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PREFACE

It is said there is no general approach to examine 

the behavior of the non-linear control systems. Every technique 

developed in the field of the non-linear control engineering has 

a limited area of application. Therefore, every technique 

must be accumulated so that the technology will be formed more 

systematically and perfectly.

In this work several topics were selected, however, the 

emphasis was on the study of the nature of relays which today' 

offer diverse field of application to the industry as economical 

and efficient devices for automatic control.
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LIST OF PRINCIPAL SYMBOLS

eQ = instantaneous value of output signal from a non-linear 
characteristic

e^ = instantaneous value of input signal to a non-linear 
characteristic

ro = d.c. component of output signal from a non-linear characteristic 

r^ s d*c*' component of input signal to a non-linear characteristic 

r = d»c. component of input signal to a feedback system

c = instantaneous value of output signal of a feedback system 

G(s) = transfer function of a linear system 

n = positive integer 

vo = angular frequency

T = time constant

= normalized angular frequency =^"1

K = linear gain of a system 

h = saturation level of a non-linear characteristic 

2^ = hysteresis width or dead-zone of a non-linear characteristic 

y6 = switching angle of a periodic waveform 

a^ = Fourier coefficient of a periodic function 

D = (sinusoidal) describing function

C = critical locus function = - 1/D



Part I ANALOG COMPUTER

1 General Description

An analog computer with 20 unit amplifiers and several 

types of non-linear characteristic has been constructed. The 

computer was required for high speed simulation of non-linear 

feedback control systems. •Techniques to simulate certain non­

linearities have been studied and several types were developed. 

These include saturation, dead-zone, back-lash, on-off with dead­

zone and a pure on-off characteristic.

The computer contains 20 linear amplifiers (4 of which 

are chopper stabilized), a total number of twelve non-linear 

characteristics, one dual beam oscilloscope and power supply. 

All elements are assembled on the back side of rack mounted panels. 

Jacks are arranged on the panels to achieve flexible inter-connec­

tions between the input and output elements. The panels, oscillo­

scope and power supply are all mounted on a rack as shown in the

photograph, fig. 1.
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Fig. 1

Analog

Computer
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2 . Components

2.1. Operational Amplifiers

Three kinds of operational amplifiers are used in this 

computer, Philbrick Researches Inc. types K2-W, K2-XA and USA-3. 

The K2-W is an octal based plug-in type unit containing two twin 

triodes 12AX7 which are housed in a molded plastic case. It has

a nominal gain of 15»000, a response time of 2 micro-second and 

an output current of 1mA. The K2-XA is an improved version of 

the K2-W with increased gain, response and output power. A sum­

mary of the maker’s specifications for the K2-W and K2-XA is shown 

in table 1. Fig. 3 shows typical examples of static input-output 

characteristics of unit amplifiers, K2-W and K2-XA. Fig. 4 shows

the frequency response of the K2-W. For use as integrators, four 

stabilized amplifiers, Philbrick model USA-3, are provided. The 

gain-frequency curve of this amplifier has a 6db/octave fall off 

8
from a gain of 10 at O.Olc/s, giving unity gain in the region of

1 magacycle.

K2-W K2-XA

Open loop gain (de) 15,000 30,000

Rise time (as an unity gain inverter) 2usec Ipsec

Drift rate (refered to the input) +5mv/day +8mv/day

Input impedance above lOOmeg lOOmeg
and 7ppf and 7ppf

Output impedance below Ikn. below lid

Output current(max) ±1.0ma +6.1, -2.8ma
at output voltage ±50v +100v

Table 1 Specification of K2-W and K2-XA (summary)







2'.'2 Power Supply

2.2.1 High Voltage Supply

A Philbrick model R-300 regulated power supply was used 

to provide outputs of +300 and -300volts de with a maximum of 300 

mULiamps load current. The regulation, stability and transient 

regulation of the power supply were checked and results were found to be 

satisfactory.The summarized maker’s specification is shown in table 2.

Table 2 Specification of R-300 power supply

Output current 0 - 300ma rated max. at +300vdc
0 - 300ma rated max. at -300vdc

Input 103 - 125vdc, 3O-6Oc/s

Stability +100mv over a 24hour period

Noise 250 microvolts aerms

Transient regulation Under 3 mvdc (0.001%)

Internal impedance 0 - lOkc under 0.01 ohm

above lOkc a shunt capacitor of 150uf 
whose series r is 0.2 ohm

2.2.2 Heater Voltage Supply

In order to reduce drift in the unstabilized amplifiers, 

a magnetic type filament voltage regulator was used. The regulator 

has an output voltage of 6,3volts+ 0.1% with a maximum load current 

of 23amps at 60c/s.
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2.3’ Non-Linear Characteristics

2.3.1 Saturation and Dead-Zone

There are several methods for obtaining these characteris- 
(1),(2),(3) 

tics suggested in the literature. Every one of them, however, is 

generally unsatisfactory because of a lack of sharpness at the 

corners of the input-output characteristic, the introduction of 

hysteresis at relatively low frequencies, or the circuitry requires 

several unit amplifiers. Fig. 7 shows one type of saturation 

characteristic tested and used in the computer, which requires 6 

diodes and no auxliary amplifier. The input-output characteristic 

gives reasonably sharp and symmetrical corners. One extra advantage 

of the circuit is that it can easily be converted to a dead-zone 

characteristic with the addition of an adding amplifier and a 

slight change of connections. The combined circuit for the saturation 

and dead-zone characteristic is shown in fig. 8. The photographs 

in fig. 9 show the input-output characteristics obtained at a 

frequency of 200c/s. On the computer panel there are six elements 

for these combined characteristics, two of them with adjustable

clipping levels.
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Fig. 7 Circuit for 

saturation characteristic

30k

output for

sila 
dioc

^300v

DPD

diodes

150k

con 
es

530k
-300v

Fig. 8 Combined curcuit for satu­

ration and dead-zone

d. z

output 
for 

. ,, dead­
adder zone

Fig. 9 Input-output characteristics of saturation and dead-zone 
(horizontal and vertical scale: 5v/division)
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2.3• 2 On-Off with Hysyeresis

The circuit ^^ shown in fig. 10 was tried, and the part 

enclosed by a broken line was made as a plug-in unit which is 

shown in fig. 12. Because the output of the stage did not have 

square edges, a saturation element had to follow it to reshape the 

waveform. The hysteresis width of this circuit varies considerably 

as the input amplitude varies. This variation was about 10% when 

the peak amplitude changes from 100% to 500% of the hysteresis 

v/idth.

To get a more stable hysteresis width and a faster res- 

(4) 
ponse, the Schmidt trigger circuit shown in fig. 11 was tested 

and gave satisfactory results. The photographs in fig. 13 show 

the input-output characteristics of the circuit at several frequ­

encies and amplitudes. Two of these circuits were built on the 

computer panel.

Fig.10 On-off with hysteresis 
circuit (positive feed­
back type)

-300v

Fig.11 On-off with hysteresis 
(Schmidt trigger)



-10-

Fig. 1.2 A plug-in 
unit for 
on-off 
with 
hysteresis

Fig. 13 Input-output characteristics of the on-off with hys­
teresis (Schmidt trigger) circuit 
(vertical and horizontal scale: lOv/div.)
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2.J.J On-off and on-off with dead-zone

The circuit for a pure on-off characteristic is shown

in fig. 14. Two of these circuits were built on the panel.

The zener diode which determines the output height is connected

externally to the terminals provided.

+500v

Fig.14. Circuit for on-off characteristic

The on-off with dead-zone characteristic can be obtained 

by adding the outputs of the two on-off elements whose operating 

input voltages are separated by the value of the dead-zone.

Fig. 15(a) shows the schematic diagram for this and (b) the resul­

tant input-output characteristic.

Fig. 15 Adding of two on-off characteristics

h.+h' ] 1 h£-h|

(b)
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2.3 «^ Back lash

This element can be constructed using a dead-zone 

characteristic as shown in fig, 16. The circuit has a certain 

frequency limit for accurate operation. In practice, the input 

frequency should be less than K/100T for good result.

Fig. 17 shows another circuit for this characteristic. 

The circuit is relatively simple but requires a high input impe­

dance voltage follower. This non-linear element was prepared as 

a plug-in attachment, as shown in the photograph in fig. 18. It 

can be used with any unit amplifier on the panel.

Fig. 17 A circuit for Fig. 18 Plug-in attachment
backlash for backlash
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3

I

1
2.4 Variable Gain Amplifier

• The combination of a potentiometer and a fixed gain

amplifier can be used to give a variable gain amplifier. But the 

variable feedback ratio type is preferable to keep a low signal- 

to noise ratio and a large output level at any setting of the 

gain. The two types of circuit, shown in fig. 20, were chosen. 

The type (a) gives a gain of 1 to 10 on the high gain range and 

0.1 to 1 on the low gain range. The gain of the type (b) circuit 

can be set to any ratio by putting R^ and R^ externally to the 

terminal provided. Theis type gives good linearity when the gain 

range used is small. (For example, when R_, R^ and R are all 

100k giving a -6db to 6db range, see fig. 21 curve I.) Fig. 21 

shows the calibration curves of the variable gain amplifiers.

(a) VGA I (b) VGA II and VGA III

Fig. 20 Variable gain amplifiers
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2.5 - Noise Generator

Fig. 22 shows a circuit diagram tested in an experimental 

set up. The noise is generated in a Sylvania gas filled oD4 tube. 

A cylindrical magnet around the tube is used to get a maximum out­

put noise. The effect of the magnet can be explained as follows; 

if a magnetic flux is applied passing parallel to the axis of the 

cylindrical electrode, the path of the electrons is bent to a spi­

ral trajectory thus increasing the probability of electron ion 

collisions, thus the increased number of ions per unit time arriv­

ing at the cathode provides a bigger noise. The measured output 

voltage of the circuit is 1.05v rms. The cutoff frequencies of 

the amplifier (3db points) are 16c/s at the low frequency side and 

3.2kc/s at the high side. The frequency spectrum of the noise is 

the .
observed to be reasonably flat between^cutoff. frequencies.

It was found that in ordinary use, the induced 60 cycle 

hum in the output could not be suppressed to a reasonably low level 

unless the 6D4 heater was supplied from a d.c. source. The photo­

graphs in fig.23 show the output waveforms of the noise after 

passing through the very narrow bandpass filter with a center fre­

quency of 80c/s (see fig. A for the circuit and its response )• 

The waveform (a) is from the noise generator with a.c. heater sup­

ply and (b) with d.c. The former clearly shows the existence of 
the 

the 60 cycle voltage since the time base of^oscilloscope was trig­

gered by the line voltage.
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Fig. 23 (a) Random noise containing 60 cycle hum 
(6d4 heater: 6.Jvolts a.c.)

Fig. 23 (b) Random noise
(6D4 heater: 6.3volts d.c.)

100k O.luF oprational amp.

<1—iSiSiH—c-sn----- “output

Fig. 22 Noise generator
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Summary of Part II

The behaviour of feedback systems with relay type non­

linear characteristics is discussed. The basic form of the system 

studied is shown in fig. 24 on page 20 .

For the pruposes of the analysis it is assumed that the 

output eQ(t) of the non-linear element has a specified periodic 

wave-shape, but with certain undetermined coefficients. The input 

to the non-linear elment is calculated from this in the form of a 

Fourier series. Equating the values of this input at the assigned' 

sv/itching instants to the value required by the non-linear charac­

teristic yields a set of equations through which the undetermined 

coefficients mentioned above are determined.

The solution to these equations is obtained by the deve- 

lopement of a ’critical response locus’ method. The modified frequ­

ency response locus as an intermediate step in the solution is derived 

from an infinite summation but closed analytic solutions are deve­

loped for some of the situations discussed.

Examples are presented in which the method is applied to 

three different types of non-linear characteristic. Experimental 

results are compared with values predicted by analysis.

Although the emphasis is on fin^ing the frequency of 

oscillation, the evaluation of the signal at any point in the system

is also desirable.
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Part II . MODIFIED FREQUENCY RESPONSE LOCUS TECHNIQUE

FOR SYSTEMS CONTAINING A NON-LINEAR ELEMENT

1 Introduction

1.1 Detail of type of system investigated

This :study seeks to predict the oscillation frequency 

of systems of the type indicated in fig. 24 for various non-linear 

transfer characteristics. There already exist two methods, namely 

(a) the phase plane method and (b) the describing function method, 

for the development of such predictions. The phase plane method 

is restricted to systems for Y/hich the linear transfer function 

G(s) is of order 2 or less, while the describing function technique 

requires that G(s) shall have a lowpass characteristic.

The modified frequency locus concept here studied was 

proposed by Atherton and is similar to methods suggested earlier 

by Tsypkin.^’^

1.2 Types of Non-Linearity

The types of non-linear characteristic studied here 

are on-off, on-off with hysteresis, on-off with dead-zone, and

saturation, and shown if fig. 25 (a), (b), (c)-and (d).
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2 Theory of the Modified Frequency Response Method

2.1 Approach

It is assumed that the non-linear control system consists 

of two parts. One is a linear portion v/hich can be described as a 

transfer function. The other is a single or double valued non­

linear characteristic. Fig. 24 shows the schematic diagram of such 

a non-linear system. If the input and output of the non-linear ele­

ment have periodic waveforms, they can be represented by a Fourier 

series expression. Let the output of the non-linearity eQ be

e = r + \ a cos ni^t 101
° ° *

n=l

where rQ is a d.c. component and an's are coefficients of a Fourier 

series. The output of the system, c, is given by

c = r G(0) + a G cos(nu7t-(P ) 102
o / , n n >n

n=l

where G^ and ^^ are the gain and phase lag respectively of G(s) 

(the linear portion of the system) at the angular frequency nu>, 

If the system has a d.c. input signal, the input signal e^ to the 

non-linearity is the difference of r and c,. and may be expressed by

e. = r. - > a G cos (nut-O’ ) 105
□. x / , n n 

n=l

Where r is the d.c. component at the input of the non-linearity.

e.

input to 
the system

input to the 
non-linearity

e 
o c

output of the 
non-linearity

^ G(s)
output 
of the 
system

Fig. 24 Non-linear control system

^ In some non-linear systems with closed loop, this assumption 
is possible (without giving much error) by proper selection 
of the time origin.
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Further study depends on the type of non-linear 

characteristic and the switching condition which will be discussed 

in next section. The non-linear characteristics considered here 

are limited to the following types, on-off, on-off with hysteresis, 

on-off with dead-zone, on-off with dead-zone and hysteresis, satu­

ration and dead-zone, and are shown in fig. 25.

A pure on-off characteristics may be considered as a

specific case of on-off with hysteresis or on-off with dead-zone.

where the hysteresis v/idth or dead-zone are respectively zero.

Also it can be considered a specific case of saturation where the

gain of the linear portion of the characteristic tends to infinity.

(c) On-off with 
dead-zone

(b) On-off with 
Hysteresis

(d) On-off with
dead-zone and 
hysteresis

Fig.25 Non-linear characteristics
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2.2 - Switching Condition

The output waveforms from those non-linear characteris­

tics under consideration consist of several flat lines which are 

the saturation levels or dead-zone levels and, for a given frequency, 

are independent of time, together with sections which are propor­

tional to the input waveforms. The times when the waveform goes 

into and comes out of the saturation level or dead-zone level are 

considered to be switching instants. In the non-linear system, 

there are two switching instants in case of an on-off with hys­

teresis characteristic and four in other cases.

2*3- Case for Two- Switching Condition

The input and output waveforms of oh-off with hysteresis

are shown in fig. 26. If the time origin is taken as shown in the 

figure, the switching instants can be taken at times t^= - r1/^ and 

t^= ^. Assuming the corresponding values of input e^ at the ins­

tants are CA^ and C^, then from eqh.103 we have the relationship

|X>
^1 = ri - ^n'n <>°s<’“A ^) 104

^2 = rl - /‘^n “S( ”^‘ ^’ 105

Fig.26 Input and output waveforms of on-off with hysteresis
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Rewriting

(cosn/J cosy? - sinn^ sin^)

( cosry^cos^ t sinn^ sin^)

106

107

Adding and subtracting the above give

sinn/? sin^

108

109

At the system oscillation frequency ^q , we can write

GCjn^) = G^cos^ -r jG^sin^ = Re G(jnw) Jim G(jn^)

where Re and Im denote real part and imaginary part of the function

respectively. Using this relationship and dividing eqns. 108 and

109 by a^cos^J and a-^sirp respectively

110

111

For the on-off with hysteresis characteristic as shown in fig. 26,

A and ^2
are respectively

and

^^ = +8 and ^^ = “^
112

4h •
= —— sinn/5 

n n)/ / ;
^ /lew. Af^^^^ ^-L)



Therefore \

The describing function of this characteristic is found

cos sin

113

114

to be

115

116

And the critical response function which is defirrd to be

C = M_____  

2h sin2^ 4h sin^>

The real and imaginary part of eqn.116 is seen to equal the right 

hand expression of eqns. 11? and 114 respectively.

Thus the left hand side of eqns. 113 and 114 indicate - 

a sort of frequency response which varies according to the swit­

ching condition. If we draw the loci of the frequency response 

for several values of switching instant /5 and loci of the criti- 

cal function which are also functions of switching instants, the 

oscillation frequency u? and /I can be found.
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2.4 Four Switching Conditions

Let us take the switching instants t as shown in fig. 27

and /

and the corresponsding instantaneous values for the input voltage

e^ at the sv/itching instants as </-p t^* ^ and ^4*

Then we obtain following equations

Fig. 27 Input and output waveforms of on-off with dead-zone

The assumption t^ ^= ——4— is only true when the system is 

symmetrical. For assynunetrical case, the value of (jj-d^) 

should be used instead of }[ in eqns.l2J and 124. However, 

it makes the theory very complicated and there is no way 

to find exact value of d^.
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Subtracting eqn. 121 from eqn. 123 gives

03

n=l
n

= - Z% Re
n=l cosn^inn^-')’'*'^) 135

and eqn. 122 from 124

Adding eqn. 135 to 136 and subtracting 135 from 136 give respectively

-•^—^^ ^2—— = X^Re [c(jn^)] (cosn^-cosnjjcosn^) 137

n=l

equations by a^Ccos^+cosy^) ^^Dividing the above two a^(sin

respectively gives

V ^CcosnA-cosn/icosn^} [G, J = 139
/ , ^(cosy^+cos^) L J ^^(cos^+cosy^)

n=l '

for 0^, ^JJ and /^^-^

Y ^/sd^-cosnj^ r 1 ^^-j^jk 14O

/ , a* (sinA+sinA) L J 2a^(^i^+5)

n=l ' ' /

for 0^, ^]f and /^^
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Let Re and Im
^(ju.1) ^denote the lefthand side expressions

of

of

eqns. 139 and 140 respectively. Again if the appropriate values

^'s for a particular non-linear characteristic are used, it

is found that the right-hand expressions of eqns. 139 and 140

become the real and imaginary parts of the critical function C.

Therefore the relationship between and 0^3) is. simply

vzhere

141

can be called the modified frequency response.

Furthermore, adding eqns. 121, 122, 123 and 124 gives

This equation gives additional information regarding the d.c. input.

After evaluating the oscillating frequency from eqn. 140, the requ­

ired d.c. input to the non-linearity can be found by substituting

this frequency to eqn. 142. The required d.c. input to the system

is the sum of the above value and the d.c. component of the feed­

back signal.

For the particular cases of /^^ ^’ or f\ =^ 

equations 139 and 140 should be modified to avoid that the denomi­

nators become zero. These cases reduce to two-switching condition.

(a) When 14j

Let rr^=11/-/ 

where is a small angle Now, the real part is, from eqn. 139
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V n(cosn/?-(cosr. "(cosn/cosnr-sinnAsinn?)./I 
"^M = }--- ---------------------------------------- ^[Gtju^J

V nXcosn/l(l^cosn/)+sinj^^ _ f
~ / , a^Ccos^d-cos^+sin^sin/) eL ^ J • 

n=l

Taking the limit for /—*0

Re Lira Re A(jw)

y Lid 
£iAoai

cosriAl-cosn/)
sin/^sin / 
cos/Kl-cosd 
sinAsin /

sinnAsinn
-22^3^Be ^(j™)] ' .

a
14/>

n=l

And for the imaginary part, letting ^y» A=^7^

A n=l

n=l

n sinn/, 
a^ sin^

145

3, but O^^R

Re

146

an (1-cosnDcosn, 

a, Rcos^

Ira

n=l 
in

* sin^ntocosy Re rg( ,'

^ COSyi L .

an sin^CnTu^sinn

14?

148
sin/?
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(c) When fi=p> = Tf/2

From the result in case (a), we get the finite value of Re

149

Re]A(jnw)

L J^
a

vi-I

--- sin(nH/2) n Be G 
al---------------- <-

G( jn^) 150

The same result can be derived from case (b).
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3 Application to Particular Systems

3.1 General Procedure

The general method to obtain a

the modified frequency response function 

as a function of A for various values of

solution is to (a) plot 

[a( j \)j^ (where \ =jT)

the angle ^> on the com- 

the
plex plane together with the critical function with, corresponding

^, (b) determine any intersection of the loci with the same value 

of ^ thus evaluate the oscillating frequency \ . Analytical expres-

sions for the summation of the infinite series can be found, how­

ever, to obtain solution most of the computaion was done on the

IBM 7040 computer.

Four examples were attempted to apply

actual systems with the linear transfer functions

in combination with the three kinds

the theory to

K , K _ 
1+sT and (1+sT)2

characteristicsof non-linear

in the manner listed below

(1) On-off with hysteresis and G(s5= 1+V

(2) On-off v/ith hysteresis and
G(S) =«!=£« 

(1+sTT

(3) On-off with dead-zone and .G(s)=KM
(l+sT)^

(4) Saturation (symmetrical case) and
G(s)=^^ 

(1+sT)
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3.2 On-Off with Hysteresis and G(s) =y-^j

Substituting s = ju>, the linear transfer function becomes

G(jtC) K . K^T
2 2 ” ^ 2 2

1+ wT^ 1 +uTT^
152

Thereby, using equs. 115 and 114, and substituting \=wT

^ sinn^ cosn/3 K_____ ri

/ , n sin^ cos/3 l+n2<<2 4h sin^cos/?

sinn.^2 
sin'?

-KnX -^

i«2>2"4h ^
154

As already stated the left-hand side of the above equations are

respectively the real and imaginary part of the modified frequency 

response (A(jn\)J and the right-hand side the critical function 

of the on-off with hysteresis characteristic.

For the above simple case a graphical solution is not

necessary since, we may write

_ i = 2 V sin2n/> 
hK ^n^ n(l+n2\2) 

<^ 2^\7 1-0032^5

hK =^ <^2)

155

156

The infinite summations in the above equations have the analytical

solutions. By the help of Appendix II, we have

•^ sin2n/S =H(i sinh(G[-2/6)/^)^ *

n^)n(l+n2^2) 2 sinh(**y\) '

and
<^ cos2n^ cosh ((lT-2^)/X) x 1

1+n2^2 = 2 “^W " 2

157

158
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Hence,

sinh(2/3
hK “ U - sinhW J " IT

j _ coshCTT/l ) - cosh((M)/h 160

hK sinh Cft/\ )

The d.c. component of input to non-linearity is the difference of

d.c. input to the system and the d.c. component of the system out-

p
put. The output d.c. component is hC-j—1) and G(s) has gain K

at zero frequency. Therefore the required system input is from

r = r - Kh(^-1)
1 /I

2___sinh((7F2^i) 161
hK sinhCyj/^)

Graphs in fig. 28 show the relationship between -r=- and -rwr taking

\ as a parameter. Eliminating /5 graphically from fa^28, a relation- 

ship between the normalized oscillating frequency, /| , and normalized 

hysteresis, o/hK, talcing normalized d.c. input, r/hK, as a parameter, 

is found and shown in fig. 29*

These theoretical results are compared v/ith the results 

from the analog computer simulation in fig. 30. The experiments were 

made in three cases;

(a) constant d.c. input, and variable gain K

(b) constant gain K and variable d.c. input r

(c) no d.c. input and variable gain K

The points marked by x on the graph are measured ones, and the con­

tinuous lines represent the theoretically predicted values for A.
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3*3 On-Off with Hysteresis and G(s) = -^^ ~ ^^
(1+ sT)2

This is same as the previous example except that the 

linear transfer function is changed to G(s)= —-----—. In this
(1+sT)

example, we transfer the linear gain K from the linear part to 

the non-linear part. It does not lose the generality, and elimi­

nates the necessity of drawing the frequency response loci with 

various value of K. The output of the-on-off with hysteresis 

now can be considered as Khinstead of h. The real and imaginary

parts of the transfer function become

Re CG(jto =
1 - 3nj^ 2 

(l + n2\2)2

Im Q G(j^)D
n\(3 - n2^) 

(l + n2^)2

163

164

where \=UT. Therefore the modified frequency response locus

is expressed by the equations

While the critical function is

163

166

rj &H
C (A) = ----- i--- -j--------

2hK sin26 4hK sin/
16?

Rewriting equs. 165 and 166

and

168
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Im[A(jJ)

< • 3oos2n^ V n A cos2n/3

From the definition of Appendix II, we can write

cos2n/>

C2,2

2
n cos2n/)

169

170

171

172

173

174

175

The values of A(j^) with several angles of p were calculated by 

means of the computer. Fig. 31 shows the required modified fre­

quency response loci.
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From the modified frequency response loci and the describing 

function the relationship between the hysteresis width o, the 

output of non-linear characteristic, h, linear gain K, and oscilla 

tion frequency is given by

and the d.c. input to the system r is

+ 4/*- 1 177

from eqns. 176 and 177, an explicit 

r/hK and ^ is obtained. Fig. 32 shows 

with r/hK as a parameter, and fig. 33

hK
— sin2^> Re A(jz\)J

By eliminating ^

relationship

the relation

between o/hK,

r/hK and d/hK with A or A as a parameter. Using either of the 

graphs, the oscillation frequency of the system can be predicted 

theoretically lenowing the hysteresis constants d and h, the system 

d.c. input r, linear gain K, and time constant T.

Again the results are compared with the experimental

results in fig. 34.
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3 .4 On-Off with Dead-Zone and G(s) = ^Ilz_EZl 

(1 + sT)2

Again the basic configuration shovm in fig. 24 is 

considered where the linear network G(s) is the same as the pre­

vious example and the non-linear characteristic is shown in fig.

25 (c). Operation of the system with the existence of de.input is shown 

in fig. 27. This is an example of four sv/itching conditions. 

Substituting the given values for G(s) and the non-linear charac­

teristic in the left-hand side expressions of eqns. 139 and 140, 

and in eqn. 142 the following results for the infinite summations, 

are obtained:
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and

Again, we also have the d.c. relationship

18J

To include the case where the dead-zone is zero, using eqns. 144

Thus plotting the loci and the critical function for

the non-linearity as a function of ^s for the same value of^,

the normalized frequency of oscillation,^, can be found and then

using eqns. 182 and 183 the required reference value, r.

The loci with K=1 for several values of A and A? are

shown in fig. 35, 36,and 37. The results of the numerical calcu­

lation for the relationship between o/hK, r/hK and ) are shown in

fig. 38 and 39.
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Comparisons between experimental and the theoretical 

results are shown in fig. 40 for the three cases (a) no d.c. input, 

(b) a constant r/hK and (c) a constant cf/hK, with good agreement.

It should be noted that the system has at least three 

modes of stable state, namely (a) no oscillation, (b) normal oscil­

lation and (c) limping oscillation. When the system’s d.c. input 

has^smaller value than dead-zone o, it is necessary to give an 

initial excitement to start the oscillation. ’.Then the d.c. input 

is comparatively greater than the dead-zone value d, there is a 

possibility of limping oscillation in which the output of the non-, 

linearity takes only two values, zero and either +h or -h (depend­

ing on the polarity of d.c. input). The change from the normal 

oscillation mode to the limping oscillation mode and vice versa 

has a hysteresis effect with this particular linear transfer function. 

The boundaries of the change of mode may be determined 

by the following procedure: (assuming the d.c. input is positive,) 

(1) evaluate the possible oscillating frequency in terms of <T/hK 

for normal and limping mode, (2) calculate the positive peak amp­

litude of the system output waveform at the frequency for both 

mode, then (3) find the system constants J/hK and r/hK when the 

difference of the d.c. input and the peak value of the output 

signal (feedback signal) becomes equal to (?. This can be done 

graphically or by the use of a digital computer. For the analysis 

of the possible limping oscillation mode, the system can be assumed 

as a pure on-off having the output heights of ±h/2, with a d.c.
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input to the system r-o, and with, an extra d.c. input h/2 to the 

output of the non-linearity. In this particular case, the actual 

calculation for the limping oscillation was done using the solution 

of r/hK in terms of A (from fig. 39), then substituted this value 

(r/hK) to (r-o)hK - 1/2 in which r, 5-, h and K are the actual

system constants.
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3-5 Saturation and G(s) = - -^ ~ Sij
(1 + sT)^

The basic scheme of fig. 24 is again considered with 

the non-linear element, a saturation characteristic, r equal to 

zero. For this symmetrical case, using eqns. 14? and 148, the

modified frequency response is

se [a(M = EiH^ ^^J 187

r n=l 1

Im [a^ = J^li^^^M 188

where =10T and n is odd only.

Rewriting above expressions by taking a new angle y=^—6 189

se Fac^)! = f7 ^aa-isfemt^^
L > n^l ^ £i"X J

X- M = ji*^^^^
<* n=l 1

The Fourier coefficient a ’s are found to be 
n

_ 2h sir.(nT/2) sin(n*l)^ sin(n-l)^
an “ njp sin,/ n+1 n-1

190

191

192

and again the linear transfer function, transfering the gain K

to the non-linear part, is

G(jnw') =
l-3n2? (n2^2-3)iA

(l+n2\2)2 WA2)2

-^ V/e assume that the slope of this saturation characteristic 

is unity. For other values of slope the value K in eqns.

195 and 196 is replaced by K (slope of the saturation).
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Hence,

Re

/ , n 
n=l odd

n+1 n-1 2^2^2

sin// (^ +
193

2

n=lodd

sin (n+1)#- 
n+1

sin(n-1X (n A -3)

n-1 2\2'2

sin2^(
194

2

While the critical function for the saturation characteristic is

given by

c (y) =" 1^2X7^1230 195

When the system oscillates, the 

the normalized frequency \ will

relationship between gain K and

be obtained from the relationship

196

The modified frequency response loci A (jA? , evaluated

by the digital computer, as a function of / for several values

of c/ and the describing function for satulation are shown in fig.

42 and 43. From these loci the variation of the frequency of

oscillation with the d.c. loop gain K was determined and compared 

with the experimental data and results using the normal decribing 

functions, as shown in fig. 44.
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Looking at the graph we see that the theoretical result 

is not satisfactory except when the gain K is fairly large. The 

theory gives a big error (max. 5%) when the system works at a slight 

clipping level. It is worse here than that obtained by the ordinary 

describing function technique. The main reason for this is the fact 

that the waveform of the input to the non-linearity becomes distorted 

and the resultant output has a shape which should not be assumed to be 

a clipped sinusoidal as shown in fig. 45. Therefore, it seems that 

the Fourier coefficient a^ might be compensated by some means.

Fig. 45 Input and output waveforms of the saturation 
• i j t c t \ K(l—sT)

an a closed loop system; G(s; =----- 5
(1+sT)^

nput



Experimental Procedure3.6 

3*6*1 Measurement circuits

Fig* 51 shows the standard form of the setup which 

simulate the non-linear systems discussed in the theory. One 

input to the amp.l (marked "A”) corresponds to the system input, 

and an external d.c, signal is applied to it. The output of amp.6 

(marked "B”) correspondes to the system output and is fed back to 

amp.l. Amp.2 is an unity gain inverter to be used when the non­

linearity is of the out-of-phase type (output goes positive when 

input goes negative. Dead-zone and on-off systems are of this 

type. Amp.2 is by-passed by SW^ when the non-linearity is of the 

in-phase type (saturation). To compensate for assymmetry of the 

non-linearity, two adjustable d.c. voltages E^ and E^ are provided 

at the inputs to amp.l and amp.J. Amps. 8, 4 and 5 simulate the 

1-sT 1
transfer function-------o or -5—77 depending on the position of SW_. 

(1+sT)2 1+ST 2

With SW^ in the ’’upper” position, the transfer ratio is

- 1+ST^ W ” (1+sT)2

and with SW^ in the "down” position (thereby omitting amp.4) it i. 

n x\m« The variable gain K is obtained using amp.6 which gives 

min. and max. gains of 1/6 and 6 in this case. When higher gain 

is required, the two 100 kilohm resisters in the amp.6 are changed 

to other appropriate values. The 500k potentiometer in amp.6 is 

calibrated.
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Oscilloscope 1 is used for the measurement of frequency 

by
of oscillation^ comparison with a signal generator as a standard of 

frequencyo Oscilloscopes 2 and 3 are helpful for the initial 

balancing of the operational amplifiers and the non-linear charac­

teristic, and also for observing the variation of waveforms during 

measurements* The former gives direct indication of the input tod 

output characteristic of the non-linearity and the latter is used to 

observe vzaveforms at various other points in the system,

3.6.2 Procedure

After leaving the system in a normal operation state for 

at least 5 hours to avoid initial drifts, each unit amplifier in 

the system is balanced by adjusting the positive bias to the posi­

tive input, and the non-linear characteristic using E^ and E^.

Then the gain K and d.c. input voltage r are changed in 

appropriate steps and measured on the calibrated dial of the poten­

tiometer in amp. 6 and by the d.c. voltmeter. The corresponding 

oscillating frequency at each step (if present) is measured on the 

dial of the low frequency oscillator which is adjusted to give a 

still Lissajous pattern on oscilloscope 1.

The non-linear constants (<5, h) are measured by oscillo­

scope 2 (calibrated) when the system is in operation
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APPENDIX I CRITICAL LOCUS FUNCTION

(1) On-Off with Hysteresis

. . Y a -o o
(a) Symmetrical Case: c =--- !—^  -

(b) Assymmetrical Case; C = 2b-sina? " 3 “5h

(2) On-Off v/ith Dead-Zone

(a) Symmetrical: C = ■ gg g.n?-

(b) Assymmetricl: C = - ^—j——^^^-^

(J ) On-Off v/ith Dead-Zone and Hysteresis, Symmetrical Case ;

"4h sin2 “ 3 8h . 2a 
sin P

(4) Saturation

(a)
TTJ

Symmetrical: C = - h(2j( + ^j

(b) Assymmtrical:

/ (sinA-sin^) + 71



APPENDIX II SUMMATION OF INFINITE SERIES

(1) Cosine Series:
n^cos n^X 

(1 + »2A2>*

Co,l -TX^^I^0 > "2

c
0,2

7j_ 
^sinhii^

, IT—^ c< . , TT-A /i cosh^x / 1
-cosh ----+ sinh-^-. + - --— A /----

A A A / sinh/T/x J 2

C2,2
it r Tr-X X . LW= Tt”—•—c?f=7~ - cosh —;— “ t sinh —;—

JTcosh^/X 

\sinh7^

C4,3 -)2sinhK sinh^cosh^—

4 A A A
77_/ if y A . .tt . , 77-^ it . ---cosh—+-sinh-?sinh 2_-

AAA7'

+ ~~(sinh^ ‘^ -t-coshy-) --xsinh^cosh^—>+ 
\2 A A A2 M

(^sinhycosh^ 7^ -^sinhy- sinh^^ -Ijcoshy)

(4,1 sinh^-a/Tcosh^)

C0,3 = Co,i" 2,2 + A '-M

C2,3 C2,2

See reference (7)? page 104.
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S, _ = (j\sinh7 - sTTcoshv) (Xcosh^-sinh^- - Hsinhy) 
3^ 16\6sinh3^) A /) /I .A

sinh——;
sinh^^cosh'"^. ■ -TT/coshy - ^sinh^- 

/' A

Sl,3 ~ Sl,2 “ \ S3,3

S _ = S _ _ - 2\2S_ _ + X^S.. , 
-1,3 -1,1 /| 1,2 A 3,3

See reference (7), page 104.
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APFEliDIX III FOURIER COEFFICIENT OF PERIODIC NAVEFCRES

(1) Output of On-Off with Hysteresis

(2) Output of On-Off rith Dead-Zone

2h, . . x
a =-- (sin a-, - cos zfiT sin nA-J n nj[ /-I /<

(3) Output of Saturation (input: sinusoidal)


