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Abstract

We introduce and analyze a discrete-time, two-species competition model that requires one cycle
before newborn cohort can contribute to the growth of the population. Our formulation admits
all of the outcomes of the classical discrete Lotka-Volterra like competition model: both species
die out; one species wins the competition independent of the initial conditions; there is a unique
coexistence fixed point that is a saddle and the winning species depends on the initial conditions;
or there is a unique coexistence fixed point that is globally asymptotically stable. It also admits
two novel bistable regimes. In the first regime, one stable and one unstable interior fixed point
coexist with a stable and unstable boundary fixed point. In the second regime, the two boundary
fixed points are saddles and there are three interior fixed points; two are attractors and the one in
between them is a saddle. Using monotone dynamical systems theory, we show that every forward
orbit converges to some fixed point. In the general case, where the two species’ parameters need not
coincide, we derive sufficient conditions for extinction, exclusion, and unique coexistence. We also
establish sufficient conditions for each of the novel bistable regimes to occur provided we know how
many interior fixed points exist. In the symmetric case where certain ratios of the parameters of
each species are identical, the first of the bistable regimes is ruled out and we obtain necessary and
sufficient conditions for the second case. Finally, we illustrate each regime with phase portraits and
bifurcation diagrams.
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Chapter 1

Introduction and Motivation

Many species exhibit different survival probabilities between newborn and adult cohorts, even when
no direct juvenile-adult competition occurs. An experimental study on the cardinalfish Apogon
notatus [13] showed that females defended their breeding territories to guard newly spawned eggs
from predators. Consequently, the eggs experienced higher survival probability than the adults.
Likewise, an experimental study at Cape Crozier, Ross Island [1] showed that the adults of Adélie
penguins suffered high mortality due to breeding, especially among younger adults where the annual
survivorship is only 54.7%. In contrast, a study across six colonies at Cape Bird, Antarctica [9] found
that 56.2% of Adélie eggs hatched successfully and 63.3% of hatched chicks survived to fledging.
Similarly, [28] described that male three-spined stickleback constructed and defended nests, actively
guarded eggs and fry, indicating a higher survival probability for newborns.

However, many discrete-time competition models do not account for such differences and incor-
porate adults and juveniles in a single stage or age class. For example, the two-species competition
models introduced in [20, 21] model each species population as a single rational function that ignores
the stage or age structure. It was shown in [7] that the Leslie-Gower discrete competition model
only admits the same classical outcomes of the two species continuous Lotka-Volterra competition
model as in [22]. Such simplifications can miss important dynamical behavior.

To address this issue, many stage-structured competition models have been studied (see e.g.,
[5, 6, 32]). For example, the juvenile-adult model in [6] separates each species into juvenile and
adult stages and is given by a four-dimensional discrete-time competition system. Not only does
it recover all the outcomes of [7], but it also reveals stable and unstable two-cycles. In [32], a
three-stage, two-species competition model was introduced and shown to capture the same classical
outcomes. When the survivorship functions take the Ricker form, it can exhibit a period doubling
bifurcation and chaos. While these models capture richer dynamics, their high dimensionality makes
global stability analysis more complicated.

Recently, [27] separates a single species population into mature and immature cohorts incorpo-
rating a reproduction delay, 7, to model age classes. It separates the model into an adult survival
term and a juvenile survival term where the survival probability of the newborns to maturity in-
volves 7+ 1 breeding cycles. The adult survivors and newborns formulation can be easily generalized
to include more than one species. In this thesis, we extend that framework, assuming 7 = 0, to
two competing species, assuming that it requires only one cycle after birth for newborns to become
mature and contribute to the growth of the population. We obtain a planar competition model.
We show that this model not only exhibits the classical outcomes, but also admits multiple interior
attractors separated by a saddle, even though it is only two-dimensional. In order to study the
global dynamics of the model, we employ tools from the theory of monotone dynamical systems (see
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[3, 4, 8, 10, 15-19, 24, 30] and references therein). In particular, we show our model falls into the
class of competitive maps, in which each species’ population increases as its competitor’s population
decreases. To establish global convergence, we combine results in [25] and [8, 15, 16]. We carry
out this analysis first in the general (asymmetric) case, deriving sufficient conditions for extinction,
exclusion, and coexistence and we reveal two novel bistable regimes. Under the simplifying assump-
tion of symmetry, (i.e., certain ratios of the parameters are identical for each species), we obtain a
complete classification of the global dynamics.

1.1 Organization of the Thesis

The rest of this thesis is structured as follows:

e Chapter 2 introduces the preliminaries, including notation, definitions, and theorems on mono-
tone dynamical systems that are used throughout the thesis.

e Chapter 3 develops the core results for the mature-immature two-species competition model
in the general case, i.e., for arbitrary positive parameters. It is shown that there can be at
most three interior fixed points and every forward orbit must converge to some fixed point.
It also establishes sufficient conditions for global stability of the origin, for a unique interior
fixed point to exist, and identifies the bistable regimes in which orbits converge either to a
stable boundary fixed point or to a stable interior fixed point. In particular, whenever three
interior fixed points exist, both boundary fixed points are unstable and the two stable interior
fixed points are separated by the unstable saddle in the middle. This conclusion holds for both
general and symmetric cases. However, the regime with one stable interior fixed point and one
stable boundary fixed point occurs only in the general case.

e Chapter 4 restricts the discussion to the case where both species have identical parameters,
which we call the symmetric case of the model. This simplification allows us to make stronger
conclusions regarding global dynamics of the model and allows us to determine the basins of
attraction in the bistable regimes.

e Chapter 5 presents numerical illustrations of all the qualitative regimes derived earlier, in-
cluding schematic phase portraits for the symmetric and general cases. Bifurcation diagrams
are presented that highlight the possible sequences of bifurcations that include transcritical
bifurcations and a pitchfork bifurcation in the symmetric model and one or two saddle—node
bifurcations in the general case.

e Chapter 6 summarizes the main results, discusses their implications for biology, and outlines
future directions.

Through this, we aim to present a comprehensive analysis of the global dynamics of the planar
two-species competition model with single-cycle maturation, thereby contributing to the broader
literature on discrete competition models and provides a bridge between higher order stage and or
age structured models and the classical planar competition models.
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Chapter 2

Mathematical Background and
Preliminaries

2.1 Notation

R denotes the set of real numbers.

e R, = {reR:r >0} denotes the set of non-negative real numbers.
o Z={..,-2,-1,0,1,2,...} denotes the set of all integers.

e N=1{0,1,2,...} denotes the set of nonnegative integers.

e N, ={1,2,3,...} denotes the set of positive integers.

e R™ is the n-dimensional real vector space.

e For a subset A c R", intA denotes the interior of A. In particular, intR} = {x e R" : ; >
0 for all ¢}.

e Vectors in R™ are denoted in boldface; e.g., x € R™ for n > 1.
e R refers to the nonnegative orthant in R", i.e., {x = (21,...,2,) € R" : x; > 0 for all 4}.

e C™(U) denotes the class of functions that are m-times continuously differentiable on domain
U. In particular, if T € C™(U), that means T is an m-times continuously differentiable map
from U < R"™ into R".

e For a smooth vector-valued map T : < R” — R", DT(x) denotes the Jacobian matrix of T
at the point x.

e For a real-valued function f : R — R, we write the first derivative as f'(z) (or - f(x)), the

second derivative as f”(x), and for higher-order derivatives we use the notation f)(z).

We use boldface letters for all vectors (e.g. x,y € R™) and vector valued functions (e.g. T : Q — R"™).
Scalars or parameters (e.g. t,«, 3, f) are written in standard italic type. Unless otherwise stated,
all norms and inner products are the usual Euclidean ones.
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2.2 Standard Definitions in Discrete Dynamical Systems
The terminology presented here is standard in many texts on dynamical systems; see, for example,
11, 23, 31].
Let X be a metric space, and let 2 < X be a subset. Consider a continuous map
T:Q— Q.
For an initial point xq € €2, define the iterative sequence

Xt+1 = T(Xt)a = 0)

so that
x; = T'(xg), t=0.

i.e., T? denotes the tth iterate of the map, T.

Definition 2.2.1 (Spectral Radius). For a square matrix A the spectral radius is
p(A) := max{ || : A is an eigenvalue of A}.
Definition 2.2.2 (Forward Orbit). For z € ), we define its forward orbit by
Ot (z) :={T"z):t=0,1,2,...}.

Definition 2.2.3 (Forward-Invariant Set). The subset 2 < X is called forward invariant under the
map T :Q — Q if

T(Q) < Q.
Definition 2.2.4 (Fixed Point). A point x* € Q is a fixed point of T if
T(x*) = x*.
Definition 2.2.5 (Periodic Point). A point x € 2 is said to be periodic with period p > 0 if
TP (x) = x,
and p is the smallest positive integer for which this holds. The set
0p(x) 1= {x,T(x),...., T"(x))
is called the periodic orbit of x, and p is referred to as the prime period of x.

Definition 2.2.6 (Stability and Asymptotic Stability). A fixed point x* is called stable if, for every
€ > 0, there exists § > 0 such that

[xg — x*| < § = |x; — x| < ¢ forall t > 0.

If in addition x; — x* as t — o0 whenever ||xg — x*| < §, then x* is called asymptotically stable.

Definition 2.2.7 (Global Asymptotic Stability). A fixed point x* is globally asymptotically stable
if it is asymptotically stable and all orbits in Q converge to x*. Equivalently,

lim x; = x* for every xg € €.
t—0
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Definition 2.2.8 (Basin of Attraction). Let x* €  be a fixed point of T. The basin of attraction
of x* is

B(x*):={x0eQ: tlim T!(xg) = x*}.
—00
Definition 2.2.9 (w-Limit Set). For xq € €2, the w-limit set of xq is
w(x0) = {y € Q : there exists t;, — © with x;, — y}.

Definition 2.2.10 (Hyperbolic Fixed Point, Stable Manifold). If x* is a hyperbolic fixed point of
a smooth map T (meaning the Jacobian DT (x*) has no eigenvalues on the unit circle), then the
stable manifold of x* is

W (x*)={xeQ: tli_)no%Tt(x) =x*}.

2.3 Cone-Induced Partial Orders

Definition 2.3.1 (Positive Cone [15]). A nonempty subset Y, of a Banach space Y is said to be a
positive cone if it satisfies

Here, Y, is viewed as the positive elements in Y: y e Y, < y > 0.

Definition 2.3.2 (Cone-Induced Partial Order [15, 25]). Given a positive cone Y, = K < R", we
define a partial order <x on R"™ by

X<gy < y—xe K.

We then write
X<gy <= x<gyandx#Yy,

and
X<LKgy < y-—xecintK.

If the cone K is taken to be the positive orthant, i.e.,
K=R} ={xeR":2;>20fori=1,...,n},
then we omit the subscript K in the above definition.

Definition 2.3.3 (Comparability [2, 15]). Let (R™,<g) be a partially ordered set induced by the
cone K. Two points x,y € R” are said to be comparable if either

X<gy Oor y<gX

Otherwise, x and y are said to be incomparable.
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Definition 2.3.4 (Order Intervals [2, 15]). For x,y € R™ with x <k y, the closed order interval
[x,¥]x is defined by

[va]K = {ZERnlngng y}

If x «x y, the open order interval [[x,y]]x is defined by

[%,¥]]lk ={zeR" : x <k 2 KK ¥}

Definition 2.3.5 (Order-Convex Sets [2, 15]). A subset < R™ is order-convex (with respect to
<) if for any x,y € 2 and x <y y, we have

[XaY]K c (.

2.4 Order-Preserving Maps

Let Q < R™ and let T : Q — ) be continuous.

Definition 2.4.1 (Order-Preserving, Strictly, and Strongly Order-Preserving [15, 25]). We say T
is:

e order-preserving if, for all x,y € 2,

x <gy = T(x) <x T(y),

e strictly order-preserving if, for all x,y € ,

x <gy = T(x) <x T(y),

e strongly order-preserving if, for all x,y € €2,

x «gy = T(x) «x T(y).

2.5 Planar Competitive Maps
Consider the discrete-time dynamical system defined by
xer1 = T(x¢), t=0,1,2,...,

where x; € Q c R" and T : Q — Q a C*(Q) map. Let xo € 2 be the initial condition. Take any
x,y € Q with x = (21, 22) and y = (y1,y2). Consider the cone

K:{(u,v)€R2:u>O,v<0},
which induces the partial order
X=(21,72) Sk y = (Yy1,%2) <= (21 <) and (z2 = y2).

Accordingly, we define
X<gy <= (T1<y1,T2>y2 X#Y),

and
Xx«Kgy < (r1 <) and (z2 > y9).
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Definition 2.5.1 (Competitive, Strictly and Strongly Competitive Maps [15, 25]). Let 2 < R? and
T : Q — Q be continuous. We say T is:

1. Competitive if
x<gy=Tx) <x T(y) forallx,yeQ,

2. Strictly Competitive if

x<gy=T(x)<xg T(y) forallx,yeQ,

3. Strongly Competitive if

x <gy = T(x) «x T(y) forallx,yeQ.

Remark 2.5.1 ([4, Proposition 3.1]; [19, Proposition 2.1]). If T is differentiable, a sufficient condi-
tion for T to be strongly competitive is that, for every x € 2, the Jacobian matrix

T (%) 2l (x
T - | o )

ae(x) 52(x)

has the sign configuration
_|_ —

+ b
ie.,
8T1 é’Tl (9T2 aTQ

Definition 2.5.2 (K-positive and Strongly K-positive Linear Maps [15, 25]). Let F : R? — R? be
a linear map and let K < R? be a cone. We say that:

1. F is K-positive if
F(K)c K,

that is, for every x € K, we have F(x) € K.

2. F is strongly K-positive if

F(K\{0}) c int K,
that is, for every nonzero x € K, we have F(x) € int K.

Lemma 2.5.1 ([25], page 5). A 2 x 2 matriz M is called K-positive, if the diagonal entries are
non-negative and off diagonal entries are non-positive.

Definition 2.5.3 ([15, 25]). We say that T : @ < R2 — Q satisfies condition (O+) if for every
X = (331,352),3’ = (yhy?) € Q>

T(x) «T(y) — x<y,
if

ie.,

T1(x) <Ti(y) and Th(x) < To(y),

then
r1<y1 and X2 < yo.

Lemma 2.5.2 ([25, Lemma 4.3]). If T:Qc R2 — Q is C' and:


http://www.mcmaster.ca/
https://math.mcmaster.ca/

M.Sc. Thesis — B. Cui; McMaster University — Department of Mathematics and Statistics

(a) Q contains order intervals and is <k convez.
(b) det(DT(x)) > 0 for x € Q.

(¢) DT (x) is K-positive in (.

(d) T is injective.

then T is competitive and condition (O+) holds.

Theorem 2.5.1 ([25, Theorem 4.2]). Let T : Q < R2 — Q be a competitive map satisfying condition
(O+). Then for every x in Q, the forward orbit {T*(x)}i>0 is eventually componentwise monotone.
Moreover, if the orbit of x has compact closure in €, then it converges to a fixed point of T.

The following results originate from [8] and are presented here in the form given by [15]. They
require the following hypothesis that they refer to as (G).

Hypothesis 2.5.1. Let Q = [a,b]x = {x e R? : a <x x <x b} where a,be R? and a <x b. The
map T: Q = R — Q is order preserving and T(S)) has compact closure in .

Theorem 2.5.2 (Order Interval Trichotomy [8, Proposition 1]; [15, Theorem 5.1]). Assume Hy-
pothesis 2.5.1. Then at least one of the following holds:

(a) there exists a fized point ¢ € Q such that a <k ¢ <g b

(b) there exists an entire orbit {X,}nez < Q with tlim x; = a and tlir+n x; = b that is nonde-
——00 —+00

creasing in the K-order and strictly increasing if T is strictly order preserving.

(c) there exists an entire orbit {X;}iez < Q with . lim x; = b and , lirf X; = a that is nonincreas-
——00 — 400

ing in the K-order and strictly decreasing if T is strictly order preserving.

Corollary 2.5.1 ([8, Theorem 4]; [15, Corollary 5.2]). Assume Hypothesis 2.5.1, and let a and b
be stable fized points of T. Then there is a third fizxed point in Q = [a,b]k.

Proposition 2.5.1 ([15, Proposition 5.3]). Consider (a),(b),(c) in Theorem 2.5.2. Assume Hypoth-
ests 2.5.1.

(i) If a <k b, at most one of (b),(c) can hold.

(ii) If T is strongly order preserving, then exactly one of (a),(b),(c) can hold.

2.6 Useful Definitions and Theorems
Theorem 2.6.1 (Bolzano—Poincare-Miranda (see e.g., [29])). Let
I, ={zeR":|z;] <¢q, 1 <i<n}

and
G= (glag27"'7gn) . [n — R"

be a continuous mapping defined on the closure of I,, such that G(x) # 0 for all x on the boundary
of I,. Assume further that for each i,

gi(xlv"'7$i—17_qaxi+1a"'axn) >0 and gi(x17~-~7xi—17+q;xi+1;---’-Tn) <0
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on the respective boundary faces. Then there exists at least one point x* € I, such that
G(z*) = 0.

Definition 2.6.1 (P-matrix, [14]). A real n x n matrix is called a P-matrix if every principal minor
(i.e., the determinant of every principal submatrix) is positive.

Theorem 2.6.2 ([14, Theorem 4]). Let Q@ < R™ be a rectangular region (open or closed) and
T:Q — R" be CL. If DT(x) is a P-matriz for every x € Q, then T is injective on Q.
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Chapter 3

The Two-Species Competition
Model

3.1 The Model

We formulate a competition model between two species X; and Y; based on the formulation of a
single species model introduced in [27]. For each species, we consider that the species at time ¢ + 1
consists of the individuals that were alive at time ¢ and survive to time ¢ + 1 as well as individuals
born at the beginning of the time period (¢,¢ + 1) that survive until time ¢ + 1. Thus, the general
form for a species Z at time ¢ + 1 is then

Ziy1 = 812t + 519724, (3.1.1)

where the first term represents the survival of the individuals that were alive at time ¢, determined
by the fraction s; € [0,1]. The second term, §;gZ; represents the newborn individuals (¢Z;, g > 0)
that survive until time ¢ + 1, determined by the newborn survival probability 3; € [0, 1].

To include competition in the single species model, the general model construction aligns with
the model derivation technique for single species introduced in [27] where they also allowed for
incorporation of a delay in the reproduction terms.

We consider the following model of two-species competition. Here, the equations for X; and Y;
are of the form of (3.1.1) and we assume that the adult survival probability, s;, is subject to natural
mortality, intra-specific competition, and inter-specific competition. We assume that immediately
after time ¢, populations X;,Y; produce ri1 X, r2Y; newborns, where r1,7, > 0 are the number of
offspring per adult of species of X and Y, respectively. On the other hand, the newborn survival
probability §; is subject to natural mortality and intra-specific competition within the newborn
cohort.

Xt TlXt
X1 = + , 3.1.2
il 1+dy + Cii Xy + CoYs (1 + Dl) + Cir X ( a)
Y, raY;
Yi1 = + . 3.1.2b
il 1+dy + CaY; + Co1 Xy (1 + DQ) + CoraY; ( )
Here, the survival probability of the adults of species X is given by ng) = 1+d1+culxt+cht’

10
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where d; > 0 is the natural mortality coefficient of adults of species X, C1; > 0 is the intra-
specific competition coefficient for individuals of adults, and C12 > 0 is the inter-specific competition
coefficient for adults of species X due to competition with adults of species Y. A similar structure
is obtained for adults of species Y, sﬁy), with a respective description of the parameters. We also
model the survival of the newborn cohort of species X as SNt(X) = m, where D; > 0
is the natural mortality coefficient of the newborns of species X and C; > 0 measures the intra-
specific competition among its newborn individuals. A similar expression holds for swt(y) with the
corresponding parameters.

Next, we nondimensionalize system (3.1.2) by letting

.%oy G2 o Cn G G 14D o 14Dy
i 0117 t_C'22’ 1_C22, 2_011"”1_011““2_022’ ' T1 R T2 '
This yields
Tt Tt
= + , 3.1.3a
T T Tt o aaye | 01+ ( )
Yt Yt
= + , 3.1.3b
Yt T oy do + Yy + oz 02 + poly ( )
where
di,ai,ui,&- >0 for i= 1,2.
Let Z; = (wtayt) and f(xvy) = (fl(xay)afé(l'vy)) where
1 1 1 1
,Y) = + , ,Y) = + . 3.1.4
h(@y) l1+di+x+o1y 01+ iz fa(w.y) l4+do+y+ax dy+ oy ( )
Define
T($7y) = (Tl(sc,y)7T2(x,y)) = (xfl(m7y)ayf2(x7y))> (315)

so that T : R2 — R? matches the right-hand sides of (3.1.3). We now introduce the symmetric
case by letting
dl = dg, 51 = 52, M1 = U2, a1 = g, (316)

Next, we establish well-posedness of system (3.1.3).

3.2 Analysis of the two-species model

3.2.1 Well-Posedness

We first show that the model is well-posed, i.e, solutions with nonnegative initial conditions remain
nonnegative and all solutions are bounded.
For any z = (z,y) € R2, let

O*(z) = {T'(z) : t = 0,1,2,...}.

Define

1 1
A= [0,1+—] x [0,1+—].
251 H2

Lemma 3.2.1. Consider (3.1.5). Then, T(R2) < A and all solutions starting in intR2 remain
positive.

11
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Proof. First observe that every term in T (see (3.1.5)) is strictly positive, so any orbit starting in
intR? remains positive. Next, for any (z,y) € R2:

1
+ < +i<1+7_
1+di+x+ay 1+ me  1+di+z ez 11

€T x €T

Tl (LL', y) =
A similar argument shows 0 < To(z,y) < 1+ i This implies

T(Ri)g[o,l—i—i] x [0,1+i] —A

Since A is compact and forward invariant under T, every forward orbit enters A in at most one step
and remains there, completing the proof. O

Remark 3.2.1. Any fixed point x* of T must satisfy x* = T(x*) € T(R) c A.

Having established that all fixed points lie in A, we now show that T also admits forward
invariant sets, including the coordinate axes, and under symmetry, the diagonal.

Lemma 3.2.2. The following sets are forward invariant under T:

{(z,0):2 >0}, {(0,y):y=>0}

Moreover, if T satisfies the symmetry assumption, (3.1.6), then the diagonal {(x,z) : x = 0} is also
forward invariant under T.

Proof. For any x > 0, one has
T(ZL',O) = (Tl(xa0)70) € {(.’K,O) = 0}7 T(O,lL’) = (OvTQ(Oax)) € {(an) Y= 0}
Finally, under the symmetry assumption (3.1.6), we have Ti(x,z) = Ta(x, z). Thus,

T(z,z) = (T1(z,x), T1(x,2)) € {(z,x) : = 0}.

3.2.2 Properties of Nullclines
Setting Ty (x,y) = zf1(z,y) = x and Ta(x,y) = yf2(x,y) = y in system (3.1.3), yields the nullclines,

1 T + dl
-nullclines: z =0 =/ = - . 3.2.1
z-nullclines: z or  y=1/{(x) P P Y o ( a)
~ 1 d
y-nullclines: y =0 or x=/¥(y) = _yt Y (3.2.1b)

aQ(ugy + 52 — 1) (6%)

Note that we express the nontrivial y-nullcline as a function of y rather than x here to emphasize
that it has a horizontal asymptote. We will express it as a function of z later, as well.
Define the vertical asymptote of y = ¢1(x) as

1—-6;
Lasy = ,

M1

12
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and the horizontal asymptote of y = EAQ(y) as

145
Yasy - L1 .

For every x # .5y, a direct calculation shows

lim ¢4(z) =—-c0, lim {(z) =+, lim f(z) =+, lim f;(x) = —oo. (3.2.2)

$_,$;Sy ozl Tr— —00 T—+00

On each side of = Tasy, ¢1(z) is C2. The derivatives of y = /1 (z) are

1

(z) = — A - = 3.2.3

(@) ar(pr+86 —1)2 oy’ ( )
2 2

i (x) = 1 (3.2.4)

011(;1417 + 51 — 1)3 '

This implies 41 (z) is strictly decreasing on both (—00, Zagy) and (Zasy, ), concave on (—, Tasy) and
convex on (Zagy, o). By continuity and strict monotonicity, ¢1(z) : (=00, Zasy) — R is a bijection
which implies y = ¢;(z) admits a continuous inverse. Clearly, if z,s, < 0, then the branch of
= {1 (x) to the left of x,sy never enters the first quadrant. Even if 2,5, > 0, since 0 < §; < 1, it
follows that 1 d
0 () 6(0) = ——— — == <0, Vae(0,ruy) 3.2.5
1(‘T) 1( ) 041(51 - 1) aq T ( any) ( )
So the left branch never enters the first quadrant in all cases. By reflecting the graph of ¢ (z) with
respect to y = x, one sees that x = ¢5(y) satisfies the corresponding properties. In particular,
lim fy(y) = —c0, lim fly(y) = +00, lim ly(y) = +o0, lim ly(y) = —0.  (3.2.6)
Y—Yasy Y=Yy Y=o y—+o
Similarly, even if yasy > 0,
l(y) < L2(0) <0, Yye (0,Yasy)-

This implies the branch of z = EAg(y) below y = ya.sy never enters the first quadrant, as well.

The properties of the branches of y = ¢;(x) and z = E;(y) that lie outside of the first quadrant
are illustrated in Figure 3.1.

13
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Yasy

Figure 3.1: The blue dashed line is * = xasy and the red dashed line is y = yasy. The blue solid curve is
the branch of the z-nullcline to the left of z.sy and the red solid curve is the branch of the y-nullcline above
Y = Yasy. L'he intersection is labeled with a black circle.

With the above properties of the nullclines in mind, we show that the branch to the left of x,gy

of ¢1(z) and the branch above the y,s, of @(y) must intersect at least once outside of the first
quadrant.

Lemma 3.2.3. The two nontrivial nullclines
y="li(z) and x="la(y)
defined in (3.2.1), intersect at least once outside of the first quadrant.

Proof. Define R
h(z) = l3(41(x)).
Note that R R
y="0(z) and z=/l(y) < = ={(l1(x)).

So an intersection of the nullclines is equivalent to a fixed point of h(x). Since

lim h(z)=—-0o and lim h(z)= +oo,

T @ Ty

the continuity and Intermediate Value Theorem ensure at least one intersection & € (—00, Zagy) Wwith
h(z) = &. By (3.2.5), either & < 0 or #1(£) < 0, so at least one intersection lies outside of the first
quadrant. 0

Remark 3.2.2. Any fixed point in intR?% of (3.1.3) must lie to the right of z = .5, and above
Y = Yasy-

Next, we find an alternative expression for the branch of the y-nullcline that is above y = yasy-
This will be used to determine a sufficient condition for a unique interior fixed point

—[(02 = 1) + pa(ds + agz)] + \/(62 — 1 — pa(dy + 2x))? + 4pz

3.2.7
2im (3:2.7)

14
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Define
~ —po(aox + dg) + 62 — 1

S(x) = = —1.
\/[—ug(agm +da) + 02 — 1] + 4us

A direct calculation yields
(63) (z) = - S(2),

2
2 2,2
(é;)"(x) _ Qg [l

3/2°
((7#2(0&217 + dg) + 52 — 1)2 + 4#2)

3.2.3 Existence and Number of Fixed Points

(3.2.8)

(3.2.9)

(3.2.10)

In this subsection, we establish the existence conditions and number of fixed points in Ri. In order
to do this, we require the following lemma on the behavior of the functions f; for i = 1,2 in implicit

form.

Lemma 3.2.4. Consider (3.1.4) with (x,y) € R2. Let i€ {1,2}.

(a) If 6; = 1+ d%, then fi(z,y) <1 for all (z,y) € R with equality if and only if (z,y) = (0,0).

() If0<é; <1+ d%;’ then there exists at least one (z,y) € RY such that fi(x,y) = 1.

(c) If
1

0<d <1+ and 0<dy <1+
d+ar(1+ L)

then there exists at least one point (z*,y*) € int A such that
A y*) =1 = fola®,y%).

Proof. (a) We first compute the partial derivatives of both fi(x,y) and fo(z,y):

d2+0¢2<1+i)

gy = - ! S Ny o

ox (1+dy+x+a1y)? (0 +wx)2” oy’ (1+dy +z+ay)?’
o) = 2 O (0 y) = - 1 -l

oz (1 +ds +y + OZQLU)Z’ oy ’ (]. +do +y+ CVQIE)Q (52 + ng)z ’

From (3.2.11), we see
ofi
ox

ofi

oy

(z,y) <0,

(z,y) <0 V(z,y)eR3,

(3.2.11)

so each f; is strictly decreasing in both variables and each attains its maximum value at (0,0). A

direct evaluation gives

1 1

0.0 = 107 + 5

If §; = 14+ 1/d;, then f;(0,0) = 1 and since each f; is strictly decreasing,

fl(ﬂf,y) <1 V(J?,y) € Ri\{(0,0)},

15
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so fi(xz,y) < 1 everywhere with equality only at (0,0). If instead, 6; > 1 + 1/d; then f;(0,0) < 1
and monotonicity gives
fz(x;y)<f1(070)<17 V(m,y)ERi

(b) A direct calculation shows

£i(0,0) > 1 < ¢, <1+dl,
while
lim fi(z,y) =0 < 1.
T,y—00
Since f;(z,y) is continuous on R2 , the Intermediate Value Theorem guarantees at least one (z*, y*) €
R? with f;(z*, y*) = 1.

(c) By (3.2.11), both f; and fy are strictly decreasing in each variable. Hence, on z = 0, f1(0,y)
decreases for y € [0,1 + 1/u2] (so its minimum occurs at y = 1 4+ 1/us) and f(0,y) decreases
for y € [0,1 + 1/uq1] (so its minimum occurs at y = 1 + 1/u1). On y = 0, fi(x,0) decreases for
x € [0,1+4 1/p1] (maximum at = 0) and fo(z,0) decreases for x € [0,1 4+ 1/us] (maximum at
2 = 0). Hence on A, it suffices to check when

f1(0,1+ /) > 1, fi(1+1/m,0) <1, fo(0,1+1/p) >1, fo(l41/p2,0) <1.

By calculations,

1 1
+—>1 << 6 <1+

0,1+ 1/p2) = v
N ) = 1) e ditor(l+ L)

and
1 1

= +
1 1
1—|—d1+1+m 61+M1(1+I)

f1(1+1/u1,0) <1,
holds for all §; > 0 and d; > 0 and therefore adds no further restrictions, noting that the left-hand
side of the inequality is a decreasing function of both d; and é; and

1 1 24+ 3u1+1
21 L © (1+i):2u12+3m+1<1'
o 251 I 1251 M1

Similarly for fs,

01 +1/p)>1 e Gpalg —
Fal /m) 2 dy +an(1+ L)

By Theorem 2.6.1, there exists (z*,y*) € int. A with

fl(x*ay*) =1= fg(ﬂf*,y*),
provided the conditions in (¢) of the lemma hold. O

We now show how the nullclines determine when boundary or interior fixed points exist.

16
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Proposition 3.2.1. Consider system (3.1.3). The following statements hold:
(a) (Trivial Fized Point) Ey = (0,0) always exists.

(b) (Boundary Fixzed Points) A positive boundary fized point E, = (%,0) (respectively, E, =
(0,7)) where T > 0 (respectively, g > 0) exists if and only if

1 1
0<d <14 — respectively, 0<ds <14+ — |,
dy do

where

_ _(,Ufldl +($1 —1)+\/[M1d1 — (51 —1)]2—1—4,u1
. 5 , (3.2.12)
1

and

— (pada + 02 — 1) + \/[Hde — (62 = 1)]* + 4po
212 '

Under the symmetry assumption (3.1.6), T =7 where

(3.2.13)

7=

—(pd + 6 — 1)+ \/[ud — (6 — DI + 4u

T = o

E, (respectively, E,) coalesces with Eqy, whenever §; = 1 + i (respectively, 62 = 1 + é .

(c) (Interior Fixed Points) A sufficient condition for at least one interior fized point E* to

exist s
1

d1+a1(1+i)

0<d <1+ and 0<dy <1+

d2+a2<l+i)

A necessary condition for at least one interior fized point to exist is

1 1
0 <1+ — d <1+ —
1 -i-d1 an 2 +d2,

i.e., both nontrivial boundary fized points exist.

Proof. a) It is obvious. (b) This follows from Lemma 3.2.4(b) and noting that when x = 0 or
y = 0 then system (3.1.3) reduces to a special case of the single-species growth models considered
in Theorem 4.5 of [26] where for the growth model it was proved at most one positive fixed point
exists. (¢) This follows immediately from Lemma 3.2.4(c). O

We now prove there are at most three intersections of the x- and y-nullclines with both compo-
nents positive and hence, at most three interior fixed points.

Proposition 3.2.2. System (3.1.3) admits at most three interior fized points in Ri. If acjas =1,
it admits at most two.

Proof. Setting f;(z,y) = 1, ¢ = 1,2 and simplifying, each nullcline can be expressed as a conic in

17
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R2:

filz,y) =1 <= Qi(z,y) = ma®+ (dip1 + 01 — Dz + o1 (61 — 1)y

+ o Ty + dio1 —dy—1 = 0, (3.2.14)
flzy) =1 —  Qaz,y) = poy’ + (dopa + 62 — 1)y + (62 — 1)
+ oo Ty + d262 —dy—1 = 0. (3215)

Hence, any interior fixed point satisfies

Qi(z,y) =0 and Qz(z,y) =0.

A necessary condition for an interior fixed point to exist is that

Q(x,y) = f1(33,y) - f2($,y) = Q1(x,y) - Q?(xay) = 0.

Setting Q(x,y) = 0, we obtain

Q(z,y) = pa® + (npn — copa)ry — poy” + (dipy + 61 — 1 — ap(dy — 1)) (3.2.16)

+ (a1(61 — 1) — dopo — 02 + 1)y + [d1(61 — 1) + dg(l — (52)] =0. -

For every & # Zasy, Q1(x,y) = 0 is equivalent to y = ¢1(x) so substituting y = ¢;(x) into
Q2(z,y) = 0 gives

Qx) = ma* + nza® + maa® + ma +no =0, (3.2.17)

~

where 7); are provided in Appendix A.1. Thus, Q(x) has at most four real roots (at most three when
ajag = 1, since then 1y = 0). Each (z*,¢;(2*)) yields an intersection of the two nullclines. Hence
y ={1(x) and = = 0 (y) intersect at most four times (three times if ayas = 1) in R? and at least
one of those intersections always lies outside the first quadrant (Lemma 3.2.3). So, there are at most
three intersections in R? (two when ajas = 1), and hence at most three interior fixed points (two
when ajag = 1). O

Remark 3.2.3. If there is a unique interior fixed point, we refer to it as E*. If there are two interior
fixed points, we refer to them as Ef and E3. If there are three interior fixed points, we refer to them
as Ef, Ef, and Ef.

We now derive sufficient conditions for system (3.1.3) to admit a unique interior fixed point. To
do so, we collect nullcline derivatives needed in Lemma 3.2.5.

Lemma 3.2.5. Consider system (3.1.3). If

M1

b=t (p1 + 61 —1)%7

s 52 <1+ , arag < 1+ (3218)

dy +an(1+ ) dy + (1 + )

then there exists a unique interior fized point.

Proof. By Proposition 3.2.1(c), the first two conditions in (3.2.18) imply that there is at least one
interior fixed point. We show the third condition implies that there is at most one interior fixed
point.

Define h(z) := £1(x) — £5 (z). Since £,(z), 43 (z) (see (3.2.3)) are C! on I = (Tasy,1 + ;711]’
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h e CY(I). Next, we find conditions so that

O(z) < (6) (x), Vxe (xasy, 1+ Mll] . (3.2.19)

Then, h(z) is strictly decreasing and hence has at most one root for h(z) = 0. In order to show
this, it suffices to determine an upper bound for ¢ (z) and a lower bound for (¢5)'(z). By (3.2.4),
{(xz) > 0 for all © > x,5. Therefore, the maximum of ¢ (z) occurs at = 1 + i A direct
computation shows

1 M1 1
V(z) < —— (1+), Vo e <x1 ,1+]. 3.2.20
1( ) a (Ml"‘él _1)2 Y m ( )

Similarly by (3.2.10), (¢5)"(x) > 0 for any x € R. Therefore, the minimum of (¢5)’(x) occurs as z

approaches the left end point of I. By (3.2.8), S(x) € (—2,0) for every x € R. It follows that
(z;)/(l}) € (—Oég, O)a Vo> Lasy- (3221)

Combining (3.2.20) and (3.2.21), a sufficient condition for (3.2.19) to hold is

1 H1
S (I ) W N
o ( (1 + 61 — 1)2) “

This inequality is equivalent to

M1

0< <l+ ——. 3.2.22
arag TS IEE ( )
Therefore, under (3.2.22), /() satisfies
7! ! +\/ 1
W(z)=0(x)— ((3) () <0, Vze|Tasy,1l+ ol
1
This implies iNL(x) has at most one root in (xasy, 1+ %1] This completes the proof. O

The sufficient conditions for multiple interior fixed points rely on the local stability of E, and
E, and the order perseveration property of T, and hence will be discussed later.

3.2.4 All Forward Orbits Converge Monotonically to a Fixed Point

In this section, we show that every forward orbit is componentwise monotone and converges to a
fixed point using the theory of monotone dynamical systems. First we compute the Jacobian matrix
of system (3.1.3) to obtain.
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DT(z,y)

1 _ T _ 1T
(1+d1+1‘+a1y)1 (I+di+z+aiy)? (I+di+z+ary)?
xT

5 Fuiz  (Ortpiz)?

2y 1 _ 2y
(I+d2+y+azz)? (1+d2+y+cizx) (I+d2+y+azx)?
_ Y
5 +u2y  (d2+p2y)?
(3.2.23)
01 + 1+ditoany _ oz
(01 +p17)2 (1+d1+z+a1y)? (1+di+z+aiy)?
_ azy o2 + l+dotasz
(1+d2+y+a2w)2 (62+u2y)2 (1+d2+y+0t211)2

We note for any (z,y) € R2 and positive parameters, that
y (Z,y T

0T1 5T1 6T2 aT2
et Py, L2<0, 2.0
oz~ oy ox oy
where aaTl = 0 if and only if z = 0 and ‘987;2 = 0 if and only if y = 0. Hence, for any z,y = 0, DT (z,y)
has the sign pattern
>0 <0
DT(z,y) = [< 0 > O] . (3.2.24)

Remark 3.2.4. Each T; is rational with positive denominator for (z,y) € R3. Hence, T € C*(R3).

Define
K = {(u,v) :u > 0,0 <0} c R

The partial ordering <x on Ri becomes
(x1,91) <k (T2,42) = 21 < T2, Y1 = Y2

Remark 3.2.5. By Lemma 2.5.1 and the sign pattern (3.2.24), DT(z,y) is K-positive for every
(z,y) e RE.

We note a geometric fact about the K-order that will be used in the proof that system (3.1.3)
is a competitive dynamical system.

Lemma 3.2.6. Any closed rectangle Q = [A, B] x [C,D] < R?% contains order intervals and is
< g —convezx.

Proof. Consider Q = [A, B] x [C,D] < R%. Take any u,v,z €  with u <g z <y v. It follows
from the definition that

A<u1<21<91<37 D>uy =29 =109 =C.
Thus, it is clear that z € Q) for any z € [u, v]k. O

Lemma 3.2.7. Consider (3.1.5). T is competitive on R% and strongly competitive (strongly K -order
preserving) on intR? .
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Proof. Since Tj is non-decreasing in x and non-increasing in y, while 75 is non-increasing in = and
non-decreasing in y, for any (z1,y1), (2, y2) € Ri with 1 < x2,y1 = yo2, we have

{ Ti(z1,91) < Ti(z2,92)
To(x1,y1) = To(r2,y2)

with equality in both lines if and only if (x1,y1) = (22,y2). Therefore,

(x1,y1) <k (z2,92) = (Ti(z1,91), To(21,91)) <k (Th(22,y2), Ta(x2,¥y2)),

and so T is K-order preserving, and therefore competitive on Ri by Definition 2.5.1. Moreover, by
(3.1.5), the off-diagonal derivatives are strict whenever z,y > 0. Remark 2.5.1 then yields that T is
strongly K-order preserving (i.e., strongly competitive) on intRi. O

We next verify that T has a positive Jacobian determinant everywhere and use a P-matrix
criterion to deduce global injectivity.

Lemma 3.2.8. Consider (3.1.5). T is orientation-preserving on R? .

Proof. 1t is straightforward to show that for any (z,y) € R2,
det(DT(z,y)) = ——— — ——— > 0.

After simplification, one can see that the determinant det(DT) is always positive, since

01 N 1+di + oy 0o N 1+ds + asx
(01 + )2 (1+di+ 2+ aqy)? (02 + p2y)? (1 +do +y + agx)?
ai1aoTy

(1+d+z+a1y)?(1 +dy +y+ azz)?’
0109 51(1 + do + 04233‘)
(01 + p12)2(62 + p2y)? (01 + paz)?2(1 + da + y + aox)?
02(1 + dy + any) (I1+dy + ary)(1 + da + a2x) — araszy
(02 + pey)?(L+di + x4+ 1y)?  (I+di+ 2+ ay)?(1+do +y + apx)?’
0102 n 51(1 +dy + a2$)
(01 4+ p1x)?(d2 + poy)? (01 4+ p1x)?(1 + do + y + agx)?
02(1 + dy + any) (I+d)(1+da) + (1 +dy)asx+ (14 da)ary
(02 + poy)?(1 +di + = + a1y)? (14+di +2+a1y)?2(1 +do + y + agz)?

det(DT(z,y)) = <

> 0.

Hence, T is orientation preserving on Ri. O

Having shown det(DT) > 0 everywhere, we now use Definition 2.6.1 of a P-matrix and apply
Theorem 2.6.2 to conclude global injectivity of T.

Lemma 3.2.9. Consider (3.1.5). The Jacobian DT (z,y) is a P-matriz on R% and T is globally

injective on ]Ri.

Proof. Since for any (z,y) € R%,
o7y

7(3),3}) > 07

oT:
o Z2(z,y) > 0 (see sign pattern (3.2.24) ),

oy
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and
det DT(z,y) >0 (Lemma 3.2.8),

both 1 x 1 principal minors and the 2 x 2 principal minor of DT are strictly positive. Hence DT (z,y)
is a P-matrix on R%. Applying Theorem 2.6.2 with Q@ = R? and using the differentiability of T
from Remark 3.2.4, we conclude T is globally injective on Ri. O

Remark 3.2.6. The conclusion that T is injective on Ri can also be proven by Theorem 4.1 [30]
that states that if T is competitive and locally invertible in the first quadrant, then T is globally
injective on R?.

We next verify that T satisfies the four hypotheses of Lemma 2.5.2 (and hence condition (O+)
of Definition 2.5.3).

Lemma 3.2.10. T satisfies condition (O+) defined in Definition 2.5.5.

Proof. We show that all four conditions (a)-(d) of Lemma 2.5.2 hold for T on R%. (a) This follows
from Lemma 3.2.6. (b) This follows from Lemma 3.2.8. (c) This follows from Remark 3.2.5.(d)
This follows from Lemma 3.2.9. Thus, all assumptions of Lemma 2.5.2 are satisfied, and the claim
follows. O

Since T is competitive and (O+) holds, Theorem 2.5.1 applies.

Theorem 3.2.1. Consider system (3.1.3). For every (z,y) € R3, the forward orbit {T*(z,y)}i=0
converges to a fixed point of T.

Proof. By Lemma 3.2.7, T is competitive. By Lemma 3.2.10, condition (O+) is satisfied. By
Lemma 3.2.1, every forward orbit eventually enters the compact absorbing rectangle A, and hence
has compact closure in R2. Therefore, all the hypotheses of Theorem 2.5.1 are satisfied. It follows
that each orbit is eventually componentwise monotone and converges to a fixed point of T. O

3.2.5 Stability and Global Dynamics

In order to determine the relative positions of the interior fixed points with respect to each other and
the boundary fixed points and determine their stability and the global dynamics of system (3.1.3),
we require the following results.

First we determine the relative positions of the interior fixed points with respect to the boundary
fixed points.

Lemma 3.2.11. Consider system (3.1.3). Let Ef = (zF,y}) be any interior fived point of T. Then
E, <k Ef <k E,.

Proof. By Proposition 3.2.1, the interior fixed point E;" can only exist if boundary fixed points E,
and E, also exist. On the nonnegative z-axis, fi(x,0) = 1 determines a unique point Z > 0. For
each z > 0, the strictly decreasing function f;(z,y) = 1 has exactly one root given by y = ¢1(x) > 0.
Assume for contradiction that o:;k > T, then we obtain

f1($j70) < fl(E,O) =1,

so the unique y with fi(2},y) = 1 must satisfy y < 0, contradicting yF > 0. Hence 0 < z} < 7.
Similarly, assuming yj* > 7y > 0 leads to * < 0 which is a contradiction. Thus, every interior fixed
point must satisfy
* - * -
O<z; <z, 0<y; <y
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Equivalently,
E, <k E;" <k E,.

O

To show that if there are two unstable fixed points that are order related by «x then there is a
third fixed point in between, we require the following results.

Lemma 3.2.12. Let E; # E; be two fized points of T with E; <gx E;, and let
./41 . [E“EJ]K = {Z S Ri : Ei <K Z<[gk Ej}
Then T(A1) € Ar and T(Ay) has compact closure in A;.

Proof. By Lemma 3.2.7, T is order preserving with respect to <g in Rﬁ_. For any z € [E;, E;|k, we
have
E; <k z<x E; = T(E;) <k T(z) <x T(E;).

Since T(E;) = E; and T(E;) = E;, it follows that

E;, <g T(Z) < Ej - T(Z) € .Al.
Hence, T(A;) < A;. Since A; < R? is compact and T is continuous, T(A;) has compact closure
in .A1. O

Therefore, Lemma 3.2.12 shows that Hypothesis 2.5.1 of Theorem 2.5.2 is satisfied. We now
show that if two order related fixed points are unstable, a third fixed point must exist.

Lemma 3.2.13. Consider system (3.1.3). Let E; # E; be two fived points of T in R% with E; <k E;
and
p(DT(E;)) > 1, p(DT(E;)) > 1,

where p(+) denotes the spectral radius. Then there exists a third fized point Ey such that
Ey. € [[Ei, Ej]]x-

This lemma was first proved as Corollary 1 in [16]; see also Corollary 5.4 in [15]. A self-contained
proof is included here for completeness.

Proof. Since E; «x E; and by Lemma 3.2.12, Hypothesis 2.5.1 holds, Theorem 2.5.2 and Proposi-
tion 2.5.1 apply to [E;, E;]x. Therefore, at least one of (a), (b), (c¢) in Theorem 2.5.2 is satisfied,
while (b) and (c) cannot both hold by Proposition 2.5.1(i).
Assume (a) holds. Then, there exists a fixed point such that Ej € [[E;, E;]]x, and we are done.
Without loss of generality assume (b) holds (the argument for (c) is identical by relabeling E;
and E;). Then, there exists an entire orbit

{x¢}tez < [Ei, Ejlx
that is non-decreasing with respect to <y, and

lim x; = E;, lim x; = E;.
t——00 t—+00
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Since , lir+n x; = E;, for any € > 0 there exists ¢y > 0 with ||x; — E;|| < ¢ for all ¢t > ¢y. Define
—+00

U. = {ZE [Ei,Ej]K 1 Xty SK Z <K Ej} = [thij]K-

Let
B.(E;) = {zeR’: ||z — E;|| <&}

Take any z € U.. Write xyy = (24,1, %t,2), 2 = (21,22) and E; = (Ej 1, Ej2). Since T is order
preserving with respect to <g, we obtain

By 0 < 4,1 < 21 < Ej 1, we obtain
0< Ej1—21 < Eji—w91 = |21 — Eja| < w10 — Ejal,
and by x4, 2 = 22 = Ej 2 = 0, we obtain

Tto2 — Ej2 > 20— Ej2 20 = 0< |20~ Ej»

S |2h0,2 = Ejl.

Hence,
Iz — Ejll2 < [lxt, —Ejlla <e = z¢€ B(E;).

This shows E; € U, < B.(E;). For any z € U,, order-preservation of T gives
Xty <K Xtg+1 = T(x4,) <k T(2) <k T(E;) = E;.

Hence, T(z) € U, and T(U.) < U,. For any € > 0, there is a forward invariant set U, of E; contained
in the open ball B.(E;). Hence, E; is locally stable, contradicting p(DT(E;)) > 1. Therefore, (b)
contradicts the local instability of E;. Similarly, (c) contradicts the local instability of E,;. Thus,
only (a) can occur, and there exists a fixed point Ej, with Ey, € [[E;, E;]] k. O

Next, we consider the convergence of the orbits.

Theorem 3.2.2. Consider system (3.1.3). If Eqg is the only boundary fized point, then every forward
orbit that starts on an azis converges to Eqg. If E, exists than any forward orbit with x > 0 and
y = 0 converges to E;,. Similarly, if E, exists than any orbit with y > 0 and x = 0 converges to E.

Proof. On the axes, (3.1.3) reduces to a special case of the single species growth model in [26] and
Theorem 4.5 applies. O

Theorem 3.2.3. The trivial fized point Eq = (0,0) of system (3.1.3) is globally asymptotically stable
with respect to R2 if and only if

1
0 =1+ —

@’ fori=1,2.

Proof. By Proposition 3.2.1(a), if 6; > 1+ % for ¢ = 1,2, then Eg is the only fixed point in the first
quadrant. Hence, by Theorem 3.2.1, every orbit with initial conditions in R converges to Eg. On

the other hand, if §; < 1+ dl for at least one of i = 1 or 2, then at least one of E, or E, exists, and
so by Theorem 3.2.2, Eg is unstable. O
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Next, we analyze the local stability of the boundary fixed points.

Proposition 3.2.3. Consider system (3.1.3). When E, and E, are hyperbolic, the following state-
ments hold.

(a) E, is locally asymptotically stable if and only if

1 1 1
0<d<1l+— and Joz1l+—|ull<dh<l+-—ar>all.
dy do d>

(b) By is locally asymptotically stable if and only if

1 1 1
0<do<l+— and hz2l+—|ull<d<l+-=—,ar>af.
da dy dy

where
(1+d; — didy) [\/(ydy — (85 — 1))? + dpy + pydy +6; = 1] C
* 1,2 . 2.2
O[Z 2(61—1)(1+d]—dj(5_7) 717.76{ 9 }aZ7é] (3 5)

Proof. (a) The Jacobian of (3.1.3) is given in (3.2.23) and (3.2.24). Since f1(%,0) = 1, at E,,
DT(Ey) is upper triangular, the eigenvalues are given by
T M1 T 1+ dl (51
ME)=1- — = + > 0,
1(Ex) (1+di+7)?2 (01 +mz)? (A+di+7)2 (61 +m7)?
I S|
S 14dy+aeT Oy

A2 (Ey)
By Proposition 3.2.1(b), T >0 < 0<d§ <1+ i with T given by (3.2.12), so

1
0<)\1(Ew)<1 — 0<61<1+d7
1

For \y(E,), one checks easily if 0 < J; < 1, then

1 1
— > 1.

NE) = ——"——
2( ) 1+d2+0¢2§+52

Hence a necessary condition for Ay(E;) < 1is d > 1. When d2 > 1, one has

02 _ 1+ ds
(:>a2>‘H—H

2 *
— =
52—1 x 2

M(E,) <1 <= 1+dy+ T >

where o is given in (3.2.25). When 1 < d2 < 1+ é, we have dy(d2 —1) < 1 and Z > 0. This implies
that o > 0. If o > 1+ d%’ then af < 0 and A\2(E,) is always less than one and the claim follows.
(b) By exchanging the indices, a similar argument applies to E, and the conclusion follows. [

Next, we present the geometric interpretation of the Proposition 3.2.3. Define

1 —dy(62—1)

y= CE a2(0s — 1) (3.2.26)
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On the y-axis, f1(0,y) = 1 gives the intercept y = 3. On the z-axis, fo(z,0) = 1 gives the
intercept £ = Z. Assume 1 < §; <1+ %. A direct calculation shows

T<T = ay>aj, §<y <= o >af. (3.2.27)

In view of Proposition 3.2.3, (3.2.27) shows the local stability of E; and E, can be translated to the
relative positions of (Z,0) and E,, and (0,y) and E,. We illustrate this by Figure 3.2.

0.)

/4

(x,0)

(x,0)

(a) E; unstable, E, stable. (b) E; stable, E, unstable.

y y
N 09)

\' Ey ~e
~ E,
(0.) ’

E, E, | E, (x.0)

<4
*.0) E,

(c) Both E; and E; are locally stable. (d) Both E; and E, are unstable.

Figure 3.2: The blue curves are the z-nullclines and the red curves are the y-nullclines. The figures
illustrate all possible relative positions of axis intercepts (Z,0) and (0, §) with respect to the boundary fixed
points E, and E, which in turn determine their local stability.

The following Lemma shows when both E, and E, are locally asymptotically stable, then there
is a unique interior fixed point.

Lemma 3.2.14. Consider system (3.1.3). If

1
1<5i<1+d— and a; >af, i=1,2,
i

then there is a unique interior fized point.
Proof. Under the assumption, Proposition 3.2.3 shows both E, and E, are both locally asymptot-

ically stable. Let h(z) = ¢1(x) — la(x) where ¢1(z) and £3 () are given in (3.2.1a) and (3.2.7). By
calculations,

lim h(z) =40, lim h(zx)=-—0w, h(0)=§-7<0, h(@) =0-/{5(T)>0.

1—>za+sy Tr——+00
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Choose € > 0 with Ty + € < 0 and M > 7 large so that
hMzasy +€) >0, h(M)<0.

Since h(z) is continuous on (Zasy, ), the Intermediate Value Theorem and Proposition 3.2.2 ensure
that there is exactly one root in each of the intervals

(Zasy +€,0) € (asy,0), (0,7), (T,M)c (T,0).
Since only the middle root lies in the first quadrant, there is a unique interior fixed point. O

Here, we illustrate Lemma 3.2.14 with Figure 3.3.

1decccccchecccccccccecccccccccccccccccccccccccccee

Figure 3.3: Illustration of the proof of Lemma 3.2.14. The intersections are labeled in purple.

We now state the corresponding global stability results when only one of E;, or E, exists.
Theorem 3.2.4. Consider system (3.1.3). Then, the following hold:

(a)-[f (52214’(?12 and 0<(51<]_—f—i7
then B, is globally asymptotically stable with respect to intR?% .

(b) If iz1+g and 0<8 <1+,
then By is globally asymptotically stable with respect to intRi.

Proof. (a) By Proposition 3.2.3(a), E, is locally asymptotically stable while Proposition 3.2.1(b)
shows E, does not exists. By Theorem 3.2.3, E¢ is unstable whenever any other fixed point exist.
Thus, Theorem 3.2.1 implies that every orbit with initial conditions in intR? converges to E,, and
the conclusion follows. (b) Similarly, the result for E, follows. O

Next, we describe global convergence when system (3.1.3) has either no interior fixed points
(with existence of both boundary fixed points ) or exactly two interior fixed points. The results are
summarized in Theorem 3.2.5.
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Theorem 3.2.5. Assume system (3.1.3) satisfies one of the following conditions:

(z‘)1<52<1+£, ag > ad,  and [51<10r(1<51<1+%,0¢1<a’f)],
or

(1) 1<61<1+i, a; > af, and [52<10r(1<6g<1+é, a2<a’2")].
Then, either there are no interior fixed points or there are two and one of the following holds:

(a) If there is no interior fixed point, in regime (i), every interior orbit converges to E, and in
regime (it), every interior orbit converges to E,.

, there are two interior fived points, < EX, in regime (1), every interior orbit converges
b) If, th two interi d points, E¥ EL, i j ] interi bit
to either EF or E, and in regime (ii), every interior orbit converges to either EX or E,,.

Proof. We prove both (a) and (b) for regime (i). The exact same argument applies to regime (ii) by
exchanging indices.

First note that, under the conditions in regime (i), Proposition 3.2.3(a) implies that E, is locally
asymptotically stable and E, is unstable. We show that there must be an even number of interior
fixed points in this case. We proceed using proof by contradiction. Suppose that there is a unique
fixed point E*. Since E, is asymptotically stable, if E* is also asymptotically stable, by Corol-
lary 2.5.1, there is a second interior fixed point E¥ with E¥ € [[E*, E,]]x yielding a contradiction.
Since E, is unstable, if E* is also unstable, then Lemma 3.2.13 implies there is at least a second
interior fixed point Ej € [[E,, E*]|k, contradicting that E* is the only interior fixed point. If we
suppose instead that there are exactly three interior fixed points, a similar argument implies there
must be at least four interior fixed points again proving a contradiction. Since, by Proposition 3.2.2,
there can be at most three interior fixed points, there must be either two interior fixed points or no
interior fixed points.

(a) If no interior fixed point exists, then E, is the only attractor. Proposition 3.2.3 and Theo-
rem 3.2.1 immediately imply convergence of interior orbits to E,.

(b) Let the two interior fixed points be ordered as Ef «x EJ, since E, is locally asymptotically
stable and E, is unstable, it follows that E¥ is locally asymptotically stable and EJ is unstable.
Theorem 3.2.1 then ensures every interior orbit converges to either E¥ or E,. O

We now consider the parameter regime in which there are an odd number of interior fixed points,
i.e., one or three.

Theorem 3.2.6. Consider system (3.1.3).

(a) If 0<d0; <1 and O<o¢1a2<l+(m+’g%1)2 fori=1,2,
then there is a unique interior fized point, E* that is globally asymptotically stable with respect
to intR? .

(b) If 1<5¢<1—|—d% and oy >of fori=1,2,
then there is a unique interior fized point E* that is unstable, and every interior orbit converges
to either E; or Ey.

(c) If 1<5i<1+d% and o; <of for i=1,2,
then exactly one of the following holds:

(i) there is a unique interior fized point, E* that is globally asymptotically stable with respect
to intRi ;or
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(i) there are three interior fized points EFf «x E¥ «x E¥ and every interior orbit converges
to E¥ or EX.

Proof. (a) By Proposition 3.2.3, both E, and E,, are unstable under the given conditions. Lemma 3.2.5
ensures a unique interior fixed point E*. By Lemma 3.2.11, E, «x E* «x E;. Assume for con-
tradiction that E* is unstable. By Lemma 3.2.13, there is a second interior fixed point EX with
Ej € [[Ey, E*]]k, contradicting the uniqueness of E*. Hence E* is locally asymptotically stable.
By Theorem 3.2.1, every interior orbit converges to E*.

(b) By Proposition 3.2.3, both E, and E, are locally asymptotically stable under the given
conditions. By Lemma 3.2.14, there is a unique interior fixed point E*. Lemma 3.2.11 then gives
E, «x E* «x E;. Assume for contradiction that E* is locally asymptotically stable. Corol-
lary 2.5.1 will yield a second interior fixed point, again contradicting uniqueness. Hence E* is
unstable. By Theorem 3.2.1, every interior orbit converges to either E, or E,.

(¢) Under the given conditions, Proposition 3.2.3 shows both E, and E, are unstable. Lemma 3.2.13
implies there is at least one interior fixed point. Assume for contradiction that there are exactly two
interior fixed points Ef, E¥ with Ef «x EX. If both EF, Ef are stable, then Corollary 2.5.1 implies
a third fixed point E in [[Ef,E}]|x. If both Ef E} are unstable, then Lemma 3.2.13 yields a
third one in [[Ef, Ef]]x. If one is stable (Ef) and one is unstable (E¥), applying Lemma 3.2.13
to [[EX, E;]]x again yields a third one in [[E¥, E,]]x. Hence, in all cases, there can not be two
interior fixed points. Since Proposition 3.2.2 bounds the total number to three, there can be either
one or three interior fixed points.

If there is a unique interior fixed point E*, the same argument as in (a) applies and the conclusion
follows. If there are three interior fixed points, we order them as Ef «x E «x EX. Since both
E, and E, are unstable, Ef and Ef must be stable. Also, Ef must be unstable. Otherwise E3
and E¥ are both locally asymptotically stable and Corollary 2.5.1 yields a third one in between, a
contradiction. The convergence to Ef and E# follows from Theorem 3.2.1 O

Proposition 3.2.2 allows at most three interior fixed points and parts (b) (¢)(ii) of Theorem 3.2.6
imply the following result.

Corollary 3.2.1. Consider system (3.1.3). If there are three interior fized points, then the following
ordering is the only possibility:

E, (unstable) < E} (stable) <k E3 (unstable) <x Ej (stable) <k E, (unstable).

It is worth emphasizing that when there are three interior fixed points, E is always unstable.
We leave the bifurcation analysis of the fixed points to Chapter 5.
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Chapter 4

Global Dynamics Assuming
Symmetry

In this chapter, we assume system (3.1.3) satisfies the symmetry conditions
dl = dz = d, 51 = 52 = (5, M1 = 2 = W, a1 = Qg = Q. (401)

Biologically, (4.0.1) means that certain ratios of the parameters of the two species are identical based
on the change of varaibles given in (3.1.3).

4.1 Existence of Interior Fixed Points under Symmetry
Under (4.0.1), Q(z,y) = f1(z,y) — fo(x,y) = 0 defined in (3.2.16) factors as

Q(:my) = Ll(mvy)LQ(CE?y) =0, (411)

where
Li(z,y): v —v, Ly(z,y): wle+y)+dp+6—1—a(d—-1). (4.1.2)

Any fixed point (2*,y*) € intR? must satisfy

Ll(w*vy*) = 07

Case 1: La(z*,y*) = 0,
| fi(z*y*) =1, i=1or2.

file*,y*)=1, i=1or2.
(4.1.3)
In order to determine the existence conditions of all interior fixed points, we now analyze the
two cases above.

or Case 2 :{

4.1.1 Case 1: (L; =0)

Lemma 4.1.1. Consider system (3.1.3) with (4.0.1). The fized point ES = (x%,2%) lies in the
interior of the first quadrant if and only if 0 <6 <1+ é. Ifo=1+ é, E3 disappears through Ey.

Proof. Since y = £1(x) (see (3.2.3)) is strictly decreasing and L; = 0 (see (4.1.2)) is strictly increas-
ing, they intersect at most once in the first quadrant and hence there is at most one interior fixed
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point. On L; =0, y = z and (3.2.14) becomes
Z1$2 + §1$ + 61 =0, (414)
where A; = p(1+a), By = du+ (1+a)(6—1), and C; = d(6—1)—1. Since A; # 0, the roots are

—By + /B2 — 44,C4

24,

T+ =

A direct calculation shows that x, > z_ and
~ 1
zy >0 = (1 <0 0<§<1+E.

k * * *
Hence, E¥ = (23, 2%), where 4 = 2.

O
4.1.2 Case 2: (Ly =0)
In this case, we consider all the fixed points that are on Lo = 0. Define
~ dp+6—1—a(d—1
= T a@=1) (4.1.5)
1
Solving La(z,y) = 0 for y yields y
y=—x—ki. (4.1.6)
Substituting (4.1.6) into f;(z,y) = 1 and simplifying, we obtain a quadratic equation in x:
Ay + Box + Cy = 0, (4.1.7)

where

Ay=p(l—a), Bo=dpu+06—1—a(d—1)—apk;, Cy=dd—1)—1—a(d—1k. (41.8)
We therefore consider the following cases:

1. Case 2.1: ﬁg #* O,EQ #* 0,52 # 0.

2. Case 2.2: One or more of Ay, By, Cy is zero: (a) Ay =0, (b) By =0, (c) Cy = 0.

Case 2.1: /L #* O,EQ #* 0,52 # 0.
Solving (4.1.7) gives the roots

_ég—l—q/é%—‘lggéz . —§2—1/§5—4ﬁ252 (419)

*
T, = ~ , Iz =

2A2 2A~2

Hence, the two fixed points that are on Ly = 0 (see (4.1.6)) take the form

E¥ = (¢F,yF) and E¥ = (2¥,y¥), where ¢ = —a¥ —ky, fori=1,3.
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From (4.1.8) and (4.1.5), we obtain
By=(1—-a)[dp+(1—a)—1)] and Ak = Bs.

By Vieta’s formulas for a quadratic,
B - C
a¥ 4ot =—22 =k and afa¥ = 22,
Az 2
Since y¥ = —z* — ky, it follows that
Ef = (21,23), Ej = (a5,27), (4.1.10)

% _ % ® _ %
Ys =21, Y = T3,

ie., Ef and Ef are symmetric about y = . A necessary and sufficient condition for %,z > 0 to

hold is N N .

o¥ x>0, z¥z¥ >0, Ay=DBi—44,Co = 0.

Equivalently, . . N .

A282 < 0, AQCQ > 0, Bg = 4A202.

Therefore, there are only two possible cases that can give new interior fixed points:
E2>O, §2<0, CN’Q>0,

Case 2.1(a) : { 52> 44,0,
2 = ’

)
~

or N
Ag <0
C 2.1(b) : ~ ~
ase 2.1(b) { B2 > 44,0,

We analyze each case in turn.
Case 2.1(a): Ay > 0, By < 0, Cy > 0. A direct calculation shows that

A2>07 §2<0 = 0<a,d<l.

Hence Case 2.1(a) is the regime with 0 < «,6 < 1. We now prove that no new interior fixed point

exists in this regime.

Lemma 4.1.2. Consider system (3.1.3) with (4.0.1). If
0<a<l, 0<d<l,

the only interior fized point is EX.
Proof. Since a,d < 1, a direct calculation shows
2
14+ a(6—1)*(1—a)
- <0,

CQ>O<=>d<—m
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contradicting d > 0. Hence, 6'2 < 0, and therefore

~ ~

By

C
aiet = 22 <0, af4at=—"2>0.
Ao A
Finally, since C~'2 <0< é;,
AQ = B% — 4A202 > 0.
It follows that one root is negative and one positive, so neither E nor EF lies in int ]Ri. O

Since one root is negative and other is positive, and % < ¥, it follows that ¥ < 0 < z¥. Hence,
Ef = (2%, 2¥) lies in the second quadrant and Ef = (27, 2%) lies in the fourth quadrant.

Case 2.1(b): /Tg < 0, Eg > 0, 6'2 < 0. We show this case can admit two interior fixed points.
Define

d:‘:oz(é—l)_ 1 d’i:(OH—l)(&_l)— 2
S emhey 8 @=Dr g1
* 2 * * * (O‘+1)2:u>2k * :uik -
Ho = (Oé—l)(é_l) y M1 = Qlg, H3 = f7 Ky = 1+d(5-1)(0{-1)

A direct calculation shows

Ay <0 = a>1,B,>0 — du< (a—1)(6—1)and § >1,Co <0 = d>d¥, < p> k.

Hence, this case holds exactly when the following holds
a>1, 6>1, du<(a—1(0—-1), d>dif (<= p>pu;). (4.1.12)

Under «,d > 1, we obtain
df, >0 < p<pf and pl >0.

Hence, d > d¥ always hold if p > u¥. After simplifications, (4.1.12) gives the following non-empty
sets:

c . “7L 0L 41.13
1= (OL, s My ) IU/>/14>1X<’ 0<d< (a—lL((;—l) 5 ( -1 )
or
a>1, 0>1, p;y<p<ypf,
CQ = {(a,&,u,d) : d;kc <d< (a_IL(J_l) . (4114)

Noting that both C; and C; must satisfy a > 1 and § > 1. In that regime, we have

Ci1 # & by choosing > pu¥, d> 0,

¥ < u¥,  sothat
re= {ca # @ by choosing i€ (uf, i), de (d, (@ —1)(6 —1)/p).

Next, we check when 32 > 0. Since a > 1, a direct calculation shows 32 >0 Mo(d) <0,
where

Mo(d) = [(1 — a)p2]d® + [2(a® = 1)(§ — Dp]d + (1 — a)(1 + a)2(§ — 1) + 4p. (4.1.15)
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]\70 (d) is a parabola that opens downward with two real roots

di:(au)(aq)i 2
B p (a—=1)p

Hence, under «, 0 > 1, we obtain

~

Ay 20 < (d<d*) or (d=d}). (4.1.16)

A direct calculation shows

d>d* — dp>(a—1)(6—1)+2(6—1)+2 ﬁ
=  dpu>(a—-1)(0-1),

contradicting dpu < (o —1)(6 — 1). Hence, d > d% is impossible. For d*, a direct calculation shows
d* >0 < p < pi. Hence, in Case 2.1(b), As > 0 holds if and only if

a>1, §>1
Dlz{(a,é,,u,d): 0<p<put, 0<d<d* } (4.1.17)

Thus, in Case 2.1, two additional interior fixed points occur if and only if C; "Dy # J or
Co N D1 # . In order to determine when they are non-empty, the following lemma will be used.

Lemma 4.1.3. Assume a > 1 and § > 1. Then, the following inequalities hold:
(0) p <pf<ph and pi <pi<pf, with pf = pf if and only if d = 315
(b) df, < d* with equality if and only if p = pd  and d* < W < 5_% = p=pul.
Proof. See Appendix A.2. O
Next, we consider when at least one of /L, ég, C defined in (4.1.8) is zero.
Case 2.2: EQEQCN’Q = 0. In the next Lemma we prove that if any one of /ng, EQ, C~’2 vanishes, then

no new interior fixed points occur.

Lemma 4.1.4. Consider system (3.1.3) with (4.0.1). If at least one of Ay, By, Co in (4.1.7) is
zero, then no interior fized point can arise in Case 2.2.

Proof. The proof is given in Appendix A.3. O

Thus, we have shown that except for Ef = (2%, 2%) determined in Case 1, and possibly Ef and
E# considered in Case 2.1(b), there are no other parameter ranges for which interior fixed points
can occur. The conditions when interior fixed points exist are given next.

Theorem 4.1.1. Consider system (3.1.3) with (4.0.1).
(a) There are three interior fized points, E¥, EX, EX, if and only if

(o, 0,p,d) €CL "Dy, or (a,d,p,d)eCynDy.
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(b) There is a unique interior fived point, E* = EZ if and only if

1
0<6<1+g and [a <loré<1]ula>1,0>1,(ud) ¢ (CuC)n D, (4.1.18)

where

CinDy = {(a,é,u, d): Z;;;L <5u>§,<71 0<d<d* }, (4.1.19)
and

@mD_:%m&M@;Z;:;f;}(m<d<di}. (4.1.20)

Proof. (a) For (o, 0,pu,d) € Cy n'Dy, one has p = pf and 0 < p < p¥. By Lemma 4.1.3,

wi << ol d<d*<(a_1L(5_1).
This then yields (4.1.19). For («,d,u,d) € Ca n Dy, one has pud < p < p¥. Lemma 4.1.3(b) gives
df, < d* < %ﬂ(&—m- Thus the condition df, < d < W in Co and 0 < d < d* from D,
reduces to dff, < d < d*, which yields (4.1.20).
(b) By Lemma 4.1.1, E¥ exists if and only if 0 < § < 1+ %. Since C1 n D71 and Co N Dy are
subsets of {(a,é,u,d) :0<d<1+ é}, it follows that whenever Ef and E¥ exist, so does E3. If
0<d<1+42and (u,d)¢(CruCs)n Dy, the fixed point E¥ is unique. O

In (4.1.19) and (4.1.20), we have excluded the case for which d = d*, since in that case, E¥, E¥
and E¥ coalesce. Hence, it will be treated as the case for unique interior fixed point.
The following results follow directly from Lemma 4.1.3.

Remark 4.1.1. If one of the following holds, then (4.1.18) holds:
i) 0<a<land0<é<1+12i
(i) 0<d <1

(ili) o, 6 > 1 and d* <d < 5.

(iv) 0,6 > 1, p = p¥, and d < 5.

(V) 0,6>1,0<p<pi andd< 515

(vi) a, 6 > 1, p¥ <p < p¥ and d < df, .

(vil) a,0 > 1, pu¥ <p < pf, and d = d* .

It will be shown in Chapter 5 that d = df, is a transcritical bifurcation point and d = d* is a
pitchfork bifurcation point. Next, we show in Case 2.2(c), Ef and Ej coalesce with E, and E,,.

Lemma 4.1.5. Consider system (3.1.3) with (4.0.1). E} = (0,2%) becomes E, and Ef = (z%,0)
becomes E, if and only if

1
a>1, 1<5<1+a, and [ = puj,
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This is equivalent to

1
a>1, 1<5<1+E’ py <p<pf, and d=di,

i.e., (vi) in Remark 4.1.1 with d = df..
Proof. In Case 2.2(c), Cy = 0 and 212, By # 0. A direct calculation shows
Co=0 < di—1)—1=a(d -k < p=pf < d=d~

By calculation, the two fixed points that are on Ls = 0 take the form

By ~
i =—="=—k, yi=0, yi=uai
A

Correspondingly, Ef becomes (0, —151) and E¥ becomes (—l~c1, 0). Next, the necessary and sufficient
condition for both —k; and uf to be positive is

- 1
—ki,pf >0 <= a>1 and 1<5<1+E'

This is equivalent to
1. * 1 * *
—k1,df, >0 <= a>1, 1<6<1+E’ and py < p < pi.

By Proposition 3.2.1(b), E, = (,0) and E, = (0,Z) with > 0 if and only if 0 < § < 1 + 1.
Substituting d(6 — 1) — 1 = a(d — 1)k; into T yields
—[pk1 + (6 — 1)] + |k — a(d — 1)

T = .

2p

Suppose for contradiction that pk; — a(d — 1) = 0, then

a(d—1)

\pky — (6 —1)| = pky —a(d—1) — T = —
W

<0,

a contradiction. Thus pk, — (5 — 1) < 0. This shows
ki —a(6— 1) = a0 —1) — pky — T =~k = a3,
completing the proof. O
We next identify how all the fixed points are arranged with respect to <.
Proposition 4.1.1. Consider system (3.1.3) with (4.0.1). The following statements hold.
(a) If 0<6<1+13, then E, «x Ef «g E,.
(b) If (a,0,p,d) € (CruC) nDy, then E, <k Ef «x Ef <k Ef «x E,.

(c) If «a,6>1 and either p¥ < p < pi,d=d* orpd <p<pf,d=d*, then Ef =E} =E}.
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Proof. (a) follows directly from Lemma 3.2.11 and Lemma 4.1.1.
(b) By (4.1.9), a direct calculation shows

VA,
i —af = i <0 = 0<uzf <ai.
2

Next, set hi(z) = ¢1(x) —z. By (3.2.3),

() <0, Vx>0 = hi(z)=/0(z)-1<0.

This is strictly decreasing in the first quadrant. Since z% and z} are on both y = —x — ky and
y = {1(x), we have ) ~
gl(IT) = 7$>1k — klv él(x:}k) = 7SC§ — ]431.
From(4.1.10), we obtain 3 y
—x¥ —ky =¥, —xi—k =aF.

Hence,
O () =%, O(zd) =27 = hi(a}) =25 —2F >0, hi(zd) =27 — 2% <.
The Intermediate Value Theorem implies,
0<af <xi <ai,

and Lemma 3.2.11 yields
E, «x Ef «x Ei «x E «x E,.

(c) Letting d = d* yields
G (x}) = a5 = 2} = li(z5).

This shows x5 = 2§ = 2. Equivalently, E¥ = Ef = EZ. O

4.2 Global Dynamics and Stability

In order to determine the basins of attraction of Ef,E}, E;, and E,, in the symmetric case, we first
need to determine the invariant regions.
Define the regions

R :={(z,y):0<y<z}, R :={(z,9):0<z<y}, R°:={(z,z):2>0}.

Proposition 4.2.1. Consider system (3.1.3) with (4.0.1). If0 < 8§ < 1+ 4, every interior orbit on
RO converges to Ef and R~ and Rt are forward invariant under T.

Proof. That every interior orbit converges to R® if 0 < § < 1 + % follows from Theorem 2.5.1 and
the fact that Eq is unstable.

Now, we prove the forward invariance of R~ and R™. By Lemma 3.2.7, T is strongly competitive
in intR?. Hence, for any initial point (2o, yo) with 0 < yo < x¢, we have

T(y0,0) = (¢,9) <x T(w0,y0) = (x1,91), for some ¢ > 0.
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Note that
(¢,9) €k (z1,11) <= 0<g<z1,¢>y1 >0 = 0<y; <qg<uzi.

Therefore, 0 < y; < x1. Since the same argument applies at each step,
(e,y¢) ER™ = (x441,Y141) ER™, VieN.
A similar argument then shows
(@, yt) € Rt = (Te41,Y241) € Rt, VteN.
O

In order to determine the local stability of E, and E,, when there is a unique interior fixed point,
we require several algebraic relations among the parameter thresholds which are summarized in the
following lemma. Define

gt o 40— 1)+ /[pd — (G- 1) +4p ._ﬂ (4.2.1)

= , Oy = 5

26 — 1)

Lemma 4.2.1. The following statements hold.
(a) If1 <6 <1+ 3%, then o* > 1.
(b) If a,6 > 1, then pu > p¥f <= a < ay and ay > 1.
(¢) Ifa,6 >1,0<d< ﬁ, and p < ¥, then d > df, <= 1< a <a*.
(d) Ifa,6 >1 and 0 < d < ﬁ, then 1 < ay < o*.

Proof. The proof is given in Appendix A.4. O

In the next Lemma, we consider the stability of the boundary fixed points under the symmetry
condition (4.0.1).

Lemma 4.2.2. Consider system (3.1.3) with (4.0.1). If E, and E, are hyperbolic, then they are
locally asymptotically stable if and only if

1
1<5<1+E and o> a*, (4.2.2)

where a* is given by (4.2.1). Condition (4.2.2) is equivalent to each of the following conditions:
(i) a>1,6>1,0<p<p} and0<d< s,
(ii)) a>1,0>1,0<d<df andd < 5.

Proof. Under (4.0.1), of, and o in (3.2.25) coincide, and both simplify to (4.2.1). The conditions
in Proposition 3.2.3 simplify to (4.2.2). By Lemma 4.2.1, o* > 1. Under 6 > 1, a direct calculation
shows

a>a* = 406120 —4a(6 —V)[pud+ 0 — 1] +4pd(d —1) —4pu > 0 == p<pf <= d<df.

O
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Using Lemma 4.2.2 and Remark 4.1.1, we summarize the local stability of the fixed points when
there is a unique interior fixed point. Recall, Eq is always unstable in this case.

Proposition 4.2.2. Consider system (3.1.3) with (4.0.1). There is a unique interior fixed point,
E* = EI, if and only if the parameters are in one of the regions given in Remark 4.1.1. In the
regions listed in (a), E* is locally asymptotically stable and in the regions listed in (b), E* is a
saddle. In case (b)(vit) with d = df,, Eg,E, are both non-hyperbolic, but locally asymptotically
stable. The stability of E, and Ey in all parameter regimes is summarized below.

(a) E, and E, are unstable when at least one of the following holds:

(i) 0<d<1;
(i) 0 < a < and 0<d<1+3%;

(iii) a,6 >1, d*¥ <d< 5;

(v) o,6>1, p=pf, and 0<d<s5;
(v) a,6 >1, us<p<pf, and d=d*.

(b) E; and E, are locally asymptotically stable when one of the following holds:

(vi) a,6 >1, 0<p<ps, and 0<d<6i—1;
(vit) a,6 > 1, pd <p<pf, and 0<d<df.

Proof. (a) In cases (i)-(v), one of the hypotheses of Lemma 4.2.2 fails, so both E, and E, are
unstable. In (i), o < 1 contradicts o® > 1. In (%), 0 < § < 1 contradicts § > 1. In (%i),
d* <d> ﬁ, which implies p1 > p3. But E, and E, are unstable since d* > df, whenever p # p3.
In (iv), Lemma 4.1.3(a) gives pjf < p3, so p > pji > pi contradicting p < pf. Hence, E, and E,
are unstable. In (v), d = d* and d* > df, whenever 1 # p4 (Lemma 4.1.3) and hence E, and E,
are unstable.

(b) In cases (vi)-(vii), all conditions in Lemma 4.2.2 hold except at d = dff. By Lemma 4.1.5,
E, and E, coalesce with E¥ and EF, respectively. Hence, we must analyze the local stability of
Ef — (a3, 08).

Let

g1=14+d+ (1 +a)xi, gs=20+pzi,

where x% is the positive root of (4.1.4). By (3.2.23) and (3.2.24), a direct computation shows that
DT(E%) is a symmetric matrix with eigenvalues

1+d 1) ax¥ xk 14+d+2ax% 1)
A\ (B3 = + —1—-—2 __2_ )\ (E} = Z 4 .
B = "o ey e 2T T

By Lemma 4.1.1, 2§ > 0 <= 0 <§ <1+ 5. This shows A;(E3) < 1 whenever it exists

1
0<MEIH<]l = 0<d<1+-=.

d
By fi(a%,y%) =1, we obtain
1 1
— = =1 (4.2.3)
g1 92
Next, we show A2(E%) > 1. Define
S(x) := so + s12 + 5022, (4.2.4)
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with

so=(a—1)—p(df)? s1=2p1+a)—2u(1+d5)(1+a), ss=—p(l+a)

From ﬁ =1- g% + ﬁ and A2(E3¥) —1 =23 [ﬁ - ﬁ], we obtain

—1—pu  2u
Ao (B —1=x*[a + 2 ] 425
2( 2) 2 (91)2 7 12 ( )
Multiplying both sides of (4.2.5) by (il*) ’ gives
2
2 )
Lo
Since S(z) opens downward, the only positive root to S(z) =0 is
v — Va—-1 df,
a1l +a) 1+a
Hence, we obtain
ME)>1 = S3) >0 < 23 <z,
Let ¢ = ML* € (1,a). A direct computation shows
2
6—1
- )
where
() = —(C+ 1) +V((+1)2+4(a® = 1) = 2¢/((a - 1).
Since § > 1,
Th <1y = ®(() <0.
For any a > 1 and ¢ € (1, @), a direct calculation shows
D) <0 «— (C(+1)2+4¢(@®>—1) <[(C+1) +2/C(a—1)]
= ((+1)?+4¢(a® = 1) <(¢+1)2 +4(C + D/C(a— 1) + 4¢(a — 1)
S ~ ~
[(c+D+2vE(@-1)]’
= 4([(a® —1) = (a = 1)?] <4(C+ D)/ {(a—1)
~ ~- ~
=4¢-2(a—1)
— A <((+DV( = (V(-1*>0 ((>1)
Hence, ®(¢) < 0 and \2(E3) > 1. so E is an unstable saddle point. O

Biologically, Proposition 4.2.2 (a) lists all parameter regimes where both species survive, whereas
(b) lists all regimes in which one species excludes the other.

Remark 4.2.1. In Proposition 4.2.2(a)(i), both nullcline asymptotes lie in the first quadrant and
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so & and § are irrelevant (see Figure 5.2(a)). In (a)(iii-v) , & > T (see Figure 3.2(¢c)). In (a)(ii),
both configurations can occur. In (b)(vi-vii), T < T (see Figure 3.2(d)).

Combining the preceding lemmas, we obtain the complete global dynamics in the symmetric
case.

Theorem 4.2.1. Consider system (3.1.3) assuming symmetry condition (4.0.1) with expressions of
o, -+, d* listed in Table B.2.

(a) The interior fized point E¥ is globally asymptotically stable with respect to intR% if either

1. 0<6<1 or [0<a<1l and 0<6<1+73],
or

2. a,0 > 1 and one of the following holds:
i d* <d< 5, or
i.op=pd, 0<d< 5,
Qi pd <p<pF, d=d*.

() If  (a,0,pu,d) € (C; uls) Dy,
then EX is globally asymptotically stable with respect to R~ and EY is globally asymptotically
stable with respect to RT. E3 is a saddle.

(c) If a,0 > 1 and
[0<p<pl, 0<d<s5] or [ps<p<upf, 0<d<df],

then E, is globally asymptotically stable with respect to R~ u{(x,0) : x > 0} and E,, is globally
asymptotically stable with respect to R* v {(0,y) : y > 0}.

(d) If none of the above is satisfied, then Eq is globally asymptotically stable in the entire first
quadrant.

Proof. (a) In either parameter regime, Proposition 4.2.2 implies that E,, E, is unstable and leaves
a unique interior fixed point EZ. Exactly the same argument in Theorem 3.2.6(a) applies and the
conclusion follows.

(b) Theorem 3.2.6(c) shows that the boundary points E, and E, are necessarily unstable when-
ever E¥, Ef and Ef exist. By Proposition 4.1.1(b),

E, «x Ef «x Ei «x Ef «i E,.

The proof that E}, E} are stable and E3 unstable follows by exactly the same argument as in
Theorem 3.2.6(c)(ii). Since R~ and R are invariant (Proposition 4.2.1) and each contains one
attractor, Theorem 3.2.1 implies that every interior orbit in R~ converges to EX, and every interior
orbit in R* converges to E7.

(¢) By Proposition 4.2.2, E, and E, are stable, and EJ is the unique interior fixed point.
Combining Theorem 3.2.1 with Proposition 4.2.1, we conclude that E, (respectively, E,) is globally
asymptotically stable with respect to R~ u {(z,0) : x > 0} (respectively, R* u {(0,y) : y > 0}).

(d) If the parameters do not lie in any of the above regimes, then Ej is the only fixed point in
the first quadrant. Convergence of orbits to Eq follows from Theorems 3.2.1 and 3.2.3. O
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4.2.1 Continuum of Fixed Points

In this section only, we assume p = 0 and o = 1. Biologically, for each species, yu = 0 eliminates

intra-specific competition among newborns, and o« = 1 implies that the inter-specific competition

coefficient among adults of each species is equal to their intra-specific competition coefficient.
Define

Proposition 4.2.3. Consider system (3.1.3) with (4.0.1). If u=0,a=1and 1 <d <1+ é, then
every orbit, except the one starting from the origin, converges to a point on x + 1y = K.

Proof. Under the given conditions, system (3.1.3) reduces to

Tep1 = Ti(xe, ye) = @0 f2e, ye), (4.2.6)
Yer1 = To(e,yt) =y f(24, Y1) (4.2.7)
with 1 1
f(z,y) =

T+dtz+y o

The nontrivial z- and y-nullclines are the same, yielding a continuum of fixed points. If 6 < 1, no
positive solution exists. Otherwise,

flz,y) =1 <= z+y=K,.

Hence, every (z,y) with x + y = K is a fixed point. A direct calculation shows z +y = Ko > 0 if
and only if 1 <& <1+ . Letting

ho(l‘) =K0_$7 kO(y) :KO_%
the next-iterate operators (see definition in [26]) become

‘Cho(xvy) = TQ(xay) - h()(Tl(xvy)) = yf(xay) - (KO - mf(:v,y)) = (.’E + y)f(xay) — Ko,
ﬁko(x7y) = TQ(xay) - kO(Tl(Iay)) (‘T + y)f(z,y) - KO = Lho(fﬂ,y).

Let u =z +y and g(u) = uf(u). A direct calculation shows

1+d 1

90 = Trarwe s

So g(u) is strictly increasing in u. At u = K,

)
1+d+K0:m = g(Ko) = Ko.

Thus whenever 0 < u < K, strict monotonicity gives
g(u) < g(Ko) = Ko = uf(u) < Koy = Lp,(z,y) <0,

and if u > Ky > 0, then Ly, (z,y) > 0. By Lemma 3.4 and Theorem 3.5 from [26], the conclusion
follows.
O
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Chapter 5

Numerical Results and Bifurcation
Analysis

First, we provide phase portraits to demonstrate all the possible dynamical outcomes in model (3.1.3)
in both the symmetric and general cases, and then, we provide bifurcation diagrams to illustrate the
saddle-node and pitchfork bifurcations that can occur.

5.1 Phase Portraits

5.1.1 Symmetric Case

In the symmetric case, Theorem 4.2.1 partitions the parameter space into regions where all the dif-
ferent dynamical outcomes occur. Figures 5.1 and 5.2 show schematic phase portraits demonstrating
each possible case. Figure 5.1 illustrates that there is an entire line given by = + y = Kj of interior
fixed points that are stable, but not asymptotically stable, and all solutions converge to one of the
fixed points on the line, depending on the initial conditions.

Ya

L

EO ECI‘

[ 4

Figure 5.1: Phase portrait illustrating the continuum of stable interior fixed points when yu = 0, = 1,
and 1 <d <1+ %. The blue curve on the y axis is the trivial z-nullcline and the red curve on the y-axis
is the trivial y-nullcline. The diagonal line, x + y = Ko, shown by a dashed red-blue line, shows that the
nontrivial nullclines for both species are the same.
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The next figure illustrates the remaining possible cases under the symmetry assumption (3.1.6).
Under this assumption, there is at least one interior fixed point.

E,

Figure 5.2: Phase portraits illustrating all the remaining possible cases in Theorem 4.2.1 (excluding the case
in which Eq is globally asymptotically stable with respect to R2). The blue curves are the z-nullclines and
the red curves are the y-nullclines. Every interior orbit on the diagonal converges to E*. By Theorem 3.2.1,
every orbit starting in each region converges monotonically to a locally asymptotically stable fixed point in
that region. In (a),(b), all interior orbits converge to E*. In (c), orbits in R~ converge to EX and those in
RT to E¥. In (d), orbits in R~ converge to E; and those in R" to E,.

Note that Figure 5.2(c) illustrates the case in which there are three interior fixed points. This
case has not been observed in other two-species competition models [4, 7, 21].
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5.1.2 (General Case

Here, we illustrate the remaining phase portraits that can occur for model (3.1.3) that do not occur
under the symmetry assumption. Figure 5.3 illustrate schematic phase portraits where one of the
species drives the other to extinction, shown to be possible in Theorem 3.2.4.

g Y
Y | <
B
: 7
r)
Eo' E, z
(a) )
Y Y
(—¢
E, 3 B,
)
Yasy f---------"="----------.
E; <% g, B .

() (d)

Figure 5.3: Phase portraits illustrating Theorem 3.2.4. Blue curves are the z-nullclines and red curves
are the y-nullclines. By Theorem 3.2.1, every orbit starting in each region converges monotonically to a
locally asymptotically stable fixed point in that region. (a)—(b) show regimes in which only the non-trivial
z-nullcline exists and all interior orbits converge to the boundary fixed point E;. (¢)—(d) show regimes in
which only the non-trivial y-nullcline exists and all interior orbits converge to the boundary fixed point E,.

Theorem 3.2.5 covers the rest of the possible dynamical outcomes, i.e., there are no interior fixed
points or there are two. Figure 5.4 illustrates each of these possibilities.
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=

>

Yasy |

=
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Figure 5.4: Phase portraits illustrating Theorem 3.2.5. Parameter values are summarized in Table B.1. The
blue curves are the z-nullclines and the red curves are the y-nullclines. In the graphs on the right, the dashed
curves represent the horizontal and vertical asymptotes that lie in the first quadrant. By Theorem 3.2.1,
every orbit starting in each region converges monotonically to a locally asymptotically stable fixed point in
that region. In (a—b), there are two interior fixed points. Orbits converge to E¥ or E;. In (c—d), there
are two fixed points. Orbits converge to E¥ or E,. In (e—f), there are no interior fixed points. All orbits
converge to E;. In (g-h), there are no there are no interior fixed points. All orbits converge to E,.
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5.2 Sequences of Bifurcations

All bifurcation diagrams were generated using MatContM [12].

5.2.1 Sequences of Bifurcations Including a Pitchfork Bifurcation

In the symmetric case (see Theorem 4.2.1), varying the natural mortality coefficient d of adults
can produce a pitchfork bifurcation. Reducing d allows more adults to survive each breeding cycle,
which increases the adult populations and thus strengthens both inter- and intra- specific competition
among adults. Once d crosses the threshold d* | the coexistence state on the diagonal loses stability
and two coexistence states that are symmetric about the diagonal appear. Figure 5.5 illustrates how
three interior fixed points merge before coalescing with the origin as d.

—Asymptotically stable fixed point
---Unstable fixed point

5 .

0.05 0.1 0.15 0.2

d
(a) z—d projection (identical to y—d)
,/’_/;\s;,mptoti_cauy stable fixed point
0. 1 B ---Unstable fixed point
=
0.05 - B Y S e L N
gin” 0
g - P T— _— 0.05
: 0.1 .05 o1

d
(b) 3-D view

Figure 5.5: Sequence of bifurcations including a pitchfork bifurcation for the symmetric parameter set
(¢ = 2.13, p = 35.2, § = 5.9) as d increases from zero to 0.21. (a) shows the two dimensional projection
of (b), a three dimensional bifurcation diagram . At d close to zero, the boundary fixed points E, and
E, are both locally asymptotically stable, there is a unique interior fixed point E¥ that is unstable, and
the origin Eq is also unstable. When d ~ 0.1159, two new interior fixed points E¥ and E¥ appear from
transcritical bifurcations with E, and E,, respectively. At d ~ 0.1186 all three interior fixed points EF,
E#, and E¥ collide in a pitchfork bifurcation, leaving E¥ globally asymptotically stable. At d ~ 0.204, E,
and E, together with E¥ coalesce with Eg and leave the first quadrant, leaving Eq globally asymptotically
stable.
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5.2.2 Sequences of Bifurcations Including a Saddle-Node Bifurcation

Next, in the general case we fix all other parameters and vary species X’s newborn cohort mortality
to adult reproduction coefficient, d; = %. Figure 5.6 illustrates the saddle-node bifurcation and
subsequent transcritical bifurcations of E, and E,, as described in Theorem 3.2.5.

—Asymptotically ;table fixed poiﬁt 0'4 —Asymptotically ;table fixed point
= ‘Unstable fixed point = -Unstable fixed point
0- 4 I 0. 3 n
0.3
] >0.2-
0.2
0.1 0.1
0 : 0 ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2
(51 51
(a) z—d1 projection (b) y—01 projection

04—

—Asymptotically stable fixed point
= -Unstable fixed point

0.2

(c) 3-D view

Figure 5.6: Sequence of bifurcations including a saddle-node bifurcation in the general case. (a) and (b)
show the 2-D projections, and (c) shows the 3-D view. Parameter values are given by a1 = 15, as = 3, 02 =
2, di =1, d2 = 0.3, p1 = 4, p2 = 2 and J; increases from zero to 2.1. For d; near zero, E, is locally
asymptotically stable and E, and Eg are both unstable. At d; ~ 0.7704, two interior fixed points (ordered as
E, «x E’f LK E;‘ « i Eg) are born via a saddle—node bifurcation, where ET is locally asymptotically stable
and E¥ is unstable. The unstable interior fixed point E¥ leaves the first quadrant through a transcritical
bifurcation with E, at 1 ~ 0.8776. The stable interior fixed point E¥ leaves the first quadrant through
a subsequent transcritical bifurcation with E, at 61 ~ 1.175. At 61 ~ 2.0, the boundary fixed point E;
undergoes a transcritical bifurcation with E¢ leaving E, globally asymptotically stable.
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5.2.3 Sequences of Bifurcations Including Two Saddle-Node Bifurcations

Finally, we give an example, in the general case, that illustrates that there can be zero, one, two,
or three interior fixed points caused by two saddle-node bifurcations and a transcritical bifurcation.
We fix all other parameters and vary o = %i’ species Y'’s inter- to intra-specific adult competition

ratio. The bifurcations are summarized below.

T
Y
1 1 —Asymptotically stable fixed point
—Asymptotlgally stgble fixed point —Unstabl fed poit
—Unstable fixed point
05 0.5
0 ) "
8.5 9 95 10 105 1 M5 12 125 8.5 9 95 10 106 11 M5 12 125
(a) z—ay projection (b) y—a1 projection
Y
1
™N
0.5
0
12
(TN ==
10 S 0.4 0.2
o 0g 06 ©
9 12 1
i
(c) 3-D view

Figure 5.7: Sequence of bifurcations including two saddle—node bifurcations in the general case. (a) and
(b) show the 2-D projections, and (c) shows the 3-D view. Parameter values are given by as = 6.9, §1 =
1.083, 02 = 1.1, di = 0.8, d2 = 0.1, pu1 = 0.3, u2 = 0.6 and «a; increases from 8.5 to 12.5. For «; near
8.5, there is a unique interior fixed point E¥ that is globally asymptotically stable, whereas both E, and E,
are unstable. As a; &~ 9.35, the first saddle-node bifurcation occurs, creating two interior fixed points that
can be ordered as Ef «x EX. Here, Ef is locally asymptotically stable, E¥ is unstable, and E¥ remains
locally asymptotically stable but loses its global attractivity. At a; ~ 9.71, Ef coalesces with E, in a
transcritical bifurcation and then leaves the first quadrant, leaving E, locally asymptotically stable. Finally,
as a1 ~ 12.14, the second saddle-node bifurcation annihilates E¥ and E¥, leaving E, globally asymptotically
stable. Throughout, Ey and E, remain unstable.
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Chapter 6

Conclusions and Future Directions

This thesis analyzes a two-species, discrete-time, single-cycle maturation competition model obtained
by adapting the single-species framework in [27] to two species with reproduction delay 7 to be zero.
Therefore, we are assuming that the cohort of newborns takes exactly one cycle before they are able
to contribute to the growth of the population. The associated map T is proven competitive, globally
injective and it satisfies Condition (O+) as in Lemma 2.5.2, which ensures that every interior orbit
converges to a fixed point by Theorem 2.5.1. Sufficient conditions are obtained for global convergence
to the origin, to the boundary fixed point, and to a unique interior fixed point, and are also obtained
for two new types of bistability regimes. The first bistability regime contains one stable and one
unstable interior fixed point together with one stable and one unstable boundary fixed points. The
second bistability regime has three interior fixed points, two are attractors and they are separated
by the third, a saddle. Both boundary fixed points are unstable.

More specifically, in the general case, Theorem 3.2.3 shows that if a species’ newborn cohort
mortality to adult reproduction ratio (ﬂ) is larger than its survival threshold 1 + d , then that
species dies out. This is one of the classical outcomes discovered in the discrete Leshe Gower
competition model (see [5]). Theorem 3.2.4 shows that if one species satisfies HTD L >1+ d while
the other species’ newborn cohort mortality to adult reproduction ratio is below the survival ratio,
then only the latter species survives and approaches its carrying capacity. In this case, the carrying
capacity is exactly the x or y coordinate of the boundary fixed point for this species. Theorem 3.2.6(i)
shows that when both species’ newborn cohort mortality to adult reproduction ratio are sufficiently
small (”D < 1), and the combined inter- to intra-specific adult competition ratio ( Cmgm) is weak
enough, then coexistence between the two species is possible. Theorem 3.2.6(b) shows that there is
an adult competition threshold for each species such that if both species’ inter- to intra-specific adult
competition ratios are larger than their threshold defined in (3.2.25), there is a unique coexistence
fixed point that is a saddle and the only species that survives is determined by the initial conditions.
Thus the model (3.1.3) recovers all the classical outcomes. The model can also have up to three
interior fixed points and the two bistability regimes already described. We give an example in which
there are two interior fixed points. This occurs via a saddle-node bifurcation. Each of these fixed
points eventually disappears by transcritical bifurcations involving an interior fixed point and a fixed
point on one of the axes.

In the symmetric case, certain ratios of the corresponding parameters are identical for the two
species. Unlike in the general case, there can only be zero, one, or three interior fixed points, not
two. A saddle node bifurcation cannot occur. If # =1+ %, then both species die out. If instead,
HD <1+ d, then there can be either one or three interior fixed points. One of them is always on
the diagonal and the other two are symmetric about the diagonal. When there is a unique interior
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fixed point, it can be a saddle or globally asymptotically stable. When it is globally asymptotically
stable, both species coexist regardless of the initial populations. When it is a saddle, the boundary
fixed points are attractive and their basins of attraction are separated by the diagonal. This agrees
with Theorem 3.2 of [4]. It is shown that when the unique symmetric fixed point on the diagonal
exists, there can be simultaneous transcritical bifurcations with the fixed points on the axes giving
birth to two more interior fixed points that are asymptotically stable that then eventually disappear
through a pitchfork bifurcation. When the three interior fixed points all exist, the interior fixed
point on the diagonal and both boundary fixed points are unstable. The basins of attraction of
the two asymptotically stable interior fixed points that are symmetric about the diagonal are still
separated by the diagonal.

Next, we compare the dynamics of our model with other existing models. Because our model
can have more than one interior fixed point, our model captures richer dynamics than the classical
two-species competition models [4, 7, 21]. Besides the four classical outcomes, the four-dimensional
juvenile—adult competition model in [6] admits stable or unstable two-cycles and the six-dimensional
three-stage, competition model in [32] can undergo period-doubling bifurcations and chaos, not
possible in our model. However, again neither one of their high dimensional models can exhibit
the multiple interior fixed points, and related dynamics possible in our two dimensional model.
Our model also exhibits different dynamics compared to the stage-structured competition models in
[6, 32], while remaining only two-dimensional.

Although our model reveals richer dynamics than the two-species competition models in [4, 7, 21],
our analysis remains incomplete in several aspects. First, we have proved that there are at most
three interior fixed points in the general case. In the symmetric case, we proved there can be zero,
one, or three interior fixed points. Unlike in the symmetric case, in the general case, we were only
able to determine sufficient conditions for the precise number of interior fixed points as a function of
parameters. Next, our analysis is restricted to the case where the newborn cohort becomes mature
at the end of only one cycle. This is not biologically realistic for many species. In order to capture
more realistic maturation steps, we could introduce reproduction delays 71,7 € N following the
single-species framework for immature cohorts as in [27]. This modification yields a 7 + 75 + 2
dimensional model,

Xi Diyri X7
X1 = + : ) 6.0.1
T4 d +CnX + CY: | Dify + (B — 1)Ciri X—ry ( 2)
Y, DoryYi,
i1 d 22t (6.0.1b)

= + s
1+dy + CoY, + Ca Xy  Difs+ (B2 —1)CorrY;_,

where 3; = (1 + D;)7t! for i € {1,2}. Since the model is no longer planar, Theorem 2.5.1 in [25]
no longer applies. Note that the Order Interval Trichotomy (Theorem 2.5.2) still holds in higher
dimensional cases so it remains a useful tool once we can verify hypothesis 2.5.1. At the same time,
we expect the presence of delays can introduce richer dynamics than the non-delayed case and we
reserve this direction for future work.

In summary, this thesis shows that a planar competition model with single-cycle maturation
not only recovers all the outcomes of the classical planar competition models, but also admits
two new bistable regimes involving multiple interior fixed points. Hence, this thesis provides a
bridge between the classical planar competition models [4, 7, 21] and the higher dimensional stage-
structured competition models ([6, 32]). The most important next step is to reintroduce explicit
maturation delays in the model. This will raise the dimension of the model and likely produce new
types of bifurcations that cannot occur in the non-delayed model.
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Appendix A

Auxiliary Proofs

Al

Coefficients of the Quartic Equation

The coefficients for

are

Q(I) = 774364 + 173333 + 7723:2 +mx + no,

na = (1 — )i o,
N3 = —p1 [2a1agp9(—1 + 61) — 2ua(—1 + dypuy + 01)
—afaspn (=1 + 62) + arpr (—1 + dopio + dioopn + 82)]
ne = po [dipf + pa (=2 + 4di (=14 61)) + (=1 + 61)°]
+ a2y [p1 (=1 + da(=1 + 02)) + 2aa(—1 + 81)(—1 + 62)]
—ay [agpa(—1+ 61)% + p1 (aopa(—1 4 2di (=1 + 61))
+2dopia (=14 61) + 2(—=1 + 01) (=1 + 62)) + dip3 (—1 + dapiz + 62)] ,
m = 2p2(=1+di(=1+01))(=1 + dip1 + 61)
+a2(=1461) 2u1(—1 4 da(=1 4 62)) + aa(—=1 4 61) (=1 + &2))
—ay [(=1 4 61) (agpa(=1 4 di(=1 + 01)) + dap2(—1 4 61)
+(=1401) (=14 d2)) + p1(—=1 +2d1 (=1 + 61))(—1 + dapa + 2],
no = pa(1+dy —di61)* + a3 (=1 + 81)% (=1 + do(—1 + 62))
—a(—14+di(=1+81))(—=1+01)(—1 + dapa + d2).

A.2 Proof of Lemma 4.1.3

Proof of Lemma 4.1.3. (a) Since

H x —1)2+4
M gsq, M@z rda )
Ha M1 4o
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we have pf < p¥ < p¥. A direct calculation shows

MI_1+d(5f§)(Q_1) ni, M4>u§<:>d<ﬁ
(b) A direct expansion shows
gt —gqr =071 1 L2 aip_eviB
H (a—1)(5—1) e
where o 1
SRR T )

By the arithmetic mean-geometric mean inequality (i.e., for any A, B > 0, A+ B > 24/AB), df. < d*
with equality if and only if 4 = pd. Next, a direct calculation shows

dfgw@fs_lg 2 = p=(a-1)(00~-1)?2=pui,
I I (a—1)u

and one checks easily that

(a—1)(6—-1) < 1

1 0—1

— p= (a1 - 1) = .

This completes the proof. O]

A.3 Proof of Lemma 4.1.4
Proof of Lemma 4.1.4. We check the three cases (a) Ay = 0, (b) By = 0, and Ay # 0, and (c)
Cy=0 %Ild Ay, By # ON.
(a) Ay = 0. Since Ay =0, a = 1. This shows
Bo=(1—a)[du+ (1—a)(6 - 1)] =0,

forcing 62 = (0. But when a = 1, we obtain 5’2 = —1 # 0, which yields a contradiction.
(b) Since By = 0 and Ay # 0, dpw = (v — 1)(d — 1). This implies

k=0, Co=d(@l6—1)—1.

The quadratic equation yields two roots

A +Cy =0 = ¥ = — %Cz, Ty = %CQ
Aq As

If a,0 > 1, then ;12, C~’2 < 0, and no real roots can exist. If instead 0 < o, < 1, then gg > 0, C~’2 <0
giving two real roots =¥ < 0 < x%. But then y¥ = —z% < 0. So no interior fixed point can arise.
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(c) The quadratic equation yields two roots

Asx® + Box =0 — ¥ =0, zi= _ﬁ — k.
2

Hence, both fixed points are on the axes and no interior fixed points can exist.

A.4 Proof of Lemma 4.2.1

Proof of Lemma 4.2.1. (a) Let 6 = ud — (6§ — 1). Assume for contradiction that o* < 1, then

a* <1 = /02 +4u+0<0.

However, for any real 6 and p > 0,

VO +4p+60>10+0 =0,

a contradiction. Hence, o™ > 1.
(b) A direct calculation shows

=t <= Pi(a) <0,

where N N N
Pl(a) = A5a2 + Bsa + Cs,

with N N N
As=(0-1)%*>0, Bs=—-(0-1)%*<0, C5=—-p<0.

Hence, P;(«) opens upward with two real roots

4 4u
1—4/1+—(5_’;)2 1+ 1+—(6_‘1)2

O = ——, Oy = 5

2

Since ay > 1 and a_ < 0,
Pi(a) <0 < acela_,a]

This implies
p=pf = Pi(a) <0 <= 1<a<as.

(¢) Rearranging shows

" a(d-1) 1
d>df < d> . @-D0=1) — DPy(a) <0,

where N N N
Pg(a) = A6a2 + Bga + Cg,

with

Ag=(0—-12>0, Bs=—[(6—1)2+du(6—1)]<0, Co=p[dd—1)—1]<0.
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So Py(«) opens upward and has two real roots of opposite sign:

(pd+6-1) = /[pd=@-DP+4n , (ud+5—1)+/[ud— (@ DP +du

o 26 — 1) ’ 26 — 1)

Since

pd 46 —1 < A/(ud — (5 —1))2 + 4p,

a_ is negative, and from (a), o* > 1. Hence, P2(«) < 0 if and only if &_ < o < a*. Restricting to
a > 1 yields
d>df < Pya)<0 < l<a<a®.

(d) From (b), o = vy is a root of Pj(a) = 0. Rearranging Pj (o) = 0 leads to
Pi(ay) =0 <= a2(6 —1)? = (§ — 1)%ay + p1. (A.4.2)
Evaluating Po(a) at o = ay yields
Py(ay) = (6 —1)%a2 — [(6 = 1)* + du(6 — 1)]avs + p[d(s — 1) —1]. (A.4.3)
Substituting (A.4.2) into (A.4.3) and simplifying, we obtain
Py(ay) = dp(6 — 1) (1 — o).

It follows from 6 > 1 and ayx > 1 that Py(ay) is negative. From (¢), Pr(o) < 0 if and only if
a_ < a < a*. The fact that Py(ay) < 0 implies

a_ <1<y <a®,

which completes the proof. O
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Appendix B

Tables

Case oy B 01 dy fa%) M2 o da

(a) 15.0 4.00 0.80 1.00 3.00 2.00 2.00 0.30
(b) 6.90 060 1.10 0.10 950 0.30 1.10 0.80
(c) 5.20 0.63 1.65 0.27 34.00 296 0.80 0.44
(d) 9.50 0.30 1.10 0.85 6.90 0.60 1.10 0.01
(e) 4.00 4.00 0.20 1.00 3.00 2.00 2.00 0.50
() 4.00 220 130 1.00 8.00 2.00 2.00 0.30
(2) 10.00 4.00 1.30 0.10 3.00 2.00 0.90 0.30
(h) 10.00 4.00 1.30 1.00 3.00 2.00 2.00 0.30

Table B.1: Parameter values used in each of the eight phase portraits (a)—(h).

Threshold Expression
« (ud +06 =1) ++/[pd — (5 = D]? + 4ps
“ 2(5 — 1)
1+ \/1 + oy
Oy f
i ala—DE -1
3 (a1’
« (a—1)(a+1)%2(6 —1)2
H3 4
X ala—1)(0 —1)?
Ha 1+d0—1D(a—1)
5 a(d—1) 1
5 i @-De-1)
g (a+D(-1) 2
- " NCED
g (a+1D(6-1) N 2
- ! N(CEDT

Table B.2: Key parameter thresholds under the symmetry condition. dj, denotes the transcritical bifurca-
tion and d* denotes the pitchfork bifurcation.
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