Reuniting Accessibility Measures with Spatial Interaction Principles



REUNITING ACCESSIBILITY MEASURES WITH SPATIAL
INTERACTION PRINCIPLES

By Anastasia Soukhov B.Eng. M.A.Sc.

A Thesis Submitted to the School of Graduate Studies in the Partial Fulfillment
of the Requirements for the Degree Doctor of Philosophy

McMaster University © Copyright by Anastasia Soukhov September 9, 2025












McMaster University
Doctor of Philosophy (2025)
Hamilton, Ontario (School of Earth, Environment and Society)

TITLE: Reuniting Accessibility Measures with Spatial Interaction Principles
AUTHOR: Anastasia Soukhov (McMaster University)

SUPERVISOR: Antonio Paez

NUMBER OF PAGES: x, 160

ii



Lay Abstract

A goal of transportation systems is connecting people with opportunities—such as jobs,
essential services and community. However, traditional transportation planning prac-
tice has largely emphasized mobility, focusing on metrics like distance traveled or travel
time, rather than accessibility (the number of opportunities people can reach). Al-
though researchers have long advocated for a shift from mobility-based approaches to
accessibility-focused ones, this transition has yet to be fully realized due to several per-
sistent challenges. A quiet barrier is methodological: the absence of consistent and
tangible units for measuring accessibility. This thesis seeks to address this barrier by
examining how accessibility methods relate to conventional mobility-based techniques,
and by exploring how constraints—adapted from spatial interaction models—can be used
to return meaningful units to accessibility values and their analysis. This is done by
reviewing the related spatial interaction modeling and accessibility literature, outlining
a family of ‘constrained’ accessibility measures, and detailing an empirical example of
accessible parkland area and population in the City of Toronto across all measures.
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Abstract

Transportation systems play a fundamental role in facilitating access between people
and opportunities across place. Place-based accessibility can be defined as the potential
of opportunities for spatial interaction. For decades, transportation planning research
and practice have relied on mobility-based metrics, such as kilometers traveled, emis-
sions released, or vehicle counts, measures that reflect realised movement. In contrast,
accessibility focuses on potential movement, such as the number of opportunities that
can be reached within given constraints. Although there has been growing interest
in shifting from mobility-based methods to access-focused planning approaches, a few
barriers remain. One significant issue is methodological, namely, the lack of clarity in
how accessibility values are interpreted. There are several approaches to match values
with meaning, but this dissertation proposes a preceding step: clarifying the units of
accessibility by introducing proportionality constants derived from spatial interaction
principles.

In response, this monographic-style dissertation is organized into six chapters. In the
first chapter, a review of how accessibility literature largely diverged from the spatial
interaction literature is detailed. This lays the foundation for how the addition of pro-
portionality constants that return the units to the measure and balance them to reflect
known constraints in the system may be useful. In the second chapter, using a synthetic
example, the total constrained accessibility measure is introduced. This measure is for-
mally proportional to unconstrained accessibility (i.e., Hansen-type accessibility measure
commonly used in literature) but with results consistently expressed in units of acces-
sible opportunities or units of accessible population. Then, using the same synthetic
example, the single constrained accessibility measure is introduced. This measure con-
siders competition for opportunities and could be understood as related to the popular
measures of competitive accessibility. Multimodal extensions as well as the expression
of these measure in terms of ‘market potential’-the accessible population at a zone-is
also introduced.

In the third chapter, motivation, data and methods of an empirical example of the
parkland area and population in the City of Toronto are detailed. All members of the
family of accessibility measures introduced in this work are compared and contrasted
in the subsequent chapters using this empirical example. In the fourth chapter, a uni-
modal (walking only) case considering a binary impedance function and all population
is presented, where the accessible parkland area and accessible population in Toronto is
quantified. Differences in the unconstrained (i.e., conventional method) and constrained
measures are detailed. Fifth, a multimodal case of accessible parkland area and accessible
population is detailed, considering walking, cycling, transit, and car modes. Similarly,
differences in the unconstrained and constrained measures are detailed. In the sixth
and final chapter, a summary of key points across all chapters is provided along with
a thorough discussion on how constrained accessibility improves communicability and
details on future lines of potential investigation.
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Overview

This work is a monograph-style dissertation comprising six chapters that together ex-
plore the development and application of a family of accessibility measures derived from
the principles of spatial interaction to generate constrained accessibility values. These
measures are applied to the empirical case study of parkland area and population in the
City of Toronto and discussed. In sum: this dissertation offers theoretical and method-
ological advancements to the field of accessibility, along with practical empirical analysis
to explore how these measures may be interpreted in practice.

The purpose of this introductory chapter is to provide an overview of the structure
and logic to the organisation of the dissertation. It outlines the conceptual issue of
accessibility measures being interpreted as indicators, the dissertation’s development
trajectory, the aims of the dissertation, overview of the empirical data, reproducibility
statement, and a detailed outline of the chapters.

0.1 Conceptual issues interpreting accessibility

Transportation is a special kind of land-use that compresses space and time, enabling
connection between populations and opportunities in space. But as posed in S. Handy
(2020): “is accessibility an idea whose time has finally come?”. Accessibility is a concept
has been discussed in the literature for decades as the ulterior goal of transportation sys-
tems. Accessibility doesn’t express mobility directly but instead captures the potential
for meaningful mobility: the reachability of opportunities for people. Despite the utility
of accessibility measures in both literature and practice to identify areas of high and
low opportunity access, the interpretability of foundational accessibility measures, such
as the Hansen-type accessibility measure (Hansen, 1959), can be challenging (Karst T.
Geurs & van Wee, 2004; E. J. Miller, 2018; Santana Palacios & El-Geneidy, 2022).

By definition, accessibility is the product of the sum of opportunities that can be
reached through some travel impedance, meaning each zonal value is sensitive to both
inputs in a way that is not constrained by any known system. For example, consider com-
paring the accessibility values for a region between two years where the number of oppor-
tunities remained constant but the travel behaviour dramatically changed. In this case,
both years would have travel impedance functions of different forms. As a result, the zone
values would have different units, one in opportunities-weighted-travel-impedance-value-
from-form-1 and another in units of opportunities-weighted-travel-impedance-value-from-
form-2. These values would exist within different ranges, and while they could be nor-
malized and compared, this process is an additional treatment needed to locate meaning.



Similarly, comparisons between regions, especially those of different sizes or oppor-
tunity distributions, can be misleading. For instance, even if using the same impedance
functions and zones of analysis are selected, areas with more opportunities will have
higher accessibility scores than areas with fewer opportunities even if the relative ‘ease’
of access is similar. For this reason, raw accessibility scores calculated by conventional
methods are not necessarily comparable without some form of normalization.

To address these interpretability challenges, this dissertation proposes a constrained
formulation of accessibility that restores meaningful units to the measure. By intro-
ducing a proportional allocation mechanism derived from spatial interaction principles,
accessibility values can be made directly interpretable. Each zonal value then reflects a
bounded share of total opportunities (e.g., school-seats, jobs, hectares of parkland) or
total population, grounded in tangible units. This clearer basis for interpretation can
potentially improve the clarity in equity evaluations, identifying spatial mismatches, and
designing interventions, among other practical applications.

This dissertation is centrally concerned with this issue: how to reconnect accessi-
bility measures to interpretable, bounded, and theoretically consistent units using the
framework of spatial interaction modeling.

0.2 A note on this dissertation’s evolution

The motivation to address the issue of accessibility interpretability did not emerge in
the abstract, but rather through a series of practical encounters. This research evolved
from early attempts to make sense of real-world planning challenges—particularly those
involving equity in accessibility to school-seats. In this way, this monographic-style
dissertation has come together non-chronologically.

Its origins begin in a reading course with Dr. Antonio Paez as a Masters of Applied
Science (MASc.) student under the supervision of Dr. Moataz Mohammed. In this
reading course, I was introduced to a dataset on public school closures in Hamilton. The
closures raised questions about how students’ access to educational opportunities might
change, particularly for those within walking distance of the affected schools. This led to
an investigation into the spatial distribution of school-seat opportunities and how their
availability could be measured using place-based accessibility indicators.

Conventional accessibility measure are typically represented as the sum of the number
of opportunities O; weighted by the travel impedance function f(c;;) of some travel cost
c;;j for a set of zones of origin ¢ ¢...I and destination j j...J. Equation 1 represents this
general form:

Si = Zojf(cij) (1)



While widely used, such formulations often produce values that are effectively inter-
preted without units, making them difficult to tie to real-world quantities. Motivated
by the question, how did the number of potentially reachable school-seats change for
households across space?, 1 saught a more interpretable measure that retained physi-
cal units (e.g., number of school-seats) that still behaved intuitively like a conventional
accessibility measure.

To address these challenges, a new method was developed in collaboration with co-
authors Chris Higgins, Moataz Mohamed and Antonio Pdez. The approach, ultimately
named “spatial availability” uses proportional allocation factors to distribute opportuni-
ties (school-seats) based on both the relative population of origin zones and their travel
impedance values. These proportional allocation factors ensure that each residential
parcel receives a proportional share of the regional school-seat total, preserving both
the total number of school-seats in the region and the number of school-seats at each
school as well as the logic of accessibility. This formulation was published in PLOS ONE
(Soukhov, Paez, Higgins, & Mohamed, 2023). Its multimodal extension followed in the
next year (Soukhov, Tarrifio-Ortiz, Soria-Lara, & Péez, 2024), and the school-seat case
study itself, was published in Networks and Spatial Economics investigating how ac-
tive (and motorized) spatial availability to school-seats changed over a decade of school
closures in Hamilton (Soukhov, Higgins, Paez, & Mohamed, 2025).

While these individual contributions could have formed the basis for a manuscript-
based dissertation on “spatial availability”, they did not fully resolve the core theoretical
questions that emerged. Namely, the “spatial availability” approach was presented to
transportation researchers at international conferences and seminars, and a recurring
curiosity remained: To what extent can accessibility measures be understood within the
spatial interaction modeling framework?

Initially, we assumed that spatial availability’s constraining mechanism only resem-
bled Wilson’s balancing factors (in part thanks to Chris’ early comment to the effect
of “this looks a bit like Wilson’s balancing factors”). However, deeper theoretical in-
vestigation revealed that spatial availability is mathematically equivalent to the singly-
constrained spatial interaction model, though of course, derived from different paths.
Further, this also meant that the most widely used competitive accessibility measure—
the Two Step Floating Catchment Area (2SFCA)-can be understood as being linked
to Wilson’s singly-constrained expression (NOTE: in Soukhov et al. (2023), the mathe-
matical equivalence between spatial availability per capita and 2SFCA is demonstrated).
Following this logic, a total constrained version of accessibility, also fitting within Wil-
son’s framework and proportional to the conventional accessibility in Equation 1, could
be developed along with multimodal extensions and ‘market potential’ variants.

These theoretical connections to spatial interaction warranted a more comprehensive
and unified exploration. As a result, this dissertation is monographic in style, and ex-
plores how spatial interaction models and accessibility measures can be connected more
explicitly. It uses an original empirical case study across all cases and variants of mea-
sures to compare, contrast and comment on how this framework improves accessibility’s



interpretability and policy relevance while drawing linkages between existing measures—
such as Equation 1 and the 2SFCA approach—unifying popular non-competitive and
competitive approaches.

0.3 Aims

The primary aim of this dissertation is to develop accessibility measures that preserve
its units of analysis (i.e., the number of opportunities that can potentially be reached)
within zonal outputs by being grounded in spatial interaction principles. By retaining
meaningful units and enabling probabilistic interpretation based on known constraints,
this work offers a theoretically rigourous framework to measure and interpret accessibility
values, enhancing clarity in interpretation relative to conventional measures and, inuitive
usefulness for decision-making.

This dissertation makes the four following contributions:

First, it defines accessibility as the potential for spatial interaction by explicitly linking
it to the spatial interaction literature. It reviews early spatial interaction research which
advances the Newtonian gravitation analogy ultimately applied in Hansen (1959)‘s work,
as well as Wilson (1971)’s breakthrough entropy-maximisation model building approach,
to examine how the accessibility and spatial interaction literatures later diverged. How-
ever, spatial interaction modelling offers valuable insights for accessibility research: most
notably, the ability to preserve interpretable units through the introduction of system-
wide and zonal constraints, operationalised by balancing factors. This insight sets the
theoretical ground for the reformulation of spatial interaction model’s "balancing factors’
as ‘proportional allocation’ factors in the case of accessibility.

Second, the total constraint—understood as the total flow constraint from spatial
interaction modeling—is introduced in the accessibility context. The resulting total con-
strained accessibility measure is conceptually equivalent in magnitude to the Hansen-
type accessibility measure (Equation 1) but is expressed in units of accessible opportu-
nities or accessible population. This approach intuitively ensures the resulting values
remain consistent and comparable across different scenarios (pending appropriate sys-
tem knowns), addressing the quiet issue of unit discrepancies that arise in accessibility
analyses.

Third, the single constraint is introduced, which accounts for competition among ei-
ther the population for opportunities or the opportunities supplied for the population.
It also ensures the total constraint is maintained. The singly constrained accessibility
measure can be understood as a competitive measure and its per capita variant is math-
ematically equivalent to the 2SFCA method (Luo & Wang, 2003; Q. Shen, 1998). In
this way, singly constrained accessibility can offer a more accurate understanding of lo-
calized competition for opportunities (or for population potentially spatially interacting
with opportunities).



Fourth, the multimodal extension of both total- and singly- constrained accessibility is
specified. Specifically, these extensions demonstrate how these measures can be adapted
to consider different groups with different travel impedance functions (i.e., be it multiple
modes of transport or populations with different travel likelihoods) accessing the same
opportunities. This multi-modal extension can be used to interpret the accessibility gap
between groups with different modalities, illustrating how many more opportunities can
be reached by one group compared to another.

The first aim is addressed in Chapter 1, and the second, third and fourth aims are
formulated in Chapter 2, outlined again but with respect to an empirical example of
parkland area in Toronto in Chapter 3, and expressed as in unimodal accessibility to
parkland area and population in Chapter 4, and multimodal accessibility to parkland
area and population in Chapter 5.

Together, the intuition, methodology and empirical examples offered by this disserta-
tion aims to increase the interpretability of resulting values from accessibility measures.
This work opens the doors for accessibility analysis that is, hopefully, easier to commu-
nicate and tie to practical outcomes and goals.

0.4 A practical case study: Toronto and publicly owned
and operated parkland

To demonstrate and compare the constrained accessibility measures formalised in Chap-
ter 1 and 2, an empirical example is developed.

As mentioned: an advantage of the constrained accessibility measures is in the result-
ing values having tangible units. Static metrics of opportunity supply for a spatial zone
are often used in planning, e.g. the number of jobs located in a census block or the num-
ber of hospital beds per person in a neighbourhood. Instead, constrained accessibility
measures yield a value of the number of accessible opportunities per zone or per capita
(in a zone). In effect, resulting values can be interpreted using the intuition of oppor-
tunity supply metrics but also fold in transportation-land-use-interaction assumptions
e.g., how the population may interact with that opportunity.

To showcase this practical advantage: a case study reporting the accessibility to green
space that is owned and operated by the City of Toronto is detailed. As specified in the
City of Toronto’s most recent parkland strategy report, green space is vital for wellbeing
as it promotes physical health by encouraging outdoor activity, enhances mental health
through reduction in anxiety and stress, and fosters social connection by providing com-
mon space for all to use (City of Toronto, 2019). In this strategy, the City also defines
priority areas in need of additional parkland area supply: namely areas of lower income
and below an accessible supply of 12 sqm per capita.

From this perspective, the city has identified greenspace as a crucial public good
and benchmarking its accessible supply (i.e., constrained accessibility), is an important
step towards the identification of priority areas. From this perspective, accessibility



of parkland area from areas in the city, and accessibility of population to parks, is a
fitting practical case study for the empirical exploration of the constrained accessibility
measures.

Furthermore, greenspace is an interesting opportunity as it can be considered from
both a non-competitive and competitive vantage points. From a non-competitive per-
spective, one would assume that parkland is essentially inexhaustible, meaning a person
and their neighbours can enjoy the same amount of parkland area without reducing each
other’s accessibility. The total constrained accessibility measure would yield values that
reflect the share of total parkland area that you can reach, and that would be similar to
the shares allocated to all your neighbours that can reach the same parks. Conversely,
from a competitive perspective, park space can be seen as exhaustible or finite, i.e., if a
park becomes overcrowded, one’s ability to use it diminishes as more people share the
same area. This intuition is captured in the singly-constrained accessibility measure,
which will yield a value that reflects the share of parkland area only from parks that are
reachable as determined by population demand for these parks (as well as travel cost).

To demonstrate how constrained accessibility may work in practice, this dissertation
compares the introduced constrained accessibility measures to the conventional (uncon-
strained) measure in the context of parkland accessibility in Toronto. By highlighting
the interpretative advantage of the constrained measure, the dissertation aims to use
the empirical example to demonstrate how values of constrained accessibility can be
translated to supply thresholds and be potentially used by policymakers to improve
transportation and land-use.

0.5 Reproducibility statement

This dissertation adopts principles of open and reproducible research practices. For in-
stance, all analysis conducted and write-up was done using using R and RStudio, with the
complete workflow; including code, data, and text of the final dissertation manuscript,
publicly accessible in the the accompanying repository. To ensure full transparency
and assist in replicability, the repository features a landing page with reproducibility
guidelines and documentation within the data-raw directory.

Adopting these principles not only underscores the importance of reproducibility in
scientific inquiry, as discussed in (Arribas-Bel, Green, Rowe, & Singleton, 2021; Bruns-
don & Comber, 2021; Antonio Paez, 2021), but also provides a tangible framework for
reuse by facilitating others to build on these efforts in the academic and applied realm.

0.6 Outline

This monograph-style dissertation is divided into six chapters.

Chapter 1 provides the conceptual and historical framework of this dissertation as
written in the first half of the manuscript titled “Family of accessibility measures derived
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from spatial interaction principles” submitted to PLOS ONE. This chapter outlines the
evolution of the spatial interaction literature, how accessibility literature diverged, and
introduces the total and single constraints using numeric examples.

Chapter 2 outlines the family of accessibility measures (unconstrained, total con-
strained, singly constrained, and doubly constrained accessibility) using a simple toy
example. It is the second part of the forthcoming manuscript “Family of accessibil-
ity measures derived from spatial interaction principles” submitted to PLOS ONE. As
well as additional writing detailing the context for and the formulation of a multimodal
extension of each measure, inspired writing from the published “Multimodal spatial avail-
ability: A singly-constrained measure of accessibility considering multiple modes” paper
is also included (Soukhov et al., 2024), as well as inspiration taken from the the published
paper focusing on a singly mode “Introducing spatial availability, a singly-constrained
measure of competitive accessibility” (Soukhov et al., 2023).

After the first two chapters, all work in this dissertation is original. Chapter 3 details
the empirical example of parkland accessibility in Toronto developed in chapters 4 and 5
of this dissertation. Namely the origins, the different zonal levels of aggregation, qualities
about the destinations, and the routing and trip length assumptions are detailed. The
unconstrained and constrained accessibility measures used in the chapters four and five
are briefly summarised in context with the empirical example.

Chapter 4 calculates a unimodal example of parkland accessibility and accessible
population (to parkland area) for the city of Toronto, using the unconstrained, total and
singly constrained accessibility. Results using different measures are compared, discussed
and contextualized. Discussion of the supply ratios is inspired by the paper focused
on unimodal, namely the empirical example in is inspired by the published paper on
the topic of multimodal competitive accessibility measures, namely “Introducing spatial
availability, a singly-constrained measure of competitive accessibility” (Soukhov et al.,
2023)

Chapter 5 builds on the preceding chapter, and extends the example to consider
multiple modes: walking, as well as cycling, transit and car. Multimodal accessibil-
ity to parkland (and to population from parkland) is detailed. Results are compared
to the unimodal example, and compared, discussed and contextualised. Discussion of
competitive gains is inspired by the published paper on the topic of multimodal compet-
itive accessibility measures, namely “Ten Years of School Closures and Consolidations
in Hamilton, Canada and the Impact on Multimodal Accessibility” (Soukhov, Higgins,
et al., 2025) and “Multimodal spatial availability: A singly-constrained measure of acces-
sibility considering multiple modes” (Soukhov et al., 2024)

Chapter 6 concludes the work by summarising each chapter and outlining directions
for future research.



Chapter 1

A common history between
accessibility and spatial
interaction principles

1.1 Overview

This chapter consists of text from the first half of the “Family of accessibility measures
derived from spatial interaction principles” authored by Anastasia Soukhov, Rafael H.
M. Pereira, Christopher D. Higgins, and Antonio Paez as submitted to PLOS ONE in
May 2025. This portion of the submitted manuscript reviews the historical background
of spatial interaction modelling in the context of accessibility, the use of proportionality
constants (linked to empirical information about the system) to maintain units, and the
divergence of accessibility’s practice in applying this approach.

Overall: this chapter provides the historical context for the introduction of the family
of measures, providing supporting motivation for the formulation of the measures and
their use in various applications throughout this dissertation.

1.2 Introduction

In the early twentieth century, the emergence of a transportation planning paradigm
focused primarily on mobility cemented major investments in automobile and trans-
portation infrastructure, fostering lower-density sprawl, car-dependent development and
entrenching automobility in planning practice (Lavery, Péaez, & Kanaroglou, 2013; H.
J. Miller, 2011). Within this new practice, access to destinations was treated as a by-
product of movement. Despite continued road and highway expansion, this automobility
monoculture has proven ineffective at reducing travel costs or environmental burdens,
and has not clearly improved people’s ability to reach destinations (Steven Farber &
Péez, 2011; S. Handy, 2002; Antonio Paez, Mercado, Farber, Morency, & Roorda, 2010).
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In response, transportation researchers have increasingly advocated for the adoption
of accessibility as a planning criterion, in contrast to traditional mobility-oriented trans-
portation planning approaches which translate into indicators that benchmark movement
(e.g., vehicle kilometres traveled, intersection through traffic) which are not necessarily
linked to improved accessibility (El-Geneidy & Levinson, 2022; S. Handy, 2020; A. Paez,
Moniruzzaman, Bourbonnais, & Morency, 2013; Silva, Bertolini, Te Brommelstroet, Mi-
lakis, & Papa, 2017). Accessibility, by contrast, is the “potential of opportunities for
[spatial] interaction” (Hansen, 1959). While mobility reflects movement, accessibility
captures the combined influence of transport and land use, emphasizing destinations
and the potential to reach them (S. L. Handy & Niemeier, 1997).

The growing interest in accessibility has been accompanied by a boom in scholarly
research using different methods and focusing on different research contexts; it has grown
to include studies of access to employment (Grengs, 2010; Karst & Van Eck, 2003; Mer-
lin & Hu, 2017; Antonio Paez, Farber, Mercado, Roorda, & Morency, 2013; Tao, Zhou,
Lin, Chao, & Li, 2020), health care (Boisjoly, Moreno-Monroy, & El-Geneidy, 2017; De-
lamater, 2013; Luo & Wang, 2003; Antonio Péez et al., 2010; R. H. M. Pereira, Braga, et
al., 2021; Wan, Zou, & Sternberg, 2012), green spaces (Liang, Yan, & Yan, 2024; Reyes,
Paez, & Morency, 2014; Rojas, Paez, Barbosa, & Carrasco, 2016), schools (Marques,
Wolf, & Feitosa, 2021; Romanillos & Garcia-Palomares, 2018; Williams & Wang, 2014),
social contacts (S. Farber, Neutens, Miller, & Li, 2013; S. Farber, Pdez, & Morency,
2012; Neutens, Witlox, Van de Weghe, & De Maeyer, 2007), and regional economic
analysis (Gutierrez, Condeco-Melhorado, Lopez, & Monzon, 2011; Lopez, Gutierrez, &
Gomez, 2008; Ribeiro, Antunes, & Paez, 2010; R. Vickerman, Spiekermann, & Wegener,
1999) among many other domains of application. In other words, accessibility analysis
is used today to broadly understand the potential to reach (or spatially interact with)
opportunities that are important to people (Ferreira & Papa, 2020).

However, despite its growth in popularity in scholarly works, challenges remain with
respect to the more widespread adoption of accessibility in planning practice. For in-
stance, the diversity of accessibility definitions has been flagged by van Wee (2016), S.
Handy (2020), and Kapatsila, Palacios, Grisé, & El-Geneidy (2023). Further, difficulties
in the interpretability and communicability of outputs has also been noticed by many
authors, including Karst T. Geurs & van Wee (2004), van Wee (2016), and Ferreira &
Papa (2020).

The adoption of accessibility in planning practice is not necessarily made easier when
potential adopters have to contend with a plethora of definitions, each seemingly more
sophisticated but less intuitive than the last (Kapatsila et al., 2023). For instance, as
reviewed by Karst T. Geurs & van Wee (2004), at a high level four types of accessibility
measures can be identified: infrastructure-, place-, person-, and utility-based. Of the
place-based family, which is the focus of this paper, the menu has grown to include
gravity-based accessibility (Hansen, 1959; Pirie, 1979), cumulative opportunities (Pirie,
1979; Wachs & Kumagai, 1973; Ye, Zhu, Yang, & Fu, 2018), modified gravity (Schuur-
man, Berube, & Crooks, 2010), 2-Step Floating Catchment Areas (Luo & Wang, 2003),
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Enhanced 2-Step Floating Catchment Areas (Luo & Qi, 2009), 3-Stage Floating Catch-
ment Areas (Wan et al., 2012), Modified 2-Step Floating Catchment Areas (Delamater,
2013), inverse 2-Step Floating Catchment Areas (F. Wang, 2021), and n-steps Floating
Catchment Areas (Liang et al., 2024). How is a practitioner to choose among this myriad
options? What differences in accessibility scores should matter, and how should they be
communicated? [see van Wee (2016); p. 14].

Here, we seek to address the breath of place-based accessibility’s definitions and lack
of interpretability by demonstrating that mobility-oriented models—such as the com-
monly used gravity-based accessibility (Hansen, 1959) and the spatial interaction model
(Wilson, 1971)-are rooted in the same spatial interaction modeling foundation. In fact,
we propose that accessibility can be specified using spatial interaction principles as a
family of measures, akin to the family of spatial interaction models introduced in Wil-
son (1971) that can be defined using balancing factors that constrains values based on
known information about the land-use.

This work aims to offer three contributions: (1) it introduces a family of accessibil-
ity measures within the principles of spatial interaction; (2) it formally defines three
constrained accessibility measures by reintroducing Wilson-analogous balancing factors.
These measures are the total constrained accessibility measure, the singly constrained
accessibility measure, and the doubly constrained measure, which are explicitly con-
nected to popular measures such as the Hansen-type accessibility (Hansen, 1959), the
popular competition approach of the 2-Step Floating Catchment Area (2SFCA) (Luo &
Wang, 2003; Q. Shen, 1998), and the concept of market potential (C. D. Harris, 1954;
R. W. Vickerman, 1974). These Wilson-analogous balancing factors introduced are also
defined in order of increasing restrictiveness to shed light on the role of potential in
accessibility and access. (3) This work also demonstrates that the introduction of bal-
ancing factors makes accessibility measures easier to interpret and to communicate by
restoring the measurement units to the resulting raw accessibility values. Each zonal
and zonal flow value from a constrained accessibility measure is always in interpretable
units, namely the number of ‘opportunities for spatial interaction’ or ‘population for
spatial interaction’ This is in contrast to conventional accessibility measures, partic-
ularly gravity based measures, that yield values in units of ‘opportunities weighted by
some representation of travel friction’.

To achieve these stated objectives, this paper contends that accessibility research must
reconnect with its spatial interaction origins. Particularly, we argue that an important
aspect of spatial interaction modelling—namely, constraining the results to match empir-
ical observations—was never effectively reincorporated into accessibility analysis. Empir-
ical constraints were embraced by early spatial interaction literature following the work
of Wilson (1971), but this stream of literature tended to flow separately from research
inspired by Hansen (1959)’ accessibility. The application of Wilson (1971)‘s empirical
constraints supported the development of various spatial interaction models that remain
relevant in research and practice today (Orttzar & Willumsen, 2011). However, the
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same cannot be said of the contemporary accessibility literature, where empirical con-
straints were not explicitly adopted. We argue that the absence of empirical constraints
(and their attendant proportionality constants) has contributed to some of accessibility
analysis’ interpretability issues; for instance, the fuzziness of insights beyond simple pro-
portional statements like ‘higher-than’ or ‘lower-than’ (E. J. Miller, 2018). Moreover,
without constraints we lose track of what accessibility measures, that is, the number of
opportunities that can be spatially interacted with. Without a clear sense of measure-
ment units, comparability between accessibility measures, across cities, and transport
modes, may also become compromised.

Fortunately, accessibility and spatial interaction modelling literature share common
headwaters, and the latter has given careful attention to measurement units and their
interpretability. It is by looking to the past that we believe accessibility analysis can
newly wade into the future. We continue this work in the following section by tracing the
development of accessibility from its origins in spatial interaction: from the Newtonian
gravitational expression in Ravenstein (1889) through to the seminal accessibility work
of Hansen (1959). We then present evidence for a narrative highlighting the marked
divergence between accessibility and spatial interaction modelling research after the work
of Wilson (1971). Next, we hark back to Wilson (1971)’s spatial interaction models, and
use them to derive a family of accessibility measures based on analogous constraints.
We illustrate members of this family of constrained accessibility measures with a simple
numerical example. We then conclude by discussing the uses of these measure and their
interpretation.

1.3 Newtonian’s roots of human spatial interaction re-
search

The patterns of people’s movement in space have been a subject of scientific inquiry for
at least a century and a half. From as far back as Henry C. Carey’s Principles of Social
Science (Carey, 1858), a concern with the scientific study of human spatial interaction
can be observed. It was in this work where Carey stated that “man [is] the molecule of
society [and their interaction is subject to] the direct ratio of the mass and the inverse
one of distance”. (McKean, 1883, pp. 37-38). This statement shows how investigations
into human spatial interaction have often been explicitly coloured by the features of
Newton’s Law of Universal Gravitation, first posited in 1687’s Principia Mathematica
and expressed as in Equation 1.1.

M;M;
2
D)

Fij

(1.1)

To be certain, the expression above is one of proportionality, and is also the most
famous in all of science. It states that the force of attraction I’ between a pair of bodies
¢ and j is directly proportional to the product of their masses M; and M, and inversely
proportional to the square of the distance between them D;;. Direct proportionality
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means that as the product of the masses increases, so does the force. Likewise, inverse
proportionality means that as the distance increases, the force decreases. Equation 1.1,
however, does not quantify the magnitude of the force. To do so, an empirical constant,
a.k.a. the gravitational constant, is required to convert the proportionality into an
equality, ensuring that values of the force F' in Equation 1.1 match the observed force of
attraction between masses. In other words, Equation 1.1 needs to be constrained using
empirical data. Ultimately, the equation for the force is as seen in Equation 1.2, where
G is an empirically calibrated proportionality constant:

M;M;

Fij =G D2
ij

(1.2)

Newton’s initial estimate of G was based on a speculation that the mean density of
earth was between five or six times that of water, an assumption that received support
after Hutton’s experiments of 1778 (Hutton, 1778, p. 783). Still, it took over a century
from the publication of Principia to refine the estimate of the proportionality constant
to within 1% accuracy, with Cavendish’s 1798 experiment (Cavendish, 1798).

1.4 Early research on human spatial interaction: from
Ravenstein (1889) to Stewart (1948)

Since the 1880s to the 1940s, a number of researchers theoretically and empirically at-
tempted to characterise human spatial interaction as some force of attraction F' that is
directly proportion to the masses M; and M; and inversely proportional by their separa-
tion distance. This concept was captured with different expressions, but all tie back to
the same Newtonian gravity analogy, although not all of them included a proportionality
constant in their formulation.

Following Carey’s Principles of 1858, research into human spatial interaction contin-
ued in different contexts. In the late 1880s, Ravenstein proposed some “Laws of Migra-
tion” based on his empirical analysis of migration flows in various countries (Ravenstein,
1885, 1889). In these works, Ravenstein posited 1) a directly proportional relationship
between migration flows and the size of destinations (i.e., centres of commerce and in-
dustry), and 2) an inversely proportional relationship between the size of flows and the
separation between origins and destinations. As with Carey, these propositions echo
Newton’s gravitational laws. Over time, other researchers discovered similar relation-
ships. For example, Reilly (1929) formulated a law of retail gravitation, expressed in
terms of equal attraction to competing retail destinations that could be understood as
‘potential trade territories’. Later, Zipf proposed a % hypothesis for the case of infor-
mation (Zipf, 1946a), intercity personal movement (Zipf, 1946b), and goods movement
by railways (Zipf, 1946¢). The % hypothesis stated that the magnitude of flows was
proportional to the product of the populations of settlements, and inversely proportional
to the distance between them.

12
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A common feature of these early investigations of human spatial interaction is that
a proportionality constant similar to G in Equation 1.2 was never considered. Of the
researchers cited above, only Reilly and Zipf expressed their hypotheses in mathematical
terms. Reilly’s hypothesis was presented in the following form:

(Pa‘PT)N

B. = 1.3
S )

where B, is the amount of business drawn to a from T', P, and Py are the populations of
the two settlements, and D,r is the distance between them. Quantity N was chosen by
Reilly in a somewhat ad hoc fashion as 1, and he used empirical observations of shoppers
to choose a value of n = 2.

Zipf, on the other hand, wrote his hypothesis in mathematical form as:

PP

02
D1

(1.4)

where C' is the volume of goods exchanged between 1 and 2, P; and P» are the populations
of the two settlements, and D5 is the distance between them.

After Carey, it is in Stewart’s work on the principles of demographic gravitation that
we find the strongest connection yet to Newton’s law (Stewart, 1948). This may relate
to academic backgrounds; where Stewart was a physicist while Ravenstein, Reilly, and
Zipf were social scientists. Besides awareness of preceding research (he cites both Reilly
and Zipf as predecessors in the analysis of human spatial interaction), Stewart appears
to have been the first author to express his theorized relationships for human spatial
interaction with a proportionality constant G, as follows:

(u1N1)(p2N2) _ GMl - My

F=a
dty dty

(1.5)

Where:
e Fis the demographic force
e Nj and Ny are the numbers of people of in groups 1 and 2
e 11 and uo are so-called molecular weights, the attractive weight of groups 1 and 2
e My = 1Ny and My = ps Ny are the demographic masses at 1 and 2
« d?, is the distance between 1 and 2

o And finally G, a constant that Stewart “left for future determination” (1948, p.
34)
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In addition to demographic force, Stewart defined a measure of the “population po-
tential” of group 2 with respect to group 1. In other words, the potential number of
people from location 2 that could visit location 1, as follows:

M-
— g2

h di2

(1.6)

For a system with more than two population bodies, Stewart formulated the popula-
tion potential at ¢ as follows (after arbitrarily assuming that G = 1):

Vi :/I:ds (1.7)

where D is the population density over an infinitesimal area ds and r is the distance to
1. In Equation 1.7, D - ds gives an infinitesimal count of the population, say dm, and so,
after discretizing space, Equation 1.7 can be rewritten as:

Vi=Y Mjd;! (1.8)
j

Alerted readers will notice that Equation 1.8, with some re-organization of terms,
is formally equivalent to our modern definition of accessibility popularized by Hansen
(1959) in the late 1950s.

Stewart’s formulation of demographic force, developed in the context of what he
called “social physics” (Stewart, 1947), was problematic. It had issues with inconsistent
mathematical notation. More seriously though, Stewart’s work was permeated by a
view of humans as particles following physical laws, but tinted by unscientific and racist
ideas. For instance, he assumed that the molecular weight u of the average American
was one, but “presumably. .. much less than one. .. .for an Australian aborigine” [p. 35].
Stewart’s ideas about “social physics” soon fell out of favour among social scientists, but
not before influencing the nascent field of accessibility research, as detailed next.

1.5 Hansen’s gravity-based accessibility to today

From Stewart (1948), we arrive to 1959 and Walter G. Hansen, whose work proved to
be exceptionally influential in the accessibility literature (Hansen, 1959). In this seminal
paper, Hansen defined accessibility as “the potential of opportunities for interaction. ..
a generalization of the population-over-distance relationship or population potential con-
cept developed by Stewart (1948)” (p. 73). As well as being a student of city and regional
planning at the Massachusetts Institute of Technology, Hansen was also an engineer with
the Bureau of Roads, and preoccupied with the power of transportation to shape land
uses in a very practical sense. Hansen (1959) focused on Stewart (1948)’s population
potential (expressed in Equation 1.8, and not on the other formulaic contributions and
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objectionable aspects of “social physics”. Hansen (1959) recast Stewart’s population po-
tential to reflect accessibility, a model of human behaviour useful to capture regularities
in mobility patterns. Hansen (1959) replaced M; in Equation 1.8 with opportunities
to derive an opportunity potential, or more accurately, a potential of opportunities for
interaction as follows:

Si=> 9 (1.9)

B
5 dij

A contemporary rewriting of Equation 1.9 accounts for a variety of impedance func-
tions beyond the inverse power d—7:

Si=)_0;- f(dy) (1.10)
j

S; in Equation 1.9 is a measure of the accessibility from site 7. This is a function of O;
(the mass of opportunities at j), d;; (the cost, e.g., distance or travel time, incurred to
reach j from i), and § (a parameter that modulates the friction of cost). Today, Hansen is
frequently cited as the father of modern accessibility analysis (Reggiani & Martin, 2011),
and Hansen-type accessibility is commonly referred to as the gravity-based accessibility
measure.

However, Hansen’s use of Stewart’s population potential measure included one crucial
omission that afflicts the literature to this day. The omission is that between Stewart
(1948) and Hansen (1959), the proportionality constant G in Equation 1.6 vanished. This
constant was not explicitly addressed in Hansen (1959) and accessibility research con-
tinues to evolve without it. Since Hansen (1959), accessibility analysis has been widely
used in numerous disciplines but, to our knowledge, the proportionality constant has re-
mained forgotten, with no notable developments to explicitly acknowledge or determine
it.

The omission of this constant generates a fundamental problem for the measurement
unit of accessibility estimates, which undermines the interpretation, communication and
comparability of accessibility analysis. Those reading Hansen (1959) must recall that
Stewart (1948) had set the proportionality constant G to 1, with a note that “G was
left for future determination: a suitable choice of other units can reduce it to unity”
[p. 34]. In practice, the persistent omission of the constant in accessibility analyses
means that G continues to be implicitly set to 1, even when the fundamental relation-
ship in accessibility is proportionality (e.g., Si & 3°; 9(O;)f(d;;)) and not equality (for
instance, see the formula for accessibility at the top of Figure 1 in Wu & Levinson,
2020). The direct consequence is that without a proportionality constant, the units of
S; remain unclear: the unit of “potential of opportunity for interaction” is left free to
change as (3 is calibrated. For example, if ¢;; is distance in meters, it will be number of
opportunities per m? when f (cij) = d—? but number of opportunities per e #™ when
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fleij) = e~#™_ This undermines the comparability of accessibility metrics with different
decay functions, and renders their results difficult to understand and communicate. The
Hansen-style accessibility estimates found in the literature, therefore, are better thought
of as ordinal measures of potential that can only be interpreted in terms of higher and
lower accessibility, but which has no tangible meaning (E. J. Miller, 2018).

1.6 Wilson’s family of spatial interaction models

On the other side of the Atlantic, Alan G. Wilson was developing related, yet parallel
work. In his groundbreaking study (Wilson, 1971), Wilson defined a general spatial
interaction model as follows. While accessibility was characterised as an associated
concept of ‘potential’, the primary focus was on modelling observed spatial interaction:

Tij = sz‘(l)Wj(Q)f(Cij) (1.11)

The model in Equation 1.11 posits a quantity T;; that represents a value in a matrix
of flows of size n x m, that is, between ¢ = 1,---,n origins and j = 1, - - -, m destinations.
The quantities Wi(l) and Wj@) are proxies for the masses at ¢ = 1,---,n origins and
j = 1,---,m destinations. The super-indices (1) and (2) are meant to indicate that

these masses could be different things, i.e., W; Y could be populations, and VV]@) hectares
of park space. Finally, f(c;;) is some function of travel cost ¢;; which reflects travel
impedance. In this way, T;; explicitly measures interaction in the unit of trips, and
the role of k is to ensure that the system-wide sum of Tj; represents the total flows
in the data. In other words, k is a scale parameter that makes the overall amount of
flows identical to the magnitude of the phenomenon being modeled. In other words,
it balances the units, in a conceptually similar sense as the gravitational constant in

Newton’s Law of Universal Gravitation.

Traditionally, the development of the spatial interaction model put an emphasis on
the interpretability of the results (Kirby, 1970; Wilson, 1967, 1971). But instead of
relying on the heuristic of Newtonian gravity (e.g., some interaction between a mass
at i and a mass at j separated by some distance), Wilson’s approach was to maximise
the entropy of the system. Entropy maximisation in this case achieves stable results as
a statistical average that represents the population. The approach works by assuming
undifferentiated individual interactions, and assessing their probabilities of making a
particular journey. The result of Equation 1.11 then is a statistical average (Senior,
1979; Wilson, 1971).

To ensure that T;; in Equation 1.11 is in the unit of trips (our unit of origin-destination
spatial interaction), additional knowledge about the system is required. At the very least,
this framework assumes that the total number of trips in the system 7' is known, and
therefore:
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NN Ty =T (1.12)

Additional information can be introduced. For example, when information is available

about the total number of trips produced by each origin, Wi(l) is represented as O; and
the following constraint can be used:

STy =0 (1.13)
J

Alternatively, if there is information available about the total number of trips at-
tracted by each destination, Wj(z) is represented as D; and the following constraint can
be used:

Z:Qj =D; (1.14)

It is also possible to have information about both O; and D;, in which case both
constraints could be imposed on the model at once.

Using information about the system that satisfy these constraints fully, partially or
not at all, a family of spatial interaction models can be derived based on Equation 1.11.
K is specified depending on the applied constraint(s). In the framework introduced in
Wilson (1971), three constrained versions are specified: the first being a case where to
results only match the total volume of interaction, the second being a singly constrained
case, and the third a doubly constrained case.

In the first, Equation 1.13 and Equation 1.14 do not hold. In practical terms, this
means that the total number of trips predicted by the model must be equal to sum of
all flows from origins i to destinations j. The balancing constant K in this case is (see
Cliff, Martin, & Ord, 1974; A. S. Fotheringham, 1984):

T

K=—=———
Zz’Zsz‘j

(1.15)

In the second case, only one of Equation 1.13 or Equation 1.14 hold. The resulting
models are, in Wilson’s terms, singly constrained. When only Equation 1.13 holds,
entropy maximisation leads to the following production-constrained model:

T%j = AlOZWJ(Z)f(CU) (1.16)

Notice how, in this model, the proxy for the mass at the origin Wi(l) is replaced

with O;, representing what we know about the system, the spatial interaction outbound
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flow, i.e., outbound trips produced at i. Also, there is no longer a single system-wide
proportionality constant, but rather a set of proportionality constants (i.e., balancing
factors) specific to origins. For this model, the balancing factors ensure that Equation
1.13 is satisfied, meaning that the sum of predicted flows from one origin going to all
destinations must equal the known mass at that origin O; i.e., the total number of
outbound trips. Satisfying this constraint also implicitly fulfills the total constraint
(Equation 1.12), since the sum of O; values across all origins equals the total number
of trips. This model is useful when trips ends are unknown but the number of trips
originating from each location is known and the total of these trips represents all trips
in the system. The balancing factors for the production-constrained model are solved
for each origin A;, and according to Wilson are:

1

A=
5 Wi f(eij)

(1.17)

The attraction-constrained model is similar to the production-constrained model as it
is also singly constrained but from the perspective of the mass at the destination. From
the attraction-constrained model, the proxy for the mass at the destination Wj@) is now
replaced with D;, representing the spatial interaction inbound flow, i.e., trips attracted
at the destination and takes the following form:

Ti; = BiD;W f(cij) (1.18)

In this model (Equation 1.18), the balancing factors ensure that Equation 1.14 is
satisfied (hence the total constraint Equation 1.12 is as well), meaning that the sum of
predicted flows going to one destination from all origins must equal the known mass of
that destination D; i.e., the total number of inbound trips to j. This should hold for
all destinations. As before, destination-specific proportionality constants (i.e., balancing
factors) B; were derived by Wilson as:

1

Bi=—-— -
Ty W f(ey)

(1.19)

The third case in the family of spatial interaction models is the production-attraction
constrained model. In this case, both Equation 1.13 and Equation 1.14 hold simultane-
ously. These constraints ensure that the sum of predicted flows from one origin to all
destination, and the predicted flows going to one destination from all origins must equal
the known mass of the origin O; and of the destination D;. This should hold for all
origins and destinations. The resulting model is, in Wilson’s terms, doubly constrained,
and takes the following form:

Ti; = AiB;O; D f(cij) (1.20)
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In this model, both proxies for the masses are replaced with the known masses, that
is, the trips produced by the origin and the trips attracted by the destination. There
are now two sets of mutually dependent proportionality constants:

A; =

-1
2_; BiD;f(eis)
B !

- > AiOif(cij)

(1.21)

Derivation of these models is demonstrated in detail elsewhere (Ortizar & Willumsen,
2011; Wilson, 1967). It is worth noting, however, that although Wilson’s approach is
built on a different conceptual foundation than the old reference to Newtonian gravity,
the work succeeded at identifying the steps from proportionality to equality to yield
variations of proportionality constants, including the one that eluded Stewart (1948) and
that has been overlooked in almost all subsequent accessibility research. Why was this
key element of spatial interaction models potentially ignored in accessibility research?
In the next section we aim to address this question.

1.7 Accessibility and spatial interaction modelling: two di-
vergent research streams

The work of Hansen (1959) and Wilson (1971) responded to important developments, in
particular a need “to meet the dictates and needs of public policy for strategic land use
and transportation planning” (Michael Batty, 1994). These dictates and needs were far
from trivial. In the United States alone, the Federal-Aid Highway Act of 1956 authorized
the creation of the U.S. Interstate Highway System, with a budget that ultimately ex-
ceeded one hundred billion dollars (equivalent to over $600 billion in 2023) (MDOT, 2007;
Weiner, 2016). Spatial interaction modelling was incorporated into institutional mod-
elling practices meant to “predict and provide”, i.e., predict travel demand and supply
transportation infrastructure (Kovatch, Zames, et al., 1971; Weiner, 2016). Accessibil-
ity, at the time, did not quite have that power, as it did not quantify trips, but rather
something somewhat more elusive: it predicts the less tangible “potential” for spatial
interaction with opportunities. In this way, where spatial interaction modelling became
a key element of transportation planning practice, accessibility remained a somewhat
more academic pursuit, and the two streams of literature only rarely connected.

To illustrate this point, we conducted a bibliographic analysis of the literature that
cites Hansen (1959), Wilson (1971), or both. We retrieved all relevant documents using
the Web of Science “Cited References” functionality, and the digital object identifiers
of Hansen (1959) and Wilson (1971). As a result of this search, we identified 1,788
documents that cite Hansen (1959), only 258 documents that cite Wilson (1971), and 76
that cite both. The earliest document in this corpus dates to 1976 and the most recent
is from 2025. The number of documents per year appears in Figure 1.1, where we see
the frequency of documents over a span of almost fifty years. In particular, we notice
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FIGURE 1.1: The count of articles, per year published, that city either
Hansen 1959, Wilson 1971 or both.
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the remarkable growth in the number of papers that cite Hansen (1959) compared to
those that cite Wilson (1971) since the year 2000.

As noted, literature that cites both Wilson (1971) and Hansen (1959) are sparse (only
3.6% of the corpus, visualised in pink in Figure 1.1). After reading the works, we can also
discern that they too are divergent, with one stream focused on developing accessibility
(i.e., potential for spatial interaction) and another on spatial interaction. The focuses of
these divergent streams contribute this paper’s broader hypothesis that the concepts of
accessibility and spatial interaction have remained largely disconnected, and at times,
improperly conflated.

On one hand, the stream of literature focused on spatial interaction models inspired
by Wilson (1971) and which cite both Hansen (1959) and Wilson (1971), tends to con-
tribute to understanding how accessibility is interpreted and incorporated in spatial
interaction models. These works treat separate spatial interaction and accessibility as
a separate but related phenomenon. Specifically, some early works interpret the spatial
interaction model’s balancing factors (Equation 1.17 or Equation 1.21 as the inverse of
Hansen (1959)‘s model (A. Stewart Fotheringham, 1981; A. S. Fotheringham, 1985; B.
Harris & Wilson, 1978; G. Leonardi, 1978), recognizing it as a “common sense” ap-
proach (Morris, Dumble, & Wigan, 1979, p. 99) to including accessibility in the spatial
interaction model, though further exploration of its relationship is warranted (M. Batty
& March, 1976). Some authors have explored this relationship, for instance as in A.
S. Fotheringham (1985) who demonstrates how the spatial interaction model may in-
sufficiently explain spatial patterns, and suggests that explicitly defining destinations’
accessibility as a variable within the model may remedy the issue (e.g., the competi-
tion destination model). Other works used both Hansen (1959) and Wilson (1971)’s
framework in conjunction, such as in defining location-allocation problems in operations
research (Beaumont, 1981; G. Leonardi, 1978), estimating trip flows (or some other
spatial interaction flows) alongside accessibility (Clarke, Eyre, & Guy, 2002; Grengs,
2004; Tirk, 2019), or considering accessibility within spatial interaction models, in line
with A. S. Fotheringham (1985)’s demonstration (Beckers et al., 2022). Other works de-
parted from Hansen (1959)’s definition and aligned with spatial interaction in different
ways, such as using micro-economic consumer behaviour concepts to express potential
for spatial interaction (Giorgio Leonardi & Tadei, 1984; Morris et al., 1979).

On the other hand, there is another subset of literature that cite both Hansen (1959)
and Wilson (1971) that is accessibility-focused. We categorise their citation of Wilson
(1971) for three general reasons. Firstly, a group of these works cite Wilson (1971) as
attribution for using context-dependent travel cost functions (Ashiru, Polak, & Noland,
2003; Caschili, De Montis, & Trogu, 2015; Chia & Lee, 2020; Grengs, 2015; S. L. Handy
& Niemeier, 1997; Kharel, Sharifiasl, & Pan, 2024; Kwan, 1998; Margarida Condego Mel-
horado, Demirel, Kompil, Navajas, & Christidis, 2016; Pan, 2013; Pan, Jin, & Liu, 2020;
Rau & Vega, 2012; Roblot, Boisjoly, Francesco, & Martin, 2021; Sharifiasl, Kharel,
& Pan, 2023; Q. Shen, 1998; J. W. Weibull, 1980). These works do not necessarily
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comment on spatial interaction explicitly. Secondly, another group of this accessibility-
focused “both” citing literature does associate spatial interaction as defined in Wilson
(1971) with accessibility’s potential for spatial interaction more explicitly (Giuliano, Gor-
don, Pan, & Park, 2010; Grengs, 2010, 2012; Grengs, Levine, Shen, & Shen, 2010; He,
Li, Yu, Liu, & Huang, 2017; Levine, Grengs, Shen, & Shen, 2012; Levinson & Huang,
2012; X. Liu & Zhou, 2015; H. J. Miller, 1999; Naqavi, Sundberg, Véstberg, Karlstrom,
& Hugosson, 2023; Ng, Roper, Lee, & Pettit, 2022; Suel et al., 2024; Tong, Zhou, &
Miller, 2015; Wu & Levinson, 2020). We agree accessibility and spatial interaction are
related topics: accessibility is an expression of its potential and the Wilson (1971) paper
briefly touches on the concept. However, in some of this literature, Hansen (1959) and
Wilson (1971) are co-cited as both being ‘gravity models’ (Chia & Lee, 2020; Dai, Wan,
& Gai, 2017; S. Liu & Zhu, 2004; Y. Shen, 2019), perhaps revealing the murkiness of the
distinction between spatial interaction and the potential for spatial interaction in the
literature. Thirdly, there is a group of accessibility-focused works that interpret Hansen
(1959)’s model as the singly- or doubly- constrained spatial interaction model’s inverse
balancing factor (R. W. Vickerman, 1974). This group cities the earlier spatial inter-
action works that make this connection and is especially prominent in the investigation
of competitive accessibility topics (Albacete, Olaru, Paiil, & Biermann, 2017; Allen &
Farber, 2020; Alonso, Beamonte, Gargallo, & Salvador, 2014; Chen & Silva, 2013; Curtis
& Scheurer, 2010; El-Geneidy & Levinson, 2011; Karst T. Geurs, van Wee, & Rietveld,
2006; Karst & Van Eck, 2003; Levinson & Wu, 2020; Manaugh & El-Geneidy, 2012;
Marwal & Silva, 2022; Mayaud, Tran, Pereira, & Nuttall, 2019; Sahebgharani, Moham-
madi, & Haghshenas, 2019; Su & Goulias, 2023; Willigers, Floor, & van Wee, 2007). As
outlined in preceding sections, we argue interpreting the singly- or doubly- constrained
spatial interaction model’s balancing factor as accessibility yields output values that are
similarly plagued by interpretability issues.

Lastly, as an extension of the third reason within this group, only the works of
Soukhov et al. (2023) and Soukhov et al. (2024) use Wilson (1971)’s balancing factors as
a method for maintaining constraints on opportunities within the context of competitive
accessibility. These works introduce the balancing factors as a mechanisms to ensure that
opportunities at each destination are proportionally allocated to each zone (based on the
proportion of population seeking opportunities and the relative travel impedance). This
is to ensure that each zonal accessibility value is the sum of this proportional allocation
from each destination, and that all zonal values ultimately sum to the total number of
opportunities in the region. However, these balancing factors were deduced intuitively.
These works do not explicitly state that the mathematical formulation of the equations
are effectively equivalent to Wilson’s singly constrained model (derived from entropy
maximization); this equivalence was only discovered in hindsight. Soukhov et al. (2023)
and Soukhov et al. (2024) also do not discuss the total constrained case or the accessible
population variants of these different cases, which will be detailed in the next chapter.
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1.8 Chapter conclusion

In this chapter, the Newtonian roots of human spatial interaction modelling was traced
from Ravenstein (1885), to Hansen (1959)‘s application of Stewart (1947)’s 'population
potential’ (Equation 1.6) and then to Wilson (1971)’s family of spatial interaction mod-
els. We detailed how the balancing factors from Wilson’s family of spatial interaction
models are formulated to reflect known system constraints (i.e., the total constraint, and
production and attraction constraints in Equations 1.12, 1.13 and 1.14.

Literature that cite both seminal works is then reviewed (Hansen (1959) and Wilson
(1971)). It is found that these works are divergent: some are spatial interaction focused,
citing Hansen (1959) as the father of the accessibility concept and uses accessibility as a
variable within spatial interaction modelling. Another set of work is accessibility focused,
and what we may now know as the modern accessibility literature beginning in the early
2000s. These accessibility focused works cite Wilson (1971) for various general reasons,
but none other than Soukhov et al. (2023) and Soukhov et al. (2024), cite the logic
of the balancing factors. Beginning with this logic in the following chapter, balancing
factors are introduced akin to those used in Wilson’s family of spatial interaction models.
They are formulated to incorporate system-wide or zonal constraints (i.e., knowns) to
accessibility. In this way, the following chapter introduces a ‘family of accessibility
measures’. Each member and variant of the family is mathematically formulated and
solved using a simple toy example.
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Chapter 2

A family of accessibility measures

2.1 Overview

This chapter consists of text from two journal articles. First, from the second half of the
“Family of accessibility measures derived from spatial interaction principles” authored
by Anastasia Soukhov, Rafael H. M. Pereira, Christopher D. Higgins, and Antonio Paez
(submitted to PLOS ONE in May 2025) that details the formulation of the family of
accessibility measures and solved simple numeric example. Second, the subsection “a
brief review of multimodal accessibility” is pulled from the manuscript detailing the
multimodal extension of spatial availability in the published article “Multimodal spatial
availability: A singly-constrained measure of accessibility considering multiple modes”
authored by Anastasia Soukhov, Javier Tarrino-Ortiz, Julio A. Soria-Lara, and Antonio
Péez (Soukhov et al., 2024).

The objective of this chapter is to detail the formulation of the family of accessibility
measures which are based on spatial interaction principles. These formulations are used
in the next chapters of this dissertation. This chapter first details four cases of the family:
unconstrained, total constrained, singly constrained and doubly constrained accessibility
measures. Fach case has two variants, either accessible ‘opportunities’ (i.e., the way
Hansen (1959) is understood) or accessible ‘populations’ (i.e., market potential, the way
Reilly (1929) can be understood). An empirical example will be solved using the total
constrained and singly constrained cases, so for these cases their multimodal extensions
are defined. Lastly, a demonstration of a solved toy example is included following the
formulation of each case and all the cases are summarised in the conclusion.

This chapter offers two general contributions:

e The formulaic specification of four cases of the family of accessibility measures,
along with different variants and multimodal extensions: specifically, the uncon-
strained measure (i.e., Hansen-type measure), the total constrained measure (i.e.,
a constrained version of the Hansen-type measure), the singly constrained mea-
sure (i.e., related to the popular two step floating catchment approach (2SFCA)),
and the doubly constrained measure representing realized interactions or ‘access’,
effectively equal to the doubly constrained spatial interaction model in formulation.
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e Summary of the interpretability advantages of the family using a worked simple
toy example, as these constrained accessibility measures yield values in units of
the number of potential “opportunities for spatial interaction” or “population for
spatial interaction” for each zone and zonal flow.

2.2  Outline of the family of accessibility measures

As argued in the preceding chapter, the streams of research on accessibility and spatial
interaction modelling have evolved as largely separate streams with little contact since
Hansen (1959) and Wilson (1971). This may explain why the constraints and associ-
ated balancing factors of spatial interaction models did not cross over to accessibility
analysis. This is intriguing since Wilson made an effort to connect developments in
spatial interaction modelling to accessibility, noting for instance, the denominator of the
proportionality constants specific to origins (Equation 1.17) is the inverse of balancing
factor A; (Wilson, 1971, p. 10):

= = St 2.1)

Understanding S; as the inverse of Wilson’s A; does not uncover any new meaning
for S; itself. Indeed, mathematically it is true, A;’s role in Wilson’s general model
T;; = k:Wi(l)VV]@)f(cij) is that of a balancing factor k i.e., keeping units balanced and
proportionality based on constraints. Understanding S; itself as a balancing factor is not
wholly helpful as Hansen and (Stewart before him) defined accessibility as a partial sum
of the demographic force F' or the system-wide population potential of opportunities for

spatial interaction (i.e., V; =3, % after losing G).
ij

Hence, we propose stepping back to introduce a revised definition of accessibility:
the constrained potential for spatial interaction. Once we bring back Wilson’s propor-
tionality constant k£ into the picture, we can define the potential for spatial interaction
between two locations 7 and j is as follows:

Vi = kW, f(ei) (2.2)

where V;; is the potential for interaction from i to j. The accessibility from origin ¢ can
then be summarised as as a partial sum of the potential at i:

Vi= k> W f(ey) (2.3)
J

Similar to Equation 1.11, Wj(g) above is the mass at the destination and the sub-
indices are for ¢ = 1,---,n origins and j = 1,---, m destinations.

25



Doctor of Philosophy— Anastasia Soukhov; McMaster University— School of Earth,
Environment and Society

The market potential variant can also be generally defined, which is effectively the
transpose of ¢ and j in Equation 2.2 and Equation 2.3 as follows:

M; = k3 W f(e50) (2.5)

Similar to Equation 1.11, Wj(g) above is the mass at the destination and the sub-
indices are for ¢ = 1,---,n origins and j = 1,---, m destinations.

To detail the anatomy of V;; and Mj; along with the partial sums of V; and
M;, Figure 2.1 illustrates the accessibility analytical framework we propose using
a simple 3 zone system. Each measure’s most disaggregate value is X;;, poten-
tial for spatial interaction from ¢ to j. The X is a stand in for the ij values of
all the cases, their variants and multimodal extensions that will be described (i.e.,
V9, Vi, Mg,MﬁO,m]T,VmT M, MT VS vimS ME, M and V2, MB). The sin-
gle marginals represent the 0r1g1n—s1de and destlnatlon side weights of the zones. The
total marginal represent the sum of a single marginal.

As an additional overview, we define four distinct members of the constrained acces-
sibility measure family, all delineated based on their constant k, which takes the form
of either balancing factors K7 Bj, A; (and their multimodal m versions) depending on
the indicator:

1. The unconstrained case with variants V;* and MJQ and multimodal extension
V0 and M ]7-”0. The first variant V" is equivalent to Hansen (1959)‘s formulation
and M ]Q is equivalent to Reilly (1929)’s market potential formulation. Both these
variants neglect including a balancing factor, so units of zonal values are in units
of ’opportunities-by-travel-impedance-value’ and ‘population-by-travel-impedance-
value’. In this case, no constraints are introduced to ensure that values of marginals
are preserved.

2. The total constrained case with variant V! and M]T along with multimodal
extensions V™I and M;”T. The first variant V;I (the total constrained accessible
opportunities measure) resembles Hansen (1959)‘s formulation but with an addi-
tional regional balancing factor K7 term, defined as the ratio of the total number
of opportunities in the region to the total sum of unconstrained accessibility values
in the region. In this way, K ensures that each zonal accessibility value is a pro-
portion of the total opportunities in the region (i.e., the total marginal in Figure
2.1), requires no information about the population seeking opportunities, and is in
units of ’opportunities’ accessible. The second variant M ]T is the transpose of i to
j of the first variant, effectively a constrained version of market potential and is
referred to as total constrained accessible population measure. In this variant, each
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FIGURE 2.1: The family of accessibility measures analytical framework:
labelling and associating ij flows, zonal weights, the single marginals, and

the total marginal.
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zonal accessibility value is a proportion of the total population in the region (main-

tained by K T, requires no information about the opportunities that are sought,
and each zonal value is in units of ‘population’ accessible.

e When conceptualising potential for spatial interaction, whether with opportunities
or population, the total constrained case reflects the lowest level of restriction and

hence maximum potential. The balancing factors K7 and KT only ensure that Vg
and M ]7; values end up matching the total sum of one of the single marginals, not

the individual marginals themselves. For example, KT does not guarantee that
all the opportunities accessibility at V;Z; reflect a proportional allocation of the

destination mass (i.e., number of opportunities) at j = 1,2,3. In some cases, an
allocation of opportunities from a destination j to ¢ = 1 could exceed the number
of opportunities at that j (i.e., meaning that destination j is very attractive and

reachable for an 4, relative other flows in the region). However, what K7 does
ensure is that each VUT does not exceed the overall number of opportunities in

the region: the total marginal. In other words, VL, expresses the number of

opportunities that origin ¢ = 1 could potentially interact with, as drawn from the
entire regional opportunity mass, rather than constrained by individual destination
totals. In this way, the total constrained case reflects the maximum amount of

potential while still maintaining interpretable units.

3. The singly constrained case, with two variants ViS (opportunity-constrained)
and MJS (population-constrained) along with their multimodal extensions V™%
and M ij . The first variant is mathematically equivalent to the spatial availabil-
ity measure (Soukhov et al., 2023), and this variant’s per capita form is equivalent
to the popular 2SFCA measure (Luo & Wang, 2003; Q. Shen, 1998). Both vari-

ants can also be defined using either Hansen (1959)’s or the market potential

formulation but with balancing factor B; for ViS or A; for MJS . These balancing

factors ensure that the total marginal (green box in Figure 2.1) is maintained as
well as the values at one of the single marginals (destination-mass marginal for
opportunity-constrained and origin-mass marginal for population constrained in
Figure 2.1). In this way, the singly constrained case reflects a medium amount of
potential, restricted by either values fitting the single destination-mass marginal

or the single origin-mass marginal.

e The first variant V;S includes a set of destination-side balancing factors B; which

ensure opportunities (or destination masses) are allocated to each origin ¢ based on
the population (i.e, origin mass) of the origin 7 and travel impedance from that j to

all is. Hence, B; ensures that each V;S is the product sum of a proportional share of

opportunities allocated from each destination j implicitly also being a share of the

total opportunities in the region. Similar to the total constrained case, each ViS
and V;j° accessibility value is expressed in units of ‘opportunities’ accessible. But

unlike the total constrained case, the singly constrained case explicitly incorporates
population by allocating a balanced share of a destination’s total opportunities to

populations at reachable origins.
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e The second variant M]S includes a set of opportunity-side balancing factors A;
which ensure population (or origin masses) are allocated to each destination j based
on the destination mass of the destination j and all possible travel impedance from
that 7 to all js. A; ensures similar, but transposed, so constraints are satisfied.
Specifically, each M JS represents both a share of the total regional population and
the sum of balanced proportions of population from all origins, allocated to each
destination based on the opportunities sought and travel impedance. Each zonal
value is expressed in units of ‘population’ accessible.

4. The doubly constrained case. It is constrained simultaneously by population
(origin masses) and opportunities (destination masses), so each V;? (equivalent to
Mjli) ) is expressed in units of ‘population-opportunity capacity’ that is accessible
between ¢ to j. This case requires the number of opportunities and population
to match, e.g., the analyst must know the matching spatial interaction capacity
of the population (demand) and opportunities (supply). By using this one-to-one
matching data and the double constraints (i.e., A; and B; at once, ensuring both
the double constraint maintains both marginals in Figure 2.1), this case restricts
the potential to spatially interact completely. In other words, the doubly con-
strained accessibility values reflect the number of predicted interactions between
the opportunities and population, effectively, this case is equivalent formulaically as
Wilson’s doubly constrained spatial interaction model (i.e., attraction-production
constrained). It can be understood as predicting a value of ‘access’, and not ac-
cessibility.

And as a summary: each member of the family of accessibility measure is named,
explained in plain language, alongside their balancing factor(s), proportional allocation
factor(s), and mathematical equation and value interpretations in Table 2.1.

TABLE 2.1: Summary of family of accessibility measure members, their
definitions and interpretations

Unconstrained Total Constrained (ViT, VimT, Singly Constrained (Vi , Doubly Con-
v, M) MT, MmTy vmS | S, MmS) strained  (V,}7,
3J i M i My, M it ij
MD)
ij
0 _ T _ Ty (2). S _ S p.. D —
%/Ieas:xlre v © = v, = Zj Kij Wj H Ve o= ; K Dj; Vz‘j =
quation 2 . "B.O.:D.: .
Zj W, f(eig)s M7T — Z ,gz"iwi(l) Mf =>, ,gi_oi AiB;jO;Dj f(cij)
: i i
MY = | Multimodal: Multimodal: .
mT _ milp.. mS _ mSpm .
> w f(eiz) Vi ZJ‘ tig T Vi ZJ Wi
B 3 T _ ~mT . A 1
]ij = Z nm O; ]\JﬂmS — y‘i K:';SW.M( )
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2.2.1 A brief review of multimodal accessibility measures

An important strength of a constrained accessibility framework is its ability to incorpo-
rate considerations of different subgroups of interaction behaviour of people with op-
portunities or opportunities with people, such as multiple modes of transportation.
However: measuring multimodal accessibility cannot be done using an unconstrained
accessibility framework i.e., they do not inherently consider multiple modes within the
calculation. Specifically, Hansen-type methods have calculated unconstrained accessibil-
ity scores S;" separately for each mode and zone and then compared these values. How-
ever, as discussed when comparing unconstrained values across different analyses, this
approach is similarly problematic because different modes often have distinct impedance
functions, leading to differing units that obscure meaningful comparisons between modes.
A solution is using a constrained approach: where multiple modal groups are considered
within the same calculation and the total constraint and/or single constraint is satisfied.

To cite an example from the literature of multimodal accessibility calculations using
an unconstrained approach: Tahmasbi, Mansourianfar, Haghshenas, & Kim (2019) uses
unconstrained accessibility to assess the potential interaction with retail locations by
three modes: walking, public transit, and car (i.e., m = w,p,c). S is the sum of retail
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locations j that can potentially be reached under the travel impedance as calculated for
each ¢ and m. In other words, for each origin ¢ three unconstrained accessibility scores
are calculated. Tahmasbi et al. (2019) also shows that car travel affords the highest
S values in the majority of 7 i.e., travelers who use a car can potentially reach more
retail opportunities than populations using other modes. However, higher S;" values for
car do not affect the values of S/ for other modes: in effect, each mode is analysed as
if the others did not exist. Since the measure is not constrained, each opportunity is
typically counted multiple times within and between modes, and as a result the sum
of accessibility is not necessarily a meaningful quantity. The accessibility scores for the
modes are often values that are difficult to interpret beyond making statements about
relative size.

As another example, Lunke (2022) reports accessibility scores for car in the order of
tens of thousands of employment opportunities in the Oslo region. The corresponding
scores for transit are lower, but still often in the thousands or tens of thousands. As
reported, the ratio of the transit to the car score can be lower than 0.2 (meaning transit
gives access to less than 20% of the opportunities than car). But despite the discus-
sion about “sufficient accessibility”, it is unclear what the unconstrained scores mean:
is having access to 10,000 jobs by transit insufficient? After all, 10,000 employment
opportunities are still plenty of opportunities. These ratios can be found elsewhere in
the literature e.g., Figs. 7, 8, and 9 in A. Pdez, Mercado, Farber, Morency, & Roorda
(2010), Fig. 5 in Antonio Pdez et al. (2010), and Figs. 6, 7, and 8 in Antonio Pdez et
al. (2013). They are useful as relative assessment of when some members of the public
are better or worse off than others, but they are silent on how bad is “worse off”.

Besides ratios of accessibility, another method used in the literature to improve in-
terpretability of scores is to standardise them within a [0-1] range. This adjustment is
only helpful insofar as it facilitates relative comparisons, but interpretation of the scores
remains challenging because the values are specific to a region and convey no meaning
about the magnitude of the scores. In this approach, zones always have values between
0 and 1. However, how remarkable is a zone with a low score for pedestrians and a high
value for car? And if remarkable, what does the difference in these standardized values
mean for planners? By how much should transport systems and land-use configurations
be changed to improve conditions? And in what way can these scores be used to track
differences over time? Or between regions? These questions lack straightforward an-
swers since certain values will always be relatively ‘low’ or ‘high’, but do not map onto
a quantity that can be intuitively understood. Presentation or discussion of Hansen-
type accessibility that has been standardised in this way is common in the literature
(Campbell, Rising, Klopp, & Mbilo, 2019; Maharjan, Tilahun, & Ermagun, 2022).

If we understand opportunities to be finite and/or subject to some levels of conges-
tion, it is possible for an accessibility measure to take on a crisper meaning. Accessibil-
ity research has a history of considering opportunity competition, especially regarding
school-seats, hospital capacity, and employment opportunities (Cui et al., 2020; Grengs,
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2010; Higgs, Zahnow, Corcoran, Langford, & Fry, 2017; Joseph & Bantock, 1982; Kawa-
bata & Shen, 2006; Kelobonye, Zhou, McCarney, & Xia, 2020; Kwok & Yeh, 2004; C. Li
& Wang, 2024; Mao & Nekorchuk, 2013; Merlin & Hu, 2017; Morris et al., 1979; Q. Shen,
1998; Soukhov et al., 2023; Van Wee, Hagoort, & Annema, 2001; Jorgen W. Weibull,
1976). If one person reaches an opportunity it is taken: the supply of an opportunity
and the demand for that opportunity are the nodes in accessibility analysis. These types
of opportunities are unambiguously exclusive.

Amenities are a good example of this. For instance, standards for providing green
spaces are often stated in the form of exclusive access, in units of amenity per capita. For
example, a 2013 planning document for the Ile-de-France region suggested a public green
space municipal standard of 10 m? per inhabitant (Liotta, Kervinio, Levrel, & Tardieu,
2020). Green spaces are not evenly distributed, meaning those who have access to them
depends on where they are and how easy they are to reach. This formulation of amenity
provision is not unusual. As another example, Natural England recommends a national
“accessible natural greenspace standard” such that the minimum supply of space is 1
ha of statutory local nature reserves per thousand population (Natural England, 2010).
Similarly, the World Health Organization (OECD, 2013) recommends that cities provide
a minimum of 9 m? of green area per inhabitant. For our purposes, standards of this
type translate into “how much of this resource is available to one individual that has not
been claimed by anyone else?”. Green spaces often have large capacities, but they still
have a capacity and it is not the same for a person to have access to 5 m? of uncongested
green space as 15 m2. This difference is in fact a matter of justice (Lara-Valencia &
Garcia-Pérez, 2015; Liotta et al., 2020). Constraining accessibility is a useful way to
evaluate the congested availability of any type of opportunity. As development of sound
standards is emphasized in the planning literature, in particular in regards to fairness
in transportation (Martens & Golub, 2021), spatial availability analysis can be used to
develop and assess standards.

The relevance of the considerations above is put in sharper relief when we think
about the use of multiple modes (or heterogeneous populations). If we return to Oslo
for a moment (Lunke, 2022), we notice that the places that have high accessibility by
transit are also the places that have very high accessibility by car (in their Figure 2).
Those two populations are going for the same opportunities, and those travelling by
transit have fewer to choose from the start. More generally, people in a zone who are
advantaged with relatively low cost of travel will have the ability to potentially reach
more opportunities than other people. Due to this advantage, through the perspective
of finite opportunities, there are fewer opportunities left for everyone else, especially for
those who use modes that are slower or otherwise more expensive.

‘Competitive’ accessibility was the rationale for developing floating catchment area
methods (FCA), popularized in Luo & Wang (2003) who reformulated the work of Q.
Shen (1998) into two steps (although similar, and earlier, developments are found in
(Joseph & Bantock, 1982; Jorgen W. Weibull, 1976)). Shen-type accessibility is for-

m O; f™(c}})

mulated as: a]" = Zj DI where D}” is the potential demand for opportunities
m ]
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equal to travel impedance weighted population ), P/™ fm(cf;) and the remaining vari-
ables are repeated in the Hansen-type measure. Shen-type modal accessibility (a*) can
be understood as a ratio of the travel impedance-weighted supply of opportunities for
m-mode in ¢ over the travel impedance-weighted demand for opportunities. In this way,
it considers competition. That said, the measure remains unconstrained, meaning both
population and opportunities are multiply counted (Antonio Paez, Higgins, & Vivona,
2019). In other words, interpretation of the Shen-type accessibility scores between modes
is fraught, as it is for Hansen-type measures.

To illustrate, Tao et al. (2020) calculates a}* to jobs for different income-group
populations in Shenzhen, China for those using transit and car. Their results indicate
that zones with low-income populations have lower a!* than zones with higher-income
populations. Further, they show that a'™"* is lower than a$ in many zones, arguing
that this may further place those zones with lower-income populations at a disadvantage.
a; and/or a" are used to compare relative spatial differences in overall competitive
accessibility and multimodal competitive accessibility, but because opportunities were
doubly counted (entering the sums of both modes), this makes for uneasy interpretations
of the differences in @] between modes. Questions that this approach leaves unaddressed
include: what is the impact of competition on the difference in aj* values? How does
the impact vary spatially? And what is the interpretation of this difference?

The family of accessibility measures improves on the discussed Hansen-type and Shen-
type accessibility approaches by constraining the sum of opportunities, that is, by treat-
ing them as finite and ensuring that the total constrained and/or the single constraint
is satisfied. This is done by means of proportional allocation factors that follow well es-
tablished principles of spatial interaction and the gravity model (Wilson, 1971). These
principles consider: the cost of travel from different zones for a certain traveling group m
compared to all groups (e.g., some sub-populations face relatively higher or lower costs),
and if singly-constrained, the mass effect of m compared to all other m (modes) e.g., the
mass at different origins or destinations).

2.3 Setup of the simple numeric example

Consider a simple region as shown in Figure 2.1, with zone IDs 1, 2 and 3. Each zone
is both an origin ¢ and a destination j. The following three pieces of information are
defined: zonal population and opportunities, zonal cost matrix, and travel impedance
functions for three types of travel behaviour. In this example, the population are people,
the opportunities are physicians, and the region can be described by three possible travel
behaviours.

Firstly, Table 2.2 summarises the population (in units of 10,000s of people) and the
opportunities (the number of physicians) per zone. Considering Table 2.2’s values, the
Provider-to-Population-Ratio (PPR) in this system is 24.5. For reference, the number
of physicians per 10,000 in Canada in 2022 was 24.97 (WHO, 2025). Secondly, to pair
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TABLE 2.2: Simple system with three zones (ID 1, 2 and 3). Population
is in 10,000 persons and opportunities in number of physicians

ID (i or j) Population?’ Opportunities®
1 4 160
2 10 150
3 6 180

!Population is Wi(*) when used as a proxy for the mass at the origin, and Oi when used as a constraint.
2Opportunities is Wj(g) when used as a proxy for the mass at the destination, and Dj when used as a constraint.

TABLE 2.3: Cost matrix for system with three zones (travel time in

minutes)
Destination ID
Origin ID 1 2 3
1 10 30 15
2 30 10 25
3 15 25 10

the zonal population and opportunity information, the assumed cost of movement (in
minutes of travel time) between origins and destinations is as shown in Table 2.3.

From both Table 2.2 and Table 2.3, Zone 3 and 1 can be interpreted as of an urban
core with major healthcare institutions and a healthcare cluster on the edge of the city
respectively, each with a moderate residing population (with zone 3 having both a higher
population and physician count). Zone 2, can be interpreted as a more distant bedroom
community, with a relatively high population and fewer physicians. In sum, Zones 1
and 3 are more proximate to each other than to Zone 2, and together match Zone 2’s
population while offering more than twice the physician availability.

And lastly, in Equation 2.6 we distinguish accessibility measure values for the follow-
ing three impedance functions that represent the potential for spatial interaction travel
behaviour of the population to opportunities. Accessibility will be calculated three times
for each case, one assuming the most decay (fi(ci;)), another assuming medium decay
(f2(cij)), and a third assuming the least decaying travel behaviour (f3(c;;)) for the entire
region. A helpful analogy may be tying travel behaviour to the used mode’s mobility
potential, i.e., the most decaying travel behaviour (fi(c;j)) would assume all travel in
the region being done by foot, while calculating accessibility assuming the least decay
(f3(cij)) would assume unfettered automobility. Or alternatively, these functions could
represent travel behaviour on snowstorm-affected day (fi(c;j)) for the entire region ver-
sus a clear, ideal travel day (f3(c;j)). As an example of a discussion on how travel
behaviour has been considered in accessibility measures cost of travel see A. Paez, Scott,
& Morency (2012).
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filei) = %
faleiy) = ,:% (2.6)
fs(cij) = cél

Any set of concepts representing population, opportunities, and their associated travel
behaviour, whether representing the entire region uniformly (as we will demonstrate) or
representing specific subgroups, can be substituted into our simple example, depending
on the research question. The purpose of the following simple example is to demonstrate
the calculation of each member of the accessibility measure family, interpret the values,
and compare them both within and across travel behaviour groups and members of the
family of accessibility measures.

2.4 Unconstrained accessibility

Setting the balancing factor k£ to 1 or omitting it completely in Equation 2.2 results in
the unconstrained accessibility case:

Vi =15 W f(cy) (2.7)

In this case, the partial sum of spatial interaction is simply identical to Hansen’s ac-
cessibility S; (Hansen, 1959), the current standard practice in accessibility measurement:

V=YV =S WP f(e)) =S (2.8)
7 7

The sum of the unconstrained accessibility values for each origin V? generally does
not equal the total number of opportunities O (e.g., 3, V¥ # O), since arbitrarily set-
ting k to 1 (or neglecting k all together) strips the values of any meaningful unit-based
interpretation, the units are in ‘summed opportunities by some travel impedance value’.
Moreover, comparisons of these V' values across different contexts such as different
impedance functions f(c;;) or varying number of zones exacerbates this issue as the
units between Vio values change i.e., comparisons between a value of ‘summed oppor-
tunities by a travel impedance value’ to a value of ‘summed opportunities by another
travel impedance value’ are not directly interpretable. From this perspective, the raw
unconstrained accessibility scores are not intuitively comparable across different contexts
and decay functions. They should more appropriately be used as an ordinal variable to
make comparisons of size (i.e., greater than, less than, equal to), not to calculate ratios
or intervals (i.e., the magnitude of differences).

The multimodal version of unconstrained accessibility can be represented as V;™"
(Equation 2.11) for each mode m assuming mode-specific impedance functions f™(cf}).
However, variables of other modes (i.e., summation of all m, etc.) are not included
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TABLE 2.4: Simple system: unconstrained accessibility

| v

\ f1 (cy) = 1/cy® f2 (cij) = 1/cy® fs (cij) = 1/cyy%*
Origin ‘ units: physicians-minute "-3 units: physicians-minute -2 units: physicians-minute "-0.1
1 0.219 2.567 371.143
2 0.167 1.966 363.479
3 0.237 2.751 373.738
Sum ‘ 0.6233422 7.283556 1108.361

in the equation, so V;mo is effectively equivalent to Vio, except m makes explicit that
there are multiple groups at each i and those groups have their own V2 values based on
fm(c?;) There is no consistent approach of representing V¥ as a function of multiple
modes, other than averaging i values or other post hoc adjustments that generally do
not preserve known properties of the system. From this perspective, as other m values
are not incorporated into the measure, we assume V;? cannot be made multimodal, and
only V, as calculated for different ms is used in this work.

V=3V = WP (2.9)
J

J

Returning to our numeric example, the calculated unconstrained accessibility V" for
each origin, a sum of all the travel impedance weighted opportunities at each destination
(3, V%), in displayed in Table 2.4.

As the different impedance functions represent different travel behaviours, comparing
the raw unconstrained accessibility values across groups is meaningless beyond notions of
higher or lower. For instance, at zone 1 the difference between the least decay (f3(cij))
and most decay (fi(c;;)) groups is 370.92, but in what units? These two values are
a product of different impedance functions, making the comparison uninterpretable in
absolute terms. Likewise, we could compare values within the same travel behaviour
scenario across different zones, as they are in the same units, however the issue of unit
interpretability will also be apparent. Considering the most decaying scenario fi(c;j)
and zone 1 (the zone with a healthcare cluster at the edge of the city): zone 1 captures
0.0181185 fewer physicians-minute~! than zone 3 (urban core). Again, the fundamen-
tal uninterpretability of what is a physicians-minute™ or opportunity-weighted-travel-
impedance unit remains.

Moving onto the market potential variant, it is the transpose (i to j) of VZ? and
depicted as follows:

MJQ = ZMJQz‘ = Z Wi(l)f(cij) (2.10)
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Where M Joi is the number of population- f(c;;) at each j from 4. It can be summarised
for each j and hence expressed as M jQ .

The multimodal extension of M JQi can also be defined as follows:

M0 = 3MG = W ) (211)

]

For the sake of brevity, the simple example is not solved for M JO : results are similarly
unconstrained as shown in the unconstrained accessible population demonstration.

In sum, multimodal extensions V;"" and Mfzo for the simple example are also not
solved here, but for a different reason. Namely, they are not truly ‘multimodal’, as they
are not a function of all modes in the system. Instead, one must attempt to adjust
the units post-calculation (e.g., scaling, normalization) or select impedance functions to
facilitate comparison across scenarios (potentially at the expense of accurately reflecting
travel behavior) and such adjustments may introduce bias. Hence, the raw unconstrained
accessibility values themselves are challenging to compare due to their units. To enable
more meaningful comparison, the following sections will detail the introduction of con-
straining constants to ensure consistent units across scenarios and demonstrate results
on the same numeric example.

2.5 Total constrained accessibility

In the total constrained accessibility case, a total balancing factor proportionally adjusts
unconstrained zonal accessibility values V¥ based on the regional sum of V,? and the total
population or opportunities in the region. Alternatively, we reformulate this case using
a proportional allocation constant, which allocates opportunities (or population) pro-
portionally based on the the travel impedance and the total population or opportunities
in the region. In both formulations, all zonal values become a proportion of a known
system total, be it the regional opportunities or regional population depending on the
variant.

We define two variants for this case: (a) VI where accessibility is constrained by the
total number of opportunities (total constrained accessible opportunity) and which is
interpreted as Hansen’s accessibility with a constraining constant, and (b) MJT , where
1 and j of the first variant is transposed, yielding a measure constrained by the total
number of population and to be interpreted as constrained ‘market potential’. Following
these definitions, these variants are extended into their multimodal expressions, consid-

ering multiple travel behaviour groups or modes m.
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2.5.1 Total constrained accessible opportunities: Hansen’s accessibil-
ity with a total constraint

Unlike in Equation 2.2, the proportionality constant k is retained. For the total con-
strained case, it is represented as K7 :

Vif = K7W f(ey) (2.12)

In this way, the total constrained accessibility measure now becomes Hansen’s acces-
sibility with a balancing factor K7 :

VI =3V =Kk"Y W f(ei) = KT V0 (2.13)
J J

Imagine that the only system known is the total number of opportunities D in the
region. Accordingly, the constant we impose in this case ensures the regional sum of
total constrained accessibility is equal to the total number of opportunities as follows:

>vi=3MVvi=D (2.14)
T g

This constraint is analogous to the total constraint of Equation 1.12, congruent with
Wilson’s framework. Given the total number of opportunities in the region, we can then
substitute Equation 2.13 in Equation 2.14 to solve for K7

b _ D
LY ViE s W )

KT (2.15)

Which is also congruent with Wilson’s framework as it comparable to the total flow
spatial interaction model (e.g., Equation 2.11 in Cliff et al. (1974)). Hence, rearranging
the equation to have opportunities and the proportional constant distinctly represented,
our total constrained accessibility model is:

VI = KT WO fey) = S w2 S
;] ! ;Jzam@m»

Further, we can see that, since D and Wj(2) are both in units of opportunities, the
proportional allocation factor for the total constrained opportunity case &7 is dimen-

ij
sionless:

T D fley)
222 WJ@f (ci5)

v
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TABLE 2.5: Simple system: total constrained accessible opportunities

| v

\ f1 (cy) = 1/cy® f2 (cij) = 1/cy® fs (cij) = 1/cyy%*
Origin ‘ units: physicians units: physicians units: physicians
1 172.065 172.672 164.080
2 131.627 132.247 160.692
3 186.308 185.081 165.228
Sum ‘ 490 490 490

and therefore ViT is now in the units of Wj@), that is, the mass at the destination

(VI = HZ-TJ- > Wj@)). The role of Hg;- in this reformulation of accessibility is to transform
between units and to adjust the number of opportunities accessible from i so they rep-
resent a proportion of the total number of opportunities in the region. /@;fg then assigns
opportunities in proportion to the impedance between ¢ and j. This is why we refer to

kL as a proportional allocation factor. On the other hand, the proportionality constant

ij
KT balances the units of V,?, the Hansen-type accessibility values, and is an alternative

expression of the total constrained accessibility measure.

Referring back to our simple numeric example, balancing factor K7 for the most
decay travel behaviour scenario fi(c;j) =1/ c%- would then be:

KT— D
- 2
Zizj' Wj( ) f(eiz)
KT_
= W1(2) W1(2) Wl(2> W?Ez) W§2) W§2)
3—t—3—+—3—+t—3—t-—35—+—3
T 61}190 ‘21 €31 31 “32 “33
K . = 0.6233422
K* = 1786.085

KT for the lower decay scenarios fa(c;j) = 1/cj; and f3(cij) = 1/¢f;" are 67.2748352
and 0.4420944 respectively.

Using the calculated balancing factors for all zones and multiplying them by the un-
constrained accessibility value VZ-O, the total opportunity constrained accessibility values
for all zones and different travel behaviour scenarios is presented in Table 2.5. /ig; for
each zone is not reported, but can be understood to be the unitless proportion of oppor-
tunities (of the total opportunities) allocated to each zone based on travel impedance.

In contrast to unconstrained accessibility VZ-O, imposing a constraint allows for the
comparison of differences and ratios between regions and across different travel behaviour
scenarios as well. Each value is effectively in units of physicians, with the impedance
units already accounted for by HZ;

Considering the highest decay scenario (fi(c;j)), zone 1 (a healthcare cluster at the
edge of the city) captures an intermediate amount of physicians (172.0652825) like in
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the unconstrained accessibility case. However, unlike in the unconstrained case, we can
say that this value is out of the 490 physicians in the region, which allows us also to
deduce that zone 1 captures 1.3072213 and 0.9235529 times more than zone 2 and 3.
Values for the lesser decay (f2(c;j)) and lowest decay (f3(c;j)) scenarios are calculated
separately, with decay scenario values also summing to equal 490 physicians accessible
in the region.

One can also directly compare values at a specific zone due to the consistent units.
For instance, zone 1 remains intermediate in capturing accessible physicians relative to
zones 2 and 3 across scenarios, similar to the unconstrained case. However, the differ-
ence between travel behaviour scenarios differ in direction. Specifically, Zone 1 captures
0.6067946 more and 7.9850478 fewer opportunities than the lesser decay scenarios fa(c;;)

and f3(ci;) respectively. Why? kT ensures proportional allocation for each travel be-

ij
haviour scenario. Meaning, while the unconstrained accessibility increases, KZZ;- adjusts
the values to remain proportional to the total number of opportunities (490 physicians
accessible in the region). As the decay behaviour decreases, more opportunities are ac-
cessible for all zones. In the medium decay scenario fa(c;;), zone 1 sees a slight increase
in values (relative to the highest decay scenario) as the zone can accessible more oppor-
tunities relative to increases seen in other zones. However, in the lowest decay scenario,
zone 1 sees a decrease, as it is outpaced by increases in other zones - namely zone 2 (re-
call: zone 2 has the lowest number of opportunities, hence the increases in opportunity

gains is much higher in a low decay scenario).

Using the total opportunity constrained formulation of accessibility offers a solution
to the unit interpretability issue of Hansen (1959)’s accessibility measure. Intuitively,
the use of the constraint illustrates how the differences and ratios of values between
zones and decay groups can be compared. This is true for other constrained cases of the
family of accessibility measures.

2.5.2 Total constrained accessible population: Reilly’s potential trade
territories with a total constraint

Another variant of the total constrained accessibility measure is the total constrained
accessible population measure, which represents the transpose of i to j of the total con-
strained accessible opportunities measure. This variant, expressed in Equation 2.16,
represents an expression of the concept of market potential (i.e., potential users) as pro-
posed in C. D. Harris (1954) and R. W. Vickerman (1974), and which Reilly earlier
referred to as ‘potential trade territories’ (Reilly, 1929). This unconstrained form of
market potential MJQ (Equation 2.10), effectively the i to j transpose of Vig, has been
used in recent research to express the potentially accessible population (i.e., users) as a
result of regional transportation infrastructure investment projects (Condego-Melhorado
& Christidis, 2018; Gutiérrez, 2001; Holl, 2007). Put another way, market potential can
also be thought of as a form of passive accessibility, indicating the number of people
that can reach each destination. However, like VZ-?, issues of unit interpretability arise in
M ]O’s unconstrained form. To address this, the constrained variant, the total constrained
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accessible population measure MJT , is introduced. To formulate this variant, the total

balancing factor K7 is applied to the mass of the population at i (Wi(l)) instead of the
opportunities at j.

A 1 A
M = 0 = KT W f(e) = KM (2.16)

Where we impose the total system known as a constraint, i.e., that the total market
potential equals the total population O in the region:

>mI=>>Mi=0 (2.17)

i
Substituting Equation 2.16 in Equation 2.17, and solving for K T we obtain:

o9 -9
T
2axiMy oy, > Wi(l)f(cij)

(2.18)

The constrained market potential then takes the following form:

A O : 1/
M]T _gT Z Wi(l)f(cij) = Z Wi@) 353 I/»If/((g)Jf)@ )
Z p iZaj i K

Where the following /%3; proportional allocation factor is dimensionless:

T _ 2.0 flcij)
g > Zj Wi(2)f(cij)

R

Returning back to the numerical example, the proportionality constant KT is solved
for each travel behaviour scenario, and the market potential of each zone M ]T is expressed
as units of population (e.g., the number of people accessible from each origin at that
destination) in Table 2.6.

Readers may note the difference in trends in accessible population (Table 2.6, imme-
diately above) and the preceeding accessible physicians (Table 2.5). In the accessible
population Table 2.6, zone 1, 2, 3 represent destinations and the accessibility values re-
flect the number of accessible people from the vantage of physicians. Zone 1, in its role as
a destination, is no longer intermediately-ranked relative to other zones; it now attracts
the fewest number of people across all three travel behaviour scenarios. However, simi-
lar to the total constrained opportunity case, as travel decay reduces, the availability of
population begins to converge (though Zone 1 continues as the lowest-ranked) for similar
reasons. As decay reduces, the population’s travel impedance to all zones become more
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TABLE 2.6: Simple system: total constrained accessible population.

‘ M;S
| fi (cy) = 1/cy® f2 (cyj) = 1/cyj® fs (cij) = 1/cyy%*
Destination units: population in units: population in units: population in
10,000s 10,000s 10,000s
1 5.018 5.447 6.598
2 8.596 7.986 6.717
3 6.386 6.567 6.684
Sum | 20 20 20

similar, making the relative location of the zones less important and all people in the re-
gion more equally accessible. Overall: like the total constrained accessible opportunities
case, this variant allows for the interpretation of both ordinal and interval comparisons
of the raw values themselves.

2.5.3 Multimodal extension of total constrained accessible opportuni-
ties and population

Having detailed both variants V! and MJT , their multimodal extensions can now be
introduced. This extension is relevant if one is interested in accounting for different travel
behaviour groups m within the same system, i.e., where the resulting total constrained
accessibility value is a function of all the ms in the system. The total constrained
multimodal accessible opportunities for each group m would be:

vt = ST = KW ) preny (2.19)

J

Where:

. VZTT is the number of opportunities that can be accessed at origin zone i from
destination zone j by mode m,

o f™(c}}) is the cost of travel ¢} by mode m from i to j,

¢ the destination zone attraction mass Wj(z); and

o K™T is the modal balancing factor that serves to allocate

D
Do 2 Zj W;Q)fm(cg)

the opportunities in the region and ensures units remain balanced.

Summarising equation 2.19 as a measure of modal-group-specific total constrained

accessibility VT by summing all V;;"T for a specific i and m (i.e., VT = > VZZ”T)

VT can also be summed by mode to equal V' (i.e., 3, Vi = V) and summed

across the region to equal D (i.e., 32, >3, >, VZ;”T =, >, VT = D).
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mT
ij

Wj@) that are allocated to each zone i for each m, can also be defined for the origin zone
1, allowing for the expression of total constrained multimodal accessible opportunities at

a zone i V;" to be equal to m?}T > Wj@):

And like in the unimodal formulation, sI**, a unitless expression of the proportion of

D LR G
i W (e

Regarding multimodal market potential, i.e., the V;mT transpose of ¢ and j. M]T?T,
the multimodal ‘market potential’ or the population accessible by mode can also be
defined using the total constrained formulation, with similar parameters as previously
defined.

M =3 M = RTw ) e (2.20)

And like in the unimodal formulation of market potential, /%?}T,

of the proportion of I/Vi(l) that is allocated to each zone j for each m, can also be
defined for the origin zone j, allowing for the expression of total constrained multimodal
accessible population at a zone j M jmT to be equal to /%gnT > wb.

amT _ > 0 f(cij)
e & m
Dom i Z;VVZ fm(cij)

a unitless expression

Returning to the numeric example, we consider all three travel behaviour groups m to-
gether in a single total constrained accessible opportunities calculation. Specifically, each
origin ¢ has three type of travelers, either those traveling at the highest decay of fi(c;j),
or medium decay of f2(c;j), or lowest decay of f3(c;j). In this way, there is only one K™7T

. . D _ 490 _
for this multimodal system, equal to S S S W@ (e | 062830277 283556 T TT08361
mLai Laj "] ij

0.4389629. Note: K™ is smaller than 1, lower than the majority of higher decay uni-
modal K. This suggests that the numerator (sum of the destination-side marginal,
i.e., opportunities) is smaller than the sum of all the unconstrained accessibility V;?
values for each mode across the system. It can be seen that the modal group trav-
elling at fi(c;j) contributes a lower amount of unconstrained accessibility (0.6233422
physicians-minute ), compared to the furthest moving lowest decay f3(c;j) group
(1108.3606756 physicians-minute ).

Multiplying the system-wide K™ value by the unconstrained accessibility flows Vl(j)
for each group yields a V;J”T value for each m. This value can be summarised for each
m at each i (V") and also summarised for each i (3, VZTT) as presented in Table 2.7.
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TABLE 2.7: Simple system: total constrained multimodal accessible op-

portunities.

‘ V'imT Zm V;JMT

| fileiz) =1/ faleig) = 1/c; fa(eig) = 1/¢g;t All groups
Origin ‘ units: physicans units: physicans units: physicans units: physicans
1 0.096 1.127 162.918 164.141
2 0.074 0.863 159.554 160.490
3 0.104 1.208 164.057 165.369
Sum ‘ 0.2736241 3.19721 486.5292 490

A few important findings can be discerned from Table 2.7; Firstly the sum of all VT
values is equal to the known number of physicians in the system, 490. Secondly, the
lowest decay group f3(c;;) captures the vast majority of accessible opportunities (99%),
demonstrating the significant travel impedance advantage that m-travelling f3(c;;) group
has relative to other m traveling groups competing in the same system. When all ms are
considered in the same system, the advantage that one impedance offers in proportionally
allocating more opportunities becomes more apparent. Thirdly, the consideration of m
within the system allows for the comparison of values between origin ¢ values but also
between traveling group—like in the unimodal version, but with a different meaning. For
instance, zone 3 is allocated the most accessible opportunities out of any other zone for
each travel group, just like in Table 2.5. However, the magnitude of values are different:
whereas in the unimodal case ¢;; drives the allocation, in the multimodal case both the
c;; and the f™() drive the allocation. As c;; is the same across travel groups, their rank
in allocation does not shift, but their contribution on account of f() changes.

It is important to highlight that a multimodal comparison, i.e., going beyond a post
hoc adjustment after calculation, is not possible with unconstrained accessibility, but is
possible using constraints. Total constrained accessibility scores can be summed across
all ms (i.e., column 5 in Table 2.7) and represented per i; representing the number of
accessible opportunities at that zone considering all travelling groups m.

The multimodal total constrained accessible population (i.e., market potential),
can also be represented. Each destination j is attracting the same three type of
travelers m, so K™T for this multimodal system equals to o =

Y 4 Zm Zz Zj Wimfm(C?})

T s oriss = 0-4406802. Note: like K™7, K™T is smaller than 1 and
lower than the majority of higher decay unimodal KT. This suggests that the origin-
side marginal sum of 20 is smaller than the sum of all the unconstrained accessibility
MZ-0 , for each m, across the entire system.

MZJ’-LT values are summarised for each m at each j (M ]mT) and also summarised for
each j (3,, M[]”T) as presented in Table 2.8.

In Table 2.8, similar to Table 2.6, travel group f3(c;;) drives the allocation, with the
majority of population being allocated from zones assuming such impedance. Population
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TABLE 2.8: Simple system: total constrained multimodal accessible pop-

ulation.
T T
| My 2o M
‘ fi(eiz) = l/cf’j faleiz) = l/cfj fa(eiz) = 1/6?_7:1 All groups
Destination units: population in units: population in units: population in units: population in
10,000s 10,000s 10,000s 10,000s
1 0.003 0.034 6.553 6.590
2 0.005 0.050 6.671 6.726
3 0.003 0.041 6.639 6.684
Sum ‘ 0.01079908 0.1258583 19.86334 20

also is allocated most from zone 3, like in the previous results.

2.6 Singly constrained accessibility

Similar to the total constrained accessibility measure, the singly constrained case includes
a balancing factor that adjusts the unconstrained zonal accessibility values V! such that
a single constraint is satisfied. Two variants are defined: (a) the singly constrained
accessible opportunities case (an alternative formula to spatial availability in Soukhov et
al. (2023)) V;°, and (b) the singly constrained accessible population case, its transpose,
or singly constrained market potential M JS .

Unlike the total constraint (i.e., Equation 2.14), the single constraint (as will be de-
fined in Equation 2.21 and Equation 2.29 for the first and second variants) incorporates
additional information. In the opportunities-accessible variant, the associated balancing
factor constrains the ‘potential’ for spatial interaction by ensuring that only a propor-
tional amount of opportunities at each destination are allocated to ‘demanding’ origins.
This allocation is informed by demand, or the relative amount of population, and asso-
ciated travel impedance connecting the zones. In the population-accessible variant (i.e.,
the i -> j transpose of the first variant), population at each origin is proportionally
allocated to destinations based on the share of opportunities and travel impedance.

In both variants, the singly constrained accessibility measure introduces population-
based (or opportunity-based) competition at the zonal level, unlike the total constraint,
which more simply allocates a fixed regional total of opportunities (or population de-
pending on the variant). In sum, all singly constrained zonal accessibility values are
both a proportion of the known regional opportunity (or population) total and a sum of
a balanced proportion of opportunities allocated from each destinations (or population
allocated from each origin). Each zonal value remains in units of opportunities accessible
(or population accessible).

Following the definition of these two variants, they are extended into their multimodal
expressions Vims and M}”S , an expression of the value for each travel behaviour group
or mode m. In this extension, multimodal travel impedance function f™(cj}) and either
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origin- or destination- side marginals (D}* or Of") are defined for each m. This mul-
timodal extension allocates the variant’s constrained marginal based on the proportion
of travel impedance for that m relative to all impedance in the region and the non-
constrained (i.e., other) marginal’s mass relative to the total non-constrained marginal
mass in the region. The later is not considered in the total constrained multimodal
accessibility case. Put another way, the multimodal extension of singly constrained
accessibility allocates the opportunities (or population) at the marginal based on the
population’s productive demand (or opportunity’s attractive supply) of each m as a
share of this potential relative to all other ms in the region.

2.6.1 Singly constrained accessible opportunities: spatial availability

To demonstrate this variant formulaically, we begin with the opportunity constraint
(Equation 2.21) as our known piece of information. Namely, the sum of accessible
opportunities from a destination should equal the number of opportunities D; at that
destination. As the number of opportunities at each j are known, it is represented as
D; instead of Wj(2) as in the total constrained case. This constraint should hold for
all destinations in the region. This is comparable to the single attraction-constraint
(Equation 1.14) from Wilson’s framework.

PG (2.21)

The underlying spatial interaction model is now the attraction-constrained model in
Equation 1.18, and our accessibility measure becomes:

VE =i =3 B0 WY f(ey) (2.22)
F ;

where Wi(l) is a measure of the mass at origin 7 (i.e., the opportunity-seeking population).
The corresponding balancing factor, as per Wilson, is:

1

Bi=——— (2.23)
’ > Wz‘(l)f(cij)
Introducing the balancing factor in Equation 2.22, we obtain:
O
v =y p; Wi Sl (2.24)

oW fey)

Further, we define the following proportional allocation factor:
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s W f(ey)

K = — v N 2.25
Y Zi Wi(l)f(cij) ( )

After this, it is possible to rewrite Equation 2.24 as an origin summary expression of
proportionally allocated known opportunities (i.e., Dj).

V=Y k5D, (2.26)
J

Soukhov et al. (2023) have shown that the role of mfj is to allocate opportunities
D; proportionally to the mass at each origin ¢ and the impedance between ¢ and j. As
in the total constrained opportunity case, E?j is dimensionless and ViS is in the units
of opportunities D;. The singly constrained accessibility measure in Equation 2.26 is
called spatial availability by Soukhov et al. (2023), because it represents the number of
opportunities that can be reached and are available, in the sense that accessible oppor-
tunities have been proportionally allocated based on relative demand, travel impedance
and the regional total number of opportunities, i.e., spatial competition for them has
been considered. These authors also show that the following expression (accessibility
per capita) is a constrained version of the popular two-stage floating catchment area
measure of Q. Shen (1998) and Luo & Wang (2003):

VS
vy = ey (2.27)
Wi

Returning to the simple numeric example, the opportunity-constrained case would
yield the following B; for fi(c;;):

- 1
Bi D Wi(ll)f(cij)
B = = 162.6506
By = s = 94.9474
m*@h?}
B3 = ——% = 93.9850

1 10 6
103 + 253 + 103

The balancing factors B; for the fa(c;;) decay group for zones 1, 2 and 3 is 12.8571429,
8.7685113 and 10.6635071, and for fs3(c;;) decay group is 0.0672461, 0.0660559 and
0.0663798. Using these these balancing constants, we can calculate the singly constrained
opportunity accessibility as presented in Table 2.9.

Imposing the single proportional allocation factor /@fj allows for the comparison of
differences and ratios of the accessibility values, like previously discussed in the total
constrained accessible opportunities case. The proportional allocation factor ensures that
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TABLE 2.9: Simple system: singly constrained accessible opportunities

| Ve
| f1 (cij) = 1/cyy® fa (cij) = 1/ci;? f3 (cij) = /¢t
Origin Population (units: people units: physicians units: physicians units: physicians
in 10,000s)
1 4 133.469 122.255 98.848
2 10 166.781 185.096 241.877
3 6 189.750 182.650 149.275
Sum | — 490 490 490

resulting values are in units of physicians, with the impedance units already accounted
for in the allocation process.

However, unlike the total constrained opportunity case, Hfj reflects zonal competition
based on the mass of the origin, i.e., population. Again, consider the highest decay
scenario fi(c;;). Under this scenario, zone 1 no longer captures a medium amount of
physicians as in the total constrained opportunity case: it now captures the fewest in
the region i.e., 133.4687282 at zone 1, 166.7813387 at zone 2, and 189.7499331 at zone 3.
Why may zone 1 (healthcare cluster at the edge of the city) capture 27% of the physicians

regionally while this same zone captures 35% in the total opportunity constrained case?

This difference is due to the single-opportunity factor /ifj’s role in Vis . The only
inputs required in the total-opportunity factor nz;- is the total number of opportunities
in the region D as well as the associated opportunities at each j and travel impedance.
Opportunities are allocated to is, regardless of the mass weights of origin. Whereas the
single opportunity constraint mfj requires the population at ¢ as an input. In fact, nfj
is calculated as the proportion of impedance-weighted population at an ¢ to the sum of
impedance-weighted population for the entire region. Hence, since zone 1 has the lowest
population in the region, is in close proximity to a more populated zone (zone 3, the
‘urban core’), and is not well connected (in terms of travel impedance) to other zones

with opportunities, Vls values, or the number of physicians accessible, is lowest.

Readers may also notice the change in the proportion of opportunities drawn from
different zones depending on the travel behaviour scenarios considered. For instance,
consider Zone 2 which has the highest population. It is more evident in the f3(c;j)
scenario than in higher decay scenarios that this zone does not have an exceptionally
large population for the region—Zone 2 only represents 50% of the population in the
three zone region. In this sense, other zones are not that disadvantaged, and in this
scenario with unfettered travel cost, Zones 1 and 3 also take opportunities from Zone
2 (i.e., Zone 1 and Zone 3 takes 17% and 25% more from Zone 2 between f3(c;j) and
fi(cij) scenarios hence H§72 decreases by 42%). Zones 1 and 3 are allocated opportunities
at relates similar to their relative population size.

Readers may also notice the change in the proportion of opportunities drawn from dif-
ferent zones depending on the travel behaviour scenarios considered. For instance, Zone
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TABLE 2.10: Simple system: singly constrained accessible opportunities

per capita

|

| fi (cij) = 1/ci® fa (cij) = 1/ci? f3 (cij) = /¢
Origin Population (units: people units: physicians per units: physicians per units: physicians per

in 10,000s) capita capita capita

1 4 33.367 30.564 24.712
2 10 16.678 18.510 24.188
3 6 31.625 30.442 24.879

2 has the highest zonal population, representing 50% of the 200,000 regional population.
However, due to its high relative travel distance from the other zones, its population is
less competitive in capturing opportunities in the high-decay travel scenario (fi(c;;)):
Under this scenario, zone 2 captures almost exclusively opportunities from its own zone.
However, in f3(c;;), the scenario with unfettered travel cost, Zone 2 captures by far the
most number of physicians. But in this scenario, Zones 1 and 3 also take opportunities
from Zone 2 (i.e., Zone 1 and Zone 3 takes 17% and 25% more from Zone 2 between
f3(cij) and fi(ci;) scenarios hence Hi o decreases by 42%). Zones 1 and 3 are allocated
opportunities at rates similar to their relative population size.

In this way, the consideration of constrained accessibility per capita may be clarify-
ing. Often, accessibility values are reported as raw scores without the consideration for
population. But, as we introduced constraints, these constrained accessibility values can
be normalized using anything that is relevant to the zone. In Table 2.10, we present
per capita accessibility for the numeric example, simply in units of number of physicians
accessible per population at each zone. Notably, these per capita rates are equivalent to
the 2SFCA values.

This simple example was constructed so that the regional average equals 24.5 physi-
cians per 10,000 people. As distance decay decreases and becomes relatively uniform
(all zones can reach all zones), the effect of population drives the proportional allocation
of opportunities. Consequently, per capita accessibility values begin to stabilise to the
regional per capita average (e.g., in the lowest distance decay f3(c;;), per capita values
are all around 24 physicians accessible per capita).

This trend mirrors how the accessibility values in the total constrained opportunity
case stabilises to the ViT regional average (e.g., the accessible opportunities allocated
to each of the three zones approaches a third of 490 physicians, or 163.33, under the
unfettered mobility scenario f3(c;;)). These patterns make intuitive sense: the balancing
factors act as regional and/or zonal averaging mechanisms. In distance decay travel
behaviour scenarios that are more relatively uniform (i.e., low for all zones like in f3(c;;)),
what remains is the relative effect of the other variables in the balancing factor. In the
total constrained case, this is the proportion of opportunities relative to the regional
opportunities, and in the case of the single opportunity constrained case, this is the
population at a zone relative to the regional population.
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2.6.2 Singly constrained accessible population: market availability

Similar to Equation 2.18 in transposing the origins and destinations, we can define a
singly constrained measure of market potential that preserves the known population
(i.e., the mass weight at the origin Wi(l) is now represented by O;). In it’s per-capita
expression, i.e., equivalent to 2SFCA, this constrained concept of market potential been
used to express “facility crowdedness” as in F. H. Wang (2018).

The underlying spatial interaction model is now the production-constrained model in
Equation 1.16, and our market potential measure M ]S becomes:

MY =3 M5 =3 40w, f(ey) (2.28)

In this case, the measure is singly constrained by the population by origin (i.e., O;),
like Equation 1.14 from Wilson’s framework:

> ME = 0; (2.29)
j

And the corresponding balancing factor, as per Wilson, is:

1

_ (2.30)
52 WP f(ei)

Following the same logic as in the preceding section on total constrained market
potential, one arrives at the following expression:

M} =3 750 (2.31)
with:

(2)
Wi f(cij)
e s (2.32)

2
> Wi fley)
As well, the single (population) constraint in Equation 2.29 ensures that the the total
constraint (e.g., > Mjs =22 Mﬁ = () is maintained.

M3
With these constraints, -5~ can be interpreted as the proportion of the total popu-

lation serviced by location j.

Solving the numeric example, the balancing factors A; for zones 1, 2 and 3 for the
highest decay group fi(c;;) is: 4.5685279, 5.9720772 and 4.2192774. For fa(c;j) decay
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TABLE 2.11: Simple system: singly constrained accessible population

| M;®

\ fi (ciy) = 1/cii® f2 (cij) = 1/cy? fs (cij) = 1/c;%!
Dest. ‘ Physicans units: people in 10,000s units: people in 10,000s units: people in 10,000s
1 160 4.478 4.949 6.462
2 150 9.303 8.414 6.174
3 180 6.219 6.638 7.364
Sum | — 20 20 20

group is: 0.3896104, 0.5087045 and 0.3634895. And for the lowest decay group f3(c;;) is:
0.0026944, 0.0027512 and 0.0026757. Using these these balancing constants, we calculate
the singly constrained accessible population:

Similar to the total constrained case (Table 2.6), the singly constrained accessible
population (Table 2.11) shows that Zone 1 attracts the fewest people under both high
travel cost (fi(ci;)) and medium decay (f2(c;ij)) scenarios. This is largely due to its
small local population (4 out of 20 units in the region), and the system’s lower ability
for other zones to attract away or attract population from other zones). However, under
low decay (f3(cij)), where people travel more freely, Zone 1 surpasses Zone 2 in attract-
ing population. Despite having only a medium level of physician supply, Zone 1’s central
location—close to both the urban core (Zone 3) and ‘bedroom community’ Zone 2—makes
it more competitive in low decay scenarios. In contrast, Zone 2 has the largest local
population but the fewest physicians, and its relative isolation boosts its attractiveness
only when travel is highly restricted (i.e., under fi(¢;;)). The difference in results be-
tween Zones 1 and 2 across scenarios highlights that in the singly constrained accessible
population measure, both travel costs (cost effect) and the supply of physicians (mass
effect) influence population allocation. Furthermore, these values could be expressed as
the rate of accessible population per opportunity (m3g ), aligning with the per capita logic
of vis )

2.6.3 Multimodal extension of spatial availability and market availabil-
ity

Vl-S and M JS can be extended to explicitly incorporate multiple modes (or travel groups)
m like established in the total constrained accessibility case. This extension is relevant
if: 1) the singly constrained measure is pertinent, i.e., one has information about both
marginals and an intuition that the to-be-constrained marginal should be allocated pro-
portionally based on the matching marginal and associated travel impedance. 2) the
analyst is interested in accounting for different travel behaviour groups m within the
same system. In this way, the multimodal extension of the singly constrained acces-
sibility measure is allocates the constrained marginal based on the mass effect (of the
matching marginal) and the travel cost effect along multiple m in the system. The singly
constrained multimodal accessible opportunities at each ¢ from j for each group m can
be expressed as follows:
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Where the mass at the origin Wim(l) corresponds to each m group and the associated
multimodal balancing factor equals B;, = S5 Wi”(l)fm(cm)' Vlgns can be aggregated

and expressed as accessible opportunities for each m at ¢ VmS Zj B;D; W fm(c?jl),

and even for each i (across ms) by summing all ms (3, V;i™). These aggrega-
tions remain balanced, as all aggregation of ¢j values ensure the opportunity-side
single constraint is maintained (i.e., >, >, > Vzgns = Y., VS = D as well as

Ym 2 Vil = Dy).
Like in the unimodal singly constrained accessibility formulation, MZLS a unitless

expression of the proportion of D; that is allocated to each zone i for each m. It can
also be defined for the origin zone i, allowing for the expression of singly constrained

multimodal accessible opportunities at a zone ¢ to be VmS > mm D;, where H;?S is:
1
s WU Vo
Rij— = m(1) s m (2.34)
Sm i Wi S (Cz’j)

Regarding the multimodal market potential variant, i.e., the Vims transpose of i and
j. M j’;-"”s , the multimodal accessible population from opportunity types m, and can also
be defined for each j to ¢ flow as:

MpS = Z M = APOW" @ pmem) (2.35)

And like in the unimodal formulation of market potential, the multimodal balancing

factor A = ———L— can be defined as a unitless factor &7*° that serves to
LW .

proportionally allocates the marginal populations at each origin O; to each zone j for

each m. A7 S allows for M; T to be equal to 3, /’ims O; where:

s _ m@)fm( m)
Yo 3 W prm ey

x>

Returning to the numeric example, we need two additional pieces of information: the
proportion of population (i.e., origin mass) that travel by each travel impedance scenario
for the destination-constrained case (singly constrained accessible opportunities) and
the proportion of the opportunities (i.e., destination mass) that are reached by each
travel impedance scenario for the origin-constrained case (singly constrained accessible
population).
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TABLE 2.12: Simple system: singly constrained multimodal accessible
opportunities. Destination Zone 1, 2, and 3 have a (50:30:20), (20:30:50)
and (70:20:10) split in m respectively.

mS mS

| v 2 Vi

‘ fi(eij) = C% fa(cij) = C% fa(eij) = CT11 For all groups
Origin ‘ units: physicians units: physicians units: physicians units: physicians
1 0.093 0.653 61.971 62.717
2 0.067 1.194 378.330 379.592
3 0.210 0.696 46.785 47.691
Sum ‘ 0.3706339 2.543451 487.0859 490

For the singly constrained multimodal accessible opportunities case. We presume
that the in Zone 3, the split between fi(ci;), fa(cij), and f3(ci;) is 70:20:10-a zone in
the urban centre with the majority of people travelling locally, with only 30% of the
population traveling further and even further distances. For Zone 1 (on the edge of the
urban core) the split is 50:30:20, more people travel from further distances. For Zone 2
(the more distance bedroom community) people tend to travel further distances, with a
split of 20:30:50.

Beginning with the singly constrained multimodal accessible opportunities case. Each
destination is associated with a calculated Bj": 0.2138794, 0.1995429 and 0.2110702 for
zones 1, 2 and 3 respectively. Note, these values are larger than the unimodal B; for the
lowest decay group (i.e., mean of 0.0665606 across the js), but not by much compared
to the unimodal B; for fi(c;; (mean of 128.4634991) and fa(c;; (mean of 10.7630538).
This is notable since the balancing factor directly reflects how potentially energetic the
system is over all (i.e, the denominator of Bj) relative to what’s being attracted to the
zone (the numerator). We know all m are considered, and proportions of the population
(mass at origins) demand for opportunities based on each one of the ms, zones with
a higher proportion of ‘energetic’ population (i.e., share of f3(¢;;) in our case) will be
allocated a higher proportion of opportunities.

In fact, we can examine the sum of Kki; values for the proportion that is allocated
from each j to the m = f3(c¢;;) populations at each i. As f3(c;j) =1/ c%.l, exceptionally
less steep than = 1 /clzj and = 1 /cg’j, each destination allocates practically all (99%)
of its opportunities to populations at these zones. The singly constrained opportunity

accessibility for each m group is demonstrated accordingly Table 2.12.

As can be observed in Table 2.12, indeed f3(c;;) group is allocated about 99% of the
total 490 opportunities. This may be reasonable if the m-origin-mass split at each i
was predominately f3(c;j), but recall, it is assumed in Zone 1, 2 and 3 the split is 20%
(of the 40,000), 50% (of the 100,000) and 10% (of the 60,000); meaning 118,000 of the
200,000 people in the system (or 59%) capture 99% of the accessible opportunities. Put
another way, the f3(c;;) group has access to a mean 77.0347963 physicians per 10,000
capita while fa(c;5) and f3(c;;) only have access to 0.5074515 and 0.0434215 physicians

53



Doctor of Philosophy— Anastasia Soukhov; McMaster University— School of Earth,
Environment and Society

TABLE 2.13: Simple system: singly constrained multimodal accessible
population. Destination Zone 1, 2, and 3 have a (10:20:70), (70:20:10)
and (33:33:33) split in m respectively.

msS ms

‘ Mj Zm Mj

‘ fi(eij) = C% fa(cij) = C% fa(eij) = CT11 For all groups
Dest. ‘ units: people in 10,000s units: people in 10,000s units: people in 10,000s units: people in 10,000s
1 0.001 0.017 11.852 11.870
2 0.008 0.025 1.621 1.654
3 0.003 0.039 6.434 6.476
Sum ‘ 0.01205932 0.08153133 19.90641 20

per capita (recall, the system average (and Canada’s average PPR (WHO, 2025)) is 24.5
physicians per 10,000 population). In our simple example: the cost effect appears to be
significantly more influential than the impact of the population mass.

From the perspective of singly constrained multimodal market potential, or market
availability we can ask “what is the amount of potential physician-seeking population
that is accessible at a destination, considering three different travel behaviours to physi-
cians?”. As this case is singly-constrained on the side of the population allocation, we
don’t know how they travel. However, we do know the split in how attractive opportuni-
ties are, hence the proportion of m that accesses them. Let’s assume that the destination
zone 1 (on the edge of the urban core) has plenty of specialist physicians, catering to
people all over the region: hence a split of 10:20:70 between fi(c;;), f2(cij), and f3(cij)
is assumed. Zone 2 (the more distance bedroom community) contains physicians that
are mostly used locally (e.g., general practitioners) that aren’t necessarily attractive to
the full region, so the split is opposite of Zone 1, at 70:20:10. Lastly, Zone 3 (a zone in
the urban center) is presumed to contain an equal mix: a third for each m.

Each origin is associated with a calculated A7": 0.0068463, 0.0073718 and 0.006905
for zones 1, 2 and 3 respectively. Like in the case of Table 2.12, these balancing factors
are exceptionally low: matching the lower magnitude values of A; in the unimodal case.
Using these balancing factors to calculate the multimodal market availability in Table
2.13, similar trends as in Table 2.12 can be observed. Namely: the physicians that are
assumed to be the most attractive (i.e., to overcome spatial separation by the low decay
of f3(cij) group) are allocated the majority of ‘potential’ population.

This case (Table 2.13) also makes the role of the single constraint more conceptually
clear: though the majority of the population is allocated to destination zones that contain
f3(cij)-attractive physicians, those zones may not be able to satisfy this demand. For
instance, physicians in the f3(c;j)-group attract, on average, 1070.3984037 people per
physician—significantly more than the regional benchmark of % ~ 408 people per
physician. In contrast, fa(ci;) and fi(c;5) physicians attract only 6.759189 and 0.5801247
people per physician, respectively. This difference illustrates how population is allocated

based on the availability of physicians and the impedance-weighted attractiveness of
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those opportunities, as defined by the travel cost function associated with each m subset
of opportunities.

However, this allocation captures potential, as information to adjust/reflect the actual
capacity or realized demand is not used. For example, while 187 of the 490 physicians
(about 38%) are assumed to be f3(c;j)-attractive physicians, this may not mean those
physicians will or do serve a similar share of the population. We are only estimating
which opportunities people could access, not which they actually do. Because this mea-
sure applies a single constraint (of the marginal population), the total ‘demand’ is fixed
at the origin, i.e., M/} values always sum to the population at each origin i. Take Zone
1, located at the edge of the urban core—while it has a residential population of 60,000,
its potential accessible population is 1.1869629 x 10° people. This value is higher than
the actual population: mostly because the majority of population from other origins are
allocated to this zone due to the concentration of opportunities (i.e., 70% of physicians
in the zone are f3(c;j)-attractive). The high market availability of Zone 1 reflects the
attractiveness of this zone, not actual utilization.

In summary, the singly constrained cases describes where populations may go (or
where opportunities are allocated, in the opportunity-constrained case), given the spa-
tial distribution of the other marginal and travel impedance. It does not also allocate
based on the other marginal. To answer this motivation, both population (demand)
and opportunity (supply) marginals must be imposed simultaneously. This logic is the
foundation of the doubly constrained measure, which matches demand to supply and
reveals realized accessibility flows or simply access.

2.7 Doubly constrained accessibility

This accessibility case requires zonal populations and opportunities to match one-to-one,
like the doubly constrained spatial interaction model. In this way, doubly constrained
accessibility can be thought as “access” or simply spatial interaction (no potential).

To contextualize this point, the total and singly constrained accessibility measures
discussed thus far have used either O;, D;, or the regional sums of either, but never both
simultaneously. For example, when opportunities D; are used to constrain Equation
2.22 in the singly constrained accessible opportunities measure, the specific mass of the
population at origin ¢ demanding only those opportunities at that j is unknown. Instead,
only the population at ¢ demanding opportunities in the region is known, and this is more
generally represented as Wi(l) (as in Equation 2.23). Similarly, when the population O;
is used as a constraint in Equation 2.28 in the singly constrained accessible population
measure, the mass at the destination is given by Wj(2) (also in Equation 2.30) since only
the mass of opportunities at each j is known and information on what opportunities are
allocated to what zone is unknown.

By contrast, the double-constrained accessibility case requires that both populations
and opportunities match. Meaning, opportunities at each destination can be accessed
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by all populations, while at the same time, the population at each origin can be ac-
cessed by all opportunities. However, this requirement is often unintuitive in traditional
accessibility analysis. Namely, the distinction between population (origin masses) and
opportunities (destination masses) typically represent different entities without a shared
unit of measurement. On the population side, we usually count people; on the oppor-
tunity side, we may be referring to physicians, clinics, grocery stores, schools, parks, or
libraries. In a few cases, a one-to-one correspondence or their own capacities at which
they interact and are interacted with may exist e.g., one person with one job. Another
similar opportunity type example is healthcare, e.g., one person and one unit of capacity,
e.g. a vaccine shot.

A doubly constrained approach to accessibility calculation needs a one-to-one rela-
tionships between population and opportunities to be present. Mathematically, this
model requires the simultaneous imposition of both the population- and opportunity-
constraints in the preceding singly constrained variants (Equation 2.21 and Equation
2.29), namely the sum of population in all origins should match the sum of opportuni-
ties in all destinations (Equation 2.36):

> 0;=>_D; (2.36)

As before, the simultaneous imposition of both constraints ensures the total sys-
tem constraint is maintained i.e., the sum of all doubly constrained accessibility values
S, VP =3, > Vé) = D remains equal to the total number of opportunities in the
region O as shown in Equation 2.14.

As the doubly constrained accessibility measure VZ]D takes the form of the production-
attraction (doubly constrained) spatial interaction model, as shown in Equation 1.20,
VP is as follows:

VZJD = AiBjOiDjf(Cij) (2.37)

where the corresponding balancing factors A; and Bj, as per Wilson, are:

- 1
As 2, BiDjf(eij)
Bj= 2t
T Y A0 f(ei)

Calibration of the two sets of proportionality constants is accomplished by means of
iterative proportional fitting, whereby the values of A; are initialized as one for all i to
obtain an initial estimate of B;. The values of B; are used to update the underlying
Vi? matrix, before calibrating A;. This process continues to update A; and B; until
a convergence criterion is met (see Ortizar & Willumsen, 2011, pp. 193-195). The

proportional allocation factor /15 would then be:
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KD

ij ; Zj Bijf(Cij) i Azozf(cl])

O; f(ciz)

One could rewrite Equation 2.37 as an origin summary expression of proportionally
allocated opportunities:

VP =Y klD; (2.38)
J

However, ViD is not wholly helpful, as it will simply equal the origin-mass marginal.
In this way, only V?ij values are interpretable. Furthermore, unlike in the total and
singly constrained cases, the doubly-constrained case does not have an interpretable per
capita version. For instance, representing VUD per capita is not meaningful, as the value
already matches population to opportunities. Following this logic, the market potential
form Mg is effectively equivalent to VZ? , but can be read with a different interpretation:
i.e., the opportunities accessed from j at an ¢ vs. the population accessed from i at
a j. The inputs of ‘opportunities accessed’ and ‘accessed population’ can already be

interpreted as inherently being sensitive to both opportunities and population.

To calculate doubly constrained accessibility, the interpretation of the population
data and the counts of the opportunity data in the numeric example must be modified.
Namely, a count of physician capacity per destination is needed instead of just the number
of physicians, as used to calculated total and singly constrained cases. We also must
be able to clearly state that the population is a count of people seeking opportunities
at the new capacities, i.e., the population must reflect the capacity of the population to
interact with opportunities.

So, this adjusted simple example is summarised in Table 2.14: with the population (in
units of 10,000s of people seeking physicians) and the opportunities (in units of 10,00s of
physician-capacity) per zone. For the population, we leave this unchanged numerically
but theoretically know that each person interacts with one physician capacity (i.e., our
opportunities with a capacity). Hence, the number of opportunities per destination
is new: the example is modified such that the physician-capacity at each zone is an
approximately scaled version of the number of destination-side physicians at each zone
from the unmodified example (Table 2.2). To emphasis the new definition of ‘provider’ as
physician capacity, the new system PPR is simply 1, this is compared to the unmodified
example which yields system PPR of 24.5. We keep the same zonal cost matrix, and
travel impedance functions for three types of travel behaviour as before (Table 2.3 and
Equation 2.6).

However, despite the modifications to the example, our objective remains the same
as in previous cases: to measure accessibility under different travel behavior scenarios.
Specifically, we aim to quantify the number of potential spatial interactions between the
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TABLE 2.14: Modified simple system with three zones reflecting matched
population and opportunities. Population is in 10,000 persons and oppor-
tunities in 10,000 of physician-capacity.

ID (i or j) Population Opportunities
1 4 7
2 10 5
3 6 8
TABLE 2.15: Doubly constrained opportunity accessibility for the travel
behaviour group with the highest travel decay in the modified simple
system.
‘ Destination ID
‘ Origin ID 1 2 3 sum
1 3.235859 0.01032226 0.7556568 4
2 2.132602 4.95932483 2.9044391 10
3 1.631539 0.03035291 4.3399040 6
Sum ‘ — 7 5 8 o

physician-seeking population in each zone ¢ to the physician capacity in a zone j i.e.,
Vi? . The highest decay travel behaviour scenario (fi(c;j)) is presented in Table 2.15.

As mentioned, accessibility values are typically interpreted as a summary of the
proportionally allocated opportunities at each ¢. Hence, in interpreting the doubly con-
strained accessibility from Table 2.15, ViD values (i.e., the sum of values at all three j
destinations for each origin ¢) would be 4.0018381, 9.9963656, and 6.0017963 physician-
capacity accessible for Zones 1, 2 and 3 respectively. This approximately equal to the
number of population at each of these zones. Conversely, the market potential M ]-D in-
terpretation of these values would be 7, 5, and 8 people accessible from Zones 1, 2 and
3 respectively, equal to the number of opportunities (physician-capacities accessible) at
each of these zones. Notice, the mass weight at the origin equals the mass weight of the
destination: this is precisely the function of the double constraint. In other words, VZ-D
is the number of accessed opportunities and M jD is the number of population accessed.
For the other two travel behaviour, identical V;” and M ]D values are calculated, follow-
ing the same logic. Hence, the usefulness of the doubly constrained measure lies in the
interpretation as VZ]D values.

For instance, differences in VLJD values between travel behaviour scenarios are notable.
These values can be directly compared to discuss mass and distance decay impacts.
Examining Zone 2 (the bedroom community), Table 2.16 demonstrates these i to j access
values for this more relatively remote, higher-populated and lower-opportunity rich zone.
It can be observed that the number of intrazonal opportunities proportionally allocated
decreases as the assumed distance decay decreases e.g., from 4.9593248 to 2.6672837 out
of the ~10 opportunities allocated to Zone 2 (a population of 10). Following the intuition
discussed in the singly constrained opportunity case, as decay decreases, the mass effect
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TABLE 2.16: Doubly constrained opportunity accessibility for all travel
behaviour groups at Zone 2 in the modified simple system.

Vi P
f1 (cij) = 1/cy® fa (cij) = 1/ciy? fs (ci;) =
l/CijO'l
Dest| Population at 2 Opportunities units: units: units:
(units: people (units: capacity physician- physician- physician-
in 10,000s) in 10,000s) capacity in capacity in capacity in
10,000s 10,000s 10,000s
1 10.000 7.000 2.133 2.272 3.411
2 10.000 5.000 4.959 4.766 2.667
3 10.000 8.000 2.904 2.958 3.919

of the population (at origin) and opportunity (at destination) is more evident: zonal

opportunities are supplied and zonal populations demand at the weights assigned to

these zones, with minimal decay adjustment, reflected by the proportional allocation
D

factors x;j.

Recall, accessibility is defined as “the potential for interaction” and is traditionally
presented as a summary zonal measure. In the doubly constrained case, we force the
zonal population and zonal opportunities to match one-to-one, hence providing a zonal
summary is no longer relevant: the sum of VZ]D for all is ends up being equal to the popu-
lation at the zone. However, if what interests readers is the “potential for interaction” in
the case population and opportunities to match one-to-one, reframing the investigation
may be needed. In this sense, it would be examining “interaction” (much less room for
potential) through the values of VZ? e.g., how many opportunities are being allocated to
an origin from a destination (or in a transposed sense for M jlz? ). In this sense, the dou-
bly constrained case can be thought of as an estimate of realized accessibility or access:
reflecting spatial interaction. It is also formulaically identical to the doubly constrained
spatial interaction model, but with specific interpretations of the origin and destination
weights as ‘population’ and ‘opportunity’, respectively.

As Wilson explicitly noted, origin and destination weights defined in the spatial
interaction model can be defined using any unit. Accessibility, however, is often presented
and understood as a zonal summary of potential for interaction between origins and
destinations that contain inherently different units. Arriving at the doubly constrained
case through the unconstrained, total, and singly constrained cases make the connection
between the potential for spatial interaction (accessibility) and realized potential for
spatial interaction more interpretable. Namely, by demonstrating that these members of
the accessibility family all derive from the same root and can be derived from Wilson’s
original formulation, this more clearly demonstrates what potential is, within the context
of spatial interaction modelling.

Namely, potential depends on the framing of the masses at the origin and destination,
and how similar they are in their units. The appropriate constraint should be decided
based on the the input data and their similarity. In increasing unit similarity from the
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perspective of opportunity-constraint: the total-constraint can be used if population
(origin mass) is not known, the single constraint can be used if population is known and
matters to potential but it does not match the capacity of opportunities, and lastly, the
double constraint is appropriate if population is known, matters and population matches
the capacity of opportunities. These constraint measures can reflect the opportunities
accessible at each zone, but reflects the assumptions embedded in the input data about
the potential to spatially interact.

A multimodal version could be defined by solving the multimodal singly-constrained
balancing factors A7" and By simultaneously. However, we do not pursue this approach
here in this work. As discussed earlier, the doubly-constrained accessibility measure is
equivalent to the doubly-constrained spatial interaction model, one that models realized
spatial interaction flows rather than ‘potential’. Since accessibility is fundamentally
about potential access, not realized flows, this extension falls outside the scope at this
moment.

2.8 Chapter conclusions

In this chapter, balancing factors are introduced akin to those used in Wilson’s family
of spatial interaction models. They are formulated to incorporate system-wide or zonal
constraints (i.e., knowns) to accessibility. Four cases of the family are outlined: uncon-
strained, total constrained, singly constrained and doubly constrained. Variants of each
case (i.e., either accessible opportunities, or accessible populations), along with their
multimodal extensions, are mathematically formulated and solved assuming a simple
toy example.

The constraining constants, depending on the case (i.e., total, singly- or doubly- con-
strained), restrict the degree of potential, linking accessibility (the potential for spatial
interaction) with access (spatial interaction) on the same continuum based on the con-
straint used. This chapter also discussed how popular measures such as the one used in
Hansen (1959) and the 2SFCA link into the family of accessibility measures. The family
of accessibility measures, as follows.

We first place the popular Hansen-type accessibility measure (Hansen, 1959) within
this family of measures as an “unconstrained” case, demonstrating that resulting values
cannot be directly compared across different travel scenarios without ad-hoc adjust-
ments. We then show how applying a total constraint balances the units and produces
a statistically averaged solution that converges to the regional average for each zone as
the decay effect decreases. In other words, the total-constraint model could be a more
interpretable alternative for the unconstrained case if population-competition is not rel-
evant and one is interested in capturing the maximum potential; specifically, if there
is a fixed number of opportunities in the region, and if it makes sense to assume that
people accessing proximate opportunities leave fewer for others, without considering the
population size at the origins.
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We then introduce the singly constrained case, which does takes into account the
population size at the origin in the allocation of opportunities (unlike the total con-
straint). It is also mathematically equivalent to the spatial availability introduced in
Soukhov et al. (2023). In this case, all accessibility values are fixed to sum to a known
zonal opportunity-size value (implicitly, the regional total of opportunities), but they are
not required to sum to any population-based values at the zone or regional level. The
singly constrained model could be useful if regional competition is a factor and if the
acknowledgment that only a finite number of opportunities can be allocated from each
destination (with those allocations distributed based on origin population size) is suit-
able. We also introduce an ‘accessible’ PPR (e.g., opportunities per capita), calculated
by dividing each accessibility value by the zonal population. To clarify, this per capita
expression of the singly constrained case is equivalent to the 2SFCA (Luo & Wang, 2003;
Q. Shen, 1998), hence linking this literature back to spatial interaction principles.

Lastly, the doubly constrained case is introduced. In this case, the sums must equal
both the regional total and ensure that no zone allocates more opportunities than it has
available. Specifically, accessibility values for each i-j pair must be a proportion of he
zonal opportunity and population values simultaneously. For example, the accessibility
at zone 1 must equal the sum of opportunities from zones 1, 2, and 3, as well as the sum
of the population at zone 1. Satisfying the double constraint means the opportunities
and population data must match one-to-one, so working with the accessibility i-j pair
values should be of interest. In this sense, the research question should be concerned with
‘access’ (how many opportunities accessed from j at i based on given zonal opportunities
and populations) instead of potential spatial interaction (e.g., typically expressed as a
zonal summary measure of how many opportunities one could reach (out of a regional
total and/or zonal-allocation).

In summary, building on Wilson (1971)’s foundational work, this chapter proposed a
unified framework for accessibility that is able to account for competition. By reintroduc-
ing Wilson’s proportionality constant, the proposed family of constrained accessibility
measures restores measurement units to accessibility estimates. This enhancement pro-
vides a more interpretable, consistent, and theoretically grounded basis for accessibility
analysis, which could help advance the adoption of accessibility-oriented planning.

With the aim of demonstrating how the family of accessibility measures may im-
prove interpretability planning for accessibility-oriented planning, the following chapter
outlines an empirical example of the population and parkland in the City of Toronto.
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Chapter 3

Empirical data and methods: a
case study of Toronto’s
accessibility to parks

3.1 Overview

Urban greenspace has many benefits for residents and the environment, and hence has
been the focus on equity and justice oriented accessibility analysis e.g., (El-Murr, Robil-
lard, Waygood, & Boisjoly, 2021; Jasso Chavez, Boisjoly, & Manaugh, 2025; S. Li et al.,
2024) Access to greenspace has been linked to wellbeing, higher rates of physical activity,
and contributes to reducing urban island heating as well as mitigating carbon pollution
in combating climate change. Parkland, or greenspace that is owned and operated by
a locality, can then be framed as a public good. In this way, the spatial accessibility to
parkland should be concerned with ensuring it is distributed in an equitable way.

In this chapter, the empirical example of parkland city of Toronto will be detailed,
including the spatial resolution of the zoning system and the residing population, the
assumptions associated with calculating parkland entrance points, and the assumed in-
teraction with parkland area. Following the data descriptions, the total constrained
accessibility measures which treat parkland area as opportunities (destination mass)
and people as population (origin mass) are briefly summarized.

Of important note: the selection of this empirical example and the discussion of the
normative assumptions related to modal travel to parks was inspired by conversations
with staff from the City of Toronto. Staff are actively developing frameworks for bench-
marking and assessing the equity of transportation-related policies. Furthermore, all
data used in the empirical example is retrieved from openly available sources. However,
some data used was edited by the city staff (as attributed) or was calculated using as-
sumptions the city staff were agreement with. Moreover, all opinions are those of the
author, and not endorsed by anyone else.
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3.2 Data

3.2.1 Origins: the dissemination block and associated census data

The most disaggregated level that census variables (e.g., household income, proportion
commute mode) is available is the level of the dissemination area (DA). Census zoning
systems are designed by Statistics Canada to represent the population’s socioeconomic
characteristics as homogeneously, with disaggregated systems (like the DA) requiring to
nest within more aggregated systems while remaining a relatively compact geographic
size (Statistics Canada, 2021a). The interquartile range of population represented within
a DA in the Toronto metropolitan area is between 441 and 836 people. In terms of area,
each DA represents an interquartile range between 0.0732 sq km to 0.2322 sq km.

However, population data is available at an even more disaggregated level, the dis-
semination blocks (DB). The DB is an artifact of the road network (Statistics Canada,
2021a), with between 2 to 5 DBs being typically nested within one DA . The more ac-
curately the origin point represents the known residing population, the more precisely
the routed travel time and consequently the accessibility results and their underlying
assumptions, can be understood. The highest available level of spatial disaggregation is
typically preferred to minimize issues associated with the modifiable areal unit problem’s
scale effect (Zhang & Kukadia, 2005).

For these reasons, DBs serve as the unit of analysis, with routing performed using
a representative point for each DB. Each DB point reflects the population-weighted
centroid calculated according to Statistics Canada’s methodology which uses dwelling
address points as a proxy for population (Statistics Canada, 2021b). Although Statis-
tics Canada provides population-weighted points at the DA level, DB-level points are
not available. The City of Toronto staff therefore generated population-weighted DB
centroids using the following methodology (inspired by Statistics Canada’s method) and
shared them with the author on May 2, 2025: (1) DBs without dwelling address points
used geometric centroids; (2) for DBs with one or more dwelling address points, the
dwelling-weighted mean center of address points was calculated, with manual adjust-
ment to ensure the point fell within DB boundaries when necessary.

To contextualise the Toronto metropolitan area, the population (per DB) and the
associated DA boundaries plus the cities that make up the Toronto metropolitan area
are visualised in Figure 3.1.

Two other important zoning systems for the city of Toronto are worth including. First,
the city’s former municipal boundaries. The modern City of Toronto is an amalgamation
of six former municipalities. These boundaries, along with their names, are shown in
Figure 3.2, overlaid on DB-level population density.

Another commonly used zoning system, offering a slightly coarser spatial resolution,
is the neighbourhood. Toronto contains 158 neighbourhoods, defined by the City staff for
planning purposes. These are illustrated in Figure 3.3. In addition to their geographic
boundaries, neighbourhoods have also received a classification by the city, occasionally
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FIGURE 3.1: Map of Toronto CMA with population per DB from the
2021 Census
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FI1GURE 3.2: Map of the City of Toronto’s former municipal boundaries
atop DB level population from the 2021 census

used for policy or program initiatives. This classification includes either: a Neighbour-
hood Improvement Area (NIA) (33 neighbourhoods), an Emerging Neighbourhood (EA)
(10 neighbourhoods), or neither (the remaining 115 neighbourhoods). These classifica-
tions are based on a composite index developed by the City, incorporating indicators of
population marginalization and neighbourhood infrastructure. The index includes fac-
tors such as economic opportunity (e.g., unemployment rates), social development (e.g.,
high school graduation rates), civic participation (e.g., voter turnout), infrastructure
(e.g., walkability, availability of community spaces), and health outcomes (e.g., prema-
ture mortality) (City of Toronto, 2014, 2024). Overall, between both plots, it is notable
that higher residential density is concentrated near the lake in Toronto’s downtown core.
Most NIAs are found in the eastern and northwestern parts of the city, and tend to have
lower population densities, though a few high-density NIAs also exist downtown.

And lastly, the Figure 3.4 displays the calculated DB population-weighted centroids,
used as the representative points of the origins in the accessibility analysis. There are
13322 points within the City, with a spatial clustering in parts of the city with higher
population density (i.e., downtown).
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FicURE 3.3: Map of the 158 Toronto neighbourhoods, with 'Improve-

ment’ classification and population density from the 2021 Census
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FIGURE 3.4: Map of the City of Toronto’s DB weighted centroids atop
the population density from the 2021 Census
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FIGURE 3.5: Map of the City of Toronto’s Parkland (with paths or no
paths) atop the population density from the 2021 Census

3.2.2 Toronto parkland destinations and normative travel behaviour

Parkland is defined as city operated and/or owned ‘parks’ identified in the greenspaces
shapefile available through the city’s official Open Data portal (City of Toronto, 2025).
These are the same park assets that are identified as part of the Parkland Strategy report
commissioned by the City of Toronto (City of Toronto, 2019, p. 20). This report serves
as a guideline for assumptions made regarding park classification and interaction catch-
ments based on park classification. Toronto’s parkland is visualized in Figure 3.5. Of
note, other Open Spaces include in the greenspaces shapefile are federally or provincially
owned /operated spaces, school yards, cemeteries, and hydro corridors. These spaces are
not assumed to be Toronto operated and/or owned parkland, hence are not included in
this analysis. These greenspaces are reflected as ‘no population’ DBs.

As retrieved from (City of Toronto, 2019, p. 15), the parkland can be categorized by
size: ‘Parkette’ (<0.5 ha) (40% of all parks), ‘Small Park’ (0.5-1.5 ha) (20%), ‘Medium
Park’ (1.5-3.0 ha) 16%, ‘Large Park’ (3.0-5.0 ha) 9%, ‘City Park’ (5.0-8.0 ha) 5%, and
‘Legacy Park’ (>8.0 ha) 10%. Interaction with parks can be assumed in a variety of
ways, but in this analysis, it is normatively (A. Paez et al., 2012) defined based on the
park classification catchments described in City of Toronto (2019) as well as assumptions
associated with the mode: as outlined in the following section.
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How parks can potentially be accessed is assumed based on their entrances. Entrances
are not explicitly available, so they are assumed. They are calculated based on the
parkland edge intersection with each path within the park itself or intersecting the park
edge. 4 of the the 1607 parks have paths, each with anywhere between 1 to 84 (median
of 2) entrances. The remaining 1603 parks do not have paths, and hence their entrances
cannot be precisely assumed. Parks without an entrance are significantly smaller in area
(i.e., median of 0.24 ha as opposed to the median of area parks with paths which is 1.43
ha). Upon visual inspection using Google Maps streetview, parks with no paths often
contain a playground, some sport amenity or gardens within the center. Some of them
are unfurnished -containing only mowed grass. For these parks with no internal paths,
it is assumed then that these spaces can be entered from any direction and that the
geometry centroid is the point of interest calculated and assumed as the entrance point.
This point is snapped onto the transportation network based on an origin’s shortest
path, as will be later described in the routing subsection.

As a visualisation, Figure 3.6 contains a panel of three DAs in Toronto, each displaying
the roads, parks, and assumed park entrances. Readers should note that in the first two
panels, these parks contain multiple entrance points, corresponding to where the edge
of the paths within the parks intersect with the edge of the park boundary. These plots
showcase different DAs that represent the diversity in DA size and park composition
across the city. The first plot showcases a relatively small DA, near the downtown
core of the city featuring high density of population, other amenities and multimodal
transportation systems. This DA is unique in the area, as it features a large planned
‘Legacy’ park by the name of Christie Pits. Planned parks are typically square or
rectangular and can be accessed from most of the sides. They are also contained within
the city in all areal sizes. The second plot contains a larger DA, north of downtown, that
contains a few parks and near higher density suburban built form. One is the Roycroft
Park Lands, a large ‘City’ (smaller than Legacy), part of the Don River wetlands with
maintained trails, enjoyed as nature reserve. Note its long shape and minimal number
of entrances. Natural parklands like Roycroft Park Lands are common along wetlands
and other preserved natural spaces; they are typically larger in size (Medium, Large,
or City parks) hence offer a lot of parkland space to those near their entrances. In the
third plot, the DA is also large but with lower density suburban built form, and mostly
residential. It contains only one small park: Pleasantview Park. This park contains no
internal pathways, a playground in the middle of the park with no other amenities.

3.2.3 Origin to destination routing and trip lengths

Routing of travel times was done using the travel time matrix() function in {rbr}, an
R package that provides an R-interface for the Java-based R5 Routing engine (R. H.
M. Pereira, Saraiva, Herszenhut, Braga, & Conway, 2021). The function was run four
time, one for bicycle, car, transit and walking modes, producing four separate travel time
matrices. Each origin destination pair has an associated shortest travel time, selected by
the function based on all possible origin destination routes given the input road network
(and transit schedule, for the transit mode). The road network is an edited version of
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FIGURE 3.6: Three DAs featuring parkland, road network by OSM tag,
and park entrances. From top to bottom: planned Legacy park Christie
Pits near the downtown core, parks north of the downtown core preserving
natural space, and planned park with no paths in a more suburban DA.
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OpenStreetMaps (OSM) street network (December 9, 2022) and edited General Transit
Feed Specification (GTFS) files (February 4, 2024) for transit operating within the City
i.e., GO (regional commuter train and bus service), TTC (local subway, lightrail, and
bus network), and the UP Express (regional commuter train line). The files were edited
by city staff to more accurately reflect access into TTC subway stations and reflect the
transit schedule for the week of February 4 2025.

Concerning the inputs for the ‘travel time matrix()’ function for all modal travel
time calculations: the origins are the DB weighted centroids (13322 locations), the
destinations are points representing the 1607 parks and the OSM road network were
used. Some parks have multiple pieces, separated by the road network: in total, there
are 1958 park pieces, each with between 1 and 68 path entrances (median 3 entrances)
or 1 park piece centroid. In total, there are 6274 possible destination points (5724 path
entrances and 550 centroids) for each of the 13322 origins.

For the motorized modes, a maximum travel time of 120 minutes was selected. For
transit, the GTFS files and a departure time of between 11:00-11:15am (i.e., a 15 minute
departure window) on February 8th 2025 was used, to reflect a Saturday afternoon
transit schedule. Travel speeds reflect the posted speeds and intersections as gleaned
from the OSM road network, and for transit, the scheduled transit arrival times at stops
according to the GTFS file. For non-motorized modes, a maximum travel time of 30
minutes was selected, and the default travel speeds of 3.6 km/h for walk and 12 km/h
for cycling was assumed. The travel time thresholds of 120 minutes and 30 minutes was
set to normatively reflect the likelihood to travel to parks, by mode.

It is worthwhile summarising the multimodal travel time matrices. Notably, within
a 120 minutes trip by motorized modes, the majority of DBs can reach all parks by car
(with exception to the 6 on the Toronto Islands, inaccessible by car) i.e., the median DB
can reach 1601 out of the 1607 parks, while the most isolated can still reach 184 parks.
By contrast, within a 120 minute trip or less by transit, a median DB can only reach
1116 parks, with the most central DB reaching 1539 parks meaning 4% of parks are
feasibly unreachable by transit for DBs in the City of Toronto. These parks are located
at the edges of the city. Comparing this modal ‘reach’ to the lower range non-motorized
modes, the number of parks reachable by foot or by cycle within 30 minutes from a DB
is much lower: a median DB can only reach 15 parks (max. 61 parks for the most central
DB) by walking and 86 parks (max. 295 parks for the most central DB) by cycling.

Concerning routing assumptions: for all parks with assumed path entrances, it proved
illuminating to compare travel times to park centroids versus park path entrances as a
sort of sensitivity test for this assumption. So, for the 1204 parks with known path
entrances, centroids were also computed and travel times from all DBs to all centroids
were calculated. This comparison highlights the impact of the R5 routing algorithm,
namely, how the routed travel times differ depending on how the destination points are
‘snapped’ to the nearest road segment (i.e., either as path entrances or centroids that
need to be snapped to the road network). Figure 3.7 and Figure 3.8 demonstrate the
relationship between the minimum travel time used in the analysis for each parks with
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FIGURE 3.7: Scatter plot of car and transit travel times from origins to
destinations by destination type for each park (either mininum median
travel time to park centroid, or minimum median travel time to park
entrance).

path entrances and the travel time if its centroid point was used, along with a 45 degree
dashed line representing an exact linear relationship.

Concerning the motorized modes in Figure 3.7), the relationship appears to be roughly
linear, with centroid times being consistently lower than path entrance times—except for
a few parks that fall to the left of the dashed line. Parks with entrance times that are
larger than their centroid times have entrances that are not in opportune positions on
the network relative to the snapped centroid point, and vice versa for entrances that
have lower travel times than their centroid points which is often the case. Transit shows
a similar trend but with more noise, specifically: a few parks exhibit exceptionally high
transit times relative to their centroid times. These are typically larger parks where
the centroid snaps to a location near access points to the transit system, but the path
entrance is not in proximity to those opportune system access point.

These differences highlight differences in routing assumptions between modes. Specif-
ically, the road network for cars is assumed to be continuous and can be entered/exited
at any point. This is not the assumption for transit. Specifically, the time for parking
and getting from the parking spot to the destination is not considered whereas the time
to access and exit the transit system via public transit stops is considered. In this sense,
the travel times using public transit is more heavily penalized than car travel times,
and this difference in penalty becomes more clear when comparing centroid and path
entrance travel times. This presents a limitation on the accuracy of results that should
be kept in mind.
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FIGURE 3.8: Scatter plot of cycle and walk travel times from origins to
destinations by destination type for each park (either min mean travel
time to park centroid, or to min mean travel time to park entrance).

Figure 3.8 captures the comparison between the non-motorized mode travel times,
which exemplifies a similar pattern as the motorized modes. Namely, centroid travel
times are typically longer than path entrance points in a linear relationship. However,
unlike transit and car, travel by bike and walk demonstrate different levels of noise. As
the travel time threshold is 30 minutes, distance can be traversed at a faster rate by
bike than by foot, hence differences in distances between the path entrance point and
the snapped centroid is less impact on the estimated travel time for bike mode.

Furthermore, it is worth mentioning that all routed travel times assume uncongested
travel times (i.e., posted road network speeds and/or scheduled transit departures).
Travel times are likely optimistic for all modes, though the level of optimism and how it
may translate into gains in multimodal accessibility likely varies between modes. As real
time travel times are unavailable, this is another limitation on the accuracy of results
that should be kept in mind.

Lastly, the compared path entrance points with their assumed centroid points reflect
differences in travel times for parks that actually contain path entrance points. These
parks are inherently different than parks with no path entrance points i.e., the parks
we are interested in understanding these effects for. As mentioned, parks with no path
entrance points tend to be smaller in size (i.e., parkettes, small parks, medium parks).
And as observed in Figure 3.7 and Figure 3.8, these park classifications tend to yield
travel times that are more similar. It is likely then that the use of centroid travel
times does not impact results in as drastic of a way as captured here, for this reason.
Nonetheless, the use of centroid points in the case of parks with no entrance paths is an
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assumption that should be considered when interpreting the results of this analysis.

Normative and empirical lengths of park-bound trips

A key component of accessibility is how the cost of overcoming spatial separation to reach
a destination is considered. As normative goals for planning modal parkland provision
have not been explicitly specified by the City of Toronto, assumed normative trip lengths
are defined. This definition is based on my adhoc discussions with city staff and using
distance catchments based on park size classifications from the City of Toronto (2019)
report.

It is assumed that the smaller parks, i.e., parkette (<0.5ha), small parks (0.5-1.0 ha),
and medium parks (1.5-3 ha) offer a service coverage of only 0.5km, 1.0km and 1.5km,
respectively. Meaning, people are only likely to interact with the park within this travel
distance. This assumption has to do with the qualities these parks possess, and the
availability of similar parks in the area: namely, these smaller parks are often located in
residential neighbourhoods, evenly spatially distributed, and often offer no exceptional
amenity that cannot be substituted by another similarly sized park nearby as inferred
from City of Toronto (2019). For larger parks, such as large parks (3-5 ha), city parks
(5-8 ha), and legacy parks (8+ ha), their service catchments are larger as they are more
unique, attractive, and harder to substitute parks, as inferred from the City of Toronto
(2019) report. Large parks are assumed a service coverage of 3km and city and legacy
parks are assumed to be attractive, and hence cover, the whole city.

Hence, normative trip lengths in this dissertation are assumed to vary by park classi-
fication (as defined in City of Toronto (2019)), travel mode, and for the sake of commu-
nicability. It should be noted that this strategy is not the only possible approach; the
City is due to develop a revised parkland strategy that may adopt different and more
nuanced normative assumptions.

In other words, the following normative travel impedance functions are set based
on trip lengths that are seen as acceptable and easy to communicate. It is assumed
that (1) non-motorized travelers are assumed not to travel over 15 minutes to any park,
this includes all walking and cycling. For reference, 0.5 km travel distance (i.e., the
‘catchment’ of parkettes) approximately translates to 8 mins of walking or 3 mins of
cycling based on median routed travel speed. (2) transit users can access all types of
parks, but based on a negative exponential distance decay function (f(c;;) = e 00%¢).
This function was selected as it yields a median travel time of approximately 30 minutes,
meaning that half of the total weight of the travel impedance function (representing
the spatial separation between people and parks) comes from trips between 0 to 30
minutes, and the other half comes from trips between 30 to 120 minutes. The function
captures the idea that the deterrent effect of distance increases gradually, assigning
progressively less ‘spatial interaction’ weight to more distant parks, even though they
remain reachable. (3) Car users are assumed not to travel to smaller parks (i.e., Parkette,
small and medium parks) at all, and as such, these parks are excluded from accessibility
results for the car mode. For larger parks (i.e., large, city and legacy parks), car travel
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impedance is assumed also based on a negative exponential distance decay function,
but with parameter —0.04 (f(c;;) = e=%94¢4), twice as steep as the transit impedance
function. This reflects a stronger deterrent effect with increasing travel time. Namely,
with a median travel time of approximately 17 minutes, trips that are between 0 to 17
minutes are assigned half the weight of the travel impedance function and the remaining
half is diffused across trips that are between 17 minutes to 120 minutes. Destinations 120
minutes are considered effectively unreachable, with the function modeled as 0 beyond
this point for both transit and car modes.

These assumptions on interaction with parks and trip lengths by mode have equity
implications:

e Smaller parks are assumed to only be attractive to, hence accessible for, non-
motorized and transit users.

o For larger parks which can be reached by all modes, car mode has the largest range
and has a steep decay and relatively low travel times, meaning it may provide
favourable spatial separation weight, relative to other modes.

e Travel impedance for transit users is penalized more gradually, assuming broader
reach to all park types.

¢ Non-motorized users reach is constrained practically: they are assumed not to
travel beyond 15 minutes.

o For parks in less densely populated areas, i.e., with travel times by sustainable
modes beyond 15 minutes, accessibility will only be present for car users. In
sum, individuals in these areas who do not have access to a vehicle are effectively
excluded.

To summarise the modal m travel behaviour based on parkland classification type as
the resulting travel impedance functions f™(c}) in Table 3.1:

Park Type Car Transit Cycling Walking

Parkette 0V ¢y e~ 002, czt.;a”m 1 if ¢ < 15 min, else 0 1 if ¢ < 15 min, else 0
Small Park 0V ¢y e~ 002, czt-;a“m 1if ¢;; <15 min, else 0 | 1 if ¢;; < 15 min, else 0
Medium Park 0V ¢y e~ 002, czt-;a“m 1 if ¢ < 15 min, else 0 1if ¢ < 15 min, else 0
Large Park e~ 001, s e 0:02. et | 1if ¢ < 15 min, else 0 1if ¢ < 15 min, else 0
City Park e 001, s e 0:02. et | 1if ¢ < 15 min, else 0 1if ¢ < 15 min, else 0
Legacy Park | e 0:0%. in e—0:02. et | 1if ¢ < 15 min, else 0 1if ¢ < 15 min, else 0

TABLE 3.1: Normative travel impedance functions by parkland classifi-
cation and mode m

To reiterate, the trip length based travel time behaviour summarised in Table 3.1
are normative—they represent a statement about what should be considered a reasonable
travel time that defines parkland accessibility (A. Paez et al., 2012). In practice, however,
travel behaviour empirically may diverge from these normative statements. For example,
empirical data from the 2022 Transportation Tomorrow Survey of trips made for ‘leisure’
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FIGURE 3.9: Scatter plot of cycle and walk travel times from origins to
destinations by destination type for each park (either min mean travel
time to park centroid, or to min mean travel time to park entrance).

purposes by different modes in the Greater Toronto Area region, reveals different patterns
(Data Management Group, 2023). Figure 3.9 compares this normative travel behaviour
(green lines) from Table 3.1 with the TTS empirically derived curves (dashed lines).
For this analysis, the normative curves (i.e., Table 3.1) are used to define accessibility.
This will enable the interpretation of results in terms of what should be accessible via
each mode, according to planning goals, rather than what currently is based on observed
travel behaviour.

Origin-side and destination-side mode-share

In the multimodal extension of the singly constrained measure, the proportion of trips
from each DB is assumed to follow a given modal split. This is based on the 2022
Transportation Tomorrow Survey (TTS), which includes a sample of 232,555 leisure
trips (which include visits to parks, among other leisure activities) made in the city of
Toronto. Trips are grouped by mode as either transit, walking, cycling, or car. The
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survey data is structured as origin-destination flows and uses the Traffic Analysis Zones
(TAZ) system, consisting of 940 zones across the City of Toronto. Of note, the number
of zones is much fewer than the 13,322 DBs used as origins and the 1,607 parks used as
destinations. Unfortunately, this is the finest level of spatial and trip-purpose granularity
of the TTS that is publicly available.

For the accessible parkland measures (i.e., the variant reflecting accessible parkland
from an origin zone), origin-side modal splits from the TTS is retained. Each DB (the
most granular origin zone used in this work) is spatially linked to the T'TS zoning system
and inherits the modal split of the TAZ it intersects. However, not all DBs fall within
TAZs containing leisure trip data: some TAZs have no trips of this type that occur. In
such cases (specifically for 131 of the 13,322 DBs), the average modal proportions from
the parent DA were used. If no leisure trips were observed at the DA level, the average
for the corresponding Census Tract was used.

Through this approach, all DBs are assigned modal proportions that reflect the ob-
served mode split for leisure trips in the T'TS. These assigned proportions are shown in
Figure 3.10. Notably, areas with high walking shares align closely with the downtown
core and other built-up areas of the city, while these same areas display lower car mode
shares.

For the accessible population variant of the singly constrained measure, mode share
at the destination is required. This is interpreted as the proportion of parkland that
is accessible by each mode of transportation. Since detailed information about mode-
specific park capacities (e.g., availability of parking for cars or bikes) is unavailable, the
mode share of trips arriving at destination zones, again drawn from the 2022 TTS leisure
trip subset, is used as a proxy.

The method for assigning these mode shares to parks follows a similar approach to
that used for the described DBs. First, parks were spatially intersected with TAZs
(as destinations), and the modal split of trips arriving in those TAZs was calculated
and assigned to the corresponding parks. For parks located in TAZs with no recorded
leisure trips, mode share values were backfilled using average proportions from the larger
Planning Districts (16 in Toronto) associated with the TAZ zoning system. This was
necessary for 67 parks.

Figure 3.11 displays the average mode share of trips arriving at parks, grouped by
park size. Similar to Figure 3.10, Figure 3.11 demonstrates that car is the dominant
mode. Walking is the second most common mode, although its share decreases as park
size increases while car usage increases. Transit ranks third, and cycling consistently has
the lowest share.
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FIGURE 3.10: The proportion of leisure trips by mode on a scale from 0
to 1. Trips are gleaned from the 2022 TTS.
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FIGURE 3.11: The average proportion of leisure trips by mode arriving
to a destination zone, as summarised by parks and park size. Trips are
gleaned from the 2022 TTS.

3.3 Methods: constrainted and unconstrained accessibility
measures

In this section, the methods outlined in Chapter 2 are specified for this empirical case
study. Namely, the destination mass is defined as parkland area (opportunities) at the
destination zone Dj, the origin mass is defined as the number of people (population) at
the origin zone O;, and their mode-specific origin-side and destination-side shares are
defined in the their multimodal extension.

For Chapter 4, this includes:

1. Unimodal total constrained accessible parkland summarised per each DB ViT;
All people to all parkland by walking is assessed: all people are assumed to walking.
Each zonal value can be interpreted as “how much parkland area is potentially
reachable by the walking-population?”. It is also presented as a ‘parkland supply
provision’ ratio of parkland per population.

2. Unimodal total constrained accessible population summarised per park M JT ; the
transpose of VI. Namely, all parkland to all people by walking will be assessed.
Can be interpreted as “how much walking-population is potentially reachable?”
from each park. Is presented as a potential population ‘service catchment’ or a
ratio of population potential per parkland area.

3. The first two measures are compared to a unimodal unconstrained accessible
parkland summarised per each DB ViO and accessible population summarised
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per park M f, representing the traditional accessibility measure calculation method.
Like the other two, all people (assumed to be walking) to all parkland are assessed,
however the interpretation is different: instead the value is proportion to the “the
proportion of parkland area that is potentially reachable by the population from
this park” and proportional to “the proportion of walking population that is po-
tentially reachable by the park”. No ‘parkland provision’ or ‘service catchment’
ratios can be meaningfully calculated using these traditional methods.

For Chapter 5, additional information concerning the modes m is introduced,
namely: 1) the population at each origin DB is split to represent ‘walking’, ‘cycling’,
‘transit’ and ‘car’ modes based on observed TTS data, with their associated travel cost
cii to parkland and travel impedance function f™(cf}). And 2) the parkland at each
destination is split to reflect the likelihood that they’ll be visited by mode. This split is
based on the parkland normative classification, namely that small parks are attractive
based on walking and cycling impedance, while larger parks are attractive based on all
modal impedance. The following measures are solved:

1. Multimodal singly constrained accessible parkland summarised per mode and
each DB Vims . All values can be interpreted as the proportion of parkland that
is accessible as a function of the multimodal population and multimodal travel
impedance for the specific-mode using group at 1.

2. Multimodal singly constrained accessible population summarised per mode and
park destination M ;TLS ; Can be interpreted as the proportion of population that is
accessible as a function of the multimodal parkland (i.e., magnetic quality associ-
ated with the park) and associated parkland travel impedance for the specific-mode
using group at j. This value is also presented as a potential population ‘service
catchment’ or a ratio of population potential per m-type of parkland area.

3. The first two measures are compared to unimodal unconstrained accessible park-
land calculated for each mode summarised for each DB V° and park M ]Q , repre-
senting the traditional approach to calculating multimodal accessibility measure.
VY values are interpreted as parkland-area-modal-travel-impedance-value, or pro-
portion to “the proportion of parkland area that is potentially reachable by the
mode-using-population from a zone”. No ‘parkland provision’ ratio can be mean-
ingfully calculated. Similar case for the interpretation of M JO and the inability to
calculate a meaningful population ‘service catchment’ ratio.

And as a summary of the mathematical variables, across all equations in this empirical
case study, the following definitions apply:

o FEach zone can be either origins ¢ or destinations j in the same system. However,
in this empirical case is and js are distinct, but still within the same system (city
of Toronto). Each i is a dissemination block (DB) and each destination is a park

7]
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m is an index indicating the type of multimodal quality of either the origin-zone-
mass (population) or destination-zone-mass (parkland); m is either “walk”, “cycle”,
“transit” and “car”.

o f(cij) is the function of the cost of travel expressed in travel time ¢;; from i to j.
In the multimodal variation, f™(cj}) is defined for different ms (e.g., travel time
and the travel function from an origin to a destination for “walk” is distinct than
“C&I‘”)

e the destination zone attraction mass VVj(2) is the number of opportunities (i.e., the

parkland in hectares at a park j); A multimodal expression of this mass is expressed
as W]m @ When Wj@) refers to a known marginal in a zone (i.e., parkland area at
a j that is allocated or used for allocation) it is denoted as D;. When the 3 WJ@

is of interest, it refers to the known total destination-mass marginal sum in the
region D (i.e., total parkland area in the city that is allocated).

e the origin zone production mass I/Vi(l) is the number of population (i.e., the pop-

ulation at a DB 4); A multimodal expression of this mass is expressed as Wzm(l).

When Wz-(l) refers to a known marginal at the origin zone (i.e., population at a i
that is allocated or used for allocation) it is denoted as O;. When Wi(l) is of

interest, it is the known total marginal sum in the region O (i.e., total population
in the city that is allocated).
3.3.1 Methods for Chapter 4: unimodal accessibility

Unconstrained accessible parkland and population: proportional to the sup-
ply of parks and people reachable weighted by travel impedance

A summary of Vz'g for each ¢ is:
2
J J

Where Vlg is the number of parkland-area- fwalk(c”;‘;alk) at each ¢ from j. It can be
summarised for each i and hence V) is equivalent to Hansen’s accessibility S;.

Likewise, the concept of market potential M ]Q expressed as a transpose of Vi(j)-:
1
MY =3 M =3 W () (3:2)
i i

Where M]Qi is the number of population- fwalk(c’;‘;alk) at each j from 7. It can be

summarised for each j and hence expressed as M JQ.
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Total constrained accessibility:

This member of the family of accessibility measures should be used when information
that justifies constraining the opportunities (or population) at each zone is unavailable,
leaving only the justification of allocating the regional total (of opportunities in the case
of accessible opportunities or population in the case of accessible population).

In the variant of accessible opportunities, this situation arises when opportunities
are not zonally competitive, that is, they can be freely allocated to zones based solely
on travel impedance, without accounting for zonal demand of the population. In effect,
this measure assumes the population demands the opportunities uniformly across each
zone.

Similarly, for accessible population, this variant should be applied when population
is treated as non-competitive. This measure freely allocates the total population to
opportunity zones based on travel impedance, without considering the capacity or supply
of those zones in terms of opportunity supply. This measure assumes the population is
uniformly “supplied” to opportunities throughout the region.

Accessible parkland: constrained to the total supply of parkland. The total
constrained accessible opportunities measure V;I' now becomes Hansen’s accessibility
with a balancing factor K7:

V=3V = KT W fley) = KTV (33)
j j

Where:

o VZJT is the parkland area accessible at ¢ from j that can be summarised as the
parkland accessible at i V,T;

« KT is the balancing factor reflecting the total constraint (Equation 2.14), i.e.,

ensuring that the sum of all the accessible parkland area is equal to the total
(2)

kland in the cit S VE =, vI =D ; that t
parkland in the city (35;>2; V;; Vi ) 55 W) at serves to
proportionally allocate the opportunities D in the region and ensures units remain

balanced.

Put another way: VI sums all Vg for a specific i (i.e., VI = > VZ?) VI is linearly

proportional to the Hansen-type accessibility measure S; = WJ-(Q) f(cij). Furthermore,

V”T can be written to be equal to miTjD where the dimensionless proportional allocation
T _ W]@)f(cu)

KDY D wi? f(eiy)

communicating that each Vg is a proportion of D.

factor (k ) allocates D to each i corresponding to each j, explicitly
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Accessible population: constrained to the total demanding population. The
total constrained accessible population measure now becomes traditional market poten-
tial with a balancing factor K7:

MmI = Z ME= KT Z W fley) = KT MY (3.4)

Where:

o« M ]7; is the number of population accessible at j from ¢ that can be summarised as
the population accessible at j M ]T ,

o KT is the balancing factor reflecting the total constraint, i.e., ensuring that the sum
of all the accessible population is equal to the population in the city (3; > M ]7; =
(1)
MT =0 W;
23 M, ) > Wb f(eij)

O in the region and ensures units remain balanced.

that serves to proportionally allocate the population

As well, M }; can be written to be equal to /%;TFJO where the dimensionless proportional
7 _ W (ey)
o Wi F )

explicitly communicating that each M j:'; is a proportion of O.

allocation factor (& ) allocates O to each j corresponding to each i,

Singly constrained accessibility:

This member of measure should be used when we know more information: namely, we
know that the amount of parkland (or population) should be allocated based on the
origin-mass demand (or destination-mass supply). This builds on the ‘total constrained’
measure, where now the opportunities (or population) can be considered competitive (or
responding to competition).

So: in the variant of accessible opportunities, this variant should be applied when
opportunities are seen as zonally competitive, that is, they should be allocated to zones
based on the population’s zonal demand as well as travel impedance. This measure
assumes the zonal demand of the population and distributes zonal opportunities based
on this demand (and travel impedance).

Similarly, for accessible population, this variant should be applied when population
is treated as zonally competitive, that is, population should be allocated to zones based
on the zonal parkland supply as well as travel impedance. This variant assumes the
zonal population is allocated to zones based on their opportunity “supply” (and travel
impedance).

Accessible parkland: constrained to the total and marginal supply of park-
land. The singly constrained accessible opportunities measure now becomes a com-
petitive measure with a balancing factor B;:
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Vo = Z Vi = ZBijWG(l)f(Cz‘j) (3.5)
J J

Where:

o sz is the parkland area accessible considering population demand at ¢ from j. It
can be summarised as V;S : the parkland accessible at i;

e Bj is the balancing factor reflecting the opportunity constraint, i.e., ensuring that
the sum of accessible parkland area considering population demand Vlf allocated
from a specific j is equal to the parkland from that j (i.e., Equation 2.21: 3, V”S =
Dj). This constraint also satisfies the total constraint (Equation 2.14) and ensures
units remain balanced.

Vlf can be written to be equal to K,ijj where the dimensionless proportional allo-
s _ Wi
9w fey)
each i to j is a a proportion of D; and implicitly D.

cation factor (k ) allocates Dj to each 4, explicitly communicating that

Accessible population: constrained to the total and marginal demanding
population. The singly constrained accessible population measure now becomes tra-
ditional market potential with a balancing factor A;:

Where:

o« M ]-S; is the number of population accessible considering parkland supply at j from
1. It can be summarised as M j$ : the population accessible at j;

o A; is the balancing factor reflecting the population constraint, i.e., ensuring that
the sum of accessible population considering parkland supply Vlé\/l allocated from a
specific 7 is equal to the population from that ¢ (i.e., Equation 2.29: > Mﬁ = 0y).
This constraint also satisfies the total constraint (Equation 2.17) and ensures units
remain balanced.

M ﬁ can be written to be equal to /%;9]01 where the dimensionless proportional allo-

W fie:,
cation factor (/%ZS] = %)(C])
> W7 f(ei)

each j to ¢ is a proportion of O; and implicitly O.

) allocates D; to each j, explicitly communicating that

3.3.2 Methods for Chapter 5: Multimodal accessibility
Unconstrained accessible parkland and population by multiple modes

A summary of VZG”O for each i is:
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V=3V = W) (3.7)
J J

Where Vig-”o is the amount of parkland-area-f™(cj}) at each i from j for a specific m.
It can be summarised for each i and hence V;™ is equivalent to Hansen’s accessibility
S; calculated for a specific mode m.

Likewise, the concept of multimodal market potential expressed as a transpose of
Vi
J

M0 =37 ME° = ST W e (3.8)

i

Where Mj”;o is the number of population-f™(c;}) at each j from . It can be sum-
marised for each j and hence expressed as M Jmo‘

Both multimodal extensions V;™* and MjmO are not truly ‘multimodal’, as they are
not a function of all modes in the system.

Instead, an analyst must adjust the units post-calculation (e.g., scaling, normaliza-
tion) or select impedance functions to facilitate comparison across modes (potentially at
the expense of accurately reflecting travel behavior). Such adjustments may introduce
bias and/or adhoc methodologies. Hence, the raw unconstrained accessibility values
themselves are challenging to compare due to their units. However, V/** and M JT”O are
included as a point of comparison for the multimodal scenarios against the following ac-
cessibility measures (total constrained and singly constrained multimodal accessibility).

Total constrained multimodal accessibility:

The multimodal extension of this member of measure should be used when more infor-
mation is known about modes: similar to when one would use the unimodal version,
but now this information must be known for multiple modes m. In other words, the
multimodal extension should be used when it is known that the amount of parkland (or
population) should be allocated based on the origin-mass demand (or destination-mass
supply) and the matching marginal is qualified by m-specific travel impedance function
fmeg) -

The multimodal extension of the accessible opportunities measure variant of this
member should be applied when opportunities are seen as zonally competitive, that
is, they should be allocated to zones based on a m-specific split of population’s zonal
demand as well as its corresponding m travel impedance. This measure could reflect
the number of accessible parkland per m at an ¢ based on the allocation of parkland
from each j to the different m-populations at each i (and their associated m travel
impedance). In this empirical example, there will be four values per i, each reflecting
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the amount of parkland that is accessible for the ‘walking’, ‘cycling’, ‘transit-using’ and
‘car-using’ populations (different ms) given their different travel impedance (f™(cf})).

Similarly, the multimodal extension of the accessible population measure should
be applied when population is treated as zonally competitive, that is, population should
be allocated to zones based on the m-specific supply of parkland and their associated
m travel impedance. In this empirical example, there will be four m specific values per
park j, each reflecting the amount of population that is accessible for the ‘walking’,
‘cycling’, ‘transit-using’ and ‘car-using’ populations (different ms) given their different
travel impedance (f™(cj})).

Accessible parkland by modal-qualities of population: constrained to the to-
tal of parkland. The total constrained multimodal accessible opportunities measure
V™ now becomes a sort of multimodal composite Hansen’s accessibility with mode-
specific balancing factor K™

vt =3Vt = KW e (3.9)
J
Where:

. VZZ”T is the parkland area accessible at i from j for a specific m (either walking,
cycling, transit or motorist), a subset of the origin-mass (population) at that 4. It
can be summarised as the parkland accessible at i for a specific m V;mT;

o K™ is the balancing factor reflecting the total constraint (Equation 2.14), i.e.,
ensuring that the sum of all the accessible parkland area is equal to the total
w?)
kl in the ci S T ymT — D j
parkland in the city (3°,,>; Zg Vzg Yom i Vs ) S5 Zj W].(Q)fm(cg%)
that serves to proportionally allocate the opportunities D in the region and ensures
units remain balanced.

Vig”T can be written to be equal to ™7 D where the dimensionless proportional

ij
mT W, 2>fm<(0§ i

7‘ m m
! ZmZiZjo frie)

to opportunities at j, explicitly communicating that each V;’]”T is a proportion of D.

allocation factor (k ) allocates D to each m at i corresponding

Accessible population by modal-qualities of parks: constrained to the total
demanding population. The total constrained multimodal accessible population
measure VZ-mT now becomes a sort of multimodal composite market potential with mode-
specific balancing factor KmT..

M =N MET = KTw ) (e (3.10)
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Where:

. M}?T is the population accessible at j from i for a specific m (either walking,
cycling, transit or motorist), a subset of the destination-mass (population) at that
1. It can be summarised as M }”T, the population accessible at j for a specific m;

o KT is the balancing factor reflecting the total constraint (Equation 2.14) but
from the perspective of the sum of the total population marginal, i.e., ensuring
that the sum of all the accessible population is equal to t%l()s total population in the

: wt
Clty (Zm Zz Z_y M]TT = Em Z] M;nT - O) Zm ZZ Z;Wi(l)fm(cﬁ)
proportionally allocate the opportunities D in the region and ensures units remain
balanced.

that serves to

MJT’}T can be written to be equal to /%?}TO where the dimensionless proportional

w® pm(em
allocation factor (&7 G

to population at ¢, explicitly communicating that each M j";T is a proportion of O.

) allocates O to each m at j corresponding

Singly constrained multimodal accessibility:

This member of measure should be used when even more information about the modes
are known: namely, we know not only know the amount of parkland (or population)
that should be allocated based on the origin-mass demand (or destination-mass supply)
but also specific types of m at each i (or j) and their associated f™(cf}) that should
dictate this proportional allocation. This extension on the ‘total constrained’ multimodal
measure, where now the opportunities (or population) can be considered competitive (or
responding to competition) in a multimodal sense.

In the multimodal accessible opportunities variant, opportunities are seen as zon-
ally competitive, that is, they should be allocated to origins based on the m-population’s
zonal demand as well as their m specific travel impedance. In this empirical example,
there will four values per ¢, each reflecting the amount of parkland that is accessible for
the ‘walking’, ‘cycling’, ‘transit-using’ and ‘car-using’ populations (different ms) given
their different travel impedance (f™(cj})) and the proportion of their m-populations
themselves.

Similarly, for the multimodal accessible population variant, population is treated
as zonally competitive hence allocated to destinations based on the m-opportunity’s
zonal supply as well as their m specific travel impedance. In this empirical example,
there will be four m specific values per park j, each reflecting the amount of population
that is accessible for the ‘walking’, ‘cycling’, ‘transit-using’ and ‘car-using’ populations
(different ms) given their different travel impedance (f™(cf})) and the proportion of
their m-specific parkland themselves.
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Accessible parkland by modal-qualities of population: constrained to the
total and marginal supply of parkland. The singly constrained multimodal ac-
cessible opportunities measure now becomes a competitive multimodal measure with a
mode-specific balancing factor BJ™:

Vi = 2V = B DWI ) (311)
J

Where:

. VZZ”S is the parkland area accessible at i from j for a specific m (either walking,
cycling, transit or motorist), a subset of the origin-mass (population) considering
m-population demand at is and m-specific travel impedance.

+ B7" is the B; considering ms and reflects the opportunity constraint, i.e., ensuring
that the ), V;;”S (sum of accessible parkland area considering population demand)
allocated from a specific j is equal to the parkland from that j (i.e., Equation 2.21:
Yo i VI?S = Dj;). This constraint also satisfies the total constraint (Equation
2.14) and ensures units remain balanced.

VZZ-”S can be written to be equal to /{Z?SDJ- where the dimensionless proportional
mS _ Wim(l)fm(cﬁ)

ij Zm Zz Wim“)fm(C?})
communicating that each m at each ¢ to j is a proportion of D; and implicitly all sums
to equal D.

allocation factor (k ) allocates D; to each m at each 4, explicitly

Accessible population by modal-qualities of parks: constrained to the to-
tal and marginal demanding population. The singly constrained multimodal
accessible population measure now becomes a competitive multimodal measure with a
mode-specific balancing factor A"

M = 37 MIS = AFOW () (3.12)

Where:

. M}?S is the population accessible at j from i for a specific m (either walking,
cycling, transit or motorist), a subset of the destination-mass (opportunity) con-
sidering m-parkland supply at js and m-specific travel impedance.

o A" is the A; considering ms and reflects the population constraint, i.e., ensuring
that the >, M}?S (sum of accessible population considering parkland supply)
allocated from a specific i is equal to the population from that i (i.e., Equation 2.29:
Dom 2 M};‘S = O;). This constraint also satisfies the total constraint (Equation
2.14) and ensures units remain balanced.
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M}?S can be written to be equal to A™50; where the dimensionless proportional

Ji
m(2) tm( m
w! m
allocation factor (A7 = L ];(2()%)
! 2o 2 W)
communicating that each m at each j to ¢ is a proportion of O; and implicitly all sums
to equal O.

) allocates O; to each m at each j, explicitly

3.3.3 For both Chapter 4 and 5: Representing constrained accessibility
as a ratios

Referring to accessible opportunities, i.e., Vg & Vi;»"T, and Vlf & VZ;”S , are repre-
sented per capita and aggregated at different zonal levels to reflect potential parkland
provision:

Accessible parkland area per capita at a DB from the perspective of total constrained
accessibility:

VT
vi =5 (3.13)

Total constrained multimodal accessible parkland area per m per capita at a DB:

VmT
T
ol = (@)Zm (3.14)
Singly constrained accessible parkland area per capita at a DB:
Vo
S %
v = — 3.15
vl O/L ( )

Singly constrained multimodal accessible parkland area per m per capita at a DB:

VmS
,UmS _ Vg

K3 O;n

(3.16)

This can likewise be applied to market potential. Referring to accessible popula-
tion, i.e., summaries of sz; & Mj’Z]T, and Mﬁ & Mj’f;‘s , are represented per parkland
type and aggregated at different zonal levels to reflect potential population serviced.

Total constrained accessible population per parkland area at a park:

MT

T J
m; = —— (3.17)

i D,
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Total constrained multimodal accessible population per m per parkland area at a

park:
M

M3

S J
mS = I (3.19)

7 D

Singly constrained multimodal accessible population per m per parkland area at a
park:

M™S
mj" = Djm (3.20)

J

3.4 Chapter conclusions

This chapter includes all the City of Toronto population and parkland data included in
the accessibility analysis (chapters 4 and 5) as well as the restatement of accessibility
equations with respect to this case study.
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Chapter 4

Unimodal accessibility to parks in
Toronto

4.1 Overview

In this chapter, walking accessibility (i.e., unimodal) of parkland and population is
presented: where population is assumed to be all people at each DB and parkland is in
hectares per park. We adopt the normative impedance function for walking discussed
in Chapter 3, i.e., if a park entrance can be reached within 15 minutes of walking then
the park is assumed to be reachable and enters the calculation as a 1, and if not, it is
assumed full not reachable and enters the accessibility calculation as a 0.

In the first half of the chapter the focus is on accessible parkland area. Values of V0,
VT and V7 are expressed at the DB level and at the neighbourhood level. Then, the
accessible parkland per capita ratio is demonstrated, neighbourhoods are ranked and a
discussion is detailed based on ‘potential parkland service provision’ In the second half
of the section, accessible population M]O, MJT and MJS is presented per park and per
parkland area ratios at the level of the park itself and the neighbourhood is discussed as

the ‘potential population served’.

4.2 Accessible parkland (for the population)

Figure 4.1 demonstrates that the unconstrained, total constrained (i.e., without popula-
tion competition) and singly constrained accessible parkland (i.e., with population com-
petition). All three plots are binned by quartile: 0-25th, 25-50th, 50-7th, 75th-100th.
Light grey areas are DBs with 0 parkland accessibility. Grey DBs have population but
have no parkland accessibility, as their representative DB point cannot reach an as-
sumed parkland entrance within 15 minutes of walking. These grey DBs are often in
proximity to light grey DBs and typically are larger in area, contain limited pedestrian
infrastructure, and fewer connections into parks that are proximate.

Also in Figure 4.1, the total and singly constrained maps are shown in purple, reflect-
ing constrained values (i.e., units of accessible parkland area). Their quartile bins are
similar in magnitude, whereas the unconstrained plot’s quartiles are not nor are the units

91



Doctor of Philosophy— Anastasia Soukhov; McMaster University— School of Earth,
Environment and Society

Unconstrained

Parkland-ha-<15-min
0.0437-5.4004 (0-25th)

. 5.4004-12.295 (25-50th)

. 12.295-30.267 (50-75th)

. 30.267-1131.2563 (75-100th)

DB with pop & no access

No pop & no access

. Parks

Accessible Parkland ha
7e-04-0.0809 (0-25th)
. 0.0809-0.1842 (25-50th)
. 0.1842-0.4536 (50-75th)
. 0.4536-16.9524 (75-100th)

DB with pop & no access

No pop & no access

. Parks

Accessible Parkland ha
2e-04-0.0692 (0-25th)

. 0.0692-0.1707 (25-50th)

0.1707-0.4761 (50-75th)

. 0.4761-108.8331 (75-100th)

DB with pop & no access

No pop & no access

. Parks

FIGURE 4.1: Accessibility to parkland area per DB in Toronto.
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comparable (representing units of parkland-ha-<-15-minutes, a product of opportunity
and impedance function). Within a 15 minute walk, only 7632.922 hectares of Toronto’s
total 8037.547 hectares of parkland (i.e., 95%) are reachable and end up being included
in the accessibility calculations. Accordingly, the sums of the constrained accessibility
measures across all DBs equals 7632.922 hectares. The parks that remain inaccessible
vary in classification and assumed entrance type (centroid or edge). The characteris-
tics of these unreachable parks are discussed further in the following subsection on the
accessible population to parkland in Section 4.3.

Across all plots in Figure 4.1, DBs with no accessibility (i.e., light grey and grey)
are represented. These areas correspond to the airport lands (Pearson airport) in the
northwest; large indoor mall (Sherway Gardens) and the surrounding industrial and rail
yard in the southwest; and natural areas in the northeast, including Rouge National
Urban Park and the area surrounding Toronto Zoo, where protected lands, restrictive
zoning, and steep terrain may limit development. Similar conditions are present in the
city’s centre near the Don Valley and associated river system, where floodplains and
protected natural space restrict residential development.

Moreover, the total constrained plot in Figure 4.1 is proportional to the unconstrained
plot by KT. As reviewed in Chapter 3, mathematically K7 is the sum of parkland area
that can be walked to within 15 minutes (in ha) divided by the sum of total unconstrained
accessibility in the city (ggggﬁgg = 0.01498548). In this way, the total constrained
plot can be similarly interpreted as the unconstrained plot (i.e.,15-minute cumulative
opportunities measure) but in meaningful units: each DB’s value now represents the
amount of parkland area that can be accessed (out of the total parkland area). Because
the total constrained measure is directly proportional to the unconstrained accessibility
measure, areas of high and low access follow the same spatial pattern across both plots.
Since a 15-minute walk radius covers only a limited distance beyond a park, it can be
noted that DBs located within or adjacent to large parks appear in the top accessibility
quartile, while those near smaller parks fall into the lower quartiles. In this way, the
spatial pattern of the total constrained measure largely reflects the distribution and size
of the parks themselves.

Further inspecting Figure 4.1, the singly constrained plot contains 1.05 times more
DBs with no accessibility than the constrained plot (1865 DBs have no accessibility
instead of out of 1773 DBs out of the total 13322 DBs in the city). The singly constrained
measure accounts for both reachability (travel impedance) and population demand, so
this measure yields zero accessibility for a DB containing no population but that still
may be within a 15-minute walking distance of a park. Like the total constrained map,
the singly constrained plot can be interpreted as a spatial diffusion of parkland, but one
that reflects both travel impedance and population demand.

As both the total and singly constrained measures use the same set and distribution
of opportunities and travel impedance functions, they share similar spatial patterns
in Figure 4.1. However, they are still meaningfully diverge on account of population
competition (i.e., a Pearson correlation of only 0.5795688. As the singly constrained
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FIGURE 4.2: Grid heatmap of DB-level mean population per deciles,
total constrained accessible parkland area deciles and singly constrained
accessible parkland area deciles.

measure considers population demand, DBs with a relatively high population within
a 15-minute walking proximity to parks always have high singly constrained accessible
parkland, whereas this occurrence is only coincidental for the total constrained measure
as population is not an input variable. Figure 4.2 reflects this relationship between total
constrained, singly constrained and this third variable: population.

Regarding DBs with high and low population in Figure 4.2. Notably, DBs with high
singly constrained values and low total constrained values always have above average
population (i.e., pinks, above 500 people per DB). Conversely, DBs with low singly
constrained values always have low average population but can have any range of total
constrained values. In this way, considering population competition introduces more
variation in the results. Compared to the total constrained values, the singly constrained
values are more often zero, and tend to be lower (median is 0.17 for singly constrained
and 0.18 for total constrained) or higher (Q3 and max value of 0.48 and 108.83 for singly
constrained vs. 0.45 and 16.95 for total constrained).

Furthermore: the single constraint functions at a different scale than the total con-
straint. It allocates the area of each park to DBs that can reach it within 15 minutes,
whereas the total constraint simply allocates the total parkland area, irrespective of the
amount of area of the individual parks as long as the total constraint is satisfied.

This dynamic can be observed just west from the center of the city near the shoreline
in Figure 4.1 where the area is both relatively dense in population and well-served
by smaller to medium sized parkland. As a result, it shows lower singly constrained
accessibility values compared to total constrained values reflecting the adjustment for
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population demand. Put another way, areas over-allocated parkland area than what
the population demands when referring to the total constrained measure. In contrast,
further east along the shoreline, the population density is lower and the areas are rich
in parkland area. These areas consequently exhibit higher singly constrained than total
constrained values. Because population is low and green space is abundant, these areas
can be seen to have under-allocated parkland relative to their population demand.

The over- and under- allocation of parkland area is another way to discuss the differ-
ence between singly and total constrained accessibility. In Figure 4.3, the sum of Vlf and
V”T flows from each park are calculated and plotted alongside one another. Recall that
the sum of singly constrained flows to a park is equal to its actual area, since the singly
constrained factor proportionally allocates only the park’s land area to reachable origins.
This plot therefore illustrates how the total constrained measure allocates parkland area
compared to a park’s actual area. Parks above the red 1:1 line allocate more accessible
parkland than their actual area i.e., are more centrally located or more accessible within
the region. Parks below the line allocate less area than they physically contain, suggest-
ing they are more peripheral or less competitive. Interestingly, most parks fall below the
line, under-allocating relative to their size. However, a small number (especially among
the larger parks) allocate substantially more than their physical area.

The top three such parks in each size category are labeled in Figure 4.3. These
parks can be interpreted as having ‘over-allocated’ parkland, due to high desirability
(i.e. demand by the origin mass) or centrality (i.e., low cost). In summary: parks
above the line experience greater ‘spatial demand’ than parks below the line. Hence,
accessibility ij values from parks j above and below the line may be especially susceptible
to change depending on the constrained accessibility measure used. In essence, centrally
located parks over-allocate relative to their actual area, while peripheral parks under-
allocate—an imbalance that is corrected when population demand is incorporated in the
singly constrained measure.

In summary: both constrained measures offer insights that are more interpretable
than unconstrained accessibility. The total constrained measure is similar in spirit to
commonly used metrics like the 15-minute opportunity, but with a meaningful twist:
its units can be interpreted as accessible parkland area (in hectares or any area unit).
Furthermore, the total constrained accessibility measure also over- and under- allocates
relative to the amount of parkland area actually available from a specific park, echoing
the issue of ‘inflation’ discussed in competitive accessibility literature (Antonio Paez
et al., 2019; Soukhov et al., 2023). In contrast, the singly constrained measure also
offers the same enhanced interpretation of resulting values being in units, as well as
being a ‘competitive’ accessibility measure. It incorporates both population demand
and travel impedance, making allocation a function of both population demand for
opportunities mediated by travel impedance as well as travel impedance to opportunities
as the traditional unconstrained measure.
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4.2.1 Neighbourhood-level accessible parkland area

Another way of examining the accessibility data is by aggregating it to a spatial zon-
ing system with more meaning for policy: such as the neighbourhood. These areas are
City-designated ‘social planning neighbourhoods’ which are used by staff to collect data,
plan and analyse service provision (City of Toronto, 2024). Also each neighbourhood, as
reviewed in Chapter 3, is labelled with either an Emerging Neighbourhood (EN), Neigh-
bourhood Improvement Area (NIA), or neither classification; an additional dimension
in determining if the area is should be prioritized or not from the point of equity. In
the Figure 4.4, all Vg, Vg and Vg values are summed and presented at this level of
aggregation.

In Figure 4.4, the unconstrained values are not fixed to any meaningful zonal or
regional total whereas the sum of total constrained and singly constrained values equal
to all the amount of parkland area in the city. For instance, in the top quantile, dark
oranges represent 2737 ‘parkland-ha-<-15-min’ or greater, now summed at the area of
the neighbourhood. Whereas the top quantile in the total constrained measure represent
the 41 ha or greater that is accessible, directly in units of parkland area that can be
accessed out of the total parkland hectares. Summing all DBs within a neighbourhood
maintains this total constraint and hence this associated intuition.

The same logic can be applied to the singly constrained measure, but with the addi-
tional consideration of population competition. And like Figure 4.1, values between the
measures in Figure 4.4 share some commonalities: unconstrained and total constrained
measures still remain proportional (by K1), and the singly constrained values match to-
tal constrained values in DBs with and near population values that are relatively average.
Singly constrained values deviate when population is low (i.e., singly constrained values
are lower than total constrained) and population is high (i.e., singly constrained values
are higher than total constrained values). If the grid heatmap of these two measures and
population was reproduced at the neighbourhood aggregation, the general trends would
be similar as at the DB level.

However, the trends in the data are smoothed in this aggregation as shown in the
density distribution plots of the constrained measures under the different aggregations in
Figure 4.5. At both the DB and neighbourhood levels, the total constrained accessibility
distribution is right-shifted and more dispersed compared to the singly constrained mea-
sure. This indicates that parkland is allocated more evenly under the total constraint,
with fewer areas experiencing extremely high or low access. In contrast, the singly con-
strained measure shows a slightly more peaked and skewed distribution, reflecting local-
ized competition for limited park space. At the DB-level, accessibility measures are more
granular and variable, capturing finer differences in proximity and population competi-
tion. This results in a wider range and more extreme values, especially under the singly
constrained measure, which reflects localized demand. At the neighbourhood-level, ag-
gregating across DBs smooths out some of the variation and reduces some extremes.
While this can enhance interpretability at a policy scale, it may also mask pockets of
low or high access that could be critical. For this reason, examining patterns at the
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FIGURE 4.4: Acessibility to parkland area per neighbourhood and neigh-
bourhood classification in the city of Toronto.
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FIGURE 4.5: Density distribution of the constrained accessibility measure
values at the dissemination block and neighbourhood block. For both
aggregations, the datasets are truncated at top decible for the purpose of
visualisation.

lowest level of aggregation should be considered best practice, alongside summing to
zoning systems that have more significant meaning from a planning perspective (such as
Neighbourhood).

Furthermore: since DBs reflect the smallest units of population from the census (range
between 0 to 3375, median of 117 people), much smaller than the city-designed neigh-
bourhoods (which range between 6419 to 33690, median of 17024 people), the following
question may arise specifically for neighbourhoods: what is the accessible parkland ha
per neighbourhood population? This per capita measure is visualised in Figure 4.6.

In Figure 4.6, all three accessibility measures are shown, though the unconstrained
measure should be interpreted with caution. Since the unconstrained measure lacks a
constraint, the units (‘parkland-hectares<-15-minute’ divided by neighbourhood popu-
lation) are more complex to decipher. While neighbourhood population is a fixed and
tangible quantity (i.e., a known share of the total population), the amount of ‘parkland-
hectares<-15-minute’ is not similarly bounded or consistently defined across the region.
Hence, for a non-competitive yet interpretable alternative to the unconstrained measure,
the per capita total constrained accessibility (second plot in Figure 4.6) should be con-
sidered, as it retains intuitive units that can be compared to other tangible amounts
(e.g., actual area of parks, population in the neighbourhood) while incorporating the
intuition of the unconstrained measure.

For the constrained measures in Figure 4.6, park supply categories from the Toronto
Parkland Report (City of Toronto, 2019) are used for the scale. This report quantifies
the amount of parkland area into meaningful human-scaled bins: the area within a hula
hoop (2 sq m), the space beneath a patio umbrella (4 sq m), the space within a bus

99



Doctor of Philosophy— Anastasia Soukhov; McMaster University— School of Earth,
Environment and Society

Unconstrained

. Parks

Classification:

Emerging
Neighbourhood

’ Neighbourhood
4 Improvement Area
. Neither
Parkland-sgm-<15-min
per capita
164.54-457.86 (0-25th)
457.86-868.22 (25-50th)
[ 868.22-1737.67 (50-75th)
B 1737671276128 (75-100t0)

. Parks

Accessible Parkland

Sqm Per Capita

I 2-4 (Hula Hoop)
4-12 (Patio Umbrella)
12-28 (Bus Shelter)

. 28+ (Mid-size Tree Canopy)

Classification:

Emerging
Neighbourhood

Z Neighbourhood

Improvement Area
Neither

. Parks

Classification:

- Emerging
Neighbourhood

7 Neighbourhood

‘ Improvement Area
Neither

Accessible Parkland
Sqm Per Capita

B o

I 24 Huta Hoop)
4-12 (Patio Umbrella)
12-28 (Bus Shelter)

. 28+ (Mid-size Tree Canopy)
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shelter (12 sq m), and the canopy of a mid-size tree (28 sq m+). Figure 4.6 uses these
relatable labels for accessible per capita parkland area, applied to constrained measures.

The interquartile ranges of both constrained measures in Figure 4.6 correspond to
the relatable bins, ranging between the area of a patio umbrella and a tree canopy,
with medians just above the space of a bus shelter. Specifically: the total constrained
accessibility interquartile range is 6.9 to 26 accessible sq m of parkland per capita with a
median of 13 sq m per parkland per capita. The singly constrained accessibility score’s
interquartile range is 7.6 to 30.6, with a median of 18.7 sq m of parkland per capita. No
neighbourhood has 0 accessible parkland area.

In Figure 4.6, as previously noted, the singly constrained values are generally more
dispersed than the total constrained values (i.e., tending to be both higher or lower), so
a similar pattern is expected in the per capita scores. And this holds true: the spatial
distribution of raw scores and per capita rates closely align. For example, both measures
show lower values (oranges and reds) concentrated downtown and higher values (greens)
in the centre part of the city near the Don Valley system. However, some areas diverge:
along the shoreline east of downtown where residential density is lower but green space
is plentiful, per capita scores are especially high for the singly constrained measure but
only moderately high for the total constrained measure.

The discussion of how neighbourhoods change value depending on the measure used
is important, as the purpose of aggregating the constrained measures at the neighbour-
hood level can be to identify priority areas. To use common terminology: this analysis
considers NTA and EN labelled neighbourhoods as priority areas. Interestingly, observ-
ing Figure 4.6 however, not all NIA/EN are equal in terms of accessible parkspace;
some have plenty of accessible per capita parkland area while others do not. Regard-
ing parkland supply thresholds, the City of Toronto (2019) report selects the normative
threshold of parkland area of 12 sq m (bus shelter) per capita as a value below that
should be considered priority. And as an additional point of reference, this is slightly
more than the 9 sq m per inhabitant recommended by the WHO (OECD, 2013). Hence,
in this analysis, it is assumed then that neighbourhoods that are NIA/EN and contain
below 12 sq m parkland area that is accessible per capita are priority neighbourhoods
for increased parkland area supply.

Using these two criteria and depending on which constrained per capita measure
is used, either 4 or 11 of the 43 NIA/EN neighbourhoods (out of 158 neighbourhoods
overall) fall below the 12 sq m threshold for accessible parkland area per capita. Overall,
the competitive (singly constrained) measure tends to produce consistently higher per
capita values than the total constrained measure, reflecting the effect of population
demand. These patterns for NIA, EN and neither neighbourhood classification scores
are summarized in the boxplots in Figure 4.7.

From Figure 4.7, it can be observed that the majority of NIAs have per capita scores
above 12 sq m, especially when considering the singly constrained measure. However,
some NIAs fall below this threshold under both measures while others fall below only

101



Doctor of Philosophy— Anastasia Soukhov; McMaster University— School of Earth,
Environment and Society

IN)
=3
o

o
S

I$3
=}

E Singly Constrained
E Total Constrained

N
=]

S
1
1
1

o

o

Accessible Parkland Area (sqm per capita) - log scale
N

Emerging Neighbourhood Neighbourhood Improvement Area Not an NIA or Emerging Neighbourhood
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under the total constrained measure. The neighbourhoods below the threshold on both
measures tend to be relatively dense (compared to other NIAs) and lack large parks,
while those below only on the total constrained measure often contain large parks but
only a portion of the population can access them. When population demand is considered
(i.e., singly constrained) as the amount of area for the population is sufficiently high to
exceed the threshold.

Also from Figure 4.7, it can be observed that EN appear to diverge the most (rel-
ative to other neighbourhood classifications) depending on the measure used. No EN
falls below the threshold for both measures, but four neighbourhoods fall below it when
only the total constrained measure is considered. These neighbourhoods share similar
characteristics with the NIAs that fall below the threshold considering the total con-
strained measure i.e., large in area and only have a large park accessible to part of
the neighbourhood population, which results in high total constrained access for that
specific portion but low accessibility when aggregated across the entire neighbourhood.
Conversely, when the (relatively) lower levels of population demand is considered in the
singly constrained measure, singly constrained per capita scores exceed the threshold.

Lastly, gleaned from Figure 4.7, neighbourhoods without either classification have
median per capita scores close to 12 sq m, with singly constrained scores that are gener-
ally higher and more dispersed. Interestingly, the neighbourhoods with the lowest and
highest per capita singly constrained scores tend to be in this group, located either west
of the downtown core or along the shoreline as previously noted.

In summary, although some NIA and EN neighbourhoods do not meet the 12 sq m
threshold, the majority exceed it under both constrained accessibility measures. This
presents an optimistic outlook regarding accessible parkland area (as measured in this
analysis) in the identified priority neighbourhoods.
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FIGURE 4.8: Difference in per capita constrained accessibility to park-
lands per neighbourhood values. Namely, singly constrained per capita
minus total constrained per capita.

Going beyond the NIA/EN classifications, another notable aspect of the difference
in the total and singly constrained scores is its spatial distribution. How this difference
results in a change of parkland area per capita category (i.e., 0-2, 2-4, 4-12, 12-28, or
284 sq m per capita) is visualised in Figure 4.8. While the choice of measure may
not drastically impact the identification of NIA/EN neighbourhoods below the 12 sq
m threshold (with exception of a few, as discussed), it does produce different results
overall i.e., the range of difference in neighbourhood values are between -95.08 and
111.60 accessible parkland sq m per capita. This distinction could be important in other
contexts and may influence policy decisions.

The change in categories visualised in Figure 4.8 can be interpreted as the effect of
population competition on the change in neighbourhood accessible parkland area cate-
gory. Positive values (shown in purple) indicate neighbourhoods with higher per capita
accessible parkland when population demand is considered suggesting these areas are
more regionally competitive in being allocated potential parkland area access. Negative
values (in red) highlight neighbourhoods that appear to have higher access only when
travel impedance is considered, but lower in value once competition is factored in. Over-
all, moderately high positive differences typically occur in neighbourhoods identified as
having high amount of accessible parkland area, such as along the eastern shoreline or
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near the Don Valley and where population is relatively low. This results in less com-
petition hence higher per capita singly constrained accessibility (relative to total con-
strained). In contrast, neighbourhoods with negative values (reds), such as those slightly
west and north of downtown, tend to have relatively lower reachable parkland area and
higher population demand, meaning the singly constrained values are lower than the
total constrained values. As a note: the pockets of constrained measure differences were
discussed regarding the raw constrained measures at the DB level in Figure 4.1. An
alignment of patterns across aggregation, normalisation (i.e., per capita), and absolute
change, demonstrates the flexibility and robustness of the constrained framework.

Furthermore, differences showcased in Figure 4.8 could have important policy impli-
cations, if a different sq m threshold was selected. 12 sq m is relatively low, what if a
higher threshold was selected? For example, 9 of the 10 ENs and 27 of the 33 NIAs
see higher per capita access under the singly constrained measure. By contrast, 47%
neighbourhoods not classified as NIA or EN have lower accessibility according to the
singly constrained measure (54 out of 115 neighbourhoods). This suggests that consid-
ering population competition tends to yield higher scores for NIAs and ENs (due to their
proximity to larger parkland areas and relatively lower populations) while neighbour-
hoods without a classification see marginally lower accessibility scores when competitive
is considered. Overall, the choice of constraint leads to different outcomes, making it
crucial to select the appropriate measure based on available population data and whether
the opportunity is characterised as an exhaustible or inexhaustible resource.

4.2.2 Summary

The total and singly constrained (opportunity-constrained) accessibility measures offer
intuitive ways to interpret values at the zonal level, as they are expressed in meaning-
ful units of accessible parkland area. This contrasts with the unconstrained measure,
where values beyond simply being high or low lack clear interpretability, especially due
to the absence of constraints on either population or opportunity. Importantly, the total
constrained measure retains proportionality with conventional methods (e.g., 15-minute
catchments), but does so while preserving interpretable units. The singly constrained
measure goes a step further by incorporating population demand, offering a more ‘poten-
tially’ restrictive representation of accessibility based on the assumption that parkland
area is finite and competed for by the population.

The figures in this section highlight how neighbourhood rankings shift depending on
whether a competitive (singly constrained) or non-competitive (total constrained) mea-
sure is used. These shifts demonstrate that each measure reflects a different allocation
logic, and neither is inherently better. The appropriate choice depends on the analyst’s
assumptions about the competitive nature of the opportunity and the population:

¢ Does the opportunity lack scarcity or competition, such that allocation based solely
on regional travel impedance (as in the total constrained measure) is appropriate?
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e Or, does the opportunity reflect a finite, competitive resource (e.g., parkland area),
in which case allocation should also account for local population demand (as in
the singly constrained measure)?

If the opportunity is indeed competitive (arguably: most real-world opportunities
are), then the analyst must ensure there is adequate zonal information about the popu-
lation that demands it. For instance, if park space is considered inexhaustible-meaning
that its value is not impacted based on how many people demanding are near it—then
the total constrained measure may suffice. However, this is not often the case.

For example, a large park like Queen’s Park, surrounded by high population density,
may offer meaningful access to everyone nearby. If everyone (within a 15-minute dis-
tance) visited, it is not hard to imagine that the park’s ‘accessibility’ would not change
(i.e., it would suffer too much population congestion). Indeed: this is captured by the
singly constrained measure. However, consider for example a parkette that is near the
same highly dense population. As it is smaller in park size, it makes more intuitive sense
to see this park as more exhaustive, i.e., if everyone within 15-minutes visited its acces-
sibility would certainly diminish due to population congestion as it is a small park by
area. It could be conceptualised that both a large park and a small park are exhaustible:
based on the demanding population (in proximity) per parkland area. In this sense, the
singly constrained approach offers a more nuanced and realistic measure than the total
constrained measure. It recognizes that parkland is a finite, exhaustible resource, espe-
cially in dense urban areas as well as accounting for the ‘resilience’ of exhaustibility of
a larger park due to its larger area.

4.3 Accessible population (to the parkland)

From another analytical vantage point, a policy analyst may be interested in conducting
this investigation from the perspective of accessible population, i.e., understanding which
parks are serving what amount of population. This is essentially the transpose of the
accessibility measures discussed in the preceding section: instead of measuring accessible
parkland per population zone, accessible population per park is examined.

Since parks serve as the destination zones (with each park represented by its nearest
reachable entrance), the lowest level of aggregation for MZ-OJ-, MZ , and Mg is at the park
level (j). Thus, the summaries MJQ, M]T , and MJS represent the population potentially
served by each park under the unconstrained, total constrained, and singly constrained
measures, respectively. These are shown in Figure 4.9. The unconstrained measure can
be interpreted as unconstrained “market potential”. The constrained measure reflect a
constrained version of this market potential. All three plots are binned into quartiles
(0-25th, 25-50th, 50-75th, 75-100th percentile) for ease of visualisation. White areas
indicate non-park zones, while grey parks are not accessible to any population within
a 15-minute walk. As in the previous section, the unconstrained and total constrained

measures remain proportionally equivalent.
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FIGURE 4.9: Accessibility to population per park in the city of Toronto.
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Figure 4.9 visualises the unconstrained and total constrained measures that are pro-
portional in their magnitude as maintained by the KT balancing factor, and the singly
and total constrained values are within similar ranges with the singly constrained mea-
sure demonstrating a larger range and variance than the total constrained measure.
Beyond these commonalities, the constrained values from Figure 4.9 should be inter-
preted as the accessible population as opposed to the accessible parkland area. As well,
each constrained measure sums across the region to equal the total amount of population
that we assume can reach parks: 2761103 people.

Unlike the DBs, a spatial unit with less significance for planning (compared to the
neighbourhood aggregation at least), the park itself is worth examining. Due to the
proportionality, parks per park size classification can be compared by their ratios of
accessible population to their park size as shown in Figure 4.10. It can be seen that
Parkettes and Small Parks serve population at a more efficient parkland area rates
than the larger parks using the total constrained measure. Furthermore, when parkland
supply is considered (i.e., allocation is based on the area of the park itself and its travel
impedance and not only its proximity to population and associated travel impedance),
the intensity of the dynamic changes. For instance, smaller parks are still more ‘efficient’
than larger parks but not as much. Small Parks do not ‘over’ allocated, despite their
tendency to be more centrally located. Conversely, larger parks tend to be allocated
more to populations, though are relatively less centrally located as the populations face
lower competition. Overall, depending on which measure is used: their efficiency of
‘population service’ will differ.

4.3.1 Neighbourhood-level accessible population

Like in the preceding section of the chapter, the neighbourhood can serve as a useful
spatial unit for analysis. They align well with both population distribution and parkland
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organisation in the city. The majority of parks are fully contained within a single neigh-
bourhood, allowing for meaningful calculation of ratios such as accessible population per
unit of parkland. Additionally, from an equity perspective, neighbourhood-level analysis
enables examination of how different types of parks serve populations across neighbour-
hoods with varying characteristics, supporting more targeted policy evaluation.

In the Figure 4.11, all MZ-O]-, M;‘g and M{? values are aggregated at the level of the
neighbourhood. They can also be divided by parkland area in that neighbourhood (as
determined by summing and splitting, if needed, of parkland area within each neigh-
bourhood) and demonstrated as accessible population per parkland sq m as in Figure

4.12.

Referring to Figure 4.11 and Figure 4.12, the unconstrained measures are once again
shown on their own scale, while the constrained measures are displayed using a shared
colour scheme and are within similar ranges. Visually, there is a notable contrast between
the total and singly constrained measures: the total constrained map shows higher
accessible population values in the downtown core (near the center and shoreline) while
the singly constrained map highlights higher values in the northeast and northwest.

The pattern in Figure 4.11 reflects some intuitive spatial dynamics. The downtown
area has a dense population and numerous centrally located parks (especially small ones),
resulting in high “market potential” under the total constrained measure. However, once
parkland supply and population competition are considered (as in the singly constrained
measure) these same areas score relatively lower. In contrast, areas in the northeast and
northwest, with both substantial parkland and nearby pockets of higher population (and
pockets of no population), show higher accessibility under the singly constrained mea-
sure These neighbourhoods have a more favorable population-to-parkland ratio than the
downtown core (i.e., a higher supply of parkland relative to the population in proximity),
leading to higher values.

While the raw neighbourhood-level values of the two constrained measures show dis-
tinct patterns, normalizing by parkland area (i.e., calculating the accessible population
per sq m of parkland) reveals greater similarity between them (Figure 4.12). This is
likely because population is typically more spatially clustered than parkland, leading to
different distributions of values at the neighbourhood scale. Consequently, neighbour-
hoods with high or moderate accessible population under both constrained measures
may still show more similar normalized values if parkland availability is either very low
or very high, thereby producing more comparable ratios between the measures.

Overall, the constrained measure plots in Figure 4.12 are interesting as they can be
understood to reflect, roughly, how efficiently population is being served by park space
in the neighbourhood. This ratio may be useful in flipping the investigation of ‘where
to put new parkland supply’ to identifying which neighbourhoods could benefit most
efficiently in enhancements to existing parkland area.

Furthermore, non-NIA/ENs and those that are NIA/EN can be investigated. No-
tably, non-NIA/ENs tend to have higher accessible population per sq m of parkland:
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FI1GURE 4.11: Accessibility to population per neighbourhood in Toronto.
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FIGURE 4.12: Accessibility to population per parkland sqm at level of
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population more ‘efficiently’ utilizes parkland area. Under the total constrained measure,
their median is 0.078 people/sq m, and 0.089 people/sq m under the singly constrained
measure. In contrast, EN/NIA neighbourhoods show much lower medians (total: 0.038
and 0.029, singly: 0.062 and 0.045). This finding mirrors the per capita neighbour-
hood accessible parkland analysis findings. However, the choice of aggregation unit and
denominator will strongly influences results, and analysts must be attentive to these
decisions when interpreting accessibility metrics.

4.3.2 Summary

Ultimately, examining population-constrained accessibility from the park itself and from
the neighbourhood provides valuable insight for planning of parkland service through
the perspective of population potentially served. It allows analysts to: - Understand
how many people are served by each park, both in total and per parkland (or summed
and normalized by some other zonal unit variable); - Identify over- or under-performing
parks. For example, parks near large populations but lacking amenities may represent
strategic opportunities for investment to improve service efficiency.

In sum, analyzing the accessible population approach can serve as a complimentary
way in analyzing parkland service provision, among other questions that relate to how
accessible the population is to opportunities.

4.4 Conclusion

This chapter presents the calculated accessibility scores across the following dimensions:

1. Unimodal total constrained accessible parkland summarised per origin zone VZ-T
(i.e., DB) and then per neighbourhood. All people (in DBs) to all parkland area (in
parks) by a 15-minute walk is assessed. This measure can be interpreted as “how
much parkland area is potentially reachable by the walking-population from this
zone?”. The measure is also presented as a ‘parkland provision’ ratio of parkland
per walking-population.

2. Unimodal total constrained accessible population summarised per destination
zone M]T (i.e., the park itself) and then per neighbourhood. This measure is the
i transpose of V;T, and can be interpreted as “how much walking-population is
potentially reachable from this park?”. The measure is also presented as a potential
population ‘service catchment’ or a ratio of population potential per parkland area
at the park level and at the neighbourhood level.

3. Both of the above constrained accessibility measures are compared to the conven-
tional calculation of accessibility, or what is referred to in this work as unimodal
unconstrained accessible parkland summarised per each DB V,;? and accessible
population summarised per park M](-). These measures assess the same walking
network but do not consider any zonal or regional constraints. As such, these
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conventional measures only offer insight into the proportion of potential reacha-
bility. Unlike the constrained measures, no provision or catchment ratio can be
meaningfully calculated for these measures.

Overall, constrained accessibility provides a more interpretable and policy-relevant
framework than unconstrained methods. These measures allow analysts to:

o Identify DBs with poor access to parkland. This could be DBs in equity-seeking
neighbourhoods (NTA), helpful in highlighting areas that may warrant new parks
or improved access.

o Identify parks with low population reach, revealing underutilized assets or areas
where connectivity enhancements could expand service reach. This can be seen as
a transpose understanding of the first point, but with its interpretation meant for
a different communication.

However, the analysis in this chapter only considered accessibility by one mode: walk-
ing. A key consideration is missing: parks can be reached not only by walking, but by
other more far-reaching modes. People travel by transit, cycling, and driving—each with
their own distinct behavioural patterns (as discussed in Chapter 3). Unconstrained ac-
cessibility measures do not have consistent methodologies for considering multiple modes,
but as introduced, the constrained measures can be extended to consider multimodal
analysis. In the following chapter, the multimodal extension of the constrained measures
will be detailed and compared, when appropriate, to the unconstrained case.
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Chapter 5

Multimodal accessibility to parks
in Toronto

5.1 Overview

This chapter details multimodal accessibility of parkland from the perspective of park-
land area and population. Like the unimodal example, origin and destinations are DB
and park entrance points, and their masses are modal population per DB or mode-
specific parkland area (in hectares) per park. The normative impedance functions for
all modes discussed in Chapter 3 are adopted.

In the first half of the chapter, the focus is on multimodal accessible parkland area. The
variables of V0, V;mT and Vims represent the mode-specific quantities of multimodal
accessible parkland area for each DB. The sum of these variables are first detailed which
provides an aggregate measure of multimodal accessible parkland area per DB, then the
mode-specific values are plotted and discussed. Following this, the accessible parkland
per capita ratio is demonstrated and a discussion on multimodal ‘potential parkland
service provision’ is detailed.

In the more brief second half of the chapter, the focus is on multimodal accessible
population and the variables of M Jmo’ M ;”T and M ;”S represent the mode-specific quan-
tities of multimodal accessible population for each park. The mode-specific values are
plotted per park and discussed.

This chapter is concluded by a comparison and discussion of the aggregated multi-
modal accessible parkland area and multimodal accessible population values for the 6
former municipal boundaries. These values are compared to their tangible counterparts:
the amount of population residing in each former municipality (for accessible multimodal
parkland area) and the number of actual parkland area in each former municipality (for
accessible multimodal population), effectively: ratios of multimodal parkland area po-
tentially provided and ratios of multimodal population potentially served.
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5.2 Multimodal accessible parkland (for the population)

First turning to the concept of multimodal accessible parkland, the results in this section
include those calculated by unconstrained and constrained multimodal measure. Each
measure yields different results (i.e., the amount of parkland area that is accessible by
a certain mode at a specific zone) depending on the assumptions contained within the
accessibility calculation. For the unconstrained measure, the values proportionally reflect
the amount of accessible parkland area by mode: as there is no proportionality constant
to maintain the resulting values units. For the constrained measures, the values remain a
proportion of the regional total and/or the parkland area of each specific park allocated
to each origin. Each origin can also be defined by the amount of mode-share present;
the use of mode-share as an origin weight is only relevant for the singly constrained
accessibility measure, and differences between results will be discussed.

Beginning with unconstrained accessibility, Figure 5.1 displays the unconstrained
accessibility to parkland area, calculated for each mode separately. The scale is in deciles.
DBs with no accessibility are shown in medium grey and DBs with no population are
shown in light grey. These lighter grey areas are typically commercial or industrial in
land-use, and were dropped before calculating any accessibility measure to better reflect
the motivation of this analysis: spatially accessible parkland area from a location for the
population. Furthermore, travel impedance functions (and associated travel times) are
different depending on the mode. To aid in comparability, multimodal values are placed
on the same scale across all four plots, but their units are different depending on the
mode. For cycling and walking, it can be understood as accessible parkland-ha-within-
15-minutes, whereas for transit and car it is parkland-ha-e~%%2 and parkland-ha-e =094,

In Figure 5.1, for non-motorized modes it can be observed that many pockets of the
city offers lower levels of accessibility by walking and slightly higher levels by cycling.
Highest levels of accessibility are in close proximity to parks. For motorized modes,
transit offers moderate levels of accessibility, with highest levels near the subway routes
as well as routes (not pictured) with higher frequency transit operation (i.e., higher
frequency buses and streetcars). Lower levels of transit accessibility are reflected of
where there are lower amounts of parks and transit service. For car mode, accessibility
is highest along the east-west expressway north in the city: where car speeds are high
and a large amount of parkland area is accessible. Recall: motorized travelers can
travel up to 120 minutes, though with diminishing likelihood is assumed as the travel
time increased, and motorists do not access smaller parks. Conversely, non-motorized
travelers are capped to a maximum 15 minutes of possible travel time.

Another key observation about Figure 5.1 is that it does not represent truly multi-
modal accessibility. Each plot evaluates parkland accessibility for a single mode in iso-
lation, without accounting for interactions with other modes. However, the scores could
still be compared across modes (as done in the previous paragraph) since they share a
common intuitive measurement scale ‘parkland-ha-by-modal-impedance’, though mean-
ing cannot be gleaned from the values themselves as impedance functions are different
across modes making the underlying units not the same.
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FIGURE 5.1: Accessibility to parkland area per DB as measured by the
unconstrained accessibility measure for multiple modes.
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This issue of inconsistent units is remedied using the multimodal constrained acces-
sibility measures. Figure 5.2 demonstrates the total constrained and singly constrained
DB values aggregated at the level of the DB. The values of each DB consist of a share of
the mode-specific multimodal accessible parkland area, which can be summed to reflect
the multimodal accessible parkland area of a DB as a proportion of the total park-
land area in the region that can be reached from DBs with a population (i.e., 8018.54
hectares). This form of overall multimodal accessible parkland area amount cannot be
intuitively calculated using the unconstrained multimodal accessibility measure.

Both constrained measures in Figure 5.2 consider the mode-specific multimodal ac-
cessibility in the region under the same framework. For instance, regarding the total
constrained plot, the total parkland area in the region is proportionally allocated to
the potential mode-using group at each origin defined only by that mode-using group’s
associated travel impedance value. Recall, the total constrained measure does not use
the modal-shares at each origin, allocation is only based on the relative modal travel
impedance and mass of the parkland area.

In the total constrained plot in Figure 5.2, it can be observed that areas of high

multimodal accessibility are in areas where where accessibility by both motorized modes
is high: i.e., along subways lines which provide high levels of access by transit but also
car accessibility by car as they are under relative higher speed streets. It’s notable that
areas where car accessibility north in the city along the expressway also provide high
multimodal accessibility: though that is because car accessibility is exceptionally high,
while all other modes are low (as will be later discussed).

On the other hand, the singly constrained map in Figure 5.2 presents a different story.
This measure accounts for mode-specific population demand, as determined by the modal
share of leisure trips made by the DB population. Unlike the total constrained multi-
modal values, which tends to be more spatially uniform, both the population distribution
and the modal split vary significantly across the city. As a result, the singly constrained
multimodal accessibility surface is more uneven. It reflects not only the spatial distribu-
tion of population but also the differentiated demand and travel impedance associated
with each transportation mode. Overall, this plot reveals higher multimodal parkland
accessibility in the northern parts of the city compared to the downtown core, particu-
larly around the central near the ‘U’ of Subway Line 1. This suggests that although the
downtown area has a relatively dense parkland network (as seen in the constrained plot),
its high population density and greater reliance on shorter-range modes (e.g., walking,
cycling, and transit) reduce the relative accessibility of parkland for all.

To explore the differences between modes, the constrained accessibility plots in Figure
5.2 can be decomposed by mode, allowing for an assessment of how much more or less
multimodally accessible parkland is available to each potential mode-using population
group. These differences arise in part from the way accessibility is shared or limited by
the presence of other groups competing for the same parkland supply. A discussion of
this mode-specific analysis is presented in the following subsections.
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FIGURE 5.2: Overall multimodal accessibility to parkland area per DB.
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FIGURE 5.3: Multimodal accessibility to parkland area per DB as mea-
sured by the total constrained multimodal accessibility measure.

5.2.1 Mode-specific total constrained multimodal accessibility

Figure 5.3 displays the mode-specific decomposition of total constrained multimodal ac-
cessibility to parkland area (in hectares) at the DB level. All values are displayed on a
consistent scale and coloured by decile. Importantly, while these values are proportional
to the unconstrained measures, they differ by being expressed in explicit, interpretable
units: hectares of multimodally accessible parkland. Travel impedance across modes is
made comparable through the use of a common balancing factor, K™ which balances
each mode’s unconstrained accessibility flows such that they remain a proportion of the
total parkland area in the region. Specifically, the denominator is the total unconstrained
accessibility across all modes in the system, while the numerator is the total parkland
area reachable in the city (i.e., 8018.54 hectares). As a result of this multimodal formula-
tion, every park in the city is accessible by at least one mode unlike in the unimodal case
(e.g., walking only), where some parks may fall outside the 15-minute travel threshold.

As the system is constrained, values in the region can be discussed as proportions
of the total parkland area in the region. The majority of parkland area (65%) is cal-
culated to be multimodally accessible for the car-using population, while 31%, 3% and
1% of the remaining parkland is multimodally accessible by transit, cycling and walking
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populations respectively.

Recall: this allocation works by taking the sum of total parkland area, and allocating
it to origins based on the mode’s relative travel impedance to reachable parkland area.
The proportion of the population using the mode does not enter the equation. Hence,
as car and transit are the furthest reaching modes these modes dominate allocation.
Furthermore: car populations are assumed to not be able to reach smaller parkland
area, but despite this assumption, car still dominates allocation, in part because larger
parkland area dominates the amount of total parkland area in the city: 9% of the total
parkland area is small (i.e., parkettes, small and medium parks) and the remaining 91%
is large (i.e., large, city and legacy parks).

5.2.2 Mode-specific singly constrained multimodal accessibility

The spatial pattern in Figure 5.4 differs significantly from the total constrained measure.
One notable distinction is that many DBs in the northern parts of the city report no
cycling mode share for leisure trips, despite having population. Hence, under the singly
constrained measure, DBs with a cycling mode share of zero are effectively excluded from
competing for parkland area by that mode, resulting in zero multimodal accessibility
values. These DBs see competition for the multimodal accessible parkland area between
the remaining modal population.

To facilitate comparison, Figure 5.5 visualizes the difference between the singly con-
strained and total constrained accessibility values for each mode. Areas shaded in orange-
red represent locations where the total constrained values are higher, indicating lower
accessible parkland availability once competition is taken into account. These orange-to-
red areas dominate much of the city, reflecting where competition across multiple modes
reduces parkland allocation for a given mode group.

In contrast, purple-shaded areas represent DBs where the singly constrained values
are higher, indicating greater parkland accessibility when mode-specific demand is ex-
plicitly considered. This pattern is especially evident in the downtown core and in areas
east of the expressway near the shoreline, particularly for walking, and to a lesser extent
for cycling and transit. These are locations with high shares of non-car mode split, and
as such, receive a greater allocation of parkland are using the singly constrained measure
due to increased demand. Purple areas also emerge along the subway line for transit, and
in neighbourhoods with relatively high cycling mode share. Additionally, for active and
transit modes, purple zones tend to be present near smaller parks, which are assumed to
be inaccessible by car (recall: methodological assumption). In these contexts, walking,
cycling, and transit become more competitive than driving, especially in more suburban
areas just outside the downtown.

As for the portion of DBs that have lower singly constrained values (shaded orange-
red): these appear to be where car multimodal singly constrained values are particularly
low (as again, car-mode drives multimodal accessibility). The car-specific multimodal
accessibility has the most intensely red DBs, in part because this mode yields the highest
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FIGURE 5.4: Accessibility to parkland area per DB as measured by singly

constrained multimodal accessibility.
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accessible parkland area due to its exceptionally low travel impedance. In areas where car
mode share is relatively lower (such as near the downtown core and along the subway line
where mode-share of non-car modes is higher) this translates into much lower accessibility
under the singly constrained measure relative to the total constrained values.

This comparison of multimodal accessibility results highlights the impact that consid-
ering local demand has in shaping results. The consideration of multimodal population
competition introduces an additional layer of complexity: not only does parkland sup-
ply vary across the city, but so does the presence and proportion of different mode-using
populations at each DB. The consider of modal population demand in addition to po-
tential travel to parkland supply leads to patterns of accessibility that are more locally
sensitive than those produced by the total constrained measure.

5.2.3 Constrained multimodal accessibility per mode-using capita

As in Chapter 4, it is useful to express accessibility results as parkland area per capita,
enabling comparisons to tangible and established benchmarks. For instance, Toronto
Parkland Strategy’s illustrative categories: 2 sq m (the space of a hula hoop), 4 sq m
(beneath a patio umbrella), 12 sq m (within a bus shelter), and 28 sq m (the canopy of a
mid-sized tree). The Strategy also identifies 12 sq m per capita as a threshold indicating
parkland need (City of Toronto, 2019). These categories are used in this section, in
addition to an additional category of 50 sq m, the canopy of a large tree, to further
distinguish areas that capture a large amount of multimodally accessible parkland area.
And as an additional note, values are not aggregated to another zoning system like
done in Chapter 4, for the sake of brevity. Results are only discussed at the DB-level.
However, aggregating at higher spatial resolutions while maintaining interpretability of
units is possible under the multimodal constrained framework, like in the unimodal
example.

Beginning first with a comparison of the total and singly constrained values for mo-
torised modes, Figure 5.6 displays the per mode-using capita multimodal accessible
parkland for transit and car.

Referring first to the total constrained values in Figure 5.6, values are exceptionally
high for both modes; median of 60.14 and 50.39 sq m per capita for car and transit,
with the vast majority of DBs exceeding the 12 sq m threshold. For the car mode,
the highest total constrained per capita values occur within the center of the city (i.e.,
radiating outward from downtown). This reflects the low travel impedance and city-
wide reach of the car-based infrastructure: DBs that are centrally located can access a
large portion of the city’s parkland quickly and efficiently. This aligns with the logic
of the total constrained measure: if a park can be reached, it is allocated a portion of
the total parkland area, and faster modes accumulate more portions relative to slower
modes, irrespective of how many mode-users of each type of mode there are competing.
Transit per capita total constrained multimodal accessibility values also appear relatively
high, though its spatial pattern is less spatially distinct than that of car. Despite not
matching the car’s travel ‘efficiency’, transit’s travel impedance is still relatively low (i.e.,
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FIGURE 5.6: Total constrained (top) and singly constrained (bottom)
multimodal accessibility to parkland area per mode-using capita for mo-

torized modes.
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far reaching) and connected enough to parkland supply such that the result is substantial
accessible parkland area across much of the city. Areas in the city that result in lower
transit scores are the result of the travel impedance advantage of other modes and/or
lower relative supply of parkland area.

Like the total constrained values, the singly constrained values in Figure 5.6 are also
exceptionally high. Car- and transit-using populations have median per capita accessible
parkland of 45.88 and 32.2 sq m, respectively—both tending to far exceeding the 12 sq
m threshold. For the car mode, the highest per capita accessibility is concentrated east
of downtown and in the city’s northeast, near the expressways. These areas benefit
from both car-specific infrastructure (i.e., expressway reachability at high speeds) and
large parkland areas, as well as a higher proportion of car users. For the transit-using
population, the highest values appear along major subway corridors (especially Line 2),
where both transit service levels and transit mode share are high. This reflects how
mode-specific population demand and network coverage together influence per capita
access patterns using the singly constrained measure.

What’s interesting is how closely the singly constrained per capita values for the
motorised modes mirror the raw total constrained patterns for those same modes (bottom
row of Figure 5.3); more so for car than for transit mode.

For transit, the highest values, both raw total constrained and per capita singly
constrained, are concentrated along Line 2. This suggests that parkland in these ar-
eas along this line is not only highly reachable by transit, but also allocated at a rate
that exceeds the effects of population competition. In other words, despite accounting
for the number of transit users and their travel impedance, these areas still receive a
proportionally high share of parkland. These values are on par with proportions allo-
cated assuming no modal population competition (i.e., total constrained accessibility).
However, this proportionality does not extend in the same magnitude to other subway
lines or high-frequency transit corridors (i.e., in areas with similarly high levels of total
constrained accessibility). In those areas, singly constrained per capita values are not as
high as along Line 2, implying that transit users are being out-competed by users of other
modes. This highlights the nuance that considering not only the relative mode-specific
travel impedance but also the modal competition provides to the results.

For car mode, the similarity between the singly constrained per capita values and
the total constrained values is especially striking. Across the city, the two measures are
highly correlated (Pearson correlation of 0.96). This strong relationship is unique to the
car mode; no other mode shows a comparable relationship between per capita and raw
accessibility values across either constrained measure.

But why may this be? Again, the singly constrained measure builds on the total con-
strained formulation by introducing an additional layer of restriction at a more detailed
scale: the amount of parkland allocated from each park is constrained and allocation is
based on modal population competition. In the case of the car mode, this layer of restric-
tion ends up impacting results only minimally. Why? Because car travel impedance is
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FIGURE 5.7: Total constrained (top) and singly constrained (bottom)
multimodal accessibility to parkland area per mode-using capita for non-
motorized modes

so exceptionally low, and car-using populations are sufficiently widespread meaning they
consistently dominate in demanding larger shares of parkland area from each park. As a
result, the car mode not only reaches more parkland than other modes, but also retains
a per capita share at nearly equivalent proportions to what it would receive without any
population competition—that is, amounts comparable to its total constrained amounts.

Moving onto non-motorised per capita multimodal accessibility: Figure 5.7 visualises
the corresponding maps. Overall, both non-motorized modes have much lower of acces-
sible parkland sq m per capita than motorized mode users. The majority of DBs for
walkers are below 12 sq m per capita by either measure (median of 0.43 and 0.39 sq m
per capita for total and singly constrained measures respectively). Per capita values for
cyclists are higher but more drastically different: DBs are allocated a per capita median
rate of 2.88 for the singly constrained measure while the per capita total constrained
rate presents a much more optimistic story with a median of 16.33 sq m per capita.

At first glance, the per capita walking plots in Figure 5.7 appear quite similar, and
in fact show somewhat of a correlation between total and singly constrained values
(0.35), the strongest relationship between per capita rates than for any other mode.
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However, readers should note that the assumed 15-minute walking range is spatially
limited and a binary travel impedance is very dramatic, meaning that even small spatial
variations can lead to meaningful differences at a localised scale. High per capita values
are concentrated almost exclusively in areas immediately adjacent to parks, whereas in
the total constrained plots, pockets of high accessibility also appear a bit farther from
park boundaries. This suggests that introducing modal competition eliminates localised
walking multimodal accessibility peaks, especially in areas where walking-population is
lower.

In contrast to per capita walking values, per capita multimodal accessibility by cycling
demonstrates large differences between the two constrained measures in 5.7. The total
constrained cycling plot displays a wider spatial distribution of higher values, particularly
on the edges of areas of where cycling mode share is present. These areas are north
of downtown and to the north east of downtown, with plentiful parkland area and a
cycling population. However, these elevated per capita values are largely eliminated in
the singly constrained plot, indicating that modal competition has a stronger dampening
effect on the proportion of multimodal accessibility allocated to the cycling population.
Due to the consideration of modal competition: many parks reachable by cycling are
also reachable by faster motorised modes with similar travel impedance and in larger
magnitudes (cycling mode-share is small), resulting in relatively low levels of parkland
allocation to cyclists in the singly constrained measure even when adjusted to their per
capita proportions.

5.3 Multimodal accessible population (to the parkland)

The multimodal accessible population variant introduces a new framing for the accessi-
bility analysis. Instead of a focus on how well origins by modal population are preforming
from the perspective of multimodal accessible parkland area, in this section how efficiently
reachable are parks by different modes or the multimodal accessible population is investi-
gated. This can be interpreted as the park’s ‘market potential’ considering multimodal
accessibility.

Recall that this approach uses the same ij travel impedance as before but incorporates
mode shares arriving to leisure destinations from the 2022 TTS (Figure 3.11). These
modal shares serve to represent the proportion of the population most likely to reach
the park by each mode, framing parkland area as mode-specific supply e.g., reflecting
the observed mode and hence the likely used soft infrastructure like parking spaces
for drivers, bike racks for cyclists, and maybe simply the amount of each mode-using
population that visits parks in that TAZ.

Figure 5.8 shows the unconstrained accessibility to population by mode, while Figure
5.9 demonstrates the mode-specific multimodal total constrained accessibility measure.
While both measures are proportional, the key advantage of the constrained measure is
that the total sum of accessible population across all modes and parks equals the total
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FIGURE 5.8: Unconstrained accessible population-by-modal-impedance
per park by multiple modes, i.e. market potential of each park by multiple
modes.

2021 Toronto CMA population: 2,794, 356. Parks that are inaccessible by a given mode
are shown in green.

Figure 5.8 is the accessibility to people by mode calculated using the unconstrained
measure and Figure 5.9 is the total constrained version of this measure, or the multimodal
accessibility to people by mode.

Interestingly, unlike in the accessible parkland area results (preceding section’s dis-
cussion): transit emerges as the dominant mode in terms of multimodally accessible
population. Specifically, 62% of the total population is accessible from parks by transit,
compared to 31%, 6% by car and 1% by walking. This difference is a direct result of how
the measure allocates total population: based on the modal travel impedance connecting
people and parks, and then aggregated at the level of the park.

Transit, especially higher-order transit, is typically located in dense urban areas,
which also contain many (albeit smaller) parks in Toronto’s case. This spatial co-location
makes transit highly efficient at connecting parks to large numbers of people, when
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FIGURE 5.9: Total constrained multimodal accessible population by
mode per park.
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only weighted by travel impedance (i.e., total constrained measure). By contrast, car-
dominant populations is more present outside of the downtown area—in lower-density
areas with fewer but larger parks. Even though car travel impedance is lower than
transit, the co-location of parks in transit-using and population-dense areas appears to
outweight this cost advantage.

From the perspective of walking and cycling modes at parks, they appear to cap-
ture relatively smaller shares of the multimodally accessible population than motorised
modes. This is a similar ranking as in the multimodally accessible parkland area (previ-
ous sections) results. However, cycling-parkland-supply captures about two times more
multimodally accessible population (6%) than the cycling-mode-using-population cap-
tures multimodally accessible parkland (3%). Why? For reasons similar reasons to
transit: parks with more bike-specific park supply are in areas where population is
higher-density.

Concerning the singly constrained measure, Figure 5.10 presents park level multi-
modally accessible population by mode-specific park supply. These results differ notably
from those produced by the total constrained measure.

Firstly, in Figure 5.10, the singly constrained measure allocates the total population
from each origin to the mode-specific parkland area supply which is a proportion of the
incoming population. The result is the majority of multimodally accessible population
(91%) being allocated to the car-specific parkland supply. The remaining shares are
allocated to transit-specific supply (8%), cyclist-specific supply (1%), and pedestrian-
specific supply (1%).

The singly constrained values and the total constrained values are different, due to
the consideration of mode-specific parkland supply competition. Parks are visited pre-
dominately by cars, especially parks that have larger area and hence account for a larger
proportion of modal supply that is assumed to be car-specific. Furthermore, larger parks
that have this larger amount of car-specific supply are outside the downtown core area,
where car-mode share is higher. And again, car mode has the lowest travel impedance.
Together, these factors contribute to allocating the vast amount of multimodally acces-
sible population to car-specific supply.

The difference between total and singly constrained multimodally accessible popula-
tion is more drastic than in the results of the preceding section. Why may this be? Due
in part to the difference in origin and destination zoning systems as well as the impact
of demand-side vs. origin-side competition. Parks and DBs are different zoning systems:
whereas parks represent themselves and DBs represent a variable aggregation of the
population with some uniformly throughout the city. Hence, as the total constrained
measures only considers the mass of one zoning system (i.e., only the mass of the DBs in
the case of multimodally accessible population), results between the accessible parkland
area and accessible population are not directly comparable. Under the singly constrained
measure, both zoning systems are considered: the mass of the origins and the destina-
tions, though only one is ‘constrained’ In this way, results are more stable. While the
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amount of ‘car-specific parkland supply’ and ‘car-using population’ are not in directly
comparable units, the amount of accessibility that is allocated to a specific mode group
(whether it is origin-side or destination-side) can be intuitively compared.

5.4 Conclusions: comparing multimodal accessible park-
land and accessible population

This section summarises key patterns in multimodal constrained accessibility across
Toronto neighbourhoods, focusing on two perspectives:

e Multimodally accessible parkland area: how total parkland is allocated based on
origin-side modal split (representing mode-using population) and travel impedance
(i.e., how much parkland area can be accessed from each DB each mode-using
population group);

e Multimodally accessible population: how total population is allocated to parks
based on destination-side modal split (representing mode-specific parkland supply)
and travel impedance (i.e., how many people can access each park by mode-specific
parkland supply).

To contextualise the results, the previously discussed values are aggregated at a com-
mon scale: by Toronto’s six former municipalities. Parks tend to align with these bound-
aries, and each area displays distinct spatial and infrastructural characteristics. Recall:
Figure 3.10 displays the boundaries of these former municipalities.

5.4.1 How reachable is the parkland area to the population?

If asking this question, one is interested in evaluating the amount of accessible parkland
area from all population-relevant locations across the city. If information about travel to
parks by mode is lacking, one could use the multimodal total constrained opportunities
measure. In this approach, the total parkland area in the region is allocated to each
origin zone solely based on travel impedance of each mode relative to all modes in the
system. This measure reflects how much accessibility to parkland area a zone has for
each type of modal population. The amount of population accessing the parkland area
does not enter equation: faster modes can allocated a larger proportion of parkland area
of the total, reducing the amount that other mode-users are allocated. The amount of
mode-using population at a location does not impact results. In this way, parkland area
is treated as an inexhaustible resource.

However, if we do have information about parkland demand by modal group and we
view parkland area as exhaustible, then a more refined question can be asked: How
much parkland area from each park is available to each modal-group of the
population?. In this case, the multimodal singly constrained opportunities measure is
appropriate. Here, accessibility is allocated competitively, considering both the spatial
distribution of modal travel impedance (as in the total constrained measure) as well as
the associated modal population (demand). These two dynamics are used to allocate
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only the parkland area available at each park to the mode-using population group at
each origin.

Figure 5.11 summarises these two constrained measures across former Toronto mu-
nicipalities, for the parkland area and population data used in this chapter on a per
capita basis. Additionally, these plots visualise the amount of actual parkland area per
area within the boundaries of each former municipality as well as the 12 sq m parkland
area threshold.

The multimodally accessible parkland per capita is consistently below the 12 sq m
threshold for walking populations in all former municipalities. This is due to the high
travel impedance of walking (limited to a 15-minute radius). Even in former munici-
palities with dense and centrally located walking populations, like Toronto, only those
directly adjacent to parks see higher levels of access (e.g., as discussed concerning Figure
5.3 and Figure 5.4). The assumed walking populations fall short in capturing plenty of
parkland area, as their travel ‘reach’ is uncompetitive compared to other modes.

In contrast, motorised modes consistently exceed the 12 sq m per capita threshold and
yield the highest levels of multimodal accessible parkland area. This is expected, given
their lower travel impedance, which allows populations to access parks well beyond their
local boundaries unlike non-motorised modes with higher travel impedances. Notably,
under the total constrained measure, transit accessibility often exceeds car multimodal
accessibility in more suburban municipalities like Etobicoke and Scarborough. This
suggests that, on a per mode-user basis, transit is a more competitive mode for park
area accessibility when only relative modal reachability of parks and their amount of
parkland area is considered.

However, the total constrained measure does not capture the full picture. When
modal population is accounted for within the measure itself (the singly constrained
measure), across the city transit-users are allocated lower amounts of accessible park-
land area while motorists receive consistently the highest amount. Why? As mentioned,
the motorist population is much higher in these suburbs, but also present in high num-
bers across the city. Even in the most urban Toronto municipality—where transit in-
frastructure is dense and well connected to parks—the car mode still maintains an edge
in per capita parkland accessibility (though the edge is smallest for this municipality),
underscoring the impact of considering modal competition in the accessibility results.
Indeed, we may see the competitive advantage of the mode’s connectivity to the amount
of opportunities with the total constrained measure, but in also including the amount of
mode-users that use the mode (the singly constrained measure), it is clear that still the
car mode is most competitive on a per capita basis at capturing multimodally parkland
area.

Cycling values also present a more nuanced story, as their ratios are less stable across
neighbourhoods and between the two measures. When modal population competition
is not considered, cycling tends to show high per capita multimodal accessibility in
municipalities with lower modal bike share i.e., everywhere except York and Toronto.
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FicUure 5.11: Mutimodally accessible parkland per capita summarised
by former municipalities. The diamond point represents the real amount
of parkland area per capita in the muncipality and the dashed red line
the 12 sqm per capita threshold.
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But once population demand is introduced, cycling per capita rates fall below the 12
sq m threshold in all municipalities. The reason, again, is relative modal population
competitive: car users, with lower impedance and higher population amounts, capture
more shares of the multimodally accessible parkland area. The amount of other mode-
users capturing accessible parkland area drive the difference in ratio in the difference
between the total and singly constrained ratios. This is interesting, because it suggests
that these areas are very well connected to multimodally accessible parkland area by
cycling on a per cyclist capita, but when the amount of cyclists is considered in the
measure itself, the ratio drops, just like in the case of transit.

Practically, these accessibility scores can be used to identify insights on how to im-
prove multimodal park accessibility for non-car modes. In suburban municipalities that
demonstrate high strong cycling connectivity but lower bike mode share, other interven-
tions aside from connectivity can be prioritized such as soft infrastructure (e.g., signage,
safety improvements, and promotion of existing routes) to increase cycling mode share.
At the same time, reducing car’s accessibility through hard infrastructure changes (e.g.,
restrictions on speed, on routes) or through soft infrastructure (e.g., by limiting park
parking) and enhancing transit options (e.g., through dedicated shuttles or targeted
routes) can help redirect demand away from driving which shifts mode-split and in-
creases multimodally accessible parkland area for non-car modes. Finally, mode-specific
accessibility thresholds should be considered, as a uniform target (e.g., 12 sq m per
capita) may not suit all modes. For instance, lower sq m per capita thresholds for active
modes and higher ones for transit may better reflect what equitable, mode-sensitive ac-
cessibility could look like. Each one of these practical suggestions is a topic that should
be further investigated, but the aggregate level scores shed light on these insights.

5.4.2 How reachable is the population from parks?

If evaluating how efficiently the park provides multimodal accessibility to population but
the amount of mode-suitable parkland area supply for the parks is unknown: one can
choose the total constrained accessible population measure. Using this measure, the total
population is allocated to each park based only on the modal-group’s travel impedance.
With this measure, one can understand how much population by modal group is within
reach of each park and can be aggregated at different levels to reflect this amount.

However, if one does have information about modal parkland supply and we view
population at each origin as exhaustible, then we can ask a more refined question: How
much population from each origin is multimodally accessible to each park?
In this case, the multimodal singly constrained population measure is appropriate. Here,
accessible population is allocated competitively, considering both the spatial distribution
of modal travel impedance (as in the total constrained measure) as well as the associated
mode-specific parkland area (mode-specific supply) to allocate the population available
at each DB to the mode-specific parkland supply at each park.

Figure 5.12 summarises these two constrained measures across the former Toronto
municipalities on a per parkland hectare basis. As well, these plots visualise the amount

134



Doctor of Philosophy— Anastasia Soukhov; McMaster University— School of Earth,
Environment and Society

of actual population per hectare of parkland within the boundaries of each former mu-
nicipality (represented by black triangles). Additionally, note the different ranges in the
horizontal scale for the two measures. Though a population per parkland area thresh-
old is not visualised, for reference, the inverse of the 12 sq m parkland area per capita
threshold is 833 people per parkland hectare. So, the singly constrained measure rep-
resents Toronto-parks with a ratio of ~10 people per walk-specific parkland hectare and
300 people per transit-specific parkland hectare, this means that population is 30 times
more reachable to parks by transit than by foot.

Across both measures, one consistent pattern emerges: walking accessibility per
hectare of walk-specific parkland is low citywide, regardless of whether mode-specific
supply is considered within the measure. As mentioned: this is due to the assumed
limited 15-minute range of walking which results in only the populations in immediate
proximity to a park being allocated the mode-specific supply. Although walking is the
second most common mode for park visits (see Figure 3.11) so its assumed walk-specific
parkland supply is relatively high, it still cannot overcome its short spatial reach. As
a result, only a relatively small amount of walking-population is allocated per walking-
accessible hectare relative to the other modes that can be matched to mode-specific
supply by DBs much further away.

Otherwise: modal rates by the total and singly constrained measures are quite differ-
ent. Focusing on the difference between car and transit values, introducing mode-specific
parkland supply into the measure has a dramatic effect on per capita ratios. For transit,
the shift is especially noticeable: under the total constrained measure 800 transit-using
people per transit-specific parkland hectare and above is the ratio whereas these ratios
drops to below 700 across the city when considering the singly constrained measure. This
drop is attributed to two related factors: first, car-specific parkland supply is quite high,
particularly at the larger parks that make up the majority of the city’s total parkland
area. In this way, when considering the singly constrained measure, this large supply
demands a large amount of the reachable population. Second, while transit may be
more competitive in reaching people from parks under the chosen assumptions (e.g., its
travel cost function and how it can access all parks), when mode-specific supply is con-
sidered, this cost effect is surpassed by the impact of car’s (and other modes’)-specific
parkland area supply’s competitive advantage is attracting population. In other words,
even though transit connects well to parks, the relatively lower spatially distributed
amounts of transit-specific parkland, shifts much of the ‘total constrained’ multimodally
accessible population from transit to car.

Cycling exhibits a similar pattern as transit, in how its ratio decreases when com-
petitive mode-specific supply is considered. Although the cycling network can connect
many people to parks (high total constrained ratios), parks with high multimodally ac-
cessible population by bike-specific supply tend to be smaller in size—as car is assumed
not to reach them—and are the same parks highly reachable by non-car modes. So when
mode-specific supply competition is factored in, population is competed for by this non-
car-specific supply, and car-specific supply is especially advantaged as it is plentiful in
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parks that are not as well connected by all the other modes as well as having the lowest
travel impedance.

The triangle points in Figure 5.11 represent the static population-to-parkland hectare
ratios within each municipality. The accessibility ratios for far-population-reaching
modes, like transit under the total constrained measure, often exceed these static ratios—
demonstrating transit’s strong potential to connect people from within and beyond the
boundaries of the municipality to parks within its boundaries. And as discussed, under
the singly constrained measure, transit’s competitive advantage relatively shrinks re-
flecting a mismatch between the transit network’s high levels of connection of people to
parkland area and the actual transit-specific park supply (i.e., amount of transit-using
visitors to parks weighted by parkland area). Encouraging more people to use transit to
reach parks—particularly in place of car trips—would result in more balanced transit and
car singly constrained ratios, ratio thresholds that could be formulated into a planning
target.

From the opposite perspective, low accessible population per mode-specific hectare
ratios may also not be advisable as they signal inefficient mode-specific supply reachabil-
ity. Just as the 12 sq m per capita threshold is used to assess park equity, a mode-specific
population-per-hectare threshold could offer a complementary benchmark to the under-
lying intuition. These multimodal accessible population thresholds would capture how
efficiently parks serve different travel mode populations, and could be calibrated to align
with broader goals of promoting wellbeing, social interaction, and community connec-
tion, i.e., each hectare of park should aim to be accessible to X amount of people by
motorised modes and Y amount of people by active modes. As with the multimodal
accessible parkland area thresholds, this is a topic for further investigation.
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Conclusion

5.5 Dissertation Summary

Though accessibility can be defined in many ways, most trace back to Hansen (1959):
“the potential of opportunities for interaction...” (p. 73). Yet within this definition,
a key question remains unresolved: does accessibility have units? One could argue,
as this dissertation does, that accessibility should be in the units of opportunities that
are up for potential spatially interaction. In current practice, however, accessibility is
often treated as unitless, which undermines clarity and comparability. To address this,
this dissertation develops a detailed motivation, proposes a methodological framework
that restores units via a ‘family of accessibility measures’, and uses a Toronto-based
case study to demonstrate how the absence of defined units limits interpretability and
descriptive analysis.

More specifically, this dissertation offers a novel approach to the accessibility liter-
ature by adopting balancing factors from spatial interaction modelling literature into
the accessibility context. These balancing factors keep accessibility results comparable
to conventional accessibility measurement methods but ensure values retain meaningful
units—units tied to tangible system characteristics, such as the total number of oppor-
tunities in a region or the known number at a specific destination. The contributions of
this dissertation are four-fold:

o First, it explicitly links accessibility to spatial interaction through their shared
intellectual foundations (pre- Hansen (1959)), highlighting how contemporary ac-
cessibility research has diverged and showing the mathematical, intuitive, and
interpretative advantages of preserving units through constrained formulations, as
done in spatial interaction modeling.

e Second, it introduces the total constrained accessibility measure as an alternative
to the Hansen-type formulation, producing zonal values that represent proportions
of the known number of destination masses (i.e., opportunities) or origin masses
(i.e., population) in the region.

e Third, it presents the singly constrained accessibility measure as a competitive
method that proportionally allocates opportunities from the destination based on
population demand (from the origin), or in the case of market potential, propor-
tional allocation of population from the origin based on the supply of opportunities
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at the destination. Its per-capita zonal rate is shown to be mathematically equiv-
alent to the widely used two-step floating catchment area (2SFCA) method (Luo
& Wang, 2003; Q. Shen, 1998).

e Fourth, responding to the scarcity of coherent multimodal accessibility frameworks
in the literature, this work extends both the total- and singly-constrained accessi-
bility measures to account for multiple modes of transportation.

The first contribution of this dissertation, presented in Chapter 1, revisits the
widely cited definition of accessibility from Hansen (1959): “the potential of opportu-
nities for interaction... a generalization of the population-over-distance relationship or
population potential concept developed by Stewart (1948)” (p. 73). This work traces this
definition back to its Newtonian roots in human spatial interaction modeling, beginning
with Ravenstein (1885), and investigates how the units of “the potential of opportuni-
ties for interaction” were originally defined. This probing review leads to the family of
spatial interaction models developed by Wilson (1971), particularly his introduction of
balancing factors designed to reflect known system constraints: such as the total con-
straint, and the production and attraction constraints (represented in Equations 1.12,
1.13, and 1.14). Notably, while these models formalized interaction mechanisms using
system constraints, the concept of accessibility itself was not explicitly or meaningfully
developed within.

Having established that spatial interaction and accessibility share common roots, the
chapter next examines how these two bodies of literature have interacted in the con-
temporary era. It reviews works that cite both Hansen (1959) and Wilson (1971) and
reveals that, despite their shared origins, accessibility and spatial interaction modeling
literatures have largely remained distinct. One stream of the literature is more focused
on spatial interaction modeling and cites Hansen (1959) as the father of the accessibility
concept and/or uses accessibility as a variable (or additional variable) within the spatial
interaction model itself. In these cases, accessibility is treated as conceptually related
to spatial interaction, but the connection is not clearly or practically clarified. Another
body of work is more accessibility-focused and is mostly part of the contemporary acces-
sibility literature which gained momentum in the early 2000s. These accessibility-focused
works cite Wilson (1971) for a variety of general reasons, but none (other than Soukhov
et al. (2023) and Soukhov et al. (2024)) cite the rationale of Wilson’s constraints.

Beginning with this rationale in Chapter 2, the balancing factors, akin to those used
in Wilson’s family of spatial interaction models, are introduced in the context of accessi-
bility. The chapter details the interpretive advantages of these factors, particularly their
ability to produce accessibility values with meaningful units (e.g., a share of opportuni-
ties in the region) while incorporating system-wide or zonal constraints based on known
quantities. Overall, Chapter 2 presents a ‘family of accessibility measures’, constructed
using the constrained intuition of Wilson’s spatial interaction models, and illustrated
through a simple toy example. Alongside the conventional formulation of accessibility
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as the potential of opportunities for spatial interaction—or simply, “accessible opportu-
nities” from a zone—Chapter 2 also defines its transpose: the potential of population for
interaction or ‘market potential’.

This dissertation is among the first to investigate the relationship between spatial
interaction modeling and accessibility measures in the contemporary era, which is its
first contribution. This dissertation applies the constraining mechanism of balancing
factors—not only to the measurement of accessible opportunities, but also to accessible
population (i.e., market potential). This introduces a methodology to the accessibility
literature that produces unprocessed accessibility outputs that can be directly inter-
preted in units of opportunities (or population) for potential spatial interaction at a
zone.

The second contribution of this dissertation is the introduction of the total con-
straint to accessibility measurement. The total constrained measure is conceptually
equivalent in magnitude to the Hansen-type accessibility measure (Equation 1) but is
expressed in meaningful units: the number of accessible opportunities at a given zone,
or accessible population in the case of market potential. As such, the total constrained
measure remains compatible with the commonly used Hansen-type measure (or uncon-
strained, as referred to in this work), while offering improved interpretability of the
resulting raw values.

The total constrained accessibility’s formulation is presented in Chapter 2, and an
empirical example focused on accessible parks in terms of parkland area and population
is detailed in Chapter 3 (data and methods) and Chapter 4 (results) with a unimodal
example, only considering accessibility by walking. In these empirical results, the total
parkland area in the region is proportionally allocated to each origin zone through the
total constrained proportionality factor that ensures it remains proportion to the un-
constrained measure. However, unlike unconstrained measures, the resulting values are
expressed in known, interpretable units. This leads to several practical and promising
advantages: the values can be intuitively understood, aggregated across different spatial
scales (e.g., neighbourhoods with varying equity classifications), and expressed on a per
capita basis. This per capita framing enables direct comparison against policy-relevant
benchmarks, such as Toronto’s standard of 12 sq m of parkland per person (City of
Toronto, 2019).

Without units tied to tangible system quantities, such as total parkland area or
total population, comparisons would be far less clear. This interpretability makes the
approach especially promising for applied researchers and practitioners seeking to inform
equitable planning and policy decisions.

This dissertation’s third contribution is the introduction of the singly constrained
accessibility measure, formulated in Chapter 2 and 3, and applied alongside the uncon-
strained and total constrained accessibility measures in Chapter 4 focusing on accessible
parkland area (from origins) and accessible population (to parks) in a unimodal, walking-
only context.
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The singly constrained measure applies a single constraint—either at the destination
(opportunity side) or the origin (population side)—ensuring that the total amount of
opportunities or population is preserved and proportionally allocated. In doing so, it
implicitly satisfies the total constraint. For example, when parkland area (opportuni-
ties) are constrained, they are proportionally allocated to each origin zone based on
relative accessibility, while ensuring that the total amount of parkland area allocated
from each park matches the actual total regional supply of parkland area. This captures
competition for opportunities across zones, an aspect that is not considered in the total
constrained accessibility measure.

Put another way, the singly constrained measure (in the case of accessible oppor-
tunities) accounts for the exhaustibility of opportunities. While the total constrained
approach distributes the regional total based on travel impedance-weighted accessibil-
ity, it may over- or under-allocate individual parkland area. For example, parks that
tend to be over-allocated are larger and in more central and reachable areas; so these
parks end up contributing more accessible area relative to the area they physically have.
This relative over-allocation is an indicator that, spatially the park is centrally located
and could be facing issues of population congestion. In contrast, the singly constrained
measure ensures that each park’s contribution is limited to its actual size, allocated pro-
portionally among populations based on both proximity and demand, effectively folding
in this concept of ‘population congestion’ within the measure itself. This leads to a
more sensitive accessibility that accounts for population competition, i.e., large parks
that are centrally located can still be highly accessible, but competition from surrounding
populations moderates the accessible parkland area that is proportionally allocated.

The per capita variant of the singly constrained measure is mathematically equiva-
lent to the popular Two-Step Floating Catchment Area (2SFCA) method (Luo & Wang,
2003), so it too fits neatly within the accessibility literature. Like the total constrained
measure, the singly constrained measure allows for intuitive aggregation at larger spatial
units (e.g., neighbourhoods) and supports comparisons with politically relevant bench-
marks, such as Toronto’s parkland supply threshold (e.g., 12 sq m per capita in City of
Toronto (2019)).

By measuring accessibility under the assumption that opportunities (or population,
in the case of market potential) are exhaustible, the singly constrained measure offers a
practical and interpretable framework for applied researchers and practitioners. It en-
ables analysts to incorporate information about both origin and destination “marginals”—
even when the specific interaction between them is not known. This makes the singly
constrained accessibility measure particularly well-suited for applications where under-
standing localized competition for exhaustible resources (like park space) is important.

The fourth contribution of this dissertation is the multimodal extension of both
the total- and singly-constrained accessibility measures. This development responds to
a notable gap in the accessibility literature, where coherent approaches to multimodal
accessibility remain underdeveloped. By extending the measure to incorporate multiple
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transportation modes (walk, bicycle, transit, and car) with different travel characteris-
tics and corresponding mode-using groups at the origin or mode-specific groups at the
destination, this extension broadens the applicability of constrained accessibility and
sharpens its intuitive value.

Like in the unimodal contributions: Chapter 2 presents the formal multimodal ex-
tensions for both accessible opportunities and accessible population (market potential),
Chapter 3 outlines the relevant empirical data, including mode-specific travel impedance
functions and mode-using populations and park-side mode-using proportions, and Chap-
ter 4 details the empirical multimodal accessibility results.

In the case of accessible parkland area, multimodal accessibility to parkland area
for each DB in Toronto is reported, as well as an expression of the amount of multi-
modal accessibility by a specific mode-using group for each zone. In this way, differences
between the potential for spatial interaction with parkland area between certain mode-
using groups (e.g., walking vs. car) is possible within the same framework. For instance,
plots that quantify how much more parkland area is accessible by car than walk is quan-
tified, and can be done for other any relevant spatial unit. Additionally, this multimodal
extension is explored in the case of multimodal accessible population for each park.

Together, these four novel contributions advance the field of accessibility analysis—
methodologically, empirically, and interpretatively by:

o Linking accessibility and spatial interaction modeling through shared theoretical
foundations and the use of balancing factors.

e Introducing the total constrained accessibility measure, which offers unit-
consistent, interpretable results aligned with real-world quantities without the
need for information other than travel impedance values and spatial distribution
of opportunities in the case of accessible opportunities or spatial distribution of
population in the case of accessible population.

e Detailing the singly constrained measure, which incorporates competition and re-
source exhaustibility (i.e., either opportunity-side single constraint or population-
side singly constraint), offering a richer understanding of competitive accessibility.

o Extending both constrained measures into multimodal variants, allowing meaning-
ful comparisons between groups with different travel behaviours within the same
framework.

In sum, the constrained accessibility measures developed in this dissertation provide
a clearer conceptual and practical bridge between accessibility analysis and spatial in-
teraction modeling. By working in units of accessible opportunities (or population),
these constrained methods make results more interpretable, easier to communicate, and
directly comparable to known thresholds (e.g., per capita parkland supply standards).
The multimodal extension further reveals how high-accessibility groups (e.g., those us-
ing faster or more flexible modes) effectively draw access away from others, illustrating
competition within shared urban systems.
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Because the resulting values maintain consistent units, they can be meaningfully
compared across zones, spatial scales, and over time. These methods can address long-
standing challenges in accessibility research: the lack of comparability due to inconsis-
tently defined or unitless measures.

The constrained accessibility measures introduced here offer methods that are not
only theoretically grounded but also interpretable and relatively straightforward. Their
flexibility allows them to be expressed per capita or per any zonal attribute, facilitating
application across a wide range of policy contexts, from infrastructure planning to social
equity assessments. By making accessibility more intuitive and grounded in tangible
system metrics, this work aims to support urban planners and policymakers in designing
fairer and more opportunity-rich cities.

5.6 Future research directions

The research presented in this dissertation can be expanded along a variety of directions.
The following four are detailed:

¢ Robustness and comparability of accessibility analysis across scenarios, including
varying temporal and spatial contexts;

e The investigation of “potential” in accessibility;

e Multimodal, multipopulation and multiopportunity accessibility analysis that is
sensitive to digital opportunities and vulnerable populations; and

¢ Enhanced planning for equitable and sustainable cities.

The first promising direction for future research is examining how constrained accessi-
bility measures can enhance the robustness and comparability of results across scenarios.
In particular, these measure may help improve comparability across different temporal
and spatial contexts—either within the same region or between different regions—related
to the Modifiable Areal Unit Problem (MAUP) and the Modifiable Temporal Unit Prob-
lem (MTUP). As noted in existing literature (Horner & Murray, 2004; Tan & Samsudin,
2017), results from spatial analyses are often sensitive to how data are aggregated, both
in terms of scale (e.g., the level of spatial resolution, where larger zones may smooth over
important local variation) and zoning configuration (i.e., how boundaries are configured
at a given scale). Similarly, temporal aggregations, such as travel time assumptions or
peak-period averaging, can also yield different results and potentially quite conclusions
(R. H. Pereira, 2019).

The constrained accessibility measures introduced in this dissertation are designed
to express each zonal value as a proportion of a known regional total. This proportional
allocation mechanism, by design, enables more consistent and interpretable comparisons,
as all zones are evaluated relative to the same regional context. Analysts can select the
unit of spatial and temporal analysis based on methodological suitability rather than
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an ad-hoc manner or driven by interpretability. Analysts can also test the sensitivity of
their constrained results to changes in zoning or time intervals.

Moreover, the flexibility of the constrained framework allows analysts to adopt more
behaviourally realistic models, such as using an exponential decay function for travel
impedance instead of a binary threshold, while maintaining clear and communicable
outputs. These enhancements not only support more nuanced methodological choices
but may also lead to more valid and policy-relevant insights by better reflecting real-
world travel behaviour. Ultimately, using a constrained framework creates more space
for methodological complexity and coherent sensitivity testing between scenarios and
regions, without scarifying interpretability.

A second promising avenue for future research lies in exploring the concept of “poten-
tial” within accessibility, its relationship to competition, and the importance of explicitly
characterizing the exhaustibility of populations and opportunities prior to conducting
an accessibility analysis.

In the total constrained measure, opportunities are treated as fully available to all
zones. Any zone can access any share of total opportunities, as long as the sum across all
zones fits within the regional total. In contrast, the singly constrained measure limits the
available opportunities to the actual quantities present at each destination, allocating
accessibility based on the population of each origin. Finally, the doubly constrained
measure (essentially a doubly constrained spatial interaction model) restricts interactions
even further, allowing only the specific amount of opportunities at each destination to
be accessed by the specific population at each origin, effectively modeling ‘flow’.

As constraints increase, the “potential” for interaction—between populations and
opportunities—becomes progressively limited. This progression highlights a key con-
ceptual distinction: the way we define and model accessibility depends fundamentally
on how we treat the exclusivity of opportunities and population.

As the link between the introduced constrained measures to widely used methods in
the existing literature have already been made (in this dissertation), this future work may
underscore the need for better clarity in the framing of assumptions behind accessibility
measurement. For instance, by first asking whether populations and opportunities are
to be treated as competing and exhaustible. This foundational question could lead
to more intuitive and theoretically grounded accessibility frameworks, ones that align
methodological choices more explicitly with policy contexts.

A third direction involves the development of multimodal accessibility analysis that
accounts for the increasingly hybrid nature of urban life. The rise of e-opportunities (i.e.,
remote work and virtual commerce) and the amount of people engaging with these op-
portunities has effectively reduced travel impedance to many essential goods and services
for those who act on this modality. At the same time, this shift introduces a counter-
dynamic: some brick-and-mortar or on-site opportunities may experience a decline in
demand as a portion of the population opts for digital alternatives given a constrained
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and exhaustible number of opportunities. The impact of an ‘e-trip’ enhances accessibil-
ity for some, while reducing opportunities available for others, creating a theoretically
complex and evolving urban dynamic that current accessibility measurements often fail
to capture.

Cities are becoming increasingly hybrid in how residents access opportunities, and
accessibility analysis should evolve to reflect this transformation. While multimodal
accessibility remains underdeveloped in the literature, the extension of constrained ac-
cessibility methods to multimodal contexts introduced in this dissertation is promising
for this use. Constrained multimodal accessibility measures can help identify multimodal
accessibility gaps for specific modes, be it car vs. transit as done in this dissertation, or
assess the potential losses in on-site accessibility due to the rise of electronic interaction
with electronic opportunities. Incorporating these hybrid dynamics into accessibility
frameworks could offer a more comprehensive understanding of accessibility and related
equitable planning implications in modern urban environments.

And lastly, the fourth promising research avenue is tied to work toward the estab-
lishment of accessibility thresholds that promote equity and advance mobility justice
in our cities. Accessibility in recent decade has been closely linked to discussions of
spatial inequalities and social inequities—referring to which groups benefit from, or are
disadvantaged by, the distribution of opportunities—and, ultimately, to questions of jus-
tice (Soukhov, Aitken, Palm, Farber, & Paez, 2025). Constrained accessibility measures
show particular promise from this perspective due to their interpretability: they repre-
sent accessibility in intuitive units of accessible opportunities, which can be meaningfully
linked to tangible indicators (such as parkland area supply thresholds as discussed in
this dissertation) and other real-world outcomes (e.g., visits to medical appointments)
in ways that unconstrained accessibility measures cannot.

Moreover, as constrained measures can be assessed at different spatial and temporal
aggregations, they provide a stronger foundation for analyzing disparities across different
geographies and timeframes. This makes constrained measures especially suited for use
with inequality metrics used in the literature, such as the Gini coeflicient or accessibility-
based poverty thresholds (Soukhov, Aitken, et al., 2025). By combining constrained
accessibility measures with methods of inequality analysis, future research can yield
richer and more interpretable insights into the distributional effects of urban planning
decisions such as transportation investments and policy changes. This would would
support not only descriptive analysis of disparities but also moving towards providing
a better quantitative foundation for the creation of assessments of accessibility-related
fairness.

5.6.1 Limitations

As with all research, this dissertation has limitations that should be acknowledged. These
fall can be summarised in three categories: empirical assumptions, representational as-
sumptions, and the measures’ top-down theoretical approach.
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First, the empirical case study used to demonstrate the constrained accessibility
cases and variants contains specific assumptions associated with travel times and modal
availability. As mentioned in Chapter 3, times were generated using the {r5r} and hence,
assuming static conditions from DA centroids to assumed park entrances: walking and
cycling times reflect fixed network speeds, transit operates on a punctual, scheduled
basis, and car travel assumes free-flow conditions. As these are inputs into all accessibility
calculations, they are thus reflected in the resulting values and do not not fully capture
real-world variability in travel conditions. Furthermore and as discussed in Chapter 4
and 5, the choice between the total or singly constrained formulation can significantly
alter results, so the selection of the appropriate case must be carefully considered based
on the research question: namely, does competition for opportunities by population (or
population by opportunities for the market potential variant) matter? Once decided,
the sensitivity of accessibility outcomes to key inputs—including travel times, impedance
functions, and population and opportunity locations—also warrant further investigation
to evaluate robustness of results.

Second, a representational simplification made in this dissertation is that all parkland
area and population is equivalent. In the analysis, the area of parkettes, small, medium,
large, and legacy parks are assumed to be equally valuable across all modes (except for
car travel, which is restricted from accessing smaller parks). As well, it is assumed that
all populations seek parkland area equally. In the multimodal extension, the proportion
of parkland area and modal population and associated modal travel impedance functions
add nuance but still the top-down assumption is the same: all populations and parkland
area in the associated modal group is considered equal. And this assumption raises
a substantive concern: are all parklands equally valuable or interchangeable? Likely
not, as parks differ widely in amenities, quality, size, among other characteristics. The
accessibility framework used in this dissertation does not account for these qualitative
differences. For example, a zone that is equidistant from three small parks may yield the
same accessibility value as a zone equidistant from one large park with the same cumu-
lative area, yet the experiential or functional value to users could be quite different (i.e.,
the three parks may offer greater variety of amenities or may simply feel like more).
While these representational assumptions are not just a limitation within this disser-
tation, they reflect a broader issue in place-based accessibility research: incorporating
quality alongside quantity.

Third, recall that the spatial interaction modelling framework that is linked to ac-
cessibility in this dissertation is built using a top-down, probabilistic approach based on
entropy maximisation. Theoretically, this suggests that macro-level constraints, such as
total opportunities in the region and the amount of opportunities per destination, are
used to estimate the most probable flow of interaction potentials which are summed at
each origin (or the transpose case for market potential variants). As such, they do not di-
rectly model individual decision-making processes or behavioural heterogeneity. Rather,
they represent average group behaviour subject to the given system-level constraints.
While this probabilistic logic is a strength in terms of unifying cases of measures within
the same framework and interpretability (i.e., units), it also means that the family of
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measures is not behaviourally grounded (i.e., like discrete choice models or activity-based
models). That said, this limitation is not unique to the approach introduced in this dis-
sertation; Hansen-type accessibility measures and competitive formulations (i.e., 2SFCA
approach) have relied on similar aggregate assumptions. In this dissertation, it is now
explicit that these measures are indeed top-down.

Despite these limitations, this dissertation offers a novel contribution to the theory
of accessibility measurement by establishing an explicit connection between spatial in-
teraction modelling and accessibility measures. The proposed “family of accessibility
measures” provides a more theoretically rigourous, interpretable, and potentially policy-
relevant alternative to conventional formulations. The empirical application to parkland
accessibility in the city of Toronto functions as a case study to demonstrate the practical
value of this approach while also highlighting important paths for refinement. Future
work can build on these limitations by integrating measures of quality, incorporating
behavioural characteristics into the measures themselves, and testing the measures sen-
sitivity across different scenarios.
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