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PREFACE
It is said there is no general apy»roach to exanine

the behavior of the noﬁ-linear control systems. ELEvery technique
developed in the field of the non-linear control engineering has
a limited area of application. Therefore, every technique
must be accumulated so that the technology will be formed nore
systematically and perfectly.

In this work several topics were selected, however, the
enphasis was on the study of the nature of relays which today
offer diverse field of application to the industry as economical

and efficient devices for automatic control.
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2.3 Non-Iinear Characteristics
2.3.1 Saturation and Dead-Zone

There are several methods for obtaining these characteris-
tics suggested in the lig%iéﬁiiésj)Every one of them, however, is
generally unsatisfactory because of a lack of sharpness at the
corners of the input-output characteristic, the introduction of
hysteresis at relatively low frequencies, or the circuitry requires
several unit anplifiers. Fig. 7 shéws one type of saturation
characteristic tested and used in the computer, which requires 6
diodes and no auxliary amplifier. The input-output characteristic
gives reasonably sharp and symmetrical corners. One extra advantage
of the circuit is that it can easily be converted to a dead-zone
characteristic with the addition of an adding amplifier and a
slight change of connections. The combined circuit for the saturation
and dead-zone characteristic is shovm in fig. 8. The photographs
in fig. 9 show the input-output characteristics obtained at a
frequency of 200c/s. On the computer panel there are six elements

" for these ombined characteristics, two of them with adjustable

clipping levels.
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Rewriting
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Adding and subtracting the above give
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anGn sinn/-? sin%'1 = —%—;(Zi 109

ahGn (cosnﬁ cosj@1 - sinng sin%) 106

a G, ( cosnfcos ﬁ + sinng sin% ) 107

n=1

At the system oscillation frequency W,y We can write

G(Jn.;Jo) = Gnco:s%l - jGnSin% = Re[G(Jm.%;} +JIm[G(Jnué)}
where Re and Im denote real part and imaginary part of the function

respectively. Using this relationship and dividing eqns. 108 and

109 by alcos‘a and als:z.rt/s respectively
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For the on-off with hysteresis characteristic as shown in fig. 26,

%l and %2 are respectively
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(¢) When ﬁ’=/§2= T{/Z 149
From the result in case (a), we get the finite value of Re[A(jnM?]
02
. - a .
Re[}(jnw{) =;2,——£-sin(nﬂ72) n Re{é(jnﬂé] 150
T oam L

The same result can be derived from case (b),
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3 Application to‘Particular Systens
3.1 General Procedure

The general method to obtain a solution is to (a) plot
the modified frequency response function [A(j.)\):lﬂ (where/\mT)
as a function of A for various values of the angie/§ on the con-
Plex plane together with the critical function witﬁigorresponding
/;', (b) deternmine any intersection of the loci with the same value
of /§ thus evaluate the oscillating frequency )\ . MAnalytical expres-
sions Tor the summation of the infinite series can be found, how-
ever, to obtain solution most of the computaion was done on the
IBM 7040 computer.

Four examples were attempted to apply the theory to

. . . . E X
actual systems with the linear transfer functions T+sT and (1+sT)2°

in combination with the three kinds of non-linear characteristics

in the manner listed below

K
-3 oy 3 - ———
(l) On-o...f -Jlth hysteres:.s and G(S)._ l T .

G(S) =K(1-ST)

(2) On-off with hysteresis and 5

- (1+sT)

(3) On-off with dead-zone and -G(s) =

(4) Saturation (symmetrical case) and G(s)=
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Appendix II, we can write

2,202 = 8K sy pChepp 170

In [A(j )\)_]/) =-2sii-—?3{ 3[00,1(5\,0) - Co,]_()hZ/})]

2
-4\ [CZ,Z(X,O) - 92’2(,\,2/})] 171
where
0 —l
sin2np,
1, 1O 2/) Z 22 172
n=l
° n sin2nf
f1,20020 = z (1422)2)2 1
° cos2n/}
12 = Z 5y 198
P 2 2 /; .
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Co,2(M2M = VZ (1en2)2)2 17

The values of A(j)) with several angles of/G were calculated by

means of the computer.

quency response loci.

Fig. 31 shows the required modified fre-
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Comparisons between experimental and the theoretical
results ave shown in fig. 40 for the three cases (a) no d.c. input,
(b) a constant r/h‘K and (¢) a constant &/hK, with good agreement.

It shouldbe noted that the system has at least three
| modes of stable state, namely (a) no oscillation, (b) normal oscil-
lation and (c¢) limping oscillation. Vhen the system's d.c. input
hasi'smaller value than dead-zone 5, it is necessary to give an
initial excitemnent to start the oscillation. When the d.c. input
is comparatively greater than the deaci—zone value c';, there is a
possibility of limwing oscillation in which the output of the non-.
linearity takes only two values, zero and veither +h or -h (depend-
ing on the polarity of d.c. input). The change from the normal
oscillation mode to the limping oscillation mode and vice versa
has a hysteresis effect with this particular linear transfer function.

The boundaries of the change of mode may be determined
by the following procedure:(assuming the d.c. input is positive,)
(1) evaluate the possible oscillating frequency in terns of $/nx
for normal and limping mode, (2) calculate the positive peak anp-
litude of the system output waveform at the frequency for both
mode, then (3) find the system constants d/hK and r/hK when the
difference of the d.c. input and the peak value of the output
signal (feedback signal) becomes equal to 3\. This can be done
graphicalli or by the use of a digital computer. Ior the analysis
of the possible limping oscillation mode, the system can be assumed

as a pure on-off havirng the output heights of #h/2, with a d.c. ~
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