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Lay Abstract

Let I be a monomial ideal in R = K[x1,x2,...,%,], a polynomial ring over a field K. The
Waldschmidt constant of I, denoted &([), is a numeric invariant of I. The Waldschmidt
constant manifests in many ways in commutative algebra and algebraic geometry, and is
related to open problems such as the ideal containment problem and Nagata’s conjecture.
For a monomial ideal, the computation of a(l) reduces to solving a linear optimization
problem. This thesis shows how to construct a monomial ideal with a(I) equal to any
rational number greater than or equal to 1. The family of monomial ideals investigated are
intersections of powers of prime monomial ideals (in Chapter 3) and square-free principal

Borel ideals (in Chapter 4).
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Abstract

Let I be a homogeneous ideal in R = K|z, x9,...,2,], a polynomial ring over a field
K with characteristic zero. Define the m-th symbolic power of I as the ideal I(™) =

ﬂPEASS(I) (ImRP n R)
The Waldschmidt constant of I is defined as

(1) = tim U ™)

m—00 m

Here, a(J) denotes the smallest degree of a generator of the ideal J. The Waldschmidt

constant is interpreted as an asymptotic invariant of I. The ratio % gives a measure of

~

the growth of the symbolic power (™) compared to the ordinary power I as m — oco.

The focus of this thesis is answering this question: for a given rational number % >1,
how can we construct a monomial ideal I such that a(I) = %? Computing the Waldschmidt
constant for a monomial ideal reduces to solving a linear optimization problem. We study
two families of monomial ideals in depth.

In Chapter 3 we study ideals of the form
I={(xo,...;xn)" N{x1,23,...,2n)2 N N {(T1,...,Tp_1)".

Our main result in this chapter (Corollary 3.3.4) is that by choosing the e;’s appropriately,

we can construct an ideal I with Waldschmidt constant for “almost all” 2 > 1.

iSES

In Chapter 4 we study square-free principal Borel ideals, denoted sfBorel(m), where m is

the generating square-free monomial. We give upper and lower bounds for the Waldschmidt

v



constant of sfBorel(m) in terms of the support of m, and in some cases, exact values. Our
main result (Corollary 4.3.2) is that for any % > 1, we show that there exists a square-free

principal Borel ideal with Waldschmidt constant equal to %.
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Chapter 1

Introduction

In Section 1.1 we introduce symbolic powers and the Waldschmidt constant, the main
objects of study of this thesis. In Section 1.2 we give an overview of this thesis, and

highlight its main results.

1.1 Symbolic powers and the Waldschmidt constant

We begin by giving a brief overview of the development and position of symbolic powers
and the Waldschmidt constant in mathematics.

Let I be a homogeneous ideal in R = K[x1, 2, ..., %], a polynomial ring over a field K
with characteristic zero, and denote I"™ to be m-th (ordinary) power of the ideal. Noether
showed that any ideal in a Noetherian ring can be written as the intersection of primary
ideals [Noe21]. This primary decomposition allows for another type of power of I, the
symbolic power of an ideal, denoted (™).

Formally, the m-th symbolic power of I is defined as

™= () (I"RpNR)
PeAss(I)

where Rp is the ring R localized at the prime ideal P, and Ass([) is the set of associated
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primes from the primary decomposition of I.
Zariski [Zar49] explored how the symbolic power I(™ provides more differential and
geometric information about I than its ordinary powers. In terms of the algebraic variety

V(I) defined by radical I we can write the symbolic power as:
1™ = {f € R | f vanishes at V(I) to order m}.

Symbolic powers, rather than ordinary powers, seem more amenable to study for algebraic
geometry. In general, the symbolic power of an ideal does not equal the ordinary power,
and the symbolic power is more difficult to compute. Comparing and measuring the differ-
ence between symbolic and ordinary powers has proven useful in many areas of algebraic
geometry and commutative algebra.

The first question in comparing symbolic and ordinary powers is to ask if and when
one contains the other. It is known that we have the containment I" C I™ if any only if

r > m. The more interesting question is the following:

Question 1.1.1. (Ideal containment problem) For a fized integer m, what is the smallest

integer v such that I") C I™ holds?

The ideal containment problem is difficult because symbolic powers are difficult to com-
pute. There is a large literature available which give bounds and solutions for certain
families of ideals. The papers [ELS02], [HHO02], [BH10], [DHSTG11], [HT19], and [BJZ21]
are a small sample of the research available.

Introduced in the 1970’s by Waldschmidt ([Wal77],[Wal79]) to study points in C”, the
Waldschmidt constant plays a pivotal role in the study of the asymptotic properties of ho-
mogeneous ideals. For a given homogeneous ideal I C R = K|z1,...,x,], the Waldschmidt

constant of I is defined as

a(l) = lim M.

m—00 m

Here, a(J) denotes the smallest degree of a generator of the ideal J. The Waldschmidt
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(1)

constant is interpreted as an asymptotic invariant of I. The ratio % gives a measure
of the growth of the symbolic power 1™ compared to the ordinary power I™ as m —
oo. Bocci and Harbourne were among the first to use the Waldschmidt constant to study
Question 1.1.1 (ideal containment problem). In their paper [BH10] Bocci and Harbourne

also introduced the resurgence of I, defined as p(I) = sup {% | 1) ¢ T m}, which provides

—

the bound % < p(I). For more on the Waldschmidt constant see [BDRHT19], [BH20],

~

and [NH21].

A major open problem in connection with the Waldschmidt constant is Nagata’s con-
jecture. In 1959 Nagata (a collaborator of Zariski) provided counterexamples to Hilbert’s
fourteenth problem [Nag59] and proposed a follow-up conjecture on complex curves. This
conjecture (known as Nagata’s conjecture), which remains open, can be rephrased as a

statement involving the Waldschmidt constant of the ideal associated to a set of points.

Theorem 1.1.2 (Nagata’s conjecture re-phrased). [GHVTI13] Let I C K[P?] be the ideal

of s > 10 generic points of P2. Then a(I) = \/s.

1.2 Monomial ideals with a prescribed Waldschmidt con-

stant
We now give an overview of the purpose and content of this thesis. The focus of this thesis
will be answering the following natural questions about the Waldschmidt constant.
Question 1.2.1. What are the possible values of the Waldschmidt constant?
Question 1.2.2. For a prescribed number q, how can we construct an ideal I such that
a(l)=q?

The Waldschmidt constant for a general ideal is difficult to compute because it involves
taking the limit of symbolic powers (which in themselves involve intersections and local-

izations). In this thesis we will focus on monomial ideals (polynomial ideals which are
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generated by monomials). Fortunately, computing the Waldschmidt constant for monomial
ideals is simpler than the general case; we can transform the analytic problem into one of
convex geometry and linear optimization.

We now give an overview of the sections of the thesis and highlight its main results.

Section 2.1. Here we give the definition of the Waldschimdt constant, and basic prop-
erties and terminology for monomial ideals, square-free monomial ideals, and linear opti-
mization problems.

Section 2.2. The goal of this section is to show how the computation of the Wald-
schmidt constant for monomial ideals can be recast as a linear optimization program. We
make use of the work of Cooper, Embree, Ha, Hoefel in [CEHH17] which shows that the
Waldschmidt constant of a monomial ideal can be viewed as an invariant of a convex poly-
hedron called the symbolic polyhedron (see Theorem 2.2.8, [Corollary 6.3 in [CEHH17]]).

The work of Bocci, Cooper, Guardo, Harbourne, Janssen, Nagel, Seceleanu, Van Tuyl,
and Vu in [BCG™16] explicitly shows how the primary decomposition of a square-free mono-
mial ideal can be used to construct a linear optimization problems whose value is the Wald-
schmidt constant of ideal. (see Theorem 2.2.11, [Theorem 3.2 in [BCG'16]]).

Section 2.3. In this section we expand on the result of [BCG116] to give an explicit
procedure for constructing a linear optimization problems whose value is the Waldschmidt
constant for any monomial ideal without embedded primes presented in irreducible form.

The main result of this section is given below.

Theorem 1.2.3. (Theorem 2.3.4) Suppose I is a monomial ideal in R = Klz1,...,%y)

with minimal irreducible primary decomposition

I'=0Q1NQ2N---NQs

@i G aiy, . .
where @Q; = (xil Ty Ty, ). Furthermore, suppose this I does not contain any em-

bedded primes. For each Q; associate an n-vector ™V with the ij-th entry equal to C% for
i

1 < j <k and otherwise equal to 0. Let A be the s x n matriz with row i equal to 7). Then
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a([l) is the value of the linear optimization problem
min{1%7y | Ay > 1,y > 0}.

Section 2.4. This section uses the work of Camarneiro, Drabkin, Fragoso, Frendreiss,
Hoffman, Seceleanu, Tang, and Yang in [CDF*22] to give a more complete framework for
the correspondence between the algebra of the monomial ideal and its associated polyhedra.

The following lemma gives the Newton polyhedra (see Definition 2.4.1) of the power of

prime monomial ideal. This will prove useful in Section 3.

Lemma 1.2.4 (Lemma 2.4.7). Let B = {b1,ba,...,b;} C {1,2....,n} with |B| = r.
Let I = (xp,,Tp,,...,2p.) be a monomial ideal in R = K[zy,...,x,]. Then for I¢ =

d
(@b s Thyy - - - Tp, )" we have

.
1
NP(I%) = {Zdybi >1 ‘ Yy, € Rzo}-
=1

Section 2.5. Here we begin to answer Question 1.2.1 by looking at ideals in just two
variables. By analysing the generators of any monomial ideal I in K{[z1, 2], we find that

the Waldschmidt constant a(I) equals the initial degree «(1):

Theorem 1.2.5 (Theorem 2.5.3). Let I be a monomial ideal in Kxi,x2]. Then a(I) =
a(l).

Since «(7) is the degree of the smallest generator of I, the Waldschmidt constant can only
take on a natural number in two variables. To find an ideal with a non-integer Waldschmidt
constant, we need add more variables.

Chapter 3 - Waldschmidt constant for monomial ideals in n > 2 variables

To attempt to answer Question 1.2.1 and Question 1.2.2 we want to choose a family
of monomial ideals that are described by few parameters while producing a large range of
Waldschmidt constants. In Chapter 3 we look at monomial ideals that are intersections of

powers of prime monomial ideals.
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Section 3.1. In this section we focus on the family ideals in R = K[z, z9,x3] of the

form
I = (z9,23)"" N (1, 23)% N (21, 22)

with e; > ea > e3 > 0. By analysing the feasible region of the linear optimization problem
associated to I, the following corollary shows how we can choose €1, e2, and es to construct

an ideal with Waldschmidt constant equal to % > 1 for a prescribed positive integer g > 2.

Corollary 1.2.6 (Corollary 3.1.2). Fiz a positive integer q > 2. Then write the integer
partition ¢ = e1 + e + e3 where

61:%762:%,63:% ’quEO m0d3
er=[4l,es=|4)es= |4 fg=1 mods3

er=[flea=[§lea= 4] #a=2 mods.

Then
I'= (z9,23)"" N (x1,23)7 N (21, 22)
is a monomial ideal in R = K[x1, 22, x3) with a(I) = .

Section 3.2. In this section we focus on the family ideals in R = K[z, x2, x3, x4] of the

form
I = (x9,x3,24) N (21,23, 24) N (T1, T2, 24)% N (21, T2, T3)%

with e; > eg > e3 > e4 > 0. We derive a similar result as the above corollary with a notable
exception: we can choose e, ez, e3 and e4 to create an ideal I with Waldschmidt constant
4> 1 except for when ¢ = 5.

Section 3.3. In this section we focus on the family of ideals in R = KJz1,...,2,] of

the form

= (zo,...,xn) ' N (x1,23,...,2p)2 NN (X1, ..., Tp_1)"
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with e; > eg > --- > e, > 0. The following result allows us to choose the e;’s so that we can

attain a Waldschmidt constant equal to 2 for almost all rational numbers greater than 1.

p
By “almost all” we mean for a given denominator p, there are only finitely many numerators

g such that a(l) = % is not attainable by this method. Our result is summarized below.

Corollary 1.2.7 (Corollary 3.3.4). Consider the fraction % > 1 for some positive integers
q,p. Letn=p+1 and q =k mod n. Then write the integer partition g = e1 +ea+---+ey,

where we set

(1] for1<i<k
€; =

|t fork+1<i<n.

Now suppose n? — (k+ 1)n + k < q is true. Then
I = <{L‘2,...,£L’n>el N <l’1,l’3,...,$n>62 n---N <ZL‘1,...,SL'n,1>e"
is a monomial ideal in R = K1, ..., zn] with a(I) = 1.

Chapter 4. The content of Chapter 4 first appeared in the paper On the Waldschmidt
Constant of Square-free Principal Borel Ideals [CMKSVT22] in collaboration with Camps
Moreno, Sarmiento, and Van Tuyl.

We investigate the Waldschmidt constant of a family of monomial ideals called square-free
principal Borel ideals. We denote these ideals by sfBorel(m), where m = wx;, - - x;, is the
square-free monomial which generates the ideal. Given a monomial m, if z;|m and j < i,
then we call z; - xmz a Borel move of m. A monomial ideal is a Borel ideal (or a strongly
stable ideal) if for every m € I, all of the Borel moves of m are also in I. For example, let

m = zows and let I = sfBorel(zoxs) € K[z1,...,25]. The set of monomials attained via

every Borel move on m = xoxs is the following set:

2 2
B = {21,129, 25, 2123, T2X3, T124, TaZy, T1L5, T2T5 ).
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The generators of sfBorel(zox5) are the square-free monomials of B:
gens(stBorel(zoxs)) = {2122, T173, T2x3, 124, T2y, T1T5, T2X5}.

Since these ideals are square-free monomial ideals, the method of Section 2.2 for comput-
ing a(sfBorel(m)) applies. In practice, solving the linear optimization problem for square-
free principal Borel ideals can be especially difficult due to the large number of inequalities
involved. As an example, suppose we wish to compute a(sfBorel(m)) where the generating

monomial is

M = 33215233216 * - - T104348 € K[T1, ..., T104348]- (1.2.1)

To apply the method of Theorem 2.2.11 to find the Waldschmidt constant for this ideal

~
~

104348)

would involve solving a linear optimization problem in 104348 variables and (33215

5.1 x 1028347 inequalities defining its feasible region. By contrast, the ideals of Section 3.3
have only n variables and n inequalities.

We provide an upper bound (Theorem 4.2.4) and a lower bound (Theorem 4.3.4) for
a(sfBorel(m)), expressed in terms of the support of m = z;, - - - x;, that is, {i1,...,is}. Our
analysis relies on the work of Francisco, Mermin, and Schweig [FMS11] which describes the
associated primes of sfBorel(m).

The following corollary is the highlight of the chapter: when the monomial m =

Tj, Tiy - - - Ty, has no “gaps” or “jumps” in the i;’s, we can compute a(sfBorel(m)) exactly.

Corollary 1.2.8 (Corollary 4.3.2). Let I = sfBorel(x;xijy1---xiy1). Then
~ L+ 1
a(l) = i
1
Consequently, let ]% > 1 be a rational number. Then there exists a square-free principal

Borel ideal I such that a(I) = 1.

The above result is constructive in the sense that we can explicitly choose the required

monomial m such a(sfBorel(m)) = 2 > 1. So this result gives an answer to Question 1.2.2

q
p =
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for rational numbers. Also, observe the monomial m of (1.2.1) was chosen to approximate
m up to nine digits

R 104348
a(sfBorel(m)) = 3331E

= 3.14159265392. (1.2.2)

Chapter 5. In this final chapter we show that we can construct a monomial ideal I in
three variables whose Waldschmidt constant has a prescribed denominator (Example 5.1.1).
We observe that while the square-free principal Borel ideals of Chapter 4 can attain any
rational Waldschmidt constant greater or equal to 1, they do so “inefficiently” compared
to the ideals from Section 3.3. By “inefficient” we mean that an ideal from Chapter 4 will
often require far more variables than an ideal from Section 3.3 with the same Waldschmidt

constant. The thesis concludes by proposing questions for further inquiry, including:

Question 1.2.9. For a prescribed Waldschmidt constant % > 1, what is the monomial
ideal I that most “efficiently” (e.g., in terms of minimal number of variables or associated

primes required) that attains a(I) = 17
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Chapter 2

Background

2.1 Monomial ideals, primary decomposition

In this thesis we will consider ideals in the polynomial ring R = K|[x1,...,x,] over a field
K with characteristic zero.
The Hilbert Basis Theorem implies that an ideal I in R can be described by a finite

generating set of polynomials (Corollary 7.7, [AM69]):

I'=(f1,fo- -, fo) ={qrfr+--+gsfs | 9i € R}.

We denote the set of generators by gens(I) = {fi, fo,..., fs}- A set of generators for I is
called a minimal generating set if no element of gens(/) can be omitted. In general,
gens(I) is not a unique set.

An ideal [ is prime if fg € I implies either f € I or g € I. An ideal I is primary if
fg € I implies either f € I or ¢ € I for some m > 0. The radical ideal of an ideal I is

the set
VI={feR| f™el for somem>1}.

If I is primary, then v/T is the smallest prime ideal containing I.

10
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Theorem 2.1.1 (Theorem 7.3 [AM69], [Noe2l]). Every ideal I in R can be written as a

finite intersection of primary ideals. That is, we can write

I=Q1NQ2N---NQ,

where the Q;’s are primary ideals. Additionally, this decomposition is called minimal or

irredundant if \/Q; are all distinct and ﬂ#i Qj € Q;.

Definition 2.1.2. Suppose I = Q1 N Q2N ---NQ, is a primary decomposition. Then the

set of associated primes of [ is

Ass(I) = {\/Q1=P1,\/Qs = Ps,...,\/Q, = P.}.

The associated primes of I which are not minimal (with respect to set-theoretic inclusion)

in Ass(I) are called the embedded associated primes of I.

Definition 2.1.3. A ring R is called a graded ring if it can be decomposed into a direct
sum R = @;’io R; of additive groups where R, R, C Ry4n. Since R is a direct sum, any
non-zero element a of R can be uniquely written as a = ag + a1 + - - - + ay, where each q; is
either 0 or homogeneous of degree i (the non-zero a; are called homogeneous components
of a). A non-zero element of R, is called a homogeneous element of degree n. An ideal
I C R is called a homogeneous ideal if for every a € I, the homogeneous components of

a are also in 1.

Definition 2.1.4. For a homogeneous ideal I, denote «(I) to be the smallest degree of an

element in a minimal set of homogeneous generators for I.

Definition 2.1.5. The m-th symbolic power of I C R, denoted 1™, is the ideal
™= () (I"RpNR)
PeAss(I)

where Rp is the ring R localized at the prime ideal P.

Remark 2.1.6. The definition of symbolic powers is not uniform in the literature, where in

11
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some references, the indexing set is only over the minimal associated primes as in (Definition

4.3.22, [Vill5]) In this thesis we use the version as written in Definition 2.1.5 above.
We now define the main invariant of study for this thesis.

Definition 2.1.7. For any homogeneous ideal I, define the Waldschmidt constant of 1

as

a(l) := lim a(I(m)).

m—00 m
Remark 2.1.8. The limit in the above definition converges because a/(I("™) is an a subad-

ditve function: a/(I(™1+m2)) < o(10™)) 4 (10™2)) (see Lemma 2.3.1, [BH10]).

2.1.1 Monomial ideals

An ideal I is a monomial ideal if it can be generated by a set of monomials (polynomials
with one term). A prime monomial ideal is generated by a subset of the variables, i.e.,
of the form (z;,,...,z;, ). The height of a prime monomial ideal P, denoted ht(P), is the
largest number h such that there exists a chain of distinct prime ideals Py C P C ... P, =
P. For a prime monomial ideal P = (x;,,..., ;) we have ht(P) = k.

The following proposition summarizes how we can compute a set of monomial generators

under standard ideal operations.

Proposition 2.1.9 (Section 1.2.1, [HH11]). Let I, J be monomial ideals in K[z1,...,xy)
with generating sets gens(I) and gens(J), respectively. Then I,J under the following stan-

dard ideal operations are again monomial ideals.
1. I+J={{m | m e gens(I)Ugens(J)}).
2. IJ = ({mimga | my € gens(I), ma € gens(J)}).
3. INnJ = ({lem(my,ma) | my € gens(I), ma € gens(J)}),
where lem(my, mo) denotes the monomial that is the least common multiple of m1 and mso.

12
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A monomial is often denoted by m but we may also write a monomial as

a al a2 a

XU =T Xy
and refer to a = (ay,...,a,) € N” as the exponent vector of the monomial. A monomial
xtxy? - - - xdr is square-free when a; € {0,1} for all i. A monomial ideal is square-free

if each of its generators is a square-free monomial.
The following theorem summarizes useful properties of square-free monomial ideals and

their symbolic powers.

Theorem 2.1.10 (Theorem 10.4, [CHHVT20]). Let I be a square-free monomial ideal in

R=Klxi,...,zy].

1. There exist unique prime monomial ideals of the form P; = (x;,,... ,miti> such that

I=PN---NPFs.
2. With the P;’s as above, the m-th symbolic power of I is given by (™) = PN P

3. For all integers m > 1,

2.1.2 Linear optimization problems

Definition 2.1.11. Let S be a subset of R”. Then S is a convex set if for all z,y € S, the
line segment connecting z to y is also in S. The convex hull of S, denoted conv(S) is the
smallest convex set containing S. A convex polyhedron is a convex set which equals the
solution set to a system of linear inequalities. An extreme point or vertex of a convex

set S is a point in S which does not lie in any open line segment joining two points of .S.

Notation 2.1.12. Suppose A is an m X n matrix, b is a n-vector, ¢ is an m-vector,

and 0 is the zero n-vector. The standard form of a linear optimization problem (or

13
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linear program) is expressed as:
Solve min{bTy |Ay > ¢,y > 0} (2.1.1)

where y = [y; yo -+ ¥,]7 is a n-vector of variables.

In (2.1.1), the vector order d > e means the i-th coordinate of d is greater than or equal
to the i-th coordinate of e for all i. Any vector y satisfying Ay > c and y > 0 is called a
feasible solution. The set of feasible solutions, denoted F, is a convex polyhedron called
the feasible region. The objective function is the expression bTy.

If y' is a feasible solution which minimizes the objective function bTy, then y’ is called
an optimal solution or minimizer and bTy’ is the value of the linear optimization

problem.

Theorem 2.1.13 (Theorem 2.3 (Fundamental Theorem of Linear Programming), [FP93]).
For a linear optimization program in its standard form with a non-empty feasible region
F, the minimum value of the objective function bTy over F is either unbounded below or

attained by a vertex of F.

If we can compute the vertices of F, then solving the linear optimization program
amounts to testing which vertex minimizes the objective function. The following character-

ization of the vertices of F will prove helpful in Chapter 3.

Definition 2.1.14 (Definition 2.9, [BT97]). The feasible region F associated to the linear
optimization problem (2.1.1) is the intersection of m + n half-spaces defined by inequalities.
Let (A);« be the i-th row of A. There are m inequalities of the form

(A)i 'Y = ainy1 + aigys + -+ ainy, > ¢

and n inequalities of the form y, > 0. A vector z € R" is called a basic solution if it
is the unique solution to any n of the inequalities changed to equalities (i.e., hyperplane

equations). If a basic solution is feasible, i.e., it further satisfies the remaining m inequalities

14
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(those not changed to hyperplane equations), then z is called a basic feasible solution or

vertex of F.

Definition 2.1.15. The dual of the standard linear optimization problem (2.1.1) is a linear

optimization problem of the form
Solve max{cTx |ATx < b,x > 0} (2.1.2)
where A, b and c are the same as in (2.1.1), and x € R™.
The following theorem which relates (2.1.1) and (2.1.2) will be useful in Chapter 4.

Theorem 2.1.16. 1. (Theorem 4.2 (Weak duality), [BT97]) For each feasible solution
o to (2.1.1) and each feasible solution @ to (2.1.2) we have ¢'o < by/.

2. (Theorem 4.4 (Strong duality), [BT97]) If either (2.1.1) or (2.1.2) have an optimal
solution, then so does the other and both linear optimization problems have the same

value.

2.2 Symbolic polyhedrons and the Waldschmidt constant as

a linear optimization program

We now introduce the symbolic polyhedron of a monomial ideal and show that computing

the Waldschimdt constant amounts to solving a linear optimization problem.
Definition 2.2.1. Let M be a monomial ideal or finite set of monomials. Define
L(M)={aeN"|x*ec M}

to be the set of lattice points (i.e., elements of Z%) corresponding to the exponent vectors

of monomials in M.

Definition 2.2.2. Let A, B C R". Then the Minkowski sum of A and B is formed by

adding each vector in A to each vector in B, that is, A+ B={a+b|a € A,bec B}.

15
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Lemma 2.2.3 (Lemma 5.2, [CEHH17]). Let I be a non-zero monomial ideal. The convex
hull of L(T) is

conv(L(I)) = conv(L(gens(I))) + R%,
where + is the Minkowski sum.

Example 2.2.4. We will compute conv(L(I)) for I = (23,23) in R = K|[x1,72]. The set

of monomials in I is the set
2k |k >0,k > 3, k1, ko € NYU {28252 | ky > 2,ky > 0, k1, ko € N}
1 T2 1 T2

The exponent vectors for the generators of I are: £(gens(I)) = {(2,0),(0,3)}.
The convex hull of the two exponent vectors is the line segment joining (2,0) and (0, 3):
conv(L(gens(1))) = {(y1,¥2) | 3¥1+3y2=1,(y1,¥2) € R%o}‘ Then taking the Minkowski

sum with R?i- gives:

1 1
conv(£(D) = {(y1,¥2) | 5¥1+ 3¥2 > 1, (y1,¥2) € REo}.

See Figure 2.1.

The following lemma generalizes Example 2.2.4 for any monomial ideal generated by

powers of the variables.

Lemma 2.2.5. Let I = <le” , 33?52, . ,:L‘Z:k> be a monomial ideal in R = K[x1,...,x,]. Let
T be an n-vector with entry the ij-th equal to ai for 1 < j <k and every other entry equal
i

to 0. Then
conv(L(I))={y |r-y =1y >0}
where Yy = [y, Yo -+ Y, is a vector of real variables.

Proof. For each of the k generators of I we have the corresponding exponent vector

(0,...,a4,...,0), ie., an n-vector with a;; in its i;-th coordinate and 0 elsewhere. Let

bty =1

y € R™ and observe that the k exponent vectors lie on the hyperplane H = 3 =1 Vi, =
ij

16


http://www.mcmaster.ca/
https://www.math.mcmaster.ca

Ph.D. Thesis — C. Kohne; McMaster University — Mathematics and Statistics

> O 4 \ 4 -
o7 1 2 3 4
Figure 2.1: Convex hull of Example 2.2.4

The filled in dots represent exponent vectors for monomials in I. The grey area equals
conv(L(I)).

Then the convex hull of the k exponent vectors is the intersection of the hyperplane H with

the non-negative orthant of R™:
G
L I :{ ‘ —vy,. =1, >0}
conv(L(gens(I))) y ; a, Yi; y=
where y = [y, yo *-¥,] is a vector of real variables. Now let r be an n-vector with the
ij-th entry equal to ai for 1 < 57 <k and every other entry equal to 0. Then we get
ij
conv(L(gens(l))) ={y |r-y=1,y > 0}.
Now taking the Mikowski sum with R} equals the set
COHV(E(I)) - {y ‘ r-y > Ly > 0}7

giving the result. O

Definition 2.2.6. [Definition 5.3, [CEHH17]] The symbolic polyhedron of a monomial

17
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ideal I is the polyhedron SP(I) C R"™ given by

SP(I)= m conv(L(Qcp)),

PemaxAss(I)

where QQcp is the intersection of all primary ideals ; in the primary decomposition of I
with /Q; C P. We denote maxAss([) to be the subset of Ass(I) that are maximal with

respect to set-theoretic inclusion.
Definition 2.2.7. For any polyhedron P C R”, define
a(P) =min{1Ty | y € P}
where 1 is the column vector of appropriate size with all entries being 1.

Theorem 2.2.8 (Corollary 6.3, [CEHH17]). Let I be a monomial ideal and SP(I) be its
symbolic polyhedron. Then a(SP(I)) = a(I).

The above two definitions and theorem taken together tell us: For a monomial ideal
I, computing the Waldschmidt constant a(I) is equivalent to solving a linear optimization
problem where the symbolic polyhedron SP(I) is the feasible region F.
2.2.1 Waldschmidt constant of a square-free monomial ideal

In this section we compute the Waldschmidt constant for square-free monomial ideals.

Theorem 2.2.9 (Corollary 1.3.4, [HH11]). A square-free monomial ideal is an intersection

of prime monomial ideals.

Example 2.2.10. Consider the following ideal in R = K|[x1,x9, x3, 4] with primary de-

composition

I = (x1,29,23) N (T1, 22, 24) N (T1, 23, 24) N <£L’2,1’3,9€4>1-

Py Py P3 131

Each P; is a prime monomial ideal since it is generated by variables. So by Theorem 2.2.9

I is a square-free monomial ideal. By inspection no associated prime contains another so
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Ass(I) = maxAss(l) = {P1, P>, P3, P,;}. This means we have Qcp, = P; for each i. Then

applying Lemma 2.2.5 we have:

/

conv(L(Qcp,)) = conv(L(P)) ={y |[1 1107y >1,y >0}
conv(L(Qcp,)) = conv(L(P2)) ={y [ [1101]Ty > 1,y > 0}
conv(£(Qcr,)) = conv(£(Py) = {y | 10117y > 1,y > 0}

conv(L(Qcp,)) = conv(L(Py)) ={y | [011 1Ty > 1,y > 0}.

Letting
1 110
1 1 01
A= ,
1 011
01 11
we get

SP(I) = ﬂconv(ﬁ(Qgpi)) = {y | Ay > 1,y > 0}.

By Definition 2.2.7, we have a(SP(I)) = min{17y | y € SP(I)}. Then by Theorem

2.2.8 and the form of SP(I) computed above we get
a(I) = a(SP(I)) =min{1Ty | y > 0, Ay > 1}.

We have expressed the Waldschmidt constant as the value of a linear optimization
problem in standard form (2.1.1). The unique optimal solution to the linear optimization

] (in Section 3.2 we will show how to compute the optimal solution

SN

program is z = [£ % %

for this family of ideals

~—

. So the Waldschmidt constant is @(I) =17z =+ 1+ 3+ 1 = %.

O

The following theorem shows that the above example of computing the Waldschmidt

constant as a linear optimization problem generalizes to any square-free monomial ideal.
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Note this method only requires knowing Ass(/) and importantly avoids computing local-

ization and limits.

Theorem 2.2.11. Let I C R = K|[x1,...,xy,] be a square-free monomial ideal with minimal

primary decomposition I = Py N Py N ---N P;. Define the matrix the s X n matriz

1 ifx; € B
Aij =
0 ifx; ¢ PR

Then a(I) is the value of the linear optimization problem
min{17y | Ay > 1,y > 0}.

Proof. Note that since I is a square-free monomial ideal we cannot have P; C P;, otherwise
the primary decomposition has a redundant component and is not minimal. So we have

Ass(I) = maxAss(I) = {P1,..., Ps} and Qcp, = P; for each i. Define the s x n matrix

1 ifa}jEPi
Aij =

)

Then by Lemma 2.2.5 we can write
conv(L(Qcp,) = conv(L(F;)) = {y | (A)ix -y > 1Ly > 0}
where (A); . is the i-th row of the matrix A. Then
SP(I) = ﬂCOHV(ﬁ(QgPi)) ={y[4y>1y=>0}
and so the result follows from ;Deﬁnition 2.2.7 and Theorem 2.2.8. O

Note that a different proof for Theorem 2.2.11 is given as Theorem 3.2 in [BCG'16]

which does not use the symbolic polyhedron.
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2.3 Waldschmidt constant of a monomial ideal without em-

bedded primes

With the method of Theorem 2.2.11 in hand we can provide a partial answer to the following

question.

Question 2.3.1 (10.23, [CHHVT20]). Is there a procedure similar to (Theorem 2.2.11) to

find a(I) for non-square-free monomial ideals?

Definition 2.3.2. An ideal I is called irreducible if whenever we can write I = I1 N I,
then I = I; or I = I,. An irreducible decomposition of an ideal I is I = 1 NIsN---N I

where each I; is an irreducible ideal.
We require the following facts on irreducible monomial ideals.

Theorem 2.3.3. 1. (Theorem 1.3.1, [HH11]). LetI C R = K|[xy,...,zy] be a monomial

ideal. Then I =(;_, Qi, where each Q; is generated by pure powers of variables. In

aj

. ail 9 aik ..
other words, each Q; is of the form (x;*, x; b Ty ). Moreover, a minimal (or

irredunant) presentation of this form is unique.

2. (Corollary 1.3.2, [HH11]). A monomial ideal is irreducible if and only if it is generated

by pure powers of the variables.

3. (Proposition 1.3.7, [HH11]). The irreducible ideal <m?fl,a:ai2 kY s

ig ) ' g

. . iy Qi Fig\
(Tiy, Tig, ..., T4y, ) -primary. That is, \/<% VTt T ) =(Tiy, Tiy,s o, Ty ).

The following theorem gives a similar procedure for computing the Waldschmidt con-

stant non-square-free monomial ideals, provided they are presented in their minimal irre-

ducible form and do not contain embedded primes.

Theorem 2.3.4. Suppose I is a monomial ideal in R = K[z1,...,xy,] with minimal irre-

ducible primary decomposition
I=Q1NQ2N---NQs

21


http://www.mcmaster.ca/
https://www.math.mcmaster.ca

Ph.D. Thesis — C. Kohne; McMaster University — Mathematics and Statistics

a; a; a; . .
ox 2 o,z Y. Furthermore, suppose this I does not contain any em-
i1 ) Vig 0 > iy )

where Q; = (x
bedded primes. For each Q; associate an n-vector ™ with the ij-th entry equal to i for
1 < j <k and otherwise equal to 0. Let A be the s x n matriz with row i equal to 7). Then

a([l) is the value of the linear optimization problem
min{17y | Ay > 1,y > 0}.

Proof. Since I has no embedded primes we have

Ass(I) = maxAss(I) = {\/Q1 = P1,\/Q2 = P»,...,\/Qs = P},

and Qcp, = Q; for each P; € Ass(I). For each (); associate an n-vector denoted r( with
the 7;-th entry equal to % for 1 < j < k and every other entry equal to 0. Let y € R™.
ij

Then by Lemma 2.2.5 we have

conv(L(Qcp,)) = conv(L(Qy)) = {y [ * -y > 1,y > 0}.

Define the matrix A to be the s x n matrix with row i equal to r”. Then we get

SP(I) = ﬂCOHV(ﬁ(QgPZ-)) ={y[Ay>1y=>0}

and so the result follows from Definition 2.2.7 and Theorem 2.2.8. O]

In both Theorem 2.2.11 and Theorem 2.3.4 we require the assumption that Ass(/) =

maxAss(I). To see why, consider the following example.

Example 2.3.5. Consider the monomial ideal I = (z3) N (1, z2) C K[z, 9).
This ideal is in its minimal irreducible presentation, but note that Ass(I) = {{x1), (x1,x2)}
# maxAss(I) = {(z1,z2)}. Computing the symbolic polyhedron gives

SP(I)= (] conv(£(Qcp)) = conv(L(Qc(ay ry))) = conv(L((zF) N (z], 22))).
PemaxAss(I)

In general, computing the minimal generators of an intersection of ideals is not trivial.
Additionally, computing the convex hull does not commute with intersecting ideals. So

when we have embedded primes, it is not possible to “read off” the entries of A as in
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Theorem 2.2.11 and Theorem 2.3.4.

2.4 Newton, symbolic, and irreducible polyhedra

In general, a monomial ideal I may have embedded primes and may not be presented in its
minimal irreducible form. The definitions and theorems of this section allow us to describe
the Waldschmidt constant, and other asymptotic properties associated to I, for a monomial
ideal in general.

The following definition is another notation for conv(£L([)):

Definition 2.4.1. [CDF*22] Let I be a monomial ideal. Then the Newton polyhedra
of I, denoted NP(I), is the convex hull of the exponent vectors for all monomials in I.

That is, NP(I) = conv(L(I)). We will often write the symbolic polyhedron as SP(I) =
ﬂPemaxAss(I) NP(QQP)

Definition 2.4.2. [CDF122] The irreducible polyhedron of a monomial ideal I with

irreducible decomposition I = Q1 N---NQy is
IP(I)=NP(Q1)N---NNP(Qs).

Solving a linear optimization problem over each of these polyhedra gives a constant

associated to I.

Theorem 2.4.3. (Equation (4.1), [CDF122]) The initial degree of a monomial ideal I,
denoted (1), is the value of the following linear optimization problem with feasible region

given by its Newton polyhedron:
minimize y1+y2 -+ -+ yn
subject to  (y1,Y2,...,Yn) € NP(I).

Theorem 2.4.4. (Corollary 4.6, [CDF*22]) The Waldschmidt constant of a monomial ideal
I, denoted a(I), is the value of the following linear optimization problem with feasible region

given by its symbolic polyhedron:

23


http://www.mcmaster.ca/
https://www.math.mcmaster.ca

Ph.D. Thesis — C. Kohne; McMaster University — Mathematics and Statistics

minimize y1+y2+ -+ yn

subject to  (y1,y2,...,yn) € SP(I).

Definition 2.4.5. (Corollary 4.7, [CDF*22]) The naive Waldschmidt constant of a
monomial ideal I, denoted &(I), is the value of the following linear optimization problem

with feasible region given by its irreducible polyhedron:
minimize y1+y2+ -+ Yn
subject to  (y1,%2,-..,Yn) € IP(I).

The following theorem gives the containment of the above three polyhedra and ordering of

their associated constants:

Theorem 2.4.6. (Theorem 3.9, Proposition 4.8, [CDF22]) For any monomial ideal I we

have
NP(I)C SP(I)CIP(I).
which gives
a(l) <a(l) < a(I).
The following lemma describes the Newton polyhedra of the power of a prime monomial

ideal. This will prove useful in Chapter 3.

Lemma 2.4.7. Let B = {b1,ba,...,b,} C{1,2....,n} with|B| =r. Let I = (xp,, Ty, ---,Tp,)

be a monomial ideal in R = K|x1,...,x,]). Then for I = (xp,, Tp,, ..., 2p.)% we have
1
NP(I%) = {Zdybi >1 ‘ Y, € R>o}-
i=1
Proof. Suppose I, ..., I; are monomial ideals. Then their product is a monomial ideal (see

Proposition 2.1.9) that can be written as:

Ly Ig= {({mima---mg| m; € gens(l;) for i =1,...,d}).
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Now suppose I = (xp,, Tp,, - - -, Tp,). Then I% can written as:

I = ({mimg---mgq | m; € gens(I) for i = 1,...,d}) or,

1= ({aflaf - afr |ay+az + -+ ap = d}).

So each generator of I is a product of xy,,p,, ...,y with degree d. Let y € R™. Then
since the exponents of the generators satisfy a1 +az2+- - -+a, = d, the exponent vector of each
generator of I? lies on the hyperplane Yo, t¥py T Yy, =dor éybl + éyb2 44 éybr =1.

The convex hull of the generators is the intersection of this hyperplane with R, i.e.,

T
1
Llgens(I) = { 3" 231, = 1] vy, € Reo }.
conv(L(gens(I%))) z; Yo =1 |y, €Rxg
Taking the Minkowski sum of conv(L(gens(I%))) with R” gives the result. O
Example 2.4.8. Let I = (x}, 2123, 23) C R = K[z, 72,23, 74]. Then we have the minimal

irreducible primary decomposition

I=(z",9") N (z,9°).

Since \/(z1,23) = \/{(z1,23) = (x1,72), we have Ass(I) = maxAss(I) = {({z1,22)}.

Observe this means Qc (z, 2, = (¢1,23) N (z1,23) = I which gives
SP(I)= () NP(Qcp) = NP(Qc(a,zs) = NP(I).
PemaxAss(I)

Since a(I) is the smallest degree of a generator of I (Definition 2.1.4), we know that

a(l) = 3. We showed SP(I) = NP(I) so by Theorem 2.4.6 we get a(I) = a(I) = 3.

2.5 The Waldschmidt constant for monomial ideals in two

variables

In Example 2.4.8 we saw that «(I), the minimal degree of a generator of I, was equal to

the Waldschmidt constant. In this section we will show this is true for any monomial ideal
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in two variables. We will use the following two lemmas:

Lemma 2.5.1 (The Splitting Lemma, [EGSS02]). If m is a minimal generator of a mono-
mial ideal I with m = mimgo and ged(my, me) = 1, then
I =1+ (m1)) NI+ (mg)).
Lemma 2.5.2. Let I be a monomial ideal in K[z1,x2] of the form
as _ba

o ay by a
I = (x'xy, 2?27, ... 2] xg")

with a; > ag > -+ > a, and by < by < --- < b,.. Then I has irreducible primary decomposi-

tion
I=(af) N (@y) Niadt a%) N (@2, a8) N @ a)
- 1 2 1 >%2 1 %2 1 sy L /-
Proof. Start with I = <w‘f1xgl,m‘f2xg2,...,:c‘fozT). Split I on the monomial xffla?gl (i.e.,
apply the Lemma 2.5.1 on m = a:‘l“xgl) to get
T = (291 %2 02 ar bry A b1M
= (27", 2727,z ) Nzt Ty Ty )
b v by b
I = (a2, ... 2"z ) N (xg').
Note b1 < by < --- < b, gives cancellation in the second component.
Now split the first component of I on the monomial x7? xSQ to get
b r .br b b 7 .07 b
I= <%x’f2,x‘113x23, cos gy N (et 2 2P el T ay) N (xgt)
I = (292, 2935 %28y N (29, %) N (@B
=TT Ty T Ty 1 T2 2/
Note a1 > ao gives cancellation in the first component.
Now split the first component of I on the monomial :c‘f%g?’ to get
I = (g4, 2 2845 25y N (292, 2, 2%l 025 ) N (9, 2%2) N (25
= y L1 Ly Ly sy Ly Ty 1227 7L Ty 122 2
I = (2%, g0 g5 2%y N (@92, 25) N (20, 2%2) N (2B)
=TTy Ty e Ty Ty 122 1 T2 2/
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Continue splitting the first component of I on the monomial CL‘?Z.%‘SZ up toi=r—1 to get
I= (@i afal) 0@l 2,2y ™) N 0 (@2, a%) 0 (2 o) 0 (ah).
Then split on x‘frxgr to get
I= (") N ()" al) N @y g ) N0 (a2, af) N (@, 2) 0 (af).
giving the result. O

Theorem 2.5.3. Let I be a monomial ideal in K[x1,x2]. Then a(I) = a(I).

Proof. Let

— (01,01 a2 by ar b
I = (x{'xst, 2{?x?, ... 2] xy")

with a1 > a9 > - >a, and by < by < --- < b,.
First suppose 7 = 1. If a; # 0 and by # 0, then I = (z{'2%) = (z§*) N (z%!). So
Ass(I) = maxAss(I) = {(x1), (x2)}. This gives

SP(= () NP@cr) = NP(Qc (o) N NP(Qcinyy) = NP(I).
PemaxAss(I)

Since SP(I) = NP(I) we have a(I) = a(I). The argument is similar if one of ay, b; is zero.
Now suppose r > 2.
Case 1: Suppose a, = 0 and by = 0. Then by Lemma 2.5.2 the primary decomposition of
Iis

I= <33(1“,$12’2> N <x?27x33> M---nN <x?7171‘gr>'

and so Ass(I) = maxAss(I) = {(z1,x2)}. Note that each primary component @ of I is of

the form <m(1“,xgi“>, so we have /Q = <a:61”,:vgi“> C (w1, x2). This gives
SP(I)= (] NP(Qcp) = NP(Qc(s,wm) = NP(I),
PemaxAss(I)

and since SP(I) = NP(I) we have a(l) = a(I).

Case 2: Suppose a, # 0 and by # 0. Then by Lemma 2.5.2 the primary decomposition of
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Iis

I'=(2f") N {ay) N (2, 25?) N (22, 25%) NN (et ay).
Thus Ass() = {(z1), (z2), (z1,22)} and maxAss(I) = {(x1,z2)}. Note that /(z]") =
(x1) C (x1,72) and <a:gl> = (x2) C (x1,x2). So for each primary component () of I we
have \/Q C (x1,z2), meaning Qc(y, 4,y = I. So we have

SP(I)= () NP(Qcp) = NP(Qc(a,ms)) = NP(I)
PemaxAss(I)

and since SP(I) = NP(I) we have a(I) = o).
Case 3: Suppose a, # 0 and by = 0. Then by Lemma 2.5.2 the primary decomposition of
Iis
I=(zf") N (2", 232) N (a2, 257) N 0 ()™ ay).
Thus Ass(I) = {(z1), (x1,72)} and maxAss(I) = {(z1,z2)}. Note that \/(z]") = (z1) C
(x1,22). So for each primary component @ of I we have v/Q C (1, x2), meaning QcC(a),20) =
I. So we have

SP(I)= (] NP(Qcp) = NP(Qca, ) = NP(I)
PemaxAss(I)

and since SP(I) = NP(I) we have a(I) = a(l). The argument is similar if instead we have
ar- =0 and by #0 O

Since «a(I) is the degree of the smallest generator of I, the Waldschmidt constant can
only take on a natural number in two variables. To find a monomial ideal with a non-integer
Waldschmidt constant, we need to work in a ring with more variables. This is the focus of

the next chapter.
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Chapter 3

Waldschmidt constant for

monomial ideals 1n n > 2 variables

In the previous chapter we saw how in two variables, the Waldschmidt constant of a mono-
mial ideal is always equal to the initial degree «(I) (Theorem 2.5.3), which is a positive
integer. In this chapter we will explore what values of the Waldschmidt constant can be
obtained with a larger number of variables. The family of ideals we will investigate in

Chapter 3 are in R = K|x1,...,x,] for n > 3 and have the following form
I={(x9,...;x0)" N (T1,23,...,2p)2 NN (T, ..., Tp_1)" (3.0.1)

with e; > es > --- > e, > 0. In other words, the intersection of powers of all height
n — 1 prime monomial ideals in R = K|z1,...,2z,]. Our main result is that by choosing the

appropriate e;’s, we can attain a Waldschmidt constant equal to £ for almost all rational

p
numbers greater than or equal to 1. By “almost all” we mean that for a given denominator
p, there are only finitely many numerators ¢ which are not attainable by this method (see

Corollary 3.3.4).
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3.1 Intersections of powers of height two prime monomial

ideals in three variables

In this section we will compute the Waldschmidt constant for ideals in R = K[z, x2, 3] of

the form
I'= (z9,23)"" N (x1,23) N (21, 22)

with e; > eg > e3 > 0. The results of this section illustrate the ideas later in the chapter.
We now compute the symbolic polyhedron of I. Label the associated primes of I by P; =
(x2,x3), Po = (x1,23), and P3 = (x1,22). Then Lemma 2.4.7 gives us the form of the
Newton polyhedra of each primary component Q; = P{". Let y = [y; ¥ y3]? be a vector
of real variables. Then we have

NP(Qi = P1*) = {éyg +oys 21|y ys € Rzo}

NP(Q2 = Py*) = {éyl + oy >1]yLys€ Rzo}

NP(Q3 = P3®) = {éyl +oy2>1lyny2€ RZO}-
Observe for T we have Ass(I) = maxAss(I) = {V/Q1 = P1,/Q2 = P2,\/Q3 = P3} so we
have Qcp, = Q;. Then by Definition 2.2.6 we compute SP(I) by

SP(I)= (] NP(Qcp) = NP(Q:1) N NP(Q2) N NP(Qs)
PemaxAss(I)

which can be re-written as

€1
SP(I)=<¢y|Ay>1,y>0withA=|L o L
es es
1

es e3 0
Now by Theorem 2.4.4, solving for the Waldschmidt constant &(I) amounts to solving the

following linear optimization problem:

Solve min{1y | Ay > 1,y > 0} for (3.1.1)
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1 1
0 o =
A= |1 1
e 0 ex |’
1 1
Pl 0
]T

where y = [y; y9 y3]' is a vector of variables. Define Ay to be the expression equal to the

k-th coordinate of Ay:

hi= Lys+ Vs
ha= &y1+ Y3
hs= Lyi1+ 5ya

The symbolic polyhedron SP(I) associated to the above linear optimization problem
is defined by the intersection of six half-spaces. For k = 1,2,3 we have three half-spaces
of defined by the inequality hi = Z?:l,i 2k éyi > 1. We also have three half-spaces
coming from the non-negativity constraint: y; > 0,y, > 0, and y3 > 0. Changing the six
inequalities to equations gives the six bounding hyperplanes of SP(I). So for k = 1,2,3 we
have three hyperplanes hy = Zf’zl’i#k éyi =1 and 3 hyperplanes y; = 0.

A minimizer to the linear optimization problem (3.1.1) must be a vertex of SP(I) by
Theorem 2.1.13. The (potential) vertices of SP(I) can be computed by intersecting 3 of
the 6 bounding hyperplanes. We will denote such an intersection by z € R3. Among these
(g) = 20 intersections, only those that exist and satisfy Az > 1 and z > 0 (i.e., those that
are feasible) will be the vertices of SP(I).

Let H,Y C {1,2,3} with |H| + |Y| = 3. Then each choice of H and Y corresponds to

an intersection of 3 hyperplanes. For example H = {1,3} and V = {2} corresponds to the

intersection of the hyperplanes h; = 1,hz = 1 and y, = 0, i.e., the intersection of
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h—1 +1 =1
1—61}’2 61}’3—
1

1
hg = — —yy, =1
3 63}’1‘*‘63}’2
y2 = 0.

13|2

We will denote this intersection by z"°!*, and similarly for other intersections. By ana-

lyzing the vertices of SP(I) we will prove the following result on the Waldschmidt constant
of I.

Theorem 3.1.1. Let R = K[x1,x2,x3] and consider the following ideal
I= <l‘2,$3>61 N <IE1, $3>62 N <l’2,$3>e3

with e1 > ea > e3> 0. If e; < ey + e3, then

. e1+e2+e3
a(n =2t

Otherwise, a(I) = e;.

Proof. We will organize the intersections by |H NY|.
Case 1: |[HNY|=0.
Case 1.1: |[HNY| =0 with |[H| =3 and |Y| = 0.
Here H = {1,2,3}. So we are computing the intersection of hy = 1,hg =1 and hg = 1,
i.e., the intersection of
hi = é}’Q‘f‘%}%:l
hy = é}’1+é}’3:1

hs= &yi+4ya=1.
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This intersection is a distinguished intersection so we will label it z* instead of z'23!.
1 1 —eitea+e
0 o e 1 1 22 3
Let M= |L o L 1|, then column 4 of rref(M) = z* = G—eotey
2 2
1 1 ei1tex—e
e e U1 B

For z* to be feasible it needs to satisfy the other three inequalities: y; > 0,y9 > 0, and
y3 > 0. In other words, each coordinate of z* must be non-negative. Since we are assuming
e1 > ey > eg > 0, the first coordinate is minimal of the three, so z* is feasible, and thus a
vertex, when % >0, or e; <eg+es.

Case 1.2: [HNY| =0 with |[H| =2 and |Y| = 1.

There are three intersections in this case:

223 = (eg,e1,0), feasibleif e; + ey > e3 (always feasible)
232 = (e3,0,e1), feasibleif e; + e3> ey (always feasible)
2231 = (0, e3,ep), feasible if ey + e3 > e;.

Since we assume e; > 0, these intersections are always non-negative. The feasibility condi-

tions are attained by substituting the intersection point into hy > 1 where k is the element

missing from H. For example substituting z'% = (eg, e3, 0) into hz = éyl + %y2 > 1 gives

12/3 13)2

e1 + e2 > e3 which is always true since e; > e3. So we get that z and z will always

be vertices of SP(I), but z%!! is a vertex only if ey + e3 > €.

Case 1.3: [HNY| =0 with |[H| =1 and |Y| = 2.

Solving for z'123, 22113 and z3'? gives an inconsistent system. So they are not intersec-

which is the intersection of h; = %yQ + %yS =1,

tion points. To see this, consider z!l?3

y9 = 0 and y3 = 0. Substituting y, = 0 and y3 = 0 into h; = 1 gives 0 = 1. Solving for

22013 3|12

, and z gives a similar contradiction.
Case 1.4: [HNY| =0 with [H| =0 and |Y| = 3.
The intersection of y; = 0,y, = 0 and y5 = 0 is the zero vector. Note that z/'?3 = 0 is

never feasible since A0 =0 > 1, a contradiction.
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Case 2: |[HNY|=1.
Case 2.1: |[HNY| =1 with |[H| =2 and |Y| = 1.

The intersections are:

221 = (0,e; —eg,e0), feasible if e; > ey + €3
222 = (—e; +e9,0,e1), feasibleif e; > ey +e3 (never feasible)
23 = (0,e3,e1 —e3), feasible if e; > ey + €3
233 = (—e1 +e3,€1,0), feasibleif e3> e1+ex (never feasible)
222 = (e3,0,e5 —e3), feasible if e; > e +e3  (never feasible)
22 = (ey, —ea + €3,0), feasible if e3 > e + ey  (never feasible).

The feasibility conditions are attained by substituting the intersection point into hg = 1
where k is the element missing from H.
Case 2.2: |[HNY| =1, |H|=1and |Y|=2.
The six intersections are
z12 = (0,0,e1), z'1'3=(0,e1,0)
22113 = (0,0,e5), 227 = (e2,0,0),
23112 = (0,e3,0), 2123 = (e3,0,0).
These intersections are never feasible. If an intersection has only one non-zero entry, say in
coordinate k, then substituting the intersection into hy > 1 gives 0 > 1.
This covers all 20 possible intersections. There are three types of SP(I) depending on
e1 compared to es + e3:

Type 1 of SP(I): The case that e; < ey + e3.

There are four vertices: z* = (7€1+262+63, 617622%37 61+622763)7 7123 = (e2,€1,0),

2L = (0, e3, €2).

232 = (e3,0,¢1), and z
Recall a minimizer to the linear optimization problem (3.1.1) is a vertex of SP(I) which

minimizes 17z. In other words, a vertex with minimal sum of coordinates. We compute
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the coordinate sum 17z for each of the above four vertices.

T, _ —eiteates e1—eztes eitex—e3 __ ejteates
172" = 2 + 2 + 2 = 2

)

17228 = ey +e3, 17232 = ¢; + €3, and 172211 = e5 + e3.

We will now show 17z* = % is the minimum of the coordinate sums. Substituting

the assumption e; < e + e3 into % gives:
e1+ex+e €xt+e3+ex+e
175 - & 22 3 2tes : 2tes ey + 5 = 177201 = 175123,

Additionally, es + e3 < e; +e3 = 1721312 gince ey < €1. So we get:

This shows z* is the unique minimizer to the linear optimization problem (3.1.1). The

optimal solution equals the Waldschmidt constant for I, so for Type 1 we get a(I) =

ei1teates
5 .

Type 2 of SP(I): The case that e; = ez + e3.

There are three vertices; the first two are z'%3 = (ey, e3,0), and z'%? = (e3,0,e;). The

third vertex is any of the following four intersections: z* = (761+2€2+e3, 61*622“3, 61“22*63),

7231 = (0, e3,€2), 7121 = (0,e1 —ea,e2), and z18I = (

0,e3,e1 —e3). We observe that these
four intersections are equal when e; = e + e3. So for Type 2 we get a(I) = e;.
Type 3 of SP(I): The case that e; > ey + e3.

123 _ ( 121 (

There are four vertices: z ez, e1,0), 2312 = (e3,0,e1),2 0,e1 —eg,e2), and

231 = (0,e3,e1 — e3). So for Type 3 we get a(I) = e;. O

The following corollary shows we can choose e, e, and es to construct an ideal with

Waldschmidt constant £ > 1.

Corollary 3.1.2. Fiz a positive integer ¢ > 2. Then write the integer partition q =
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e1 + eo + e3 where
e1=14%,ep0=14e3=1 if¢g=0 mod 3
e1=[4),e2=[4),e5= |2 ifg=1 mod3

e1=1[3],e2=1[2],e3= 2] ifqg=2 mod3.

Then
I = (z9,23)"" N (z1,23) N (21, 22)
is a monomial ideal in R = K(x1, %2, x3) with a(I) = .

Proof. We consider three cases that depend on the value of ¢ mod 3.

Case 1: ¢ =0 mod 3. Let e; = %,ey =

wh

,€3 = % Since ¢ =0 mod 3, 2 is an integer. We

have e; < eg + e3, so by Theorem 3.1.1 we get a(l) = % = 1.

Case 2: ¢ =1 mod3. Let ey = [2],e2 = [2],e3 = [2]. If ¢ = 4, then e; = 2 and
ez = e3 = 1. Since e; = ey + e3, by Theorem 3.1.1 we have a(l) = e; = 2 or a(I) = 1.
Otherwise if ¢ > 4, observe that ¢ = 1 mod 3 implies that [1] = q+2 and [1] = ﬂ. Then

e1 < es + e3 is true since % < qu qT holds for ¢ > 4. So by Theorem 3.1.1 we get
a2 palypadl

a(I) _ 61+622+e3 — [%H‘L%H‘L%J ; —

N

Case 3: ¢ =2 mod 3. Lete; = [4],e2 = [4],e3 = [ {]. Observe that ¢ =2 mod 3 implies

that [1] = 2l and 4] = %. Then e; < ez + e3 is true since % < %1 + % holds for

3
[$1+731+14) _ F+5+572

g > 5. So by Theorem 3.1.1 we get a(]) = @-teztes — 13 - 31080 — 5 = 3 ]

[\GJlISY

The following two examples illustrate the above corollary.

Example 3.1.3. We will construct an ideal I with Waldschmidt constant equal to 177

Since 17 =2 mod 3 we can set e; = [1] = 6,62 = [Y] =6, and e3 = [} | =5 so that
I = (29, 23)° N (w1, 23)° N (21, 22)°

has a(I) = ¥ by Corollary 3.1.2. Since e; < ey + e3, we have SP(I) of Type 1 (see proof
2

of Theorem 3.1.1) and so it has four vertices:
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z* = (3,5, 1), 2%% = (6,6,0),2"%2 = (5,0,6), and z%I* = (0,5,6).

See Figure 3.1 for an image of SP(I).

Figure 3.1: Symbolic polyhedron of Example 3.1.3

Example 3.1.4. Consider the ideal
= (xg,x3)" N (w1, 23)° N (w1, 22)°.

Here we have e; = 11,e2 = 3, and e3 = 3. Since e; > e + e3, we know a(I) = e; = 11
by Theorem 3.1.1.

We have SP(I) of Type 3 (see proof of Theorem 3.1.1) which has four vertices: z'21% =
(3,11,0), 232 = (3,0,11),2"2" = (0,8,3), and z'3' = (0,3,8). Observe the line segment
joining z"2' = (0,8,3) to z'3" = (0,3,8) is a face of minimizers. Note we can compute

z* = (=3, 3,11 which lies outside of SP(I). See Figure 3.2 for an image of SP(I).
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Figure 3.2: Symbolic polyhedron of Example 3.1.4

20

z %
not feasible
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3.2 Intersections of powers of height three prime monomial

ideals in four variables

In the previous section we showed that any rational Waldschmidt constant a(/) > 1 with a
denominator of two can be attained by intersecting powers of height two prime monomial
ideals in n = 3 variables. In this section we will compute the Waldschmidt constant for

ideals in R = K|z, x2, 3,24 of the form
I = (w2, 3, 24)"" N (w1, 23, 24) N (T1, T2, 24)% N (71, T2, 3)“

where e; > es > e3 > e4 > 0. We will find that we can choose appropriate e;’s to attain any
Waldschmidt constant a(f) = 4 > 1 with the exception of ¢ = 5.

In a similar fashion to the formulation of the linear optimization problem (3.1.1) in
Section 3.1, we can use Lemma 2.4.7 and Theorem 2.4.4 to show that solving for the

Waldschmidt constant @(/) amounts to solving the following linear optimization problem:

Solvemin{lTy | Ay > 1,y > 0} for (3.2.1)
[ 1 1 1]
0 o o =
11
a_l= Y & @
1 1 5 1 7
e3 e3 e3
101 1
s e e U

where y = [y; ¥ ¥3 y4]7 is a vector of variables.
Define hj to be the expression equal to the k-th coordinate of Ay:
hy = é)’é + éY3 + é}’4
hy = é}ﬁ +oys+ é}’z;
hs= Zyi+ Y2+ Vs
ha= Lyi+2Lyo+ s

The symbolic polyhedron SP(I) associated to the above linear optimization problem is
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defined by the intersection of 8 half-spaces. For 1 < k < 4 we have 4 half-spaces defined
by the inequality hx = E?:Li 2k éyi > 1. We also have 4 half-spaces coming from the
non-negativity constraint: y; > 0,y > 0,y3 > 0, and y, > 0. Changing the 8 inequalities
to equations gives the 8 bounding hyperplanes of SP(I). So for 1 < k < 4 we have 4
hyperplanes h; = E?:U#k éyi = 1 and 4 hyperplanes y; = 0.

A minimizer to the linear optimization problem is among the vertices of SP(I). To
compute the (possible) vertices of SP(I) we intersect 4 of the 8 bounding hyperplanes. We
will denote such an intersection by z € R*. Among these (i) = 70 intersections, those that
exist and satisfy Az > 1 and z > 0 (i.e., those that are feasible) will be the vertices of
SP(I).

Denote z* to be the intersection of the four hy = 1 hyperplanes. The following lemma

concerns this distinguished intersection.

Lemma 3.2.1. If z* is the intersection of the four hyperplanes hy = 1,ho =1, hg =1, and

hy = 1, then it has the form

_7261+e§+63+e4_

e1—2este3tes
3

ei1tes—2ezteq
3

e1testez—2ey

Furthermore, z* is a vertex of SP(I) when e < €2te3tes,

Proof. We can compute z* by reducing the augmented matrix [A|1].

[ 11 1] [ —2¢i+ertestes |
0 el el el 1 3
1 9o L 1 1 e1—2eatesteq
3
[A]1] = | < e , last column of rref([A|1]) = 2" =
1 1 g 1L 1 e1tes—2eztes
es es es 3
1 1 1 e1tertes—2eq
Lea €1 eq 0 1_ L 3 i

Feasibility of z* requires its coordinates to be non-negative. Since we are assuming

e1 > ey > ez > eq > 0, the first coordinate of z* is minimal, and so z* will be a vertex
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of SP(I) when the first coordinate is non-negative. So we get that z* is a vertex when

ep < w ]
Our next theorem gives the Waldschmidt constant for our family of ideals.

Theorem 3.2.2. Let R = K|[x1, 29, x3,24] and consider the following ideal
I = (w2, 23, 24)" N (w1, 23, 24)% N (21, T2, 24)% N (T1, T2, 73)".

Assume without loss of generality that e; > ea > e3> e4 > 0. Ife; < W, then

er+ex+e3+ey
3 .

a(l) =

Otherwise, a(I) = e;.

Proof. To prove this we will compute the form of every intersection of 4 of the 8 hyperplanes,
which exhausts every possible vertex of SP(I). To specify the 4 hyperplanes, we consider
H,)Y C {1,2,3,4} with |H| + |Y| = 4. Each choice of H and Y will correspond to an
intersection of 4 hyperplanes. For example, H = {1,3} and Y = {2,4} is the intersection

1324 (and

of the hyperplanes hy = 1, hg = 1,y, = 0,y, = 0. We notate this intersection as z
similarly for other choices of H and Y).

Associate to H the |H|-tuple t which records the elements of H in ascending order, e.g.,
the above H gives t = (1,3). Similarly associate to Y the |Y|-tuple s, e.g., the above YV’
gives s = (2,4).

We will consider cases depending on |H NY|. For each case we will (i) determine the
form of the intersection z (if it exists), (i) determine the constraints the intersection must
satisfy to be a vertex of SP(I), (iii) show that e; < 17z (for every z except z*), and (iv)
show that 17z* < 17z.

Case 1.1: |[HNY| =0 with |[H| =1 and |Y| = 3.
The intersection in this case is always empty. If we choose H = {1} and Y = {2,3,4}

then substituting y, =0, y3 =0, and y, = 0 into
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h—1 —I—1 +1 =1
1—61}’2 613’3 61}’4—

gives 0 = 1. We get a similar contradiction for any other choice of H and Y.
Case 1.2: |[HNY| =0 with |H| =2 and |Y]| = 2.

We compute the six intersections for this case:

12[34 T 13|24 T
z 134 = [627€1a0a0] Z 124 = [6370a€170]
14)2 T 23|14 T
V4 I 3 - [647070761] z 3| == [076276370]
41 41
2213 =10, e4,0,e2]" 2312 = 0,0, €4, €3)"
In general for this case we can write the intersection z as:
et, fori =ty
Z; = €t, for i =t

0 forieY.

\

This intersection z is a vertex if the following two constraints are satisfied:

es; < eg, + e, (3.2.2)

s, < ety + ety (3.2.3)

To justify these inequalities, substituting z into hs; > 1 gives the inequality et, +-e¢, > es;
for j = 1,2. Since each e; is assumed to be non-negative, z is non-negative (i.e., every
entry of z is non-negative). Observe we have coordinate sum 17z = ey, + eg,. We will
show that for any vertex z in this case we have e; < 17z. If 1 € H, then we have:
e1 =et, < et +eg, = 17z, If 1 ¢ H, then we have: e; = eg, < e, +et, = 17z, by applying
inequality (3.2.2).

We will show that for any vertex z in this case we have 17z* < 17z. Indeed

1TZ* _ et; + ety +es; +ées, < 3(61:1 + et2)

T
3 < 3 :6t1+6t2:1 Z,
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where we apply inequalities (3.2.2) and (3.2.3).
Case 1.3: |[HNY| =0 with |H| =3 and |Y| = 1.

First let H = {1,2,3} and Y = {4}. Then the intersection is computed to be

412314 _ —e1+extez eg—exteg e t+ex—eg 0
B 2 ’ 2 ’ 2 ’

Non-negativity of the first coordinate gives the constraint e; < es + e3. Substituting z'2314

into hy = é)ﬁ + éyQ + éyg > 1 gives _61;:j+e3 + 61_26624+e3 + 61+26624_e3 > 1 which simplifies

to eq < w Similarly for the other three intersections of this case we get:

71248 = [=erteates eieates o erter—ea]T foagible if ) < eg + €4 and ey < “ttes

71342 [*61+263+64 .0, 61*623+64

Y

51+62?’764]T feasible if e; < e3 + e4 and ey < %

Z234\1 _ [O, *624’2634’647 62*623+647 ez+e23,fe4]T feasible if es < e3 + €4 and e < eg+623+e4 )
In general for this case we can write the intersection z as:
- 1+ 37 i .
T Sk O Ekgl”# * forie H
Z; =
0 forieY.
This intersection z is a vertex if the following two constraints are satisfied:
(S S (S + €ts (324)
ey, +et, et
es, < % (3.2.5)

Constraint (3.2.4) is the non-negativity condition of the intersection, and (3.2.5) comes

from substituting z into hs, > 1 (recall s; is the element missing from H). Observe we have

ety +etytetg
2

coordinate sum 17z = . We will show that for any vertex z in this case we have

e1 < 17z. If 1 € H, then we have: e; = e, = etl—getl < et1+e;2+et3 =17 (apply inequality

(3.2.4)). If 1 ¢ H, then we have: e; = e5, < % = 17z (apply inequality (3.2.5)).

We will show that for any vertex z in this case we have 17z* < 17z :

ety Tty tetg
T s _ €t1 T €ty T E5 + €5 €ty + €ty + €ty + 2 _ Gty et ety
1"z" = 3 < 3 = > =1z,

by applying inequality (3.2.5).
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Case 1.4 |[HNY|=0and |H| =4.

This the distinguished intersection z* of Lemma 3.2.1.
Case 2: |[HNY| = 1. Note this requires 1 < |H|,|Y]| < 4.

Observe that since |H|+|Y| =4 and |HNY| = 1, there is one number which is common
to H and Y and one number of {1,2,3,4} absent from H and Y. Let HNY = {a} and let
{1,...,4}\ (HUY) = {b}. Let [ be the position of a in t and let p be the position of a in
s, Le., t; =s, = a.

Case 2.1: |[HNY| =1 with |[H| =1 and |Y]|=3.
The intersection of the corresponding hyperplanes in this case is always empty. If we

choose H = {1} and Y = {1,2,3}, then a = 1 and b = 4. The corresponding augmented

matrix is
[ 1 1 1 ] [ i
0 o o o 1 1 0 00 O
1 0 0 01 0 0 O
which row reduces to
0O 1 0 0 O 001 0 O
0O 0 1 0 O 0 0 01 e

This matrix has full rank, but [0,0, 0, e;]7 is not feasible since substituting it into hy > 1
gives 0 > 1. In general, any intersection with only one non-zero entry in its j-th coordinate
will not be a vertex since it will fail to satisfy h; > 1.

Case 2.2: [HNY| =1 with |H| =2 and |Y]| = 2.

We will first display the interesections for a = 1,2, 3,4 and then show 17z* < 17z and
e; < 17z,

For this case let a’ denote the element of H that is not a. Also let ¢ denote the element
of {1,2,3,4} that is not a,a’ or b.

If a = 1, then we have the following six intersections:

0 0 0

12|13 __ | e1—e2 12|14 _ | e1—e2 13|12 _ 0
VA | _|: 0 :|7Z | _|: (D) :|7Z | _|:€1—63:|7
€2 0 e3

44


http://www.mcmaster.ca/
https://www.math.mcmaster.ca

Ph.D. Thesis — C. Kohne; McMaster University — Mathematics and Statistics

0

€1—€4 €1—€4

If a = 2, then we have the following six intersections:

12]23 0 12]24 0 23|12 0
4 = 0o |[+2 = 0o |[+2 = | ea—es3 |

el el €3
23|24 602 24|12 8 24|23 e(jl
VA | = ea—es y VA | = e y VA | = 0 .
0 es—eq eq—e2

If a = 3, then we have the following six intersections:

e €. €
VA | J— 0 , VA | J— 1 , VA | J— 3 2 ,

el 0 ez

€2 €4 0
Z23|34 _ |:e30€2:| 7 234|23 — |: 8 :| 7 z34|13 — |: 661 :| )

0 e3—eyq e3—eyq

If a = 4, then we have the following six intersections:

14]24 “o 414134 “e | 244 9
7z _ _ e _ | esa—e
1 ’ 01 ’ 462 2 )

0 0

24|34 2 34|14 0 34|24 eO3
__ | ea—ez _ €3 —
0 0 0

For this case of we can write the intersection z as:
Zy — (%

Zy = €a — €y’

zs, =0 forj=1,2.

This intersection z is a vertex if the following constraints are satisfied:

€q > €y (3.2.6)
€q > € (3.2.7)
€a > € + €p. (3.2.8)
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The constraint (3.2.6) is the non-negative requirement on the a’ coordinate. The con-
straints (3.2.7) and (3.2.8) are obtainted by substituting the intersection z into h. > 1 and
hy > 1, respectively.

The coordinate sum in this case is 17z = e,. We will now show that e; < 17z by
showing that when z is a vertex we have 177 = e, = e;. This is clear when a = 1. Observe
that {1,2,3,4} = {a,d’,c,b}. Now suppose a # 1. Then one of d’, ¢, or b must equal 1. If
a’ =1, then (3.2.6) gives e, > e1 and so e, = e; (by assumed ordering of e;’s). Similarly if
¢ =1, then (3.2.7) gives e, = e;. If b =1, then (3.2.8) gives e, > e, + e1. Since e; > ¢,
and e, > 0, this condition is never satisfied. So when z is a vertex, 17z = e; as needed.

We will now show that 17z* < 17z. Indeed

1Ty — e1+ex+e3+eyq _ €q + €y +ec+ ey

1T
3 3

< =€q = z,

3¢
3

by applying the inequalities (3.2.7) and (3.2.8).

Case 2.3: |[HNY| =1 with |[H| =3 and |Y| = 1.

We will first display the vertices for a = 1,2,3,4 and then show 17z* < 17z and

€1 < ]_TZ.
For a =1:
i 0 -
2Bl =1 72 | feasible if non-negative and e; > 22teter
L —e1 +062+83 J
1241 _ e1—e2 ; ; ; eatesteq
z = | —eyteste, | feasible if non-negative and ey > Rt
L €1—€4 _
- 0
z134 = | Teitestes | feasible if non-negative and ey > 2tetes
L €1 —e€4 m
For a = 2:
€e2—eq T
z12312 — s es feasible if non-negative and ey > w.
L —e2+e1+es
e[ “0? ] test
1242 _ ible i i e1testeq
z = | _e,te;+ey | feasible if non-negative and e > e,
L ex—eyq n
[—eateszteq ]
22342 = o s feasible if non-negative and ey > “tegtes,
L €2—€4 _
For a = 3:
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€e3—eq1

212303 = e feasible if non-negative and eg > %.
L —e3+e1+eo |
r es—eq T

713413 — *63+§1+e4 feasible if non-negative and e > @teztes
L €3—eyq d
[ —e3teateq ]

723413 — s, feasible if non-negative and ez > %.
L e3—eq n

For a = 4:

eq—e1 T

1244 _ eq4—e2 : : _ : e1teates

z = | e e, feasible if non-negative and e4 > 5 .
L 0 i

es—e1

71344 — _e‘é:‘féjei” feasible if non-negative and e4 > %

- 0 + -
—eq—eates
723414 — e feasible if non-negative and e4 > %
In general for this case we can write the intersection z as:
o 3
Zp = —€q + Zk:l,k;ﬁl €ty
Zt;, = €4 — €4, for 1 <i<3.

This intersection z is a vertex if the following constraints are satisfied:

3
< Y ey (3.2.9)
k=1,kl
eq > ey, (for 1 <i<3) (3.2.10)

3
S & + D k1 kAL b

> 5 (3.2.11)

€a

The constraints (3.2.9) and (3.2.10) are non-negativity requirements on the coordinates
of z. Substituting z into h, > 1 gives the constraint (3.2.11). The coordinate sum in this
case is 17z = e,. We will now show that e; < 17z by showing that when z is a vertex we
have 17z = e, = e;. This is clear when a = 1. Now suppose that @ > 1 and b # 1. Then
(3.2.10) for i = 1 gives e, > e; and so e, = e;. Otherwise suppose that a > 1 and b = 1.
Then (3.2.11) becomes

3
€1+ D k—1.k41 Ct
pu— 2 .

€a

Applying (3.2.9) gives e, > % which requires e, = e; since e; > e,. So when z is a
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vertex the coordinate sum is 17z = e;.

We will now show that 17z* < 17z. Indeed

4
T .« €1 +textestes Cat Zkz:l,k;ﬁa €k eq+ 2e4
]_ z = = S = €q =
3 3 3
by applying constraint (3.2.11).
Case 3: |[HNY|=2.
We will show this case is always infeasible. Suppose H = {1,2} and Y = {1,2}. The

corresponding augmented matrix is

101 1
0 L1 1 1 000 0
ei 0 ei ei 1 . 01 00 0
2 2“2 which row reduces to
1 0 0 0 O 0 01 1 e1
0 1 0 0 0 0000 1-¢

If e; > eg, then the bottom row gives an inconsistent system. If e; = e, then A does not
have full rank and z is not a vertex. We similarly do not get a vertex for other choices of
H and Y in this case.

The above Cases 1, 2, and 3 exhaust all possible vertices.

We have shown that if z is any vertex of SP(I), then 17z* < 17z. So if z* is a vertex,
then it is a minimizer to the linear optimization problem (3.2.1) and so a(I) = 1Tz* =
%. We will now show that if z* is not a vertex, then there is a vertex z such that
17z = e; and thus a(I) = e;.

Now suppose the feasible condition of z* is not satisfied so we have e; > w We
have also shown that if z is any vertex of SP(I) (other than z*) , then e; < 17z. So if z*
is not a vertex and if there is a vertex z with coordinate sum 17z = e;, then z must be a
minimizer of the linear optimization problem 3.2.1.

0

First consider the intersection z!?3! = [ oo } from Case 2.3.
—e1+ezxtes

It is a vertex when non-negative and the constraint e; > w is satisfied. The
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constraint is always satisfied since we are now assuming z* is not a vertex and so e; >
w. We require e; < eg + e3 and e; > es for non-negativity. (Observe that e; >

eztestes implies e; > e3 so there will always be more than one non-zero coordinate.) So if

123|1

e1 < e+ e3 then z is a vertex and a minimizer.

123|1 12014 _

Suppose z* and z are not vertices. Then we can consider the intersection z

0
[618262] with constraints e; > es + e3 and e; > e4. If the intersection 212311 failed to be

0

vertex, then it must be that e; > es + e3 which means 712114

is a vertex. (Observe that

e1 > eg + eg implies e; > ey so there will always be more than one non-zero coordinate.)

In summary, if z* is a vertex of SP(I), we have a(I) = <te2teates Qtherwise, at least
one of z'?31 and z'?'* is a vertex and @(I) = e;. This concludes the proof of Theorem
3.2.2. O

Similar to Corollary 3.1.2 from Section 3.1, the following corollary allows us to control

a(I) by choosing the appropriate e;’s.

Corollary 3.2.3. Fiz a positive integer q > 3,q # 5. Then write the integer partition
q=e1+ex+ ez +eq where

e1=9%ea=19e3=1%es=14 ifg=0 mod 4
er=[{l,ee=[{l,es=[1l,ea=[%] ifqg=1 mod4
er=[1lee=[%l,es=[1l,ea=1[%] ifqg=2 mod4

er=Tfl.es=[{les = [{les= 14 ifg=3 mods

Then

I = (w9, x3,24) N (21,23, 24) N (21, T2, 24)% N (21, T2, 23)%

wh

is a monomial ideal in R = K|z, x2,x3,x4] with a(l) =

Proof. We consider four cases that depend on the value of ¢ mod 4.

Case 1: ¢ =0 mod 4. Let e; = ey =e3 =e4 =4 . Since ¢ =0 mod 4, { is an integer.
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We have e; < €21+ 50 by Theorem 3.2.2 we get () = @tezteater — 4

Case 2: ¢ =1 mod4. Let e; = [9],e2 = e3 = eq4 = [4]. If ¢ = 5, then e; = 2 and
es = e3 = e4 = 1 which makes e; < w false so we cannot apply Theorem 3.2.2.

Otherwise if ¢ > 5, then ¢ = 1 mod 4 implies that [{] = %3 and [{] = ‘%1. Then

e < 24 s rue since qf’ < (‘741 —|—qT+ U 1)/2 holds for ¢ > 5. So by Theorem 3.2.2
ertertestes _ [F1TLEIHIEIHIE) _ P g
3 = 3 3

we get a(l) =
Case 3: ¢ =2 mod4. Let e; = ea = [{] and ez = eq4 = [§]. Observe that ¢ = 2

mod 4 implies that [¢] = %2 and [¢] = 2. Then e; < 2F%FE s true since T2 <

(%2 + 22 + %)/2 holds for ¢ > 5. So by Theorem 3.2.2 we get @) = iteafestes —
[T+ TP+
3 = 3 =3

Case 4: ¢ = 3 mod4. Let e = ex = e3 = [{] and ey = [4]. Observe that ¢ = 2

mod 4 implies that [$] = qu and 1] = 93 Then e; < extestes js true since % <

41 3 _ eltestestes _
(Y- +q + 43°)/2 holds for ¢ > 6. So by Theorem 3.2.2 we get a(]) = S+t —

(1+41+19+1E) _ S+ 2+ 9e+ 1 g -
3 3 3

So for this family of ideals in R = K[x1,x2, x3,x4] our method allows us to attain any

rational Waldschmidt constant 2 3 > 1 except for 3 3
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3.3 Intersections of powers of height n — 1 prime monomial

ideals in n variables

We will now generalize the techniques of Sections 3.1 and 3.2 to see what values of the

Waldschmidt constant can be attained from ideals of the form
I=(xo,...;xn)* N{(x1,23,...,2,)2 NN {X1,...,Tp_1)",

where e > ey > -+ > e, > 0. In a similar fashion to the formulation of the linear
optimization problem (3.1.1) in Section 3.1, we can use Lemma 2.4.7 and Theorem 2.4.4
to show that solving for the Waldschmidt constant a(/) amounts to solving the following

linear optimization problem:

Solvemin{1”y | Ay > 1,y > 0} for (3.3.1)
[ 1 1 1 ]
1 1 1 1
e 05 R
1 1 1 1
A _ a g 0 g a
n — I
1 1 1 1
€n—1 €n—1 €n—1 O €n—1
1 1 1 1
i o o o o 0 ]
where y = [y, yo - y,]7 is a vector of variables.

Lemma 3.3.1. Consider the matriz A, of the linear optimization problem (3.3.1). The
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inverse of A, is:

(n—2)eq eo e3 en—1 en
n—1 n— n—1 n—1 e1
el _ (n—2)es e3 en—1 en
n—1 n—1 n—1 n—1 n—1
el e _ (n*2)€3 . €n—1 €en
-1 _ n—1 n—1 n—1 n—1 n—1
At =
el €2 es _(n—2)en_1 en
n—1 n—1 n—1 n—1 n—1
el €9 e3 €n—1 _ (nfz)en
L n—1 n—1 n—1 n—1 n—1 |

Proof. Recall that (M); ; denotes the (7,7)-th entry of a matrix M. Then define

_7(”71—_2}% for i = j,

-1 . L
(A, )ij = 1 for i > j,
L for j > 1.

For i = j we get (AA™1);; = o=n=2er (n—1)-*~ % = 1. And for i # j we get

n—1 n—1

(AA™1);; =04 — (n=2)e; 1 (n —2)-4-L = 0. This shows AA™! = I,,. d

n—1 n—1 e; n—1e; ~

Define hi to be the expression equal to the k-th coordinate of the vector A,y:

—~ 1
hi = —Yy;-
k ' Z er yi
i=1,i#k
The symbolic polyhedron SP(I) associated to the above linear optimization problem is
defined by the intersection of 2n half-spaces. For 1 < k < n we have n half-spaces defined
by the inequality hy = Z;Ll,i 2k éyi > 1. We also have n half-spaces coming from the
non-negativity contraint: y, > 0 for 1 < k£ < n. Changing the 2n inequalities to equations
gives the 2n bounding hyperplanes of SP(I). So for 1 < k < n, we have n hyperplanes
hy = Z?:L#k iyi = 1 and n hyperplanes y;, = 0.
A minimizer to the linear optimization problem is among the vertices of SP(I). To

compute the (possible) vertices of SP(I) we intersect n of the 2n bounding hyperplanes.
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We will denote such an intersection by z € R™. Among these (2:) intersections, those that
exist and satisfy A,z > 1 and z > 0 will be the vertices of SP(I).
Denote z* to be the intersection of the h; = 1 hyperplanes. The following lemma

concerns this distinguished intersection.

Lemma 3.3.2. If z* is the intersection of the n hyperplanes hy = 1,hos = 1,... h, = 1,

then it has the form

[ —(n—2)eiteat++en |
n—1

o = e1+--—(n—2)e;+-+ep
n—1

e1t+ent1—(n—2)en
L n—1 i

Furthermore, z* is a vertex of SP(I) when e; < 2e3toten,

Proof. Since hy, is the expression from k-th coordinate of A,y, z* is the solution to A,y = 1.

Using the inverse of A,, from Lemma 3.3.1 we get:

—(n—2)ei + 30 iz €

2 = (A;'1); = |

(3
Since A,, is an invertible matrix, z* is the unique solution to A,y = 1. Since we are

assuming e; > - -+ > e,, the first coordinate of z* is minimal. To satisfy z* > 0 it suffices to

check that the first coordinate is non-zero. So the condition for z* to be a vertex of SP(I)

. —(n—2 den atfen

is )eiﬁﬁ ten > 0 or e < 762”;’:2 ten O
We will prove the following theorem on the Waldschmidt constant for our family of

ideals.

Theorem 3.3.3. Let R = K|[z1,...,xy]| and consider the following ideal

I = <$2,...,$n>el ﬁ<$1,$3,...,3§‘n>62 ﬁ"'ﬂ<$1,...,$n,1>e"
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with e1 > e > -+ > e, > 0. If ey < 2Featoten pep

e1t+ex+---+ep
n—1 '

a(l) =

Otherwise, a(I) = e;.

Proof. We will compute the form of every intersection of n of the 2n hyperplanes, which
exhausts every possible vertex of SP(I). To specify the n hyperplanes, we consider H,Y C
{1,2,...,n} with |H|+|Y| = n. Each choice of H and Y will correspond to an intersection
of n hyperplanes. For example, if n = 5, then the choice H = {1,5,4} and Y = {4,3} is
the intersection of the hyperplanes hy = 1,hs = 1,hy = 1,y, = 0,y3 = 0. Associate to H
the |H|-tuple t which records the elements of H in ascending order, e.g., the above H gives
t = (1,4,5). Similarly, associate to Y the |Y|-tuple s, e.g., the above Y gives s = (3,4).

We will consider cases depending on |[H NY|. For each case we will (i) determine the
form of the intersection z (if it exists), (i) determine the constraints the intersection must
satisfy to be a vertex of SP(I), (iii) show that e; < 17z (for every vector z except z*), and
(iv) show that 17z* < 17z.
Case 1: |[HNY|=0.
Case 1.1: |[HNY| =0 with |[H| =0 and |Y| =n.

If |[H =0 and |Y| ={1,...,n}, then we have y, = 0 for 1 < ¢ < n. So the intersection
is 0, the zero vector. The zero vector is never a vertex since 4,0 < 1.
Case 1.2: |[HNY| =0 with |[H| =1 with |Y|=n— 1.

Since [H| = {t1}, we have the equations h¢, = >0, ¢ éyi = 1land y,, =0 for
1 <j <|Y|. Since H and Y are disjoint, substituting each of the n — 1 equations ys;, =0
for 1 <7 <|Y|into ht, yields 0 = 1, a contradiction.
Case 1.3: |[HNY|=0and n > |H| > 2.

After relabelling, we can suppose that H = {1,...,|H|} and Y = {|H|+1,...,n}. Then

solving for the intersection z is equivalent to solving My = ¢ where the rows of M and c

encode the hyperplane coefficients of hy =1,hg =1... g = Ly4+1=0,...,y,=0,in
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that order.

We will show that M can be written as a block matrix. Let Az to be the same matrix
as A, from the linear optimization problem (3.3.1) with inverse A;! from Lemma 3.3.1(ii),
but now we will set n = |H|. Define L to be the |H| x |Y| matrix with every entry in row ¢
equal to é Define Opy|x|g| to be the Y| x [H| matrix with every entry equal to 0. Then
we can write
A Alg| L

Opyixim Iy
Since M is a block upper triangular and Ay and I,, are invertible, we have the form of the

inverse of M:

~1 ~1
vt | A Ak
Opixim Iy
Note —AﬁhL simplifies to a |H| x |Y| matrix with IZI:? — 1 in every entry and that

c=11,...,1,0,...,0]" (i.e., |[H|-many 1’s followed by |Y|-many 0’s). Solving for z:

H
—(H|-2)et X e

LIS for 1 <i < |H|

(Milc)i =Z; =
0 for |H| <i <mn.

An example to illustrate this case: suppose n = 5 and H = {1,2,3} and Y = {4,5}.

Then

[ 11 1] ]
0 o o o & 1
1 1 1
4 L e Vo o & 1
M = =i L L 1l ande= |1
3 3 3 3
0243 12
0O 1 0 0
0 0 0 0 1 0]
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(e e e 1 _1] 1] [zeiteates]
2 2 2 2 2 2
er _€e es 1 1 1 el1—ex+es
_ 2 2 2 2 2 2
) A7Y AL L N
= = = €1 €2 e _ 1 _ 1 = ei1tez—es3
z=M"c 2 2 2 2 3| |1
0252 I
0 0 0 1 0 0 0
0 0 0 0 1 0 0

The result generalizes to any disjoint partition of {1,...,n} into H and Y with |H| > 2.
Suppose we have H = {t1,...,t|}, and Y = {s1,...,8y|}. Then M and M~ have the
same form as above but with permutated columns and permutated rows respectively. Note
the general case of M and M ™! replace ey, ... sep| with egy, ..., €ty - This is the form of

Z in general:

—(H|- Q)Et +Zk 1,k#t;
Zt; = [H[-1

for 1 <i < |H]|
zs;, =0 for 1 <j<|Y|.

This intersection z is a vertex if the following constraints are satisfied:

H|
Z‘z 2ui=1,i#1 i
3.3.2
6tl — |H| _ 2 ( )
|H
< 2iz1 %
es; < ]H| for 1 <j<|Y] (3.3.3)

Non-negativity on z,, the minimal coordinate, gives constraint (3.3.2). Substituting Z

into he, > 1 gives the constraint (3.3.3). The coordinate sum is 17z = Ziiey . We will
3 |H|—1

show that for any vertex z in this case we have e; < 17z. If1e H , then we have

|H]| |H]|
(|H| —2)e1 +er < Zi:l,i;ﬁl e, + €1 . Zi:l, Ct; T

H[ -1  — [H| -1 - H[-1

€] =

by applying the inequality (3.3.2). If 1 € Y, then (3.3.3) for j = 1 gives
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Z‘H| et.
< =1 O 1TZ.

€1 = €5y > |H‘—1 =

We will now show 17z* < 17z. Observe we can write

H
ert---+ep _Zli:‘leti—i_esl—i_"'—i_es\w
n—1 N n—1 ’

17z*

Then repeatedly applying the inequality (3.3.3) for each es; gives

|H]| isMle,  (HHYI-DX e, "
175 — ep+---+ep < D=1t |H\—11 _ |H|-1 ’ _ Zl-:‘l et _ 1T
n—1 - n—1 n—1 |H|—1

Case 1.4: |[HNY| =0 and |H| =n.

Here we have H = {1,...,n},Y = (). This is z* of Lemma 3.3.2.
Case 2: |[HNY|=1. Note this requires 1 < |H|,|Y]| < n.

Observe that since |H|+|Y| = n and |[HNY| = 1, there is one number which is common
to H and Y and one number of {1,...,n} absent from H and Y. Let HNY = {a} and let
{1,...,n}\ (HUY) = {b}. Let [ be the position of a in t and let p be the position of a in
s, l.e., t; =s), = a.

Case 2.1: |[HNY|=1and |H|=1.

This case is never feasible. The intersection has the form z, = e,, and for 1 < j < |Y|
we have zg; = 0. Substituting z into h; > 1 gives 0 = 1, a contradiction.
Case 2.2: |[HNY|=1and |H| > 2.

We will begin with an example: suppose n = 7 and let H = {1,2,3,4,5} and Y = {5,6}.
So a =5 and b = 7. Then solving for the intersection z is equivalent to solving My = c
where the rows of M and c encode the hyperplane coefficients of hy = 1,he = 1,hg =

1,hs =1,hs =1,y5 =0,y = 0. This is the matrix M and vector c:
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11 1 1 1

0 & & & & o o 1

1 1 1 1

a YV 6 6 & e o 1

1 1 1 1 1

w oa 0 & & &5 oo 1
M=|1 1L 1 g L 1 1] andc= |1

eq e4 eq €4 €4 €4

1 1 1 1 1

el U= 1

0 0 0 1 0 0

00 0 0 0 1 0 0

-—61 0 0 0 es 1 0 ]
0 —e O 0 es 1 0
0 0 —es O es 1 0
M7t=10 0 0 —e e 1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
| €1 es es eqs —3es —4 —1_
Then
[ —e1 t+es ]
—eg t+e5
—e3 +e5
z=M 'c= —eq+es
0
0
e +e9+e3+e4 — 365_

More generally let H NY = {a} and |H| > 2. Then solving for the intersection z is

equivalent to solving My = c where the rows of M and ¢ encode the hyperplane coefficients
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of hg, = 1, he, = 17""ht|H\ =1,ys =0,... Yspy, = 0, in that order. We will give the

form of each column of M. There are four types of columns:

(M)ip = 1 for 1 <i < |H|, and 0 otherwise.

(M)iq= for 1<i<|H|,i#1, and 1 for i = |H| + p, and 0 otherwise.

(M ); ¢, (k41) —_ for 1 <1i <|H|,i # k, and 0 otherwise.

(M)is;(jzp) = 1 for i = [H| + j, and 0 otherwise.

Given the above M, we now give the form of each row of M 1. There are three types
of rows:

et, for 1 <i<|H|,i#1
(1), = —(|H| —2)ey, fori=1

—(|H| - 1) for i = |H| + p.

—ey, fori=k

V- e fori =1

( )tk(k;ﬁl),z -
1 for i = |H|+p
0 otherwise.

(M~1)s, i =1fori=|H|+ j, and 0 otherwise.
We will now verify that this constructed M ! is the inverse of M by showing the dot
product (M1, .- (M),j=1ifi=j,and (M 1),  (M),; =0if i # j.

(M- (M)sp = 3 eqgr — ([H| = 2eq g = (IH| = 1) = (|H| -2) = 1.
1<i<|H|,i#l !

(M- (Mo = 3 et +1=(H[-1) = (H|-1) = (H] - 1) =0.
1<i<[H| i#l

(M (M)atyhy = 2 etige — (H| = 2)eq o = (|H| = 2) — (|H| = 2) = 0.

1<i<|H|,i#k,l ¢ t
(M (M)ss; iy = 2 etz —([H|=2)eg o +(=1)1 = (|H|-1)—(|H|-2)-1 =
1<i<[H|,il !
1-1=0.

(Mg (etye - (M)ap = =t 5 + et = 0.
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(M7 ) ey (et e - (Mo = —etm +1-1=-14+1=0.
(M=) gy kst e = (M) (k)= €tlé =
(M) e testt) v - (M) s, (2p) = etli - @tké =0.
( )Sa:* (M)sp = 0 (no matching non-zero entries).
(M7 )0 - (M)sa

Case 1: j =p, so thisis (M Yg.  (M)yg=1-1=1.

Case 2: j # p, so this is (M~ ')s, .« - (M).q = 0. (no matching non-zero entries)
(M), w - (M), g, (k) = 0. (no matching non-zero entries)
(M~ Dsjn - (Mg, () =1-1=1.

This verifies M~'M = I,. The intersection is computed by z = M ~'c where ¢ =
[1,...,1,0,...,0]T (i.e., |H|-many 1’s followed by |Y|-many 0’s). The value of z; will equal

the sum of the first |H| entries of the row (M ~1), ., and the value of z, is the sum of the

first |H| entries of the row (M™1')¢, (54« In summary the solution z has entries:

Zp (‘H’ - 2)€a+21 1,i#l €t;
Zt, = €q — €t for 1 <i <|H|,

zs. =0 for 1 <j <|Y].

J

This intersection z is a vertex if the following constraints are satisfied:

Zz 2ui=1,i#l ©i
a : 3.34
eq > ey, (for 1 < i <|HJ) (3.3.5)
ea > es; (for 1 < j <[Y]) (3.3.6)
ey + e
o> ity % (3.3.7)

- [H| -1

The constraints (3.3.4) and (3.3.5) are non-negativity requirements on the coordinates
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zp and zy,, respectively . Substituting z into hs; > 1 and hy, > 1 gives the constraints (3.3.6)
and (3.3.7), respectively. The coordinate sum in this case is 17z = e,. We will now show
that e; < 17z by showing that when z is a vertex we have 17z = e, = e;. This is clear
when a = 1. Now suppose that a > 1,b # 1 with 1 € H. Then (3.3.5) for i = 1 gives

eq > €1 and so e, = e;. Similarly if 1 € Y, then (3.3.6) for j = 1 gives e, > e; and so

[H|
e1+d iy i O

eq = e1. Otherwise suppose that @ > 1 and b = 1. Then (3.3.7) becomes e, > =1

Applying (3.3.4) gives e, > % which requires e, = €1 since e; > e,. So when z is
a vertex the coordinate sum is 17z = e;.
We will now show that 17z* < 17z.
From the above we know that if z is a vertex we require e; = e, which implies e; = eg =
- = e, by the ordering of the e;’s. Recall that {1,...,a} contains l-many elements from H

and p-many elements from Y with only HNY = {a}. This means 3 7, ; ,, ¢; = (I+p—1)eq.

So we can write:

(l+p—1es+e+ D ey, + > e
175" e1+---+ey I<i<|H] p<j<|Y|

n—1 n—1

Observe the inequality (3.3.7) can be re-writtten as e < (|H|—1)eq — > e, — >, e,.
1<i<d I<i<|H|
Substituting this inequality for e; into the above gives
((+p—Dea+ (H[—1ea— 3 e, — > e, + 3 ey, + > s

1<i<l 1<i<|H| 1<i<|H]| p<ji<|Y|
17z <

n—1

Now after simplifying and noting > e, = (I — 1)e, we get
1<i<l

(Hl+p—1Deat+ > e

n—1

Since ). es; is |Y| — p terms less than or equal to e,, we see the numerator has |H| +
p<j<|Y]|
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p—1+|Y|—p=n—1terms less than or equal to e,. This gives
(Hl+p-1ea+ > e
pilYl — _ (n=Dea _
n—1 - n-—1

177" <

as needed.
Case 3: |[HNY|>2.

We will show this case is always infeasible. Start with |H NY| = 2 and assume without
loss of generality that HNY = {1,2}. To compute the intersection z we solve the appropriate
system My = c using the n X n + 1 augmented matrix [M|c]. There will be a 4 x (n + 1)

submatrix of [M|c] with rows corresponding to the hyperplanes (hy = 1,hy = 1,y; =

07y2 = O)

11 1
0 i1 1 1 1 0 O 0 0
ei ei ei 1 Oo1 0 --- 0 0
2 2 2 which row reduces to
1 0 0 --- 0 0 0 0 ei AU 1
1 €1
0 1 0 -—- 0 0 000 - 0 1-3

If e; > eg the bottom row gives an inconsistent system. If e; = e, then [M|c] does not
have full rank and z is not a vertex. The same rows are present in [M|c] if |[HNY| > 2. So
in all cases z fails to be a vertex.

The above Cases 1, 2, and 3 exhaust all possible vertices of SP(I).

We have shown that if z is any vertex of SP(I), then 17z* < 17z. So if z* is a vertex,

then it is a minimizer to the linear optimization problem (3.3.1) and so a(I) = 17z* =

eltest-tepn

21 . We will now show that if z* is not a vertex, then there is a vertex z such that

17z = e; and thus a(I) = e;.
Now suppose the feasibility condition of z* (see Lemma 3.3.2) is not satisfied so we have
e1 > 2tetoten  We have also shown that if z is any vertex of SP(I) (other than z*) , then

e1 < 17z. So if z* is not a vertex and if there is a vertex z with coordinate sum 17z = ey,

then z must be a minimizer of the linear optimization problem (3.3.1) and so a(I) = e;.
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Recall in the n = 4 case we examined following set of three intersections: z* =

21234 712311 212[14 91 determined that if z* was not a vertex, at least one of z'231, z12/14

must be a vertex.

For the general n > 5 case, we will construct a similar set of of n — 1 intersections:

H Y Constraint ~ Non-negativity
1,....n} 0 ey < &=z
1,...,n—1} 1) e > Tigt o < Dina

{1,...,n—2} {1,n} el>212el €1<21261

{1,...,n=3} {l,n—1,n} 61>272461 el<27256l

{1,2,3} {1,5,...,n} e3> 2FBEL ¢ <eytoeg
{1,2} {1,4,...,n} e >ea+es

The first intersection listed above is z*. The n — 2 intersections that follow z* are
from Case 2.2 with @ = 1 and their “Constraint” and “Non-negativity” conditions obtained
from (3.3.7) and (3.3.4), respectively. Each intersection from Case 2.2 has coordinate sum
17z = e;.

If the first intersection is not a vertex then, the failure of its non-negativity condition
means the second intersection’s constraint is satisfied. If the second intersection is not
a vertex, then the failure of its non-negativity condition means the third intersection’s
constraint is satisfied, and so on. If the first n — 2 intersections are not vertices, then we
have e; > ey + e3 which means the final intersection must be a vertex since e; > es + e3
satisfies its constraint and guarantees that it has more than one non-zero coordinate.

This shows that if z* is a vertex we have a(I) = 17z* = @tetten (Otherwise we have

a(l) = e;. This concludes the proof of Theorem (3.3.3). O

The technique of Corollary 3.2.3 for n = 4 misses only a(I) = 2. As n increases, more
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numbers are missed by the technique. The following corollary gives a condition on positive
integers ¢, p which will guarantee the Waldschmidt constant % > 11is attainable inn =p+1

variables using a technique generalizing Corollary 3.2.3.

Corollary 3.3.4. Consider the fraction % > 1 for some positive integers q,p. Let n =p—+1

and g =k mod n. Then write the integer partition ¢ = e; + ea + - - - + e, where we set

(L] for1<i<k
€; =

L] fork+1<i<n.

Now suppose n? — (k+ 1)n + k < q is true. Then
I=(zo,...;x)" N{x1,23,. .., Tn)2 NN {(T1,. .o, Tye1)™

is a monomial ideal in R = Kx1, ..., zn] with a(I) = 1.

Proof. By Theorem 3.3.3 we need e; < <% to get a(l) = %.

Set

[1] for1<i<k
€; =

|£] fork+1<i<n.

n
Observe that if ¢ = k mod n, then we have [4] = =K apnd |4] = ©F We will now

re-write the condition e; < ©t=Fen

in terms of ¢, k, and n = p+ 1. We start by re-writing
the LHS and RHS of e; < % in the following way:

_qt+n—k (n—2)(q+n—k) ng+n®—kn—2q—2n+2k

LHS:61

(n—2)n B (n—2)n ’
ot ten (K= D[]+ (n—k)[g] bk (b
RHS . = n n — n n
n—2 n—2 n—2
B kq—‘-kn—kZ—q—n—l;bk—i-nq—kn—kq—l—k2 B —q—n + k + ng
N n—2 N (n—2)n
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Then LHS < RHS requires

nq+n2—kn—2q—2n+2k< —qgq—n+k+ng
(n—2)n - (n—2)n

Simplifying gives
ng+n®—kn—-2¢—2n+2k< —q—-n+k+ng
or equivalently,
n?—(k+1n+k<q.

If this holds, then e; < % holds. So by Theorem 3.3.3 we have

a(n=9tetten ¢

n—1 n—1

T I

Note n here refers to the number of variables in R = K|z, ..., Ty].

O]

Corollary 3.3.5. Consider the fraction 2% > 1 for some positive integers q,p. Let n =p+1

and ¢ =k mod n. If n? < q, then we can find a monomial ideal I with a(I) = %.

Proof. Observe that n? — (k+ 1)n+k = (n — 1)(n — k). Since k € {0,...,n — 1} we have
(n—1)(n—k) < (n—1)(n) =n?—n <n? Soif n? < ¢ then the condition of Corollary

3.3.4 is satisfied. O

Observe that the above corollary implies that the technique of Corollary 3.3.4 only
misses finitely many numerators g for each denominator p = n — 1. Figure 3.3 displays
which values % > 1 are attainable by choosing e;’s by the technique of Corollary 3.3.4 for

1 <¢g<100and 2 <p<10.
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Figure 3.3: Waldschmidt constants attainable by Corollary 3.3.4

The Waldschmidt constants a(I) = % > 1 attained by Corollary 3.3.4. Rows are associated
to ¢ and columns are associated to p. Green is attainable and red is not attainable.

2 3 4 5 & 7 8 9 10
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Chapter 4

On the Waldschmidt constant of

square-free principal Borel ideals

The content of Chapter 4 first appeared in the paper On the Waldschmidt Constant of
Square-free Principal Borel Ideals [CMKSVT22] in collaboration with Camps Moreno,
Sarmiento, and Van Tuyl.

The goal of Chapter 4 is to investigate the Waldschmidt constant of square-free principal
Borel ideals. In Chapter 3 we saw that we could construct a monomial ideal that attains a
Waldschmidt constant for “almost all” fractions % > 1. One motivation to study square-free
principal Borel ideals is to fill in the “gaps” that are missed by the technique of Chapter
3 (e.g., those fractions indicated in red in Figure 3.3). In this chapter, we show that
by allowing more variables we can attain any rational Waldschmidt constant % > 1 (see
Corollary 4.3.2).

Given a monomial m, if x;|m and j < i, then we call z; - zmz a Borel move of m. A
monomial ideal is a Borel ideal (or a strongly stable ideal) if for every m € I, all of the

Borel moves of m are also in I. A monomial ideal I is a principal Borel ideal if there is

a single monomial m such that every generator of I is obtained via a Borel move of m. The
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study of (principal) Borel ideals has a rich history; refer to [FMS11] and [Her02] for more

on this topic.

4.1 Square-free principal Borel ideals

In this section we define square-free principal Borel ideals, introduce our notation, and then

give the structure of their associated primes.

Definition 4.1.1. Let X = {mj,...,m:} be a set of square-free monomials in R =
K[zy,...,z,]. The square-free Borel ideal generated by X, denoted sfBorel(X), is the
square-free monomial ideal generated by the square-free monomials that can be obtained
via Borel moves from any monomial m € X. If X = {m}, then we abuse notation and write
sfBorel(m) for sfBorel({m}); furthermore, we call sfBorel(m) a square-free principal

Borel ideal.

Example 4.1.2. Let m = x9x5 and let I = sfBorel(zoxs) € Klzi,...,25]. The set of

monomials attained via every Borel move on m = xox5 is the following set:
B = {42 2
= {27, 1172, ¥3, V173, T2T3, T174, ToTy, T1T5, T2T5 -
The generators of sfBorel(zox5) are the square-free monomials of B:
gens(sfBorel(zaxs5)) = {129, T123, Tows, T124, ToTa, 125, ToX5 ).

The support of a square-free monomial m = z;, - - - z;, is the set supp(m) = {i1,...,is}.

For our future arguments, we need two tuples that can be constructed from supp(m).

Definition 4.1.3. Let m = x;, - - - ;, be a square-free monomial. Let
T(m) = (to,t1,---,tk)
where tg = s and ¢; = max{j < t;_1 | i; < ij41 — 1}. Furthermore, let
IT(m) = (itg, ityy-- -, lty)-
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Remark 4.1.4. The following observations will hopefully help the reader with our notation.

The t;’s are recording where the indices of x;, x;, - - - x;, are “jumping” by more than one.

s

For example, if m = xox3250628710, then
T(m) = (to,t1,t2,t3) = (6,5,4,2)

records the positions where the indices increase by more than one. Note that we are
recording this information from right-to-left. Equivalently, we can define the ¢;’s as fol-
lows. Consider the tuple (i; — 1,72 — 2,...,i5 — s). The t;’s are then the locations where
ij —J < ij41 — (j + 1), again reading right-to-left. In our example, (2 —1,3 —2,5—3,6 —
4,8—-5,10—-6) = (1,1,2,2,3,4), so to = 6, and t; = 5, ta = 4 and t3 = 2 since these are

the indices where i; — j <41 — (j + 1). Continuing with this example, the tuple
IT(m) = (i, i5,14,12) = (10,8,6,3)
records the indices of the variables where the “jump” occurs.
The following lemma records some facts that follow immediately from the definitions.

Lemma 4.1.5. Let m be a square-free monomial with T'(m) = (to,t1,...,tx) and IT(m) =

(g, Uty s -« -5 0¢,). Then
1.s=tg>t1>--->t, >1,
2. iy > dgy > - > gy, and
3., —ty >y, —tjgr for j=0,.. .k —1.
Proof. (1) and (2) are immediate. For (3) we have
i1—1<ip—-2<--- <4 —j<---<ig—s (4.1.1)
forall j=1,...,s. So
Bty — tir1 <idga1 — (e +1) <, — ¢t
since the ¢;’s are precisely the locations where the inequalities in (4.1.1) are strict. O
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Recall that if I is an ideal, we let Ass(I) denote the set of associated primes of the ideal I.
The following theorem characterizes the associated primes of sfBorel(7). This will allow us to
construct the linear optimization problem required to compute the Waldschmidt constant.
Note that the original statement of Theorem 4.1.6 involved the language of Alexander duals.

We have given an equivalent expression for this statement.

Theorem 4.1.6 (Theorem 3.17, [FMS11]). Let m = z;, ---x;, be a square-free monomial
with T(m) = (to,t1,...,tx) and IT(m) = (ity,0t,,-- -, ), and suppose I = sfBorel(m).
Then

(..., xj5) € Ass(I)

if and only if xj, xj, --- x5 is a minimal generator of the square-free Borel ideal

stBorel({@e, T +1 @iy, s Tty Tty 417 Tig, s o vy TtogTtghl " Tigy })-

The monomials xy, - - - x;

4 for j = 0,...,k are minimal in the sense that if we remove any

of them, we change the generators of the resulting square-free Borel ideal.

Example 4.1.7. In Remark 4.1.4 it was shown that the monomial m = zex3xr52628119 has
T(m) = (6,5,4,2) and IT(m) = (10,8,6,3). So the associated primes of sfBorel(m) are in

one-to-one correspondence with the minimal generators of
stBorel({zax3, vaw576, T5T6T7T8, TeT7TITIT10}).

Since we are dealing with square-free monomial ideals, Theorem 2.2.11 gives the proce-
dure for computing the Waldschmidt constant for sfBorel(m). We will refer to the matrix

A of Theorem 2.2.11 as the matrix of associated primes of I.
Example 4.1.8. Recall the monomial from the introduction:

M = 33215733216 * * * £104348 € K[xl, R 15104348]-

Here we have T'(m) = (71134) and IT(m) = (104348). The associated primes of sfBorel(m)

are in one-to-one correspondence with the generators of sfBorel(x71134271135 * * - 104348)-
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But this is the ideal generated by all the square-free monomials of degree 33215 in 104348
variables, of which there are (13034231458). So the matrix of associated primes of sfBorel(m) will

be a (lyps) x 104348 matrix.

4.2 Upper bounds

In this section we give an upper bound on the Waldschmidt constant of a square-free
principal Borel ideal. Our strategy is to show that there is enough structure in the linear
optimization problem of Theorem 2.2.11 that we can bound the Waldschmidt constant.

We begin with a lemma which allows us to reduce to a smaller polynomial ring.

Lemma 4.2.1. Let m = xz;, ---x;, be a square-free monomial in R = Klx1,...,x,] with
I = sfBorel(m) C R. Consider the same monomial m, but in the ring S = Kz1,...,x;,],

and let J = sfBorel(m) C S. Then a(I) = a(J).

Proof. By Theorem 4.1.6, the associated primes of I and J are the same (although viewed
in different rings). So the matrix of associated primes of J in Theorem 2.2.11 is the same
as the matrix of the associated primes of I, except that the columns in matrix of associated
primes of I indexed by the variables ;_ 41, ..., x, all contain zeroes. The result now follows

from Theorem 2.2.11. O

Before proceeding, we introduce additional notation. Given a square-free monomial m
with T'(m) = (to,...,t;) and IT(m) = (i, ..., ), we have the inequalities
lp <tp—1 <---<to=s and 1, <ig, | < -+ <y
by Lemma 4.1.5. Let £ be smallest integer such that
<to < iy,

7

In particular, £ identifies where in the sequence of i;;’s we would place ¢y = s.
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Let A be the matrix of associated primes of I = sfBorel(m). We will let Ap denote the
row associated to the associated prime P. The row Ap corresponds to a minimal generator

m of the ideal in Theorem 4.1.6.

Example 4.2.2. For example, if m = xox3rsr628710, then we have T'(m) = (6,5,4,2) and

IT(m) = (10,8,6,3). For this monomial, £ = 2 since to =4 and t) = 6 < iy =i, = 6.

As the next lemma shows, we can bound the optimal solution of Theorem 2.2.11 by

considering only a submatrix of the matrix of associated primes.

Lemma 4.2.3. Let m = x;, - - - x;, be a square-free monomial with T(m) = (to,t1, ..., tx),
IT(m) = (ity, iy, -- -9, ), and £ as defined above. Let I = sfBorel(m), and let A denote
its matriz of associated primes. Let B be the submatriz of A where the j-th row of B
corresponds to the associated prime (xtj, . 79%]-) for j=0,... k. Suppose x € R" is such

that
1. Bx>1,
2. Xj > x4 for 1 <j <y, and
3. Xig, > xj, foriy, <j<n.
Then Ax > 1.

Proof. By Lemma 4.2.1, we can assume n = i;. Consider any row Ap of A. By Theorem

4.1.6, P corresponds to a monomial m that is a Borel move of exactly one of

{a:tk-~~:citk,...,:ct0~-xit0}.

Say m is a Borel move of xy, - - - iy, - The j-th row of B (which corresponds to xy; - - ':El'tj)

is given by
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The rows Ap and B; have the same number of 1’s. Additionally, Ap is formed from B; by
swapping some of the 1’s with some of the 0’s among the first ¢; — 1 spots.
Since Bjx > 1, we have x;; + -+ + iy, > 1. Note that Apx is formed from Bj;x by
subtracting some x,,’s with p € {t;,...,4,} and adding in some x,’s with ¢ € {1,...,t; — 1}.
If p € {tj,... i}, then the hypotheses imply that x, > x, for all ¢ € {1,...,¢; — 1}.
If p € {ig,... i}, then t; < tg < 4y, < p < 4. But then x, > X, > Xp for all

qge{l,...,t; —1}. But this means
Apx > Bjx >1

because every time we subtract an x, with p € {t;,...,4,} we are replacing it with an x,
with ¢ € {1,...,t; — 1} which is larger.

The result now follows since Apx > 1 for all rows of A. ]

We can now bound the Waldschmidt constant of a square-free principal Borel ideal in

terms of T'(m), IT(m), and £.

Theorem 4.2.4. Let m = z;, - - - x;, be a square-free monomial with T'(m) = (to,t1, ..., tk)
and IT(m) = (ity, iy, - - -, it ), and suppose I = stBorel(m). If ¢ is the smallest integer such

that it£+1 <ty < ity then

1 1
all) < (tg—t —_— ity — 0 1

bt (i ) 1 4 1
st (g, — 0 iy, | ——— ] .
Be—1 b itl“l —tp_1+1 b itk —tr+1

Proof. By Lemma 4.2.1, we can assume that the number of variables is i = n. Set a =
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iz, —t¢ + 1, and consider the vector y € R¥=%o where

- < 1 1 1 1
Yo T G et U iy et Uiy, e 1 Ty —tpg + 1
1:; ity g ey,

1 1 (ti-1—te) (te—1 — to)

TG (i —dg)a T (i1 —ig)a’
—_— ¢ - ¢
Zté 7“4"'1 itgflfitg

(tg—2 —to—1) (te—2 —to—1) (to — t1) (to — t1) )

(ite—2 - Z‘7512—1)(17 7 (ite—z - Z.754—1)0*’ 7 (it() - Z’751)a’ , (ito - Z‘251)a

Gty oty Tt~y

Let A be the matrix of associated primes of I. We will use Lemma 4.2.3 to verify that
Ay > 1. Theorem 2.2.11 then gives the required result after we sum all the entries of y.
It follows from Lemma 4.1.5 (3) that

1 < 1

forall j=1,...,k.
R T J

These inequalities imply that the first i;, entries of y form a non-increasing sequence. Thus,

condition (2) of Lemma 4.2.3 holds for y. In addition, it follows by Lemma 4.1.5 that

tic1 — 1t
LT 1 forj=1,...,L
th—l - th
Hence % >y, for all 7 = 1iy,,...,14,, and thus condition (3) of Lemma 4.2.3 also holds for

y.
Let B be the submatrix of A where the j-th row of B corresponds to the associated

prime of I that is associated to s, - - Ty That is, written as a row vector:

B;=(0,...,0,1,...,1,0,...,0).
—— N————r
tj—l itj—tj—l—l

We now show that B and y satisfy condition (1) of Lemma 4.2.3, thus completing the proof.
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Consider the j-th row of B, denoted Bj. If j > ¢, we then have

0

1
i+l

1
i, —t+1

it
yitj +1

it . . . . 1 .
where yit? 41 represents the last iy, —i;; entries of y, the fraction Ty appears iy, —t;+1
times, and the 0 is the vector with ¢; — 1 zeroes. Since every entry of this new vector is less
than or equal to the corresponding entry in y, the first inequality holds.

Now suppose that j < £. Consequently, note that ¢; < tp < i, <it;. So we then have

is itf itj
Bjy = Z(Bj)T‘YT = Z yr + Z yr
r=1 r=t; r:itz—i-l
1, —t; +1 tog_1 — 1y ti —tj11
_ite—tg+1 ite—tg—i-l itz—tg+1

Z'té—tj—i-l tj — 1ty _
i, —te+1 iy, —t,+1

The inequality follows from the fact that y, > % for all 1 <r <i;,. Hence, Bjy > 1 for all

rows of j, so condition (1) of Lemma 4.2.3 also holds. O

We derive the following corollary; in the next section we will show that this bound is

exact under additional hypotheses.

Corollary 4.2.5. Let m = x;, - - - z;, be a square-free monomial with T'(m) = (to,t1, ..., tx)
and IT(m) = (ity, ity - - -, i1, ), and suppose I = stBorel(m). If ¢ is the smallest integer such
that ig,41 < to < iy, then

to_tﬁ—i_itg
Z'tk—tk—kl'

a(l) <

Proof. Recall that tyg = s. Note that

1
- > -
’Ltk—tk—l—l Zt].—tj—i-l

for £ < j <k.
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The result now follows from Theorem 4.2.4 and this inequality. O

Example 4.2.6. Our bound in Theorem 4.2.4 is sharp. Continuing Example 4.2.2, if
m = X9T3T5TeTsT1o, then we have T'(m) = (6,5,4,2), IT(m) = (10,8,6,3), and ¢ = 2.
Then

a(sfBorel(m)) <

and this is the actual Waldschmidt constant.

4.3 Some exact values and lower bounds

In this section we compute the exact value of the Waldschmidt constant of principal square-
free Borel ideals under some additional hypotheses. We then present a theorem that can
be used to find lower bounds recursively.

Recall that ¢ is defined to be the smallest integer such that i;,, , < to < 4, and
consequently, 0 < ¢ < k. In the case that t) = s < ¢, , that is, the case when ¢ = k, we

have the following exact formula:

Theorem 4.3.1. Let m = x;, - - - x;, be a square-free monomial with T'(m) = (to,t1, ..., tx)
and IT(m) = (i1, 04, - - -3¢, ), and suppose I = sfBorel(m). If tg = s < iy, , then

~ s—1
al)=14 —.
( ) Uy, — tk + 1

Proof. The hypotheses imply that ¢ = k, with £ as in Corollary 4.2.5. Consequently,
Corollary 4.2.5 then shows that

a(I)Sto—tk—l-itk _8—1+(itk—tk+l)

iy, —tp +1 iy, —tp +1
where we use the fact that tg = s.
For j = 0,...,k, let P; denote the associated prime of I that is associated with the
monomial xy; - - - iy, using the correspondence of Theorem 4.1.6. For any other associated

prime P € Ass(I), we will write P ~ P; if the prime P is associated to a monomial m that
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can be obtained from Tiy - Ty, via a Borel move. Note that each associated prime satisfies
P ~ P; for exactly one j € {0,...,k}.
Let A be the matrix of associated primes of I. There are |Ass(I)| rows, and we write

Ap for the row indexed by the associated prime P. Let x € RIAss()

. We will write xp to
denote the corresponding coordinate in x. That is, if P indexes the i-th row of A, then xp
denotes the i-th coordinate of x.

With the above notation, we now define the vector y € RI4ss(Dl ag follows:

yp = .1k P~ Py and <xitk+1,-~,$is> cPp

0 otherwise.
Note that the second criterion means we are only interested in those prime ideals that arise
from Borel moves of @y, - - - z;,, that also contain the variables {;, +1,..., Zi=i, }-

The r-th row of AT is such that (A7), p = 1 if x, € P and 0 otherwise. Then

(ATY)T = Z yp.

- EP

So, in order to compute ATy, we have to compute how many times z, appears in some P
such that P ~ P, or P ~ Py and <$itk+]_, .ooxi,) € P.

Observe that there are (tztjl) associated primes P such that P ~ P,. This number is

i i

the number of Borel moves that can be made from z, - - - z;, . There are (Sﬁfl) = (itk f_kl_s)
associated primes P such that P ~ Py and (2, +1,...,2;,) € P. To see why this is true,
suppose that we consider a Borel move of zy, - - - @, that is also divisible by ;, 4+1--- s,
i.e., the Borel move has the form m/(witkﬂ -+ Ty, ) where m/ is a degree i, —to+1 monomial
in {x1,... ,xitk}. Since s = tg < iy, , there are (;ﬁvl) > 1 possible m’.

For ¢, < r < i, we have that x, appears in every P such that yp # 0 and P ~ Fy.
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Therefore

(ATy), = <$Zﬁ“ 1) (itlk) =1

s—1

Now, for 1 <r <4, , z, appears in (?::11) elements P such that P ~ P, and in (”;k:ll)

elements P such that P ~ Fy and <£Uitk+17 ..., %) C P. Therefore

e (57 () ()
tr—1 (t:—l) Ly, s—1 (s—kl)

8—1+Ztk—$+1:

itk Ztk

1.

This proves that ATy = 1. Finally

() () () ()

s

S b W ek
Ztk_tk+1 Uy, Ztk_tk+1
Due to the duality theorem (Theorem 2.1.16), we can conclude the result. O

We arrive at the following corollary which was highlighted in the introduction.

Corollary 4.3.2. Let I = sfBorel(z;jxiy1 - ziy;). Then
~ L+ 1
ar) =12,
1
Consequently, for every rational number § > 1, there exists a square-free principal Borel

ideal I such that a(I) = .

Proof. We have T'(m) = (I + 1) and IT(m) = (i 4+ ). Now apply Theorem 4.3.1.

For the second statement, if § = 1, we can take I = sfBorel(z1) = (1), from which it

follows that a(I) = 1. If ¢ > 1,1i.e., a > b, we have § = b+(sz). Then the result follows if

we take m = XpTpy1 - Ty = TpTpa1 - Thy (a—b)- ]

Remark 4.3.3. When I = sfBorel(x;x;41 - - x,), then I is generated by all the square-free
monomials of degree n — i+ 1 in R. The Waldschmidt constants for these ideals were first

computed in [BCG'16, Theorem 7.5].
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We now give a lower bound for the Waldschmidt constant of a square-free principal

Borel ideal in terms of a smaller square-free principal Borel ideal.

Theorem 4.3.4. Let m = x;, - - - z;, be a square-free monomial with T'(m) = (to,t1, ..

; tk)

and IT(m) = (ity,it,,---,10t,), and suppose I = sfBorel(m). Suppose that ¢ is the smallest

integer such that iy, , <to < it,. Define v = it,,, T 1. Then

. ~ to —v
CM(I) > O{(SfBOI'el(ﬂfil s $it[+l)) + 1+ m

Proof. By Lemma 4.2.1, we can assume we are working in the polynomial ring K[z,

Consider the monomials

m1 = Ty Tig * :Eitg+1 € K[$1, ... ’xitlJrl]
and

Mz = X, Ti, 41 Tiy S K[:CV, Ce ,a?ito].

Observe that while myma|m, m is not necessarily this product.

N ,:Cito].

Let I; = sfBorel(m;) and Io = sfBorel(mz), in their respective rings, and furthermore,

let A(I;) and A(I3) be the corresponding matrices of associated primes.

Take p to be the biggest integer such that v <t,. Then
T(img)=(to—v+1,t1—v+1,...,tp—v+1)
and
IT(mo) = (ity —v + 1,0y, —v+1,... 0, —v+1).
We have p < ¢, then i, > tg. So by Theorem 4.3.1 we have

~ to — v
allh) =1+ ———.
( 2) L, — tp +1
Observe that i, —v+1 = it, — tp + 1, since t, 11 < v < ¢p, meaning that x,, - -

Borel movement of z, - - - Ly, -
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We claim that
A(ly) 0
0 A(l)
is a submatrix of A([), the matrix of associated primes of I.

First notice that any row of A(I7) is comes from a Borel movement of a corresponding
Z4Xpy1 - - 4, for some t € T'(my). By Theorem 4.1.6, these are also associated primes of I,
implying that [A([;) 0] is a submatrix of A([).

Now, for any £ 41 > u > p, x4, ---x;,, corresponds to a row of A(I), and any of its
Borel movements contain at least one x; with j < v, otherwise v < t,,, contradicting the
choice of p. For a row R, let supp(R) denote the set of indices of the non-zero entries of
the row. Then for a row R in [0 A(I2)], there cannot exist a row R’ of A(I) with supp(R’)
C supp(R). Thus any associated prime of Iy can be viewed as an associated prime of I by
Theorem 4.1.6. Thus [0 A(I3)] is a submatrix of A() and by our choice of v.

Let y; and ys be such that
A(Il)Tyl < 1, 1Ty1 = &(Il) and A(IQ)TyQ < 1, 1Ty2 = &(Ig)

After permuting rows, we can assume that

A(I,) ©
AI)=| 0 A(DL)
By By

where By, By are some appropriately sized matrices. Set z = (y1,y2,0), where 0 is a vector
of zeroes, where the number of zeroes in this vector are the same as the number of rows as

B. Then A(I)Tz < 1. Thus, by the dual version of Theorem 2.2.11, we have
a(I) > a(l) +a(l) = a(h) + 1 to—v
a a +a =a +1+—.
=z 1 2 1 vt 1
O

Theorem 4.3.4 reduces the problem of finding a lower bound on the principal square-free
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Borel ideal m = x;, - - - x;, to finding a lower bound on the principal square-free Borel ideal
of i, ---xj,,,. Note one can now reapply Theorem 4.3.4 to this smaller ideal. At some
point, the hypotheses of Theorem 4.3.1 will hold, which stops our recursive calculation.
This idea can be formally expressed as a formula, provided one is willing to introduce
even further notation (involving further subscripts on our subscripts). Instead, we provide

the following example in the hope of being more illuminating.

Example 4.3.5. Consider the monomial
M = T3TLTETSTYT10T48T49T50T98T99T 100 € K[T1, . .., T100]

and let I = sfBorel(m). For this monomial T'(m) = (12,9, 6, 3) and I7'(m) = (100, 50, 10, 5).

Since i, =i = 10 < {9 = 12 < 34, = 50, then v = 11 and Theorem 4.3.4 gives

12 —-11 90
a(l) > a(l 1+ ——— =a(rl —
all) za(h) + 1+ ge— g7 o) + 55
where I} = sfBorel(xszqzszsroxrig) = sfBorel(mq). For this new monomial, we have

T(m1) = (6,3) and IT(m;) = (10,5). Again using Theorem 4.3.4, we get

—6

al(l;) > a(l 1+——
a(ly) > a(ly) + +10—6+1

where I = sfBorel(xzzqxs). Then by Theorem 4.3.1 (or in this case, Corollary 4.3.2), we
have a(I3) = 5. Hence

5 90 982
Q) >24+14 2 = 2%
al) z 3+ 14355 = 267

Note that if we apply the upper bound of Theorem 4.2.4 we get

155 982
6904 =~ — > a(l) > — ~ 3. .
3.690 D >a(l) > 567 3.6779

We finish this chapter with a result that allows us to make small changes to the generator

of the square-free principal Borel without changing the Waldschmidt constant.

Theorem 4.3.6. Let I = sfBorel(x;, ---x;, ,x;,) and J = sfBorel(x;, - - @i, i 4r) for

r € N. Then a(I) = a(J).
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Proof. Let A be the matrix of associated primes of I and let y = (y1,...,¥;.) be an optimal

solution to
min{17x | Ax > 1}. (4.3.1)

First consider r = 1 with J = sfBorel(x;, - - - 25, ,2;,+1). Let A’ be the matrix of associated
primes of J. Any element of Ass(.J) not in Ass(/) includes both x;, and z;, 4 as generators,
so the columns of A’ corresponding to z;, and ;41 are identical. Let y' = (y,...,¥; 1)

be an optimal solution to
min{17x | A'x > 1}. (4.3.2)

and suppose for contradiction that y| + --- +w; ,; = a(J) < a(l). But this means
(Y1, ¥;, +vi. 1) is a feasible solution to (4.3.1), contradicting y being optimal and
showing a(J) > a(l). Observing that (yi,...,v:,,0) is a feasible solution to (4.3.2) gives
a(l) > a(J). This shows a(I) = a(J), and an inductive argument gives the result for

r e N. O
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Chapter 5

Further Questions

We conclude this thesis with an example and questions for further investigation.

5.1 Waldschmidt constant in three variables with prescribed

denominator

Example 5.1.1. Consider the following monomial ideal I in R = K[z, x2, x3]

= (af,23) N (af, 5)

and assume a, b, ¢, d > 0. Since I has no embedded primes and is presented in its irreducible
form by Theorem 2.3.4, solving for the Waldschmidt constant a(I) amounts to solving the

linear optimization problem:

Solve min{17y | Ay > 1,y > 0} for (5.1.1)
11
A_|a v 0
1 1]’
c 0 3

where y = [y, yo y3]7 is a vector of variables.

The vertices of the symbolic polyhedron of I are the feasible intersections of the following
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5 hyperplanes:

hi= yi+3y2=1
ho = %yl—i-%ygzl
y1=0,y2 =0,y3 =0.
Setting H = {1,2} and Y = {1, 2,3} and following the procedure and notation of Section

3.1 (e.g., z'?! is the intersection of the hyperplanes hy = 1,hy = 1 and y, = 0). We get the

following 10 intersections:

Z1211 — (b, d, 0), 2122 = (q,0, d(cc—a))’
228 = (q b(a(;c) ,0), 2" = never feasible,
z!13 = never feasible, z!l?3 = (a,0,0),

7212 = pever feasible, z2'3 = never feasible,
222 = (c,0,0), zI'23 = never feasible.

122

Now suppose d > a > b = c = 1. Observe then that z is infeasible since the second

2123 g infeasible since it fails the inequality hy > 1.

coordinate is negative. The intersection z

Consider the intersection z'21® = (1, @, 0) with coordinate sum 17223 = 14 @ =
W. Observe that 17223 = W < 17223 = g and 172?83 = W < 172121 =
b-+d. This makes z'2® the minimizer to the linear optimization problem (5.1.1). So we have

a(l) = W This means we can always construct a monomial ideal I in three variables

with a prescribed denominator ¢ in its Waldschmidt constant.

The above example shows we can construct a monomial ideal I in R = Klz1, z2, z3]
with Waldschmidt constant equal to any prescribed denominator, but with limitations on
the numerator. By Corollary 3.1.2 we can construct a monomial ideal I in R = K|[z1, z2, x3]
with Waldschmidt constant equal to 4 > 1 for prescribed ¢ > 2. This leads to the following

question:
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Question 5.1.2. Is it possible to construct a monomial ideal I in R = K|z, z2, 23] such

that (1) = I for any 1 > 17 If not, which values are forbidden?

5.2 Efficiently constructing a monomial ideal with a pre-

scribed Waldschmidt constant

We have developed two techniques for creating monomial ideals with a prescribed Wald-
schmidt constant. The Section 3.3 technique (Corollary 3.3.4) works for fractions % that
satisfy certain conditions on the relative size of ¢ and p, and the value of ¢ mod p+ 1. The
Chapter 4 technique (Corollary 4.3.2) of using square-free Borel principal ideal allows us
to construct a monomial ideal with any rational prescribed Waldschmidt constant % > 1.
The example of the square-free Borel ideal which approximates 7 in the introduction (see

Equation 1.2.2) would not work with Chapter 3’s technique.

Suppose we want to construct a monomial ideal I with a(I) = %.

By Corollary 3.1.2 the following ideal in R = K|[z1, 22, x3]

I = (29, x3)* N (w1, 23)% N (21, 29)™

~r\ _ 101
has a(l) = 5.
Instead, if we construct a square-free principal Borel ideal I with using (Corollary 4.3.2),
101
2

we get the ideal I = sfBorel(x - - - x101) which also has a(I) = 5=. But notice this ideal is

in R = KJx1,...,2101]. So the technique of Section 3.3 is more efficient in that it requires
only 3 variables instead of 101.

We conclude this thesis with the following question:

Question 5.2.1. For a prescribed fraction £ > 1, what is the monomial ideal I that most

p

“efficiently” (e.g., in terms of minimal number of variables or associated primes) attains the

2

Waldschmidt constant a(l) = %
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