McMASTER UNIVERSITY
FACULTY OF BUSINESS

I

..... F{OCATION ANALYSIS OF A
DYNAMIC DISTRIBUTION PROBLEM

By
WILLIAM G. TRUSCOTT

Associate Professor of Production
and Management Science

FACULTY OF BUSINESS

McMASTER UNIVERSITY

HAMILTON, ONTARIO, CANADA

| Innis
;b

HB Research Series No. 155
74.5 June, 1979

-R47
no.155




ALLOCATION ANALYSIS OF A DYNAMIC DISTRIBUTION PROBLEM

«  ABSTRACT

This paper develops a mathematical program for allocating market demands
to'facilities, over a multiperiod planning horizon. In the model, demands
for the firm's product in a ‘given period are dependent on allocation decisions
-in the preceding period. .This feature is>seen as a mechanism for analyzing
the timing of mgrket share increéses in conjunction with conventional allo-
cation tradeoffs. An example is explored extensi&ely to illustrate the
potential applicability of the model, solution approaches for reducing com-

putational requirements are examined, and extensions of the model are presented.

This research was supported by a grant from the Natural Sciences and Engineering
Research Council of Canada, and by a leave fellowship from the Social Sciences
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INTRODUCTION

During the last decade, considerable attention has been given to analyti-
cal models for locating distribution facilities and allocating market demands
to these facilities, over a multiperiod planning horizon. One of the early
works in this field was presented by’Ballbu [1]. He developed a dynamic pro-
gramming approach for locating and relocating a warehouse. This research
generated further interest with respect to the definition of the state space;
and consequent computational feasibility of the approach, for the multifacility
case [2,9]. Since that time, numerous dynamic location-allocation problems
have been examined in the management science,; industrial engineering and othér
literature [eg. 10,11,12,16]. Also, the early dyngmic programming approach
for the multifacility problem has been extended and improved [14].

The model in this paper focuses on multiperiod allocation decisions for .
given facility configurations (ie. numbers, locations and sizes of facilities).
The choice of these configurations can be viewed as a separate, but>re1ated,
issue. Alternately, the allocation model can be considered as a foun&ation
for developing integrated 1o§ation-a110cation formulations to suit particular
circumstances. Since the model deals with allocation analysis for assumed
location decisions, it is intended for situations in which the choice of faci-
lities to supply markets is controlled By the-firm. Thus, the term "facilities"
1s interpreted more appropriately as plants or warehouses than as retaileut-
lets. 1In the 1at£er case, there 1s no allocation question as such; rathér,‘
location decisions are of paramount importance (eg. [7,8]).

A general description of the problem treated by the model is as follows.
There are 'm' facilities from which to supply a product to 'n' markets ovér.a
T-period planning horizon. Each of the facilities has estimated capacities

for each period. Demands for the product may vary by market .and by period,



reflecting changes over time in the distribution of demand across markets.
Within this framework, the objective is to allocate quantities of the product
from facilities ;o markets, so as to maximize total contribution (ie. revenue
received minus distributioﬁ costs incurred) for the firm.1 To this point, the
essence of the problem description applies to other dynamic allocation models
in the literature. The distinguishing feature of the model in this research
and its potential marketing applicability are discussed now.

Typically, multiperiod allocation models use parameter estimates of a
market's demand for the firm's product in each period. These estimates are
portions of the market's total demands. Thus, a characteristic of the "demands"
iﬁ conventional models is that they are indepepdent of the quantities supplied
to the market by the firm in previous beriods. For example, consider the
dynamic transportation problem studied by Bellmore et al [3] and by Szwarc
[15]. The dynamic'nature of this problem stems from the fact that the timing
of shipmentsris not nécessarily coincident with the timing of demands. Since
inventories can be accumulated, allocation decisions are related across periods.
However, the demand from a market in a period is independent of the portion of
the preceding period's demand that is satisfied. Srinivasan and Thompson [13]
-have presented allocation models for determining optimal growth paths which
have been studied subsequently by Fong and Rao [5]. While most of these models
are single-period formulations with which growtﬁ implications are analyzed
pérametrically, one multiperiod model is examined. This is the case of "growth
paths with prespecified market growth rates". In this model, demand parameters
for a market are incremented by a constant proporfion across periods. Again,
the demand from a market is not dependent on the quantity supplied previously.
In contrast, the model presented here is based on the concept that the maximum

volume that can be supplied (ie. the firm's demand) in a given period depends




on the amount allocated to the market by the firm. in the preéeding period.

"This "allocation-dependent demand" notion imparts a dynamic characteristic to

the model by establishing an interdependence of allocation decisions across

-periods.

The practical relevance of allocation-dependent demands can be seen by.

relating this concept to implications of market share changes. Rapid increases

(from: one period to the next) in a firm's share of a market can cause substan-

tial reductions in contributions received throughout the market. Such reduc-

tions may result from retaliation by competitors and corresponding reactions .

by the firm (eg. price or service competition in the market). The notion of

al]oéation—dependent demands in the model can be viewed as a mechanism for in-

corporating upper bounds on increases in market shares, beyond which extreme

competitive action is antiéipated. By investigating the sensitivity of

solutions to variations in maximum share increases and corresponding changes

in contributions, the model can assist in developing a strategy for timing

penetration into markets.

1)

(2)

(3)

THE MODEL

The dynamic allocation model is stated mathematically as follows:

T m n
Maximize 7~ = X y rijtxijt

Il t~13

t=1 1=1 j=1
subject to:
n
jzlxijt <ay,  fori=1,2,..0,m t =1,2,...,T
m

z xijl < AjlbjO + djl for j = 1,2,...,n




™

(&) iZl(xijt - Ajtxij,t—l) < djt for j = 1,2,..0on3 t = 2,...,T
and, all Xijt > 0

where: ZT =

present value of total contribution received over the planning
horizon

rijt = present value of contribution recelved by supplying one unit to
market j, in period t, from facility i

80 = number of units available (capacity) at facility 1 in period t;
. a >0 :
it -

b = number of units supplied to market j in the period preceding
10 ' .
_the planning horizon; bjO >0

Ajt = fraction of the quantity allocated to market j in period t-1

that can be supplied to j in t; Ajt >0

djt = number of units (in addition to the amount derived from A, )

that can be supplied to market j in period t, regardless 1
of the quantity allocated to j in t-1; djt >0

Xijt = number of units supplied by facility i to market j, in period t.

In this linear program, (1) requires fhe maximization of total contribution
received from all allocatioﬁs over the planning horizon. Constraint set (2)
enforces capacity restrictions at facilities in each period.' Upper bounds
oﬁ quanti;ies ;hat can be supplied to markets in eéch period are specified
by (3) énd (4). 1In order to state the model in standard form, period 1 con-

straints are specified separately in (3); however, both constraint sets have

the same structure when the constant b X The

m
is replacgd with 121 150°

10

"allocation-dependent demand" concept is contained in (3) and (4). This
notion and its market share interpretation now can'be explored in greater
detail by considering the Ajt and djt parameters in terms of more basic problem

data.
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Let
5) = '
(5 Ugp = By pog + TiedDye
where: th = upper bound on the quantity supplied by the firm to market j
in period t, beyond which average contribution would be
reduced
Sj -1 = firm's share of market j in period t-1
H
Ijt .= maximum increase in the firm's share of market j between
periods t-1 and t, before precipitating significant retali-
ation by competitors
Djt = total quantity demanded by market j in period t.

The maximum increase in market share, , may consist of either or both of

I,

two components: one that is a portion of the previous market share (I! _); one

jt
that is independent of the previous market share (Igt). Thus, a generally-

applicable definition of Ijt is:

(6) I ' + 1V

5 = 55, e-185e T Ly

m

Since Sj o1 = z xij t_1/Dj £-1° (3) and (4) restrict supply to a maximum of
’ i=1 s H

th when?
A= V ' -

7 Ajt (Djt/Dj’t_l)(l + Ijt), and
- ” i

(8) djt Ithjt‘

Considering the fact that I! and I' are components of a maximum increase

jt jt
in market share, it would be reasonable to set a lower bound of zero on both
of these parameters. While such a bound is intuitively appealing, one excep-

tion expands the model's flexibility. If Igt = -1, the effect of the previous

market share on U is removed and any allowable increase in share can be in-

jt

corporated in Igt. Since the firm's share of a market can not exceed 100% in




any period, there are also upper bounds on the values of these two parameters.
By compounding maximum possible shares over periods, rearranging terms and
factoring, the following conditions can be derived to specify this requirement.

/D

[byg/Dyplll + 11+ T§; <1 for § = 1,2,...,n

10
9)
/. 10T M+ T T @] |
[b,./D m@a+r1! + " m 1+ 71 + I <1
R L | I LS R L e -

for j = 1,2,...,n; t=2,...,T.

AN TLLUSTRATION OF THE MODFL

To demonstrate the broad potential-applicability of the model, an example
is given in Table 1. 1In this table, "basic problem data" includes data that

are used directly in the model (r and ait) and raw data (Djt, Iit and

ijt

I'.) from which the "derived model parameters'" are developed. The "optimal

jt
éolution" section of the table includes the maximum total contribution and
the allocations required to obtain it (all data rounded to the first decimal
place). The following elements of a scenario for this example indicate the
great variety of problem characteristics that can be treated by the model.
®Market 1; The firm supplies 207 of this mafket cufrently (bIO/DIO)' In any

period £, the firm can obtain 20% of the market demand regardless of its

: 2
0 " = 0 = . -
share in the previous period (I1t l.O,..A1t 0.00; I1t 0.2). This

capability of obtaining a significant share, at will, is due to the relatively
unattractive contributions yielded by the market (all Tt << rijt’ for j # 1).

Within the bounds of a "normal" 207 share, little resistance is expected from

competitors.

®Market 2: The firm does not supply this market currently (b20 = 0). Between

any pair of periods, an absolute increase of 10% in market share is feasible




Table 1

EXAMPLE OF THE MODEL

Basic Problem Data

i1 T132
401 2 3 4 5|3 YNl 1 2 3 4 5| %
1| 2 8 15 & 4 [ 150 T 1 2 8 16 & & 200
2 |1 5 12 7 31 25 2l 1 5 13 7 3| s0
33 7 10 6 5/ 300 3|13 7 11 6 5| 300
T143 Tii4
11 2 3 4 s 343 1 2 3 4 5| %4
1] 2 9 16 & 4 | 265 T 1 3 9 18 & 12| 350
2 12 6 13 7 4 | 100 2 ] 2 6 14 7 10 | 200
3|3 8 11 6 6| 300 314 8 12 6 91 300
e D¢ o
] o 1 2 3 4 10
T [ 100 250 325 450 625 | 20
2 | 200 230 265 305 350 0
3 | 600 720 935 1310 1965 | 60
4 | 400 300 150 100 50 | 200
5 | 325 350 400 600 1000 | 70
1 131
s Lie/Tie
. 1 2 3 4
1 [ =1.0/0.2 -1.0/0.2 -1.0/0.2 ~-1.0/0.2
> 0.0/0.1  0.0/0.1  0.0/0.1  0.0/0.1
3 0.0/0.0  0.0/0.0  0.0/0.0  0.0/0.0
4 0.3/0.0  0.2/0.0  0.1/0.0  0.1/0.0
5 0.2/0.1 0.2/0.1 0.2/0.1 0.0/0.0




Table 1 (continued)

Derived Model Parameters

353 %

Lt Ajt N djt
- 1 2 3 4 Y 2 3 4
1 4 0.00 0.00 0.00 0.00 1 50 65 90 125
2 ; 1.15 1.15 1.15 1.15 2 23 27 31 35
3 1.20 1.30 1.40 1.50 3 0 0 0 0
4 0.98 0.60 0.73 0.55 4 0 0 0 0
-5 1.29 1.37 1.80 1.67 5 35 40 60 0
Optimal Solution
ZT = 22,657.3
~t 1 | 2 3 4
j x311=3.7 x312=20.7
2 ; x121—23.0 x122=53.5 x123=92.5 x324=59.5
3 5 x131‘72.0 l x132=93f6 x133=131,0 ) ,x134=196'6
. : x241=25.0 3 x242#50.0, x243=85.8
! - ,
; x341=17l.0 x342=67.6
Xg5,-125:3 | %35y72T =L S| 153,
5 l ! x253=l4.2 x254=200.0
I C X,.,=300.0 x354=240.5




(Iét = 0.0; I;t = 0.1). The possible increase in market share is not related

to the previous share since the firm's "presence" in the market has no effect
on contributions generated by new business. This market is growing at a

constant rate of 157 per period (ﬁzt = D2t/D2,t—l = 1.15).

®Market 3: The firm supplies 107 of this market currently (b30/D Any

30)'_
increase in this share will precipitate substantial competitive retaliation

(Iét = 0.0; Igt = 0.0) because contributions from the market are very attrac-

. tive (all i3t >> rijt’
grow at an increasing rate over the planning horizon (A3t > A3 -1 > 1, with
t]

1 =
all I3t 0.0).

for j # 3). It is predicted that this market will

eMarket 4: The firm's current share of this market is significantly greater

than that in any other market (b40/D40 >> bjO/DjO’ for j # 4). However, %t

is anticipated that demand in the market will décline greatly over time
(D4t << D4 t—l)' The firm can build on its currently substantial partici4
9

" pation in this market without negatively affecting contributions. Market
share can be increased to the point where the firm supplies almost the total

: ’ 4
. . ~
mérket in period 4 ({b40/D40}{;£i[1 + I4tJ} 0.94).

oMarket 5: The firm supplies about 22% of this market currently (bSO/DSO)'

In each of the first three periods, a 207 increment to the previous market

share and an absolute increase of 10% are possible (Iét = 0.2; Igt = 0.1,

for t = 1,2,3). However, no further increase in share will be possible after
period 3 without causing a substantial reduction. in average contribution

(Ié4 = 0.0; Ig4 = 0,0). The reason for the distinction between periods 1 to

3 and period 4 is that contributions, and thus the market's attractiveness to
competitors, are expected to increase dramatically in period 4 (all Tiss >>

g for t # 4).

®Tacility 1: The firm plans to expand the capacity of this facility at a

. rate of 33% per'period (alt/a 2 1.33, for t = 2,3,4). Facility 1 is

1,t-1
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the preferred supplier of markets 2 and” 3 in all periods, due to its proximity

to these markets (r >r >r for 1 # 1).

12t ~ Ti2t? T13t 7 Ti3e?

®Facility 2: This facility is under construction and, considering anticipated
starf-up difficulties, its effective capacity is limited severely in early

periods. An expansion rate of 100% per period is predicted (a2t = 2a2 -1’
b

for t = 2,3,4). Facility 2 is the preferred supplier of market 4 (all Toue >

LY for 1 # 2).

®Facility 3: There is no pdﬁential for capacity expansion due to space limi-

- tations at this site (a3t =a5 . 1> for t = 2,3,4). Facility 3 1is the pre-
> .
ferred supplier of market 1 in all periods (all T3 > rilt,'for i # 3), and
of market 5, in all but the fourth period (r35t > Ticeo for 1 # 3 and t # 4).

The opening of a new transportation route to market 5 is expected in period 4.
This route will provide greater cost savings for distribution from facilities
1 and 2 than from facility 3 ([r354 - t40,] < [ryg, = T 65, for 14 3),

The model is a tool for analyzing a variety of tradeoffs fo assist in
developing a long-term distribution strategy. This analysis includes the normal
allocation tradeoffs involved in choosing sources to supply markete while
remaining within facility capacity limits. Also, the model examines inter-
actions between these tradeoffs and ones concerned with timing the degree 6f
penetration into various markets. For instance, the merit of supplying a
market in periods with small contributions, in order to build a bese from which
to obtain larger'contributions later, is evaluated. An example of this type of
evaluetioh can be seen by referring to the optimal solution in Table 1. The

3

decisions for period 3 are: do not supply market 1 ( 21x113=0); serve markets

i

2, 3 and 4 to the maximum degree possible, given the bases for these markets

3

A ) X132 + dj3’ for j = 2,3,4); supply market 5

3
from period 2 ( z x =
‘ 1=1 1j3 i3 1=1
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3 5
with all remaining capacity ( z X X
i1=1 j=1

a,,). An alternative would be
1 i3

I~

ij3 1
3 :
to serve market 5 to the extent possible in period 3 (A z x + d.,), with
753 121 152 53
consequent decreases in the supply to other markets. The benefit of this
strategy would be to increase the upper bound on allocations to market 5 in
period 4 and thereby take greater advantage of the substantial improvements in

unit contributions (all Tys, >> r153), The chosen solution indicates that

this advantage would be more than offset by reductions required in other
contributions.

One of the primary benefits of the model would be provided by sensitivity
‘analysis. This analysis could be performed for alternate capacity expansion

'plans and on changes in A,  and djt parameters. The purpose of the latter

jt
type of analysis would be to examine the effects of allowing larger increases

in market shares at the expense of reducing average contributions. Such

information would be useful in establishing guidelines for a distribution strategy

in conjunction with considerations of competitors' possible courses of action.

SOLVING THE MODEL

A variety of commercial codes could be used for practical-sized versions
of the model (eg. R.p. routines in the IBM MPSX and the CDC APEX packages).
However, under certain circumstances which are specified later, there is an
aiternative to solving the model directly as it i1s formulated. The mdtivation
for,using this alternate optimizing method would be to reduce computational
costs or to permit solution of larger problems with readily available codes.

Further, this procedure provides a basis for developing heuristic approaches.
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The fundamental notion in this method is that sometimes portions of the

model can be solved as single-period problems. If in any period t, all rijt.z 0
¥ ¥ ¥ ' :
and iilait > jil(kjt iiixij’t'l + djt)’ then the optimal solution to’ the complete

model will contain the optimal solution to a subproblem for the single perioa

t. The rationale for this statement is that supplying each marke; to the extent
m B

allowed (ie. Ajt izlxij’t_l + djt) is optimal in period t and makes (4) as

unrestriétivé as possible in period t + 1. Also, as will be shown, such sub-

problems have the "transportation" structure, and thus can be solved with

‘efficient specialized algorithms. With these concepts in mihd, the approach

1s specified as follows.

Let
le = )‘jlbjO + djl for j = 1,2,...,4n
(10) '
t E t
Q. = (T A, )b, + [CTaA,d, , ,]1+4d for § = 1,2,...n;
ge = (L0050 T L ECT Ay ead F e

t=2,...,T.
where: QJ = maximum quantity that can be allocated to market ] in period t,
when j 1is supplied to the extent possible in all preceding
periods : S
The expression in (10) is derived bybcompounding maximum allocations over

periods. Then, a set of consecutive periods, for which single-period sub-

problems can be used, is defined by:

m n
(11) w={1,2,...,t"all r,, >Oand ) a, > )
ijt 1=1 it j=1

th’ for t = 1,2,lll,t'}.

For each t € W, the optimal solution to the following transportation problem

is part of the optimal solution to the complete model.
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ez, = 1 )
(12) Maximize Z2_ = ) T, X
R L L
subject to:
. n -
(13) -X Xiqe S 2g¢ for 1 = 1,2,...,m
j=1
m
/ = ( = ces
(14) .X Xige = Qe for 1 = 1,2,...,n
1=l,
and, all xijt > 0

where: Zt = present value of the total contribution received in period t.

The multiperiod %.p. for the remainder of the planning horizon (t > t') 1s:

T m n

(15) Maximize zz, = ) )

r,. X
p=t'+l 1=1 j=1 Wit

subject to:

n
(16) .) Xige £ Bq¢ for 1 = 1,2,...,m; t = t'+1,...,T
J=1
m
An - Ly Shen%,e Y dem ford s L
m : -
- j = eeesny t = t"+2,...,T
(18) izl(xijt Ajtxij,t—l) < djt for Jr 1,2, ,n3 t t'+2, e
and, all xijt >0
where: ZT, = present value of the total contribution received in all periods
after t'.

It should be noted that, if t' = T-1, there are no constraints in (18) and
(15) to (17) is a transportation problem.
The extent of the computational savings with this approach .depends on

the number of periods in W. When W = { @}, the method is not applicable;




- 14 -

when t' > T-1, maximum computational savings are possible. For more likely

cases between these extremes, the advantage is in solving t' transportation

problems (sizem+ n by m * n) and a linear progrém (size Im + n]IT - t'] by
m * nfT - t'], rather than solving one large linear program (size[m + n]T by
men * T).,

The example given in Table 1 is a situation where it is anticipated that
capacity increases will not keep pace with growth in market demands. However,
" excess capacity will exist in eariy periods. The solution method developed
above can be used for this problem as indicated in Table 2. The example was
solved using program REGULAR (Simplex) in the MPOS System [4] on a CDC 6400
computer. This program was applied to the complete model and to the three
component problems mentioned in Table 2. Data storage weighted by C.P.
execution time was used és a measure of computational requirements. Solving
the problem as three separate subproblems required 0.24 of the computer
resources for solving the complete formulation. A transportation algorithm
was not used for a comparison, since savings would be highly dependent on
thé relative efficiency of fhe particular codes. ‘Howeyer, potential Séyings
are quite substantial éince transportation routines can solve problems at |
least 100 times faster than advanced %.p. codes [6].

The mefhod'pfesented here requires W to begin with period 1 in order to
guarantee an optimal solution. therwise, the optimal "demands" in (14) are
not known for the first transportation problem in the sequence. Nevertheless,
the notion of using single-period transportation problems forms a basis for
developing heuristic procedures that apply under relaxed conditions. Consider
a case in which one or more sets W' exist where:

m n

t > 0 and a.

(19) W' = {t",...,t"|all r
: 1=1

i3

> X Q,,, for t=t",...t"; t" # f}.
=1 3t .

3
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Table 2

REDUCING COMPUTATIONAL REQUIREMENTS FOR

SOLVING THE EXAMPLE

' o 3 3

oL jt Q a

ed ] 1 2 3 4 5 j=1 3¢ ¢ | =11t
1 1 50.0 23.0 72.0 196.0 125.3 466.3 1 475
2 | 65.0 53.5 93.6 117.6 211.7 541.4 2 550
3 90.0 92.5 131.0 85.8 441.0 840.3 3 665
4 125.0 141.3 196.6.  47.2 736.5 1246.6 4 850
Fa s ]

a > Q and all r,, >0, for t = 1,2,

LI 521 e ijt
o'- t' = 2

(12) to (14) for t = 1: z, = 3,195.20

(12) to (14) for t = 2: 2, = 3,889.84

(15) to (18) for t > 2: zg = 15,572.21

22,657.25 = Z4
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.Under these circumstances, the model could be solved by alternating between
.multiperiod linear programs and sequences of transportation problems. The
connections would be made by using allocation decisions for the final period
of an £.p. to determine maximum quantities that could be supplied in period
t". Then, these quantities would be compounded (using the process underlying
(10)) over periods t" + 1 to t' for the remaining transportation problems in
the sequence. The link to the next fL.p. would be established by compounding
maximum allocations one further step into period t' + 1.

Given this general structure, the crucial question in formulating a
specific procedure is: to what extentlshould various allocation requirements
in the periods t" - 1 be examihed in an attempt to find improved solutions?
This question can be answered only with referenée to particulafs of any appli-
cation, Consideration must be given to potential computational savings rela-

tive to available options for optimizing., Also, the effect of solution

"quality" on the usefulness of sensitivity analysis should be evaluated.

EXTENSIONS OF THE MODEL

The model (1) to (4) can be extended in a numbgr of ways to inérease the
séope of its applicability. Two potentially important extensions are given
here. First, it may be desirable to specify certain total éllocatiéns to
each market in the final period of the planning horizon. This requirement
would be appropriate when the situation involves a transitiongl time intervalA
(1 <t<T-=1), followed by an unspecified but lengthy term (T, T + 1,...)
during which all problem characteristcs are expected to be stationmary. 1In
these circumstances, the objective of the analysis would be to develop a

strategy to achieve a stated goal for the stationary period, while maximizing
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contributions over the transitional interval. For this case, the following

constraint set would be added to the model.

(20) for § = 1,2,...,n

Z LT T byp

where: bjT = number of units that must be supplied to market j in period T.

Alternately, if the duration of the stationary period can be predicted, the
original model can be used by interpreting all rijT as contributions from
allocations over the entire stationary period.4

Second, the scope of the model can be increased by generalizing the
"allocation-dependent demand" concept. The model assumes that allowable
incrgases in market shares are related only to individual markets and to pairs
of consecutive periods. 1In some applications, it may be appropriate also to

restrict increases over groups of markets and/or over longer time intervals.

Such restrictions can be treated with the constraint structure of (3) and (4).

Considering (3)and (4) as one constraint set (ie. bjo = z xijO)’ a generali-

i=1
zation of this set is:
m : »
- 1 ' = o =
(21) 121 ng G5 0(p) ~ Rap*ig,£(p)) S dp  FOr 8= L2,..iqs P = 1,2,000h
s

where: J_ = s'th subset of {1,2,...,n}

f(p) = first period in the p'th range of periods

2(p) = last period in the p'th range of periods

A;p = fraction of the quantity allocated to all markets je.JS in
period £(p), that can be supplied to all j eJé in 2(p); A;p >0

d;p = number of units (in addition to the amount derived from_A; )

that can be supplied to all markets J€ J_ in period &(p),
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regardless of the quantity allocated to all jeJ_ in £(p);
a' »> 0. '
sp -
Equations (5) to (8) would be generalized accordingly with j replaced by Jé
and t, t-1 replaced by 2(p), f(p). In the original model, (3) and (4) are
(21) where q = n, Jg = {s}, h=1T, f(p) = p-1 and 2(p) = p. To add a restric-
tion on share increase over all markets collectively during the entire planning

horizon, the structure of (21) would be used with J = {1,2,...,n}, £(p) = O

and 2(p) = T. The flexibility -afforded by this generalization can be indicated.

by noting that subsets JS need not be mutually exclusive, and that the ranges

- p can overlap to the extent desired.

CONCLUDING REMARKS

The model presented in this research has been discussed in terms of its
potential applicabiliﬁy to actual problems. An additional source of usefulness
lies in its richness for demonstrating'tﬁe general role of mathematical proj-
gramming in assisting logistics decision-making. | In this regard,
the development of case material based on the model may be a fruitful direﬁtiou
for further work. The scenario that has been given provides a starting point
for such a case; the solution approaches and model extensions might be incor-

porated in this material as well. -7
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"FOOTNOTES

1For simplicity, the probleﬁ is described in terms of the distribution of a
single product, or equivalently a group of completely homogeneous products;
However, the model can be given a multiproduct iInterpretation by associating
different produéts with different markets. In this context, the formulation
required homogeneity of products only with respect to their use of facility

capacities.

2Since all Ay, = 0.0Q, maximum amounts that can be supplied to market 1 are
indepehdent across periods. If this were true for all markets, the problem

would be a special case of the model, requiring a conventional allocation

analysis.
3For instance, a problem with one W' wherein t' = T may exist when capacity
expansion will overtake maximum market growth after t" - 1 periods.

4Scott [12] has investigated 'a problem of sequencing the location.(construction)

of fgcilities on a plane, which includesra»transitional/sﬁationary period
concépt. His problem assumes that the stationary period is of such’signi—
ficance that the complete solution should include the optimal soiution for
period T. With the model (1) to (4), this type of problem characteristic

would be represented by exceedingly large r parameters.

14T
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