bolometr1c 1um1nos1ty for the various models is plotted in
/"
Figures 5-22 to 5-24. HNo observational data on ghe bolometric 1um1nos1ty -
are available, but the graphs provide some 1ns1 ht into the models. All . °
the models (except C6) show_peaks in the luminosity at 1-2x10% seconds

due to radioactive heating of the nebula. The envelope models also show
S

very bright precursor peaks formed at ™~ 105tsec6nds by shock heating of

¢
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the-envelope. Model C6 exhibits this effect in the absence of rad1oact1ve
heating. The enve]ope is seen to have little effect on the Tuminosity
past the time of maximum light (~ 1.3x106 seconds). The bright, narrow
preqd?gar peaks,eﬁ?zxarimarily X-rays, although as will be seen later there
is also §1gnificant'radiation in the blue band. Unfortunately, at’
present there is little chance of directly observing the presence {or

abslnce) of this X-ray flash which is the most, identifiable characteristic

of the envelope models. . . -

Colour Temperature

The ef%ective temperature follows from the condition that black-
n . . 1

body‘photospheric emissidn provides the required luminosity. Hence

1 - .
- ! 2 7 :
= (L/4anho) (5.2)
By the-Eddington,approximatidn this should alsd be the local matter-

. temperature -at the photosphere; in pract®ce the two differ by sévera] "

e,

percent.” This is"due in part to the coarse zoning. Alst, at 1ate t1me5
s1gn1f1cant gamma-ray deposition occurs above the nom1na1 photosphere, '

v1olat1ng the Eddington approxwmat101 - oo -

If the sup va Sp_ectr‘m were truly blackbody then the celour,

tempefaxure would équal the\effeckive temperature. In fact the Spectfum '

is complex, but two simplifie¥ descriptionsza(e used here to estimate the

iN

. . . + . . ] .
colour temperature. The first ethod'I) simply assumes a blackbody - -

spectrum, g1v1ng a colour rature TI equa] to T These femperatures.

are p]otted in F1gures 5-25 to 5 27. The second description (method II)

L IO
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1]

hd °

hagfftegligible flux below 4000 K anda Planckiap spectrum at Jonger wave- .

lengths. As this method takes account ‘of the observed ultraviolet

deficiency, it should provide better results than. does the more‘straight—'

-

forward method I. Under method II the colour temperature (TII) is

5
m

C X .
15 [ °.x3dx ]

where X,=35,970 K/T;. As this

! e >
températures than does meth The method Ifitemperatures are p]ot d

- .in F1gur‘es 5-28 to ?30

7000 >=3,000 for SN 1981b (Branch, 1982).
A; maximum 1ight no-mode] éxceeds 11,000 K. The, method 11 iemperaturés
~ are more encouraging: models Al, Bl, B2,.B4, Cl to C4, D1, and D4 alt
have a temperaturé near 13,000 K at maximﬁm Iight. (These models all’

g = 0.60 M, (models

havg Mrad M1nc1n > Mg.) The models with Mra

'FAZ, €5, D2, 03, and DS) all have significantly lower temperatures at

'maximumllight; The temperatures may be raised somewhat by a reduction

in the opacity, but it seems that it requires Mrad > 1 Mg to bring the—

temperature up to Branch's estimate. This amount of 56Ni appears

incompatible with the deflagration calculations of Nomoto (1984).

Bolometric Magnftude | . ~

The boIometric magnitude diagrams (F1gures 5-31 to 5- 33) plot

the 1um1nos1ty on the stellar magn1tude scale, a negat1ve ]ogar1thm1c

-
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scale retained by astrohoméfs'primarily for historic reasons. Using. the
defipitions in Allen (1976) it follows: o ! 3

o . .
Mag = -18.793 - 2.5 log (L43) (5.4)
43

where L,, is the Tuminosity in units of 10 erg—s'l. (A11 logarithms

in this chapter are common or base ten .logarithms. ) *-

The bolometric magnitude curves naturally show similar featurés
to the luminosity curves in Figurés 5-22 to 5-24. ‘The most pfominent
feature in the envelope models are the very bright precursor peaks which

" in some models reach magnitude -25. The rising side of the precursor
peaks is nearly instantaneous and has been omitted from the figures'for
thg,sake of clarity. The déc]jne in the bolometric magnitude after
maximum light is much mo}e graaua1 than the decline in;blue light (see

below), shoWing that the latter is governed largely by the change in the .

temperature and colour index.

- . Blue-Magnitude
‘ ~ Supernova light.curves are often measured in the standard blue
waveband centered at 4400 A. .Following Allen (1976), the blue magﬁitude

is given by ' - . : E
Mg = 2.5 log(Fg) + 22.775 - 5 log(R/R,) ' (5.5)

where FB is the'monochromatic flux at 4400 A, This expréssioh may be

* reduced to

- ~ MB = -21.402 + 2.5 109(ex"'1) -5 ]O_Q(Rl,g)

¢
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where x = 32,699.7 K/T and RlS is the pﬁotospheric.radius in units.of

15

1077 em. Since the parameter 'x' is temperature dependent, two values .\\\\‘

for the blue magnitude may be derived, depen&}qg on whether method I or

Il is used to-determine the temperature. Thé~method I -blue magnitu

are plotted iﬁ Figures 5-34 to 5-36 while the method II resufts are
plotted in Figures 5-37 to 5-39. Also -plotted in the figures are the
observed blue magnitudes of SM 1981b taken from Buia‘ahd Turner (1983). -
It should be noted that there is conSidérab]e'uncertainty in the distance
modulus to the host galaxy (NGC 4536): a different distance.mddp]us

would shift the measurements en masse vertically. Buta and Turner
themselves argue for a distance modulus of 30.0 magnitudes, corresponding

1

(via equation 1.1) to a Hubble constant of 110 km-s~ —Mpc'l. This value

is not consistent with defTagrating white dwarf supernova models. Sandage

-

and Tamann (1985) and Branch (1985).argue for a Hubble constant near ..

1 -1

50 km-s~ " -Mpc The chosen distance modulus of 31.5 magnitudes for

SN 1981b corresponds to H=55 km-s'} 1

-

-Mpc™ 7, half of the Buta and Turner
value. ‘ | -
None of the method I Tight curves are bright enough at.maxfmﬁm
light, and the curves do not de&1ine fast enough thereafter. Thelmethéd
IT results are better in both regards, consistent with the better spectral
fit. The discussion below focusses on the method II results: N
' 'The‘lightcurve of model Al comes closest to fitting the

observations. This in itself is not surprising as it was thosen to

match the best-fitting models of both Chevaliﬁf'(IQBI)‘and Sutherland -
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and Wheeler (1984) The light curve of mode] A2 (O.G.Mé'of_sﬁui) is
dimmer and runs parallel to that of model Al Model.gé»ﬁoujdﬂfit the

- _‘1 o

observations: if the Hubble constant were 70 km-s'I-Mpc

Using method I1 the envé]ope models as‘a class tend to. fit wetl';
at maximum 11ght but there are s1gn1f1cant prob]ems at other times. One
problem is that the 11ght curves do not dec11ne steep]y enough after
_ maximum 1ight. This effect is corre]ated u1th mass.; thehheav1er the‘

mode1, the f1etter is the Tighthcurvelk This is because the envelopes
;serve as insulating bTankets which'slow down the coo1ino\of the Eystem.
Th1s effect is also seen in the co]our 1ndex curves (see below) " A .
sma]]er opac1ty wou]d mitigate this effect, but then max1mum 1ight would.
occur ear11er and would be brighter (compare models B3 and 84 or see’
Arnett, 1982) A variable opao1ty wh1ch dropped after max1mum 1f6ht wou]d
be better but at ]ate t1mes the Ium1nos1ty 1s controlled by the depos1t1on
. rate more so than by the opac1ty o (“
" _ The second and more sermous prob1em With the enveTope models is
.the existence’of the precursor peaks The observat10ns-(Pskovsk11 1977)
" show no precursor peak within four magn1tudes of ‘the main peak There .
is good ev1dence that Type I superhovae produce a s1gn1f1cant amount of
56N1, thus the ma'in peak of the Tight curve is _powered at 1east in part
by . rad1oact1v1ty For envelope mode1s to be v1ab1e therefore, requ1res :
that the precursor peak e1ther be'very small, or else it must ‘be super- :
imposed on the rad1oact1v1ty peak.- The latter event would require a

-

very large'envelope mass and opacity, several times larger thap in model

-
i

1\.
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. €6 which peaks much top early. As will be seen below the evidence of

-

the colour index curves rules out such a model. Thus if an énvelope

12

exfsts it must be smafT (R < 107° ¢cm) S0 that the precursor peak is

suff1c1ently dim and short-1ived to have eluded detect1on 50 far

Colour Index . i

-

. ;\e colour index B-V is the differenee in the.1%ght curves

between the blue and the ¥isible wavebands . ﬂnlike the 1ight curves, -the

L

.~ golour index has the advantage of be1ng 1ndependegt of the Hubble constant

—

It is a function so]ely of the tempepature and is given by '

B-V = -0.562 + 2.5 log (&-¥) - " (5.7)

where X = 32,699.7 K/T and Y = 26,159'8 K/T,.corresponding to the wave-
]engths 4400 A and 5500 A 'respECtive1y The cdlour index eepends on the
method used to determine the co]our temperature The. method I colour
1ndex curves are plotted in F1gures 5-40.to 5-42, while the method II
curves are plotted in Figures.5-43 to 5- 45.

The method I colour index curves are al] too f]at they are too
-red at maximum 11ght and become too b1ue thereafter. The-method IT curves
are steeper they f1t we1] at maximum ]1ght although they also are
. general]y too blue at later times. The slope of the curves depends on
mass : the group A models (no’ enve]ope) are steepest and prov1de the best *
fit to the data wh11e groups B, D, and C are progressively both.f]atter

and more massive. This is a consequence of the fact that the. temperature_
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dépends on the deposition rate, which in turn dedendé on the mass and the
gamma-ray opacity. ‘Since the gamma-ray opacity is fixed'at 0.03 cm2-g_1,
the lighter stars beﬁome optically thin to the gamma-rays before the
heavier Stars do, hence the deposition rate drops faster for thz'lighter
stars. g ‘ .

- The major anertainties in the deflagrating white dwarf sﬁper-
nbva models are thé_amount of 56Ni produced and the thermal opatiiy. The
slope of -the colour %ndéx cu?ves'is‘fnsengitive to 'both of these parameters.
A§ cﬁn be.séeq by coﬁparing models Al and A2, or mode]§ C4,and C5, or.Bd
and D5, a change in Mooy only shifts the colour index curves without
: chﬁnging the slope. Similar]y; the curves for the models differing only

in the opacity (B3 and B4) are shifted diagonally. The conclusion is that

the colour 1ndex'curves provide good evi@ence agéiﬁst the enve]opéwmdde]s,

-

as the bare white dwarf models of one Chandrasekhar mass provide'the *
best fit.
Summarg‘ o . . - . "'

The models simulating R Cor Bor stars (models Bl, C4, C5, D4,
and D5) are not Qfable as sgéndard Type I supernovae as they show bright,
early precurso? péaks which would certainly be seen if they existed.
hFurthermore, if the ﬁamma-ray bpabity is correct then the colour jndex
curves clearly inde;te thét.]ittle or no envelopé can exist. If any
envelope ex%s%s{"it should be 1ighter than ~ '0.3.M0 (group D models)

12

and have a radius of ~ 10°° cm or less.

* ~ Y
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A comparison gof the bare whlte duarf models shows 11tt1e to
choose between then. Mode] Al gives a’ ]1ght curve correspOnd1ng to a
Hubble constant of H = 50 km-s 1—Mpc 1, whereas ‘model A2 corresponds to
H =70 km-s_%-Mpcﬂl., The colour index curve favours ﬁodél Al at
ma ximym light'but favours A2 at later times. Branch;s fit of 17,000:3000 K.

to the temperature at maximum light clearly favours model Al. There are

enough uncerta1nt1es in the ca]cu]at1ons that both models (1.0 or 0.6 M
56 '

0

of “"Ni) remain viable as Type I supernovae. -



< ) .Figures 5-1 to 5-5

: Dens%ty profiles plotted against mass fraction. The dependent

[
-

variable is log (pt3), which remains 1nvériant under homo]bgous-ex-
pansion. Figure 5-] shqws the time evolution of model 05, with

3, 10%, 10%s 108,

curves 3, 4,5, 6 and”] representing times of 10
and .5x]07 seconds after ignition, respectively. The expansion is
homologous from about 105 secohds onwards. ' Figures 5-2 to 5-5 show

: tﬁg late-time (homologous) profiles for all the models.
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Figures 5-6 to 5-10

Density profiles plotted against log (r/t). For a homologously expahd-
ing system the independent variable reduces to log (v). Figure 5-1
shows the timeieﬁoiution of model D5, with curves 3, 4, 5, 6 and 7

5, 106, and .5x]07 seconds after

representing times of ]03, ]04, 10
ignition, respectively. Figures 5-7 to 5-10 show the late-time (hom-

ologous) profi]eé for all the models.
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Figures 5-11 to 5-15

Velocity prdfi]es plottéd versus mass ffaction. Figure 5-11 shohs the
) time.evo1ution of the velocity ﬁrofi]e for model ps,‘with curves 3,
4, 5, 6 and 7 representing times of 103, 1Q4{ 1d5, 108, and .5x107
seconds after ignition, respectively. Tﬁe acceleration is ﬁeg]igiblg
after 104 sebonds. .Figures 5-12 tg 5-15 shoﬁ the late-time velacity.

profiles for all the models.
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Figure 5-16 to 5-18

Photospheric radius versus time,.p10tted for each model. The photospheric '

is defined to be located at optical depth t = 2/3. The radii are expressed
15

in units of 10~ cm and the time in units of 106 seconds.

AR
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. . , Figure 5-19 to 5-21

T

Ve1oé?ﬁ§ at’the photosphere versus time for each model. Note that this

-

refers to the ve]oc1ty of the matter at the 1ocat1on of the photosphere,
rathe® ‘than to the veloc1ty of the photosphere” 1tself . The two differ -

'becau§€ the photosphere.contxnua11y recedes in Lagrang1ah coordinates.

" The velocity is;expressed in units of 10%. em-s™'.. ~ e
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Fiqure 5-22 to 5-24

¢

Ldﬁinosity versus time, for each model. The luminosity is the thermal pho-

ton flux out of the surface zone, i.e. gamma rays from radioactive processes
are éxc]uded."Thg Tuminosity curves for the bare wﬁife dwarf models (Al

apd AZ) differ qualitatively %rom the énveTOpe models by the absenﬁe of the

sharp, narrow precursor ﬁeak seeh in tﬁe latter. The 1um1nosifies are mea-

43 1

sured in units of 10" erg-s™ .
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Figure 5-25 tb 5-30

Colour températures versus time, for each model. Two methods of détermjning
the colour teﬁperatpre are used. The firét method (labelled 1) assumes‘that
the Tuminosity is distributed across a full blackbody spectrum. The colour

tehperatures determined by method I are piotted in Figures 5-25 to 5-27.

The second method (labelled 1I) assumes that there is negligible flux short-

. o - : L
wards of 4000 A and blackbodyemission at longer wavelengths. The colour .

temperatures following from this ‘trﬁncated spectrum' are plotted in Figures

5-28 to 5-30. The temperatures are in units of 101 K.

C
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Figures 5-31 to 5-33

Fl

‘Bolometric light curves versus time, for each model. As is the case with
“the luminosity curves (Fiaures 5-22 to 5-24), the bare white dwarf models
laré‘single-peaked, while thé envelope models are double-peaked. For most
Lenve]ope models the first peak {around 105 seconds after ignition) is

brigﬁter than the subsequent peak (v 15 days later), although most of ‘the

flux from the first peak would be in the form of X-rays.

o
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Figure 5-34 to 5-39

Blue band light curves ;ersus time for each‘model. As the blue magni tude
depends on the colour temperatu%e, twe sets of curves are given. Figures
5-34 to 5-36 use the 'Qntruncaﬁed' colour temperatures qf Rigures 5-25 to
5-27, while Figures 5-37 to 5-39-use thd 'truncated' colour temperatures
of Figures 5-28 to 5-30. The data‘points are for SN 1981b, taken from
Buta and Turner (1983); agsuming supernova.idnition at J.D. 2444656.5 aﬁd

a distance modulus to the host galaxy of 31.5 ﬁagnitudes.
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~ Figures 5-40 to 5-45

Colour index curves versus time;'for each model. Figures 5-40 to 5-42
are based on untruncated spectra while Figures 5-43 to 5- 45 are based

~/
on spectra truncated at 4000 A The data po1nts are -for SN 1981b, taken

from Buta and Turner (1983).
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Figure 5-45
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CHAPTER VI

CONCLUSION

In recent yeérs great advances have been'made %n the “understanding
of Type ! supernovae. The success of the def]agrafing white dwarf model
has maQe it the 'standard picture' in the field. The hypothesis that 56Ni
decay is_responsibJe for the Iate-time']ight-curve is now generally

)

accepted.
The propositioﬁ that large hglium stars (typified by the class of
R Cor Bor stars) might be SN I progenitors was made by Wheeler (1978).
Such stars could agcount for the intrinsic variabi]i;y of SN I noted by
Pskovskii {1977), but the reality of fhis variabj]i;y is in doubt {Sandage
and Tamann, 1982). Meanwhile, the bare white dwarf models have gained in
cred{biljty, causing the alternatiyes to be largely neglected. Lasher

(1975; 1980) showed that shock heatiqg of a large envelope could explain

the huﬁﬁkof the SU I 1ight curve, but his models did not include radio-

activity and could not explain the tail of the light curve. The presént
work indicates that radioaétivity cannot be combined with a large, shock-
heateqtizzflope without insurmountable difficulties. On the other hand the

bare whide dwarf models considered in this thesis show no serious

a
disagreements with the SN I data. It is possible that further refinement
of the input physits will allow these models to satisfy all the

observational constraints.

The possibility of the progenitor having Q\;::f] envelope cannot '{f
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be ruled out. Even a small envelope, by changiné the mass of the system,
would aTter the s]opgs of the colour index curve and the 1ight curve
{(which is the distinction between ther'fast’ and 'slow’ types}. The
'bare' models themselves fequire a companion star as a source of accretion
matter. It is possible thai an accretion &isk or epve]ope might form
around the otherwise 'bare' white -dwarf. :

| If R Cor Bor stars do not produce Type 1 subernova, then what
dd they produce? It may be that the degenefate core néver becomes massive'
enough to trigger a superéova, or it could be that these stars producé
relatively rare, atypical supernovae that do not fit into the standard
Type I category. E ’
I? the ngxt few years the nature of the progenitggg;i?\ﬁﬁnmgl
supernovae may well be ;ésolved. Understanding of Typg IT superncvae is
also broceeding apace. Nevertheless, accumulating statistics suggest

that there may be‘further classes of supernovae, which someday will also

demand out theoretical understanding.



APPENDIX A

3 TIME CENTERING IN THE DIFFUSION EQUATIONS
. .

The supernova ejecta became‘radiatioﬁ dominated typically about

'104 seconds after the start of the exp]osion.'The leading term in the

internal energy is then F = aTqv, and the radiationngiffysion equation
(3.6)!71ay be‘w;itten as . . A

2.2 .
L= -g %% : s where o = (4" ) o . (A.1)

3k

Neglecting ,the (small).PdV term, equation (3.13) is then
oLy, (A.2)

This is a standar% heat flow equation with a source term. Such equations
are discussed in detail by Richtméyerland Morton (1967), hereafter RM.
"The stabijity of equatipn (A.2) is the same as for the homogeneous ver-
sion with £=0 (see sectiol 8.4 of RM);
The form of equations (3.16)'3hd (3.25) correspond to finite
difference sohgme 5 in Table 8.1 of RM. For thesefmice of o= 0 this
' scheme is exp]fﬁit but must satisfy tne\?Tabi]ity criterion

20 At < (Am)z - (A.3)

%

For the choice & > %—;he.equations are always stable but are implicit
; <
(i.e. a matrix must be.diagonalized).
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Define a diffusion time ty (across one zone of width r) as

2 _ (im)?

K 3o ' : (A.4)

ty = (Ar)

Define also a zone light-crossing time tc = Arfc. The stability cri-

terion (A.3) for @ = 0 is then simply At < %—td. The flux limiter

' effectively Timits diffusion by substftuting tC for td if tc > td. In
actual supernova calculations this happens after about eight days at
& -which time ty = tc < 100 seconds. Continuing the calculations out to
fifty days using thfa¢criterion (At < %-tc) -is prohibitive as it would
require perhaps a further fourteen thousand jterations. Alternatjvely,
the implicit screme with 9 = % has no such restriction on the tim step

‘and only about fourteen hundred further iterations are necessahy Q.

ut that

The choice of 8 = 2 has a further benefit. RM point
this choice is accuraté to SECond order in the time step At whereas other
v_é]ues of 6 are only accurate 'to first order. For these reasons the
value 8 = ? has been adopted for the calculations and a subroutine caHed
DIFFUSE has beeﬁ written to solve -the rad1atwn diffusion equation im-

plicitly., . ' E

ta,




APPENDIX B
THE EQUATION OF STATE FOR THE ELECTRONS

Given thE‘bumber density of electrons and the temperature, it is
desired to calculate the pressure, energy, and entropy of the electrons.
Under the conditions of interest fonisation is V1rtua11y complete; the
electrons are free and form a Fermi gas. To a good‘approx1mat1on an
electron gas is non-interacting, so the equation of state for a non-
interacting Fermi gas is\deve]oped first; subsequenfly the corrections
due to interactions are added.

In statfstica] mechanics the thermodynamic propefties of a gas
are determined by integration over phasé space. | For a perfect (i.e.
non-inE:icting) gas the distribution function is 1sotrop1c M momentum

“Tpan
space and for the case of Fermions takes the form

[

f(p) = (1+expl(g-p)/kTH ™! (8.1)

where ¢ is the kinetic energy adé u is the chemical potential (excluding
rest mass). The pressure, the particle number density, and the energy -

density are given by the integrals

P = 5%--% Im pv-fnpzf(p)dp , (8.2)

h
0
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™o
. ‘ -, , , '
. E = -93- € 4np~f(p)dp , (8.4)
a ' h .
& ' 0
.
where g is the spin muitiplicity factor and is two for electrons. De-
fine .
_o|) —
1 a = —_ff\, . ‘ (85)
’ T LA |
. B =z —'—? N (8.6)
- ‘ . m¢
: _ e |
\—’ X = KT . (B?)
= 4 3/2 )
A = — (2mkT) , : (B.8)
h? | =
where m is tAe electron mass. With the aid of the .above definitions and -
. » . . ..t .
the ‘distribution functisg (B.1) one obtains >
‘ 9 ' 2 ) \
. ~ j AkT'G(G,B) y ' . (B-g)
- .' . . . fo
n = A-H(a,8) , ) " (8.10)
E = AKT-I(a,B) , "¢ \B.11)
where ' ’
7 _ x3/2(] +%‘ 5x)3/2 ,.
ac 7 ' G(a,B) = | Trexplarx) dx , \ .12)
\ ’ . 0 . ‘ /-/ -”.
. g, y
& .



R

p—
140
w1 ] Lo
4} f x‘(1+-§ Bx) 2 1+3x)
H{r, kT = Trexp (o x) dx , ~(B.13)
. : , 3/2( 2 Hx) 2 1+13x) .
I{(,i) = Trexp (o) (B.14)
'Y 0

Since n, 8 and A are known, equation (B.10) may be solved for
the parameter «. The pressure and energy can ther be evaluated using *

equations (B.9) and (B.11). Unfortunately, the integrals (B/1e) to

(B.14} cannot be ana]yﬁica]]y solved; hence various

schemes have been devg%gped to evaluate them. To thij{Purpose the

proximation

{«,3) plane is divided into four regions: 1) non-degenerate (o >> 0);
i1) very degenerate (a << 0); iii) low temperature, intermediate de-
generacy (8 << 1, a~ 0); and (iv) the remainder (2 ~ 1, an 0). These

regions are each considered in turn. N
#) Non-degenerate regime (o >> 0) ’ : b2

In practice the boundary to this region s taken to be Co-

H{x,B8). < 0.016+0.048 (i.e. a >4) .

The integrals (B. ]2) to (B. 14) may be expanded in powers of exp(-a-x
and then integrated Eglrﬁby term to. yield |

S TG 08 LA Pt RS
6e8) = 3 1 Ll a2y () (8.16)
gt g=1 5% -
: ! -
1 -
N - T
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3 ydt =g -
O R R - (8.17)
2% 321 - . _
i q T )J+]e"l.] 1 , -
“d{eGR) = o Y.} 1—572— z% {zK (z)-Ky(z)-2K,(2)] (B.18)
- *3= ] ,

. .
where z = j/5. The K's are modified Bessel functions,~and may be ex-

e

panded in asymptotic series (ses Abramow1tz and tegun, 1964)- to yield

i 415105 2 315 3

. f ~g P T8 .-y B e N (B.19):
- 15 105 .2 o ' '
. f2 ] + 16 o+ 3V B I ) (8.20)
v Coe s 2112

2% (a,B)3°f,

ot L 2H}(a L), 3 , 3 (8.21)
712 'F .
3,75, 735 2 qss 3,
f3°5+ 768 " 75 B 0085 - (8.22)
. L
3% 75 . 735 2 -
U VR 2 : , (8.23)
Hence | ' . 1’/'
— f
e nkr(y + HoB) —%) (8.24)
(8n) f o )
and ’ ' g

. f f

T f3 (1 + HlesB) | - ‘fL,o‘, . (B.25)
1 (anyi . f3fy, L

Note that equations (B.19) to (B.23) involve power ser#es in the para- -
meter B. For accuracy, B should not exceed ~ 0.1 or so. This is as-
sured in practice by restrictifg. the applicability of these results to

the regime satisfyipg {p < 1000 g4cm"3) as W?]] as condition (B.15)..

N
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The regime (p > 1000 g-cm'3, o 4) s fréq}dﬂ'ﬁE*Tﬁ-EEEtion (iv).
i1) Very degenerate regime (o << 0)
In practice the boundary of this regime is
CH(woB) 5144140 5+ 60 85 (ie. w< -8).  _ (B.26)

The integrals (B.12) to (B.14) may be expanded using Sommérfeld's lemma

o~
(see e.qTha drésekhar 1939). After some lengthy algebra one gbtains’
-1, ’ . - i
G B9) 2 (23447282 ) (xZ4x) 24 3nn(x’=\§_x+1)'2)
) f 4 : . " o
) 7 4.4 X+142 )
tp B (2x-1)(:3—) 3 (B.27)
. 3je - . 4 ‘
o) = 2 (7 0 (@ R e L)) (8.28)
/\\ .18 X ) .
‘3/2 tH - 2
o X (x+1)* s (x41) ] 5 s .
I(O«.sB).' 21265/2 { 7 Bx xglz En(x + (X"’H ) + ()()
x4 ® (axe) ) ¥ a5 TG) (22 ) ()5 (8.29).
wh;:l X is now defined as . <ijh\} . -
X=auafp 2oR| . (B.30)

y for x as H and B are given;

(\(131)

Equation (B.28) may be solved itera%i

a good initial estimlite is

Lr
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At densities below : = 105 g—cm'3 both x and ¢ are-small and

equations (B.27) and (B.29) are difficult to evaluate due to numerical

inaccuracies. The following forms are then preferable

|

572 2 5 3 2

G(u,(-)—(512)_ B Q- ey ),

oo

| S -
N 3 © LB e Gens (.32)
m 2 2

, ' ) - o 58 2 xS B ey, T Bx
‘ I(C"’(’) (5]2) (B.) {5 7 + 9 8'8 + +( ) (4+ 3 "T

-
-+
—)
(Xe)
-2
[ ]
Y

4
7 (uB 11x  19x
- e (?T) (1- =%

. . : ‘ v (B.33)

s X 1

S 7 iii) Intermediate degeneracy, low temperature regime (8 < 0.01) <

The integrals (B.12) to/&p.]d) are expanded im powers of [ yield-
v > ' | \ .

! e

= | xfla, ><)c1x+3B x2f(a,x)dx + 35 f’ 3F(ayx)dx+ o+, (B.34)

v

J
0 ‘ 0

o 2
(fiigbx)dx %F- xfla,x)dx + g% xzf(u,x)dx + 00 . (B.35)

J
Y \\Q“ 0 : 0 ) -

xf(a, Ydx + 58 Jm X" f{o,x)dx t g x3f(a2x)dx + osee (8.36) 5

b

0 . .
, 1i;:> fa,x) = x%[1+exp(a+x)]'] . '\\\, (#.37)
,\.}r Co

' Ll
1%
=
un
e ST

where
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The integrals in equations (B.34) to (B.36) are functions of w only
and have been tabulated for the range -9 < « < 5, in steps of «-= 0.1.
Equation (B.35) is solved for « using quadratic interpolation, where- -

upon G and'I and hence the pressure and energy can be evaluated.

iv) Remaining regime (« > -8, 8 > 0.1, p > 1000 g—qm;3)

The integrals (B:12) to-(B.14) have been evaluated numerically
‘at an array of points in the {leg o, ]5@ T) plane, spaced ten
poiets per decade in p and fifteen points per decade in T. The contri-
butioes from electron-positron pairs (see Appendix C) are also included.
{In the other three regimes described ebove a eeg]igib]e number of
- electron-positron pairs are formed and so their effects are omitted.)
The pressure, energy, and entropy of the electrons are found d1rect]y

v

by 1nterpo]at1on in this tab]e

.

Such a tabulated equatlon of state.is of course éoncéptua]]y

. S1mp1er than EﬁE‘Ehmbersome approximations used for the other three

reg1mes Jhe table could in principle be extended. over the ent1re (p,T)

plane but this is not practical due to the vast number of intefrals that
would have .to be evaluated and stored. Furthermore, therexpansions
used in the other three regimes offer much .greater accuracy than does -.
the table, and aré thus preferable. ' '

To check -the correctness and accuracy of the formulae used in the
four different ree:;es the numerical discontinuities in the pressure and
energy ‘at the.reg1me boundaries have.been measured. Typically the dis-

continuities are only about one part in ]04, which. is remarkably good

. ™
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under the circumstances. Emphasis is placed on accuracy in part be-
cause derivatives such as %% and %%— are evaluated numerically (e.qg.

%;I is determined by evaluating the pressure at twqttemperatures dif-
fering by 0.57). Relatively small errors in the.pfessu?; or energy can
result in much larger errors in the numerical Bk;ivatives.

Once the pressure and energy are evaluated as detailed above
(for a non-interacting system),'corrections for the interactions may be
added. The most prominent are the Coulomb, the{Thomas-Fermi and the

exchange interactions; these effects are parametrised as a multipli-

) L~ -
.cative factor 'f', defined by
f = 1.00116-4.56:1832-1.78107°2%-0.03674 (2 *5'°-1.37)u* '(8.38)
h - :
where ) Y —
- 1 3
2 2 (1) N - (8.39)
e

and

W= min(d vy 1074 . (B.40)

2 e’ ; . )

¢ = 0.7670+0.22862-0.0167422+(-0.1186+

+ 0.0022482-0.0164222)-109]0W . (B.41)

‘This expression for 'f' is a fit to the calculation of Salpeter (1961).
Ris results are valid for an electron gas at zero temperature and a
densitj greater than ]04 g-cm'3. The zero témpgratuﬁe'assumption is
adequate for degenerate e]eétroﬁs, 6ﬁ£ it is eﬂtended here to non-.
degenerate electrons merely for conveniénce. Also, f is taken to be

3

density independent below p = 104 g-cm ¥, This is 1ncor}e6t, but the
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electron pressure is not dynamically significant at such densities.
Furthermore at low density the radiation is the dominant sodrce-of
pressure. For similar reasons the reduction in electron pressure due
.to recombination has also been omitted. ’

Once the pressure and energy have been deteFmined the electron

entropy is calculated. It follows from the Gibbs free energy
G=E+PV-TS =N _, (B.42)

This equation may be so]ved'directly for S. The entropy is then conver-

ted to a dimensionless entropy per baryon byn

o =% . (B.43)

-~

Hence

¢4
= £
Ue = T“‘" Ue . (B.44)



APPENDIX C
THE DENSITY OF ELECTRON-POSITRON PAIRS

' At temperatures near 1010 K the typical photon energy is com-

parable to the electron rest mass ed®rgy. Hence the reaction -

vhy ==e" e : (C.1)

will reach an equilibrium with a non-zero number of electron-positron

pairs. At equilibrium the chemical potentials bélance

L

2uY T Ty (C.2)

~

where u is the relativistic cﬁfmical potential

.

. RV mc2 - okT . - (C.3)

The subscripts e and p refer to electrons and positrons respectively.

Definitions (B.5) and (B.6) are used here for « and 8. Equation (C.2)

may be rearranged as | o
2 . .
+ = =
a * o g - (C.4)
.-
Let g represent the density excess of electrons over positrons.

This  quantity is independent of the number of pairs creatéd and fol-

»
Tows from the mass density.
rp y
n, = (C.5)
0 HeMp .
147
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where mpr is the proton mass. Including the electron-positron pairs,

.;J»
ne = no + np (C-ﬁ)
and since n ¢ H{u,?) (from equafijg;LB.10)), this implies
H(ue,ﬁ) = H(uo,ﬁ) + H(up',f-:) . (C.7)
1
. Equations (C.4) and (C.7) are a set of two equations in three unknowns
{the three «'s). a, één be determined using the method of Appendix B,
(i.e..by evaluating the electron equation of étate in the absence of
pairs). Equations (C.4) and (C.7) may then be solved. There are three _
regimes of interest. 7
. L. -1 : »
i) Non-degenerate regime (ao >4, 8 »>4)
In this regime H(a,k) = exp{-a). Thus equation {C.7) becomes
v .
- ) _ \ )
exp{-u,) = exp(-a )+ exp( ap) . (c.8)
With the use of equation (C.4) this reduces to
g = gl sinh-][% exp(B-T-ao)]
EPES TS I [ _ *
oy = 87 + sinh” [z exp(8” -a )] |
ii) Very degenerate regime (ao < -8)
.Since ng > o then ay < oy e Gy < -8. Therefore by equation
(C.4) : o ) L
‘ A ‘
G > 287 48, . - (c.0p
-
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" . - . . ‘N
Thus Y >> Gy and hence np <N Therefore ng =Ny and np = 0. This
may be explained conceptually as follows: The electron from a newTy
created pair must be added to the top Oﬁkfhe Fermi sea, but since the
electron gas is very degenerate, kT << Cp- Since the typical photon

energy is of order kT, very few photons will exceed the threshold for -

pair production. ‘

i1i) Intermediate degeneracy

In this regime equations (C.4) and (C.7) are solved iteratively,

-
A reasonable first approximation is

R a1
d —_m1n(ao,p ). (c.11)
~—— Y-

Once oy and ap are found then the e]e%fron (and positron} pres-

suré and energy are evaluated using equations(B.9) and;*(B.11).



| APPENDIX D
! NUCLEAR STATISTICAL EQUILIBRIUM

Consider the reaction

Ju==(j-1)a + a " {D.1)

in which a nucleus compounded of j alpha particles dissociates by
emitting one alpha particle (gamma-rays are also produced, but are not
'of concern here). The equi]ibr}Qm number d;nsities‘of the participa-
ting nuclei follow from‘the Saha equation (see for example C1a}ton,

1968)

"i-De"a | (2mukn) 32 B(5-1)08, QKT

e R (D.2)
nja h3 _ Gja '
where '
_ ) ) -
and ‘ . .
L 1 N .
M,. M . ‘ .
pe Agllee . ey (.4)
jo
Defi .
. Myoiay. .
= n_*; “ oo CoL ( D.5)
Joa S

Hence

(0.6)

/
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The matter density p is given by

1
Xoo (D.7)
1

j J

$3

= Mu ; Jn

P = ? Mjanju

[| e I |

i
The partition functions Giéjmay be taken.to be unity for all the
relevant nuclides as they all have spin zeroﬂﬂbund states and no Jow

energy excited states. Hence the Saha equation (D.2) reduces to

xy = (2 kT/nd) (50 exn(Q, k) L (0.8)

J

For a given temperature and density equation (D.7)'may be solved im- .

plicitly for n, (;ince the xj are all known). The nja Phen follow from
equafion (D.6). o

The results (ing{uding thg total binding energy) have been

tabulated at an array of points in the (p,T} plane, and are inter-

palated as is necessary.



APPENDIX E
THE JUMP CONDITIONS AT A SHOCK FRONT

Consider a one-dimensional coordinate system attathed to (i.g\
comoving with) and normal to the shock surface. Let subscripts 1 and 2
refer to pre-shock and post-shock conditions respectively.

The conservation equations at the shock front are (see e.g.

‘Landau and Lifshitz 1959) N _ -

mass flux PIVy = PoYy ' . (E.1) °

momentum f1ux P] + p]V$ = P2 + QZVS (E.2}
. 1.2 12

energy | E] + P]V1 t 3 vy ® E2 + P2V2 + 2-\:2 . {E.3)

Consider the fluid to consist of radiation plus a gas of non-

degenerate particles. Then

p=att BTy . (E.4)
and . ' .
£ = 3aTh + BT . . . (E.5)

_ _ \ , _ ) '
The constant A is onerthird of the  Stephan-Boltzmann constant and 8 is the

effective gas constant forethe ions and thy eléctrons: L

B = Rij, + R (E.6)
-Define A as the velocity discontinuity
A= V.I-V2 (E7)



e

Assume. that all pre-shock conditions (subscript 1) are known. With the
specification of one more parameter (e(g. A) equations (E.1) through (E.3)
may be solved for the post-shock conditions. From equations (E.1) and (E.2)

it follows that /

A% - (PP ) (V)-V,) (E.8)

.
and . > A

VEevs = (PyP )V Y, _,\ -7 (E.9)

From equations (E.3) and (E.5) fo]lpws

4 4 : )
BAT)V, + BT, - BAT,V, - 58T, ‘

+ V]P2+ v P2 - V]P] = VZP.I =0 . _ (E.]O)-.

The pressures may be eliminated using-equation (E.4). Equatioéi‘
L]

(E}B) and (E.10) form a set of two equations in two unknowns. Eliminating

2 results 1p

ZBV]T3+ 6a2y (8AT] o+ SBT]+AZ)T2+ 9aB2T0 ' N

18A 9

+ }GAB(ZP]V]+A2)T2- A(gsA T?v$+ 132ABT?V] + 4552T$ '

=~

2 2 4,-4 2

+ 68AT1V 2% + 448T 0%+ 74 )T, + 158°P. T5 - BP. (S4AT Y

1 2 1

+ 308T; + 282)T, + P, (48A1V2 + sangrSh, + 156272

- 242 P]V]-A)=0.~. o .(E.H)

This is a polynomial equation in the variable T2 and the root may be found

/

)

in a straightforward fashion. Of course, equation (E.11) may have mqﬂn
R *

&
.
.
ki
r
*

,
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S~

one root so it is of interest to verify that any spurious roots lie in the

unphysical region T2 < T]. (Thié region 1s unphysical since a shock can

never lower the temperature; this would violate the second law of thermo-
dynamics py decre;sing the entropy. ) In fact, spurious roots to equation
(E;ll) with Tf < T] do exisF.

-

Define the follgwing dimensionless parameters

:_ ' X .= (TE-T'I)/T] " h (E'n)
ok BT]/AT?V] , (E.13)
B = a%/8T, . ) (E.14)

Then equation (E.11), may be written as

9 . |
f(x) = & a;x’ =0 . (E.15)
i=0 , -
wi th :
- 1a N
ag- o |
ag = 6oB + 192a + 48 N\
a, = 488 + 8880 + 8 ( /
"ag * 907 + 16808 + 2352 + 1344
;a5 = 180°8 + 90a° + 33608 + 3984c £\ 2688
ag = -7a°8% + %8 + 2700% + 35208 + 4436a + 3264
2y = -284°8% + 4u®B + 36007 + 6dop + 30240 + 2304 -
2, = 150> - 420267 - 84078 + 2400% - 28008 + 1056a + 768

a, = -2&38 - 28&282 - 88&28 - 22408

4y = o382 - 4638 - 80282 - 32428 - si;dE?\ . (E.16)

-
/
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L

In the following argument the domain of x is restricted to (0,»), cor-

responding to the physically permissible region T2 > T]. Now since both

parameters « and £ are positive it follows that the coefficients 25 and 2y,

»

are always negat{ﬁe_whereas ag through ay aré always positive. Since ag > 0
both f(x) and f'(x) (the derivative with respect to x) are positive for ~
sufficiently large x, whereas c]ear1¥ both f(0) and f'(0) are negative.

‘Thus both f{x)} and ' (x) have at Teast one root each. Label the ro%tﬁj?F

f(x) sequentially from smallest to largest by x},ﬁxz, ceey xﬁ; ,s%milar]y

' - o
label the roots of'f'(x) by x{, xé, cevs X Since a, gﬂgéglrare negative, .
" it follows that k; < Xg- A1so for any two roots of f(f) thevre must be a

"root of f'(x) between them (Rolle's Theorem) hence m >.n. § .

L

Consider first the possibility a; > &. Then a4'> 0 since a

3 4
& Thus the third derivative f"'(x) is positive definité?‘hg?ce f'(x) is

> a3/4.

concave upwards and has only one root (m=1). Hence n=1 and f(x) has a
unique root. .

Consider now the case a3 < 0, a2 < 0. Since the f1fth derjvative (/
e

fY(x) is posi¥ive definite then' "' (x} is concave upwards and has only

one ;root {dince f"'(O) < 0). Then since f“(0)< 0, it follows that f"(x)

{{hEE*b ot. Similarly, as ag and a; are negat1v€g;E:?3Tigws that
/ both f'(x) and’ f(x) have unique roots. )

onsider finally the case ay < 0, 2, > 0. “Necessary conditions for

these two inequalities which follow simply from equations (E.16) are

B > 3.65 (e
e

.and . . ) ' . '

. | TN
- - a>68+20. - © (E.18)
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Define - | e
. - o 2 //f {

. ) h{x) = X" axtag E.19]
’ ) ' g{x) = f{x) - h(x) . ‘ - (€.20)

t

From these definitions aTong with the coefficients given by (E.16) the
. . | .
following implications may be derived: -
. . »

h(xJ) (E.21)

>0 =>h(y}) >0 , forally>x ;
h(x) > 0 => h{yb? 0 , forally > x \ : (E.22) .
g(x) > 0=>g(y) >0 , forallys>x ; (E.ZE)
g{x) > 0 ii g;(y) >0 , forally>x ; (E.24)
g'(x) >0/ g'(y) >0 ,- forally-> ii,i' ‘ (E.25)
g'(x) >0 =>g"(y) >0 , forally>x . .(E.26)
Assume n $ 2. Then m >32 and hence x2 exists and x2'> X1+ Thus
N
g(X)>0—> (X)>0->g(x2)Cﬁ\>h(X)<0
tr=> h! (x ) < 0 =>g (x }>0
= g"(x) >0 for all x > X
2etx) ety t
N C P < b (x)) f
~ - ; Co : oy : :
.= h"(x) <0 for some x > X1 (E.27)
. _ o R

‘g But a, > q;by assumption, hence h"(x) =
"hence

e o v h(xla > 87

o~ ~N ey
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h(x]) >0=>h'{x)>0 for alf x » x

Now

1
= h(x,) > h{x,)

=> g(x,) < g(x,) _ g

: .
=>g'(x) < 0  for some x > Xy - - (E.29)

e ]

. N A
Now by direct evalation of g'(x) and h(x) using conditions (E.17) and

(E.18) ®ne finds: \\

h(8/3) < 0 | (E.30)
and

q'(s/3) >0 . . (E.31)

Condifions (E.21), (E.28) and (E.30) imply Xy > B/3, whereas conditions

(E.25), (E-29) and (E.31) imply x, < 5/3.(,ungi:)he assumption n > 2 is -
invalid for the case ay < 0 and ay > .
Thus the root of f(x) is unique regardTess of the values of the para-

meters o and 8, hence one may soTve'equation (E.11) numerically without
_ .
the danger of encountgring a spuricus root.

s
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- Baade, W. (1945), Ap. J. 102, 309.
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