GEOMETRIC DEEP LEARNING FOR TIME
SERIES AND FOUNDATION MODELS



GEOMETRIC DEEP LEARNING FOR FINANCIAL TIME SERIES
AND EFFICIENT FINE-TUNING OF FOUNDATION MODELS

BY
REZA ARABPOUR DAHOEI, B.Sc.

A THESIS
SUBMITTED TO THE DEPARTMENT OF COMPUTATIONAL SCIENCE AND
ENGINEERING
AND THE SCHOOL OF GRADUATE STUDIES
OF MCMASTER UNIVERSITY
IN PARTIAL FULFILMENT OF THE REQUIREMENTS
FOR THE DEGREE OF

MASTER OF SCIENCE

(© Copyright by Reza Arabpour Dahoei, August 2025

All Rights Reserved



Master of Science (2025)

McMaster University

(Department of Computational Science and Engineering) Hamilton, Ontario, Canada

TITLE:

AUTHOR:

SUPERVISOR:

NUMBER OF PAGES:

Geometric Deep Learning For Financial Time Series and

Efficient Fine-Tuning of Foundation Models

Reza Arabpour Dahoei

B.Sc. Mathematics and Applications

Anastasis Kratsios

xv, 102

11



Lay Abstract

This thesis presents two contributions at the intersection of artificial intelligence and
mathematics.

First, I introduce a novel method for adapting large language models on widely
available hardware. This approach recovers half of the performance lost when using
an untuned base model instead of a GPU fine-tuned one, while running on a single
laptop with minimal cost and energy consumption. It makes specialized models more
accessible, preserves privacy by keeping data local, and promotes environmentally
responsible computing.

Second, I develop a practical framework for working with history-dependent stochas-
tic processes commonly used in quantitative finance. Such processes are often too
large to compute efficiently. The method proposed here compresses them into a
low-dimensional representation and then applies a computational model, enabling
efficient simulation, estimation, and practical application.

Together, these contributions introduce novel algorithms capable of addressing

real-world problems from fresh perspectives.
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Abstract

This thesis presents two significant research contributions: one focuses on improving
the adaptation of large language models (LLMs) using parameter-efficient fine-tuning
(PEFT), and the other addresses the effective modelling of history-dependent stochastic
processes—specifically Volterra processes, which are commonly applied in quantitative
finance.

In the first part, I introduce a user-friendly adaptation pipeline that boosts the
performance of a standard foundation model, bringing it much closer to a fully fine-
tuned, task-specific version. Remarkably, it achieves this while using significantly
less compute and memory, all while keeping data private. The pipeline leverages
existing learnable low-rank adapters (LoRA) for known datasets and predicts adapter
values for new datasets using this readily available information. Its main advantage
is that it can run on a standard laptop without requiring GPU power, ensuring that
data remains local. This method effectively closes about half of the performance gap
between an untuned base model and a fully fine-tuned one, making specialized models
more accessible to researchers, practitioners, and everyday users who lack expensive
infrastructure or work with sensitive data on devices like smartphones.

The second part addresses a computational challenge in translating the non-

Markovian Volterra process into a format suitable for computation. This translation is

v



difficult because the data history dimension affecting the current state grows with the
length of the path. I propose a two-step approach to make this process manageable:
first, the Volterra process is mapped onto a simpler, lower-dimensional manifold; then, a
geometric deep learning model—a “hypernetwork"—is applied, specifically designed for
the manifold’s structure. We provide both mathematical and computational evidence
demonstrating the model’s effectiveness and practicality (with proofs developed by
co-authors available in the main paper), along with extensive testing of each parameter

to validate our approach.
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Chapter 1

Introduction

The recent wave of advancement of artificial intelligence (AI) and machine learning
(ML) has revolutionized numerous domains by enabling the analysis and prediction
of complex, high-dimensional data in different shapes and formats, from numbers to
images/audio, and even text. At their core, neural networks are fascinating tools that
are mathematical models invented in the last 80 years [1] and are continually evolving.
These models are becoming the state of the art in various challenging computational
tasks, such as natural language processing (NLP) [2| or computer vision [3]|. Despite
being under the same umbrella of deep learning, the underlying data that different
models are being created for is inherently different, and this difference can change
many things. A model that works well on a specific type of data might not be even
close to the performance of a different one on another data [4]. These phenomena
point to a fundamental question: the study of different data shapes along with the
capabilities of different family of models or algorithms and their ability to represent or
learn them. This study involves leveraging the geometric structures inherent in data

to design more efficient and practical models, which is called geometric deep learning.



M.Sc. Thesis—R. Arabpour Dahoei McMaster University—CSE

5]

This thesis works on the same perspective but from a computational aspect.
It explores two distinct yet structurally related contributions: the development of
a framework for adapting large language models (LLMs) efficiently under realistic
compute, cost, and privacy constraints; and the creation of practical approximations
for conditional dynamics of history-dependent (non-Markovian) Volterra processes
that arise in many areas like mathematical finance. The thread connecting these two
research ideas is the task of approximating or predicting the internal parameters of a
machine learning model that solves a desired problem using a higher-level model. In
our case, our downstream problem solver models are primarily deep neural networks,
and the higher-level model proposed is known as a hyper-geometric network (HGN),
which will be the main focus of the third chapter and the core idea of the framework
presented in the second chapter. A major reason for focusing on this point of view is
its ability to address critical challenges in accessibility, scalability, and computational
feasibility simultaneously, thereby bridging the theoretical insights from mathematics

to real-world applications.

1.1 Motivation

A big portion of the AI revolution in the past few years has been a direct result of the
invention of very large models with billions of parameters pre-trained on vast datasets
and capable of general-purpose tasks. A pre-training has been done on the entire
data on the internet, which embodies a huge portion of all the information generated
by human beings in history. These large models, called foundation models [6], such

as GPT [7], Llama [8], Gemini [9], and Mistral [10] models, exemplify this trend,
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demonstrating remarkable capabilities in language understanding and generation.
However, despite their capability, they are rarely perfectly aligned with a new, domain-
specific task. Their deployment for specialized tasks, thus, often requires fine-tuning, a
process in which the model parameters are updated to align more with domain-specific
data. As models and datasets scale up, full end-to-end fine-tuning of these large
foundation models simply becomes impractical for many due to memory, compute,
cost, and data-governance constraints. This crucial problem has been addressed by
parameter-efficient fine-tuning (PEFT) [11] techniques, offering a strong trade-off
between performance and efficiency by modifying only a small subset of parameters
while keeping most of the model parameters frozen. Among these, the Low-Rank
Adapter (LoRA) [12] approach has become standard due to its combined simplicity
and surprisingly powerful effectiveness, often changing as few as 1-4% of parameters
while maintaining +90% of performance [12]. However, most PEFT pipelines still
assume GPUs to generate outputs and calculate the task-specific gradient to update
parameters, which, for modern massive LLMs, makes LoRA fine-tuning still expensive
and inaccessible to many. Thus, a pertinent question arises: Can one generate new
low-rank adapters to fine-tune large language models on new tasks without the need
for GPUs?

Shifting focus to the domain of quantitative finance, one of the main use cases
of mathematics and machines in finance is the task of modelling, simulating, or
approximating financial time series. These mathematical models are the heart of
many downstream tasks, such as risk management and asset pricing, and affect the
entire economy every day. There has been a long history of financial markets like

stock markets, which date back to the 1500s; however, the mathematical modelling
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of financial markets arose centuries later in the 1900s when Louis Bachelier used
probability theory in his thesis titled The Theory of Speculation to introduce a
stochastic process today known as Brownian motion [13|. Stochastic processes are
the mathematical tools that are being used to study and model the randomness in
many fields and have been advanced to express more complex behaviours, such as
history-dependent random processes. Not surprisingly, many financial time series
exhibit long memory (history-dependence), unlike Markovian processes, where future
states depend only on the current state. A family of models that are capable of
modelling such processes is the Volterra processes. Volterra-type models, including
rough-volatility families [14], incorporate the entire historical path, making them
suitable for phenomena like volatility clustering or long-memory effects in asset prices.
However, despite their theoretical promises, they come with practical drawbacks. Such
processes are often too large to be feasible to compute efficiently when translated into
the computational world, since the effective history dimension affecting the current
state grows with the length of the path. In this situation, where traditional approaches,
such as Monte Carlo methods or numerical solutions to stochastic differential equations
(SDEs), become infeasible for long horizons or high-dimensional settings, a gap in
theory and practice becomes more obvious: How can one use these promising non-
Markovian models, like the Volterra, in practice to simulate or approximate with them

efficiently?

Thesis Organization

The remainder of this thesis is organized as follows. Chapter 2 details the LoRA meta-

generation framework, including preliminaries on datasets as probability distributions,
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the proposed pipelines (attentional, normalized, and neural), theoretical guarantees via
propositions and theorems, and experimental results on downstream tasks. Chapter
3 focuses on the low-dimensional approximations for Volterra processes, introducing
a novel geometric deep learning model, ablation studies on Volterra processes with
varying key parameters to see the empirical results of the model’s performance, and
appendices with algorithms and additional figures. And finally, Chapter 4 concludes

this thesis with a summary and future directions.

1.2 Contributions

Chapter 2

This chapter addresses the first question mentioned above: “Can one generate new
low-rank adapters to fine-tune large language models on new tasks without the need
for GPUs?” by introducing a zero-shot LoRA meta-generation procedure. The
answer developed here is to directly predict the adapter parameters using only CPU,
without any gradient calculation or training, thus no GPU at all; just a fast, on-
device post-processing step that preserves privacy and reduces cost to a fraction while
improving the performance of the foundation model by more than 150% on the given
dataset. At the core, the framework combines the knowledge of a bank of pre-trained
LoRAs using distributional alignment between the new dataset and previously fine-
tuned adapter weights on known datasets that can be freely found on the internet.
Finding this optimal combination or mixture of LoRAs is theoretically grounded in
propositions and theorems that demonstrate, with high probability, a ReLU Multi-

Layer Perceptron (MLP) architecture, designed to run efficiently on a CPU, can
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identify the optimal coefficients for combining existing LoRAs. These optimal LoRA
mixture coefficients, representing a weighted sum of pre-trained LoRA parameters,
are determined based on the given dataset alignment features. This process effectively
minimizes the downstream task loss, which measures the model’s error on new, specific
tasks. Additionally, this work provides nearly optimal closed-form solutions through
lightweight, neural network-free alternatives (e.g., the Attentional or Normalized
approaches). Interestingly, experiments reveal that the neural network-free variants
of the pipeline perform comparably to the theoretically near-optimal neural network
solution (the MLP-based approach).

We conducted a series of comprehensive experiments [15] on more than 500 datasets
[16] using a large language model (LLM), Mistral-7B-v0.2 [10], that is powerful out
of the box, but fine-tuning it for specific tasks often demands industry-grade GPU
resources. In experiments, we tested three different versions of our pipeline across
502 dataset—adapter pairs and measured using the “Rouge-L.” metric. The adaptation
was done exclusively on the CPU, while GPUs are used only to evaluate the adapted
models. The best lightweight pipeline reached Rouge-L of &~ 0.52 on average, filling a
large portion of the performance gap between the base model with a Rouge-L score of
~ 0.19 and the fully GPU fine-tuned models (Rouge-L score of ~ 0.75 on average). In
other words, the pipeline “recovers roughly half” of the lost accuracy at nearly zero

cost.

Chapter 3

This chapter addresses the second question mentioned, “How can one use these promis-

ing non-Markovian models, like the Volterra, in practice to simulate or approximate
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with them efficiently?” The solution proposed to this challenge, overcoming the curse
of dimensionality, is presented as a two-step framework: first, project the (infinite-
dimensional) conditional law of the process onto a low-dimensional statistical manifold
of non-positive curvature. Second, on that manifold, apply a sequentially geometric
deep learning (GDN) model with a hyper-geometric network, or hypernetwork in short,
that updates internal parameters of these GDNs over time. In simpler words, we
show that by compressing the law into a curved but controlled space and learning on
that space with a hypernetwork, the conditional evolution of non-Markovian systems
becomes computationally feasible and stable enough for real applications in finance.
The hypernetwork can also be read as a gating mechanism in a mixture-of-experts
view, letting the model adapt to evolving, non-stationary dynamics. The effectiveness
and feasibility of the proposed model are mathematically and computationally proven,
with mathematical proofs available in the main paper [17]|, and supported by an
extensive ablation study of each parameter [18]. As can be seen with the extensive
ablation studies examining sensitivity to drift (u), randomness (), dimension (d),
memory persistence (w), fluctuations (), and curvature at Chapter 3, the approach
shows strong empirical results, with the hypernetwork generated GDNs for future
time steps often tracking the trained GDNs on those time steps closely over time.
All together, the work presented in this thesis introduces practical algorithms for
real-world problems through an efficient, novel, and geometry-aware lens. Allowing
for the modelling of sophisticated processes within a reasonable time frame with an
acceptable error bound, and prioritizing efficiency without sacrificing performance,
paves the way for more accessible and sustainable Al practices. These works not only

advance methodological frontiers but also underscore the value of interdisciplinary
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thinking, combining computational science, engineering, and mathematics to address

current challenges in machine learning and finance.
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Abstract

Low-Rank Adapters (LoRAs) have transformed the fine-tuning of Large Language
Models (LLMs) by enabling parameter-efficient updates. However, their widespread
adoption remains limited by the reliance on GPU-based training. In this work, we
propose a theoretically grounded approach to LoRA fine-tuning designed specifically
for users with limited computational resources, particularly those restricted to stan-
dard laptop CPUs. Our method learns a meta-operator that maps any input dataset,
represented as a probability distribution, to a set of LoRA weights by leveraging a large
bank of pre-trained adapters for the Mistral-7B-Instruct-v0.2 model. Instead of per-
forming new gradient-based updates, our pipeline constructs adapters via lightweight
combinations of existing LoRAs directly on CPU. While the resulting adapters do not
match the performance of GPU-trained counterparts, they consistently outperform the
base Mistral model on downstream tasks, offering a practical and accessible alternative

to traditional GPU-based fine-tuning.
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2.1 Introduction

As models and datasets scale up, full fine-tuning becomes increasingly unrealistic for
most practitioners. The largest foundation models—often built by tech giants with
almost unlimited compute [1, 2, 3, 4, 5|—can have hundreds of billions of parameters,
making traditional fine-tuning for individuals prohibitively expensive. Parameter-
efficient fine-tuning (PEFT) methods [6, 7, 8, 9, 10| offer a workaround: instead of
updating all weights, they tweak a small subset, slashing compute and storage costs
while maintaining reasonable performance. Among these, the Low-Rank Adapter
(LoRA) [11] approach has become standard due to combined simplicity and surprisingly
powerful effectiveness. Nevertheless, for modern massive LLMs, LoRA fine-tuning can

still be long and heavy. Thus, the following question arises:

Can one generate new low-rank adapters to fine-tune large language models on new

tasks without the need for GPUs?

We address this concern by introducing a zero-shot LoRA meta-generation proce-
dure aimed at CPU-only users. Our approach takes novel datasets, each potentially
containing a variable number of instances, as input. It then outputs LoRA weights for
a pre-trained LLM, where the prediction relies on a combination of instances from an
existing bank of LoRAs [12]. Importantly, the way in which these combinations are
performed is lightweight enough to be computable on a standard contemporary CPU

in a few minutes (see Table 2.2 in Appendix 2.8.3), with no need for GPU clusters.

Main Contribution Our principled LoRA meta-generation pipeline provides light-
weight, “cheap” LoRAs that approach the performance of GPU-fine-tuned models

(which are often inaccessible to many) and outperform the base “non-finetuned” model.
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These contributions are theoretically grounded in Proposition 1 and Theorem 1. To-
gether, these demonstrate that, with high probability, a ReLU Multi-Layer Perceptron
(MLP) architecture, designed to run efficiently on a CPU, can identify the optimal
coefficients for combining existing LoRAs. These optimal LoRA mixture coefficients,
as defined in (2.3.3) (representing a weighted sum of pre-trained LoRA parameters),
are determined based on the given dataset alignment features. This process effec-
tively minimizes the downstream task loss, which quantifies the model’s error on
new, specific tasks. Additionally, our work also provides nearly optimal closed-form
solutions through lightweight, neural network-free alternatives (e.g., the Attentional or
Normalized approaches). Our experiments reveal that the neural network-free variants
of our pipeline perform comparably to the theoretically near-optimal neural network
solution (the MLP-based approach).

Section 2.2 provides a discussion of related work concerning LoRA. We introduce
the preliminaries for formalizing datasets as probability distributions in Section 2.3.
Section 2.4 presents our LoRA generation pipelines. Their respective theoretical

guarantees are later detailed in Section 2.5, and experimentally validated in Section 2.6.

2.2 Related Work

Since its introduction, the utility of LoRA [11] has expanded significantly beyond
classical LLM post-training and language. It is now employed in diverse fields such
as vision language models [13] and Vision Transformers [14]. LoRA has also proven
valuable in image generative modeling for rapid Stable Diffusion fine-tuning and

personalization [15, 16, 17, 18|, and for score distillation [19], although more principled
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LoRA-free methods have recently emerged [20]. Its application even extends to fine-
tuning base models into reasoning models using reinforcement learning [21], and in the
development of new adapters for graph neural networks and Graph Transformers [22].

Alongside this expanding applicability, numerous LoRA variants have emerged,
often aiming to further reduce computational overhead. For instance, quantization
offers a way to lower memory consumption both during training (23, 24, 25| and
after |26]. The number of trainable parameters can also be reduced through adaptive
rank allocation [27]. Further inspired by ideas around weight or projection reuse |28, 29|,
strategies to decrease trainable LoRA parameters include learning diagonal rescaling
of frozen random B and A LoRA matrices (VeRA) [30], deriving B and A from the
singular value decomposition of the pre-trained Wy, and optimizing a smaller matrix
in the resulting space (SVDIiff) [31], learning a linear combination of fixed random
matrices (NOLA) [32], and fine-tuning with orthogonal matrices (BOFT) [33]. LoRAs
have also been explored from a more theoretical viewpoint [34, 35, 36].

Our focus here is on LoRA generation on CPU, which none of the aforementioned
works explore. We would like to reiterate that all our pipelines, including those using

artificial neural networks can be trained solely using CPUs.

2.3 Preliminaries

Datasets as Probability Distributions To describe our pipeline, we first need
a unified framework for datasets with a varying number of instances. As such, we
fix dimensions d, D € N,. Given our training datasets D;,..., Dy C X for some
(non-empty) compact input domain X C R4™P corresponding to one of N possible

down-stream tasks 7Ty, ..., Ty which our Transformer model (Mistral-7B-Instruct-v0.2)
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fo : R4 — RP, whose parameters § € RP lie in a p > 0 dimensional Euclidean
parameter space. Since the entries of each dataset are permutation-invariant, then,
following the synthetic data generation literature, e.g. [37], it is natural to represent

each dataset D,, as an empirical distribution (probability measure) via

1
" (2,y)€Dm

on the domain X where N,, =#D,; i.e. Pp, = 2%11 Wi (g ) With wp, = 1/ Ny,
foreach m=1,..., N,,.

The support of the measure Pp,, namely, {(z1,41),...,(Zm,Ym)} represent in-
stances in D,, and the weights w,, € [0, 1] sum to 1, i.e. w belongs to the N,, simplex
Ay, = {u € [0,1]¥ - "M 4, = 1}, and represent the relative frequency of instance

of data-point in D,,. We denote the set of probability measures on X by P(X).

Pipeline Inputs and Distributional Alignment Scores We then choose a
data-similarity score where p : P(X) x P(X) — [0,00]. For this, we choose a
(dis)similarity metric between probability distributions (measures) on X, e.g. an
information-theoretic divergence such as Kullback Leibler (KL) divergence or a metric
such as the 1-Wasserstein distance WW,. This dissimilarity score then allows us to
extract alignment scores between any new dataset D (encoded as a probability
measure Pp on the data-domain X) and every dataset (D,)"_, in our database via

align : P(X) = Ay

align(Pp) £ Softmax ((p(Pp, Pp, )n_1)- (2.3.2)
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Once the (softmax-normalized) alignment scores are computed, they are passed to
a network. Here in our proof of concept, we use a simple MLP (trained on CPU),
which yields a set of mizture weights Wp € Ay. These mixture weights are then used
to combine the pre-trained LoRA weights 61, ..., 60y, from our database. Note that
each LoRA weight 6, was specialized for task 7, and pre-trained on dataset D,,. The

output of our model is thus simply the mixture of LoRAs

N
D Pps > Wpb, (2.3.3)
n=1
and lies in the convex hull of the pre-trained LoRA weights 64, ..., 60y in the parameter

space RP. Therefore, we only need to learn (or compute, as we will see in Section 2.4)
the mapping in (2.3.3). Based on this we are able to obtain LoRA weights with no

fine-tuning, directly out-of-the-box.

2.4 LoRA Generation Pipelines for CPU

We now mathematically formalize our end-to-end cheap LoRA pipelines. Further
details on how these were practically implemented can be found in Appendix 2.8.3.
Our main theoretical guarantee (Theorem 1) is general enough to apply not only to
LoRAs fed into transformers but also to nearly any mixture-of-expert-based parameter

prediction pipeline.

2.4.1 Setup

Let d,D € N,. Let £: RP x RP — [0,00) be Lipschitz. Let f : R? x R? — R” be a

locally Lipschitz model, mapping the parameters # € R? and an input x € R? to an
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output fy(z) € RP. Also, We are given a pre-trained model 6, € R?.

Purely for simplicity, we consider the standardized data-domain X = [0, 1]%+P.
Following [38]. We henceforth fix a task distribution P € P(S) quantifying the
probability of selecting any one dataset in & at random. We consider a metric space
of datasets D C P([0, 1]P) metrized by p, where the topology generated by p is no
coarser than the topology of convergence in distribution. We fix a K € N, datasets

paired with “fine-tuned” model parameters (Dy, Aby),...(Dg,Afk) in D x RP. Let

K
co(AO) L {D €RP: (Fw € Ag)V =) wpA}
k=1

where Ay = {w € [0, 1]K : Zszl wy = 1}.

2.4.2 Very-Cheap LoRAs: Attentional Approach

Consider the following approach which maps any new incoming dataset D to the

following mixture of LoRAs

Cast (D)% [softmin o align(D)]" (Afy, ..., Abfk) (2.4.1)

- -

vV Vv
LoRA Alignment Scores  Pre-Trained LoRAs

We refer to the pipeline in (2.4.1) as our attentional approach since the dataset
Dy, ..., Dk play a similar role to the keys in attention mechanisms [39]. The LoRA
alignment scores in (2.4.1) are analogous to contextual alignment scores, and the
pre-trained LoRA parameters play a similar role to the value matrices in [39]. The
softmin is used instead of a softmax since maximal distance alignment happens when
two datasets have a distance of 0 from one another, not some arbitrarily large number.

We examine a normalized version of distance vector (2.4.1) in our experiments, see
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Appendix 2.8.3 for details.

2.4.3 Cheap Nearly-Optimal LoRAs: Neural Approach

Our neural approach injects non-linear flexibility into how the distances are mapped
to the LoRA alignment scores in (2.4.1) using a deep learning model C : D — co(Af);
in this paper, this will always be an MLP. This allows our cheap LoRA approach to
learn how to detect and align complicated non-linear alignments between the new
dataset and those defining each pre-trained task. This neural approach thus sends

any dataset D to the following mixture of LoRAs

C(D)“ [softminof o align(D)]" (A6, ..., Abk) (2.4.2)

Vv Vv
Neural-LoRA Alignment Scores Pre-Trained LoRAs

where f : RE — RE is an MLP with activation function ¢, and we write align(D) in

place of align(Pp) understanding the correspondence D — Pp as implicit.

2.5 Theoretical Guarantees

We now provide guarantees on the optimality of both our main approaches. We also
demonstrate the existence of an oracle optimizer, yielding the best possible LoRA if

the user had access to complete information on the task distribution.

2.5.1 Attentional Approach

Our cheapest out-of-the-box LoRA pipeline (2.4.1) is optimal in a PAC-Bayesian sense
of [40].
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Proposition 1 (Existence: Optimal Oracles for Fine-Tuning). For every K € N, and
{(Dy, AO;) HE, C D x RP with each Dy finite and non-empty. For every a > 0 and

each dataset D € D, the LoRA Alignment Scores in (2.4.1) satisfy

J

K K
1 1
§oftminoalign(D) € argmin,ca, T g wi p(D, Dy) + - g wy, log(wy)
k=1

LoRA Alignment Scores N RN _
TV TV
Dataset Alignment Entropic Penalty
Proof. See Appendix 2.8.2. O]

2.5.2 Neural Approach

The attentional pipeline, in (2.4.1), only checks for the alignment of a dataset with
the datasets previously used for training the adapters in the bank. In contrast our
neural approach, in (2.4.2), optimizes for the downstream performance of the predicted
mixture of LoRA experts. Surprisingly, at least theoretically, one only needs a small
MLP between the distance vector and softmin normalization layers to perform this
out-of-the-box downstream (near) optimal LoRA generation. Our first guarantee for
the neural approach demonstrates the existence of a map, i.e., an oracle predictor,

which returns the best possible downstream optimization.

Proposition 2 (Existence: Optimal Oracles for Fine-Tuning). For every dataset D € D

there ezists an oracle parameter V* € co(Af) satisfying

Eeyyn [(foro (X), V)] = inf - Exyyen [((foran(X), V)]

N Afeco(AB)
Oracle Error Optim?z?Error
Proof. See Appendix 2.8.2. m
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Our next and main results show that our pipeline can implement the optimal
downstream mixture of LoRA predictors to achieve precision. Our result only relies
on one structural regularity condition on our data, guaranteeing that: the inverse
problem of recording a dataset /measure from its distance measurements to the available
datasets/measures is possible. Effectively, this means that the metric dimension, in

the graph-theoretic sense (see [41] for details), of the space D is exactly K.

Assumption 1 (Well-Posed Inverse Problem). Let (D, p) be compact and suppose
that p metrizes the weak topology (convergence in distribution) on D. We require that:

the map align : D — [0, 00)% injectively maps any D € D to
: def. K
align(D) % (p(D, D)), _,-

Theorem 1 (e-Optimal Cheap Fine-tuning). Let ¢ : R — R be a Lipschitz activation
function which is differentiable with non-zero derivative on at least one point. For
every 0 < e < 1, there is a MLP C : RX — RX with activation function < such that

the e-optimal selection property:

E(x vy [ﬁ(few(p)(X), Y) | < A@eicI(I)EAG) Ex,y)~p [f(que(X), Y)| +e

A

7

~
. . "~
Cheap Fine-Tuning Fine-Turning Oracle

holds with P-probability at-least 1 — €.

Proof. See Appendix 2.8.2. m
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2.6 Experimental Results

A comprehensive evaluation was conducted to assess the performance of three distinct
approaches (Attentional, Normalized, and Neural) in conjunction with four established
distance metrics (or divergences): Wasserstein Distance (WD), Kullback-Leibler
(KL) divergence, Jensen-Shannon (JS) divergence, and Maximum Mean Discrepancy
(MMD). This evaluation aimed to systematically compare the outputs generated by
each combination of approach and metric. The primary evaluation criterion for the
quality of the generated adapters was Rouge-L, a metric ranging from 0 to 1 that
quantifies similarity based on the overlap of the longest common subsequences between
generated and reference outputs [42]. We also include Exact Match (EM) results in
Appendix 2.8.4.

Our experimental setup used the Mistral-7B-Instruct-v0.2 model [43| and a dataset
comprising 502 English dataset-adapter pairs sourced from the Lots-of-LoRAs Hug-
gingFace repository [12]. Further technical details regarding the implementation are
provided in Appendix 2.8.3.

Our experimental setup highlighted a key distinction in resource usage: the actual
computation and adaptation of the LoRA adapters were performed exclusively on
the CPU. GPUs, however, were essential only for the evaluation phase. This is
because each adapted LLM, after being modified by our pipeline, needed to be loaded
onto a GPU to generate outputs on its respective test set. To thoroughly assess the
performance of each approach-distance (or divergence) metric pairing, we executed
the entire pipeline twelve times for each of the 502 datasets. This exhaustive process
covered every unique combination of approaches and distance metrics. Following the

generation of outputs, the Rouge-L score was calculated for the test set of each dataset,
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and the reported values reflect the average of these scores across all runs.

2.6.1 Performance Comparison and Analysis

Our work is benchmarked against two key performance indicators. First, the perfor-
mance of the base foundation model without any fine-tuning, representing a scenario
where an end-user with limited computational resources applies a foundation model
to a new dataset: this yielded an average and standard deviation Rouge-L score of
0.192 £ 0.181. Second, we compare against the performance of a GPU-fine-tuned
model, achieved without hardware limitations, which obtained an Rouge-L score of
0.746 4+ 0.265. Table 2.1 presents the average and standard deviation of Rouge-L
performance for all approaches across the four distance (or divergence) metrics on the
downstream task.

The JS divergence-based Normalized approach achieved the highest score, with
an average Rouge-L of 0.520. This represents an improvement of 0.328 over the base
model’s score of 0.192. It is worth mentioning that even our Attentional approach,
despite its simplicity, significantly outperforms the base foundation model across all
distance metrics. Interestingly, the neural approach does not seem to justify the
additional computational cost, as its performance improvement over the Attentional
and Normalized approaches is generally minimal or even worse.

Table 2.1: Performance of our cheap LoRA pipelines.

Approach WD KL JS MMD

Attentional (std. dev.) 0.426(40.290) 0.501(40.272) 0.486(£0.270) 0.486(40.270)
Normalized (std. dev.) 0.495(+0.267) 0.488(%0.269) 0.520(+£0.277) 0.497(40.269)
Neural (std. dev.) 0.494(+0.265) 0.482(40.268)  0.484(+0.272)  0.493(+£0.270)
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2.7 Conclusion

In conclusion, our work presents a practical, simple, and theoretically supported
pipeline for generating LoRAs suitable for fine-tuning LLMs using only a CPU. This
pipeline significantly reduces the typically required computational demands, making
fine-tuning accessible even to users with limited hardware resources or on edge devices
with privacy constraints.

We proved the existence of a lightweight ReLU MLP backbone, runnable on a CPU,
that can reliably approximate optimal LoRA adapter weights and biases, thereby
effectively minimizing downstream task loss in Theorem 1. Surprisingly, the simplest
versions of our pipeline (Attentional and Normalized) achieved performance matching
that of the MLP backbone version, further demonstrating the efficiency and power of
our approach.

Our experiments, using the Mistral-7B-Instruct-v0.2 model on 502 diverse datasets,
demonstrate substantial improvements over the baseline model, with the best con-
figuration achieving a 0.328 increase in performance (Rouge-L score) over the base
model, bridging more than half of the performance gap between the base model and
the GPU fine-tuned reference. While our CPU-generated adapters do not yet match
the performance of GPU-trained adapters, they provide a compelling alternative in
resource-limited settings.

Future work could explore the applicability of these approaches to other language
models as more LoRA adapter banks become open-source, as well as to tasks beyond
NLP. Likewise, it would be of interest to better understand how many LoRA adapters
would be required to generate new, high-quality adapters—that is, what size of bank

is necessary? We expect this to depend on the task, data modalities, and possibly
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even the model architecture. Finally, our method could also potentially be used for

LoRA initialization (pre-heating) before fine-tuning on a GPU.
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2.8.1 Additional Background

This appendix presents any additional background required for the formulation of our

main results, proofs of our guarantees, and additional experimental details.

Foundation Model Fine-tuning and Attention Layers

In modern LLMs, fine-tuning all parameters can be computationally expensive and
memory-intensive. LoRA [11] provides an efficient alternative by introducing low-rank
updates to pre-trained weight matrices, particularly focusing on attention layers in
transformer-based models. Given query (), key K, and value V' matrices, the standard

attention mechanism computes the attention scores

Attention(Q, K, V) ft (QKT) V (2.8.1)
ention((Q), K, V) = softmax : 8.
Vdy

where dj, is the dimension of the keys and queries.

Low-Rank Adapter (LoRA) Fine-tuning

In large transformers, these weight matrices dominate the parameter count, making
them an ideal target for LoRA’s efficient fine-tuning. By applying low-rank updates to
these matrices, LoRA achieves significant savings in memory and computation without
retraining the entire model. Consider a pre-trained weight matrix W, € RutXdin
typically representing the projection matrices in the attention mechanism. Instead
of updating the entire matrix, LoRA modifies the weights by adding a low-rank

perturbation:

W =W, + AW, (2.8.2)
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where AW is constrained to have rank(AW) = r < min(doyt, din). To efficiently

parameterize AW, LoRA decomposes it as:

AW = BA, (2.8.3)

where B € R%uw*" and A € R™*% . During fine-tuning, the original weights W
remain frozen, and only the parameters in A and B are optimized. In traditional
full fine-tuning, the entire weight matrix is updated, requiring dg - d;, trainable
parameters. In contrast, the LoRA decomposition introduces only r - (diy + dout)

trainable parameters, which is more efficient when r < min(doys, diy ).

Distance Measures between Probability Distributions

We remind the reader of the necessary definitions required in formulating the distance
between datasets, when interpreted as finitely supported probability measures (distri-
butions). Given two probability distributions P and ) defined on a separable and
complete (Polish) metric space X equipped with its Borel o-algebra and metrized by
a metric p: X* — [0, 00), these measures of discrepancy (or divergences) are defined

as follows:

Wasserstein Distance (WD). For distributions P and @ with cumulative dis-
tribution functions Fp and F respectively, the 1-Wasserstein distance is defined

as:

™

Wi(P,Q) % in /( PG ) (2.8.4)
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where the infimum is taken over all joint probability distributions 7 on X x X (with

the product o-algebra) whose marginals are P and Q.

Kullback—Leibler Divergence (KL). The KL divergence measures the relative

entropy between two distributions:

log,cx L(z)P(dz) :if P<Q
Dir(P | Q)L JloBser o (2.8.5)

00 P £ Q

where P < () denotes the absolute continuity of P with respect to (), and % denotes

the Radon-Nikodym derivative, or probability density, of P with respect to Q.

Jensen—Shannon Divergence (JS). The JS divergence is a symmetrized version

of KL divergence:

Dys(P | Q) = 5Dxe(P | M)+ 3 Dx(Q || M) (2.8.6)

where M = (P + Q).

Maximum Mean Discrepancy (MMD). If A is a Reproducing Kernel Hilbert
Space (RKHS) #H of functions over X with reproducing kernel function k; then we

may also define the MMD between P and () by

MMD?*(P, Q) = E, pplk(z,2")] — 2Bsupyglk(z, )] + Eyyolk(y, y)].  (2.8.7)
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If X is R? and H = L2(R?) for the standard Gaussian measure v ~ N (0, I), then k

_ IIw*yHQ)

is often chosen to be a Gaussian kernel, i.e., k(x,y) = exp(—"5.%

2.8.2 Proofs

We now prove the main result of our paper. We begin with the proof of our simplest

result, Proposition 1.

Proof of Proposition 1

For any dataset D, note that argmin,c», % SE L we p(D, Dy) + 1 S wy log(wy,).

Now, by [44, Proposition 1| its unique minimizer, which we denote by w3, is given by

e_p(Dka)
wh = SK o b0 = softmin o align(D). O

Simultaneous Proof of Theorem 1 and Proposition 2
We now derive Proposition 2 and Theorem 1 within the same proof, as their derivation

is most naturally undertaken together.

Step 1 - Existence of a Measurable Selector
We will first set up the Measurable Maximum Theorem, see e.g. [45, Theorem 18.19].

Consider the constant correspondence

0:D — 2%

D — co(A#).
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Since co(Af) is a closed, non-empty, and bounded set then the Heine-Borel theorem
implies that co(A#f) is compact. Whence ¢ is a correspondence with non-empty,

compact, and convex values. Let B C D be a Borel set, then

p(B)L | @(D) = ] co(A8) = co(AB). (2.8.8)
DeB DeB
Since co(A#) is closed it is Borel; whence, ¢ is not only a weakly measurable correspon-
dence [45, 18.1 Definition (1)] but it is also a Borel measurable correspondence [45,
18.1 Definition (3)]. Thus, the correspondence ¢ satisfies the requirements of [45,
Theorem 18.19].

Next, consider the objective function

L:D xR —]0,00) ( )
2.8.9

(D, B) — Ex,y)~D [E(fg_Hg(X), Y)}

We will show that L is a Carathéodory function by showing it is continuous. Since
D x R? is a product (topological) space, then [46, Theorem 19.6] guarantees that f is
continuous if and only if each of its component functions is continuous; we show the
latter.

Fix D € D. Since C and the softmax function are locally Lipschitz, and since ¢
is Lipschitz, then their composition is locally Lipschitz. Whence, for each (z,y) €
[0, 1]*P the map

A@y : CO(AQ)) S5 — K(ng(x),y))
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is A-Lipschitz, for some A > 0. By Jensen’s inequality we have: for each 91,75 € co(Af)

‘]E(X,Y)ND [Axy ()] — Exy)on [Ax,y (92)] ‘
— [Eceyn [Axr(91) = Ay (8)
< By | [Axy (91) = Ay (82)]|

< AE(x,y)~p [Hﬁl N 192”} '

Thus, L is locally Lipschitz in its second argument; in particular, it is continuous in

its second argument.

Now, we show continuity in its first argument. Fix ¥ € co(Af). Let (D,)2, be a
sequence in D converging to some measure D € D. Since d metrizes the (relative) weak

topology in P([0, 1]7*P) relative to D, then by Alexandrov’s Portmanteau Theorem, see

e.g. [47, Theorem 5.25], for every continuous and bounded function g € Cy([0, 1]477)
we have
}LlTrglO IE(x,y)~0, [9(X, Y)] = E(xy)enlg(X, Y)]| = 0. (2.8.10)

Since A, , (") is locally-Lipschitz for each 9 € co(A#) and [0, 1] is compact then
(z,y) = Az y(V) is bounded (and of course continuous). Thus, we may pick g in (2.8.10)

to be (z,y) — A, ,(¥); whence,

lim ‘E(X,Y)ND,L [>\X7y<19>] — E(X,Y)ND[)\X,Y(ﬁ)H =0. (2811)

ntoo

Thus, L is continuous in its first argument as well. Therefore, L is continuous, which
implies that it is Carathéodory. This completes the verification of all the conditions

of the Measurable Maximum Theorem, again see [45, Theorem 18.19 (2)|, have been
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verified. Whence: 1) for each D € D the argmin set
M(D) = {0 € co(A0) : Eyyon [((fo:a0(X), Y)] = (D) }
is non-empty; where the corresponding oracle loss is given by

f*(D) “ Aeeinge) E(X,Y)ND g(feJrAg(X), Y) .

This establishes Proposition 2. Moreover, [45, Theorem 18.19 (1) and (3)] further imply
that there exists a measurable selector S : D — co(A#); i.e. S is Borel measurable for

each D € D where the following optimal selection property holds:
S(D) € M(D). (2.8.12)

Step 2 - Change of Domain
Next, we create a “copy” of S in “distance domain” [0,00)%. By the well-posedness

K is injective. Thus,

assumption made in Assumption 1, the map align : D — [0, c0)
align is bijective onto its image. Since each component of align is given by the 1-
Lipchitz, and therefore continuous, function D : D — p(D, Dy) € [0,00); then [46,
Theorem 19.6 implies that align is continuous. Consequentially, align is a measurable

bijection onto its image align(D). Thus, [48, corollary 15.2] implies that align has a

measurable inverse v : align(D) — D on its image align(D); i.e.

align o) = 1,jign(p) and 1 o align = 1p. (2.8.13)
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Define the map S’ : align(D) — co(Af) by composition with ¢ via
S'E S o
Let S be any measurable extension of S’ to all of RX; e.g.
S S’ Lncatign(p) + 201 Ligatign(p)-

By construction: for each D € D

S o align(D) = S(D). (2.8.14)

Step 3 - High-Probability of Continuity
Consider the pushforward (probability) measure Q = align, P on [0, o0)® supported
on align(D). Now, by Lusin’s Theorem, as formulated in [49, Exercise 13.1.3], for

every € € (0, 1] there exists a compact subset K. C supp(Q) C align(D) such that

Q(K.) >1—¢ and S|k, € C(K.,co(Af)) (2.8.15)

where C(K.,co(A0)) denotes the set of continuous functions from K. to co(A6).

Since S | k. is continuous and its image lies in a closed convex set then the Dugundji-
Tietze theorem, see |50, Theorem 4.1], implies that there exists a continuous extension
S. : RE — co(A); ie.

S.(z) = S(z) (2.8.16)

for all x € K..
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Step 4 - Approximation by Models of the form (2.4.2)
Let W : RE~! — RX be the affine map of |51, Example 13|. Then, by nearly identical

computation to [51, Example 13|, we find that the map

R% — co(Af)
(2.8.17)
w — softmax(W(w))" (Ly,. .., Lk)

also satisfies [51, Assumption §|.
Since softmin = softmax(—-); set W — W, and note that, the result of (2.8.17)

can be re-expressed as

RE — co(Af)
(2.8.18)
w — softmin(W (w)) " (L4, ..., Lk)

Since S is continuous, K. C RX is a non-empty compact set, and ¢ is a continuous
activation function satisfying the Kidger-Lyons condition, of [52]; namely it is differ-
entiable with non-zero derivative at at least one point in R, then (mild variant) of [51,
Theorem 37 (ii)] implies that: for every 6 > 0 (to be fixed retroactively) there exists

an MLP f:RX — RX with activation function ¢ such that the map
£ [softmin oC(-)] " (Ly, ..., Li) : RX — co(Af)

satisfies the uniform approximation guarantee

max || F5(z) — Se(z)|| < 6. (2.8.19)

reK,

Now, by (2.8.14), the continuous extension property in (2.8.16), and the approximation
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guarantee in (2.8.19) we find that

Dglp%[}gs Hf o align(D) — S(D |

(=)|| < (2.8.20)

zeK,

The continuity of L, defined in (2.8.9), implies that 6 > 0 may be taken to be small

enough so that: for each D € ¢(K.,)

|L(D,0+Cs) — L(D,6 + S(D))| <e. (2.8.21)

Step 5 - e-Optimality with high probability
Combining the e-uniform approximation guarantee in (2.8.21) for Cs o align with the

optimality guarantee for S in (2.8.12) implies that: for each D € ¢(K.)

L(D,0+C5) — e < L(D,0 + S(D)) = £*(D). (2.8.22)

Now, since D +— L(D, 6 + Cs) is the composition of continuous functions, it is

continuous and therefore measurable; whence the set
M= {L(D, 6+Cs) —e < €*(D)}

is Borel measurable and contains 1(K.). In particular, P(M?) is well-defined. Finally,

the lower-bound in (2.8.15) yields

P(MZ) > P(y(Ke) > Q(K:) > 1—¢
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which concludes our proof.

2.8.3 Implementation Details

In our implementation, we used the Lots-of-LoRAs HuggingFace repository [53],
which contains 502 dataset-adapter pairs for Mistral-7B-Instruct-v0.2. From these
502 English datasets, 10 are manually selected to ensure diversity of tasks spanning
classification, commonsense reasoning, and question generation domains for evaluation.
Additionally, 492 datasets are randomly selected from the 1616 diverse natural language
processing (NLP) tasks provided by [54]. Each adapter comprises p = 9,437,184
parameters, stored as 32-bit floating-point numbers (approximately 36 MB).

To further reduce the computational load of our training procedure, we implemented

several critical optimizations in Step 2:

1. Symmetry exploitation: For symmetric difference metrics (WD, JS, and
MMD), we calculate only half of the possible N x N distances, reusing values
obtained from calculations done for pair (i, 7), where i < 7, as the (j,7) pair as

well.

2. Pre-computation of probability distributions: For metrics requiring prob-
ability density functions (KL and JS), we pre-calculate and cache these distribu-

tions for all datasets to avoid repeating these costly computations.

3. Parallelization: We also utilize multi-threading capabilities by assigning each
distance calculation to a separate CPU thread, allowing these independent

computations to be processed concurrently.
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Table 2.2 reports the time elapsed at each stage of our LoRA generation pipeline,
measured on a Dell XPS 15 (Intel i7-13700H, 14 cores, 64 GB RAM). All steps, except
for the final inference and adapter loading, were executed using the CPU only across
502 datasets. Importantly, we ran this benchmark by predicting the adapter for each
of the 502 datasets, assuming the remaining 501 were given, to evaluate the overall

performance of our pipeline.

Table 2.2: Time elapsed for each step of the pipeline for all 502 datasets at once (CPU only).

Pipeline Step Time

1. Dataset-Adapter pairs gathering:
Downloading raw data 15 min

2. Datasets Pre-processing:
Tokenization 10 min

3. Distribution similarity calculations:

Wasserstein (WD) 3 hours
Kullback-Leibler (KL) 5 min
Jensen—Shannon (JS) 5 min
Maximum Mean Discrepancy (MMD) 1.5 hours
4. Distances Processing (Coefficients):
Base attentional 3 min
Normalized 3 min
MLP-based 45 min

5. Adapter prediction:
Calculating adapters and saving 5 min

Excluding GPU inference and adapter loading, generating predicted adapters for
502 datasets across 12 methods took roughly 9 hours. In typical use—predicting one
adapter using a single variate of our LoRA generation pipeline and metric—runtime
is much lower: generating one adapter from 100 reference pairs takes 10-20 minutes,
depending on compute, memory, network, and dataset size. Runtime scales roughly

linearly with the number and size of reference datasets, as most steps run independently
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per dataset. However, full experimental runs involving pairwise comparisons (e.g.,

distance computations) scale quadratically with the number of datasets.

Pipeline Steps

We evaluate three pipelines for predicting LoRA adapter parameters. The Attentional
method is lightweight, using only matrix multiplications with no learned components.
The Normalized method standardizes distance values to a normal distribution to
stabilize the SoftMin stage. The Neural method trains a small CPU-based MLP to

minimize MSE between predicted and actual adapter weights and biases.

Dataset-Adapter pairs gathering

Our approach relies on pre-existing fine-tuned adapters and their corresponding
datasets. We begin by gathering a set of N datasets, denoted as {D;}¥ |, where
for each dataset, we also have the optimal adapters, {0,}2_,. These adapters are
generated by fine-tuning the same base model, using the same adapter structure, on

their respective datasets.

Datasets Pre-processing

Next, we tokenize each dataset using the base model’s tokenizer, converting inputs and
outputs into integer sequences. Formally, we apply a tokenizer T : S — Z*V (where [
being the length of the tokenized sequence and V' being the tokenizer’s vocabulary
size) to map each string to its sequence of token IDs. The resulting sequences denoted
{T(D;)}X,, contain all the tokenized inputs followed by the outputs for each dataset.

This preprocessing step is computationally efficient and highly parallelizable. We also
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extract the LoRA adapter parameters (weights and biases) from each fine-tuned model,
reshape them into one-dimensional vectors, and stack them into a matrix f,; € RV*P
(N being the number of dataset-adapter pairs, and p the number of parameters per

adapter). Thus, each row represents the parameters of a single adapter.

Distribution Distance Computation

A key step in our pipeline is computing the dissimilarity between datasets, which
are treated as probability distributions over tokenized sequences. Given tokenized
datasets {T'(D;)}Y,, we compute pairwise distances using four established measures:
the Wasserstein distance, Kullback—Leibler divergence, Jensen—Shannon divergence,
and Maximum Mean Discrepancy, as defined in Appendix 2.8.1. For each tokenized

dataset T'(D;), we calculate a distance vector:

0; = [p(T'(D), T(D1)), p(T(Ds), T(Dy)), ..., p(T'(D3), T(Dn))]

where p is the chosen divergence metric. In practice, we mask the self-distance
p(T(D;), T(D;)) by assigning it a large value prior to normalization. Note that here
we are emphasizing the tokenization step using the 7°(D;) notation, whereas in the

main text we often omit this.

Distances Processing (With different methodologies)

The goal here is to find how close each dataset is to the current dataset and to assign
coefficients to them in such a way that these coefficients increase as the similarity

increases.
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Attentional Approach In this baseline approach, we directly apply the softmin
function to the distance vectors, after masking the self-corresponding entry. For each

dataset D;, we calculate:

wi(j) = softmin(8;(j) | j € 1,2, ..., N, j # i) (2.8.23)

where 0;(7) = p(T'(D;), T(D;)) represents the distance between the tokenized datasets.

Attentional Approach - With Normalization In this variant, we normalize
each distance vector to have zero mean (x = 0) and unit variance (o = 1), effectively
applying z-score standardization. This transformation is equivalent to applying a
softmin with an adaptive temperature 7; = o; (its own standard deviation). When o is
small, the temperature is low, leading to sharper, more peaked (i.e., sparse) coefficient
distributions. Conversely, larger o; results in flatter distributions. Empirically, we
observe that most o; values are small after masking the self-distance, which leads to

sparser weights—and, interestingly, improved performance.

Neural Approach The third pipeline, justified by Theorem 1, uses a small MLP
to map distance values to adapter weights. It minimizes the MSE between predicted
and actual adapter parameters (weights and biases). The MLP used here has three

fully connected layers, with the first two followed by layer normalization and ReLU
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activations.

h = ReLU(Layer Normalization(W,z + b)), h € R*% (2.8.24)
h = ReLU(Layer Normalization(Wsh + by)), h € R0 (2.8.25)
§=Wsh+b;, §eR! (2.8.26)

where z € R is a single distance value (scalar), 1, € R000x1 1y, ¢ R4000x4000 "4 q
W3 € R0 are weight matrices, and b, € R b, € R0 and b3 € R! are bias

terms. We apply the MLP to transform all distance values:

w;(j) = softmin(MLP(8;(5)) | j € 1,2, ..., N, j # i) (2.8.27)

Adapter Prediction

We make our prediction with a straightforward linear combination of existing adapters,

weighted by the processed distances:

= > wij)b;. (2.8.28)

This formulation effectively answers the key question: “Based on the distances
between a new dataset and each of the datasets with known adapters, what proportion
of information should the new adapters inherit from each of the fine-tuned (reference)
adapters?” The processed distances serve as coefficients determining the knowledge
transfer from each source adapter.

In our study, to make the predictions for all datasets more efficient, we construct

a weight (coefficient) matrix W € RY*Y where row i contains the processed distances
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w;, allowing us to compute all predictions simultaneously by leveraging hardware

acceleration and vectorization.

Deployment and Inference Predicted adapters match the size of flattened fine-
tuned adapters and can be reshaped to their original structure, ensuring full compati-
bility with existing LoRA inference pipelines. Once generated, they can be directly

loaded for downstream use.

2.8.4 Further Experimental Evaluation

This appendix presents a detailed account of our experimental observations.

Exact Match Evaluation

In addition to Rouge-L, we evaluate our LoRA generation pipelines using the Exact
Match (EM) metric, which measures the fraction of test samples for which the
model’s output exactly matches the expected string. This is a particularly meaningful
complement for classification-style tasks common in our dataset corpus, where outputs
are short, well-defined, and often categorical. Without any fine-tuning, the Mistral
model achieved a score of 0.016 + 0.069. Ideally, if the user had access to GPUs, the
GPU fine-tuned models would achieve an average exact match score of 0.654 & 0.351.)
As shown in Table 2.3, each of our pipelines performs substantially better than the
base foundation model, but as expected, it does not achieve the same predictive
power as LLMs with fine-tuned LoRAs. Additionally, note that we observe a strong
correlation between Rouge-L. and EM scores across all methods and distance metrics.
Both evaluation scores consistently rank the Normalized approach with JS as the top-

performing configuration. While Rouge-L captures partial overlap between generated
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and reference sequences, EM provides a stricter binary signal of correctness. Despite
this difference in granularity, the relative performance of the Attentional, Normalized,
and Neural approaches remains consistent, suggesting that improvements in soft
sequence similarity are accompanied by gains in exact prediction accuracy.

Table 2.3: Exact match performance of our lightweight LoRA prediction pipelines.

Approach WD KL JS MMD

Attentional (std. dev.)  0.288(£0.297)  0.344(£0.302)  0.328(£0.296)  0.327(-£0.295)
Normalized (std. dev.)  0.338(+£0.296)  0.330(£0.297)  0.373(+0.314)  0.340(+0.298)
Neural (std. dev.) 0.338(+0.204)  0.323(+£0.295)  0.325(£0.296)  0.337(+0.298)

Coefficient Distribution Analysis

Figures 2.1a, 2.1b, and 2.1c¢ below show the LoRA matrices produced by each approach
across each of our datasets. In each visualization, both the horizontal and vertical
axes list the dataset, and each of the (i,7)" entries indicates the darkness of pixels,
which corresponds to the proportion of the pre-trained LoRA from dataset ¢ used to
predict the LoRA for dataset j. Darker pixels indicate lower coefficients, while brighter
ones indicate higher weights assigned to a source adapter for each target dataset.
Interestingly, the Normalized approach exhibits extreme sparsity in distribution; not
to be mistaken for matrix sparsity, most weights are near zero, and each prediction
is dominated by one or two reference adapters, as shown by the presence of isolated
bright pixels in a largely dark matrix. In contrast, the Neural (MLP) and Attentional
methods display greater dispersion in the coefficients, with many rows exhibiting
moderate weights across a broader range of source adapters. This reflects a more
distributed and nuanced reuse of prior adapters. Given that the Normalized approach

exhibits slightly better performance in practice, this visualization may suggest that
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sparsity is important, but further investigation in follow-up work is encouraged.

(a) Attentional (b) Normalized (c) Neural (MLP)

Figure 2.1: Coeflicient distributions for each approach.

Sample Outputs Generated by Predicted Models

Below, we have included four randomly selected inputs, expected outputs, and the
generated texts by a model with predicted adapters using our best configurations: the

JS-divergence-based Normalized approach.

{Input Prompt [Task ID 671]:
"Definition: In this task, you're given an ambiguous question (which can be answered
in more than one way). Your task is to provide one question which clarifies the input
question and it has one unique answer, and also provide an answer to the generated

question. Generated question and answer should be separated with a new line.

Positive Example 1 -
Input: Lucifer how many episodes are in season 37
Output: How many episodes of season 3 of Lucifer were there, including bonus episodes?

26
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Positive Example 2 -
Input: What is the tallest ride at six flags over texas?
Output: What is the tallest roller coaster at six flags over texas 20017

The Titan

Negative Example 1 -
Input: Lucifer how many episodes are in season 37

Output: How many episodes of season 3 of Lucifer were there, including bonus episodes? 26

Negative Example 2 -
Input: What is the tallest ride at six flags over texas?

Output: What is the tallest roller coaster at six flags over Texas 20017

Now complete the following example -

Input: When was season 7 of game of thrones released?

Output:
n"
_ J
4 1
Expected Answer:
"When was season 7, episode 1 of game of thrones released through simulcast?
July 16, 2017"
4 0\
Model Output:
"When was season 7 of game of thrones released in the US?
July 16, 2017
- J
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p
Input Prompt [Task ID 431]:

"Definition: In this task you are given a sentence. You must judge whether the object of

the main clause is singular(like: apple) or plural(like: apartments). Label the instances as

"Singular" or "Plural" based on your judgment.

Positive Example 1 -
Input: They both let out relieved breaths at the doctors words.

Output: Plural

Positive Example 2 -
Input: He signaled the bartender and ordered one more drink.

Output: Singular

Negative Example 1 -
Input: I collect my painting supplies.

Output: Singular

Negative Example 2 -
Input: I saw the ramp leading back toward the surface.

Output: Plural

Now complete the following example -
Input: For some unknown reason, that second kiss wreaked more emotional havoc than
the first had.

Output:
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\ J

Expected Answer:

"Singular"
N J
- ~
Model Output:
"Singular"
N

(Input Prompt [Task ID 322]:
"Definition: In this task, you are given a public comment from online platforms. You
are expected to classify the comment into two classes: threat and non-threat. Threat is
a statement that someone will be hurt or harmed, especially if the person does not do

something in particular.

Positive Example 1 -
Input: Comment: Enough already. Cut the head off this snake.

Output: Threat

Positive Example 2 -
Input: Comment: Disgusting comment, I pity anyone who has to live with you.

Output: Non-threat

Negative Example 1 -

Input: Comment: Bravo! Bravo!

Encore!! Encore!! Encore!!
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Output: Threat

Negative Example 2 -
Input: Comment: ... after shooting her with her own gun.

Output: Non-threat

Now complete the following example -

Input: Comment: It’s a good thing that right wing illiterates in farms don’t read the

newspaper.
Output:
n
\ Y
4 N
Expected Answer:
"Non-threat"
\ V)
4 N
Model Output:
"Non-threat"
N

p
Input Prompt [Task ID 1398]:
"Definition: Given a fact, create a question that can be answered using the fact. Construct
the question such that it is unambiguous, has a unique answer and the answer can be

given using the fact.

Positive Example 1 -

Input: Fact: deep sea animals live deep in the ocean
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Output: Frilled sharks and angler fish live far beneath the surface of the ocean, which is

why they are known as?

Positive Example 2 -
Input: Fact: as an object moves , the kinetic energy of that object will increase

Output: An example of lots of kinetic energy would be?

Negative Example 1 -
Input: Fact: water is often brackish in an estuary

Output: What is the sun made of?

Negative Example 2 -
Input: Fact: if a liquid disappears then that liquid probably evaporated

Output: What happens is water is mopped up?

Now complete the following example -

Input: Fact: as the use of a crop increases , the amount of crops planted will increase

Output:
n
N J
4 R
Expected Answer:
\"When the demand for corn rises?" )
Model Output:
"Which crop is most likely to be planted in large quantities due to its high demand?"
- J
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Chapter 3

Low-dimensional approximations of
the conditional law of discrete-time
Volterra processes: a non-positive

curvature approach
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Abstract

Predicting the conditional evolution of discrete-time Volterra processes with stochastic
volatility is a crucial challenge in mathematical finance. While deep neural network
models offer promise in approximating the conditional law of such processes, their
effectiveness is hindered by the curse of dimensionality caused by the infinite dimen-
sionality and non-smooth nature of these problems. To address this, we propose a
two-step solution. Firstly, we develop a stable dimension reduction technique, pro-
jecting the law of a reasonably broad class of discrete-time Volterra processes onto
a low-dimensional statistical manifold of non-positive sectional curvature. Next, we
introduce a sequentially deep-learning model tailored to the manifold’s geometry, which
we show can approximate the projected conditional law of the considered Volterra
process. Our model leverages an auxiliary hypernetwork to dynamically update its
internal parameters, allowing it to encode non-stationary dynamics of the Volterra
process, and it can be interpreted as a gating mechanism in a mixture of expert models
where each expert is specialized at a specific point in time. Our hypernetwork further
allows us to achieve approximation rates that would seemingly only be possible with

very large networks.
Keywords: Geometric Deep Learning, Measure-Valued Stochastic Processes, Non-

Positive Curvature, Barycenters, Universal Approximation, hypernetworks, Mixture

of Experts.
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3.1 Introduction

There is a broad class of stochastic processes known as Volterra processes, which
represent a rich yet well-structured class of non-Markovian stochastic differential
equations (SDEs, henceforth) with latent stochastic factors. Both the discrete and
the continuous versions of stochastic Volterra processes, and their generalizations [1],
play a crucial role in mathematical finance (e.g., |27, 2, 16, 10]), reservoir computing
(e.g., [24, 19]), engineering (e.g., [45]), and computational biology (e.g., [29]); in this
paper, we focus on the discrete version.

Dynamic prediction of the conditional distribution of a non-Markovian Volterra
process X, given its realized path up to a specific time ¢, is a fundamental problem
that spans various scientific fields, including Bayesian modeling (see, e.g., [7]) and
mathematical finance (see, e.g., [40, 4]).

In this work, we consider R%valued discrete-time non-Markovian Volterra processes

X which evolve according to the following dynamics:

Xt+1 = Xt + Drlft(t, X[O:t]) + DifoSiOH(t, X[O:t]a S[O:t})Wty t= 0, c. ,T - 1, (311)

where W & (W,)Z-! is an independent and identically distributed (i.i.d., henceforth)
collection of R?-valued standard normal random variables defined on a probability
space (€, F,P) (i.e., a Gaussian white noise), and S (S,)-; is a symmetric matrix-
valued! latent stochastic process independent of W, and X, = zo € R?. In Equation
(3.1.1), X0, denotes the random vector (Xo, ..., X;) consisting of the values of the

process X and zjo, the vector (o, ..., ;) representing its realization up to time

'In this paper, we use the bold face letter S to highlight that the process (St)tT;Ol is a matrix-valued
process.
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t. The Drift : [0,00) x (RY) — R? and the (non-singular) Diffusion : [0, 00) X
(Rd)tﬂ X (Sym(d))t“ — Sym+(d) are defined as

t

Drift (ta x[O:t]) = Z "i(ta T) M(ta xr)a
=0 (3.1.2)

t
1
Diffusion (t, Tio:4], 3[0:,5]) =< exp <§ Z k(t,r)[o(t, ) + ST]>,
r=0

for all t € N, where N, denotes the set of natural numbers strictly greater than zero
(on the other hand, we use N to denote the non-negative integers), . € R+,
and sj. € (Sym(d))"*'; Sym(d) (respectively Sym, (d)) denotes the set of d x d
symmetric matrices (respectively symmetric and positive definite) with real entries,
exp(-) denotes the matrix exponential. Besides, x : {(t,r) € N? : r <t} + [0,1] is the
so-called Volterra kernel, and p : R — R? o : R™ — Sym(d) are L,-Lipschitz and
L,-Lipschitz functions respectively; we call a function whose best Lipschitz constant
is at most L an L-Lipschitz function. The conditional distribution we are interested
in will be expressed as P[X; 11 € -|X[o.) = Z[o.1)]-

Although there are several machine learning models to learn a process’s conditional
distribution on its historical paths (see, e.g. [9, 18, 39, 11, 13]) and deep-learning
models for approximating signed measure-valued functions (see, e.g. [12, 30, 6, 15]),
the available quantitative approximation bounds for measure-valued models (see, e.g.,
[31, 3]) suggest that measure-valued maps cannot be approximated efficiently. This is
due to two factors. Firstly, they are infinite-dimensional, meaning they suffer from
extreme forms of the curse of dimensionality; see [35] for a lower bound in the linear
case. Secondly, most spaces of probability measures, e.g., Wasserstein spaces, do

not have any smooth or linear structure, which a deep-learning model can naturally
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leverage. To the best of our knowledge, there are currently no available deep-learning
models which can approximate the evolving conditional distribution of most stochastic
processes while also depending on a computationally feasible number of parameters.

To address these issues, we present a two-step approach for dynamically approxi-
mating P[X;1 € -|X(0. = 2[0.4]. The first step is based on the following observation.
Should the path spo. of the process S be observable in Equation (3.1.1), X;1; would be
Gaussian distributed when conditioned on the realized path .. Whence, by allowing
for an irreducible dimension-reduction-type error, we project P[X; 1 € | Xjo.q = Z[o.4]
onto the C*° Riemannian manifold NV; of non-singular d-dimensional Gaussian mea-
sures; we call this projection the Gaussian random projection. Interestingly, projecting
the conditional distribution of the stochastic Volterra process X, conditioned on its
realized path zjo, up to any time t, P[X; 11 € -[ X0, = Z[o,4], down to N results in
a (generalized) dynamical system between finite-dimensional spaces. Since all the
resulting spaces are finite-dimensional and well-structured, one can reasonably hope
that this system can be approximated without the curse of dimensionality if the
involved maps are regular enough, a feature not shared by infinite-dimensional approx-
imation problems [35, 3|. There is a well-developed literature on the approximation
of dynamical systems by recurrent deep-learning models such as reservoir computers
[23, 20, 24, 21], recurrent neural networks [37, 26], or transformers [48].

However, the available universal approximation results in the literature only apply
to dynamical systems between linear input spaces and systems whose dynamics do not
change in time. We therefore first extend the static geometric deep-learning of [31] to
a sequential /dynamic model capable of processing sequences of inputs and outputs in

any given appropriate pair of non-positively curved Riemannian manifolds, e.g. on
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Ny, and we then, in the main paper, prove a universal approximation showing that it
can approximate most time-inhomogeneous dynamical systems between these spaces,

possibly having infinite but polynomially fading-memory.

3.2 Model Structure

The first step of our two-step approach employs a Gaussian random projection, we
define a map sending any xp. € RE@HDt t6 a unique point, denoted by Uy, In
Na. The second step consists in the approximation of the map zjo 7 — (H%: t]>tT07
which defines a long-memory dynamical system on the Riemannian manifold N,
while respecting the forward flow of information in time; i.e., the map is causal.
Toward this aim, we develop a more general approximation theory for causal maps
between geodesically complete and simply connected Riemannian manifolds, globally
non-positively curved. We denote by (N, h) and (M, g) the source and the target
manifold, respectively. We begin with a static case that does not consider time, in

which we propose a geometric deep-learning (GDN) model, illustrated in Figure 3.1.

Encode: Latent Reprentation: Decode:
Linear Features ReLU MLP Generate Predictions

Log,+(z¢-n)
—> FN | EEEEEEEEE » Affine | ReLU | Affine | ReLU | Affine | ReLU | Affine| ----|  Expy(-) |
Log,«(z:)

Figure 3.1: The GDN model.

The figure 3.1 displays the GDN model f used in the static case, which processes
an input in z_ g € N, interpreted as sequential points z_y, ..., zo inputs in N,

in three steps: an encoding, transformation, and decoding phase. First, it linearize
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(green) the inputs in N along products of geodesics emanating from a set of
reference points zj, ..., 2} in N7 It then transforms the linearized features and
maps them to a vector v in the tangent space of M using a standard ReLU-MLP
(yellow); ReLU-MLP stands for Multilayer Perceptron (MLP) with Rectified Linear
Unit (ReLU) activation function. In the decoding phase (purple), the model maps v
to a point f (- 1.0)) on M by traveling geodesics in M emanating from a reference
point y* therein with initial velocity v.

Then, we consider a dynamic version of our static results above and we propose a
Hypergeometric network (HGN) model, illustrated in Figure 3.2, where an auxiliary
feedforward neural network, which we call a hypernetwork ([25]) synchronizes the
parameters of several GDNs each of which independently approximates the map
T, (Hx[O:t])j:O for a unique t. In other words, we obtain a federated algorithm
where a sequence of independent experts approximate the dynamical system at indi-
vidual points in time, after which an overarching hypernetwork is used to synchronize

them and create the recurrence without having to optimize (backpropagate) in time.

Encode: Latent Reprentation: Decode:
Linear Features ReLU MLP Generate Predictions
Log,+(z:-a) )/
( g ) --------- > Affine || ReLU | Affine | ReLU | Affine || ReLU | Affine| -==~  Exp(-) —> 7
Log,+(z:) J
//

Current
Parameters
(time t)

Updated
Parameters;
(time t+1)

Hypernetwork:
Update MLP's Parameters

H

Figure 3.2: The HGN model.

The figure 3.2 displays the HGN model. The green layer encodes sequence segments
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in the input manifold into distances relative to a reference/landmark point z*. These
linearized features are then processed through a ReLU MLP, illustrated by the
yellow, applying fully-connected affine (also called linear) layers interspersed with
ReLU activation functions (orange). Finally, the purple module decodes the vector v
generated by the ReLU MLP into a manifold-valued prediction, by travelling along a
geodesic emanating from a reference/landmark point y* therein with initial velocity v.
It applies the GDN model while iteratively updating its internal parameters, at each
time step, using an (blue) auxiliary ReLLU network, the hypernetwork.

As a notable analogy, as seen in mixture of experts (MoE) models such as Gem-
ini [22], Switch Transformers [17|, Mixtral [28], and many others (e.g. [42, 14, 36, 41,
43]) which have taken a central role in modern deep learning, due to their ability to
scale up the model complexity while maintaining a constant computational cost on
the forward pass [32, 34| via a gating mechanism which routes any given input to one
of a large number of “expert” neural network models, which is then used to produce
a prediction from that input. Thus, only the gating network parameters and the
selected “expert” neural network are ever activated for that input. One can interpret
our HGN (hypergeometric network) as a mixture of infinitely many experts, each of
which specializes in predicting at exactly one moment in time. The hypernetwork in
our HGN model acts as a gating mechanism that, given the current point in time,
routes the input to the corresponding expert at that moment in time.

As my main contribution to this work, we empirically verify the trainability of
the proposed model and the role of each component via an ablation study evaluating
the dependence of the model on its parameters. All code can be found at https:

//github.com/arabporr/HyperNetwork .
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3.3 Ablation Study

We complemented our theoretical analysis of the Gaussian random projection and
the HGN (available in the main paper) with the numerical analysis of these new
tools. The primary purpose of this section was to show how such a pipeline can be
implemented and to explain the role of each component of our model and how each of
these interacts with the Volterra process X. Since there are no available benchmarks
for approximating dynamical systems on Riemannian manifolds, which are guaranteed
to be universal, we instead perform an ablation study to better understand the
dependence of each of these various factors determining the process X. Additional

details are provided in 3.6.

Experiment Setup Consider a family of i.i.d. random Bernoulli variables (B;){2,
taking values in {0, 1} with equal probabilities of each state. Fix a randomness

parameter A > 0 and define the random matrices
S =AB; - I,

where t € N and d € N,.. Fix a weight w € (0,1], Lipschitz functions p : R? — R?,
s : R*— (0,2], and a d x d symmetric positive-definite matrix o. Consider the

d-dimensional stochastic process

Xt+1 = Xt + Drift(Xt_l, Xt) + DiHUSion(Xt, St) Wt
Drift(z, z) Zwp(x) + (1 — w) u(2) (3.3.1)

Diffusion(z, s) =¢(z) - 0 + s,
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for t € N, where (W,)L, are i.i.d. d-dimensional standard normal random variables
independent of (B;)!_,, and both X, Xj are d-dimensional standard normal random
variables. The diffusion component of the process X;, conditionally on X, randomly
moves between ¢(X;) - 0 and ¢(X;) - 0 + Al; with equal probabilities, independently of
the driving Gaussian white noise. For any T € N, path z_1.7) € R®*1) and integer

0 <t <T, the Ng-valued random variable @I[—lzt] is distributed according to

. 1
IP’[QZ[_M = Ny(zy + Drift(z,_q, 1), (2,)* - 02)} =—
2
; (3.3.2)
P[@x[,ljﬂ = Nd(xt + Drift(fﬂt—la il’t)> (§($t) co+ )\Id)z)} 25
We choose to index starting from ¢ = —1 instead of ¢ = 0 here only to emphasize that

we are discarding the first data point to set up our trained model’s memory.

By [46, Proposition 5.5] and the product Riemannian structure on (Ny,J) we have
that the barycenter of LaW(Q%: t]) is the Cartesian product of the barycenters of its
components, up to identification of (Ny, J) with (R? x Sym_ (d),d @ g). Using the
expression of the barycenter between two-points in (Sym, (d), g) (see [8, page 1701])

we find that
B(Quy 1) = Na(we + Drift(w_1,21)), <(2:) - 02 (0 *(My+s(xe) - 0)*)"?). (3.3.3)

Next, we confirm that the HGN model can indeed approximate the map zj_1.j —
6] (QxH: t]) in practice. Furthermore, we inspect the dependence of each of the com-
ponents of our framework on the parameters defining the Volterra process (3.3.1);
namely, the drift u, the diffusion o, ¢, the randomness of the stochastic factor process

A > 0, and the effect of non-Markovianity w.
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HGN Training Pipeline The HGN model is trained as follows. First, we sample

several N € N paths segments {xfi)l;T]}nNzl up to time 7' € N, and we train a GDN

to predict y%n) =B(Q,m ) given each sampled path, by minimizing the intrinsic mean
[—1:1]

squared error (IMSE)
N

GOV dg(fala ), p)?

n=1
where 6 parametrizes a set of GDNs of pre-specified depth and width. The IMSE is
optimized using the native ADAM optimizer built into Pytorch until a suitable GDN
parameter 6 is obtained.

Then, for every subsequent time ¢, each we train a GDN by rolling the training

window forward and minimizing the corresponding GDN

N
0(0) = Z dg(fe(xff,)w),yﬁ”)f (3.3.4)
n=1
where yfn) =p (Qx(n) ). To avoid instability due to the several symmetries present in

[t—2:t]

the parameter space of most MLPs, see e.g. [5, 44], and thus of our GDNs, we initialize
the optimization of each GDN at time ¢+ 1 using the optimized parameters 6, obtained
by minimizing ¢; at time ¢. Additionally, this implicitly encodes a transfer-learning
effect, whereby the GDN responsible for predicting at time ¢ encodes the pre-trained
structure in previous times. We note that when training the first GDN, 20 ADAM
epochs are used while subsequent GDNs are sequentially fine-tuned using 10 ADAM
epochs.

Once we have trained each “expert” GDN {fp,}L,, specialized only on approxi-

mating 5(Q.) at each time ¢, the HGN can be trained by minimizing the hyper-MSE

74



M.Sc. Thesis—R. Arabpour Dahoei McMaster University—CSE

Uhyper in the common parameter space R? of the GDNs. Namely,

N

bryper(9) £ ) Nho(0) — O [,

t

Il
o

where 1 encodes the parameters of a hypernetwork of fixed depth and width. The
HGN is then fully encoded into the pair (6, k). Additional details and pseudo-code

are contained in Appendix 3.6.

3.4 Ablation Results

We study the sensitivity of the HGN and GDN models to the principal characteristics
dictating the stochastic evolution of X. We subsequently study the effect of encoding
a large number of GDN “experts” into a single HGN.

We fixed one base problem (a process with a specific set of parameters) and
30 additional variations used during our ablation study, each with a similar set of
parameters but with exactly one hyperparameter different (e.g. drift, volatility, etc...)
perturbed during each ablation. The training set consists of the first t = 0,...,159
time steps, and the test set consists of the final 160, ...,200 time steps of the process
X. In each result, we report 95% empirical confidence intervals. All experiment details

on the computational resources used are in 3.6.1.

Sensitivities to aspects of X We begin by ablating the sensitivity of the HGN and
GDN models to: the simplicity/complexity of the drift (u), the level of randomness
(A) in the stochastic factor S, the effect of large/small fluctuations (<) in the diffusion,

the dimension (d) of the process X, and the level of non-Markovianity /persistence
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of memory (w) of the process X. In each case, we report the intrinsic mean squared
error for the GDN and HGN models and the confidence intervals formed from one
standard deviation of the loss distribution about the (mean) intrinsic mean squared

error across all time steps in the test set.

Table 3.1: Drift Ablation: Sensitivity to the structure of the drift (u) of X.

I GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.
o 1.27 x 107¢ [1.18,1.36] x 107 4.78 x 1074 [3.89,5.67] x 107
= 2.21 x 107° [2.03,2.39] x 107° 4.39 x 1072 [3.65,5.13] x 1072
%(ﬁ — ) 1.58 x 1073 [1.55,1.60] x 1073 1.58 x 1073 [1.55,1.60] x 1073

“ 4 cos(Z5) 1.04 x 1073 0.88,1.19] x 10" 1.41 x 10+! [1.29,1.53] x 10+

Table 3.1 shows that the HGN and GDN models can predict Volterra processes
whose drift is both simple, e.g. constant, or complicated, e.g. exhibiting osculations
cos(x/100) and decay such as e ®. Nevertheless, as one would expect, the more
complicated drifts are more difficult to learn for both models, as reflected by larger
test set errors. Moreover, as the drift becomes more complicated the gap between the
test set performance of the HGN and GDN models grows as the parameters of the

GDN become increasingly difficult to predict for the hypernetwork in the HGN model.
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Table 3.2: Random Factor Ablation: Sensitivity to the randomness (\) in the stochastic
factor process S.

A GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.

0 3.47 x 1077 3.36,3.58] x 107 3.49 x 1077 [3.41,3.58] x 1077
0.1 1.58 x 1073 [1.55,1.60] x 103 1.58 x 103 [1.55,1.60] x 1073
0.25 2.32 x 107 [2.19,2.46] x 1077 7.67 x 1074 [6.87,8.46] x 104
0.5 8.94 x 10~° [8.25,9.63] x 10~° 422 % 1073 [3.75,4.69] x 10~3
0.75 2.25 x 1074 [2.07,2.44] x 10~ 1.34 x 1072 [1.21,1.47] x 102
0.9 3.30 x 1074 3.00,3.60] x 10~ 1.69 x 102 [1.55,1.83] x 1072
1 430 x 1074 3.91,4.69] x 10~ 2.12 x 1072 [1.94,2.30] x 102

Table 3.2 shows that all models have increasingly larger challenges when predicting
from processes with large levels of randomness () in the stochastic factor S influencing
their diffusion component. This is because the larger A is, the more spread out both
states (3.3.2) of the random variable Qx[flzt] becomes and, consequentially, the more
information is lost when computing the intrinsic averaging using 8. As anticipated,
highly random stochastic factors produce a larger gap in the test set performance of

the GDN and the HGN models.

Table 3.3: Dimension Ablation: Sensitivity to Dimension (d) of the Volterra Process X.

d GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.

2 3.84 x 1076 [3.32,4.36] x 10~ 4.27 x 107 3.83,4.71] x 1075
5 4.44 % 1076 [4.14,4.75] x 10 9.56 x 1077 [0.88,1.04] x 10~
10 1.58 x 1073 [1.55,1.60] x 103 1.58 x 1073 [1.55,1.60] x 1073
20 1.77 x 1073 [1.73,1.81] x 103 1.76 x 103 [1.72,1.80] x 1073
50 1.95 x 103 [1.90,2.00] x 103 1.94 x 103 [1.89,1.99] x 103
100 1.99 x 103 [1.95,2.03] x 103 1.99 x 1073 [1.95,2.03] x 1073
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Table 3.3 confirms the effect of dimensionality on the expressive power of the HGN
and GDN models. Importantly, the performance of the HGN consistently mirrors
that of the GDN model in dimensions 2 to 100. Since roughly the same number of
parameters is used in each case, then, naturally, the performance of both models is

better in low dimensions than in higher dimensions.

Table 3.4: Non-Markovianity Ablation: Sensitivity to the persistence of memory (w) in X.

Memory GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.

0 3.34 x 1078 [2.82,3.85] x 1078 7.97 x 107 (6.63,9.31] x 107
0.1 9.31 x 1075 [8.64,9.98] x 1075 9.32 x 107 0.86,1.00] x 104
0.25 1.02 x 10~ 0.94,1.10] x 104 1.02 x 10~ 0.94,1.10] x 104
0.5 1.58 x 1073 [1.55,1.60] x 103 1.58 x 1073 1.55,1.60] x 103

Both the HGN and GDN models perform nearly identically for all degrees of
memory persistence, from Markovianity to higher levels of non-Markovian memory.
This confirms that the hypernetwork can reliably predict GDN parameters regardless

of the degree of memory.
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Table 3.5: Diffusion Ablation: Sensitivity to the size of the fluctuations (¢) in the diffusion of

X.
S GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.
0.005 4.53 x 1076 [4.19,4.88] x 1076 1.39 x 107 [1.25,1.54] x 1074
0.01 5.02 x 107° [4.67,5.37] x 1076 1.46 x 10~ [1.27,1.66] x 104
0.05 1.01 x 1075 [0.94,1.08] x 1075 4.04 x 1074 [3.55,4.54] x 1074
0.1 1.90 x 107° [1.79,2.02] x 1073 7.30 x 107 [6.43,8.17] x 1074
1 1.17 x 1073 [1.09,1.24] x 1073 3.33 x 1072 [2.97,3.70] x 102
10 4.13 x 107¢ [3.69,4.57] x 107! 4.56 x 1019 [4.14,4.99] x 1070
100 2.80 x 10*3 [2.74,2.86] x 1073 3.27 x 103 [3.18,3.35] x 1073
1000 3.10 x 10%° [3.01,3.18] x 10" 3.15 x 10%° [3.07,3.23] x 1075

Table 3.5 shows that both models can reliably predict regardless of the diffusion
component of the process X has large or small fluctuations. As expected, the reliability
of the HGN predictions deteriorates when ¢ increases, as can be seen by an increase
in the standard deviation of the loss.

We single out the case where ( is small, as there are at least two noteworthy
complicating factors, one numerical and the other geometric. For the former, it may
not be surprising that ¢ causes numerical instability as the involved matrices will have
very small eigenvalues, which can be rounded down to zero by the machine during the
calculation due to the rounding errors that outweigh the values.

Consequently, many more parameters are required for the HGN to achieve a
comparable approximation accuracy when the target Gaussian measure is near the
Gaussian measure used as the base point of the exponential layer of the GDN (as
in Table 3.5). This shows that the constants in our main result concretely impact

practical implementations of the GDN and the HGN models.

79



M.Sc. Thesis—R. Arabpour Dahoei McMaster University—CSE

Table 3.6: Curvature Ablation: Sensitivity to the size of the fluctuations () in the diffusion

of X.
S GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.
0.000001 2.34 x 1073 [2.30, 2.38] x 1073 2.32 x 1073 [2.28,2.36] x 1073
0.0001 1.52 x 1073 [1.487 1.57] x 1073 1.54 x 1073 [1.507 1.58] x 1073
0.001 1.58 x 1073 [1.55,1.60] x 1073 1.58 x 1073 [1.55,1.60] x 1073

The next set of ablation studies continue to examine the efficacy of the hypernetwork

in encoding and predicting GDN parameters in the test set.

Ablation of the Hypernetwork Encoding

Our work also guarantees that the hypernetwork can effectively encode a large number
of GDNs. In particular, doing so suggests that the HGN model can be recursively
rolled, allowing us to predict well into the future. Two questions naturally arise: 1)
In practice, is a hypernetwork encoding of a sequence of GDN models legitimately
trainable? 2) Does the hypernetwork continue to generate well-performing GDN
models out-of-sample in future times? This section yields an affirmative yes to both
of these questions; thus showing the feasibility and reliability of the hypernetwork in
the HGN model.

In this next experiment, we test this by comparing three different degrees of hyper-
network encoding. These experiments are run with a subset of the same configurations
from the last section; which we annotate in each figure caption. Each of the figures 3.3
and 3.4 plot the test set performance of each model, which begins at time ¢ = 160 and
ends at time ¢t = 200.

(1) (GDN) no hypernetwork is used and only a different GDN “expert” is used to

generate predictions at any time, trained at time ¢ — 1. (2) (HGN 1 step) at every time
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t, the hypernetwork loads the predictions of the GDN at time ¢ — 1 and uses them to
predict a GDN, which is then used to predict at time ¢. In this case, the hypernetwork
component of the HGN is only ever used to make one-step-ahead predictions. (3)
(HGN) loads the GDN parameters at time 160 and then sequentially predicts the
parameters at every subsequent time ¢ using its predicted parameters at time ¢t — 1,
up until the terminal time ¢t = 200. All three models perform nearly identically, as
illustrated by the log-scale losses. This shows that the hypernetwork encoding of the
GDN models is practically effective.

Test set performance wrt. intrinsic loss of GDNs, HGNs, and Recurrently Predicted HGNs

—— GDN
HGN (1 step)
—— HGN (w. rec)

-4.5

160 170 180 190 200
Time (t)

Figure 3.3: Situation I - Nearly Logarithmic Degradation of HGN Accuracy

Our experiments uncover two types of behaviours that the HGN can exhibit. The
first one is shown in Figure 3.3 above, the HGN performance slowly (logarithmically)
departs from that of the GDN as time rolls forward. This is typically what is observed
in most of our experiments. In this case, there is a small but growing gap between the
test set performance of the HGN and the GDN model, which increases as time flows

forward. Furthermore, this gap is roughly the same for both the 1-step and recurrent
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HGN models.

Test set performance wrt. intrinsic loss of GDNs, HGNs, and Recurrently Predicted HGNs

—— GDN
HGN (1 step)
—— HGN (w. rec)

-2.76

(logy

-2.82

Intri

-2.88 \'

160 170 180 190 200
Time (t)

Figure 3.4: Situation II - Nearly Perfect GDN Prediction by HGN

The second scenario, can be seen in Figure 3.4, is when the HGN continues to
nearly perfectly predict the performance of the GDN as time rolls forward. This occurs
in a subset of experiments where the GDN parameters do not change significantly
between time steps.

The GDN training occasionally suffers from exploding gradients during training; one
can re-run the stochastic gradient descent algorithm when this happens. We note that

there is nothing particular about instances when this happens (see Appendix 3.6.4).

3.5 Conclusion

We presented a framework for obtaining low-dimensional approximations of the con-
ditional distribution (non-Markovian) stochastic Volterra processes in discrete time.

First, we develop a tool, the Gaussian projection, for projecting the condition of
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such processes down onto the O™ Riemannian manifold Ny of non-singular Gaussian
measure with a perturbation J of its standard information geometry with favourable
geometric and computational properties. Like classical tools for dimension reduction
of probability measures (e.g. information projections), the Gaussian projection is
a projection-type optimization problem; however, unlike those tools, the Gaussian
projection is a Lipschitz operation and can even be a C'° map under additional
conditions. Using these insights, we then constructed a sequential geometric deep
learning model which is compatible with the non-positive curvature of (Ny, J). We also
numerically illustrated the HGN model, showing its practical viability. We conducted
an ablation study, confirming our main theoretical results (which are available in the

full paper).

Future Research

In future work, we aim to extend our analysis to general stochastic processes, thereby
going beyond the stochastic Volterra setting. We would also like to explore the
impact of projecting onto different information-like geometries when approximating
the conditional law of various processes, and how to choose such geometries if one has
information on the structure of these processes.

Besides that, we consider replacing our ReLU MLP backbones with other deep
learning architectures such as Kolmogorov-Arnold networks (KAN) and modifying
our proofs with that backbone’s approximation theorem. For instance, using a KAN
we can use the approximation theorem of [33|, using MLPs with different activation
functions, e.g. ReLU" or smooth activation functions, we can respectively rely on the

results of [38] or of [49], or using shallow neural networks we can appeal to the optimal
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rates of [47]. Each of these is an interesting avenue of possible future research.

3.6 Appendix

Experiment Details

We include the details of the experiments in Section 3.3. We first explicitly describe the
algorithms we used to generate the sample paths from the Volterra process in (3.3.1),
to compute its Gaussian random projections, and to train the HGN from this data.

We then provide details on the hardware used to train these models.

3.6.1 Experiment and Compute Details

The architecture used to tackle those problems (identical for all the models) had
six layers with a maximum size of 512 in the GDN part and eight layers with
a maximum size of 1024 in the hypernetwork (ignoring the input-output layers).
Since the base parameter’s T value was 200, we had to train 200 GDNs and 1
hypernetwork. Considering the architecture mentioned, we had around 500,000
parameters in each GDN and 750,000,000 in the hypernetwork to train. Despite
their size, these calculations are highly parallelizable. We trained our models within
a reasonable time by exploiting basic optimizations and employing the graphics
processing unit (GPU) to run the computations within each model in parallel. There
are still simple ideas that can improve the performance of these networks, like training
GDNs in parallel using multiple GPUs simultaneously. However, there was no need to

do that since our training time was short enough, and we would need more GPUs to

84



M.Sc. Thesis—R. Arabpour Dahoei McMaster University—CSE

achieve that.

We ran experiments on the Vector Institute for Artificial Intelligence’s computing
cluster. Since each problem (process created with a specific set of parameters) is
entirely independent, we used 30 machines, one for each problem in parallel. All the
machines had the same configuration with 6 CPU cores, 1 Nvidia T4 GPU, 20 GB of
RAM, and 40 GB of SSD memory. The run-time limit for the instances was 12 hours,
although all machines finished their jobs in less than 8.5 hours. The problem with the
base parameter set took about 4 hours and 44 minutes, and the overall average was
around 6 hours. Note that these differences might be seen because not all machines
were on the same host computing node. Thus, the CPU and RAM models and clock

frequencies different amount for all the machines.

3.6.2 Algorithm Descriptions

The following algorithm is used to generate sample paths of the Volterra process

defined in (3.3.1).
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Algorithm 1: Construct X
Require: Number of training samples N € N, time-horizon 7" € N, dynamics p,

o, and ¢, “noise” parameter 0 < A, memory 1 < w < 0.

For n:0,...,N — 1 in parallel

fort:0,...,7 do
if t =0 then
2", 0
x5 <0 // Get Initial States
end if
else
Sample: Z ~ Ny(0, 1) // Generate Gaussian Noise
Sample: B ~ Binom({0,1};1/2) // Generate Hidden Process
x = wp(ry ) + (1 —w)u(z}) // Get Drift
y< (s(z})-o+BXI;)Z // Get Diffusion
Tttty // Update Diffusion
end if
"+ (2L, // Save Sample Path
end for
end
X  {a"}) // Compile Dataset
return X

The next algorithm (Algorithm 2) implements the Gaussian projection of the
Volterra process in (3.3.1). This is given by the closed-form expression derived

in (3.3.3).
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Algorithm 2: Given a set of paths X in R+ this algorithm returns an

array of input-output pairs, whose elements are pairs of paths z|_;.7) in X

paired with the parameters determining the path of Gaussian distributions
T def.

yr= ((@36[71:t])1fT:0 traced out by sequentially applying the barycenter map to

the process (Qq_,,)/{=o-
Require: Time-Horizon, finite set of paths X C RZ+1)4 drift , diffusion

parameters o and ¢, and a “randomness” A > 0.

For =217 € X in parallel

fort:0,...,7 do
i < o + Dl"ift(ajt_l, :Et) // Get Mean of Projection
oy g(%ﬁ) ’ 02(0_2()\ Iy + §(5Et) . 0)2)1/2 // Get Covariance of
Projection

end for

(A (uf,vec(af));[:o // Get Outputs

end for
return Z + {(x,y")}eex // Return Array of Input-Output Pairs {(z,y")}.ex

Once the input data has been generated using Algorithm 1 and the corresponding
Gaussian random projections have been computed using Algorithm 2, then we have
input-output pairs which can be used to train the GDN and HGN models. Observe that
the training scheme that we used for GDNs avoids backpropagating in time (as with
RNNs). Thus, even if the HGN has a recursion, it can be trained without recursion
similarly and thus enjoys some of the training stability properties of transformers,

which RNNs do not share; namely, no backpropagation in time.
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Algorithm 3: Construct HGN
Require: A dataset Z < {(z,y")}.ex, GDN depth and widths, (ReLU)
hypernetwork dimensions [d].
For ¢t:0,...,T in parallel

fo < argmin Yy || folwp-r) — v ||” // Optimize GDN Nodes
fo€GDN (5),11)
2y < (Qt,t) // Separate Parameters
end
/* Create Recurrence/ Encode Causality x/
b argmin 37 [1h(z) =z 3
heN N
/* Server receives parameters of optimized neural filters for each time window
*/

L :RPU) x RQ s R” ([d]A projection onto first component
return Trained HGN: (f, 2, L).

3.6.3 Additional Loss Curves

We plot the loss curves, in the test set, of a representative subset of the experiments
reported in Tables 3.1, 3.4, 3.2, 3.5, and 3.6. Figure 3.5 shows that the behaviour

illustrated in Figures 3.3 and 3.4 persists across our experiments.
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3.6.4 Exploding Gradients due to Small Eigenvalues

There is one additional case, illustrated in Figure 3.5, where the GDN or HGN suffers
from exploding gradients during training. We included some examples of learning
curves illustrating the exploding gradients phenomenon that occurs.

A priori there is nothing particular about the target function being learned when
this occurs. For instance, the experiments in Table 3.1 where z — (- — z) is
essentially the same as when x +— % x4+ ﬁ; thus both should be equally easy to learn.
However, in the experiment recorded in Table 3.7, the model experiences exploding
gradients during training and thus the reported loss is relatively large. Similarly, the
drift &+ €™ 4 cos(355) and = {5 + cos(g55) are essentially the same; but again the
latter is not being learned due to exploding gradients during training (see Table 3.7

again). Similarly, the value of w is similar to those considered in Table 3.4; however,

the loss in situations where gradients exploded during training is several magnitudes

larger.
Table 3.7: Examples of Exploding Gradients

s GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.
%x + ﬁ 4.19 x 1073 [2.75,5.64] x 1073 6.22 x 1073 [4.24,8.21] x 1073
L+ cos(155) 2.82 x 10*7 [1.92,3.71] x 10*7 2.98 x 10*7 [2.05,3.91] x 10*7

w GDN Loss Mean GDN Loss 95% C.I. HGN Loss Mean HGN Loss 95% C.I.
0.75 3.32 x 10+ [1.55,5.09] x 107! 3.32 x 10T [1.55,5.09] x 10*1
0.9 1.42 x 10+ [0.45,2.40] x 10719 1.42 x 10+ [0.45,2.40] x 10719

A closer look at the error logs shows that the exploding gradient occurs due to
rounding errors in the Riemannian distance function when the logarithm is applied to

small eigenvalues of the relevant positive-definite matrix. Though gradient clipping
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typically solves this issue, it occasionally resurfaces, and we thus report it here.
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Chapter 4

Conclusion

In this thesis, I have taken a look at the intersection of geometric deep learning,
foundation models, and mathematical finance, and focused on addressing current
practical computational challenges in large language model adaptation and non-
Markovian stochastic process approximations. As seen in the two primary contributions,
Chapters 2 and 3, I have demonstrated how geometry-aware frameworks can tackle
fundamental problems such as the curse of dimensionality and enhance accessibility,
scalability, and performance in real-world applications.

As presented in Chapter 2, the first contribution, I introduced a CPU-efficient
meta-generation framework for fine-tuning large language models using low-rank
adapters (LoRA) without using any GPU computation in a reasonable amount of
time. The proposed pipeline leverages distributional alignment between a given new
dataset and a bank of other datasets with known optimal adapters, enabling zero-
shot prediction of adapter parameters through three different lightweight methods:
attentional, normalized, and neural approaches. In our extensive experiments on over

500 datasets using Mistral-7B, these theoretically proven frameworks have successfully
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outperformed the raw base model in more than 97% of the datasets while recovering
nearly half of the performance gap (on average) between untuned base models and
fully fine-tuned ones. Being light enough to run entirely on ordinary hardware, this
framework promises privacy-preserving adaptation, reducing memory and energy
consumption, and helping to make the specialized LLMs more accessible for users
without high-end infrastructure. At the end of the day, this work not only advances
parameter-efficient fine-tuning under hardware constraints but also highlights the
potential of reusing a droplet of the huge amount of public information on foundation
models, hopefully taking a small step towards more sustainable Al practices.

The second contribution, Chapter 3, tackled the computational intractability of
history-dependent Volterra processes, which are commonly used for modeling some
of the most important aspects of financial markets, such as volatility prediction and
asset prices, due to their non-Markovian behaviors. As a workaround for the main
problem, the curse of dimensionality, I proposed a two-step framework in detail: first,
to project the infinite-dimensional conditional law onto a low-dimensional manifold
of non-positive curvature, and second, to train local experts followed by a hyper-
geometric network (HGN) overlay that adapts these geometric deep neural networks
(GDNs) over time. Our ablation study across parameters like drift (u), randomness
(M), dimension (d), memory persistence (w), fluctuations (<), and curvature further
confirmed the model’s robustness. The results showed that the HGN-forecasted GDNs
often follow the trained GDNs’ performance closely, or near-perfectly, if considering
the inherent numerical instabilities of calculations and mathematical operations on
computers. This achievement of overcoming the curse of dimensionality by using

geometric deep learning not only enables the efficient simulation and estimation of
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Volterra processes but also underscores the value of looking through a geometry-aware
lens when facing interdisciplinary problems and the doors that can be opened by
mathematical tools.

These contributions illustrate a unified theme: approximating or predicting model
parameters via higher-level, geometry-informed architectures to solve downstream
problems efficiently. Borrowing and combining ideas from different fields, namely,
machine learning, mathematics, and quantitative finance, in this thesis, I advance
efficient methodologies that are not only theoretically sound but also practically
feasible, as supported by mathematical proofs, algorithmic implementations, and
extensive empirical experimentation.

Although these models are demonstrating strong results, like any other model, they
have limitations. During this research, we have done our best to look from a critical
point of view to our work and be the first one to see the caveats and weaknesses of
our work, many of which have been addressed and solved, and many remain as future
research opportunities.

The LoRA meta-generation pipeline, for instance, relies on the availability of a bank
of pre-trained adapters and datasets and may underperform on highly idiosyncratic
datasets that lie far from the distribution of the datasets with known optimal adapters.
Other places that have room for improvement are the tokenization procedure and the
neural network architecture used in the neural approach. Some promising ideas would
be using more complex methods to encode the information of each dataset or using
other neural network architectures, such as attention mechanisms or graph neural
networks, to better predict the combination ratios, which can potentially improve

the quality of the outputs due to the simplicity of the version we used. Similarly,
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the Volterra approximation assumes a specific manifold structure, which may require
further refinement for processes with extreme non-stationarities or higher-dimensional
complexities. Besides this, the same module simplicity, as seen in the LoRA framework,
can be seen in both the GDNs and the HGN used for the Volterra approximation
pipeline. The models used in that study have only a few layers and lack architectural
complexity. As a result, expecting enhancement in predictive power by exploring other

advanced architectures is not far from reality.
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