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Lay Abstract

In the field of autonomous vehicles and mobile robots, a future path is determined
given certain sensor information about the surroundings. Some contexts like search
and rescue, racing, mapping and exploration require a robot to make intelligent path
planning decisions with no prior information on what the environment looks like,
what obstacles exist or where to go. Here, a standalone local path planner is needed
to provide a reasonable trajectory based on limited information. This thesis presents
algorithms that allow vehicles to traverse safe local paths in real-time when the en-
vironment is unknown. Safety is obtained by maintaining large distances to nearby
obstacles where possible while also promoting a smooth, controlled path. Extensions
to this framework dynamically promote higher speeds, account for the future paths
of other detected vehicles and maintain path safety while simultaneously pursuing
a leader vehicle. Simulation and experimental results show the comparison of algo-
rithms detailed in the thesis and how safer, superior paths are made compared to

existing local planners.
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Abstract

This thesis presents the development of safe and versatile local path planning al-
gorithms through Model Predictive Control (MPC) in the absence of a global path
planner for applications such as search and rescue, mobile robotics and autonomous
vehicle racing. Rather than formulating a local planner that tracks and controls to-
wards a known global path, the foundational novel method presented in this thesis
relies solely on continually updating an optimal local reference trajectory and solving
a non-convex optimization MPC problem for control commands to track this path.

Successive tracking lines are generated through a quadratic optimization to max-
imize the distance to nearby obstacles (detected through LiDAR) while having head-
ing directions aimed towards large open spaces. Quadratic costs are derived to follow
these lines closely, subject to nonholonomic system constraints as described by the
kinematic bicycle model. Via a Sequential Least Squares Quadratic Programming
(SLSQP) online solver utilizing analytical gradients, feasible and locally optimal so-
lutions are reliably found in real-time operating circumstances.

This approach is extended to incorporate dynamic obstacles into vehicle avoidance.
Vehicle detection exploits a custom-trained Convolutional Neural Network (CNN) us-
ing the You Only Look Once (YOLO) architecture. Red, Green, Blue (RGB) detec-

tions are projected into depth space, and an Extended Kalman Filter (EKF) obtains
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predicted vehicle paths. These tracked vehicle paths are then added to the path
planning algorithm to handle adversarial vehicle avoidance in multi-vehicle scenarios.

An alternative formulation introduces a fourth-order Bezier curve model in place
of the successive tracking lines, which combines the generation of an optimal path
and actuation to the path into one non-convex optimization. Constraints on vehicle
dynamics are incorporated directly into the construction of the curve, and potential
fields from nearby obstacles ensure a safe path is maintained. Computation complex-
ity is reduced, and smooth paths are reliably found in real-time.

The aforementioned local planners are incorporated in a leader-follower hierarchy,
which balances the need for pursuit tracking with the safety of the generated path as
before. Arbitrary following configurations are enabled through the pursuit formula-
tion, and adaptive pursuit vs. safety weightings are dictated by continuously updating
obstacle proximity. This framework sets the basis for modular and extendable flexible
formation fleets in unknown areas using only local path planning.

Results are exhibited in both a simulation environment and on a 1/10th scale
autonomous vehicle. Real-time navigation is achievable, and trajectories are shown
to be safer and achieve superior performance compared to existing local planners when
the assumption of a known global planned path is removed. The algorithms presented
in this thesis are compared, and their ability to obtain their desired objectives in

varying environments is shown.
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Chapter 1

Introduction

1.1 Motivation

The development of faster real-time hardware has proved to be a valuable synergy
for modern robotics and autonomous vehicle systems. To achieve safe and efficient
navigation, autonomous systems need to make intelligent decisions quickly and re-
sponsively [1]. Increased sensor and computing capabilities have expanded the set
of methods through which these decisions can be effectively made. Extensive prior
research explores the navigation of autonomous vehicles & mobile robots in environ-
ments that have defining, structured characteristics (such as roads) [2-5] or are known
in advance of the robot’s travel [6-9]. These assumptions are impractical in general
situations, particularly in applications such as search and rescue, certain racing sce-
narios, exploration & mapping tasks, as well as military operations. In such events,
the environment is unstructured, unknown, and a desired goal position is elusive.
Local path planning assumes no knowledge of the robot’s global surroundings and

thus, many existing navigation methods are non-transferable to these situations. The
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focus in these circumstances turns from generating an ideal path to a goal towards
instead continuously updating the most sensible short-term trajectory as the robot
progresses through the unknown space. Guarantees on successful passage are limited
given this imperfect global knowledge, so prioritizing safe and locally optimal paths
becomes the target.

A unifying, parameterized framework is needed to generalize successful navigation
from a single, assumed environment to the diverse and unknown spaces encountered
in real-world conditions. Some simple local path planning approaches have limited
forward-looking capabilities, focusing predominantly on the next control action while
relying on a predefined global reference path to track [10, 11]. More thoughtful
existing exploratory techniques chart local trajectories but again rely on a global path
for tracking [12-15]. When these local planners are paired with frontier exploration
in the absence of a known fixed global path, performance degrades and distance to
obstacles decreases, heightening the risk of collisions. Thus, a thorough construction
of a receding optimal, feasible path is introduced that can be transferable to an
arbitrary environment with no prior knowledge of a desired global path.

The deficiencies in existing standalone local path planners motivate the devel-
opment of a new framework for local navigation. This framework should prioritize
safety and establish a general, environment-independent formulation to simultane-
ously generate and actuate to an optimal, feasible local trajectory. Leveraging modern
hardware capabilities, this framework generates safer paths in real-time than exist-
ing standalone local planners, with adaptations meeting further control desires. This
thesis presents the formulation of such a framework and extensions to further vari-

ants. These include one that tracks and avoids dynamic obstacles, one that prioritizes
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faster speeds, one that generates smooth paths even computationally faster and one

that maintains a safe path while synchronously pursuing a leader vehicle.

1.2 Problem Statement

A major challenge of local path planning is the lack of broader situational knowledge
that comes with a global plan. Sensible path planning decisions can now only be
made with local context, and so our ability to reach certain unknown global regions
may be impaired. The robot’s objective is therefore reformulated from reaching a
known location to instead progressing along the best choice of local path for the
duration of its travel. The choice of the best local path, formulated and continuously
updated online, is typically made with respect to a known global path but must now
be determined separately. Therefore, the dual problem of generating an optimal path
and controlling the vehicle to follow the path arises. Model Predictive Control (MPC)
is a commonly used method for generating and controlling towards desired paths [1].
In MPC, an optimization is formulated to obtain the system control inputs over a
future receding time horizon; the first input is applied, and the process is repeated
for the next sample time. A general approach is needed for this optimal local path
design that applies in any arbitrary environment where the vehicle could be deployed.

Another prevalent concern for path planning is reliably computationally tractable
solvers for real-time applications. Since responsive autonomous systems must con-
tinually update and adapt on the scale of fractions of a second, control decisions
need to be determined quickly. Path planning problems typically yield non-convex &
non-linear optimizations [16, 17] which are difficult to quickly solve globally. Some

methods simplify the problem through linearizations [18]; however, model accuracy
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and applicability are lost. Important non-linearities can arise from steering angle
dependencies and vehicle dynamics based on the kinematic bicycle model. These
relationships must be fully expressed in order to achieve accurate trajectories over
longer horizons. Using Sequential Quadratic Programming (SQP) solvers is a way
to efficiently obtain good solutions to non-linear, non-convex optimizations [19, 20]
in real-time if valuable insights into the problem are exploited. For the sacrifice of
global optimality, a sufficient locally optimal solution is instead used, which, when
paired with a sensible starting guess, yields promising results.

In global planners, the existence of dynamic obstacles raises the need for responsive
local planning to update the trajectory in real-time. This issue applies to the case of
local planning in unknown environments with greater flexibility, as the ideal reference
path can be greatly affected by the behavior of moving obstacles. Synchronized sensor
fusion is required for object detection and tracking in order to both identify specific
moving obstacles and quantify state properties. This matter becomes more complex
in unstructured environments when compared to roads, as moving obstacles can come
in many forms and arrangements, increasing the dimensionality of the problem space.
Instead of representing estimated future trajectories assuming zero curvature [21], a
constant curvature model is used to increase the accuracy of the predicted model for
arbitrary obstacle motion. By fully parameterizing all nearby moving obstacles and
monitoring changes in motion, the local planner can be designed to predict the future
behavior of hazards. Thus, the vehicle can correspondingly act early to avoid collisions
& formulate safer paths in unknown territories and contexts like multi-vehicle racing.

With developments in single robot path planning, increased interest has turned to-

wards collaborative multi-robot exploration teams. Fixed formations are maintained
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in the absence of obstacles [22], whereas individual vehicle safety is preserved through
collision avoidance [23], thus temporarily breaking formation. In new, unknown envi-
ronments, local planners must achieve path safety through a flexible fleet formation.
Fleets may have communication channels between agents [24]; however, this may not
always be the case, which complicates the problem. A general structure is desired for
local planning in unknown areas, which enables arbitrary formation patterns, sizes
and shapes through modular characteristics.

Current outstanding challenges in the literature motivate the design of a univer-
sal local path planner for situations where the surroundings are unknown and inter-
vehicle collaborative or adversarial dependencies may exist. A framework must be
introduced to enable real-time, responsive path planning based only on current knowl-
edge and predictions while incorporating system non-convexities and non-linearities
to preserve accuracy. Safety considerations should be prioritized while also meeting
requirements on vehicle dynamics and inter-vehicle interaction. This thesis seeks to

explore the development of such a local path planning formulation.

1.3 Thesis Contributions

In this thesis, the challenge of safe local path planning in unknown, multi-vehicle
circumstances is addressed through the construction of novel MPC algorithms with
accessible, open-source implementation® for general use in real-time operation. These
proposed planners rely only on local sensor data (which can be obtained via LiDAR)
without a known global path or desired goal location. Safer paths are yielded than

existing exploration methods, making these planners attractive for search and rescue

'https://github.com/schaiblc/McMaster_AEV_MPC_Algorithms
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applications. Subsequent developments extend the standalone local planner to ac-
commodate more complex situations involving other vehicles, both through collision
avoidance and pursuit navigation. Thus, these local planning approaches can also be
applied to autonomous multi-vehicle racing contexts for safe navigation on unknown
courses. Non-convex MPC optimization problems are formulated, and smooth, con-
tinuous analytical gradients are exploited to enable fast, real-time solving through an
SQP-based solver.

A novel MPC local planner and control algorithm is proposed, entitled Sequential
Tracking Line Model Predictive Control (STLMPC). This approach solves successive
quadratic programming optimizations to obtain discontinuous line segments repre-
senting the ideal local reference path. This cumulative path maximizes distance to
local obstacles while proceeding in the direction of larger, open local spaces. The kine-
matic bicycle model is used to represent nonholonomic vehicle constraints and limits
on control inputs. Costs are attributed to tracking accuracy of the local reference
path and control effort expended. The MPC’s receding prediction horizon accounts
for future behavior in the present and updates at the controller rate (equivalent in
practice to that of the LiDAR sensor’s publishing rate). Detected & tracked vehicle
trajectories are estimated based on a constant curvature model and are considered
temporally to mitigate collision risk over the future time horizon. Forward velocities
are maximized subject to safety limits under a fast exploration alternate scheme. Ve-
locity restrictions arise based on turning angle conditions and obstacle proximity. To
the author’s knowledge, this is the first formulation of a safe, standalone MPC local
planner with the aforementioned design targets, applicable to multi-vehicle contexts.

An alternative algorithm that combines planning and control into a single path
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is presented through Quartic Bezier Model Predictive Control (QBMPC). A fourth-
order Bezier curve smoothly incorporates constraints on vehicle dynamics while also
meeting limitations on the path to obstacle vicinity. Potential field-like forces are
developed to obtain a curve that maintains safety from hazards. Smooth paths are
generated, and a reduction in optimization variables ensues as the Bezier control
points are found to describe the curve’s motion. To the author’s knowledge, this for-
mulation is the first Bezier curve method to achieve simultaneous local planning and
control in unknown environments with no tracking reference and incorporate physi-
cal limits on maximum changes in curvature & forward velocity. Also, this method
enables the predicted path duration time to be arbitrarily scaled while maintaining
the fixed parameterization of the Bezier curve.

The novel STLMPC and QBMPC approaches are modified to fit dynamic pur-
suit scenarios of a leader vehicle through the P-STLMPC and P-QBMPC algorithms,
respectively. Adaptive weighting is provided to balance the focus on maintaining
a pursuit formation as opposed to traversing a safe path based on instantaneous
proximity to obstacles. These methods provide a flexible framework for arbitrary for-
mation configurations and fleet sizes in unknown environments where local planning
is exclusively used. Vehicle-to-vehicle communication is not required to coordinate
formation, thus simplifying hardware requirements and removing the risk of com-
munication failure. To the author’s knowledge, this is the first approach to develop
communication-less, flexible fleet formations that can contend with obstacle hazards
in unknown environments using only local planning and no known tracking reference.

Finally, the novel algorithms are implemented in practice, and results are shown.

These experiments show the applicability and performance of these methods across
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different testing setups and environments. Validation occurs both in simulation and

experimentally using a 1/10th scale autonomous vehicle.

1.4 Organization of the Thesis

The remainder of the thesis is structured as follows. Chapter 2 explores existing
literature focused on the areas of local planning, model predictive control, and multi-
vehicle navigation contexts. Chapter 3 introduces the Sequential Tracking Line Model
Predictive Control method, which serves as a basis for further navigation algorithms
developed. The simulation and experiment testing architectures used in the thesis are
presented, and results are illustrated for the performance of this base algorithm. In
Chapter 4, vehicle detection and tracking via extended Kalman filtering are covered to
establish the foundation of a multi-vehicle path planning approach. Vehicle avoidance
is derived from the tracked vehicle paths and is implemented in STLMPC, where
implementation results are provided.

Chapter 5 expands the complexity of the STLMPC method by introducing a
non-constant velocity. Here, the velocity is influenced by vehicle and environmental
conditions, which leads to more flexible, controllable path planning. In Chapter 6,
an alternative formulation to STLMPC, the Quartic Bezier Model Predictive Con-
trol scheme is developed. This method aims to reduce complexity while providing
smoother paths, and its performance is compared to STLMPC. Chapter 7 augments
both STLMPC and QBMPC to consider the pursuit of a leader vehicle in an unknown
space. Now, objectives on both pursuit tracking and maintaining safety in the local
region are weighed for effective planning. Lastly, Chapter 8 completes the thesis by

presenting conclusions and highlighting some possible directions for future research.



Chapter 2

Literature Review

This chapter presents an overview of existing literature pertinent to the topics dis-
cussed subsequently in this thesis. An overview of methods for local path planning is
presented with a specific focus on the use of MPC in existing approaches. Previous
work on detection & tracking of dynamic obstacles is explored, as well as planning
methods that consider these factors. Existing research on the use of Bezier curves for
path generation and smoothing is explored, and finally, studies on multi-vehicle fleet

navigation problems are highlighted.

2.1 Local Path Planning Techniques

Navigation techniques for mobile robots are primarily categorized as either global
planners or local planners [25]. Often, the role of the local planner is to accom-
modate real-time, unexpected changes in a known environment to track the global
planner while performing online obstacle avoidance [26]. One simple method for doing

this is through PID (Proportional-Integral-Derivative) control for tracking a desired
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trajectory. This approach is not optimization-based and thus has minimal compu-
tation time and can yield acceptable performance in simple simulated environments
[11]. However, possible system constraints are not considered, and optimality is not
defined, while performance is also reliant on a previously defined reference trajectory.
Even in simple simulation cases, tracking a reference is done with smaller errors when
using a more sophisticated MPC framework [27, 28]. PID controller performance is
also highly subject to tuning, which can greatly affect tracking error and accuracy
29].

Another local planning technique that tracks a reference path is through the pure
pursuit algorithm [30]. This method uses a chosen look-ahead distance to determine
the necessary curvature that will move the vehicle to the identified point on the
reference path. The vehicle effectively chases a point ahead of it on the reference
trajectory, continually ensuring it tracks the path. This method’s performance is
highly dependent on the choice of look-ahead distance, and adaptive selection methods
have yielded decreased tracking errors [10, 31, 32]. Variable linear velocities have been
incorporated into pure pursuit, lending greater flexibility for safe operation [33]. This
approach has limited computation and time costs but lacks the complexity of MPC
methods, which can accommodate more difficult, dynamic local navigation scenarios.

The Artificial Potential Field (APF) method [34] seeks to determine the best local
path for obstacle avoidance through an expression of attractive and repulsive forces.
The presence of a desired goal location attracts the vehicle while nearby obstacles
& hazards repel the path to maintain safety. Challenges with this approach have

been identified, namely oscillations in the presence of obstacles & narrow passages,
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susceptibility to falling into local minima solutions and failure of passage when obsta-
cles are closely spaced [35]. Modifications have subsequently been made to encourage
the escape of local minima [36-38]; however, in more complicated environments, the
computation costs rise and the risk of poor local minima selection increases. There-
fore, many modern path planning approaches turn to using global planners that are
grid-based, like Dijkstra’s Algorithm [39] & A* [40], or sampling-based, like Rapidly-
exploring Random Trees (RRTSs) [41], for navigation to a known goal (the attraction
force). Local planning is often done by one of the following methods, which ensure
collision avoidance (the repulsive force) while tracking the global trajectory.

Through the Dynamic Window Approach (DWA) [12], the search space for the
desired local path is reduced to two dimensions: the translational and rotational ve-
locities. Only feasible velocity pairs are considered based on vehicle dynamics and
unsafe trajectories that result in collisions are ignored. The optimization prioritizes a
heading towards the goal location, clearance of nearby obstacles, and a larger forward
velocity. Velocity pairs are sampled, and the pair producing the highest objective re-
sult is chosen. This approach places explicit considerations on vehicle dynamics con-
straints in contrast to previous methods and engages in collision avoidance. However,
the velocity and curvature of the future trajectory are assumed to be constant, which
is restrictive and impractical. Furthermore, cost weights are fixed, which can lead to
poorer performance in different environments, and the path update rate may be lower
than the real-time control rate. Recent work has aimed to extend DWA to cases with
dynamic obstacles [21, 42] and make DWA adaptive to varying environments through
reinforcement learning [43, 44].

Finally, using an elastic band algorithm, the nature of the global path is preserved

11
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while deforming to accommodate obstacle avoidance. Regional bubbles are introduced
to express free space along the global trajectory for the collision-free path and are
adjusted to satisfy real-time collision avoidance if the original path becomes unsafe
[13]. The Timed Elastic Band (TEB) planner [14] extends on this by accounting
for constraints on vehicle dynamics. Local solutions are found through large-scale
optimizers for sparse systems, though the path update rate can become slower in
complex environments. Shorter paths are encouraged, even more so in further work
[45], which may lead to close proximity to obstacles & therefore collision risk under
uncertainty or with dynamic obstacles. In these cases and in general, parameter
tuning can highly impact performance [46]. MPC extensions of TEB have been
examined [47]; however, MPC has come to be preferred in the place of TEB for local

planning of robots with complex dynamics like nonholonomic constraints [15].

2.2 Model Predictive Control for Actuation &
Planning

The application of Model Predictive Control (MPC) to real-time path planning and
control purposes has been a more recent development, due to improvements in com-
putational resources and algorithm efficiency [48, 49]. MPC was first widely used
in oil & chemical industry control processes [50] where its ability to handle hard
constraints and its predictive nature yielded better performance than classical con-
trollers like bang-bang & PID [51]. MPC [52, 53] explicitly uses a model to solve an
optimization problem for the optimal inputs over a future time horizon. Often, the

cost function is formatted to track a reference (Figure 2.1) while considering system

12
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Figure 2.1: Graphical representation of Model Predictive Control, illustrating future
control inputs, outputs and reference trajectory.

constraints. For each time step, only the first control action of the optimized future
trajectory is applied before conducting the optimization again at the next sample [54].
This receding prediction horizon balances current and future performance, providing
anticipatory behavior based on the configurable definition of optimality.

The use of MPC in autonomous vehicle and mobile robot applications is split into
two categories: motion control and path planning [1]. For motion control purposes,
the reference trajectory is already defined, and the goal of the MPC problem is to
determine the optimal control inputs to track the known path accurately. This is often
the role of MPC in local planners when performing obstacle avoidance and tracking
a predefined global path. Extensive research on collision avoidance in road traffic
conditions for autonomous vehicles has used MPC as a motion planner. One popular
method uses a 3D potential field approach to avoid collisions, forming a reference

trajectory which multiconstrained MPC then tracks, generating front steering angle
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commands [2]. MPC has also been used to control complex maneuvers like lane
changes [55] while ensuring yaw stability [56] as well as maintaining lateral stability in
icy road conditions [16]. In mobile robot contexts, potential field trajectory planning
and MPC tracking have been applied with an adaptive prediction horizon length [57].
A prominent open-source MPC local planner [15] can both track a reference trajectory
as well as perform collision avoidance while reaching intermediate goal positions along
a globally known path.

Some local planners attempt to increase the role of MPC in path planning while
also providing motion control. In a warehouse application, only a single goal location
is known, and MPC is used to obtain the optimal local path and control inputs [58].
While this method removes the need for a global planner, significant assumptions
in the formulation are made on the warehouse environment to ensure success, and
the obstacle setup used in simulation is simplistic. Motion planning in autonomous
vehicles has been explored by incorporating actuator dynamics, nonholonomic con-
straints and collision avoidance to generate local trajectories [59]. This approach
only formulates its trajectory to terminate at a desired local goal position instead
of tracking a full reference path. Another paper uses a potential field method in a
human-like approach to autonomous vehicle decision making, which avoids following
a predefined path [60]. Instead, conditions like obstacle avoidance and maintaining
safe lane driving are prioritized for MPC path planning while making lane change
decisions based on a game theory framework.

Many studies have sought to extend the use of MPC with adaptations and ad-

ditional steps. A model-free predictive controller is developed, removing the need

14



M.A.Sc. Thesis — Christian Schaible McMaster — Electrical & Computer Engineering

for model learning, which can sometimes be complex & laborious [61]. This pro-
posed method only holds for a short preview horizon until accuracy fades, meaning
it is inapplicable to path planning tasks such as collision avoidance. Tubes are in-
troduced in MPC to handle uncertainty and provide a robust, collision-free region
around the nominal path [62]. Further research has focused on reducing computa-
tional costs through geometric reformulations [63]. Although real-time applicability
has improved for nonlinear solvers, attempts have been made at linearizing certain
nonlinear MPC problems. Depending on the situation, these approximations may not
significantly deteriorate performance while reducing computational costs [18]. Rein-
forcement learning has been paired with MPC both in a hierarchical setup [64] and
using MPC in training. When properly trained, the reinforcement learning method
is shown to decrease computational time while maintaining similar paths to MPC in
simple, simulated environments [65].

Applications of varying schemes of model predictive control to autonomous vehi-
cle racing are also common in existing literature. One approach extracts a local map
from sensor data before estimating the track center line based on curved walls con-
structed by consecutive obstacles (assuming constant track width) [66]. This method
achieves comparable performance to global methods but with higher computation
times. Model Predictive Contouring Control (MPCC) is used here and in other rac-
ing studies [67], implementing linear approximations and a contraction constraint to
ensure stability while attempting to both minimize the center line contour following
error and maximize vehicle speed [68]. Alternatively, a sampling-based optimization
approach, Model Predictive Path Integral (MPPI) control, makes parallel samples in

the control space, removing the need for separate planning and execution steps [69].
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By guiding the convergence target of the solution, an extension enhances performance

for racing when multimodalities exist in the optimal action distribution [70].

2.3 Dynamic Obstacle Detection & Tracking

Assuming static environments for path planning may be insufficient for many real-
world applications. Thus, the need for real-time dynamic obstacle recognition and
tracking must be incorporated for versatile path planners. Vehicle detection and ob-
ject classification have been prominent subjects of focus due to modern developments
in machine learning and, more recently, deep learning [71]. An early approach used a
Gaussian mixture model (GMM) to determine if pixels were part of the background
or not, attempting to handle lighting and seasonal changes [72]. Thereafter, machine
learning methods have been designed to use known properties for vehicle detection
and classification from RGB images. Shape- or edge-based methods identify vehi-
cles from their outlines in contrast to the background [73], while appearance-based
techniques perform classification after training on corresponding datasets [74].

Most vehicle detection used presently takes the form of deep learning, where neural
networks make class predictions based on learned visual features [75]. Two types
are Faster Region-based Convolutional Neural Networks (Faster R-CNNs) [76] and
You Only Look Once (YOLO) networks [77]. YOLO splits an image into grid cells
and determines bounding boxes for predicted detection classes all in one pass of the
neural network, making it popular in real-time detection/classification applications
[78-80]. Deep learning methods are also applied to enhance the use of Doppler radar
in detection and tracking applications [81, 82].

Once moving obstacles are detected, positional and orientational states must be
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tracked to direct path planners and avoid collisions. A classic approach that re-
cursively estimates states with updated observation knowledge is known as Kalman
filtering [83]. Noisy measurements are filtered, and a time-varying state estimate
allows for tracking given uncertainties [84, 85]. This method is broadened to the
Extended Kalman Filter (EKF) by performing linearizations on non-linear systems,
which are common in autonomous vehicle tracking problems [86]. EKFs can then es-
timate target positions and velocities to predict future motion for either tracking [87]
or collision avoidance purposes [88]. Although some detection methods, like those us-
ing CNNs, can be susceptible to occasional missing frames, state estimation remains
effective using Kalman filtering [89].

Path planning with tracked dynamic targets becomes a more challenging problem
than in the static case. One extension of DWA considers time such that trajectories
of dynamic obstacles aren’t crossed. Going further, it introduces a tree formulation
where future curvature arcs are considered over a horizon to choose the best velocity
pair to apply at the current time [42]. Using a constant velocity model for dynamic
obstacles detected from a local costmap, TEB is extended to penalize close distances
to time-sampled moving objects [90]. Similarly, an MPC planner parameterizes mov-
ing obstacles by fixed, blocked regions at sampled times to maintain distance and
prevent collisions [15]. In a racing application, vehicle overtaking is achieved through
nonlinear MPC, where overtaking is enacted only if the maneuver has a low risk of
collision [91]. In application, sensor fusion of RGB-D (RGB-Depth) cameras with

LiDAR has enabled path tracking of dynamic obstacles in 3D space [92, 93].
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2.4 Bezier Curve Trajectory Formulations

The Bezier curve is an important tool for designing smooth, efficient trajectories
not only in path planning but also in computer graphics and animation [94]. Bezier
curves are based on Bernstein polynomials [95], where a few control points can fully
characterize a parametric curve with fixed start and end coordinates. Figure 2.2
shows the increased flexibility of Bezier curves with added control points, where each
point effectively pulls & shapes the curve towards it. Bezier curves are effective
in smoothing predefined, piecewise linear paths and can also be used for collision
avoidance and path planning.

The most prevalent use of Bezier curves in the field of autonomous vehicles and
mobile robotics is for curve interpolation and smoothing [96]. In one study, Dijkstra’s
algorithm selects the shortest path based on a Voronoi graph where Bezier curves are
then applied to smooth the piecewise linear segments into a less rigid trajectory [97].
Quintic Bezier curves are used on piecewise linear paths to achieve C? (curvature)
continuity, ensuring feasibility for autonomous vehicle travel before MPC is performed
to select the optimal path velocity [98]. A further extension ensures C® continuity
by using quintic trigonometric Bezier curves with two shape parameters to smooth a
predefined skeleton path [99]. Similarly, other methods rely on waypoints to achieve
smooth turns while also maintaining continuity between segments [100, 101]. A quar-
tic Bezier curve formulation seeks to generate control points that provide adaptive
speeds under different path curvatures without additionally computing the speed pro-
file [102]. This method maintains continuity while following waypoints corresponding

to the predefined path.
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Figure 2.2: Bezier curves, control points and control polygons for each order curve.
(a) Linear Bezier Curve (b) Quadratic Bezier Curve (c¢) Cubic Bezier Curve (d)
Quartic Bezier Curve

Some approaches use Bezier curves more thoroughly for path generation as op-
posed to smoothing and interpolation. In a simulated autonomous vehicle study,
obstacle avoidance is achieved while maintaining travel along waypoints of an ini-
tial path using quadratic programming and Hildreth’s algorithm [103]. The Bezier
method is shown to generate better paths than a separate potential field approach
while also having faster computation times. Another paper evaluates a dynamic
trajectory planning method for varying simulated road conditions based on poten-
tial fields to guide the Bezier curve’s path [104]. Unknown parameters are reduced
through the use of the Bezier curve, and vehicle dynamics direct the trajectory choice.
Separate optimizations are done; first for the Bezier curve curvature and second for

the speed and acceleration profiles.
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Through a Bezier path generation algorithm, a study regarding mobile robots
achieves local collision avoidance while pursuing a global path [105]. Control points
are added to avert local obstacles while the global trajectory is formed through a
Bezier curve interpolation of an RRT path. Lastly, genetic algorithms are augmented
with Bezier curves to achieve security, minimal length and smoothness of the resulting
path [106, 107]. Here, the genetic algorithm explores the space between a start and
local goal point to select the control points that maximize the fitness function and

thus produce the best trajectory.

2.5 Navigation in Pursuit & Fleet Formation
Contexts

Some applications require cooperative navigation among agents, either via leader-
follower schemes or extendable fleet configurations. Often, some form of communi-
cation exists between vehicles [1], whether it be directional (from leader to follower)
[24] or bidirectional [108]. A common architecture is distributed MPC, where com-
munication occurs between neighboring agents regarding positions and planned paths
[22, 109]. This allows each agent to make their own decentralized decisions while pro-
viding this information to other agents, maintaining swarm intelligence. Sometimes,
however, communication isn’t possible, and each agent must operate using only its
own sensor-based knowledge [110].

In leader-follower formations, information typically flows downstream such that
the followers track the leader [111]. Research has explored the leader-follower hier-

archy for teams of agents where the leader follows global planners like RRT [112],
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D*Lite [23] and Dijkstra’s Algorithm [113]. The pursuing agents track the leader in
the predetermined formation while potential field forces maintain shape and prevent
collisions both with obstacles and between agents. In another application, a lead ve-
hicle is tracked in an outdoor, off-road environment using LIDAR, RGB cameras and
radar sensors [110]. The controlled vehicle pursues the tracked leader by solving an
MPC problem through an interior point solver, maintaining a safe separating distance
that increases when traveling at higher speeds.

By considering both maximum allowed distances between vehicles due to com-
munication range requirements and minimum distances to prevent collisions, another
study stacks the leader-follower approach to a successive string of robots [114]. The
leader-follower framework can also be used in varying formations where N robots are
controlled through N — 1 decentralized leader-follower connections. This approach is
used in a three-level control architecture where relative formation positions are subject
to obstacle avoidance [115]. It is assumed that a high-level coordinator can reassign
leader-follower connections and parameters, yielding varying formation patterns.

For more general, distributed MPC problems, agents consider interactions with all
nearby agents instead of a single leader. To ensure agents don’t collide or significantly
interfere with each other when planning towards a goal, a centralized nonlinear MPC
approach is investigated [116]. Deadlocks can occur when vehicles outside of the local
communication range become close, presenting the risk of inter-vehicle collisions. The
centralized optimization uses knowledge of all vehicles to ensure that vehicle paths
maintain separating distances and presents collision-free navigation in simulation.

Conversely, a different method distributes the computational load of the optimal
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control problem between the agents and only performs one solution iteration per con-
trol update [117]. This saves computation & communication costs, and the solution
converges as the vehicles head towards their destination. To enable smooth forma-
tion splitting and merging in the presence of obstacles and with communication loss,
homotopy classes can be used to split agents into appropriate, adaptable groups [118].

Further studies on formation frameworks explore different governing rules and
principles for collective navigation. Per one approach, optimality is redefined to de-
termine the minimal energy paths for agents, locally or globally, in a decentralized
manner [119]. Another paper explores a centralized planning layer that generates
dynamic targets for each agent to track while using potential field forces between
agents, keeping flexibility and safety [120]. A comprehensive framework achieves
static path planning and dynamic tracking while being able to alter robot forma-
tion through inter-vehicle and vehicle-to-cloud communication channels [121]. Rein-
forcement learning has also been integrated into multi-vehicle navigation problems
where training occurs over different formations, goal points and obstacle configura-

tions [122, 123].
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Chapter 3

Sequential Tracking Line Model

Predictive Control

This chapter introduces the method entitled Sequential Tracking Line Model Pre-
dictive Control (STLMPC), which is expanded upon in additional chapters. This
approach provides a safe, standalone local path planning technique that maximizes
local distances to obstacles while conforming to constraints on vehicle dynamics. At
each time step, quadratic programming is used to obtain successive ideal reference
tracking lines, and a nonlinear MPC problem is solved through an SQP solver for the
optimal steering angle commands to navigate.

The outline of the chapter is as follows. First, the formulation of the STLMPC
algorithm is shown, including both the creation of tracking lines and the MPC op-
timization that ensues. The case of localization through Adaptive Monte Carlo Lo-
calization (AMCL) is shown, which allows for increases in the look-ahead horizon of
STLMPC. The simulation and experimental architectures for this and all subsequent

chapters are discussed, and results are provided for the tested STLMPC algorithm.
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3.1 STLMPC Formulation

3.1.1 Generation of Tracking Lines

The unknown environment is constructed based on a set of detected obstacles (in prac-

tice, through a sensor such as LIDAR). Here, the N5 obstacles, {(Zops.i, yobs,i)}f\[:“gs—l

are denoted with respect to the moving vehicle frame, Thase = [Tpase, Ybase, Opase)” - For

each obstacle, the polar coordinates, {(7ps.;, eobs,i)}f;gs‘l can be obtained accordingly

through 7oy i = | /2%, + Y2y ; a0d Oops i =tan™" (32=) while the reversion back to the

S,%

Cartesian frame follows from the inverse equations. The proposed convention assigns
the +x direction to point ahead of the vehicle, +y to point left and 46 to rotate

counterclockwise (starting from 0 along the positive x axis) as seen in Figure 3.1.

[xbasea Ybases gbase]

Figure 3.1: Vehicle states and coordinate vehicle frame with positive z (red) and y
(green) directions shown. The coordinates of two obstacles are shown with respect
to the base frame.
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The vehicle state is described by five variables, [z,y,0,d,v] where x and y are
the vehicle position coordinates, # is the vehicle orientation, d is the current steer-
ing/turning angle and v is the forward velocity. The fixed wheelbase parameter, ,
describes the distance between the front and rear axles of a given vehicle.

To obtain the reference tracking line, a heading direction is first required. The
approach taken, inspired by the Follow the Gap Method (FGM) [124], initially orders
the Nys obstacles in increasing order of Oys; where for all ¢ € {0,..., Ny — 1},
—7 < Oops; < m. A threshold distance is defined by d,f., where all obstacles with
Tobsi < dsqfe are assumed to be immediate potential hazards. For all obstacles in
the front 7 radian window (=3 < . < 5), the largest range-weighted angular gap
with only obstacles further than ds, s is found, providing the gap’s start and end
angles, Osart & Oeng (Algorithm 1). The safest gap balances the angular size with
larger obstacle ranges in the gap & exceeding dg, . to ensure the safest local direction
of travel. Once the safest angular gap is obtained, the heading direction is calculated

as:

‘95 ar een
ehead = % (311)

Now, the obstacles are split into left, right and excluded clusters with respect to the
heading angle. Obstacles with Oups ; € [Onead + a1, Oneaa + bi] belong to the left cluster,
Oy, while obstacles satisfying 0,ps; € [Oheada—br, Oneaa—ar] fall into the right cluster, O,.
The Cartesian forms, O, :{(xobsvi,yobsvi)}f\lgﬂ_l and O, :{(xobs’i,yobs’i)}fvzrégm_l are
then used in a quadratic optimization to obtain the reference tracking line. Here, Ni.

and N,gn: denote the number of left and right obstacles, respectively. Obstacles can be

subsampled to limit the number of constraints and, thereby, optimization complexity.
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Algorithm 1: Safest Local Angular Gap Formulation

Input: Obstacle Ranges {rqs;}, Obstacle Angles {05}
Output: 0,04, Ocng

1 Sort obstacles by ascending angle;

2 LargestGap = 0, CurrentGap = 0, GapLength = 0;

3 for O, € [-5,5] do

4 if 7ops; > dsqfe then

5 CurrentGap += robs,iw;

6 if GapLength = 0 then

7 ‘ estart,curr = Qobs,i;

8 GapLength += 1;

9 if 7opsi < dsage OT Oopsiv1 ¢ [—5, 5] then
10 if CurrentGap > LargestGap then
11 LargestGap = CurrentGap;

12 Ostart = Ostart_curr;

13 Qend = Qobs,i—l;
14 CurrentGap = 0, GapLength = 0;
15 end

The basis for the tracking line optimization comes from the concept of Support
Vector Machines (SVMs) [125]. SVM identifies a decision boundary (linear or non-
linear) that best separates classes of points by maximizing the margin between them.
This approach can be used for path planning that maximizes distance to obstacles
and has been explored in global planning approaches to find paths between a start
point and goal [126, 127].

The parallel right and left bounding lines on the obstacle clusters are described
respectively (Figure 3.2) by:

wig+b=1 (3.1.2)

and

whg+b=-1 (3.1.3)
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Figure 3.2: Left & right bounding lines for the defined obstacle clusters as well as
the optimal center tracking line generated.

where w! = [w,,w,] and ¢© = [z,y]. These parallel bounding lines define a con-
sistent maximum margin and preserve symmetry, forming the basis for the convex
optimization problem. The optimization variables are the line parameters, namely

2

T = [wy, wy, b]. To maximize the distance between the lines, d = T, the denom-

x
inator is minimized via a standard quadratic objective. Linear inequality constraints
are developed to ensure obstacles remain on the separated side of each bounding line.
Finally, b is bounded to ensure that the (0,0) reference exists between the two bound-
ing lines and thus the vehicle is in the middle of the bounded obstacle clusters. The

quadratic optimization with linear inequality constraints is proposed:

min —w’w
w,b

subject to wlp;+b—1>0 Vp; € O,
] b b (3.1.4)
prj—i-b—FlSO ije(’)l

—1+e<b<1—c¢
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which can be solved through Goldfarb & Idnani’s active-set dual method [128]. Here,
€ is assumed to be a small number, and in practice, a small quadratic objective term
is placed on b to ensure the problem is strictly convex.

The tracking line becomes the center line between the bounding left and right
lines, wlq +b = 0, and through normalization, the tracking line parameters are

reduced from three to two:

1
w’q+ 1 =0, where we redefine w’ <« E[wx, wy] (3.1.5)

This process is now extended to the general case of ny/pc sequential tracking lines,
each of kj pc future samples (with sample time At). Using the current reference
frame point, ppasei = [Thase.i» Yvase.i]” , the closest point on the tracking line, pyart.i, is:

wz'prase,i + 1 .
[Jws[?

T _
[xstart,ia ystart,i] = Pbase,i —

Taking the orientation of the tracking line using the two-argument inverse tangent
function, 8440, = —atan2(w,;,w,;) and the vehicle’s current velocity, v, the end

point of the tracking line, pe,q,; is found through:

[mend,ia yend,i]T = pstm‘t,i + UAt kMPC . [COS(Qtrack,i)a Sin(etrack,i)]T (317)

This becomes the reference point for the next tracking line, ppgse,it1 = Dend,i- All

obstacles are transformed from the original reference, ppuseo (With obstacles denoted

0 0
{(x( ) (b)

obs.i+ Yo SJ.)}N(’bs_l) to the new reference through:

J=0
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i+1 . 0

x((jb&j) COS(Qtrack,i) Sln(gtrack,i) :L‘(()b?g,j — Tend,i .
] = . , J € {07"-7N0bs_1}
(L) — sin(Opacks)  €0S(Oprack.) O

yob&j track,i COS\Utrack,i yob&j Yend,i

(3.1.8)
where the process then repeats, starting from finding the best heading direction. After
each sequential tracking line, w; (for i € {0,...,nypc — 1}) is solved for (Equations
3.1.4 & 3.1.5) in its corresponding frame of reference, a normalized transformation is

done back to the initial base frame for ensuing Equations 3.1.6 & 3.1.7:

Wy, cos(0 rack,i— — sin(0 rack,i— Wy i
i g | s Orraci) Grraeria) | (3.1.9)

Wy i Sin(etrack,i—l) Cos(etrack,i—l) Wy i
with the normalization term,

1
A= (3.1.10)

Cos(etrack,ifl) Sin<0track,i71) xend,ifl
1 wx,i wy,i ) )

- Sin(etrack,i—l) Cos(gtrack:,i—l) yend,i—l

The parameters, w;, for these ny po tracking lines (Figure 3.3) are next used in

the MPC optimization formulation.

3.1.2 MPC Optimization - Objective

The non-linear MPC optimization follows from tracking the ideal reference path sub-
ject to constraints on vehicle dynamics. In this STLMPC formulation, the vehicle
states are reduced to [z, y, 0, 6] where v is assumed constant over the future trajectory.
The control inputs, J;, determine the turning behavior of the vehicle and thus the

predicted path, which is represented by the z;,y; & 6; states.
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Figure 3.3: Sequential tracking lines with bounding lines and respective obstacles
for nyrpe = 3. Tracking line start and end points are denoted accordingly with
respect to the initial base frame.

The MPC horizon length is based on the number of sequential tracking lines
generated, where ny;pe lines, each tracked for ky pe samples, yield a horizon length
of nypckypc samples. For the given state variables, discretized over the future
horizon samples, 4ny;pckype total optimization variables are used. The multi-term
objective is constructed to balance proximity to the ideal piecewise linear path with
a heading direction aligned along the path as well as the control effort expended over

the horizon. The form of the objective function is therefore:

Fobj(gi) - /\d2Fd2 (62) + )\szdz (51) —|— )\52F52 (51) (3111)

where the A = [Ag2, Aj2, As2] weights determine the relative significance of each objec-
tive term, and normalization by one weight reduces the number of weights by one.
The measure of proximity used between the vehicle and the piecewise path is a

summation of squared Euclidean distances along the prediction horizon. This ensures
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a path that maintains closeness to the reference over the full trajectory while also
having a convenient quadratic cost. Here, each vehicle position is measured against

the corresponding tracking line, w;, at that sample time:
W; = Wy for jkMPC S 1< (j -+ 1)kMpC (3112)

which produces the objective term:

nMPC%Pcl (’CDZTPZ + 1)2
[l 3|

Fp(5) = (3.1.13)

=0

where P; = " represents the vehicle positional state at the i time sample.
Yi
The Fj;(6;) term denotes the cost placed on the vehicle’s orientation with respect
to the tracking lines, which is minimized when the predicted trajectory and reference
path are parallel. In practice, this term minimizes oscillations and discourages paths
that turn aggressively towards the reference path. The time derivative for each sam-

ple’s distance between vehicle and tracking line is found, squared and summed to get

a cost of similar form to Equation 3.1.13. This follows from:

nypokmpce—1 nypokmpe—1 TP
oo od= > (@ By 1) (3.1.14)
2l
where:
nypckypo—1 nypckmpe—1 , ~ nypckmpe—1 , ~p 1
. d (@ P, + 1) (@] P;)
d, = — = L (3.1.15)
— dt ; || ; |||
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assuming only P; changes over time and disregarding the discontinuous jumps in the

otherwise constant w; when the next tracking line is followed. Then:

nypokympc—2 nypckmpc—2 ODT}j)Q
_ 12 it
Fp(d)= > di= Y o (3.1.16)
i=0 =0 !
Tit1 — X4

1
At
Yi+1 — Yi

and since P, = is obtained via forward differencing, the last term of

the summation has no forward difference and is discarded, leading to a sum over
i € {0,....nppckype — 2}

The final term captures the cost of control effort over the future horizon. Control
inputs consist of the steering angles, J;, assuming the constant velocity trajectory.
The magnitudes are minimized to reduce control effort and unnecessary oscillations
in the predicted path, promoting stability. Again, the objective term takes on the

form of a summation of squares through:

nympckmpe—1
Fp(s)= Y. & (3.1.17)
i=0

The objective function is thus a sum of three quadratic terms; the first two are
functions of position (as well as orientation and ¢; indirectly), and the third is a
function of steering angle. The quadratic construction is well-suited for standard non-
convex solvers (non-convexities arise in the constraints), such as SQP-based methods
like SLSQP, which is implemented. The objective’s analytical gradients with respect

to each state variable are provided for reference in Appendix A.1 and are used in the

gradient-based SLSQP solver [129] for proper numerical conditioning & stability.
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3.1.3 MPC Optimization - Constraints

In order to minimize the prior objective function, several equality (denoted by h) &
inequality (denoted by ¢) constraints must be satisfied relating to the vehicle kine-
matics and control input limits. The initial vehicle position and orientation for the
future path are fixed to start at the initial base frame. Therefore, since all parameters
of the future path are taken with respect to Ty, the initial state values correspond
toxg =0, =0& 6y, =0.

From here, the vehicle dynamics follow from the kinematic bicycle model [130]
under the assumption of no slip. This commonly used approach simplifies the vehicle’s
motion to that of a single-track/bicycle model with front-wheel steering, which holds
for reasonably low tire slip angles and lateral accelerations [131]. Under this model,

the positional arguments vary over the future trajectory by the equations:

Tir1 = X5 + At’UZ' COS(@Z' + 52) Vi € {0, ceey TLMpcl{?Mpc - 2} (3118)
and

Yiv1 = Yi T+ Atvi sin(@i + 52) Vi € {0, ...,nMpckMpC — 2} (3119)

where [; represents the vehicle slip angle at sample 7. Simplifying by assuming v is

constant and 3; = 0 for all ¢ yields h,; and h,; through:

Ti1 = x; + Atwvcos(l;) Vi€ {0,...,nypckype — 2}

hxﬂ' = Tjy1 — Xy — At’UCOS(Gi), hzz =0 (3120)

)

and

Yiv1 = Yi + Atvsin(@i) Vi € {0, ~--7nMPC'kMPC — 2}

hyJ' = Yi+1 — Yi — Atvsin(@i), h%i =0 (3121)
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which represent 2(nypckypc — 1) equality constraints. The vehicle orientation
evolves over the trajectory according to the model according to:

v; cos(3;)
{

‘91'4_1 = Qz + At (tan(5fﬂ-) — tan(ér’i)) Vi € {0, ceey nMpckMpC — 2} (3122)

with fixed wheelbase, [ as well as front (d7;) & rear (,;) steering angles. Again, the
slip angle is set to 0 and v is constant, while front-wheel steering means 4, ; = 0 for

all <. Taking 6; = d¢, as the control inputs generates hy ;:

ei—f—l = 91 + At% tan((sl) Vi € {0, ceey nMPC'k,'MPC — 2}

hg,i - Qi+1 - 92 - At% tan(@-), hgi == 0 (3123)

)

for an additional nypckype — 1 equality constraints. The non-convex equality con-
straints, hy, by & hg;, described in Equations 3.1.20, 3.1.21 & 3.1.23 importantly
reflect the non-linear vehicle dynamics and therefore cause the optimization to be
non-convex.

Now, the control input bounds are expressed based on the physical limitations of
the vehicle. First, the steering angles are bounded in magnitude by the servo motor

or steering system’s maximum limits:
—Omaz < 0i < Opmaz VI E {O, ...,nMkaMpc — 1} (3.1.24)

where 0,,,, denotes the largest allowable steering angle magnitude in radians, appli-
cable to both left (+) & right (-) turning angles. Another restriction is on the steering

angle’s maximum rate of change, Ad,,4., in both the left and right directions. Again,
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influenced by the physical limits on the steering method, the inequality constraints,

gs+.i & g5 i, follow from:

—At A(Smax < 5i+1 — 5z < At A5maz Vi € {0, ...,nMpcl{ZMpC — 2}
gs+i = 0it1 — 0; — At Adpaz,  gs+i <0 (3.1.25)

95— = _5i+1 + 5% — At A(Sma:va 95— <0 (3126)

where forward differencing means only 2(nypckarpe—1) inequality constraints ensue.

Lastly, the initial steering angle is fixed based on the previous time sample’s
control input. Since the servo motor or steering mechanism used requires time to
transition from the last to a new steering angle, the control input is applied a sample
in advance. This ensures that by the next time sample, the steering angle will be
equal to the desired value according to the optimized path. In practice, this approach
minimizes oscillations and improves stability as well as the ability of the vehicle to

follow predicted paths. This corresponds to:

00 = Olast (3.1.27)

where 9,5 was the control input applied based on the previous step’s MPC optimiza-
tion. The steering angle applied every control step is d.,q = 91, the first control input
over the predicted trajectory that is not fixed. Analytical gradients for the constraints

with respect to optimization variables are provided for reference in Appendix A.1.
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3.1.4 STLMPC Algorithm Pseudocode

Based on the constructed objective and constraint functions, the STLMPC optimiza-

tion problem takes the form:

min )\szdQ +/\d2Fd2 +/\52F§2

xj,95,05,05

subject to g5+, <0, g5-;, <0

hy; =0, hy;=0, hg;=0

— Omazr < 0; < Oman (3.1.28)
29=0, yo=0, 06p=0, o= st

Vi € {0, ...,nppckympe — 2}

Vj € {0,...,nmpckupe — 1}

which contains quadratic objective terms, non-linear equality and linear inequality
constraints as well as fixed initial state variables and control input. This non-convex
problem is solvable through non-linear solvers, where high-quality local optimum so-
lutions are found through a feasible starting guess in the region of the global optimum.
The choice of an effective starting guess is significant to ensure both convergence and
that the obtained local optimum achieves a low objective value, similar to the global
optimum. Algorithm 2 indicates the process for obtaining effective starting guesses.

Here, étmck’i denotes the orientations of the tracking lines, w;, in the initial base
frame. The first steering angle, dy, is fixed based on the control input applied in
the previous timestep, where all successive 9; values come from aligning the vehicle
orientation, 6;, to that of the tracking line, étmck’i. The limits on change in steering
angle and bounds on magnitude are considered when finding successive control inputs,
and after each future sample, the remaining states, x;,y; & 6; are updated based on

the kinematic bicycle model. As a result, the starting guess for the optimization

36



M.A.Sc. Thesis — Christian Schaible McMaster — Electrical & Computer Engineering

variables is found, which seeks to align the predicted path’s orientation with that of

the sequential tracking lines.

Algorithm 2: Formulation of Starting Guess for STLMPC Optimization

Input: Tracking Line Orientations (étmck,i), Last Steering Angle (45t)
OUtpLIt: Liy Yis eiu 57,

1 for j =0 to nypc — 1 do
2 for : =0 to kypc —1do
3 if 7 =0 and ¢ =0 then
4 ‘ 5i+jk]vIPC = 5la8t7 Litjkppe = 0, Yitjkype = 0, 9i+jkMPc =0;
5 else
6 6track = tan_l(’ﬁ (QtT'(LCk,i-‘rjk]\/[PC - 9i+jk1\/1pc));
7 if 9i+jk’MPc < etmck,i-l-jk’MPC then
8 ‘ Oitjkrpe = min(fstracka Sitjkprpe—1 + At Adpas, Omaz);
9 else if 04k, pe > Otrack,itjkypo then
10 ‘ Oitjkripe = MAX(Oracks Oitjkrpo—1 — A Admaz, —Omaz);
11 Titjkarpe = Titjkapo—1 T At v cos ei'f‘jk]MPC_l;
12 Yitjkype = Yitjkupe—1 T Atvsin ei‘i‘jkl\/IPC*l;
13 if’i<l{fMpc—1OI'j<nMpc—1theIl
14 ‘ 0i+jkMPC+1 = 0i+jkMPC + At% tan 6i+jkMPc;
15 end
16 end

The SLSQP solver has two termination conditions set in practice to ensure the
real-time control rate is maintained. One condition ensures that when the relative
change in the optimization variables (using an L; norm) decreases below a certain
threshold, the optimization concludes. This is because small changes in the solver’s
optimization steps indicate it has arrived at a local optimum, and further progress
is likely to be limited. Alternatively, a maximum optimization time is set such that
if the solver times out, the best feasible solution up to that point is returned and
used. In the unlikely case of optimization failure, the previous control inputs are

maintained until the next control step, where the STLMPC algorithm conducts a
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new optimization with the updated data.

The complete structure of the STLMPC algorithm is shown in Algorithm 3. This
process follows the outlined steps in this chapter, generating ny;pc tracking lines
through quadratic optimizations before performing the MPC optimization for the
next steering angle command to apply. By updating the reference frame to the end
of each tracking line, future navigation decisions are made with respect to forward
positions while the path is mapped back to the base frame. Sampling each of the
nyrpe tracking lines for ky pe samples provides the path to track for each timestep,
and an effective starting guess ensures a high-quality solution is obtained. The vehicle
commands, d¢ng & Veng = v, are applied to maintain autonomous driving, and the

process repeats at the next control step.

Algorithm 3: STLMPC Algorithm Framework

Input: Obstacle Ranges {7’(0) }, Obstacle Angles {9(0) }, Last Steering

0b57i0bs Obsviobs

Angle (d45t), Constant Velocity (v)
Output: Steering Angle Command (d.,4), Constant Velocity (v)

1 Pbase,0 = [O,O]T, etrack,fl = 07 Lobs € {07 ---7N0b3_1}7 (NS {07 ---anMPCkMPC_l};

0 0 0 0
2 {2 S, 0 )

3 for j =0 to nypc — 1 do
4 Ohead < SafestAngularGap({(T(J) oY) });

0bS,iops? ~ 0bS,iops

5 Ol(j), oY) FindObstacleClusters(fpeqd, {(a:(j) G) )i

’ : 0bs,iops? yobs,iobS
w; — SolveTraCkingLineQP(Ol(j), oY) );
w; < TransformtoBaseFrame(w;, prase.j» Otrack,j—1);
Dbase,j+15 Otrack,j <— getNextReferenceFrame(ppase ;, w;, v);

9 {(I(jﬂ) (3+1) )} «

0bs,iops? yobs,iobS

NextFrameObstacles(ppase, j+15 Orack.j {(x(o) ©) )

0bs,iops? yobs,iobs

10 end

11 W; < SampledTrackingLines(w;);

12 T4, Y;, 05, 0; < MakeStartingGuess(w;, 0145t );

13 15, Vi, 9,‘, 57;, 5cmd — SLSQP,Opt(ﬁz, Yis 92‘, 5@" v, UN)Z),

14 Apply dema, Vema = v and repeat process for next control step;
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3.2 STLMPC using Localization

The standard STLMPC algorithm presented can be extended in the case of local-
ization to an existing occupancy grid. The context of local planning remains the
same in that a goal location is not known, and global planning is not done. However,
now the observation range is extended such that obstacles are seen even further in
advance, enabling more accurate future tracking lines and path planning decisions.
Furthermore, imperfect sensor data can miss certain detections and obstacles, but
through localization, a complete grid map can augment detections for more complete
coverage.

The Adaptive Monte Carlo Localization (AMCL) framework uses a particle filter
to estimate the robot’s moving position in a known map [132]. The likelihoods of
sampled states being the true robot position are updated when new sensor data is
received, while the sample with the highest weight is estimated as the state. Adaptive
sampling ensures fewer samples are used when there is high confidence in the esti-
mate and more samples are used when globally localizing with low confidence [133].
Localization performs best and an accurate estimate is obtained quickest when the
approximate initial vehicle position is known; however, localization is also possible
with an unknown initial state.

Through AMCL, an updated effective transform (two successive transforms in
practice since odometry is used, Tpgom) is obtained between the fixed known map and
the moving vehicle base frame. The AMCL transform that represents the localized
vehicle pose in the fixed map frame is given by Taycr = [Tamcr, Yamcr, Oavcrn)”

where obstacles in the fixed map are converted to the vehicle’s moving frame through:
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wg(l))lmap,i COS(HAMCL) Sin(eAMCL) Tmap,i — TAMCL

o = . , 1 €40, ..., Nppap— 1}
yébimw,i —sin(@amcr) cos(@amcr) Ymap,i — YAMCL
(3.2.1)

The map obstacles can be subsampled to obtain V,,,, points, maintaining com-
(0)

obsani < dmag are used

putational tractability. Moreover, only map obstacles with r
in optimization, ensuring that non-immediate obstacles (far from the vehicle) are ig-
nored. For future tracking line frames of reference, a similar transform to Equation
(7)

obStot +Yobsy, )} are considered:

3.1.8 is performed where now all obstacles, {(

. 5 Nma*
(@9 oy = @Sy e @ syl T (3.2.2)

From here, the same steps as before proceed for the tracking line and non-linear
MPC optimizations, except with added and more complete obstacle coverage. The
case of navigation using localization to a known map is shown in Figure 3.4, where
the selection of future tracking lines is aided by the increased map obstacle coverage
ahead of the vehicle. As shown, the maximum map obstacle distance, d,,q., exceeds
the LiDAR sensor range, dr;ipar.

Thus, while the sensor cannot detect past the obstacle directly ahead, using the
map data ensures effective, extended path planning decisions beyond this look-ahead
distance. Also, coverage is improved even within the sensor range, as obscured areas
that the sensor cannot detect are now known from the map. In the results to come,
the performance of STLMPC when using AMCL is compared to the case without,

and the look-ahead range for effective path planning is contrasted.
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Figure 3.4: Detected obstacles, range and reference tracking lines for navigation
with only sensor (blue) as well as with AMCL (red). Longer-term path planning is
possible through AMCL, and obstacle detection coverage is more complete.

3.3 System Architecture

For testing and implementation of the STLMPC algorithm as well as work in future
chapters, both simulation and experimental environments are used. For simulation
purposes, testing is done in the fltenth_simulator environment [134] with varying
maps while visualization is done using RViz. The vehicle’s sensors are replaced by
passing map information to the vehicle, such as in the form of laser scans. Detections
of other vehicles are represented by known simulated vehicle positions and orien-
tations. Testing in the fltenth_simulator allows for performance evaluation in an
effectively ideal environment before the algorithm is ported to the physical vehicle.
The software stack is implemented in C++ & Python using ROS Noetic, the
final ROS 1 distribution, on Ubuntu 20.04.6 LTS with Jetpack 5.1.4. Navigation and
path planning are done in a C++ node, whereas inference for vehicle detection is

performed by a Python node using NVIDIA TensorRT. The tracking line quadratic
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optimizations are done using the C++ library, QuadProg++, while the MPC non-
linear optimizations use the NLOPT library, specifically NLOPT’s SLSQP solver
[129]. For wireless interfacing between the target machine and a laptop (Intel i7-
8565U, 8GB RAM) for development and testing, NoMachine was used. Remote access
to the target machine was established over a 2.4GHz wireless connection using the
laptop’s mobile hotspot.

For experimental purposes, McMaster University’s MacAEV (Figure 3.5) is used,
which is built on a 1/10%" scale RC vehicle platform [135]. The NVIDIA Jetson AGX
Orin serves as the onboard processing unit featuring a 12-core ARM Cortex-A7T8AE
CPU, a 2048-core NVIDIA Ampere GPU and 64GB of LPDDR5 RAM. For LiDAR,
the RPLIDAR A2MS laser scanner has a range of 12m with a rotational speed of ~10

Hz (the control rate for navigation) and an angular resolution < 0.5°.

Figure 3.5: McMaster University Autonomous Electrified Vehicle (MacAEV)
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Using the RealSense D4351 RGB-D camera at 30 fps, 640 x 480 color frames are
obtained in a 69° x 42° FOV while 848 x 480 depth frames are found in a 87° x 58°
FOV. The BNOO055 IMU is used for dead reckoning and fusing information from a
gyroscope, accelerometer and magnetometer; vehicle state data is provided at 100
Hz through I?C. The system is powered by a 3-cell, 11.1 V, 5,000 mAh, 35C LiPo
battery, and the MacAEV wheelbase, [, is measured as 0.287 m.

The vehicle velocity is provided through a 3,200 kV (RPM per volt), four-pole,
brushless DC motor, while a servo motor provides the vehicle steering angle. An elec-
tronic speed controller, VESC, is used to control velocity and steering angle through
published commands derived from path planning. In addition to remote wireless con-
trol via a laptop, a Logitech F710 joystick can enable autonomous driving as well
as manual driving if necessary. The integrated system supports real-time navigation
through STLMPC as well as the additional algorithms proposed in this thesis.

The system architecture is illustrated through a block diagram in Figure 3.6. The
navigation framework is shown integrated with the sensor data received and remote
interfacing commands, while the output steering angle and velocity commands are
applied to the servo and brushless DC motors, respectively, enabling autonomous
driving. Again, T,4,, represents the vehicle position in the fixed, global frame using
dead reckoning, where AMCL provides the position in the known map frame through
Tamcr. The use of the RGB-D camera and YOLO model for vehicle detection,
tracking and avoidance via MPC will be discussed more extensively in Chapter 4.
The 3D tensor C' denotes the color frame pixels obtained from the RGB-D camera,
while D represents the depth frame pixels. The bounding boxes for all vehicles in

frame, as detected by YOLO, are denoted by B.
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Figure 3.6: The integrated system’s block diagram, which illustrates the sensors
used, navigation framework, actuation and remote interfacing with the target
machine. In simulation, sensors and vehicle actuation are replicated.

Autonomous
Driving

3.4 Simulation Results

The simulation results in this section are carried out in the fltenth_simulator en-
vironment where the kinematic bicycle model is used to model the MacAEV, set-
ting [ =0.287 m, e =0.4189 rad, Adpa, =3.2 rad/s, constant v=1.5 m/s and
At=0.1 s. For heading angle selection, ds e =2 m, a;j=a,=7 rad & bj=b,=7 rad.
Two successive tracking lines are used, where nypec = 2 and k) pc = 8 create a
receding prediction time horizon of 1.6 s. The objective base weight factors are

Aiz = 1, 2 = 30 & As2 = 1 while the solver terminates if the relative change in

optimization variables decreases below 0.1% or the optimization time exceeds 50 ms.
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The successive reference tracking lines are shown in a simulated test case with
the resulting optimized trajectory at two separate time samples (Figure 3.7). In each
case, the predicted trajectory is smooth (minimizing control effort) and balances close
tracking of the reference path with maintaining a heading direction parallel to each

successive tracking line.

@ Subsampled Obstacles
e — lstTracking Line 2

@ Subsampled Obstacles

° e © o o o o
. ® ® o , — lstTrackingLine

« * —— 2nd Tracking Line —— 2nd Tracking Line

e ® ° —— Optimized Trajectory —— Optimized Trajectory
e« o o ® .
L]

s 0 \

Y position (m)
°
Y position (m)
i

(a) (b)
Figure 3.7: Resulting trajectory after optimization for the given successive tracking
lines at two separate time samples. The subsampled obstacles are shown for
visualization, although subsampling is not done when finding the tracking lines.

Now, STLMPC is evaluated against other local path planning methods, and
performance is contrasted. These methods follow the standard ROS navigation
stack where the central move_base node links a local and global planner, integrated
via nav_core, to achieve navigation & obstacle avoidance using 2D occupancy grid
costmaps. As this thesis explores navigation in unknown environments, no global
goal location is provided, and instead, these planners use a common exploration
package, explore_lite. This method updates unexplored frontiers in real-time, where
in these tests, the largest one ahead of the vehicle is used as the current goal.

The global planner then plots a path to the time-varying goal while the local plan-

ner performs collision avoidance, yielding the optimized path for immediate motion.
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Three common local planners in ROS—dwa_local_planner [12], teb_local_planner [14]
& mpc_local_planner [15]—are used here with default parameters except for MacAEV-
specific values for kinematics & physical properties. Additionally, a limited, non-
predictive PD (Proportional-Derivative) approach is compared. This scheme gen-
erates a single tracking line (through the QP approach used in STLMPC) at each
control step and maintains tracking by performing feedback linearization to obtain

each step’s desired steering angle control input (assuming constant velocity).

Table 3.1: Performance of STLMPC & other local planners in simulated Map #1

Local Planner m’;m dmin,iﬁ dmin | 5cmd,l~c Var (6cmd,l~c) @cmd,fc Var (Ucmd,fc)
(m) (m)  (rad) (rad?) (m/s)  (m?/s?)

DWA _explore 0.207 1.147  0.060 0.008 0.492 0.011
TEB_explore 0.521 1.289  0.075 0.011 1.474 0.027
MPC_explore 0.278 1.268 0.124 0.032 1.246 0.201
PD 0.508 1.677  0.080 0.012 1.482 0.009
STLMPC 0.611 1.718  0.082 0.014 1.480 0.009

The performance of these four alternative local planning approaches is contrasted
with that of STLMPC on a simulated map course. Table 3.1 provides key metrics

where k € {0, ..., /;end} denotes the sample time, ranging over the full test and d,,,;, i

indicates the minimum obstacle proximity to the current vehicle position at sample

k. Moreover, mind, ;i represents the minimum obstacle proximity over the full test
k I

and dp denotes the average minimum proximity while the averages (0,4 il Uoma i)

and variances (Var(d,,,47), Var(v,,, 7)) of the control inputs are also included.

min,k

Notably, STLMPC achieves superior safety through mind_. : & d,n;, compared
k

to other planners while attaining low control effort and a velocity near the desired
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constant value. Figure 3.8 presents each planner’s full trajectory, where STLMPC
effectively maintains a path near the center of the course throughout. The value of the
tracking line approach is shown as PD achieves a central path similar to STLMPC,

whereas the exploration methods do not, thereby risking closer obstacle proximities.

—— DWA _explore

—— TEB_explore

—— MPC_explore
PD

—— STLMPC

Global Y position (m)

-10 -5 0 5 10 15
Global X position (m)

Figure 3.8: Trajectories obtained by each local planner in simulated Map #1. Each
trajectory starts at the (0,0) global position & proceeds clockwise around the course.

Of the exploration planners, local planning via TEB is most effective where DWA
progresses at a lower speed than desired and MPC experiences unexpected oscillations
at times due to occasional poor optimization solutions.

The steering angle control inputs and steering rates are also provided for STLMPC
(Figure 3.9). The resulting trajectory over the full course evidently satisfies the opti-
mization’s bounds on steering angle magnitude (—d,40 < 0; < dpnaz) and constraints
on steering angle rate (gs+, 95—, < 0). Control inputs are smooth for most of the

simulation, while aggressive steering occurs near the end at the sharp hairpin turn.
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(a) (b)
Figure 3.9: In the simulation using Map #1, STLMPC achieves a path where (a)
steering angle control inputs remain within the dotted bounds (£0,,4,) & (b)
steering rates satisfy the dotted extents (£Adaz)-

3.5 Experimental Results

Experimental testing is conducted using the MacAEV in varying environmental con-
figurations, beginning in this section with Experiment #1 (the course layout is pro-
vided in Appendix B). These tests validate local planner performance in real-world
conditions with imperfect sensor capabilities and vehicle dynamics that are not fully
captured by the kinematic bicycle model. Navigation using this chapter’s STLMPC
in Experiment #1 is recorded by video for visualization!. The same parameter values
used in simulation are retained in the experiment, and performance is also evaluated
for several local exploration planners as well as the non-predictive PD approach.
Each local planner trajectory over the map is given by Figure 3.10, where the
STLMPC, AMCL-localized STLMPC & PD trajectories maintain smooth travel along
the center of the course compared to the exploration-based planners. Each planner’s

performance is further evaluated in Table 3.2 with the same metrics as in simulation.

1https ://www . youtube . com/watch?v=h0UxxvMQrGM
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—— DWA _explore
—— TEB_explore
—— MPC_explore

PD
—— STLMPC
STLMPC_localized

Global Y position (m)

-2 0 2 4 6 8 10
Global X position (m)

Figure 3.10: Trajectories obtained by each local planner in Experiment #1. Each
path starts at the (0,0) global position & proceeds counterclockwise around the map.

The STLMPC methods perform best in terms of the obstacle proximity metrics
while also exhibiting low control effort and attaining an average velocity (including
initial acceleration and deceleration upon course completion) near the desired speed
of 1.5 m/s. Here, PD performs comparably to STLMPC, although marginally worse
across the metrics tested, while the TEB local planner achieves the best performance

among the exploration-based approaches.

Table 3.2: Performance of STLMPC & other local planners in Experiment #1

mjn dmm,ff dmin |5cmd,l~c Var(écmd,l%) T)cmd,l; Var(vcmd,fg)

“m)  (m)  (rad)  (rad®)  (mfs) (m%/s?)

Local Planner

DWA _explore 0.385 0.654 0.118 0.028 0.491 0.012
TEB_explore 0.570 0.843  0.157 0.032 1.356 0.139
MPC_explore 0.313 0.831 0.253 0.073 0.858 0.149
PD 0.587 0.978  0.147 0.032 1.281 0.107
STLMPC 0.688 0.972 0.113 0.025 1.304 0.071

STLMPC_ localized 0.640 0.982 0.116 0.019 1.296 0.065
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Furthermore, each planner’s computation time (tcomp’,;) is compared in both the

average (feomp) and worst (mi?x teomp.e denoted as max teop,, for brevity) case via Ta-
ble 3.3. Here, the exploration-based planners have three planning stages: updating
unexplored frontiers & setting a new local goal, global planning to this goal and fi-
nally, local planning to track this path while performing collision avoidance. Each
exploration method differs in the third stage where the computation times for each
step are denoted by t;. . picris Lorobar i & tiocar i TeSPectively and summed for the total
planning computation time, .., -

The simplistic PD approach achieves the lowest average computation time, while
STLMPC with nypc = 2 & kype = 8 also attains reliably low planning times. The
computational performance of STLMPC in this experiment is similar to that of TEB,
while the introduction of localization via AMCL has minimal impact on computation

time. Notably, MPC-based exploration has significantly longer planning times, far

exceeding the 100-ms control period in the worst case.

Table 3.3: Planning computation times for STLMPC & other local planners in
Experiment #1

Local Planner tfrontier tglobal tiocal tcomp max tfrontier max tglobal max tpeq) MAX tcomp

(ms) (ms) (ms) (ms) (ms) (ms) (ms) (ms)
DWA _explore 36 09 118 16.3 7.4 1.9 27.9 37.1
TEB_explore 1.9 08 32 5.9 5.2 1.5 8.3 15.0
MPC _explore 2.0 1.1 43.7 46.7 3.8 10.2 484.8 498.8
PD 0.5 1.7
STLMPC 6.5 15.8
STLMPC _localized 6.9 12.3
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While the overall performance of STLMPC with and without AMCL-based local-
ization is similar, the effect on path planning at individual iterations is significant.
Figure 3.11a shows the STLMPC tracking lines and optimized path at a single it-
eration in Experiment #1 without localization, while Figure 3.11b shows the same
planning iteration, now using localized map data. The planner without AMCL does
not see around the right wall and therefore plans to turn right.

However, using localized map data, it is clear that this unseen area is bounded
by a wall out of sight, and thus, the AMCL-localized planner correctly plans ahead
to turn left. In practice, STLMPC without AMCL proceeds along the correct path
once it detects the obscured wall, and this deficiency in effective look-ahead horizon
leads to negligible differences in performance, as seen in earlier results. The tests
conducted in Experiment #1 illustrate the performance improvements of STLMPC
over existing methods and the applicability of STLMPC to real-life contexts for safe,

standalone local path planning.

1

® Subsampled Obstacles
4 LY ® ¢ Localized Map Obstacles

Y11}
.........oono ..o....... o J
s oo, ®e, . — 1st Tracking Line
n

0 .:...........o:"":\'){ ‘:}

0 1 2 3 4 5 -4 -2 0 2 4

Y position (m)
Y position (m)

Figure 3.11: Tracking lines and optimized trajectory at a shared timestep for
STLMPC with/without AMCL in Experiment #1. The predicted paths differ as (a)
STLMPC without AMCL turns right, not seeing an obscured wall, while (b)
STLMPC with AMCL turns left, detecting the obscured wall via the known map.
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Chapter 4

Vehicle Detection, Tracking &

Avoidance

In this chapter, the process for detecting, estimating, tracking and avoiding mov-
ing obstacles, specifically other vehicles, is explored. The motivation is to extend the
STLMPC algorithm from Chapter 3 to better predict the behavior of dynamic objects
and plan a safe path accordingly. This multi-stage process works in real-time con-
ditions, ensuring quick information flow to the path planner for operation in rapidly
evolving environments.

This chapter proceeds chronologically as the dynamic obstacle accommodation
framework does. First, the use of a convolutional neural network is discussed, which
outputs detected vehicle bounding boxes in the RGB frame. Then, a method is
proposed for associating boxes with known detections and fusing RGB & depth infor-
mation for pose estimation. Using an extended Kalman filter, detected vehicle states
are updated and tracked before being incorporated into Chapter 3’s STLMPC. Lastly,

simulation and experimental results are provided for tracking & path planning.
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4.1 Vehicle Detection with a Convolutional Neural

Network

In order to achieve perception of dynamic obstacles like other vehicles, computer
vision is required beyond the laser scanning used for static obstacle detection. Now,
a module is used with both an RGB camera as well as depth capabilities through
stereo vision using two infrared cameras. The image frame of RGB pixels is denoted
by C' € RHexWex3 where H, is the RGB image height and W, is the width. Similarly,
the depth image is represented by D € RE<Wa with height, H;, and width, W, not
generally being equal to that of the RGB image.

A Convolutional Neural Network (CNN) is used following the You Only Look Once
(YOLO) framework for real-time vehicle detection! using RGB images, C. YOLO
achieves fast performance through a single pass of the neural network and outputs
bounding boxes for classified objects as well as class probabilities. The YOLOv5s
model is implemented, which scales down the base YOLOv5 model architecture to
achieve real-time inference while maintaining detection accuracy.

The YOLOv5s model uses 7.2 million parameters, 213 layers and a standard
backbone—neck—head architecture. The backbone, CSPDarknet in this case, is the
main body that extracts features from the image, while feature aggregation occurs
in the neck, using PANet. The detection head, YOLO Head, yields final predictions
as outputs for bounding boxes, classes and class probabilities. Letterboxing is done
to convert the 640 x 480 x 3 RGB image to a 416 x 416 x 3 input for the CNN

while maintaining the original aspect ratio, since YOLO performs better on square

Tt should be noted that the YOLO model used in this thesis for vehicle detection was trained
and implemented on the MacAEV by Leo Calogero during his time as an undergraduate summer
researcher in the Department of Electrical and Computer Engineering at McMaster University.
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images. Upon detection, the resulting bounding boxes are rescaled to the original
image dimensions.

Custom training data is gathered and compiled on Roboflow before training is done
on the YOLOv5s model through Ultralytics. Custom training allows for classification
of the MacAEV, which isn’t an otherwise standard recognizable class by YOLO.
This is the only detectable class, and so all detections represent other MacAEV
agents in the environment. Training is done on augmented data, such as through
image rotation, blurring, increased noise, and image shearing, which reduces model
overfitting. This is also valuable as the camera is attached to the MacAEV, which,
during motion and especially rotation, can experience increased blurring. Leveraging
the 2048-core NVIDIA Ampere GPU and inference through the TensorRT engine,
MacAEV detection maintains a 30 fps throughput on the RGB image pipeline.

As a result of vehicle detection through YOLO, classified objects with probabilities
and bounding boxes are provided. To reduce the chance of false positives, only

detections with confidence exceeding the threshold of 40%, sipesn=0.4 are considered:

Si > Sthresh, L€ {O, ey Nger — 1} (411)

where s; denotes the confidence of the i detection and Ny is the total number
of detections in the current image frame. Each detection’s class, ¢;, corresponds to
the MacAEV since this was the only object class used in testing. Each detection’s

bounding box, b;, in the 640 x 480 RGB image frame is represented by:

bi - [xlmin7yimin7x?1ax’yimaz]T (&S {07 "'7Ndet - 1} (412)
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where the rectangle that encapsulates the classified object is fully parameterized by its
two diagonal corners, (2", y™") and (27%%, ™). In this image coordinate system,
x represents the width direction and increases in the rightward direction, while y
represents the height direction and increases in the downward direction. Here, the
RGB image, C' has RGB pixels denoted by ¢y € R? This coordinate frame also
applies to the depth image, D, where pixel depths are denoted by Jy,w. The bounding
boxes for detected vehicles in the image coordinate system are depicted in Figure
4.1. The set of all bounding boxes, B, for the current image frame is denoted by
B = {bo,....,bn,,,—1}, which is empty in the case of no detections. The bounding

boxes obtained for each RGB image frame are then used in further steps of vehicle

estimation, tracking and avoidance.

min , min
s Yo )

(g

maxr maxr
Lo Yo

mar maxy
1

Figure 4.1: Two detected vehicles are identified via YOLO with corresponding
bounding boxes, by & b;. Each bounding box is fully described by its two diagonal
corner points, while the image coordinate frame is indicated for the
W, = 640 pixel, H. = 480 pixel RGB image.
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4.2 Pose Estimation of Observed Vehicles

Pose estimation proceeds from the detected bounding boxes acquired from the YOLO
model previously. To accommodate multiple vehicle detections, association of bound-
ing boxes to known previous detections must be done. In this sense, a framework
is proposed for handling new detections, associating detections with their respective
tracked vehicles in the multi-detection case, and removing tracked vehicles if no new
corresponding detections are received. Now, each grouped detection is converted from
a bounding box in the RGB frame to a pose in 3D space through the relevant depth
camera data. These become the positional measurements for the detected vehicles,

which are used in extended Kalman filtering for vehicle state tracking.

4.2.1 Vehicle Association

In multi-object tracking, detections must be paired with their corresponding tracked
objects across a stream of RGB images. However, issues can arise in the presence
of noise, blur & occlusions and in the case of overlapping classified objects in frame.
Deep learning can perform both detection and tracking of center points based on
successive frames; however, identity switches occur frequently for detections, espe-
cially during occlusion [136]. Meanwhile, methods that track bounding box position
and size uncertainties to match objects based on prior detections in the multi-object
tracking case can handle temporary occlusions or movements out of frame [137].

For assigning new detections from the YOLO model to existing tracked vehicles,

Vtrack :

Virack = {Vtrack,Oa ) Vtrack,Nt,,.ackfl} (421)
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the bounding boxes, B, of the latest RGB image are used. The number of detections
in the image frame, Ny, and the number of currently tracked vehicles, Ny.qck, are
generally not equal, so detection association considers new as well as missing detec-
tions. The currently detected bounding boxes are denoted as b;, i € {0, ..., Nget — 1},
while each tracked vehicle has its own corresponding known bounding box from its
most recent previous detection, byack.j, J € {0, ..., Niraek — 1}. The bounding box

midpoints are gathered as:

) min + max min + max .
prid — (L 2% Ui 2% ) Vi€ {0,..., Ngw — 1} (4.2.2)

and

mi Thrackj T Tiracky Yiracks + Yirack.j .
btra(f:k,j = ( : ’ 9 d ]a ! ! 9 d J) Vj € {Oa'-'aNtrack - 1} (423)

for the detected and known tracked vehicle bounding boxes, respectively.

For each detection’s midpoint, the unassigned, tracked vehicle with the closest
previous bounding box midpoint is assigned the detection’s bounding box. Once
assigned, only the remaining tracked vehicles are considered for the other detected
bounding boxes. If the distance of the closest midpoint match exceeds a threshold,
dassoc, the detection is not associated with an existing tracked vehicle and instead
represents a new tracked vehicle. For detection association, the closest tracked vehicle
(indexed by j7) for each detection (indexed by ) is found through:

ji = arg min [t = b s Vi€ {0, ..., Naoy — 1} (4.2.4)
JjeJ ’

Hbg'é(ik,j _b;nid H2 <dassoc
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where J denotes the set of unassigned tracked vehicle indices, which contracts for
every assigned detection in this iterative process. All associated bounding boxes are

assigned to their appropriate tracked vehicle for the current frame:

btrack,j;‘ = bl Vi € {0, ceny Ndet — 1} if jz* exists (425)

which both resets the respective missed frame count, Ny ;, to 0 and allows for
the current pose measurement to be made using image depth data. For any tracked
vehicles remaining in 7 after all detections are processed, a new measurement is not
made and the number of missed frames increases.

If there exists no corresponding j# for the i® detection since either Vj € 7,
Hb;’;ﬁfék?j — b4y > dyssoc O Naget > Nipaer, the new tracked detection, v, is in-
corporated in the tracked vehicle (Viack <= Virack U {Vnew}) and known bounding
box (Birack < Birack U {b;}) sets. This multi-object approach therefore associates
detections based on closest bounding boxes in successive frames while also handling
the cases of new and missed detections (Figure 4.2). Vehicles continue to be tracked

for several consecutive missed frames, and accuracy can be maintained even with

intermittent detections.

4.2.2 Sensor Fusion

Now, using the bounding boxes, b;, which are appropriately associated with the correct
tracked vehicles, position measurements are derived, which will be used to update
vehicle state tracking. Given the relevant bounding box for the color pixels, the
relevant depth pixels are retrieved through integration of the two images, and an

averaged 3D position is obtained from the image. Unlike going from a depth to
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| —
Virack,1

(a) (b) ()

Figure 4.2: Successive RGB frames with YOLO detected inner (b;) and outer (b;)
bounding boxes in the case of: (a) initial detection of v4,4ek0, (b) missed (Veracko0)
and new (Vyqck1) detections & (c) recovered detection for vy g -

color pixel, however, the transformation from a color to depth pixel is not direct or
guaranteed due to the lack of 3D knowledge of the color pixel (corresponding to a ray
of possible depths). Methods that align the depth and camera frames in preprocessing
resolve this issue but introduce meaningful lag in the RGB-D image pipeline. Thus,
timestamped color and depth images are paired, and a process is developed to extract
the 3D positions of only relevant color pixels at 30 fps for vehicle state estimation
without aligning all pixels in a time-consuming, lag-inducing manner.

To convert a depth pixel to a 3D point in the depth frame, the depth camera
intrinsics are considered, namely the focal lengths, f, & f,« and principal point

offsets, ¢, 4 & ¢, 4. Assuming a distortion-free image (where distortions are undistorted

depth
YdTd

iteratively otherwise), the 3D point, p for a depth pixel, Jy .z, 15 Obtained in the

depth frame via:

d (g —c d)d (Ya — cya)
de th _ Yd,T z, Yd,T Y, T
pyd?xd - [ o fm,d ’ o fy,d ’ ydwd] (4'2'6)

and can be converted to the base frame for path planning through the transformation,

depth

b to the color camera frame, the transform between

Theptn- To convert the point, p
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the depth (described by Tyepn) and color (described by T.o0-) frames is applied.
For the 3D point in the color frame, pc?o" = [x,y, 2]7, the color pixel location,

YerZe

(e, Ye) in its frame coordinates is found through:

z )
("'EC? yC) = (fac,c; + CI,C7 fy,c; + Cy7c) (427)

using the color camera intrinsics, fs.c, fy.c; Cz,c & ¢y Where again no distortion is as-
sumed. The steps to convert (zq4,yq) — (¢, y.) are used to iteratively acquire the
corresponding depth pixels for the color pixels used in the bounding box. A smaller,
centered, self-contained bounding box is defined for each detected box in order to
average depth measurements over a central area of the MacAEV. This limits the risk
of background depth pixels being included and provides an estimate of the vehicle’s

central position. The self-contained boxes, b; are defined by:

. 0 1-— . 0 .
bi _ Cymzn Cymzn . bz (428)
1 - gl’max O Cﬂ?maw 0

O 1 - Cymaz O Cy'maz_

considering the scaling factors, ..., Cymins Comar & Cyman € 0, 1] which control the
edges of the inner bounding box. These factors can be shifted from the center towards
a particular edge of the outer box to better track vehicles with bounding boxes cut
off by the frame extents.

A starting point of half the inner box’s corner, (2" §™) is selected as the
initial estimate of depth pixel corresponding to this corner’s color pixel (due to the

depth camera’s larger FOV). Then, applying Equation 4.2.6, the depth-to-color frame

transform and Equation 4.2.7 to obtain the corresponding color pixel coordinates, the
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difference between these and the desired starting color pixel coordinates, (Z", /™),

is halved (for quicker computation time than a standard line search) and applied to
the depth pixel estimate. This iterative process continues until the matching color
pixel estimate is within the inner bounding box.

Iterating over the grid of consecutive depth pixels until the color pixels in the
inner bounding box are fully covered, the resulting depth values are converted to 3D
positions (Equation 4.2.6) and averaged over all valid depths. The resulting measured
position transformed to the vehicle base frame, py,qck 4, is therefore the average over the

inner bounding box, which provides a less noisy, central estimate of vehicle position.

4.3 Extended Kalman Filter Vehicle Tracking

4.3.1 Overview & Initialization

A common method for target tracking is the Kalman Filter (KF'), while in the case
of nonlinearities in the process or measurement models, the Extended Kalman Filter
(EKF) is used. This approach estimates the states of detected vehicles, which update
as new position measurements are processed from the depth images received. Here,
the measurement z;; = [Ttrack,jk; ytmckd’,k]T corresponding to the ;' tracked vehicle
is used in the EKF to estimate the vehicle states, X;x = [, Yjk, Ojks Ojk, vj1)" at
time k according to a constant velocity & curvature model.

The update rate of the EKF is equal to the control rate of the path planner (in
practice, determined by the publication rate of the laser sensor), which is typically
slower than the camera rate. Thus, multiple image frames are received and converted

to position measurements per EKF update. The most recent measurement since the
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last EKF update is used, where this sample aggregation process reduces the chance
of missed frames between filter updates. Furthermore, as position changes at 30 fps
may be indistinguishable in successive frames, reducing the EKF update rate helps
eliminate redundant measurements. Meanwhile, averaging aggregated measurements
can reduce noise, assuming it is zero-mean and uncorrelated. After a number of
EKF updates without new measurements (where Ny,;ss; > N%), a vehicle is no
longer tracked; however, it can be recovered as a separate tracked vehicle instance if
it reappears later.

To initialize newly tracked vehicles, two-point initialization is used. Once mea-

surements are obtained for consecutive updates, the state is initialized as:

| Ttrack,j k ]
Ytrack,j,k
)A(jvk = atanQ(ytrack,j,k — Ytrack,j,k—15 Ltrack,jk — xtrack,j,kfl) (431)
0
] min( ||Zj,k—th,k—1 2 U |

where zero curvature is initially assumed and v{*** limits the initial velocity to a

reasonable value in the case of noisy measurements. The covariance is initialized as:

20 0 0 0
0 o2 0 0 0
Pie=10 0 o3 0 0 (4.3.2)
0 0 0 o2 0
(0 0 0 0 o]
where 02,02 05,05 & o7 describe the initial variances for each state estimate. The

tracking process follows three general steps: transformation, prediction & correction.
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First, the latest measurement and previous vehicle state are transformed from the
ego vehicle’s previous frame to the current one (since it too is moving in the global
frame). Then, the EKF prediction and correction steps are performed to obtain the

updated state and covariance estimates.

4.3.2 State & Measurement Transformation

To transform past state and measurement data to the current ego vehicle’s base
frame, the past and current transforms between the moving base frame and fixed
global frame are stored. For state estimates, after each EKF update, the transform
Todom, (via odometry) is stored. In the next EKF update, the old and current trans-
forms (respectively denoted now as Togomi—1 = [Todomk—1, Yodomk—15 Bodom k—1]" and
Todom.: = [Todom. ks Yodom. k> Bodom.k])” ) are used to transform the position & orientation

state estimates to the current frame:

1 ld
':E;L,i}il COS(eodom,kfl) - Sln<90dom,k71) Lodom,k—1 $§,k—1
__ qmew | . ) 1d
y}f?ﬁl - Todom Sln(eodoka_l) COS(HOdom,k—l> y0d0m7k_1 yjq,kfl (433)
1 0 0 1 1
new old
Jk—1 = Hj,k—l — (Bodom,k — odom,k—1) (4.3.4)

where the transformation between the fixed frame and the new vehicle base frame,

Trew | is described by:

odom)

c0S(Opdomk)  SIN(Ovdomk) —Todom.k COS(Podom k) — Yodom.k SN (odom. k)
Todom = | = sin(Oodomi)  €0S(Oodom )  Todom.k S (Oodom k) — Yodom €08(Godom, )
0 0 1
(4.3.5)
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For measurements, the same process holds, but now the fixed to old vehicle frame
transform used has the closest timestamp to the time when the measurement’s depth
image was captured. Here, the position measurement uses this distinct old transform
in the process described in Equation 4.3.3. This provides the most accurate, time-
sensitive conversion of the measured, tracked vehicle position to the fixed frame, then
to the new ego vehicle frame.

The base frame in consecutive EKF updates is depicted in Figure 4.3 for transform-
ing the prior tracked vehicle estimates to the new vehicle base frame. Two vehicles
are tracked, where their final EKF updated states at time k and corresponding future
trajectories are shown. Note that the tracked vehicle position states correspond to
the vehicle’s center due to the average position measurement being obtained over the
central vehicle section from before. While the position and orientation of the ego
vehicle are quantified with respect to the fixed frame here, the tracked vehicles are

always assessed with respect to the ego vehicle base frame.

00,k V0, %

[Z0.k, Y.k, 00, k]

[:I‘r)zf(':'i??Ai.‘ 1> Yodom k—1; 8(‘)(:’(')m.l.- |]

0, v

61,?{‘3 U1,k

[xudom,ks Yodom, k» Hadom,.[:] |:

L1,k Y1,k Bl,k]

Figure 4.3: Consecutive ego vehicle base frame transformations to the fixed frame
are shown, used to convert tracked vehicle states and measurements to the current
frame. Two tracked (red) vehicles are illustrated with their predicted paths.
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4.3.3 Prediction

The next step is to predict the tracked vehicle state, X;x—1 and covariance matrix,
P; 1jx—1 using the last sample’s state & covariance matrix as well as the model dy-
namics and adaptive process noise covariances. State prediction uses the nonlinear
kinematic bicycle model based on the current estimated steering angle and velocity

according to:

Tjk—1 + At Vj k-1 COS(@ng,l)

Yjk—1 + At Vjk—1 Sin<0j7k_1)
Xjklk-1 = | 051 + At 25 tan(6;4-1) (4.3.6)

dj k-1

V5. k—1

For the nonlinear process model (Equation 4.3.6), f(-), the linearized state transition

matrix, F;,_; is obtained through the Jacobian:

1 0 —Atvjg_1sin(d;x-1) 0 At cos(0;x-1)

0 1 Atvjg_1cos(b;r1) 0 At sin(6; ;1)
Fir-1=10 0 1 At ZCO:QJ(% St tan (0 -1) (4.3.7)

0 0 0 1 0

0 0 0 0 1

which enables the predicted covariance to be found through matrix multiplication.
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Another necessary component is the process noise covariance, Q;—_1, which rep-
resents the uncertainty in the system’s evolution due to unmodeled dynamics or dis-
turbances. The process noise covariance is initialized to the initial covariance matrix,
Q;x—1 = Pj 1 (Equation 4.3.2), where it is assumed that each state variable’s pro-
cess noise is uncorrelated. If no measurement is obtained, the estimated state vector
and covariance matrix take on the values in Equations 4.3.6 and 4.3.10, respectively,
with the forthcoming correction step skipped (leading to an estimate with lower con-
fidence). Here, the process noise covariance is considered exclusively, which increases
uncertainty over time. If measurements are once again obtained, the correction step
is applied to the state estimate and covariance matrix, increasing confidence.

The process noise is adaptively scaled by a term reflecting both the ego vehicle (v)
and the tracked vehicle (v;;_1) current velocities, as higher speeds introduce greater

uncertainty in the estimate. This term is given by gscqe Where:

1 if Ykl 9
ag —
= VVj k-1 . VU5 k—1 4.3.
Qscale Tao if 1< Tag < (scalemax ( 3 8)
. VU |1
QScalemaX f ag Z QScalemaX

\

The process noise scaling factor is bounded by 1 and gscqe,,., t0 ensure reasonable
values, while the velocity-dependent term is scaled by aq to control the rate at which

higher velocities increase the process noise. The resulting adaptive process noise after

. . oy . . 2 2 2 2 2 . . .
being initialized at each step via o3, 0, , 05,05 & oy is scaled according to:

Qj,k’—l — QScaler,k—l (439)
ensuring that process noise is considered adaptively under varying tracking conditions.
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The linearized state transition and process noise covariance matrices are incorpo-

rated in the covariance prediction described by:

where the predicted state vector and covariance matrix are now augmented with the

acquired measurement data to update the estimate for each in the final EKF step.

4.3.4 Correction

To complete the EKF update, the position measurement of each tracked vehicle is
compared to the prior estimated state based on the confidence in each to obtain a new,
updated estimation. The constant measurement model, H, is linear as the position

measurement directly represents the position states, so the innovation is found by:

) 10000
Yik =2Zjk — HXjpp-1, H= (4.3.11)
01 00O

The innovation, y;j, describes the difference between the measurement observed and
what is expected based on the predicted states, while the innovation covariance, S;,

quantifies the uncertainty of this updated difference.

Another necessary covariance matrix is that of the measurement noise, R 5, with

individual measurement noises 02 & o2
meas,j,k Ymeas,j,k
O-gmeas,j,k O
R, = (4.3.12)
0 o2

Ymeas,j,k
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which, similarly to the process noise covariance, is updated adaptively. The measure-
ment noise is scaled by the range between the ego and tracked vehicles since larger
distances increase the absolute position uncertainty of the depth camera measure-
ments. Additionally, the noise is scaled by a term reflecting the ego and tracked
vehicle velocities (just as with the process noise) because higher velocities decrease
confidence in the time-sensitive position measurements.

From here, the innovation covariance matrix is found from the predicted and

measurement noise covariance matrices:
S;x=HP, ;1 H" + Rjp (4.3.13)
The innovation covariance matrix is then used to find the Kalman gain, K; ;:
K, ="Pjpp1H'S;) (4.3.14)

which directly provides the degree to which the predicted state estimate and co-
variance matrix are adjusted in light of the new measurement. The updated state

estimate for the 7 tracked vehicle at time & becomes:
Xjkk = Xjnk—1 + Kjryik (4.3.15)
while for the covariance matrix, the updated value equals:
P =1-K;:H)P; 1 (4.3.16)

where I denotes the 5 x 5 identity matrix.
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The updated state vector, X;; = X;xx and covariance matrix, P;; = P are
used again in the next EKF update starting from Equation 4.3.3 and following the
transformation, prediction, correction framework. The updated state estimate can
now be used to model the detected vehicle’s trajectory over a future time horizon.
This information is incorporated into the MPC path planning algorithm, enabling

the ego vehicle to avoid dynamic, tracked obstacles in real-time.

4.4 Avoidance of Dynamic Obstacles in STLMPC

The base STLMPC algorithm is now extended to consider the future trajectories of
other tracked vehicles according to a constant velocity & curvature model. Each con-
trol step, vehicle tracking and estimation occur following the EKF process before the
updated state vectors are used to ensure collision avoidance and safe path planning
in these more complex, multi-vehicle environments. Now, the tracked future trajecto-
ries are segmented into successive timeframes (just as with the tracking lines), where
obstacles that reflect the tracked vehicle paths are used in the tracking line quadratic
optimizations.

Using the kinematic bicycle model, future tracked vehicle state estimates are pre-
dicted based on fixed steering angle and velocity according to the current estimate
(as in state prediction via Equation 4.3.6). The future predicted paths are therefore

described by:
)A(j,k+i|k Vj € {O, ceey Ntrack — 1}, 1 € {0, ...,nMpck’MpC — 1} (441)

For simplification as before, X;i1; = X4 Where the future states of the Ny.uex
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vehicles are considered in successive timeframes to generate the ¢'* tracking line by:

OW oW U{(al),, y\ )} or ghape <i<(q+ Dkape, a€{0, ., narpe — 1}

(4.4.2)
This samples the tracked trajectories just as the tracking lines into n,/pc successive
segments, where each is ky/pc samples long. Here, OObSt L= {( Obstot’ yobswt)} denotes
the set of obstacles for the ¢ tracking line which is later split into left ((’)Zq ) and

right (O,(nq)) clusters for tracking line generation. The set of obstacles for each tracking

line now becomes the combination of sensor detections ( bs = {( Obs o yobs Z)}NOSS b,
known map obstacles via AMCL (if used) ( Obs = {( ObSmap o yéblmap ;) Z]i"é“"_l) and

. D) karpe—1, Nipaok—1
newly, the detected vehicle paths (OC(,ZSd = {( ]kﬂ,yj kﬂ)}giqki/jfcﬁzo track™2);

O(Q)

obstot

=0WuoYw Yol

0bsmap 0bS et

(4.4.3)

where 29, & yj k +; represent the transformed tracked vehicle position in the frame

9 k—l—z
of the ¢*" tracking line optimization.

As before (Equation 3.1.8), all of the obstacles must be transformed from the base
frame to the future tracking line reference frame for each quadratic optimization.

This applies to the future states of the tracked vehicle, where the orientation is also

transformed via:

91(',(113+z' = 0 ki — Otrackg—1 (4.4.4)

expressing 0 4, in the base frame as 6'7 in the ¢! tracking line optimization frame.

J,k+i

To more accurately model the moving vehicle and its shape, the outline is used

to generate obstacles for avoidance as opposed to the moving center described in

(@)

Equation 4.4.1. The four corners of the vehicle body, Oj,k 4; are extracted based on
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orientation in the future frame (Equation 4.4.4), position, as well as vehicle length,

I, and width, w, dimensions:

(9) ) —sin(é’@ ) Iy ly ly ly (9)

R cos(6 . ) L _ L _l 29
Ol = (Z’l;ﬂ (])’kﬂ N Z”;J” 17 (4.4.5)
Sin(ej?k+i) cos (ej?kJri) - % % % - % yj,qk+i

Here, 1 denotes the 4 x 1 column vector of ones and the resulting 2 x 4 vehicle
corner matrix contains the four corner position pairs for the j*™ tracked vehicle at
time k£ + 4 in the ¢'" tracking line optimization frame. For each corner position,
é;q,z viny ME {0, ...,3}, the vehicle edge is discretized and the points are added to

O(Q)

obsy,, 111 Place of just the vehicle center point. For the g™ tracking line optimization,

this is denoted by:

m m 1 Nedge — 1
09 0 U{1-Tlyn L T OO S
0bstot 0bstot {( nedge) 7,k+in Nedge 3,k+in+1 mod4} { Nedge Nedge
(4.4.6)

where n.q4. denotes the number of interpolated edge points along each side of the
tracked vehicle, gkype <@ < (¢+ 1)kype, 7 € {0, ... Nypaer — 1} and n € {0, ..., 3}.
Therefore, for each tracked vehicle at each sampled trajectory point corresponding
to the relevant tracking line optimization, the estimated vehicle outline is transformed
and interpolated. The interpolated points for each respective tracking line & all
points in Og‘élm are used starting from finding the safest angular gap, through to the
quadratic optimization (Equation 3.1.4). With the nypc tracking lines, STLMPC
fulfills the same non-linear optimization as before, but now with tracking lines that

perform dynamic obstacle avoidance. Figure 4.4 shows the generation of tracking lines

using the tracked vehicle outline over successive segments of the future trajectory.
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O(D) O(l)
® obs ® obs ° Oc()?)i
o © o0 o ° ® @ @ @

Figure 4.4: The detected (red) vehicle’s trajectory is predicted and segmented into
three intervals. The outline of the vehicle along the trajectory is converted into
obstacles, (’)ggidet which, when added to the static obstacles, (’)ggi generate the three
successive ideal tracking lines.

4.5 Simulation Results

The fitenth_simulator environment is again used, following the same setup as pre-
sented in Chapter 3 but now for a new map and accounting for a simulated, detected
vehicle. Camera-based vehicle detection is not used here, so instead, the adversarial
vehicle pose is directly used as the measurement at each control step in the EKF, en-
abling vehicle tracking. Some relevant parameters in addition to those in Chapter 3
include 1,=0.5 m, w,=0.4 m, ago = O'ZO = 0.01 m?, 030 :ago = (%)2 rad?, Jgo =0.05 r;‘—;,

N =5 & negge = 5. The successive tracking lines and optimized path are shown
in the simulated environment at two sample times (Figure 4.5). Here, dynamic ob-
stacle avoidance is clear, as the detected vehicle trajectory influences tracking line

generation, constructing reference and ensuing optimized paths that avoid collisions.
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Figure 4.5: Local path planning in simulation at two samples, considering dynamic
obstacle avoidance. The detected vehicle shape is projected over its future
trajectory and used as obstacles for generating the successive tracking lines.

The detected vehicle trajectory is used sequentially, where the first half of the
estimated path is used to construct the first tracking line, with the second half being
used for the second line. Figure 4.5a shows the case of overtaking the detected vehicle
while maintaining a central, safe path. On the other hand, Figure 4.5b illustrates a
detected vehicle that crosses in front of the ego vehicle, forcing a maneuver behind
the detected vehicle’s predicted trajectory to avoid a collision.

Evaluation of the local planners in a full simulated test case is shown on a new
map (Map #2) in Figure 4.6 for Chapter 3’s STLMPC and TEB which only consider
obstacles statically here as well as Chapter 4’s STLMPC which considers detected
vehicle obstacles dynamically through prediction. TEB is chosen for evaluation as it is
the most effective exploration planner based on earlier results. The paths are mostly
the same until the detected vehicle is encountered, at which point static obstacle
STLMPC—and even more so, dynamic obstacle STLMPC—swerves opposite to the

detected vehicle’s motion to prevent collision. The positions of the vehicle using each
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planner are shown at an instance before the detected vehicle is avoided, where dynamic

obstacle STLMPC maintains the safest path in the presence of the adversarial vehicle.

—— Detected Vehicle
TEB_explore

= STLMPC_static

= STLMPC_dynamic

Global Y position (m)

-10 -5 0 5 10 15 20 25 30
Global X position (m)

Figure 4.6: Local planner trajectories for dynamic obstacle avoidance in simulated
Map #2. Darker color gradients for each path show time progression, while one
shared time sample before vehicle avoidance is indicated by a point on each path.

The performance of each approach in this simulation is quantified in Table 4.1.
Static & dynamic obstacle STLMPC perform comparably with marginal improve-
ments in the dynamic approach. In this wide track, TEB performs similarly, although
slightly inferior to the STLMPC approaches in terms of safety and control effort.

Table 4.1: Performance of local planners including STLMPC for dynamic obstacle
avoidance in simulated Map #2

Hljl’l dm,in’];; dmm | 6cmd,l~c Var (5cmd,l~g) T)cmd,fﬂ Var (Ucmd,fg)
(m) (m)  (rad)  (rad’)  (m/s) (m?/s)
TEB_explore 1.491 2.081 0.064 0.008 1.472 0.034
STLMPC static 1.561 2.284 0.049 0.007 1.482 0.015
STLMPC _dynamic 1.596 2.258 0.048 0.006 1.482 0.015

Local Planner
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4.6 Experimental Results

Vehicle detection, tracking and avoidance are now evaluated in real-world condi-
tions using Experiment #2’s layout (Appendix B). The use of RGB & depth camera
data and a YOLO-based model for detection presents multiple challenges to effective
dynamic obstacle avoidance through both noisy sensor data and imperfect vehicle
detection. Additionally, the fact that only the position is observable leads to dif-
ficulties in accurately tracking the orientation, steering angle and velocity states.
Thus, the covariance values used for initialization, as well as process and measure-
ment noises, are increased. Some values modified from use in simulation include
oy =0, =005m* 05 =05 = (5)° rad’, & o2 =0.15 ?—22

Vehicle detection and tracking are assessed while the ego vehicle is stationary,

where the tracked trajectory is obtained & compared to the true path of the detected
vehicle (Figure 4.7).

2 —— True Detected Vehicle

AT, —— Tracked Vehicle

® Ego Vehicle Position

—44

Global Y position (m)

LT R s y ;
Global X position (m)

Figure 4.7: True detected vehicle and EKF estimated trajectories in Experiment

#2. The ego vehicle is stationary at the given position while the detected vehicle

drives in a clockwise loop starting from the point (3.36, -4.34).
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The estimated trajectory is noisy, although closely accurate both in time and space
to the true path, owing to the direct observability from depth camera measurements.
Additionally, the unobservable states are evaluated over time (Figures 4.8a, 4.8b &
4.8c) as well as the determinant of the covariance matrix, illustrating confidence
(Figure 4.8d). The orientation and velocity states are closely tracked, although the
steering angle is estimated more poorly, where sharp changes in turning go undetected.
The confidence decreases for times of higher steering angles while sudden spikes occur

when detections are missed and the EKF correction step is forgone.
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Figure 4.8: The true detected vehicle and tracked unobservable states are recorded
over time for (a) orientation, (b) steering angle & (c) velocity. The (d) covariance
matrix determinant is obtained from EKF tracking to quantify confidence over time.
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Dynamic obstacle/vehicle avoidance is tested in Experiment #2, where the per-
formance of STLMPC is recorded and provided by video?. STLMPC is evaluated
both with and without dynamic obstacle avoidance, while TEB-based exploration is
additionally assessed where obstacles are only considered statically. Each planner’s
trajectory is provided in Figure 4.9 alongside that of the detected vehicle, where the
TEB-based planner takes minimal action to avoid the adversarial vehicle. Here, Chap-
ter 3’'s STLMPC swerves around the moving vehicle while this chapter’s STLMPC
makes the most significant maneuver to avoid the detected & tracked vehicle, ensuring
safety. At a shared time sample before the detected vehicle is avoided, it is evident
how dynamic obstacle STLMPC maintains the greatest clearance from the oncoming

detected vehicle.

24 —— TEB_explore
oyl —— STLMPC_static
—— STLMPC_dynamic
T BE—— R Detected Vehicle

Global Y position (m)

-10 T T T T T T
—4 -2 0 2 4 6
Global X position (m)
Figure 4.9: Local planner trajectories for dynamic obstacle avoidance in Experiment
#2. Darker color gradients for each path show time progression, while one shared
time sample before vehicle avoidance is indicated by a point on each path.

Zhttps://www.youtube.com/watch?v=uKgcKcMBytk
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The performance metrics for each tested planning algorithm are shown in Table
4.2. Dynamic obstacle STLMPC performs best in terms of obstacle proximity, with
static obstacle STLMPC performing similarly, differing only at the point of dynamic
vehicle avoidance. All planners exhibit similar control efforts, where the additional
vehicle avoidance maneuver leads to slightly larger average steering angle magnitudes

for the STLMPC methods.

Table 4.2: Performance of local planners including STLMPC for dynamic obstacle
avoidance in Experiment #2

mjn dmzn,fc dmin | 5cmd,l~c | Var (5cmd,l~c) T)cmd,l;: Var (Ucmd,fc)

Local Planner
(m) (m)  (rad) (rad®)  (m/s)  (m®/s’)

TEB_explore 0.487 0.846 0.181 0.050 1.249 0.142
STLMPC static 0.531 0.908  0.195 0.048 1.211 0.069
STLMPC_dynamic 0.562 0.910 0.196 0.045 1.234 0.053

Computation times for each planner are given in Table 4.3, where each planner
achieves similar performance. Average computation times are low for all methods,
while static obstacle STLMPC achieves the lowest worst-case time. Dynamic obstacle
STLMPC has the poorest worst-case time, which occurs around the time of detected
vehicle avoidance, as the local path optimization becomes more difficult. This time

is still within the 100-ms control period, maintaining on-time vehicle actuation.

Table 4.3: Planning computation times for local planners including dynamic
obstacle STLMPC in Experiment #2

Local Planner tfrontier tglobal tiocal tcomp max tfrontier max 75global max typeq) MaxX tcomp

(ms) (ms) (ms) (ms) (ms) (ms) (ms) (ms)
TEB_explore 1.7 09 3.7 6.3 2.5 3.4 13.6 19.6
STLMPC _static 6.4 12.7
STLMPC_dynamic 6.8 42.3
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Chapter 5

Non-Uniform Velocity STLMPC

The aforementioned STLMPC algorithm assumes a fixed velocity over the future pre-
dicted trajectory and, moreover, over the course of the vehicle’s operation. This can be
restrictive and potentially problematic in certain navigation circumstances. By intro-
ducing an additional degree of freedom in the STLMPC optimization, more flexible
navigation can be achieved while meeting limitations to ensure safe, environment-
aware velocities. Higher, safe velocities are prioritized, which makes racing a natural
application of this new path planning algorithm.

This chapter presents the extension to STLMPC by first introducing the dif-
ferences in the approach. The modified objective function and additional velocity-
dependent constraints are then presented. Finally, analysis is conducted, showing
performance compared to the original STLMPC method in both simulation and ex-

perimental tests.
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5.1 Modifications to STLMPC

The non-uniform velocity STLMPC approach draws on the same framework as the
approach outlined in Chapter 3 (with extensions in Chapter 4), except now, adding
velocity considerations. The key differences compared to the original STLMPC pro-

cess are outlined as follows:

e The ego vehicle states & therefore optimization variables become [z;, i, 0;, 6;, v;]
Vi € {0, ey nypckypc — 1}, thereby denoting a total of bnyrpckirpe optimiza-

tion variables.

e The objective function has an added velocity-dependent term that prioritizes

higher velocities over the future horizon.

e Existing constraints now use v; in place of v; the same follows for the ensuing

gradients.
e Limits on velocity magnitude as well as acceleration are implemented.

e A velocity limiting function is constructed that varies with the steering angle.
This ensures that during tighter turns, the vehicle speed is reduced, which
maintains safety, reducing the chances of skidding and, in hypothetical extreme

cases, rollover.

e Velocity is limited by proximity to nearby obstacles in the forward direction. A
function that performs bandpass filtering is applied to obstacles, where the soft
minimum distance to objects directly ahead is obtained. This minimum distance
is used for vehicle slowdown & braking to prevent collisions and preserve safe

speeds in tighter environments.
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e The current vehicle speed is obtained through the VESC and is used as vy,

which forms the initial state of the predicted trajectory through MPC.

e The optimization’s initial guess now requires a selection of initialized velocity

variables, which here are assumed constant for simplicity.

e The first free velocity variable from the optimization solution, vy, is applied to

the vehicle for navigation (ve,g) in tangent with the steering angle.

5.2 Augmented Objective Function

For racing applications specifically, fast navigation at higher velocities is promoted.
This can transfer to more general scenarios where the fastest speed is encouraged,
while still maintaining safety as defined by subsequent metrics. To encourage quicker
paths, an additional velocity-dependent term, F,2(v;) is introduced into the STLMPC
objective function:

nypokmpe—1 1

Fp(v) = (5.2.1)

2
Y;

i=0

This term takes a similar form to the squared sum of steering angles term (Equa-
tion 3.1.17) except now, higher velocities are encouraged, so the reciprocal of each
squared velocity is summed and minimized. This additional term, F2(v;) with weight
A2 is added to the multi-term objective with Chapter 3’s quadratic form terms (Equa-

tion 3.1.11), where each is weighted according to its relative significance:
Foij ((Sz, Ui) = )\dQFdQ ((5“ 'U,L'> + >\d2Fd2 (51, Ui) + )\52F52 ((51) + )\UQ 2 (’UZ) (522)

Here, only three weights are required if normalized to remove a parameter.
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The final objective function is denoted by Fiy;, (9;,v;), which is a function of the
control inputs, both ¢; and v;. The weighting emphasis placed on the new velocity
term compared to the original STLMPC terms determines how much higher speeds
are prioritized at the cost of poorer tracking line following and higher steering angle
control effort. The pertinent gradients for the augmented objective function, which

differ from those of the original STLMPC approach, are detailed in Appendix A.2.

5.3 Additional Velocity-Based Constraints

While pursuing quicker velocity paths, the increased flexibility in the optimization
means behavior can be further tuned/constrained to meet specific criteria. The ex-
isting STLMPC constraints and corresponding gradients now use the varying v; (Ap-
pendix A.2) instead of the constant v. Limits on the velocity variables come from
both physical limits on vehicle dynamics as well as safety considerations. In terms
of limits on vehicle dynamics, the maximum (v,,4,) and minimum (vy,;,) bounds on

allowed velocities for the particular vehicle are used:
Umin < Ui < Umaz Vi € {0, manMPC’kMPC — 1} (531)

To prevent backwards motion, v,,;, is set to 0 but can be suitably increased to force
forward motion or decreased to allow reverse driving in a potential future extension
of STLMPC (although the singularity in the velocity-dependent objective term would
need to be considered).

Linear inequality constraints are developed from the maximum change in consecu-
tive applied velocities over the future MPC horizon. Here, the maximum acceleration

denoted by Av,,, and similarly, deceleration denoted by —Awv,,., are used to form
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the constraints, g,+; & g,-; according to:

—At Avmam S Vi4+1 — Y S At Avmam Vi € {0, ...,nMpckMpC — 2}
Gut,i = Vig1 — Vi — At AvUpaz, Gty <0 (5.3.2)

Gu—yi = Ui +v; — At AfUmaac; Gu—i S 0 (533)

The velocity applied to the vehicle in the last sample’s MPC optimization is given
by vj4st. Just as with the steering angle, the DC motor for the velocity control input
takes time to transition to the next commanded velocity. The velocity command,
Vemd, 18 therefore applied a sample in advance to ensure that by the next control
step, it has reached this state per the predicted MPC path. So, the current initial
velocity is fixed by the last command (confirmed in practice through the VESC’s
updated reading), vg = vj4s, while the command applied at the current time is the

first optimized control input not fixed, v¢q = v1.

5.3.1 Turn-Rate-Dependent Velocity Limits

To ensure vehicle safety is preserved, especially when path planning at higher ve-
locities, constraints are introduced on velocity during turns. If turning with a high
instantaneous steering angle, |d;|, a high instantaneous velocity, v;, may cause the
vehicle to lose control, skid, or, in the worst case, rollover. Thus, a velocity-limiting
function, f,,,..,, is introduced, which sets the maximum allowable velocity based on
the current steering angle magnitude. Instead of expressing magnitude as an abso-
lute value, a reciprocal quadratic steering angle expression is used to ensure smooth

gradients:
Umax
f’l)steer,i = 1+ (L)Q (534)
5

max
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This maximum allowable velocity function is shown in Figure 5.1 where the limit
decreases from v,,q,; when the turning angle is zero to “=* when the steering angle
magnitude equals [0pq,|. Using fi,... ,, inequality constraints (g,,,..,;) can be formu-
lated for each sampled velocity to ensure the safe maximum velocity function is not

exceeded for the current steering angle:

Ui S fvstee’r,i VZ E {07 7nMPCkMPC - 1}

Umam

1+ ()Y

max

gvsteer,i S O (535)

gvsteET‘ N Ui

These additional n,;pckype inequality constraints are incorporated in the optimiza-

tion with analytical gradients as presented in Appendix A.2.

f”sbr:(:r‘.t

U’TTL(.LZL'

Vmaxzx

0;

_6mam 6mam

Figure 5.1: The velocity-limiting function, dependent on the current steering angle.
At zero turning angle, the maximum velocity is allowed; meanwhile, at the
maximum turning angle, only half the maximum velocity is permitted.
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5.3.2 Vehicle Slowdown via Obstacle Proximity

To handle tight spaces with collision risks in close proximity to the vehicle, velocity
is reduced to maintain control. Particularly, hazards in front of the agent present
immediate dangers where the vehicle must either swerve around or brake before col-
lision. A safe stopping distance is identified to slow the vehicle down and prevent
head-on collisions while considering the vehicle’s maximum deceleration. This allows
the vehicle to maneuver safely in crowded spaces while coming to a stop and avoiding
collisions in the worst case, if no safe path exists.

Using all obstacles in the vehicle base frame, the set is subsampled to maintain
computational tractability by only using obstacles with a separation distance exceed-

ing ds, to all other subsampled obstacles:

Oobssub = {(xobstot,ia yobstot,i) € R? \ H(%bsm,i, yobsm,i) - (Sﬂobssub,j, yobssub,j)H2 > dsep}
(5.3.6)
where the subsampled set is expanded iteratively by considering all remaining obstacle
distances in the original set to the subsampled set (Vi € {0, ..., Nops,,, — 1} and for
expanding Nops..,, J € {0, ..., Nops,,, —1}). Here, ds,, is set low but can be increased if
the number of subsampled obstacles remains too high. For each obstacle in the subset
{(Tobsyy,js yobssub,j)}f:“gssub_l, the distance and heading angle between each predicted

vehicle state (z;,y; & 6; Vi € {0, ...,nypckype — 1}) and obstacle is considered. The

distance between the vehicle at sample i and the j*® obstacle is given by:

di:j - \/<x7‘ - xOstubyj)z + (yl - yObssub7j>2 (537>
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where the heading angle in the base frame is:

0i,j = atan2(Yobs,,;,j — Yis Tobs,uy,j — Ti) (5.3.8)

However, the predicted vehicle state has orientation in the base frame of 6;, so the

obstacle heading angle is found with respect to this orientation instead:

Hdiﬂ,i,j = atan2(sin(0i,j — 01)7 COS(@Z‘J — 91)) (539)

where this equation wraps the angular difference correctly to the normalized range,
(—m, 7). To consider only hazardous obstacles ahead of the vehicle during each future
sample (Figure 5.2), a passband is constructed by —Opand,a, < Odifti; < Obandma, Where
Oband,,.. 15 the maximum angular difference at which an obstacle is considered. The
distance from the vehicle to the nearest obstacle in the passband (dpana,.,. ) is used

in a velocity limiting function to slow the vehicle down when objects are in close

proximity, directly ahead.

o ® o
® .- ®
@ @ _”
- -
’ .
s’ ebandmaz [ ]
L d
- - - d
band'rnin
- o
~
~ N _ebandmmc
s ~
o .
o ¢ ® e "~.

Figure 5.2: Passband obstacles (red) with the minimum obstacle proximity, dpang

min *
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To consider only obstacles in the vehicle’s forward FOV, a smooth bandpass func-
tion is created (Figure 5.3a) which ensures analytical gradients can be found. This

function takes the form:

1 1
1 + e—500aiftij t0bandmax) 1 4 e—50(0dift,i,j —Obandmax)

(5.3.10)

eband,i,j -

with transition steepness between the passband and stopband denoted by the param-
eter sy. Obstacles with relative heading angles in the passband have fyanq,i; = 1 while
those in the stopband have Opana:; ~ 0. Now, a weighted softmin function (Figure
5.3c) is used to get the approximate minimum obstacle distance at sample i, dyand,,;, i;

considering all obstacles in the passband:

obssub 1

dbandmin,i =~ IOg Z Oband,i .5 € ~Pud ”) (5311)

The sharpness of the approximation is controlled by (,, where higher values more
accurately model the true minimum but with poorer numerical stability. Using the
softmin function as a smooth approximation ensures continuous gradients and nu-
merical stability for the optimization solver.

The final velocity-limiting function (Figure 5.3b) based on obstacle proximity,

fvobsi is represented by an exponential term, dependent on dyanq

min,?

dbandmin K *dstop

Joopes = Vmaz(L—€™ o) (5.3.12)

Here, dg,, denotes the obstacle distance where the vehicle is forced to stop, and the

decay rate, o, controls how sharp the velocity limit decrease is as dpang_. ; is reduced.

min;
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Finally, inequality constraints are constructed (g,,,, ,) for each sample to limit the

velocity variables according to f,,,,

v; < fvobs,i Vi € {0, ...,nMpck?MpC — 1}

gvobsyi - /UZ - Umax(]' - 6_ v )7 g'Uobs,i S 0 (5313)

where corresponding gradients are provided in Appendix A.2.

ebandi,j

S

band i i

stop, max

Oaift,i,j

70bandn\ax ebandmax

dmaw

Figure 5.3: Function shapes for: (a) the heading angle passband, (b) the
velocity-limiting function based on obstacle proximity & (c¢) the softmin function
assuming only two distances where both 0yanq0 and Gpana; 1 = 1.
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5.4 Final Optimization Problem Formulation

The ensuing optimization problem makes the necessary alterations to Chapter 3’s

STLMPC optimization (Equation 3.1.28), thus formulating:

min A2 Fpe + )\d'ng'z + A2 Fs2 + A2 Fp2

,Y;5,05,05,0;
subject to g5+, <0, ¢;-:<0, g+;<0, g,,=<0
Gvsteeri <05 Gugaj <0
hei=0, hy;=0, hg;=0 (54.1)
— Omaz < 05 < Omazs Umin < V) < Upas
r0=0, y=0, 6h=0, o= 0st; Vo= Vlast

Vi € {O, ...,nMpckMpc — 2}, VJ € {O, ...,nMpckMpc — 1}

where all existing instances of v in STLMPC are replaced with the respective opti-
mization variable, v;. The initial guess for the optimization follows the framework

detailed in Algorithm 2 where v; replaces v and each velocity variable is initialized

to a constant value for simplicity, such as vy, or “ze=.

With higher velocities promoted if safe, the solver will provide a solution with
a varying, non-constant velocity over the predicted path’s time horizon. As in the
original STMPC approach, SLSQP is used as the optimization solver and the op-
timized path is provided by [z;,y;,6;,0;,v5], j € {0,....,nmpckypc — 1}. The first
free steering angle and velocity variables, d; & v, are applied as d.nq & Vepmg before the

process is repeated at the next control step (similar to the process in Algorithm 3).

39



M.A.Sc. Thesis — Christian Schaible McMaster — Electrical & Computer Engineering

5.5 Simulation Results

This new formulation is now evaluated in simulation on a third map (Map #3) with
existing parameters repeated from prior simulations. Some parameter values specific
to this chapter include A2 = 1, vy =0 M/S, Vpee =3 M/S, Avpee =2.5 m/s?,
Obandmax = § Tad, so =200 rad™t, 3,=10 m~!, dstop =0.8 m & ,, =0.5 m. The nominal
velocity remains 1.5 m/s from previous simulations for the other tested methods
(Chapter 3’s STLMPC & exploration via TEB) as well as for this chapter’s initial
guess to maintain feasibility. However, the maximum allowed speed of 3 m/s allows
this chapter’s approach to achieve faster speeds when safe. For lower steering angle
magnitudes, higher velocities at the corresponding samples are allowed beyond =z,

The three local planner trajectories in Map #3 are shown in Figure 5.4, where
navigation occurs around the track clockwise. The variable-velocity STLMPC ap-
proach achieves a faster course time than the other methods while maintaining a
velocity that satisfies all safety constraints, thereby ensuring lower velocities during

sharp turns and vehicle slowdown before the course’s dead-end wall.

i,

—— TEB_explore
—— STLMPC_const_v
= STLMPC_vary_v

Global Y position (m)
L

-15 -10 s 0 5 10 15
Global X position (m)
Figure 5.4: Local planner trajectories including for non-uniform velocity STLMPC
in simulated Map #3. Darker color gradients for each path show time progression,
where variable-velocity STLMPC completes the course significantly faster and is

therefore lighter throughout.
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Table 5.1: Performance of variable-velocity STLMPC & other local planners in
simulated Map #3

Local Planner ml;lndmin,fc dm“"b yécmd,lﬂ Var((scmd,fc) Ucmd,l:: Var@)cmd,l::) 2ftOt

(m)  (m) (rad)  (rad®) (m/s) (m’/s’) (5)
TEB._explore 0521 1.076 0.107 0020 1360  0.097 413
STLMPC_const_v 1.070  1.591 0.079  0.014 1452  0.030  40.7
STLMPC.vary.v ~ 0.957  1.589 0.101  0.017 2288 0357  26.2

The speed improvement is shown for variable-velocity STLMPC in Table 5.1 where
t,¢ indicates the total time to complete the track. Here, each STLMPC method
achieves similar safety improvements over TEB-based exploration, while this chapter’s
STLMPC has a higher velocity variance since it is now optimized and required to
quickly change to satisfy constraints. These rapid fluctuations are shown in Figure
5.5 where velocities above 1.5 m/s must satisfy the steering angle-based constraint,
which is only guaranteed for the other planners below 1.5 m/s. A gradual reduction

in velocity upon course completion is evident in this chapter’s approach.

3.0 —— TEB_explore
—— STLMPC_const_v
—— STLMPC_vary_v

2.54

N
o

Forward Velocity (m/s)
-
v
- =
- =

g
=}

0.57

0.0

0 5 10 15 20 25 30 35 40
Time (s)

Figure 5.5: Velocity control inputs for each local planner in simulation using Map
#3. Dotted bounds indicate the vehicle’s minimum and maximum allowed velocities.
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5.6 Experimental Results

Vehicle racing using velocity-varying STLMPC is tested in real-world circumstances
via the layout constructed in Experiment #3 (Appendix B). The track contains tight
corners, meaning a large, constant velocity will lead to crashes and thus, a varying
velocity is required, which reduces for turns and increases for straightaways. STLMPC
parameters follow from simulation except now, dg . = 1.25 m & dgop = 0.5 m to
accommodate the tighter track. This track poses challenges to a number of the tested
local planners, where only a select few complete the course.

DWA- & MPC-based exploration proceed very slowly and repeatedly run into
obstacles in this setup; therefore, they are not included in the following results. Fur-
thermore, the PD approach fails to successfully navigate the first turn, even at low
speeds, crashing early on in the experiment. The TEB-based planner fails at high
speeds, but when the maximum permissible speed is reduced to 1 m/s, the vehicle
is able to complete the course, although it encounters collisions at two specific track
sections. Constant-velocity STLMPC at 3 m/s fails but succeeds at 1.5 m/s while
variable-velocity STLMPC uses vy, = 0 m/s & Upe = 3 m/s as in simulation.

The performance of variable-velocity STLMPC is shown by video! as well as
among all planners that complete the course in Figure 5.6. Variable-velocity STLMPC
takes several corners tighter than constant-velocity STLMPC and sacrifices safety in
some spots to achieve higher speeds and a faster track time. Operating at faster speeds
means less reaction time and poorer maneuverability; however, adequate safety is
maintained by the variable-velocity formulation’s constraints, and a visibly safe path

is produced. The TEB-based planner completes the course but collides along the left

https://www.youtube.com/watch?v=yKPFWdbwx-4
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track wall as well as at the top of the map due to the sharp turns within the course.

10
—— TEB_explore
= STLMPC_const_v
=—— STLMPC_vary_v
8 .
6 .
E
C
.0
b=
& 47
o
>
©
Q
o
O 24
0 -
-2

-2 0 2 4 6
Global X position (m)

Figure 5.6: Local planner trajectories including for variable-velocity STLMPC in
Experiment #3. Darker color gradients for each path show time progression, where
variable-velocity STLMPC completes the course fastest and is therefore lightest.

The planners are evaluated further in Table 5.2, which presents proximity, control
input and total track time metrics. The minimum obstacle proximity for the TEB
planner is not applicable, as collision occurs, while variable-velocity STLMPC attains
poorer proximity metrics compared to constant-velocity STLMPC due to more ag-
gressive motion at higher speeds. However, velocity-varying STLMPC achieves the
lowest steering angle average magnitude and variance due to its direct, fast motion
on straight track sections. The variable-velocity method achieves the highest average

velocity & fastest track time by increasing speed when safe during navigation.
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Table 5.2: Performance of variable-velocity STLMPC & other local planners in
Experiment #3

Local Planner Hl];ln dmzn,ff dmzn | 5cmd,l~€ | Va‘r(écmd,fc) @cmd,fv Var(vcmd,fc) tiot

(m)  (m) (rad)  (rad’) (m/s) (m?/s’) (s)
TEB_explore N/A 0.532  0.261 0.086 0.863 0.092 254
STLMPC_const_v  0.528 0.747 0.224 0.068 1.176 0.082 15.8
STLMPC_vary_.v ~ 0.403 0.720 0.196 0.057 1.456 0.331 12.8

Planning times are provided for each method (Table 5.3), where velocity-varying
STLMPC has significantly longer times compared to STLMPC with a constant veloc-
ity. The additional velocity variables and constraints introduce added dimensionality
to the optimization, increasing the complexity. Nonetheless, solutions are found reli-
ably within the control period, while in the worst case, the solver terminates grace-
fully after timing out at the 50-ms limit. TEB struggles with the course’s sharp turns,
where the worst-case computational time is obtained, exceeding the control period.

Table 5.3: Planning computation times for variable-velocity STLMPC & other local
planners in Experiment #3

Local Planner tfrontie'r tglobal Liocal tcomp max tfrontie'r max 7fglobal max typcq MaX tcomp

(ms) (ms) (ms) (ms) (ws)  (ms)  (ws) (ms)
TEB_explore 4.5 1.0 86 14.1 14.6 2.5 102.4 119.6
STLMPC _const_v 6.7 18.9
STLMPC_vary_v 32.2 61.4

Each planner’s speed profile is detailed in Figure 5.7 over the course of Experiment
#3. Variable-velocity STLMPC attains speeds over 2 m/s on straight track sections,
while speeds approaching 3 m/s are not used, maintaining safety on the tight track.
Constant-velocity STLMPC fluctuates in speed in practice, additionally incorporating
a slowdown mechanism (external to the optimization) when nearing obstacles ahead.

Both methods maintain high respective speeds compared to TEB, which slows greatly
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when obstacle collision arises, taking significantly longer to complete the track.

30 —— TEB_explore
—— STLMPC_const_v
—— STLMPC_vary_v

2.5

Forward Velocity (m/s)
-
0

0.5

0.0
|

0 5 10 15 20 25
Time (s)

Figure 5.7: Velocity control inputs for each local planner in Experiment #3. Dotted
bounds indicate the vehicle’s minimum and maximum allowed velocities.

Finally, the variable-velocity STLMPC algorithm’s speed profile is presented over
time against the dynamic bounds used in the optimization’s constraints (Figure 5.8).
Velocity is bounded here by both a function that limits speeds when making sharp
turns (Equation 5.3.5) as well as a slowdown function when approaching obstacles
directly ahead (Equation 5.3.13). The speed profile successfully satisfies these bounds

within the control limits while attaining the highest possible speeds for fast navigation.

3.0 Turn-Rate-Based Limit
Obstacle-Proximity-Based Limit
—— Speed Profile

25

Forward Velocity (m/s)
-
w

0.5

0.0

0 2 4 éme " 8 10 12
Figure 5.8: Speed profile for velocity-varying STLMPC in Experiment #3. The
vehicle’s forward velocity is limited at each step within control limits by functions of

steering angle and forward obstacle proximity, used as constraints in optimization.
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Chapter 6

Quartic Bezier Model Predictive

Control

An alternative path planning method is proposed to STLMPC, entitled Quartic Bezier
Model Predictive Control (QBMPC). This approach removes the need for tracking
line generation & following, instead using potential fields from obstacles to achieve
the optimal fourth-order Bezier curve path. Constraints on vehicle dynamics are
incorporated directly into the curve’s shape while maintaining a minimum distance
to obstacles. The non-linear optimization proceeds for every control sample, attaining
smoother predicted paths in less computation time compared to STLMPC.

The chapter follows by highlighting the inspiration for the QBMPC algorithm’s
development and the construction of the new path planner using Bezier curves. The
algorithm is detailed, from steps that precede the optimization to the objective and
constraint function configurations, concluding with vehicle control using the predicted
path. Tests are then performed in both simulation and physical environments, com-

paring QBMPC performance to that of prior methods.
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6.1 Motivation & Bezier Curve Composition

Previous chapters have explored the use of the STLPMC algorithm and some ex-
tensions therein. By approaching the problem of local path planning in unknown
environments from a new perspective, the QBMPC method is created, which allows
for comparisons between the algorithms and subsequent discussion. One facet of the
STLMPC approach is that ny;pc quadratic optimizations are performed before the
MPC optimization to acquire the successive reference tracking lines. These convex
optimizations are computationally fast & efficient; however, this new alternative al-
gorithm aims to achieve simultaneous planning and control using only the non-linear
MPC optimization.

Here, real-time local tracking lines aren’t generated, and instead, a fourth-order
Bezier curve provides the path, influenced by potential fields from obstacles. While
an initial MPC optimization guess is formulated using successive safest local angular
gap headings, no predefined path is followed, which lends additional flexibility to the
resulting solution. Local optima are sufficient using the potential fields approach as
the non-convex solver provides safe, high-performing local solutions with reasonable
initial guesses near the global optimum.

Using a Bezier curve provides a steep decrease in optimization variables, as now
only the curve’s control points determine the shape. For a Bezier curve of order n,
only n 4+ 1 control points exist, compared to the 5nypckype variables used for the
discretized path in STLMPC, assuming a non-constant velocity. As a result, the
average optimization time is lower for QBMPC, which enables faster control rates
and thus, even more responsive vehicle behavior.

Finally, the use of a Bezier curve encourages smoother paths with more gradual
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changes in turning angle. This is in contrast to the STLMPC approach, where the
objective was to closely track disjoint, piecewise linear reference paths. These factors,
therefore, motivate the discussion & formulation of the QBMPC algorithm as a new
technique for local path planning in unknown environments.

For an n-degree Bezier curve, the general parametric formula follows as:

]

B(t) = i (n> (1—t)""t'P;, te0,1] (6.1.1)

I control point and ¢ denotes the parameter which

where P; = [x;,3;]7 is the curve’s 4*
moves a point along the Bezier curve from Py at ¢ = 0 to P,, at t = 1. The curve
is deformed towards the intermediate control points according to the Bernstein basis
and is always contained entirely inside the convex hull of its control points. Here,
t does not denote arc length but instead time on a fixed unit scale, which for the

purposes of QBMPC is extended to describe motion over a general time, .

In the ensuing algorithm, a fourth-order (n = 4) Bezier curve is used:

w(t) = (1 —t)'wo + 4(1 — )2 +6(1 — t)*wy + 4(1 — )23 + thay, t€[0,1]
(6.1.2)

y(t) = (1 —t)'yo +4(1 — )%ty +6(1 — t)%t2ys + 4(1 — )Pys + t'ys, t€0,1]
(6.1.3)

which provides path flexibility while not overfitting and introducing unnecessary path
fluctuations. However, the degrees of freedom in this curve are reduced due to initial
starting conditions, and thus the optimization variables are reduced from 2(n + 1).

First off, the original position (zg,y0) = (0,0) is fixed in the moving vehicle base
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frame for each optimization. Additionally, using the kinematic bicycle model, the
initial velocity is fixed in the +z direction (6y = 0) and so 2/(0) = v and y'(0) = 0.

Already considering (z¢,yo) = (0,0), this means:

o' (t) = (—16t> + 36t% — 24t + 4)xy + (24> — 36t + 12t) 2o+ (— 161> + 1262 w3+4t324
(6.1.4)

Yy (t) = (—16t% 4 36t% — 24t + 4)y; + (24> — 36t + 12t)yo + (— 161> + 12t2)ys+4t3y,
(6.1.5)

So, #'(0) = 4x1 = vue & Y'(0) = 4y, = 0 meaning that Py is fixed in the unit
time scale case as (v1,y1) = (*4£,0). However, when parameterizing the curve for

t € [0,1] but over a true, scaled timeframe 7 € [0, ], now ¢t = i Thus, the actual

physical velocity vector is represented by [42, W|T = [de . dL dy AT whepe gt ¢ = (),

dr’ dr dt dr’ dt dr
Ccl{_f ' j_i Viast 4I1 : i . X
= = which means in the general case, the second
dy dt 1
@ dr 0 Ay 5,
7=0

fixed control point is (z1,y1) = (%; 0).

Furthermore, the initial steering angle, 9,4, is fixed, removing another degree of
freedom. The curvature of a Bezier curve over time, x(t), describes the instantaneous

sharpness of the curve’s turn with respect to arc length (independent of choice of t¢):

')y"(t) —y')="(t)

((2'(1)2 + (y'(1))2)%2 (6.1.6)

R(t) =

where positive curvatures denote counterclockwise turns and negative values corre-
spond to clockwise rotations. As required for calculating the curvature, the second

derivatives of the fourth-order Bezier curve (where y; = 0) are given as:
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2" (t) = (—48t* + 72t — 24)zy + (T21% — T2t + 12)29 + (—48t% + 24t) 5 + 121214
(6.1.7)

y'(t) = (722 — 72t + 12)y, + (—48t + 24t )ys + 12ty (6.1.8)

Now, the curvature is expressed with respect to time by considering the mag-
nitude of the variable velocity, v(t) = ||B/(¢)||> to obtain the orientation deriva-
tive, 0(t) = k(t) - |B'(t)||2. From the kinematic bicycle model (Equation 3.1.23),

o(t) = @ tan(d(t)). Comparing the equations yields:

tan(d(t
(t) = # (6.1.9)
where for t = 0 & §(0) = 0jast, the initial curvature becomes k(0) = %1”—;3’2 = i’%.
1 1
Using the fixed value of x; = %, NOW Yo = M based on initial conditions.

Therefore, a general n™ order curve is reduced to 2(n + 1) — 5 variables, mean-
ing the quartic Bezier curve used in the MPC optimization has only five variables:

T, T3, Y3, T4 & y4 (Figure 6.1).

Figure 6.1: Four potential Bezier curve paths (solid) and their respective control
polygons (dotted) with fixed Po, Py & y2 according to djasr and vygs.
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6.2 Initialization

The initial guess for the quartic Bezier curve control points, used in the MPC opti-
mization, is derived from two successive safest angular gap headings. Consequently,
the approach outlined in Algorithm 1 and Equation 3.1.1 is used as was done in
Chapter 3 to get the left and right obstacle clusters for the reference tracking line
optimization. Now, though, €p..q is directly used in the place of the tracking line
for the initial path guess, and no quadratic optimizations are conducted. Initially,

[Zstart.0, Ystart.0) . = [0,0]7 and instead of Equation 3.1.7, now:

DPstart,i + %Ulasttf : [Cos(ehead,i)a Sin(ehead,i)]T it i=0
[xend,h yend,i]T - (621)

pstart,i + %Ulasttg : [Cos<ehead,i)7 Sin(ehead,i)]T if >0

where i € {0, ...,n — 3} since the first three control points are at least partially fixed.

Thus, the first free control point, penq0 is determined by proceeding along the
heading direction for % of the total horizon time, t¢, compared to % for all subsequent
control point guesses. For the next heading angle, psiartit1 = Pend,i and the process
repeats with the transformation of all obstacles to the new frame (similar to Equation
3.1.8 but now using Opeqq; instead of Oy40r:). Each safest gap heading is converted
back to the base frame through Oncqa; < Oheadi + Onead,i—1 before Equation 6.2.1 to
acquire the control points in the current vehicle frame. For the fourth-order Bezier
curve, the initial control point guesses are:

2

T2 = g%nd,o, (23, Y3) = (Tend,0: Yend,0): (T4, Y1) = (Tend,1: Yend,1) (6.2.2)

This provides an initial path in the direction of the safest successive angular gaps

(Figure 6.2) as in STLMPC and is extendable to curves of order n > 4 as well.
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Using AMCL-based localization and dynamic obstacles operates exactly as in
STLMPC, where the obstacle set is extended by the map and tracked vehicle points.
The only difference is that the base frame obstacle set contains the entire trajectories
of tracked vehicles until time t¢, as opposed to successive timeframe segments that
were used for tracking line generation (Equation 4.4.2). Therefore, the trajectory over
the full time horizon is used to find each successive safest angular gap, as well as in

the subsampled obstacle set used in the QBMPC objective and constraint functions.

______ (T4,Y4) = Pend1

(22,2) o © °
(20, Y0) = Pstart,0 where x5 = 721”;‘““ O
.. [ ) obstot
]
® ]

Figure 6.2: The initial QBMPC guess of control points and corresponding curve
(green). Safest heading angles with respect to the base frame +x axis dictate the
initial guess for xo, x3,ys3, v4 & y4 while xg, yo, 1, y1 & yo are fixed.

6.3 Potential Field-Based Objective

The optimal quartic Bezier curve is attained by minimizing a potential field function
that discourages close proximities to obstacles over the full trajectory, thus main-
taining a safe path. This method requires no reference path to follow and responds
to unknown environments with strong repulsive forces pushing the path from obsta-

cles towards safe regions through the objective’s control point gradients. Through
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a strategic initial guess generated as described, the Bezier curve path explicitly pro-
motes high local obstacle clearance like in STLMPC but without a tracking reference.

The velocity over the predicted path is allowed to vary, providing flexibility, but
higher velocities aren’t prioritized like in Chapter 5. Nonetheless, incorporating a
velocity-based objective term could be a future extension of QBMPC for racing ap-
plications. There is also no objective term on control effort as in STLMPC; however,
the Bezier curve path inherently generates smooth, gradually turning paths by design.

To gauge obstacle proximity over the full duration of the curve, the path is dis-

cretized evenly in time, ¢ (and effectively 7). Here, the points on the Bezier curve,

(we i, ye,;) are:

(e, yei) = (x(t:),y(t;)), t;= ngi— T i€{0,..,neg — 1} (6.3.1)

for a total of ng discretized points, which depend on the optimization variables:
the control points. Now, the potential field function is developed, which consid-
ers subsampled obstacles and all ng discretized points. The obstacle subsampling
follows the same process as described in Equation 5.3.6 for all detected, map and
tracked vehicle points in the total obstacle set. This obtains the obstacle subset
Oobs.., = {(xobssubyj,yobssubyj)}jy:"gss”‘”_l where each obstacle enacts a potential field
upon the Bezier curve path.

The potential field-based objective function is thus formulated as a sum of the

repulsive forces from each subsampled obstacle to each discretized Bezier curve point:

g — 1N0bssub
—aed?
Fobjg(anx37y3aaj4ay4 E § %, (632)
=0 57 i,
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with gradients in Appendix A.3 where each squared curve-to-obstacle proximity is

given as:

dz,i,j = (a:&vl - xOstubvj)Z + (yﬁ,l - yObssubmj)Q (633)

Instead of a standard inverse-square relationship, an exponentially decaying weight
for higher squared distances is incorporated in each summed term, further reducing
the effect of numerous far obstacles in favor of the effect of one obstacle in close
proximity. This prioritizes the nearest obstacles the most in the cost, such that the
optimal path avoids close proximities over the predicted horizon’s full duration. Here,
ag affects how sharply the weight decays for higher squared distances, controlling the
degree to which closer proximities dominate in the objective. The selection of three
ae values and their effect on the objective cost for a single curve-to-obstacle distance

is shown in Figure 6.3.

6.4 Constraints on the Bezier Curve Profile

6.4.1 Velocity-Embedded Curve Constraints

In order to restrict the Bezier curve path to be feasible, vehicle dynamics are incor-
porated into the curve shape. The first limits on vehicle behavior come from the
minimum (Vg min) & maximum (ve max) allowed velocities, which are incorporated for
a general path time horizon, t¢. A positive minimum velocity is necessary in this for-
mulation to prevent unnecessary stopping under normal operation, as the objective
does not inherently encourage higher velocities like in Chapter 5. In the event that
there is no safe route and path planning fails, the vehicle can slow to a stop based on

the predefined dg,, to prevent collisions.
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Figure 6.3: The potential field function for a single curve-to-obstacle proximity with

three weight decay factors, ago =0 < ag1 < ags. Fyeqe denotes a symbolic scale for
the objective function, dp.x is the maximum range from earlier chapters and d¢ min

is the minimum allowed proximity, used as a constraint.

The velocity of the Bezier curve, 7 € [0, t] is denoted by the derivative’s magni-
tude:

) =1 Gl = \/ e

6.4.1

with the first derivatives of the Bezier curve given by Equations 6.1.4 & 6.1.5. Again,
the curve is discretized by vg;

v(t;) = [|B'(t)|]2 for t; = #'_1, i€{0,...,ne — 1}
Taking the squared velocity for simplification, the velocity at each discretized point

is constrained between the minimum and maximum:

Vg min < (0(7))? < 0y where for i € {0, ..., ng

-1},
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gv;ﬂ' - (l‘/(tl))Q + (y,(tZ))2 - tgvg,mam gvg’,i S 0 (642)
gvg,i - _<I,(tl))2 - (yl(tZ))2 + tgvg,mina gyg’i <0 (643)

By choosing a sufficiently high ng for the Bezier curve order n, satisfying the con-
straints for the discretized points means the constraints are effectively satisfied for
the entire curve. Sampling evenly in time ensures that all regions of the curve over
the future horizon are evaluated and made to satisfy the limits on vehicle dynamics.
This discretization provides tractable closed-form constraints for maintaining a viable
path, which depend on the placement of the quartic Bezier curve’s control points.

Similarly, the acceleration at each discretized point is evaluated where the accel-
eration in the direction of motion of the Bezier curve is given by:

a(t) = B'(t) - B"(t) _ '(t)="(t) +y'()y"(t)
1B(2)]]2 VE )2+ (y(1))?

(6.4.4)

This expression projects the acceleration vector, B”(t) onto the normalized velocity

vector, Hg% to determine the acceleration or deceleration in the forward direction,
which is constrained to the feasible range. By taking #'(7) = /(t) - & = m;g) and

(1) = x/tlg(t) Ll %E(t) (similarly for y), acceleration for general time, 7 € [0, ¢¢] is:

g@ OO +y @Oy ®)
VGO VIO

a(t) =

(t) (6.4.5)

Now, for the maximum acceleration, agmax and deceleration, —ag max limits, the
squared forward acceleration is constrained for each discretized point via ag; = a(t;).
This ensures that both positive and negative forward accelerations are bounded in

magnitude by |ag max| in one constraint for each of the ng points:
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— g max < (T) < g max — (a(7))” < a€ max Where for i € {0,...,ne — 1},

)*
oy = )T + Y (ta)y" (L))
e (@'(:)? + (v (:))?

tga/g max)? gag,i < 0 (646)

Therefore, the quartic Bezier curve is constrained to the vehicle’s permissible velocity
dynamics in a general formulation for any time horizon length, ¢ (corresponding

analytical gradients are in Appendix A.3).

6.4.2 Curvature-Embedded Curve Constraints

Additional path restrictions are influenced by limitations on steering angle, which
translate to the curvature of the Bezier curve. As in STLMPC, the steering angle
is constrained by inequalities on both magnitude and rate of change. The path
curvature, which depends on the optimization variables (control points), is given by
Equation 6.1.6 (and is independent of the choice of ¢¢) while the relation to steering
angle is provided in Equation 6.1.9.

Invoking ¢ max and —d¢ max in the place of () yields the maximum and minimum
allowed curvature along the path, respectively. By ensuring the curvature at each
discretized point, ke; = k(t;) is within the tolerated range, the curvature constraints

are created:

< tan(d¢ max)

l < k(1) = K(¢) l where for ¢ € {0, ...,ne — 1},
' (t:)y" (t:) — y'(tz‘)l“"(ti) _ tan(demax)
= ’ . < .4.
gmg_,z ( x’(t l ? gng_,z — 0 (6 7)

D) o)
D+ ()2 Lo T

<0 (6.48)

The limit on the steering angle’s rate of change can be expressed by ensuring
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d'(t) is within the limits of —J and 9}

,max ,max"*

Expressing the curvature through the
steering angle, 6(t) = tan~!(Ix(t)), the derivative becomes:

IK'(t)

YO = T op

(6.4.9)

where, applying the quotient rule to Equation 6.1.6, the curvature derivative x’(t) is:

) B (x/y/// _ y,IL’/H)((l‘,)Q + (y/)2> _ B(x’x” + y/y//)(x/y// _ y’x”)
K'(t) = (V2 + ()2 (6.4.10)

omitting functional notation for the sake of brevity. The third derivatives are now

required, obtained by differentiating Equations 6.1.7 and 6.1.8:

2" (t) = (=96t + T2)x1 + (144t — T2)35 + (=96t + 24)x5 + 24t (6.4.11)

y"(t) = (144t — 72)ys + (=96t 4 24)y; + 24ty, (6.4.12)

The steering angle derivative is converted to general time, 7 where (1) = k() but

using 2" (1) = #g(t) . g—j = %g,(t) (similarly for y) and the appropriate conversions for

the first and second derivatives, Equation 6.4.10 becomes x/(7) = %/il (t). Therefore,

&'(1) = £4'(t) and the curvature derivative constraints can now be formulated at each

3

of the ng discretized curve points (where x;; = #'(1;)):

! < 0'(1) <4 where for i € {0,...,ne — 1},

~ Y¢,max ,max
IK'(t;)
= — 1O o Gt <0 6.4.13
gng',z 1+ (l/i(tl))Z §Y¢ max gng',z — ( )
16/ (1,)

= 1.0, — <0 6.4.14
gng,z 1+ (lli(t-))2 &Y¢ max> gng,z = ( )

These curvature constraints (gradients included in Appendix A.3) are generalized to
an arbitrary timescale, t¢, and complete the vehicle dynamics-based quartic Bezier

curve restrictions.
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6.4.3 Minimum Curve-to-Obstacle Proximity Limit

The final set of constraints ensures a minimum safe obstacle clearance, dg¢ min, is main-
tained through the duration of the predicted path. While the objective encourages
higher distances to nearby obstacles through potential field forces, it doesn’t explic-
itly prohibit a single low curve-to-obstacle distance if the rest of the curve achieves
a low cost function. In order to prevent collisions and ensure that only safe paths
are selected, the minimum obstacle proximity constraint and its gradients shape the
control points such that the curve maintains at least the buffer distance, d¢min, to
the nearest obstacle.

To obtain each curve-to-obstacle distance, the curve is discretized and the ob-
stacles are subsampled as in the objective (Equation 6.3.2). The minimum obstacle
distance for each discretized curve point is obtained through a softmin function, sim-

ilar to that used in Equation 5.3.11 but with no weighting factors on each term:

Nobssub_l

log( Y e ki) i€ {0,..,ne— 1} (6.4.15)

J=0

1

df,min,i = Bg

where 3¢ serves as the approximation sharpness in place of Equation 5.3.11’s 3, and
the individual curve-to-obstacle distances d¢; ; are from the square root of Equation
6.3.3. This discretization and subsampling approximates the full curve-to-obstacle
minimum distance expression (not closed-form) in a computationally tractable form.
The smooth minimum function ensures gradients (Appendix A.3) can be found so
the optimization solver can move the control points (and thus the curve) away from
obstacles in close proximity.

The softmin distance is finally compared to the minimum permissible distance in
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the curve-to-obstacle proximity inequality constraints:

dgmin < dgmini, 1 € {0,...,ng — 1}

NOstub_l
1 \
Gdei = 5_5 log( Z e‘ﬁﬁd“’f) + deminy  9dei <0 (6.4.16)
j=0

This set of constraints is sampled evenly in ¢ & 7 and is the same, irrespective of the
choice of t¢. The planned quartic Bezier curve path is shown in Figure 6.4, sampled in
both ¢ & 7, which maintains the minimum proximity, d¢ min to any nearby obstacles.
When n; is sufficiently high, satisfying the minimum proximity requirement for each

discretized point effectively satisfies the condition for the full curve.

® -1 7=t
[

Figure 6.4: Quartic Bezier curve path (green) and discretized curve points in both
the Bezier curve parameter, ¢, and physical time, 7, for a low curve point count for
illustration purposes, ng = 5. The subsampled obstacles all exceed the minimum
distance, d¢ min, to both the curve (black, solid bounds) and each discretized curve
point (dashed, circle bounds).

110



M.A.Sc. Thesis — Christian Schaible McMaster — Electrical & Computer Engineering

6.5 Culminating Optimization & Actuation

After completing the QBMPC optimization, the predicted path is obtained through

the fixed control point coordinates, (zo,vo), (z1,%1) & yo as well as the optimized

control point coordinates, za, (z3,vy3) & (z4,y4). In practice, the control points are

bounded in the optimization by —dpax < T2, 23,Y3, T4, Ys < dmax to confirm the

predicted trajectory stays within the maximum look-ahead range used for all local

obstacles in Ogs,,,. The final QBMPC optimization problem is thereby described as:
oy

SUbjeCt to gvz',i < 07 gvé_,’ < 07 gag,i < 07 gdg,i < 0

9t <0, gng,z' <0, gn/g,z‘ <0, gn/g,z‘ <0

¢ (6.5.1)
- dmax S X2,X3,Y3, T4, Ya S dmax
Vlastt 422 tan(d,s
29=0, yo =0, Ilth£7 y1 =0, ?/2:%

Vi € {0, vy g — 1}

Now, the final control points reflect the quartic Bezier curve optimization solution
for local path planning. In order to actuate the vehicle along the path, the steer-
ing angle and velocity commands must be extracted from the curve upon successful
termination of the optimization.

Since the Bezier curve’s initial conditions (as in STLMPC) correspond to d;,5 and
Uiast, the control inputs according to the curve at the next control step time, At, are
found and applied at the current time. This ensures the steering angle and velocity
transition over the nonzero required time to the values at the next timestep, given by

the predicted path (this control input scheme is carried over from earlier chapters).
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Converting the physical time 74, = At to the normalized curve parameter g, = At

te
ensures the Bezier curve is evaluated at the correct scaled point.
Now, ascertaining the curvature, k(t) at ty., (where x(7) = x(t)) yields the desired

steering angle command through the relationship described in Equation 6.1.9:

5cmd = 5(Tstep) = tan_l(l/{(tstep» (652)

For the velocity command, Equation 6.4.1 is used to obtain the physical velocity at

Tstep through the Bezier curve velocity and scaled time horizon parameter, t;:

Vemd = U(Tstep) = é\/(x,(tstep))z + (y,(tstep»Q (6~5~3)

The resulting control input pair (demd, Vema) provides vehicle actuation to achieve
the predicted Bezier curve path during navigation. The physical actuation transition
from (Sjast, Viast) 10 (Semd, Vema) Over At matches the Bezier curve’s smooth transition
over time in both curvature and velocity. The QBMPC approach continues for each

control step to attain real-time local path planning in unknown environments.

6.6 Simulation Results

The QBMPC method is now contrasted to Chapter 5’s non-uniform velocity STLMPC
as well as TEB-based exploration in a fourth simulation environment (Map #4).
Here, QBMPC-related parameters include tg =23, ng =10, ae =5.5m %, 3¢ =10m ™,
Vgmin =1.D M/S, V¢ max =3 m/s & dgmin =0.3 m. The QBMPC optimized path is
provided at two sample times with the governing control points subject to potential

fields from nearby obstacles (Figure 6.5).
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Figure 6.5: Resulting trajectory and associated control points after optimization for
QBMPC at two separate time samples. Each optimized curve is smooth and far
from obstacles due to acting potential field forces.

A high minimum velocity is incorporated as QBMPC does not prioritize higher
velocities, and a minimum velocity of 0 m/s causes the planner to slow to a stop. The
choice of minimum and maximum velocity allows for comparison against Chapter
5’s approach and TEB-based exploration with a relatively constant 1.5 m/s speed.
Steering angle-based velocity constraints are guaranteed to be satisfied via TEB at
this speed, while instead of directly considering these constraints, QBMPC achieves
smooth, safe curves for trajectories inherently. The performance of each of these

planners on Map #4 is illustrated in Table 6.1.

Table 6.1: Performance of QBMPC & other local planners in simulated Map #4

Local Planner mfcln dmm,fc dmzn |5cmd,l~c | Var(écmd,fc) @cmd,fc Va‘r(’ucmd,fc) trot
(m)  (m) (rad)  (rad®) (m/s) (m?/s®) (s)
TEB_explore 0.469 0.943 0.109 0.021 1.476 0.014 44.6
STLMPC 0.618 1.115 0.111 0.022 2.397 0.208 27.9
QBMPC 0.819 1.254  0.078 0.013 1.742 0.184 43.1
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Once again, STLMPC outperforms TEB-based exploration while also achieving
the fastest course time. QBMPC achieves a slower time as it does not prioritize speed
but shows value through improved safety metrics compared to STLMPC. Addition-
ally, control effort is lower, owing to the Bezier curve’s smoothness, where variances
in both steering angle and velocity control inputs are lower than in STLMPC. This
is further shown in Figure 6.6 where QBMPC attains a safer & smoother albeit
slower path than STLMPC. Thus, each method presents its own advantages and use
cases, while minor adjustments in each formulation can raise new possibilities, such

as QBMPC in racing contexts.

—— TEB_explore
—— STLMPC
— QBMPC

Global Y position (m)

-5 0 5 10 15 20 25
Global X position (m)

Figure 6.6: STLMPC, QBMPC & TEB-based exploration local planners in
simulated Map #4. Darker color gradients for each path show time progression
(proceeding counterclockwise around the track) where STLMPC completes the

course fastest and is thus lighter throughout.

The safety advantages of the QBMPC approach are further visualized in Figure
6.7. QBMPC reliably maintains the highest minimum obstacle proximity of the ap-

proaches, preserving a clearance consistently exceeding 1 m even in narrower sections
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and around corners. All three approaches maintain obstacle clearances above the

minimum allowed amount, which is used as a constraint in the QBMPC formulation.

—— TEB_explore
—— STLMPC
— QBMPC

1.84

o Loy = L =
© =) N IS o

Minimum Obstacle Proximity (m)

o
o

0.4

0 10 20 30 40
Time (s)

Figure 6.7: Minimum obstacle proximity at each sample time (d,;, z) for the three
tested local planners in simulation using Map #4. The dotted lower bound indicates
the minimum allowed obstacle proximity in QBMPC (dg¢ min)-

6.7 Experimental Results

Using the MacAEV in two new experiment setups (Appendix B), QBMPC is evalu-
ated both in a static environment (Experiment #4) and in a dynamic environment
with an adversarial, detected vehicle (Experiment #5). Carrying over parameters
used in Chapter 5’s experiment for variable-velocity STLMPC, QBMPC maintains
the values used in simulation except with a shorter prediction time horizon, t¢ = 1 s.
All aforementioned exploration-based planners are contrasted in Experiment #4 as
well as the non-predictive, single tracking line PD approach.

Operation of the QBMPC algorithm in Experiment #4 is recorded! and the tra-

jectories obtained by each approach are documented in Figure 6.8. In this experiment,

https://www.youtube. com/watch?v=3j0edNW95DO
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Chapter 5’s STLMPC achieves a significantly faster course time than all other meth-
ods, while QBMPC attains a smooth path that best follows the center of the track.
Here, exploration-based planners have more path fluctuations, where corners are cut
the most by DWA, risking collision. The PD method struggles at the widest section

of the track, failing to predict the turn and overshooting, narrowly avoiding collision.
2

—— DWA_explore
—— TEB_explore
—— MPC_explore
PD
STLMPC
—— QBMPC

Global Y position (m)

-10 T T T T T
-2 0 2 4 6 8 10
Global X position (m)

Figure 6.8: Local planner trajectories including for QBMPC in Experiment #4.
Darker color gradients for each path show time progression, where variable-velocity
STLMPC completes the course fastest and is therefore lightest.

Additionally, these results are displayed in Table 6.2, proving the value of variable-
velocity STLMPC in achieving faster navigation and QBMPC in attaining safer,
smoother travel. The DWA and MPC planners complete the track with very slow
times while not excelling in other metrics compared to the alternative planners. PD &
TEB perform comparably, where PD has a poorer minimum obstacle proximity but a
better average proximity. Across the board, STLMPC & QBMPC perform best with
high obstacle clearance throughout, while STLMPC attains the lowest course time

and QBMPC is the second fastest while expending low control effort.
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Table 6.2: Performance of QBMPC & other local planners in Experiment #4

m]gn dm'm,fc d_mm | 5cmd,l?: | Var((gcmd,l;) chmd,fc var(”cmd,fc) tiot

(m) (m) (rad)  (rad®)  (m/s) (m®/s*) (s)
DWA _explore 0.219 0.604 0.228 0.072 0.499 0.009 30.8
TEB_explore 0.487 0.715 0.298 0.104 0.948 0.214 19.2
MPC _explore 0.512  0.745 0.236 0.074 0.492 0.001 35.5

Local Planner

PD 0.388  0.758 0.242 0.079 1.123 0.142 20.5
STLMPC 0.469  0.781 0.235 0.070 1.693 0.296 12.0
QBMPC 0.596  0.861 0.222 0.067 1.284 0.077 17.9

Computation times for each algorithm (Table 6.3) indicate the significant improve-
ment yielded by QBMPC over STLMPC. QBMPC substantially reduces the number
of optimization variables, opting for a smooth path instead of a more complex, dis-
cretized trajectory. This produces a far lower planning time than STLMPC, both
on average and in the worst case when considering a variable velocity (Figure 6.9).
QBMPC performs on the scale of the simple PD method, while STLMPC is com-
parable to the exploration planners, using graceful optimization timeout to maintain
real-time control. Reducing the prediction time horizon (and thus optimization vari-

ables) via nypoc & kype improves planning time at the cost of shorter look-ahead.

Table 6.3: Planning times for QBMPC & other local planners in Experiment #4

Local Planner tfrontie’r tglobal tiocal tcomp max tfrontz'er max tglobal max typeql MaX tcomp

(ms) (ms) (ms) (ms) (ms) (ms) (ms) (ms)
DWA _explore 3.1 0.8 25.1 29.0 7.1 1.8 42.5 51.4
TEB_explore 2.9 1.0 48 8.7 5.8 4.5 16.3 26.6
MPC_explore 2.8 0.8 20.4 24.1 8.5 1.8 147.0 157.3
PD 0.5 8.0
STLMPC 33.7 55.5
QBMPC 1.2 2.3
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Figure 6.9: Planning computation times for STLMPC & QBMPC at each timestep
over the full navigation duration in Experiment #4. The dotted upper bound
indicates the optimization timeout limit, set to 50 ms.

Next, the QBMPC algorithm is evaluated in Experiment #5 alongside Chapter
5’s STLMPC & TEB, the highest performing exploration planner. Dynamic vehicle
avoidance is achieved by QBMPC, illustrated by video?, while each local planner’s
performance is quantified via Table 6.4. Again, QBMPC maintains the largest obsta-
cle clearance while also expending low control effort despite the maneuvers enacted to
maintain safety, such as avoiding the detected vehicle. STLMPC is considerably faster
than the other methods, attaining higher speeds and larger velocity fluctuations.

Table 6.4: Performance of local planners including QBMPC for dynamic obstacle
avoidance in Experiment #5

Local Planner m}gndmin,lz’ dm’m |5cmd7l~q‘ Var(écmd,lz) Ucmd,l:: VaI'(Ucde;) Liot

(m)  (m) (rad)  (rad®) (m/s) (w?/s’) ()
TEB.explore 0242 0778 0.205  0.046 1201  0.158  15.4
STLMPC 0.371  0.807 0.167 0036  1.743  0.602 9.9
QBMPC 0.467  0.895 0.184 0044  1.328  0.155 138

2https://www.youtube.com/watch?v=m4K5v1IFxEA
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Each planner’s trajectory is given in Figure 6.10 along with the detected vehicle
path, which poses an immediate danger, forcing collision avoidance. Both STLMPC
& QBMPC react to the detected vehicle moving rightward directly ahead by swerving
left, behind the adversarial vehicle. STLMPC, operating here with a higher speed
than QBMPC, has a longer prediction horizon and therefore reacts earlier to avoid the
vehicle, although both methods maintain safe paths. Alternatively, TEB-based explo-
ration considers the vehicle statically, failing to correctly swerve around the oncoming
vehicle. It crosses directly in front of the adversarial vehicle and risks collision if the
other vehicle is not manually slowed, as in this case. Computational times are shown

for this experiment in Table 6.5 where QBMPC again vastly outperforms STLMPC.

—— TEB_explore
STLMPC

—— QBMPC

—— Detected Vehicle

\ 1

Global Y position (m)

5 0 2 a 6 8
Global X position (m)
Figure 6.10: Local planner trajectories for dynamic obstacle avoidance in
Experiment #5. Darker color gradients for each path show time progression, while

one shared time sample before vehicle avoidance is shown by a point on each path.

Table 6.5: Planning times for QBMPC & other local planners in Experiment #5

L frontier tglobal tiocal tcomp maxt froptier MaX tglobal max tjpeq] Max tcomp

Rocal Planner )" (ms) (ms) (ms)  (ms)  (ms)  (ms)  (ms)
TEB_explore 3.0 2.1 5.7 10.8 6.1 10.8 53.6 70.4
STLMPC 29.4 57.8
QBMPC 1.2 3.2
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Chapter 7

Pursuit Model Predictive Control

The local path planning methods detailed throughout the thesis are now adapted to
cooperative multi-vehicle contexts through a flexible pursuit formulation. Using ve-
hicle detection & tracking from Chapter 4, detected vehicles with pursuable, feasible
trajectories are followed instead of avoided as before. Here, the pursuit reformulation
of Chapter 5’s STLMPC (with a varying velocity) is designated as P-STLMPC, while
Chapter 6’s QBMPC is entitled P-QBMPC (P- denotes pursuit). These frameworks
allow for decentralized multi-vehicle fleets where each agent adaptively balances pur-
suit formation with traversing a safe local path in the unknown environment. Each
vehicle can dynamically join or leave the pursuit formation, performing its original
path planning algorithm otherwise, and no fixed, designated leader is required.

The development of these adaptive pursuit algorithms is presented in this chapter.
A summary of the approach & its features is documented before the framework for
flexible, adaptive pursuit is outlined. The P-STLMPC & P-QBMPC algorithms are
then formulated individually, starting from their original constructions. The perfor-

mance of these methods is given in simulated & experimental multi-vehicle setups.
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7.1 Overview

The STLMPC and QBMPC algorithms previously formulated provide local path
planning in unknown environments with detected vehicles considered adversarially
as obstacles for avoidance. However, some navigation applications use teams of mo-
bile robots or autonomous vehicles that interact cooperatively and maintain a defined
formation. Now, vehicle detection and tracking yield a desired target to pursue, as
long as the path is achievable and the detected vehicle is heading away from the
ego vehicle. Here, the original path planning approach is enhanced with a pursuit
adaptation for integration in multi-vehicle, collaborative contexts.

Under normal circumstances, the original, chosen path planning algorithm is con-
ducted; however, if a pursuable, tracked vehicle is identified, the ego vehicle seeks a
path that maintains an arbitrary formation to the leader vehicle. When exclusively
considering pursuit, the desired path lags the leader’s position in the moving leader
base frame by (z,,y,) generally. This enables any formation or arrangement to be
chosen between the two vehicles when navigating. However, each vehicle is still re-
sponsive to the unknown surroundings during path planning and adaptively weighs
the mode of operation between full pursuit based on the arbitrary formation, (z,,y,),
and the original MPC algorithm for safe local path planning & obstacle avoidance.

An adaptive pursuit weight parameter p is introduced to dynamically update
the emphasis placed on the pursuit and safe local planning objectives to achieve
flexible pursuit in unknown environments. Using the minimum distance between the
predicted path and the subsampled obstacles after each optimization, the pursuit
weight p is updated to reflect the adaptive operation mode. If the optimized path

has a close proximity to obstacles over multiple control steps, the pursuit weight is
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continually decreased in favor of prioritizing a safe generated path via either STLMPC
or QBMPC. However, when obstacle proximity becomes less of a concern, pursuit is
prioritized, which can slightly sacrifice the choice of a safe path in order to follow the
leader in the designated formation.

This approach thereby extends the path planning framework to incorporate col-
laborative interactions with other vehicles in unstructured, unknown surroundings.
Here, the leader detection indicator n € {0, 1} is used to enact adaptive pursuit when
a leader is detected (n = 1) while disabling pursuit when no leader is found (n = 0).
Detected vehicles that present collision risks are still dynamically avoided, and in the
case of no detections, the algorithm reverts to the base path planner. No inter-vehicle
communication is required as each vehicle dynamically responds individually to mod-
ularly construct or disassemble formation where required. When pursuing a leader
vehicle, a minimum following proximity is satisfied to prevent vehicle collisions and
provide space for the follower to respond in case of unpredictable leader motion.

No vehicle is explicitly designated the leader; instead, the vehicle with a leading
position performs normal path planning while all trailing vehicles latch on to forma-
tion individually using pursuit-augmented path planning. Each vehicle can break off
to perform standard local path planning if needed to preserve a safe path and can
later rejoin the multi-vehicle formation if a leader is re-detected. Therefore, this setup
provides a flexible framework for pursuit in changing environmental conditions to nav-
igate safely as before while maintaining a scalable vehicle formation when possible.
The case of two vehicles in a leader-follower scheme is primarily covered in this chap-
ter, although this modular, decentralized framework forms a basis for accommodating

more complex multi-vehicle fleet configurations.
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7.2 Flexible Formation Framework

Using an adaptive pursuit weight based on obstacle proximity, p, and an arbitrary
pursuit formation defined by (z,,y,), flexible multi-vehicle navigation is developed.
The leader vehicle is assumed to path plan normally with no knowledge of a pursuing
vehicle. The follower vehicle is taken as the ego vehicle in pursuit-augmented path
planning, where the leader is detected and tracked as Vjesq = Virack,o according to
Chapter 4. There is assumed to only be one tracked vehicle at a time for pursuit
purposes in this leader-follower scheme, where, in the case of multiple simultaneous
detections (Nyqcr > 1), each is treated adversarially and dynamically avoided.

The present EKF estimated states for the leader vehicle are given in the follower
vehicle base frame by [Tiead; Yicad; Ocad, Otcads Viead) . - Depending on these states, the
leader is either pursued and the leader detection indicator n = 1, or the trajectory
is determined to be a collision risk or unable to be pursued. In this case, no leader
is pursued, n = 0 and the vehicle is avoided. The necessary conditions where n =1,

since the detected leader is both pursuable and not a collision risk, are:
® Viead < Vjead,.,: Lhe leader vehicle velocity is below a maximum threshold.

o — 7 < lieaq < 5: The orientation of the leader vehicle in the follower’s base

frame is in a direction away from the follower vehicle.
® —dnazr < 0ead < Omaz: The leader vehicle’s estimated steering angle is feasible.

o i +vyi.g < dicad,,,: The leader is within a reasonable distance of the

pursuing vehicle.

® 1;.,5 > 0: The detected vehicle is, in fact, leading in front of the ego vehicle.
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w < 27 where § denotes arc length: Specifically

® [Sicad(te)Kicad| = |teViead
for QBMPC, the leader’s predicted trajectory doesn’t make a full rotation over
te, the future time horizon. This is to ensure the quartic Bezier curve model of

the constant curvature trajectory remains accurate.

With a single tracked leader now, the set of obstacles used via subsampling in the
optimization is similar to before. Now, though, the detected vehicle points according
to the leader are used for pursuit, not within Og,,,, for dynamic obstacle avoidance.
These obstacles, therefore, aren’t included in the set for tracking line and optimization
purposes. Furthermore, any sensor-based obstacle detections in O corresponding

to the leader vehicle’s vicinity are removed to encourage pursuit and not avoidance:

Oobs < Oobs \ {(Z‘Z, yz) S Oobs | ||(JI“ yz) - (xleadyylead)HQ S lv} (721)

All detections within the vehicle length, 1, of the leader’s position are excluded from
the obstacle set, which is then used for path planning as before.

Now, the P-STLMPC & P-QBMPC algorithms proceed with a shared framework,
using the adaptive pursuit weight, p, to update the significance of each method meet-
ing its respective pursuit objective as opposed to its respective original navigation
objective. This weight is updated after each optimization using the minimum sub-
sampled obstacle proximity along the predicted path. For P-STLMPC, the minimum
proximity is:

dops. . = min i, i) — (T, y; 7.2.2
o = o) = (5,3l (722)
($j7yj)eoobs

sub

while for P-QBMPC, it is:
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dos in 1 iy Yei) — iy Y 7.2.3
oman. = om0 (@i vea) = (25,95)l]2 (7.2.3)

(33]‘ yYj ) 6(Qobssub

The weight factor is constrained to the range p € [0, 1] where p = 0 indicates orig-
inal STLMPC or QBMPC while p = 1 means the new pursuit objective is exclusively
considered. This temporal weight updates based on obstacle proximity, whether or
not a leader vehicle is currently detected, such that if a new leader is found, adaptive
pursuit can proceed based on existing safety conditions. When the minimum obstacle
proximity, dops,,,, <dnav, the original safe local navigation algorithm weighting (1 — p)
is increased by the maximum allowed change. On the other hand, if dys,,,, >d,, the
pursuit weighting, p is increased by the maximum allowed change. Under steady-state
conditions (nearly constant d,s,,;, ), the weight stabilizes, balancing both objectives.

The adaptive pursuit weight update term, 7, after each optimization is therefore:

—Sp if dobsmm S dnav
— 25p _ _ 25pdnav : 724
’YP dp_dnav dObsmi" Sp dﬂ_dnav lf dnav < dObSMin < dp ( )
Sp 1f dobsmm 2 dp

where s, denotes the maximum transition magnitude allowed in a single update. For
Anaw <dobs,,;, <d,, the update term increases linearly as dos,,,, increases according to

Figure 7.1. The resulting adaptive pursuit weight is thus updated and bounded via:

0 it p+7,<0
P=Ap+y, if 0<p+y,<1 (7.2.5)
1 it pty,>1

\
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d()bs min

dTL av d[) dIIl'd,X

_Sﬂ

Figure 7.1: Update term, v, (added to the adaptive pursuit weight) as a linear
function of minimum obstacle proximity for dpq, <dops,,,, <d,. Here, the update
magnitude is clipped at —s, when des,,,, < dnao and at s, when d,,,,, > d,.

7.3 P-STLMPC Formulation

7.3.1 Initialization Procedure

The P-STLMPC approach extends beyond the design of STLMPC from Chapter 3 by
dynamically weighing this original method against the new target of pursuit in real-
time. Just as in STLMPC, this new approach uses the full set of obstacles (excluding
those associated with the leader vehicle) to generate nypc successive tracking lines.
Using these tracking line headings and the last commanded steering angle & velocity
via Algorithm 2, the initial feasible guess for the original STLMPC approach is de-
noted by the variables Zpnau.is Ynav.is Onav.is Onav.is Unavs Where i € {0, ..., nypekppe—1}.

Now, however, in the case that a leader is detected (n = 1), the starting guess
is modified to also achieve pursuit according to the current adaptive weighting. The

balance of these objectives in formulating an effective initial guess is significant for
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attaining an effective local optimum from the non-convex solver. The initial guess
formulation incorporates Zpyr.i; Ypur,i, Opur,i> Opur,i, Vpur,i Which provides a starting point
for the pursuit optimization & is weighed with the original algorithm’s guess according
to p while maintaining feasibility.

The constant curvature model for the leader’s trajectory corresponds to a circular
arc with the signed radius (4 for counterclockwise rotation, — if clockwise):

1 l

= 7.3.1
Kiead  tan(0jeqd) ( )

Tlead =

where 0jeqq < Sg10(01ead) - Max(|djead|,s diead,,;,) is bounded by a minimum magnitude,
Olead,,;,, in order to avoid singularities & prevent numerical instability when dividing
by small values. The leader position along the future estimated trajectory in the

leader’s base frame (discretizing using the control step time, At) is then:

1 Viead At 1 Viead At

) Vi€{0, ...,nypckypo—1}
(7.3.2)

), Tlead(1—cos(

(xlead,iv ylead,i>:(rlead Sin(
Tlead Tlead

while the future velocity vector in the leader vehicle’s current base frame becomes:

7 Viead At ) Viead At

)]T VZ E{O, ...,nMpck’Mpc — 1}

(7.3.3)

), sin(

[Uleadm,ia Uleady,i]T: Vlead * [COS(
Tlead Tlead

The velocity vector is then transformed to the pursuing vehicle’s base frame, and

the heading angle is acquired through:

Vlead, i  R(Ons) Uteadssi | c08(0read) — sin(breqa) | Vieads. i (7.3.4)
Viead, Vicad, i sin(0reaq)  €08(Oreaa) Ulead, i
elead,i = atan?(?)leady,iy Uleadm,i) (735>
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To pursue the leader with a lagging position, (x,,y,) in the leader’s moving frame, the
desired pursuit path positions, (x,;,y,:) and velocities, (v, ., v, ;) are found. Trans-
forming from the evolving leader base frame to the current follower frame over the
path planning time horizon, the discretized reference pursuit trajectory that main-

tains the desired formation is generated in the ego vehicle base frame (Figure 7.2):

wp,i Llead Llead,i

= + R(b1caa) - + R(bhead;) -
Yp,i Ylead Yiead,i —Yp

(7.3.6)

where the rotation matrices R(6jeaqa) & R(0jeqq,) follow the same form as in Equation
7.3.4. The transformed velocity vector in the follower’s frame for each point on the
discretized reference pursuit trajectory (i € {0, ....nypckype — 1}) incorporates the

standard rigid-body velocity relation [138] through:

0] |—=, Yy
Vpy,i Vieady i Viead Vleady i Viead
=R (01caa)( + == M(|0[%| —y, |)=R(Brcan)( + M | )
Upy,i Vieady i lead ) 0 Viead, i lead .
(7.3.7)

expressing both the translational leader velocity and the lagging pursuit position’s ro-
‘ ‘ . 1 00
tational velocity. The 2D vector is restored from the cross product by M = .
010
Now that the ideal pursuit path is formulated, the initial guess seeks to follow it
while maintaining feasibility. The procedure shown in Algorithm 2 is again used, now
comparing Opy,; to atan2(y,; — Ypur.is Tpi — Tpur;) and choosing the d,,,; that aligns

the orientation with the heading direction needed to reach the ideal pursuit path’s

current point.
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(T ke Up k)

(wlz’.ada ylr’ad)

(I,om .l)'p.é)
(-T-h.nd‘ﬁ.-, yir-:u.d,k‘)

(Iierld,i: ylm.n‘..vi)

Figure 7.2: The leader vehicle, a future predicted position (at sample k) and its
constant curvature path (green) for (Zjead.i, Yieadi)- The lagging position with respect
to the leader’s frame, (z,,y,), is negative in y by convention since the leader is right

of the lagging position. The ideal pursuit trajectory (gray) is given by (z,:,,.)-

In turn, Tpuri, Ypuri & Opur; are updated after each steering angle is found and

all velocities are set as Upyr; = Vjeaq- Additionally, each d,,,; can be set to 0jeqq if

initially near the desired pursuit path (\/ (@p0 = Tpur,0)® + Wpo — Ypur,0)? < dpinresn)
to provide a smooth, constant curvature initial guess for the pursuit path without
unnecessary fluctuations.

The initial guesses based on tracking lines and pursuit are now combined by
weighing the positions of the trajectories according to p, where the weighted path is

bounded by the extent of each prior guess path:

(xiv yz) = ((1 - p)l‘nav,i + PLpur,i (1 - p)ynav,i + pypur,i) (738)

with the orientations, 6; = atan2(y;+1 — y;,xj11 — x;) Vj € {0, ...,nyppckympe — 2}
which are wrapped to the correct interval. Now, the feasible initial guess for the

sampled velocity (j € {1, ...,nypckympc — 2}) is found through:

\/($j+1 — ;)% + (Yj41 — 5)?

vj = At » Unyrpeknpe—1 = Unypokarpo—2

(7.3.9)
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Algorithm 4: P-STLMPC Initial Guess Procedure

1
2
3
4
5

10
11
12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Input: Tracking Lines (w;), Last Control Inputs (0;4s¢, Viast), Lagging Pursuit

Position (z,,y,), Leader Detection Indicator (n), Leader States
(Vieaa), Adaptive Pursuit Weighting (p)

Output: Initial P-STLMPC Guess (x;, y;, 6;, 6, v;)
if n =1 then

Tnav,is Ynav,is enav,iy 5nav,i7 Unav,i <~ STLMPC,GUGSSOT%, 5lasta Ulast>;
Tpi, Ypi < RefPursuitPath(vieeq, 2,, Yp);
for i = 0 to nypckypc — 1 do

Upur,i = Vlead;

if i >0 and /22, + 2 > dpinresn then

6pur,i —
TurnToRefPath(xp,i yYp,irLpur,iYpur,i a‘gpu’r,i 75pu7‘,i—1 yUpur,i 75maz 3 A(;ma:v) ;

else if i >0 and /22, + >y < dpihresn then

‘ Spur,i <— MatchLeaderCurvature(dpur.i—1, deads Omazs Admaz);
else

‘ 5pur,i = 5last7 Tpuri = 07 Ypur,i = 07 gpur,i = Oa
if i < nypckypc — 1 then
Lpur,i+1s Ypuri+1, 9pur,i+1 —

BicycleKinematics(Zpur i, Ypur.is Opuris Opur.is Vpur,i);

end
To, Yo, o = 0;
for : =1 to nypckypc —1 do
Ti, Yy < WeighPOSitionS(xnav,iy Ynav,is Tpuris Ypur,is P),
v;_1 < FeasibleVelocityForwardDiff(x; 1, yi—1, i, Yis Umazs Umin);
if 2 > 1 then
0;_1 < FindOrientations(x;_1, y;—1, T;, ¥;);
d;_o < FeasibleSteeringAngles(6;_o,0;_1, d;—3,Vi—2, Omaz, Admaz );

end

J 0

Unypckmpe—1~ Unypokypo—29 5nIVIPCkJVIPC_1: nypckypc—2 = Onarpckarpo—33
50 = 5last7 Vo = Viast;
for i = 0 to nypckyupc — 2 do

‘ Tit1, Yir1, Oiv1 < BicycleKinematics(x;, y;, 6;, 8, v;);

end

else if n =0 then
‘ T4, i U5, 04, v; <= STLMPC_Guess(w;, jast; Viast);
Begin P-STLMPC Optimization using z;, y;, 6;, 6;, v; Vi €{0, ...,np pokyrpo—1};
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and bounded to the feasible range, Umin < Vj, Unypokypo—1 < Umaz- The steering
angle is then found based on using successive orientations in the kinematic bicycle

model (j € {1, ...,nMpckMpC — 3})

1(0j41 — 9j)> 5

§; = tan"!( AL
j

On 5”1LIPC]<?J\/IPC_3 (7310)

nypckmpc—1 — Ynypckype—2 =

The steering angles are then bounded by the maximum allowed magnitude & rate
of change (per Algorithm 2’s structure). Initial conditions fix dy = 0j4s and vy = Vjas
while the final x;, y; & 6; come from applying the kinematic bicycle model once more
with the final §; & v; formulated.

Therefore, this initial guess approach appropriately weighs the tracking line &
pursuit guesses before obtaining the weighted trajectory’s corresponding control in-
puts. For samples when the control input is infeasible, the closest feasible value is
used before proceeding as usual for subsequent samples. A feasible trajectory is thus
generated in this method (Algorithm 4), beginning the optimization with a suitable

guess based on varying p & aiming to initialize near the region of the global optimum.

7.3.2 Adaptive Tracking Line vs. Pursuit Objective

The objective for P-STLMPC adaptively weighs terms that promote following the
generated reference tracking lines with terms that achieve pursuit in formation. This
approach uses both the varying pursuit weight, p, and the current leader detection

indicator, n. The complete adaptive pursuit objective is therefore given by:
FObjp,w = (1 - 77p>)‘d2Fd2 + (1 - 77,0))\(1'2Fd2 + 77(1 — p))\szvg + )\52F52

+ (1 — 77>>‘v2FAv2 + UpAp,szp’dz + 77p>\p7d'2Fp7d'2 (7,3,11)

with base weighting factors, A\, = [Aa2, Aj2, Avz, Asz, Ap a2, A p,d'z} where normalizing
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all weights by one weight factor removes the redundancy in parameters.

Here, the objective in the case of no leader detection (n = 0) is equivalent to
A2 Fiz 4 jo Fjo + A g2 Fs2+ N2 F)an2 which corresponds to non-uniform velocity STLMPC
(Equation 5.2.2) but with a modified velocity-based objective term, Fa,2 instead of
F,2. Meanwhile, if a leader is detected (n = 1), the adaptive pursuit weight balances
the tracking line formulation terms, Fy, Fj & Fvg (where Fvg is a newly developed
velocity term), with the pursuit terms, F), 2 & F ».d2 While using a constant steering
angle (control effort) term, Fs2. For higher p, the pursuit terms have higher relative
weights, while for lower p, the STLMPC-based terms are favored in optimization.

Instead of prioritizing higher speeds, this approach seeks to navigate at a safe
speed when performing standard STLMPC while matching the leader’s speed in the

case of pursuit. Thus, the new velocity-based term in the case of no leader is given:

nypckypo—2
FAv2 = Z (Ui-l—l — Ui)Q (7312)
=0

This term ensures that unnecessary changes in velocity (acceleration or deceleration)
are avoided and a relatively constant velocity is maintained for smoothness, where
possible. Initializing the optimization with a moderate, constant speed such as “ze
ensures safe velocities are sustained throughout. Furthermore, for temporary missed
leader detections, the vehicle will progress at a moderate speed, attempting to remain
behind the leader and prevent accidental acceleration into the back of the leader.
When a leader is detected and tracked, a term is incorporated to align the fol-

lower’s velocity with that of the estimated leader:

nypckype—1

Fp= > (0i— Uad)’ (7.3.13)
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This term is given higher weight when p is less, since it corresponds to the STLMPC-
based terms. When a leader is known but obstacles are in close proximity, STLPMC
is prioritized, using [z to ensure the leader’s velocity is matched. This means space
is maintained between the vehicles, and effective pursuit occurs even when it is not
explicit. When obstacle clearance increases over time once more, pursuit is weighed
more heavily and the follower’s velocity is allowed to vary & adjust to follow the
reference pursuit path, thus maintaining formation.

Now, the pursuit terms are constructed which promote a trajectory that maintains
the arbitrary formation, (z,,y,), with the leader. The sampled pursuit reference path
that maintains this lagging position in the leader’s frame was previously derived as
(pi,Ypi) Vi € {0,...,nmpckypc — 1} (Equation 7.3.6). Thus, a term similar to
the tracking line term F2 is created, which seeks to minimize the sum of squared

distances between the sampled predicted trajectory and the pursuit reference path:

nypokymype—1

Floa = Z ((zi — xp,i)Z + (y; — yp,i)Q) (7.3.14)

1=0

Similarly to STLMPC’s F),, a squared derivative term is also utilized, which
reduces path fluctuations and aligns the predicted trajectory’s orientation with that

of the pursuit reference path at each sample. Based on Equation 7.3.14:

nypokmpe—1 nypokympco—1
d odpi= ) \/(:UZ- = 2pi)* + (Yi — Ypi)? (7.3.15)
=0 1=0

nMPCk'JVIPC__l nypckmpo—1 (x o )($ _ ) X (y —y )(y — )
Yoodi= Y — = (1.3.16)
i=0 i=0 Pyl

nypckypec—1  nypckupo—1 2

Sod,= 3 (s — @) (B — Bpi) +(Yi — Ypi) (Ui — Upi)) (7317)

i=0 (w5 — 2pi)* + (Vi — Ypi)?
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Now, the derivatives of the predicted trajectory’s position are found by forward dif-
ferencing: @; = w01 — x; & ¥ = yir1 — vy;. This restricts the sum to the first
nypckyrpc — 1 elements where the forward difference is defined. The derivatives of
the reference pursuit path’s positions, z,; & y,; are given by the respective velocity
components, v, ; & v, ; as expressed in Equation 7.3.7. Therefore, the final pursuit

objective term is described by:

n k -2
MPCRC™ (i — pi) (i1 — i — Vi) + (Ys — Ypi) Wie1 — Yi — Upy,z‘))2

F o=
“ i=0 (25 = 20)% + (Vi — Yp.i)?

p

(7.3.18)

Using these newly formulated pursuit terms, the leader vehicle is able to be fol-
lowed in a flexible framework (Equation 7.3.11) that also balances safe local navigation
for varying obstacle-based safety considerations via p. The analytical gradients for

all new objective terms presented in this section are provided in Appendix A .4.

7.3.3 Minimum Leader-Follower Proximity Constraint

While achieving adaptive pursuit via the aforementioned approach, additional safety
requirements must be realized. All prior constraints on vehicle dynamics, permissible
control inputs and obstacle proximity are carried over from Chapter 5. Now, a pursuit
constraint is introduced specifically for when a leader is detected. In order to prevent
collisions with the leader, a minimum following distance is satisfied over the full
predicted trajectory. This limit ensures that, in the event the leader stops or moves
unexpectedly, space and time are preserved for the follower to react and avoid a
collision.

Akin to prior minimum distance constraints (Equations 5.3.13 & 6.4.16), a smooth
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softmin function is used, ensuring analytical gradients can be found (Appendix A.4).

The future leader position (Equation 7.3.2) is transformed to the follower’s frame via:

Llead,i Llead Llead,
—

+ R<glead) :
ylead,i Ylead ylead,i

(7.3.19)

since the leader position is directly tracked and not the lagging pursuit position given
in Equation 7.3.6. Instead of directly using the leader’s transformed position though,
the four corners of the vehicle’s shape are derived using the leader’s future heading

angle, Ojcqq; (Equation 7.3.5) and physical length & width dimensions (1, & wy):

—

~ COS(@[ d,') — sin(@l d,') = Lo L L Tlead,i
Croay = | S N P BENGE P
Sin<elead,i) COS(Hlead,i) - % % % - % Yiead,i

with 1, the 4 x 1 column vector of ones. This expression is similar to Equation 4.4.5
(used in dynamic vehicle avoidance), where now C’lead,i denotes the leader vehicle’s
four corners at the 7" sample while Cleadims M € {0, ...,3} represents each individual
corner (Figure 7.3). The distance between the predicted trajectory and the leader’s
h

n'™ corner at sample 7 is:

dlead,i,n - \/(xz - éleadz,i,n>2+ (yz - éleacly,i,n)2 VZ € {07 ceey nMPCkMPC_ ]-}7 nec {07 ceey 3}
(7.3.21)
Therefore, the resulting soft minimum distance between follower and leader over

the trajectory is formulated as:

nypckypc—1 3

1
diadys, = =5 log( 3 ) e Prhonin) (7.3.22)
P i=0 n=0
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The use of 3, controls the accuracy of the softmin function in this context, similar to
By & B¢ used previously. As before, higher values correspond to closer approximations
to the true minimum at the risk of poorer numerical stability.

Finally, the single constraint is formed to ensure the closest inter-vehicle proximity

over the trajectory exceeds the minimum safe following distance, djcqq through:

safe?

dleadsaf6 < dleadmm when n= 1

nypckypo—1 3

. 1 - 2
if =1, Ga. = 5 log( Yoo D ety fdiad, i <0
P i=0 n=0

(7.3.23)

where the inequality is only considered if a leader vehicle is detected. This ensures
that, in practice, for no leader detection, the constraint is not included in the active

set during solving via SLSQP.

(‘/L‘L‘T yi)

(wleadﬂaylead.i)

Clead,k,1
..

<" Clead, k2"

.- Clead,k,0
Clead,0.2 Cle—.u,d,(),l

PR
élﬁﬂ.d.k.:ﬁ (wtcad,k‘: ylead.k)

éler},d,o,.‘i

('7"’&(1.']7 Yiea 11)

Figure 7.3: The predicted ego vehicle trajectory (gray), which maintains a
separation of djcaq,,,, from the leader (green) throughout. Here, the sampled paths
are shown for visualization at ¢ = 0, k£ where k is an arbitrary future sample. The
leader vehicle is characterized by its box-bounded corner points, ¢jeqqd,in, for
ensuring a safe following distance is maintained.
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7.4 P-QBMPC Formulation

7.4.1 Bezier Curve Initialization

As an alternative to P-STLMPC, the P-QBMPC algorithm is presented, which is
inspired by Chapter 6’'s QBMPC method. This approach has a similar framework
to P-STLMPC, where the adaptive pursuit weight is now used to balance safe plan-
ning via potential fields with pursuit. Initializing a path guess for optimization is
done as in P-STLMPC, where here, the original QBMPC guess is weighed with
the new pursuit guess based on p. The QBMPC guess obtained using successive
safest angular gap headings is given by Tnave 25 Tnave,3, Ynave,3s Lnave 45 Ynave 4» which
is used exclusively if n = 0. However, when n = 1, the pursuit initial guess,
Tpure,2> Lpure 3, Ypure 35 Tpure 4> Ypure 4, 15 incorporated into the final guess as well.

For path initialization to achieve effective pursuit, a quartic Bezier curve model
of the leader’s constant curvature & velocity trajectory is constructed. An approach
[139] is used, which achieves an approximation order of eight & a lower Hausdorff
distance between arc and approximation than prior methods when the central angle,
0 < Qeade < 5- The presented model is designed to approximate circular arcs of unit

radius with 0 < Qeade < T by the quartic Bezier curve defined by the control points:

(Treade,05 Yteade.0) = (1,0);  (Ticade15 Yieade,1) = (1, Uready )

psin(=5) (7.4.1)

(Tteade,3) Yteade,3) = (COS(Qeadg ), SIN(Giead, )) + Uicad (SIN(Giead, ), — COS(Qcady ) )

dlead§
2

Oéleadg

(jleadg,Qa glead5,2) = fleadg (COS(

(Z1cade 45 Dieade,4) = (COS(Qeady ); SIN(Gicady )

where:
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&lead 4 ~ . ONélead
&) — ~Ujead SN ( :
2 3 2

. 8 5
Mleade = 3~ 3 cos( ) (7.4.2)

3 cos(dle;df ) sin(dle;ds ) —2 si]n(dle;d5 ) +4v/2 sin?’(&ljdf )

2 cos?( ale;dé )

(7.4.3)

uleadg =

For the leader’s full trajectory over the predicted horizon, the central angle,
Qleads = él‘;%a(z&) is derived from the arc radius (Equation 7.3.1) and total arc length,
Stead(te) = teUieqa- The signed radius is again used here, indicating the rotational
direction of the circular arc’s progression depending on d;..q. This approximation is
applied to represent trajectories with central angles, —2m < Qyeqq, < 27, Over the pre-
dicted horizon, where reduced—although acceptable—accuracy for increasing angles
is shown in Figure 7.4. While full rotations are unlikely over a short prediction time

horizon, for an arbitrary and sufficiently long t¢, these motions can be adequately

modeled by this approximation.

.
-

------- Unit Circle
- - - Bezier Curve Control Polygon
—— Bezier Curve Approximation

Figure 7.4: Quartic Bezier curve approximations to unit circular arcs with
corresponding control points & polygons for increasing central angles. The model is

shown for: (a) Qjead, = 22, (b) Mead, = = and () Geadq, = 2.
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The control points and their corresponding Bezier curve for the unit circular arc
are now transformed in the general case of arbitrary radius, orientation and position
for application in pursuit. The curve is first scaled by the radius magnitude, |rjeq.q|

and translated to begin at the origin via:

Tieade b < |Tiead| (Trcadek = 1);  Treade .k < |Ticad| (Jreade k)s K € {0,...,4}  (7.4.4)

Now, the curve with positive (counterclockwise) rotation begins in the +y direc-
tion while the curve with negative (clockwise) rotation proceeds initially in the —y
direction. Thus, the +y direction is taken as the base frame +x direction (since this
is assumed to be the direction of forward velocity) while +z is represented as —y
in the vehicle base frame. The scaled approximated Bezier curve control points are
now transformed to the follower’s base frame, obtaining (:L‘lead&k, ylead&k) using this

coordinate transform and the leader’s position & orientation:

Lleads k Llead Ylead k

= -+ R(Qlead) . , ke {0, . 4} (745)
Yleadg k Yiead —ZTleade k

Note that for this calculation, 0.,q + 7 is used in place of ;.44 if d1c0q IS negative in
order to orient the approximation’s initial —y direction motion correctly to the 4z
base frame direction.

To complete the initial pursuit path guess, the leader’s Bezier curve control points
are used to find the lagging pursuit path’s control points. The leader’s curve is first
sampled by t, = %, k € {0, ...,4}, reflecting a sample for each control point. Using
the control points (mlead&,k,ylead&k) and sampled ?, values, the curve is represented

bY (Zicade.¢.k> Yicade k) through the form of Equations 6.1.2, 6.1.3 & 6.3.1. The first
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derivative is (Zjcaq, ¢ & Yieade e,) Which follows Equations 6.1.4 & 6.1.5, now incorpo-
rating the nonzero terms (4t} — 1263 + 12t), — 4)Zieade,0 & (487 — 12t} + 12t — 4)Yiead, 0
respectively in each coordinate.

From here, the leader’s future orientation along the predicted Bezier curve in the

follower’s frame is:

eleadsyk — atanQ(y;ead£7§7k, ,Cl?;ead{,&k) (746)

Assuming the evenly spaced samples correspond approximately to each control point
for the constant curvature & velocity trajectory, each point is transformed (similarly

to Equation 7.3.6) to the path lagging by (z,,y,) using its sample’s orientation:

mpurg,k xleadg,k —Tp

= + R(@lead&k) . , ke {0, c 4} (747)

Ypure k Yieady k —Yp

These control points represent the reference pursuit path that attains the arbitrary
leader-follower formation as a quartic Bezier curve and form the initial guess, which
is likely infeasible. However, this is the unconstrained optimal path in the case of
exclusive pursuit, and initializing in this manner yields solutions in the region near the
feasible global optimum. Finally, the QBMPC and pursuit initial guesses are weighed

by p when n = 1 (each coordinate is then bounded by =+ d,,, as in QBMPC):
T, = (1= ) Trave ko + PTpure bes Yy = (1= P)Ynave by + PYpure by ke €42, 3,4}, ky €{3,4}
(7.4.8)
where only the control points that aren’t fixed by initial conditions are used in the
resulting initial guess, and thereafter, optimization. Therefore, depending on the
adaptive pursuit weight, the initial guess balances prioritizing safe obstacle avoidance

through potential fields with pursuit in formation via obstacle proximity over time.
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7.4.2 Adaptive Potential Field vs. Pursuit Objective

The new objective introduces a pursuit term, F) g weighed against the original

QBMPC objective’s single term, Fypj;, from Equation 6.3.2:

FObjp,{ = (1 - T’p)AfFObjg + np)\pé,dQFp&dQ (749)

with base weighting factors, A\,¢ = [A¢, Ay, 42] Where normalization means only one
weight factor is a free parameter. In the scenario where = 0, the problem reduces to
the original QBMPC algorithm, where the objective becomes Fiy;, when normalizing
by the base weighting factor. However, when a leader exists & 1 = 1, pursuit is
enacted where the adaptive pursuit weight balances the objective terms dynamically.
From the initialization step, the reference pursuit path that maintains the desired
formation (x,,y,) with the leader is given by the control points (7, &, Yy, k), equivalent
to the initial pursuit guess (Tpure ks Ypure,k) from Equation 7.4.7. Now, the pursuit
objective term is constructed by the sum of squared distances between the predicted

trajectory and reference pursuit path for each non-fixed control point coordinate:

4 4
Frer = > (@, — Tpei) + > Wy — Ypey)’ (7.4.10)
key =2 ky=3

This objective term prioritizes paths that more closely resemble the trajectory
that maintains formation with the leader by shaping the governing control points
accordingly. Instead of discretizing the paths and evaluating distances between tra-
jectories, the control points are used directly here to promote path similarity. The
analytical gradients for this new objective term are presented in Appendix A.5. A
visualization of the quartic Bezier curves and their corresponding control points for

both the optimized path and reference pursuit trajectory is shown in Figure 7.5.
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(J:!(’ﬂdf REE yicadg ,£.1)

(I‘pﬁ 3 Ype a)

e (Zpe.4s Ypg,a)
.

(51,54: y4)

(-L'p;-,D« Upg,l))

(w0, o)

Figure 7.5: Leader (light green), reference pursuit (dark green) & optimized ego
vehicle (gray) quartic Bezier curve paths. The predicted trajectory attains a feasible
path which aligns non-fixed control points (z,,yr,) With those governing the
reference pursuit path (xp&kz, ypg,ky) in the case of exclusive pursuit.

7.4.3 Bezier Curve Pursuit Proximity Constraint

When engaging in pursuit, the leader-follower proximity is monitored through the
predicted trajectory, and a minimum is enforced as in P-STLMPC. This constraint
ensures the follower remains behind the leader with adequate space to maintain safety
in multi-vehicle environments. A soft minimum function is used once more, where
ne samples are taken of each curve (i € {0,...,ne — 1}) over t¢, the prediction time
horizon. For the ego vehicle Bezier curve path being optimized, the discretized points,
(¢, ye,i) follow the form of Equation 6.3.1.

Meanwhile, the constant curvature & velocity model is used for the leader’s trajec-
tory (Tiead.is Yiead,i), €liminating any minor inaccuracies that may arise from using the
quartic Bezier curve model. The leader’s path is sampled evenly in 8444, Where now

Steadi = ——teUeqq With redefined i (instead of i vjeeq At from P-STLMPC) is used in
3 ng 1 6
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Equations 7.3.2 & 7.3.3. Proceeding with the new sampling definition for i, Equations
7.3.4 & 7.3.5 yield the leader’s orientation at each sample, 0..4; and Equation 7.3.19
expresses the leader’s discretized position, (Zjead.i, Yiead.s) int the follower’s frame.
Just as in P-STLMPC, Equation 7.3.20 uses the leader’s position & orientation
to obtain the four corners of the vehicle’s shape, élead,i for more practical inter-
vehicle distance measurements. Now, the distance between the discretized ego vehicle

h

trajectory and the leader’s n*™ corner at sample ¢ becomes:

dleadg,i,n = \/(ﬂfg,i - éleadgg,i,n)2 + (y&,i - éleady,i,n)2 Vi € {07 ey The — 1}7 n e {07 ) 3}
(7.4.11)

The soft minimum distance parallels Equation 7.3.22 where it is now represented by:

ng—1 3

| |
head s =~ log( ) ) e Prtieatein) (7.4.12)
p

i=0 n=0

The ensuing single constraint ensures inter-vehicle distances exceed the minimum

allowed value, djeqq over the full prediction duration and is given through:

safe?

djead < dleadmmf when n= 1

safe —
1 ng—l 3
if n= 1’ gdlead,& = 6_ 10g<z Z e_ﬂﬁdZEadg,i,n) + dl€adsafe’ gdzead,§ S 0 (7413)
p i=0 n=0

This inequality is only enforced when a leader is detected and has analytical gradients
as provided in Appendix A.5. By evenly sampling over the leader & follower trajec-
tories in time, the proximity between the vehicles is equally considered throughout
all stages of the future time horizon. This constraint is enforced regardless of how
much priority pursuit is given via p such that multi-vehicle navigation remains safe

and collision-free both in and out of formation.
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7.5 P-STLMPC & P-QBMPC Algorithm

Pseudocodes

The P-STLMPC & P-QBMPC frameworks, therefore, both provide flexible pursuit
in formation with a minimum permissible following distance while also satisfying
safe local path planning as before. The complete formulation of the P-STLMPC

optimization problem is denoted by:

min (1 =np)AeFe + (1 =np)ApFp +n(l — p)AeFz + As2Fy

z;5,Y5,05,05,v;

+ (1 — 77))\1;2FA1;2 + np)\p7d2Fp7d2 + npAp,d2Fp,d2

subject to gs+; <0, g5-: <0, g+; <0, g, <0
Poateerd <05 G <0, i =1, g4, <0 (7.5.1)
hyi =0, hy; =0, hg;=0

— Omaz < 05 < Omaz,  Umin < Vj < Unaa

r0=0, yo=0, 0p=0, 0do=70ust; Vo= Viast

\V/’L € {07 ...,nMpckMpc — 2}, VJ € {0, ...,nMpckMpc — 1}

Alternatively, the P-QBMPC optimization problem is expressed as:

min (1 = np)AeFobje +npApe.a2 Fpe a2

x2,T3,Y3,T4,Y4
subject to 9ot i <0, 9oz i <0, 9ai <0, gai <0
It <0, Irg i <0, It <0, I i <0

if n=1, gy, <0 (7.5.2)

— dmax < T2, T3, Y3, T4, Y < diax
(] tt
*IO:Oa ?/020, xlz%&’

Vi € {0, vy g — 1}

422 tan (0145
n ; Y2 31
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applied at each step, dema & Vemag from the solution in the same manner as in STLMPC
& QBMPC, respectively. The shared procedure for these pursuit algorithms at each

control step is provided in Algorithm 5, which enables safe local path planning in

After successful optimization, P-STLMPC & P-QBMPC derive the control inputs

multi-vehicle cooperative contexts.

Algorithm 5: Pursuit Model Predictive Control Framework

© 00 N OO oA W N

e S
AW NN = O

15
16
17
18

19

20

21
22

Input: Detected & Localized Obstacles (Ops, Oobsmp), Last Control Inputs
(O1ast; Viast), Lagging Pursuit Position (x,,y,), Tracked Vehicles

(Virack), Adaptive Pursuit Weighting (p), Bezier Curve Order (n = 4)

Output: New Control Inputs (demd, Vema), Updated Pursuit Weighting (p)

if Niyoer =1 and IsPursuableAndSafe(viqck0) then
n=1
Viead = Virack,0;
Opps < RemoveObsNearLeader(Oops, Vicad);
Oobstot - Oobs U Oobsmap;
else
n=0;
Oobs,,, < VehicleAvoidanceObs(Viqcr);
Oobstot - Oobs U Oobsmap U Oobsdet;

Oobs,,, < ObsSubsampling(Oops,,,; dsep);
if Using P-STLMPC then
w; Y1 € {0, ...,nypckype — 1} < GenerateTrackinglines(vigst, Oobs,o, )
Ti, Yi, U;, 0;, v; < InitialGuess_P-STLMPC(10;, d1ast, Viast, Tps Yps 1, Vieads P);
Ti, Yi, 035 0, Viy Oemds Vema 4
P—STLMPC,Opt<I'Z, Yis 92‘7 5i7 Vi, U~Ji, 5la5ta Ulasts Lpy Yps 1 Viead, P; Oobssub);
dobs,,;,, < MinimumObsProximity(x;, ¥i, Oobs,,, );
Ise if Using P-QBMPC then
Ohead; Vj € {0,n — 3} < GenerateHeadingAngles(viast, te, Oobsioy );
(zk, yi) VE € {0,...,n} +
InitialGuess_P-QBMPC(Opead,j, Otast, Viasts Tp> Yps 1, Vieads P te);
T, T3, Y3, T4, Y45 Ocmd, Vemd <
P-QBMPC_Opt(zk, Yk, Tps Yp» 1> Viead: Ps tes Oobsouy )3
dobs,,;,, < MinimumObsProximity(xx, Y, Oops, ., );
p < UpdatePursuit Weight(dps, ..., £);
Apply control inputs, g & vemg then proceed to next control step;

¢
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7.6 Simulation Results

The P-STLMPC & P-QBMPC algorithms are now evaluated and contrasted in a
simple leader-follower scheme in simulation using a new map, Map #5. In this test, a
leader vehicle with a constant velocity of 1.7 m/s traverses the environment and is pur-
sued by the ego vehicle using each of the pursuit algorithms. Leader vehicle detection
is again simulated without the use of a camera, while each algorithm utilizes param-
eter values from the tests in prior chapters. The shared flexible pursuit parameters

used include dy,0, =0.8 m, d,=1.5 m, s,=0.05, djeqa,,,, =0.7 m & 3,=80 m~'. Specif-

safe

ically for P-STLMPC, the base weighting factors are Agz = 1,A;z = 30, A2 = 0.2,

A2 = 02,0, 2 =20 & A, d2 = 2, while for P-QBMPC, A¢ =1 & A =0.1.

pe,d?

Selecting the following formation as (z,,y,) = (2.1, —0.6), the optimized trajec-
tory is shown at a single time sample for P-STLMPC (Figure 7.6a) & P-QBMPC
(Figure 7.6b). Here, the map has two possible routes, split by an obstacle in the mid-
dle. P-STLMPC’s tracking line method chooses the first open route for navigation;

however, the leader vehicle progresses along the second, further route.

00000, @ subsampled Obstacles R
o Leader Vehicle Trajectory

—— Refere t Path . /o %Qeee®
L]

—— 2nd Tracking Line

o
/ { —— Optimized Trajectory y)
2 / See 2 \

_ v

—— 1st Tray

\
AN
~

Y position (m)
o

-2 ? -2 ?
. A 2
Onu'o......... 0.{ u.o-'u......... ".jo

'oo;: - ....'Oooo. °®

-1 4 1 2 3 4 5 0 1 2 3 4 5
X position (m) X position (m)

(a) (b)
Figure 7.6: Optimal trajectories for P-STLMPC & P-QBMPC at a single, shared
time sample. Each algorithm balances its original objective with following the
pursuit reference path, lagging the leader in formation.
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In the P-STLMPC test, the pursuit weight at the given sample time is 1.00, while for
P-QBMPC, it is 0.88 due to high local obstacle clearances, leading each method to
strongly prioritize pursuit and follow the leader through the second route.

For the same pursuit formation, the two pursuit trajectories over the full simula-
tion are provided in Figure 7.7. Each approach maintains a central path, prioritizing
safety initially before tracking the pursuit reference in formation when the map opens
up at the first turn. For the rest of the test, the pursuit weight remains high, and
so each algorithm preserves formation behind the leader accurately until the leader
reaches a dead end, where navigation terminates. Visibly, P-STLMPC has more path
fluctuations to maintain formation, while P-QBMPC is smoother and has somewhat
poorer pursuit tracking but with lower control effort expended.

These results are additionally shown in Table 7.1 for both pursuit algorithms,

where each achieves successful adaptive pursuit with certain advantages.

= P-STLMPC
— P-QBMPC

Leader Vehicle Trajectory
—— Reference Pursuit Path

Global Y position (m)

0 5 10 15 20 25 30
Global X position (m)

Figure 7.7: P-STLMPC & P-QBMPC for a given leader trajectory and pursuit
formation in simulation using Map #5. Darker color gradients for each path show
time progression where the P-STLMPC, P-QBMPC and pursuit reference paths all

lag behind the leader throughout the simulation.
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Table 7.1: Performance of P-STLMPC & P-QBMPC in simulated Map #b5

Local Planner mfglndmin,l; dmin dp,O,l; |6cmd,l~€| Va‘r(écmd,l;) T}cmd,fc Va‘r(vcmd,fc)

(m)  (m) (m) (rad)  (rad’) (m/s) (m®/s’)

P-STLMPC 0.680 1.741 0.256 0.124 0.025 1.902 0.167
P-QBMPC 0.871 1.718 0.476 0.049 0.003 1.793 0.149

In addition to metrics used in prior simulations, d »0,i Tepresents the average distance
error between the ego vehicle and the initial point of the corresponding sample’s
pursuit reference path, measuring pursuit accuracy. P-STLMPC achieves better pur-
suit at the cost of inferior minimum obstacle proximity compared to P-QBMPC.
Lower control effort is used by P-QBMPC, shown by the average steering angle and
variance of both control inputs, while P-STLMPC achieves a higher average speed.
P-STLMPC makes more abrupt motions to satisfy control objectives and thus covers
more distance in the same simulation timeframe compared to smoother P-QBMPC.

Over this simulation, the minimum obstacle proximity is illustrated over time
(Figure 7.8a) as well as conversely, the pursuit tracking error, d 0k (Figure 7.8b).
After the initial narrow corridor, the obstacle clearances rise beyond d,, leading the
pursuit weight (Figure 7.8¢) to increase, prioritizing pursuit. Sudden, momentary
drops in obstacle clearance decrease the pursuit weight, such as when the vehicle nears
corners or the centrally placed obstacle in Map #5. Also noticeable is how pursuit
accuracy is highest when obstacle clearances increase, as safe maneuvers are possible
with more open space. At the map’s dead end, the ego vehicle slows to a stop, and
the pursuit weight becomes zero as obstacles prevent any further navigation. Thus,
the adaptive pursuit algorithms are both able to conserve high obstacle clearances

while accurately following the leader vehicle through the simulated environment.
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Figure 7.8: Over the full simulation using Map #5, P-STLMPC & P-QBMPC
balance prioritization of safe navigation with pursuit. This dynamic weighting is
controlled by (a) the minimum obstacle proximity over time, where the lower (dq,)
and upper (d,) bounds affect the pursuit weight update. Furthermore, (b) the error
between the vehicle and reference pursuit paths over time indicates pursuit accuracy,
while (¢) the time-varying pursuit weight governs behavior in the flexible formation.

7.7 Experimental Results

Cooperative multi-vehicle navigation is assessed in real-world conditions for both P-

STLMPC & P-QBMPC using the track layout in Experiment #6 (Appendix B).
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As in simulation, a simple leader-follower scheme is tested—now with two formation
configurations. For each configuration, performance is evaluated in the case when
both vehicles operate using P-STLMPC as well as P-QBMPC (as the leader detects no
other vehicles, its planning reduces to standard STLMPC & QBMPC, respectively).
Parameters from prior experiments are retained while now, dgq5e = 2 m, dyqp = 0.4 m,

d, =09 m & djeqq,,,, = 0.4 m to accommodate the track layout.

safe

The formations tested are (z,,y,) = (0.5, —0.3) where the pursuing vehicle is
behind and to the left of the leader (Experiment #6-1) and (z,,y,) = (0.5,0.3) where
the follower trails on the right (Experiment #6-2). Tighter formations are used
due to decreased detection & tracking accuracy at higher ranges. For P-STLMPC,
Umin = 0 m/s while v,,4, = 1.5 m/s for the follower and 1 m/s for the leader to ensure
the follower can gain on the leader if it falls behind. For P-QBMPC, t; =1.5 s &
Umin = 0.5 m/s while again, v,,,, = 1.5 m/s for the follower and 1 m/s for the leader.

The trajectories obtained by P-STLMPC & P-QBMPC in Experiment #6-1 are vi-
sualized in Figures 7.9a & 7.9b respectively, while P-STLMPC specifically is recorded
and documented by video!. This track is designed to encourage safe navigation in the
narrow, right portion while promoting pursuit in formation as the track opens up on
the left. Both planners attain paths that closely align directly behind the leader in the
narrow section before branching to the leader’s left in the wider area. Fluctuations in
the leader’s P-QBMPC path are amplified in the pursuit reference path, although the
following vehicle successfully maintains travel to the leader’s left. Robust detection
and tracking with a limited camera FOV becomes challenging when both vehicles
are in motion (especially at higher speeds), although these results illustrate that this

flexible formation framework can function in real-world conditions.

'https://wuw.youtube.com/watch?v=49ws641PL-c
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Figure 7.9: Flexible formation navigation using the trailing leftward formation of

Experiment #6-1. Here, leader & follower navigate using (a) P-STLMPC & (b)

P-QBMPC. Darker color gradients show time progression where the P-STLMPC,
P-QBMPC and pursuit reference paths all lag behind the leader throughout.

Performance of both adaptive pursuit methods is shown numerically in Tables
7.2 & 7.3. P-QBMPC achieves superior performance over P-STLMPC based on ob-
stacle proximity metrics, while planning times are consistently faster. However, P-
STLMPC exhibits lower control effort in this experiment (partially as the leader ve-
hicle’s STLMPC path is straighter, with less emphasis than QBMPC on maintaining
high obstacle clearance). P-STLMPC also has a higher average speed and achieves
superior pursuit tracking. Both P-STLMPC & P-QBMPC achieve better pursuit
tracking when p is larger, as it is further prioritized, while larger pursuit weights also
correspond to a higher average obstacle clearance. The minimum following distance
over the full experiment, using the four corners of the leader’s shape (min dlead,o,n,fc)

n,

satisfies the smallest allowed distance, djeqq. .. = 0.4 m for both algorithms.

safe
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Table 7.2: Control input and planning time performance for P-STLMPC &
P-QBMPC in Experiment #6-1

m];in dm”m,fc |5cmd,l~c| Var((scmd,fc) T)cmd,% Va‘r(vcmd,fc) Ecomp maXtcomP

Local Planner
(m) (rad) (rad®)  (m/s) (m?/s’) (ms) (ms)

P-STLMPC 0.449 0.192 0.043 0.973 0.047 34.9 64.6
P-QBMPC 0.552 0.227 0.065 0.808 0.098 1.4 2.9

Table 7.3: Obstacle proximity and pursuit accuracy performance for P-STLMPC &
P-QBMPC in Experiment #6-1

p <0.5 p>0.5

dimin dp,O,l:c Amin dp,O,fc Aimin dp,(),fc Izlip dlea,d,O,n,l;
(m)  (m)  (m)  (m)  (m) (m) (m)
P-STLMPC 0.824 0.461 0.752 0510 1.184 0.201 0.420
P-QBMPC 0.828 1.338 0.716 1.680 0.832 1.322 0.497

Local Planner

Moreover, the minimum obstacle proximity, pursuit tracking error and pursuit
weight are evaluated over time for both P-STLMPC (Figure 7.10a) & P-QBMPC
(Figure 7.10b) in Experiment #6-1. In both cases, larger obstacle clearance in the
second half of the course increases pursuit weight which in turn decreases pursuit
tracking error. The interplay between these metrics is evident where each is balanced
during navigation dynamically. For P-QBMPC, the leader vehicle initially travels
faster than the follower, exiting pursuit range. However, as the follower catches up, it
achieves a low pursuit error just as in P-STLMPC (this occurs in both experiments,
explaining the deceptively high pursuit errors for P-QBMPC in Tables 7.3 & 7.5).

In the second adaptive pursuit experiment (Experiment #6-2), the follower now
trails the leader on the right, where trajectories are shown in Figure 7.11 and QBMPC

in particular is recorded by video?. Again, each trailing vehicle stays in the center

2https://www.youtube.com/watch?v=zwTHNDGbHSE
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of the track during the narrow section before pursuing the leader on the right in the

wider region. Thus, flexible formation is achieved as the environment varies.
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Figure 7.10: Obstacle proximity, pursuit tracking error and pursuit weight over time
in Experiment #6-1 for (a) P-STLMPC and (b) P-QBMPC.
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Figure 7.11: Flexible formation navigation using the trailing rightward formation of
Experiment #6-2. Here, leader & follower navigate using (a) P-STLMPC & (b)
P-QBMPC. Darker color gradients show time progression where the P-STLMPC,
P-QBMPC and pursuit reference paths all lag behind the leader throughout.
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Results from Experiment #6-2 are further shown in Tables 7.4 & 7.5 which confirm
trends observed in Experiment #6-1. Again, P-QBMPC maintains higher obstacle
clearance while P-STLMPC maintains pursuit formation more accurately. As in Ex-
periment #6-1, P-QBMPC attains low pursuit error once it catches up to the leader
after quickly falling behind initially, which is not immediately clear from the numeri-
cal results. Nonetheless, the pursuit error is shown to decrease for both planners when
the pursuit weight exceeds 0.5 as obstacle clearance increases and more open space
exists for maneuvers. Once more, P-QBMPC demonstrates a significant reduction in
planning time over P-STLMPC, and both planners exceed the safe following distance.

Table 7.4: Control input and planning time performance for P-STLMPC &
P-QBMPC in Experiment #6-2

mjn dmm,l% |5cmd,lz" var((scmd,fc) T)cmd,fc Var<vcmd,lz’) Ecomp maXtcomP

Local Planner
(m) (rad) (rad®)  (m/s) (m?/s?) (ms) (ms)

P-STLMPC 0.346 0.162 0.035 0.934 0.091 35.8 60.4
P-QBMPC 0.534 0.188 0.057 0.816 0.117 1.4 4.6

Table 7.5: Obstacle proximity and pursuit accuracy performance for P-STLMPC &
P-QBMPC in Experiment #6-2

p < 0.5 p>0.5

dmin dp,O,ic dmm dp,O,l:: dm”m dp,()jc ITILlLH dlead,O,n,ff
(m)  (m)  (m)  (m) (m) (m) (m)
P-STLMPC 0.757 0.766  0.685 0.849 1.103 0.357 0.492
P-QBMPC 0.904 1.122 0.812 1.18 0925 1.096 0.559

Local Planner

The proximity, pursuit error and pursuit weight time-varying values in Experiment
#6-2 are displayed for P-STLMPC & P-QBMPC (Figures 7.12a & 7.12b respectively).
Both approaches attain higher pursuit weights based on higher obstacle clearance

towards the end of the course. Pursuit errors for each method decrease consistently
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below 0.5 m during the wide region of the course while each algorithm still maintains

a safe path. This performance aligns with that of Experiment #6-1, indicating that

that this formulation of adaptive pursuit works in practice for arbitrary formations.
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— Pursuit Weight
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Figure 7.12: Obstacle proximity, pursuit tracking error and pursuit weight over time
in Experiment #6-2 for (a) P-STLMPC and (b) P-QBMPC.

Lastly, the velocities for each leader-follower pair are stipulated in Figure 7.13. The
leader maintains a more constant speed while the follower’s speed profile fluctuates
to maintain formation. Here, it is evident that in P-QBMPC, the follower falls far

behind initially and needs to speed up rapidly to achieve accurate pursuit once more.
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Figure 7.13: Leader & follower speed profiles in Experiment #6-2 for (a)
P-STLMPC and (b) P-QBMPC. The velocity bounds are indicated for this
experiment, where P-QBMPC requires a nonzero lower bound to ensure constant
forward motion.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

This thesis presented the development of novel local path planners that establish safe
real-time navigation in unknown environments where a known global goal position
is not given. These navigation approaches are applicable to mobile robotics & au-
tonomous vehicles in contexts including search and rescue, racing & multi-vehicle
path planning within fleet formation. An MPC framework is implemented where
optimizing over a receding prediction horizon provides the optimal local path, which
is updated dynamically, considering environmental conditions and vehicle dynamics.
These proposed methods extend to any arbitrary environment, characterized by local
obstacles, that is traversed by an agent subject to nonholonomic system constraints.

After categorizing & reviewing existing literature pertinent to the topics discussed
in this thesis (Chapter 2), the initial formulation of the first novel path planning
algorithm was presented in Chapter 3. Here, successive tracking lines are constructed

based on local obstacles, where heading angles correspond to the direction of the
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largest open space, and quadratic optimizations ensure distances to local obstacles
are maximized. A non-convex optimization is conducted via SLSQP to determine
the optimal path, which follows the tracking line reference path while exhibiting
low control effort, all while abiding by the kinematic bicycle model (with constant
velocity) and limits on control inputs. Moreover, localization is used against a known
map to enhance the set of local obstacles and increase the effective look-ahead range.

Dynamic obstacles such as adversarial detected vehicles were then incorporated
into local path planning through Chapter 4. This approach uses a CNN, specifically
YOLO, to identify vehicles via bounding boxes, given an RGB image data stream.
Multiple detections are handled by properly associating each with its own tracked
vehicle, where sensor fusion via a depth camera then provides estimated poses. An
EKF is used to track vehicles using transformation, prediction & correction steps,
where the adversarial vehicle outlines are mapped over the predicted horizon and
added to the obstacle set for local path planning.

An extended & more complete formulation of the original navigation algorithm
was presented in Chapter 5, which removes the assumption of constant velocity.
Specifically for racing applications, this framework prioritizes higher speeds while
maintaining safe paths and satisfying control input limits. Additional optimization
constraints focus on reducing speed in tight turns and when obstacles lie immediately
ahead, posing significant collision risks.

Alternative to previous tracking line-based approaches, a new formulation uses a
fourth-order Bezier curve for local path planning & control via a single non-convex
optimization (Chapter 6). Successive heading angles in the direction of the safest

local gap are used in the initial guess for the curve’s control points. Using initial
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conditions and a potential field function that penalizes closer distances to local ob-
stacles, a smooth trajectory is generated in low computation time. Vehicle dynamics
are incorporated directly into the curve shape, a minimum allowed obstacle proximity
over the predicted curve is set & the curve is generalized to an arbitrary prediction
time horizon.

The tracking line & Bezier curve methods are each used in a novel cooperative
multi-vehicle scheme based on adaptive pursuit in Chapter 7. A time-evolving weight
is used, which encourages pursuit when the minimum obstacle distance to the vehi-
cle trajectory is high and prioritizes safe navigation via the respective initial path
planning formulation when the minimum obstacle clearance is low. Standard local
navigation occurs when no leader exists; however, the presence of a pursuable leader
ensures adaptive pursuit is conducted. An arbitrary leader-follower formation can
be flexibly maintained while preserving safety by considering nearby obstacles and a
minimum following distance. This decentralized, modular framework is extendable to
arbitrary fleet formations with more vehicles, where each agent can join or abandon

formation, and no fixed leader is required.

8.2 Future Work

The work conducted in this thesis has various opportunities for future extensions
and adaptations. Further work can expand the framework presented to fulfill local
navigation while satisfying additional criteria or adapt the framework to accommodate

alternative, unique path planning applications. Specifically, future work can:

e Formulate the presented algorithms, which assume the kinematic bicycle model

for different robot/vehicle models, to extend the framework to a wider set of
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agents. These potential models include the differential drive model (nonholo-

nomic) and the omnidirectional drive model (holonomic).

e Adaptively modify certain parameters like look-ahead range, prediction time
horizon, and base weighting factors for certain objective terms used in opti-
mization. This would allow further adaptive navigation to best suit varying
environmental conditions such as local obstacle proximities, amount of local
collision-free space & number of detected vehicles. Reinforcement learning could
be applied to learn from past navigation experience and, based on observed fea-

tures, dynamically tune parameters to achieve improved performance.

e Progressively build the global map as more of the unknown environment is
explored (in the case where no prior map is known). Global path planning
using this map can then gradually be incorporated with existing local planning.
In an exploration application, remaining unexplored regions can be identified

and targeted for navigation in a hierarchical approach.

e Further exploit camera abilities for more holistic object detection and environ-
ment classification beyond the capabilities of LIDAR. Additional application-
dependent criteria can be set, such as navigating towards certain static/dynamic
obstacles, modifying path planning depending on the surroundings and incor-

porating parallel yellow lines as lanes in on-road autonomous driving contexts.

e Extend vehicle detection to accommodate the full angular range around the
ego vehicle, not just the front FOV. This can ensure more perceptive vehicle
avoidance as well as navigation in modular flexible fleet formations, where not

just the immediate leader vehicle is considered.
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e Incorporate state estimation error covariances from the EKF into vehicle avoid-
ance such that higher covariances correspond to a wider band of occupied space
over the detected vehicle’s future trajectory. The approach in this thesis assumes
the estimate is accurate and is alone considered for the future trajectory; how-

ever, this extension yields a more conservative estimate of collision-risk space.

e Accommodate negative velocities for vehicle reversal functionality into the path
planning algorithms. This incorporates more flexible driving behavior for han-
dling scenarios like dynamic obstacle avoidance and ensures vehicle navigation

does not terminate at a dead end.

e Augment the Bezier curve path planning formulation to prioritize higher veloc-
ities for use in racing applications (similar to how the tracking line method was
modified in Chapter 5). Additionally, navigation using Bezier curves of different
orders can be tested and contrasted with the quartic Bezier curve used in this

thesis.

e Extend the modular pursuit path planning framework provided in Chapter 7 to
more complicated fleet formations with higher numbers of vehicles. By using
this algorithm as a fundamental basis, arbitrary & decentralized multi-vehicle
formations in unknown environments can be explored and tested. The case of

assembling formation with multiple detected leaders would have to be addressed.

e Accommodate cooperative local navigation for a team of heterogeneous agents.
Here, each robot/vehicle would perform specific tasks in the collaborative team
and would be detected, identified & modeled uniquely while also following its

own distinctive, independent navigation framework.
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Appendix A

Optimization Gradients

This appendix provides the analytically derived gradients for each MPC optimization
problem. These results are useful in obtaining accurate gradients during optimization
using a non-linear, SQP-based solver like SLSQP. For the purposes of this appendix

and to encourage brevity, only nonzero optimization gradients are explicitly shown.

A.1 STLMPC
For Fp (Equation 3.1.13),

OFp _ ”MPC%PC* 5oy (WT P4 1) 20, (7 Py + 1) V560, marchacrc — 1}
Ox; ]2 R o TMPCEPe

1=0

(A.1.1)

n kypo—1 0 (.7
0Fd2 MmMprckmpe @ (U}

PP 2w, (6] Py + 1)

lwill> [l

y;

Vj€{0,...,nmpckmpe — 1}
i=0

(A.1.2)
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For Fj, (Equation 3.1.16),

OF, "rcbure2 DLGIP) (@l )t (al )
dz; Z faslP sl 512
) i j=0
G = MO h) M) i (1 nynckpe ~2) (A1)
\2%4”;(]@{_”1215“) if j=nmpokupc —1
Similarly,
( R
T = M) B e (1 mgpckyne —2) (A1
\my’j”:;ffllzpjl) if j=nypckupc—1
For Fs= (Equation 3.1.17),
n k -1
88F5i2 B MPCZM:PC 6%53:25]. V5 € {0, ..., nuspckape — 1} (A.1.5)

1=

For h, ; (Equation 3.1.20) and h, ; (Equation 3.1.21),

Ohey _
ij N ’
Ohyy
ayj ’

Ohy; 1
Oz ’
Oh,y _1
Y1 ’

agg,j = Atusin(9;) Vj € {0, ... narpckare — 2}
J
(A.1.6)
a;é”j = —Atwvcos(t;) Vje€{0,...,nupckypc — 2}
J

(A.17)
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For hy ; (Equation 3.1.23),

8h9j 8h9j 8h9j (% .
J_ 1 g1 J— At—— Ve {0,... knpo — 2
80 L0005 leost(s) 7 © (0 emurchure =2)

(A.1.8)
For gs+ ; (Equation 3.1.25) and g5- ; (Equation 3.1.26),

895*,3'
9dj11

895*,3'
04

8gg+7j
Ddj1

695+7j
a5,

= —1, = 1, = 1, = —1 VJG{O, "'7nMPCkMPC — 2}

(A.1.9)

A.2 Non-Uniform Velocity STLMPC

All existing gradients (Equations A.1.1-A.1.9) are unchanged, except for replacing v
with v; where used. Now for F,2, hy;, h,; and hy; (Equations 5.2.1, 3.1.20, 3.1.21

and 3.1.23 respectively),

OF nypckympe—1 9 1 9
o= === Vj €{0,...nupckurc — 1 A21
v ; Bv; 02 o3 7 €10, ....nmpckyure — 1} ( )
Ohy.j oh, _
Wj] = —At cos(6;), ajjj = —At sin(0;)
Ohy ; At ,
a;ij =T tan(d;) Vi € {0,...,nupckympc — 2} (A.2.2)
j

For g,+ ; (Equation 5.3.2) and g¢,- ; (Equation 5.3.3),

8g+j ag"' ag— ag_ :
2 =, =, o =2 = 1 50, .. k -2

(A.2.3)
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For g,,....; (Equation 5.3.5),

8gv j 2Uma152 (5]' agv j .
steer) — max steer — 1 v E 0’ . k' _ 1 A24
a5, (02 + 02,,)2 ou; J€Aq nypckupe — 1} ( )

m

For g,,,.; (Equation 5.3.13),

No Sgu - o o
omed _ OGvopei _5dbandmm,j_bzb( 035 '59band,j,i'39diff,j,i_59j,i+38j,i@dj,i)
8l‘j adbandmm,j 8§j =0 69band7j7,~ aediﬁr,j’i (‘99]‘72- axj adj,,- ij
(A.2.5)
NOstub_l ~ ~
0Gvope.j _ /I _8dbandmin,j_z( 035 'aeband,j,i'aediﬁ,j,i.agj,i_’_asj,i.adj,i)
y; Odband,in.j 05; —~ O0vandji aigi 005 Oy, Odj; Oy,
(A.2.6)
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0Gy,,. i ,
% =1 Vj€e{0,....nupckypc — 1} (A.2.8)
J

~ Nobs -1 _ . ~ _ . .
Here, 5; = >,0""  Oranajic %, 35 = Opana i€ 7% (Equation 5.3.11) and the

intermediate function gradients are (Equations 5.3.7 - 5.3.13):

(?gvobm _ _Umaa: e_w adbandmim]‘ _ 1 0§j72~ _ 6—5vdj,i
) ~ ~
Odvand,,;,.j Qy 05; Bv5; OOpandji
(A.2.9)
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00, _ Yobssup,i — Yj 90;i _ Lobsgup,i — Lj
0 (Tobsyui — )% + Yobsswri — Y5)? OY; (Tobsaupi — ) + (Yobseupi — Yi)*
(A.2.12)
852 ~ 8dz j — <Lobs 7 adl i — Yobs 1
Js — _/Bvsjia 75 — x] ZLob subs ’ 75 — y.? y bS sub s (A213)
8dj,l- ’ 61']' dj,i 8yj djv’i

A.3 QBMPC

For Fy; (Equation 6.3.2) where i € {0,...,n¢ — 1}, j € {0, ..., Nops,,, — 1} and each
control point is respectively indexed by k, € {2, 3,4} and k, € {3,4} throughout this

section,

ng— 1 ng—1
aFobjg Z 0bJ§ i 83:5 z’ aFobjE _ Z 8Fobj§7i ) 8y§7i (A?)l)
Oxy, Oxe;  Oxy, Oy, OYei Oy,

With the intermediate function gradients (Equations 6.1.2, 6.1.3, 6.3.1 - 6.3.3):

OF e , "Z OF .., OdZ,;  OFy;, bz‘ OF .., OdZ,;
2 objei i 2 &k i e (A.3.2)
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(A.3.3)
Oxe; 0xe;  OYey 0xe;  OYey
T (1 — )M, = I (1 — )8 L A.3.4
R R )
For 9ot (Equation 6.4.2) and Gog s (Equation 6.4.3),
Wigi _ T0%i_y Ot Yibn "0, O (A.3.5)
Oz, 89% “Oxy,”  Ou, ayky “ Oy, o
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Using intermediate gradients (Equations 6.1.4 and 6.1.5),

T Ore, Oy, Ory, Oy,
§i 3 2 i £ 3 2 £ )4 3
— = 247 — 36t; + 12t;, —> = —> = —16t; +12t;, —> = —> =A4f;
0o ! it 03 0ys3 it 014 Oy ¢

For g,; (Equation 6.4.6),

1"

o oz,
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(A.3.7)
Ay i Jy; i Ay i
39%1 2<$/§,i$/§/,i+yé,iyg,i>(<yg zayi + yg i Dyn 2 )(xg it ?J’%) yg Zayi (fvézx'g’ﬁyézyé’l))
Wk, (9‘55,@‘ +y2)?
(A.3.8)
With the additional intermediate gradients (Equations 6.1.7 and 6.1.8),
$// ) axll ) ay//' a " ay
30 2 £ & 2 Lei Y 2
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For In i (Equation 6.4.7) and Ing s (Equation 6.4.8),
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For It i (Equation 6.4.13) and iz i (Equation 6.4.14),

agn'g,i _ _agm’g,i _ l 8/{’& B 2l3/$57i/<;’£7i Okg i (A312)
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Here, g;i” g’;i’i are equivalent to Equations A.3.10 and A.3.11, respectively, and
z y

further intermediate gradients (Equations 6.4.10 - 6.4.12) are provided. Using the

numerator, &/ (x .yt 7
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of Equation 6.4.10 with the gradients K";”” 4 and g;;" 21 (for the quotient rule),
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For g4 ; (Equation 6.4.16),
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A.4 P-STLMPC

In this section, j € {0, ..., nprpckarpe—1} unless otherwise specified. Carrying over all
applicable existing gradients from Appendix A.2, additional objective term gradients

proceed with velocity terms Fa,2 and Fyz (Equations 7.3.12 and 7.3.13 respectively),

(

—2(7)]'+1 — ’Uj) if ] =0
OF a2
avj = —2(Uj+1 — 2Uj + Uj_l) if VJ € {1, ...,nMpckMpC - 2} (A41)
2(v; — vj_1) if j=nypckupc—1
OF,
avjp = 2(1)]' — Ulead) (A42)

For F, ;2 (Equation 7.3.14),

@F ,d2 8F ,d2
a—;j = 2(z; — x,5), .

=2(Y; — Yp.j) (A.4.3)

For F, s (Equation 7.3.18) with intermediate sample set Ji,y = {1, ..., nyrpckyrpe—2}

nypckypo—2 F

? o 1 . . —_— .
and each sample’s objective term, F, j. ; where F j» = > 52 2.
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The numerator, F:Z;r; = ((xj —xp ) (@ju1 — 25 — 0, )+ (Y5 — Ypi) Wjk1 — Y5 — Vp,5))°

= Y,4)* of Equation 7.3.18 are used in

: denom 2
and denominator, Fp7 piy (zj = 2p5) + (Y5 —
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the quotient rule with —£5== = p’ady =L = () and the remaining nonzero gradients,
J J

num

7d27 j
g 2@ ) (=500, ) (U5 =Y03) Y1 =G5V, )T = 2252 = p, 5)
J
(A.1.6)
7d27 j
#ZQ((%—%J)(%JA—xj—vpz,j)+(yj—yp7j)(yj+1—yj—Upy,j))(yjﬂ—2yj+yp,j—vpy,j)
J
(AAT)
OF e OF depn
&, :21._:[.’ A, :2 PR . A4.8
oz, (2 pi) dy; (Yj — Ypj) ( )

169



M.A.Sc. Thesis — Christian Schaible McMaster — Electrical & Computer Engineering

aFnum

,d2,j—1
#ZQ (@j1=2p51) (@ =T 1=V, ) F W1 —Yp1) U = Y51V, 1) (@1 =T p 1)
J
(A.4.9)
aF;”g;”j_l
TIQ (@j1=20,-1) (=21 =00, 1) F U1 =Y, j—1) W —Yj1—Vp, 1) W1 —Yp,j-1)
j
(A.4.10)
For the constraint g4 Equation 7.3.23),
lead
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A.5 P-QBMPC

Maintaining all existing gradients provided in Appendix A.3 with notation following

i €{0,...,ne — 1}k, € {2,3,4}, k, € {3,4}, the additional pursuit objective term,

F,. > (Equation 7.4.10) has gradients,
8Fp§,d2 ang,dQ
O, 2(Tk, — Tpe ko) “om, = 2(Yrk, — Ypeky) (A.5.1)

For g4,.,,. (Equation 7.4.13) with

8335,1‘ 8y§71‘ . . .
Bor and o provided in Appendix A.3,
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Appendix B

Experiment Course Layouts

This appendix contains the layouts for all tested experiment setups (Experiments
#1-6). The experiments make use of varying environment configurations to illus-
trate the versatility of this thesis’ local planning algorithms. Experiment #1 tests
STLMPC with a constant velocity (Figure B.1a) while Experiment #2 incorporates
dynamic obstacle/vehicle avoidance into STLMPC (Figure B.1b). Experiment #3
evaluates non-uniform velocity STLMPC for racing (Figure B.1c) and Experiment
#4 assesses QBMPC (Figure B.1d). Dynamic obstacle/vehicle avoidance is consid-
ered for QBMPC in Experiment #5 (Figure B.le), and finally, adaptive pursuit is
conducted using P-STLMPC & P-QBMPC in Experiment #6 (Figure B.1f). Naviga-
tion in each experiment setup is recorded by video and correspondingly provided for
viewing each local path planner in action!. These experiments illustrate the function-
ality of the algorithms presented in this thesis when faced with real-world conditions.
In these tests, standalone local path planning is achieved while maintaining safety and

meeting specific objective criteria in dynamic, unknown, multi-vehicle environments.

'https://wuw.youtube.com/playlist?list=PLXepHSd7xhvUFHHfbtSod06hIosCzU3bD
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Figure B.1: Experiment course layouts for (a) Experiment #1, (b) Experiment #2,
(c) Experiment #3, (d) Experiment #4, (e) Experiment #5 & (f) Experiment #6.
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