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ABSTRAcr 

The purpose of this paper is to investigate the inherent relationship 

l::etween the theory of the economic role of options and various approaches to 

option pricing. It is argued that the economic theory underlying the pricing 

of options should dictate why and how options are valued. The fundamental 

issue is that the assumptions of existing option pricing mcdels cause options 

to be valued in a mar ket environment in which options serve'no.economic 

purpose and therefor e would not neecessarily be issued. Hence a paradox 

exists . 

A new approach to option pricing is suggested. Options should l:e valued 

based on the assumption that they exist for the purpose of providing 

completeness for the capital mar ket. Thus the effic iency of the economic 

system is enhanced. The approach which is suggested is developed in the 

context of the standard capital Asset Pricing Ma:lel. This has resulted in a 

new option pricing formula which contains a mar ket-e ffect var iable = the 

expected re turn on the underlying stock. The reason as why such a var iable 

exists is explained. 

This paper is based on part of the author's Ph.D. thesis (1982) at the University 
of Houston. The author wishes to thank members of his thesis committee, R.R. 
Petitt (Chairman), J.C. Bosch, J.W. McFarland, J.R. Morris and S. Wyatt, for 
sustained guidance. 



1. INl'PODUCrICN 

1.1 Statement of Problem 

This paper approaches the question of option valuation by considering the 

economic role of options. It specifically treats the problem of understanding 

why options are created in the marketplace and at what prices they should be 

valued. A fundamental paradox inherent in existing option-valuation models is 

revealed. 

The valuation of options has attracted a great deal of attention in the 

financial literature in the past· ten years or s o. This is because option 

pricing theory has bee n  viewed as a general theory pertinent to one of the 

most essential problems in finance--the valuation o f  derived assets.· Many 

financial economists have attempted to apply existing option pricing models to 

a large v ariety of c9rporate financial problems. For example, Galai and 

Masulis (1976) have applied the Black-Scholes model to a firm's decision in 

the issuance of coq;:orate depts and equities. Myers (1977) even has suggested 
. 

that the investment decision of a firm can be analyzed in an option pricing 

frame�rk. 

Although the history of option pricing theory dates back to 1900, the 

first successful attempt to price options in a general equilibrium context was 

theBlack-Scholes mcdel in 1973. Since then, the theory has develop:d further, 

using their initial methodolcgical approach as a basis from which a number of 

extensions and generalizations have been generated. 

However, recently Kreps (1979) and Harrison-Pliska (1981) have formally 

contended that the Black-Scholes model contains an important implicit 

assumption--a complete market. This complete market basis for the Black-

Scholes option v aluati on expression, being consistent with the explicit 

complete market construction in the Arrow-Debreu sense, creates a fundamental 

paradox. This is because the Black-Scholes model is shown to 1::e based upJn an 
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idealized market structure in which no rationale for the creation of options 

of any kind can be found. 

For some time it has been realized that the potential value of options as 

financial instruments stems from their capacity to capture a portion of the 

return distrib.ltion of their underlying assets. Consequently, the rationale 

for their existence stems from the prospect of a more agreeable distribution 

of returns, in the sense of expected utility maximization. In other words, 

they serve to make the market more complete by offering opportunities that 

could not otherwise be created by the set of underlying assets (stocks and 

bonds) available in the market. 

Therefore, it is a:mtended in this paper that options should be valued in 

a market environment in which the assumption of a complete market is not 

necessary. 

1.2 Definition of an Option 

An option is· any instrument that provides its holder with the right to 

purchase or sell an asset for a specified pericd of time at a specified price. 

Any financial arrangement which provides such a right is classified as an 

option. Obviously, in financial markets there are a large number of different 

types of option transactions. Some options provide an opportunity for the 

holder to purchase an asset, while others provide an opp:>rtunity for the sale 

of an asset. In some cases the option arrangement is a contract negotiated 

between two parties. The underlying asset on which the financial transaction 

is based need not be held by either of the parties to the contract. In fact, 

in some option arrangements there is no guarantee that delivery would be 

forthcoming • 

Options are widely used in our complex financial environment. There are 

options that allow the corporation to take certain actions with respect to 

securities they have issued. Call options on outstanding bonds are an 



3 

example. There are options as well which are part of another security 

agreement. Warrants to purchase common stcck that may l:e asscciated with a 

bond issued by a corporation, or convertible features of bonds or preferred 

stock, are such examples. There are also options available in many leasing 
. 

arrangements. A leasee may have the option to extend the lease period. In 

general, Black and Scholes (1973) suggest that all corp::->rate liabilities may 

be viewed as options one way or another. 

However, the specific kind of option arrangmenet that will J:e dealt with 

in the paper is that which is generally labeled a call option. For the 

purposes of this discussion, a call option is defined as a financial 

arrangement allowing the holder of an option to purchase from the issuer of an 

option a fixed given number of shares of some underlying common stock at a 

specific single exercise price for a specific pericd of time. Initially, it 

will be assumed that the option is of the ''European" type. European options 

provide the opportunity to purchase an underlying asset only at maturity. 

Such options are derived financial instruments, that is they _are simply 

inventions of the parties to a contract, the value of which is a function of 

the underlying security. An option of this sort may contain utility values 

because it prov�des a means for shifting the payoffs between parties to the 

option. It provides 'ex ante benefits to both parties to the transaction by 

arranging for a distribution of outcomes or a sharing rule that increases the 

utility of l:oth parties. 

L3 The Purp:>se of Security Markets 

Since the work of Arrow (1963) and Debreu (1959) it has been recognized 

that securities markets exist to aid in the allocation of risk in an economy. 

Moreover, in a well ftmctioning securities market the resulting allocation of 

risk is Pareto optimal, or rrore precisely, first-best Pareto optimal. 

. I 
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Arrow-Debreu demonstrate that, in order to achieve a Pareto optimal 

distribution of risk in an economy securities markets must l::e well functioning 

or efficient in three critical ways. First, the numl:er of securities in the 

market must equal the number of states of nature which can occur in an 

economy. Second, these securities collectively must have payoffs in every 

state of nature. Third, the payoffs of any security can not l::e duplicated by 

forming portfolios of other securities in the market • .  When these three 

conditions are satisfied, the market is ccmplete in an Arrcw-Debreu sense. 

As a result of the Arrow-Debreu thesis, options-like any security-will 

be created only if they cheaply off er payoff s which cannot be obtained by 

forming portfolios of existing securities. The rationale for the existence of 

options lies in their role as market completing securities. For example Ross 

(1976) points out that the justification for the creation of options in the 

marketplace is that the market t:ecanes more efficient as a result. 

One major implication of a complete market concerns the pricing of 

securities when the number of secldr·ities exceeds the number of states of 

nature. In such a case, the price of some securities can be written as a 

linear co mbination of the prices of other securities in the market place. In 

such a world, once the number of securities are sufficient to span all the 

states of nature, any additional securities are redundant. It is the fact 

that a security is redundant that allows for this simple linear approach to 

pricing. There is, however, a paradox associated with the "redundant asset" 

approach to pricing. In the absence of tansaction costs why do redundant 

securities exist as they serve no purpose in attaining efficiency? To the 

extent that options are redundant secrutities, it would seem that they perform 

no usual economic function in market place. Therefore, there would be no 

reason for active market in options to -exist under such conditions. 
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1 . 4  The Purpose and Organization of the paper 

The main pur:i;:ose of this paper will l:e to develop option pricing mcdels 

under the ccdition of an incomplete marketo Options in this world are derived 

financial instruments formed to aid in completing the market. Thus, the 

derivation of option-pricing m·odels within this framework will generalize 

current results in the literature. This approach is counter to most recent 

option valuation mcdels that have derived preference-free results based on the 

assumption of complete markets. The premise of this paper is that · 

generalizations should extend toward valuing options in less than complete 

markets. conceptually, this paper can l:e seen as having two parts. The first 

part contains a complete development of the connection between existing option 

pricing· models and implicit assumptions that are made regarding the 

completeness of the market assumed within these mcdels. Based on these proofs 

the paradox of attempting to value options with the complete market assumption 

and the im_plicatin for risk neutral valuation models is established. This 

analysis sets the stage for the second part of the study that prices options 

in less than complete securities markets: within the framework of the capital 

asset pricing mcdel. 

This paper is organized as follows: Part 2 begins with a somewhat 

detailed discussion of complete markets, spaning and Pareto optimal 

allocations. Within this part, the rationale for the existence of derived 

secutities is discussed with reference to complete and incomplete securities 

markets. Part 3 reviews existing option pricing literature and suggests the 

reason behind the preference free pricing results contained in the literature. 

The applicability of the derived preference free pricing results to incomplete 

markets is discussed and the basis established for the rationale for the 

development of incomplete market option pricing equations. Part 4 summarizes 

the few incomplete market pricing equations that exist and then extends this 

.. 
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work to price options within the context of the standard Capital Asset Pricing 

Model. A closed-form option pr icing formula is der ived. Part 5 offers a 

sumnary. 

2. COMPLETE MARKEn', PAREI'O EFFICIENCY , DERIVED-SECURITY VALOATICN, AND 'mE 

EX:CN:MIC OOIE OF DERIVED-SE.0.JRITIFS ---- -- - --------

2 . 1  Intrcduction 

The Ar row-Debreu (Ar row 1964, Debreu 1959) approach to general 

equilibrium in a pure exchange economy has long been recognized as one of the 

most general and conceptually elegant frameworks for the study of financial 

problems under uncertainty. It is well known that, within the Arrow-Debreu 

framework ,  complete market conditions imply Pareto efficiency, that in terms 

of exi;::ected utility there is no other feasible allocation of securities which 

would make everyone at least as well off and some better off than before. It 

is also well known that under complete market conditions , the pricing of any 

derived security is preference-free. In other words , the price of any derived 

secur ity can be determined in terms of the prices of primitive secur ities 

without invoking the preferences of market investors. Nonetheless , prices of 

primitive securities do reflect these preferences. 

Since under complete mar ket conditions the pr icing of any der ived 

secur ity is preference free , it has also been argued that these derived 

securities serve no economic purFQse. The reason is that the trading of these 

securities does not increase the risk-allocation function of primitive 

securities in the economy. Therefore , these derived securities are redundant. 

The purpose of this part is to give a somewhat detailed discussion of 

these ideas, and to demonstr ate that the Ross (1976) risk-neutral. valuation 

technique can be exten.ded to any derived asset under complete mar ket 

conditions . 
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Let there be s :i;::ossible states of nature which can cccur at the end of a 

g iven per iod. These states are mutually e xclus ive and collectively 

exhaustive, Le. , exactly one state will cccur and it will J:e identifiable to 

all investors .  By def inition , therefore ,  pr ices , output,  level of utility ,  

etc. , may be expressed as functions of the state of nature alone. In a 

complete market, for every state an investor can purchase for es a financial 

instrument , a "state security" (alternatively,  an Arrow-Debreu elementary 

security) which pays $1 if state s occurs and $0 if any other state occurs. 

The return , or cash flew', on this security is 

-- { l

o 
(1) e (S) 

s = s 

s -;' s 

Let ir � denote the "probabili ty11 that state s will cx:cur as judged by investor 

k .  

In this  economy there are also N secur ities whose.values next period ,  

i .e . , v (s) , will depend upon the k ind of state occurr ing. The current value 

is denoted as p. If two secur ities have the same expected values in all � i 

states of nature over the cour se of the next per iod ,  their current mar ket 

prices must then· l:e equal or arbitrage would result . 

It  is important how ever , to note that state secur ities are f ictitious 

securities which really do not exist in the marketplace. Nonetheless ,  these 

securities can l:e derived from an appropriate portfolio of real secur ities .  

The sufficient and necessary conditions for this derivation are: 

1) the numl:er of securities in such a p'.)rtfolio must equal the number 

of states of nature which can occur in an econany; 
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2) the pay-offs of any given security in this por tfolio cannot be 

duplicated by forming por tfolios of other securities in the same 

portfolio . 

Such a portfolio is referred to as a "basis" of the market . 

Among the N securities assumed in a complete market economy, and set of S 

securities which satisfies the conditions set out al:ove can l:e a basis. All 

securities within a basis are referred to as primitive securities, while all 

others are derived securities . If N<S, then of course no basis can exist . 

The construct of a complete market is in fact derived from the construct 

of a vector space in linear algebra. The state securities are parallel to 

unit vectors, while·the number of s tates, the number of securities, and the 

basis correspond to the dimension, the number of vectors, and the basis, 

respectively .  

The following e.."<ample explains the derivation of state securities from a 

basis . 

For simplicity, ass ume that there ar e only two s tates in the world and 

that there are three securities in theee firiancial market. The pay-off matrix 

of these securities is assumed to l:e 

Vl 1 l 

V =  V2 = 2 1 

V3 3 1 

The payof f of the first security, vl, is $1 if state 1 cccurs, and $1 if state 

2 occurs, etc. Supposing that the fir s t  two securities form a basis B, then 

the pay-offs of state securities can l:e derived from the following well-known 

result in linear algebra, 

(2 )  E � B-l B 

where E is the vector of the pay-offs of state securities, and g-1 is the 
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inverse matrix of B. If s-1 exists, then the conditions for B as a basis are 

satisfied. In this example , 

(3) B-1 = �� -� 
l � iJ 

thus 

(4) E = e _J 

-1 . . B exists , i.e . , 

�� -�] 1 
= = 

-1 

x � j = 

which is the pay-off matrix of state securities. 

t: _:] 

� J 
I n  th e  por tfolio context, s-1 is in fact the matrix o f  por tfolio 

comi;:osition . For instance, the first row of the matrix indicates that to form 

the pay-off of the state security 1, an investor should sho rt one share on the 

firs t security and long on shar e on the second security. Con sequently, the 

price of the state �ity 1, e1 , can t:e expressed as a linear combination of 

the prices of the first and second securities : 

(5) 
� [:�] = 

and similarly: 

( 6) = 

-� 
[:�] = 

If no basis exists in the financial market, then the market is 11inccmplete11• 

2 .3 The Economic Role and Pricing of Derived Securities under complete Market 

Conditions 

2.3.1 Ccmplete Markets and the Econanic Role of Derived Securities 

Since the wor k of 'Arrow (1963) and Debreu (1959) , it has l:een recognized 

that securities mar kets develop in order to allocate ris k  in an economy. 
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Morever, in a complete securities market the resulting allocation of risk is 

Paeto optimal, or more precisely first-best Pareto-optimal. This means that 

there is no other feasible allocation of securities which would make everyone 

at least as well off and sane better off than before . 

One of the major implications of a complete market concerns the pricing 

of derived sectirities. Under complete market conditionsc the pricing of any 

derived security is preference-free. In other words, the price of any derived 

security can be determined using a linear combination of the prices of 

primitive securities. Investors' preferences enter into pricing insofar as 

they determine the prices of primitive securities. 

For the sake of simplicity, let it be assumed that state securities are 

primitive securities (as demonstrated previously, under complete market 

condi tions prices of state securities can always be derived from prices of 

primitive securities) . Given an arbitrary derived asset which can be 

constructed as a portfolio of Vi (s) shares of state securities in which 

s=l ,2, ••••••• ,s, the value of the po,r:tfolio will clearly be es if state s 

occurs. Hence one share of firm i must sell for 

s 
(7) Pi = E Vi (s) e5 

s=l 

In a case such as this, the price of any derived security can be written 

using a linear combination of th� prices of the primitive securities_ in the 

marketplace. In a complete markt, because the set of primitive securities is 

sufficient to span all states of nature, any additional securities (i.e ., 

derived securities) would be economically redu.'1dant. The fact that a security 

is redundant permits this simple linear approach to pricing. There is , 

however , a paradox inherent in this "redundant asse t11 approach to pricing. 

Redundant securities serve no purp:::>se in attaining efficiency. Therefore , in 

the absence of transaction costs , the question of whether or not redundant 
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securities should exist invitably arises. To the extent that derived assets 

are redundant securities, it would seem that they perform no usful economic 

function in the marketplace. For this reason, there would be no social need 

for an active market in derived assets· to exist. 

The Ca!lplete Market and the Risk-Neu�al Valuation Technique 

Cox-Ross (1976) s u g g e s t  a techniqu e  for the pricing of options. 

Observing tha t  the Black-Scholes option pricing result is preference-free, 

they suggest that an investor can assume any preference s tructure which 

permits equilibrium. Therefore, the investor may chc:cse the structure which 

proves most tractable mathematically-a risk-neutral world .. 

In the proofs which follow, it is shown that the Cox-Ross techniqlle can 

l:e exteri.ded to any derived security �der complete market conditions in J:oth 

the discrete-state case and the continuous-state case. 

Lemma 1 The Cox-Ross technique can be applied to the pricing of any 

derived asset under complete market conditions in which the state distribution 

is discrete . 

(Proof) 

The price of a state-security can be derived using the discounted-value 

approach: 

( 8) 
1f k 

s 

where Ps is the appropriate discounting factor on state-security s. 

In the same fashion, the price of one share of security i can be 

expressed as: 

s 
2: [7T � Vi (s)] 

s=l 



Substituting ( 8 )  into (9) , 

(10) p. = J. 

_L: [ e5 (l+p5) Vi (S) ] 
s 
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According to th Cox-Ross risk-neutral valuation technique, i can l:::e priced as 

if all investors were risk-neutral. Thus, 

(12) p = p. = s i r Ii' s e: s 

where r is the risk-free interest rate in the market . · 

Substituting (12) into (11) yields the price of a derived asset in a 

canplete market: 

s 
(13) Pi = L: es Vi (s) 

s 

Noting that (13) is identical to (7), the Cox-Ross technique is proven to 

generate the price of a derived asset in a canplete market. 

��Q.E.D. � 

Lemma ..£ The Cox-Ross technique can be applied to the pricing of any 

derived security in a complete market in which the state variable has a 

continuum of states. 

(Proof) 

Let ds denote the current price of one dollar to l::e paid if the terminal 

state is in the interval (s, s + ds). Then the current value of any securi ty 

with final value V (s) , s=l,2, . •  ,s is by analogy with eq. (17): 
(14) Pi = J s Vi (s) e5ds 

where e5ds can be derived using the discounted-value approach: 



(15) 
irk as s 

13 

where P5 is the instantaneous discoun ting factor on state security, and is 

assumed to be a constant, -and T is the time interval of a period. 

The price of one share of a derived security can t:e alternatively derived 

using the discounted-wlue approach: 

(16) 
Js Vi (s) ir � ds 

pi = 

where Pi is the instantaneous discounting factor on i, and is also assumed to 

J:e a constant. 

Substituting (15) into (16) , 

(17) p. 
1 P. T e 1 

According to the Cos-Ross risk-ne utral valuation technique, i can be 

priced as if all investors were risk-neutral. Thus, 

(19) 
where r is the instantaneous risk-free interest rate, and is also assumed to 

t:e a constant. 

Substituting (19) into (18) , 

(20) Pi = ]5 Vi (s) e5 ds 

which is identical to eq. (22) . Therefore the Cox-Ross technique is valid. 

--Q.E .D. -
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2.4 Incanplete Market and Efficiency 

In an incomplete market the number of existing securities, either 

elementary or complex, is not s·ufficient to span the state space. In other 

words, combinations of existing securities are not sufficient to create 

elementary securities corresponding to each and eyery state. Consequently, 

there are some states of nature in which "risks11 cannot be insured, and in 

which ultimate consumption is not guaranteed. 

In such a market, some form of Pareto efficiency can still l:e achieved. 

The marginal rates of substitution for production, consumption and investment 

create a set of prices in which, given the incompleteness of the market, no 

one can J:e made better off without someone else being made worse off. Lipsey 

and Lancaster (1956-7) have termed this condition "second best1' Pareto 

optimality in the sense that the costless formation of new securities to aid 

in a:>mpleting the market would provide the potential for a new "first-l:est" 

Pareto optimality. 

Thus there are incentives for individuals or coq::orations to tailor the 

issuance of securi ties in a way that aids market completeness. These new 

securities in a way that aids market completeness. These new securities are 

not redundant and obviously serve to improve the nature of market efficiency. 

For instance, options as previously defined, are not costless to cl!eate, but 

they may have a sufficiently low cost to serve as a relatively efficient 

mechanism for completing the market. Moreover, the nature of the most typical 

option contracts (calls, puts, straddles, warrants, etc.) with single or 

multiple exercise prices may provide the l:est structure for optimal movement 

tcward market canpleteness and a substantial gain in efficiency. 

The following example, similar to the one in Ross (1976) , explains the 

market-canpleting function of a simple option. 
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:Example 

Let it be assumed for the sake of simplicity that there are only three 

re+,evant states in the world, and that in the capital market there is only one 

stock. This Steck is assumed to have payoffs in all three states, i .e e 1: 

Supposing that call options are created on this stcck with exercise prices 2 
and 3, then the payoffs of these options are: 

c CV11 2) = m 
and 

= 

If these three securities are chosen to form a basis of the market, i.e., B, 

then the payoff of B is: 

B = 
[4 2 l ... j 

2 0 0 
3 l 0 

The inverse matrix of B can l:::e derived using linear algebra: 

B-1 
= [� =�;2 �J 

l 1 -2 
Since B-l exists, the conditions for B as a basis of the market are satisfied. 

Consequently, the pay-off matrix of state securities (the unit matrix) can l:::e 

derived using eq. (2), and thereby a complete market is achieved . 

The presence of transaction and set-up cos ts ,  however, does not permit 

all states to l:::e spanned when the numl:::er of states is sufficiently large. But 

l:::ecause the formation of options involves relatively low costs, options will 

be created up to the point at which gains are outweighed by costs. 
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Ser ious study of option valuation in financial literatur e goes back a 

very long way: at least to the long-neglected thesis by Bachelier (1900) • In 

a study of the French J:ourse , he . gives the first mathematical characterization 

of the price of a call option under continuous-time conditions. In the 1960's 

his wor k was r evived , and since then a number of authors have attempted to 

price options under continuous-time conditions. Merton (1973a} has given a 

der ivation of a "continuous-time Capital Asset Pricing Model11 based on Ito 

integral pr ice processes. Later in the same year , Black and Scholes (1973) 

der ived the first closed-form option pr icing formula by employing a 

"continuous-hedging11 strategy. In this study, Black-Scholes also show that an 

identical result can l:e derived based upon Merton's m::del . 

One of the two im-pJrtant and often debated features of the Black-Scholes 

pricing result is that the call price is only a function of the current price 

of the underlying stock. Investor s' preferences enter into the pricing 

formula only insofar as they determine the current price of the stock. This 

kind of pr icing r esult is .known as a "pr efer ence-fr ee" pricing r esult. As 

Brennan (1979) :i;:ointed out, a central feature of modern option pricing theory 

has been the derivation of such preference-free results. Since Black-Scholes 

developed their formula, their mcdel has l:een considerably generalized along 

the lines suggested by Brennan. 

The other im-pJrtant and often-debated feature of the Black-Scholes result 

(Kr eps 1979) concerns the fact that they pr ice options as r edundant 

securities. There are an infinite numl:er of states of nature ,  yet the option 

(a derived security whose value is a nonlinear function of the terminal prices 

of two securities-the underlying stcck and the risk-fre discount J:ond) can l:e 

priced in such a way that it is redundant . 
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Kreps (1979) and Harrison-Pliska (1981) prove that most of the 

continuous-time mc:dels, including the Black-Scholes mcdel, implicitly assume 

that the market of the underlying securities is complete. This complete 

market assumption explains why the Black�Scholes mcdel and most other existing 

option pricing results are preference-free, and also why options in their 

mcdels can be priced as redundant securities. 

The purpose of this part is to review option-pricing results which 

implicitly-or explicitly assume a complete market. Care is given to explain 

why the Black-Scholes model implicitly assumes a complete market, and why as a 

consequence their m:rlel cannot J::e applied under incanplete market conditions . 

The organization of this part is as follows. Section 2 re-derives the 

Black-Scholes result in a more direct manner. Section 3 generalizes this re­

derivation into a multi-security world. It is emphasized that in this multi­

security world an identical formula results, and that the market equilibrium 

balance equation derived is identical to that of the capital asset pricing 

model. Section 4 relates the Black-Scholes model to the complete market 

assumption. It �s demonstrated that under incomplete market conditions the 

Black-Scholes mc:del does not yield option prices which are consistent with the 

general first-degree stcchastic dominance argumenta 

3.2 Rederivation of the Black-Scholes 0ption Pricing Result 

In 1973, Black and Scholes developed the first closed form equilibrium 

value for pricing a European call option. This valuation expression is: 

where 
ln S/K + (r + 1/2 cr2)T 

crl\/T 
d2 = d1 a ..[T and N ( ) is 

the standard cumulative normal distribution. This expression contains the 



following exogenously given variables: 

(1 )  S: the current price of the underlying stock 

(2) K: the exercise price of the option 

( 3) r: the instantaneous risk-free interest rate 

( 4) T: the time to maturity of the option 

(5) O' 2: the constant instantaneous variance rate of return� 

The model developnent is based on the following assumptions: 

(1)  The capital markets are :i;;erfect. 
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(2) No restrictions exist on the free use of proceeds from short 

selling. 

(3) trading takes place continuously. 

( 4) The pricing behavior of the underlying stock is exogenous and is 

defined by an Ito differential equation with the instantaneous 

vari ance rate of return being constant throughout the life of the 

option. The option price at any time during its life span is a 

continuous, twice-different;icible function of the stcck price at that 

time instance and a continuous differentiable function of time. 

(5) The risk-free interest rate exists and is a known constant 

throughout the life of the option. 

(6) The option is a European call and, therefore, can l:e exercised only 

at the :i;:oint of maturity of the option agreement. 

(7) The underlying stock pays no dividends throughout the life of the 

option . 

Thus, the value of the call option according to Black and Scholes fccuses 

on two terms. In a risk-neutral world*, the first term represents the 

discounted expected value of the terminal stock price when it exceeds the 

exercise price times the probability that it is greater than the exercise 

* In rrore general �rlds� the interpretation given here is not correct. 
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price1 the second term represe nts the discounted exercise price times the 

probability that the terminal stock price exceeds the exercise price. 

Essentially the model was developed with insight provided by the assumption 

that capital markets are perf ect and will set prices to eliminate arbitrage 

prof its on op tions, g iven that the price of the underlying security is set 

excgenously and indep:ndenUy of the pricing of this and all other calls. In 

other words, as the basis for their solut ion procedure (which culminated in 

equ a tion (20) ) ,  Black and Scholes relied on the assumption that arbitrag e 

profits would be eliminated. An imp:>rtant consequence of the exogeneity of 

stock prices is that the call price is only a function of the current price of 

the underlying stocks. Thus, an y  "market wide e f f ects" (reflected 0n expected 

future returns on stccks) enter into the Black-Scholes mcdel only insofar as 

it determines the_ price of the· stock. In other words, the option is valued as 

if it were risk free, where no risk-adjusted discount is used in deriving the 

present value of the option. 
� 

Since options are themselves risky securities the result seemed counter 

intuitive. Yet it has been explained by appealing to the arg ument that the 

current stock price reflects the expected rate of return which is appropriate 

to the risk level of the option. Thus, two securities with the same price may 

re f lect dif f erent discount f un ctions, and all that matters is the curren t  

stock price (i.e., the current stock price re f lects the hig her or lower 

demanded return) . 

As this point an alternative derivation f or the black-Scholes op tion-

p ricing formula is provided. This derivation is somewhat simpler and more 

direct than the orig inal derivation that is provided in Black-Scholes' 1973 

work. The formula that is arrived at is the same. However, this method of 

derivation provides a more intuitive basis for the C:evelopment of a 

g eneralized formula in the next section. 
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The logic that underlies the derivation of the Black-Scholes formula is 

a partial defferential equation developed as a result of the Black-Scholes' 

economic insight that a continuous perfect hedging strategy, which is 

available with the use of an option and its underlying steck, ought to supply 

a rate of return equal to the risk-free rate in equilibrium*. ·Thus, the 

equilibrium option price is set as a result of both the normal equilibrium 

condition existing in a security market where perfectly hedged portfolio 

offers neither more nor less than the risk-free rate (or in cases where a 

portfolio has no invested wealth returns zero, a zero rate of return), and the 

terminal condition that at the maturity of the option the option value ought 

to equal the maximum of the difference betwen the current steck price and the 

exercise price, or zero. 

The essence of the difference between this derivation and that of Black 

and Scholes involves the metha:i used to derive the differential equation. In 

both models, this differential equation serves as a key for the ultimate 

developnent of an option pricing fornlula. 

Let the market price of the stock and the corresponding call option on 

that stock at time t be S t and Ct, respectively. The ·formation of a 

portfolio, consisting of Ns shares of stock owned and Ne call options held 

short against the stock, indicates a net value of the position at any time t 

as, 

(21) It = Nstst - Nctct 
The net value of the portfolio per shares of stock· held would then be 

*A detailed discussion of the original derivation is found in Black-Scholes 
(1973) and in Smith (1976) . The discussion that follows the derivation 
undertaken here assumes a reasonably thorough understanding of both the optin 
pricing problem and its original derivation. Reference to Smith, in 
particular, will reveal a more detailed discussion of the salient r:oints that 
were part of the original derivation. 



indicated as, 

(22) It/'Nst = St - Ctl (Nst!Nct) 
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Designating � as the ratio of stocks held long to options issued (sold) at 

any :point t, then (22) can J::e restated as, 

(23) It!Nst =St - Ctl et.t 
Ito's lemma* can be 1.JSed to find the instantaneous change in the net value of 

the portfolio per share. 

(24) d(Itf'Nst ) = dSt - d(Ct/ et.t) 

c 
l 1 l 

where d( t/ at) = d(7) Ct + 0 dCt + d(-a.-) dCt 
t t t 

In principle, since the continuous hedging assumption allows a.t to be 

continuously determined, a.t is not an endogenous variable, and thus 

1 
d (-) = O. Accordingly, ( 24) simplifies to . 

Ct.t 

(25) 

According to the Black-Scholes assumption, the option price is only a function 
, I 

of the price of its underlying stock and time. In other words, both the 

expected rate of return and the variance rate of return are assumed to be 

constant. Thus, 

Ct = C(St1t) 

where the price of the stcck St follows an Ito equation of the form 

( 26) dSt = P st dt + a stdZ 

As a consequence dCt also satisfies an Ito equation and applying Ito1s lemma, 

the instantaneous change in the value of the option would J:e 

*Ito's lemma is used to find the total derivative of a "stcchastic variable11 
(Astran, 1970) 



(27) dCt = Pctdt + cr ctdZ 
act act a 2ct where Pet= - P5t + - + 1/2 -2 
ast 

a
t as 

act 
act= - crst 

ast 

t 
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Substituting ast and dCt into (25) I the instantaneous value of the portfolio 

per share of stock held is described by the comp:::>und process 

(28) d (It!Nst> = ( P st - (Pctla.t)) dt + (cr st - <0ctla.t) )  dZ 
Equation (28) simply describes the behavior o f  the hedge port folio on a per 

share of stock basis. If at is now set so that the second term in the bracket 

on the right hand side o f  (28) is zero then the intuition underlying the 

continuous perfect-hedge equilibrium concept is ccmpleted. 

that is, a.t is set as: 

(29) (jct 
et.t=-

0st 
Frcm (27) the pricing behavior of the option crct is given as: 

act 
cr et = - 0 st ast 

(30) 

Therefore, substituting (30) into (29) yields: 

(3la) 

(3lb) 

act 
a.t = - (cr st)/ cr st ast 

act 
=--

In words, the hedge ratio a.t which provides zero variability to the portfolio 

It' is the one which is equal to the relative ratio of the change of option 

price to stock price. Using the form from a.t given in (29), equation (28) can 

l:e reformed conditional ui:on the selection of at to eliminate risk as follows: 
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(32a) I d ( t/Nst) 
Pet 

= r pst - [ -- J ] dt 
(actfast 

crst 
= [p St - - pet] dt (32b) 

0ct 
Having no risk, such a r:ortfolio must at any r:oint in time change its value in 

such a way that only the risk free rate of interest is earned. In other words 

(33) crst I [ Pst - - Pet] dt = ( t;N5t) rdt 
O'ct 

where r is the known (by assumption) risk free rate. Cancelling dt terms from 

l:oth sides of equation (33) yields: 

(34) 
Cf st I Pst - - Pet= r ( t;Nst) 
CJ et 

Since ItfNst = St - Ctf at frcm (23), substituting it into (34) yields: 

(35a) 

(35b) ;r st 
= r (St - - Ct) 

a et 
Rearranging (35b) res ults in a "balance equation" for a capital market 

equilibrium (which is in the same general form as that arrived at for pricing 

risky securities with reference to market portfolio, for example the capital 

asset pricing m:del; (fama & Miller ( 1972) , Black ( 1972) ) :  

(36a) 

(36b) 

ast re a st 
P st - rSt = Pet - - t -

act act 

a st 
P sr - rSt = - (Pet - rCt) 

cr et 
Thus the excess expected dollar return on the option must be proi:ortional to 

the excess expected dollar return on the underlying stock that determines the 

option's value. Rearranging (36) gives, 



(37) 
P st - rst P et - rct = 
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Obviously the absolute price of the option et in equilibrium according to (37) 

must depend upon the stock price St and its instantaneous variance crst• Given 

the St following an Ito equation, to solve explicitly for
. 

Ct requires further 

steps. These further steps require the formation of a partial differential 

equation. 

substituting (27) into (37) yields: 

(38) a.et a Ct a 2ct 2 
- P st + - + 1/2 -- crst - rCt a st at as� 

a ct 
a St 

Further rearranging and simplifying yields: 

= 

Since this expression must hold in "equilibrium at all periods, it holds at 

t = o. 

Thus the option price must conform to (39) as well as being subject to 

ther terminal condition at t:ime t* 

(40) et* = rnax(St* -K, O) 

To sol Ve the partial differential equation (39), the !:est approach is to 

use an isomorphic transformation of (39) for which a known solution exists. 

This is the procedure followed by Black and Scholes using the heat ransfer 

equation for which a known solution exists (churchill (1963), p. 155). The 

solution is then expressed as in eg. (20 ) . 

3.3 The Generalization of the Black-scholes Option Pricing Formula in a 

Multi-Security World 
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Introduction 

The purpose of this development is to derive a generalization of the 

Black-Scholes model in a multi-security world. The fQint of departure from 

the work done by Black-Scholes is the contention that it is not possible to 

determine an investor's most desirable course of action by considering each 

possible act in isolation from others. Since at any one time he may be 

confronted with an entire menu of choices, the investor is faced with the 

necessity of determining a rational strategy for choosing. An investor may 

buy any number of options at any one time . 

Specifically, Black-Scholes _explicitly assume in their derivation that 

the price of a call option is determined in isolation from any other options 

in the marketplace. In other words, they do not differentiate between the 

pricing of a single option P,Ort�olio and that of an option as one of the 

individual securities in a portfolio. In this discussion, their world of 

construction is specifically referred to as a single-security worlde ·The 

generalization taken here, how�ve�, allows investors to price options in 

relation to their overall p:Jrtfolio p:Jsitions. An investor may buy any number 

of options at any one time. This k ind of construction is referred to as a 

multi-security v.urld. 

Recently, Harrison-Pliska (1981) have derived a generalized Black-Scholes 

formula in a multi-dimensional diffusion model. The model is characterized by 

a l:ond and many correlated stocks. This setting is very similar to the multi­

security world employed here. However, there are differences in terms of the 

techniques used to derive the results. They use stockastic calculus, while 

the derivation here is a generalization of the technique employed in the last 

section. 

One interesting contribution of the results here is that continuous­

hedging produces the same market balance equation as that derived in a 
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continuous-time Capital Asset Pricing Model. This finding probably simply 

verifies the law of one price. 

3.3. 2 ASSUMPTIONS 

All assumptions in the Black-Scholes model are retained here except the : 

one that there is only a single stock in the model, i.e., the single security 

world assumption. The particular type of multi-security world assumed here 

contains n correlated stocks. The joint price movement of these stocks is 

ass umed t o  b e  a mul t i-d imensional d i f f u s i o n  process. Further, the 

determination of this precess is assumed to be exogenous. 

A multi-dimensional diffusion process looks like 

(41) 
n 

dSl· ·= Pl·dt + E cr.k dZk, i = l, • • •  ,n 
k=l l 

where S = (S1, •••• , Si, •••• , Sn) represent the set of stocks, Pi is the 

drift factor. A = f crik] n x n defines a non-singular covariance matrix 

(symmetric and fQSitive definite), z1, ... , Zn are standard Wiener precesses and 

the correlation between dZi and dZk i� the correlation coefficient µ
ik• 

In a two-stcck world, the precess looks like 

dSl = P1dt + crudZl + cr12dZz 

dS2 = P2dt + cr21dZ1 + cr22dZz 

In other words, the price change of stock comes as a result of not only its 

noise but also the noise of stock 2 (i.e., the rest of the market). 

In order t o  simplify the derivation process taken here, however, it is 

further assumed that the price change of a steck can be explained by its own 

noise and the noise of a common market index. The correlation between the two 

is assumed to be zero . therefore, ( 41) becanes: 

(42) dS · = P · dt + S · cr d'7. + cr · dZ · i i i m -m e1 i 

where S. is a coefficient measuring the effect of the market noise on the 1. 

price change of stock .i� Zm is a Wiener process describing the noise of the 
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price dynamic of the market index, crm denotes the instantaneous standard 

derivation rate of return on the market index, cr · denotes the specific ei 

standard derivation rate of return on stock i. 

- I 
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3. 3.3 Derivation 

Suppose an investor engages in continuous-hedging by writing covered call 

options on stock. According to Ito's Lemma, the pricing dynamic of any call 

can be stated as 

(43) 
a ci 

dC· =p ·dt + 8 .cr d7.- + � a · dZ· i ci ci m -rn 5 ei i 
a· i 

where 

(Proof) 

where 

(45) · (dSi) 2 = ( Pidt + Siam dZm + cr ei dZi) 2 

= P f (dt)2+ Sfcr� (dZm) 2 +cref (dZi)2 + 2Pif3icrmdtdZm 

+ 2Pi cr ei dtdZi + 2Sicrmcr ei d�dZi 

Since according to the well-known "laws" of stochastic calculus (Astrom 

(1970) , SOong ( 1973) ) ,  

dtdZin = 0 

(dZro) 2 = (dZi)2 
= dt 

dtdZi = 0 

and by construction 

equation (45) can l:e simplified as 

(46) (dSi)2 
= (S2icr� + cref) dt 
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It is interesting to note that the two terms in the right hand bracket of 

equation (4 6)  ar e p r ec isely the instantaneous syst ematic  r i s k  and 

instantaneous unsystematic risk . 

Substituting equations (42) and (46) into equation (44) and rearranging , 

ac · l. ac · l a2c · l. 1 
. + - + - __:.___ 1 at 2 a sf as . l. 

aci aci ;--sicrmdZm + � creidZi si asi 
Defining Pei as the value of the coefficient term of dt , and Sci  as 

a ci Si , equation (47) is equal to a si a c . 1 
dC · = P · dt + 13 · cr d'7. + - cr · dZ · 1 ci c1 m -m 5 ei i a . 1 

To hedge away the r is k  of any stock i ,  thi s  investor may write covered 

call options on it with a hedging ratio a.i y;:er share of the stock.. The value 

of the hedging portfolio Ii thus is (48) and the total derivative is (49) , 

(48) 

(49) 

I · = S · - a. .  C · l. l l. l. 

dI · = dS · - d (et.  ·C · )  1 l. l. l  
= asi - r (da.i > ci + a.i (dCi) + (da.i ) (dCi) J 

In pr incipal , since continuous hedging allows ai to be continuously 

determineed , a.i is not an endogenous variable , and thus 

( 50 )  d a. i = 0 

Substituting equation (50 ) into equation (49) , 

( 51 )  dI ·  = dS ·  - a . ac .  l l l l. 
Substituting equations (42) and (43) into equation (51) , 

, I 
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There are two risk terms which make up the total risk of this h�dging 

portfolio in equation (52) . The first term corresponds to the impact of the 

market risk and the second term corresponds to the stock ' s  specific risk.  

To design a rational hedging strategy,· the investor has the choice of 

buying one or many hedge por tfolios. In the extreme case , he may engage in 

hedging on all stocks simultaneously. 

When he buys only one hedg ing portfolios (the Black-Scholes case ) , the 

instantaneous change . in the value of the hedging portfolio is described by 

equation ( 5 2 ) . However , according to portfolio theory, if he buys many 

hedging portfolios simultaneously, the risk contribution of an individual 

:i;:ortfolio to his OV'erall position should l:e less than the total risk of that 

portfolio. In the extreme case , the risk contr ibution of an individual 

:i;:ortfolio to his overall position should only l:e the systematic :i;:ortion of the 

total risk position of that portfolio ,  i.e. , the term in equation (52 )  which 

corresponds to the risk of the mar ket portfolio. A rational investor , in 

light of thi s  advantage of risk reduction , will buy � portfolio of hedging 

portfolios at any time. In this portfolio context each security is priced 

according to its contribution to a well-diversified (market) portfolio risk 

and return , while each secur ity itself (with the exception of the mar ket 

security) is not "efficient . "  

The following procedure supplies an approach to price an option as a non-

efficient asset. 

To continuously hadge the non-efficient portfolio i, the investor must 

continuously readjust the hedging ratio a i in such a way that the ccefficient 

of the market risk term in equation (52) is always zero . To do this , 

( 53 )  S. cr - S . cr  a . = 0 i m ci m i 



thus : 

(54) 

s . 1. 
a. , = -

1. 

aci 
Fran the derivation of s

ci ' s . = S· - I thus : ci i 
as .  l 

(55) 
asi 

Cf. •  = -i 
ac . l 
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Substi t u t i ng equ a t i o n  ( 5 4 )  i n t o  equ a t i o n  ( 5 2 ) and assum i n g  total 

diversification yields: 

s . l. 
(56) dii = ( p i - p ci 6-: ) dt 

CJ. 

In order that the value of risk-free hedging portfolio be market-

determined at equilibrium, this s:ortfolio must earn a risk-free interest rate 

over time: 

(57 ) dI · = rI · dt l. l 

where r is the instantaneous risk-free interest rate . 

Equating equations (56) and (57) , 

(58) 
Si 

P • - P · - = ri i· 1. CJ. f3 • 
Cl. 

= r (S · - c . a. . )  
l l. ]. 

s .  1 
= r (S · - C · � ) J. 1. s . 

CJ. 

Rearranging equation (58) , 

(59 )  = 
s . s . 

1. CJ. 

This balance equation is , as it turns out , in the same general form as 

that arrived in a continuous- time CAPM (Merton 1 9 7 0  and 1 9 7 3b) between an 

option and its underlying ·Steck. It is different from the one in the Black-



Scholes world, i.e., 

( 60)  
cr·  

i 
cr 

ci 
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Apparently this difference eminates from the fact that, in the Black­

Scholes world, there is only one stock, thus the market prices this stock in 

relation to its own variances and consequently supplies a risk-pr_emium that is 

solely a function of this variance. However, in a multi-security world, the 

relevant risk measure of securities is 13 (the systematic risk t=ertion}, thus 

results in (59 ) . 

It is not surprising that a sufficient condition (use the continuous 

hedging strategy) in the derivation of a continuous-time CPAM relationship can· 

J:e shown here.· That is J:ecause there should J:e only � balance equation in a 

multi-security mean-variance world. Arbitrage-free condition for market 

equilibrium will not allow simultaneous existences of different market risk-

return trade-offs . 

To price an option according to the balance equation (59) , requires 

substituting the values for P ei and S ci as they are defined in equation (43) . 

To do so results in 

a ci a c .  l 
p . + -

P , - rS · a S ·  
l 

(61} 
l. l. l a t 

= 
13 

i 

Rearranging and simplifying yields : 

a c . . l. 
( 62) 

a t 

2 cr . = l. where 

+ rS · l 

2 2 2 Sicrm + crei 

a C ·  l. 

a s .  l 

a 2c .  
1/2 --2: + 

a s . 2 
l 

13 • l 

2 
a C ·  l. 

+ 1/2 � a s · l 

2 2 2 (S i crm +crei ) 

ac . J. 

a s .  l 

cr . 2 = l rC · l 

- re . l 
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It is interesting to note that the resulting multi-secur ity option­

pr icing differ ential equation is exactly identical to the single-secur ity 

Black-Scholes equation. It follows that the pr icing solution for options 

should also be the same. In other words it is shown that the value of the 

option is irrelevant to the diversification position of investors. The 

original single-security formula can also be applied even if investors buy a 

portfolio of options. In equation (61) , the exp=ted rate of return terms are 

cancelled out from both sides , thus the resulting differential equation is 

preference-free. This means that the value of the option is uniquely 

determined by the value of its underlying stock.. Since the effect of 

divers if ication (the mar ket effect) is only reflected in a lower i because 

that certain risk  is diversified away,  the fac t  that i is irrelevant means 

that diversification is also irrelevanto 

3 e 4  The Black-Scholes Model and � canplete Market 

S ince Black-Scholes developed the first satisfactory option pricing 

result ,  their model has been considerably general ized and many of their 

assumptions have been relaxed. However as Brennan (1979) pointed out, most of 

these mcdels have derived Black-Scholes type of preference-free results-. In 

here, it is explained why Black-Scholes type of preference-free models assume 

a ccmplete market. 

Cox-Ross-Rubenstein (197 9 )  have demonstrated that the Black-Scholes 

pricing result can be der ived as a limiting form of their model explicitly 

assumes a complete mar ket. Thus it is logical to expect that the Black­

Scholes rrodel also assumes a canplete market. 

Har r i son-Pl i s ka ( 1 9 8 1 )  have proven that the Black-Scholes model 

implicitly assumes that the market for underlying securities is complete. An 

intuitive explanation of the Harrison-Pliska proof follcws . 
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In a continuous market, the usual definition of a com plete market cannot 

l::e applied l:ecause the state space is no longer finite. However , a com plete 

market can l::e alternatively defined in this way: "a market is com plete if and 

only if any derived asset in the market is attainable." The term "attainable" 

means that the cash flow of the deried asset can l::e perfectly duplicated by a 

y;:ortfolio of l.ll'lderlying assets. The alternative definition here presented is 

a logical counterpart to the following statement : 

"A market is incomplete if not all derived assets 

in the market are attainable . "  

The lll'lique feature of the Black-Scholes m odel is the use of "continuous 

hedging." In other words , the cash flow of the option can be perfectly and 

continuously duplicated by the cash flow of a portfolio made up- of the 

l.ll'lderlying steck and a risk free discount bond. The hedging ratio of course 

has to be continuously adjusted. In fact , the possibility of continuous 

hedging enables the investor to hedge on any contingent claim because the 

hedging ratio is sim ply the relative price change l::etween the contingent claim 

and the underlying asset or assets. Thus , any contingent claim in ·their world 

is attainable, and it follows from the definition of a com plete market that 

their IIXJdel assumes a canplete market o 

Harrison-Pliska state that the fact that the price of stock follows a 

continuous precess is not a sufficient condition to a com plete market. It is 

also required that the precess of the steck price satisfy certain martingale 

represeentation properties ; loosely adaping their terminology, this means that 

the ret urn process on the stock using the risk-free rate as the discounting 

factor m ust be a m a rtingale and m ust be written as a stochastic integral. 

Other m odels which have already l::een shown to assume a com plete market include 

multi-dimensional Brownian Motion, the Poisson martingale, and others . 
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So far the idea that the Black-Scholes model implicitly assumes a 

complete market has been established. As a consequence, it can J:e lcgically 

deduced that their model should not price op tions in equil ibrium in an 

incomp lete market. This contention is more formally exami ned here. In 

particular , it will be demonstrated that the Black-Scholes o p t ion pricing 

formula prices options inconsistent with the First-degree Stochastic Dominance 

argument in a one-period incomp lete market. T he par ticular kind of market 

structure on which this analysis is based is a standard Capital Asset Pricing 

Model. It is important to notice that what is intent to be shown is that th 

Black-Scholes result cannot be ap p l ied in a larger environment (incomp lete 

market) than the one (com plete market) in whi ch the i r  result is der ived. 

Their result is nonetheless a market equilibrium result in their own setting 

(complete market) . 

TO create a larger environment, an additional assumption is requir ed  for 

this analysis. This is a general assump tio.n that d ifferent secur i ties may 

i;:otentially off different expected equilibrium returns. It does not matter 

why these securities may offer different expected equilibrium returns, though 

we choose to follow a set of assumptions in our development that is consistent 

with the formulation of the capital asset pricing model. T h us ,  if for no 

other reaso n ,  sec ur i ties offer ing different levels of risk (i.e. , d ifferent 

beta coefficients) would offer different expected equilibrium returns . 

Consider , for example, the existence of two underlying securities. These 

securities face the same market risk return tradeoff and differ only with 

respect to the level of the i r  beta coefficient. Call o p tions on these two 

securities , with the same underlying stock p rice , total variance of stock 

return , time to maturity, risk free interest rate , and exercise prices would , 

according to the Black-Scholes formula , l:e priced identically. However , it 

can be shown in the follow ing that an application of stochastic dominance 
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techniques, that if beta coefficients on the two securities are different, the 

value of the options on the two securities would not be equivalently desired 

by mar ket par ticipants. Hence , the application of Black-Scholes options 

pr icing formula to these two instruments would not lead to a situation in 

which there were no arbitrage opp::>rt�ities between the two options. This is 

a contrad iction to the Black-Scholes result , and , in fac t ,  all of the 

preference-free option pricing equation results that have been developed in 

the literature up to this r::oint in time. 

S tochastic dominance (Ali 197 5 ,  Bawa 1975 , 1978 , Josef-Williams 197 1 ,  

Levy-Yoraxn 1976 , and Vickson 1975) is  a very powerful and general method for 

ranking or valuing investments , and any alternative method for ranking or 

valuing investments that violates stochastic dominance is subject to question. 

I t  is a mechanism that allows discrimination between different probability 

distributions characterizing uncertain events in certain cases. For example, 

the idea that one security's 1.JI1certain return stochastically dominates �other 

allows compar isons of values of secur i ties without the need to specify the 

form of the utility f1.JI1ction that individuals may apply to their choices. 

The one theorem which will be applied here is the First Degree Stochastic 

Dominance (FSD) . The theorem states: if investors prefer more to less , and 

if the cumulative probability of A is never gr eater .�han the cumulative 

probability of B and sometimes less , then A is preferred to B. 

Assume equilibr ium stock pr ices ar e determined according to the CAPM 

valuation formula 
- -1 (63 )  Sio = siT (1 + rf + (rm - rf) Si] 

where 

Corr (r i rm) is the correlation coefficient between the return on stock i and 

the return on the mar ket index, O' (r i ) = cri/S io is the standard der ivation of 



37 

r etur n of stock i �ith cri the standar d der ivation of the pr ices of the stock 

at the end o f  one per i od, and finally SiT is the expected ter m inal pr ic e o f  

stock i. 

I n  the context o f  the CAPM, two stoc k s, i and j can h ave equilibr ium 

expected r etur ns, r i and rj , that dif fer even though they have tne sam e  

curr ent price an d  th e  same var iance for th e  futur e pr iceo For example, assume 

curr ent stock prices ar e  determined according to (63) , and for stcck i and j , 

Sia =  Sj o' cri = crj , a(r i) = cr(rj ) ,  but SiT f. SjT and Corr (r i, r m) f. Corr (  

rj , r m ) ,  and c onsequently and S i f. Sj · B ec ause the system atic r isks o f  the 

two stocks differ ,  their expected retur ns differ ,  with ri = r f + (rm - rf) S i 
Now consi der the c alls on these two stocks. Assume each stock has an 

assoc iated call with the featur es o f  the call the sam e  for the two stoc k s: 

both c alls expir e at T; and the exerc ise pr ic es ar e the same, k i = kj . W it h  

the Black-Scholes for mula the values o f  these calls would t:e the same, c10 = 

c2 0, independe nt o f  the fact that the stoc�s have dif fer ent levels o f  
� 

systematic risk and differ ent expected returns. 

To apply the stochastic dominance cr iter ion, the cumulative probability 

distr ibutions o f  the call pr ices at expir ation can be shown to be tr unc ated 

lo; normal 

(64)  Pr (CiT _:: a) = Pr [ SiT � ki + a] 
ln (k ·  + a) /S . )  - (P · - cr?/2) T  

= N { 
l l l J. ] 

cr i{T ( 65) 

The ar gum ent of the distr ibution function (the ter m in br ack ets} is 

m onotonic ally dec r e asing in the expected retur n, P i, and this distr ibut ion 

function is monotonically incr easing in its ar gument. Thus, if P 1 > P2, the 

term in br ackets for call l is smaller than for call 2, and 

j 

. I 
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for any a �  O .  

Note that expression (66) fits the definition of first degree stcchastic 

dominance , so that all investors that prefer more wealth to less will prefer 

to p.irchase call 1 at price c10 • 
Yet , it was assumed that c10 = c20 ,  which seems to be a disequilibrium .  

That is , i f  all inves tors prefer call l ,  it wou ld seem that its pr ice could 

not continue to be the same as call 2. At the very least, equilibrium should 

require that sane investors are willing to hold call 2 .  

The simple application of first degree stcchastic dominance shows that 

all investors would prefer to purchase the call for the stock with higher 

expected returns , when all other parameters (which appear in the Black-Scholes 

formula) are equal. 1 As  it has been shown before, the one crucial assumption 

which Black-Scholes implicitly make in . th�i r  model is that the underlying 

secur ity mar ket is complete. In a complete mar ket ,  an option can be pr iced 

relative to the price of its underlying security as if the world were composed 

of risk-neutral investors. In other �ords , the expected returns on underlying 

stock must all equal the r i s k-free interest rate in the expr ession for 

cumulative probability distr ibution of option pr ices , i.e. , equation (65) 

(however ,  it is imy;ortant to note that preference free valuation can only be .  

applied to the pr icing of a der ived secur i ty in which the mar ket of the 

underlying primitive security is complete. The relationship cannot be applied 

to a primitive security) . Thus, the expected rate of return is invariant in a 

complete mar ket , and the stochastic dominance argument fails to apply. I t  

rounds out that the Black-Scholes formula cannot be shown to be inconsistent 

with the stcchastic dominance argument in a complete market, but it violates 

the argument in an incomplete market case and their model thus cannot yield 

equilibrium option prices . 

One existing cr iticism of this application of stochastic dominance i s  
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that the calls are in apparent disequilibr ium because it is the stocks that 

are in disequilibrium. 

The Black-Scholes formula puq::orts to price the call only in ·relation to 

its underlying - stock. If the stcck is not priced correctly relative to other 

stocks , then neither will the call be correctly priced relative to other calls 

and stocks . 

This cr itical view would note that stock # 1  stochastically dominates 

s tock # 2 j ust as in the case of the calls , and suggest the stocks are 

incorrectly priced rather than the calls . 

That is with Pi > P 2 , and cr1 = cr2 • For the stocks , 

(67) Pr (S1T � a} � Pr (S2'J,' � a} 

for all a � O, and il exhibits first degree stcchastic dominance over #2 when 

810 = 820 ·  
The forgoing argument would be valid if ther e  were j ust the two stoc k s  

available. With just stocks #1 and #2  available to investors , investors would 

prefer #1, and prices would have to qhange until-. investors are willing to hold 

l:oth stocks. However , this argument is incorrect in an incomplete market with 
• j 1 

many secur i ti es wherein investor s can eliminate par t  of thei r  r i s k  through 

diversification. In such a market individual stocks may exhibit stochastic 

dominance over other stocks and still J::e correctly priced l::ecause stochastic 

dominance is irrelevant for individual stocks , but is a valid concept for the 

p::irtions comprised of these stocks. That is , it is correct to rank p::>rtfolios 

according to stochas tic dom inance , but the secur i ties should be r anked and 

valued with the CAPM that measures risk as covariance or l:eta. 

Thus , with portfolios A and B ,  it can be said that all investors prefer A 

over B if 

Pr (rA � a) � Pr (r8 � a} 

for all a (with str ict inequality for some a) , but two stoc ks 1 and 2 
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conforming to (67) would l:e correctly priced with P 1 > P 2 and o- 1 = o-2 because 

S1 > S2 . 

4 .  OP!'ICN PRICING UNDER INCCMPLErE MARKEl' CCNDITICNS 

4.1  Introduction 

In the Arrow-Debreu type of approach to uncertainty, a complete market 

has been treated as a l:ench mark of _ultimate capital market efficiency. The 

attraction of such a market rests upon its unique ability to achieve a Pareto 

efficient allccation of capital assets among investors under heterogeneous 

preferences and l:eliefs. Despsite this decided virtue, in the real world, a 

complete capital mar ket has not come to existence , because of problems 

associated with market frictions such as transaction costs , moral hazard, and 

adver se selection .. However , it has been suggested by many authors (pointed 

out in the wor k ing paper by Senbet-Taggart ,  1981) that the issuances· of 

corporate secur iti es have the econom ic funct ion of helping to complete a 

capital market.. In fact, these authors have argued that the economic role of 

corporate securities lies in helping �to canplete a capital market. 

Options , as a particular kind of corporate security,  have attracted some 

attention in the field of finance lately (Fr iesen 1974  and Ross 1976)  as 

having efficient market-completing function.. That is l:ecause the issuance of 

options is relatively easy and inexpensive and the tranaction costs involed in 

the trading of options are also relatively low. They have note that options 

may br ing an incomplete mar ket into completeness under the follow ing 

sufficient (X)nditions : 

( i )  T o  every state of nature corresponds a unique set o f  pr ices for 

primitive securities , and 

( i i )  mar kets exist for call options wr itten on all por tfolios of 

securities at all dates and at all striking prices. In a two period setting, 

Ross (1976) shows that it suffices to have call options on a single p:irtfolio 
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of the primary securities (the i:ortfolio chosen is one whose terminal payoff 

distinguishes the state of nature} • 

In a more general setting,  Arditti-John (1980) shows that options written 

on almost any t=0rtfolico of assets x can make the market complete with resp:ct 

to the numl:er of distinct states x can span - "maxirm.nn efficiency principal . 11 • 

The work in here is to review a few existing option-pricing mcdels which 

are applicable t.lilder incomplete market conditions , and to der ive an option­

pricing formula w i thin the framework of CAPM. It is empha s ized that these 

existing models are not derived under the objective of correcting other models 

which assume complete markets. In fact, these models were not addressed to 

resolving the paradox assoc iated with complete-market-based option-pricing 

IOOdels . 

4 . 2  Existing Option Pricing Mcdels Which Do Not Necessarily Imply Complete 

Market 

4 . 2 . l  K� Medel (1980)  

Far ka (1902) developed a lemma wnich has been proven to l:e very useful in 

formulating a certain type of mathematical programming problems. The lemma 

p r oves the follow i ng : A vec tor P w il l  s a t i s fy WP � 0 for all W 

satisfying WR � 0 if and only if  there exists a II� 0 such that P = RII • In an 

investment context, the lemma says that if every i:ortfolio in the market must 

involve a nonnegative amount of investment (WP � 0) in order to have 

nonnegative returns (WR � 0) (a typical ar bitrage-free condition} , then the 

current prices of assets (p) must be expressible as nonnegative (II � 0) linear 

cc:mbination of their future payoffs across all i:ossible states (R) . 

In this context , Far ka' Lemma is very essential because it  proves the 

existence oof Arrow-Debreu type of state secur ities even in the absence of 

complete market. Of course , now the prices of those secur ities are no longer 

unique and their determination is dependent upon investors' utility functions. 
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In fact, one can imagine an environment in which investors as a group l:ehave 

according to a "consensus" utility function and expectation, and consequently, 

the price of state security equals the relative marginal utility of wealth . 

Kwon has extended Farka's Lemma to a continuous-state framework ,  and then 

suggests that the pr ice of an option can be determined via the Lemma when a 

"consensus" utility funct ion can be der ived. He does not demonstrate the 

k inds of utility function that are apropr iate. However , he der ives a 

technique to show how options can be pr iced g iven a consensus utility 

· function. I n  fact , he shows that the Black-Scholes result can be der ived 

under the assumption of a constant-proportional-ris k-aversion consensus 

utility function. He further suggests that as there  can be different 

consensus utility functions , there can l:e different coption pricing formulas . 

The distinct feature of Kwon's  technique concerns the involvement of 

investors '  prefer ences-the need of assuming a consensus utility function. 

This kind of technique has l:een · called "absolute-pricing11 technique (Garman, 
� 

1978 ) . A problem associated with this kind of technique is that it is 

practically very hard to determine a consensus utility function . 

4 . 2 . 2  Lee-Rao-Auchmuty Medel (1981) 

Lee-Rao-Auchmuty have employed Bawa' s Lognormal capital Asset Pricing 

Model (1981) to price options . They state: 

"This paper der ives a call option valuation equation assuming 

discrete tr ading in the secur ities mar kets wher e the underlying 

asset and the market returns are bivariate lcgnormally distributed 

and investors have increasing, concave utility functions exhibiting 

skewness prefer ence. S ince the valuation does not require the 

continuous time r is kfree hedg ing of Black and Scholes , nor the 

discrete time riskfre hedging of Cox, Ross and Rubinstein, market 

effects are introduced into the option valuation relation. The new 
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option valuation seems to correct for the systematic mispricing of 

well-in and well-out of the money options by the Black and Scholes 

option pricing formula . "  

" • • • • • •  the new discr ete trading option valuation equat ion is based 

on a larger adm is s ion set of utility functions than perm itted in 

the Rubinstein-Brennan State preference fr�r k  • • • • • •  " 
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Essentially, r.ee,..Rao-Auchmuty attempt to pr ice options under discrete­

tr ading condi t ions , by determining the expected rate of return of an option 

through a par ticular k ind of CAPM , and then by discounting the expected 

terminal pr ice of this option us ing the return factor. Ther efore ,  thei r  

formula yields market equilibrium prices. Since the lognormal CAPM dces not 

assume a complet� market, their result is applicable l.lilder incomplete market 

condi tions. However , it is emphas ized her e  that their der ivation is not 

motivated by the idea of correcting existing complete-market-based results. 

In fact , they did not discuss this idea at all . 

4 . 2. 3  O ' Brien-Schwarz Model (1982)  

O'Br ien-Schwar z have pr esented a third mcdel which is applicable Llilder 

incomplete mar ket conditions. They developed an ad hoe argument that an 

option-pricing formula developed in the standard CAPM may J:e useful. Though 

they wer e  not able to der ive a closed-form pr icing result , they suggested a 

numer ical procedur e to pr ice options . Applying the model in the over-the­

counter gold mar ket,  they suggest that their model outper forms the Black­

Scholes m:::del . 

Compared to the Lee-Rao-Auchmuty mcdel , they suggest that their mcdel is 

eas ier to apply because it contains one less unobservable var iable. The ir 

mcdel is applicable under incomplete market conditions J:ecuase the standard 

CAPM does not make a complete market assumption. It is emphasized that they 
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did not offer any discussion al:out the complete market idea and al:out the fact 

that the Black-Scholes m::del makes that assumption. 

4 . 3  Option-Pricing in The Standard CAEM Framework 

In her e the _option valuat ion problem .is approached under one form of 

incomplete market conditions. The particular model employed is the standard 

CAPM .  Within thi s  mode l ,  a European call option will be pr iced i n  the same 

way as any other secur i ty in the mar ket place. That is the pr ice of a 

security equals the present value of its future cash-flow. Present value is 

defined using expected returns from the CAPM . It is emphasi zed that thi s  

model and O'Brien-Schwarz model ar e  developed independently, although l:oth of 

then are based upon the standard CAPM. 

The CAPM is a partial mar ket equilibr ium which does not make an 

assumption of a complete market. In such a model, in general, options ar e  not 

redundant securities. The cash-flow of an option cannot l:e totally replicated 

by linear combination of the cash-�low of other secur ities in the mar ket 

place . 

A unique feature of the CAPM is the der ivation of a mar ket equilibr ium 

risk-return relationship -- the " secur ity mar ket line11 • This relatioi:iship 

enables inves tor s to determine the expected rate of return of a secur ity 

according to the risk of this security. The development taken here supplies a 

way of determining the risk of an option. 

The incomplete-market-based approach employed in here is different from 

the approaches discussed in Section B in the following ways : 

1) While pr evious approaches ar e not addr essed to resolving the par adox 

assoc iated with complete-mar ket-based option-pr icing models , this 

approach is developed for the purpose of correcting the paradox , 

2) i t  does not r e late to investo r s '  u t i l i ty f unc t ions and thus i s  
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fundamentally different fran the Kwon approach. 

3 )  it is based on the standard CAPM and thus is  different from the Lee-=Rao-

Aucbmuty approach which employes the lognormal CAPM ,  

4 )  it results in a simple , closed-from option-pr icing formula,  and thus 

improves the Schwarz-O'Brien result . 

4 . 3 . l  The Assumptions and Result of Standard CAPM 

CAPM can be derived under the following set of assumptions (not a 

necessary set ; many of the assumptions can be relaxed , see Elton and Gruber 

1981) : 

(a) All individuals have a strictly concave Von Neuman-Morganstern 

utility function and are one-pericd expected utility maximizers . 

(b) Investors have -hooornogeneous expectations a.tout the terminal firms 

asset values and security prices .*  

(c ) The capital market is  perfect:  no transaction costs or taxes and 

all traders have free and costless access to all available 

inforation. All traders are price takers in the market . 

(d) There are no costs of liquidation or bankruptcy 

(e) Investors can lend or borrow any amount at the risk  free interest 

rate. 

(f) Borrowing and short-selling by all investors and free use of all 

prcceeds is allcwed . 

(g ) All assets are infinitely divisible and marketable . 

(h) The returns of any asset and the market portfolio follow a j oint 

normal distril:ution . 

* Options may exist even under the condition of homogenous expectations if 
investors. have heterogeneous preferences . 
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The result of the model is a market equilibrium risk-return relationship 

called the "security market line": 

where ,  Ri is the expected return on secur ity i ,  Rf is the r is k  free 

interest rate, � is the eXJ_JeCted return. on the market :i;:ortfolio and S i 

is the amount of risk of security i and is defined as :  

CrN (Rj_ 1Rm> 
S i =

----­

Var (Rnl) 

Verbally, the CAPM structures the demanded comi:;:ensation of the market for time 

and risk . 

4 .3 .2 The Drivation of the Standard CAPM 0ption-Pricing Formula 

Notations 

C: the present value of the option. 

er: the terminal value of the option which is uncertain as of to date . 

T: the time to maturity of the option . 
-

Cr= the expected terminal value of the option . 

Re= the expected gross rate of return on the option . 

Rs: the expected gross rate of return on the stock. 

K:  the exercise price of the option . 

S : the current price of the stock . 

cr5 : the standard-deviation of the rate of return on the stock . 

Rm= the gross rate of return on the market . 

Sc , Ss : the systematic risk of the option and of the stock , resi:;:ectively . 

Rt= the risk-free interest rate . 

Derivation 

The present 'M:lrth of a European call option equals 

(68)  c = 
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The derivations which follow determine the values of Cr and � and hence C .  

First of all , according to the def initioon o f  expected value , the 

assumption that Rs follows a normal distribution and the terminal condition of K 
the option that Cr = ST - K if R5 � -- and othewise zero , the expected s 
terminal price of th� option can t:e determined as : 

(69 ) Cr = f s.r - K) dN (Rs) 
K/s 

Standardizing the notmal distri�tion N (R5) by setting 

Rs - Rs u = , then � = s� = s cr5u + SRs , and (69) l:ecanes (J 
s 

co 

(70} Cr .= . J (Scr5u + SRg - K) dN (U) 
-b -K/S ·+ Rs 

Where N (U) is the standard cumulative normal distribution and b = ----

Rearranging and simplifying (70) yeild er: 
CD 

(7la) Cr = cr5s JudN (U) + (RsS - K) N (b) 

(7lb) 

-b 

crgS -l/2b2 
= - e 

"'fIT 
+ (RgS - K) N (b) 

CJ 
· s  

Secondly , � can be determined via the following alternative form of the SML: 
- Rs - � 

(72)  Re = Rt + Sc ( ) 
S S 

In  (72 ) the only unknown variable is S c and it can be der ived from its 

definition and the terminal condition of the option: 

(73) 
CCN (Rc ,  Rnl) 

s = -----c 
Var (Ru,) 



K s K 

( 74) Re -
(Rs - -) 

s c if 
Rs � -

s 

R K < ........ 
0 s 

s 

The discussion which follows is the derivation of Sc . 

c 
Multiplying % by -, then fran (74), 

s 

(75} 

K 
Rs - -

s 

0 

if 

K 
Rs �. ­

s 

K 
R' < -

s s 
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It essentially defines a truncated normal distribution with the trucation 

K 
taken place at -· According to the results derived by Lintner (1977, p lll) 

s 

concerning the properties of the truncated normal distrip.ition, 

c 
(76) O::N (R0 -, P,n) = O::N (Rs , P,n) N  (b} 

s 

Thus rearranging (76) yields: 
s 

(77) O::N (% , !\ii) = - N (b) Cov (Rs , I\n) 
c 

Substituting (77) into (73) yields : 

s (Rs,  Rm) 
S c = - N (b) Cov 

c Var (Rro) 
(78) 

s 
(78b) = - N (b) S S 

c 

This result indicates t.,at the risk of the option comes entirely from the risk 

of its underlying stock . 

Substituting (78b) into (72) , 



(79a) 
- s Rs - Rt 
Re = Rf + - N (b) S S ( ) 

s 
C S s 

(79b) = Rf + - N (b) (Rs-R:f) 
c 
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F inally, substituting (79b) and (7lb) into (68 )  yields the present worth of 

the option as: 
S cr5 

-{ill 
(80 )  C =  

S:impllifying and rearranging 

Scr5 

$" 
(8la) c = 

Sa5 

$ ·  
(8lb) = 

-K 
- + Rs 
s 

-l/2b2 
e + (RgS -K) N (b) 

s 

� + - N (b )  
c 

(Rs-Rf) 

( 80) yields the option-pricing formula: 

-l/2b2 
e + 

-l/2b2 
e - KN (b) 

� 

-
CRsS -K) N (b) - S N (b) (Rs - Re> 

+ SN (b) � 

Where b = and N ( ) is the standard cumulative normal distribution. 
crs 

This formula has "certainty-equivalence" form. In (8la) , the ':first two 

numerator terms corresJ;:Ond to the expected terminal price of the option while 

the third numerator term represents the demanded comp:nsation from the risk of 

option . The formula contains the following five determining variables : 

s ,  K ,  Rf , Rs and O" s· The time to matur i ty ,  T ,  is reflected in the values of 

Rf , Rs and cr5 • 

The new formula being der ived from the CAPM is more general than the 

Black-scholes formula, because the CAPM does not make a necessary assumption 

J 
� I 
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of a complete mar ket. Consequently, the new formula contains one more 

determining factor than that of Black-Scholes--the expected rate of return on 

the 1.JI1derlying asset of the option 1.JI1der consideration. This factor reflects 

the effect of investors '  preferences upon the value of the option . 

The new formula is very similar to the Lee-Rao-Auchmuty formula, because 

l::::oth of them are derived in the CAPM context. Because of that, they are l::::oth 

preference-related. The difference between the two formulas comes as a direct 

result of different distribution assumptions-Lee-Rao-Auchmuty assume that the 

return of the underlying asset of the option in consideration follows a 

logn0rmal distril:ution instead of a normal distril:ution . 

However ,  the new formula is much simpler and has a practical advantage 

over that of Lee-Rao-Auchmuty, which is that its implementation requires the 

estimation of one less unobservable determining variable. The one variable 

which is not required is the covar iance of the underlying asset with the 

market index. 

The new formula should have been identical to the Schwar z-O'Br ien 

formula, had they been able to derive a closed-form solution. This is because 

l::oth of these attempts are based upon the same kind of CAPM although they have 

been developed independently . 

5 .  StM-1ARY AND CCNCLUSICN 

This paper approaches the question of option pricing by considering the 

economic theory of options. This attempt r esults in the class if ication of 

existing option pricing mcdels into two categories , one in which options serve 

oo econanic purpose and one in which they do .  

It has long been argued that the economic role o f  options , as well as 

other secur ities in the mar ketplace , is to provide completeness to the 

existing incomplete capital mar ket. A distinct feature of an incomplete 
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capital mar ket is that marg inal rates of substitution between . current 

consumption and all conceivable patterns of future returns are not necessarily 

driven to equality for all investors. The reasons for this incompleteness are 

transacticon costs , moral hazard, adverse selection and so on.. These problems 

are not of direct concern in this paper. However ,  because of them, there is a 

clear incentive for investors and corporations to tailor their issuances of 

securities so as to . eliminate or more realistically reduce these divergences 

( in marg inal rates of substitution) . These actions provide completeness to 

the mar ket. It is known in economic theory that a complete mar ket has the 

unique ability to achieve ultimate "efficiency' or Paret?-OPtimal, which has 

long been recognized as the ultimate goal of economic development (in the 

context that social welfare is held to rise with individual happiness ) . In 

thi s  "positive" sense , the argument that secur iti.es �xist to complete the 

capital market is assumed here to be the economic theory which 1.mderlies the 

development of options. 

In the ir role as mar ket com�leting secur ities., options have some 

particular advantages as opposed to stocks or l:onds�the relative cheapness of 

issuance and the virtual infinity in which they can be wr itten based upon a 

single underlying asset. These two advantages distinguish options as superior 

market ccmpleting securities . 

Recently , however , it has been found that most of the existing option 

pricing models impl ici tly or explicitly assume that the mar ket of the 

underlying security is already complete. This finding leads to the "paradox' 

r aised in this disser tation. This paradox exists because these existing 

models attempt to price opticons in a complete market environment in which 

options would not necessarily be issued if they do not serve the economic 

purpose of completing the mar ket. This category of models includes the 

seminal Black-Scholes model . 

, I 
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The Black-Scholes option pricing model has long J::een reco:Jnized as the 

first successful attempt to price options in a general equilibrium context. 

s ince then , option-pr icing theory has been developed us ing their initial· 

methodolog ical approach as a basis from which a number of extens ions and 

generalizations- have been formulated. Because of the importance of their 

mode l ,  a s ignificant por tion of this paper is devoted to reviewing , 

generalizing , and cc:mnenting·· on their rrodel. 

Becau s e  the or ig inal de r ivation of the i r  result is not totally 

satisfactory, a reder ivation of their result is provided. The alternative 

der ivation is somewhat clearer . One conclusion that emerges from this  

· derivation has the imp:>rtant implication that the inherent market equilibrium 

balanced equation derived is in the same general form as that of the Capital 

�sset Pricing Model. The differ ence is that the Black-Scholes balance 

equation implies that the market prices securities in relation to their own 

var iances but not their systematic r is ks.  The reason given is that black­

Scholes assume a single stock in� their model. As a consequence , the 

unsystematic por tion of the risk of the secur ities in their model cannot be 

diversified away. 

In order to investigate whether the Black-Scholes formula is valid even 

in a market in which there are many stocks, a generalization of their model is 

given. The contention is that it is not possible to determine an investor's 

most desirable course of action by considering the purchase of one option in 

isolation from others. The investor can, at any time, undertake a number of 

different acts , such as the purchase of a single option vs. the purchase of a 

:r;:ortfolio of options. He must determine a rational strategy when confronted 

with an entire menu of choices , and he must determine the value of an option 

in the context of �h i s  r a tional str ategy. The development of th i s  

generalization is based up:>n the construction that the set of stock prices in 
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the model follows a multi-dimensional diffusion processe the technique used 

to br ing about mar ket equilibr ium is the seminal "continuous hedging"  

technique. The r esult of this generali zation is qui te surprising at first 

glance .  The resulting formula is identical to that of Black-Scholes in the 

single security world. The implication is that within the framwork of this 

generalization, an option is priced indifferently to the p:>rtfolio :s:osition an 

investor may take. In other words, diversification is irrelevant.. In order 

that this counter-intuitive result can be under s tood , it is necessary 

initially to explain why the Black-Scholes approach assumes a complete market. 

I t  is  also wor thwh i l e  to note another po int wh ich emerges  in the 

generalization: that the market equilibrium balance equation derived in this 

generali zation is identical to that of the continuous-time CAPM. In other 

words, the market prices securities according to their systematic levels of 

risk. This finding , in my opinion, confirms the "law of one price." 

The formal prcof that the Black-Scholes mc:del and its generalization in 

the multi-security world implicitly �assume a complete market has l:een given 

very recently by the joint effor ts of Kreps and Har r ison-Plis ka. In thi s  
� J 

disser tation only an intuitive explanation based upon thei r  proof is 

attempted, that is, the complete market assumption is a direct result of the 

continuous-hedg ing technology employed in the Black-Scholes model and its 

generalization. this techn�logy enables an investor to duplicate the return 

distr ibution of any option by a continuously adj usted portfolio of its 

underlying asset and a risk-free discount t:ond. Such an act ensures that any 

option in their wor ld is attainable and thus redundant. This condition in 

turn implies that the market assumed in their model is complete. Because most 

existing option-pricing models are extensions of their model, it is also true 

that these extensions likewise assume complete markets. 

One unique feature of the complete market approach to option-pricing is 
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that the resulting formula is preference-free. This means that the price of 

an option can be determined without invoking the prefer ences bf investors .  

Consequently, the factor which reflects these preferences , i.e. , the expected 

rate of return, is irrelevant. However , the price of the underlying security 

as one of the determining variables of the price of the option itself reflects 

the preferences of investors. In the work here , it is demonstrated. that it is 

the complete market assumption which causes the preference-free pricing result 

and further that the so-called "risk neutral valuation relationship" technique 

is applicable to the valuation of any derived security in a cc:mplete market. 

After understanding that a complete mar ket implies a preference-free 

pricing result, the counter-intuitive result that diversification is  

irrelevant in the Black-Scholes approach can be explained. The effect of 

diversification , being reflected only in the value of the expected rate of 

return of a security, is irrelevant if the pricing of that security dces not 

involve the expected rate of return as a result of the preference-free 

property. 

After an investigation of the paradox, the discussion shifts to pricing 

options under incomplete market conditions. A few existing models which do 

not assume a complete mar ket are presented. It  is emphasized that the 

development of these models is not based upon the rationale of treating 

options as market-completing securities. Therefore the pricing of options is 

developed under the standard Capital Asset Pricing Model. The model dces not 

necessarily make a ccmplete market assumption. 

The option pricing result developed under the standard CAPM is shown to 

contain one more factor than the Black-Scholes result. This factor accounts 

for the fact that different investors have different preferences. In essence, 

this factor is the expected rate of return on the underlying asset. The 

theoretical drawback of this model is the assumption that the pr ice of the 
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underlying asset follows an Arithmetic Brownian Motion. As a consequence, the 

resulting formula implies l:oth fX:?Sitive probability of negative price for the 

underlying asset and an option price greater than the price of its underlying 

asset for a sufficiently long time to maturity.  
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