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The sroblém1sf.€q§étiticstfsﬁ-(esfimstioﬁ: of” system

A

.

paramsters énd*-chafacherisiiés)-{sfcons}dered...The aspsct ﬁ\m\

emphasized‘is the robustness in _iéﬂﬂkification:.'By saylng

robustness, two poinbs are meant. One is the robustness w1th

- -
"
. ,_’

-respec& to bad pieces of data and the other

robustness‘~with -respect to truncatzon and

1n computaflon.‘ fm:f:j-ﬁ _;;‘; -
: 5f thorough -study has Eéenw hade

r L

6;'1 ‘ 'tn'e '-u-'obuéb'- .

1s¥the numerical

round—off errors
E Lo - ,../\‘

L -

,statlstical princzples“ AAd; theln, aﬁplicabxlity ;n system :

PERE

identlficatlon is critlcally evaluated. Off

o v

_1dsntificatlon algorlthms are proposeq : wh

-

to undetectable spur1ous errors in® the data

'-t;me"computationally simple and eff c:ent.

K 4

-

llne and on-line

-~

bch are re51iienp

and at" the " ‘game.

The convergencs'

. bf"phese algorithms_is theoret;cally sstabl;shed.: BeSLQes.;

es-rpbpstrrecursive aigorithm is also-propos

" estimates ‘the. states and parameters of a l

L

ed whlch 'jbintly'

lnear system in a -

) bdotsﬁrap manner;. This algorithm -;ér also _proven ts bs S

converging thh probabzllty cne. In add;txon to thzs. a very'

"3enenal method is.develqped.for evaluat}qg

efficiénéy T ot »robqst "iQestificstién

- -

:conventlonal 1}§entifica£ion-'methcds Cleas
genafalizations) is_illustrated-thh rphe

superlority of the ‘proposed apprdaches in contrast with.'ﬁhe.‘

ﬂﬁHe' asymptotlc-
methods _‘~ Iﬁe
t- squares and ltS

help ;of-_seveqal'.
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- Fa.o.
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from samples:of inpdt-output data. Mathods afé'sdggnsied,ﬁb

overcoﬁe;th;s problem.

Also, numerically robust scheines are.
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Lo . . CHAPTER 1 . g
i ’ INTRODUCTION

-

f.l Introduction to the Problem

[ ]

. Identification, which is the estimation of system ~

paramete?s and characteristics, is a very important field in

~

modern control theory. Besides the wvital role in cohtrol:

and systemé theory, identification finds application d4n a’

Y

gseries of other areas like econometrics, gsocial scrences,

-
-

‘physical sciences and bio—engineering. pue to this reason,
during the past three * decades there has been a flurry of

researqh activity: on the  subject from d}fferenp

perspectives. This can be substanti&téd by the nmumerous
papers (eg. the survey pépers by Cuenod ;pd Sage, 1968;
Eykhoff, 1968; Astrom and Eykhoff, 1?71;_ Nieman et al.,

1971; Gustavssoﬁ, 1é72; Sinha and‘Sen, 1973; Iserman et al;,

-
»

1974; Saridis, 1974(a),.1974(b); .Rajbman, 1976: Rajbman and
Sinha, 1977; Sinha, 1977; El-Sherief and Sinha, 1979 ;

Young, 1981) and books .(eg. " Desail and Laiwani. 1é72:

Graupe, 1972; Sage_&ﬁd Melsa, 1972: Mendel, 1973; Eykhoff,

- -

1974; Mehra _.and Lainiotis:Al976: Soreﬁson. 1980; Sinhka and °

Kuszta, 19835 Ljung and-éoderstromﬁ'l983: Goodwin and Sin,

198&?, Young, 1984). ,_In spite .of the wvast literature

T

avaiXable on the subject, it is interesting te ﬁote that
i - .o . o o
many people still wconsider the area of identification to be

- o



N R - . - . 2
.-a bag of trxcks or'aﬁ“ f;ddler .8 parad:seff {qthe{ than .
theory,. Th;s.-stems: down from Ithéf- fact 'Ehatf no"

- S L4 =
. - .

identification methad ican_ be_'applied ‘Eo' éj:variety of

Y - . . . . -

'sxtuationa‘w1thaut d;fferent approx;matlons or modificatzons‘

- - . . -

~f to improve the perfqrmance. ":_

-, . . - L
. -

o Mbst of the 1dent1f1catlon schemes employ samples 'of"

- . . P .

L 1nput—output. data of the system to be 1dent1fied. Thzs 13-.,1

. because of the currbnt avalLabllzty f' d;gltal -computers.

+"
.

Basxcally, system ‘1dent1f1catlon cdnszsts of three steps T

structure-'determlnatlon;' parameter“estlmatlon 'and model

- P

valldatzon (Box and Jeﬁkins,A197O. Slnha and Kus-ta; 19833.

In the first step one tr1es to fxnd the order of - thé'“mader
(discrete or cont1nuous) by whzch the system can be closelyl
\represented. 'The 'second step iéf }hé applzcat:on cf--é

- -

- .

Vsuitable. algorlthm- to est1mate the parameters of bhe model

-~

as accurately as possxble. The last step 13 the appllcatlon

- - N -

- of dome cr1terzon (eg.: the Aka;ke information crlterxon) to

- LY
) - -

.check:.how‘ closely _tﬁe: fi@;ed;mddel.rg?reagnts.thé systng.L

under ccn51deratlon..'-' _"' T
. A . . . e ‘--\.

?rom the polnt of vmew of computqplcn. 1dent1f1catzonf?

schemea can be classmfled iﬁto two catego*xes ,‘off 11ne and

on—lxne algbrlthms. Durlng,recent tlmes, on—l;ne algorlthms.

have' assumed g—eater 1mportance because of thEIF extem51ve '

.‘applzcatﬁons Ln~ada§t1ve cqntrcl and due to the avazlabxl;ty
of‘~ﬂexpen31ve mlc.oprocessors. )

- ) No*na‘ly pne;-youlc.zuse' least :sgquares ~or  ‘its. ..



B -

v ‘ 3eneralizations 'fqﬂ, obtaintng optlmal paramete: es&imates.'m

But these methods are Very sensitive to deviatzons from the -

- .. - * . -

probability distributioﬁ"laws based on. wh;ch ‘ thew are

4
oA i s . - > . -

v derived. ;n,the presence :of bad >data. fallurés; gross

‘. P . - . » .

'.errors or outlters as they are-called in statzstics. these

.o .- < .

. methods cease to work.. In engineering real—lzfe data quite

- : . -

often contain outliers due to transducer failures. analog to

- - .. . K .

'digital gconverszon 'errors. data traﬂSm;ss1on problems and

-
f . - . -
. . . - EE . . I ~

large .disturbances.’ Hence it 1s very important ‘to .modafy

the..existins 'algorlthms Vsq.'that- they are insens;txve to

outl:ers "and at the same time efficzent with ‘respect te.. a

kY
~ Lo, b

class of probabllzty distributlon laWS. Such algorlthms are

t -

."called o robust ident1ficatlon algorlthms f From the po‘nt

. -

of varlous aspecte explalned above.u'robust algorithms .are -

'
. . . . . -
- f .

more realistic“.fl practlcal appILCatzons than thexr non— -

robust counterparts;" f";A‘-t ~"'C' o ,ﬂ' S
Anetﬁer.important ﬁactor:‘tef be. copsideréd'-is‘_the .

'1ssue_:of numerlcal robustness in 1dent1ficatlon.—.8y this,

- .~ "

. one means the senszt1v1ty to truncatzon and roundwof -errors-

e b LIV

is- especxally serxous in the 1dent1f1catzon of contlnuous—‘

- [

tlme systems from the samples of” lnput—output gata where’

_improper"'selectiqn- of camplzng 1ntervals can’ create severe-

. . . - . N h - . -
numerlcal problems. T L - S .

‘ r - . f -

©.. "The ' various problems el 1dated above  require’
;considerable'.study; both.,frbm theoretlcal’.as“xweil " as
P?actical-consideratfons:.fThis thesis is an- endeavour to

‘- .

1n computers ‘due to thexr flnite word length. This' espect‘-,
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~

i%lustrate the - gravitf of these problems and some possible

-

solutions to them in the context of linear systems.

- -

.

[y

1.2 Organization of the thesis and original contributions

" The thesis deals with robust off-line and on-line "

algorithms applicable to a variety of cases including joint
parameter—gtate estimation. Besides, numerical problems
associated with the identification of continuous—time

systems are also considered from the point of view of  the

choice ‘of - the saqpling 'interval and gschemes for

transformations from discrete to continuous—time models.
Chapter 2 is a survey of robust statistical metheds
and their applications to engineering problems. All the

important robust statistical procedures have been covered

-

and critically evaluated. : . ~ -

" In chapter 3, a robust off - line identification

-
-

method, called the "modified maximum.likélihooéﬂ' method, is
introduced. This matﬁad is based- on- censored ‘samples of' .
‘order statistics. The impqrtant properties of this powerful

N
method have_been exposed along with simulation studies. ‘

Chapter 4‘contains a.&horough'discussion of a class

-

of robust recursive algorithms based on .a well" known

statistical procedure callied M-Estimation. These algorithms

—-— o~
-

are the robust wversions of recursive least sguares,
fe ’ .

N r
recursive instrumental variables, recursive correlation and

. ' i o -
;OPulse response methods. The‘convergence and efficiency of -

the proposed algorithms have been theoretically ‘established
L)

"N
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and their Practical usefulnesg ig illustrated. through

- . - -

segeral si@ulation stﬁéies. In addition toe that, a real-—

life identifiéhtion Problem is also considere&;

-

. ChapterfS dea}s with a new robust recursiﬁe algorithm
derived following the Baye51a; approach using“mixed Gausszana
probability density functionsg. , The. efficiency . and
cénvergence of . the algorithm eré quantitétiveiy
investigated. Slmulatlon studies and a practical application
tf the ‘algortithm are also 1nc1uded.

In chapter 6, a ’rbbust-'bootétrap algorithm” is
introduced for the Joint parameter—state éstimation. This
is basic;lly an extension of the scheme intrPduced in the
Previocus chapter. The necessar; and sufficient conditions
for the convé}gence of the robust -~ bootstrap method are
obtained. Onece again, the powerful features of the proposed
method are shown through 31mulat105 studies,

Chapter 7 is about numerical robustness issues‘in the
identification of continucus—time ' systems. Numerical

difficulties due toe the choice of very sﬁéll sampling

intervals are illustrated and pPossible sScolutions are

»

suggested ' for overcoming this problem. Numerically robust -

~

aigorithms for the transfcrmatlon of dlscrete—time models to
coentinuous—-time models are also introduced._ Tﬁese ‘"methods

require fewer arithmetic operations and aveid matrix
v

inversions in .contrast with other existing techniques.

Conclusions and sugzestions for future investigations

-
~ ~

-

5
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are delineated in chapter 8. .

4 . . -

w «. The szgn;ficant coﬁlributlons*made in this: thesxs are

. “- . . _”;_ . -
. --_‘:—,;. T L - . -
enumerated below.- ﬁf < ':}¢% S e : o

- - r4

- = -
. R X

-}. h'thorough survey has been ‘made on-robuat statistical

- - ‘. - " - N N

prdnCiples5 and their appricabmlity in system identification

FO,
- Taml.

-q-_.a' - -

is crltically analyzed. ) A Y o .', . .
< ‘2. A pdwerful robust ofﬁ line identification method 1is
o S TS T i _
; derived' u31n3-céhsored :zamples of order statiatics “in
~ = ’.‘ ",-. "'\ '.“, P

AR : conjunctlon wfth'%he maxrmum-lihelihood method.

- - - -_,' . @ -
- 7.‘." -_ f“’

- 5 . .
3. 'Saxeral robust qu-line algorithms_ (the tho}ce among

s . - o e = “_ T R .' hid R - - .- h -

“them~-depends onvbhe cuﬁbext of applicat;on., which will be

clear from subsequenx chapters) have been‘ formulated and

-,-.-.‘.‘--_,.,-w-.'. e T

' Tt - _
o their *con%ergence and efflczency ‘have been analyzed. These
includes > ~ L. 00 - T

¢al). ﬁerfvatidﬁ of gywéighted least squares type algorithm

bkl h- " » -

- based on M-Est-imstion’ and "obtaining necedsary and sufficient

- by - . - \ - -
- L. - - " .A R 7 - 13
conditions for its cdonverkence +«in quadratic mean. Also,

-~ - -
evalruation of the efficiency of _this type of algorithms

- - -« [
-

based on ‘scalar Fishe¥.information’ in a;very general frame
work. '~ o . R . )
I - " - e Tt RN -

{b): Extension of the abqie'uddea “to the recursive

- % . -
B - -~ ‘. -

.instrumental varzables method and prcvxng the necessary and

- - -
" . o :

s sufficiént conditions fo:_Ehe convergencempf -the algorithm
in erobablllty N T ’ .
- - (c) Extension of the approach dep:cted int {a) to recursive

- - - i
correlation and impulse response methods ofwldentlflcahlon
. :

and evaluation of their convergence.



(d). Derivation of a robust récursive aféor%fhm followlng'

v

'..,—

the Bayeszan ~approach using mlxed Gausszan prcbabllzty

. . -

density functions and ob;gining neceasar§ fénd suffic1ent,.

- - _'\ -
<

conditions for its _convergerice rn‘ quadratzc mean.:'TIn‘”‘"

- . I U Wl
A.d\. T - -.'

,additidn; évaluation of ité'efficiency.-; S %juf#dfh~ﬁf.:

4. The ‘proposed on-lxne 1dent1f1catlon methods have been.fnu-'

_successfully applied for the 1dentif1catzon of a. packed—bed.: :

P

- ~ -

catalytlcal chemical reactor where the ccnventzonal methodsfa?}

:algopithméfié demongtrated. ._] -
5. A robust pseudo linear regressionh algorithm ~ called

robust’ béptstrap algorithm”’ is derived for 'thé,‘jﬁiﬁtf

estimation . of parameters and states. .Necessary . -and’ -

-

-sufficﬁeht-hconditions are obtainead fof'thé ddnvékééﬁée bf

were ineffective due to thef-p:esencg - of undetectable!-.x?ﬁ

oﬁéiiérsi -~ Thus the practical - 'usefﬁlﬁéssf_'of 'r?bustf e

'the algorlthm thh probablllty one, using mart:ngale theory.ql”-

i

<-6.' Numerlcal dlffzcu;tles associated WIth thélselectlonr ;
 -0£ very sﬁgil‘saépling ihtérvals for the _identificaticn?_of
c;ﬁtinﬁods—time‘ systems have _been studied. ﬁethods”have
beeﬁ;sgggestedfto solve this problem.

7_"Num§;iéaily rﬁbust.and computationally simple methods

have;-beenh_p%opbsed for the transformation of discrete—-time
. w .- .

model's to Ltheir continuous—time equivalents. These methods

- ]

are compared.with other .existing algerithms.

-



3 CCHAPTER-Z. ... e o
o it ot D). A SURVEYYOF ROBUST' STATISTICAL METHODS | ° -
: 2.1 Qvefview of the.chapters" : < . o T ;
' Jmnﬁ' . ,iAtspf&ey’oildifferant.roodat:isEatiaticalf.pqoceduresa-i:
5.13]’? fig;lpfeseoted; Thelr appllcablllty 'in‘the-areas,of signai‘f'

ce processmng and system ldentlﬁzcatzon 15 1nvestlgated..

- . - ey
. L . . . . -

-~ . - ~ -~ i B

e DUt 222-History .and development OF .robust statistical-methods

"> +Thers ha??ﬁeen:ailot_of:iavestigationa:in.'the "field
“:!b% ¢roBUSt .statisticai'tpfocedofes‘for.the'paat.two decadee"'
- and even now it 1s going ‘on very v1gorously. However,.Lthe

hlstory of robust statlstloal methods is about 180 years old

_and xnseparable from class1ca1 statlstlcal approaches.

the best j¢' the author s. kn0wledge.i.it.'waaf
:~'-‘;. Legend*e (18053 Hoi:fxrst ,po:nted out that bad pleces of'

data have very detrlmental _effects goﬁ least 'squares
EC_T -:-:estlmates:_ Later. Laplace ClBIB) ahowed that least aoaoiote 

devxatlon begresamon models are less susceptlble to apurious'

data compared to least squares regre551on models. 'In fact

the probabll ty den31ty functlon (pdf) orlglnated from thxs"

concept _ia}.now named Zafter:ihim‘ in -contpagt with the

- .

Gausslan pdf‘ﬁhich3gfves leaatllsodareS"'estimatesﬂ:'Similaa
"reSﬁlts ‘were obtalned by _dgeworth (1886) ' who. sbowed\thatt

sample medlan (derlved f*om ’east aosolute dev1atlons) is " a

-

'~;;t.a;7'u: N 138l'..



,-} o 0 ﬁmorq .robust :éétimate pf'lééétiph.tﬁan éaméle_meanf(deriveg,

. . - -
- . . . '

. _'- L ‘ v, P vt ' l-. - . - " - .. ]
R L -froﬁ'[-lea_st,‘ s_quare's)..‘ L \-'_ . ' ~' . R - - -
. . " ' A - ! oL - e N o © .
T L. _" The normalxty assumptlon in sbatlstlcal-lnference Wasg,
. = b s - - - . \

:?“.':’lj (1933)‘. and Tiku (1971; give :real life ‘exaép}es twﬁichg
S g ‘;'qhéétipn ﬁhé“éaiidzgy ‘SEl F:sher s-,aﬁpfoacﬂ;,éﬁ ﬁégim;m_'
i ,‘Z -t \1;gérago$d eégféatﬁon; aséumlng normaizty oé data.~‘ {_f* T
. :.,.j:- J_-'\: -It seems. that Poxnca;e (1912) is the \Qne‘ wh;: fj?qt
: ) I“::'proposed the jide; of”cénséring extr;me:oﬁsgfyétibné béfoFg{"

e - . o, - - ] N \ . . . X
' i g‘: - ,estzmatlng the parameters:‘ Apparently.‘ a 31m11ar 1dea_3ﬁaé
l ;.”;husea. by &endel;ev ;fn"1895 1nd1rectly. as poin?gd_dut_byi
: ""' E:senhar£ (L971) but the evmdencea are ;qog canaféfé.‘.khe-
i -’: :: uSg agq a§y;§;q;icigormal§tx”&%'1ineér'épdbipagioﬁs‘df,of@er‘

- " - -

Tt L expounded by «éodv:i-ﬁ ‘c-194.a).-.1.10yd <1952). CTiku (1967

. N
.

) N St:glen (1974) and several bther authors. L_ ‘ .i L I
’_: ’ i - ;.i“' ‘ The Prxnceton studxés led by Tukey gave a smgn;flcant
S '\-momentum to‘ rcbust .stat;stxco' (se; Tukey,” 1967) 'Gtge;w"
N -l ‘1nLerés£;ng ;dvances\dur;ng‘thls‘perlgd are ‘égé‘itof Hoag;;:
- e ;nd Lehman (1963) and the est;matea s;qéoseq‘by thém é;é ﬁéw
-known-.%fggr ;ha;r,namgsf nThese_gsti@at%é are‘ﬁééed“pﬁ\;ang )

- . . - o

‘based bnf;his-method.,'This‘ﬁtend“cén be easily understood -

S Exrst attacked vehemently Qy Pearsdn (1931) Eden ahd Yates -

’ staﬁisticé_f Qerb nﬁi;st‘ iﬁtroduced 'by-‘Déniél“ aﬁd,'laﬁét'

;Dné"of- the most popular methcdp 1s-that proposed b? .
.-HMSQFg (1964)A ugxng'.af-m%nlmax,.approachf~. Most - of ':the_

.applicaticens . of. rbbust‘”methodé “in éisnélupfbéessing‘aref-



Il

from a very rec

Systemat

proposed by P;a

thxs aspect are.

(1960 and Cook and Prescott (1981). N .

Robustne

- .
-~

received a lot

Box (1975). -
The\ dis

. * o

ent survey by -Kassam ,and Poor.. (1985).

Y

ic methods‘ Lo detect outllera ware first

- - - ~

rce C1892) Some of the notabla results in

‘ ~ .

due to szon (1953), Anscombe (1960). Daniel

]
.
. -

ss.' aspects in t;me \series _analysis have
0 1

' -

of attgnqiqn‘aftEr the work -by Abraham -and

- -

- 4 -

i L v . .
cusgions abeove .give a rough idea . of the

- - - -

important milestones 'in tHe history of robust statistics.

In ;hé‘ next
robust statisti

section we briefly cgﬁsider'some important
» . . .

-
-

c¢al methods, currently in uee .

~ r
.
- * -

LN

Here we

described by the Equjgion - .

SR 4GP

'i?ere t=l:2....-

~S'E the"measu?e-

-
.=

ur

often assgumed

>
~
.

~

normality on

AS v ’ L3 -
coincides with-

bdt'the gsample

2 3 Robust methods of est1mat}on of a locétion‘-parameter

'

attempt to estimate the location parameter u

- - . . [y

- -

o

. . ! \ : . N ' :
nJLThe_sequencé {y(t)} represents the sampiles

-

=k oelty | . (2.3.1)

d data and {e(tY) is the error sequence of

- -

:-inéependent-and‘identically distributed " random. variébles.-

to be o¢f <zZ€ro mean and having a symmetric

S

” : . r -
unimodal probability"density functicon. It we assume

fe(t)}, the maxirum likelihood estimate of u

the least squares estimate, which.is'.nothing

mean. *



-a good'degree'of,prétqction ‘against outiie}s.

b ’ - : O - ' . ‘ - T. PR K
. - i . ) . - i “ - 11 .
; . ) . . . ’ ’: ) . . . .
i e -~ ;- .- - . aLe o N " .o Vo :
. ie., - "M g = (1/n) I y(t) - I (2.3.2) - °
,‘ . . .‘ . t=1 . : _...' .. -‘,- . - ) ' - ¢ . ’

This estimate of u is highly ‘non robpst since it 13 affected

- - * * "

very‘ "much by extreme cbservatioﬁs. Therefbre one has to Lo

v - -

seek for other estimates, like those given below, Lo enﬁure

- - -

’ -
- . 4
- . . .

2 3: 1 Maxlmum llkelzhood tvne est1mates ( M—nstzmates 2 .

a -

-’ Any estimate orlglnated from the mlnlml-atxon problem®
'of the form o o ' e’ ) ’ -
- ' ‘. - Al ER - - -
n - v . .
I p(y(t)=-m) =.min! " - T (2.3.3)
t=1. . - ' N
or by the solution of an implicit equation. . . | .
=L ¥(y(e)-w) = 0 _ (2.3.4)
. t=1 : . - ‘ . : .

‘.

*where p(y,u) is an arbitrary cost function and

Wiy = (/Ep(yiwd] |
is . called an  M-Estimate. Nete  that , thé choice

‘p(y.u)=log[f(y.u)] yhe%g £¢.) is the probability density

function of e(t) gives &
.ot - . ' - kY
estimate of u. .7 ' " -

hl -

M—-Estimates are fuﬁthgr discussed in chapter 4. More *

details on this subject in a cempiled fonmm can be

M . ~

€r~am the bock by Huber (1981).

v . Fl

the "ordinary maximum-&ike%ihood

obtained



2 3 2 Estim;tes bv }inear comé iéns of orde; statistics
' (L—Estimates) ' g . -fl o - -0
‘.L.::L%Ez Y(E) represents:-the £%h .ofd@%s‘;t;ti;ticsfoﬂ

‘gbsefyabioﬁs. t— 1 2.....n. Befine h(z) such that h(z) > 07

T R(zZ) = h(l—z) and

N ) :1 '. - - r'-—f ) N S
- "f h(z)dz = 1;. ze[o0,1] -
1Y N ' . o- - M 1 * -

Also define the éeights wity = H[t/(1+ﬁ)]. e= 1, 2.2;..n.

7THen.f:thg L - - Esb;mat 1s obtained ab the" welghted sum ‘of

v ®

order Statlstlﬂg.' .
L] . ° - n . - . :_ . * N - ' .
et vup = (1/nY § wlt)y . o (2.3.8).
) . ‘ t=1‘ . .

-
-

A very similar method to construct best linear unbiased est—

r ) - v hd

Lmates (BLUE) using order statlst1cs.-applylngT-Gauss Markov

. -
L]

theorem can be ,found in Balakrishnan and.'?uthenpura

(1985a, 1985b). Further discussion on L-Estimates can be

———

. b L
seen in a number of papers. Some of them are Chernoff ekt

al. (1967), Stigler (1969,1974) and Huber (1981).

L
r .

2.3.3 Modified maximum likelihoot estimates based on

ceasored samples (ﬁML Estimates)

This method, introduced by Tiku (1967}, is similar to
, 1
the estimation procedure explained in the previous section.

-
-~

Here r gemall and r large observations are censered amon n
1 2

S

order statistics of observations. The_probébé}ity cdonsity

-
N

-



) -~ ) . . - 13-
x ' > -4 :

fﬁnction of ~the censcred samples is used as tﬁ; likelihodod

function to estimate the location parameter. Computations

» .

are made simple by approximating f(x)/F(x) = a + Bx where
£¢(.Y and F(.) are the probability density funétion and the

.cumulative probability function of x, respectively. The

e - -

coefficients « and B depend on the degree of censoring "and

can be easily obtained. (Tiku, 1967). In the next chapter

. ¢

MML estimation will be cogsidered in detail.

2.3.4 Estimates -using rank tests (R—Estimates)

-

Define J(z) which is aribtrary monotone increasing’
“and ‘such that J(z)==J(l-z). Generate’ 2n numbers, {—y(t)+u}

and {y(t)—u} where t=1,2,....,n., for an arbltrary “slippage

parameter’ u and order them. Set w(t)=1 if the tth element

~

in the ordered sequence is of the form .(ytt)—u). and set

w(t);O if the tth elefent has the form (—y(t)+u): The R-—

estimate is the solution . of the equation;

*

£ -

o]

R(u) = Tow(t)Jt/24n)] = 0 o v o : (2.3.6)
. £=1 - ’

~

- +

’ -

ie., the estimate which makes a rank tegt statistic wvanish.

' A
A detailed and comprehensive discussion on R—estimates can

-~

be found in Chernoff aéd é&vage\(l958): Haljek (}968). Huber

(l981)‘and Puri and Sen (1985).

-
- - . ’ - ~

- ‘It is important to note that the‘!estihafb given by

L3 -

equation (2.3.6) is asymptbticalky eguivalent Lo the famous

estimateg oﬁ'Hodgeﬁ and Eehﬁan:(lQéS)'wh;ch is given by .

n



PN

Vi T med[y(t)+y(s)]/2. K (2.3.7)
R ' tys . .. )
: . Mmed represents median’)
r .,K . -, . “ ) .
AN Jure"ckova (1977) established the asymptotic equivalence of
2 M and R—estimates,
N ,

The advantige. of this method 1is ‘that it does not
demand any distribution ‘ assgmptidns. But the - -heavy
compugational, requifements make it unatpractive for

- practical implementafﬁon.
>.3.5 Trimmed and Winsorized means - ’ ;
) tH e T
- ‘ Let y(t) _ be the t order statistics of n
< - observations. To obtain ‘'a trimmed mean, we discard gan
: - - R : .‘- .
. (0sgq<l). largest and smallest obsgrvations and get the mean
of the remaining samples. -
- . n—gqn )
. i .9, = . - -24 R > . - R I
-~ T t=qn+l - - T,
- Suggested reéferences ih this topic are Dixon (1960), STukey
(1967) and Rey ¢1983). )
N In the case of ) Uinsor}:eé means (naﬁ?d after
: C.P.Winsor), the extreme values at each erids of the ordered

samples are nct discarded, but projected on to the remaining .

. part of the ordered sample., The heuristic idea behind this

is’_that we are not complétely disregardiﬁg the ion

b
fT

nforma

ned in the samrles which are-censored of f. .

LB

conta

LN

Thus the expression. for the Winsorizec mean is
- t. ‘

-
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.;. ' . 15
n—gqn—1 _ . . .
by = (/010 I vy + W igny1y + Yin-gn)’] C(2.3.9)
t=qgn+2 : : . ’

Bickel (19655. Tukey (1967) and Hégg(1979) give sufficient

details on this topic. -

~ =Y .

-,

2.3.6 Other estimates ' | R

There are several other robust methods, which have

- '

been introduced during the g§§t fifteen years, bﬁf they are

not as " well established as Eﬁe methoqg explained in the

. previous - sections. However, for the sake of*completeness,

i “

some of these methods are very briefly mgntioﬁed belpw.'

Hosé (1974) introduced a class of estimates called
. . '} -~ :
.“adaptive estimates”. These are estimates which adapt to:

-

the underlying'probability distribution. At this time, the

- -

connection between adaptivity and robustness is far from

.-

clear and further research is requiréd in this area.

- -,

Other two existing robust schemes are the bootsirap

(Effron, 1979, _1980) and jack—khife (Quenouille. 1956;

.

Effron, 1980) methods. -A critical evaluation of these

-

methods is presented in the book by Rey (1983).

2.4 Numerical studies on robustness

A classic work in this topic is the book by Andrews

et.al. (1972).° They considg; "about 72 different robust
- estimates over 20 dist-ibutions. Nurterical comparison -0f R—
estimates and M—estimates are given by Leon et al. (1967).

-

Similar results can be found in Tukey and Mclaughlin (1963).

[
-



- - -

- ueins the simplex algorlthm are- presented :ih:,t book by
- e Bierens ,(1981).,-Ano§her 1mportant paper in. the context of
‘f \numerlcelurobustneee is;ithe orie by Gaszir;hf_and. Cohern

: (i??d)i @here'”e very good investigation s madé‘of'the.
- variOue estimatesfexplained in - the previous sect{one,_ from:

~

N »

"- ’ espects-on mpl;ivariate-populatipns Thave been d;soussed by |

soxf(195$).'01son (1974) and Pillai.and Sudjana (1975)-

-

- 2. 5 Applications of. robust method 1n engjneering

N

’

Probably ‘the- first reported applicatzon of robust

\methods &n engineering is due to Newcomb (1886). who polnted

-~

out, :he effects of anomalous measurements in astronomlcal

, ) . data vand ,sugsested 'possible' remedies ‘to overcomé thisg’

.dif{icult?r_ . His approaches ' were . - cdnceptuaily\ andg
s computationaliy ‘ver}‘ simflar- to - modern, methods. . "The

landmark paper of Stlgler (1977) 1Llustrates the "practical

- N
+

oy usefulneee of robust ..methode.‘ “In. thls eection~ we

~

robust procedures - (l) filtering and signal process*ng and

{2) system identification. . . s

. ,
~ v *

. 2.5.1 Filtering and signal orocessing - oo R

r . hd ~ . . )
Considerable ,amount of work K hds.been dene in this

° . N i .
area as suggested by a very recent survey by Kaggam and 7
. <

4 ~

(1985)., This survey iz very thorough and the reader’s

Poor

~ - -

tne point of vzew of their numerical propertles. Numerical .

- ~ T . o . T ) . . ,“' B ‘. <--" e 16.

and Hodges (196T) . ComputationeL results on M—estimation )

v

concentrate on only “two potentxal cases of applipation of ,
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' ' . - . - > * 4 ’ h
- - - -
. . ) " N C ) - : .
. ~ . .
- attention is directed towards it, w rather than making an

. attempl to conduct another survey on this subjecs. ﬁowever,

some of the important referenced are mentioned below,.

T . .- ) | ) N
SRS R '\ Robust estimation of power spectra is 'discussed by
.o W kl&fngf et al. (1979), Martin and Thomson (1982) and Vastola
. ] A - | : 'S
o e - " and Poor (1984). . ,

: ’ N s N r - ) . -
-Construction of robust Weiner filters is explored in
a number of papers. Some important ones are Kassam and Lim

-t &,

A . 1979y Poof‘(léBO). Cimini and Kassam (1981}, Moustakides

- ' . - ‘ i
- 'and‘Kgssam {1983) and Vastola and. Poor (1983.}984).

-.f[_ L ) “Robustification of the Kalman filter has also Dbeen
- . . - ! ’ ' -~ S

. ST ':sub}ected “to considerable §tudy. Some notable results in

-~ . LN

‘this area are due to Maasreliez and Maxtin (1977), Morris

' -: b (19761}, écnceiet“ and Dickinson

(19832 and Tsail énd Kur=z

S e e (1983y. .~ 7 -
.‘.' ‘ 'ﬁobust eétimation of signal amﬁlitude is discussed in

- ' . . -~ . ..

P the papers by Martin (1972), Martin and Masreliez (1976) and

-

Y C Price and Vandelinde (1979). -
- " -t -~ * - h . L .

- - .
+ ‘A very interesting :application of ‘*order statistic

-

<L filters in sonar data procegsing (which is basically a

-

. ’ robust neoise power estimation proble@} iz well explainegd ing

-

L : .
a recent work by Wong (1986). The most attractive feature of

this work iIs the intreduction gf a robust generalize

P

t

resicdual filter which g a substantial improvement cver it

counger parts. -

Y

-

2.5.2 Svstem-identification

. . .

32

-~

-~

bl
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Unlike filtering and signal p?oceésing;‘ reported

applﬁcationé-éf robust principles to ‘'‘system jdentification
are relatively few. Lt

The mest notable work in this area is dﬁe to Poljak

and Tsypkin (1980) where they consider minimax recursive

.

estimafbrs. Basu and Vandelinde (1977} discuss a robust

.recursive correlation technigque for system identification.

-

Bierens (1981 - demonstrates the applicétion of robust

»

paraméter estimatien methods in some real-life cqﬁes'but.

through_a laporious solution of non-linear equations. Some

bheoretlcal approaches to deal with contaminated_no?mél
P -

probability dlsbrlbutlons are d;scussed by Papantoni—Ka:qkos;

~ -

(1977) *‘Robust identification_o‘ multivariable systems is-

_ton51dered by Kovacevic and Stancov;c (1979,1982-and 1984)

u51ng interative gradlent metpods (llke Gguss—Newton and
\, .
Newton—Raphson methods) and robust estimation of time spfies

-
v

autoregressibns ais analyzed by Martin (fé??). . Agee and
- - . - \

Tther (l979)-illustrate the use oﬁ'cgobust _regression in

. . -
- oo

. . . ;
deducing inference from the- measurements of a
- ¥ - : - . * | v )
cinetheodolite. . - ) . L0
’ 7 13 - ) 3 . " = ' * - = ) '-
~ Robust estimation via stochastic approximation is

-

well \explafned in-the paper-by ﬁértin and Mhsrelfé:,(i??SJ.

.

mentioned about the cheice of cost functions for robust,

identifiqétfon. - along with several: simulation results.' A

r

. ' . '

few® thecretical guidelines on. the robust -estimation.of ‘Lime

varving systems é}e‘menxioned in ‘a .very’ recent paper .by

In the bpok'by Ljung and Scderstrom (19830'sopefa$§ects' are’

~
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4,

Kovacevié and Filipovic (1985).

. . . f

2.6 Loncluding remarks o ' a

EQen though robust methods are about two centuries

‘0ld, most of the ifiportant advancemerts in this field have

-

‘been made during the past two decades. They find new

horizons én signal processing and system' identification.

-

Actual experimental data  often contain outliers, hence .

robust procedures are essential in’these gontexts. Thé most

widely, used method in engineering applications is the., M-

estimation, others are less popular‘ due to ¢ their

computétional'complexity. But with the present trend§ in

‘

computers, oné can expect' that éther robust methods}wiil

.

also Dbecome computationally affordable and hence’ very

-

popular in the near future. - ' , !



]

R

w1th the ordznary maxlmum llkellhood and °generalxzed

3.1 Overview'of the‘Chapter. A

This 1s based on censoring ordered data ésnd

maxxmum llkelihood'method:

3.2

. CHAPTER _

ROBUST OFF~LINE IDENTIFICATION USING

-

-

The modified maximum 1lkellh00d (MML) method -

-~ ~

-~
s
h ~ g
b N A
‘-
o
x,
-
.
.
. -
-
3 > -
N - -

MODIFIED MAXIMUM LIXELTHOOD {MMLY.METHOD '

A robust off llne 1dent1fxcatlon method is presented.

“Ta

- - Ny

b -~

-

.

L

PR
- S

.

-squares methods u31ng a sxmulated example. SZ”I“Q"'

employ;ng the

The proposed method.:s compsred L

least-

The HHL estlmatlon method 1ntroduced’by T;ku (1967)

. works as follows. c \‘R'r .

in the ascendlng order.lﬁj:'j

dlstr butlon glven by

N Suppose we have n samples of an—observatxon

- YliYZJYB'r---‘-.-." - -_Yn"" . .-‘_'.
so thatv .,
) Ly £y2(v3,@..,.:£yn, N
Ve

’ N . ~

L £(y) = [-if:/__ZﬁG‘]exéth_(y.—.u)'2/('_‘20'2

.

Now out Qf‘ﬁhese'n-ssmpies'r

e

L

<o

-nq smailes% and

. _ _‘-‘.\‘_‘\'
- - e
- .20 -
- - - -t -
- -,
L RS .
. - hd * W
' h " = -
- - ~ -
- = .
-~ ) - -
- - -
LT .

7srsangedi'

RENRT

eaLzo2)

assume that these n, samples are from the Gau531an,.

U'*“5ﬁ2,3'14k33§351"

-IéfgeSt‘.



.wh:ch s eqqal to .

P
- - - L
- - .
- . . - - = . - .
o v - - . -
i -~ . \ B -
. EEEL Y . . = . - -
Il - v . - . - . .
. - . i - .t
y - ~ . PRI X E
i . : 2L
3 I3 " L.

and- . . . _. ) C . ) . ".~_ 'n"-_.--‘__.-‘-._'._..',.-—'_"..".'

N

- .-likeliheod tfunction 19’

f(YL‘yz,y:.;. ;'-j'-'-'-i--yﬁlu-,c)

are 'dehsofed ) (symmetrzc sensoriﬁg) _where 0(q<1.~ The ..

remaining observat;ons in order of magn;tude are

»

r.+l ’Yr+2’yr+3,o--:'-.¢ 'Y?_.r .‘._,-'.. .._\,_". :.‘--\.. --.'_...-.: _'. X

- . The probabzllty density functlon of th;slsymmetrlcally

censored eamples of .gize n-2r can be wrztten as (leu, 196?)

i .
_n—r;'

[“'f<f'> ltl/JznaJ‘ 020 o (1/2) Pz 3 G1 62, L
1 I"-!-I L T .

T et o ug,f-iul, REREED RS

. LI - . . -
T - . . - - - ) . ‘:..' -_" '-._— .“—. s -
where : DR o e Te s
3 -0 A e R R

GI=UI=F(z )]0 62=(Fzy Dl 2= /e (32080

-

. . . . A . . ... . R T Lt et
- - O .- . .

- -

"g;u-..;-?ff?;?'?Eélzféin'” ‘

\F<z>— ;- {tl/Jzncjexp[ cy—u> /(20 )]}dt ETEERNT ¢ & 2 TN

El ST Tt .. e e s LT
N . — \. - e ! . - . S " h R Lot

.\ . X - .

which is the cumulatfue denszty -fuﬁéﬁien* qft‘Gau851an._uIﬁijf

K . . v
o .

the _ MﬁL eszmation proc

lxkellhood functlon..

.-

- Let us recall the way we', 'obtaxn ﬁaximﬁﬁﬁ iiké;ihoea_““:

- -

estimatpfs‘( see fof Nexample'-'Sorenson, 1980 )-:-'Sﬁppesef

Yi}yziyé,.,;:i..yn are M independent samples from a Gaussian

disthibqtion‘;Nﬁu;c), where- i and o are . unknown.-ﬁ‘the.'

_ure, (3 2 5) -xs' Eekeqa aef the:ﬁ



22

a'H-'. L N
[1/21‘[0 1H/2 exp- (1/20’ ) Iy, _ﬁ] T (s.2.8)
. i 1 . .. ' " -‘.

Now we take the iogarithm_ofjts:z.a) onibothJsidpsléhd get.
[3/auInlf(y,u,000=" (1/67) T (yy-w)=0 = = (3.2.9)
) ) i=1. l ’ E ‘ A

which gives
oM = M By (32400
T'Similarly'

S [8/3611nlf(y,4,63], = 0 .= .0 L {3.2.11)

Logivest - s

- T and.

| ¢ L
oLt ~‘_ o - 2 . T B . ) ) o . . .
Oun TCHMY D Gygmp T T (3.2.12)

'L: :::InA:d-.giﬁiiar faéhion.. Tiku (1967) derzves the MML'

L estlmates of the locaplon and scale narameters “(u snd c) of
the sample as,;-"
P - - :"h—r . N ' : .
'*”nhn (1/d)£ z '*i + r5(¥r+l'+‘y D1 "A (3.2.13) ~
R i r+l K : o ' '

im {B-b/(B +4AC>}/{2/(A<&.—1)} o . (3.2.14) |
: - R . -



'féj ;? 

. where
. '-d;ﬁ—2;+2;é{jﬁ=n—2r,“B=rc{yn_ré y;+l).f
- ‘and S o ' ‘ ' “) Lot - I
.ﬁ—f 1 o :1 - e
= ¥ y2 + . re(y 211+-;Ynzgrdﬁ§nill | _ o
i= rel T '; I (3 2015y ’

' by making an‘:aébréximatioﬁ. f(z)/?(z) ai -+ Bz. f.The.”

: coeffiéients ‘a and 8 are given by Tiku (1967) for different-

degrees of censor;ng._ quever,_for 1arge vaiues-(n)lO) of 'n-

.these cqeff1c;ents!can be obtaineﬂ’in a: simple. manner as

Egiyen-pelqw. ;u .. IR - LT : E ' -

-

=—f(E)[t~f L) /q]/q o

o=[£{t)fql-at’

whéqe.
F(t) I f( )dz —\l-q . . - ’
“and R ‘y T
[1/J2n]exp<—~272>, —=<zem (3.2.17)
Also recall that g=r/n . o . )

_ Note that é<c<1'and 0<B<f. As an, example. ftor n=10

- -

thé Varlation of ¢ and B.for different values of q is given\ _
‘in:fzg. 3-lh - ’.

L ’ ‘ S . .\ . - ) -
3.3 Apolication of MML method in svstem identifica?ion !
3;3.1 I;troduction E ’ .‘f- e H' .

‘The. MML' method can be applied very ~ successfully for

the icdentification of linear time invariant systems
. . * r B -
: - ' Y - ”,
: -
L]
- - - - * ’ L]
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* a- lifdear. time invariant
. .. . \ . -

(Puthenpura and_Sinha, .1985
. ,.';Asépme that  we have

- LIS

L
-

dés;riqu by, T

) % = Cx + e(t)
.ﬁﬁere’xéRn and y, ueR. A, B

matrices regpdactively.

ad.

N samples of input and output of

‘single input single output system

-
1

- ]

and C are nxn, nxl and -lxn

's

_ The quantity e(t) is the

COntaminatiﬁg noisg, assumed to be normally distributed Q}th

.

zero mean and variance 02.

-

It is important to note that the

system should be completely observable, the inpﬁt‘h(t)'

should persistently excité

interval is selected\proper

’ -
e \

v

.
\

the system and he sampling:

~

ly (see chapter 7 .7:" -

- X

Let ‘the discrete—-time transfer function model of the.

system (3.3.1) be ' .
v -1 -2 —m ] ST
bo+b1_ +b2~ R, +bm_ ‘ )
‘ : : ; (3.3.2)
1 2 -3, < . _~n .
1+a}~ +32"‘ +332 The e +a =z ) ‘

4

-

where z=1 is ‘the pacgward‘shkft operator.. Now let there be -

— .

-
N Y

XK+l samples of’ inpuE and (X+1)p <.samples " of ocutput are

-

available, so that p }egdings of:each_of_?(k). 'k=0;l,2:1.;K

*are taken. Hence the data available .are {uck)} and'{yikf}f

-

k=0,1,2.....K and i=1,2,.

and Soderstrom, 1983 - also

V(k+1IZE] (K)8+e, (k)

...,p. Thus we can write (Ljung

see section 4.3)

.



. .48 as (3.2. 5) and perform a maxlmum llkelzhood estlmatzoni

\

’?(1)=[u‘(k) |u(k—1)‘- - 'u(k‘-m) --Yi(k"l) -—Yi(k—Z) .. -—Yi(k-‘ﬂ)] Y

‘for k=0,1,2,...,K; i=1,2,...P -
-and- . . / " ) . ) . b = bl
—[b 11'--vbmlail.a.'2r:"nam]‘ . : N ) ."‘- (3-3-5)

<

- . . 4
~ -

We apply the MML esﬁi@atiénito.the linear ﬁodél'giéen

- - . N
~ -

" by (3.3.3). Our aim is to get a robust estimate of'e- 'ie.,

-

the Dbest estimaie of 6 for which Y (k) are most likely to

. - -

* occur even “for cons1derably Jarge dev:atlons of Y (k)_wfrqm“-

-
-~ .

-the assumec probab111ty den&lty funqtlon.

-
- \

3 2 Formulat;on of the off— lzne algprlthm

s ‘ (3.3.4)

Here .we’ take the. 11kel:hood fungtlon L[y (k) e] to be'

.

" Thus, o _ : . : -

L}

) [a‘/aqj {‘L[yli('k)':ei};b d [alapz.J{LEyi(_k) :61}3=0

N

“and - e C -

- ~

[a/ae']{i.[y‘.(k):e-]=o-‘ R N & PEIR

-

-

wlli 31Ve the MML estlmates of B, o ‘and e.reSpectiVEIYZ In

partzcular we are 1nterested in the- solutlon for €. This tis

.givqﬁ by—Ehe set of. equa;ions belqw. “The _derlvdtion of

theée Teéuahions is " algebraically iengthy"aﬁd may-ndt be

- -

part cu‘a.ly interésting to the readenl. - Therefore, a

s*mpl,fled solution (of reduced dimension) is ‘given in

l

appendix I. which is ver straightforward and* easil
b9

- ‘

~ . ~
- ; . . .



comprehensible. :

-~
]

Thus:' following exactly in the same way as descfibed

in the appendik I, we obtain the MML estimate of ® as the
- solution of .

5 ' P T T
. 11 S1z ottt P 40

21 Sa2 -+ S|l TP

— : ) '
1. v et N b (3.3.7)
’ . m -
' . S BN
; i ~ ]
*I . . ': ' 2 b
'S 5. - S. : .
781 Thz s hh _ Lan ;
* where h=m+n+l. Also,, . | o - LT
- - K . - r "
N L '-. X .. T
.Qj-= T [u(k—j+1)—ﬁj]9(k) for‘j=l;2....,m+l_ _
AT B - N .

SR < L - .
- ' . i ’ * I y ' "
Jemel = E.ﬁsyc(k—J)fyj]W(k)’ for J=1,2,....7 53.3.8)

- . k=] - E e

- K S P )

L Sy = [u(k—j+l)—u31? for 3=1.2,..0.m} ‘
) k=1 % - _‘ o . . .
Ve - K- o o

e RS =. l AI *q2 T = | -
S emal) (rmely = L LTVl for 3=d:2r-o 00 ~
‘ ‘ '.. k=1 . - . . . o0 (3.3-9.)

.
-
-~ - ~ Pk
- . ' . - -
~ v - ' .
- .
~ . . 4
- . . -
’ ~
- - -
- i
P - -
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V(0)=c2/ {(p=2r+2#8)[ I S.:1}
. c JJ°°
3=1

where cz is computed 23

-

- : . - -
a . » '
& : I " 27
4 - : -‘ P - .: < - .
K ~ )
S,= T (u(keseboujIuGRl-)  for 3=liZ,...mel s
k=max(3,?) g :, ‘. &=1,2.---,m+l' -
- :’ . [N i - j % " ]
5 R - ’ 5
. K - 4
' : - (k=) =y Ty (k=1)
S(j+m+l)(£+m+l) . tt yc(k 3 ?J]yc -
o, k=qax(j+m+1,£+m+1)-
- for 3=1,2,%..,n -
= !--——'1'2' - = pn
Coo SRR B 3
p - - (3.3.10)
wheré
'y . K
" " -
S oul = [/KSHDTE utesrd o g2 eeemdd
- k= . .
- ‘H‘_
_ N K :‘ ' . L4
-« . .
Yi= 1R DT Y G J=1,2,. .00 (3.3.11)
T k=3 |
and ¢ " i
p-T d _ ‘ :
Wik) = [ E‘Yi(k) + iﬁ(yr+l(F) + Xp'f(k))] (3.3.12)
f=r4l _- - " ’ . .
-Tne variance of @ can be computed,ag,
h <
(3.3.13)

"\‘n\' )
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. L ' E— . . L ) + :
. - o LI €
_ cc—{ZJ(Al(AI h-1)}o N v L. e N
o o = B.I ,/ ‘2 in N . o . N O
: ={B; + (B}+451c1)}/<gall . . (3.3.14) N
- N .t ' - -
with fj' . ‘ a ' o
A =(K+1)(p-2r) T, . .
X [ : :" H \f
By = Iraly, (®) -y 001 - P
k=0 _ L ‘ oo e
\ -’ “-“
3 ;
K//;—r N -
C, = T (I v2(0) + rBly_ 200+y. 2(x))3}°
1= LYy Yr+l p-r _
. k=0 i=r+l .
s K . -
~[1/(R+1) 10§ uek) Y2 (S=2re2r8). |
L k=0 " ”
h
- 18;Q, : (3.3.15)
J=1 | .. T
Note that _ .
"‘e . - M = y - - » ‘ L. ‘
‘J b_]—l L J 1!2i lm+1 ‘..
e e_j‘f';n'l'l:_aj N " j:l‘,z,...,r}. (3.3.16)
Note:- o

Toe start with, we take Y~(k) as the meanvof the

cengored samples.

9 p—r
feer Yo RIS[1/¢p-22)] I v, (k)
i =r+l
%
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fqr k=0,1,2,....,K+ Y (3.3.17)

After getting the first estimates of 8 by MML method,

: L 4 ) s T, i
Ty - we compute, - ‘ .
Y&k)-# (k)GHHL . - .
where ' : ' - i ' J !

. . .
- Y .
- L

‘ (k) [u(k) u(k—].)..,-u(k—m) r—yc(k,)l)i Y (k—Z)--l Y (k—n)]

o o for k=0,1,2,....,K o (3.3, 18)
N The whole brocegure can be summarized'gs follbws. ~
T ) . . b -

- .. !

- e S - . -

ColIect ' N samples of " input and .pN :
gamples of output; .de., p measurememts
; of output- at  each time point. [In
v - . | practice 5¢{p<101} B

L

>

Arrange the outputs in ascending order/| -
at each time point. [Totally N suchi’
} samples. ] ) . K| Ca

- - 1

-

-l

Censor ‘r_ﬁmallgst and largest readings
from weach set. [ A rule of thumb:

r=integer part - (0"1p+0 5.1 -
Set K<N, say 100 and. tolerance ¢= 0 0001

-

hl -~

Execute steps (3.3.68) through'(3.3.lé)- .
to get eHﬁL and V(@&).: .

Is

k-1

No v(e)k

Ll



3.4 Important properties'of MML Estimation

>
-

The important propérfies of. MML estimates are
atscussed by Tiku (1978, 80, Bl and 82). Also Tan (1985
investigates . these proparties. in a Bayesian approach.
However, some 1mportant préparties of MML method are given
below. without proof. For the convergence properties of HML

[N

estimation refer Tiku (1981).

'1. MML method can be" applied to any ‘locatien and 'scale

famlly of probability dxstrlbution. By saylng locatzon and
scale family it is meant that, - 1f {x } has a probabiliby
density function f(x;iu,s) where u aqg s are the location and

fs&ale parameters, by making the transformation z=(x-u)7/c the

naw den51ty functlon £(z) should be independent of u and\ C.

o

Examples of "1oeation - and scale family are (David, 1981)

- v } N
Gausgsgian,, Double'exponential. logistic, Gamma and Cauchy.

-

2. The astimators BHML an@ Mpyp 2T unbiased and

;ésymptoticall& normal. - -

-3. The e§t1mators BMML' MM and ¢ are considerably more

-~

rl

efficient than other robust estimates like Hampel, wave and

-

bisquare estimates.

.

4, For p<4, MML estimaters 1osé=$ﬁeir efficiency. ngce‘

N 7' L8 \ X
it is desirable to have p?5. . i N

- . N - .

3.5 Regults-of simulation .
Consider the third order system ‘ $e ) b

3 i

- .
,

Oy

2t



vt

- Y 31
H(s) = 40(g+0.1)
" L (g+28+5) (3+5) : " (3.5;1)
. -~ * . - X C o -

} b . \
The impulse invariant equivalent of discrete—time

model of'ﬁhe above continuous—timé.domain representation can

be written as, ;*'
: . . 5 ‘ " ) -
« . ) b0+blz+b2- . .
: H(z) = ' . (3.5.2)
" 34a.22+a. 2 : i
S T T zHtayz apEra; _
where
*
b0=0_0 i

b1=4.75765639xp(fr)cos(2T+.204185);f.6588235exp(—10T)
b2=4.7576563exp(-11TQcos(ZT—.204185)-4.65882359#9(—2?)
a;=-[exp(~10T)—2exp(~T)cos(2T)] |
a2=exp(—2r>+2éxp(;i1T)¢osczr>
\33=—exp(—12f) |

and T is the samplinglinterval.

The above system was pérturbed with a sequence . of
random ;inputé and the‘ co;responding outﬁut'aeﬁuence #as
calculated éhoosing T=0.04 seconds. Ta  sfmulate flarge'
meagurement errors, arbitrary large positive and negatiﬁe

numbegs were also added to some of the readings and 5 values

of each y(k) are taken. Before using the MML mathoed, the

k4

~mean of each -gEoup of y(k) were taken and. and usual

‘identification methods like 3eneralized least squares and

ordinary maximum likelihood were tried. They were elither



-

divargins or, gave h;ghly biaaed eetimates. ~ :.
| . ;
: . The:resultg.of nnL method are g;ven in table 3.1.

- L% f
- - L T

is interaétiﬁglto’ﬁoté that ’ the -estlmated parameters

¢

‘more ©T- Iess ‘h 'aame—ﬁor ail'the'sets of simulated :data,

- - -~ ~

*
_showing the hign robustness of the method.t -

. . - .l . - - .
. - 5 ' ~ 4 *
HNote: ' - . e I .- e - -

- -_ - - .. -

N . . - . ) - . Lt i ) - \ ~ -

“ g fooLe

L a2 eea " . -

and g-_'_ 0. 8108.. SR NI

e

Il \‘ - -

' - - . -
- hY .

¢

RPN L .o ' T "
~using the,ruaudl maxxmum- llkelzhood method }.and

4. .- ST

- 1
' -

For the sake Qf'compariso&] the éstlmated parameters

Tt

are

) ﬂére §=S._‘ The_jvalue -o¥ réinthant[0:1x5¥0;5]=12"

' Hence q' 1/5 = 0 2.: For th;s value of P and’ q. e = b_JSAQ

the’

.'Qeweféli*ed least. quares method (Sznha and Kus"taL ~1983)

are glven 1n table 3 2. Note that even £Qr a hagher‘—signaf

- r —_ ~

to noise ratlo poor regﬁits are obtaxned due to the ﬁresenceu

! . - . -
of outliers.’ ST oo o '].\5
- P . 4 - - . . - s

. .
. - . . ' .. r '
= ! - . -~ - : e . . - '

3.5 Conclud1ng“remarks - - - e

~
\

The method described in. th;s chapter “ig pu:ely'f

C -

off;lfne.,mebhod.t_Tﬁe- algorlthm descrlbad im’sec;ion
requi;es_seéé%al samplgs_df output at‘_each .tlmei'poiﬁl

-~

observptionz_'Tbis‘ is mot a major draw back, " aince one
N T , R .
employ several transducets to btaxn -~-a ,partic

measuremeﬁt_(eg. thermocouples for<a chemlcal reactor) 0
N :

may possible to pegférm the experlment several t;mes fo*
-t -
same - input. This'of coupse. increases’ the  the <cost

jdentification, but ‘def n*te'v pald 'off - in terms of

. .. . 1
accuracy of estimates, as auggested by séveral' gimul

- -

~

PR

an

3.3,

.

~

”of~"'

-can

ulan

r 1L

thq:

'of‘\

the

ated

o
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'Signal to Noise ‘wfcf
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Parametera Co TR
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Parameters
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) e e 'CHAPtsR 4 :

APPLICATION OF M—ESTIMATION 1IN, ROBUST RECURSIVE R

IDENTIFI?ATION o _d'

4 l Overview of the chapter.}

"%f Q-f_afﬁiez-chapter .is' devoted tof'the‘ development and
‘fuanalyéiéfl¢f”;§ ,olass; of . robuet recursxve identlflcation
'falgor1thme.‘~based oh ft M*Estimation 'method. \To begin

”*iw;th._ﬁle ,wexghted 1east Squares~.type Tof algonlthm fis..
) fintroduced (Puthenpura et al.,151§85);ﬁniohﬂisf extended'ﬁto'
- Eheft-recur91ve ‘ 1nstrumenta1 . Ge}iaoles (Puthenpura ‘eﬁd?‘-f'

_oha 1985b). recursive correlation (Puthenpura et al 1985)

Vi:and impulse response methods. The real life identificatzon.

.’(_ -t . B * - '

7f roblem ;clearly points out .the. relevant features of robust

-

system 1dent1f1cation.-:

4.?:R‘}eﬁfew"of'AM—fstimatfonfl(of 1ocationl Sl
f?fr'“'f’ As mentioned earlzer in section 2 3 l the concept of

4

HFestimation‘~is 'explalnedj' n. a. somewhat detalled man?er
-H-herefkr
,: Let ‘1,X X be a random sample.lndependently and

zv---s

—fzdentically dlstributed. drawn; from _a dlstrlbution -thh,

tfdepglty ;ﬁ(xfe).‘o.:-theyvcontinuoue 'type.. whene_ Q is:thé
’ lo;a{iohfeerameten;q Recall :that ,any';locatiod:‘edd,.soale.ﬁ
'-?fobébility-density‘fpoction-can'be‘expressedwas‘
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~ . l . o . - d

- [l/01f[(x-8)/5], L N

‘where a'ia called the'scaie parameter. 'Here,.for eimplicity
3 . . - :

¥
-

we conaider the sca;e known case and without - losing
\3en€rality; the scale parameter can be assumed to be uhity.‘

The pféblem {g to estimate Eherlocatibn parameter, 68, We

. proceed .as follows. The logarithm of the likelihood
function is Y . )

l\’ B ’ N . . sn_ “ . .
O In(L(®)] = I 1n[£(x,-0)] - . (4.2.1)

! ‘ -‘. ‘ 1 1=]: W ‘. - ’ . ar

".Denoting \ . . i ’
CIn{f] = —p(k) - N o - (4.2.2)
.“’Ue.get' "‘. o - o ’ ‘; . '

. In[L(e)

il
g4
s
U =
~

)

. ""(L‘ '

- ]
~~
>
.
38 ]
[
93]
L

In ,fﬁe.'method of méximum _fikélfﬁpod., we wigh to
maximize L(@) or In[L(0)], .equivalently minimize. the. cost ..
" function - - . W
L M . L
L3O = Toe(x,=8) o D (4.2.4)
- ;i;i-' o S SN LT
'Suppose thétnthis'miniﬁizé;ion'cép.be,achievedlﬁf Se;ting',

-

| (4.2.5) -

©. [a/38]J(8) = 0 - _

-

L e T o ' N
. - Me get the estimate Of &'as ‘the éqlutiyn'cf oL T

'

-~



' # ’ ,
. S
b/ -
n ~ .: _
T w(x,—8) =0 - - (4.2.6)
i=1 -
- . b .
,wh-efe'* ,_. v ) ‘. v ‘
V(x) = p (XY = — £7(x)/fEx), - P (4.2.79
- : ' " | B
.. The estimate of § obtained by “gaolving eqn. (4.2.6) in
) general (for Jan ~§rbitréry ¥ fﬁnction) 18 'called the M-
estimator (maximum likelihdod type estimafor) as depicted in-.
. N - - ~ .-\, . -
section -2.3.1 and the the ,Funbtf&n‘lﬁ ie called the

\
‘influence function’.. Note that: the’ particular cholce

-
- - - -

“(4.2.7) of influence function reduces-thé M—estimator to be .
. N . R - Y -

. . . r . \
the conventional maximum likelfhood estimator. -

. i M o~ — . .\ " -
Examples i - o . . iy ' ;
(a) £(x3} is normal with unit scale - ) tant = -
This gives ug L . ':‘r A _ - . -

d : ' A » - - ' ’ . . !
> ~ v : - s - ~ h v 4 -~
~ . T \ A - . -, : ] ’ .
- P} f.(1/2)x@ + ¢, 'where. c:1g.some constant angd Y(x) = x.
- . . Coe L - . S
s . . ‘ . e - . S

n
® ie.,:” ,ﬂznvci.;ej-=fd_'é5 6 = X Geample mean)
.;:4?1j";H . Lol z'll’i’“j?, S (4.2.8) .

P

;T " indicateés the ‘estimate”] S

-'(bﬁ;f(k)-ié'Lapiacééh-{dbﬁbleiexﬁ&ﬁeﬁtfal?ﬁ&iéh unit scale

Hé.re- - ., :. ) .: -ll‘l .“ " - ‘,\.- ‘. " ’ “‘:-l: ’ ‘-.7:".-.'. . ‘...: . ., - ~"..‘ i . : * ".. .
‘ffpﬁi)-#‘li[:t}t{uﬁhéré}d:ig-gome bﬁﬁstéﬁg*and|;?. )
- AT TP S S
©oS=ly x0T - R L .. .
¥x) = 0, x=0 . -0 T L . -
B ¥l x307. (Bighul femction): - T .
’ - - ' + . —



From these

"

- - ¢

. . v - - -

=0 ‘=> a = gample median.

-
- L) —
-
~

Y

(4.2.9),

]

P .o

exampias one can conclude that the v -

o

function of example (b) le bounded and the correepondinf

=~ [N

estimate “‘of .© ie not rnfluenced by outliers.

~

-/

say that thie eetimator of e ie robust. On the

in example (a), -

»
- -

~ -

- ,,",‘ -
Therefore we

otherkﬁhand!'

the Y functionﬂie unbounded and as a result

_théT estimate .of

- -

- is sreatly influenced -

- L

. -
ocbs rvat&one. In other terms, ‘the least equare

’

l-

. ¥

by extreme

s astimate of

L

9, obteined'by sesuming normality on {x;}. is not robuetu_

—

-

-

:— euch,-that the |

[ - -
. . -t
- .

outiiere.

S - - -

’ .
» . e

reeulting «estimator ié_\ pro

» .
h —

. procedure ehould be. reaeonably good, when the d

enjoys ‘nmrmality.

-~

It will be shown,later tha

. : T Thug 1n robust M—estimation wea - look fon ‘a # function

+

tected frome

Besides‘ " the ®fficiency .of _the _resulting.

)
ata actually

t the premium

.~ -

we pay for the robustness is_a little loss of efficiency in

t

~

-
the normal case.
is not small,
- .

.“ .
draw back.
¥

-

[

a

o . -y .

_However, when the amount of d

little loss of‘effiCLency i

- - - - -

LI T M -
-~ . -

4.3 Infroduction to recursive'identificatioﬁ

- .

~

-

e ,“.

axa avallable

s notza maJor

_Let us réwrite eqn. (3.3.3) as, - - -
\\ ' ’ L —1 ' _2 ’ n !
VASY . b0+b1 +boz +....+bﬁ

~

L



- -~ - . ) Y - -

where {u(t)} and {y(t)} are the input and- outpuﬁ sequence
. ,L \

regeectively. Here t represents the diacrete—bime index. and
z—l ig the backward shift operator. ;n time series analysis

- -ther model'- represented by~ eqn.  (4.3.1) is refered as an

aqté}esreastve moving average (ARMA) model. In a recursive
-+ {dentificatien  scheme, the .parameters of (4.3;1) - are

i ' - . ‘
a <~gequentially estimated, The major reason for the popularity

8 i
" of‘wreéursive\ id?nt;f;gation schemes is their_ extensive

» appljcabil&ty in adaptive controf... adaptive filtering.
* ; . . -
P & adaptive prediction and\adaptive s;gnal proceseing problema.
o -~

{In additidn to that."recursive identification schemes are

L )
ccmputationally slmple and demqnd legs computer memory, in

- - 4 .
coatrast with thelr off-line counter Earts. Therg'vare ‘two
]f¥ disadvantages of recufei;e idegtifiéatéoﬁ in comparison with
. ? fﬁ:f?—line identificatigﬁ. One is teat the' decision of model
R tT wstructdr;\should be é;de a;priory, before starting .tﬁg

- - R . . T e
o recursi;e‘.procedure. The/pecond disadvantage is the lessger

=

r aCcEracy offeétimates‘comﬁared to off—-1line methods.
-4 ™ ; - —

e - - ) he

T. . . The &ost widely used recursive identification'ﬁheifed

-

.

¥

} . . ‘
, is ‘the equation\ error approach’. Note that theflinea}‘
s model (4“3 1) can be put as
N ~Y_(t_):+31"y(t—1)+. . .+anyct-n):t;»‘ou(t>+blu(t-'-1)+...+b‘mu(t-m)'+e<t)
' - - : _ © (4.3.2)

- 4

*

fwhere é(i) is seme’ disturbance of unspecified character.

~_ -

‘ Often it is convenlent té express (4.3.2) in_the form of a
1
- : regression equaticn - — -
- - | = . [ . - ”_, /_ [
[ » ¢
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+ .

’ .
Sy(e) =aT(tre + eCE) - S - (4.3.3)
where . & ~ r :
§Ttt)=[*?€t-1).--.—th—n).u(t)?..,uﬁt#ml] (4.3ié)
called the observation vector . '
T k4 -
and » .;, ' i
__eT='[a1,...an,b0.._f.,bn-‘f'] L | (4.3.4)

-

\ i a
e

called the parameter vector, whigh i1is to - be estimated;

Throughout our discussions, it will be asgumed that (i)
’ ' . NY
. & . N
correct model order has been selected,: (ii) the input is of

persistént excitation and (iii) and t&e system is completely
~

observable. S

-

R éince the noige term e(th iﬁ (2.3.3)—c;rresponds to

;n ’;qug;ion error” in the Qiffep;nce equagion (4.3.2),
methods to ;st;mate'e in ;4.3;3) ?re called {;quation error
methods”’. Usualiy onél woul% uée least ' jsquares or its

generalizationgs for this purpose (Ljung, and Soderstrom,

1983) assuming {e(t)} to be a Gaussian white noise sequence '

[

~

Jor it can be derived by passing a Gaussian white noise
sequence through some ARMA filter. The least %quares.method

isloptimél in the mean sguare sensgse in the case when {e(t)}

iz normal. In the presence of outliers, the least squares

method can be far from satisfactory. ;here is ne doubt that

rl L

real-life data often contain outliers. Therefore, roﬁust
1 . » .

estimation procedurés are ‘quitg useful to handle such

problems. ' B . (

-
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34.4 A robust, weightea least asquares tyﬁe algorithm

It is wall known that the cost_ functior: which is

minimized in the leést squares approach is

o

. ,N ‘
J(e) = (1/N) [Y(t)—éT(t)ejz ~ (4.4.1)
t=1 '

which implies that the estimate of & can be obtained by

solvihg - %
N _
CL/N) T #(t)[y(t)—2i(t)e] =0 . (4.4.2)
-+ =1

The estimate of © from the above equation is

N N
~ - ' . F‘ _ . ‘
(N = [ ¢ ¢(ﬁ)¢T(t)]\l[ T #(tiy(t)], ) (4.4.3)
k=1 L b=1 -
whenever the inverse exists. Now we re-—formulate the

problem in a different perspective as explained by eqns.

(4.2.1) through (4.2.7). This provides us

-

N " =
J1(8) = (1/N) § ply(t)—2T(t)e] | C4.4.4)
o
which iz the new cost func;ion and the estimate of 68 can
obtained by solting | |
N ~

(L/N) T #(E)¢y[y(t)—ei(t)e] = O (4.4.5)
' t=1

~

4
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- - -}
In general ¢(.) 4g nonlinear and the solution of (4.4, 5)
becomes cumbersome. Note- that under normality assumption.
¥(x) = x and (4;4.5; reduces to (4.4.2)." : .

Note that (4§4.5) can also be written as

~

. N ¥y (t)—+T(t)e] |
am g T (1) [y(t)-aT(Ee]
£=1 [y(t)—4T(t)re) -

X

) Al
zince {y(t)-@T(t)e]‘is a gcalar. .
Now notice that (4.4.6) 1s similar to the solution of
tﬁe weightad least squares approach (ég. Liung and

Soderstrom. 1983)‘ﬁhere the weiéht a(t) igs chosen as (which.

e . ¥lycer—eT(eyey » .
- a(t) = : _ : (4.4.7)
Ty(t)-eT(t)e] S S

- Y

when [y(t)-#l(t)e] = 0.

i
Pt

and

-

( := meang “by definition”)

z
=

IO = [T ettrecereTiey3Tl; g a(t)e(t)y(t)] (4.4.8)
' t=1 =1

x
.

whenever the inversge existg. Using -the matrix iﬂverszon'

r

lemma (eg. Lijung and Soderstrcm. 1983), the estimates of 2]

can be obtainec recursively from the following

-



relationships.

~

Pt=1)48(t)[y(L)—#(t)O(t-1)]

B(L) = e(t-1) + :
‘ {1/a(t)} + #TCEIP(E=1D3(L)

and P(t—1)8(t)e  (LIP(t=1)

P(t) = P(t=1) —

{1/e(t)} + éT(t)?(t;l)é(t).

where the value of a(t) is describad by .eqn. (4

(4.4.9a)

e

—
(4.4.9b)'\

.4.7y, B

-~ i
" peing taken as a(t=1). The starting values can be taken as,

8(0) = 0; PCO) ='kI, K>>0. - (4.4.9¢)

L Thus the nonlinear estimation problem (

reduced approximately to 3 weighted léqst squa

problem. . -

Note:

e . _Kovacevic _ and Stancovic (1979) pointed cut
:éqneral nop—linear\(robust) éstimation algorithms
. sensitive LB P(0). In that paper.'the\sensitivity o

.2 clasgs of algorithms ig illustrated using

examples. It is interesting to note that the

-

described by (4.4.9) is not very genasitive

However, too small or larsge values of k seem to af
convergencé rate ;f the aigorithm (4.4.9)Y. Fro
number of ,si&ulated _examples. the auvthor came
conclusion that values of k in between lO‘and-IOO

good results.

4.4.58) is

res type

tha;; in

can be
f-P(O) on
simulafed
algorithm
to P(O).
fect the
m a large

to the

give very
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4.5 Convergence analysis -
In this section we 1look ihto. the convergence

propertiaes of the pProposed algorithm, given by- edns.i

(4.4.9a) and (4.4.9b). To begin with some lemmas are . -

-

-

Aintroduced, which will be wuseful in proving the maiﬁ.

convergence result of the algorithm. . \ .
Lemma 4.1 (Ruthenpura et. al., 1985) . . .

RN
’

For a given influence function ¥, - which g (1) odd, __

-
-

(1i) Riemann summable over any finite interval and such'ﬁhaE,.

. A . . .o
(iii) 3 M,m: O<M<=, m>1 go that ¥x 3 M, ¥(%) 3 m/x, the
v o .
function - . T, . R o
Py - . % . “ :‘ P ‘ . -. --‘ ' \ 1 it
f(x) = Kexpl~ [ ¥(t)dt], with-0 < X < asuch that
- 0*_ ' . s oo ’ ’ “ -
! f(xzdx = 1, iz a probability denﬁfty'fﬁncfiéq (pdf). .
Furthermore £(.) is eQen.“. R Ty B ,", o .
- S - - . L ) .- oo ‘

[Note:-*Condit§cn”£(;},is_heéesgary and sufficient for the

symmetry of £(.J). . Lot L - o
v A RS LR N .o . R .
- ° ¢ - Condition - (ii) is sufficient for the construction
.- . . \ s, . ~— : vos - ° . .-'-". } _'. ]
. . _ : ‘ o .
for_am absolute contimuous f(.). > . . : -
o . s "‘.L\ B - . ] ‘. '
Condition (iii) is sufficient fcr\f(.)'being a -
B . . . : ’ - ’ - - T : )
pdf .} _ .
- “ = N - L \
) r -— L -
T i)
[} i N -
P * M . -
'--‘ “b 4 N 1 ’
o > .
' -1



-

. \ - Lt
. -

" o o . _'=‘if §CUJdu;= p(x), %iﬁce'v(.)pis'odd; \

. L - - ' .
. ’ .- ) - . ' ¥ . .
a T T U=> pel) 18 even. . . : .
" Now define . f,(x) = eXp(-p{x)). .| - VR o
-Therefore,’ e . RPN v
\ . . I y / , b - . - , - - ! Lot .
R v o f1(=x) & expl-p(=x)] =f(x) ‘Bince p(.)"1g even.
; . ~ . . R A - , . L .- . \ i . R
- : e f . \={ fl(-) 'is_evegr‘ ’ ‘\ t : -
N . . ‘ - . Lo . e T : P .
. . Therefore f{x) = Kfl(x)_ is: even; K e'.R. .

|
’
[ SN

v - .x‘- M ‘ N ) x‘ ‘
- e(x) £ f y(eddt = J w(t)at + S e(tydt

o - .0 - ) M

yoo,
o !
. ... o~
‘Since (ii), for some 0 < < =, -
e A -
- - -
. ) " - ] ) -
A . -

f .2 L
. ‘ - . . « . ) ;
T . - - %
T . v :
L . ‘ - . - ., )
. o Lt - ¢ e
f rd - ' - - N
‘ . - - . -
- Proof: ) ! . .
- - _ } ’ 13
- . - - - .
- . ¢ h . x. -
- ., _ Deflne p(x) = S ¥(t)dt, - ) - T
~ - - . l‘ . - ) . '< o . ’ _ - -
. . - . 4 ~ .
., PR T B R - i
theé existance of an.absolute continuous p(x)‘over any finite
. . o : o
. interval is guaranteed 'due to (ii). - .
. . ) . -2 - . —_—
> . Now T . ML B S -
- - '-." ' . -_xl . ’ ‘- - .
‘. - - ’ ‘, . > < ~. .
- - P=xY = [ y(t)at, - :
. . . .
-.‘ . ) - ,. u -
B . . oL P ! . - s - S - "
. - N L I L . ; . -
IR . FE . x- ] - T, -‘ ! -
_ . . . \ . . R = -
2t ~ - = .- #(—u)@u'_where}u = -t g
fa] . - - oo B '
i} - - s . ‘ .. I

- . -

.

. Now from the agsumption (iii)  and FxX ML L ’

~
. -
-
.-
hY
P
- - -
w -~
-
~ .
-
~ .
A Y
- B
.



. - R - :
o(x) » n + § [m/Eldt ~ !
M _ : D

i@., p(x3 3 n + 1‘n['x/!1]m > 0 | T -

r
»

Therefore, (%) g'exp<;n)exp[—1n<x/n)m],,v-x 3 M.

.- H . . -
fe., J fy(x)dx € § fj (x)dx + exp(-n) S [M/xlmdx :

. -

o ; o : M o

- o= fl(x)dx3< -, if m>1l.
L ,

-

.

_ Sipce £,(.) is even then 3.K, 0 ¢ K <= ' .

_~such Ehat'

K [ £ Caddx = 1

. which means ka) =.Kf1(£) ig a pdf.
. : . : L~ . :

Comment ' - -

-

The condit:on (111) put’ forward by.,the abo%e lemma

%uzgests_ that ‘éhe'.ﬁ' function should not’ re—descend fast:

-

.Cdllins (1976) also showed that.the ¥ functicn should not

v -

reLdesceng steeply from the point of v1ew of the convexity
,of.-tﬁé- resultmpg ‘cost func;zon. o The above “Temma puts
thié argument in a convenient~ <:ma'-r~.t::'Lt'.at'.i.v.e'__‘fa_sh:L,c:n't.P Alsﬁ'
sea Hogg (1978) for some dlscussxons on thzé—aspe;t.-

. Now assume “ that x- is © a . r;ﬁdoﬁ :lvariﬁble,

-



x (Q Fy P)*(R BR [where

.probability space and

R - - - . i T
- N - Y N -
- - . .. . . -
- . . .
‘ - . . E —_—
- . X - v 1 '
o . T, o T il S
. 5 : . ST ‘ -
v P - -
- s - L L - . .
- . R T
. ~ Ve -
- - - . - » . L"a -
- . . - - . . -, -
' - [ e
. .- .
M A - = . -
’ ST,y - -
- 5- - . -
- - ot -

(n Fs 28 and’ ~(R BR) represent 'hégﬁf:‘

the Borel field reepectrvely] euch -

ﬁhat the induced probability measure P Qn (R BR) is defined

dY -

ViA £ Bp, P(A) = J £(x),- wherel £(x) ¢ dafined by iemma 4.1--. >

.. -" T ', - L A
'With this backgrouﬁd we
‘Lomma 4.2 (?pthehpu:a;

K Lot B ;o L
N R LTl e
- A I L .

gd'gd?%herﬁbllqwinéfleh@e}’gﬁ"‘"

et ._.-.. L o " N
et‘_“. al- - 19’85-) " ,:‘ e - .

-

"In addition to phe”asecﬁﬁtion;cfh;ieﬁheuﬁeJi,T'eescme"

that x¥(x) 3 0, ¥ x .t R.

-

k, where k‘“is iényn

‘real - conetaht and E !deneﬁeeﬁfthe‘

'expectatlon, w:th respect to the measure P (A}‘.‘

.-'_. "l

Proof

r

‘k_

~ which exists; v( ) Is summable (hence Borel meaeurable) and -

'f(-? is a ﬁdf (Loe ve.
Ncw.?"
N M

-~ .

v CT s . : e

YEGA]H Tlerbn¥GarGads . T

If¢(k+£)f{x)d£‘=@(k;x

. —u - -
. = 5.

-

-'-‘, ‘

P

R

E;¢<k+xj1*£ 1im~ NS v(k+x>f(x)dx NIRRT

whe =i LD Tl

-

.’\

l977) ) f;"f:'gﬂr,[;ggﬁ-_

PR \ P .. o -
o - .t -
;
But-Lt is obvlqus that “ . ‘\ﬁ ’ -
- - - = ’
. -
-~
f- - - e . » =
. . . .
- ',/ -
Ly - - - -
R . - — Ll - -
. . + - . . - JRSEREN PR
. - ~ . b - . rd - 1
- . . - v L “ - . A ]
“v = - - - A
.
. - . - .- Lo -
A T A _ . _ . . .
hl - = = - - - L)
. . .
- - -
) . . - S
. . e - . - ; .
. .

<& 0 T, ’ ‘y -

,-Iﬁen Ef#(k¥x5ihié'theieace sign.as’' |

- ‘.. i Pl e e sy
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. Do T S ey g
R e L e T T ‘
. § (k)P (E (YA F § ok VR @ L T
, — T e —u SN . IR S T
- v, - ) v T L v;.‘ L ' u 7 R . ) - -
T U ol T KRB () (e dx "L
- ) N ) '_ [ v L 1.'. - "‘0"._. ..-:..‘. . TR -' ‘\..
g and © T LA R
\ ‘Lf.l L ' 0. -._- ) :.‘ P .'_-‘_ T "': .' -:'_;.‘- _.'_" - :
‘ T o Cktxd W) £ (a2 plRovIB(VIEIY 0 o= T
o ) ‘ R O P e PRI
- . CS e (RIIWCWI L) dv. ) .
- C. S D L < .
4 ‘ " - - . . = =
y - oo : ‘ N ,_',-_."_--,-\ e 3 _ . "-.H
‘Therefore (4.5.1) becomes .~ --  .* e R e e T
- . va “ | . B Y ‘u '--.- ._.. '.-l. ) ‘::I‘ __'-.-.'.,:.-_;_- "'.'1‘..._. '.‘ -"“".:,':.l o "_. .
DT R TeGernd eCk-ud T+ Tetkin)Ea(Kex) TRCRE ()8
' ‘-Now observe that [p(k+x)—p¢k—x}] ia of the same siéﬁt
.. as- k s;nce p(x) ia positive,_‘even and .monotonically non—’;

-

-

decreasing'ﬁor x30,. since xﬁ(x)) OL_ Alsc f( ) &nd *( ) are ~fﬂ

H -~

. 0 o . . Cor .- . R K -
.  positive, ¥ x30 and the'iemm&uig-groved,; S hll'_::.,ff”ﬁ.'
- . L, oo ek A, oot S el
’ s r . . " -' * - B - _‘-I'I‘ v -\ - . " ro .
a . . o - - - . e Lo L ..
- . N - - - . - N .‘ - - ™ A - 4 .
-~ . e . R ot _" --'._ et .. R L . .M

., Lemma ‘4.3 (Pd:ngﬁéura et.'al --1085) 11:,..‘ ST

) Let (b —¢T(t)[P(t—1)]2¢(t3 where P(t) angxi(t) dret

- descrlbed by thefalgonlthm (4 4*9)..- :ﬂ Do R, I

* . ' - .h_' -l -

1 ‘.'. . ."'. -‘. . . " " T ) " -

Then ¥ r(t) <-- £ su {a(t}/w[a(t)]} e -7 ..

\),g-.-:t LT t5[o .) N ‘.
F— wheréxfoi) = y(t)féT(t)é(t—}),'the prediction rerror. :
- - L] ‘, \ ] . _ . - -
- - 7‘_ ~ . ;'ﬁ ~ -'
..‘ . . \‘0.'-' - b . - )
1Y ’ * “® o - . .,‘ -
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L
'
-
\ -
S
x
C e
- "
-
-
~
~.
.
'

N N ) e : “'_.- '.‘ \. _‘ .
- L . LN . ‘ 50;;'
SPragf S -7l

- _T - 2
r(t) $ (t}[PCt 135 é(t)
s _ﬁ,‘ 4 9 (t)P(t 1)P(t-2)+<t>, using matrix inversion
LT .2 -J‘ : lemma (eg LJung and Sodersbrom, 1983)_.'

3T . . f -

B -.,-" ‘) .

R g!'f.,"é'tracetp(t 1>¢et>6T(t>P(t 2)3 -.‘,-:

. ?ﬁeréforéf f« o T e T
- : - “.‘ (L ". -\ to. - _:__'_ { . - . ! = )

l-.. N ’--\ \."\.‘ ¢ \ ~ I
- _f" :}~:_f ! ;- Lo Ca.
D E r(t) ? sup™ {1/u(t)}[trace F(O) rftpace_?(“)]
e BRI ssto,eye e T n

L -tsto =y

“.?or asymptotic efficzency..

)

R T.;"' £ Bup ALJeCe)) <m0 (asly

- "

in the' ne;ghbourhood ofh.f

:6ﬁigxn [(—a —a)]. *(x) is dften taken to be linear“' Seé.,

©

Hdber (1981) and Foljak and Tsypkin.-\(i?BO)% Eet-#(x)-;f %,

the jchoice when ¢£(t)1 i 4,

number. often.taken as. c,_ IZSm

.-' _‘.' -

-

-
'

. \

A @éing'épmé gééitf@glreél”
or fsé,h'whebe . @ is the
. » \ . . \

standard devzat;on. af the measurement n01se.; Aésume‘thét

lﬁ(t)! ( A*( ﬂpjr t I3 [0 -) ¢he the follow‘ng conditfon is

} suf?1c1ent to. ensurg (4. 5 2).~'
oL e D .
T 8T we(t))] 3 8 >0 Fe(t)
¥ ~ - N . . - \
Y- s ) - -7

Y . -

l RN - -

A o : N

: O JeCE) ] €A (4.503)



o whéfe'e- 13 the true parameter. ‘provided -7 e '

-

4 - -
A - - - - - »
. “ .
.
- 4 - b .
’ . - .
> A - -~ - i -
N - N L4
- . . PR
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. LY .
~ . 1
.
.
.
. R . . , N
~ ¢ ,f'

d a Lo e . - ! ..‘ [ *
Now 'we’ are‘ in .a position to “state 'the main

~ . .

coﬁvergence réhult in the form of the following theorem.

. [ - ' oL . . . N
4 = b * - . - . - r

-Thebr'em_'-’«-'l' . (Puthenpura‘ et.,al..-_ 1985) '. -

i

Let bhe' assumptiona of lemmee 4 1 through 4, 3 hold.

Then for the algorithm (4'4 -9) T :
}lim e(ti =;eb,inhq33dra£fc‘meaﬁ-(qu' R » .
_ . . - ¢ - ' . . i i\‘ -

’

’ 5[0 ") and - -. "” v '-_J e . “\ -r v .;.-..
. A.\ .. . ) \ “‘. . _."'. . . o . -
s lim-sup(l/N) ¥ .]#(t)] < -, _ oo ' o
. N Mmoo A,.tek Cte [
) N -' .t Tt T TN v,

: The proof is along the same why as_ that\of Robblns and nonro
4. n r

(1951) and it is given 1n‘appendix II. e‘" i‘ )

'The dzscu851ons preaehted above give a good rn51ght

-«
.~
- * - ~

into the various theorﬁtﬁcal aspects of the convergence ;of

~

M >
the proposed algorlthm } In the next sect:on, some pﬁacticab

- . \ - L] K
conslderatlons on the algorlthm are presenteda
. . -
- . - . . . . ) » I
“ - . l\ - .. . . ._ .' " . - . rl N .
- 4.6 Practlcal-con31derations . . >

- —_ . A . . ¢

N - To'usc the algorithm descn;bed by Qd.ﬁ.9)3 one should

e
AN

look inte two main’ po;nts. Fxrst of all . "the. user shou}d

.-makc_ sure that the embloyment'of the algorithm can’iﬁbrove

Y -

i the,qchlify of. the estimates in compariéon with the ordinary -

- Il -

least équ&rca'estiméfés,' before he 'actually applies it.

(1) #(t).and e(t) are \stqti_aé.{cal-;;r independent % t

Y

“»
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real rife identific&tion problah 3 ol : . o e
.:_ -7 i o el \ . < . M ... ~ -
. v, LT v AR - ., ' “, .y ~ ,
fVTheorem_4r2 (Bierens) ’ '. e Lo 2 - -
- <. ’ ™~ ! — -
T el Let fs(t)} ?epresents " the residual’ agquence ©f a
; . ' - - T TN - . T, A

.

. . . * ’ - Co
] - = - . . . .
S . . . g - O f D - > -t <t v ooy LI [ 52
N .. ’ - L N . . . )

'Secondii, uhe nshouid be,-able to decide upon the inﬂluence

* - [ .‘
- L -

'function to be usad" Ihese two isapee are strasaed .’in - the

following Bubsections._- . e I -
- _'. "' - C - , . ) * ve .— . L - -
,~4.6E1 How to decide on H—aatiméﬁibn? \f;_',f'_ .. - .

-

_ L , .
From a‘numberrcffsimulation studies ,and experiepce

-

T

-~

with real’ data, It’is concluded that. the ‘residyal kuntosis’
(tha_ peakedness_'of  tha thé pdf of residﬁqlh) Iz a good

-

I .t '-'-'.‘_.- .
source of knowledge on the quality of , the  data ysed for

1. - hY

-~ . [ ~ B - .

identification. "Thps. the ° fpl}ohiné theorem is 'quite

- -

appropriate'?in thfﬁ Ebntéxt,.‘ ffﬁ 3éctich ‘4.8.2, the

.psefﬁlﬁESS of the theorem is illustrated with the helyp of a

least “squares regre sion. Théd the regression coefficiehts
Q

[ __L,. -~
- -

. may be~ improved (in the sense of less standard error) if thq

reaiduaI kurtosis oo .- < - S
. e " N . : . T .
- n ) ) . S ..
S (l/n) I [s¢ed3®- - - g
. - E=D ‘ . .
- ‘ . - - !
) . < - 3 >0 .
. .
_ ;s . . .
n PR 2 -
o {Cx[n) I [a(£)1%)
¢ ? v i
- ’ t=1 ) - .

- . - .

(Note that this condihio? ig sufficient, not necessary.)

. -
L.

-

s
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A%y a ~ - . -
Y d . ] ’ - et
- [ . ~- -
Proof - - . L
-

- . | ; . H
.Bierens -7(1981), provid@s‘,ap elegant proof ' for this‘d
’ - . '; T ae o :-. ‘ -"'A l
resultl . (oL S A
3 ’ v L . - ] "’_. - ‘-" ’ -\._ A .‘ \.-\ o lﬁ\\ Tl L
- 4.6.2«Comments on the.choice  of the influence function .. --' -
SR - - - . - .

. . . _"'. ,_'_".. _ -
The propoaedﬁ algorithm permits ithe use df  any
influence functton preovided it’aaEisfieé the conditions %ut-‘1~7

i ¢ - rd ~ . - .. . . —— - —;- /‘-' ~ L.
‘foyyhrd by lemmas 4.1 through 4.3. @qe- simple ¥ funétdbn. .

a L g - - - - hd ~
- -

proposed by Hiber (1981).§éém§rto be quite adequate fdr‘poit
7 hl - V] . . - . -

of the practical situatidnér from a number Sf'stddies'-hadé‘ )
- - . . -

# - > - . -

K ’ ) Y ’ N 2, . -~
by the author ©n sifdulated as well as repl data. The ¥ .
- . ’ o~ .. -t tor

. .Y T : O
function.of BHuber is giwven in ﬂig. 4.1.:. The choice of . "a” . ...

-

’ -

cT - . * A *

> - et T T 4 - .-
is often taken to bé o, 1l.5a or 3¢, o being some estimate

S U . .. . T S L,
(or even guess) .of ‘the standard deviation of Qhe‘measu

[y

rement
] - - - N : !

noise. ' Also in:abcordaﬁce with the central. limit thqofem. T
. v : T . S - s o : o
the distribution of noise, which is the sum of a large-
- + . - H - > B T

- -

" number . of uﬁcorrelétei_germs. cgn‘be_aqsumed to  be normal;

. P 1 -

henge give further Jjustification for;choosing,#‘function to

i ~ Fl ' ‘

EE linear around < the neLghboUrhqodhéf origin.‘It will be ‘
shown in section 4.7.2 tﬁa} in the “case of normality on

e

Pl —
data, the efficiency of the algorithm will become poorer and -
- - : ) . L. . .o
‘poorer as ‘a’ approaches: theé origin. This ig the price we o
- ‘ .. r - - \
pay‘fo: Tobustnels. But if we have sufficient- - number of
¢ LT ’ : : i . - -

-

- samples, this is not a ma.jor drawback. Alsc in practice,

experimental data seldem enjoys normality. These sésbects«
-~ ° - -
. , -

. . -+ . -
are very clear from the examples discussed in section 4.8.

‘ ¥
- - - -
- . :
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o -
L (4.3.3)]. Let - #(t) ¢ R, @ ¢ R", p:.

L V4.7 Efficiency of the fobﬁst algorithm

. .

. -

identifxcatioﬂ is the efficiency,

Ty \ . ~
. coﬁvergencq: of such algorithms ia

T oae .

-
. efficibncfjr‘bne -8ucgessful method of efficiency evaluation

- Y

‘gince

An impcrtant factor to be considerad about

th

dependent

“Qf recursive algorithms is wvia Crate’r-Rao

recursive

e

fate "of

<

on their

innequality

(Pohak and’ Tsypkin, 1980). 1In tpis section, the same method

{ »

a2 ° .
algori&pm described in section 4.4,

- In general the estimation problem

f?t) = pCa(t),o) + e(t)

where p( ) is Some arbitrary function.

o
- : "

with, the linear estimation problem

is adopted to determine the efficiency

of

the robugt

is of the form

[Compare eqn.

expressed

R

assume that e(t)’s are independent

g

T

r

x RY

anc

-

distributed rendcm variables with an abgolute

(4.7.1)

(4.7.1)

(hd

by egn.

R.

co

pdf, f(x).., Now we can state the following theorem.

*
-

Theorem 4.3 (Generalized Crame’r—Rao innegualitv)

Also

identically

ntinuous

If p(é(t) 8) igs differentiable with regpect to e for

all t and ‘( ) [the pdf of e(t)] is absolutely

and the matrix

\B =/E{[Grad'p(.)][Grad p(.)]T}
_ A 2] 2]
| ~
ig Begitive definite ~

then % t ¢ (C,=) y

1}

E{[é(t)%eon&t)—eof} y [Icey1 it

- !

continuous

(4.7.2)

(4.7.3)

_
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bt ; . . . b

where a(t) ia the ‘estimate of the parametérébector & at
R » .

Eime t, 6_ = E{o(t)] which is the the actual value of @ and

. " ~
the quantity Y ) : }
- ': - - »
- “y - 2 i— i \
I(f) = [£7(x)/Ff(x)]7f(x)dx T . “(4.7.4)
R [

» e 17 N N o

- . . .
where " “stands for ; the derivative with respect to x, is

-

calldd the ;scalarLEE?her information’.

* v o - 'v" ’ 8 : N
Proof - . .ooo- . -

- -

Exactly infthe'samﬁ way as given in Zacks (19711.
\ YL s S >
As Eanibé eagily’ seeh"iq the “ahove theorem, the
L b LT - . .
crucial -point im the efficiency of recursive algorithms s

~ - . - - LY

’

-

th'a&alar;?ishé& inﬁgfhatidn (SFI). - Further stﬁdy*;:h}_SFI‘ :

1 -

(in ‘conhection ' with' 'the influence function used for robust

- - e - . L] -
{

algbrithms) ©s made_in.the next section. =

-

- - -
L4
r V. . v -

Y -

-"4.7.1 The scalir Fisheér ‘information (SFI)
- - . \

—
~

r

- . The classical ‘defenition of SFI tis given by eqn.

1)

+.(4.7.4)., .For any abmolute continuous pdf f(x), it can be

-

- \ ; ‘
shown that I(f) < =, [For proof, see Huber (1981).] But the
4

form of the classical defenition of SFI is quite inadequate

-

—for cpmpéring the efficiencies of a set of robust algorithms
over a class of influence functicons. Therefore, a
transformation of SFI is made to guit this requirement.

This is given below as a pheorem.

-~



-

. 56 «
Theorem 4.4 ( Transformation of SFI)(Puthenpura et. al., 1985)
. Let the aaéumption of lemmas 4.1 and 4.2 hold good.

Also assume that ¥(.) i= continuous. Then,

ICE), = [ f exp [-p(t)]dt]1™" J {[exp(-t)1/[p 1(t)1")at
T -0 e

Proof: . ’

From (§.7.4) and the of f(.), we get.

ICE) = [ $2(x)£(x)dx

-

[

2K § [p(x)]%exp[—p(x)]dx .
T o ' ) -

- ~

' ‘"with

J exp [—p(xx)]dx.

N (4.7.5)
Now for any closed set [0;;], from (4.7.5)
-
p(u)
I, (f) = 2K p'[p'1(i)][exp(—y)]dy. where p(t) = y.
N

(4.7.6)

Apsuﬁe that ¥(.) is continucus and xp(x):> 0 % x %= 0,
then

p{x) ig strictly indreasing and p_l(-) exists ¥ x 3 0.

strictly increasing, ¢

Noting that for any—-non =ero function g'[g_l]. g(.) being

&
[s73 ()17 = 1/{s’Is~ (1)

(4.7.7)



wss_obtain

I(£)\= 1im I (f) = ;

> q+= S
- ! ’ - R =5
[f exp [-p(t)1dt]™ f{[exp(-t)1/[o T(£)17}dt
o, T . a

. 1
.. -

"2

With the help of thé above result, now we can proceed

-

further to evaluate the efficiency of the robust algorithm
»

»

introduced in secticn 4.4. » ' . < -

4.?.2 Evaluation of efficiency of the .roHust algorithm

——

. ’
From equation (4:3.3) and tisorem 4.3, we"obtain,
’ - BT ’ I'd

E{[6(t)—8_Jrect)—6 1T}y [Ice)1 is™t o (4.7.8a)

o -

where R - L ‘ Y
= B = Efact)eT()] | - (4.7.88) -

and I(f) is as given by (4.7.4). . ' i T ,

Now the problem is to compare the‘efficiency of a Qet

~
-

of robust algorithms, examining the influence function they -

. employ, whén {e(t)} actuallv enjovs normality. Since the
-

- 3 -
matrix B, is one and the same for all the algorithms, ‘it is

sufficient to compare the SFI for different for different
influence functions. However, direc; evaluai&on of SFI may
be véry difficult, in general. Therefore the following

rasult is wvery wvaluable in those situations.

>

Thoerem 4.5 (Puthenpura et. al., 1983)

Let ¢1(x) and #j(x}' be twe different iIinfluence



(@) ¥ 00 £ ¥y (%) "and  (b) 05

monotonically increasing, where

b LY
. p(x) = [ w(x)dx, 1t foliows that
' .
- o
. Proof:
; Given

¥o(x) € b (x), ¥Fx ¢ [0,=)

.

=> pz(x) € vl(x), ¥ x £ [0,=)

A

1

> [ f exp (—po(x)ddx 1°- < [
_ 2!

[}

Now if Sé(x)‘— 5

-1 . -1, ..
[oz(x)] 3 [py(x)]
Fi

This finishes @ thé proof of, the

innequalities (4.7.95 and (4.7.10) to

-

4.4,

The geometric interpretation

functions satisfying the conditions of theorem 473. . Then if

Ly

=1
- P (x) . i=
-~ y ) ’
I(fz) f'I(flb--

-

. -
’

pi(x) i's monotonically increasing then

Joexp (—py(x))dx ]_1
o .
" Y
5 (4.7.9)
v
(4.7.10) )
theorem by applying

the result of theorem
)

\
of conditions (a) and

(b} of the above theorem is illustrated in fig.4.2a.

Example: (Efficiency when the measurement noise is normal)

¥

Assume that the measﬁ:ement noise {e{(t)} is normally

digstributed. Let,



a . 4 - “ s - -
e .t PRI . .z
v <o - . . , . ., 59 .
-~ . L ‘._’ J.'._r . . . .,.. “
- R
2 . - - . - ) -
*I(x) =x/(° ) - _ : L. ' . L '('4.-{.11) .

pfipeﬁée.fuﬁétion associated xﬁth\:a Gaugsian

' » which is the i

pdf ST S Lo

. A -- ‘. - : ) “\ - -

o : A * - -‘1 (.-‘, P
£,00) = [1/J§§a]ex§[ax?{z°2§_ L (4.7.12)

.. \ .. . < - « ? R 7\-"_

It ¢an be, vasily. workeg cut that . .o e e

E (e = of SRR R ® PR P &

pctionjwith_a slope of:l/&z\

Now consider a Huber type ¥ fu
over [—-a,al- i - * ‘.; i . ‘.
.lie., N - . R .
ifczp ‘xi‘al . . L. -
~ *zcx) = . '
- r - ) ~ - -~ » v.
5 - a/olsign(x), Ixi>a- S (4.7.14).
 After a few cumbersome calculations.(whiéh are-bditied h;re
H
: ) *
for brevity) we get - . /
e 1™t = . s g .
S S DR 2,, 2 SR & ;
. c“+[c /7al(v(z2/a)ilexpl—2 /26°1{erf(a/{J20})] h
- ~ . - s
' ) ¢ (4.7.15
Note that = : ¢ ‘
-~ x . . -
- erftx) = [2/4%) exp(-t2lat > 0, < |
.t 0 ° _ called the error function. )
) From (f.7.13) and (4.7.15) it follows that ™
; ~ . <
T
(E(£3)] > [IC(E0] 7 - (4.7.1&)

Moreover,



s

v

. 1965} Youns, .1984). This ‘is

-—

Jdmirce 1"t = (1) L B

.implies theﬁ
. , - oot L a-'.-; . ~ ) ’ IR
- - o ' o s ’

{The value of. [I(fz)]y[l(f 3] is plotted for dszerent a/as

- {
-ratioe 1n Eig 4.2b., as a matter “of interest ] s L )

.~ - - -

In the case of normality éf measurement noise, it can'

¢

.- ¥ . -

be ehown that the minimum value “of < the erroc covariance

;{metrix of phe parameter éstimates- is, obtained when c(t) = .

- - -

}[62} Jo2 being the varlance of the~noise (see eg. Deutch

:obtazneg by selecting ¥ as
N, T . . . >
given by (4.-7.11). If it 1is desired to implemerit the

- -

algor;thm in gectian 4.4 using‘the v given by ( 4. 7. 14). the

premium ~paid -will be the loss’ of efficiency (only in the

PR s
normal gase). - due to (4.7.l6). Also see that this loss of

*

efficiency will. be more and more prominent as “a’ approaches

- s

.. the‘origin, which is evident from (4.7.15).
A s8imilar result can be obtained Dby a straight
forward application of theorem 415 involving two A 2

PR . *

functions when the measurement neiseis normal. Notice that

-

the apéifeation of thaorem 4.5 does not necegsitate the
direct caculation of SFI, which is often difficult.

Two important aspects to be remembered in this
context are that (i) the above discussicons are useful only
for the cases where the true paf of the measurement noise is
normel but we use Iinfluence functions other than (4.7.11)
and (ii) the deduction that ueing ¢1(,) iz more efficlent

than using ¥v5(.) is valid only when the strict innequality

[I(fz)]—1 > [I(fl)]'1 holds. This is because of the fact
I

L



-

.termé,o the problems (i) and (ii) arise due to the fact that

-
- A

.— _' ‘ o - . . - - . = 61’ I‘
b . :- L ot ‘ - } . L I . ‘_, K' . . .
- e . ) - . .

Ehgt' (4.7~ Ba) is not a Btrict eqﬂality. Puttiné‘in 6thé£_

-

we have used only a bound (right hand Bide of the Crame r=""
= S - -
Rao innequalzty) far comparinz the efficiency. ThL3 can, ba <

illustrgﬁad . Tas follows.__ ‘Assumé’ that tha _undaglyins

dist%;bution‘is.Lapiaci&Q‘[ le., ,fstx)'é (L/Z)exp{;lkl/%},,
ﬁj&x) = (1/o)aisn(x)-_]. ‘Ingtead of using this infuenca _

. . # 2 = hs
function if we use v, (x) = x/o , it does not mean that'we_do
t - ~ .

— . r P S - . . -

not ,loose efficiency in spite of the fact that EI(fB)]—}'.=
. L . f- - -t : .
2

‘[I(f )]—l = g . Slmilariy; fassume'.that-fkhe.grﬁe pdf is-

-

v

"robust identification of a packed-bed chemical réactor.

Hubér’s pdf but we use (4 ? 11) as our -inflﬁenca. fﬁhction.

- N i o~
-~ LA hd [

In thxs case also. ft is .not meant that we gain efflc;ency.,

-

g eventhoush the strict 1nnaqality (4 7. 16) holds. -
. - In thé .absence qbf " any  -information ébpd§ “the
measureméht noise, one usﬁélly éelects-c(t) ='1~$~t,‘ wh}lg

-

1 - r . . ~ . .

hsinx'récuréive least aqhareé' algorithm. This corregponds
\

ko a ¢ function with unit slope An ‘the interval (—‘ =}, So

in practical situmations, where ndt' much informatlon is

P | ~

available on noise [see éxamp;es_giveh in the next sectibn],h

-
,

one can use tHe y functions given in fdig 4.1 with a unit&z

slope in the neighbourh&bd of origin. -

>~ - N,

4.8 Examples of application of -the robust algorithm ..

In this section simulation studies and results of,

using the proposed approcack, are presented.

-~

. -



L - Considquthe‘aimﬁle digciege—pime systen given by
[ . 4_,.' ': .-- . - ;v-. \‘. ‘”, : ) ; Ld . : .._ . e v
Sl a.“ﬁ1;0)?, 4(0 5)2 T ' ; T, ' . :
e e SR T (el
T TR LA .« . -
. }.1~(l.§1z,3+693732 LT 7 . ~ i '
ot Ihe system 13 perturbed W1Eh a"sequence of random
= ., A __ : : i
s lnputs and tha correspondlng Qutputs are collectad. To .this
nozse—free,output data, random numbers are added. with proper
'_variancbi.tcn'diﬁhiate -different 91gnal to—noise ratios.
These random ndmbers are drfawn from a Gausslan d:strzbutlon.
‘To szmulate butliers, ;anpther set of random numbersg .{drawn”
from a Laplatzan dlstrxbutlon) are ‘ﬁubgtituted © o T ‘Lo
..~ "'some _output «data‘ points insteadfef"the normal measurement
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-8.1 Simul t on 8 udxes e ’
-
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nbiéku

probabxlitlss of occurancs.

-
-

Al

Thes

.-

godc&fante is

-

s " .‘-. Ld
outllér.

.

- . =

.

to estimate parameters. "The paramétéq”error norm
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!
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fur

9 cutllers - are,
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To begin-wlth
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- ~

. -
Foo.

-

. . LY .
- from-a LCapladian;

L ¥':§(tf|'

.

-
d -

’

«

gimulated with ‘different

For example, the probablllty of

Fl
A

means that one out of 10 readings is-+an

-
-— -

| >
»
e

T <
- R}

-ordinary Jeast squares method is used

- -

-
-
“ s -
- . . T o. W
- r e . -
- - ' T -
. - - - - -
. -~ -y L - - * - v *
|9<t)-— IJ s ¥ IR
- > - - - - - -
. - L - .
. - . - - : -

[

~the’ noise is from a normal distribution,

v

i
i
v
*
el
f-
'
@
[3¥]
S

- w -

A N P i

-

iﬁqffcomputéd-kn&.ﬂhis is shown‘}n‘fig.k.Bﬂ- [Por the sake.of

14

,'sgfevi€§,~the results are ziven cnly‘ of1the case when 802 of

» - v

-~ - i

L(0,20)]. As shown in, "fig.. 4.3;- the

N(Q,O.BQ andﬂ?QZ is

-



result is unsatifactory. .. SR ' - : TR S

Now the algoritﬁm 3.4.§?ie"applied‘ueip;”e.eimple't

.

- function as ehown 1n fig 4.1 with 5;0 8_ -ENobe'-that thia

-

14 -~ ' .

value ie‘nehr 1.5¢ =-0.45]. The :esult is: giyen 1n fig 4 4 T

1 . - -,

\ - M

wherepthere ‘is a eubetantial improvemeﬁfiin the error . norm}

T .
.

/.- ' .. PN ]

is' also shown ih’fig 4 5., : ‘;‘ e - '-%? .i:;
R PR S oot el -
- ‘ . ) v e e e - - A [

. - - . - .t N - :
- . g - . - STt st

7 T T . . . . e T
- - r * . T ' an . e L A . - ) f e R
problem.' - N .. o f" N
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hE

’ The BtUdY .Of paqked—bed catalytical feactore 1sf6ﬁqf S

- e . Il L

of the‘most intereet:ng problemg ihf;the,:modern chemical_fﬂ

3

ineuetry. Bae1ca11y. the reaction taking pIece Ln thie type

+ 1
M \ LI

of reactore is thef ’hydrogenolyeie‘ .of n—butane over a:

¥ . L

nickel on eilica gel catelyet._ The percentage cohvereion cf

- .

n—butane can.be cqntrolled by the reactor wall temperature.f"

PR
. . . -
[ -

[For detaile on the reactor. refer to Jutan ot | al., Ql97ﬁ)]

-
- - » . ,‘\__

In this contex% the problem ie to model the reactcr 1n;,suchug.ief_

-

. - -~

a‘ manner thet the .percentage; convereldn of n—buatane ie'

. R S
- . N v 4 . ' .o~

obtefhed as fa function of . the"reecﬁbr #a;l,?temperatue

Lo

(temperature of the hot_ point).‘-31‘114”;3.;;f-~€*"

~ - . - . . N e .
A - - S - e - -
-

- lThe‘ reactor wall temperature 15 varxed randomly ae

-~ -
E) - : cear

fehown in’fig-4:7'and'it‘fisj meaeured using thermocbuplee.

K - . . - VoL
‘Aééee\ resultlng pecentage ccnversxon of n—butane is obta1ned
o f

a H [ -
’ - v
o -

by ue;ng,awgae chrcmatograph and 1t lie‘ shown--ih fig 4, 7.

- The sampnﬁng period is»taken to be 3 minutes.

nt -
. . Y ’ L

W

.The convergece of deferent parameters of the model (4 8 1) j'.

(Identificaticn of a:gacked—bed chemiéal,react gz S ﬁ”:}n“

—

NS
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" -~ : By‘correlation analysis (see ‘Box and:Jenkins, 1970),
y . - L ~ * - Ay
- - . " : - o - . ' 1 * -

A ’ an~auto regressive moving .average (AﬁuA) medel of order

v 5(2;25 wiEhf hp delay seems to be &dequate to repregent the
.- ::;~mpael§ So thq model is Of the fe?m.

N AT - . c - -
b . e . “ - o .
- .- - K o L — . 7 5 ' .
’ - - 8. iy - .
, \‘-:". - ' . '. " + . -- ' '.y \. ) . (4.8 3)
L B T S .
ey 18z 48T R y »
7 . L i . R . . - .

- Yo PR - [ 4,

- _15How ordinary recursive least squaree methbd ig’ uged'on £ive

- o - - . i

-, _thurs. of :sdata ~tq iﬁentlfy Ehe parameters of (4.8.3). The

i‘ne_;_results are shown 1n table EXS 1. Lo 4

q; é;i‘;_; fi: Th1s model paseee all model. Valldatlon tests (eg. the
.ﬁf,}i.feeirquefe.teet): wh;ch are commonly ueed._ But it can b;‘
lké“ .eeen; fhat ﬁﬂe 'reezdual kuptosxsh1e’very high. This shows

“Zthat the resldual pdf is highly lepto ‘kurtic and the results

1-mar be improved by robust methode, by virtue of theorem 4.2.

”Mereoven.  the standard error of .the parameters  are very

_eheetisfactory,f P ‘
" ot _Now'we apply the proposed method using the y function
. . ’ ) - '

)
‘

i

;eeulte a}e'given in table 4.2. °

S

'Analveis of reeults. T .

Ccmparlng tables 4.1 and 4.2, 2 parameters are not
,dramatlcally different (except 81) But it can be claimed
easily that the parameters obtained i téble 4.2 are robust

because of the following reasons.

- . : : N ~ ‘ :
Voof o fig.4.l, choosing ..a=0.05, which 1is nearly l.30. The

"



)

(i) From table 4.1 and table 4.2 it is clear that the

- bt

standard ,error (see BoX and Jenkins, 1970) on - each

Ld
4

rarameters is drastically_ reduced. This improvement 1is

substantial. . . : ; Ve

. S . ST

(1{)Figures 4.8 and 4.9 are the residuals of the 1least

squares and and the robust fit, fespecﬁively. It is clear”’ :
\

hat

from fig.4.9 that the robust method could pick.out all the

outliers ﬁrésent in the data, so that they do not affect the

—

quality qf estimates. For example, daté'péint 34 does not
- 5 -

appear to be ‘an outlier (from fig.4.7) but’ it is.an outlier

. . R - .
as suggested by fig.4.9. Similarly data point 89 looks like

an outlier (see fig.4.7). but from fig.4.9 we-understand that

actually it ig ndt an outlier. These_ffeatureé are not

revaaled By the residuals of the leagt squares method'

(fig.4.8). : ' _ . ' ‘/x’” h
- o Thus,x th@s example vivi atgs the;power of
the proposed method in practical situations. T _ ~

N - B ;s >

F

r's
4.9 Extension of M—estimation to the instrumental wvardables

method

4.9.1 Introduction .o : B
One immediate extension of the above mentioned thecry
of the weighted least squares type M—estimation algorithm is

to the so called ‘recursgive insérumental varihblea methoa}.

Inétrumenﬁal-variables (IV) method is quite popular



v

¢

-
-

-

in obtaining unbiased egstimates. _Identification of linear

discrete—time systems using instruméntal variables has " been

N 7
discussed extensively in 1literature(eg. =~ Svderstrom and

H

Stoica, 1981, 1983; Young, 1970, 19845, _;t.ia to be“ndted

b

that, in literatue, lot of attention has been given to the

< - f
choice of instrumental variables and - different schemes of

uging them. - This is logical dug to the heavy dependency of

the accuracy of IV estimates on the choice of instrumental
v L b ’ ) i
variables and the set up, in which one uses this method. [See

»

for example:’ Puthenpura and Sinha,. 1984a, 1985c]. However.l

it ig important tc note that some observations wit large

e

"errorsg have very detrimental gffects on the IV scheme, jugt

like they affect the least équares estimation. This
necessitates "a robust version of the IV algorithm to suite
practical sffuations (Puthenpura and Sinha, 1985b).

it is impqrtant to reaiize that iv.methOAS are only
an improvement'of the leasgt 'squarés approach. The basic
motivation behind both the methods is one and the same.
This is explained in the next section.

[ ]
4.9.2 IV method as approximate =zradient method

In the least squares estimation case we are
interested in finding the wvalue of & . such that ﬁhe

prediction error criterion

- . -

Jr= E{(1/2)[e(t,0)]2} (4.9.1a)

is minimized, where
i

Ce(t,e) = y(t) — #Te, (4.9.1b)



which- ig the predictioﬁ-grjqr and E_ﬁénotes the expectation.

N - N - N .
“The desired value of @ can be obtained by soclving
-, \

-

aJ/3e] = E{[3:(t,0)/301(c(t,0)]} = o (4.9.2a)

-

Thus the problem reduces to the evaluation of the gradient,
~ gErad' [c(t 9)] = [ae(t,e>/ae] i (4.9 2by’
- If we ignore “he impllcit dependence of 8 on #(t) we

-

can get the approximate 3radient as

> I

de(t,8) /30 =‘¢(t) . (4.9.2c)
Substituting (4.9.2c) in (4.9.2a) we get - v
TOE(#E)[y(t) - o767} =0 " S (4.9.24)
wh;ch is the ordinary least squares solutzon. - '
Suppose we consider the attual output as
- ye) = ¢78  + e(t) ’ » (4:9.3)

for some 8 “and stochastic disturbance {e(t)}. We may refer
Go as the true value of 8. Now we see that eo minimizes J,
le., eo is a golution of (4.9.2d) only {ﬁ

E{e(t)e(t)} = 0 _ T (4.9.4)
which meahs “that e(t) must be zero mean and uncorrelated to
#(t). In other situations (which {e often the case) the
approximation .(4.9.2¢) will be inadequate and the Selution
of (4.9.2d)-willagive biased estimates. Therefore, under
these circumstances, it is necesgary to improve the gradient
given by (4.9.2c). This leads to. the concept of
"instrumental variabies.l" e ’;,m-r§:‘

Let usg con51der the vector §(t) such that

E{C(t)e(t)} =0 . . (4.9.5a)



and , * . .

E{C(edeT(£)} : i . (4.9.5b)

.

positive defenite or at least non—singular.

Then  -we can solve + = )
ot .. -

ﬁ{cct)[y(t),- +T913'= 0 o (4.9.5¢)

v, S

instead of (4.9.2c); by taking the gradient

-ae(t:e)/ae = (%) ~ : f - (4.9.5d)
which is a-better approximation than i4.?,2c) from -that it
gives unbiased .aegtimates. The vactorh,&(t)Qig'cailed the
{nstrumental variable vector. The solution of é4.9.5;) is:
called the ?IV estimate, whiFh will converge to 6 as t

approaches infinity (Ljung and Soderstrom, 1983).

4.9.3 Robust version of the IV method - ~

In previocus sections, it was - substanti%ted that _

e

extreme observations have Vvery ‘bad eaffects on the least

squares method. Since IV methdd is basically a least

[}
-

squares method (as pointed out in _the previous section) one

can expect that this method is also susceptible "to to bad

-

data. Howe#er, éince the IV method is based on the fagct that
itl provides ;_ bett f  roximation for the gradz%%t.via
condition (4.9.53) one can alsc conjecture that the éffectl
of outlief; on IV.éﬁproach ig not as much as that on least

squares. Unfortunately, this improvement is not substantial

{in fact negligible in most of the cases ) and we "have to

depeﬁd on extra tec@niques to robustify the conventional IV

~

approach.- N o . >
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~

As shown in previous sections one effective ,way to

-~

échieve the above goal is to mdﬁify the criterion function,
instead of adopting ‘a quadratic critericn (Ljung and

Sodegstrom. 1983; Puthehpura et.” &l., 1985; Puthenpura and
‘ . . . SN . .
Sinra, 1985c). = - | -

So, for the general case, considar the " criterion "

%unction

J, =-E{pfe(t,8)]} _ (4.9.6a)

ingtead of~(4.9;la): Proceeding exactly as before

- [3J,/90) = E{[36(t,0)/20T4(e(t,0))} = 0 (4.9.6b)
¥(.) Being the derivative of p(.) with respect to the

. argument.
Now pr§ceedimg eiactly as descridbed in section 4;4,-
f) . . : I}

we’ arrive at "the following recursive relationships.

]

Ceoe LT PGeD Iy eyece-1]
8Ct) = 9¢e-1), + ——— ———— —  (4.9.7a) |
T ety + #T(eIPCEI1)zce) K !
andy * co  P(e=1)8(t)g T (£)P(t—1Y ,
P() = P(t-1) - . — (4.9.7b)
., o {1/aCt)} +8T(EIPCE-1)r () '
with Coely (=8 T (£)BCt-1) ] - '
Q(t) = ‘ (4.9.7b) 1
' [y (t)—él(t)oct—1)] ' ‘
and . = 1 when [y(t)—2T(t)8(t-1)] = 0.

-

The starting values can be taken as, .
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-~ - o . 7 . - "
©¢0) = 0; P(0) = kI, k>»0. . . (4.9.7¢)
. - .. ,. . .1 -
4.9.4 Convergence analysis : N TLoe s

v The result on convergence of~falgqrith5‘ (3.9.7) ig
_,\ f . . . & R

spated as the  following tneorem (Pﬁthenpura and Sinha,

- r T - =

© 1985¢). : ‘ ) v

. .
-~

- . 4

Theorem 4.6 (Puthenpura and Sinha, 1985b)-< . -

- -
-

pthedrem ﬁ.i, Aléo if ) o -
|: (i) - e(t) has zero mean, - . K
” (£1) c(t) and e(t) are statistica‘ly independent,
(111 ety >0 ¥t 6[0,y, ' ;
b [where <{.,.> represents the inner product]
. _ N
(iv) - I ' : . g
’ , N - < ' )
- ) lim'sup(l/N) FX&(t),Z(t)> = < = iand .
_ Neves - e e=1 .-
o, LR - ~ : e
o~ : {(v) sup  {l/a(t)} < - - -

te[0,=) .- ~ : ) ’

4

then the algorithm (4.9.7)

lim (L) = 80 in probaﬁility.

, Lo - ! . ,

The proof of this theorem is given in appendix III.

. - -~

i

rs

-It is interesting to note that .condition (ﬁi) implies .

' L2

" (4.9.5a) and the condition (4.9.5b) is ‘satisfied if

~ -

Let the t(.x function *gatisfy <the condition of

i

-



.

- 4.9.5 §imula¢ion4}esults - S :

-

S ' './ ;‘_ .

condition (iii) ana (rv)uare met.1 Ahsumins that. ~ _
", - - | S ‘. ’ ’ o.\

. lc(t )| T<j"x; < -F\t g [o'-).. - —

'Then condition (4 5 3) is sufficient to ensure Cv). b

- - "-

Another 3mportant thing to notice here is _that *the

-

- - Y - .

convergence property of _the nobust,IV mothod is slightly

,
-

waakor t"ﬁ that~'of- tha -weighted least sguares type

L]

- algorithm 1ntroduced “in“ section.A 4 [Noté‘that coh%ersence

-

- - -

“in quadratic mean always 1mplies convorgen:e ﬁn probapility,

.
C - - - - W

butfthe converse is mot true GLukacs. 1975)]. Howovq?. for

.
'
. . -

. - - v . . )
practical" purpogses this . fype *of convergence ig’ strong

. . [
- -~

enough. : o ) ' -

.
] . .
r . - ’ - . . - .
o - B . i

. v . .
- = ¢ : . :
.

-

r . . T - - L.
The data containing outliers is 3en%;atod exactly in the

~ " - -~

sam¢ way as described in sectiqn (4f8}1). Besides. the same

4 T
error' criterion (4.8.2) is used tqg compare the ‘performance

.o

of tne'conveptionalklv ‘algerithm and its robust wversion.
- ) - : ’ [} ’

Nocte that the conventional Iv aisorithm is obtained by

bl
v

putting a(t)=1l, V't £[0,=), in (4.9.7).

A

For the sake of brevity, only a typical case is

\ . ‘
given, where the signal-to-noise ratio is 10dB with 0.1
probability “of !occuring ouliers with’variance_aoual to 20.

Figures 4.10 and 4.11 show the resultq: which are self

explanatory. In beoth the cases, instrumental variables are
K 4 .
Rroduced by passing the same input through an auxilary model

@nd updating the model with the latest estimates of aystem

Let us cg¢onsider _the ‘sémo’systeé given,by’(4,8.1);.

T
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parameters iSinha and Kuszta, 1983). The 1nf1uence function
4 -

dbéd [for the rcbust alsorithm is that shown in fig.4.1 with

-~

;;0.5. The comparigggdgi\fis.4.10 and fig.4.11 shows ‘the
= ~ > :

4 b

aubs;antiﬁl improvement of the error norm when the robust

algorithm is used for identification.

L4

Since we have taken ‘a’ close to the origin, from

-

7fi§.4f11 it follows that the rate of convergence is glow.

. This is the price we pay for robustness. However, if one

doesn’t\ know the actual variance of the measurement noise .

I3
M

(in which case one, can chooae ‘a’ to be 1.5, 2.0c¢ or 3g),1t

s

is safer to choose “a’ to be cloaer to the qfigin. rPaying a

~

. - .
premium of convergence rate. L
; - . ;

1. g . ’
4.9.6 Identification of the packed—bed reactor

Let us now consider the same identification problem

-~

dlscussed in section 4.8.2.

— .

§$able 4.3 shows the results of identification using
. .

the conventional IV method.

From the.residual kurtosis, by virtue of theorem 4.2,

i .

robust procedures ‘can improve this regult. So, wa appiy
algorithm'(4.9.7). using the ¢ function of fig.4.1 with

a§0.05 > 1.50. Table 4.4 shows the results.

Note: | - | 0 ' ¢

In both the cases, the ingtrumental variables are
- et

-

formed exactly in the same way as explained-in the previous

section, ie., updating? the auxilary model with the latest

estimates of system parameters.
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Analysis of results

Comparing table 4.1 and 4. 3, one-can see that thefe
ig no significant improvement iﬁ the standard error of
parameters by emplovying the inst;umental variables ﬁethod
jnstead of the least squares method. }his ig clear from the
reasidual plots also (fig.4.12), which is not much‘different
frem fig.4.8. |

From table 4.4 and the residual plot of the robust IV

algorithm (fig.4.13), the robustness of jdentification 1is

quite clear. Also note that there is no gubgtantial

improvament in the standard error of parameters given by the\

robust IV algorithm over the weighted leagt sSquares ‘type
algorithm of section 4.4 in this particular cage. Ihis can
be understood by comparing tables 4.2 and 4.4. This is
because of the- fac£ that -the measurements are not very
noisy. Instrumehtal variables method gives bettef eetimates

compared to the least squares approach 1n. cages - where the

noise level is quite substaptial.

.4.10 Extension of M—estimation to correlation method

A

4.10.1 Introduétion

In correiation methods (eg.Isermanﬁ et.al., 1974;
Sinha and Kuszta, 1983) no ass:mption is made on the noise.
The cnly requirements are, (a) stationarity of the input and
noise sequences and (b) no correlatlon between the input and

the noise sgequences. Therefore one might expect that

I

s
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oﬁtliers may not affect correlation methods. But Basu apd
Vandélin&a (1977) show thag this is not true..They ﬁointad
out that recursive gstimation ‘schemes such aas the one
suggested by Isarmaﬂn et.al. El974).~ though  always
congistant, are affgcted.b; the distribution of the noise in
Eerms .of efficféncy, speed of convergence and variance of
estimates. That is.. unﬁodelled noisé cdnsiderably affect.
coréalation methods. In this section we épgly the M-
estimation method to reduce the sensitivity of the

" correlation method to the actual distribution of noise.

4.10.2 A _robust correlation method

Let the {u(t)} and {y(t)} be the input and output
sequences of the system. The auto and cross correlation

functions are

‘N

. Yuu(t) = 1im (1/N+1) I u(t)u(t—t) (4.10.1a)
No+= k=0
and ) -
_ N

qu(t) = 1im (1/N+l} I y(tlul(t—1) (4.10.1b)
N+= . t=o0

raspectively. Now (4.10.1b) is often recursively calculated

ag /
~
yueet) =

qu(1,t—-1) + (1/t+1)[y(tdudt=1) - qu(t,t—l)] (4.10.2)

e
7
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. . ' . R ' ' L.
when {u(t)} is white or a pseudo random_ binary. éequenge

(PRBS), ' T L. : . -
. l | .
Youtt? = Yuu(O)G_(':‘)-: - 8(0)=1 v{rfen .t=0' o

" 6(1)=0 when 1#0. 1(4.10.3)
- ' ~ B, > % )
Then the estimated impulse weights {h(x)} are-~ .
~ .
h{t) =[qu(1)/Yuu(0)]f . ) (4.10.4a)

-~ i

and qu(t) are recursively calculated by (4.10.2)

The corresponding outputs are . - . Co
y(£) = I n(t—idulid (4.30.4b) °
’ i=0 T N '

r

Now the parameter vector & . can be estimated from the

—
Ay

following equation. c ’ : :

Al Y

Y(2) = (e " St (4.10.5)
where | . s )
Ty = [9C10 $(2)y $(3), weieaivie’ (
[ o .0 ..o wioy 0. 0 |
31y -0 0w w(®: 0
~y(2) —y (1) 0 w2y Ly 0
R
ceed=| - i ) _' o ; i
- . B
a1y —5(1e2) ... —9Caem) - u(E1) u(E-2) u(2-m)

P - . |
and ) ‘
-

" = [a;,a; --.- 3 T

by, by --- B 1.

n m

The application of M—estimation ‘method changes equation
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;'?; *Proceeding

result zan-be obtained.

—
-

fon ;t"‘

.

. .

o -

.o Lrel T

n

R . -

algorithm {4 Io 6). ““the

ENRE - T
* 3“
{(4.10.6)

A
..
. - « a7 .
.
- -
' ~ - . -
e . -, P . [,
.- . .
M -, -
".

Gcrollarv 4 1 {o? theorem é I “ u/f L

.}

;(%)\ the

I

~

fe(t)} are: staxlstically independent and )

»

. (ii) " sup
' ts[O -)

; 1gq'm
A v
ot L
. Note ﬁhét

regursive
. -

:1nput sequence {u(t)T

- pronosed by lemmas 4 1 and 4 2, Also assume that

. -

~

Ly(t)u(t—t) - w (z t41)] {Thgq}:i,

T‘:

(Tt)FY

.
-

+
e T

P

here, .Ehé:

Tk
algorithm’

Lo -

- Y

:'?ﬂf Leb the t function of (4 10 6) BaLisfy the cbnditiona g

N

o Q" R " -~
LI B R S .
Ca " e e
. R

éxaﬁ&l# ,iﬁ_gﬁhé 'szmilar way as shown in

followlng

-
)

the no;se sequance

L (8.10.7)

;. ) -. _ '; T - \
(T t) in quadratic meap.
. E ) l . .‘-\
- o

."(4:;o-e§;'gé* {1/<t+1>}.

* idependent of ¥(.)-and guch that’ = T " .

I b r
. . - LR}
3 - ~ -
- - v
i - .
” . “
e . -

£ 1/
t=1

and

Ce+1)3

lééalarh multipler( sbquencé‘ of “.the - -’

-

whiah: tse

*
LI ‘ *
f
. -
T v
4 - .
K
+ .
.
-
~
)



-

-~

*

CE{1/(E41)] -. AT - o
) .t:_‘—l-‘ o | " o S (4.10.8)

~Hence,- lemme “4.3. 4ds not- necessary in thie case . In faotw“

" Baeu and Vandelinde (1977) have . shown 'the‘:same .reeult

Al
pl

(4 10 7) for the particular choice of v( ) function ehown in ﬁ

fig 4 1 more or leee_ in the game, method adopted here to,“

proveftHe theorem 4.1%

-

4. 10 4 Slmulatlon reeulte-

Conslder the same system glven by eduetiqn (4! 8 1).

The:‘imput and output 'sequences are 3enerated exactly ae.'

; -

.
A

compared for the two eituatlons. the linear case (equation_

4 10 .2) and the robust case (equatzon 4 10~6) The results'

are ehown 1n fig 4 14 whxgh_are'self explanetory,;

> N . -
. .

4 11 Extension to impulse and step response methods

i

To »make the diecu391on8 complete. .another‘ two.

special cases‘ of identlfication‘ are also'covered in the

f.f°1l°win3 SUbsections.‘.'- wo i" T oa

-’

L4.11.1 Introdﬁctfon o

The 1mpulse responee method (Sinha and Kus*ta. 1983)

ie _e follows."Letq {h(t)} be tbe 1mpulse response-of the

'model 31ven by equatlon (4 3 1). ‘It then follows that

. - S B

‘ po-f_b;z ‘,+'”f" + bm?.ﬂ._ h0‘+ (h1+arhp)z + seeeaa.

(4.11.1)

explazned in sectlon 4 8 1.f The parameter ‘ernor norm is .
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Vs - ) T -
Equat1ng,coaffic;pnts of- z ,one' arrives at o - )
. ; = h'o _ bu _‘.' - N ) - )
P S ’ Lo } e
h + I~ 1= b 1,2, .e,m T (4.11.2a) | .
hy e Tagng IRy 2, (4.1122a)
1..—_1- - R + . :
b . . - s ) -
" o h T

[h + z a, hj i] = 0. f"f

R ':-i=_1; L e

-

\Jof a (i 1 2,...0) from (ﬁ 11

tvalues in (4 11 2a) to obtain b

. Instead of"impulse

.reépbnées‘fw(t)}f

;we, caﬁ”

responses as. follows,

e h(O) s
- W(t—l),_

w(0)

. h(t) -

w(e)y

"-{.II.Z_Robustnéss &spects.

-

Because of measurement
- aquation’

to minimize the cost function

. - ‘ th
.: ’ n . ’ . '
“J.= [-h : . 2
i 3 7 E gkl
i=1 '
This is a regreégiép #roblemA

methoad

_responses.

obtain the.

noise,

(4.11.2b) seldom be

can be.used to solve t;isftSinha,and‘Kuszta.

CEmELl, 2, Ll e

;:ié:L;.?bi"

—;.;1 'The impulse response method 1s~to esﬁ:mate the value53‘7

. ZbY and tb substitute these o

(1 1, 2,...m3._,2. -

1f+ we | have step-

equlvalent

before applying the aboveﬁmethod..

€21,2, 00 s e (4.11.3)

-

the right hand side of

zero and it is often practised -

Jem+l, m+2, ot e e e (4.11.2b)
‘and_ .recursive least squares
19833
[y -

impulse RER IR
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;”-Oﬁﬁioualy. the resulting estimates are sensitive to outliers

~ and the algorithm dascribed in section 4. 4 can be used here

~

to. get robust _estimates (Puthenpura and Sinha, 1985d ).

row

Thus for this purpoae the algorithm (4 4.9) will be modified

as A ) “ . ‘. . v ’ : ° - -
S “-"\P(t—l)i(t)[—h(t)-é (£)8Ce- 1)] T
~ Teqe) = e(t-l) + . — : — . (4.11.3a)
R ‘f- {17act)) +#7(EIPCE=1)(t) )
cosd PG TP (e-1y 0
PR =P(e-1) - — ‘ ——— . (4111.3b)
. ' (I/a(t)} +3™<E)PCt-1d(e) - .
;.w;th, _ :.;;- if : #[—h(t)ﬁiﬁ(t)é(t—l)] - o .
o a(t) = . — — T44:11.3¢)
o ' E;h(t>;+T(t)e(t;1)] AU o
“"'.:and- o R when fY(t)—i (t)e(t 1)]
J with startins values aé befona. o .f Cl o ..L'J_ﬁ
) Note -that . "
B ST = thee) ,ne-23, 1L ncin) ] ,
,and S | = _1; - : - ; -
t b3 B T -’ . » - . o N e
. i .e. = Eal’ézu,’.'.. - .(an]. - R

.l&fte:‘ﬁggtbinég thefe,hutoregresaive'parameters.. the moving

- . -~

'»évéfagpfégrametérsican be  obtained by uging (4.11.2a). :
| - I .\\ . > - a . -
‘_-.4,11;3fﬁdteé on_convergence- ' - T o ' >

‘In the lime light of  theorem™ 4.1, " the convergence’

:%esu;ﬁ of;the‘époye‘aigq%fthm can:béfstated as folloWs;
- . - ’ - ~ "



" pdf. These plots-ane self explanatory,-

.l4;l2‘Conclud£ng remarka

) : T - . 80.
g e P e
1 T .- o
Ccrollary 4. 2 [of theorem 4.171° /-;: o ’; Hf- B
. Let.'the- i( ) function of algorithm (4 1T. 35 aatisfy
the conditions put forward by theorem 4.1. Then \, i
lﬁm Q = e 1n quadratic ‘mean - S
T . - ' ‘ - -
‘Provlded e - '. | : SR |

| Noe t=1 - ,:', ' " systemy:'

e N T, R
.- > .

and (ii) {h(t)} -and the noiseu{ sequdnce g{?(t)} _ Ere;

-

ustatistically indepéndent. . e : J
4:11.4 Simulation results X o -

in;nt ;is now ‘a pulse of height 10 and duration one sampling

'intethl. -To“the noise free output. measurement noisea'and

-_outliefsf are added exactly as before. The parameter error

norms a;e calculated and plotted (fixures 4;15 4 16 d:}"

4.17) for a typical case where outllers are from a Laplacnan )

- - ER P

~

. . . - . ..
R - . - f

- <. - ~
\ o -

The main 'notivatlon ‘oehind tne Hieonseiqnq of‘thiefﬁ.u.gj.n

-
- - . - - - . - -
Al . -
-

A

chapter was - to present a new 'claso - ofs “retursfve

¥ . P e PR L .

1denti£icetion elgorjthmé, which can be conaidered .as a wlde

extension ,”of'}_tne: wéll known welghted leaat ‘squares“‘

.

algorithm . based on a robust stat;st1cal method called H—‘

- - ]
s - - . [

CA
»~ ‘ . Bl

_estimation.‘ This»-result. is'-obte}ned_ by_'introduCLng the

-"influence fun;tlon -tnvolyolved'1nltne‘determination of tho‘

(1) “1imsup (1/N) EL[th)12‘< -  (strictly stable” S

Ue'eéain consider.the s?etem‘given' by. {(5.8. 1).- The
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ﬂArecursive leaet squaree type of algorithms._f;? fﬁfﬁﬁ:"
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f~‘ . - The. convergence' of the- hew claae of algorithms isdfrz'iu'

; broﬁedTEQFf a seneral claes— of ,iﬂfluence' functions afor”u

S diffefent;rcaues.' It is notable that the lemmaa used in the_?u

- .. N
e - ¥
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proofs do_fnon require'fthe continuity 'fﬂ;thef influenceg?] o

function. thus the coet function to Be optimized can be non

differentiable. For example,‘Lone can‘ minimize the_ total
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'-;“rhéf‘géguités of identification ::f the péckéa;béa,“-“‘

- -

feactorinueing actual exparimental data suggest that the

performance of the robust algorithm is generally better jiﬁf;" '

the context of real—life where the data is eeldom normal.
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5.1 OverWiew:of _the chapter-‘ﬂiff*tf: > :‘ T 1{:3 Y

"of the suggested algorithm are illustrated through eimulated?

ae well as real life examplee._

"called minzmax approach. e -

. e CHAPTERS -;. - -
a ROBUST RECURSIVE IDENTIFICA'TION - A .BAYESIAN e
C s s o M R . PO
- B A APPROACH TR R

L . B s
.- R Bl - -

A robuet recursive parameter eetimation algorithm is

derived in a Bayesian frame work The resulting algorithm is»

.very similar to the Weighted leaet squares .type_.algorithm

‘presented in section 4 4 Here aleo,: the powerful features

b

5 2 Introduction to contaminated densitv functions and

Huber‘’s. minimax aoproach

.One way to charecterize the outlie:‘probiem_ie‘to f
conelder outliere as another claee -of ~observation' errors

.superimpoeed over ‘the rESular observation noise. Based on

thie idea. Huber (1964) developed the following procedure;

Coneider a*olaes_ of . eetimatés T and a ciaBS' of

-

'~distribution F., Define v(T, F) a8 the eeymptotic veriance of

TsT when the dietribution ie FEF‘ If we chooee our eetimate

TeT while the data belong to iﬁe diet bution 1g FeF. (where

F 13 unknown), the pay of f will be V(T F)- Therefore‘we-have

,to look for the saddle poznt solution pair (T Foj guch that

~



]

-

S . R . i _
- . . s* - - D - “ T )
-_ﬂ + '-q'-.. . P " . 4 : : #{
T X - S g e

oot e .1~ : o T A R P

N max V<T FYs VCTOLF Y = max i V(EEY S 20
‘r:.'r l-‘eF ,‘ e n’-.p 'rsr S
w;__‘, a0 C .- LY e el _

'whare I 13 called the minjmax robust estimator .aﬁdAFb ii_

,1}-called 'the; '1aast; informgtive*. or"'lgast«”_faﬁb9fable’
. ne. ~least = inic . 20 .. favourable

'ﬂdistribution (Hube}¢'flﬁb4). lNorméiif ’;Ef'aSﬂdﬁé_;Fito’éé':
‘,Gausafan bit it is too idealistic. In outhapplicat;on,‘iﬁgvt
cpnfider_ thg_y'u contamitated fagily _?J guch that (H;ber:j
\1‘9'64) T. 3 “ :‘:1_,‘ ~ \-;-' ‘ “f ' '\. . -l - e

) ) 'FU-= (FIF = (l-u)G +HY RITE S A -‘cé.-i;z_“‘),,:'
l'Whé?Q: G represedtsi.sagssian dlgtrxbution.",ﬁ\ﬂia '_somé ;

symmetrical - distribution" aé;q " ."‘1 the probammw of

L] - -

4 -

" occurring outliers...'ﬁe‘fsiﬁpllfy: the 'matter ;furthen:“bY'

. assuming - . “.'-“ § oo .
- S 272 ‘ L
‘ FQ = Q(T[Q,cl;azf‘= ‘(l—u)N( +0 c ) + UN( IO 02)' N
. '._.' ‘“\ . ) . . . - . . ‘. -." . .
- ) S T (523)

. 2 - . o - . - .
where "N(.|u,c ) denotes normal /density with mean T andh“

] 2 . R . N " - ..
- variance ¢ . Here thefasqump&ion‘-is_ that -the cccasional.
. large. errors are ‘also from a Gau331an dxstrlbutzon wlth
. . - "4{ - . 4
larger variahce“(ie., °1 < 02) or wfth a_Longer tall.. We

take (5.2.3) _aﬁ the least favourable(i str;butlon and look

- ’ - Lo
for an estzmate of system ”parameters - which minimizes the

e asymptotic vartance under th13 aSSumption. Based on this SWe

can obtaln a.recursive weighted least squares type. algonuthm

~

_-ﬁ .a Bayesian-: app—cach (°uthenpu"a and S*nha. l985e) ‘Note .

- - N

that. -under these ci:cumstances. the est mates. obta‘ned“bv

~ -

. ‘Bayesian - approach -are minimum ‘variance egtimgtes (thus



.

'y

o~ -

-

of ths‘vestimates‘ to raach the minimum ya?;qncg ;bgund?

asymptotlcally (Huber 1964 1981)hb

LI 'l
- .

s - LS T P : I S
el . X .. s . . N . e -
. - . . . . B e -

- . ‘.“_,- .o~ - ._,.:. - ‘; , SRR - e

"satisfying thg sa&dle point condition 5 2 1) since F g{vén

.,

- - - . :
. -~ <

- - . .

- - . .t .. - LA 4

)“ - .:" Y P . , D L

-t B . - X, -

5 3 Robust recursive estimgtign, Baxg g Bgroach

L - K

5 J3. 1 Introductibn 3‘r"

< : - T

P

.
¢ L e de T fote T . -

ancther random Vériable.' which s".correla;ed with ?tbe“

," ~ _-‘ A -

...-..

parameter, wa try to esttmate the parameter.‘_Thq celebratedf

e -

Kalman leter was déveLoped iﬁ such ‘fqet:;ﬁbilorhet.only

- 'drffereasefr- thab thq*Kalman filter estimates'the states-

0 .
-~ . o v . . o .

v s ' .

:'.certain pricr distrlbution. Frgmlth? fact-that :pe'inbut.andv

[ -~

~ ' Te \\.

“‘outpgtﬁpﬂ the system are' correlated "to .6, ‘we 'almlfﬁél

\
- s

B maxxml-lng théﬁ posterLor prdbabilxty density funthon wlfh-

+ -

respect tor 9. Thts ‘s called the max*mum. posteriory (MAP)

- .‘/ B
est:matxon methcd.. Assuming that the.;nput sequque {u(t)}
" . - . .- . B . . e . . -

- .~ " .‘ : T

probab1’1ty dens‘ y funttibﬁs' for ‘6.'é§h be 'wfitten"ﬁdg

p[e[y(t)]. Also ,hote that t&e MaP estimato* coinc*des with -

prior distributiqn (offengcalled a- non*zn‘ormatory p"lor'3

- - . . g . . .

"‘In - Bayeé:.an. approach j;-h‘e-" -';Saraméte"r' .'i-ts'eif"- 'ié ;

is purel?.dete?ministic;_ ‘we -deduce- tpaf tﬁef_pdsterior'

- . . . ee . . . T. Loe T e . Y . . . - . g
.o 3 - . A - .. - o . oo - - . - - . -

chhsideréd." as 2 random variable. Based On observattons on

instead of parameters.f Here we assume that the-}parameterf'

‘Avector' 9 described by (4 3. 3) _is”‘a\_rahdqmgﬁécto§:withl

éete?hihé‘ théV'gosEericr“ proﬁabflity 'd;naitf-.d{ e.-;ie;,_-.

p[eiy(t) u(t)] B0 that th¢ estimate of 8 ‘céﬁ: i fouhd-.by,f

_the maximum llkelzhood estlmator in thg case of. a unlform'f

.-byf (5.2-3) 3atisfies all the requiremente fur the variancw-li'”

\



. distributipn'(S 2 3)..Hence we' can write : 3f - 5_:53; v

sLe15%) = ‘plely(t),y

"\ -

-:.{4.3;3) is, assumed. to belong E 7‘£he lﬁ-'ﬁconthﬁin

‘h .

-

Ete(t)] =0 Sl

Ccand . . AR . -

EhN

‘_.

PRES

cw

agéd:

CEfeCt).eCt) 1= (l-wde; +.vay - (5.3.1)

- . : -

=11 = elyodie, ¥ty g[%iytfll

¢ = S - ;
. Ryt

) ,.\ .' _ - o CoL (5.3.

Thus . . ‘ e
p[y(t)le’yt—ll =‘- -‘ L v,.-\' .' g"" .. - _7.|“ ..:- '
_H‘-'- L T,ovm, 2 : N 2.,
exp{[-[¥(t)—¢ " (tlo(t-1)] /[2£(l—u)ai‘+,n02]}
ngh[(l;u)ci_+ uci] - )
| R ' . (5.3.2)
"Applying the faﬁous,Bayeafé rule ‘
o -+ - Lo : .

3>

gwhereitbq superscript [ytﬂlj indicatés the observationé upto

“the "(t—"l)th instant.

’

1 Also_aésuming that the prier digtribution of of @

Gauéﬁian with mean €(0) and cgvariance'matrix P(OY,

P C N

~ pogsterior distribution ig alse Gausgsian with -mean (L)

is

the

and

N e ._'. . . } ' . < . e N v - .,‘_-: L .
- AP - . - . . - oW
’ - B . . bl . -t
: N . E ‘ 3o
T AR O R IR I 5N
. w -',. ..-. P ‘- st - \ . "‘.
RTINS . o s - S '96 :
A U s . N Cer
. :,:qh' v . s“'. 2 o .v'”uf.ﬁ 'é-l-' s
» - * » 4 - ' - . . (I - a
i 5”3 2 Derivation of recursive idantification algorithma >

Now ﬂwe assume~ that"ther arrors, in: data are’ also‘}'ﬂi?'
"fobaarﬁatibﬁu errors~ superimposed ovérﬁbthéﬂ~~ppualf;:nptse,‘

y contaminating the outpat. Therefore, the”érrofutérﬁléft)féf{}i5.ff

2



o . e A SR -
covarlance matrix P(t) which implieac’. ' ="~ - "l

-~

- . . -

) ° R - . .l'-. . S R ) S ‘;._ . s ' -I“.'. R
Tplely®lE o o L T s s LT T e

Camy T2 p[—(172) ([6-0¢0) TR0 £6-8¢00 1317 L ek

To e e . - ey N ..

5. R S e a0 L an
- ’ » T P . -

Tk,

P[eiyt—l]= . ...- t . - ‘. 3
D dime/z‘°xp[‘°1’2?{f9-9¢trl>l?Pt,ctfilieeeﬁt-r>lgj.-
R T O A T
. P 7 (5.3.4b)
. R -~ e . el e )

., - © e - -

'Now,g‘maximizing (5,3.45) ﬁithfthq heip " of (5:3.2)/
.. = ) k]

f5.3.31 _and” (5.3.4a) we ‘get the rfollowing ' recursive

relaticnsﬁipa (Lquns ag§“50der§troﬁ}119§3).

P(E—1)4(t) [y t)—2 (£)8(t—1)]
8(t) = o(t-1) + — " (5.3.5a)
[(1-w)o; + waa] + & (E)PCt=1)8(t)

and p(t—l)dkl)iTtt>P<t—;o

&

> (5.3.5b)

P(t) = P(t=-1) = —
[(1-v)o, + uag] + #TCEIP(E-1)a(L)

P

The starting ﬁalues‘caane:taken Es. -

8COY = 0; F(OY' = kI, k>>0. . (5.3.5¢)

-

. " N 2 -
If one knows the values.of v ,g, -and ¢, ., the
- A . .

algorithm (5.3.5) can be used as a robust estimation .

-

L p— e T ;. , Ve I
: : T Tt PP e
: Jde&ﬁ(c) IO o A SR R ‘

-
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- %, .
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- * -
- - 3
t 4
- 0 '

-Procedure to'oﬁfain.the parameter vact

o

H

- F

changed to

s 1 "

. we }do not know the actual valuee bf

.'\’

guess on these parameters may not be
.?

it 1 necebaary ‘to modify (5 3 5)

L RS
-

auitabie for praotical applications.—-.

One obvicus wolution ;o this

. P = " . ~
N
. . : JR .
P, . . - ia
- - . TN,
P > LYR . o ¥ -t -
. - - .
, - N . ’
E; -
1 . "
- - f T
A ; 8 -
-
. .
W o - » .
4 Yot NS . !

or e ) But in pracbicelfW

-y

e
u_,o1 ,apd ci~and wdld

]

effectfve Therefore.a

haf that A, w!ll .be-.

s
- .‘ . "_- -
- . . v «
ST e T, »
. - " [ : .
L} : .
* -

Probieﬁ ﬂigf_t6§“q{$§j'G

L

information from ;the prediction error,-;-’fl’ti; : . -
'.c}ta = [y(t> *‘w (t)GQtal)], i;fll.;\izgw_$5£3;;l~: :
Define 6(t) such that~ - C e :":~ - f :‘
. sqt) =0 1f is(t)] <M 1‘;{*-.- o N f : . f
' 5¢e) —~J 1£-e(e)) S i:*- 1¥::i" ‘ 7} (5.3, 7& .

S - . ~

where M is some prarassigned bound which can be taken as -

36,. The idea is to. make pnob[d(t) 1]

I3 . . Coa ’ .
.

ag - .

. gty
Fact) =F8gt)("9‘°1'°2)#’

The mixed pdf is shcwn in fis 5 1.

"

‘
. -

f

e(t_)=_‘ 7 N

OG0 b

- ‘Q:‘ . -éct)N(.!O 02)5 :

?(t—l)é(t)Iyét)—¢T<t>ect—1>j'

S
13

Now modifr (5 2 3)

. (5.3.8)

_ As & result of this quification,i_(5.3.5)-l§ill' e -

-~

-

: 4+‘(5,5.935d

5(t41)=+
f[I 5(t)]c + d(t)c } +8F

- .

(t)?(t l)#( )
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TN oL Vraage E ' ioo. LT e :
L L TR e T AT ™99
- i .:‘7" :‘ “-" R Lt - > : o~
{t. t i N P(t) S ,1'6~ . - \.. -
: . J. :' .. '.”:. " - ‘\_-""'-_ :\ -\ -"T NS = _.",,-“e .

A 1,;'-_- P(t—lQi(t-)-i (t)P(t—l) S
P(t “1y - '; '. — ——. (5.3.9b)
TR T {[1—6(t)]a+6(t)623 +eT (t)P(t—l)%(t) e

R ‘ ' o .,- IR AEE T . . 7_._:. . z . T
et T T where 8(t) is ‘defined as (5.3.79% >~ -
. b __." 4“.‘ 7’ - L , . _‘_.\ * w - . - . :. _‘1 X . .- . )
LTl e e noreover“ if . necesspary, one can update o; and g2
e oS . AR R . : - o 72 .
51-7_:-‘f: - for large sample size as1 5_‘-_1_, T N . .
| .-,’o1<_t-> . (t-l) +. [1/. t—‘t)][s (t) " (t 1)1 !'
e SRR T for Is(t)I < 301(t ~1)
T and _'- . e |
AT \c (t) _-, c;z(t 1) + [1/1][5 (g._) - Gz(t 1)]
R S £ 1 lq(t)l > 30, (t-1):
' ' : ' (5.3.9c)
‘_wbé:e: T rebresents the number of times that lsft)[ exceeded‘
- tﬁe‘3cl bound unt il trmEfﬂte (0) and :cz (0)“ are the
'ifnftLEI guess;'én:'variancee. Note that the estimates of
. ) -;  variances given by (5 3 9c) are unbiased for 5ﬁfficiently
{ T_.la;ge‘yalnes of t.and 1, hence the formula is effective only
) . . foﬁ large sample. si:es. A good modification of: 15 3. 9c)
) . could be’ that p“oposed by Young (1984). In that method. poor
- .: ™ and ea*ly values cf e(t) are exponentially forgotten. fqr
R ' 2 v N
C example.'the estimatp of o, is modified as
N ~2 ~2 : , 2 ~2
- oo (t) = oy (k-1 +0y(t>3fe (t) — o,(t-1)]
.where f - - .
- = - ' v
‘ e oy(EY = oy(e=1) = 1/ 10y (2= /{v (1) +A(R) 3]
- and S
A}



[

- 8(t) =

e .-7 ACE) = A(tﬂ1>[+ c1 A L BRI Y 9d) |
| typically A(0) = 0.95 fgnd,_ 2o = 0.99. . S ‘.
. . nz | i . . g
‘Similar expreeeion holds good for 2 also.t" ‘h
(._, - - .

Thue the algorithm (5 3 9) 13 a very practicable ‘and-7t

easy to use one.‘ It is also noteworthy that this algorithm

- L

is- a weighted 1east{§/aares method w;thltweighﬁs taken as

{[1- G(t)]a +a<t)c21 o \’“j_‘ R A

< f . - 4
. -

5.3.3‘Trackéng'time4var?ing‘eyetems _ ﬁ_'

\ . . ' -

"One possible extensxon of algorithm (5 3. 9) ié-‘the

e -

'tracking of time—varying parameter of. a system,(Ljung and

i d

" ~ ot [

'jSoderstrom. 1983). Here ‘ inetead of . asauming the :true~

-

parameter_eo-to be constant, we'coneieer.”' ’

. N ' 4
[N - . . . N

w0 (k+l) = 8 (t) + w(t)

EOR eT(£>é (t) + e(t) S (sah. 10)

where e(t) is assumed te of a mixed pdf given by (S 3. 8) and

'statistically independent to w(t).- | | ;
ie-,‘ R ..
C . ‘ T L l ~
E[w(t)w“(t)] = QCt)I
and:  .E[w(t)e(s)] = 0 % ¢ and-s. . T ‘
Under these circumstances we"éet the ;following

updating equationsg. ; ) _: - )

PCE-1Y8(t) [y(t) 87 (£)B(t-1)]
(£=-1) + : : N (5.3.1%a )
. ' 2~ 2 T

{{1=6(t)Ja+8(t )} + ¢ (LIP(t—1)a(t)

-

i



- _._ . - -_ N ‘ " '.‘_.:...-. v " ,. "'.]"Ql_'fi'
and _ _ .
PCE) = ()T + .- L :
: . P(tﬂl)é(t)i_(t)P&t—ll L LT s
P(E=1) = — . — ——— —  (5.3.11b) -
' {[l—s(t)]c +5<t)c2} ¥ b (t)P(t ~1)4$(L). ' o
5. 4 Convergence and efficxencv of the algorithm N -’ . i
- '_ The algorithm introduced in the prev1ous sestion can,
be con51dered as a speCLal case of’ the algorlthm (4.4. 9)w1th ’
the 1nfluence functzon ﬁ‘ ,” “f.f.'_ .: 3 -
- . -.2-.' . .z- - . ' !
o ox/6y . v xl & M .
By = s T ’ B}
I ) I X T
. x/oy i hxp > , (5.4.1)

Ui;hhthis isfonmaﬁiqn.‘the_fdl;o@iné sesulq can be- stated.

Corollarv 5.1 [of theorem 411 v -
t_Let the followzng assumptions hold good._ . -
(i) e(t) has ‘a'pdf g;ven by (5. 3 8)
(ii? 6(t)~and e(Ct) .are ststisticslly independent,
© i) P ]
. - _N ° ;
Cos T S : 2 -
lim sup(l/N) L EISDE! . & = and
e T wml T
: ; 2 2 T
L (hvd 0 < oyigy < = - o o
A i . CT L
Then for the algorithm §5.3.9); . T ‘ i
L4 ‘\ _
: - — e -



g
i'vj'.a:-:'—'

L

corollary 5. 1 “and the result foilowé. -

. Hpte that thq' influence function {(5.4.1) meets 311

~

th&requ1rementsput forward by theorem 4, 1 .gubjected to the

.conditione'of the corollary and the . proof is immediate. °

. , “ . , . - ’ '.'
Note: 9Some£imes ‘it is found that discarding an ’duqlier’

v - -

completely and proceecing to to the next observation gives
[y - . L‘. .- .. R - 2
biagsed estimates. This is equivalent to setting o, = = in

(5:5.9) and (5.3:11) which is against condition (i#) Qf

»

-

~

*The evaluation of eff1c1ency of the above algorithms

is also  in the;fsame way as described in section 4. 7._:But
Fa . ’ . .
here the treetment- is~ quite s;mple‘-and ip is presented

below. R ' s ) S . . N

Proposgition 5.1 \ L .. o .-

When {e(t)} actually ”enjoysf normality * the robust

algoriths presented above are:less efficient. than ;ﬁeir non-

robust counter parts.. . - . _—

_-Proof: ' ) .. C . -

The non—robust algorlthm hds- a welgnt equal to l/c1 3.

-
[

inverse of the variance of the measurement noise (eg. Ljung

and Soderstrom, 1983)

If the probablllty of occurzng outl;ers is v then the

-
-

_écalar Fisher- lnformatlon_ I(f) corresponding to ;he
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‘4_ " N‘, ? . “ .":‘L _ {_- v ‘ T * " ‘ ) ol = _7 103
- —— = . . . ‘\. “_:“\ b : ) . >_I ‘. . T . X
) g LT B e e T wy R
. - I v w7 .‘n' s
N ' LT L -
underlying~pdf of the,above algorithme ia,.,; L.
?..,‘ L ‘_. et T TIPS .
_ RS Sal ¢‘P/[(1 u)oi+u52] < 1/01 RSN e
o .,-“ - - '4‘-,-‘ ' “_" "'.;‘.n. i . . - _ ':' T -“ . Jh ot L.
SEI when v >0 and the reeult followﬂ I .
~:‘ vlh\"-'.'.‘_;:, T ..'_' - ;‘ .-, ’ ‘__“ :, S -..:’ o '_ HES "
';% 5 xamgies of agg ;cation of thezpropoaed method )
e iT_ 5 § 1“Sfmulation renults gf;'SfJ“J’ :5 !
AN - fi?‘,\<flet'us—conaider the é}eﬁeﬁ.igiven-“S'*7(478r1)f once
ST T - ] e -
- again.»The data containing outliers is 3enerated”in the same
‘{l‘ ‘fs{ way- as described 'p\sectzon (4 8 1).1 but this time “She
. - - _‘w F I . ._‘.' . - . . -t . .
e outlieref;er from another Gaussxan- pof with ‘a ,larger
Loy a;‘}z‘; variance.' The eame . érror ucrzterion (4. 8-2) is used to.
S .___;: N " .. o -_‘ A- . . \_ _.-_ '. - :.~ . ; _._ - .
. \?;**&Fffb.compare‘the performance of the conventional optimal weightedr
e :?;',\ 1east squares algorithm and the robust algorithm L (5-3.9).
5:§Q ;'*ﬁg‘i, Note— that thea conventlonal ~algorithm has a weight 1/cI
"___§_‘ ) Fzguree S 2 5 3 and 5 4 show typical results. when.‘for; a -
'.eaﬁ-f S0 'j - standard signal to .noise ratio of” 10 dB., which”do-not
? . require much explanations‘ - Fig. S 2 ehowe the error norm of
T o ;.- ~ the 1estimabes in cnee “of no outl;ers.: which explodes “in
T “-'.:.- N t - ' 1".‘ : r-.._.-t . N R \ l-
- 55_“1;5:33 . the preeence of outliers as suggeeted by _flg 5 3.; But"the ‘
E - ia -":j' application of.fthe proposed algoritm (5 3 9) thh start1n3
T .-__.'_ _- - B - . LT . '
- ca w7 values of variances 0 2 and 10 imprcvee. the'freeults. as
'f ¢ f'ﬂé J}:‘ bvioua. from fig 5¢4.n substantﬂel rmprovement of the error
-:f_f ‘gg"ﬁ_h “norm when the robuat algorfthm is ueeﬁ for ldentxficatzon.
..-\‘ ~ -_-_‘4 ;‘ . :._‘ _“ _‘__ . _-:_M .;" ‘_-,'_.'-'\-\."‘ "-. - - - -' oo
.‘..' .. . '-\-_: .‘.k e 2 \ o PRI '.C._" Qéﬂu o - - - Tl
T 5 5 Z The- packed-—bed reactor ident:fzcation problem
I f:f'ﬂv.l Let -usv'now ton51derm{-tbe - packed ‘ bed .reacﬁor
) .ﬁ\éé;;:‘\‘tldentzficatibn problem lntroduced‘i ect;on 4 8 2. a3
I ,ﬁ‘ag“ ~ . “‘ A d*fficulty one encounte:s herh 13 the lenéth Gf the
. a,'. _ e L. i .... - ) . -w . . . ;_. . - . ] : . . -
) ) EPE L S AT &,
e _‘,5_‘n . o T ,éum T L N
- - » ‘i B - o . ‘ b . »



"data- It is obvious that the-e

'f:aaaptation xalgorithm“(S 3 9c)

5'points (data Svar 5 hours) doea

' ssems to be adequats for practical applications.x.‘

- . . - e L
- ', - . . -
. - -, R
. ; L R
T - TS .
T . P r
- : v N o .-
BEE : ' 104 .
e oy >

N -2‘ - 2":_'.,.‘- ,"":'-' -
mtimates of olfand cz'bYﬂFhF IR

. e .‘_
~

l*length of the data increases;EHere-it is found that 100 daLafﬁHWh

- S

i;‘beoause f@_ the above reasona Thereforexéo more points are_" s

n e
A

icollected (data oVer 8 hours) tofuse the algorithm (5 3 9),f

LT . )

Refsr fig 5. 5 ,and 5 6 to“see ths input output data._ Ihls;lj‘

‘gave satisfactory results, which are given 1n table 5 l. The;

-

-linitial estimates of the variances are taken a8 0 L and 4 0 -':

~

respectively- 'f o ;ifil

The residuals of ths least squares flt and the robustf;f;.,

=" T . EA—

'fit are’, ziven in fig 5 7 and 5 8~nsspegt1vely.-J"'”"' '

Comparing the: results of table 5 1 and the prev;ous_ijfl'

e

results.'“it‘ ‘can be-.seen that thasnalgorithm gave poorerﬁ-” L

results in contrast with the algorithms presented .theffw

~

- el T

previous chapter. This 1s further~e"phasiseo by the residuali

[N - -l

_“._,

plots too. HoweverJ the present algorlthm 1s very simple andol

‘5.6 Co.ncl‘udivn'g' remarks "-.3 L '.-\‘ N
— T T e T e e T T e T e T
‘A ﬁatural~*question’-arisesl*ati-the_’endf 'of._-the,j"'

.

discussions. o{ -this' chapter 19 thls. Since ‘the algorzthml;:f

_presented in this chapter'ﬁisf]a‘ specxal case mof'ftheﬁ H~'

estimation algorithm (whzch 1s:£al.ly general),:'what is the,

,use "of introduc;ng the ‘same. algorithm in a . dlfferent frame
:work7 In‘fact the real—life example showed that the results_ﬂ"'

'are some what inferzor compared to the original n—estimationi

-or-n{S 3 9d) imProve as the]:“?;

not 'givs good results:ﬂ-*
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DR, Sl e . e . . . - e

lf?zﬁélgéfﬁﬁhéél;fThe”énéﬁef~td £Hié"§uesE;bﬁ is'tﬁié. The- power

-

1

7?}:'versatility. It can be easily and directly extepdqq to ‘a’

* . . -

- variety -&:Zf -problems.--like' identification ‘of. multivariable =

. Bystems,‘ joint parameter—state eatimation‘_(geg -th ‘next. -

.‘3=E  ichapter) and filter:ng._In fact a-atraightforward-éxiénsioh

‘fﬂftHofjf:tﬁe_;fabOVefz algorithm lies-.in “1ts;_simplicity ,énd et

-;f;i ;of the above algorlthm to the robust astimation of satellite s

?fiorbits (wh;ch is baszcally ‘a filterlng problem) can be found

’;fr?jin a very recent work by Raol (1985).

. - o
. ) - ‘ ‘ . b e
o T _.- .
S - -
} .

Lo
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Y
b - = - ‘.
. - Table 5 1

Result of identzfxcatxon of -the packed bed reactor using

. the least squares method’ and the robust algorithm

VY ) based on’ mixed Gauss1an pdf - S
: ?araﬁe?er“.? 8, :,'f . 62 63{ _ g, .Qg
Least ~ : _': . . e .
squares 0.2214 0.9001.2 0.0432, .'=1.0821 . 0.5346 -~
. Robust - 1 o
_method —9.3972:‘ -1.5137 ~0.4301 ;71,1347 _0.4914
' Standard .8, ‘8, 8, 5, o
T error - ’ ' oL
Least - . ... ‘ i ‘ e . f
. squaresg’ 0.1837 .. 0.6198 0. 7198 c0.3171 0.1159
T . Tt - . . ) ) ) - .
Robust - _ , A ) T
methed . . 0:1001 ,0.0537 ~ 0.1039 00,1170, - -0.1037
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: f CHAPTER 6 _

- . ' »

ROBUST BOOTSTRAP METHOD FOR THE JOINT ESTIMATION OF

. PARAMETERS AND STATES, . . ...

~h

’ 6}1 Overvlew of the chapter

»
> .
,

-

The . problem_of robust Joint. estimation of parameters

L ’ - R ) s . .. ) .
and states of linear systems is-considered’ This ig done by
employing the algorithm introducpd in the previous chapter

-

“aleng with special canonical structures of state space

representation of systems.

3

. \.l - .
6.2 The problem of joint parameters—etatee epatimation.

. - The nécessity of joint¥ parameterg—-states estimation

" .

became very importgnt during the paét.feﬁ years;ﬂbqéause of

igs‘ tremendous use in ".'adaptive control. A typical
. : i . : : '
.y 7
iapplication of this is well elucidated by Omani angd Sinha
r r:,- R . '. ‘ . ~ .}_ . ."
- (1985 4in the context of adaptive pole Placement using
~ ¢ A . -

state variable feed back. The problem of joint~ parametersg—

states estimation i§ﬂ‘quitq a challenging problem in the
field of gystem identificatiqn because "of its 7stru&tu5e.

% - That dis td say, the Parameter estimates will be correct if
.o - 2
"the estimates of gstates are correct, but the state estimates

will be correct only if the the estimates of pParameters are

correct?! < This: elusive nature of the problem gave rise to
. h Y . -

' - 111

~
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,

considerable reaserch during the past few years.

I

The Jjoint parameters—statos estimation problém wasg

originally posed as a nonlinear problem and extended Kalman

»

‘filter was used to solve this prdblem (ex,Ja winski} 1970):

Later, a two stage algorithm was - proposad in which the.

-

paraheters and states are estimated.in” a bootstrap manner

(Prasad and Sinha, 1977; El-Sherief and Sinha, -1979). /' But

the convergencsg propef&{éﬁ of the bootstrap calgorithm were

. -

not well established in the presence of driving and

significant obsgervation noise and this led to several

.

. . ‘ T . :
discussions (Sprevak and Newman, 1980; -~ “Abmed, 1983).
. - T
However, very recently, agymptotic conversanc;\\oj the

1

bootstrap algorithm has baen asgured (for n:variety of cagesm

of system noise)? by incorporating. modifications in the

“originindl algorithm (Goodwin and Sin, 1984; Omani and

Sinha, 1985; Puthenpura and Sinha, 1985f).

te

.3 The bootstrap method

6:3.1 Introducktion -

For sgimplicity, let us concentrate our attention to

single input single_Butput'systems- It will be gshown later

that similar resultn hold good for multivariable systems.

Basically, the bootstrap algorithm can be divided

-

into three steps as followa.
. .- .
(i) Realization of the given system 3in special

canonical form(s)

(

~

4
-

s
[ 8]

gtimation of pa*ane.e g from samples of input,

[ =
o

-



.output and fro

(iii) U

étap“(ii)

113

~

m the nominal valuea of states

se the above parameters to estimates and go to

\4

-

Thus .8

‘. manner.

" The abo

gubsaquent dis

6.3.é Special

teps (ii) and (i1i) are coupled in a bootstrap

k-
-

W

Qe thrqe steps are’ explained in detai.}:P in‘

Ry

cussions .

canonical forms

F oy . o . N
For simplicit¥ lvt us first consider a single input

gingle output

A (= Dy

system reprosented by the ARMAX model

ey = pr(z~Dyuce=F) + ¢r(zTHe(ry o (6.3.D)

where = } rapresents ‘the backward shift operator and

L S . -1 ., -2 : ., .-nl
A(z)—l-t-al... + a’.z + ...+ A" 4=

sl e L , -2 ', _-n2 .
Bf(z 7) = b= + b7,z + ... + D7 o2 (6._-{.2)
IR S , -1 , _—2 , _—n3
¢(z 7)) =1 + ¢ = + €' 52 + ... F €7 (3T

and f *eprosenta the Lntesra1 periods of syatem delay. Also,

v(t) and u(t) represent the cutput and input, réspectively

at the tth ingtant-of obsqrvation. The‘quantity e(t) is the

tth element of a sequance of ~andoem numbers {e(t)} auch that

Ele(td] = O

- - 7
-

and Ele(t)e(t)] = ¢ -~ (6.3.3)
If we denote n = max (nl;n2+f.33), (6.3.1) can be axpressed

as y,

“~

-



S

- , : 114

AaTHye) = B hutt-) v ez ety (6.3.4)
- such that o h
A(z—l) =} + al;_l + 322_2 Foen. o+ anz_n )
R B(zﬁl) = bl?—l +‘$zz—2 + ... + bn'z-n - ‘? (6.3.5)
P S - -1 =2 ~ _-n3
Ci= *) =1 + c,= + CyZ + ... + cn3.. .

It is possible to write (6 3.4) in the following

state space form called the ’inncvation model”’ as

’.
—f

x(t+1) = Fox(t) + 6 Jult) + K ce(t) A

~

1

y(t) = Hyx(t) + e(t) (6.3.6)

where

Fo - nxn matrix
Go» Ko and x() & R"™ (K, is oFten cslled the ‘steady

-

~state Kalman éain veétor’)_
u(t), y(t) ¢ R and H: € R. .
The structure of (6.3.6) depends upon the choice "of the.

canonical form. Here, we are partisularly interested in two T

canonical forms. -

l. The observer canonical form v

In this particular realization,

-

-a, 1 0. .. .0 . -
~a, 0 1....0 .
1l i ] . -
Fo = . Ce e )
\ . .
' —a__, 0 0. ... .
. e 0 0. ...o0
- ot
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- - 9 ¢
b,
‘b, ‘ .
Gy = | Hy=LT oo 0. .. o0 :
bn—l
SR
and" -
B 7 B
c,-a, [ . kl 7
« c,—a, k2
.1 .
Kq = - = . .
“n~1"%n-1]. . | Koy .
cn—an kn . .
| d A (6.3.8)
‘2. The observé}vébilitv canonical form . S -
. Heré. .
To 1 o .... o]
O 0 r .... 0 .
2 ' '
0 o o .. . .. 1
;'-—an —an_l - . a a _-a,j
.Fgl
] 8, . o
2 L 11 S 2 ' l -
o= T 6p= -+ |. » "Ho=[.1 0 0. .. 03 ,
.B_n.—‘l -
8
.‘J_ -



canonical forﬁs ig that that the parameters and states can
be concatenated and put 'in Sn equatipn'error form .(section

4.3).

y(e) = ¢7(tre_ + v(t) | LT 6.3y

where wv{(t) is';he measuremerit noigse (coloured), 2(t) is the

-

observation: vector and o, is the 'true parameter vector. It

4 1

can be easily worked out that’ . . C

- - . : s . r.
fa - - = . " * ‘J
- .. . ) . - ' h 116 .
. - = . % - ' .
and _ ) ) TN, ' M
. . b, . . N ) ' -
) S - N
. . L? ) ] . “ . ,}
: i : : . AL
5= T K, = . \ - (6.3.9)
- ; * N Ln-l 2 “‘ " ~ -
. - I a | : ~ R -
where the trapsfoérmation matrix T is the Ioepl}tz_matrik
* - . - . ) ". * -. - ., : . - ’ ' - N ' . '\ L - : -
S given _bx ., ' e e = -'_ . , ‘ - R
P s L T, - . J.. ~ ) i -
. [ a‘l 8] . - - 0 0 . i . ’
O A .- 0.0 .
t '~ , .t N - B
- i . . N "“82 . - - )
CR= ST e - L (6.3.10)
A sy . 8y o - - - 1 0O ,
: - « Lt )
r . Oy . . ) . -
. - N anrl . . o8 %. ) - : -
! . e B < . . - : ps
- 6.3.3 Formulation of'boctstrap method as a pseudo'lineéru
. regreazgion (PLR) .
+.°  The attractive feature of . the above mentioned
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procedure can be repeated several‘ tlmes an-ca

- - - . . - ~ - - e [l -

R T TC R AT o - ,

L . L5 PR (LI - N b - B ) - .

T LT Rn N R - “ ‘ .
- : . :.‘ - ~ - n .'.~1 Coe gy ___‘73‘;'“;’:‘. .. ) el . - . * - -_. T - (fll?
e et . N S S AU .

Lt :‘ 7 . N - A ' e .
’ ST A T T TR T S PP
N - a. - - P RV e
V. 3 _ i - . co ';,',- - -- ) - .;‘.—- - “ - _—:_:‘-" Lo L - .
oT(e) = 2700y 1 W, g g t-n) | ety 0 e(t-n) ]
whelg".q . ) - ™ ) ; ' - : ' .
2T (€)= Ty (sl Yy (£22) SR
"~ and i ‘:. ~ Do el L _ A
., T ‘:-‘ q ‘7"" "_‘_ . - . : . ,:. E
LA R e 1 b, 3 T (6:3.12)
-gfdrfthé.obsenven canonical—form and*“‘}-aiﬂ ) tl
D (t), £x (t—n) ] u(t 1)...-,u(t—w ] e(t—l).:...e(t—n)]

) wher—g " K - _.- ,'_'~ ) - '.‘:‘:_, -wﬁﬁg‘_ “.-‘ _ _ .' . '*'.'7‘ o . o - . . ’

s x (t-n) —'[x (t nJ,xZ(tﬁn)‘, oo X (=) T :

A ‘. ] ‘I“.‘:“ ..‘ t. ._-_. ": .-__._.‘“.; .': .. . ‘ _“‘. _“_-:;. -:m: 1_ ‘.. . \.-‘ - K L .;. '-_-_..‘..-,. ) ': -'_. . ) _- “ Lo ,’.' ) .
B 67 B E—a,_ e :-_aﬁ 1 : ";‘."'.‘.'.-- 'BT“."] 2.1. .?'.ri'] Rt (6-,3-.,13? _

-ﬂ;fﬁé'“tth observability canonical afofg;ﬁ?ﬂétgggnatfé;tﬁ'is“

[ . , -.‘__ ..,-_—.‘. . Aol T
o PR P ~ . -
- P o v B ".-'.‘ S

A s LI : “',- T

: give.n by eqn..(6 3 3). S e e ‘ )

‘.n" . . s v

N Ihua it is poas:ble ‘to. astlmabe e .;ﬁnft. reeursive~
extended;mieast s;dAQAB f;;gion-.'iét 6(&) re;resents the ;_5
estimate :of o, atkéi;é‘ 3 Lé;i.;s“dénote‘ F[e(t)]“.: Y
G[e(t)] H[ect)] ‘—TH and K[e(t)] éfﬁf' Then uéing

(6 3 6).'the estimatea\OE various sggtes cén ﬁe obtained as--:
_  x(t+1§ Fx(t) + du<t)~;‘£aktj qu- (6 3 14)
where a(t) ia the restaua{ \;rrcr.: The;'geg eatimateﬂ ”6f 
sFates éagf be used in‘the observaﬁiﬁn‘véctdr and the whole B

bootstrap

manner. o Oy ' ] _. " '_"‘ ‘,: ' l__-.‘__"; -:‘.',-c-" .“ - --.L' P .
N -In practice,“the e(t) terms of é(t) in eqns.-(9 3. 12)
and' (9 3 13) replaced by their :estimatesl_f s(t).
- -~ - h ’ : :‘ Y el - - T .
Mcreover,,.thg‘ x(t) ‘terms.'in: these ~equations are.;aléd-
. L LN e . . - . ~ .. - .- . ~ - - _"_ .

LIS .ot = - . - N s

Yy - : 3 : = , - - -
L~ - . - I - :.. - . BN . :- 2 -



'f:thiefie'not

'yxwhich,shou

N

Jpeeudo regreseion vectorr

gbe catogor

'

',634Ther

of - PLR g .can- be seen in thie reference.

L 2118
*:_fépiaééd:*byi Eheirtﬂeetinatee from (6 3 14).hlffﬁue‘f'theﬁt:f”
;‘regreseion vector O(t)?xua:'y : Q:true regreeeion vectorf

1d conbain.the actual valuee of regeeeore). but a

--. ~ 4 g . ‘_“ ’ o

ized ae a pseudo Linear regreeeion (PLR) and thegfﬁ}'

IZ;fanalysie can be carried out Ln that direction.; The name PLR%?ﬂ‘?ﬁ

-' - -

_waae first suggested by Solo (19?9) and a{ general treetment_;

.-" P R - - T e

obuet bootetrap algorithm

.Ihe

appeeling
fany errorSu

‘Therefore,

estimation:

‘convergence .

“Thel

o

method described above:;i intuitively -very’gf:*'
and ‘works quite~we11 when the data 15 devoid cf T

'Unfortunately.:ae pointed out 1n early chapters.ﬂ;}

the case'when one dealef-WLth real—life data.g"'ﬁ

{we_gneed *robust~ proceduree -for; the parameterfii

oz

. . R i

of the whole method ehould be re*asseeeed_-

FUTR
~,

’

algorithm presented in the previous chapte" cania“

Tbe applied very effectively for thie purpoee [We particulary-t

'choose the

-the general

';%Eh'*-simpli

:stachastic

estimation algorithm of the prevxoue chapter.'not

M—estmation algorithm of chapter 4 becaaee of~

city in _provzng ‘the convergence.r.If we'use the

-

‘general_h—estimation»algorithm,‘ the regression veotor; .thef'

-weight e(t) and the updating equation (6 3. 14)

.

}w111 be coupled togethe— Via s(t) 8 and e_.analysie will

algorit

o

'}fbecome extremely complicated Thus convergence proof of -such

hm fetill' remains ae an open problem. Note that

-

“,Hence the bootsrap~algorithm canfi-f

.part :of the? bootstrap algorithm _d;g;thei".‘
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l:'avén‘nith a Bimplificd estimation algorithm such as that_'af
n[chapter '§,.;the: convergence anai&sis Zis._not_avery_écasyg
V'i(appendix IV) ] ‘1'7 ;T - . ‘. |
' Incorporating the modification using the approach.fofT

ltchapter 5} 'the rcbust bootstrap algorithm can be expresaad fﬁ.
'::as‘follpws; - R . ‘ |
- 'V(ai Chooce a suitablc canonical form. obsever or

"observability.-

'Tfﬁ) Construct the observation vector -

“ el

n

-fs (t) 1 U(t)-i}E(tDJ,_:'“:iw o t“g':q:cq;s;lsay"
'lwncrerfc

sTcey,

*I;féfclj;;igt;zi':i;;; ;iﬁt§n)]*:f-
= [y(e=1),y(eo2) .o RSS90 S

'félo.ﬁ;=f[;a,.f{: ~a by b “mtgy_;j.%k 3 165.3;i§b>_3
wfon7the'o5acrycr.canonicai?fcrn~and7n' .
T STCE) =l (ko) X(8-RY L h L x (E-nd] L

= T-ayte 5'jén:1:ﬁ}-?u}ns'.+yxlﬁf 2 2,17 (6.3.150)
folso, ‘_f',_;r‘”f_ i";fff,;r'}i. 1.~}‘_ ST R

: U(t)

[u(t-l) u(t- 2),...,u(t—n)] ; “,'f-g‘;* (6.3.154d). -

E(t)'= oece- ~13. (- 2),.,.,s(t—n)]i - .lﬁfi'; (6.3.156)

A-_Note that S(t) Y(t)-- y(t) —‘y(t) - Q (t)e(,t) . (6\3.15f)

*-(c> Choose e(os =0 ahd B0y, ki, k>>0

(@)' Use algon;thm (S 3 9) or (5 3. ll) to obtain

- . ¥
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’ - - ' 1'-.
parameter estimate 9 o Co "'fr-.' IR "\" o

"t'(e) Updete the estimates of Btates ueing (6 3 14)

Tt -> t+1 and go’ back 6 (b)._A e T

] . . . -

.4 Convergence ‘and efficiency of ' the robust bootstrap .

- - ‘al‘gqri-thll:e n oot \
- Qinee thef~beotstfep"elgo}ithm _;5' a -tfzicai"PLéil
"aigerithmi ’the' convergence_ enaifsie;lcanf be ,ce:gied dut'f'
Sl ;exeeti§ iﬁ the eame way ‘that of the extended 1Eaet-‘eqearee-'
_ elge?itﬁm. which '1e bhe\ moet celebrated example of a PLR.
.:(LjuegAaéq SQderetrem. 198§)._ ‘. 7‘-: :
) . ?he'lifoilow{eg theonem ._givesf the‘f‘con%etgence
- 'copditioeslef;teeiroteet.tootstrap‘aigor#thm.f
TeeeEeﬁ‘6;1lQPutheﬁpgfa'ahdiSinHa:'Yéséf?'
V Let_tee foilo&ing-&qeumﬁti&he hoid geod.,
()~ The”cetneet-ﬁodel.o;der\tee'teee'eelecteq . )
(£1). Efe () IF(t21)] = c_li(,l;u‘) + 022‘, e B .
- S i ’ - E[cl [1-8C0)] % c2_§(t;i_'1=.<t-1>}
'so that probl4(t)= LIF (em ] = v
'e(t}tbeing the—obServatlon noise, F(t-1) is the sigma
"aléebralof observations upto tlme t— 1._ ) ‘ ‘ .

. Then the parameter estimate sequence {e(t)} PTOVldEd
by: the robust bootstrap algorlthm will canverge to the true
'parameter (86) wlth probab:lzty 1 only if’
., ’ ‘2 2 ’ -
- (a) 0 < o705 < . _



~

such that

1

"(b')_-'z'[{Tk__é_)h_("E)] =.0.

_il(c) 1im sup fljt] Z ié(n)l

t*-’

land,ifliuff
=1
(d) Real [H(z

) = C1/2)13 > -

where

‘hﬁeré[D(z_

and 3

Note thatiC(:—

.

TS B

1_)-'__

1
} and a

The proof of

~

t

rrseezT!

_ _n.=1 .

.o |
. —.0 L 0 . ' D](: '
N
‘Fklfz AREE
. ! !
) .0 A=z )
6- n
. -1 . -
Dl(z =1 . .
. ' I
0 : .

-

}]Df:_l

‘) B

-t

'O.A

fcr the observab*T‘

- e

2l ‘g’ a"e desc*ibed by’ 46

this theo.em is long ane’

»

"

= I for:-.the dbsgnyer ;anoﬁical form

Ti

y |
g

ty canonicar .

- form.

.5).

_technical

»

,-and
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- {t.is given-in appendix- IV, el

- Importanmt note: - oo . . .
F(E)={x(Eon) 12y (=

._‘ . - ;lcz—l>c(t_1) --;icz—l)a(tl.—i ) ‘....a(t—n)] . .‘ .. '- .

* thega circumstances, the sufficient condition (d)- of théorem
X : T . 3 : )

' _ 6.5 Extension:-to Multivariable Svatems . :

. B
| - ELIS
N .- - - .
Al R ' .
* -
- .
- - . .
- . ~ ~ ” .
N ’ . r 122
ce - .
~ ! . M .
* r
P
v = v :
* - 7 , - -
‘ ! ' ] .
- _ . -
- - - - - " 4

- -

. It can be verified FHSt when we use the observability .

"panoniédl'fbfh},ifjtejféplace tbé'obéeévat{on vector-i(t)’hy‘x o
a‘filte;éd-pbgarvqgioﬁ'vectdr if(t} where * . - <. ]

r.

Due-1) L zTHule-1) L B

- - - ’

-
‘-

LA . T c - . : TS
'where Xi 18 the egtimate of Ai, sthen the matrix D(z )

‘reduces.to I fo; the observabiiity canonical qum t@b. Upﬁer

- ! - ~
s

- - Y A L .
6.1 'is one and the same_for both the canonical form. T .

‘The' efficiency of the fobust bpotstrap method can be

- -
- -
-

~

.evgluéte&'exagtly in the same. way as ‘explained in section

‘P - - 7

‘.“5,5 (see propqgitdbp S.I). : o ) . '..

¢ 5 ~
> B
. . - i . »

Tﬁﬁs'6it ”éaﬁ be séid_ that in“ general ﬁhé-robust_

L -, S - . A
bootstrap method is less «fficient when .the data’ ™ enjoys

ST L S ' . .o v - : -
normality. . . . . . =T . LT e
S T e e e ~ .. e ..
! ) [N M . N . S > . N . -

- ; Y

- ‘Hége;_instéaqiof (6.3.6) we get (El-Sherief,1979) -_- 7

N ) H ’ E 4 ' ' . . * h' - ) - -' s ) +
x(t+1) = Fux{t) + Gou(t) + Keet) = =~ -

. ot " T LT e, - S . - .

o0 e oy(e) = Hox(k) +-eltd . -, .. (6.5.1) -

where B o L -

©ox(L) & RT ., altlee RY , ¥(£) & R™ and e(t) ¢"R". !
. .- _‘ . ’ *-_- " . -' . . R .t B .
Then partition'F, in the form . ) -
. ) - ) 4 : .
. - i N -
[ )
. ) -
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(6.5.2)

(6.5.3a)

(6.5.3b)
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»

for the observer canonical form. Note that'G: and K; will

alsd bé chénged accordingly. Reat of the procedure is

-

axactly similar to.'what~ was _pregented in section 6.3.4 "

o . : iV
except 'fcr the‘ difference that we have to consider each

-

subsystemﬂ[F j = 1.2.-..,n] séparatelf. That is, we

13’

will be estimating e () _and P (t) uging algorithms 5.3.9

J J
or 5.3.11 for Jj= 1 2,.....n recursively.

6.6 Simulation Regulits

To illﬁstraté-.ﬁhe' robust bootstrap method the
fcélowing example 1sr-provided. For conciseness only. one
canonical form.ts considenéc, the other one follows exactly
in the same way. .

éoﬁsider the ARMAX mcdél‘of a system
f1- 1.5z270 + 0.7z 3y(t) = [1 + o.sz"’]u(t;

+ [1 - 0.3z7 Je(t) (6.6.1a)

which ¢an be_put in the observability canonical form

X, Ce+1)) o - 1p fx, (&) 1.0 - 1.2

1
+

Cult) + e(t)

x (e+1)] |=.7 T 15| x| t|z.0]° 1.1
y(£) = [1  01[x, ()] + e(t)

%, (t) - (6.6.1b)

which gives _ N

$TCEY = [3,(-2) x,(£-2) | u(t=1) u(t=2) | e(t-1) e(t—2)]

and



*izs

o = [=0.7 1.5 1 1.0 2.0-1 1.2 1.1 ] (6.6.1c)

The . noisy output containing cutliers are generated

/4/'exact1y in the way aB described in section 5.5.1.

Table 6. 1 shows Bome results ‘when the SNR = 16 .dB,
probability of' occuring outliers is 0 1 with varianco 50f
The robust bootstrap method (6.3.15) is compared with the
non robust version [ie., by setting {1- 6(t)}o1 +6(t)o§_;-1
Vv t] under these circumstances. The starting values of the
variances are taken to be 1 and 30. To make the comparison.

complete. the reobust and non—-robust bootstrap algorithms are

compared when no outliers are present in the data. Also

refer fig.6.l -.through fig.6.8, which are self explanatory.

In_,particular. fig.6.7 snd fig.6.8 clearly indicate the_
failure-of the non-robust bootstrap oethod in presence of
outliers in the data. Fig.6.1 and fig.6.2 illustrate the
powerfulness of the robustrbootstrap‘algorithm io tackling
outliers. But ‘Qotice the slower convergence rate of the
robust bootstrap a}gorithm (fig.6.1 and é.3). Hence this

L

example clearly illustrates'the various theoretical aspects

‘discusged in the\previous sectigns.

.

6.7 Concluding remarks

The.robuat bootstrap method dezscribed and -analyzed in
previous gections is an immediate extension of the
discussions presented in chapter 5. The approach used in the

convergence analysis is a fairly general and unified

-

treatment, seo that it can be "applied to a variety of
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situations. In fact, the results obtained by Goodwin and Siﬁ
(1984) -and Omani ana Sinha (1985) are only special cases of
the results obatained by thie approach, | where the. analyses
are carried out using different technidues.

| ‘The choice of Cancnical form (between the two
discussed) deéends upon the context of application of the
bootsﬁbap algorithm. For example, in adaptiv; pole siacement
.techhiqes‘ (eg. Warwick, 1981) the Eobust sootstrap methoag
with the observability canonidhl form'is preferred from the
fact that the observability matrix in that cage reduces to
an identity matrix.

The poor convergence rate of the robﬁst bootstrap

ﬁethod may be a criticism against i<, .at this time. However,
the author ig quite optimistic that some means may be found

in . the nea. future to accelarate its convergence g0 that the

only draw back of this szmple and attractive tool for joint
-~

~

Parameters—gtates estimation Ls eliminated,

AT
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b

Comparison of robugt and non robust bootstrap method

‘at SNR = 10dB. Number of iterationg = 500.

Estimated Parameters

Non-robust Robust Actual
bootstrap bootstrap Parameters
v = 0.1 failed to -0.722258
V = 50 converge 1.522595
. T 1.060739
2.081306
1.254283 -0.7
1.187507 & 1.5
: 1.0
2.0
V=0 -0.716047 . -0.717760 1.2
. 1.516693 . 1.518319 1.1
1.054972 1.066371 -
2.073849% 2.080849%
1.243374 1.249132
1.169769. 1.178820
Note : v means the Probability of occuring outliers and

V means the the variance of outliers.




1y

i

g-

Horm.

Parcametler Error

o.

rior Horm,

)

Stal

128

:.-G L1 1] F 1 1 T T ] T

.o ROGUSY BOCTSTRAP METROD -

Probability of Dutliers » .1 [Neorlyl
.ot - Yarlonce ©f Dutliiers s %52 INearly) - -
T Signal=to=-Noise Rotio = 10 dB.

Ll ) . .
LZﬂ 4
1.8 .I -
&8 -
[y - 4
[MSL NN -
=T \Jm ‘ h i

o . -
a0 SB.B\‘ 3.0 152, & T o =80 . 0 ka0 40C. € a7, O 300 9
Number of Iterations. .
W
l Parameter Error Norm: Robust Bootstrap (in Presence

of Qutliers)

=9 =T T T 3 T T T T T
. : M .
oneL ROBIST BOUTSTRAP METHQD -
’ Prowability of Dutiiers = .1 (Hearlyl
b p Yorionce of Qutliiers * 5Q [Neorly) =
Sionul-to—Naise Rotic = !B oS
LR : -
L2k -
E
'..lai o -
a8l I v -
i
|
]

| .
i B ’
\ D A ."L“ TR N
e it AW NI R WA A, LR A B
e.9 Sa. 0 e, e 52,0 s 8. @ =0, J5&. 0 “p3 2 “Te, ¢ ec. @

Number of lteratigons.
- b

4

6.2 State Error Norm: Robust Eo{tstrap {in Presence of

-~



1y
=)

Fig. 6.3 Parameter Error Norm: " Robust

g.

o

State Errar Horm.

Parumater Error Horm,

-,

o

S

T T T T B T

ROGUST BOCTSTRAP METHOD
Provobillity of Qutliers = @
Sigral-to-Noise Ratic = 1@ ob.

e

gal— )

. ; ,
..} s8.2 100, 9 15e.8 200 58.0 0.8 IS T WE e 453, 0 -
Number of Iterations.

of no Qutliers)

Bootstrap (in

"

1

. i k] Ll

ROBUST BOGTSTRAP METHOD
Probability o Dutliers » €
Sigral=to=Noice Rutio ¢ 10 8.

.

!

W |
U\ﬁk t b b LJlL v b dd

Q
2.4 se.d 1. 1.0

o @ oSe.@ I0G.e 338.¢ <o

Number cof Iterations.

tm

State rror

no OQutliiers)

Norm:

Robust Bootstrap (in

458, 8

Presen

K

129



of no Outliers)

. . 2,8 ' 1"‘ — i Y . T T T 1.
Ty Lelb BOOTSTRQP nETHOB [NOH-RDBUS' vens*o~: n
/ F“r‘cbobll ty of Outl:ers = P
- d .6k "' Sigmal-to—Noize Rn(-u -.IE? =8, -
to4 b o .
g
W 2L -
(=} ‘
= .. .
" Py S -
S
RN <
“.oasl -
S '
o .
e Jd .
ST
L
o R4 - - 7
o ez| Lﬂ; AR . S 4
. [ et L. . R . N
eI . W . 1
a eal_ L B : : _ — —
) CED U Se.9 1. 1.0 2\ e "..".;B.E XL 2 ITLTT 490L. 0 4%, o €
: ' Number of Iterations. o B
Fig. 6.5 Parameter “Error - Norm:. Non - Robust Bootstrap (in
B P . . ) . ~ . -
Presence of no Qutliers).
+ -2 T.‘ _l T ) T H N T T T =
el BOGTSTRAP METHOD [ MON-FOSUST VERSIONI .
Probability of Qutliers s ©
et Siordl-to-Noise Ratio' » 13 oB. -
el -
L2b , .
S ral - ) -
3 ’ .
= esi -
. i
ol S asl . 4
£ : |
T el 1 . - . - -
- a2l 1 -
ju] 1 o # \
w eaQ b_,, m\‘ﬁbh Ao -Ju"}\d_JsJ\ Lu \AA_A_l' ‘u
. .8 528 100.0 1520 200 € o50.0 300.d S58 0 4000  452.8  SonQ
Number of Iterati:ons. _
Fig. 6.6 State Error Norm: Non Rébust SBootstrap (in Presence

©o ot



. ; ; DR - 131
\ ~ . . . --_ g 'h ‘..' - § .
- - -'-‘ PO - - . - - § . - . -
,..' "? A‘ T T .l ——ay ‘- —T - - I\. — H T T
- - - ) ‘  BOOTSTRAP nmnn«ans:e:aus‘ vsrtsmn:
oo™ - . - Pronobl[i“r‘or Dut'l\!rr‘s '...L ENan-_-qJ — '
oo .l '_ Vurmnc- ot Dul:..xov's » 5g" IN-arl-,l e T
. 3eL}- s.grm to-No..sc Ratto s 12 o . E e A
CE s
CE Casy
' L
) o : - ey
‘ L
: -5
o .
~ . .30
) IR
G.’-__ o . ) .
; U N .- )
€ sy ' ; 2
e N 1Y - } .
e 1’1 . o- -
o, Q 1 o -t A 2 1 ! ! .
. o3 - S6.0 I02.8 - 150.8 Qee. @ 253 g me JSE.0 _ 4808 450.¢ . S0%. 9
) Number. of Iterations, . ~ _ - .~ '
Fig. 6.7 Pdrameter Error Norm: _Non .Robust Bootstrap- (in-
- P . " "Presence of 'C_)utl'i-ers) ‘ N
=9 T H T T, T - X T l\I
) Bco‘rs'rsenp m:m:n :mn—noeu:r VERSIONI + -
. - - Pl"mbl'l;t\j -oF Uui.srf_i = .. E‘Nrcr \jj ’ / \ '
) Xap - .. Voriance of ODutiierz « 30 (Neorly!l : -!
' D1 sigrei-tosholse Patio =i o8 T L LT L }
.. S B ’ T ~ . i .
T asep O - - . -
. . * |
. . ] _ _ .
g - . . - . 1 -
£ . g o »
_ S deel \ L - | e
. — 1 ' - - -_'.' ‘ II . ~ | 11 ‘l
@] I . C i I v “ [
. ) A 4 i R
S i ’ 1 | SR Y TR N
oo 3er i y - CHEL TS
. . | l* : E : l R |
- - ; L i wia ‘ i [
- : }1), | E]‘i i lu \1 '} l 1}5{‘ “:!rﬁfk:.. !1 L".n\l“f éP,I‘i S
2 R R it M T s e
R & T o wm.c 10 oo e ® 5008 3500 Se0.0 a3 @ ST 7
Number of Iterations.. -~ )
Fig. 6.8.State Error Norm; Non Robust Bootstrap {in Predenc
‘of - Outliers) - . LT
-
t



'chAPitR;?':

NUMERICAL ROBUSTNESS ISSUES IN THE IDENTIFICATION
R _ ‘ a5
. : OF CONTINUOUS—TIHE SYSTEHS v

. Lo . '
A [ N .
R

7.1 Gﬁerview of the”éhaptérl ';: I.E;:-h;:‘ | L -

This chapter i's - abdut¥ continoué—timé_ systems. The

attentlon has. been focussed on. two : aspects.A'(i) tﬁe_choice

of sampling'xnterval so that the_ldentlfxcat;on'schémes; are

less sensitive.. to truncatlon and round off- errors’ in -

computers. due _tc'ftheir; finlta‘_word“ length~ .snd * (i;)II‘

numerically ‘fobust algorlthms' for. tHé! trahsformatioﬁ cf.

d1screte—t1me models to the;r contlnuous—tlme equzvalents.

7.2 Identification of continuous—time models’ -
Sometimes it is.fequirec.tc-obtcinfé ‘cqntinuohs%timé-

model of . the system <under~“c6néidefatidn, fquIconErcl

appllcabzons. The contlnuous tlme model of the system can be'

b

:obtalned basxcally by two . methods.‘ The flrst\one is-the éd

_ called Tindi?ect méthod" which can béfédbdivide@ farther

Aznto two parts.' (l}u"Obtainiﬁg'the'discrété—tlme ﬁbdel 'of

-

the ~system from the samples of- 1nput—output data ‘and (2)-

_the detemination of a contlnuous—time model correspondlng to

-~

‘the ‘estimated discete—time mcdel.(Siﬁha.and' Kuszta; 1983)ﬂ

4

The other approach is the "difect'me;hcdf; wh:ch is based on

st =

obtaining piecewise - eonstant _ - solutions - of linea:

- 132

At
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differential‘equations in between eampiing ihhereale. This
[
ban be done by uaxng state variable filters (Young. 1984).dr
by ‘interpolating ‘the data lin between sempling intervals
 (Sinha and Zhou Qi-Jie,' l984);~_The,-nctable' interpelat;on
methode are block pulse. trapezoidai. pﬁlee' and cubieal-
pllnee.l The main adavantage ‘of the indirect method'ie the
‘availability_ of conexderable 11terature and relatively less
icoeputation compared to ‘the direct method. f A~ ca;efu;
.analysis of the dzrect and 1ndirect methods .can be. found in.
:Slnha and Lagtman (1982) by whlch the above mentloned poxnts
can . be eubstant;ated. It 19 also noteworthy that Jtﬁe',maxn
"‘dieadvantage of the 1nd1rect method is that the 1nput 19 ﬁop"
-alweye maxntazned conetant }n between sampl;ng 1nterval.'
'These aspecte are explazned qqant1tat1vely belowu .
- Conszder the dxscrete—txme model described bf een.
:(4{3l1); An equzvalent continuous—time_model can be wrz;;en:

ae

"H(s) = = C(7.2.1)

Alternatively, 1et the correspending gtate—-space forms are
. x(kT+T) = Fa(kT) + Gu(kT)

y{(kT)

)

Cx(kT), T being the sampling intervai.
(7.2.23a)

" and

() = Ax(t) + Bul®)
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y(e) = Ex(t) (7.2.2b)

respectively.

-

The identification procedure is té estimate the
parameheré of 'the discrete—time or -the ‘continuous—time
transfef fﬁnction model from the samples of in?ut cutput
data.- After this, - the— sﬁate space models can be easily
obtaiped‘with the help of-caéonical forﬁs. .

In the indirect method  of - identificétion of
coptinouus—time systems, first we estimate the.parametars of

the discrete—time model by any standard method of

identification and:- utilize tpe- following - relationships to

get (7.2.2b) and hence (7.2.1). 1 . ; .
F = exp(AT) , and
T o ‘: < .
- 6 =" f exp (At)Bdt’ E DR S (7.2
o .

As mentioned earlier,’ (7.2.23) ig not very accurate if 'fhe

input u(t) is not _Héld constant- in between samplihg

. r :
intervalg. It may be noted that the exact sclution of the

state wequation during the interval kT < t.( (k+1)T 1ig given

. by
.kT+fl. 3 :
X(KT+T) = [exp(ATYIx(kT) + [ exp[(A)(kT+T—t)JBultidt
KT %7.2.4)
Equation (7.2.4) is a'gpecial case when |
u(t) = u(kD) for_kT‘< t ¢ kT+T _ (7.2.5)

The actual value of the the integral in eqn. (7.2.4)
: . . L .
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depeeds " upon the nature ef ";eriation of u(t)\iengetﬁeee
sampling 4nstanpe..But we know_;heg;alue of u(t)_oeiy‘eﬁ ﬁhe
'sempling 1nstankeu- Therefore..en intuitively more appeeling.
‘ﬁpﬁkcximet;on is‘ to use the average value of u from the

-sampling instant kT to kT+T. Hence, eqn.- ‘(7.2.2a) is

replaced by

x(kT+T) = Fx(kT) +-(1/2)Gtu(kT) + u(kT+é)] (7.2.6)
-in"cases where u(t) is not pieceeise ccestaet,

However,-"ie simulaticn Vstedies presented _in this
chapter, the state space form is not directly used. Instead
the equatlon ;error apprpach is -‘used to estimate ;he‘
Parametere' of the d;screte or continuous—tice rtransfer_l
function model of the system. If the indicecc- metheod is
follokee. fics the diecrete—tiee transfer functionimode; ef_
the the eyst mis estimeted. Vwbich can be pct in the form
(7.2.6). Later, an appoprlate transformatzon (see .section
7. 5) to obtain the contznous tlme equivalent model given by
(7.2.20). In the dlrect epprcach one attempts to estimate

the parametere of the continuous—time. transfer function

-

',mdaei'(7.2.1). directly using methods describea before.
It ig very limporﬁant to note that all these

procedures of xdent1f1cat;on are based on the fact that the

sampling 1nterva1 has-been selected "properly“ in addiﬁion
to the assumption that the system ig ,completely observable
and the 1nput is of pers;stantly exciting. 4 rqle of thumb,

which is commonly used, is tbat the‘sempling interval'(ﬁ) is
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chosqg“infsuch-é way that (Haykin, 1972}
XmT < 0.5 ' - . - '(772.7)

where lm is the magnitude of the masnitudéﬁbf'th largest

eigenvalue of the ccﬁtinuoua—tiﬁe model. ‘in practice,

however,' one does not know the value of-lh-a’ preiori. All

thak c#n be done is to make an intelligent - guess based on

_the  expected time  constants of. the system under

consideration. It may appear that this problem can be easily
v . . o> -~
solved by making the sampling interval too small. his is not

~

g&ways trie and may cause two other severe problems. First

of all, we may have ‘too many.'samples' asg -a resglt the
computational ' burden is incrgased, This is 6bvioﬁ§1y
undesirable. ' Secondly and. most .importantly, the .

identification problem'&ets ill conditioned, as will be
shown in the next séctién with the help of examples; both in

direct and indirect methods.

. L
-

7.3 Effects of choosing very small sampling intervals

7.3.1 Introducticn

B

As mehtiéned earlier, the choice of very small
sampling interQaI makes " the identification 'prpblem i1y
conditioned .which may lead to severe comuﬁational Problems.
This can be explained a§ fellows.

-If A 1s a; éigenv&lue of A, then the corresponding
éigenﬁaluey of F will be ekp(AT), T being the saﬁ%ling

interval. If we denocte

-

AT = ¢ = JB. : ' (7.3.1)
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Then, T shop{d‘bé choseg such that _
| la 81 ¢ 0:5 , _ (7.3.2)
to égt{sfj‘conditioqgﬁ7.2.7). Therefore,
«* v 8% <o0.25 - i (7.3.3)
The eigenvalue of F corresponding ‘to a t'jslis ) . |
exp(a + 'J8) = exp(a)[cosd = Jsing8] (7.3.4)
For. gtabia ‘Polea ‘in the =z-plane and still satisfying
(7.3.3); the values ;f ¢ and B should be such that
0.5 ¢a ¢ 0 |
and . ~0.5 ¢ 8 ¢ 0.5 ; | o (7.3.5)
. Hence, the reéion in .tﬂé z—plane subjected to the
abéve cdnditioﬁ w1i1 be as shown in fig:7.1. Thus it 1is
obvious .that “Qhen T becomes ﬁamaller and smaller the
eiganvalues will be'constrained int; narrower reglons in the
“z-plan®, very close to the boundary of tpe unit circle,
eventéough the corregsponding continuous:time model may have
its eigenvalues scattered widely over the fé?t half of the
“s—plane. This_ produces a lafge ‘sensitivity Eb\QE@erical
e;rors caused by truncation and round-off in computation

-+
dueto the finite word length of computers used for

identifiéation. Horeove;. eigenvalues close to the boundary
of the wunit circle will iead to considerable numerical
instability in fdentification. This problem will be serious
if the measurements are contaminated with noise, as usuai.in

~

practical situations;
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7.3.2 Illustrations of the effect of verv small sampling

TN e -

intervals

Here an‘example ig presented to ill conditioning of

the identification problem’ due to improper selection of

sampling intervals#,

Consider the ‘system

H(g) = 2s + 1 - (7.3.6)
32 + 58 + 6 o '
The above system isg perturbed Qith_an input’
u(t) = cos (0.1t) — cos (1.5t) (7.3.7)

and the corresponding output is obtained as
y(t) = 0.536exp(—2t) —0.332exp(-3t) + O.169cos(0.1t)
. : P

=0.0198in(1.5¢t) —0.373cos(1.5t)f+ 0.0538in(1.5¢t) (7.3.8)

N

The above input aﬁd output are sampled 4@at an interval of
0.001 seconds and 15000 samples are taken. To produce
coloured noise, random numbers (of zeré mean Gaussian) are

passed through a moving average filter of the form

cez™'y 21 ~ 0.3z (7.3.8)

aﬁd tbe variance of the input randem numbers are a@Jugted to
obtain different sigpal—to—noise ratiocs. Noise produced in
this manner is added to the entire 15000 samples of data.
This whole set of data can be used for idetifying syééem
models for different s;mpling intervals. For exampl;. one
out of ten‘daté points is taken cofrasponding to a sampling

interval (T) of 0.0l seconds, ©one cut of 100 is taken for T

= 0.1 and s0 on. Note that in each éase the total length of
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data (hencqzthe total information content) is the same, data
collected over 15 seconds. This makes the comparison of

different sampling intervals fair. Now we can proceed as

follows.

Indirect method

Here first we identify the discrete—time model of the

gystem in the form (Box and Jenkine, 1971 )

B(z") ozl
y(t) = ——  u(t) + —— e(t) (7.3.8)
A(:ﬁx) -D(z_l)

for different sampling intervals. The idenﬁification method
used is‘tbe off-1line maximum likelihaod. It is important to
note that the noise model is not gsame for all the sampling

intervals. It varies for different éampling intervals al&ng

with the system transfer function.

. f
If we assume a zerc order hold which Keeps the input

constant‘betwee sampling intervals, we get a step invariant ~

z—domain transfer function model of (7.3.6) as

-

-1 -2 7

az + a,z -
-1
H(=z ) = -
=1 =2 .
1 + b,z + b,z
where a, = (1/6)[1 + 9exp(-2T) -~ 10exp(—3T)]

a; = (1/6)[-10exp(-2T) + 9exp(-3T) + exp(-5T)] )
and b, = —Eéxp(QBT) + exp(—-2T)] ’
b

- = exp(=5T) (7.3.9)

e

-~



T being the sampling interval.

The noise model is quite difficult to be calculated

analytically for éach shmpling interval and its Parametersg

- - -

aré-implicfily sampling time dependent. The only information
about the ‘néise model is that it reduces to that given by
(7.3.9) at T=0.001 seconds. As a reauit. we obain different
nois§ modesls for different-samplins intervals, ’

’ Table 7.1 ghows some of the resultg obtained. The
pérameters of the noise model is not proﬁided 28 they cannot
be compared to‘ ihe actual nparameters as they are not
avaiiable.

It is noteworthy that the identification scheme
faiied due to gsevere numericgl Problems 8L’ sampling
intervals smaller than 0.0} seconds.

These results clearly indicate the ill conditioning
of the identification Problem due to improper selaection of
sampling intervals. It ig also interesting to nete that best
nNumerical regults are obtained when T is such that lmT ie
around (.5,

Fig.7.2 shows the parameter error nerm for different

~a
2ampling imtervals.

continuous—time domain is omitted here for simplicity. It is
quite obvious that if the discrete-time model is not
accurate, the corresponding continuous~time model will alse

be inaccurate.
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Direct method - —

-

Consider the same system.described by (7.3.6), the
same input output data has been used here also. But here the
we use the the recurrent trap;zoidal rule of integration
along with the instrumental variables method (eg. E;haad a&&
Sinha, 1983; Puthenpura and Sinha. 1985¢c) to identify the
continuous—time model directly.'tha that this method avoids
the use of conventional state variable filters or the noisy
derivative evaluation (eg.‘ﬂaing modulatins-fuﬁctions).

'Just like the direct method, too small or too  large
samﬁling intervals reduce the accuracy of identifi;ation aé
iliﬁstrated by table 7.2 and fig.7.3. As quite well known,
the. direct method .will be not accurate at poor signal-to-
noise ratios. AHénce unlike the indirect method it is not

very meaningful to go below a SNR of 20d5.

<

7.4 Pfoéedures to obtain proper wvalues of gsamplinsg intervals

7.4.1 Intrcducéioh

In spite of the vitality -of the problem, it 1is
surprising to note that the amount of research that has been
put into it is negligible. The only reported work inrthis

topic are due to Sinha et.al. (1982), Puthenpura and Sinha

- (1985g) and Sinha and Puthenpura (1985). (But as per the

comment by one of the reviewers of the last reference, prof.
K.J., AStrom of Lund Institute of Technoleogy, Sweden was
also involved with the problem for sometime).

The procedures which will be described in subsequent



142

P

discussions, are éot fully based on theoreti;él foundations.
On the other hand, 'they are 'éerived on a number of -
simulation studies, hence- somewhat heuristic. “Egése methods
have their’ own drawbacks, but seem to be adequate tg tackle

most of the practical situations.

7.4.2 Thne w—plane method

This method éan be considererd as.one of the very
first attempts to tackle the sampling tlme problem and it is
due to Sinha and Puthenpura (1985).

One of the obvious solutions for obtaxnxng the Proper
sampling interval(T) is to adjust the value of T 80 that the -
eigenvalues of the discrete-tlme system fall closer to the
boundary ABC of fig.7.1  than ‘the  boundary of the unit

circle.

Since the region in which the‘ eigenpalues - of thé
discrete~time model 6f.the system are locgted i;tvepy small
(fig.7.1y, any direct gdjustmqnt of the positionl of
eigenvalues- inr thé z~plane :can prbdgce serious numéfical-
problems, especially when the measurements are noisy (Sinha
et. al., 1982).' | |

By intfodﬁqgng a bilinear tpansfofmation given b&

w = (z+l1)/(z-1) - (7.4.1)
the ﬁrea inside the  wunit circle can be spread out Lo the
entire left half of the w—plane.

If z = exp(c)[cosB 2 Jdsing], by applying (7. 4 1) the

corregponding peoint in the w—plane is ziven by
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W= w1:$jj§: . " where
Wy, = [exp(2a) — 13/fexp(2a) fZexp(d)coBB + 1] and
; '[Zexp(ZcJéinBJL[exp(za),—Zexp(a)coss + 17 (7{4.2)

.j.
0

Hence the‘region'in the i—piane shownfin fig.7.1 will"

-

_be mapped into the region shown in fig 7.4 in the w—plhne-
.Also it can be seen that the boundary ABC in the z—-plane is
‘ﬁapped as ABC in the w—plang. .
‘To make, the identification p:o;édure aé;urat;; po;eé
near 'tb-the‘béundary of of'the'unit circle should be pulled..
\iAsxde but within the area shown in f;g;j.i.‘ bj: adjusténg.
the Ygamp;ing interval (T). We focus out a;peﬁtion on ﬁqlea_
only, 's}ﬁce_the égccess‘of ideptification procedure as well
as tﬁeitrapéformation from.disérete—time‘to_coﬁtinﬁous—time

domain depends on the qpoleé of the system. on the

r

‘tranéfcrmation' frém fhe'discrepé to qontinuous—;ime domain,
we map the poles first and evaluate the residués at péles
(e.g.'.Frask;1n and Powell, 1980)". Hencé the poles play an
important part of our problem, not the zéros.'

| As mentioned before, it can be easiiy seen that the
small region sin the zZ—plane is ex§anded ta.a larger region
‘ih the w;plane. As e result, placing the ploeé “properly”

bl

the w-plane gives _bettef numerical stability. Hence a
critériop for .choosiné the _sampling. i;trerval c;n ‘be
developéd as follows; .

dur aim is to place the poles near to the bouﬁdary

ABC in the shaded region of fig.7:1l. Equivalently, the poles

are to be placed near  to the boundary ABC of fig.7.4
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' _within the\ahaded area.: The point E fa at a distance of
[exp(—O 5) +" 1]/[exp(—0 \5)-— 1;[ 4, 6830 e 4 3).

from the origin-_ Hence a criterion can be proposed to’ place
. —~ )

thef polea 'at a dietance R at a ‘distance of 5 0000 from the

.3origin 1n the w-plane. We choose this value of’ R 1nstead of
' o R

4.9830 exactly,~ because it is desirable--to- have a’

’“tolerance in numerical algorithme. Thia was proved to be:'

-

: hh?te effectlve from a large number ofi_numerical 'examplee
‘tried by the author.

grhelvalue_of R;'the.dietance.from'the”origiﬁ'tb,the'

pole W, > szlia'givee bytu-x _ ? -x::-;’

I o

e :[pﬁz; ;p2955(2¢)'+ i]x/z . - .
= - — — T (4
: [pz;'f'fzp_'cés(zw + 17 . o

where pexp(F3j¢) is- the corresponding pole 'in the "z-plane..
' Thé_attempt'is‘to find a'correctioh factor K, ‘such ‘that T new

"A= ledl x_jK eo_‘that the value of R correeponding to the

smallest magnitude in tha—-’ﬁomaln igs about 5.0 units; that

is, plac1ng the equivalent w—plane pole withln a semi—c1rcle

of radzus 5. 0 units. : .
Thus we .can find the value of:K as the solution-of

the eduationf ' :i‘ . R
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Pyexp(734,) is the ‘pole. of ' =smallest -magnitudé. in ~the

z—domain. ' .- - s e
", Note: ,Equq;ion }7:}.5ﬂ_is 7nonlinéana ;Bﬁﬁ cah-§é ﬁdlvﬁd'by '
“using one 9% ;the“cilhoq numéricél;-techniqﬁés,'?aé“fbkf

example, thelNewéonéRaphsénfméthoa,'“Tbe_étértfﬁgfﬁélge“of-K

VL

can be taken-as 1. - .

The whole procedure éan'Be-Canribdxout“aé_foiléwsf"

(i) E;gumq.a‘valﬁe'pﬁ _Th bn'thét Bésis-;éf-téystem time

: coﬁétanﬁs. it could be about one fourth 6fjthé smaliest—time
. N - . R o : ' : oo l

constant.

.(ii).-Fér‘_this vﬁiﬁé' of;T, gséihate: tpe_lbﬁfémetéfs’df

-éhé._diéénéteft;méﬁ;hpﬁei_ of the éfstémi-and"‘ then:-  ;hef
éigenﬁélués_of F. : - ) —— L R i ’;5

,(iii)luake-;he ;ranéfbrmaﬁi§n, w #‘(z;l?A(;;i);‘whg}e z ;%
hthe'the eigen§31;e 6f‘F wbich 1s‘oﬁ'3malle$t:ﬁégﬁiﬁude,.

'(i#)‘ff&tp; @agnitudeiof whis érq#ﬁd*élo;. Ehen the choiée
. of T is good. dtherw{se ghahge_T to KT;.1K peiné;caldﬁ£ated
by ean. (7048 o o 0

(v) Go back to step (iid. . -

'After obtaining the proéeplsémplihg interval one can -
'usp.the_ direct or indireqt.Jmethod “for ;ideﬁtiféing the

continuous=time model of the systgh;'xge examplé éiQeq_below

illustrates ‘the algorithm. e ‘*'- o e



corrected sampling interval is 0 14 seconds..tl'

-

Example - .

- ':-Consider'“tbe',same_.system ‘as’ before described by';ﬁr

-

(7.3.6. To begin with T is chosen as 0 1 seconde.‘ For thie"

value."the' eigenvalues fofﬁlF ‘are found to be 0. 7381 and

‘0. 7389 (refer table 7 1. The value of Rl:in:;the‘ w—plane 3
:corresponding td--the,:pole of smallest magnitude in the z-

jplane (i.e;: 0 7381) is 6 64 which indicates that T is :éﬁdﬂ‘
amall. dence ';sé' propoeed method .d applied to get thef:

-correction factor K which ie found to be 1 4. Therefore, thew

At this sampling interval .the_feigenvalues bf'-thelf.

discrste—time_.model are found to be 0 6670 and 0 6913.f The

-

,'value of R corresponding to the smallest feigenvalue (i e.,:f
D 6670) is about 5 0 Therefore. further corrections on T ie

'.not_fnecessary. Hence /the computationally optimum value of "

the sampling interval is accepted as 0 14 Seconds.n"

B V-

'7 4. 3 Critical evaluation of the w—plane method

» .
7 ' -

“Tbe method described, above ie. simple and'”workafﬁfu

,._.

satisfactorily under 'normal- ciﬁcumstances,l'However,_zthegﬂl

" method failsfin the caee,of very stiff systems and does"notl

~

permit_gthe. user to start with an arbitrary shall sampling'

) ~

inter?alf' Putting it in eq@ivalent terms. some a'<priory
‘- - v ‘e A - ‘9'.‘> . N * '
knowledge_-labout. system timew constants 'iss absolutely
.Aqll RN . . T .
necessary.t Note that, if one starte off with an arbitrary

A

'small sampling interval the discrete—time model 1tself is

not accurate enoqgh to apply the proposed method which is_

) L -
N . B .



'-ghown-in fig 7. S(a) _and fig.7.5(b).

R ) . . . f . .

‘

~evident 'froh__table'47.1.‘:There{ofe one has to exoplore

there_meane tofobtain an improved performance in these
cases. ~Ihe"method explained in the 'next "gection 1is a

possible answer to this problem.

.7.4.4 The p-plane method - B : . -

'Herenwe.introduce a transformation from the z—plane
o -~ :

to the so_ceiled P—plane which is given by'
p = 1/{1-e2] o | L (7.4.6)

where £ is deffned as the "contraction factor", liee between

0 and 1 (Puthenpura and Sinha, 19853). The mapplng of the

‘_1ense‘ahaped region of the z—plane (f13 7. 1) to the plane is

3

' Hence, ¢nstead of identifyzng the parameters of ‘tﬁe

. dieorete—timé model the parameters of the equivalent p—-plane

-~model yhioh is:given by

'A. m A A
‘ S mp ;+. m—lp + . . . .+ A .
H(p). =. : _ — (7.4.7)

n n—1 o ‘
_Pnp i An—lp R +”Blp + 1

) . are eetimated;‘ In the p—-plane instead ofl the unit delay
;n'onefator_(effi,'the p=operator 1/[l-ez] will operate on y(t)
._end',tu(t) -where.,t represents  the digcrete—time index.
.Tnerefofevthe obeetVation Qeotor in the p-plane can be

written®as,

(38 = Ty ),y (8D ey CE) uCe) g (8D s up (8) ]

=

, - o © (7.4.8)

Y

e
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Wﬁere. . o
Srr(t) = 'y(t)”+ '[r/-lllsly(t-a-l) + [r(_r+1)/2!]czy(.t+2)-+ -
' | (70429
fand
ur(t)= u(t) + [r/l ]cu(t+1) + [r(r+1)/2']s u(t+2) + ....‘
| (7.4.10)
so that pTy(p) = [1-ez]”'y(z), - (7.4.11)

Thus the key point behind this technique 1is to

transforml the data vector such that the ezgenvalues of the

- -

resulting model (p—plane model). which are now situated. in
an axpaqded region, can be estimated directly without any

data interpolation.

Since |zl ¢'1ande ¢ 1, (7.4.9) and(7.4.10) can be
truncatéd aftér a sgécified number of terms f(depends_ upon
the accuracy needed). ft is obvicus ﬁhat as e ap;roacheﬁA
unity, eventhough the region in which'the p—plane poles ara
;ituatéd expands, one needs a larger number of terms of the
above "serlies as a result the.computational effor£ and time
are increased. Therefore a.good choice of £ is about 0 95 go
that one can sufficiently enlarge the region in which the p-—
plane poles are located _w;thout a very }arge increase in
computation. Also_note.that the number of terms required
increases with the order oflthe model. .For five decimal
point accuracy in computation eof the sefies (7.4.9) and
(7.4.10), the number of terms ;equired is shown-in fig.7.6

for models of different orders at € = 0.95. For the example

congidered below, € 1ig taken teo be 0.93. It may alsgo
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_rgéalied that at ¢ = 1, the p opérator'w;ll'turn out to be
an integrator,7caus;n5'nonstationérity 1n'thé pchessb
-After the transformation of the observation vectér,

any usual idéhtiflcation»methoda‘cén be ﬁsed for ‘estimating

che“paramqtérs'dfvthe p—-pPlane model of the system.

'Obtaining the proper samplihgﬁinterval

If @+ B 18 an eigenvalue of the system _under

" consideration in the aT p;aneQ The corresponding -eigenvalue

- “

‘in théigfpléne'with a contraction factor € will be
ll/(l,— s[gxp(a)(coés : JeinBil) ' N (7.4.11)

which on simplification gives

Py * Pao. .

Qheré s )
! [1 - cexp(a)cosB] "
Py, = ;. ‘ " ; ‘ and
S - [1 - Zcexp(c)cosﬁ +,ézexp(2a)]
.- [sexp(c)sine]- ' ' .
P, = : - RS IV §-3)

[1 - 2¢exp(alcoss +‘52exp(2c)]

It,cén be~ver¥fied that the points.A. B, c aﬁa-D of fig.7.1
_éré mapped "ag points P, Q, R and S respectiveiy. in fig.7.5.
Note that whea e = 1 (fig.7.5(a)) the point S iz at
infinity. Thus the boundary ABC qf the lénse shaped region
of z—plane éfig.?.l) is mappeé'as the boundary PQE in thé p—

pl;:;}\{figs. 7.5¢a) and 7.5(b)). In other words, . the



. is the - eigénvalﬁe of the largest magnitude in the s—plane)

f1g:7.1.

1%
eigenvalue of the smallest magnitﬁde in the z—plane ‘(which

-

will be maéped as the eigerivalue of smallést ~magnitude in
the p;ﬁlane. ’ ] ‘ .

* - *\- . . - ) - ", 5 ,. B -
“Let:p, = Jp, be a pole of smallest magnitude in the

» ) : , - . ' S

p—glane'for a sampling interval T,. ‘The corresponding z-—

piane role can be‘egsilf obtained as

x 2 a3 . " e .

: - )
[Ce){C(py)° + (p3) 31
= pexp(=})8) say - .;h o ;7;4.13)

P;oceéding' aexactly" ln. the lines as expiéined in seétiqn

‘

7.4.2, we ¢an get the computatidnally optimum samﬁling.

intervalnTsfas'

T, =T, x K B | (7.4.14)

' where K = 0.5/[(lmp)- + (2172 (7.4.15)

By this wa& we can make sure thdt the pole of bmalleat

magnitude in the ;fpiane lies on the boundary ABC. ;nd the
rest of the poles lie within the lenae'shaped region of.

After_getting the cﬁmputationaliy "optimum sampling
in;erval.' oﬁe can go back te usual ‘direct 6r indi;ect
methods of - identifying continuoug—time sfétems. To
iliustrate the procedufe explained above.‘ the following’

example is considered.
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Example ) s -

. ' R 7‘
QOnsider the fourth order ‘system .
2
30(s+5)(s + 48 +8) .
H(s) = - C(T7.4.16)

¢ (8+0.1)(8+0.2)(s" + 208 +350) -

" which is a stiff system. [Note that Em-is 18.7082869 hence

‘the optimum value of T is 0.02678 seck.]

The impulse invariant discrete—time model can be

»

written -as

. 2 3
b0 + blz + b;z + baz

(7.4.17)
H(z) = 3 3 0
- z + a,z + a5z + 23z + 8,
-with
b = 30.0 . o
b} = 2.144776exp(—0.1T) —.60.12308exp(-0.2T)
| = 32.255501exp(~10T)sin(wT + 0.1218206)
b, = 2.016457exp(-20T) + 27.983543exp(~0.3T)
+ 64.408908exp(-10.2T)sin(wT + Q.0608937)
+ 60.383963exp(~10.1T)sin(wT"+ 1.5058382)
b, = 2.016457exp(-20T)
+ exp(—-10.3T)sin(wT. + 0.139165})
and a, = —(exp(-0.1T) + exp(-0.2T) + Zexp(QIOT)cost)

a, = exp(—-0.3T) + exp(-20T)"
+ 2exp{(-10T)[exp(-0.1T) + exp(—0.2T)]JcoswT
ay = —(exp(-20.1T) + exp(-20.2T) +_ Z2exp(=10.3T)coswT)

a, = exp(—-20.3T)

'where w ='15.811388 rad/sec.



LT 1s2
. .
The above- system is ~perturbed with a PRBS and the

output is obtained in the same way as explained in section

»
-~

7.3.2. The ‘sampiing interval is arbitrarily chosen as 0.01
secgnds.__Aften this, the p~plane transformation is applied

with a contraction factor 0.93. The parameters of the

”resulting-p—plane model 1iag tnen obtained by using the.
neximun~;likelihood method‘and the generalized least squares
method. : The series (7.4. 9) and (7.4. 10) are trucated eﬁter
taking 300 terms,_ which gave sufficient accuracy. Some of
the resplts'are shown'in table 7.3.

Aften. this;- steps (7.4.12) through (7.4.15) - are
performed to get the optimum sampling interval. The resultsg
are summarized in taole 7.4 ‘ N ‘

fih occen'nto,fdemonstrate the suﬁeriority of the-
-proposed method over the discrete—time model identification.
the results .of the ~—domadn model identification is given in”
:tablet7.5. R

-_; " The simulation has been done on a VAX 11/780 computer

in double precision (64 bit accuracy). Table 7.6 prov;des

tﬁe.-CPU time taken to Bolve ‘the example with 200 1terat1ons
and 1000 data points. \ r

Note that this is one of the worst -cages of system
identificationi"where the eigenvaluee are ecattered wiéely

over the left half of the s-plane. Even in this case the

proposed method gave satisfactory performance.

‘ ) -
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) ) ’ _ . ; .
7.4.5 Critical evaluation of the p—plane method

Since the ei&envaluas qf the p-plane model are
‘located in a wide region, one can afford to =start with a
very amail arbitrary aamplin& interval by making £ near to 1
at the .expense  of a substantial increase in computation.
Tﬁerefora, strictly speaking, priori knowledge of system
time constangs is not. necessary, if one is ready to accept a
large amount of eomputation. However, case must be g;ken t6
choose the initial sampling time so that no mode of the
system iIis. misged. Note that cbmputational effort becomesﬂ
larger when |

- (a) eigenvalues of the cogginuous—t}me model of the
system are spread out in the left hglf of the s;plane (atiff
System). )
| (b) the initiéi guess of T is very small:; )

i.e., AmT << 0.5) and = is near to 1.0 and
(c) the order of the s}stem is large.
Thue the accuracy inlestimation i3 obtained at .the
expense of an incre;se in ccmputa;icnalltime and effort. But
since the;present day computers are powerful enough, one may

»

congider that this ig not a big draw back.

In the light of the dischssions presented in.the
p;eceding sections, one arrives at a conclusion that if the,
system 1s gtiff and ne priory knowledge about the syatem
time constants are avatlable, - tﬁe P—Plane method is

- .
preferred. {A practical example of this caﬁ be‘found in the

Ph.D. thesis by Karnik (1985) where he started with a
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gpampling 'interyal of -0.001 seconds which is corrected to
0.008 seconds, while modelling the. arm of an industrial
robot (UNIMATE 2000)]. In ‘other cases the w—plane method

. geems to sufficiant, which is computationally muchﬂsimpier.'

7.5 Transformation from discrete—time models to contiunous—

time models

7.5.1 Intrqduction

As mentioned in section 7.2;1.. if an indirect method
‘ig used to identify £he continuous—time model of a system,
it is necessary that the the discrete—time model should be
transformed to its cantinuoua—ﬁime equivalent. Thé comménly
used methods (e.g.Sinha and L;stman. 1981:; Hung et.al.,
1980) are noﬁ comput;;ionally simple and anolvé matrix
inversions. Because of this reason, these algorithms are not
numerically robust. In the following di;cussions.
numerically simpie and robust‘ (wiéhout any matrix
ineversions) transformation algerithms are presented. AE
length, they are comparéd with other exigting algorithms

with the help of a numerical example.

]
/
J

7.5.2 A numerically robust transformation scheme

The transformation problem is to obtain the matrices
°A and B of eqn. (7.2.2b) from their discrete—time
equivalents F and G of egn. (7.2.2a).

Now from equation (7.2.3) the fbllowins relationships

are obvious.
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AT = In(F) ’ .~ (7.5.1a)
and BT = (AT)(F-I)"'6 . - (7.5.1b)

One of the popular methods is tb; fixed point
iteration 6f Sinha and Lastman(1981) lwhich is giQen in
‘appendix V(A). Note that this method 'nééds. géod_'stértins N
values and involves many matrix inversions whieh is quit;'
undesirable especially when the system under consideration
iz =mtiff, Anotherﬁalgebraic method proposed by Hgng et.al.
{1980) utilizes the statgs of the_sfétem and demands large
computation. This algorithm isi given in appendix V(B).
Another draw'back of these methodsv is thaﬁ none of them
provides error bounds for A and B which is quite important.

The following methods are simple, séraightforward and
provide compact error boun&s for A éna B.

From (7.5.la) we obtain

AT

~

]

In[I+L] where L = F-I (7.5.2a)

(k+1)Lk

I (1/K)(-1)
k=1

(7.5.2b)
The above series éonverges uniformly in all the cases
of its applications in the present context of system

identification by virtue of the fellowing 1é;;a.

Lemma 7.1 (Raocl, Puthenpura and Sinha, 1985)
LebiA be a nxn matrix describing a stable system and
the 'Spectral radius of AT = r(AT) ¢ 0.5 [see equation

(7.2.7)] 30 that T is the usual choice of the sampling

~



i ingerval..Then thé'seriéé (7.5.25) éonve;ges uniformiyalz
EQQQL'.Ai" B . \\»
. | r(AT) ¢ b..s =>'ex.p(—0.5) < vy % 1.6 : 4=1,2,..n. '
S | o (7.5.3a)
where *i is the 1+tﬁ'rpot"o£ the cﬁarac@eristi& eéqé;ion:
det[zI - F1 =0 - (7.5.3b)
Now Eha spectral rggiﬁs pf-L. |
'.r(LS = max ftikii : 1=1,2,...,n] where Ai'ié the i-th
root of the.charactefispic‘eduation N
det[zI - (F-I)] = det{(z+1)I —= F] = 0. - -  (7.5.3e)

From (7.5.3b) and (7.5.3¢c) it follows that

A+ 1= vy 1=1,2,...,n _ (7.5.3d)

which together with (7.5.3a) implies

[ <1 ; i=1,2,...,n

i I
‘i.e., (L) < 1 and the proof isg immediate.

Now from (7.5.1b) and (7.5.2b) it follows that

(k+1)Lk ) -1

BT L 6

[ T (1/k3({-1)
k=1- ’ -

[ T (1/R)(-1)
k=1

(k+1)1 k-1 3¢ (7.5.4)

More over, if one denctes

-
L

D= [ T (l/k)(=1) R+l k=1

k=1

(7.5.5a)



then AT

P o (7.5.5b)
and BT = DG S . (7.5.5¢)
. Based on thé above_resﬁlts a simple algcriﬁhm can be
formulated as follows. . ' . { |
| Sélec; a positive 1nte§er N and'(or)*a nonnegativa

" number €.

set D¢ = 1; u') = 1; k'é y
Repeat | _
MCIED D YOI S5 1St
pCR+1) (o pUR) Ok (7.5.6)
K <—  k+l

until kX = N or the metric d(H(k+1).H(h)) < £. One useful

metric (Lastman et. al., 1984) is found to be

max ]Hi(§+l) - Hi(g)l
1,5 . = aCETD) )
{(k+1)
malei.j | )
i!j ) |f

{7.5.73
- :
Error analvsis

If the series (7.5.5a) 1is approximated by the firsts
n terms,
i.e., D =P _ (L) + E (L) (7.5.6a)
n n

where

Pn(L) = [ ¢ (L/x)(-1>
A T k=1

(k+1)Lk—1 7

(7.5.6b)

and En(L) {g the error in approximation. It can be easily
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worked out that -the error ;n.thé'evélugfioh.qf‘AT ie

—

AT sy L iam e g <
[TEQMLILE = |LAT ="Po(Ly1 <

NSV STNT R FRNNEATD
k=n+1 _ ‘
/e INLN LT/ - L L (75078

If the spectral radius of L ig known it f@llows that -

LEAT Wy« [1/(n+1)][r(L)J /01 - r(L)] 7. '5.7b)

Simllarly the error in approximahlon of BT is computed ane -~

HERTan O amo Ry e
’ ) k=n+1 ‘
L
< [1/(n+1)]IlL L 1111700 = 11Li1] . . (7.5.8a)

[} L

.Hence . .
HESTCLYIT € (1/(neD1)1LreL) 177 (66TII/01 = r(L)T -

" (7.5.8b)

7.5.3 Reduction in“computation using;phebvshev approximation

The ' Chebyshev ap‘ii:imation theory can be stated as

follows.

Thecrem 7.1 (Chebvshev)

Given a peolynomial Pn(x) of degree n wiith, leading
" term aoxn, the best approximation (in the least squares
sense) to Pn(xj by another polynomial Qm(x} of lower degree,

ét most n—! in the range (-1;1), is such that
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- T T ., »
"and so on with a recurrent formula : —_—

[ S B ‘159"
S ",‘,_". Lo S .
. P (x) - Q (%) = KT, (%), k.= ag2 " where T_(x) is the
Chebyshev polynomial of degree n. P, N
.-Proof ‘ ‘ . .._.—‘, "l . l."' B ! ' 1‘ . -"-"_.

-

’Réfer'.énf'jatandard quk on;Chabyéhqv'pclynomia}a or

-

'approximdﬁibﬁ:thbcry.(é;g.‘Rivlinﬁ 1974y,

Now the first-few Chebyshev polynomials -and their

v

_reversals.can be Qriﬁtén as,fq}iows, for x'¢ (-1,1). ¥

0
-
—

To (%) = Tg(x)

T,(x) 7 . ,— .

2 ; "2 (L/2)[To(x0) + To(x)1

fi
K.
]
I

UT;(xi'ﬁ

N A

l
N
X
F
(o]
L]
I

- . " and so on.

Theée will satisff a recﬁrredt relationship

"‘:r+1(x) = 2xT (xﬁ = T, (x) ‘ (7.5. 9a)

For X'E (0 1) the g0 called shifted Chebyshev polynomials‘

- L
can‘befwnitten as,” ’

L he -

* - * . .
l - l-=‘ T o(x).—

»

W

- T o)
’ - = ! .', 3 x - “
T ,(x) = 2x — 1. - x = (1/2)[T o(x) + T (x)]

. . - -

- £

.
- -
*x* +

T ey () = 242x—1)r (x);; T E )-‘ el -c7 ’s. 99

LR, -

It ;5. also important to: note that IT (x)l andwii (x)t < 1_]‘

- . =

. -7 - - T - $ ..
in‘the’respective_ranges oj_x.'“,: T -,;“u- -
o . . . " c . B e S L
. ~ K " . - = ~ . ~ "
) . - - - ‘\_.‘ . , . - g .
- - . .« s L, Ln . L 2
._.Examole e~ . AR . -
. - - - - - -
. " L -.
s Let x e (-1,1). E ' -, o T -
. .‘ -, . - -\2"- M -
We seek to approximate Palx) =x =+ X by a lower
- <o o ENE Lo
order ‘polynomial. - - . .-t
N - . - . B . - .
3 - ~ . - ’ R
- e ’- - - - =
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. . . - -
. . .
+ ~ 1 -
. - W7 .
- - o ’
-
- : -
-~ R ;
-
R I - 160
[ T~
- * - - - - - - N

I - N . » r ~ ,
5 2 T a2, >

From (7.5. 9a) we get pa(x) = x + ‘% L= oxe + (3/4)x +

(1/4)T, (k)_ Introducing the’ notation 9. [p (x)] whidh means

tho r—th degree Chebyshev ‘approximgtiop of a polynomial

Py (x) of degree n, whera r<n. R ,uf-.-~j,. N

hd - . . .
o . . ¢
_-; . -

‘

. 8alp5 (). = xz + (3/4)x + 7 with |n| 3 1/4 Sy j;f:

which is ‘the best. loqgr order approximatioh of p3(x) In the ..

- - r

- 0 .
‘least ﬂquares sense.. . . ,~' ;_ P
o .o 3 O A AU
¥ 4 Now cons:der ‘equation (7.5.6a) which.may -be written
S ey e e e T T
-',aB.o A i . '-" e -.-. l". .1- "" . v .".‘ . ‘. o -- ‘ -.'.j . ‘.V. s . -

"Q (L)'+”H6ijfpi,'vfﬁ'” R f‘-4.ﬁ~(#.5.10).
where*Q (L. - . ,'iowéﬁ-‘o}deéﬂ‘(i;oﬂ 'm:,< fn) Chebyshev

t

—approx;mation ”of_'Pﬁ(L)g'lRote.'that‘ Q'(L} is thained by‘ '

7 2 L
replacing Lm+ 'me'ﬁ *a?_f"L? of P (L) by their expansions

in- terms of the sh1fted Chebyshev_polynomlals of degree .at-
¥

most desree‘ (Puthenpura aﬁd:;Sinha.»l984b)..-Ihis. ?off

course, \in%;oduoea-a_lx@tle.more.énfor'ighthq;apofokimation

. . ) Lo ‘-._ ‘.. _-'J.‘ o .. . ‘» — . ~A .
.of (7.5.2b) by a @ finite sen§es“but_w;th_a-go&d;amount-off

- -
LT

reduction ™ compugaﬁion in tétmsoof_mat#ix'mﬁltioli;éinRLJT.;f

Lo

-

-

<

'7.4.5 Examples and comparisén of the proposed method with

o~

foﬁherimétﬁodsi

' The:éxample giVen'bélowfia‘:taken from Réol et.al. .

~

h

(1985).

>
I
o
\
o
'—‘
w
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n‘. .
(1]
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-
-
w
|
[0
=
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- Also take T = 0.5
: T.The mgtrfer'and vector G -are célculated and they aré&

as_followh.

o,

-~

:;-[0,983876 S 0f465627- - 0.088281 |

“.;? = J?.—d.bsszgl,rf -;;80?313 | 0.289064

;}03265664 B ,;0;666§09 ~ 0.229185

é?a- | A ‘ N
p‘:f.:r.;§.§2ﬁ214".;_ 1.204191 - ~1.24447017

-

Z’.The.'résﬁlﬁs of :varioug._transfgrmation algorithms are.

.F:'Si@gnlbeloﬁf' ’ t
if Di;?ct metﬁod (Hﬁng.et.alf. 1950) w
‘_0;001932_ 0.901§57 ? . —0.002002
A= . |-0.002121 . 0.001003 0.910123 )
:50.919813 -=1.933714 ~1.934999
B = [0.915735' T 2.909918 ~  =1.96413717

2. Fixed point iteration (Sinha_ and Lastman, 1981)

0.000000 - - 1.000004 -~ 0.000004

b
il

0.00000C8 " 0.000002 h 1.Q000000

-1.000000 —2.0@6060-(\ ~2.000002

R}

¢
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B = [0.999997 2.999995 ~2.0000051%

3. The proposed algorithm

(a) With difect expangion of 13 terms

.

0.000000 .  0.999999 . =0.000002
A= o.oodooz ‘ 0.000001 - 1.000001
| -1.000001 ~2.000001 —z;boooog_

B = [0.999995 2.999995 o _2.0000021T

(b) With Chebyshev approximation using 8 terms

p N . i —
0.000012 1.000023 0.000010
A= —~0.000011 - 0.000009 . 0.999999
-0.999%999% - -2.0p0000 -2.000001
- L ¥ a000s1T
B = - [0.999979 3.0000005 fZ.OOOOQSJ
. )
The actual errors ip the approximation of AT and BTT
the - respective .érror bbunds and the computational

reqgirements are also evaluated for these algorithms and are

presented in table 7.8.

7.6 Concluding Remarks

-

Two important aspects of mumerical robustness in the
1 r

identification of continuous—time systems have been

cons*dered. The first prodblem, which is the choice of
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sampling interwval for {dentification, is utmost importgﬁt
and the  possible solutions suggesteh in this chabtqr are
only adhoc. However, they seem to work in a .numberf of
simulated examples and ' a feal—lifa _problem (see K;rnik}
1985); It is also noteworthy t#at.:tﬁe' chly existing
solutions of the_éampling:t&me problem (from the numerical
f;bustness point of wview) are thoéq‘givep in this chapter,
to the best of the knowledgé of'the'author.

The -second problem of transformation of dib;rete—time
models to their c&#ﬁinuous—time e&uivaients is solved in
gimple agd attractive way. Thislmethod hag been gathered
"muech popularity in recent times due t; its efficiency,

accuracy, knowledge about .the error bounds and above all the

" computational simplicity.
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: Table 771
Results of parameter egtimation for

(IR
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different éampling

intervals (discrete—

time model)

T in - No. of Actual sys. Estim. gysg. Error
secs. AT samples parametersg -parameters "Norm
T used SNR = 10dB
0.01956 - 0.33470
—0.0194¢ —0.334@0“
0.01 0.03 15000 -1.95064, - =1.10665 0.5859 .
0.95123 0.11055 .
0.16006 0.33470
~-0.15223 -0.32924 .
0.10 ‘0.3 1560 ~-1.55955 -1.47701 0.2153
0.60653 0.54538% :
0.21518 0.22262
-0.19953 - =0.21457 .
0.15 0.45 100 —~1.37845 - =~1.28353" 0.1114
0.47237 0.33768
0.25746 0.42486
-0.23267 -0.38489
0.20. 0.60 75 -1.23267 -0.81855 0.4198
0.36789 0.05908
Note: The parameter error norm is the same ag that given by
(4.8.2) . The order in which the Parameters are given is a
45, b ~noisge ratio.

1 and b, .SNR meang signal-to
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Resultg of parameter

Iable 7.2

~
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estimation for different sampling

intervals

(continucus—time model)

T in

secs.

A_T

No. of

samplgs‘
used.

Actual sys.
parameters

.Estim. sys.

Parameters
ENR = 25dB.

Error

‘Norm

0.45

0.60

1500

150

100

75

.2.0000

1.0000
5.0000
6.0000

2.3091
0.1173
2.4385
2.3367

2.1119
1.2731
5.1487
6.8843

1.8934
1.1001 |
5.1991
6.3718

0.6843
0.3978
1.6103
2.3817

0.5609
0.1162
0.0559%

0.6358 -




P
.xy~ - -
. . IABLE 7.3 o )
Estimated poleg of the p—plane model with-T:0.0l secs.
and contraction factor = 0.93
SNR in Estimated p—plane poles . Actual
dB. Max. likelihood Gen. least sq. Values.
Method.. ‘Method . <
. 14.100836 14.29327
13.901899 - 13.818845
30 3.669893 =* . 3.7000001 = 14.098499
j2.88B1432 . - §2.791838 13.916307
: 3.664604 *
13.814432 ©12.999415 32.873147 . -
- 13.001337 - 13.007719 ’ .
15 . 3.441837 * . 3.404149 =
1 §2.778108 ‘ ; j2.616337 .
. TABLE 7.4 ‘
The optimum value of the sampling interval in different
. cases
= “‘9.
SNR™ in”’ Max. likelihood Gen. least sq.
dB Method. Method .
30 0.02141 ' ~ 0.02122

15 0.02022 0.01933

RN
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TABLE 7.5 e -
Estimated poles of the z—plane model with T=0.01 secs.
SNR™in . Estimated z—-plane poles Actual
dB. Max. likelihood Gen. ledst s8q. Values.
‘ Metfod. . Method .
1.118442 1.347816
: ‘0.819018 . _0.743533
30 © 0.483744 = 0.412439 . -~ 0.999001
o j0.637551 N JO.574483 0.998002"
C : C ) : ‘ .0.893551-:
. T _ . 50.142470
procedurées failed due to numeical '
15 instability
3 i " - I—A.—B-l‘-E—T"—é
CPU time {(secondsg): requirements for different procedures
“ . . of identification : '
: g ,E(SRR'ﬁ'SO dB, T = 0.01 gec)
Max. limelihocod . . Gen. least squares
z—plane _3.24 - : ) 2.11
P—pPlane

e =.0.93 ' 16.29 ) 15.15

Al
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Comparison of -various transformation algorithmsa

in terms of acuracies and ‘computational regirements

"Hung " -Sinha and

o Proposed
- - et.al. Lastman 7_»Algorithm
Comp. Least " Fixed point Direct Chebyshev
method Squares ' iteration "Expansion Approx.
’ - 13 terms’ .13 terms-
- v i _3 _7 -S —6
r(AT:AT) 4.23x10 -1.38x10 1.01x10 - '7.33x10 .
- S ' A ' —&
HEATCLy ] - - 1.26%10 8.89x10
r(BT-BT)-  7.6lx107° 2.15x107°"  2.43x107" 5.34x107 "
E ' ' ) S o —6
e - - . 5.49x10™° - 8.97x10
‘Number of
"Matrix Mult. - . 22 14 9
Numbper of )
Matrix Inv. vo- 3 0 0
Note: r(.)'ngpresents the spegtral radius
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Fig.j7.l Regiona in the z-Plane

where the Eigenvaluez of the

Discrete—time Model of a Stable System Must Occur

for Different Sampling Interwvals
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. S CHAPTER s

.‘ o CONCLUSIONS AND RECOHHENDATIONS

.

'8.1‘Conciusfoﬁs :: o i; o ‘:4‘ . . Lt

-

In this thasis,fgan~ effértflhaé- been made "towards

;;obiéfning the robust sSlutiOns .of various proB%emﬁ“wigb

ideﬁtif;ca;ion and control cf practical systems.l The major
"'émphasié. has "been on.. study1ng the effacta of ncn normality

‘_Qfxthe data’on’ xdentzfication and tHh ,lntpoductzon_'of new

~

' .6n;ilne' aﬁ@ -off line 1denti£ication " gchemes which ' are.

,-protected from spuriOus data (outlxera). ,.3.,3' J

The discusszons presented in chapter 2 sxve Ta brief

- ' a X 1K - -
idea cf tha existlng robust statxstxcal methods wh;ch may be

-

. apg}ied T to ‘system‘ identification and aignal processxng

" problems. However, it is to be pointed out .that some of-
. ‘ - . - w -
theae -hetﬁods férér omplex from the computational poznt of'

- view. As a result one ~may - thxnk that ithe'.computatlonaI.

+ v

iequirements not worth the extra accuracy obtazned by u31n3|

T - - ..
“

- >

robustﬁmethods. Thzs is not quita true smnce one can reduce”

the computatlons substantially by 1ntroduc1ng ome extra.

. ,,

" techniques, approxzmatxons pr 31mp11f1catlons.j.For;examgle{‘

-
M

see Tiku’s linear approximation in chaptg;tisikggéiléﬁelp
wé&ghted least squares ;ype formulation of the no; libeér ﬁ—
gstimation problem in chapter 4. Thus it is ﬁlear that 4n
most of the‘ gituations robust \\métﬁods can r@ace

173
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'c0nventional least squareé metﬁads. éffof;lessly with thé.:
heip;of‘proﬁbr-substitutiohé'or abpfdxiﬁatiﬁns.

The mo&ified-maximug-likelihoéd“(HﬁL) method, . which
" is Based‘on Eensorad”aamples of order st;tistiCs..'is -used -
‘for the first time in the context of sysgem:identification
iﬁ:tgis thésig_{chépégr'3);V‘This'mqthod takes only éimoat
"éamé'CPU time és the ponvenﬁional-maxiﬁﬁm iike;ihood methbd}
cat leasﬁ iﬁ the c§§;Aof siﬁgle'igbﬁi singlé outpuﬁ systems.
The draw back éf‘thisfmethod is'ihe‘féquirement .of several
samples of ‘gbéef%ations'.at egch.time pdiﬁﬁ, which ié*ﬁhe 

-general drawibéck of any methodé‘baseﬁ on §rder_ sta:iétiﬁs:;”
However, situationgiexi;t where‘er-useé-sévéral tfén;dﬁcergﬁ
tc get the same'dgﬁé. 'or-data-OQGr Qe?éféi exPeriments'cﬁ
the system. The MML method is. well suited for such

gsittations.

Several robusts ocn—line parameter identification .
algorithms are introduced for the first time in chapter 4
and 5. It is obvious that the cheice of a ‘particular
algeorithm igz. entirely dependant -on the context- of
application. For example, if the measurement noise is highly
dnterfering with‘the_data. the robust instrumental variables
method is preferred to the robust weghted least squares type
methed but with anl extra effort in generating the
instrumental wvariables. But the key point in all these

algorithms is one and the same: that is to say; poging the

non linear estimation problem as a weighted least squares
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. type problem. Here.':the ﬁeighte _are chosen in such a way

that - the necessary condition of optimality is satisfied 80
that the resulting estimates are aeanbotically equivalent
to the.H—estimates.

The convergence of  the "recdrsive-,algorithms are

'estaolished theoreticaily. The tools used for - convergence

analysis are quite well known and standard(eg. the method of

. algorithm -convergence’_in' the mean gquares sense under
- relatively ﬁeak assumptions. Hoﬁever,.the-convergence of the

'robust instrumenﬁal variables method 'is not proven to be in

';'probability)"under not 30 weak aseumptions. At this point

cfurther knowledge about the convergence properties of the

"robust:instrumental variables method is far from obvious.

.Tne simplified robust algorithm'(which is'derived in

a Bayesian abproach) presented. ‘in chapter 5 1looks very

.promising. In fact, this may be the simplest and the most

straightforward robnst identification algorithm existing.
The ‘advantage of this method is ‘its ~versatility. 'An
immediate extension of this robust estination algorithm ‘'is
to robust Kalman filtering #nd joint parameter—state
estimation.

The efficiency ofﬂthese robust Jn—line algorithms is
alsco discussed in a very.general set up. The generalized

Cramer—Rao 'innequality is wused for this purpose. This

method is quite simple but has a draw back from the point of

.Roobins and Honro). The weighted 1east'sqnares-tipe robuet-

'ﬁfquadratic qgan ~but slightly we ak (i.e., conyergence in



:view that-only a “bound’ ie;used to evaluate the‘efficiency.
'lhe thecrems preeented in chapter 4 (theorems 4 4 and 4.3)
land saeveral illuetrative examples give good ineight into the
advantages and disadvantases of this approach.

Another' important' achievement Presented in this
tneeie is. the introduction of a robust bootstrap algorithm
for the Jeoint estimation of parametere and sgtates of 3
Alinear system, -which may be multivariable in structure. as
far as the author 1is aware, thie‘ is ther first robust
.algorithm for this purpose. The treatment ot thie aléérithm
is. quite wide and general eo that other existing bootstrapP
algorithms are only spec;el cases of thig 'method.‘ This
‘alsorithm is extremely uaeful in adaptive control w1th state
_variable¢ feed Dback. The .Proof .of convergence is wvia.
' martingale theor}land thig is the most accepted method for
'anaIYzing Pseudo linear regreeeione (PLR); ‘The poeitive
'real (caueality) condition for the convergence of the robust
bootstrap method.isla typical sufficient condition for the
convergence of. any PLR’B. Attempts to weaken this etrong

condition are yet to be Bucceeded. 7 .

with "their non robust counterpart when the data actually
enjoy nomality. ' However this is not a major drawback if we
have enocugh data reoints, which often.the cage. Also it ig to

be remembered that in practice the data aQailable are seldom
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normal.

The resal life example of ideﬁtifying a - packed bed
chemical reactor . gives a good physical feel of the
application and performénce of the wvarious robust"keéursive

"algorithms.

It is also important to note that the robust

identification algorithms presented in this thesis require

only minor modifications of the exisating software:developed

>

for the conventional (non robust) identification algorithms;

Numerical robustﬁeéé aspects in the identification éf.
. continuous—time syétema described in chapter 7 is one”of the
very few studies made on this topic. The Boldtions presenEed_"
to the gsampling time choice-ﬁbroblem. eventhougﬁi gd—hoc.'
provide reasg;ably good tools for the practising‘peopie to.

tackle this difficult problem. To the best of the knowledge

of the author, thegse are the only reported solutions~t6 tbeﬂ' 

the problem of optdmal choice of.sampling intéfval._
-Numerically .;ttracti§e meéhods féf rtrénsforﬁing
discrete—time models toc their _continuo#s-time;_équivglénts
are also p;esented in chapter 7 ,.-They are siﬁplé go use
and devp;d of _any complex matrix compuﬁatgoﬁs iikg
.eigenvalue détermination and inversion. Thg compact'éfror'
bounds on the transformed matricéé- can also-ibe. e&aluated‘
eagily.” 1t s alse noteworthy ﬁhat thése are:thg oﬁiy‘

methods where error bounds on - trangsformed matrices. are

available.
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_ingyz,sugxestions for further research .

.-fﬂé:vaéioua'diégdséiona ﬁrasentéd in this Eheéis_o§qﬁ'
‘éevéfal; chgiienéigélproﬁlemsf'lSomeéof thé inﬁéreéting oﬁgg
are ehumerated.CQdcisely.belcw. —

(1y. Apﬁiié§££§h  of othef‘fobuat methods (éee.éhapter_2jﬁ
te the 1d§ntifi;ation- problem.” This. may requirg somé_
éépfdxi;étiéns'_o; ;ubstituﬁiohg which are‘aPplicable in tﬁe
_context -df éystem,_.idqntification for c§mputat}onél
B;mplicity.  - ' - | N |

(2). Hultiva;iable,version_of-the MML method introduced '
in chapter 3,‘ éonsidering the properties 6f :m.tlt:':i..‘:‘\ansn:'i‘.at:.t':.'.T
d;stfibugions; .Onéfmax a&op£ the approch of Abfahgm-gndprx
(19?5) fo}'this purpose. | . |

(3).- Tﬁe multivariabie. versioh of the we#ghted least
équarés type method intfoducedxin qh;ptef'é. Note that in

" multivariable case there will be ’;ohpling of noisge’ which -

adds extra complexit& to the robustness prpblem.r Thus, a

fcarefﬁl look at-this,problem shows that the e;;ension of the
éipgle _input single output (SIS0) .- élgorithm to the‘
muiti;ariablé chae'is not concgptually straightforward; One
éoés;ble--papé;:.£ha£ .may help the interested 1is”due to
Réj%ﬁaﬁ«and Sinha (1977). . i |
‘igéi.l.Extension of tﬁé-;dea presented in chgpter 4 to the -

Kalﬁan'filtering problemfﬁ.Noté_that in the case -6? Kalman

 filter, -the wsight- matrix -e(t) iz a .function of the

. . L . F-d
prediction error.. Hence one really runs into difficulty
here and the solution to this problem beéomes..quite

o
[

»~



'.challengingo [Note that “the -algorithm in chapter 5 ‘can  ‘be

_Q;easily ‘extended to the Kalman filtering- problem unlike thew
{algorithm preeented in chapter 4]. A reference that may give';
.some idea -forj hendlins thie' prohlem is Boncelet . and
ﬁDickinson (19831. -.,,H e "

(5). Derivation ~and analysis of SISO and multivariable

-.':PLR'B baeed on. the algorithm in chapter 4.l Forrexamlpe} the

\:analyeis of the bootstrap algorithm utilyzing the estimation

algorithm in chapter 4. is vary complicated due. the fact that'
the the regreesion;vector.'iﬁt)-.and the weight 'c(t) . are
'coupled onlike:‘the hootetrap algorithm in .chapter 6.
Needleee to aay.— a'multivariablelversionlof'thie algorithm
will be ‘a- much—more complicated one.‘ ;
(6).' Al general robust method for identifying time varving
eyeteme. [See the algorithm in chapter 5 for tracking time.
varyiné‘ parametere for " the simplified case ].- Alsce the

recent paper of Koracevic and<Silipovic (1585) _is ‘a good
reéerencehin thieltopic,f o |

(7). Application of‘the‘robuetYWeighted least squares type
method.to'ladder (lattice)-etrncturee (eg. Goodwin and Sin,
1984) in the context of adaptive filtering. This will be a
good achievement for biomedical Bignal proceeeing._

'(Q). 5 more. mathematically 'rigorous treatment-'of;_the'
sampling‘time problem. That is, one can_link theﬁword'lenéthr
: of. the _digital‘ computer ,used:'for pidentification'to the

eampling rate and get a more elegant solution to the'problem‘



" Goodwin- C1985). f,' L

1dentication. for further guidelines see the recent paper by

.

- " S e

G : R
» . B L et

These 'are"roughly ‘gome of the possible and useful_

extensions of the various results pnesented in the. . thesis.

-

A
Probably“ a sood way to conclude thia thesis is by -quoting -

‘John w. Tukey who contributed a ‘lot to the field of robust

estimation.-  -‘ﬁ“ — '-1‘-f
. ‘ _ o . . 'f‘_".-' o St
. ‘//-‘\ . K . P T .
"NORMALITY IS°A MYTH. .. IT HAS NEVER HAPPENED, AND WILL
NEVER, HAPPEN 1"
, o
. . N ;;;
. 1]
:2:\‘
N -

‘ 'f;-' ° : ,::' : —:“‘ .:__. ‘.: L w180
of the computationally optimum. sampling; interval fo}3“5'
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APPENDIX I

OUTLINE OF .DERIVATION OF THE MML

ALGORITHM

.

Conagider a Bimple'regrasaion problem

yick) = ox(k) + e, (k)

k

i

'ei(k) iz the noise

0,1,..-.N

.

0.1.....p'

assumeé to be nérmally

"

distributed with .

zero .mean and standard deviation g.z Also note that vy, . 9, x-

and e are scalars. Let at the k—th instant the ~ p "

observations y,(k)’s are arranged in ascending order and the

R c - - .
extreme r observations on each side are censored. Therefore,

we have

Yr+1(k? (.yf+2(k) £ . . . & yp_r(k)u

raking the likelihood

£y

LY

-
L4

(Iﬂzg'”

function as. the one described by |

< {3.2.5), we get. e (eaﬁimate of 8) as the solution of the

equation (Harter and Moore, 1§66):

p—r

N .
[3L/3e] = (1/0);2 x(k)§ E-rzi(k)ff r81(2r+1(k))
- k=0 _  disr+l
o | + rgy(z, (K))} =0 (I..D)
kh?re zitk) =w[yi(k) - ul/¢ ; . u and ¢ are the location.and

scale parameters, regpectively. _The functions gl(,) and

181
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‘32(:) are défined as
£,(z) = f(2)/F(z)
;nd hd

8,(z) = £(=2)/[1 - F(z)] ‘ ' (I.4)

where f(z) is the pdf defined by (3.2.5) and F(z) is itse
2 éumulative diastribution function.

Similarly the the estimate of ascale (6) 18 obtained

—

from . ) ) ' ¢

N : P-r ’ -

[aL/ae) = (1/0) § (~(po2r) + 1 2}k) - rz L1 (Rg(z L k))
' . k=0 ’ i=r+1 ’

+ rz R ck>g2cz (KN} =0  (I.5) -

“Nowlmake the approximation? (Tiku, 1%&67)
and’ '
82(;P_r(k)) =a + sz—r(k) | (I.6)
where
B = —f(E)[t — f(t)/q]/q } e = £f(t)/q - Bt
t' is determined by 1 - F(t) = q = r/p. T

-

Thus ¢ " and B are functicns cf the degree of cengoring (q)

'and are tabulated by leu (1967).

_Now (I.3) and (I.5) will be transformed as

N' . p;r

[3L/38] = (1/03% x(K){ I 2, (k) + PBLZ.1 (R + 2, (k)] = O -
k=0  i=r4l

(I.7a)



- -®
and N p—r
’ 2 .
-[3aL/36] a (1/6)E{-(p-2r) +-zzi(k3 - rc[zr+l(k) = 2y (k)]
k=0 i=r+l

+ rB[z;:I(k) + z;_r(k)]} =0

(I.7b>

—

From these equatiéng, the MML estimates of @ and ¢ are

immediately obtained as follows (Tiku, 1981).

N | _
I [x(K) — RIWCk) 4,»/’//
=0
o = (1.8)
N g : >
_2 o
SIoIx(k) = XX - .
k=0 )
p-r ' .
where  W(k) = ¥ Yy(k) + r8ly__ (k) + Yp—r (k)]
i=r4+1 -
| N (I.9)
and X = [1/(N+1)] T 5(k)

k=0

The estimate of'c (o) is obthined as the positive oot of

the quadratic equation;

2
A — Bo - ¢ = @ . _ (I.10a)

A = (N+1)(p-2r)



N
B= % ‘rc[yp_r(k) - Yo (k)] and
k=0
N P—r _
2 2 - 2
€= Uy +rBly 0 + v _0)])
k=0 i=r+1
) N . N
*OI/MDI L P00 -8 I3 x) - % 17

‘'k=0 k=0
© (I.10b
_ @ ¢ )

-~

Finally the wvariance of & iz obtained as (Sarhan and

Greenberg, 1962)

V(8) * o/ H(x) where

N
HOx) = ([ § xCk) = % 1°3(p = 2r + 2ra) (I.11)
k=0

»

By changing x(k) and 6 te k) and 8 (vectors) respectively,

one gets the resuylts deg}cted in (3.3.7) throuéh‘(3.3.17)

4.



APPENDIX TT

~ PROOF OF THEOREM 4.1

*

%e‘hafa from (4.4.9a) that

- - P(t=1)&(L)[y(t) - 0T(t)é(t—1)]
o(t). = a(t=1) +

(IX.1)
[1/aCt)] + #TCEIP(t—1)2(t) .~ '

Denote €,(t) = & (t)8(t=1) — y(t) = —e(t)’
‘ (see lemma 4.3)

Then (IXI.l) can be written as

- - - P(t=1)#(t)e, (t)
8(t) = o(t-1) —

(I1.2)
[, (E)/¥Ce, (E))T + &7 (EIP(E=1)4(L)

Since ¥(.) 1s odd o(T) = [e(t)/¥(e(t))] = [&;(t)/¥(e;(£I)].

Let 8(t) = e(t) — 85. Then

_ . . PCE—1)8(E)¥ (e  (E)) :
g(t) = e(t-1) - (11.3)

1 + a(t)el(t)P(t=1)a(t)

Let d(t) = 1 + c(t)4 (t)P(t=1)a(t) > 0 % t ¢ [0,=).

-
.-

From (II.3) it follows that

ECBT()B(£) 18(t-1)1 = BT (£~1>%(e-1)

+ #TCOIPCe=1) T8 (EIEL (¥, (e, (1)) ) 18CE-1)]

—_—

~2E{¥, (e, (t)) [8(t—1)1¢T (£)P(£—1)B(t-1) (II.4)

185
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-

where ¥,(e;(t)) = [1/d(t)]Iv(e, (L)),
Let ‘

o ,
E[8T(£)8(t) 1= V(t). Then from (II.4) we get (by taking

expectation again)

V(L) = V(t-1) + p(t) —2q(t) (11.5)
where
T 2 ; 2~
P(E) = E{e (£)[P(t~1)1"#(tIEL{¥,(c,(t))} [6(t=1)T]}
and | ‘
a(t) = E{E[v,(e,(t))|0Ct¥1)I4 7 (£)P(t-1)B(t=1)) (I1.6)

Obviously, p(t) 3 0, d(t) > 0 and V(t) 3 0 % ¢t e [0,=).
Now, ‘
sign of (E[¥,(e,(t3)|8¢t-1)1}
= sign of {E{w(s7(t)&(t-1) - eft)]}. (II.7)

assuming ¢(t) and e(t) are iﬁdependent and E(.) is the
expaectation with respect to the measure defined in section
4.5. Applying lémmé 4.2 on (II.7) it can be eagily verified
that q(t) 3 O % t ¢ [O,-).-

From (II.5) we get

£ t
TV = VAL 4§ p(n) =2 § q(n) 300w (11.8)
oo n=2 n=2 ' ’//\\
from which it follows that o \
t - £
Cl.a(n) € (172)[VC1) + T pln)]
n=2 . Es ) ,.,:n=2 -

Let s(ﬁf;be béupded. From lemma\4,3 it follows that {ﬁ(h)}
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e - LT e

converges and hence {q(n)} converges.

IR

Therefore, lim V{t) WV ) 0 exists.

Lo I
t RO

~- " Soderstrom, 1983

.ﬁaj_ _;tie -?YIIﬂ9szw

So, ‘it follows that lim-g(t) {fO“ = . -
. . \ Lo - e o ~ - A_ X .
which implies o o S e ' . . -
. Dg(ey = e Tt sl (II1.10)

© k=1

" Using (II 8). (II 9) and (II. 10){

(1951) it follows that

from Robbins aﬁd Monro

=

L

' .Now the scalar multlﬁlzer eequence of the algorithm (II l) ?j
[S(t)} is such that Tsee Ljung and Soderetrom 1983; Poljakﬁy;nf
" and Tsypkzn, 1979)_ - A atﬁfu'“- G .
g(t)\—,\‘ —_ - —
. [l/.c(t)] PP (t)P(t—“l)i-(t) -
e e . L
?‘ - T, s T . ' -
I + G(E)$ T (EIP(E-1)4(t) )
is non negegi%eﬂ¥'kf£"[5 -i””‘ye. h s i
From 4damma §.3; tracaP(t) < trace P(t l). f “:} ¥ X .
Therefere if | . .i' N ;ﬁ”~ “T“"ﬁf\.?\ - s ;'
. ) '2: _— ;u ~ ) ' N ~
‘lim sup (I/N) E [#(L) ... < = o .
Nee . ' Lt=l S me loinm T
we see that * lim éT(t)Pttil)éft).hg-;(eﬁg,:-Ljuﬁg‘and; —~



o T ) . lim V(t)
““. v v.; ° . o ot :
:T-“.. .A‘ ﬂ'.“-’ o t" b
) . L
‘ which means
e -~ - 1lim e(t)
. . B -
b -
- - * v - )
b
(S

o
-]

in quadratic mean.




APPENDIX IIT

" PROOF OF THEOREM 4.6

-

We have from (4.9.3) .and (4.9.7a)

B(t) = B(t-1)

PCe-1dg(e)[#T(E)8, — &7 (£)BCE-1) + e(t)]
. |

[1/a(E)] + 1 (£IP(t=1dg(t)

(III.1)
Let B(t) = 8(t) — 6, and
a(t) = [1/a(t)] + &  CEIP(E=ldE(t) . ¢
‘Therefore from (III.1)
_ o CPCt—1)z(t)eTB(e-1)
B(t) = 8(t-1) - |
d(t)
P(e-1)g(t)e(t)
+ .

) (III.Z2)
d(t? '

Now we construct the é}ror .function‘, algo lpopplar as the

‘Mahalancbis distance'r(cf; Vinod and Ullah, 1981)

vy = BTeeyrpeed1Tiacey = BTCORMOBL) 2 0

and define AV(t) = V(t) - v(e-1y.

i.e.,

aveE) = BECEIIPCE)1~18CE) — BT (t=1>[P(£-1)1718(t-1)

(III.3)

. e
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" Now applying matrix.inversidn lemma on ‘eqnsf 64.9573)'»and B
(4.9.7b) (qee Goodwin and.Sin.'19845/:
BT(t) ="P(E)[P(t-1)} 1&t-1) o (111.4) .

Therefora from (III.3) and (IXII.4)

avery =(87(t) - 8T ce-1>17rpce-1>1718ce-1)  (III.5)

Using (ITI.2) and (III.5)-

BT (e—1)e(t)e T t)BCE~1)

AV(E) = -
dce)

e(t)eT(t)BlE=1) -
+

£III.6)
aitd
Let us denote AV,(t) = AV(t)d(t) .
Let F(t) be the increasing sigma alggbra compfising of the
instrumental wvariables and.observaéions upt?-time t. vAssuﬁe
_thét g(t) is adapted to F{t),‘iwe.,‘F(t) measuréble.
.Also remembering. that for any 'random variable
x=(Q,F,P) - ﬁR,Hﬁ) {where (Q,F,P) 1s tﬁe probébility gpace
"énd (R,Bg) the Borel field] such that the induced
‘probability meaépre Px defined by
V A e By, P (A) = { f(x)d(x) exists by virtue of °

A lemma 4.1 (Loe’wve, 1977).

-

Under the above circumstances
E[AV,(t)|F(t)] exists and its valué will be equal to
- lce-Lrecere T (0)BCE=1) (III.7)

if z(t) and e(t) are independent aﬁd e(t) has zero mean.

-

»

w
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Note that (III.7) ig always negative defenite V t e [0, -)'1f '

TR ),z (E)> > 0 Tt £ [O -)

.and | - N o \ - 1. ' .:‘ ‘ ". ) ..i
lim sup (1/N) T H(E),L(t)> < =
N N". b t=1
The lateer along with . . s
{1l/a(t) < -

ts[O -)

ensures thet-O <d(t) < = ¥ te[0,=),

- Therefore the error function"(nahalanobie diastance) is

éxpected to decrease with reepect'to the increasing s;gma

algebra of observations and- this ensures the. convergence of"
the robust Iv algorithm 1n probability (Mahalanobis. 1936;

Lukacs, 1975) whiech means

I N: ¢ > N.‘E{V(t)IF(tjj < 4&; . >0 ang arbitrary smal;

i.e., lim é(t) = eo in probabilfty. .

t v

}



.. . .. APPENDIX IV

- PROOF OF THEQOREM 6.1

- To: begin with consider the following. theorem (Ne’veu,

1975) .

-Theorem A-IV.1 ~ ’ C T -

Let {V(2)}, 'Iéi} and. {s,} " be sequences of random

variables adapted to a QQqueﬁée of 1ncreﬁsing sfgma'alsebras‘

FCE) (1.6, V(E), '8, '8, ¢ F(&)] and E[VCE) [F(E-1)] ¢ V(tal)

+ 8; ~ 8, gﬁd. ' e . ' )
" I 8y < = with probsbility 1 (w.p.1) o o
k=1 | s o

then  1im V(t) +V ‘and * f g, < =
Lo - "‘_Fél' with probability 1 (w.p.1).
Now we proceed as,follbwé:
) .2 2 . .
Denote A(t)== [1 — &(t)Jo; + &(tdoy + ¢ (LIP(E—-1)e(t).

*Then from,(S.S.llj we set‘

- . \ . ‘ .
8(t) = 8(t=1) + [1/ACt)IP(t=1)8(t)[y(t) — #T¢£)8(t=1)]
| (IV.1)
Cand PTUCE) = PTU(e-1) + [1/aCe)lecereTey Coavez)”

Let Bo be the actual parameter vector and define
Bt = o(t) — ec and construct
- -l ~ - -
vie) = ()T ()B(E) > 0 ¥ £ £ [0,=) -

192
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Subtractins 6 from both sides oﬁ (IV 1), pre—multiplying by~
(t 1) and denotins {y(t) - 6 (t)e(t—l)] = g(t) we get
(t—l)e(t) = (t—l)e(t—l) +[1/A(t)]§(t)s(t) ;
Adding [llﬁ(t)jf(t)ﬁ (£Ya(e) on.both;sides. pre—multiplyins
by §(t) §nd uéiﬁ#fthﬁ matrix inversion lemma -
vi(e) = v (-1 + sTrecraeDy + Boecect)
+ BT (trece) )’ - ATCOPG-DIEEIE (L) 1 . (IV.3)
whérel'v*(ﬁ)l= VCEIACEY > O ¥ E & [0,m). |
Haking a substitution in (IV 3) that
8 (t)i(t)e(t) + [e (t)i(t)]
= #T(IBEI (3T (E)BCE) + [e(t) — e(t)T} + e(t)FT(£)IB(L)
| | - o (IV.4)
and'ﬁoting Ehat (a few steps are omitted here for brevity)
CECe(t)eT(4)BC(E) [F(e-1)] « aT(LIPCEI(EI[ (1 vios + o] °
where v = prob[d(t) = 17 S (Iv.s)
- we get the following_expressioﬁ-after some simplifications.
E[V (Y| F(e=1)] = ;\T*(t—l) —ZEfP(t)’QCt)IF(t—l)]

+ 287 (EIPCEIS(ED[(1- u)c1 + U62]

— #T(EIP(E-1)#(EIELe (L) IF(E-1)] . C(IV.6)
. where p(t) = — #7(&)B(t) and ' (IV.7)
Q(t) = e(t) — e(t) + (1/2)8T(t)B(t) ) (IV.8)
Introducing - |
N |
AUCEY = V(E) + -[2/ACt)] § pCkIq(k) S (IV.9)
k=1

-and noting that vICEY = ACEIV(E),

-



-
-

- :/_

ECAV(E) |FCE-1)] ¢ AV(E=1) —. [1/ACE)TAV(E-1) # Y(E) -(IV.10)"
S | AR A -
where o o ' N .
: . ‘. -2 2 A i . S
Y(E) = 28%(EIP(EI#(EI[(1— v)o), + vop) € 0 (IV.11)-
Noq we claim ‘ N . '
I y(t) < = énly if O k'ci;ci < -
t=1 ; . - L Te

. . T 1S .
. The proof can be as follows (similar to the proof .of Lemma

4.3):
#TCEPCEI T RCEY -+

S #T(LIP(LIP(E-1)4(t)

trace[P(L)#(£)# 1 (t)P(t=1)]
= [traceP(t-1) — traceP(t)]d(t) N | (IV.13)
where d(t) = [ 1 - G(t)jai + d(t)ci 1. | |

Now Trom the above steps it follows that -

E#TCEIIPCEII (L) ¢ max(oox)[trace P(0) = P(=)]
“t=1 ‘ -

2
< = only 1f O < ay,05 < =.

Now

1
- -

T2 02 T
I y(t) £ 2max(g,,0,)I ¢ (LIP(L)He(t)
t=1 t=1 B

-

But

eTCOIPCEIS(E) & 1P (R 1187 (I [PCE) T ()

(where {|.]] is the operator norm)

which shows that

BT



ITCOPCE-1D#(E) - ¢ I tracelP  (£)J¢T(EIIRCEIT #(t)
=1 " e S \ |

_and the result is immediate.

Our naxt-éém is to éhow the conditions in ﬁhich AV(tj '

will be non negéti#ez We conaider two distinect cases.. -

3

Case (i) : The observability-canonical form: .

.. Let U(t;I) and. E(t-1) be as definea'by'<1523;15d)
a;d ilSiB-iSe)ntespectively; In aadition. defipe‘ |
E(t-1) = [e{tfl); e(t-2), . . . . eci—n)j ‘ (Iv.i4)
we have.s(t).=VGT(E)[GO"—‘B] + f*z<?>“ §T(t)]eo‘+ eft)
SR " (the subscript 0 ﬁeans ftrue value)
= xT(t-n)[3, — a] + UCt-=1)[B, — 8] \
r BC1[Ey - T1 4 [xT(ton) — xT(t-n)1F,
‘ . + [E(E=1) = EC(t=1)IT, + e(t)  (IV.15)

[20,- s, EQ, B, %, and ¢ are. vectors and from the
. canonical structure (6.3.9)]1

After some. straiéhtforward simplifications we get
the following relationships.

-

C(Z—l){ﬂ.(t) — e(t)j = ;:T(t—n)tﬁo—- E]
n

, 3 gl K
.= ) Y. . ‘ (IV.16)

-

f
[ 2

+ I8y, = ByIh (= duCt—8) + (&, , — £,73, (=" det=1)
1 =1

where C(z7") is as in (6.3.5) and

o —
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'7aj’§"arefgivéﬁ by (6.3.5)f

- | I 156
S
. _-5n;i. .
s . _1 ) ~f:" . o __j
| = li(z Y =1 o~ {ajz\ . (IV.17)
L =

)
*

Thu?lwe can write ;(t) = —OT(t)H(z_l)(e - Boi + e(t)

-Where‘F. . . . ‘ ///\\
) ‘ . . - - ) - ' e
S L 1 .0 o
-1 -1
H(z ) = ([l/c(z”")]-|0 - D 0
v 0 0 DJ * -(IV.].B)
where
- AI(_z_l) B
=1
Adg(z )
D= | o -
=1
0 xﬂ_l(z )
b

From (IV.17) and (IV.18)
: i _
q(t) = [H{(z ) — (1/2)I1p(t).
Now from (IV.8) it follows immediately that

AV(EY > 0 if'Real[H(z—l) - (172311 > oO.

Case(ii) : The observer canonical form

Following exactly as before (buE gimplifications are

easier here!), we-get

n
-1
Clz Dleft) — e(d] = I{a, , - a, Jy(t=%)

-



- n - - n )
+ Iy ¢ = byJuCt=1) + flke-y = ¥ JeCt=1) |

e ™

'Hence H(z—l) = [1/0(2_1)3 - . f

-

{.e., AV(t) > O,.if_.Real[1/C(z™") - (1/2)] > O.

which is the same causality condition for the convergence of

'the extended leasthgquares algorithm. -

“Thus we have |gshown that in (IV.10)

Iy(t) < = and _AV(t) > 0 ¥ t £(0,=)
=1 '

sub jected to 'CEEEEEP conditiong derived. By applying

Ne’veu’s thecrem in (IV.1l0) we get

T [1/ACE)Y]AV(t=1) < = w.p.l
N\

hence
1im(1/ACt)JAV(E=1) = O w.p.l.

t e

2
As A(t) < = ¥ t £[0,=) 1f 0O < 021, Ca < = and

. t
l1im sup[1/t]5 [&(n)|- < =.

e n=1
Hence it follows that

l1im AV(tY = O w.p.l.

t-g-



~
4 .
S

R : - . . ~ ~
Therefore it -immediately follows from (IV.8) that
: l'imr v{t) = 0‘ ..w,p.]__:u . ;
e . ‘
from which it is clear that
lim o(t) =6_  ‘w.p.l.

L

and:the:proof:ié cdmp;ete;




T~ | MPPENDIX V_a

FIXED POINT ITERATION SCHEME OF SINHA AND LASTMAN

“.The fixed point'iteration of Sinha ang Lastman (1981)

can be briefly put as follows.

(k+1) (k)

(AT) ]

(aTy®) 41, pmlpto . (V.

= @D 4l _ g

h-

where 'fAT)(k? is the wvalue of AT a¢ the k—th.
‘iteration and
F;k)

(k) (k)

= ExpCamy )y 2 1 4 (amy @O | (1/2050¢any*32 0
' | (V.A.2)
This will work well providgd

‘fa) if T 1ig choseh guch that the spectarl fadius of
AT < 1, which will be fulfilled if T natigfies the condition'
given by eqn..(7 2.7 and
0y

(b) the initial valud- (Ar) s good. Sinha and

Taylor series expansion _of Exp(AT) and Exp( (AT)) éftér
three terms .or (AT)(O) = Z(F -+ I) (F + I) baaed on the
Pade’ approximation qf, Exp(AT). ' Once AT ie':db;siﬂed by

uzing the aboveValgorithm. B can be calculated as

B

R 1g

where R = [ I 4+ (1/21)(AT) 4 (1/3!)(AT)2i+ - - . IT.

.
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ﬂ?, An aléebraic ;Pproach ﬁs;;s:the trapeé&idal‘.rule l;fﬁ
InumqficaIMintag;étion ;s_givé;}g§’Hﬁ;g et al. (1980)~:Itkc§ﬁ-
be . ;on;ddered~¥s a combination of the bloék'puléevtechnique.
‘;;dlthe;fn:érq;LEfaggag;éal rule (Sinha and Lastman, 1982)
. . fgo;fgg;:dlscr;te—time atate equations we obtazn
¥g; 'jfpﬂ:if"ffif' kT+T T KT+T o
kD)= x(k) Earers x(t)dt + B futt)dt (V.B.1)
S LSRR -,k: . kT
Tf‘us£ﬁ3 tf$§;£oidai rule of 1nte§;ation .
R x(k+i) = XGOS (1/2)AT[x(k+l) + x(k)] |
'aglf;.;:; ;r,?-F_< o+ (1/2)3T[u(k+1) + u(k)]::r(v;B,ZS
whieh.;fte;-somé.Eea;raﬁgements g;ve f_ o ':f .' ' l- ..q‘

LY

A[x(k+l) + x(k)] + B[u(k+1) +’ u(k)]‘— (2/T)[x(k+l)-— x(k)]
T L '~‘|. f"_ f;,&g.f";n‘ﬂ\ €V.8.2)
Using samples of the lnput langf;gheﬁ states Wéﬁ‘cani

- . P -~ -

obtain 1eas§, Squargs estxmates ofa-theﬂpérametersfofiihe .
_matrice A and B. However 1t .should be emphasized that. ‘this
 method . requires _the  states of the ‘system. and 1s_'ndt'

very -simple’ computationally .

L B
. B ; - ;
¢ - - -
. .
‘ . 200 g Tt
« 7 T -~ . . -
v ‘ . - : s
- = ~ » :
Ser
- i = - - -
. .
- _ . .
g N -
v - i
N - - ‘\
T
- o . : N - .
N - = R A
' . 4 S -
- v A .
Tomv R -
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